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Abstract

For real-time systems, timing requirements must be met to avoid catastrophic outcomes.
While the behavior of classical real-time systems is already studied extensively in the
literature, the trend towards distributed systems raises new challenges. In this dissertation,
we focus on the following two challenges: (i) distributed execution of jobs, resulting in
self-suspending task behavior, and (ii) interplay of several distributed tasks, requiring to
shift the real-time requirements from a single task to a sequence of tasks, the so-called
end-to-end latency of cause-effect chains. Although the study of cause-effect chains and
self-suspending tasks has led to a series of results, some of them suffer from missing
assumptions or use intuitive extension of classical results on real-time systems, resulting
in flawed analyses. We tackle this issue by providing careful analysis of self-suspending
tasks and cause-effect chains based on fundamental properties of possible evolutions of
the system.

The dissertation is structured into five main chapters. In Chapter 2, real-time systems
and classical task models used in the literature are introduced. In this dissertation, we
pursue a fundamental view on real-time systems, starting from possible system evolutions
and schedules, and abstracting task properties afterwards. This is different to the typical
procedure of defining the task model first and deriving possible schedules based on the
task model. Our approach has the benefit that a task can be observed in different
abstraction levels without translating the task into a different task model. Furthermore,
in Chapter 2, we introduce scheduling algorithms as a systematic approach to derive task
schedules from system evolutions based on the information of the task abstraction, and
we discuss analytical literature results for the adherence to real-time requirements.

Chapter 3 introduces the challenges that arise from distributed systems. The first
challenge is the distributed execution of jobs. This is enabled by refining tasks into
smaller blocks which can be distributed on different computing elements. The impact
of this refinement on the generation of schedules is discussed and different refined task
models are presented. One of them, the so-called self-suspending task model, is in focus
for this dissertation. The second challenge is the interplay of distributed tasks. More
specifically, if a functionality is not described by a single task but by a sequence of tasks
(a so-called cause-effect chain), then the timing requirement must be shifted from the
single task to the cause-effect chain. The resulting timing metric for cause-effect chains
is the end-to-end latency.

Chapter 4 emphasizes the need for careful, property-based analysis. That is, three
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counterexamples for literature results are provided. Two of them are related to self-
suspending tasks, closing the unresolved issues discussed in a review paper on self-
suspending tasks in 2019. The third one disproves a basic result for real-time systems in
the context of probabilistic setups.
Chapter 5 examines self-suspending tasks. Self-suspending tasks can voluntarily

suspend their execution. Such behavior can cause timing anomalies, i.e., the worst-case
behavior cannot be observed with maximal execution and suspension time. Therefore,
self-suspending tasks require careful analysis and treatment. We provide novel analytical
approaches for the Worst-Case Response Time (WCRT) of self-suspending tasks under
different scheduling algorithms, namely, (i) Task-level Fixed-Priority (T-FP), (ii) Earliest-
Deadline-First (EDF) and (iii) EDF-Like (EL), all outperforming the state of the art.
Furthermore, we present mechanisms to avoid the analytical pessimism that is necessary
to tolerate timing anomalies, namely, segment release time enforcement and segment
priority modification.
Chapter 6 examines cause-effect chains. While for typical task models the real-time

requirement is given on the task-level, for cause-effect chains the end-to-end latency
is considered. We prove fundamental properties of the end-to-end latency, namely the
compositional property and the equivalence of typical metrics. Furthermore, we provide
novel analyses of the worst-case and probabilistic end-to-end latency. For the worst-case
end-to-end latency, we focus on a property-based approach, uncovering fundamental
principles of literature results and using our insights from the fundamental properties to
derive novel solutions. For the probabilistic end-to-end latency, we are one of the first to
define a metric. Therefore, we focus on potential pitfalls and conduct careful analysis.
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1
Introduction

Nowadays, computing systems have become prevalent in our everyday life. Besides
consumer electronics like TV sets, multimedia phones and game consoles, computing
systems can also be found in many safety-critical applications, like the automotive
electronics or avionics [Mar21]. For such safety-critical systems, incorrect system behavior
can lead to a catastrophic outcome. Hence, it is crucial to guarantee correct system
behavior. While in general computing systems the correctness depends only on the logical
result, i.e., the correct output is computed for any input, for some systems the correctness
also depends on the physical time when the result is produced [KS22]. Such systems are
called real-time systems.

With the trend towards more complex safety-critical systems, more computational power
is required. While deploying more powerful hardware is costly, an alternative to achieve
computational power is to distribute workload on several components to be executed
concurrently. Distribution can be done within a task, by distributing the components
of a task, or by deploying several tasks that cooperate to achieve a functionality. Such
distributed systems require tasks (or their components) to communicate with each other.

This dissertation studies the challenges that arise from distributed real-time systems.
The primary focus is on self-suspending tasks, which are common when the distribution
of functionalities is achieved by partitioning task components, and on cause-effect chains,
which are usually considered when a functionality is achieved by cooperating tasks.
Although the study of cause-effect chains and self-suspending tasks has led to a series of
results, some of these results suffer from missing assumptions or use intuition to extend
classical results on real-time systems, leading to flawed analyses. This dissertation tackles
this issue by providing careful analysis based on fundamental properties of possible
evolutions of the system.

This chapter outlines the context of this dissertation. To that end, we introduce
distributed real-time systems in Section 1.1, and we classify typical mechanisms for
scheduling and communication within the context of distributed real-time systems in
Section 1.2. The contribution of this dissertation is presented in Section 1.3, and the
organization of this dissertation is detailed in Section 1.4. The author’s contribution to
this dissertation is specified in Section 1.5. We summarize mathematical notation and
convention that is utilized in this dissertation in the appendix, in Chapter A.
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1.1 Distributed Real-Time Systems

Real-time systems are commonly found in cyber-physical systems [Mar21]. Cyber-physical
systems are computing systems integrated into physical systems, such as automotive
electronics, avionic systems, robotics, and medical devices. Many cyber-physical systems,
especially in the context of safety-critical systems, require timing correctness. That is,
computation is required to be completed within a certain time. For a real-time system, an
instant when certain computation must be completed is called deadline. We distinguish
hard, firm and soft deadlines [SR94]. That is, missing a hard deadline has catastrophic
consequences, while missing a firm deadline leads to useless results, and missing a soft
deadline only degrades the usefulness of the result. If a real-time system must meet at
least one hard deadline, then we call it hard real-time system. Otherwise, if no hard
deadlines exist, we call it a soft real-time system [KS22].

Real-time systems usually encompass several concurrent tasks sharing hardware re-
sources [TGY22]. Each task is recurrently activated for (countably) infinitely many times,
and every activation releases a task instance (called job). A scheduling algorithm decides
which jobs are executed on which hardware resources. Usually, the real-time requirement
for a task is given in the form of a relative deadline. That is, the time between job release
and job completion must not exceed the relative deadline of the respective task. For
real-time systems, it is critical to guarantee that all deadlines are met. This can be done
using schedulability analysis (also called schedulability tests), based on task properties
like the time between job releases (called period if the time between job releases is fixed,
and minimum inter-arrival time if the time is lower bounded) and the maximum amount
of time a job can be executed (called Worst-Case Execution Time (WCET)).

A distributed system is defined as “a collection of several autonomous computing
elements that appears to its users as a single coherent system” [vT17]. Specifically, a
distributed system has two characteristic features: First, the computing elements can
behave independently of each other. That is, the computing elements apply scheduling
algorithms that make decisions independent of each other, and they might have different
properties that affect the execution of tasks. Second, the computing elements appear
to be a single system, which means that they cooperate to achieve functionalities. An
automotive system is a typical example of a distributed system. Specifically, a typical car
consists of up to one hundred Electronic Control Units (ECUs) connected by Controller
Area Network (CAN) buses [KS22]. As running example for the introduction, we consider
an automotive system as depicted in Figure 1.1. The system encompasses three ECUs,
and we want to deploy three tasks on the system, specifically, Get Camera Image,
Image Recognition, and Danger Analysis, all relevant for an automatic brake system.
Executing tasks with real-time behavior on distributed systems raises new challenges.
In this dissertation, we focus on two challenges: (i) distributed execution of jobs, and
(ii) interplay of distributed tasks.

For (i), we refine a job into smaller components (so-called blocks) that can be executed
on different ECUs. An example is illustrated in Figure 1.2. Specifically, we consider
the task Image Recognition from the running example in Figure 1.1. We assume that
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Tasks:

Get Camera Image

Image Recognition

Danger Analysis

? 1

2

3

Figure 1.1.: Distributed system from the automotive domain.
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Figure 1.2.: Distributing the task Image Recognition on two ECUs. From time 0 to 4
the preprocessing (pre) block is executed on ECU 1, from time 4 to 8 the
machine learning model (ML) is executed on ECU 2, and from time 8 to 12
the post-processing (post) block is executed on ECU 1.

the Image Recognition task is refined into three blocks: preprocessing, application of
a machine learning model, and post-processing. If the machine learning model can be
executed more efficiently on ECU 2, then we assign the block to that ECU. From the
perspective of ECU 1, the task voluntarily suspends itself from being executed in the
time interval [4, 8]. Such behavior is called self-suspension in the literature [Che+19b].

For (ii), multiple tasks executed on different ECUs are involved to achieve a functionality.
In that case, the communication between tasks has to be analyzed. Moreover, it is not
sufficient to specify timing requirements on the task-level by relative deadlines. Rather,
the timing requirement has to be lifted to the level of the functionality. For the running
example, all three tasks are involved in the functionality of an automatic brake system.
Specifically, if a dangerous situation occurs, first the camera image has to be taken,
then image recognition algorithms have to be applied, and last danger analysis gives the
result to trigger the brake. The situation is depicted in Figure 1.3. A sequence of tasks
that describes a functionality is denoted as a cause-effect chain in the literature. We
are interested in the timing behavior from one end to the other end of the cause-effect
chain. This is denoted as the end-to-end latency of cause-effect chains. In the literature,
there are different formalizations of the end-to-end latency, and the most prominent
ones are the Maximum Data Age (MDA) and Maximum Reaction Time (MRT). Timing
requirements are usually specified on such.

In this dissertation, we use the notion of ECU when we examine the end-to-end analysis,
and we use the notion of processors when examining timing requirements for classical or
self-suspending tasks. This is due to their historical development. However, results of

3



1. Introduction

1

2

3

Get Camera Image

Image Recognition

Danger Analysis

Figure 1.3.: Tasks describing an automatic brake system. The whole sequence from
external activity (occurrence of dangerous situation) to actuation (decision
to activate the brake) is depicted.

this dissertation are not limited to those specific computing elements.
In the literature, there are several results analyzing whether timing requirements can

be met for both self-suspending tasks and cause-effect chains. The typical procedure in
all these results is to start at the abstraction level of task models and only concretize
possible evolutions of the system when necessary. However, this abstracted view favors
to overlook missing assumptions and to introduce unnecessary properties. This impacted
the research landscape as follows:

• A large body of results on self-suspending tasks has been shown to be flawed.

• Different versions of end-to-end latency have been analyzed without a clear picture
of their relation.

• Similar concepts and ideas to analyze end-to-end latency have been developed
independently only for specific models.

Contrarily, in this dissertation we aim for more robust definitions and proof strategies. To
that end, we do not start at the level of task models, but rather consider concrete system
evolutions and abstract useful properties about the tasks. This bottom-up strategy is
more error-proof than the typical top-down strategy because it allows to carefully check
necessary assumptions. Moreover, the bottom-up strategy avoids introducing unnecessary
properties, provoking a more unified view on the examined concepts.

1.2 Scheduling and Communication

In real-time systems, scheduling algorithms are used to decide which job to be executed on
which processor at which time. A typical approach is to make the scheduling decision based
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on job priorities. That is, whenever the scheduling algorithm makes a decision it chooses
the available job with the highest priority to be executed. We distinguish partitioned
scheduling, where each task is tied to a specific processor, and global scheduling, where
tasks are allowed to migrate freely between processors. Furthermore, we distinguish
preemptive scheduling, where the execution of a job can be interrupted at any time to
execute another job with higher priority instead, and non-preemptive scheduling, where
a job is always executed until it completes without being interrupted. This dissertation
focuses on preemptive, partitioned scheduling.

Scheduling algorithms are classified in Task-level Fixed-Priority (T-FP) and Task-
level Dynamic-Priority (T-DP). In T-FP scheduling, all jobs of the same task have
the same priority, with typical examples being Deadline Monotonic (DM) [LW82] or
Rate Monotonic (RM) [LL73] scheduling. In T-DP scheduling, jobs of the same task
can have different priorities. A typical example is the Earliest-Deadline-First (EDF)
scheduling algorithm, where the job with the earliest deadline has the highest priority.
EDF-Like (EL) scheduling generalizes EDF by using priority points instead of deadlines
to determine job priorities.

Besides the scheduling of tasks, communication between tasks is another important
aspect of this dissertation to analyze the interplay of (potentially distributed) tasks.
To that end, the communication is modeled via a shared resource. More specifically,
jobs communicate by receiving (reading) their input data from a shared resource and
handing over (writing) their output data to a shared resource. We distinguish explicit
communication, implicit communication and communication under Logical Execution
Time (LET). With implicit communication, data is always read and written when the job
starts and finishes its execution, respectively. Contrarily, with explicit communication,
read and write operations can occur at any time during execution. While implicit
and explicit communication depend on the evolution of the system, LET abstracts the
communication from the system evolution by ensuring that read operations occur before
the job starts, and write operations occur after the job finishes. To achieve that, under
LET jobs typically read data when they are released and write data at their deadline.
Therefore, under LET the communication between tasks is independent of the choice of
the scheduling algorithm as long as it is ensured that no deadlines are missed.

1.3 Contribution of this Dissertation

In this dissertation, we study the challenges that arise from distributed systems. Specif-
ically, the contributions are focused on the analysis of self-suspending tasks and of
the end-to-end analysis of cause-effect chains. To that end, we follow an approach
that abstracts properties of the system in a bottom-up strategy. In the following, the
contribution of this dissertation to each of these topics is detailed.
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1.3.1 Property-Based Analysis

Contrarily to the typical top-down approach that concretizes task models only where
necessary, in this dissertation we follow a bottom-up strategy that abstracts properties
from possible evolutions of the system. This procedure allows a property-based view
on real-time systems, as introduced in Chapter 2. To the best of our knowledge, this
dissertation is the first work introducing classical task models and formalization of
scheduling principles using the bottom-up approach.

The typical top-down strategy favors to overlook missing assumptions and to introduce
unnecessary properties. As a result, a large body of results on self-suspending tasks has
been flawed and different versions of end-to-end latency have been analyzed without a
clear picture of their relation. This dissertation emphasizes the importance of careful,
property-based analysis by providing three counterexamples for well-established literature
results in Chapter 4. In particular, the counterexamples close the unresolved issues of
the review paper by Chen et al. [Che+19b] on self-suspending tasks.

Specifically, the contributions of the dissertation to property-based analysis are
as follows:

• In Chapter 2, this dissertation uses a novel bottom-up approach to introduce
task models and to formalize scheduling.

• In Section 4.1, we show that slack enforcement mechanisms [LR10] can
provoke deadline misses. This result is published in [GC21].

• In Section 4.2, we provide a counterexample for the schedulability test from
Devi [Dev03] for periodic task sets scheduled by EDF. This result is published
in [GC20].

• In Section 4.3, we show that the extension of the classical Critical Instant The-
orem (CIT) to probabilistic scenarios by Maxim and Cucu-Grosjean [MC13]
is flawed. Furthermore, we provide two possible solutions to extend the CIT.
This result is published in [Che+22a].

1.3.2 Self-Suspension

Regarding self-suspending tasks, the contributions of this dissertation are in Chapter 5.
To ensure that timing requirements of tasks are met, it must be checked whether all
jobs complete their execution until their deadline. This can be done using schedulability
tests. The maximal time from release to completion among all jobs of a task is the
Worst-Case Response Time (WCRT). Hence, most approaches of this dissertation focus
on analyzing the WCRT to verify timing requirements. In Section 5.1, we provide
novel schedulability tests of self-suspending tasks for different scheduling algorithms.
That is, we analyze schedulability under T-FP scheduling in Section 5.1.1, under EDF
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scheduling in Section 5.1.2, and under EL scheduling in Section 5.1.3. Moreover, we
enhance an evaluation framework that collects schedulability tests for self-suspending
tasks in Section 5.1.4.

Under T-FP scheduling, the state-of-the-art analysis for sporadic tasks (i.e., tasks with
a minimum inter-arrival time) is given by Chen et al. [CNH16]. However, their method
is limited to constrained-deadline task sets (i.e., the relative deadline must be no more
than the minimum inter-arrival time). In Section 5.1.1, we present an analysis of the
WCRT of tasks described by arrival curves (which is a generalization of the sporadic
task model) with arbitrary deadlines (i.e., the deadline can be higher than the minimum
inter-arrival time). Our analysis is a natural extension of the method in [CNH16], in the
sense that they coincide for constrained-deadline sporadic tasks.

Under EDF scheduling, there are only few analytical results for self-suspending tasks
in the literature. Besides the trivial suspension-oblivious approach, that considers
suspension as additional execution time, there are two analyses for global EDF with
multiple processors [DL16; LA13]. However, no analysis achieves to analytically dominate
the trivial suspension-oblivious approach. In Section 5.1.2, we present two novel analyses.
First, we provide an analysis of the WCRT which outperforms the two analyses for
global EDF. Second, we present a schedulability test for periodic tasks which analytically
dominates the trivial suspension-oblivious approach.

EL scheduling generalizes T-FP and EDF using priority points. While the state of the
art was limited to either T-FP or EDF, we present the first unifying schedulability test
that is applicable to all EL scheduling algorithms in Section 5.1.3 with arbitrary-deadline
tasks. Our schedulability test outperforms the state of the art under EDF, and performs
only slightly worse than [CNH16] under T-FP with constrained-deadline tasks.

To evaluate the performance of different schedulability tests on synthesized task sets,
von der Brüggen et al. [von+19] presented an evaluation framework for self-suspending
task sets in 2019. In Section 5.1.4, we enhance this framework by implementing state-of-
the-art analyses for self-suspending tasks scheduled on a single processor. Moreover, we
provide additional features to improve its usability, e.g., Python 3 support, an improved
Graphical User Interface (GUI), multiprocessing, and evaluation of external task sets.

While for tasks without self-suspension the WCRT is achieved when all jobs execute
their WCET, this is not the case for self-suspending tasks. In particular, a reduction
of execution or suspension time of some jobs can enlarge the response time of other
jobs. This phenomenon is called a timing anomaly, and existing schedulability analyses
need to account for timing anomalies by over-approximation. Another approach is
to apply a mechanism that avoids timing anomalies. However, the treatments in the
literature [HC16; LR10; Raj91; SL96] may increase the WCRT compared to the WCRT
without any treatment. In Section 5.2 we propose two treatments that do not increase the
WCRT. More specifically, we propose segment release time enforcement in Section 5.2.2
and segment priority modification in Section 5.2.3.

7



1. Introduction

Specifically, the contributions of the dissertation to self-suspension are as follows:

• In Section 5.1.1, we provide a WCRT analysis of arbitrary-deadline tasks
described by arrival curves under T-FP scheduling. This result is published
in [GUC21].

• In Section 5.1.2, we propose two schedulability tests under EDF. This result
is published in [GBC20].

• In Section 5.1.3, we provide a unifying WCRT analysis under EL scheduling.
This result is published in [Gün+22].

• In Section 5.1.4, we present an enhanced evaluation framework for self-
suspending tasks. This result is published in [Gün+21b].

• In Section 5.2, we propose two treatments to avoid timing anomalies without
enlarging the WCRT. This result is published in [Lin+23].

1.3.3 End-to-End Analysis

Regarding end-to-end latency, the contributions of this dissertation are in Chapter 6.
The contributions are divided in three parts. Specifically, in Section 6.1 fundamental
properties of the end-to-end latency are examined, in Section 6.2 several analytical bounds
on the end-to-end latency are proposed, and in Section 6.3 the probabilistic behavior of
the end-to-end latency is analyzed.

Two fundamental properties are presented in this dissertation. The first is a composi-
tional property that allows to cut cause-effect chains into smaller segments and analyze
them separately, as detailed in Section 6.1.1. This property can be exploited to reduce
the analysis of cause-effect chains to the analysis of subchains. The second fundamental
property is the equivalence between different metrics of the end-to-end latency, as detailed
in Section 6.1.2. This has an impact on the applicability of analytical results, as well as
on the specification and verification of timing constraints. In the proof of the equivalence,
we also introduce a novel description of the end-to-end latency using p-partitioned job
chains. This description can be used to develop novel analytical bounds on the end-to-end
latency. Both properties are fundamental in the sense that they hold for a very general
system model, encompassing a variety of different communication, release and scheduling
mechanisms.

While analytical bounds on the end-to-end latency of cause-effect chains are discussed
in the literature since 2007 [Dav+07], and more frequently since 2016 [Bec+16b; Bec+17a;
Bi+22; Dür+19; GNV22; Ham+17; KBS18; Klo+22; KT20; MSB20; PM22; Tan+23a],
they are usually limited to a specific task model and communication model, building on
a dedicated proof structure. In Section 6.2.1, we present a formal analysis framework,
uncovering the principles of abovementioned analytical results. We show that classical
analytical bounds from the literature can be proven using this analysis framework. In
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Sections 6.2.2 and 6.2.3, we provide two novel bounds on the end-to-end latency of
periodic tasks. The bounds are built on new objects to describe the end-to-end latency,
specifically, abstract integer representations and p-partitioned job chains (introduced
to prove the second fundamental property). While in Sections 6.2.1–6.2.3 we consider
cause-effect chains which are local, i.e., comprised of tasks on one ECU, and homoge-
neous, i.e., comprised of tasks of the same communication and release policy, we relax
these assumptions by exploiting the compositional property in Sections 6.2.4 and 6.2.5.
More specifically, in Section 6.2.4, we extend bounds for local cause-effect chains to
interconnected cause-effect chains, i.e., comprised of tasks of potentially different ECUs.
In Section 6.2.5, we deal with heterogeneous cause-effect chains, i.e., tasks of the same
chain can have different release and communication policies.
The state of the art is mostly concerned with worst-case analysis of the end-to-

end latency. However, a recent survey-based study on industry practice in real-time
systems [Ake+20] indicates that soft real-time requirements are common in industry
practice as well. Specifically, the study shows that 45% of respondents can tolerate
some deadline misses. This dissertation contributes in providing the first probabilistic
analysis of the end-to-end latency for cause-effect chains comprised of sporadic tasks in
Section 6.3. Besides the analytical advancement, this dissertation defines probabilistic
end-to-end latency metrics and discusses potential pitfalls of the definition.

Specifically, the contributions of the dissertation to end-to-end analysis are as
follows:

• In Section 6.1.1, we present a compositional property. This result is published
in [Gün+21a] and its journal extension [Gün+23a].

• In Section 6.1.2, we prove the equivalence of end-to-end latency metrics. This
result is published in [Gün+23b].

• In Section 6.2.1, we present a formal analysis framework uncovering the
principles of classical analytical bounds on the end-to-end latency. This
result is published in [Gün+23d].

• In Section 6.2.2, we develop an analytical upper bound on the end-to-end
latency for periodic tasks under implicit communication using abstract
integer representations. This result is published in [Gün+21a] and its journal
extension [Gün+23a].

• In Section 6.2.3, we provide an analytical upper bound on the end-to-end
latency for periodic tasks under LET using partitioned job chains. This
result is published in [Gün+23b].

• In Section 6.2.4, we extend bounds for local cause-effect chains to intercon-
nected cause-effect chains. This result is published in [Gün+21a] and its
journal extension [Gün+23a].
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• In Section 6.2.5, we develop bounds for heterogeneous cause-effect chains.
This result is published in [Gün+23d].

• In Section 6.3, we provide a probabilistic analysis of the end-to-end latency
of cause-effect chains comprised of sporadic tasks. This result is published
in [Gün+23c].

1.4 Organization of this Dissertation

This dissertation is organized as follows:

• In Chapter 2, we introduce tasks, jobs and schedules. We derive task properties
resulting in classical task models, and explain how task properties are utilized in
scheduling algorithms. Furthermore, we recap classical analytical results from the
literature.

• In Chapter 3, we describe the focus of this dissertation. Specifically, we discuss
two challenges: distributed execution of jobs, in Section 3.1, and interplay of
distributed tasks, in Section 3.2. In the context of these challenges, we introduce
the self-suspension task model and cause-effect chains, which are predominantly
studied in this dissertation. The state of the art for self-suspending tasks and
cause-effect chains is reviewed in Section 3.3.

• In Chapter 4, we emphasize the need for careful, property-based analysis by
providing three counterexamples for well-established analytical results from the
literature.

• In Chapter 5, we discuss our contributions with respect to self-suspending tasks.
The chapter is divided in three parts. We present analyses of the schedulability of
self-suspending tasks in Section 5.1, and we discuss mechanisms to avoid timing
anomalies for self-suspending tasks in Section 5.2. In Section 5.3, we summarize
our results on self-suspending tasks and detail open problems.

• In Chapter 6, we discuss our contributions with respect to end-to-end analysis of
cause-effect chains. This chapter is divided in four parts. We present fundamental
properties of the end-to-end analysis in Section 6.1. Subsequently, we analyze
the worst-case end-to-end latency in Section 6.2, and the probabilistic end-to-end
latency in Section 6.3. In Section 6.4, we summarize our results on end-to-end
analysis and detail open problems.

• In Chapter 7, we summarize the key results of this dissertation, and detail current
limitations and opportunities for further research.

In Appendix A, we give an overview over mathematical notation and convention that
this dissertation is subject to. Appendix B contains detailed proofs for some results of
Chapter 4 to improve the reading flow of this dissertation.
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1.5 Author’s Contribution to this Dissertation

According to §10(2) of the doctoral regulations of the Department of Computer Science
at TU Dortmund University, dated August 29, 2011 (including the first amendment
dated January 8, 2013) [TU 13], this section details the author’s contribution to scientific
results utilized in this dissertation that were obtained in cooperation with other parties.
The research results are categorized in results on self-suspension and results on end-to-
end analysis of cause-effect chains. All authors of each research result had significant
contribution by active participation in discussions and by giving valuable feedback
to written content. All authors helped in polishing the work to improve its general
appearance and readability. Furthermore, discussion of the related work was a joint effort
of all authors involved.

The author’s contribution to research results on self-suspension is as follows:

• For the work on slack enforcement mechanisms of self-suspending tasks [GC21],
utilized in Section 4.1, I was the principal author. While I developed the counterex-
ample presented in this work, Jian-Jia Chen helped with the organization of the
paper, especially with the structuring of the proofs.

• For the work on EDF analysis with suspension as blocking [GC21], utilized in
Section 4.2, I was the principal author. The counterexample was developed by me,
and Jian-Jia Chen helped to organize the paper and put the work into context.

• For the work on the CIT in probabilistic scenarios [Che+22a]1, utilized in Section 4.3,
Kuan-Hsun Chen and I were the principal authors. The counterexample of this
work was entirely developed by me, and I was the main contributor to the design of
the two safe bounds presented. Kuan-Hsun Chen was coordinator of the paper and
main contributor to detailing the impact of the counterexample on related work.
Moreover, Kuan-Hsun Chen evaluated the proposed approaches and examined how
to efficiently calculate the analytical bounds using the Chernoff bound, which is
not part of this dissertation.

• For the work on suspension-aware analysis under T-FP scheduling [GUC21]1,
utilized in Section 5.1.1, I was the principal author. The analysis and implementation
were provided by me. Niklas Ueter was the principal author of the evaluation
section.

• For the work on suspension-aware analysis under EDF scheduling [GBC20]1, uti-
lized in Section 5.1.2, I was the principal author. I provided the analysis and
implementation of that paper. Georg von der Brüggen and Jian-Jia Chen improved
the presentation and the paper flow significantly, and put the paper into context of
related work.

1The copyright of this work has been transferred to IEEE for publication, © 2020–2023 IEEE.
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• For the work on suspension-aware analysis under EL scheduling [Gün+22]1, uti-
lized in Section 5.1.3, I was the principal author. I provided the analysis and
implementation of that paper, with support by Kuan-Hsun Chen regarding the
implementation. Georg von der Brüggen, Kuan-Hsun Chen and Jian-Jia Chen
improved the presentation and the paper flow significantly, and put the paper into
context of related work.

• For the work on the evaluation framework for self-suspending task schedulability
tests [Gün+21b]1, utilized in Section 5.1.4, I was the principal author. I coordinated
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2
Real-Time Systems

While for general-purpose computing systems functional correctness is sufficient, many
safety-critical systems additionally require temporal correctness. That is, certain function-
alities of the system are subject to timing requirements. Such computing systems that
require functional as well as temporal correctness are called real-time systems [KS22].
Functionalities are achieved by deploying tasks on the real-time system. Each task re-
leases countably infinitely many task instances (called jobs) recurrently, and a scheduling
algorithm decides which jobs are executed on which hardware resource. Usually, the
timing requirement is given in the form of deadlines. That is, each job must finish until
its deadline is reached.

Typically, in the literature, real-time systems are introduced by defining task models,
and possible evolutions of the system are only derived if necessary. This top-down view
on real-time systems favors overlooking missing assumptions and introducing unnecessary
properties. Historically, this resulted in a large body of flawed results, especially for
self-suspending tasks [Che+19b]. Furthermore, concepts and ideas were developed
independently for different specific models without a clear picture of their relation,
resulting in a lack of generalization. An example for this behavior is the area of end-to-
end latency of cause-effect chain, where similar concepts are used to analyze different
communication and release policies (see Section 6.2.1), or where different metrics were
analyzed side-by-side although being equivalent (see Section 6.1.2). In this chapter,
we follow a bottom-up strategy by defining possible evolutions of the system first and
abstracting properties where necessary. This bottom-up strategy is more error-proof than
the typical top-down strategy because it allows to carefully check necessary assumption.
To the best of our knowledge, this dissertation is the first work introducing classical task
models and formalization of scheduling principles using this bottom-up approach.

This chapter is organized as follows. In Section 2.1, we introduce the terminology
used to describe tasks and jobs. Section 2.2 discusses the concept of system evolutions
as aggregation of release times and execution demands. Section 2.3 formally defines
schedules that can be derived from one system evolution. In Section 2.4, we extend our
view to account for all possible system evolutions. To that end, we abstract properties
that are exploited throughout this dissertation, in Sections 2.4.1 and 2.4.2. Moreover,
we explain the mechanism to derive a schedule based on the abstracted information in
Section 2.4.3. In particular, Section 2.4 defines standard task models like the periodic or
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the sporadic task model. We conclude this chapter by a review of analytical literature
results in Section 2.5.

2.1 Tasks and Jobs

The set of tasks deployed on the system is denoted by T. We assume that T is finite.
Each task τ ∈ T releases countably many jobs τ(j), j ∈ N. The set of all jobs is denoted
by J = {τ(j) | τ ∈ T, j ∈ N}. Dependent on the context, we use J ∈ J or τ(j) ∈ J to
denote a job, for the sake of readability.

The release time of a job τ(j) ∈ J is denoted by rτ(j) ∈ R. We assume that the
enumeration (τ(j))j∈N respects release times, that is rτ(j) ≤ rτ(j+1) for all j ∈ N.
Considering a job τ(j) ∈ J, we call τ(j + 1) the subsequent job of τ , and τ(j − 1), if it
exists, the preceding job of τ .

The execution demand of a job J ∈ J is denoted by cJ ∈ R>0. That is, after the
job is released, it must be executed for cJ time units to be completed. Sometimes, for
convenience in the proofs, we also consider degenerated jobs with cJ = 0. We assume
that such jobs are completed as soon as they are released.

With respect to real-time systems, the timing requirement of a task is usually given in
the form of a relative deadline Dτ ∈ R>0. If such a relative deadline is set, a job τ(j)
must be completed until its absolute deadline dτ(j) := rτ(j) +Dτ is reached to meet the
timing requirement.

2.2 System Evolutions

Given a task set T and the corresponding set of jobs J, the aggregation of releases times
and execution demands of all jobs describes a specific evolution of the system. More
specifically, a system evolution ω is given by

ω = ((rJ)J∈J, (cJ)J∈J). (2.1)

Although, from the design perspective, jobs of the same task serve the same purpose,
their execution demand depends on various parameters, e.g., input data, cache behavior
or bitflips. Similarly, a job release may depend on the outside environment, or on previous
scheduling decisions (e.g., if tasks are allowed to trigger job releases of another task, then
the decision when to schedule a job might have an impact on the release time of another
job). These uncertainties result in different system evolutions. We denote the set of all
system evolutions as Ω and a specific system evolution as

ω = ((rωJ )J∈J, (c
ω
J )J∈J) ∈ Ω. (2.2)

The concept of systems evolutions can also be found in the literature within the context
of probabilistic analysis of scheduling behavior, e.g., [Mar+23, Section V], where Ω is
equipped with a probability measure. For most parts of this dissertation, we ignore the
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probability measure and are more concerned with the worst-case behavior. If the system
evolution under consideration is clear within the context, we sometimes omit the index ω
for rJ and cJ , as done in Section 2.3 to introduce schedules. Subsequently, in Section 2.4,
we discuss how to deal with several system evolutions by abstracting task properties.

2.3 Schedules

A schedule S specifies which jobs are executed at which time on each processing unit.
In this section, we provide a formal description of schedules assuming a specific system
evolution ω is processed. To that end, we first focus on systems with only one processor,
so-called uniprocessor systems, in Section 2.3.1. Afterwards, we extend the formalization
of schedules to the multiprocessor case in Section 2.3.2. The generation of schedules
using scheduling algorithms is described in Section 2.4.3.

2.3.1 Uniprocessor Schedules

We start by considering systems where only one core is processing the jobs J under a
specific system evolution ω. The uniprocessor schedule S can be described by a function
from the time domain to the set of jobs J. Intuitively, if the processor executes a job
J ∈ J at time t, then S(t) = J . To allow the processor to idle, i.e., no job is being
executed at time t, we expand the job set by the symbol ⊥. That is, the processor idles
at time t if S(t) = ⊥.
In the literature, two time domains are predominantly studied: the discrete time

domain and the continuous time domain. Since processors are discrete systems, the
discrete time domain is usually more realistic. However, if the discretization is fine enough,
the continuous time model approximates the real world sufficiently and additionally shows
some analytical advantages. In the remainder of this section we discuss both—discrete
schedules and continuous schedules.

Discrete Schedules Inherently, processors are discrete systems. That is, time
granularity is given by the length of one clock cycle tcycle ∈ R>0. Hence, the description
of the scheduling behavior should also be conducted in a discrete fashion. In the discrete
model, the values rJ and cJ are integer multiples of the clockcycle tcycle . A schedule S
maps each cycle to a corresponding job J ∈ J to be executed or to ⊥ if no job is executed
during the cycle, i.e., the processor idles.

Definition 2.1 (Discrete Schedule). Given a set of jobs J, then each function

S : Z → J ∪ {⊥} , t 7→ S(t) (2.3)

defines a discrete schedule. The set of all discrete schedules is defined as Sdiscr (J).

If S(t) = J , then job J is executed at the t-th cycle, and if S(t) = ⊥, then no job
is executed in the t-th cycle. Given a system evolution ω ∈ Ω, we can specify when a
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job starts, i.e., the first time that the job is executed after its release. To do that, we
use the preimage S−1({J}) to describe at which cycles job J is executed. In particular,
inf S−1({J}) · tcycle is the earliest time that J can be executed. Since J cannot be
executed before its release time rJ , taking the maximum max(inf S−1({J}) · tcycle , rJ)
gives us the start of job J . Similarly, we specify the finish of a job J , i.e., the time that
J completes its execution demand. Specifically, J must be executed for cJ

tcycle
clock cycles,

and for t ∈ Z we can calculate the number of clock cycles that J is executed until the t-th

cycle by |S−1({J}) ∩
{

rJ
tcycle

, . . . , t
}
|. Finding the minimal t ∈ Z such that the number

of clock cycles that |S−1({J}) ∩
{

rJ
tcycle

, . . . , t
}
| ≥ cJ

tcycle
gives us the index of the cycle at

which J finishes. Since J can still be executed during the whole cycle, the finishing time
of job J is (t+ 1) · tcycle .

Definition 2.2 (Start and Finish). Let S ∈ Sdiscr (J) and ω = ((rJ)J∈J, (cJ)J∈J) ∈ Ω be
a schedule and a system evolution of the job set J, respectively. We define the start of a
job J ∈ J as

sS,ωJ := max
(
inf S−1({J}) · tcycle , rJ

)
, (2.4)

where S−1({J}) is the preimage of {J}. We define the finish of a job J ∈ J as

fS,ωJ :=

(
inf

{
t ∈ Z

∣∣∣∣ ∣∣∣∣S−1({J}) ∩
{

rJ
tcycle

, . . . , t

}∣∣∣∣ ≥ cJ
tcycle

}
+ 1

)
· tcycle . (2.5)

If we consider jobs with execution demand cJ = 0 (e.g., for convenience in the proofs),
then we assume that such degenerated jobs finish as soon as they are released, i.e.,
sS,ωJ = fS,ωJ = rJ .

If a job is not assigned enough processor cycles to be executed, then it can never
complete its execution demand. We call such a behavior starvation.

Definition 2.3 (Starvation). In case a job J can never be completed, we have fS,ωJ = ∞,

and we say that the job J starves. If fS,ωJ <∞ for all J ∈ J, we say that the schedule S
is starvation free with respect to ω.

To meet timing requirements of the real-time system, all jobs J must be completed
until their respective deadline dωJ .

Definition 2.4 (Feasible). Let S ∈ Sdiscr (J) and ω = ((rJ)J∈J, (cJ)J∈J) ∈ Ω be a schedule
and a system evolution of the job set J, respectively. We say that S is a feasible schedule
for the system evolution ω, if fS,ωJ ≤ dωJ for all jobs J ∈ J for which a deadline dωJ exists.

Usually, the cycle length is very small compared to the job execution demand. Hence,
analyzing scheduling behavior on the cycle-level is often intractable. As an alternative,
we approximate the discrete behavior by a continuous model.
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Continuous Schedules A continuous schedule is defined by a function on the
continuous time domain S : R → J ∪ {⊥}. Intuitively, we want to define S(t) = J if J
is executed at time t. However, the execution at a specific time point t is not clearly
defined. For example, consider a job J executed from time t1 to t2 and another job J ′

executed from time t2 to t3. At time t2, is S(t2) = J , or J ′, or even ⊥? Also, does it
make a difference for the scheduling behavior if the schedule changes only at a few time
points? In the literature, there are two approaches to solve such problems: Either it
is assumed that even changing a single value of the scheduling function creates a new
schedule (e.g., [BRH90; Uet+20]), or a convention is used to assign those unclear time
points (e.g., by assuming that the scheduling function is right-continuous [BLV09]). While
the former solution allows different schedules to describe the same execution behavior,
the latter limits the generalizability of research results that abide to specific conventions.
In this dissertation, we solve these two shortcomings of current research praxis, by using
the Lebesgue-measure λ to identify equivalent scheduling functions.

We call a function S : R → J ∪ {⊥} measurable, if S−1({⊥}) and S−1({J}) are
Lebesgue-measurable for all J ∈ J. Under a measurable function S : R → J ∪ {⊥}, we
say that J ∈ J is executed for λ(S−1({J}) ∩ (t1, t2)) time units during a time interval
(t1, t2) ⊆ R. Given a job J and an interval (t1, t2), then if two different functions S and
S ′ coincide almost everywhere1, then λ(S−1({J})∩ (t1, t2)) = λ(S ′−1({J})∩ (t1, t2)), i.e.,
they describe the same execution behavior of J . We define an equivalence relation S ∼ S ′

if and only if S and S ′ coincide almost everywhere.

Definition 2.5 (Continuous Schedule). Given a set of jobs J, then we define the set of
all continuous schedules as the quotient set:

Scont(J) = {S : R → J ∪ {⊥} Lebesgue-measurable}
/

∼
(2.6)

That is, Scont(J) is the set of all equivalence classes [S] with S : R → J ∪ {⊥} Lebesgue-
measurable, and two equivalence classes [S] and [S ′] are equal in Scont(J) if S ∼ S ′. An
equivalence class [S] ∈ Scont(J) is called a continuous schedule.

We note that, in the continuous time domain, we distinguish between a scheduling
function S and a schedule [S]. Every scheduling function defines a schedule, but different
scheduling functions may define the same schedule.

Based on a continuous schedule [S] ∈ Scont(J), we specify the execution behavior of
jobs. More specifically, during an interval (t1, t2) ⊆ R, the processor idles for

idle[S](t1, t2) := λ(S−1({⊥}) ∩ (t1, t2)) (2.7)

and executes a job J ∈ J for

exec
[S]
J (t1, t2) := λ(S−1({J}) ∩ (t1, t2)) (2.8)

1Almost everywhere means everywhere up to a set of measure 0.
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time units. Moreover, we denote by exec
[S]
τ (t1, t2) =

∑∞
j=1 exec

[S]
τ(j)(t1, t2) the time that τ is

executed during the interval (t1, t2), and we denote by exec[S](t1, t2) =
∑

τ∈T exec
[S]
τ (t1, t2)

the time that any task is executed during the interval (t1, t2). We say that J is exclusively

executed during the bounded interval (t1, t2) if exec
[S]
J (t1, t2) = t2 − t1. Similarly, τ is

exclusively executed if exec
[S]
τ (t1, t2) = t2 − t1. We say the processor exclusively idles

during the bounded interval (t1, t2) if idle
[S](t1, t2) = t2 − t1.

We note that idle[S], exec[S]J , exec
[S]
τ and exec[S] are well-defined, in the sense that they

are independent of the choice of the representative S. More specifically, consider two
representatives S and S ′ of the equivalence class [S] = [S ′]. Then S and S ′ coincide
almost everywhere. Therefore, also S−1({ξ}) ∩ (t1, t2) and S ′−1({ξ}) ∩ (t1, t2) coincide
almost everywhere, for all ξ ∈ J ∪ {⊥} and (t1, t2) ⊆ R. We obtain

idle[S](t1, t2) = λ(S−1({⊥}) ∩ (t1, t2)) = λ(S ′−1
({⊥}) ∩ (t1, t2)) = idle[S

′](t1, t2) (2.9)

exec
[S]
J (t1, t2) = λ(S−1({J}) ∩ (t1, t2)) = λ(S ′−1

({J}) ∩ (t1, t2)) = exec
[S′]
J (t1, t2).

(2.10)

Moreover, exec
[S]
τ (t1, t2) =

∑∞
j=1 exec

[S]
τ(j)(t1, t2) =

∑∞
j=1 exec

[S′]
τ(j)(t1, t2) = exec

[S′]
τ (t1, t2)

by definition of execτ , and exec[S](t1, t2) = exec[S
′](t1, t2).

Definition 2.6 (Start and Finish). Let [S] ∈ Scont(J) and ω = ((rJ)J∈J, (cJ)J∈J) ∈ Ω be
a schedule and a system evolution of the job set J, respectively. We define the start of a
job J ∈ J as

s
[S],ω
J := max

(
sup

{
t
∣∣∣ exec[S]J (−∞, t) = 0

}
, rJ

)
. (2.11)

We define the finish of a job J ∈ J as

f
[S],ω
J := inf

{
t
∣∣∣ exec[S]J (rJ , t) ≥ cJ

}
. (2.12)

Similar to continuous schedules, if jobs with execution demand cJ = 0 are considered,
then we assume that such degenerated jobs finish as soon as they are released, i.e.,

s
[S],ω
J = f

[S],ω
J = rJ .

Both, s
[S],ω
J and f

[S],ω
J are well-defined with respect to the choice of S since exec

[S]
J is

well-defined. As for discrete schedules, we define starvation and starvation free.

Definition 2.7 (Starvation). In case a job J can never be completed, we have f
[S],ω
J = ∞,

and we say that the job J starves. If f
[S],ω
J <∞ for all J ∈ J, we say that the schedule

[S] is starvation free with respect to ω.

The following definition specifies whether all timing requirements of the real-time
system are met.

Definition 2.8 (Feasible). Let [S] ∈ Scont(J) and ω = ((rJ)J∈J, (cJ)J∈J) ∈ Ω be a
schedule and a system evolution of the job set J, respectively. We say that [S] is a feasible

schedule for the system evolution ω if f
[S],ω
J ≤ dωJ for all jobs J ∈ J for which a deadline

dωJ exists.
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In this dissertation, continuous schedules are designed to be an extension of discrete
schedules. That is, every discrete schedule can be considered as a continuous schedule.

Remark 2.9. The set of continuous schedules can be considered as an extension of the
set of discrete schedules, in the sense that there exists an embedding

Sdiscr ↪→ Scont ,S 7→
[
t 7→ S

(⌊
t

tcycle

⌋)]
(2.13)

This map preserves start and finish of jobs, as well as feasibility of the schedule.

In this dissertation, the focus is on the continuous time domain. That is, the contri-
butions in this work consider continuous schedules. However, Remark 2.9 demonstrates
that the contributions are relevant to the discrete model as well.

2.3.2 Multiprocessor Schedules

If several cores P1, . . . , PM are involved in processing the system evolution ω of the jobs
J, then the notion of schedules from the previous section has to be adjusted. That is,
one schedule function Sj for each core Pj describes the schedule on that specific core.
Hence, the complete multiprocessor scheduling function is defined as

SM := S1 × · · · × SM . (2.14)

The set of all schedules can be described as
∏M

j=1 Sdiscr (J) in the discrete time domain, and

as
∏M

j=1 Scont(J) in the continuous time domain. In particular, two continuous schedules

[SM ] and [S ′M ] defined by functions SM = S1 × · · · × SM and S ′M = S ′
1 × · · · × S ′

M

coincide if and only if [Sj ] = [S ′
j ] for all j = 1, . . . ,M . Since the results of this dissertation

focus on the model with continuous time domain, we limit to that model for the further
discussion of multiprocessor schedules. However, the discussion can be done similarly for
the discrete time domain.

First, we observe that the execution time of jobs and of tasks can be determined from
the execution time on each core:

exec
[SM ]
J (t1, t2) :=

M∑
j=1

exec
[Sj ]
J (t1, t2), exec[S

M ]
τ (t1, t2) :=

∞∑
ξ=1

exec
[SM ]
τ(ξ) (t1, t2) (2.15)

We note that usually only schedules are considered where jobs cannot be executed on
several cores simultaneously, i.e., execS

M

J (t1, t2) ≤ t2− t1 for all t1 ≤ t2. The system idles
if all cores idle at the same time, that is:

idle[S
M ](t1, t2) := λ

 M⋂
j=1

S−1
j ({⊥}) ∩ (t1, t2)

 (2.16)

Next, we formally specify the start and finish of jobs in multiprocessor schedules.
This is done similar to Definition 2.6, utilizing the execution function for multiprocessor
schedules instead.
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Definition 2.10 (Start and Finish). Let [SM ] ∈ ∏M
j=1 Scont(J) be a multiprocessor

schedule, and let ω = ((rJ)J∈J, (cJ)J∈J) ∈ Ω be a system evolution of the job set J. We
define the start of a job J ∈ J as

s
[SM ],ω
J := max

(
sup

{
t
∣∣∣ exec[SM ]

J (−∞, t) = 0
}
, rJ

)
. (2.17)

Moreover, we define the finish of a job J ∈ J as

f
[SM ],ω
J := inf

{
t
∣∣∣ exec[SM ]

J (rJ , t) ≥ cJ

}
. (2.18)

We say that a job J ∈ J starves if f
[SM ],ω
J = ∞, and we say that the schedule [SM ] is

starvation free with respect to ω if f
[SM ],ω
J <∞ for all J ∈ J.

By definition of start, s
[SM ],ω
J := minj=1,...,M s

[Sj ],ω
J holds. However, a similar statement

for the finish by taking the maximum finish among all processors is not possible, since
the finish on each processor accounts for the whole execution demand of job J . As in
the uniprocessor case, all timing requirements can be met if all jobs finish until their
respective deadline.

Definition 2.11 (Feasible). Let [SM ] ∈∏M
j=1 Scont(J) be a multiprocessor schedule, and

let ω = ((rJ)J∈J, (cJ)J∈J) ∈ Ω be a system evolution of the job set J. We say that [SM ] is

a feasible schedule for the system evolution ω if f
[SM ],ω
J ≤ dωJ for all jobs J ∈ J for which

a deadline dωJ exists.

When considering multiprocessor scheduling, we usually distinguish between partitioned
and global scheduling. Under partitioned scheduling , each task is assigned to one specific
core. That is, the task set is partitioned as T = T1 ⊔ · · · ⊔ TM , and tasks Tj are assigned
to core Pj . All jobs of the same task can only be executed on the core they are assigned
to. Under global scheduling , tasks are not fixed to a specific core. In that model, several
cores can be involved in the execution of the same job. Although both approaches are
inherently different, we do not need to distinguish between those mechanisms for the
extension of uniprocessor schedules to multiprocessor schedules. The only difference is
that under partitioned scheduling, a smaller set of scheduling functions is available. That
is, let Jj be the jobs obtained by tasks Tj , then under partitioned scheduling only the

schedules
∏M

j=1 Scont(Jj) ⊆
∏M

j=1 Scont(J) can be obtained. The definitions of this section
simplify accordingly for partitioned scheduling.

Generating a feasible schedule given a system evolution is challenging, since the system
evolution may not be clear from the beginning. That is, job releases may not be predefined,
and the job demand is only known when the job finishes. Moreover, the uncertainty
in the environment and behavior outside the model has an impact, provoking different
system evolutions. Therefore, to make a reasonable scheduling decision, tasks must be
analyzed and designed to give useful information about the system evolution beforehand.
The subsequent section considers different system evolutions, and discusses abstractions
of the systems evolutions to be utilized for the analysis of scheduling mechanisms.
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2.4 Uncertainties and Abstraction Levels

When the system runs, it is not clear which system evolution ω ∈ Ω the system deals
with. Due to the absence of information it is not clear (i) if a feasible schedule of the
system evolution always exists and (ii) how the feasible schedule can be generated. This
section discusses the abstraction of properties of the set of system evolutions Ω that can
be utilized to make scheduling decisions and to analyze the feasibility of schedules under
those scheduling decisions. The abstraction of a task is given in the form of

τ ∈ Property1(values1 ) ∩ Property2(values2 ) ∩ · · · ∩ Propertyξ(valuesξ) (2.19)

if task τ satisfies all ξ properties with the corresponding values.

2.4.1 Abstraction of Execution Demand

To describe the execution demand of jobs under several system evolutions, we abstract its
analytical properties. That is, given a job τ(j), its execution demand can take different

values
{
cωτ(j)

∣∣∣ω ∈ Ω
}
. In case Ω is equipped with a probability measure P, then c•τ(j)

is a random variable and its behavior can be abstracted by a probability distribution.
Otherwise, only upper and lower bounds on the execution demand can be provided,
so-called Worst-Case Execution Time (WCET) and Best-Case Execution Time (BCET),
respectively. Usually, it is assumed that jobs released by the same task adhere to a similar
behavior. Therefore, abstracting all jobs of a task by the same information (bounds or
distribution) is sufficient. However, some abstractions also specify execution demand
patterns [MC97]. In the following, we specify abstractions of the execution demand which
are relevant to this dissertation.

Worst-Case Execution Time (WCET) The WCET of a task is an upper bound
on the execution demand of all jobs under all system evolutions. More specifically, we
denote by

τ ∈ WCET(Cτ ) (2.20)

the case that cωτ(j) ≤ Cτ for all j ∈ N and for all ω ∈ Ω.

Best-Case Execution Time (BCET) The BCET of a task is a lower bound
on the execution demand of all jobs under all system evolutions. More specifically, we
denote by

τ ∈ BCET(Cmin
τ ) (2.21)

the case that cωτ(j) ≥ Cτ for all j ∈ N and for all ω ∈ Ω. Naturally, the demand of any

job is lower bounded by 0, which is why every task τ is in BCET(0).
If the BCET is given, the WCET is also denoted by Cmax

τ instead of Cτ for the sake
of uniformity. That is, if BCET and WCET are given, we denote that case by

τ ∈ BCET(Cmin
τ ) ∩WCET(Cmax

τ ). (2.22)
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Probabilistic Execution Time (pET) Assume that Ω is equipped with a
probability measure P. If there exists a cumulative distribution function Dτ : R → [0, 1]
such that the execution demand cωτ(j) is distributed according to Dτ for all j ∈ N, then
we say that τ has pET with distribution Dτ . More specifically, we denote by

τ ∈ pET(Dτ ) (2.23)

the case that P
({
ω ∈ Ω

∣∣∣ cωτ(j) ≤ t
})

= Dτ (t) for all j ∈ N and t ∈ R. Of particular

interest, from an analytical perspective, is the case that the random variables c•τ(j) are
independent for all jobs τ(j) with j ∈ N. More specifically, we denote by

τ ∈ pETiid(Dτ ) (2.24)

the case that (c•τ(j))j∈N are independent and identically distributed (iid) variables with

τ ∈ pET(Dτ ).

Probabilistic Worst-Case Execution Time (pWCET) If Ω is equipped
with a probability measure P but the execution demand of jobs of task τ cannot all
be described by the same probability distribution, then we cannot use the pET task
model above to abstract the execution demand. However, we can use a cumulative
distribution function Dτ to abstract the behavior of upper bounds on the execution
demands. Specifically, we denote by

τ ∈ pWCET(Dτ ) (2.25)

the case that there exist upper bounds c̄ωτ(j) ≥ cωτ(j) for all ω ∈ Ω and j ∈ N such

that P
({
ω ∈ Ω

∣∣∣ c̄ωτ(j) ≤ t
})

= Dτ (t) for all j ∈ N and t ∈ R. To exploit independence

analytically, for the pWCET it is sufficient that the upper bounds c̄•τ(j) are independent

for all jobs τ(j) with j ∈ N. More specifically, we denote by

τ ∈ pWCETiid(Dτ ) (2.26)

the case that τ ∈ pWCET(Dτ ) such that the upper bounds (c̄•τ(j))j∈N are iid variables.

Remark 2.12 (Comparison of Abstraction Levels). The different abstraction levels of
the execution demand allow a trade-off between more general solutions and more specific
solutions [Brü+22]. Specifically, an abstraction of pETs allows to derive the BCET and
WCET as follows (assuming that P({ω}) > 0 for all ω ∈ Ω):

pET(Dτ ) ⊆ BCET(supD−1
τ ({0})) ∩WCET(inf D−1

τ ({1})) (2.27)

Similarly, if the execution demand is described as pET, then it can be described as pWCET
with the same cumulative distribution function, and the pWCET can be translated into a
WCET (again, assuming that P({ω}) > 0 for all ω ∈ Ω):

pET(Dτ ) ⊆ pWCET(Dτ ) ⊆ WCET(inf D−1
τ ({1})) (2.28)

Different abstraction levels for the execution demand can be chosen, depending on the
capabilities of the analysis and the information available from the application.
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2.4.2 Abstraction of Job Releases

For job releases, the literature provides a large variety of different abstraction ap-
proaches [Aud+93; BW94; LL73; Mok83; TCN00]. In the following, we discuss abstrac-
tions of job releases which are relevant to this dissertation. Subsequently, we compare the
different abstraction levels and introduce definitions based on the abstraction of releases.

Fixed Arrival Pattern When considering classical time-triggered systems, job
arrivals occur at a “predetermined tick of a clock” [KS22]. That is, jobs τ(j) are released
at the same time rτ(j) ∈ R independent of the system evolution ω ∈ Ω. We say that
a task has a fixed arrival pattern if all its jobs are released at predefined time points
(rτ(j))j∈N. More specifically, we denote by

τ ∈ FixRel((rτ(j))j∈N) (2.29)

the case that rωτ(j) = rτ(j) for all j ∈ N and ω ∈ Ω.

Periodic With Offset The standard procedure to obtain a fixed arrival pattern is
by equipping a task with a timer. Whenever the timer runs out, the task releases a new
job and resets the timer. If the first job is released at time ϕτ ∈ R and then periodically
every Tτ ∈ R>0 time units, we say that task τ is periodic with period Tτ and offset ϕτ ,
and we denote that case by

τ ∈ PerOff(Tτ , ϕτ ). (2.30)

More specifically, rωτ(j) = (j − 1) · Tτ + ϕτ for all j ∈ N and for all ω ∈ Ω. If all tasks
τ ∈ T are periodic with offset ϕτ = 0, then we call the task set synchronous.

Periodic In some cases, the offset of a periodic task is not deterministic, in the sense
that the offset may depend on the system evolution. As an example, in the implementation
of RTEMS [RTE23], a well-established Real-Time Operating System (RTOS), the timer
is initiated at the start of the first job, which depends on the execution time of the
higher-priority tasks. Without specifying an offset we still say that a task is periodic
with period Tτ ∈ R>0 if the release of two subsequent jobs of τ is exactly Tτ time units
apart. More specifically, we denote by

τ ∈ Per(Tτ ) (2.31)

the case that rωτ(j) + Tτ = rωτ(j+1) for all j ∈ N and for all ω ∈ Ω.

Sporadic A more relaxed abstraction of job releases can be described by the sporadic
task model. That is, the task releases jobs according to a minimum inter-arrival time
Tτ ∈ R>0. More specifically,

τ ∈ Spor(Tτ ) (2.32)

if rωτ(j) + Tτ ≤ rωτ(j+1) for all j ∈ N and ω ∈ Ω. The sporadic task model is also relevant
in the context of event-triggered tasks, where job releases are triggered by events, often
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external events outside the system, for which only a lower bound on the inter-arrival time
can be guaranteed. If upper and lower bounds on the inter-arrival time are abstracted,
we denote by

τ ∈ SporMinMax(Tmin
τ , Tmax

τ ) (2.33)

the case that rωτ(j) + Tmin
τ ≤ rωτ(j+1) ≤ rωτ(j) + Tmax

τ .

Arrival Curves A more descriptive abstraction of the inter-arrival time can be
achieved by arrival curves, known from Real-Time Calculus, Network Calculus [BT01;
TCN00], and Compositional Performance Analysis (CPA) [Hen+05; HAE17]. That is,
for each task τ , an upper arrival curve ατ : R≥0 → R≥0 is given, which provides by ατ (∆)
an upper bound on the number of job releases inside an interval of length ∆. More
specifically, we have

ατ (∆) ≥ sup
t

(∣∣∣{rωτ(j) ∣∣∣ j ∈ N
}
∩ [t, t+∆)

∣∣∣) (2.34)

for all ω ∈ Ω and ∆ ≥ 0. We denote by

τ ∈ Arr(ατ ) (2.35)

the case that job releases of τ can be described by the arrival curve ατ . The power of the
arrival curve model is that it can handle the case that the minimum inter-arrival time Tτ
is 0. I.e., it is possible to release two (or more) jobs at the same time. Modeling such
a task with a typical sporadic task τ ∈ Spor(0) allows infinite bursts and is therefore
infeasible.

We assume that the given upper arrival curve function ατ is sub-additive [BT01],
i.e., ατ (∆1 + ∆2) ≤ ατ (∆1) + ατ (∆2) for all ∆1,∆2 ∈ R≥0. If the given curve is not
sub-additive, then it can be tightened by applying the sub-additive closure to achieve the
sub-additivity property, i.e., by defining a new upper arrival curve

α̃τ (∆) := inf


A∑

ξ=1

ατ (∆ξ)

∣∣∣∣∣∣A ∈ N, ∆1, . . . ,∆A ∈ R≥0,

A∑
ξ=1

∆ξ=∆

 . (2.36)

Due to the sub-additivity property, we have that for all ∆ ∈ R:

(i) ατ (∆) ≤ ατ (∆ + δ) for all δ ≥ 0 (ατ monotonically increasing); otherwise, the
existence of δ ≥ 0 with ατ (∆) > ατ (∆ + δ) contradicts the sub-additivity property
ατ (∆ + δ) ≤ ατ (∆) + ατ (δ) ≤ ατ (∆).

(ii) ατ (∆) ≤ ατ (∆−Tτ )+1 if the minimum inter-arrival time of jobs is Tτ ≥ 0. This is
due to the sub-additivity property ατ (∆) ≤ ατ (∆− Tτ ) +ατ (Tτ ) = ατ (∆− Tτ ) + 1
when Tτ > 0 and due to the fact that ατ (∆) ≤ ατ (∆) + 1 when Tτ is 0.
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Remark 2.13 (Comparison of Abstraction Levels). The sporadic task model can be
considered as behavior relaxation [Brü+22] of the periodic task model, in the sense that
it allows additional behavior. In particular, we have inclusions:

PerOff(Tτ , ϕτ ) ⊆ Per(Tτ ) ⊆ Spor(Tτ ) (2.37)

That is, every periodic task with offsets can be considered as periodic task without offset,
and every periodic task without offset can be considered as sporadic task. While an
analytical result for sporadic tasks can be applied to periodic tasks as well, a dedicated
analysis for periodic tasks might achieve tighter results because it is more restrictive for
the task behavior.

The task models using fixed arrival patterns and arrival curves provide more detailed
descriptions of periodic tasks with offset and of sporadic tasks, respectively. That is,

PerOff(Tτ , ϕτ ) = FixRel((ϕτ + (j − 1)Tτ )j∈N) (2.38)

Spor(Tτ ) = Arr

(
∆ 7→

⌈
∆

Tτ

⌉)
(2.39)

but not every task that can be described using a fixed release pattern or an arrival curve
can be described as a periodic task with offset or as a sporadic task, respectively. In the
work by von der Brüggen et al. [Brü+22], such generalization, that allows to describe the
more simple instance of the problem precisely, is denoted as abstraction refinement.

In industry systems, periodic and sporadic tasks play an important role. That is, as
reported by Akesson et al. [Ake+20; Ake+22] for industrial real-time systems, periodic
and sporadic task activations are widely used in industry practice; specifically, in 82%
and 47%, respectively, of the investigated systems. Therefore, these are also very popular
in the research community.
In the following, we define common properties of periodic and sporadic tasks. Please

note that the definitions of properties for sporadic tasks τ ∈ Spor(Tτ ), especially Defini-
tions 2.14, 2.15 and 2.16, also apply to periodic tasks and periodic tasks with offsets due
to behavior relaxation (Equation (2.37)).

Definition 2.14 (Utilization). If a task τ is τ ∈ Spor(Tτ ) ∩ WCET(Cτ ), then its
utilization is defined by

Uτ :=
Cτ

Tτ
. (2.40)

Furthermore, the total utilization of the task set T is defined by

UT =
∑
τ∈T

Uτ . (2.41)

Definition 2.15 (Harmonic Tasks). We call a set of periodic tasks T with τ ∈ Per(Tτ )
for all τ ∈ T harmonic, if

Tτ
Tτ ′

∈ N or
Tτ ′

Tτ
∈ N (2.42)
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for all τ, τ ′ ∈ T. A typical example of a harmonic task set is if the periods Tτ are

Tτ ∈ {1, 2, 10, 20, 100, 200, 1 000} (2.43)

for all τ ∈ T. Besides harmonic task sets, industry systems often deploy task sets that
are almost harmonic. Such task sets are called semi-harmonic. For instance, periods

Tτ ∈ {1, 2, 5, 10, 20, 50, 100, 200, 500, 1 000} (2.44)

for all τ ∈ T are common in automotive systems [KZH15].

Definition 2.16 (Specification of Deadlines). Consider a set of sporadic tasks T with
τ ∈ Spor(Tτ ) for all τ ∈ T in which every task has a relative deadline Dτ ∈ R>0. We
call T an implicit-deadline task set if Dτ = Tτ for all τ ∈ T. Furthermore, we call T a
constrained-deadline task set if Dτ ≤ Tτ for all τ ∈ T. In the general case, i.e., Dτ ≤ Tτ
as well as Dτ > Tτ is allowed for every task τ ∈ T, we call T an arbitrary-deadline task
set. By definition, every implicit-deadline task set is a constrained-deadline task set, and
every constrained-deadline task set is an arbitrary-deadline task set.

Definition 2.17 (Hyperperiod). Consider a set of tasks T abstracted as periodic tasks
τ ∈ Per(Tτ ) for all τ ∈ T. The hyperperiod of T is the least common multiple (lcm) of
all task periods of T. More specifically,

H(T) := lcm({Tτ | τ ∈ T}) (2.45)

defines the hyperperiod of T. Although a similar definition could be made for tasks
abstracted as sporadic, this definition restricts to periodic tasks, since the hyperperiod is
usually used to in the context of repetitive release patterns, which cannot be guaranteed
for sporadic tasks.

2.4.3 Scheduling Algorithms

A scheduling algorithm A is a systematic approach to translate the system evolution
ω = ((rJ)J∈J, (cJ)J∈J) into a schedule A(ω) ∈ Scont(J). The literature provides plenty
different scheduling algorithms, which can be categorized as follows.

Static schedulers create a scheduling table that allocates time slots to the tasks offline.
At runtime, task instances are allocated to the processor based on these time slots and the
table is repeated. Alternatively, priority-based schedulers allocate jobs to the processor
based on (usually unique) priorities. This dissertation focuses on work-conserving priority-
based scheduling mechanisms. That is, each job J ∈ J is assigned a priority prio(J). At
its release rJ , the job is moved to a ready queue R, and at each point in time, the job of
the ready queue with the highest priority is scheduled, i.e., the job argmaxJ∈R prio(J)
is scheduled.

We distinguish preemptive and non-preemptive scheduling. That is, under preemptive
scheduling, a job that is executed may be moved back to the ready queue (i.e., preempted)
if job priorities change or if a higher-priority job arrives at the ready queue. On the other
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hand, under non-preemptive scheduling, a job cannot be preempted. That is, a job that
is executed runs to completion even if higher-priority jobs are in the ready queue. Each
preemption is associated with a so-called preemption delay which is why the number of
preemptions should be kept as low as possible to avoid excessive overhead.

Besides the distinction between preemptive and non-preemptive scheduling, we also
distinguish different ways to set priorities. More specifically, the priority can be fixed on
the task-level or on the job-level, or the priority can be set dynamically.

• Task-level Fixed-Priority (T-FP) scheduling. In T-FP scheduling, all jobs
of the same task have the same priority level. Therefore, the priority level of the
jobs is a task parameter, also referred to as the task priority. The set of higher-
priority tasks is denoted by hp(τ) and the set of higher or equal priority tasks
(including τ itself) is denoted by hep(τ). Despite the fact that T-FP scheduling
algorithms are not optimal, in the sense that they cannot always generate a feasible
schedule if one exists, they are widely supported by RTOSs for uniprocessor systems
or partitioned scheduling algorithms in multiprocessor systems. This is due to
an intuitive parameterization in terms of priorities that influence the response
time of a task and the ability to implement such algorithms with low overhead.
Typical T-FP algorithms are Deadline Monotonic (DM) [LW82] or Rate Monotonic
(RM) [LL73], as defined below. An algorithm that is not T-FP is called Task-level
Dynamic-Priority (T-DP).

• Job-level Fixed-Priority (J-FP) scheduling. In J-FP scheduling, jobs of
the same task may have different priority levels, but the priority of each job
remains fixed throughout the schedule. Common scheduling algorithms are First
In – First Out (FIFO), also called First-Come First-Served (FCFS), or Shortest
Job First (SJF) [Erc19], that sort the job priorities by arrival time or execution
time, respectively. Other typical examples for J-FP are Earliest-Deadline-First
(EDF) [LL73] and its generalization EDF-Like (EL), defined below. Moreover,
every T-FP scheduling algorithm is also J-FP. An algorithm that is not J-FP
is called Job-level Dynamic-Priority (J-DP). Every J-DP algorithm is also
T-DP by definition. Typical examples for J-DP algorithms are Least-Laxity-First
(LLF) [Leu89], also called Least Slack Time (LST), and Earliest Deadline Zero
Laxity (EDZL) [Lee94].

In the following, we discuss those scheduling algorithms in more detail that are primarily
considered throughout this dissertation.

Deadline Monotonic (DM) is a T-FP scheduling strategy that assigns tasks
priorities according to their relative deadline. That is, the task with the shortest relative
deadline Dτ has the highest priority, and the task with the largest relative deadline
has the lowest priority. This scheduling strategy is discussed in detail by Leung and
Whitehead [LW82].
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Rate Monotonic (RM) is a T-FP scheduling strategy for sporadic tasks, i.e.,
τ ∈ Spor(Tτ ) for all τ ∈ T, that assigns tasks priorities according to their minimum
inter-arrival time Tτ . That is, the task with the shortest Tτ has the highest priority, and
the task with the largest Tτ has the lowest priority. This scheduling strategy is proposed
by Liu and Layland [LL73]. In case of implicit-deadline tasks, DM and RM coincide.

First In – First Out (FIFO) is a T-DP/J-FP scheduling strategy that assigns
the highest priority to the job with the earliest release time. FIFO has the benefit
that it can easily be implemented using a single queue without the need to sort the
queue. Consequently, FIFO has a very low overhead. FIFO is also called First-Come
First-Served (FCFS). We assume that an arbitrary but deterministic tie-braking rule is
applied.

Earliest-Deadline-First (EDF) is a T-DP/J-FP scheduling strategy that as-
signs job priorities according to their absolute deadline [LL73]. That is, the earlier the
absolute deadline dωτ(j) of a job τ(j) the higher is the job priority. When considering EDF
scheduling, it is assumed that every task τ has a relative deadline Dτ , i.e., the absolute
deadline is computed by dωτ(j) = rωτ(j) +Dτ . Hence, the release time rωτ(j) of a job and
the relative deadline Dτ of the corresponding task uniquely specify the job priority. We
assume that an arbitrary but deterministic tie-braking rule is applied.

EDF-Like (EL) is a generalization of EDF scheduling. Specifically, EL uses a relative
priority point Πτ ∈ R instead of the relative deadline Dτ to assign job priorities. That
is, the earlier the absolute priority point πωτ(j) = rωτ(j) + Πτ of a job τ(j), the higher
is the job priority. We assume that an arbitrary but deterministic tie-braking rule is
applied. The idea to model scheduling algorithms using priority points has originally
been proposed by Leontyev and Anderson [LA07]. Depending on how the relative priority
point is configured, EL can be modeled to behave like most J-FP schedules. For example,
using relative priority points Πτ = Dτ , EL behaves as EDF, and using relative priority
points Πτ = 0, EL behaves as FIFO. In Section 5.1.3.1 we discuss the capabilities
and limitations of EL scheduling in more detail, showing that EL can even imitate the
behavior of T-FP scheduling algorithms.

2.5 Analytical Literature Results

Given a scheduling algorithm A and a task set T, we are concerned with the question:

Can all timing requirements be met?

Usually, if the timing requirements are given by a deadline constraint on the tasks, then
we aim to ensure that the underlying scheduling algorithm always generates feasible
schedules for all system evolutions ω ∈ Ω. In such a case, we also call the task set
schedulable under scheduling algorithm A. To determine if a task set is schedulable,
schedulability tests are applied.
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Since the underlying set of system evolutions Ω is unknown, schedulability tests use
the information given by the task abstraction. That is, considering a specific abstraction,
this covers several possible sets of system evolutions. We define by Ωabstr the set of all
possible system evolutions under a certain abstraction. In particular, assuming that the
abstraction of Ω is correct, Ω ⊆ Ωabstr holds. We distinguish sufficient, necessary and
exact schedulability tests:

• A sufficient test returns True if it guarantees that the task set is schedulable, and
it returns False if it cannot guarantee schedulability, although the task set might
still be schedulable. Specifically, a sufficient test guarantees that for all ω′ ∈ Ωabstr

the schedule A(ω′) is feasible.

• A necessary test returns False if it guarantees that the task set is not schedulable,
and it returns True if it cannot guarantee that the task set is not schedulable.
Specifically, a necessary test guarantees that there exists an ω′ ∈ Ωabstr such that
A(ω′) is not feasible.

• We call a schedulability test exact if is it sufficient and necessary.

An important tool for timing analysis is the Worst-Case Response Time (WCRT) of a
task, i.e., the longest time from release to finish of any job of that task.

Definition 2.18 (Worst-Case Response Time (WCRT)). Given a scheduling algorithm
A and a system evolution ω ∈ Ω of task set T, then the response time of job τ(j) with
τ ∈ T and j ∈ N is given by

R
A(ω),ω
τ(j)

:= f
A(ω),ω
τ(j) − rωτ(j). (2.46)

The Worst-Case Response Time (WCRT) of a task τ ∈ T is the maximal response time
of any job of τ under any system evolution, i.e.,

RA
τ := sup

j∈N
sup
ω∈Ω

R
A(ω),ω
τ(j) . (2.47)

The WCRT serves two purposes: (i) Checking if a task set is schedulable, i.e., if
RA

τ ≤ Dτ for all τ ∈ T. (ii) Exploiting RA
τ in the analysis, e.g., to bound the number of

interfering jobs.
In the following, we discuss classical results from the literature on real-time systems.

We focus on the analysis of preemptive T-FP and J-FP scheduling algorithms, specifically
RM, DM and EDF.

Critical Instant An important observation by Liu and Layland for T-FP scheduling
is the Critical Instant Theorem (CIT) [LL73]: For a set of periodic tasks, i.e., τ ∈ Per(Tτ )
for all τ ∈ T, the WCRT of a task can be observed when all higher-priority tasks release
jobs at the same time, the so-called critical instant. Furthermore, they also define the
critical time zone, which is the interval where the WCRT for a task τ occurs, as the time
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between a critical instant and the end of the response to the corresponding request of the
task. The CIT and the critical time zone are further extended to cope with the sporadic
real-time task model [Mok83], and have been widely adopted as a backbone in WCRT
analyses. In the following we give a short summary and explain the proof of correctness
when determining the WCRT.

Definition 2.19 (Critical Instant, reworded from [LL73; Mok83]). Let T be a task set
with τ ∈ Spor(Tτ )∩WCET(Cτ ) for all τ ∈ T. The critical instant of a task τ ∈ T under
uniprocessor preemptive T-FP scheduling occurs at the release of a job of τ when

(i) every higher-priority task in hp(τ) releases a job simultaneously with the job of τ ,

(ii) all subsequent jobs of higher-priority tasks are released as early as possible by
respecting their minimum inter-arrival times, i.e., periodically with period Tτ , and

(iii) every job is executed with its WCET Cτ .

Definition 2.20. (Critical Time Zone, reworded from [LL73]) With Definition 2.19,
the critical time zone of task τ is the time interval between a critical instant and the
finishing time of the job of τ released at the critical instant.

Theorem 2.21 (Critical Instant Theorem (CIT), reworded from [LL73]). Under unipro-
cessor T-FP preemptive scheduling, if the interval length of the critical time zone of task
τ is no more than Tτ , then the response time of this job of τ (i.e., the length of the
critical time zone) is the WCRT of τ ; otherwise, the WCRT of τ is greater than Tτ .

Although the statement is correct, the original proof of the CIT by Liu and Lay-
land [LL73] was incomplete. Several patches are available, e.g., in [Bri04]. For complete-
ness, in the following we recall the proof in our notation.

Proof. Suppose that [S] is the preemptive T-FP schedule of a system evolution ω of jobs
generated by the set T of sporadic tasks. In the schedule [S], if there is a job of task τ
whose response time is greater than Tτ , let job τ(j) be the first job of them. Otherwise,
let τ(j) be any arbitrary job of τ .

Interval Extension: Let t0 be the earliest instant prior to rωτ(j), i.e., t0 ≤ rωτ(j), such

that the processor only executes jobs generated by the higher-priority tasks in hp(τ)
from t0 to rωτ(j) in the schedule [S]. We remove all jobs released before t0. Let [S1] be
the resulting T-FP schedule of the remaining jobs. As the removal of such jobs has no

impact on the schedule [S] between t0 and f
[S],ω
τ(j) , the two schedules [S] and [S1] coincide

(almost everywhere) from t0 to f
[S],ω
τ(j) .

Release Time Modification: According to the above definition, task τ is not
executed from t0 to rωτ(j). Moving the release time of τ(j) to t0 does not change the

schedule [S1] but the response time of τ(j) is increased by rωτ(j) − t0 ≥ 0.
Simultaneous Release and Periodic Interference: Since there is no job released

prior to t0 in the schedule [S1], in order to achieve the maximum interference, the jobs of
τ ′ ∈ hp(τ) should be released as early as possible, starting from t0. This implies that the
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first job of τ ′ ∈ hp(τ) should be released at time t0, followed by subsequent jobs released
periodically. Furthermore, every job runs for its WCET. That is, the critical instant

in Definition 2.19 is at time t0. Let [S2] be the resulting schedule and let f
[S2],ω
τ(j) be the

finishing time of τ(j) in the schedule [S2]. It can be proven that f
[S2],ω
τ(j) ≥ f

[S],ω
τ(j) .

Worst-Case Response Time: Therefore, the response time of the job τ(j) becomes

f
[S2],ω
τ(j) − t0 ≥ f

[S],ω
τ(j) − rωτ(j). This leads to the conclusion stated in Theorem 2.21.

With the CIT, the WCRT analysis and the feasibility of the T-FP schedule can be
validated by simulating the worst-case release pattern with each job executing its WCET.
The CIT has been widely used in research results.

Time-Demand Analysis Based on the CIT, the Time-Demand Analysis (TDA),
as proposed by Joseph and Pandya [JP86] and Lehoczky et al. [LSD89], provides exact
analyses of the WCRT of tasks if they have at most one unfinished job at any time and if
they are scheduled upon uniprocessor systems using T-FP scheduling. Specifically, given
a task set T abstracted as

τ ∈ Spor(Tτ ) ∩WCET(Cτ ) (2.48)

with constrained deadlines Dτ ≤ Tτ , and a preemptive T-FP scheduling algorithm A with
a total priority ordering, i.e., no two tasks have the same priority. Then the time-demand
function Wτ : R → R of task τ ∈ T is defined as

Wτ (t) := Cτ +
∑

τ ′∈hp(τ)

⌈
t

Tτ

⌉
· Cτ ′ , (2.49)

where hp(τ) is the set of tasks in T with higher priority than τ . According to TDA, task
τ is schedulable if all tasks with higher priority than τ are schedulable and there exists a
t ∈ (0, Dτ ] such that:

Wτ (t) ≤ t (2.50)

Furthermore, if τ is schedulable, then any t ∈ (0, Dτ ] fulfilling Equation (2.50) is an upper
bound on the WCRT, i.e., RA

τ ≤ min {t ∈ (0, Dk] |Wτ (t) ≤ t}. The minimal t to satisfy
Equation (2.50) can be calculated using fixed-point iteration. To test the schedulability of
T using TDA, we test the schedulability of each task individually, using Equation (2.50),
in order of decreasing priorities. TDA forms an exact test for the sporadic abstraction,
in the sense that if TDA fails to determine schedulability, then there exists a system
evolution ω′ ∈ Ωabstr such that A(ω′) is not feasible. In the case of arbitrary-deadline task
systems in which tasks may have more than one unfinished job at each time (backlog),
the TDA was extended to the busy-interval analysis by Lehoczky [Leh90].

Critical Instant in Probabilistic Scenarios While the critical instant is
usually applied to ensure timeliness in a worst-case scenario (i.e., meeting the deadline
under all circumstances), many embedded real-time systems can still function well even
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with occasional (bounded) deadline misses. Hence, providing quantification of deadline
misses is of importance in practice. Specifically, safety standards such as IEC-61508 [Int10]
and ISO-26262 [Int00] specify a (very) low failure probability but not necessarily a failure
probability of zero. In contrast to the large body of research results regarding hard real-
time systems, formal arguments and proofs for properties related to soft real-time systems
with probabilistic, statistical, or deterministic guarantees remain an open research area
even for simple settings.

In this regard, probabilistic timing analysis has been explored in the literature. For a
probabilistic analysis, instead of having a scalar WCET Cτ of a task τ , the execution
time of a job of τ is specified as a distribution of a random variable, as formalized in
Section 2.4.1. The pET describes the impact of hardware effects (e.g., caches, branch
prediction, pipelines, etc.) as well as different input values and paths taken in the software
on the execution time. More variances and information can be found in the survey by
Davis and Cucu-Grosjean [DC19].

The usage of the CIT for probabilistic timing analysis can be traced back to Tia et
al. [Tia+95] in 1995 for a Probabilistic Time-Demand Analysis (PTDA). They assumed
that the analyzed task set is released at the critical instant, which leads to “an upper bound
of the processor-time demand of j-th job of τi and all higher-priority tasks only when the
deadline and maximum computation time of every task are less than its period” [Tia+95].
In 1999, Gardner and Liu noted that the PTDA is only valid if the worst-case utilization
of the task set is not more than 1, since the worst-case pattern of releases might not
follow the critical instant (the concept was called an in-phase busy-interval in their work).
They explored this aspect by a Stochastic Time-Demand Analysis (STDA) and simulated
different phases. However, they did not find any cases where the probability that jobs
miss their deadlines was higher for random phasing than for the simultaneous release
under the critical instant.

In 2002, Diaz et al. [Dı́a+02] noted that the worst-case scenario for a job in the first
busy period following synchronous release (i.e., the classical CIT for periodic tasks) in
PTDA [Tia+95] and STDA [GL99] may lead to an underestimation of the response-time
distributions when the worst-case utilization of the task set exceeds 1. The main issue is
the backlog at the end of each hyperperiod (i.e., the least common multiple of the periods
of the periodic tasks). The analysis by Diaz et al. [Dı́a+02], refined later by Lopéz et
al. [Lóp+08] in 2008, considers the scenario when backlog may exist.

Backlog can be avoided by restarting the system when there is a deadline miss or by
aborting a job when it misses its deadline. Under this assumption, in 2013, Maxim and
Cucu-Grosjean [MC13] presented a probabilistic response-time analysis, proved the CIT
from the probabilistic perspectives, and further extended the CIT to deal with tasks with
inter-arrival times and relative deadlines also described by random variables. Since then,
the CIT under the probabilistic setup by Maxim and Cucu-Grosjean [MC13] has been
widely used in the literature [Max+17; Ren+15; Ren+19]. We revisit the probabilistic
CIT [MC13] in Section 4.3, showing that their extension is flawed and discussing the
impact on literature results.
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2.5. Analytical Literature Results

Utilization Bounds While calculating bounds on the response time may be time-
consuming, another approach is to test the schedulability of a task set T based on
utilization values Uτ with τ ∈ T. Specifically, we consider a set of periodic or sporadic
tasks with implicit deadlines, i.e., τ ∈ Spor(Tτ ) and Dτ = Tτ for all τ ∈ T. Under RM,
T is schedulable if UT ≤ ln(2) ≈ 0.693, called the Liu and Layland bound [LL73]. In
2001, Bini et al. [BBB01] provided a tighter utilization bound. Specifically, they showed
that T is schedulable if

∏
τ∈T(Uτ + 1) ≤ 2, called the hyperbolic bound. Under EDF, T

is schedulable whenever UT ≤ 1 as proven by Liu and Layland [LL73]. Therefore, this
shows that EDF is optimal, in the sense that every task set that is schedulable can be
feasibly scheduled by EDF. It is shown that EDF is even optimal for scheduling jobs
with arbitrary deadlines [Uth04].
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3
Focus of the Dissertation: Challenges
of Distributed Real-Time Systems

With the trend towards distributed system architecture, new challenges arise for the
real-time community. More specifically, to profit from a distributed system, workload
must be distributed on different computing elements and data must be transmitted
between those computing elements.

In this dissertation, we focus on two specific challenges.

Challenge 1: Distributed execution of jobs. A job is refined into smaller blocks which
are distributed among different components. This requires more refined task models.
However, extending classical results, like the Critical Instant Theorem (CIT), to the
refined task models is non-trivial, as demonstrated by a series of wrong results in
the literature. Of special interest for this dissertation is the self-suspension task
model, which allows a job to pause its execution voluntarily, e.g., due to offloading
certain part of its computation to another resource. Self-suspending tasks are
further discussed in Section 5.

Challenge 2: Interplay of distributed tasks. If multiple tasks (on possibly different
components) are involved to achieve a functionality, the interplay of these tasks
has to be analyzed. That is, a sequence of tasks (a so-called cause-effect chain)
is analyzed. Consequently, the timing requirement needs to be lifted from the
task-level to the cause-effect-chain-level. Of special interest for this dissertation
is the end-to-end latency of cause-effect chains which is further discussed in
Section 6.

In Sections 3.1 and 3.2, we discuss the two abovementioned challenges. In particular,
we introduce the self-suspension task model and cause-effect chains which are the two
predominantly studied concepts of this dissertation. Subsequently, in Section 3.3, we
review the state of the art for the analysis of self-suspending tasks and for the end-to-end
latency of cause-effect chains.
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3.1 Challenge 1: Distributed Execution of Jobs

To exploit the potential of distributed systems on the job-level, we partition the full job
J in system evolution ω into finitely many blocks Bω

J . In general, blocks of the same
job are allowed to run on different components. Moreover, each block can have certain
requirements, such as running on specific processing components or accessing a shared
resource. Instead of an execution demand cωJ for the job J , each block B ∈ Bω

J has an
execution demand cωB.

Naturally, the system structure of a job may not allow to execute all blocks at the same
time. Specifically, if a certain block B′ ∈ Bω

J requires the result of another block B ∈ Bω
J ,

then B must be finished before the execution of B′ can be started. Such dependencies
are modeled as precedence constraints. More specifically, there is a set of precedence
constraints

Pω
J ⊆ Bω

J × Bω
J (3.1)

on the blocks Bω
J of job J in system evolution ω. We assume that (Bω

J ,Pω
J ) forms the

structure of a Directed Acyclic Graph (DAG), i.e., (Bω
J ,Pω

J ) is a directed graph without
cycles. Due to their requirements, some blocks may need to wait to get access to, e.g.,
hardware accelerators (such as GPUs) or shared resources managed by a multiprocessor
locking protocol. This may result in a delay

δω(B,B′) ∈ R≥0 (3.2)

along a precedence constraint (B,B′) ∈ Pω
J .

When refining jobs into blocks, schedules can also be defined on the block-level. That
is, we replace the job set J in the construction of the schedule by the set of all blocks
Bω :=

⊔
J∈J Bω

J . More specifically, every schedule1 [SM ] = [S1×· · ·×SM ] ∈∏M
j=1 Scont(Bω)

of system evolution ω can be represented by a scheduling function

S1, . . . ,SM : R → Bω ⊔ {⊥} , (3.3)

where M is the number of processors. The definitions of start s
[SM ],ω
B , finish f

[SM ],ω
B ,

execution exec
[SM ]
B etc. are naturally extended by using blocks B ∈ Bω instead of jobs.

We consider schedules which adhere to the precedence and delay constraints of the blocks.

That is, if (B,B′) ∈ Pω
J , then f

[SM ],ω
B + δω(B,B′) ≤ s

[SM ],ω
B′ must hold.

Each scheduling function Si of blocks gives rise to a scheduling function S̃i of jobs

R Bω ⊔ {⊥} J ⊔ {⊥}

∃ S̃i = proj ◦ Si

Si proj
, (3.4)

where proj is the projection of blocks to their corresponding job. Due to the block
structure, the corresponding job schedule [S̃M ] = [S̃1 × · · · × S̃M ] can show the following
behavior:
1We focus on schedules in the continuous time domain for this dissertation. Similar constructions can
be done for the discrete time domain.
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J1

J2

0 2 4 6 8 10 12 14 16

(a) Full execution demand of all
blocks and full delay.

J1

J2

0 2 4 6 8 10 12 14 16

(b) Reduced delay.

J1

J2

0 2 4 6 8 10 12 14 16

(c) Reduced execution demand.

Figure 3.1.: Timing anomaly: Reducing the delay/suspension or the execution demand
of J1 increases the response time of J2.

Parallelism: The same job can be executed on different components simultaneously. This
occurs if two blocks of the same job are executed at the same time in [SM ].

Non-Work-Conserving: Some processors may idle, although there are uncompleted jobs.
This occurs due to the precedence constraints and delay between blocks.

Such effects can evoke timing anomalies, i.e., the reduction of execution demand or
delay leads to an increased response time of other jobs. As an example we consider
Figure 3.1. The example is composed of only two jobs, namely J1 with two execution
blocks Bω

J1
=
{
B1

1 , B
1
2

}
, with Pω

J1
=
{
(B1

1 , B
1
2)
}
, and J2 with only one execution block

Bω
J2

=
{
B2

1

}
, with Pω

J2
= ∅ for all ω ∈ Ω. The execution demand of the blocks is specified

as cω
B1

1
= 3, cω

B1
2
= 4, and cω

B2
1
= 3, and the delay is specified as δω

(B1
1 ,B

1
2)

= 6. Figure 3.1a

depicts the schedule obtained when scheduling J1 and J2 with the Job-level Fixed-Priority
(J-FP) scheduling algorithm when J1 has higher priority than J2. The response time of
J2 in that schedule is 9−6 = 3. When considering another system evolution ω′ ∈ Ω where
the delay δω

′
(B1

1 ,B
1
2)

of (B1
1 , B

1
2) is reduced to 4 (in Figure 3.1b) or where the execution

demand cω
′

B1
1
of block B1

1 is reduced to 1 (in Figure 3.1c), the response time of J2 increases

to 13− 6 = 7. Timing anomalies cause unintuitive behavior of the system and have led
to several problems in the literature as further discussed in Chapter 5.

In the following, we consider different abstractions of the refined task model. To that
end, we augment the space of system evolutions Ω to account for blocks, precedence
constraints and delays, i.e.,

Ω ∋ ω =

(
(rωJ )J∈J ,

(
(Bω

J ,Pω
J ),
(
δω(B,B′)

)
(B,B′)∈Pω

J

, (cωB)B∈Bω
J

)
J∈J

)
. (3.5)

3.1.1 Event-Driven Delay-Induced Tasks

The Event-Driven Delay-Induced (EDD) task model was first proposed in 2021 by
Aromolo et al. [Aro+21]. The task model assumes that all jobs of a task adhere to the
same block structure and gives upper bounds on the block execution demand and on the
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delay of precedences.2 We denote the common block structure by Bτ with precendence
constraints Pτ , and the upper bound on the delay by (∆(B,B′))(B,B′)∈Bτ

. More specifically,
we denote by

τ ∈ EDD
(
(Bτ ,Pτ ),

(
∆(B,B′)

)
(B,B′)∈Pτ

, (CB)B∈Bτ

)
(3.6)

the case that for all j ∈ N and for all system evolutions ω ∈ Ω there exists a graph
isomorphism3 f : (Bτ ,Pτ )

∼−→ (Bω
τ(j),Pω

τ(j)) such that cωf(B) ≤ CB for all B ∈ Bτ and

δω(f(B),f(B′)) ≤ ∆(B,B′) for all (B,B
′) ∈ Pτ . While this task model is very general, there

have been no further analytical results beyond the approaches of the initial paper [Aro+21],
where they propose a formulation of the scheduling problem as Mixed-Integer Linear
Programming (MILP) and a reduction to the schedulability problem of dynamic self-
suspending tasks (to be introduced in Section 3.1.3).

In the following two sections, we discuss DAG tasks and self-suspending tasks, which
are two extreme cases of the EDD task model. That is, the DAG task model assumes
that the delay between blocks is set to 0, while the self-suspending task model assumes
that the block structure is limited to sequences.

3.1.2 Directed Acyclic Graph Tasks

The Directed Acyclic Graph (DAG) task model has its focus on the DAG structure of
the blocks. That is, a common block structure (Bτ ,Pτ ) is abstracted for all jobs of the
same task, and the delay along the precedence constraints is assumed to be 0. More
specifically, we denote by

τ ∈ DAG((Bτ ,Pτ ), (CB)B∈Bτ ) (3.7)

the case that for all j ∈ N and for all system evolutions ω ∈ Ω there exists graph
isomorphism f : (Bτ ,Pτ )

∼−→ (Bω
τ(j),Pω

τ(j)) such that cωf(B) ≤ CB for all B ∈ Bτ and

δω(f(B),f(B′)) = 0 for all (B,B′) ∈ Pτ . The DAG task model is a special case of the EDD
task model, in the sense that

DAG((Bτ ,Pτ ), (CB)B∈Bτ ) = EDD
(
(Bτ ,Pτ ),

(
∆(B,B′) = 0

)
(B,B′)∈Pτ

, (CB)B∈Bτ

)
. (3.8)

Therefore, the EDD task model can be considered as an abstraction refinement [Brü+22]
of the DAG task model.

The DAG task model is well studied in the literature for both priority-based global
scheduling [Bon+13; CA14; FNN17; NNB19] and partitioned scheduling [BCM19; Cas+18;
Fon+16]. Besides that, different scheduling approaches have been developed to im-
prove the performance, e.g., federated scheduling [Li+14], and hierarchical scheduling

2The EDD model in the work by Aromolo et al. [Aro+21] also provides lower bounds on the delay. We
omit those lower bounds in the discussion of the model for simplicity.

3A graph isomorphism f : (Bτ ,Pτ )
∼−→ (Bω

τ(j),Pω
τ(j)) is a bijective function f : Bτ

∼−→ Bω
τ(j) that preserves

the graph structure, i.e., f × f : Pτ
∼−→ Pω

τ(j) is a bijection.
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approaches [BBW10; UGC21]. A classical bound which applies to an exclusively sched-
uled DAG task using any work-conserving scheduling algorithms is proposed by Gra-
ham [Gra69], using only the total workload and the longest path of the DAG. The bound
has been further tightened [He+22] by considering several paths in the DAG.

3.1.3 Self-Suspending Tasks

While the focus of Section 3.1.2 is on the DAG structure, for self-suspending tasks the
focus is on the delay between blocks. Therefore, for self-suspending tasks we assume
that all jobs adhere to an elementary block structure. That is, we assume that the
directed graph (Bω

J ,Pω
J ) is a sequence, i.e., isomorphic to (1 → 2 → · · · → m) for

some m. We denote such a graph isomorphism as (Bω
τ(j),Pω

τ(j)) ≃ (1 → 2 → · · · → m).
When considering the corresponding job schedule, every delay appears as self-suspension.
That is, the job voluntarily releases its processor and pauses its execution despite being
incomplete. The two predominantly studied self-suspension task models are the segmented
self-suspension task model and the dynamic self-suspension task model.

Segmented Self-Suspension Task Model For segmented self-suspending tasks,
it is assumed that all jobs of a task adhere to the same sequence structure. That is,
the number of blocks m is fixed on the task-level, and therefore denoted by mτ . Hence,
for the segmented self-suspending task model, (Bω

τ(j),Pω
τ(j)) ≃ (1 → 2 → · · · → mτ )

for all ω ∈ Ω and j ∈ N. This partitions the task into execution segments which
are the vertices {1, . . . ,mτ} and suspension segments which are the precedence con-
straints {(i, i+ 1) | i ∈ {1, . . . ,mτ − 1}}. For each execution segment i, the segmented
self-suspension task model provides an upper bound Ci

τ . Moreover, for each suspension
segment (i, i + 1), the model provides an upper bound on the delay, i.e., δω(i,i+1) ≤ Si

τ .
We denote by

τ ∈ SegSS(C1
τ , S

1
τ , C

2
τ , . . . , S

mτ−1
τ , Cmτ

τ ) (3.9)

the case that for all ω ∈ Ω and all j ∈ N there exists a graph isomorphism

f : (1 → 2 → · · · → mτ )
∼−→ (Bω

τ(j),Pω
τ(j)) (3.10)

such that cωf(i) ≤ Ci
τ holds for all i ∈ {1, . . . ,mτ} and δω(f(i),f(i+1)) ≤ Si

τ holds for all

i ∈ {1, . . . ,mτ − 1}. The segmented self-suspension model is a special case of the EDD
task model, in the sense that

SegSS(C1
τ , S

1
τ , . . . , C

mτ
τ ) = EDD

(
(1 → · · · → mτ ),

(
Si
τ

)
(i,i+1)

,
(
Ci
τ

)
i

)
. (3.11)

Therefore, the EDD task model can be considered as an abstraction refinement [Brü+22]
of the segmented self-suspension model.

The segmented self-suspension model is suitable when the execution of each instance
of a task always follows a specific structure. Prime examples are situations where a
significant part of the computation is offloaded to hardware accelerators, which often
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can be modeled as a three-step process: (i) a local computation segment preparing the
offloaded data, e.g., data compression, (ii) computation on the accelerator, i.e., the time
the task instance is suspended, and (iii) a local computation segment for post-processing.
However, such a clear structure of a task’s self-suspension behavior cannot always be
assumed. For instance, it has been reported that suspension-aware analysis can be
applied to handle suspension-based locks for multiprocessor synchronization due to lock
contention, usually termed as remote blocking. Specifically, when partitioned or semi-
partitioned multiprocessor scheduling paradigms are applied, the problem can be modeled
as self-suspending tasks in uniprocessor systems.4 Depending on different execution
paths/conditions, a task may access different mutually exclusive shared resources, and
suspend when waiting for remote resource access. Therefore, for a specific task, the
access pattern to the shared resources may differ for different task instances, i.e., the
number of resource accesses, their order, their location, and which resources are accessed
changes for individual task instances. In such cases, the system evolution shows a more
dynamic block structure of individual jobs, and the dynamic self-suspension model is
more suitable.

Dynamic Self-Suspension Task Model For dynamic self-suspending tasks, each
job can have a different number of blocks, i.e., m is not a fixed task parameter. Rather,
upper bounds for the total execution time Cτ of jobs of τ , and for the total suspension
time Sτ that jobs of τ can experience, are provided. More specifically, we denote by

τ ∈ DynSS(Cτ , Sτ ) (3.12)

the case that for all j ∈ N and all system evolutions ω ∈ Ω there exists anm ∈ N such that
(Bω

τ(j),Pω
τ(j)) ≃ (1 → 2 → · · · → m),

∑
B∈Bω

τ(j)
cωB ≤ Cτ and

∑
(B,B′)∈Pω

τ(j)
δω(B,B′) ≤ Sτ .

The dynamic self-suspension model is a behavior relaxation [Brü+22] of the segmented
self-suspension model, in the sense that

SegSS(C1
τ , S

1
τ , C

2
τ , . . . , S

mτ−1
τ , Cmτ

τ ) ⊆ DynSS

(
mτ∑
i=1

Ci
τ ,

mτ−1∑
i=1

Si
τ

)
. (3.13)

However, the dynamic self-suspension model is different from the EDD task model in the
sense that neither of them generalizes the other.

3.2 Challenge 2: Interplay of Distributed Tasks

To perform complex functionalities in a distributed manner, they can also be divided into
several tasks, cooperating to achieve the functionalities. For example, considering modern
automotive systems, functionalities such as driving assistance, electronic braking systems,
and even door-locking are decomposed into tasks which are executed on the Electronic

4For details, please refer to [Bra19; Che+19b].
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LiDAR Localization EKF Planner DASM

CAN Polling

Detection

Lane Det.

cloud pose pose steer, vel.

bounding box

vehicle stat.

vehicle stat. vehicle stat. lane bound.

occupancy grid

Figure 3.2.: An example application, redrawn and simplified from the WATERS challenge
2019 [Ham+19]. An exemplary chain in the application is emphasized by
the bold blue arrows.
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Figure 3.3.: Processing Graph of an autonomous driving system, redrawn from the
RTSS 2021 Industry Challenge [Per21].

Control Units (ECUs)5 of the automotive architecture. To demonstrate this, we consider
Figure 3.2 from the WATERS 2019 challenge and Figure 3.3 from the RTSS 2021 Industry
Challenge. Both illustrate the decomposition of an autonomous driving system into
several tasks.

To allow the interplay of tasks, data must be transferred between them. Data de-
pendencies, depicted by arrows in Figures 3.2 and 3.3, form the structure of a directed
graph. However, the requirements on the end-to-end latency and therefore the analytical
examination is usually limited to specific paths in the directed graph. Such a path in the
data dependency graph is called a cause-effect chain, denoted by E = (τ1 → · · · → τn). In
Figure 3.2, a cause-effect chain is highlighted by bold blue arrows. More specifically, the
cause-effect chain consists of a LiDAR grabber task, a Localization task, a sensor fusion
task using an Extended Kalman Filter (EKF), a trajectory Planner task, and a control

5In this dissertation, we use the notion of ECU when we examine the interplay of distributed tasks,
complying with the historical develop from the automotive domain. This is relevant to Section 3.2 and
Chapter 6. When examining classical or self-suspending tasks, we use the more traditional notion of
processor. However, the results of this dissertation are not limited to these specific computing units.
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o1 o2 o3

r1 r2 r3
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Figure 3.4.: Data flow semantic, redrawn from [Dav+07].

task (DASM) that provides the actuators with velocity and steering signals. In this
example, every job of the LiDAR grabber task reads information from the LiDAR sensor,
builds a point cloud, and shares that point cloud data with a job of the Localization task.
Similarly, the computed data from the trajectory Planner job is shared with a job of the
control task (DASM). Please note that while Figures 3.2 and 3.3 show a simplified task
structure, in real applications the structure can be comprised of hundreds of tasks.

In contrast to Chapter 2, functionalities are not described by a single task but are
achieved by several cooperating tasks. Hence, this poses the challenge:

How can the timing requirements of functionalities be specified that are
achieved by a set of interacting tasks?

That is, the timing requirements must be lifted from a single task to a set of tasks. To
achieve this, the maximum time for the data flow between the cause (external activity)
and the effect (actuation based on the external activity) is considered. Typical metrics
for such end-to-end timing are:

• Maximum Reaction Time (MRT): How fast can the system react in the worst case?
(This metric is also called the maximum button-to-action delay.)

• Maximum Data Age (MDA): How old is the data used in an actuation in the worst
case? (This metric is also called the data freshness.)

The seminal work by Davare et al. [Dav+07] explored such end-to-end latency and
optimization of cause-effect chains in 2007. Feiertag et al. [Fei+09] iterated upon the
work of Davare et al. [Dav+07] in 2009. AUTOSAR Timing Extensions [AUT22] represent
such cause-effect chains of more general functional dependency. In the following, we
formally introduce cause-effect chains and the end-to-end latency.

3.2.1 Cause-Effect Chains

In general, a cause-effect chain is a sequence of objects that need to communicate to
achieve a given functionality. Cause-effect chains are utilized to determine the flow of
data within a system. One of the first models to describe data flow and the end-to-end
timing behavior was provided by Davare et al. [Dav+07] in 2007. In their model, depicted
in Figure 3.4, objects O are allocated to resources R. A set of links L that each connect
two objects describe the data flow between objects. A path is a finite sequence of objects
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τ1

τ2
re
we

re
we

Shared resource

Figure 3.5.: Communication between tasks.

with links between them. Nowadays, the data flow is modeled by a cause-effect chain,
i.e., a sequence of tasks

E = (τ1 → · · · → τn). (3.14)

Beyond that, modern modelling approaches describe the underlying communication
mechanisms more precisely. In this section, we formally introduce cause-effect chains. To
that end, we first specify the communication semantics.

Communication Jobs communicate by receiving (reading) their input data from a
shared resource and handing over (writing) their output data to a shared resource. Jobs
of the same task write to the same resource and messages are overwritten; that is, at any
time only the latest output of a task is available. Given a scheduling algorithm A, we
denote the time of the read-event of a job J in system evolution ω ∈ Ω as reω(J) ∈ R
and the time of the write-event of J in ω as weω(J) ∈ R. The general communication
semantics are depicted in Figure 3.5. We consider communication given the following
two requirements:

(R1) Proper ordering: For each task τ ∈ T, each job τ(m) reads before it writes,
i.e., reω(τ(m)) ≤ weω(τ(m)) for all m ∈ N. Moreover, for any two consecutive
jobs the read- and write-events are ordered according to their index, that is,
reω(τ(m)) < reω(τ(m + 1)) and weω(τ(m)) < weω(τ(m + 1)) for all τ ∈ T and
m ∈ N.

(R2) Proper distribution: The number of read- and write-events in each bounded
time interval is finite. More specifically, the two sets {reω(τ(m)) |m ∈ N} and
{weω(τ(m)) |m ∈ N} have no accumulation point.

These two not very restrictive requirements are fulfilled by commonly considered
communication semantics, e.g., for explicit communication, implicit communication,
and Logical Execution Time (LET), specified in the current AUTomotive Open System
ARchitecture (AUTOSAR) standard [AUT22]. Implicit communication assumes that
data is always read and written at the beginning and the end, respectively, of a recurrent
task instance’s execution. Contrarily, the explicit communication model assumes that
read and write operation can happen at any time during execution, e.g., as soon as the
data is produced. However, this direct, unrestricted access of explicit communication
easily results in data consistency issues. Therefore, implicit communication strategies
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Figure 3.6.: Implicit communication (left) and LET communication (right).

are usually applied, as they guarantee the required data consistency [Ham+17]. The
Logical Execution Time (LET) model, as summarized by Kirsch and Sokolova [KS12],
has been introduced with the time-triggered programming language Giotto and adopted
by the automotive industry as a communication mechanism that reduces jitter and
improves determinism even further. LET abstracts the communication from the actual
timing behavior of real-time tasks on the physical platform, i.e., the communication
is independent of the actual schedule of tasks instances (called jobs). Instead, it is
ensured that reads (respectively, writes) happen before (respectively, after) a job starts
(respectively, finishes). This introduces a separation between functionality on the one
hand and scheduling on the other hand. As reported by Ernst et al. [Ern+18], several
Original Equipment Manufacturers (OEMs) and suppliers in the automotive industry have
come to the conclusion that LET might be a key enabler for the design and verification
of multicore systems because it allows predictability of those complex systems. Please
note that “LET [...] leads to longer latencies in event chains” ([Ham+17]) to enable
determinism. In conclusion, the following communication semantics are predominantly
studied:

• Explicit Communication: Under explicit communication, the read-event and
the write-event can occur anywhere during job execution. However, the job cannot
write new data before its read-event. An example is depicted in Figure 3.5.

• Implicit Communication: Under implicit communication, each job’s read-event

is when the job starts, i.e., reω(J) = s
A(ω),ω
J , and the job’s write-event is when

the job finishes, i.e., weω(J) = f
A(ω),ω
J . Implicit communication is shown on the

left-hand side of Figure 3.6.

• Logical Execution Time (LET): Under LET [KS12], each task τ is assigned
an arbitrary relative deadline Dτ . The read-event of each job J of τ is set to
its release time reω(J) = rωJ , and the write-event is set to its absolute deadline
weω(J) = rωJ +Dτ . Communication under LET is depicted on the right-hand side
of Figure 3.6. Although LET is originally limited to systems with only a single
ECU, Ernst et al. [EAG18] provide a generalization to the case with several ECUs.

We note that, for explicit communication, the system evolution ω might have to be
augmented to indicate the time of read-events and write-events within the execution
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interval of a job. However, for implicit communication and LET the read-event and
write-event can be determined by the release time and execution demand which is already
encoded in the system evolution ω. Note that implicit communication and LET provide a
trade-off: While implicit communication leads to shorter latencies, LET provides timing
determinism [Ham+17]. In this dissertation, the focus is on implicit communication and
LET, and therefore we do not augment read- and write-events in the system evolution.

Cause-effect chains. On the task-level, we model the data flow in a system by
a cause-effect chain. A cause-effect chain E = (τ1 → τ2 → · · · → τn), with n ∈ N,
describes the data path through different programs as a finite sequence of tasks τi ∈ T.
This definition is inspired by the event-chains specified in the AUTOSAR Timing
Extensions [AUT22], which represent chains of more general functional dependency.

We assume that the sampling for a cause-effect chain E happens at the read-event
of each job of τ1 (i.e., implicit sampling) for convenience. Alternatively, any kind of
sampling can be modeled by adding a sampling task τ sample, where each job τ sample(j)
with j ∈ N reads and writes data at a time when the sampling happens. In most systems,
the data dependencies are more complex and can be described by a directed graph with
several sources and sinks. In this case, each cause-effect chain (i.e., path through the
directed graph from a source to a sink) can be analyzed individually.

A cause-effect chain can be comprised of time-triggered and event-triggered tasks.
Time-triggered tasks release jobs at predefined timestamps. Usually, the timestamps are
determined using a timer with a fixed period. In such a case, the task can be abstracted as
periodic task. As a generalization, a time-triggered task can also be described as sporadic
task if the timestamps to not occur strictly periodic. On the other hand, event-triggered
tasks release jobs when certain events occur. Most commonly, event-triggered tasks
release a job whenever they receive data from another task. However, arbitrary events to
trigger a job release (even outside the system model) would be possible as well. Typical
applications using for example Robot Operating System 2 (ROS2) [Ope22] allow for both
time-triggered and event-triggered tasks. Both triggering mechanisms result in different
challenges for the analysis. While some results of this dissertation are valid for both
time-triggered and event-triggered tasks, most analytical bounds are only designed for
cause-effect chains comprised of time-triggered tasks.

A cause-effect chain considers the implemented functionality and describes the data
path through different tasks in the systems that implements this functionality. Yet, to
determine end-to-end latency, it is not sufficient to know which tasks are part of the
chain. Instead, we need to consider the specific path for one data token through the task
instances. We describe this specific data path as a job chain.

Definition 3.1 (Job chain). For a cause-effect chain E = (τ1 → · · · → τn) of the task
set T, a job chain c = (J1, . . . , Jn) for E in system evolution ω is a sequence of jobs
fulfilling the following two conditions:

• Job Ji is a job of task τi for all i ∈ {1, 2, . . . , n}.
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Figure 3.7.: End-to-end latency semantics, as formulated in [Fei+09].

• Each job in the chain reads the data at the time or after it was written by the
previous job in the chain. That is, weω(Ji−1) ≤ reω(Ji) for all i ∈ {2, 3, . . . , n}.

Note that according to this definition one job can be part of multiple job chains. For
instance, in Figure 3.7, job J2,3 is part of the job chains (J1,4, J2,3, J3,7), (J1,4, J2,3, J3,8),
(J1,5, J2,3, J3,7), and (J1,5, J2,3, J3,8). The length ℓω(c) of a job chain c = (J1, J2, . . . , Jn)
is the length of the time interval between the read-event of J1 and the write-event of Jn
(i.e., between the read-event of the first job in the chain and the write-event of the last
job in a chain):

ℓω(J1, J2, . . . , Jn) = weω(Jn)− reω(J1). (3.15)

3.2.2 End-to-End Latency

In this section, we introduce the notion of end-to-end latency, which describes the maximal
time of a data flow in a cause-effect chain E = (τ1 → · · · → τn). Specifically, we restate
different timing metrics for end-to-end latency from the literature, and from our own
work (cf. [Gün+23b]). Analytical results for bounding those metrics are discussed in
Section 6.2.

Whereas classical response-time analysis focuses on the time between the release of a
job and its completion for individual tasks, for end-to-end analysis, the focus is on the
latency of the data propagation along several tasks. While some analytical results for
the end-to-end latency may exploit bounds on the response time of tasks, the challenges
for end-to-end latency analysis are inherently different from response-time analysis. For
instance, end-to-end analysis consider over- and undersampling. That is, data may be
overwritten (oversampling) or utilized by several jobs (undersampling). The problem
becomes even more complex if additional communication delays need to be considered or
the system consists of time-triggered as well as event-triggered tasks.

One of the first discussions of end-to-end latency was by Davare et al. [Dav+07] in 2007.
They analyzed the data flow from a source node (left node in Figure 3.4) to a sink
node (right node in Figure 3.4). Feiertag et al. [Fei+09] extended the work of Davare et
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al. [Dav+07] and refined the notion of data flow analysis. Their model focuses on the
impact of over- and undersampling. They identify the MRT and the MDA as the two
key metrics for end-to-end analysis.

Figure 3.7 illustrates the end-to-end latency model from Feiertag et al. [Fei+09]. For
each job J of τn, a source job of τ1 can be determined. That is, the job J ′ of τ1 such
that a data path (formally, a job chain) from J ′ to J exists without being overwritten.
In Figure 3.7, the source job of J3,1, J3,2 and J3,3 is J1,1, and the source job of J3,4, J3,5
and J3,6 is J1,3. Since J3,4, J3,5 and J3,6 all have the same source job, they all produce
an output based on the same data. The interval that encompasses the write-events of
jobs with the same source job is called the output interval. In Figure 3.7, the output
interval is the interval [17, 23].

Feiertag et al. [Fei+09] further defined the input interval as the interval from the
read-event of the previous source job to the read-event of the current source job. Any
input that can be captured by the system during this interval will be used by the system
to create an output during the output interval. In Figure 3.7, the input interval for the
source job J1,3 is [0, 12].

Based on these input and output intervals, Feiertag et al. [Fei+09] defined different
metrics for the end-to-end latency, namely First-to-First, First-to-Last, Last-to-First,
and Last-to-Last, as depicted in Figure 3.7.6 Two key metrics are emphasized:

• Maximum Reaction Time (MRT): The maximum time between the beginning
of the input interval and the beginning of the output interval for any source job.
This is referred to as the First-to-First latency in [Fei+09].

• Maximum Data Age (MDA): The maximum time between the end of the input
interval and the end of the output interval for any source job. This is referred to as
the Last-to-Last latency in [Fei+09].

However, there is an imbalance in the definition of the input and output intervals
by Feiertag et al. [Fei+09]. Specifically, the input interval is formulated as a passive
arrival of data to the system, whereas the output interval is formulated as an active
generation of data by the system. To solve this imbalance, we also need to consider the
interval where output data that is (passively) provided by an actuator can be retrieved
from the system. That is, we need to extend the output interval until the write-event
that originates from different input data. When applying our solution to the scenario in
Figure 3.7, the output interval is extended from [17, 23] to [17, 29].

In the following, we denote the output interval in the work from Feiertag et al. [Fei+09]
the reduced output interval to distinguish from our proposed output interval. The new
definitions are depicted in Figure 3.8.

Whereas MDA uses the extended output interval, we denote by MRDA the Maximum
Reduced Data Age, defined in terms of the reduced output interval. For symmetry, we
also define a reduced input interval, that is the interval of all read-events during the

6Some authors also refer to these latencies as First In – First Out (FIFO), First In – Last Out (FILO),
Last In – First Out (LIFO), and Last In – Last Out (LILO) [MMS12a; MMS12b].
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Figure 3.8.: Updated end-to-end latency definitions without imbalance in the input and
output intervals.

input interval. In Figure 3.8, the reduced input interval is [6, 12]. Similarly, we define
the Maximum Reduced Reaction Time (MRRT). Our definition removes the imbalance
between the input interval and output interval, and allows the differentiation between
the active and passive input and output of data. The differentiation between the MDA
and MRDA, following the suggestion from [Gün+23b], can be summarized as:

• We denote the Maximum Reduced Data Age (MRDA) as the Last-to-Last latency
from Feiertag et al. [Fei+09].

• We denote the Maximum Data Age (MDA) as the Last-to-Last latency with our
extended output interval, covering all the time points until the write-event of a job
of the last task in the cause-effect chain that originates from different input data.

Dürr et al. [Dür+19] provided an alternative definition for the MRT and MDA of
sporadic tasks under implicit communication using immediate forward and immediate
backward job chains. We reformulate it in terms of more general tasks with read- and
write-events, similar to [Gün+23b].

Definition 3.2 (Immediate forward job chain). A job chain c = (J1, J2, . . . , Jn) for
E = (τ1 → · · · → τn) in ω ∈ Ω is immediate forward if for all i ∈ {2, . . . , n} the job Ji is
the earliest job of task τi with read-event no earlier than the write-event of Ji−1. That is,
Ji is the earliest job that fulfills the properties from Definition 3.1.

Definition 3.3 (Immediate backward job chain). A job chain c = (J1, J2, . . . , Jn) for
E = (τ1 → · · · → τn) in ω ∈ Ω is immediate backward if for all i ∈ {n− 1, . . . , 1} the
job Ji is the latest job of task τi with write-event no later than the read-event of Ji+1.
That is, Ji is the latest job that fulfills the properties from Definition 3.1.
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Figure 3.9.: Cause-effect chain E = (τ1 → τ2 → τ3) for three tasks with implicit commu-
nication. Forward arrows mark job chains with first job τ1(1), the immediate
forward job chain is marked red. The dashed blue arrow marks the immediate
backward job chain with last entry τ3(6).

By construction, immediate forward job chains track the earliest transfer of data.
Hence, they can be used to measure the time between the read-event in a reduced input
interval and the first write-event in the corresponding output interval. For example, in
Figure 3.8, (J1,2, J2,2, J3,4) and (J1,3, J2,2, J3,4) are both immediate forward job chains.
Furthermore, for an example system with three tasks and implicit communication, the
forward arrows in Figure 3.9 mark all job chains starting at job τ1(1). The immediate
forward job chain starting at τ1(1) is marked red. The immediate backward job chain
ending at τ3(6) is marked with a dashed blue backwards arrow.

Comparing all immediate forward job chains yields the MRRT:

sup {ℓω(c) | c immediate forward job chain for E in ω} (3.16)

Similarly, immediate backward job chains track the most recent origin of data. Hence,
they can be used to measure the time between the source job and a write-event in the
reduced output interval. The MRDA is:

sup {ℓω(c) | c immediate backward job chain for E in ω} (3.17)

To cover the full time interval of the input and output interval, we extend the definition
of the immediate forward and immediate backward job chains as presented in [Gün+23a;
Gün+23d]. We refer to them as the augmented immediate forward and immediate
backward job chains, respectively.

Definition 3.4 (Immediate forward augmented job chain). Let z ∈ R be a time point and
E = (τ1 → · · · → τn) a cause-effect chain. We define the immediate forward augmented
job chain for E in system evolution ω ∈ Ω at z by

a⃗cωE(z) = (z, J1, . . . , Jn, z
′), (3.18)

where J1 is the job of τ1 with the earliest read-event reω(J1) ≥ z, the sequence (J1, . . . , Jn)
is an immediate forward job chain for E in ω, and z′ is at the write-event of Jn.
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Definition 3.5 (Immediate backward augmented job chain). Let z′ ∈ R be a time point
and E = (τ1 → · · · → τn) a cause-effect chain. We define the immediate backward
augmented job chain for E in system evolution ω ∈ Ω at z′ by

⃗acωE(z
′) = (z, J1, . . . , Jn, z

′), (3.19)

where Jn is the job of τn with the latest write-event weω(Jn) ≤ z′, the sequence (J1, . . . , Jn)
is an immediate backward job chain for E in ω, and z is at the read-event of J1.

The length of an immediate forward or immediate backward augmented job chain
(z, J1, . . . , Jn, z

′) is defined as ℓ(z, J1, . . . , Jn, z
′) = z′ − z. Due to their construction,

immediate forward augmented job chains can be used to measure the time between the
beginning of the input and the beginning of the output interval, i.e., the MRT. Similarly,
immediate backward augmented job chains can be used to measure the time between the
end of the input and the end of the output interval, i.e., the MDA. Hence, the MRT is
supz ℓ(a⃗c

ω
E(z)), and the MDA is supz′ ℓ( ⃗acωE(z

′)).
However, these definitions of MRT and MDA are not complete yet, because they lack a

specification of the beginning of time measurements. Specifically, if z′ is chosen too small,
then there is no data in the system that can be analyzed. Similarly, if z is chosen too
small, the MRT approaches infinity. In fact, most applications are concerned with the
system behavior only when the system is properly warmed up. That is, some initial data
paths that do not process any relevant data should be left out. The first jobs that process
data relevant to the output are those that are part of the first immediate backward job
chain (that fully exists). We say that a task is warmed up as soon as the job that is part
of the first immediate backward job chain is reached.

Definition 3.6 (Warm-up). Let E = (τ1, . . . , τn) be a cause-effect chain and ω ∈ Ω a
system evolution. LetWω

E,τi
∈ N for i = 1, . . . , n, such that c = (τ1(W

ω
E,τ1

), . . . , τn(W
ω
E,τn

))
is the first immediate backward job chain for E in ω that exists. We say that task τi is
warmed up at job τi(W

ω
E,τi

) for E in ω.

For the end-to-end latency, only job chains are considered when the system is properly
warmed up. More specifically, we define the following.

Definition 3.7 (End-to-End Latencies). Let E = (τ1 → · · · → τn) be a cause-effect
chain and ω ∈ Ω a system evolution. The MRT and the MDA are defined by:

MRT(E,ω) := sup
z>reω(τ1(Wω

E,τ1
))
ℓ(a⃗cωE(z)) (3.20)

MDA(E,ω) := sup
z′>weω(τn(Wω

E,τn
))
ℓ( ⃗acωE(z

′)) (3.21)

Similarly, the MRRT and MRDA are defined by considering only the corresponding job
chains without the additional z and z′:

MRRT(E,ω) := sup
{
ℓω(J1, . . . , Jn)

∣∣ a⃗cωE(z)=(z, J1, . . . , Jn, z
′), z> reω(τ1(W

ω
E,τ1))

}
(3.22)

MRDA(E,ω) := sup
{
ℓω(J1, . . . , Jn)

∣∣ ⃗acωE(z
′)=(z, J1, . . . , Jn, z

′), z′>weω(τn(W
ω
E,τn))

}
(3.23)
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We generalize these definitions to account for all possible system evolutions as follows:

MRT(E) := sup
ω∈Ω

MRT(E,ω) MDA(E) := sup
ω∈Ω

MDA(E,ω) (3.24)

MRRT(E) := sup
ω∈Ω

MRRT(E,ω) MRDA(E) := sup
ω∈Ω

MRDA(E,ω) (3.25)

We call these the overall MRT, MDA, MRRT and MRDA.

By definition, the difference between MRT and MRRT depends on the time between
external activity and read-event of the first job in immediate forward augmented job
chains. Similarly, the difference between MDA and MRDA depends on the time between
actuation and write-event of the last job in immediate backward augmented job chains.
We formalize this relation as follows:

Lemma 3.8. Let ρω−(τ) and ρω+(τ) be the minimal and maximal time between two
subsequent read-events of task τ in system evolution ω ∈ Ω, respectively. Furthermore, let
ψω
−(τ) and ψω

+(τ) be the minimal and maximal time between two subsequent write-events
of task τ in system evolution ω ∈ Ω, respectively. Then the following two bounds hold:

MRT(E,ω)−MRRT(E,ω) ∈ [ρω−(τ1), ρ
ω
+(τ1)] (3.26)

MDA(E,ω)−MRDA(E,ω) ∈ [ψω
−(τn), ψ

ω
+(τn)] (3.27)

Proof. By definition, we have

MRT(E,ω)−MRRT(E,ω) (3.28)

= sup
{
reω(J1)− z

∣∣ a⃗cωE(z) = (z, J1, . . . , Jn, z
′), z > reω(τ1(W

ω
E,τ1))

}
(3.29)

= sup
{
reω(τ1(m+ 1))− reω(τ1(m))

∣∣m ≥Wω
E,τ1

}
. (3.30)

Hence, ρω−(τ1) ≤ MRT(E,ω)−MRRT(E,ω) ≤ ρω+(τ1). This proves Equation (3.26). We
can do a similar proof for Equation (3.27). By definition, we have

MDA(E,ω)−MRDA(E,ω) (3.31)

= sup
{
z′ − weω(Jn)

∣∣ ⃗acωE(z
′) = (z, J1, . . . , Jn, z

′), z′ > weω(τn(W
ω
E,τn))

}
(3.32)

= sup
{
weω(τn(m+ 1))− weω(τn(m))

∣∣m ≥Wω
E,τn

}
. (3.33)

Hence, ψω
−(τn) ≤ MDA(E,ω)−MRDA(E,ω) ≤ ψω

+(τn). This proves Equation (3.27).

3.3 State of the Art

In the following, we review the state of the art for the analysis of self-suspending tasks
and for the end-to-end latency of cause-effect chains.
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3.3.1 State of the Art for Self-Suspending Tasks

Task models with self-suspension have been investigated since 1988 [RSL88]. However,
attempts to extend existing techniques [Dev03; LR10] and insights such as the CIT to
self-suspending task systems have been shown to be non-trivial. More specifically, under
the assumption that a task may self-suspend, many “[...] key insights underpinning the
analysis of non-self-suspending tasks no longer hold”, as detailed in the self-suspension
review paper by Chen et al. [Che+19b]. That is, most classical timing analysis concepts,
e.g., the CIT for Task-level Fixed-Priority (T-FP) scheduling by Liu and Layland [LL73]
and the demand bound function for Earliest-Deadline-First (EDF) scheduling by Baruah
et al. [BMR90], assume a work-conserving behavior on the job-level and are hence invalid
in presence of self-suspension. Moreover, self-suspending tasks are prone to timing
anomalies, i.e., a reduction of the length of execution segments or suspension segments
can increase the response time of another job. Consequently, several research results
before 2015 have been found to be flawed. In the review by Chen et al. [Che+19b]
the authors listed 6 categories of flaws and over 20 affected publications. Two more
counterexamples of existing results on self-suspension are provided in Sections 4.1 and 4.2
of this dissertation. Correct results are summarized in the survey by Chen et al. [Che+17].

To date, dynamic and segmented (or multi-segment) self-suspension are the predom-
inately studied models in the literature as explained by Chen et al. [Che+19b]. The
segmented self-suspension model [BA05; Brü+16; Che+19a; CL14; GC21; HC16; Kim+13;
Nel+15; PF16; Sch+18b; YNB19] and the dynamic self-suspension model [ABN22; AB04;
CNH16; Dev03; GBC20; GC20; GUC21; Hua+15; LC14] differ in the allowed suspension
pattern. In the segmented self-suspension model, computation and suspension segments
are interleaved in a predefined manner and each segment’s duration is bounded. In
contrast, the dynamic self-suspension model is a generalization of the segmented model
in the sense that any interleaved sequence of computation and suspension is admissible as
long as the cumulative duration of computation and suspension is bounded. In addition
to these two models, von der Brüggen et al. [BHC17] proposed a hybrid self-suspension
model, which increases the flexibility of the segmented model and improves accuracy of
the dynamic model.

The well-defined suspension structure in the segmented self-suspension model can be ex-
ploited to optimize the scheduling policies, e.g., by Fixed-Relative-Deadline (FRD) strate-
gies [Brü+16; CL14; PF16] and by mapping to the leader-follower problem [Che+19a].
Chen [Che16] and Mohaqeqi et al. [MEY16] showed that verifying whether a set of
segmented self-suspension tasks can meet their deadlines under static-priority scheduling
is coNP-hard in the strong sense. For the dynamic self-suspension model, the computa-
tional complexity of scheduler design remains an open problem [Che16; Che+17]. Under
static-priority scheduling, Chen et al. [CNH16] provided a unifying response-time analysis
framework, considering multiple approaches to model the self-suspension time under a
dynamic self-suspension behavior, i.e., as computation, carry-in, blocking, or jitter.

There are several scenarios where self-suspension occurs [Che+19b, Section 2], which
are common in distributed systems. For example, self-suspension can occur for I/O-
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or memory-intensive tasks [Kan+07; Kat+11], multiprocessor synchronization [Bra22],
hardware acceleration by using coprocessors and computation offloading [Liu+14; Nim+10;
TC13], scheduling of parallel tasks [Fon+16; Uet+21], real-time tasks in multicore
systems with shared memory [HCR16], timing analysis of deferrable servers [Che+22b;
LC14], dynamic reconfigurable Field Programmable Gate Arrays (FPGAs) for real-time
applications [Bio+16], and real-time communication for networks-on-chip [Uet+20]. The
suspension time between two consecutive execution segments can range from a few
microseconds to a few hundreds of milliseconds (or even seconds) depending on the
application.

3.3.2 State of the Art for Cause-Effect Chains

The end-to-end latency semantics defined in this section have been widely studied in the
literature. Most approaches in the literature that validate timing requirements of cause-
effect chains can be classified into two categories: Active approaches [Bec+17b; CKK20;
Gir+18; SE16], which control the release of jobs in the subsequent tasks in the chain to
ensure that the data is written and read correctly, and passive approaches [Bec+16a;
Bec+16b; Ben+02; Dav+07; Dür+19; Fei+09; FBP17; GNV22; Kla+18; KBS18; Raj+10;
Sch+18a; Wys+13], which focus on how the data is produced and consumed among the
jobs of the recurrent tasks in the cause-effect chain, provided that the release of jobs
of subsequent tasks is independent of the production of data. This dissertation focuses
on passive approaches. Table 3.1 provides an overview over analytical bounds for the
end-to-end latency.

The analytical approach for periodic and sporadic systems is usually different. Periodic
approaches mostly traverse a safe analysis window (commonly one or two hyperperiods)
and quantify the length of job chains starting in that analysis window. Prime examples
are the analytical results from Becker et al. [Bec+16b; Bec+17a] for MRDA and Kloda
et al. [KBS18] for MRT. Recent approaches focus on more dedicated solutions [GNV22;
Gün+23a; Klo+22; PM22] and on speeding-up of the computation process [Bi+22;
Gün+23b]. Due to their complexity, we refer to the literature for further information on
bounds for periodic tasks.
On the other hand, sporadic schedules are not repetitive. Therefore, it is impossible

to define a safe analysis window. Approaches for sporadic systems rather pursue closed-
form solutions with analytical over-approximation. To that end, the first analytical
bound on the end-to-end latency was provided by Davare et al. [Dav+07] under implicit
communication. Although the bound was originally formulated for periodic tasks, the
analysis can be applied to sporadic tasks τ ∈ SporMinMax(Tmin

τ , Tmax
τ ) with maximum

inter-arrival time Tmax
τ as well.

Theorem 3.9 (Davare et al. [Dav+07, Section 2.1]). If tasks of the cause-effect chain
E = (τ1 → · · · → τn) communicate via implicit communication, then the MRT is upper
bounded by

MRT(E) ≤
n∑

i=1

(Tmax
τi +RA

τi) (3.34)
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ü
rr

et
a
l.
[D

ü
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ü
n
+
21
a]
.

T
a
b
le

3.
1.
:
A
n
al
y
ti
ca
l
re
su
lt
s
fo
r
en

d
-t
o-
en

d
la
te
n
cy

in
th
e
li
te
ra
tu
re
.

56



3.3. State of the Art

where RA
τi is the Worst-Case Response Time (WCRT) of task τi.

The bound was further tightened and extended to the MRDA by Dürr et al. [Dür+19]
in 2019. Their bound on the end-to-end latency can be summarized as follows.

Theorem 3.10 (Dürr et al. [Dür+19, Theorem 5.4]). If tasks of the cause-effect chain
E = (τ1 → · · · → τn) communicate via implicit communication, then the MRT and
MRDA are upper bounded by

MRT(E) ≤
n∑

i=1

(Tmax
τi +RA

τi)−
n−1∑
i=1

[Pi] ·min(RA
τi , T

max
τi+1

) (3.35)

MRDA(E) ≤
n∑

i=1

(Tmax
τi +RA

τi)−
n−1∑
i=1

[Pi] ·RA
τi , (3.36)

where [Pi] = 1 if τi and τi+1 run on the same ECU and τi has higher priority than τi+1,
and [Pi] = 0 otherwise.

For tasks under LET communication, Hamann et al. [Ham+17] provided an upper
bound for the MRT. Although their paper is formulated for periodic tasks, this particular
bound is valid for sporadic tasks as well.

Theorem 3.11 (Hamann et al. [Ham+17, Section 4.1.3]). If tasks of the cause-effect
chain E = (τ1 → · · · → τn) communicate under LET, then the MRT is upper bounded by

MRT(E) ≤
n∑

i=1

(Tmax
τi +Dτi). (3.37)

Recently, the end-to-end behavior of systems with scheduling mechanisms apart from
typical time-triggered T-FP scheduling have been of special interest. To that end, Teper
et al. [Tep+22] provided an end-to-end analysis for systems using ROS2, which allows
both event-triggered and time-triggered release mechanisms. Dasari et al. [Das+22]
formally described the real-time behavior of the Adaptive Partitioning Scheduler (APS)
and developed an end-to-end latency bound for event-chains under the APS. Tang et
al. [Tan+23a] propose a third option to trigger the processing tasks in a chain, namely,
event-triggered with data refreshing, and provide an end-to-end analysis for that case.
Moreover, Tang et al. [Tan+23b] compared different communication paradigms regarding
the end-to-end latency of cause-effect chains (namely, implicit communication, Dynamic
Buffering Protocol (DBP), and LET), and discussed the impact of priority assignment
on end-to-end latency.
Besides MRT, MRRT, MDA and MRDA, evolving metrics that are related to the

end-to-end latency have been presented and discussed in 2023. Köhler et al. [Köh+23]
define robustness margins, which guarantee that the end-to-end deadline of a cause-effect
chain can still be satisfied if software extensions stay within certain bounds. Jiang et
al. [Jia+23] analyze and optimize of the worst-case time disparity (that is, the maximum
difference among the timestamps of all raw data produced by sensors that an output
originates from) in cause-effect chains.
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3.4 Summary

In this chapter, we identified two key challenges for distributed real-time systems, namely:
distributed execution of jobs, and interplay of distributed tasks. While the former requires
a refinement of jobs into smaller blocks, the latter requires specifying timing requirements
that account for the cooperation of several distributed tasks. In particular, in this chapter,
we defined self-suspending tasks and end-to-end latency of cause-effect chains which are
subject to further investigation in the subsequent chapters.
Specifically, in Chapter 5, we examine the timing behavior of self-suspending tasks.

For the examination, we focus on the schedulability analysis of dynamic self-suspending
tasks, and on treatments to avoid timing anomalies for segmented self-suspending tasks.
Due to the unintuitive behavior of self-suspending tasks, which led to a series of flawed
results before 2015, this dissertation aims to provide sound, careful analysis of classical
J-FP scheduling algorithms.
In Chapter 6, we investigate the end-to-end latency of cause-effect chains in more

detail. Specifically, we examine worst-case and probabilistic guarantees for the end-to-end
latency. While the main goal of Chapter 6 is the analysis of cause-effect chains distributed
among (potentially asynchronized) ECUs, this dissertation has a special focus on the
fundamental properties and underlying principles that data propagation is subject to,
and therefore provides basic analytical discussions before extending them to the more
complex scenarios. We limit our attention to the already challenging passive examination
of cause-effect chains, and restrict to time-triggered tasks using implicit communication
or LET for large parts of Chapter 6.
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4
Importance of Careful,
Property-Based Analysis

The large body of classical literature results on real-time systems might encourage
the use of intuition to tackle new and emerging problems. However, relying solely on
intuition to analyze real-time systems can be risky, as even minor changes to real-time
systems can result in unexpected and counterintuitive behavior. For example, intuitive
attempts to extend classical results, such as the Critical Instant Theorem (CIT), to
self-suspending tasks have led to a series of flawed results, as shown in the review by
Chen et al. [Che+19b]. Two unresolved issues highlighted in the conclusion regard the
correctness of slack enforcement mechanisms by Lakshmanan and Rajkumar [LR10]
and the correctness of the suspension-aware schedulability analysis by Devi [Dev03].
Another notable example for counterintuitive behavior in the domain of end-to-end
analysis of cause-effect chains is that early completion can lead to increased end-to-end
latency [Gün+23a, Figure 7]. Therefore, to investigate distributed real-time systems,
relying on intuition is insufficient. Instead, rigorous analysis is essential, and it is crucial
to check the underlying properties and assumptions of each analysis step carefully.

To emphasize the need for careful analysis further, in this chapter, we provide three
counterexamples for well-established literature results. The first two counterexamples
are related to self-suspension, while the third refutes the CIT in probabilistic setups.
Such probabilistic setups later play a role in Section 6.3 for end-to-end analysis. In
particular, the counterexamples on self-suspension close the unresolved issues identified
in the review paper by Chen et al. [Che+19b]. Hence, this concludes their investigation
on the literature on self-suspending tasks published before 2019.

4.1 Slack Enforcement Mechanisms for Self-

Suspending Tasks

When tasks suspend themselves, this can introduce additional interference, which has
to be accounted for during the analysis. To demonstrate this, we consider a system
of two tasks T = {τ1, τ2}, where τ1 has higher priority than τ2. Task τ1 releases jobs
sporadically with minimum inter-arrival time 8. Each job of τ1 executes for 2 time units,
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τ1

τ2

0 2 4 6 8 10 12 14

(Without self-suspension)

τ1

τ2

0 2 4 6 8 10 12 14

(With self-suspension)

Figure 4.1.: Worst-case interference (marked red) of τ1 on τ2. With self-suspension, the
worst-case interference increases from 4 to 6.

then suspends itself for up to 3 time units and then executes again for 3 time units. Task
τ2 is a non-self-suspending task that releases jobs sporadically with minimum inter-arrival
time 20. Each job of τ2 executes for 3 time units. This scenario can also be formulated
as:

• τ1 ∈ Spor(8) ∩ SegSS(2, 3, 2)

• τ2 ∈ Spor(20) ∩ SegSS(3)

Figure 4.1 shows that self-suspension of τ1 can cause interference of up to 6 time units on
task τ2. However, without self-suspension of τ1, the maximal interference that τ2 suffers
from is 4 time units.

To mitigate the impact of self-suspending tasks on the interference of lower-priority
tasks, Lakshmanan and Rajkumar [LR10] proposed slack enforcement in 2010. They
consider sporadic segmented self-suspending tasks with two execution segments, i.e.,

τ ∈ Spor(Tτ ) ∩ SegSS(C1
τ , S

1
τ , C

2
τ ) (4.1)

for all τ ∈ T, and their mechanism delays only the second execution segment of jobs.
In this section, we show that their slack enforcement mechanisms can provoke deadline
misses. The results presented in this section appeared in the Real Time Systems Journal
in 2021 [GC21].

4.1.1 Dynamic Slack Enforcement

The slack enforcement mechanism aims to “shape the demand of a self-suspending task
so that the task behaves like an ideal ordinary periodic task” [Che+19b, Section 9.1].
Lakshmanan and Rajkumar intend to achieve this by delaying the second execution
segment of a self-suspending task, to “ensure that adequate slack is available to lower-
priority tasks” [LR10, Section IV]. The slack enforcement was originally proposed
together with a critical instant by Lakshmanan and Rajkumar [LR10]. While the critical
instant was shown to be flawed by Nelissen et al. [Nel+15], the dynamic slack enforcement
mechanism proposed in [LR10] can still be applied when Worst-Case Response Times
(WCRTs) RA

τ under a preemptive Task-level Fixed-Priority (T-FP) scheduling algorithm
A are given beforehand. More specifically, the dynamic slack enforcement delays the
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τ1

τ2

0 2 4 6 8 10 12 14

(With slack enforcement)

Figure 4.2.: Worst-case interference of τ1 on τ2 with slack enforcement is only 4.

second execution segment of each self-suspending task to the latest time such that the
WCRT can still be met.

Definition 4.1 (Dynamic slack enforcement in [LR10, Section IV]1). Dynamic slack
enforcement is an execution control policy that delays the release of the second segment of
any job τ(j) to the latest time t, such that τ(j) can still meet its normal (non-execution-
controlled) WCRT RA

τ .

The correctness of the dynamic slack enforcement algorithm is based on two properties
specified in Lemmas 4 and 5 in [LR10], which we reformulate to match our notation.

• Property P1: If a task τ ∈ T under preemptive T-FP scheduling has a WCRT of
RA

τ , applying the slack enforcement mechanism makes its WCRT always the same
or shorter.

• Property P2: The WCRT RA
τ of τ achieved by applying the dynamic slack

enforcement mechanism under preemptive T-FP scheduling is not longer than the
WCRT in the corresponding scenario by considering only τ ’s suspension behavior
and treating all higher-priority tasks as non-self-suspending tasks.

In other words, Property P1 states that the slack enforcement is superior to the original
T-FP scheduler, and Property P2 implies that the suspension behavior of the higher-
priority tasks can be neglected when the slack enforcement mechanism is applied.

Intuitively, the slack enforcement mechanism seems to work well as depicted in Fig-
ure 4.2. While the second execution segment of the second job of τ1 is delayed to 13,
task τ1 still finishes within its WCRT. Moreover, the delay provides sufficient slack for
τ2 to finish its execution before the second execution segment of τ1 start. Hence, the
maximum interference, that can be experienced by τ2 is 4 time units. This is the same
maximum interference that can be achieved without suspension (cf. Figure 4.1).

Nevertheless, the review paper by Chen et al. [Che+19b] shows that the proof of the
key lemma of the slack enforcement mechanisms in [LR10] is incomplete, and calls for
more rigorous proofs to support the correctness of the mechanism. In the following,
we show that indeed both properties P1 and P2 do not hold in general by providing a
counterexample.

1The definition is reformulated to match the notation of this dissertation.
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t0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36

τ1

τ2

τ3 slack enforcement

τ4

Figure 4.3.: T-FP schedule of T with dynamic slack enforcement on τ3 which leads to a
deadline-miss (marked in red).

4.1.2 Counterexample

Consider the following implicit-deadline sporadic task set T = {τ1, τ2, τ3, τ4}:

• τ1 ∈ Spor(7) ∩ SegSS(1),

• τ2 ∈ Spor(24) ∩ SegSS(10),

• τ3 ∈ Spor(36 + δ) ∩ SegSS(1, δ, 1),

• τ4 ∈ Spor(36 + 2δ) ∩ SegSS(2, 5, 2),

where 0 < δ < 0.5. That is, tasks τ1 and τ2 do not suspend, task τ3 suspends for δ time
units between two execution segments of length 1, and task τ4 suspends for 5 time units
between two execution segments of length 2. We apply preemptive Rate Monotonic (RM)
scheduling, i.e., τ1 has the highest priority, whereas τ4 has the lowest priority.

For the counterexample, we need the WCRT of τ3 and an upper bound on the WCRT
of τ4, which are 15 + δ and 36 + δ, respectively, as we show in detail in Appendix B.1.
The concrete example in Figure 4.3 demonstrates the behavior of the dynamic slack
enforcement mechanism from [LR10]. According to the dynamic slack enforcement
mechanism, the second execution segment of τ3 is delayed to the latest time such that it
still meets its WCRT of 15 + δ. That is, the second segment is delayed to release at time
23 such that it finishes no later than at 12 + 15 + δ = 27 + δ. This leads to a deadline
miss of τ4. In particular, this disproves Property P1.
For Property P2, we consider the schedule depicted in Figure 4.4, which treats all

higher-priority tasks as non-suspending tasks. Since the obtainable schedules without
suspension of τ3 are a subset of the obtainable schedules of T with suspension, the WCRT
of τ4 is again bounded by 36 + δ. However, we have already shown that dynamic slack
enforcement leads to a deadline miss. This disproves Property P2.

We note that the stated properties for the dynamic slack enforcement mechanism are
invalidated even if the mechanism is restricted to periodic or synchronous task sets due to
the following consideration. Let δ = 0.2 and consider T to be a synchronous periodic task
set, i.e., job releases are aligned with the previous deadline and the first job release of each
task is at time 0. In this case, the release pattern depicted in Figure 4.3 occurs at time
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t0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36

τ1

τ2

τ3

τ4

Figure 4.4.: T-FP schedule of T for achieving the WCRT of τ4 when all higher-priority
tasks have no suspension.

393 120, i.e., 393 120 is an integer multiple of 7, 24 and 36.4, and 10 860·36.2−393 120 = 12.
Hence, the dynamic slack enforcement causes a deadline miss of τ4 at time 393 120+ 36.4.

4.1.3 Source of Misconception

We believe that the main source of the misconception of the dynamic slack enforcement
mechanism is inherited from the misconception of the CIT for self-suspending task
systems, claimed in [LR10]. The authors argued that the dynamic slack enforcement
mechanism delays the release of the second execution segment to the latest possible time,
thereby not worsen the schedulability of lower-priority tasks. However, this argument is
flawed, as disproved above. Our counterexample is based on the following conditions:

• If task τ3 interferes with only one execution segment of a job of τ4, the response
time of the job of τ4 is at most 36 + δ.

• If task τ3 interferes with two execution segments of a job of τ4, the response time
of the job of τ4 can be up to 37.

The dynamic slack enforcement mechanism delays the second computation segment of τ3
in this counterexample and forces the latter case to take place, whilst the original T-FP
scheduler has a safe WCRT of 36 + δ.

This is the counterpart of the misconception of the CIT claimed in [LR10]. Imagine
that we split task τ3 into two ordinary sporadic tasks τ13 and τ23 that do not suspend
themselves, both with execution time 1 and minimum inter-arrival time 36. If we apply
the (incorrect) CIT in [LR10], the WCRT of τ4 follows from the schedule depicted in
Figure 4.4. However, the actual worst case for this pattern is to release τ13 and τ23 so that
each of them interferes with one execution segment of τ4, i.e., as in Figure 4.3.

The proof of Lemma 4 in [LR10] is incorrect because the proof did not inspect the
impact of the two execution segments of τ3 on the two execution segments of τ4. It solely
argues that Insj (R) = I1j (R) + I2j (R) (here, the notation is directly from [LR10]), i.e.,

for an interval length R, the interference Insj (R) =
⌈

R
Tj

⌉
(C1

j + C2
j ) is always equal to

I1j (R) + I2j (R) =
⌈

R
Tj

⌉
C1
j +

⌈
R
Tj

⌉
C2
j . However, this argument is irrelevant to a formal
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Without static slack enforcement

t0 2 4 6 8 10 12

τ1

τ2

With static slack enforcement

t0 2 4 6 8 10 12

τ1

τ2

Figure 4.5.: Deadline miss with static slack enforcement.

proof of the WCRT. Instead, the proof in [LR10] should in analyze the WCRT of a task
for both cases, e.g., using the iterative approach like Time-Demand Analysis (TDA), and
demonstrate their equivalence.

We note that our counterexample does not follow the call for rigorous proof of Lemma 4
in [LR10] by Chen et al. [Che+19b]. The main argument in [Che+19b] was due to the
incomplete proof of the level-i busy period, which is irrelevant in our counterexample.

4.1.4 Static Slack Enforcement

Lakshmanan and Rajkumar [LR10] also present a static slack enforcement mechanism,
that approximates the dynamic slack enforcement mechanism and reduces the runtime
complexity. However, the authors state that static slack enforcement is not optimal in
the sense that it might have negative impact on the WCRT. In the following, we show
that this mechanism may even provoke deadline misses.

The static slack enforcement mechanism from [LR10, Section V] delays the second
execution segment of each self-suspending job generated by a self-suspending task τ , such
that the processor indeed idles the maximal suspension time S1

τ between both segments.
Its formulation relies on the definition of level-τ slack2:

Definition 4.2 (Level-τ slack in [LR10, Section IV]). The level-τ slack over any time
interval [t1, t2] (with t2 ≥ t1) is defined as the total time within [t1, t2] during which no
tasks with priority greater than or equal to τ are executing.

Definition 4.3 (Static slack enforcement in [LR10, Section V]). Static slack enforcement
is defined as an execution control policy that delays the release of the second segment of
a self-suspending task τ such that the level-τ slack between the two segments of τ is at
least S1

τ .

The work of Lakshmanan and Rajkumar [LR10] does not explain how self-suspending
tasks may meet their deadlines utilizing this mechanism. In fact, the static slack
enforcement is a source of deadline miss for self-suspending tasks, since the response time
is increased if the slack is less than the suspension time. Figure 4.5 shows a schedule

2In their work, Lakshmanan and Rajkumar assume that every task is equipped with an index representing
the task priority. Therefore, they use level-i slack to denote the slack on the level of task τi. We
reformulate their definitions to be congruent with the notation of this dissertation.
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where the static slack enforcement leads to a deadline miss: Consider an implicit-deadline
task set T = {τ1, τ2} with two tasks

• τ1 ∈ Spor(5) ∩ SegSS(1)

• τ2 ∈ Spor(12) ∩ SegSS(1, 7, 2)

ordered by priority, i.e., τ1 has higher priority than τ2. At most one job of τ1 interferes
with each execution segment of τ2. Hence, the WCRT of τ2 is 12, as depicted on the
left-hand side of Figure 4.5. The level-τ2 slack in [2, 9] is 6 since τ1 utilizes the processor
for 1 time unit. To obtain level-τ2 slack of 7, the second segment of the job of τ2 is delayed.
This leads to a deadline miss as depicted on the right-hand side of Figure 4.5. Moreover,
since the schedule on the left-hand side does not consider any suspension from the
higher-priority task τ1, this also shows that static slack enforcement does not guarantee
the same WCRT as without enforcement when all higher priority self-suspending tasks
behave like ordinary periodic tasks.

4.2 Analyzing Earliest-Deadline-First for Self-

Suspending Tasks

In 2003, Devi [Dev03] presented a schedulability test for periodic task sets scheduled by
Earliest-Deadline-First (EDF). In their Section 4, they provide extensions to account for
practical overheads, like interference by interrupt handlers, self-suspension, and priority-
space limitations. However, they do not provide a formal proof of their extension to self-
suspending tasks. Hence, in the review paper by Chen et al., they request a “rigorous proof,
since self-suspension behavior has induced several non-trivial phenomena” [Che+19b].
In the following we provide a counterexample of Theorem 8 in [Dev03, Section 4.5] and
disprove the schedulability test. The results presented in this section appeared in the
Real Time Systems Journal [GC20].

4.2.1 Devi’s Analysis

Devi’s analysis [Dev03] for self-suspending tasks in 2003 is designed for periodic, dynamic
self-suspending tasks scheduled under preemptive EDF. That is, each task τ ∈ T can be
abstracted as

τ ∈ Per(Tτ ) ∩DynSS(Cτ , Sτ ). (4.2)

The analysis is rephrased as follows:

Theorem 4.4 (Devi [Dev03]3). Let T = {τ1, τ2, . . . , τn} such that Tτi ≤ Tτj for all i ≤ j.

3The definition is reformulated to match the notation of this dissertation. Moreover, we restrict to the
implicit-deadline case since that formulation is sufficient for the counterexample.
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τ1 DL miss

τ2

0 2 4 6 8 10 12 14 16 18 20

Figure 4.6.: A concrete EDF schedule with a deadline miss.

The task set T is schedulable using preemptive EDF if for all k with 1 ≤ k ≤ n inequality

Bk +B′
k

Tτk
+

k∑
i=1

Cτi

Tτi
≤ 1 (4.3)

holds, where Bk =
∑k

i=1min{Sτi , Cτi} and B′
k = max1≤i≤k (max{0, Sτi − Cτi}).

4.2.2 Counterexample

In the following we provide a counterexample for Devi’s analysis. While Devi considered
arbitrary-deadline task systems with asynchronous arrival times, our counterexample
is valid by considering two implicit-deadline periodic tasks released at the same time
and therefore disproves also the general case. More specifically, we consider the task set
T = {τ1, τ2} with:

• τ1 ∈ PerOff(6, 0) ∩DynSS(5, 1)

• τ2 ∈ PerOff(8, 0) ∩DynSS(ε, 0) for any ε ∈ (0, 13 ]

The test of Theorem 4.4 is as follows:

• When k = 1, we have B1 = 1 and B′
1 = 0. Therefore, when k = 1, we obtain

Bk+B′
k

Tτk
+
∑k

i=1
Cτi
Tτi

= 1.

• When k = 2, we have B2 = 1 and B′
2 = 0. Therefore, when k = 2, we obtain

Bk+B′
k

Tτk
+
∑k

i=1
Cτi
Tτi

= 1
8 + ε

8 + 5
6 = 23+3ε

24 ≤ 1, since ε ≤ 1/3.

Therefore, Devi’s schedulability test concludes that the task set is schedulable under
preemptive EDF. But, a concrete schedule as demonstrated in Figure 4.6 shows that one
of the jobs of task τ1 misses its deadline even when both tasks release their first jobs at
the same time. More specifically, the example in Figure 4.6 shows that a job of task τ1
may be blocked by a job of task τ2, which results in a deadline miss of the job of task
τ1. However, in Devi’s schedulability analysis, such blocking is never considered since B1

and B′
1 do not have any term related to τ2.

The counterexample only requires task τ1 to suspend once. It shows that applying
Devi’s analysis in [Dev03] is unsafe even for the segmented self-suspension model under
EDF scheduling. We note that the above counterexample is only for Theorem 8 in [Dev03].
We do not examine any other schedulability tests in [Dev03].
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4.3 Critical Instant Theorem for Probabilistic

Scenarios

A classical, hard real-time analysis aims to determine whether tasks fulfill their timing
constraints under all circumstances. The seminal work by Liu and Layland [LL73]
provides fundamental knowledge to ensure worst-case timeliness when scheduling periodic
real-time tasks on a uniprocessor system. More specifically, in their work they formulate
the Critical Instant Theorem (CIT), as recapped in Section 2.5.

However, when occasional deadline misses can be tolerated, probabilistic guarantees
are an important measure. To that end, Maxim and Cucu-Grosjean [MC13] presented
a probabilistic response-time analysis, extending the CIT to probabilistic scenarios.
Similarly, Chen and Chen analyze the probability for deadline misses [CC17] based on
the CIT. In the following, we revisit the critical instant for the probabilistic timing
analysis of sporadic real-time task sets, formally defined as the Worst-Case Response
Time Exceedance Probability (WCRTEP) in Definition 4.6 and the Worst-Case Deadline
Failure Probability (WCDFP) in Definition 4.8.

In this section, we show that their calculation of the WCDFP and WCRTEP is
flawed, by providing counterexamples. Moreover, we propose two methods to derive the
WCRTEP and WCDFP for sporadic real-time task systems with Probabilistic Execution
Times (pETs). One method is to account for one additional carry-in job of a higher-
priority task, whilst another is to inflate the execution of certain higher-priority jobs
with a sampling process. More specifically, this section is structured as follows:

• In Section 4.3.1, we recap the critical instant and its analytical implications as
stated by Maxim and Cucu-Grosjean [MC13].

• In Section 4.3.2, we present a counterexample to demonstrate that calculating
the WCRTEP and WCDFP based on the CIT for T-FP scheduling can be too
optimistic even without backlog.

• In Section 4.3.3, we propose two methods to derive safe WCRTEP and WCDFP.

• In Section 4.3.4, we discuss the impact of the unsound CIT for the probabilistic
setting in the literature.

The results presented in this section appeared in RTSS 2022 [Che+22a].

4.3.1 Critical Instant in the Probabilistic Setup

We consider a set of sporadic real-time tasks T with independent and identically dis-
tributed (iid) Probabilistic Worst-Case Execution Time (pWCET) scheduled by a pre-
emptive T-FP scheduling algorithm A on a uniprocessor system. Each task τ ∈ T can
be abstracted as

τ ∈ Spor(Tτ ) ∩ pWCETiid(Dτ ), (4.4)
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where Dτ describes the distribution of upper bounds c̄ωτ(j) on the execution demand cωτ(j)
of jobs τ(j) under system evolutions ω ∈ Ω. We assume that the jobs’ execution demands
are independent not only on the intra-task level (i.e., jobs of the same task) but also on
the inter-task level (i.e., jobs of different tasks); an assumption common in the literature,
e.g., [Brü+18; CC17; Che+19c; DC19; MC13]. Moreover, we assume that the execution
demand is independent of the job releases. We assume that once a job misses its deadline,
it is immediately aborted.

In the probabilistic setup, the upper bound on the execution demand of a job τ(j)
can be considered as a random variable c•τ(j) : Ω → R≥0 ∪ {∞} on the sample space
Ω. Furthermore, the response time of the j-th job of task τ is a random variable

R
A(•),•
τ(j) : Ω → R≥0 ∪ {∞}. If a deadline is missed in a specific system evolution ω ∈ Ω,

then under that sample the response time is R
A(ω),ω
τ(j) = ∞ as the job never finishes.

We are interested in the worst-case behavior of the probabilistic response time and the
Deadline Failure Probability (DFP). As it may seem strange at the first glance to combine
the worst-case phrase with the probabilistic argument, the following definitions provide
concrete statements.

Definition 4.5 (Job-Level Response Time Exceedance Probability (RTEP)). The RTEP
of job τ(j) is the probability that the response time of the j-th job of task τ is greater
than a target value R ∈ R≥0, i.e.,

P
(
R

A(•),•
τ(j) > R

)
. (4.5)

Definition 4.6 (Worst-Case Response Time Exceedance Probability (WCRTEP)). The
WCRTEP of task τ is an upper bound on the probability that the response time of a job
of τ is greater than a target value R ∈ R≥0, i.e.,

sup
j∈N

{
P
(
R

A(•),•
τ(j) > R

)}
. (4.6)

We are often not interested in the complete response-time distribution but in the
probability that the response time exceeds the relative deadline. That is, we are interested
in the probability that a job misses its deadline.

Definition 4.7 (Deadline Failure Probability (DFP)). The DFP of job τ(j) is the
probability that the j-th job of task τ misses its relative deadline Dτ , i.e.,

P
(
R

A(•),•
τ(j) > Dτ

)
. (4.7)

Definition 4.8 (Worst-Case Deadline Failure Probability (WCDFP)). The WCDFP of
task τ is an upper bound on the probability that a job of τ misses its relative deadline Dτ ,
i.e.,

sup
j∈N

{
P
(
R

A(•),•
τ(j) > Dτ

)}
. (4.8)
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We note that this WCDFP definition is identical to the one by Davis and Cucu-Grosjean
in their survey paper [DC19]. However, they use the term probabilistic Worst-Case
Response Time (pWCRT) to denote the WCRTEP defined here.

By following the CIT, Theorem 1 from [MC13] claims that the worst-case distribution
of the response time occurs for the first job if the task set follows synchronous release. In
the following, we provide a concrete counterexample to invalidate this statement. Note
that implicit deadlines are assumed in [MC13]. For completeness, we first show their
original theorem, slightly reformulated to match the notation of this dissertation.

Theorem 4.9 (From [MC13, Theorem 1]). We consider a task system T = {τ1, . . . , τn} of
n tasks with τi described by probabilistic Cτi and Tτi , ∀i ∈ {1, 2, . . . , n}. The set is ordered
according to the priorities of the tasks and the system is scheduled preemptively on a single

processor. The response-time distribution R
A(•),•
τi(1)

of the first job of task τi is greater than

the response-time distribution R
A(•),•
τi(j)

of any j-th job of task τi, ∀i ∈ {1, 2, . . . , n}.

It is assumed in [MC13] that all tasks are synchronous, i.e., every task releases its
first job at time 0, following the CIT. That is, it is claimed that the WCRTEP is

observed for j = 1 since P
(
R

A(•),•
τ(1) > t

)
≥ P

(
R

A(•),•
τ(j) > t

)
for all t ∈ R. Similarly,

Theorem 1 from [CC17] states that the WCDFP of a task τ can be derived under the
critical instant.

Theorem 4.10 (Reworded from [CC17, Theorem 1]). Let St be the sum of the execution

times of one job of τ and
⌈

t
Tτ ′

⌉
jobs of each higher-priority task τ ′ ∈ hp(τ), i.e.,

St := c̄•τ(1) +
∑

τ ′∈hp(τ)

⌈
t

Tτ ′

⌉
∑
q=1

c̄•τ ′(q) . (4.9)

If the TDA succeeds using the Worst-Case Execution Time (WCET) of each task, then
the probability of deadline misses of task τ is 0. Otherwise, the probability of deadline
misses of task τ is upper bounded by

inf
0<t≤Dτ

P(St ≥ t). (4.10)

4.3.2 Counterexample

The statements in Theorem 4.9 and Theorem 4.10 are seemingly correct by simply
applying the sketched proof of Theorem 2.21 considering pWCET. However, the analysis
in the critical time zone does not consider the execution time distribution because only
the WCET is needed for analyzing the WCRT.

The key issue is how the interval extension from rωτ(ℓ) to t0 in the proof of Theorem 2.21

changes the response-time distribution of τ(ℓ). Considering the execution time distribution
of the higher-priority jobs, the interval extension from rωτ(ℓ) to t0 is not deterministic and
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τ1 τ1(1) τ1(2) τ1(3) τ1(4) τ1(5) τ1(6) τ1(7)

τ2

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

τ2(1) τ2(2) τ2(3) τ2(4) τ2(5) τ2(6)

Figure 4.7.: Release pattern of the counterexample task set, where both tasks release
synchronously at time 0.

τ2(1)
c•τ1(1) = 1

90%

c•τ1(1) = 2.5
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0 2 4 6

τ1(1)

✓

τ2(1)

0 2 4 6

τ1(1)

E

τ2(1)

τ2(1) blocked by τ1(2)

Figure 4.8.: State space for job τ2(1). Note that, since job τ2,1 misses its deadline at 4.4,
it is aborted in the schedule below.

is related to the probability of the execution times of the higher-priority tasks. Therefore,
ignoring the probability of the feasibility of the interval extension may result in incorrect
quantification of response-time distribution. This observation leads to the following
counterexample.
Consider the periodic synchronous task set T = {τ1, τ2} with

• τ1 ∈ PerOff(Tτ1=4, ϕτ1=0) ∩ pETiid(Dτ1) ⊆ PerOff(4, 0) ∩ pWCETiid(Dτ1)

• τ2 ∈ PerOff(Tτ2=4.4, ϕτ2=0) ∩ pETiid(Dτ2) ⊆ PerOff(4.4, 0) ∩ pWCETiid(Dτ2)

where Dτ1(t) = 1t≥1 · 0.9 + 1t≥2.5 · 0.1 and Dτ2(t) = 1t≥3 · 1.0 are step functions. More
specifically, the execution demand of every job τ1(j) of τ1 is a discrete random variable
c•τ1(j) with P(c•τ1(j) = 1) = 0.9 and P(c•τ1(j) = 2.5) = 0.1, and c•τ2(j) = 3 is deterministic

for all jobs τ2(j). The release pattern of that task set is depicted in Figure 4.7. In the

following, we show that the probability P(RA(•),•
τ2(6)

> t) is higher than the probability

P(RA(•),•
τ2(1)

> t), for some t with 0 < t ≤ Tτ2 . That is, the RTEP of the first job of task τ2
does not bound the RTEP of the other jobs of τ2. To that end, we consider t = 4.4.

For job τ2(1) (as shown in Figure 4.8): If τ1(1) has an execution time of 1, then τ2(1)
finishes at time 1+3 = 4. If τ1(1) has an execution time of 2.5, then τ2(1) does not finish
its execution at time 4.4. Therefore, we obtain

P(RA(•),•
τ2(1)

> 4.4) = P(c•τ1(1) = 2.5) = 0.1 (4.11)

For job τ2(6) (as shown in Figure 4.9): If τ1(6) has an execution time of 1, it contributes
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τ2(6)
c•τ1(6)=2.5
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c•τ1(6)=1
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c•τ1(7)=1
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c•τ1(7)=2.5
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E
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Figure 4.9.: State space for job τ2(6): For 3 out of 4 possible schedules in the time interval
[22, 26.4] job τ2(6) misses its deadline.

no interference to τ2(6). In this case, the response time of τ2(6) is only larger than 4.4 if
τ1(7) executes for 2.5 time units. If τ1(6) has an execution time of 2.5, then it contributes
0.5 time units as additional interference for τ2(6). In this case, the response time for
τ2(6) is larger than 4.4 if τ1(7) executes for 1 time unit or for 2.5 time units. Hence,

R
A(•),•
τ2(6)

> 4.4 if either τ1(6) or τ1(7) or both have an execution time of 2.5. Therefore,

the probability that the response time of τ2(6) is larger than 4.4 is:

P(RA(•),•
τ2(6)

> 4.4) = P(c•τ1(6) = 2.5) + P(c•τ1(6) = 1) · P(c•τ1(7) = 2.5) (4.12)

= 0.1 + 0.9 · 0.1 = 0.19 (4.13)

We obtain P(RA(•),•
τ2(1)

> 4.4) = 0.1 < 0.19 = P(RA(•),•
τ2(6)

> 4.4), which contradicts
Theorem 4.9. The counterexample invalidates Theorem 4.10 as well if we assume that τ2
has an implicit deadline (i.e., Dτ2 = Tτ2 = 4.4), since according to the counterexample
τ2(6) has a larger DFP than τ2(1) which contradicts that the WCDFP can be observed
for the first job of τ2.

Consequence: With pWCETs, the synchronous release of all tasks does not nec-
essarily generate the maximum interference and is thus not always a critical instant.
Therefore, Theorem 4.9 (i.e., Theorem 1 from [MC13]) and Theorem 4.10 (i.e., Theorem 1
from [CC17]) may result in an unsound WCDFP, as well as unsound WCRTEP.

Detailing the Misconception: The proof in [CC17] follows a similar structure as the
proof of the worst-case analysis of Theorem 2.21, whereas the proof in [MC13] directly
refers to the classical CIT. Essentially, to prove that the worst case is to synchronously
release one job from every higher-priority task together with the job of task τ under
analysis, interval extension is needed. However, as demonstrated in Figure 4.9, the
extension from rτ(ℓ) (namely, 22) to t0 (namely, 20) is also probabilistic, depending on
the execution time of the higher-priority jobs (namely, τ1(6)). It is therefore unsound to
simply extend the interval of interest without considering the change of the probabilistic
distribution in this regard.
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4.3.3 Safe Bounds for WCDFP and WCRTEP

In the following, we provide two methods to derive a sound Worst-Case Deadline Fail-
ure Probability (WCDFP) and Worst-Case Response Time Exceedance Probability
(WCRTEP). The first method is based on the inclusion of one additional job of a higher-
priority task in the analysis window, typically called carry-in. This method has been
widely used when the CIT does not work, e.g., for multiprocessor global scheduling [Bak03]
and self-suspending task systems [CNH16].

Theorem 4.11 (WCRTEP with Carry-In). Consider a system of constrained-deadline
sporadic real-time tasks T where a job is directly aborted when missing its deadline. The
WCRTEP of task τ ∈ T for a target value R ∈ (0, Tτ ] under uniprocessor preemptive
T-FP scheduling is upper bounded by

inf
0<t≤R

P(St > t), (4.14)

where St is a random variable which provides the sum of the execution times of one job

of τ and
⌈
t+Dτ ′
Tτ ′

⌉
jobs of each higher-priority task τ ′ ∈ hp(τ), i.e.,

St := c̄•τ(1) +
∑

τ ′∈hp(τ)

⌈
t+Dτ ′
Tτ ′

⌉
∑
q=1

c̄•τ ′(q). (4.15)

We note that the St from Equation (4.15) differs from St in Equation (4.9) by adding
the execution demand of carry-in jobs. For the sake of readability, the proof for this
theorem is included in Appendix B.2.

Corollary 4.12 (WCDFP with Carry-In). Under the same setup as in Theorem 4.11,
the WCDFP of task τ under uniprocessor preemptive T-FP scheduling is at most

inf
0<t≤Dτ

P(St > t). (4.16)

The second method quantifies the interference of the higher-priority tasks by the

sum of
⌈

t
Tτ ′

⌉
execution demands of each higher-priority task τ ′. However, the previous

counterexample shows that including only the execution demand of the first
⌈

t
Tτ ′

⌉
jobs

of τ ′ is unsound and that some additional jobs have to be considered. This method
conquers this issue by considering the inflation of the execution time of some jobs in the
random variables to ensure that the WCRTEP or the WCDFP is correctly bounded.

The idea behind inflation is as follows: Suppose that we have to consider λtτ ′ jobs of τ
′

in the analysis window (to be defined later). We randomly sample the execution demand

of λtτ ′ jobs of τ
′ but only the largest

⌈
t
Ti

⌉
of them are considered in the response-time

analysis. This procedure is formalized as follows.
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Definition 4.13. For any positive integers a and b with a ≤ b, a-job execution time
inflation of τ ′ ∈ T out of b jobs is a sampling process which first samples b random
variables of the execution time of task τ ′ and then selects the a largest values among the
samples as the inflated execution time. We denote by SAI(τ ′, a, b) (named after sample
and inflate) the random variable which provides the sum of the a selected samples. The
random variable can be formulated as:

SAI(τ ′, a, b) = max

{∑
c∈S

c

∣∣∣∣∣S ⊆
{
c̄•τ ′(1), . . . , c̄

•
τ ′(b)

}
, |S| = a

}
(4.17)

The following theorem shows that it is sound to sample
⌈
t+

∑
τ ′′∈hp(τ)\hp(τ ′) Dτ ′′

Tτ ′

⌉
jobs

and inflate
⌈

t
Tτ ′

⌉
jobs of each τ ′ ∈ hp(τ) when analyzing the WCRTEP of τ .

Theorem 4.14 (WCRTEP with Inflation). Consider a system of constrained-deadline
sporadic real-time tasks where a job is directly aborted when missing its deadline. The
WCRTEP of task τ for a target value R ∈ (0, Tτ ] under uniprocessor preemptive T-FP
scheduling is at most

inf
0<t≤R

P
(
c̄•τ(1) +

∑
τ ′∈hp(τ)

SAI

(
τ ′,
⌈
t

Tτ ′

⌉
, λtτ ′

)
> t

)
, (4.18)

where λtτ ′ is
⌈
t+

∑
τ ′′∈hp(τ)\hp(τ ′) Dτ ′′

Tτ ′

⌉
.

Again, for the sake of readability, the proof for this theorem is in Appendix B.2.

Corollary 4.15 (WCDFP with Inflation). Under the same setup of Theorem 4.14, the
WCDFP of task τ under uniprocessor preemptive T-FP scheduling is at most

inf
0<t≤Dτ

P
(
c̄•τ(1) +

∑
τ ′∈hp(τ)

SAI

(
τ ′,
⌈
t

Tτ ′

⌉
, λtτ ′

)
> t

)
. (4.19)

We demonstrate that these two methods do not dominate each other by providing two
concrete task sets, one where carry-in provides a better bound on the WCDFP and one
where inflation provides a better bound.

Example 4.16 (Inflation Outperforms Carry-In). We re-examine the scenario from the
previously provided counterexample (here abstracted to the sporadic task model and using
pWCET). In particular, we consider the implicit-deadline task set T = {τ1, τ2} with two
tasks described by:

• τ1 ∈ Spor(4) ∩ pWCETiid(Dτ1)

• τ2 ∈ Spor(4.4) ∩ pWCETiid(Dτ2)
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where Dτ1(t) = 1t≥1 · 0.9 + 1t≥2.5 · 0.1 and Dτ2(t) = 1t≥3 · 1.0. Task τ2 is under analysis.
It is shown in Section 4.3.2 that the WCDFP for τ2 is at least 0.19.

First, we compute an upper bound on the WCDFP by applying the carry-in method.
By Corollary 4.12, the WCDFP of τ2 is upper bounded by

inf
0<t≤Dτ2

P(St > t), (4.20)

where St is the sum of the execution time of one job of τ2 and
⌈
t+Dτ1
Tτ1

⌉
jobs of the

higher-priority task τ1. For all t ∈ (0, Dτ2 ] = (0, 4.4], we have
⌈
t+Dτ1
Tτ1

⌉
=
⌈
t+4
4

⌉
≥ 2.

Since the execution time of every job of τ2 is 3 and the execution time of jobs of τ1 is at
least 1, we obtain St ≥ 5 > t for all t ∈ (0, Dτ2 ]. Hence, inf0<t≤Dτ2

P(St > t) = 1.0 and
the carry-in method states that the WCDFP of τ2 is at most 1.0.

In this case, the inflation method provides a tighter result. By Corollary 4.15, the
WCDFP of τ2 is upper bounded by

inf
0<t≤Dτ2

P
(
c̄•τ2(1) + SAI(τ1,

⌈
t

Tτ1

⌉
, λtτ1) > t

)
, (4.21)

where λtτ1 =
⌈
t+Dτ1
Tτ1

⌉
. The values of

⌈
t

Tτ1

⌉
and λtτ1 are dependent on t as follows:⌈

t

Tτ1

⌉
=

{
1 t ∈ (0, 4]

2 t ∈ (4, 4.4]
λtτ1 =

{
2 t ∈ (0, 4]

3 t ∈ (4, 4.4]
(4.22)

i.e., checking Equation (4.21) for t = 4 and t = 4.4 is sufficient.

For t = 4, the random variable SAI
(
τ1,
⌈

t
Tτ1

⌉
, λtτ1

)
is SAI(τ1, 1, 2) which returns 1 if

both sampled jobs have execution of 1, i.e., with probability 0.9 · 0.9 = 0.81, and 2.5 with
probability 1− 0.81 = 0.19. If SAI(τ1, 1, 2) returns 1, then c̄•τ2(1) + SAI(τ1, 1, 2) returns

4 which is ≤ t = 4. If SAI(τ1, 1, 2) returns 2.5, then c̄•τ2(1) + SAI(τ1, 1, 2) returns 5.5

which is > t = 4. Hence, P(c̄•τ2(1) + SAI(τ1,
⌈

t
Tτ1

⌉
, λtτ1) > t) = 0.19 for t = 4.

For t = 4.4, SAI(τ1,
⌈

t
Tτ1

⌉
, λtτ1) is SAI(τ1, 2, 3) which returns at least 2. Therefore,

c̄•τ2(1)+SAI(τ1, 1, 2) returns at least 5 which is > t = 4.4 in all cases. Thus, the probability

P(c̄•τ2(1) + SAI(τ1,
⌈

t
Tτ1

⌉
, λtτ1) > t) for t = 4.4 is 1.0.

The WCDFP from the inflation method is at most 0.19, which is the lower bound
from the counterexample, i.e., the inflation method provides the exact WCDFP for this
example.

In fact, the inflation method (Theorem 4.14) is always better than the carry-in method
(Theorem 4.11) when considering only two tasks.

Theorem 4.17. If there are only two tasks in T = {τ1, τ2}, with τ1 having higher priority
than τ2, then

P
(
c̄•τ2(1) + SAI

(
τ1,

⌈
t

Tτ1

⌉
,

⌈
t+Dτ1

Tτ1

⌉)
> t

)
≤ P (St > t) (4.23)
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τ1 τ1(1) τ1(2)

τ2 τ2(1) τ2(2)

τ3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

τ3(1)

Figure 4.10.: Exemplary release pattern of the task set where the carry-in method out-
performs the inflation method. Release times of the jobs are as follows:
rωτ1(1) = 8, rωτ1(2) = 10, rωτ2(1) = 0, rωτ2(2) = 10, and rωτ3(1) = 9.3.

for all t with 0 < t ≤ Dτ2. That is, Theorem 4.14 dominates Theorem 4.11 when there
are only two tasks in T.

Proof. By definition, since λtτ1 =
⌈
t+Dτ1
Tτ1

⌉
≥
⌈

t
Tτ1

⌉
, we have

P
(
c̄•τ2(1) + SAI

(
τ1,

⌈
t

Tτ1

⌉
,

⌈
t+Dτ1

Tτ1

⌉)
> t

)
(4.24)

≤ P
(
c̄•τ2(1) + SAI

(
τ1,

⌈
t+Dτ1

Tτ1

⌉
,

⌈
t+Dτ1

Tτ1

⌉)
> t

)
(4.25)

= P
(
c̄•τ2(1) +

⌈
t+Dτ1
Tτ1

⌉∑
q=1

c̄•τ1(q) > t
)
= P(St > t), (4.26)

which leads to the condition in Equation (4.23).

On the other hand, considering more than 2 tasks, there are cases where the carry-in
method outperforms the inflation method.

Example 4.18 (Carry-In Outperforms Inflation). We consider the implicit-deadline task
set T = {τ1, τ2, τ3} described by:

• τ1 ∈ Spor(2) ∩ pWCETiid(Dτ1) with Dτ1(t) = 1t≥0.2 · 0.9 + 1t≥2 · 0.1

• τ2 ∈ Spor(10) ∩ pWCETiid(Dτ2) with Dτ2(t) = 1t≥0.2 · 0.9 + 1t≥10 · 0.1

• τ3 ∈ Spor(2) ∩ pWCETiid(Dτ3) with Dτ3(t) = 1t≥1 · 1.0

We assume that the task set is ordered by priority and that task τ3 is under analysis.
For a WCDFP lower bound we consider the release pattern shown in Figure 4.10. Under
this release pattern, job τ3(1) has a deadline miss if and only if at least one of the jobs
τ1(1), τ1(2), τ2(1), and τ2(2) executes with the WCET. The WCDFP of τ3 is therefore
lower bounded by 1− 0.9 · 0.9 · 0.9 · 0.9 = 0.3439.

First, we compute an upper bound on the WCDFP by applying the carry-in method.
By Corollary 4.12, the WCDFP of τ3 is upper bounded by inf0<t≤Dτ3

P(St > t), where
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St is the sum of the execution time of one job of τ3,
⌈
t+Dτ2
Tτ2

⌉
jobs of the higher-priority

task τ2, and
⌈
t+Dτ1
Tτ1

⌉
jobs of the higher-priority task τ1. For all t ∈ (0, Dτ3 ] = (0, 2],⌈

t+Dτ2
Tτ2

⌉
=
⌈
t+10
10

⌉
= 2 and

⌈
t+Dτ1
Tτ1

⌉
=
⌈
t+2
2

⌉
= 2. Therefore, St returns the sum of the

execution demand of one job of τ3, two jobs of τ2, and two jobs of τ1. We only get St ≤ 2
if both jobs of τ2 and both jobs of τ1 execute the smaller execution time. This case occurs
with probability 0.94. Hence, inf0<t≤Dτ3

P(St > t) = 1 − 0.94, i.e., the upper bound on
the WCDFP of τ3 obtained by the carry-in method is exact.

For the inflation method, by Corollary 4.15 the WCDFP of τ3 is upper bounded by

inf
0<t≤Dτ3

P
(
c̄•τ3(1) + SAI

(
τ2,

⌈
t

Tτ2

⌉
, λtτ2

)
+ SAI

(
τ1,

⌈
t

Tτ1

⌉
, λtτ1

)
> t

)
, (4.27)

where

λtτi =

⌈
t+

∑
τ ′′∈hp(τ3)\hp(τi)Dτ ′′

Tτi

⌉
for i = 1, 2.

For all t ∈ (0, Dτ3 ] = (0, 2], we have
⌈

t
Tτ2

⌉
=
⌈

t
10

⌉
= 1,

⌈
t

Tτ1

⌉
=
⌈
t
2

⌉
= 1, and

λtτ2 =

⌈
t+Dτ2

Tτ2

⌉
=

⌈
t+ 10

10

⌉
= 2,

λtτ1 =

⌈
t+Dτ2 +Dτ1

Tτ1

⌉
=

⌈
t+ 10 + 2

2

⌉
= 7.

Therefore, the probability from Equation (4.27) can be formulated as

P(c̄•τ3(1) + SAI(τ2, 1, 2) + SAI(τ1, 1, 7) > 2). (4.28)

The random variable SAI(τ2, 1, 2) returns the maximum execution demand of 2 jobs of τ2,
and the random variable SAI(τ1, 1, 7) returns the maximum execution demand of 7 jobs
of τ1. Therefore, SAI(τ2, 1, 2) is 0.2 if both jobs of τ2 have an execution demand of 0.2,
i.e., with probability 0.92, and 2 otherwise. Moreover, SAI(τ1, 1, 7) is 0.2 if all 7 jobs of τ1
have an execution demand of 0.2, i.e., with probability 0.97, and 10 otherwise. The random
variable c̄•τ3(1) + SAI(τ2, 1, 2) + SAI(τ1, 1, 7) is ≤ 2 if and only if SAI(τ2, 1, 2) = 0.2 and

SAI(τ1, 1, 7) = 0.2, i.e., with probability 0.99. Hence, the WCDFP of τ3 is upper bounded
by P(c̄•τ3(1) + SAI(τ2, 1, 2) + SAI(τ1, 1, 7) > 2) = 1− 0.99 which is around 0.61. For this
case, the upper bound on the WCDFP obtained by the inflation method is almost twice as
large as the WCDFP obtained by the carry-in method.

4.3.4 Impact on Literature Results

Probabilistic response-time analysis suffers from high computational complexity, as it
comprises two inherently difficult problems:
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(i) How to efficiently bound the RTEP or the DFP of a specific job for a given release
pattern (since a direct calculation via job-level convolution is intractable as time
and space complexity are exponential with respect to the number of jobs in the
pattern).

(ii) How to safely reduce the number of jobs/release patterns that must be considered
in the analysis, as otherwise at least all jobs in the hyperperiod must be considered
(see [Brü+21] for more detailed discussions).

Therefore, for an efficient analysis of the RTEP or DFP, solutions for both problems
must be provided.

The results by Maxim and Cucu-Grosjean [MC13] and Chen and Chen [CC17] both
provide two main contributions, one with respect to each of the problems: (i) a technique
to efficiently bound the RTEP (DFP, respectively) for a job under analysis considering a
specific release pattern, and (ii) a specific release pattern based on the critical instant that
is claimed to provide the worst case among all jobs of a specific task under static-priority
scheduling (i.e., to calculate the WCRTEP or the WCDFP). Although their concluded
critical instant is unsound, the efficient calculations for a specific release pattern remains
correct in both cases. Hence, results that directly build on the proposed unsound critical
instant are affected, while their contributions to solutions for improving tractability
remain unaffected. In the remainder of this section, how relevant publications in the
literature are affected by our counterexample.

Direct Adoption of Unsound Critical Instant While the number of
considered release patterns must be reduced to allow efficient computation, the derived
analysis might become unsound, since the response-time distribution under the unsound
critical instant is not necessarily the maximum.

For sensor networks, several results by Ren et al. analyze the response-time distribution,
and Theorem 3.1 from [Ren+15] as well as Theorem 1 from [Ren+19] are affected. Their
analysis assumes that the unsound critical instant from [MC13] is the worst-case scenario
for bounding the response-time distribution. They derived a simulation-based analysis
and resolved the intractability issue by abstracting it as an additional probabilistic
function. However, the abstraction (e.g., Def 4.3 and 4.4 in [Ren+15]) still relies on the
assumption of the unsound critical instant to limit the state space.

For mixed criticality systems [BBD11], Maxim et al. [Max+17] adapted the probabilistic
response-time analysis derived in [MC13] as a backbone (i.e., Equations (4)–(6) in [MC13])
to build up several analyses for tasks with different criticality in different types of
scheduling schemes. The influence of the unsound critical instant propagates by the
direct adaption without further modifications. Therefore, the corresponding probabilistic
response-time analysis and the schedulability test in [Max+17] are unsound.

The unsound critical instant was adopted by Chen et al. [CBC18] to efficiently calculate
the deadline miss rate, assuming that a job is never aborted after any deadline miss.
Their approach partitions the schedule into busy intervals and analyzes the probabilities
of individual cases. They utilized the unsound critical instant as their analysis backbone,
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and, therefore, concluded an unsound worst-case miss rate analysis. The methods
presented in Section 4.3.3 can unfortunately not be adopted to fix their approach, as we
assume that jobs are aborted right after missing their deadlines, whilst their problem
definition disallows such a treatment.

Techniques for Efficient Calculation When considering a specific job under
a given release pattern, a direct computation through näıve convolution is intractable.
The reason is that the time and space complexity is exponential in the number of
jobs released in the considered interval, which can easily be hundreds or thousands of
jobs for practical systems. Hence, several distinct approaches have been proposed to
mitigate or even avoid these issues (by trading calculation speed for pessimism), e.g.,
down-sampling approaches [MPN21; MC13; Max+12; RH10], concentration inequali-
ties [Brü+18; CC17; Che+19c], task-level convolution [Brü+18], and the Monte Carlo
response-time analysis [BBB21].

When calculating the probabilistic response time of a specific job using convolution
with down-sampling [MC13; Max+12; RH10] or the Monte Carlo response-time anal-
ysis [BBB21], the unsound critical instant is merely adopted as a specific evaluation
scenario. Although the considered scenario is not the worst-case scenario, the technical
contribution hence remains unaffected.

A similar misconception can be found in Theorem 4.10 (i.e., Theorem 1 from [CC17]),
where the accumulated workload of higher-priority tasks also overlooks potential carry-in
jobs. The analytical upper bounds by Chen and Chen [CC17], von der Brüggen et
al. [Brü+18], and Chen et al. [Che+19c] as well as the task-level convolution by von der
Brüggen et al. [Brü+18] utilize the same concept of accumulated workload.

The efficient calculation techniques mentioned above can still directly be applied to
upper-bound the probabilistic response-time distribution (for [BBB21; MC13; RH10]) or
the WCRTEP (for [Brü+18; CC17; Che+19c]) by replacing the adoption of the unsound
CIT in these results with the sound analyses in Theorem 4.11 or Theorem 4.14.

4.4 Summary and Open Problems

In this chapter, we provided three counterexamples for well-established literature results.
Specifically, in Section 4.1 we showed that slack enforcement mechanisms can provoke
deadline misses for self-suspending tasks, in Section 4.2 we disproved a blocking-based
schedulability test for self-suspending tasks, and in Section 4.3 we showed that the
classical extension of the CIT to probabilistic scenarios is flawed. Hence, this chapter
emphasizes the need for careful analysis and rigorous proofs.

The first two counterexamples close the unresolved issues of the review paper on
self-suspending tasks by Chen et al. [Che+19b]. Hence, this concludes their investigation
on the literature of self-suspending tasks before 2019. However, the underlying questions
of the two papers under examination remain unclear: Can we shape self-suspending
tasks such that they behave like classical non-self-suspending tasks? Can we analyze
self-suspension as blocking under EDF scheduling?
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Regarding the CIT, we also provided two safe approaches, namely carry-in and inflation,
that can be used to extend the CIT to probabilistic scenarios. The safe approaches
were picked up as a backbone to develop new research results regarding the analysis
of probabilistic scenarios [MNP22; Mar+23]. Still, the proposed approaches are over-
approximations, and it is unclear how close these over-approximations are to exact results
or how to design a tractable exact analysis.

While the definite source of misconception for the three literature results investigated
in this chapter are unknown, we believe that a lack of careful property-based analysis
might have encouraged unsafe examination. Specifically, the common approach is to
define the system model under analysis and only concretize system behavior where
necessary (intuitively a top-down approach). However, this approach conceals the actual
system behavior, favoring missing assumptions or limitation to unnecessary properties.
Therefore, in this dissertation, we follow a more error-proof bottom-up strategy by
deriving analytical properties from possible system evolutions.
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5
Self-Suspension

The underlying assumption in typical response-time analysis and schedulability analysis
is that no job can yield its ready state between its release and completion. In many real-
world applications however, this model is insufficient to describe application demands. For
instance, offloading parts of the computation to hardware accelerators [Don+18; Liu+14]
or the partitioned scheduling of parallel Directed Acyclic Graph (DAG) tasks with subjob
partitioning [Fon+16] are cases in which a job yields its ready state while waiting for
offloaded computations or the completion of preceding subjobs before resuming to the
ready state again. In the literature, such behavior is referred to as self-suspension as a
job may suspend itself from the ready state and thus be exempted from the scheduling
for the suspension duration. This behavior makes it non-trivial to resort to established
concepts such as the busy-interval analysis for self-suspending task sets, which is required
to analyze the Worst-Case Response Time (WCRT) of tasks, especially in the presence
of backlog, e.g., for arbitrary-deadline task sets. The two predominantly studied task
models for self-suspending tasks are the segmented and the dynamic self-suspending task
model, as introduced in Section 3.1.3.

In this chapter, we discuss our analytical results for self-suspending tasks. To that
end, in Section 5.1 we present analyses of the schedulability of self-suspending task sets.
Section 5.2 discusses mechanisms to avoid timing anomalies for self-suspending tasks.
The results of this chapter focus on preemptive scheduling on a uniprocessor system.

5.1 Schedulability Analysis

As supported by the existence of several flawed literature results, the analysis of WCRT
or schedulability of self-suspending tasks is a challenging endeavor. The reason is that
most classical analysis techniques, like the Critical Instant Theorem (CIT) [LL73], Time-
Demand Analysis (TDA) [JP86; LSD89], or the demand bound function [BMR90], are
based on the assumption that a job, after it is released, is either executed or waiting to
be executed in the ready queue until it finishes. Contrarily, a job of a self-suspending
task may release the processor before being completed, for instance when waiting to get
access to a shared resource or offloading computation to an external device, and continue
its execution later on. The irregular interference behavior of self-suspending task systems
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makes it mandatory to construct WCRT analyses from fundamental principles.

In this section, we provide analyses of the schedulability of self-suspending tasks
under different scheduling algorithms, focusing on preemptive uniprocessor schedul-
ing of dynamic self-suspending tasks. We cover results under Task-level Fixed-Priority
(T-FP) scheduling in Section 5.1.1, under Earliest-Deadline-First (EDF) scheduling in Sec-
tion 5.1.2 and under EDF-Like (EL) scheduling in Section 5.1.3. Moreover, an evaluation
framework of aggregated bounds from the literature is presented in Section 5.1.4.

5.1.1 Under Task-level Fixed-Priority Scheduling

For dynamic self-suspending tasks under Task-level Fixed-Priority (T-FP) scheduling
current analyses solely focus on periodic or sporadic task models [AB04; CNH16; Hua+15;
Kim+95]. However, the results in [AB04; Kim+95] have been disproved [Che+19b] due
to the fact that the classical CIT does not hold for self-suspending tasks. The current
state-of-the-art analysis for dynamic self-suspending tasks under the sporadic task model
is given by Chen et al. [CNH16]. In particular, they developed a unifying response-
time analysis, that allows to either include the suspension times of higher-priority tasks
explicitly in the analysis or include more workload modeled by a jitter term induced
by self-suspension. However, their analysis is limited to constrained-deadline tasks, i.e.,
the deadline must be no more than the minimum inter-arrival time. To the best of our
knowledge it is an open problem if a busy-interval equivalent concept can be established
for self-suspending arbitrary-deadline task systems. Moreover, it is unclear how many
jobs must be considered in the analysis even if a busy-interval concept would exist.

In this section, we present a suspension-aware busy-interval analysis for dynamic
self-suspension tasks where the inter-arrival time of subsequent jobs can be bounded
by an arrival curve (see Section 2.4.2). Based on the general analysis, we provide
WCRT analyses and hence sufficient schedulability tests for sporadic self-suspension task
systems with arbitrary deadlines. To the best of our knowledge, the analysis presented in
this work is the first suspension-aware analysis for arbitrary-deadline sporadic real-time
task systems and tasks abstracted with arrival curves under T-FP scheduling. The
contributions of this section are as follows:

• We provide the first WCRT analysis for self-suspending real-time tasks described
by arrival curves in Section 5.1.1.1 by extending the concept of busy-interval by
Lehoczky [Leh90] to the suspension-aware busy-interval. Specifically, the analysis
extends the window of interest in a way such that at most one self-suspending job
of each higher-priority task has to be considered in the analysis. The interference
from higher-priority self-suspending tasks can be arbitrarily modelled with one of
two types of carry-in terms, in which one has self-suspending behavior and one
does not.

• We derive a schedulability test for the special case where the worst-case (upper)
arrival curve of a task is periodic, i.e., the classical sporadic real-time tasks, in
Section 5.1.1.2.
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• In Section 5.1.1.3 we discuss the trade-off of the two carry-in terms utilized in the
analysis.

• We compare our approach with the state of the art for arbitrary-deadline tasks in
Section 5.1.1.4, modelling the arrival curve for tasks with release jitter. Moreover,
we demonstrate that our analysis exploits the optimism that is obtained when
increasing the tasks’ relative deadlines.

The results presented in this section appeared in RTSS 2021 [GUC21].

5.1.1.1 Analysis with Arrival Curves

We consider a task set T = {τ1, . . . , τn} consisting of n tasks abstracted with dynamic
self-suspension and arrival curves. That is, each task τi ∈ T can be abstracted as

τi ∈ Arr(ατi) ∩DynSS(Cτi , Sτi). (5.1)

We assume that the task set is ordered according to the priority level, i.e., a task τi has
higher priority than a task τj if and only if i < j. In the following, we denote by A
the preemptive T-FP scheduling algorithm. Hence, for a system evolution ω ∈ Ω, the
corresponding schedule is [S] = A(ω).

On the basis of the WCRT RA
τi of a given task τi, the maximal amount of concurrently

pending workload that is generated by τi is given by

C∗
i := min(ατi(R

A
τi) · Cτi , R

A
τi). (5.2)

In particular, this means that at each time there is no more than C∗
i ∈ [Cτi , R

A
τi ] amount

of pending workload of jobs of τi in a ready state (ready queue). The reason for this is
that the maximal number of concurrent jobs of τi which are released but not yet finished
is upper bounded by ατi(R

A
τi). Each of them can have pending workload of up to Cτi time

units. This shows C∗
i ≤ ατi(R

A
τi) ·Cτi . Moreover, if the concurrently pending workload at

some time instant t would be higher than RA
τi , then the most recently released job would

finish no earlier than at t+RA
τi , i.e., R

A
τi would not be an upper bound of the WCRT of

τi, which is a contradiction. Therefore, C∗
i ≤ RA

τi as well.

In the remainder of this section, we derive a sufficient schedulability test. The proof
structure is inspired by the constrained-deadline analysis in [CNH16]. However, the char-
acterizations of arbitrary-deadline tasks are completely different from constrained-deadline
tasks, and none of their lemmas can be directly applied without proper modifications. We
start by considering a system evolution ω ∈ Ω and the corresponding schedule [S] := A(ω)
of the task set T. Iteratively, we consider the task τk, k = 1, . . . , n and provide an upper
bound on the WCRT for τk under the assumption that the upper bound for τ1, . . . , τk−1

has been derived beforehand.

Let τk be the task under analysis. In the following, we consider some job τk(ℓ) and
bound its response time. We partition the higher-priority tasks τ1, . . . , τk−1 into two sets
denoted by T0 and T1. Our analysis assumes that this partition is given and provides a

83



5. Self-Suspension

T0 ∋ τ1

T1 ∋ τ2

τ3

0 2 4 6 8 10 12 14 16 18

Figure 5.1.: Schedule [S] of 3 tasks from Example 5.2. The execution segments of job
τ3(2) are marked gray.

valid sufficient schedulability test. Depending on the partition, the analysis approach is
different: For each task, we either cut or extend the analysis window. To find a suitable
partition, one can examine all of them. We explain how to find suitable partitions in
Section 5.1.1.3.

The proof is divided into four steps:

Step 1: Reducing the schedule [S] to [S1] by removing jobs that do not contribute to
the response time of τk(ℓ).

Step 2: Analyzing the reduced schedule [S1] and proving useful properties for Step 3
and Step 4.

Step 3: Providing a response-time upper bound for τk(ℓ).

Step 4: Using the response-time bound from Step 3 to derive a schedulability test.

Our analysis is based on the suspension-aware busy-interval of τk defined as follows:

Definition 5.1 (Suspension-aware busy-interval). The half-opened interval [v, w) is a
suspension-aware busy-interval of τk if there is pending workload of task τk at all times
during the interval [v, w). That is, [v, w) is a suspension-aware busy-interval if and only

if [v, w) ⊆ ⋃j∈N[r
ω
τk(j)

, f
A(ω),ω
τk(j)

).

Let a ∈ N. The job τk(ℓ) is the a-th job in a suspension-aware busy-interval of τk if

[rωτk(ℓ−(a−1)), f
A(ω),ω
τk(ℓ)

) is a suspension-aware busy-interval of τk and all jobs of τk released
before rωτk(ℓ−(a−1)) finish at latest at rωτk(ℓ−(a−1)).

Example 5.2. In Figure 5.1 we present an example schedule for T = {τ1, τ2, τ3} with
T0 = {τ1} and T1 = {τ2} to give the reader guidance through the proof. The job τ3(2) is
under analysis. It is the second job in a suspension-aware busy-interval of τ3.

Step 1: Reducing the schedule [S]. First, we remove all tasks with lower
priority than τk from the system. This does not affect the schedule of τ1, . . . , τk as the
lower-priority tasks are anyway preempted when there is pending workload of τ1, . . . , τk.
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Case X0: rωτi(1) ≥ ti+1

τi

ti := ti+1

Case X1: τi ∈ T1, r
ω
τi(ℓi)

≤ ti+1

τi

ti+1ti

Case X2: τi ∈ T1, r
ω
τi(ℓi)

> ti+1

τi

ti := ti+1

Case X3: τi ∈ T0

τi

ti := ti+1

Figure 5.2.: Procedure from [Si+1] to [Si] as in Step 1. Gray areas are removed from the
schedule.

Afterwards, we remove further jobs from the schedule. In this step, the removal of jobs in
the schedule has to be guaranteed not to affect the response time of τk(ℓ) in the schedule.

Let a ∈ N such that τk(ℓ) is the a-th job in a suspension-aware busy-interval of τk, as
defined in Definition 5.1. We set tk := rωτk(ℓ−(a−1)) as the beginning of the suspension-

aware busy-interval and remove the jobs τk(1), . . . , τk(ℓ − a) from the schedule. The
removal of these jobs does not affect the schedule of the higher-priority tasks, as the
higher-priority tasks would preempt job execution of τk anyway. Moreover, since τk has
the lowest priority in the schedule [S] (after the treatment in the previous paragraph),
there are no lower-priority tasks to be affected. The jobs released at or after tk (including
τk(ℓ)) are not affected as well, since all removed jobs are finished until time tk.
We define ωk and [Sk] to be the resulting reduced system evolution and reduced

schedule, respectively. In the following, we describe how to derive [Si], ωi and ti from
[Si+1], ωi+1 and ti+1 iteratively, for i = k − 1, k − 2, . . . , 1. The main procedure is to
extend the analysis window if τi ∈ T1 and to cut the overlapping job of τi if τi ∈ T0. More
specifically, we distinguish four different cases as depicted in Figure 5.2. Please note that
the four cases cover all possible scenarios.

Procedure from [Si+1] to [Si]:

Case X0: All jobs of τi are released at or after ti+1. In this case, we define [Si] := [Si+1],
ωi := ωi+1 and ti := ti+1.

The other three cases (X1, X2, and X3) involve scenarios in which there are jobs of
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τi released before ti+1. We denote by c∗i the residual workload at time ti+1 of τi, i.e., the
amount of remaining time that the processor needs to work on pending jobs of τi at time
ti+1. Moreover, let τi(ℓi) be the first job of τi which finishes after ti+1.

Case X1: τi ∈ T1 and r
ωi+1

τi(ℓi)
≤ ti+1. In this case, we set ti := max(f

[Si+1],ωi+1

τi(ℓi−1) , r
ωi+1

τi(ℓi)
) to

be the maximum of the release of the first job that finishes after ti+1 and the finish
of the previous job. We remove all jobs of τi before ττi(ℓi).

Case X2: τi ∈ T1, r
ωi+1

τi(ℓi)
> ti+1. In this case, we set ti := ti+1 and remove all jobs of

τi released before τi(ℓi). Note that afterwards there is no job execution of or job
release of τi before ti+1.

Case X3: τi ∈ T0. In this case, we define ti := ti+1. All jobs released after ti remain
unmodified in the schedule. All jobs released before ti are replaced by one artificial
job with execution time c∗i and release ti with the same priority and the same
execution and suspension behavior that the other jobs had after ti+1. In particular,
the execution and suspension pattern of τi after ti remains unchanged and there is
no job release before ti.

Please note that the transformation from [Si+1] to [Si] does not affect the response
time of τk(ℓ) due to the following reasoning: In the procedure from [Si+1] to [Si], only
the schedule of τi before ti is modified. Before ti, there are no jobs of lower-priority tasks
released (all of them are already removed in [Si+1]). Therefore, modifying the schedule
of τi has no impact on the lower-priority tasks. As a result, the job τk(ℓ) is not affected
by the transformation from [Si+1] to [Si]. We conclude the following.

Lemma 5.3. The response time of τk(ℓ) in [S] coincides with the response time of τk(ℓ)
in [S1].

Proof. In this subsection, we discussed that neither the transformation from [S] to [Sk]
nor the transformation from [Si+1] to [Si] for any i ∈ {1, . . . , k − 1} affects the response
time of τk(ℓ). Since the transformation from [S] to [S1] is just a composition of the above
transformations, this does not affect the response time of τk(ℓ) as well.

The procedure of this subsection is illustrated by the following example.

Example 5.4. In Figure 5.3, we present the schedule [S1] for the original schedule from
Figure 5.1. We set t3 to the release of the first job in the suspension-aware busy-interval
of the job under analysis τ3(2) at time 5. When going from [S3] to [S2], we set t2 to
time 3, according to Case X1. Finally, we set t1 := t2 and cut the job, as presented for
Case X3. We obtain [S1].
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τ3

0 2 4 6 8 10 12 14 16 18t3

T1 ∋ τ2

t2

T0 ∋ τ1

t1

Figure 5.3.: Schedule [S1] from Example 5.2 after Step 1.

Step 2: Analyzing [S1]. To deduce a WCRT of τk(ℓ), in this step, we analyze the
amount of time that the processor executes and idles in [S1]. The backbone for this step

of the analysis is the fact that for any interval [t1, t) with tk ≤ t ≤ f
[S1],ω1

τk(ℓ)
, we have

idle[S1](t1, t) + exec[S1](t1, t) = t− t1. (5.3)

In the following, we derive upper bounds for idle[S1](t1, t) and exec[S1](t1, t), and conclude
the response-time upper bound. We utilize

idle[S1](t1, t) =
k−1∑
i=1

idle[S1](ti, ti+1) + idle[S1](tk, t) (5.4)

exec[S1](t1, t) =
k∑

i=1

exec[S1]
τi (t1, t) (5.5)

Moreover, we know that exec
[S1]
τi (t1, t) = exec

[S1]
τi (ti, t) for all i since no job of τi is executed

before ti in [S1].

Lemma 5.5 shows that for each segment [ti, ti+1) the idle time is upper bounded by
the maximum suspension time Sτi in [S1].

Lemma 5.5. Consider the schedule [S1].

(i) Let i ∈ {1, . . . , k − 1}. At any time instant1 during [ti, ti+1) a job of τi is executed
or suspends itself, or a job from a higher-priority task is executed.

(ii) At any time instant during [tk, f
[S1],ω1

τk(ℓ)
) a job of τk is executed or suspends itself,

or a job from a higher-priority tasks is executed.

1When we say “at any time instant . . . holds”, we formally mean: For all t there exists an ε > 0 such
that during (t, t + ε) . . . holds. We avoid this formalism in the proof of Lemma 5.5 for the sake of
readability.
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Proof. By the construction of ti in Step 1, at any time instant during [ti, ti+1) there is
pending work of τi. More specifically, either ti = ti+1 or there is a job of τi which is
released no later than ti and finishes after ti+1. Therefore, at all time instants during
[ti, ti+1) in the schedule [S] a job of τi is executed or suspends itself, or a job of a
higher-priority task is executed. When we construct [S1] from [S], during [ti, ti+1) we
only remove execution and suspension from jobs of lower-priority tasks. Hence, (i) holds.

During [tk, f
[S1],ω1

τk(ℓ)
) in [S], there is a suspension-aware busy-interval of task τk, i.e.,

there is pending work of τk at all time instants during [tk, f
[S1],ω1

τk(ℓ)
). Similar as above,

at all time instants during [tk, f
[S1],ω1

τk(ℓ)
) in [S] a job of τk is executed or suspends itself,

or a job of a higher-priority task is executed. However, when [S1] is constructed from

[S], during [tk, f
[S1],ω1

τk(ℓ)
) only execution and suspension from jobs of lower-priority tasks is

removed. Hence, (ii) holds.

This lemma implies that each time the processor idles during [ti, ti+1), a job of task

τi suspends itself, and each time the processor idles during [tk, f
[S1],ω1

τk(ℓ)
), a job of task τk

suspends itself. Let xi be 1 if τi ∈ T1 and 0 if τi ∈ T0. We define by suspi(ti, ti+1) the
amount of time that jobs of τi suspend during [ti, ti+1) in [S1].

Lemma 5.6. For any i = 1, . . . , k − 1 we have idle[S1](ti, ti+1) ≤ xi · suspi(ti, ti+1) ≤
xi · Sτi.

Proof. If ti and ti+1 coincide, then by definition the equations idle[S1](ti, ti+1) = 0 and
suspi(ti, ti+1) = 0 hold. Moreover, xi · Sτi ≥ 0, which concludes this case.
If ti and ti+1 do not coincide, then ti < ti+1. This can only be achieved if Case X1

is applied when going from [Si+1] to [Si], i.e., xi = 1. It remains to show that

idle[S1](ti, ti+1) ≤ suspi(ti, ti+1) ≤ Sτi . Since ti = max(f
[S1],ω1

τi(ℓi−1), r
ω1

τi(ℓi)
), all jobs of τi

prior to τi(ℓi) finish at or before ti. Moreover, τi(ℓi) finishes after ti+1. Hence, τi(ℓi)
is the only job of τi that suspends itself during [ti, ti+1), i.e., suspi(ti, ti+1) ≤ Sτi . Due
to Lemma 5.5, during [ti, ti+1) a job of τi suspends itself whenever the processor idles.
Hence, idle[S1](ti, ti+1) ≤ suspi(ti, ti+1).

Utilizing the second part of Lemma 5.5, we provide a similar statement about the idle

time during [tk, t) for any t ∈ [tk, f
[S1],ω1

τk(ℓ)
]. However, during this interval there are a many

jobs of τk that may suspend themselves.

Lemma 5.7. For any t ∈ [tk, f
[S1],ω1

τk(ℓ)
] we have idle[S1](tk, t) ≤ a · Sτk .

Proof. Due to Lemma 5.5, whenever the processor idles during the interval [tk, t), there

is some job of τk that suspends itself. By the definition of tk, the interval [tk, f
[S1],ω1

τk(ℓ)
) is

a suspension-aware busy-interval of τk with a jobs. Hence, there can be at most a jobs of

τk that suspend themselves during [tk, t) ⊂ [tk, f
[S1],ω1

τk(ℓ)
) and idle[S1](tk, t) ≤ a · Sτk .

After an estimation of the idle time of the processor during [t1, t), we focus on the
execution time. For each task τi ̸= τk, we do this by setting ∆ to t− ti and providing an
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upper bound for exec
[S1]
τi (ti, ti +∆). In Lemma 5.8, we present a general bound which

is applicable to all tasks. Afterwards, we consider the case τi ∈ T1 in Lemma 5.11, we
consider the case τi ∈ T0 in Lemma 5.12, and we consider the case τi = τk in Lemma 5.13.

Lemma 5.8. Let τi in T. For any ∆ ≥ 0, we have

exec[S1]
τi (ti, ti +∆) ≤ ατi(∆ +RA

τi) · Cτi (5.6)

where RA
τi is an upper bound on the WCRT of the task τi.

Proof. To be executed during the interval [ti, ti +∆) a job of τi must be released before
ti+∆. Moreover, it must not be finished until ti, which is only possible if it is released after
ti−RA

τi . We conclude that only jobs that are released during the interval (ti−RA
τi , ti+∆)

may be executed during [ti, ti + ∆). The number of those jobs is upper bounded by
ατi(∆ +RA

τi). Each of them can be executed for at most Cτi time units.

For a precise proof of Lemma 5.11, 5.12 and 5.13, we first introduce the notation of
interference Ii and derive useful properties in Lemma 5.10:

Definition 5.9 (Interference). For all t ∈ R and ∆ ≥ 0, we define by

Ii(t, t+∆) :=
∑

j∈N,rω1
τi(j)

∈[t,t+∆)

exec
[S1],ω1

τi(j)
(t, t+∆) (5.7)

the interference during the interval [t, t+∆) from task τi, which is the amount of execution
time during [t, t+∆) from jobs of τi which are released during [t, t+∆).

Moreover, we define Ii(∆) to be the maximum interference from task τi during an
interval of length ∆, i.e.,

Ii(∆) =

{
supt Ii(t, t+∆) ∆ ≥ 0

0 ∆ < 0
. (5.8)

Lemma 5.10. For the maximum interference function Ii the following properties hold
for all ∆ ≥ 0:

(i) Ii(∆) ≤ Ii(∆− δ) + δ for all δ ≥ 0

(ii) Ii(∆) ≤ ατi(∆) · Cτi

Proof. Let ∆, δ ≥ 0 be fixed. During an interval of length δ, there can be at most δ amount
of workload being executed. Therefore, for all t we have Ii(t, t+∆)− Ii(t, t+∆− δ) ≤ δ.
By using the supremum, we obtain the first part of the lemma.
The maximum number of job releases during an interval of length ∆ is upper bounded

by ατi(∆). Each of these jobs can be executed for at most Cτi time units.

In the following three lemmas, we provide the upper bound for exec
[S1]
τi (ti, ti +∆) if

τi ∈ T1, τi ∈ T0 or τi = τk.
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Lemma 5.11. Let τi in T1. For any ∆ ≥ 0, we have

exec[S1]
τi (ti, ti +∆) ≤ ατi(∆ +max(RA

τi − Ti, 0)) · Cτi (5.9)

where RA
τi is the WCRT or an upper bound on the WCRT of the task τi, and 0 ≤ Ti ≤

inf {t ∈ R≥0 |ατi(t) ≥ 2} is a lower bound on the minimal time between two consecutive
job releases.

Proof. Since τi ∈ T1, ti can be derived by Case X0, Case X1 or Case X2 during the
procedure from [Si+1] to [Si].
If ti is derived by Case X0, then all jobs of τi are released at or after ti. Therefore,

exec
[S1]
τi (ti, ti +∆) = Ii(ti, ti +∆) ≤ Ii(∆) ≤ ατi(∆) ·Cτi . Due to the monotonicity of the

arrival curve, we obtain the result from Equation (5.9).
If ti is derived by Case X1, then all jobs of τi prior to τi(ℓi) are finished at time ti

and are therefore not executed after ti. If ti = rω1

τi(ℓi)
, then all jobs that execute after ti

are released at or after ti, similar to Case X0. More specifically, we have:

exec[S1]
τi (ti, ti +∆) = Ii(ti, ti +∆) ≤ Ii(∆) ≤ ατi(∆) · Cτi (5.10)

≤ ατi(∆ +max(RA
τi − Ti, 0)) · Cτi (5.11)

If ti = f
[S1],ω1

τi(ℓi−1), then τi(ℓi) is released no earlier than ti −RA
τi + Ti. We obtain:

exec[S1]
τi (ti, ti +∆) ≤ Ii(ti −RA

τi + Ti, ti +∆) ≤ Ii(∆ +RA
τi − Ti) (5.12)

≤ ατi(∆ +RA
τi − Ti) · Cτi (5.13)

Since the arrival curve ατi is monotonically increasing, replacingRA
τi−Ti by max(RA

τi−Ti, 0)
yields the result.

If ti is derived by Case X2, then all jobs of τi which are executed after ti are released

at or after ti. Analogously to Case X0, we obtain exec
[S1]
τi (ti, ti +∆) = Ii(ti, ti +∆) ≤

Ii(∆) ≤ ατi(∆) · Cτi ≤ ατi(∆ +max(RA
τi − Ti, 0)) · Cτi as in Equation (5.9).

We note that the bound from Lemma 5.11 is tighter than the bound from Lemma 5.8,
since ατi(∆ +max(RA

τi − Ti, 0)) ≤ ατi(∆ +max(RA
τi , 0)) ≤ ατi(∆ +RA

τi).

Lemma 5.12. Let τi in T0. For any ∆ ≥ 0, we have

exec[S1]
τi (ti, ti +∆) ≤ ατi(∆− Ti +RA

τi − C∗
i ) · Cτi + C∗

i (5.14)

where RA
τi is an upper bound on the WCRT of τi and C

∗
i := min(ατi(R

A
τi) ·Cτi , R

A
τi) is an

upper bound on the maximum current workload.

Proof. Since τi ∈ T0, ti can be derived by Case X0 or Case X3 during the procedure
from [Si+1] to [Si].
If ti is derived by Case X0, then analogously to the proof of Lemma 5.11 we obtain

exec
[S1]
τi (ti, ti +∆) ≤ ατi(∆) ·Cτi . For the arrival curve we have ατi(∆) ≤ ατi(∆−Ti) + 1.
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Due to the monotonicity of ατi and since RA
τi − C∗

i ≥ 0, ατi(∆− Ti) is less than or equal
to ατi(∆− Ti +RA

τi −C∗
i ). by using Cτi ≤ C∗

i we obtain the result from Equation (5.14).
If ti is derived by Case X3, then c∗i ≤ C∗

i denotes the residual workload at time ti. Let
τi(ℓi), . . . , τi(ℓi+p) be the jobs that contribute to c

∗
i , then τi(ℓi+p) finishes no earlier than

f
[S1],ω1

τi(ℓi+p) ≥ ti + c
∗
i . Since f

[S1],ω1

τi(ℓi+p) ≤ rω1

τi(ℓi+p) +R
A
τi ≤ rω1

τi(ℓi+p+1)−Ti +R
A
τi , we obtain that

ττi(ℓi+p+1) and all following jobs are released no earlier than rω1

τi(ℓi+p+1) ≥ ti+c
∗
i +Ti−RA

τi .

This yields exec
[S1]
τi (ti, ti +∆) ≤ c∗i + Ii(∆ − c∗i − Ti + RA

τi). Lemma 5.10 with δ set to

C∗
i − c∗i yields the inequality exec

[S1]
τi (ti, ti +∆) ≤ C∗

i + Ii(∆−C∗
i − Ti +RA

τi) which is at
most C∗

i + ατi(∆− C∗
i − Ti +RA

τi) · Cτi .

In general, the bounds from Lemma 5.8 and Lemma 5.12 do not dominate each other.
Hence, when τi ∈ T0 both bounds have to be considered.

Lemma 5.13. For t ∈ [tk, f
[S1],ω1

τk(ℓ)
] we have exec

[S1]
τk (tk, t) ≤ a · Cτk .

Proof. The interval [tk, f
[S1],ω1

τk(ℓ)
) is a suspension aware busy-interval of τk with a jobs.

Hence, there are only a jobs of τk that can be executed by the processor during [tk, f
[S1],ω1

τk(ℓ)
).

As a result, exec
[S1]
τk (tk, t) ≤ exec

[S1]
τk (tk, f

[S1],ω1

τk(ℓ)
) ≤ a · Cτk .

For τk we have an upper bound for the idle time and execution time formulated in

Lemma 5.7 and Lemma 5.13 when t ∈ [tk, f
[S1],ω1

τk(ℓ)
]. If t ̸= f

[S1],ω1

τk(ℓ)
, i.e., τk(ℓ) is not already

finished at time t, we know that there is remaining execution or suspension time from
τk(ℓ). In this case we provide the following lemma.

Lemma 5.14. For all t ∈ [tk, f
[S1],ω1

τk(ℓ)
) we have

exec[S1]
τk

(tk, t) + idle[S1](tk, t) < a · (Cτk + Sτk). (5.15)

Proof. We proof this lemma by contradiction and assume that there exists one t ∈
[tk, f

[S1],ω1

τk(ℓ)
) such that exec

[S1]
τk (tk, t)+idle[S1](tk, t) ≥ a ·(Cτk +Sτk). Since exec

[S1]
τk (tk, t) ≤

a · Cτk and idle[S1](tk, t) ≤ a · Sτk by Lemmas 5.13 and 5.7, both take their highest value,

i.e., exec
[S1]
τk (tk, t) = a · Cτk and idle[S1](tk, t) = a · Sτk . We conclude that all a jobs of τk

in the suspension-aware busy-interval finished their complete execution time. Moreover,
idle[S1](tk, t) ≤ suspk(tk, t) by Lemma 5.5. In particular, all a jobs suspend themselves

for Sτk time units each. As a result, all a jobs of τk are finished and t ≥ f
[S1],ω1

τk(ℓ)
. This

contradicts the assumption.

Step 3: Provide response-time upper bound. In this step we provide a
response-time upper bound for the job τk(ℓ). For this purpose, we safely enlarge the
intervals for which we estimate the execution time from [ti, t) to [t∗i , t). We do this to
ensure the property t∗i+1 − t∗i = idle[S1](ti, ti+1) ≤ Sτi , which is then utilized to bound
the left boundary of the analysis intervals [t∗i , t). Subsequently, we compose the upper
bounds from Step 2 to obtain a response-time bound.
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T0 ∋ τ1

t∗1

T1 ∋ τ2

t∗2

τ3

0 2 4 6 8 10 12 14 16 18t∗3

Figure 5.4.: Schedule from Example 5.2 after Step 3.

Definition 5.15. Iteratively, we define

t∗1 := t1 (5.16)

t∗i := t∗i−1 + xi−1 · idle[S1](ti−1, ti) (5.17)

for all i = 2, . . . , k, where idle[S1](ti−1, ti) is the amount of idle time during [ti−1, ti) in
the schedule [S1].

Example 5.16. In Figure 5.4, we present the choice of t∗i that is obtained from the
schedule [S1] in Figure 5.3. We start by setting t∗1 := t1 = 3. Since there is no idle time
between t1 and t2 in [S1], we define t∗1 := t∗2. Between t2 and t3 the processor idles for
one time unit, namely during the interval [4, 5). We set t∗3 := t∗2 + 1 = 4.

We start the analysis by stating a simple property which is later used to describe the
boundaries of the analysis intervals.

Lemma 5.17. For all i = 1, . . . , k we have t∗i ≤ ti.

Proof. This follows from Definition 5.15 using that idle[S1](ti−1, ti) ≤ (ti − ti−1).

With the following definition, the execution time bounds from Step 2 can be summarized

by exec
[S1]
τi (ti, ti +∆) ≤ A1

i (∆) whenever τi ∈ T1 and ≤ A0
i (∆) whenever τi ∈ T0.

Definition 5.18 (A1
i and A0

i ). We define the A1
i and A0

i by

A1
i (∆) := ατi(∆ +max(RA

τi − Ti, 0)) · Cτi (5.18)

A0
i (∆) := min

(
ατi(∆ +RA

τi) · Cτi ,
ατi(∆− Ti +RA

τi − C∗
i ) · Cτi + C∗

i

)
(5.19)

for all ∆ ∈ R, where C∗
i = min(ατi(R

A
τi) · Cτi , R

A
τi) as defined in Equation (5.2).

For the response-time upper bound we formulate a property that only holds when

t < f
[S1],ω1

τk(ℓ)
, in the following lemma. Whenever the property does not hold, we assure that

the finishing time must be exceeded. In particular, this allows to indicate response-time
upper bounds.
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Lemma 5.19. For all t ∈ [t∗k, f
[S1],ω1

τk(ℓ)
) the inequality

a · (Cτk + Sτk) +

k−1∑
i=1

(
xi ·A1

i (t− t∗i ) + (1− xi)A
0
i (t− t∗i )

)
> t− t∗k (5.20)

holds.

Proof. Equation (5.3) states that idle[S1](t1, t) + exec[S1](t1, t) = t − t1. We know that
idle[S1](t1, t) = idle[S1](t1, tk)+ idle[S1](tk, t) and t1 + idle[S1](t1, tk) = t∗k. Hence, subtract-
ing idle[S1](t1, tk) in Equation (5.3) yields

idle[S1](tk, t) + exec[S1](t1, t) = t− t∗k. (5.21)

For the execution part, we know that exec[S1](t1, t) =
∑k−1

i=1 exec
[S1]
τi (ti, t) + exec[S1](tk, t)

holds. By Lemma 5.11 and Lemma 5.12,

exec[S1]
τi (ti, t) ≤ xi ·A1

i (t− ti) + (1− xi) ·A0
i (t− ti) (5.22)

for all i < k, since xi = 1 iff τi ∈ T1 and xi = 0 iff τi ∈ T0.
Since the arrival curve is monotonically increasing, A1

i and A0
i are monotonically

increasing as well. Hence, (5.22) is upper bounded by xi ·A1
i (t− t∗i ) + (1− xi) ·A0

i (t− t∗i )
since t∗i ≤ ti by Lemma 5.17. Using this together with the bound from Lemma 5.14 yields
the result from Equation (5.20).

In the following lemma, we make the property in Equation (5.20) independent of t∗i by
introducing Qx⃗

i .

Lemma 5.20. For i = 1, . . . , k − 1 we define Qx⃗
i :=

∑k−1
j=i xjSj. The inequality

a · (Cτk + Sτk) +
k−1∑
i=1

(
xi ·A1

i (θ +Qx⃗
i ) + (1− xi)A

0
i (θ +Qx⃗

i )
)
> θ (5.23)

holds for all θ ∈ [0, f
[S1],ω1

τk(ℓ)
− t∗k).

Proof. We obtain Equation (5.23) be replacing the variable t in Lemma 5.19 by θ+ t∗k, i.e.,
θ = t− t∗k. Moreover, we have (t∗k− t∗i ) ≤ Qx⃗

i since (t∗k− t∗i ) =
∑k−1

j=i xj · idle[S1](tj , tj+1) ≤∑k−1
j=i xj · Sj because of Lemma 5.6.

From Lemma 5.20 we derive that any θ ≥ 0, such that Equation (5.23) does not hold,
is an upper bound on the response time of τk(ℓ).

Theorem 5.21. Let x⃗ = (x1, . . . , xk−1) ∈ {0, 1}k−1 and a ∈ N. If there exist some θ ≥ 0
such that

a · (Cτk + Sτk) +

k−1∑
i=1

(
xi ·A1

i (θ +Qx⃗
i ) + (1− xi)A

0
i (θ +Qx⃗

i )
)
≤ θ (5.24)
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with Qx⃗
i defined as in Lemma 5.20, then θ is an upper bound on f

[S1],ω1

τk(ℓ)
− rω1

τk(ℓ−a+1) for

all a-th jobs τk(ℓ) in a suspension-aware busy-interval of τk. In particular,

Ra
k := θ − inf {∆ ≥ 0 |αk(∆) ≥ a} (5.25)

is an upper bound on the response time of any a-th job in a suspension-aware busy-interval
of τk.

Proof. Let τk(ℓ) be any a-th job in a suspension-aware busy-interval of τk. We prove this
theorem by contraposition.

Assume that θ ≥ 0 is not an upper bound on f
[S1],ω1

τk(ℓ)
− rω1

τk(ℓ−a+1) but Equation (5.24)

holds. In this case, we know that f
[S1],ω1

τk(ℓ)
> θ+ rω1

τk(ℓ−a+1) = θ+ tk ≥ θ+ t∗k. In particular,

θ ∈ [0, f
[S1],ω1

τk(ℓ)
− t∗k). Applying Lemma 5.20 yields that (5.24) does not hold. This

contradicts the assumption.

Since we have shown that θ ≥ f
[S1],ω1

τk(ℓ)
− rω1

τk(ℓ−a+1), we conclude

Ra
k = θ − inf {∆ ≥ 0 |αk(∆) ≥ a} (5.26)

≥ f
[S1],ω1

τk(ℓ)
− rω1

τk(ℓ−a+1) − inf {∆ ≥ 0 |αk(∆) ≥ a} (5.27)

≥ f
[S1],ω1

τk(ℓ)
− rω1

τk(ℓ−a+1) − (rω1

τk(ℓ)
− rω1

τk(ℓ−a+1)) (5.28)

= f
[S1],ω1

τk(ℓ)
− rω1

τk(ℓ)
, (5.29)

i.e., Ra
k is a response-time upper bound. Since τk(ℓ) was chosen to be any a-th job in a

suspension-aware busy-interval of τk, the response-time upper bound is valid for all of
them.

Step 4: The Schedulability Test. To provide a response-time upper bound for
all jobs of τk using Theorem 5.21, we need to figure out which job in a suspension-aware
busy-interval has the highest response time. In this regard, we first need to figure
out the maximal number ã of jobs that belong to one suspension-aware busy-interval.
A sufficient condition for the maximal number is Rã

k ≤ inf {∆ ≥ 0 |αk(∆) ≥ ã+ 1} −
inf {∆ ≥ 0 |αk(∆) ≥ ã}, i.e., the ã-th job is finished before the next job is released. If
the maximal number can be detected with this condition, then a WCRT upper bound is
provided by the following corollary.

Corollary 5.22. Let ã ∈ N be the lowest natural number such that the response-time
upper bound Rã

k derived by Theorem 5.21 is at most

inf {∆ ≥ 0 |αk(∆) ≥ ã+ 1} − inf {∆ ≥ 0 |αk(∆) ≥ ã} (5.30)

Then Rk := maxa=1,...,ã(R
a
k) is an upper bound on the WCRT of τk.

Proof. To prove this corollary, we need to show that each job of τk is an a-th job in a
suspension-aware busy-interval of τk for some a ∈ {1, . . . , ã}. We do this by contraposition.
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5.1. Schedulability Analysis

Let τk(ℓ) be the first job of τk which is not an a-th job in a suspension-aware busy-interval
of τk with a ≤ ã according to Definition 5.1.
Let a be the smallest positive integer, such that τk(ℓ) is the a-th job in a suspension-

aware busy-interval of τk. Due to our assumption, a > ã. The job τk(ℓ−a+ ã) is the ã-th
job in a suspension-aware busy-interval of τk. By Theorem 5.21, τk(ℓ− a+ ã) finishes no
later than at time

rω1

τk(ℓ−a+ã−ã+1) +Rã
k + inf {∆ ≥ 0 |αk(∆) ≥ ã} (5.31)

≤ rω1

τk(ℓ−a+1) + inf {∆ ≥ 0 |αk(∆) ≥ ã+ 1} (5.32)

≤ rω1

τk(ℓ−a+ã+1). (5.33)

In particular, this means that τk(ℓ − a + ã) and all previous jobs are finished at time
rω1

τk(ℓ−a+ã+1). As a result, τk(ℓ) is also an (a−ã)-th job in a suspension-aware busy-interval
of τk which contradicts the minimality of a.
We have proven that each job of τk is an a-th job in a suspension-aware busy-interval

of τk for some a ∈ {1, . . . , ã}, and we use Theorem 5.21 to provide response-time upper
bounds Ra

k for all ã cases.

We know that any sub-additive upper arrival curve ατi is monotonically increasing for
all tasks τi. Hence, the left-hand side of Equation (5.24) is monotonically increasing with
respect to θ. We use this monotonicity to apply a similar search strategy as classical
TDA. We start by setting θ := 0 and compute the left-hand side of Equation (5.24).
Whenever θ is less than the left-hand side, we set θ to the value of the left-hand side and
compute left-hand side again. When θ is bigger than or equal to left-hand side, then θ can
be used to compute the response-time upper bound as in Theorem 5.21. The procedure
is presented in Algorithm 1. Please note that we artificially set an upper bound amax

to exit the algorithm when the number of jobs in a suspension-aware busy-interval is
unbounded.
Upper arrival curves are typically modeled as step functions. Under the assumption

that the upper arrival curve ατi is a step function with minimal step size > 0 for all i,
the left-hand side increases by a certain minimal step size in each iteration as well, until
either left-hand side ≤ θ or left-hand side > Dτk . As a result Algorithm 1 is deterministic
in such a scenario.

In the following, we show that our method dominates the Compositional Performance
Analysis (CPA) [Hen+05; HAE17].

Corollary 5.23. The WCRT analysis by using CPA for task τk with suspension as
computation, i.e., execution time αk(∆) · (Cτk + Sτk) for any interval length of ∆ ≥ 0,
and jitter-based higher-priority preemptive interference of task τi with execution time
ατi(∆+RA

τi) ·(Cτi), is dominated by the analysis in Corollary 5.22 when all higher-priority
tasks are in T0.

Proof. When all tasks are in the set T0, then Equation (5.24) simplifies to a · (Cτk +

Sτk) +
∑k−1

i=1 A
0
i (θ) ≤ θ. However, A0

i (θ) is upper bounded by ατi(∆ + RA
τi) · Cτi . This
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5. Self-Suspension

Algorithm 1 Sufficient schedulability test.

1: for k = 1, . . . , n do ▷ Loop tasks.
2: for a = 1, 2, 3, . . . do
3: if a > amax then
4: return False
5: comp := inf {∆ ≥ 0 |αk(∆) ≥ a+ 1}
6: − inf {∆ ≥ 0 |αk(∆) ≥ a}
7: θ := 0
8: while True do
9: Compute left-hand side of Equation (5.24).

10: if left-hand side ≤ θ then ▷ Result found.
11: break
12: else if left-hand side > Dτk then ▷ Too high.
13: return False
14: else ▷ Continue search.
15: θ := left-hand side
16: Ra

k := θ − inf {∆ ≥ 0 |αk(∆) ≥ a}
17: if Ra

k ≤ comp then
18: ã := a
19: break
20: Rk := maxa=1,...,ã(R

a
k) ▷ WCRT upper bound.

21: return True

is the formula that is used for the a-th job in the busy-interval. In our schedulability
test, we increase a, until the subsequent job release of τk is outside the busy-interval, i.e.,
until Ra

k ≤ inf {∆ ≥ 0 |αk(∆) ≥ ã+ 1} − inf {∆ ≥ 0 |αk(∆) ≥ ã}. This coincides with
the test used in CPA analysis.

5.1.1.2 Analysis for Sporadic Tasks

In this Section, we derive a schedulability test for sporadic tasks with arbitrary deadlines.
To that end, we consider a task set T = {τ1, . . . , τn} where each task is abstracted as

τi ∈ DynSS(Cτi , Sτi) ∩ Spor(Tτi) (5.34)

with Tτk > 0. Again, we assume that the task set is ordered according to the priority
level, and we denote by A the preemptive T-FP scheduling algorithm.

We do this by constructing an arrival curve and using the result from Section 5.1.1.1. In
the end, we show that by restricting to the constrained-deadline case, our schedulability
test coincides with the test in [CNH16], which is limited to constrained-deadline task sets.
Hence, in this work we provide a natural extension of their analysis to the generalized
case with arbitrary deadlines and arrival curves.
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5.1. Schedulability Analysis

For any arbitrary-deadline task τi, an upper arrival curve is given by

ατi =

(
∆ 7→

⌈
max(∆, 0)

Tτi

⌉
=

{⌈
∆
Tτi

⌉
∆ ≥ 0

0 ∆ < 0

)
. (5.35)

Applying this to A1
i and A0

i with Ti := Tτi yields

A1
i (∆) =

⌈
∆+max(RA

τi − Tτi , 0)

Tτi

⌉
· Cτi (5.36)

A0
i (∆) = min


⌈
∆+RA

τi
Tτi

⌉
,⌈

max(∆−Tτi+RA
τi
−C∗

i ,0)

Tτi

⌉
· Cτi + C∗

i

 (5.37)

for all ∆ ≥ 0. Please note that ∆ + max(RA
τi − Tτi , 0) ≥ 0 which is why max(•, 0) is

omitted in the numerator of (5.36). Moreover, we have C∗
i = min(

⌈
RA

τi
Tτi

⌉
· Cτi , R

A
τi) and

inf {∆ ≥ 0 |ατi(∆) ≥ a} = (a− 1) · Tτi . This leads to the following bound on the WCRT.

Theorem 5.24. Let x⃗ = (x1, . . . , xk−1) ∈ {0, 1}k−1 and a ∈ N. If there exist some θ ≥ 0
such that

a · (Cτk + Sτk) +
k−1∑
i=1


xi ·

⌈
θ+Qx⃗

i +max(RA
τi
−Tτi ,0)

Tτi

⌉
· Cτi + (1− xi)·

min


⌈
θ+Qx⃗

i +RA
τi

Tτi

⌉
,⌈

max(θ+Qx⃗
i −Tτi+RA

τi
−C∗

i ,0)

Tτi

⌉
· Cτi + C∗

i



 ≤ θ (5.38)

with Qx⃗
i defined as in Lemma 5.20, then θ is an upper bound on f

[S1],ω1

τk(ℓ)
− rω1

τk(ℓ−a+1) for

all a-th jobs τk(ℓ) in a suspension-aware busy-interval of τk. In particular,

Ra
k := θ − (a− 1)Tτi (5.39)

is an upper bound on the response time of any a-th job in a suspension-aware busy-interval
of τk.

Proof. This follows from Theorem 5.21 using the arrival curve from Equation (5.35), and
A1

i from Equation (5.36) and A0
i from Equation (5.37).

Similar to Corollary 5.22, we formulate the following.

Corollary 5.25. Let ã ∈ N be the lowest natural number such that the response-time
upper bound derived by Theorem 5.24 is at most Tτk . Then Rk := maxa=1,...,ã(R

a
k) is an

upper bound on the WCRT of τk.
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Proof. The corollary follows from the correctness of Corollary 5.22 by using that

inf {∆ ≥ 0 |αk(∆) ≥ ã+ 1} − inf {∆ ≥ 0 |αk(∆) ≥ ã} = Tτk (5.40)

For any constrained-deadline task τi with Tτi > 0, if its schedulability is already
ensured, which is the case for all i < k, then RA

τi ≤ Dτi ≤ Tτi . In particular, C∗
i = Cτi

and the formulas for A1
i and A0

i from Equation (5.36) and (5.37) further simplify to

A1
i (∆) =

⌈
∆

Tτi

⌉
· Cτi (5.41)

A0
i (∆) =

⌈
∆+RA

τi − Cτi

Tτi

⌉
· Cτi (5.42)

for all ∆ > 0. Please note that Equation (5.42) is obtained from (5.37) in the following
way: For all ∆ > 0 we have ∆− Tτi +RA

τi −Cτi ≥ ∆− Tτi > −Tτi . Therefore, we obtain⌈
max(∆− Tτi +RA

τi − Cτi , 0)

Tτi

⌉
= max(

⌈
∆− Tτi +RA

τi − Cτi

Tτi

⌉
, 0) (5.43)

=

⌈
∆− Tτi +RA

τi − Cτi

Tτi

⌉
(5.44)

for all ∆ > 0. Moreover,

A0
i (∆) =

⌈
∆− Tτi +RA

τi − Cτi

Tτi

⌉
· Cτi + Cτi (5.45)

=

(⌈
∆− Tτi +RA

τi − Cτi

Tτi

⌉
+ 1

)
· Cτi (5.46)

=

⌈
∆+RA

τi − Cτi

Tτi

⌉
· Cτi . (5.47)

For the constrained-deadline case, we only need to compute the WCRT upper bound
for a = 1, since if R1

i > Tτk then R1
i > Dτk as well and the schedulability test fails.

The schedulability test formulated with A1
i and A0

i from Equation (5.41) and (5.42)
with only a = 1 coincides with the schedulability test in [CNH16, Corollary 1]. The
high performance of the abovementioned schedulability test demonstrated in [CNH16]
indicates high performance of the schedulability test derived in this work.

5.1.1.3 Choice of T0 and T1

For the schedulability test presented in Section 5.1.1.1, any partition of the task set T
into T0 and T1 can be used. To fully utilize the power of the proposed test, all possible
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5.1. Schedulability Analysis

combinations of T0 and T1 should be explored. However, this results in an exhaustive
search of 2k−1 different partitions of the k − 1 higher-priority tasks, for which every
schedulability test itself also takes high time complexity.
This limitation was also presented by Chen et al. [CNH16] in their analysis for

constrained-deadline task systems. They presented some heuristics, which can also be
applied here for arbitrary-deadline task systems and tasks with arrival curves. Here, we
shortly present the heuristics that can be used to reduce the complexity significantly.
They are compared in the subsequent section. However, those heuristics are not the focus
of this paper and should be further examined in the future.

The most simple heuristic is to include all tasks into T0, i.e., T0 = T and T1 = ∅, or to
include all tasks into T1, i.e., T0 = ∅ and T1 = T. In Section 5.1.1.4, we observe that
such a simple heuristic is already sufficient in many cases.

As argued in Section 5.1.1.1, our analysis is a natural extension to arbitrary-deadline
task systems from the analysis for constrained-deadline task systems in [CNH16]. In
their work they provide a linear approximation that is stated as follows: τi is in T1 if
Cτi
Tτi

· (RA
τi − Cτi) > Sτi · (

∑i
j=1

Cτj

Tτj
); otherwise τi ∈ T0. Their heuristic is supported by a

mathematical reasoning which goes beyond the scope of this section.
Our analysis for arbitrary-deadline task systems is much more involving, and therefore

it is more difficult to judge whether it is better to place τi in T0 or in T1. Although we
do not have concrete mathematical approximations to derive any classification strategies
to partition T, the above linear approximation can still be applied. Unfortunately, when

considering arrival curves, it is possible that Tτi is 0 and
Cτi
Tτi

→ ∞ for Tτi → 0. In such a

case, the linear approximation becomes invalid. One possible patch is to apply the linear
approximation of the arrival curve by defining slopei and const i for every task τi such
that ατi(∆) ≤ const i + slopei ·∆ holds for all ∆ ≥ 0. Then, we can heuristically put task
τi in T1 if slopei · (RA

τi − Cτi) > Sτi · (
∑i

j=1 slopej); otherwise τi ∈ T0.

5.1.1.4 Evaluation

In order to evaluate the performance of our proposed schedulability analysis presented
in Section 5.1.1.1, we conduct three different experiments using synthetically generated
tasks sets as follows:

(i) We demonstrate how the heuristics from Section 5.1.1.3 perform for arbitrary-
deadline task sets (Experiment—Suspension Time).

(ii) We show that the increase of deadlines can be exploited in our schedulability test, i.e.,
the schedulability is increased with increased deadlines (Experiment—Varying
Deadline).

(iii) We examine the performance of our schedulability test for arrival curves obtained
from tasks with release jitter (Experiment—Release Jitter).

The source code that is used to conduct the experiments is released on Github [TU
21b]. In all our experiments, we use Algorithm 1 configured with amax = 10. The values
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(a) Low suspension in [0, 0.1] · (Tτi − Cτi).

0 25 50 75 100
Utilization (%)

0.00

0.25

0.50

0.75

1.00

Ac
ce

pt
an

ce
 R

at
io

All 0
All 1

Heuristic Lin
Comb 3

Exhaust

(b) Medium suspension in [0.1, 0.3] · (Tτi − Cτi).
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(c) High suspension in [0.3, 0.5] · (Tτi − Cτi).

Figure 5.5.: Acceptance ratio of our schedulability test with different heuristics as de-
scribed in Section 5.1.1.3.

of inf {∆ ≥ 0 |ατi(∆) ≥ a} for different a are stored in a list to improve the execution
efficiency of the schedulability test. For all three experiments, we present the acceptance
ratio of the test under analysis, i.e., the number of task sets that are deemed schedulable
by the test divided by the total number of task sets. We consider Deadline Monotonic
(DM) scheduling, i.e., the task with a lower relative deadline has a higher priority, and
ties are broken arbitrarily. We emphasize that we do not consider a constrained-deadline
scenario, since in this case our method is identical to the current state-of-the-art analysis
in [CNH16], which dominates all other valid analyses for the studied problem.

Experimental Setup and Generation For each total utilization between 0%
and 100% in steps of 5% we randomly generate 200 task sets according to the description
below. In a first step, given the required length of task sets, we use the UUniFast [BB05]
algorithm to synthesize task utilizations that add up to a specified cumulative (total)
utilization. In a second step, the minimum inter-arrival time for each sporadic task is
drawn log-uniformly from the interval [1, 100][ms] as suggested in [ESD10]. Based on
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5.1. Schedulability Analysis

the utilization Uτi and minimum inter-arrival time Tτi , the Worst-Case Execution Time
(WCET) is calculated by Cτi = Uτi · Tτi [ms]. The arrival curve of the sporadic tasks is

given by ατi(∆) =
⌈

∆
Tτi

⌉
.

In our experiments, we evaluate Algorithm 1 for different partitioning strategies of
tasks in T into T0 and T1 as described in Section 5.1.1.3. Namely, these are:

All 0: All tasks τi ∈ T are put to T0.

All 1: All tasks τi ∈ T are put in T1.

Heuristic Lin: The linear heuristic from [CNH16] is adopted.

Comb 3: We choose the best partition of the above three heuristics All 0, All1, and
Heuristic Lin (in each step).

Exhaust: In the exhaustive approach we apply our schedulability test for all 2k−1 parti-
tions.

Experiments In this section, we present the details of the experiments and describe
the results.

Experiment—Suspension Time: In this experiment, we restrict to 10 tasks per task
set due to the time complexity of (Exhaust). Moreover, we draw the relative deadline
Dτi uniformly from the interval [0.8Tτi , 1.2Tτi ] and consider three different configurations
of self-suspension time:

• low : Sτi is drawn uniformly from [0, 0.1](Tτi − Cτi),

• medium: Sτi is drawn uniformly from [0.1, 0.3](Tτi − Cτi),

• high: Sτi is drawn uniformly from [0.3, 0.5](Tτi − Cτi).

Figure 5.5 shows the evaluation results, in which (All 0) and (All 1) do not dominate
each other. When the suspension time is short, (All 1) is better than (All 0), in Figure 5.5a.
When the suspension time is long, (All 0) is better than (All 1), in Figure 5.5c. Moreover,
(Heuristic Lin) outperforms both of them for all scenarios. The benefit of exhaust is
marginal compared to the linear heuristic as can be seen in all Figures 5.5a, 5.5b, and 5.5c.

Experiment—Varying Deadlines: In this experiment, we consider 30 tasks per task set
and draw the suspension time Sτi uniformly at random from the interval [0, 0.5(Tτi −Cτi)]
for each task. In addition, the deadline of all tasks τi is set to Dτi = X · Tτi (DX) for
X = 1.0, 1.1, . . . , 1.5. We evaluate Algorithm 1 with the partitioning strategy (Comb 3)
and show the results in Figure 5.6. The results show that the acceptance ratio of our
algorithm improves with increased deadlines.

Experiment—Release Jitter: In this experiment, we consider 10 tasks per task set and
draw the suspension time Sτi uniformly from the interval [0, 0.1](Tτi − Cτi) for each task.
The relative deadline of task τi is drawn uniformly from the interval [0.8, 1.2]Tτi . Moreover,
we consider task sets with release jitter of 10% or 20%. That is, after the generation of
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Figure 5.6.: Acceptance ratio of our schedulability test with extended deadlines.
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(a) Release jitter: 10% of Tτi .
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(b) Release jitter: 20% of Tτi .

Figure 5.7.: Acceptance ratio of task sets with release jitter. Our schedulability test and
two state of the art are presented.

Cτi , Tτi , Dτi , Sτi for τi, we add jitter i as 0.1Tτi or 0.2Tτi . The corresponding arrival curve

of τi is then ατi(∆) =
⌈
∆+jitter i

Tτi

⌉
. There are two different state-of-the-art methods that

we compare with. For the CPA state of the art (SOTA CPA), we adhere to the state
of the art presented in Corollary 5.23. For the sporadic state of the art (SOTA Spor),
we transform the task set into a constrained-deadline task set by reducing the deadline
of each τi to min(Dτi , Tτi) and keeping its original priority. Then we adopt [CNH16]
using the heuristic with three partitions, similar to (Comb 3). The schedulability of the
transformed task set indicates the schedulability of the original task set. The arrival
curve suggests that the minimum inter-arrival time of two consecutive jobs is Tτi − jitter i,
and we can shorten the relative deadline to Tτi − jitter i if Dτi > Tτi − jitter i.

The results for the release jitter of 10% or 20% are shown in Figure 5.7a and Figure 5.7b
respectively. Our schedulability test (Our) performs much better than the state of the
art (SOTA Spor) and (SOTA CPA) for the scenario with release jitter. We note that
we also conducted experiments with higher suspension and larger number of tasks per
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task set as well. In such a case, the suspension time per task becomes longer and the
scenario of having tasks in T1 is less beneficial. When the analysis with all tasks in T0 is
superior, our analysis becomes equivalent to jitter-based analysis, which is still superior
to (SOTA CPA) but the gain in the acceptance ratio becomes smaller.

5.1.2 Under Earliest-Deadline-First Scheduling

Regarding suspension-aware schedulability tests for Task-level Dynamic-Priority (T-DP)
scheduling algorithms, results have been limited to the Earliest-Deadline-First (EDF)
algorithm, in which the priority of each job is given by its absolute deadline; and although
EDF is not optimal for scheduling self-suspending task systems [RRC04], it remains
one of the most adopted scheduling strategies. Besides the trivial suspension-oblivious
schedulability analysis, the following results have been provided in the literature:

• Analysis by Devi [Dev03, Theorem 8], dating back to 2003, dedicated to uniprocessor
EDF. The review paper in [Che+19b] notes that Devi does not give a proof of her
analysis. This analysis is proven to be wrong by a counterexample in Section 4.2.

• Analysis by Liu and Anderson [LA13], for global multiprocessor EDF. The analysis
is valid for uniprocessor EDF by setting the number of processors to 1.

• Analysis by Dong and Liu [DL16], for global multiprocessor EDF. The analysis is
valid for uniprocessor EDF by setting the number of processors to 1.

Despite the possibility to apply the analyses of Liu and Anderson [LA13] and Dong and
Liu [DL16], fundamental research questions regarding schedulability tests for uniprocessor
EDF considering dynamic self-suspension remain open. For example, there is no schedula-
bility analysis that is superior to the trivial suspension-oblivious analysis for uniprocessor
EDF. We believe that fundamental knowledge of uniprocessor EDF is a cornerstone to
achieve tight schedulability tests for more advanced multiprocessor scenarios.

In this section, we focus on schedulability analysis for the dynamic self-suspension
model under uniprocessor preemptive EDF and provide two sufficient schedulability tests
for this setting. We limit our attention to implicit-deadline real-time task systems, i.e.,
the relative deadline of a task is the same as its period (for periodic releases) or minimum
inter-arrival time (for sporadic releases). Our contributions are as follows:

• We recap existing schedulability analyses, and prove that the utilization-based
schedulability test by Dong and Liu [DL16] does not improve the suspension-
oblivious approach if it is utilized for uniprocessor systems, in Section 5.1.2.1.

• We provide a response-time analysis for EDF in Section 5.1.2.2. If all tasks have
suspension, then this test dominates the test developed by Liu and Anderson [LA13]
applied to implicit-deadline sporadic real-time tasks in uniprocessor systems. We
also discuss how this analysis can be extended to multiprocessor global EDF.
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• We further provide a utilization-based schedulability test for periodic task systems
in Section 5.1.2.3, where we estimate the amount of time that the processor is
used by other jobs during self-suspension. To the best of our knowledge, this is
the only work explicitly considering periodic tasks with dynamic self-suspension,
showing that dedicated analysis of the periodic job release pattern of a task can be
beneficial. Furthermore, this is the first schedulability test which dominates and
improves the trivial suspension-oblivious approach for uniprocessor systems.

• In addition to the theoretical improvement and dominance of existing methods
under different conditions, the evaluation results in Section 5.1.2.4 show that the
response-time-aware schedulability test performs significantly better than the state
of the art.

The results presented in this section appeared in EMSOFT 2020 [GBC20].

5.1.2.1 Existing Methods

In this section, we recap existing schedulability tests for dynamic self-suspending tasks
under preemptive EDF scheduling [LL73] that are applicable to implicit-deadline unipro-
cessor systems. The method by Devi [Dev03, Theorem 8] is left out, since a counterexample
for the analysis is provided in Section 4.2.

Suspension-Oblivious Suspension-oblivious analysis interprets suspension time as
additional computation time. This approach can be very pessimistic, especially if some
tasks have a large maximum suspension time. Since implicit-deadline task sets without
suspension are schedulable under EDF if and only if their total utilization is less than or
equal to 1, the schedulability test (detailed in [Che+19b, Section 4]) is defined as follows.

Theorem 5.26 (Suspension-Oblivious). Let T = {τ1, τ2, . . . , τn} be a system of n implicit-
deadline sporadic tasks with dynamic self-suspension, i.e.,

τi ∈ Spor(Tτi) ∩DynSS(Cτi , Sτi) (5.48)

for all τi ∈ T. Then T is schedulable using preemptive EDF if
∑n

i=1
Cτi+Sτi

Tτi
≤ 1.

Workload-Based Schedulability Test The schedulability test developed by
Liu and Anderson [LA13] is actually formulated for multiprocessor systems, considering
arbitrary-deadline sporadic tasks. Furthermore, they added a tardiness threshold, which
is an upper bound on the amount of time by which individual jobs may miss their
deadline, to make their analysis also available for soft real-time systems (where a deadline
overrun is considered a service degradation but not system failure). Setting the number
of processors to 1 and the tardiness threshold to 0, their method can be applied to
implicit-deadline sporadic tasks in uniprocessor systems. For each task τℓ ∈ T they
estimate the workload Wc and Wnc with and without carry-in jobs2 inside an interval of

2Carry-in jobs are those which are released before the interval under analysis and still interfere during
the interval.
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length ξℓ and check whether the processor still has enough capacity to work on and be
suspended for a job of τℓ.

3

Theorem 5.27 (Liu and Anderson [LA13]). Let T = {τ1, τ2, . . . , τn} be a system of n
implicit-deadline sporadic tasks with dynamic self-suspension, i.e.,

τi ∈ Spor(Tτi) ∩DynSS(Cτi , Sτi) (5.49)

for all τi ∈ T. The task set is schedulable using preemptive EDF if for all τℓ ∈ T, for all

sℓ,j ∈ {0, 1, . . . , Sτℓ}, and for all ξℓ ∈

Tτℓ , Cτℓ
+sℓ,j+

∑n
i=1 Cτi(

1−∑n
i=1

Cτi
Tτi

)
 ∩ Z the property

∑
τi∈τs

max {Wnc(τi),Wc(τi)}+
∑
τj∈τe

Wnc(τj) ≤ ξℓ − Cτℓ − sℓ,j (5.50)

holds, where τ s and τ e are subsets of T consisting of those tasks τi which do have
suspension time (Sτi ̸= 0) and those which do not have suspension (Sτi = 0), i.e., which
are execution-only, respectively. Moreover, the values Wc(τi) and Wnc(τi) are estimations
for relevant work of τi with and without carry-in jobs, defined by

Wc(τi) =

{
min {∆(τi, ξℓ), ξℓ − Cτℓ − sℓ,j + 1} , i ̸= l

min {∆(τℓ, ξℓ)− Cτℓ , ξℓ − Tτℓ} , i = l
(5.51)

with ∆(τi, t) =
(⌈

t
Tτi

⌉
− 1
)
Cτi +min

{
Cτi , t−

⌈
t

Tτi

⌉
Tτi + Tτi

}
, and

Wnc(τi) =

min
{⌊

ξℓ
Tτi

⌋
Cτi , ξℓ − Cτℓ − sℓ,j + 1

}
, i ̸= l

min
{⌊

ξℓ
Tτℓ

⌋
Cτℓ − Cτℓ , ξℓ − Tτℓ

}
, i = l

. (5.52)

We note that Liu and Anderson [LA13] restrict to the discrete time domain for their
analysis, i.e., the periods, WCETs, and maximum suspension times of all tasks are in
Z≥0. This is not necessary for our methods in Sections 5.1.2.2 and 5.1.2.3.

Utilization-Based Schedulability Test The method by Dong and Liu [DL16,
Theorem 2] is also formulated for multiprocessor systems. By setting the number of
processors to 1, their method can be utilized for uniprocessor systems.

Theorem 5.28 (Dong and Liu [DL16, Theorem 2]). Let T = {τ1, . . . , τn} be a system of
n implicit-deadline sporadic tasks with dynamic self-suspension, i.e.,

τi ∈ Spor(Tτi) ∩DynSS(Cτi , Sτi) (5.53)

3We note that there is a typing error in the original paper, corrected here.
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for all τi ∈ T. The task set is schedulable using preemptive EDF scheduling if

n∑
i=1

Cτi + Sτi
Tτi

≤ 1 (5.54)

holds, or if there exists some T0 ⊆ T and some k ∈ {2, . . . , |T0|} with

⌊ k
2⌋∑

i=1

Ei(T0) ≥ Tmax (T0), (5.55)

where Ei(T0) is the i-th minimum (Cτj + Sτj ) among tasks τj ∈ T0 and Tmax (T0) is the
maximum task period of tasks in T0, such that

∑
τi∈T

Cτi

Tτi
+

∑
τi∈T−T0

Sτi
Tτi

+

k∑
i=1

vi(T0) ≤ 1, (5.56)

where vi(T0) is the i-th maximum suspension ratio
(
Sτj

Tτj

)
among tasks τj ∈ T0.

In fact, this method is no improvement compared to the suspension-oblivious schedula-
bility test if it is formulated for only one processor.

Proposition 5.29. The schedulability test by Dong and Liu as formulated in Theo-
rem 5.28 for uniprocessor systems is identical to the suspension-oblivious test as formulated
in Theorem 5.26.

Proof. Assume that the schedulability test from Theorem 5.28 is superior to the suspension-
oblivious approach for the task set T = {τ1, . . . , τn}. Then we find some T0 ⊆ T and

some k ∈ {2, . . . , |T0|} with
∑⌊ k

2⌋
i=1 E

i(T0) ≥ Tmax (T0). By reordering we assume that
T0 = {τ1, . . . , τn0} and Ei(T0) = Cτi + Sτi . Then we have

1 ≤
⌊ k

2⌋∑
i=1

Ei(T0)

Tmax (T0)
<

k∑
i=1

Ei(T0)

Tmax (T0)
≤

k∑
i=1

Cτi + Sτi
Tτi

(5.57)

≤
n∑

i=1

Cτi

Tτi
+

k∑
i=1

vi(T0) +
n∑

i=n0+1

Sτi
Tτi

. (5.58)

In other words,
∑⌊ k

2⌋
i=1 E

i(T0) ≥ Tmax (T0) implies that Equation (5.56) does not hold.
Therefore, the schedulability test in Theorem 5.28 coincides with the suspension-oblivious

schedulability test. We note that in the proof we utilized that E⌊ k
2⌋+1(T0) > 0, but this

holds since

0 < Tmax (T0) ≤
⌊ k

2⌋∑
i=1

Ei(T0) ≤
⌊
k

2

⌋
· E⌊ k

2⌋(T0) ≤
⌊
k

2

⌋
· E⌊ k

2⌋+1(T0). (5.59)
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rωJ dωJ

t

Cτk + Sτk = 2

J

rωJ dωJ

Tk

Cτk + Sτk = 5

J

Figure 5.8.: Illustration of Observations 5.30 (left) and 5.31 (right). Patterned areas are
interference by higher-priority jobs.

In the remaining part of Section 5.1.2, we omit this schedulability test in the discussions
since it is the same as the suspension-oblivious approach for uniprocessor systems.

5.1.2.2 Method 1: Response Time Analysis

In this section, we introduce a new method to test the schedulability of an implicit-
deadline sporadic task set under preemptive EDF scheduling. For this purpose, we
estimate the interference from higher-priority jobs to calculate an upper bound on the
WCRT for each task. We consider a task set T = {τ1, . . . , τn} consisting of n implicit-
deadline sporadic tasks abstracted with dynamic self-suspension. That is, each task
τi ∈ T can be abstracted as

τi ∈ Spor(Tτi) ∩DynSS(Cτi , Sτi). (5.60)

In the following, we denote by A the preemptive EDF scheduling algorithm. Hence, for
a system evolution ω ∈ Ω, the corresponding schedule is [S] = A(ω).

Let τk ∈ T = {τ1, . . . , τn} be any task and J ∈ J some job of τk. We define by

W i
J(t) :=

∑
j∈N,τi(j)≥prioJ

exec
[S]
τi(j)

(rωJ , r
ω
J + t) (5.61)

the interference by higher-priority jobs of τi during the interval [rωJ , r
ω
J + t] ⊆ [rωJ , d

ω
J ].

In particular, the processor can work on and be suspended for J during an interval
[rωJ , r

ω
J + t] for t −∑n

i=1W
i
J(t) time units. Hence, it finishes J during [rωJ , r

ω
J + t] if

Cτk + Sτk ≤ t −∑n
i=1W

i
J(t). Equivalently, if J cannot be finished during [rωJ , r

ω
J + t],

then Cτk + Sτk > t−∑n
i=1W

i
J(t).

We derive the following two observations as depicted in Figure 5.8, which provide
a general upper bound on the response time and a sufficient schedulability condition.
These are (mainly implicitly) used similarly in classical response-time analysis and the
underlying concepts are already applied for self-suspending tasks as in [LA13].
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Observation 5.30. If J meets its deadline, then we calculate an upper bound on the
response time of J by choosing the minimal t with 0 ≤ t ≤ Tτk , such that

Cτk + Sτk +

n∑
i=1

W i
J(t) ≤ t. (5.62)

If no such t exists, then we cannot give a guaranteed WCRT, but the job may still meet
its deadline, e.g., if the job completes earlier than in its worst case.

Observation 5.31. If J does not meet its deadline, then it cannot be finished during the
interval [rk, rk + Tτk ], i.e.,

Cτk + Sτk +

n∑
i=1

W i
J(Tτk) > Tτk , (5.63)

as illustrated on the right-hand side of Figure 5.9.

We start by determining the higher-priority jobs which may contribute to the response
time of J . By the definition of EDF scheduling, jobs with a larger absolute deadline than
J have a lower priority. We remove these jobs from the schedule for ease of notation,
since they do not affect the response time of J . Furthermore, when determining which
higher-priority jobs contribute to the response time of J , we assume that all higher-
priority jobs meet their deadline. For simplicity, we assume that J is released at time
0. Other job releases and task phases are shifted accordingly (to negative time instants
if necessary). This results in a modified system evolution ω′ and a modified schedule
[S ′] = A(ω′). In particular, rω

′
J = 0 and J is the job with maximal deadline dω

′
J .

We know that W k
J (t) = 0 since all jobs of τk with higher priority than J ∈ τk meet

their deadline which is at most rω
′

J = 0. For a task τi with i ̸= k there are at most⌊
Tτk
Tτi

⌋
of the remaining jobs released in [0, t] ⊆ [0, Tτk ]. Furthermore, there may be one

additional overlapping job which is released before rω
′

J = 0 but finishes after 0.

Lemma 5.32. For a task τi ̸= τk only the last
⌊
Tτk
Tτi

⌋
+ 1 jobs may be executed in [0, t].4

Proof. The other jobs of τi have a deadline of at most

Tτk −
(⌊

Tτk
Tτi

⌋
+ 1

)
· Tτi ≤ Tτk −

(
Tτk
Tτi

)
· Tτi = 0. (5.64)

Since they meet their deadline, they are finished before the release of J .

Remark 5.33. In fact only the last
⌈
Tτk
Tτi

⌉
jobs may be executed in [0, t], which can be

shown by a similar proof. Only for convenience, we use the bound given in the lemma
and set the interference by the additional job to 0 if necessary.

4We highlight that we consider a limited schedule here, which was obtained by the original schedule.
The last x jobs are the first x jobs counted from the end of the schedule.
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t-2 -1 0 1 2 3 4 5 6 7 8 9 10

Ai = 1 (= carry-in)

τi

J

t-2 -1 0 1 2 3 4 5 6 7 8 9 10

Ai = 0 ( ̸= carry-in = 2)

τi

J

Figure 5.9.: Interference by higher-priority jobs of task τi = (2, 0, 4, 4) during the interval
[rω

′
J , fJ ] = [0, 10]. Left: interference = 5. Right: interference = 4.

For the last
⌊
Tτk
Tτi

⌋
jobs of τi we estimate the time they may be executed in [0, t] by

Cτi each. Although this seems to be very pessimistic if t is very small, this estimation is

sufficient for our analysis. However, we have to be more careful with the
(⌊

Tτk
Tτi

⌋
+ 1
)
-th

last job of τi which is released before 0 but may still finish after 0. Note that by our
assumption, 0 is not a lower bound on the phase but the release of J .

Definition 5.34. We define J i ∈ J to be the
(⌊

Tτk
Tτi

⌋
+ 1
)
-th last job of τi. The time J i

is interfering in [0, t] is denoted by Ai := exec
[S′]
Ji (0, t).

To derive a good response time bound, in general, estimation of the carry-in, i.e.,
interference by higher-priority jobs which are released before the job under analysis, is
essential as outlined in [BC07]. Since Ai is the interference by a certain job released
before J , it serves the role of the carry-in. Nevertheless, there is a slight difference as
depicted in Figure 5.9. Although in the scenario on the left-hand side the carry-in and
Ai coincide, the value of Ai is 0 in the right scenario since the 3rd last job of τi finishes
before J is released. We observe that Ai has its highest value when the interference is
maximized, i.e., on the left-hand side. Hence, independently examining Ai is relatively
safe for estimating interference. This is not the case for the carry-in, for which in general
more caution is required.

With this definition of Ai, the time a task τi ̸= τk is interfering during [0, t] is

W i
J(t) ≤

⌊
Tτk
Tτi

⌋
· Cτi +Ai, (5.65)

and we will examine how to estimate the interference Ai by J
i during [0, t] later on. First,

we show how the estimation for W i
J(t) can be utilized, assuming that Ai is given.

Lemma 5.35. We consider a job J of τk. If all higher-priority jobs meet their deadline
and

Sτk + Cτk +
∑
i ̸=k

(⌊
Tτk
Tτi

⌋
· Cτi +Ai

)
≤ Tτk (5.66)

holds, then also J meets its deadline.
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Proof. If J does not meet its deadline, then we obtain by Observation 5.31 that

Tτk < Sτk + Cτk +
∑
i ̸=k

W i
J(Tτk) ≤ Sτk + Cτk +

∑
i ̸=k

(⌊
Tτk
Tτi

⌋
· Cτi +Ai

)
, (5.67)

which contradicts (5.66).

Under the assumption, that Ai is given for all i, our schedulability test can be formulated
as follows:

Proposition 5.36. Let T = {τ1, . . . , τn} be an implicit-deadline task set. If the equation

r̃k := Sτk + Cτk +
∑
i ̸=k

(⌊
Tτk
Tτi

⌋
· Cτi +Ai

)
≤ Tτk (5.68)

holds for all indices k ∈ {1, . . . , n}, then T is schedulable by preemptive EDF and the
WCRT RA

τk
of τk is upper bounded by r̃k for each k ∈ {1, . . . , n}.

Proof. We use an indirect proof to show that T is schedulable by preemptive EDF. In
the following, we assume that T is not schedulable. Let J be the job with the highest
priority whose deadline is not met and let τk be the task corresponding to J . In this
case, Lemma 5.35 shows that J is schedulable, which contradicts our assumption.
We have proven that the task set T is schedulable, and we are able to use Equation (5.65)

together with (5.62) to upper bound the response time of each job of τk by t = r̃k for
k = 1, . . . , n.

The aforementioned proposition analyzes the scenario with worst-case release pattern,
i.e., all jobs are released as late as possible, and the interference is maximized as on the
left-hand side of Figure 5.9. In such a scenario, Ai and the carry-in coincide. Hence, in
the following estimation of Ai we observe mainly typical carry-in bounds as provided
in the literature [BC07; GH05; LA13]. Hereinafter, we provide rigorous proofs where
suspension is integrated seamlessly into carry-in analysis.
For the estimation of Ai we introduce two approaches, where the first one examines

the deadline of the overlapping job J i and the second one utilizes its response time.

Lemma 5.37. We can estimate Ai by

Ai ≤ min

{
Cτi , Tτk −

⌊
Tτk
Tτi

⌋
· Tτi

}
=: Ã1

i . (5.69)

Proof. Since there are
⌊
Tτk
Tτi

⌋
other jobs of τi between the deadline of J i and Tτk , the

deadline of J i is at most dω
′

Ji ≤ Tτk −
⌊
Tτk
Tτi

⌋
· Tτi . Due to the assumption that all jobs

with higher-priority than J meet their deadline, J i meets its deadline as well and any
possible interference by J i must happen in the interval from [0, dω

′
Ji ].

On the other hand, we also know that the interference by J i is bounded by the WCET
Cτi . Since both values bound Ai, we take the minimum of them.
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τ1

τ2

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

J

Figure 5.10.: For these tasks, Lemma 5.37 gives a bad estimation for A1.

This estimation may be pessimistic, e.g., when Tτ1 ≫ Cτ1 > Tτ2 > 0, as shown in
Figure 5.10 for the implicit-deadline task set T = {τ1, τ2} with:

• τ1 ∈ Spor(Tτ1 = 18) ∩DynSS(Cτ1 = 4, Sτ1 = 0)

• τ2 ∈ Spor(Tτ2 = 3) ∩DynSS(Cτ2 = 1, Sτ2 = 0)

If we estimate A1 by Ã1
1 = 3, then we can bound r̃2 only by 4 which exceeds the relative

deadline Tτ2 = 3. Actually, A1 = 0 and r̃2 = 1 is smaller than Tτ2 . We note that r̃2 = 1
is even a precise bound on the response time of τ2.

If an upper bound Ri on the response time of J i is known, Ai can be estimated with
the following approach, that performs much better for the task set in Figure 5.10.

Lemma 5.38. We can estimate Ai by

Ai ≤ max

{
Tτk +Ri −

(⌊
Tτk
Tτi

⌋
+ 1

)
· Tτi , 0

}
=: Ã2

i , (5.70)

where Ri is either the WCRT RA
τi of τi or any other upper bound on the response time of

job J i.

Proof. Due to its definition, we know that the job J i is released no later than Tτk −(⌊
Tτk
Tτi

⌋
+ 1
)
·Tτi and therefore must be finished no later than Tτk −

(⌊
Tτk
Tτi

⌋
+ 1
)
·Tτi +Ri,

which may be less than 0 if J i is actually finished before time 0. As a result, the maximum
amount of time that J i may interfere with the interval [0, t] ⊆ [0, Tτk ] is bounded by

the maximum of 0 or Tτk + Ri −
(⌊

Tτk
Tτi

⌋
+ 1
)
· Tτi , since the interference cannot be

negative.

The examination in this section leads to the following response-time bound R̃k which
is not as tight as r̃k but directly computable since it uses an estimation Ãi of Ai.

Lemma 5.39. Let J be a job of τk and let all jobs with higher priority than J meet their
deadline. Further, we define

R̃k := Cτk + Sτk +
∑
i ̸=k

(⌊
Tτk
Tτi

⌋
· Cτi + Ãi

)
(5.71)
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where each Ãi is defined as the minimum of Ã1
i and Ã2

i from Equation (5.69) and (5.70),
i.e.,

Ãi := min

{
Cτi ,max

{
Tτk +Ri −

(⌊
Tτk
Tτi

⌋
+ 1

)
· Tτi , 0

}}
(5.72)

where Ri is an upper bound on the WCRT RA
τi of τi or Ri := Tτi. If R̃k ≤ Tτk , then J

meets its deadline and R̃k is an upper bound on the response time of J .

Proof. Lemma 5.37 and Lemma 5.38 yield r̃k ≤ R̃k. If R̃k ≤ Tτk , then we also have

r̃k ≤ R̃k ≤ Tτk and by Proposition 5.36 the job J meets its deadline. The response time

of J is upper bounded by r̃k and hence, also by R̃k.

Using this lemma, we obtain a response-time bound valid for all jobs J of τk. Hence,
R̃k serves as a bound on the WCRT of τk and can be used for the estimation of Ãk for
other tasks in Lemma 5.39.

Theorem 5.40. Let T = {τ1, . . . , τn} be a sporadic implicit-deadline task set. If for
all τk ∈ T the value R̃k from (5.71) is at most Tτk , then the task set is schedulable by
preemptive EDF.

Proof. We know that R̃k ≥ r̃k for all k ∈ {1, . . . , n}. If Tτk ≥ R̃k for all k, then also
Tτk ≥ r̃k. Hence, by Proposition 5.36, the task set T is schedulable by preemptive EDF

and the WCRT of each τk is upper bounded by r̃k ≤ R̃k.

We can further improve the test by the following observations. If we do not estimate
Ai by Cτi , then we assume that J i interferes for the whole time interval until the deadline
(for Ã1

i ) or until the finishing time (for Ã2
i ). Although those intervals intersect for different

jobs, we add the interference several times, which is overly pessimistic.

Proposition 5.41. Let I ⊆ {1, . . . , n} − {k} and let Ri be a bound on the response time
of J i for all i ∈ I. If no such bound is given, set Ri = Tτi. We can estimate

∑
i∈I Ai as∑

i∈I
Ai ≤ max

{
max
i∈I

{
Tτk +Ri −

(⌊
Tτk
Tτi

⌋
+ 1

)
Tτi

}
, 0

}
. (5.73)

Proof. Recall, that f
[S′],ω′

Ji and dω
′

Ji are the finishing time and the absolute deadline of the

job J i from Definition 5.34, respectively. Moreover, we still assume that rω
′

J = 0. The
job J i, i ∈ I may interfere after the release of J only during[

0,max

{
max
i∈I

{
f
[S′],ω′

Ji

}
, 0

}]
. (5.74)

Furthermore, the processor can only be occupied by one job at a time. Hence, the sum

of all interference of J i, i ∈ I is bounded by
∑

i∈I Ai ≤ max
{
maxi∈I

{
f
[S′],ω′

Ji

}
, 0
}
.

We know that dω
′

Ji ≤ Tτk −
(⌊

Tτk
Tτi

⌋)
Tτi is a bound on the absolute deadline of J i and

f
[S′],ω′

Ji ≤ Tτk + Ri −
(⌊

Tτk
Tτi

⌋
+ 1
)
Tτi is an upper bound on the finishing time of J i if
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a bound Ri on the response time of J i is given. Since J i finishes on time, we have

f
[S′],ω′

Ji ≤ dω
′

Ji and the bound for the absolute deadline holds for the finishing time. Using

both bounds in
∑

i∈I Ai ≤ max
{
maxi∈I

{
f
[S′],ω′

Ji

}
, 0
}
concludes the proof.

For a specific job J i, the interval starting from 0 up to the threshold given by the
right-hand side of Equation (5.73) could also contain the interference by other jobs which
are not overlapping. We use this observation to improve the test.

Proposition 5.42. Let i ∈ {1, . . . , n} \ {k}. The interference by the jobs of τi after a
threshold m ∈ [0, Tτk ] is bounded by⌈

Tτk −m

Tτi

⌉
· Cτi . (5.75)

Proof. The interference can only occur for tasks with deadline after m. For task τi, this

is only possible for the last
⌈
Tτk

−m

Tτi

⌉
jobs. They contribute an interference of at most

Cτi each.

Both ideas can be used to define a better estimation R̃k than in Equation (5.71). With
this new definition of R̃k, Lemma 5.39 and Theorem 5.40 still hold. In the following we
formulate this improved schedulability test.

Response-Time-Based Schedulability Test Let T = {τ1, . . . , τn} be a spo-
radic implicit-deadline task set. Algorithm 2 is a sufficient test for the schedulability of
T by preemptive EDF scheduling. If Algorithm 2 returns schedulable, then all R̃k ≤ Tτk ,
i.e., the task set T is schedulable according to Theorem 5.40 and its improvements in
Proposition 5.41 and Proposition 5.42.

The algorithm estimates the response time of task τk for k = n, . . . , 1. At first, in

line 4-5, it calculates Ãk
i := Tτk + Ri −

(⌊
Tτk
Tτi

⌋
+ 1
)
Tτi from Lemma 5.38 where Ri is

an already computed response-time bound (for i > k) or Tτi . Then the algorithm tries
out different thresholds mk

j . For those tasks where Ai can be neglected (i.e., tasks with

index in Ikj ) as in Proposition 5.41, it just adds the interference of the other
⌊
Tτk
Tτi

⌋
jobs

after the threshold, i.e., min

{⌊
Tτk
Tτi

⌋
,

⌈
Tτk

−mk
j

Tτi

⌉}
Cτi due to Proposition 5.42. For the

other tasks (i.e., tasks with index in Ik \ Ikj ) we estimate Ai by Cτi with the bound from

Lemma 5.37. Together with Proposition 5.42 we obtain min

{⌊
Tτk
Tτi

⌋
+ 1,

⌈
Tτk

−mk
j

Tτi

⌉}
Cτi .

The algorithm then calculates the response-time bound R̃k(j) by adding the threshold
mk

j , the interference after the threshold, and Cτk + Sτk . Finally, the algorithm computes

a response-time bound R̃k(0) for the threshold m = 0, in line 10. It derives the best
bound by taking the minimum, in line 11.
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Algorithm 2 Response-Time-Based Schedulability Test.

1: Sort τ1, . . . , τn, such that Tτ1 ≤ · · · ≤ Tτn .
2: for k = n, . . . , 1 do
3: Ik := {1, . . . , n} − {k}
4: for i ∈ Ik do ▷ Carry-in estimation from Lemma 5.38.

5: Ãk
i :=

 Tτk −
⌊
Tτk
Tτi

⌋
· Tτi , i < k

Tτk + R̃i −
(⌊

Tτk
Tτi

⌋
+ 1
)
· Tτi , i > k


6: for j ∈ Ik do ▷ Response-time bounds for different thresholds.

7: mk
j := max

{
Ãk

j , 0
}

8: Ikj :=
{
i ∈ Ik

∣∣∣ Ãk
i ≤ Ãk

j

}
9: R̃k(j) :=

∑
i∈Ik\Ikj

min

{⌊
Tτk
Tτi

⌋
+ 1,

⌈
Tτk

−mk
j

Tτi

⌉}
Cτi

+
∑
i∈Ikj

min

{⌊
Tτk
Tτi

⌋
,

⌈
Tτk

−mk
j

Tτi

⌉}
Cτi

+ Cτk + Sτk +mk
j

▷ Response-time bound without threshold.

10: R̃k(0) := Cτk + Sτk +
∑
i∈Ik

(⌊
Tτk
Tτi

⌋
+ 1
)
Cτi

11: R̃k := min
{
R̃k(j)

∣∣∣ j ∈ Ik ∪ {0}
}

12: if R̃k > Tτk then
13: return not schedulable
14: return schedulable

Theoretical Evaluation We compare the response-time analysis presented in
this section with the existing tests summarized in Section 5.1.2.1.

Comparison with Suspension-Oblivious (Theorem 5.26): Although we show in
Section 5.1.2.4 that our method has a better performance, both schedulability tests do
not dominate each other. There are task sets which pass our schedulability test, although
the suspension-oblivious approach cannot give any schedulability guarantees.

Example 5.43. Consider the implicit-deadline task set T = {τ1, τ2} with:

• τ1 ∈ Spor(Tτ1 = 5) ∩DynSS(Cτ1 = 1, Sτ1 = 2)

• τ2 ∈ Spor(Tτ2 = 7) ∩DynSS(Cτ2 = 1, Sτ2 = 3)

Then by our test, the WCRTs for the tasks are bounded by:

• R̃2 = 1 + 3 + (
⌊
7
5

⌋
+ 1) · 1 = 6 ≤ 7 = Tτ2

• R̃1 = 1 + 2 + (
⌊
5
7

⌋
+ 1) · 1 = 4 ≤ 5 = Tτ1
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Hence, T is schedulable according to our test. However, for the condition in Theorem 5.26
we obtain 1+2

5 + 1+3
7 > 1, i.e., the task set T cannot be deemed schedulable by the

suspension-oblivious schedulability test.

On the other hand, there are some task sets that are schedulable by Theorem 5.26 but
not according to our test:

Example 5.44. Consider the implicit-deadline task set T = {τ1, τ2} with:

• τ1 ∈ Spor(Tτ1 = 6) ∩DynSS(Cτ1 = 3, Sτ1 = 0)

• τ2 ∈ Spor(Tτ2 = 20) ∩DynSS(Cτ2 = 10, Sτ2 = 0)

Then the task set is schedulable by Theorem 5.26. However, our method computes the
value R̃2 = 10 +

⌊
20−2
6

⌋
· 3 + 2 = 21 which is higher than the relative deadline of τ2.

Comparison with the Workload-Based Schedulability Test (Theorem 5.27)
by Liu and Anderson: Comparing their bounds with the ones described in this section
yields the following proposition.

Proposition 5.45. If all tasks are implicit-deadline self-suspending tasks, our method
dominates the analysis by Liu and Anderson [LA13] applied to uniprocessor systems.

Proof. For contradiction, we assume that our schedulability test fails but the one de-
scribed in Theorem 5.27 succeeds. First, we want to find a possible value for ξℓ. If
Algorithm 2 stops without determining the schedulability of the task set, then there
is some ℓ ∈ {0, 1, . . . , n} with R̃ℓ > Tτℓ . We deduce that Tτℓ < R̃ℓ ≤ R̃ℓ(0) =

Cτℓ + Sτℓ +
∑

i ̸=ℓ

(⌊
Tτℓ
Tτi

⌋
+ 1
)
· Cτi ≤ Cτℓ + Sτℓ + Tτℓ

∑
i
Cτi
Tτi

+
∑

iCτi . This implies

Cτℓ + Sτℓ +
∑

iCτi > Tτℓ ·
(
1−∑i

Cτi
Tτi

)
and hence

Cτℓ
+Sτℓ

+
∑

i Cτi

1−∑
i

Cτi
Tτi

> Tτℓ . We conclude

that the interval

[
Tτℓ ,

Cτℓ
+Sτℓ

+
∑

i Cτi

1−∑
i

Cτi
Tτi

)
is not empty and ξℓ = Tτℓ has to be considered

in the schedulability test according to Theorem 5.27.

By setting ξℓ = Tτℓ and sℓ,j = Sτℓ , we obtain∑
τi∈τs

max {Wnc(τi),Wc(τi)}+
∑
τj∈τe

Wnc(τj) ≤ Tτℓ − Cτℓ − Sτℓ . (5.76)

Furthermore, we know that the set τ e is empty and τ s = T by assumption. Hence, the
left-hand side (LHS ) of Inequality (5.76) is

∑
τi∈Tmax {Wnc(τi),Wc(τi)}, and we can

bound it from below by Wnc(τℓ) +
∑

τi ̸=τℓ
Wc(τi) ≤ LHS .

The computation of Wnc(τℓ) yields that Wnc(τℓ) = min
{⌊

Tτℓ
Tτℓ

⌋
Cτℓ − Cτℓ , Tτℓ − Tτℓ

}
=

0, and Wc(τi), i ≠ ℓ is defined by Wc(τi) = min {∆(τi, Tτℓ), Tτℓ − Cτℓ − Sτℓ + 1} with

∆(τi, Tτℓ) =
(⌈

Tτℓ
Tτi

⌉
− 1
)
Cτi +min

{
Cτi , Tτℓ −

⌈
Tτℓ
Tτi

⌉
Tτi + Tτi

}
.
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By using the four inequalities5 Tτℓ − Cτℓ − Sτℓ + 1 ≥ 0,
(⌈

Tτℓ
Tτi

⌉
− 1
)
≥ 0, Cτi ≥ 0

and Tτℓ −
⌈
Tτℓ
Tτi

⌉
Tτi + Tτi ≥ Tτℓ −

(
Tτℓ
Tτi

+ 1
)
Tτi + Tτi = 0, we obtain that Wc(τi) is

not negative for all i ̸= ℓ. We conclude that Wc(τi) = ∆(τi, Tτi) since otherwise the
left-hand side from Equation (5.76) would be at least Tτℓ − Cτℓ − Sτℓ + 1 and hence
Tτℓ − Cτℓ − Sτℓ + 1 ≤ LHS ≤ Tτℓ − Cτℓ − Sτℓ , which is a contradiction.
In the following, we show that even

∆(τi, Tτℓ) =

⌊
Tτℓ
Tτi

⌋
Cτi +min

{
Cτi , Tτℓ −

⌊
Tτℓ
Tτi

⌋
Tτi

}
(5.77)

holds. For all Tτℓ which are not in ZTτi , we know that
⌈
Tτℓ
Tτi

⌉
− 1 =

⌊
Tτℓ
Tτi

⌋
. By using this

in the definition of ∆(τi, Tτℓ), we obtain the result from Equation (5.77). In the other

case Tτℓ ∈ ZTτi , we have
⌈
Tτℓ
Tτi

⌉
=

Tτℓ
Tτi

=
⌊
Tτℓ
Tτi

⌋
which yields ∆(τi, Tτℓ) =

(
Tτℓ
Tτi

− 1
)
Cτi +

min
{
Cτi , Tτℓ −

Tτℓ
Tτi

· Tτi + Tτi

}
=

Tτℓ
Tτi
Cτi =

⌊
Tτℓ
Tτi

⌋
Cτi +min

{
Cτi , Tτℓ −

⌊
Tτℓ
Tτi

⌋
Tτi

}
.

We conclude that if the test by Liu and Anderson as in Theorem 5.27 indicates

schedulability of the task system, then the inequality Cτℓ + Sτℓ +
∑

τi ̸=τℓ

⌊
Tτℓ
Tτi

⌋
Cτi +

min {Cτi , L(i)} ≤ Tτℓ with L(i) = Tτℓ −
⌊
Tτℓ
Tτi

⌋
Tτi holds. It is left to show that from this

inequality also R̃ℓ ≤ Tτℓ follows.

Let I := {i ∈ {1, 2, . . . , n} | i ̸= ℓ, L(i) ≤ Cτi}. If the set I is empty, then R̃ℓ(0) =

Cτℓ + Sτℓ +
∑

τi ̸=τℓ

⌊
Tτℓ
Tτi

⌋
Cτi + min {Cτi , L(i)} and we get R̃ℓ ≤ R̃ℓ(0) ≤ Tτℓ , which

contradicts the assumption that R̃ℓ > T̃τℓ . Otherwise, if I is not empty, we define

j̃ := argmaxi∈I{Ãℓ
i}. If there is not a unique integer for the maximum, we choose one

among them. In the following we show that the right-hand side of

R̃ℓ(j̃) ≤ Cτℓ + Sτℓ +
∑
τi ̸=τℓ

⌊
Tτℓ
Tτi

⌋
Cτi +

∑
i∈Iℓ−Iℓ

j̃

Cτi +max
{
Ãℓ

j̃
, 0
}

(5.78)

is upper bounded by Cτℓ + Sτℓ +
∑

τi ̸=τℓ

(⌊
Tτℓ
Tτi

⌋
Cτi +min {Cτi , L(i)}

)
. Since the term

Cτℓ + Sτℓ +
∑

τi ̸=τℓ

⌊
Tτℓ
Tτi

⌋
Cτi exists in both expressions, we consider only the remaining

part
∑

i∈Iℓ−Iℓ
j̃
Cτi +max

{
Ãℓ

j̃
, 0
}
.

Since Ãℓ
j̃
≤ L(j̃) ≤ Cj̃ and 0 ≤ L(j̃), we have max

{
Ãℓ

j̃
, 0
}
≤ L(j̃) = min

{
Cj̃ , L(j̃)

}
for the second summand. Furthermore, if i ∈ Iℓ − Iℓ

j̃
, then by definition Ãℓ

i > Ãℓ
j̃
and

i /∈ I. Hence, we obtain L(i) > Cτi and
∑

i∈Iℓ−Iℓ
j̃
Cτi =

∑
i∈Iℓ−Iℓ

j̃
min{Cτi , L(i)} ≤∑

i ̸=ℓ
i ̸=j̃

min{Cτi , L(i)} for the first summand. We conclude that in the case I ̸= ∅, the

5We know that Tτℓ ≥ Cτℓ + Sτℓ since otherwise τℓ can miss its deadline, T is not schedulable, and both
schedulability tests would fail.
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inequality R̃ℓ(j̃) ≤ Cτℓ + Sτℓ +
∑

i ̸=ℓ

⌊
Tτℓ
Tτi

⌋
Cτi +

∑
i ̸=ℓmin{Cτi , L(i)} ≤ Tτℓ also holds,

which contradicts our assumption.

We note that we did not examine, whether our schedulability test still dominates the
method by Liu and Anderson [LA13] if some tasks are execution-only (i.e., τ e ̸= ∅).

Remarks on Extensions For a more rigorous proof and dominance discussion
we focused our attention on the fundamental case with implicit-deadline uniprocessor
systems. Nevertheless, with minor adjustment, the response-time analysis can also be
applied to constrained-deadline sporadic real-time task sets, in which Dτi ≤ Tτi for every
τi. Furthermore, this analysis, which is based on Equation (5.68) in Proposition 5.36,
can be modified to handle global EDF on M processors as follows:

r̃k := Sτk + Cτk +

∑
i ̸=k

(⌊
Tτk
Tτi

⌋
· Cτi +Ai

)
M

≤ Tτk . (5.79)

That is, (i) when task τk suspends, no job is executed on any of the M processors, and
(ii) when task τk executes on one processor, all M − 1 processors idle.

5.1.2.3 Method 2: Redundant Self-Suspension Analysis

Our second approach is an improvement of the suspension-oblivious schedulability test,
which is stated in Theorem 5.26. The underlying utilization-based test [LL73] is exact
for periodic tasks without suspension, i.e., the test succeeds if and only if the task set is
schedulable. The test would become incorrect if the implicit-deadline constraint would
be dropped. The overall aim of this section is to provide a suspension-aware version of
that utilization-based test.

The central observation is that the processor can be suspended for several jobs and
additionally work on a lower-priority job at the same time. The suspension-oblivious
approach is not aware of this fact and adds the time that the processor is suspended for
a job as additional execution time to the workload. In the following, we estimate the
number of jobs by which the processor is only suspended while it is also suspended for or
working on lower-priority jobs, and exclude their suspension time from the workload. To
make the estimations possible, we have to restrict to periodic task sets. We note that by
omitting the implicit-deadline restriction our analysis would become incorrect, too.

We consider a task set T = {τ1, . . . , τn} consisting of n periodic implicit-deadline tasks
abstracted with dynamic self-suspension. That is, each task τi ∈ T can be abstracted as

τi ∈ PerOff(Tτi , ϕτi) ∩DynSS(Cτi , Sτi). (5.80)

We denote by A the preemptive EDF scheduling algorithm. In the following we assume
that T is not schedulable, i.e., there exists a system evolution ω ∈ Ω such that the
resulting schedule [S] := A(ω) is not feasible.
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Preparation Since we consider a periodic task system, the release pattern of the
jobs is fixed, depending on the given phases. For a given schedule, we reorganize the task
system and the schedule to fulfill the following conditions:

Remark 5.46 (Revision of the EDF schedule).

(i) The property Cτ1 + Sτ1 ≤ · · · ≤ Cτn + Sτn holds. This is accomplished simply by
re-indexing.

(ii) For each task, no additional job at the beginning can be added without preserving
the minimal phase, i.e., for ϕ := min{ϕτi} the property ϕτi − ϕ < Tτi holds for all i.
More specifically, ϕτi ∈ [ϕ, ϕ+ Tτi ] for all i. This is achieved by adding empty jobs
without any execution or suspension time of τi periodically between ϕτi and ϕ until
ϕτi − ϕ < Tτi holds.

(iii) All jobs have full execution and suspension time, i.e., the processor is working on
and suspended for each job the amount of time given by the WCET and maximum
suspension time. This is achieved by the undermentioned procedure. Lemma 5.47
proves that this step does not transform any EDF schedule with deadline misses
into an EDF schedule without deadline misses.

We note that the addition of empty jobs in step (ii) has no impact on the response
times of the other jobs. After ensuring Property (ii), we denote the job set by J′ ⊇ J.
Furthermore, we denote the jobs of J′ by J1, J2, . . . , sorted by their priorities. Inductively,
we modify the schedule again by using the following procedure for the m-th job Jm,
m = 1, 2, . . . , to obtain Property (iii):

• If the processor is now working on any of the jobs J1, . . . , Jm−1 at a time interval
where it was before suspended for or working on Jm, we move this execution or
suspension time of Jm to the end of that job.

• We add additional (pseudo) execution and suspension time at the end of Jm such
that it equals the worst case.

Lemma 5.47. By using the procedure described above, the response time of each job does
not decrease.

Proof. We use induction and prove that after the m-th step, J1, . . . , Jm interfere at least
the same time intervals as before and the response time of Jm is not decreased.

For the first job, we can just add additional suspension and execution time at the end.
This cannot decrease the response time of that job and J1 interferes at least the same
time intervals as before, possibly even more.
A modification of the m-th job does not affect the response times of the higher-priority

jobs J1, . . . , Jm−1. By induction, those higher-priority jobs interfere for at least the same
time intervals as before. Therefore and because we only add execution and suspension
time, the response time of Jm does not decrease. If the processor was before suspended
for or working on Jm, then it is now either still in the same state or it is occupied by
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any of the jobs J1, . . . , Jm−1. Hence, the processor is occupied by J1, . . . , Jm at least
at the same time intervals as before, i.e., the interference by J1, . . . , Jm may only be
increased.

The resulting schedule and system evolution after the modifications in this section
are denoted by [S ′] and ω′, respectively. By Lemma 5.47, if the original EDF schedule
[S] has a deadline miss for ω, the new EDF schedule [S ′] with its jobs in the setting
described in Remark 5.46 also has a deadline miss for ω′.

Proof of the Schedulability Test We assume that the requirements from
Remark 5.46 are met by the task set. Let J† be the job with the highest priority which
does not meet its deadline. Let this deadline be dω

′
J† . Furthermore, let t−1 be the last

time before dω
′

J† where the processor is not suspended, or working on J† or jobs with
higher priority. We delete all jobs which are finished before t−1 or have lower priority
than J†. This does not affect the response times of the remaining jobs.

The remaining job set, system evolution, and schedule from time t−1 to dω
′

J† are denoted

as J′′, ω′′, and [S ′′], respectively, for the remainder of this proof. We note that J† ∈ J′′
and dω

′
J† = dω

′′
J† . According to the above definition, all jobs that are executed in the time

interval [t−1, d
ω′′
J† ] have release time ≥ t−1 and deadline ≤ dω

′′
J† . Hence, there are at most⌊

dω
′′

J† −t−1

Tτi

⌋
jobs of task τi executed in the schedule [S ′′].

During the whole interval [t−1, d
ω′′
J† ] the processor is either executing a job or idling,

i.e., dω
′′

J† − t−1 = exec[S
′′](t−1, d

ω′′
J† ) + idle[S

′′](t−1, d
ω′′
J† ). Since by definition, during the

whole interval [t−1, d
ω′′
J† ] jobs are either executed or suspended, each time the processor

idles, a job suspends, i.e., idle[S
′′](t−1, d

ω′′
J† ) ≤ ∑

τi∈T

⌊
dω

′′
J† −t−1

Tτi

⌋
Sτi . Furthermore, the

execution time can be bounded by exec[S
′′](t−1, d

ω′′
J† ) ≤

∑
τi∈T

⌊
dω

′′
J† −t−1

Tτi

⌋
Cτi , and since a

job misses its deadline, even exec[S
′′](t−1, d

ω′′
J† ) <

∑
τi∈T

⌊
dω

′′
J† −t−1

Tτi

⌋
Cτi . This leads to:

dω
′′

J† − t−1 = exec[S
′′](t−1, d

ω′′
J† ) + idle[S

′′](t−1, d
ω′′
J† )

<
∑
τi∈T

⌊
dω

′′
J† − t−1

Tτi

⌋
Cτi +

∑
τi∈T

⌊
dω

′′
J† − t−1

Tτi

⌋
Sτi

(5.81)

The condition dω
′′

J† − t−1 <
∑

τi∈T

⌊
dω

′′
J† −t−1

Tτi

⌋
(Cτi +Sτi) implies that 1 <

∑
τi∈T

Cτi+Sτi
Tτi

,

which concludes the suspension-oblivious schedulability test in Theorem 5.26. However,

instead of relying on idle[S
′′](t−1, d

ω′′
J† ) ≤ ∑

τi∈T

⌊
dω

′′
J† −t−1

Tτi

⌋
Sτi , our utilization-based

analysis applies a tighter bound for idle[S
′′](t−1, d

ω′′
J† ), based on the following observation:
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Observation 5.48. Suppose that there are two jobs J and J̃ in schedule [S ′′]. If

[rω
′′

J , dω
′′

J ] ⊆ [rω
′′

J̃
, f

[S′′],ω′′

J̃
], (5.82)

then the suspension time of job J only contributes to the idle time in the schedule [S ′′]
when J̃ suspends at the same time. In this case, the suspension of the processor due to
J is already covered by the suspension of J̃j and does not have to be considered in the

bound for idle[S
′′](t−1, d

ω′′
J† ).

Let ℓ be the highest index among those tasks which do have remaining jobs executed
in [S ′′]. Let tℓr and tℓd be the first release and last deadline of the remaining jobs of τℓ in
[S ′′], respectively. If ℓ = 1, then there is only one task τℓ in the remaining schedule in the
time interval [t−1, d

ω′′
J† ] and the deadline miss of τℓ implies that Cτℓ + Sτℓ > Dτℓ = Tτℓ ,

which violates our assumption that Cτℓ + Sτℓ ≤ Dτℓ . We therefore only have to consider
the scenario where ℓ ≥ 2.

For each of the
tℓd−tℓr
Tτℓ

jobs, we utilize it as J̃ in Observation 5.48 and then quantify the

jobs J that satisfy the condition [rω
′′

J , dω
′′

J ] ⊆ [rω
′′

J̃
, f

[S′′],ω′′

J̃
].

Lemma 5.49. Suppose that job J̃ is a job of τℓ in the schedule [S ′′] and Cτℓ + Sτℓ ≥ Tτi

for a certain task τi. Then, at least
⌊
Cτℓ

+Sτℓ
Tτi

⌋
− 1 different jobs of task τi are jobs J that

satisfy Equation 5.82 from Observation 5.48.

Proof. Since the execution time plus the suspension time of job J̃ is Cτℓ + Sτℓ in the
schedule [S ′′] due to Property (iii) in Remark 5.46, the response time of job J† is at
least Cτℓ + Sτℓ . Moreover, since task τi is periodically released with Property (ii) in
Remark 5.46, the first job release of task τi after r

ω′′
J† must be earlier than rω

′′
J† + Tτi .

Therefore, there are at least

⌊
rω

′′
J† +Cτℓ

+Sτℓ
−(rω

′′
J† +Tτi )

Tτi

⌋
=
⌊
Cτℓ

+Sτℓ
Tτi

⌋
−1 jobs of task τi with

release time ≥ rω
′′

J† and deadline ≤ rω
′′

J† + Cτℓ + Sτℓ .

We already calculated the number of jobs of τℓ in the schedule [S ′′] by tℓd−tℓr
Tτℓ

. However,

to perform a similar proof as for the suspension-oblivious test in Equation (5.81), the
term (tℓd − tℓr) is impractical, and we need to relate that term to (dω

′′
J† − t−1) instead.

Hence, we estimate (tℓd − tℓr) with respect to (dω
′′

J† − t−1).

Lemma 5.50. The ratio of tℓd − tℓr to dω
′′

J† − t−1 is at least 1
3 .

Proof. Since the other jobs are deleted, we have [tℓr, t
ℓ
d] ⊆ [t−1, d

ω′′
J† ]. If the remaining part

on the right-hand side of the interval would be more than Tτℓ , i.e., d
ω′′
J† − tℓd > Tτℓ , then

there would be another job of τℓ released at tℓd with higher priority than J , which does not
exist by the definition of tℓd. Furthermore, if tℓr − t−1 > Tτℓ , then there would be enough
space for another job with deadline at tℓr and release time after t−1. By Property (ii) in
Remark 5.46, the phase of τℓ is smaller than tℓr and the additional job in fact exists. This
contradicts the definition of tℓr. We conclude that [tℓr, t

ℓ
d] ⊆ [t−1, d

ω′′
J† ] ⊆ [tℓr −Tτℓ , t

ℓ
d+Tτℓ ].
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Let h be the number of jobs of τℓ in [S ′′] defined by the quotient
tℓd−tℓr
Tτℓ

, then we obtain

tℓd−tℓr
dω

′′
J† −t−1

≥ h·Tτℓ
h·Tτℓ

+2·Tτℓ
= h

h+2 . Since h ∈ Z≥1 and h
h+2 ≤ (h+1)

(h+1)+2 for all h ∈ Z≥1, we get

h
h+2 ≥ 1

3 and
tℓd−tℓr

dω
′′

J† −t−1
≥ 1

3 .

Now, we can conclude the schedulability test.

Theorem 5.51. Let T = {τ1, . . . , τn} be a set of implicit-deadline periodic tasks with
dynamic self-suspension and Cτ1 + Sτ1 ≤ · · · ≤ Cτn + Sτn. For notational brevity, let δℓi
denote the indication function which is 1 if Cτℓ + Sτℓ ≥ Tτi and 0 otherwise. If for all
ℓ ∈ {1, . . . , n} the property

Cτℓ + Sτℓ
Tτℓ

+
ℓ−1∑
i=1

Cτi + Sτi

(
1− 1

3

Tτi
Tτℓ

(⌊
Cτℓ

+Sτℓ
Tτi

⌋
− 1
)
· δℓi
)

Tτi
≤ 1 (5.83)

holds, then the task set is schedulable by preemptive EDF. We set
∑ℓ−1

i=1 Xi = 0 when ℓ
is 1 for notational brevity.

Proof. We prove this theorem by contraposition. Suppose that there is a job missing
its deadline, and we construct the remaining schedule [S ′′] in time interval [t−1, d

ω′′
J† ] as

defined above, in which a job misses its deadline in the schedule [S ′′]. Let ℓ be the highest
index among those tasks with at least one job in schedule [S ′′]. We define C ′

i := Cτi +Sτi
for all i.
We first focus on the scenario when ℓ ≥ 2. Let h be the number of jobs of task τℓ in

the time interval [t−1, d
ω′′
J† ], i.e., h is

tℓd−tℓr
Tτℓ

. By Lemma 5.50 and the definition of periodic

tasks, we have
dω

′′
J† −t−1

3Tτℓ
≤ h ≤ dω

′′
J† −t−1

Tτℓ
.

We can use Lemma 5.49 and Observation 5.48 to reduce the contribution of the
suspension time to idle[S

′′](t−1, d
ω′′
J† ) from a certain task τi for i = 1, 2, . . . , l−1. Together

with an argument similar to that resulting in the condition in Equation (5.81), we have

dω
′′

J† − t−1 < hC ′
ℓ +

ℓ−1∑
i=1

(⌊
dω

′′
J† − t−1

Tτi

⌋
C ′
i − h

(⌊
C ′
ℓ

Tτi

⌋
− 1

)
δℓiSτi

)
(5.84)

≤
dω

′′
J† − t−1

Tτℓ
C ′
ℓ +

ℓ−1∑
i=1

(
dω

′′
J† − t−1

Tτi
C ′
i −

dω
′′

J† − t−1

3Tτℓ

(⌊
C ′
ℓ

Tτi

⌋
− 1

)
δℓiSτi

)
=: A.

(5.85)

The second inequality is due to
dω

′′
J† −t−1

3Tτℓ
≤ h ≤ dω

′′
J† −t−1

Tτℓ
.

Moreover, when ℓ is 1, the schedule [S ′′] has only jobs from τ1 in [t−1, d
ω′′
J† ]. That

means dω
′′

J† − t−1 < h · C ′
ℓ ≤ dω

′′
J† −t−1

Tτℓ
· C ′

ℓ, i.e., the condition dω
′′

J† − t−1 < A holds also

when ℓ = 1.
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5. Self-Suspension

Therefore, by dividing both sides of dω
′′

J† − t−1 < A with dω
′′

J† − t−1, which is > 0, the
deadline miss of a job in the schedule [S ′′] implies the existence of ℓ = 1, 2, . . . , n with

1 <
C ′
ℓ

Tτℓ
+

ℓ−1∑
i=1

Cτi

Tτi
+
Sτi

(
1− 1

3

Tτi
Tτℓ

(⌊
C′

ℓ
Tτi

⌋
− 1
)
· δℓi
)

Tτi
. (5.86)

As a result, the negation of the above condition, i.e., for all ℓ = 1, 2, . . . , n with the
condition in (5.83), implies the schedulability of the task set under preemptive EDF.

Theoretical Evaluation We provide some observations about the theoretical
behavior of the schedulability test provided in this section in comparison to the prior
methods detailed in Section 5.1.2.1 and our response-time analysis in Section 5.1.2.2.
Comparison with Suspension-Oblivious (Theorem 5.26): The redundant self-

suspension schedulability test proposed in Theorem 5.51 dominates the existing utilization-
based suspension-oblivious analysis applied to periodic task sets, since the left-hand
side of Equation (5.83) is at most the total utilization if we consider suspension time
as additional execution time. Our method performs better if the sum of execution and
suspension time of one task is large compared to the period of the other tasks.

Example 5.52. Consider the implicit-deadline task set T = {τ1, τ2} with:

• τ1 ∈ Per(Tτ1 = 1) ∩DynSS(Cτ1 = 1
17 , Sτ1 = 1

3)

• τ2 ∈ Per(Tτ2 = 21) ∩DynSS(Cτ2 = 14, Sτ2 = 0)

Suspension-oblivious analysis concludes that the task set is not schedulable, since the
total utilization is > 1. Our test however indicates schedulability: At first we ob-

serve that for ℓ = 1, we have
Cτ1+Sτ1

Tτ1
=

1
17

+ 1
3

1 = 20
51 ≤ 1. For ℓ = 2, we com-

pute 1
3
Tτ1
Tτ2

(⌊
Cτ2+Sτ2

Tτ1

⌋
− 1
)
= 1

3
1
21 · 13 = 13

63 . The test in Equation (5.83) yields 14
21 +

1
17

+ 1
3
(1− 13

63
)

1 ≤ 1. Hence, the task set is schedulable.

Comparison with Response Time Analysis in Section 5.1.2.2: Both schedula-
bility tests proposed in this paper do not dominate each other. To prove this, we again use
Example 5.43 and Example 5.44 with periodic task sets. Since neither Cτ1 +Sτ1 ≥ Tτ2 nor
Cτ2 + Sτ2 ≥ Tτ1 , our utilization-based approach coincides with the suspension-oblivious
schedulability test, which is superior in Example 5.44 and inferior in Example 5.43.

Comparison with the Workload-Based Schedulability Test (Theorem 5.27)
by Liu and Anderson: To show that the schedulability test by Liu and Anderson [LA13]
and the one described in this section also do not dominate each other, we use similar
examples with periodic task sets.

The method by Liu and Anderson is superior for Example 5.43. For ℓ = 1, only sℓ,j = 2
and ξℓ = 5 is possible. By computation, we obtain Wc(τ1) = 0,Wnc(τ1) = 0,Wc(τ2) = 1
and Wnc(τ2) = 0. Since 1 ≤ 5− 1− 2 = 2, Equation (5.50) holds. For ℓ = 2, no choice
of sℓ,j and ξℓ is possible. Hence, the test says that the task set is schedulable. Since
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5.1. Schedulability Analysis

Cτ2 + Sτ2 = 4 < 5 = Tτ1 , our schedulability test is the same as the suspension-oblivious
approach. Therefore, our test cannot conclude schedulability.
For a task set that is similar to the one presented in Example 5.44, our method is

superior to the one by Liu and Anderson. Specifically, consider the implicit-deadline task
set T = {τ1, τ2} with

• τ1 ∈ Per(Tτ1 = 6) ∩DynSS(Cτ1 = 3− ε, Sτ1 = ε)

• τ2 ∈ Per(Tτ2 = 20) ∩DynSS(Cτ2 = 10− ε, Sτ2 = ε)

such that ε ∈ (0, 13). The periodic task set is not deemed schedulable by our response-
time-based analysis in Section 5.1.2.2. Since it dominates the schedulability test by
Liu and Anderson [LA13] if all tasks have suspension, as discussed in the theoretical
evaluation in Section 5.1.2.2, their test also fails for this example. We have R̃2(0) =
10 +

(⌊
20
6

⌋
+ 1
)
· (3− ε) and R̃2(1) = 10 +

⌊
20−2
6

⌋
· (3− ε) + 2. Hence, the value for R̃2 is

10 + 3 · (3− ε) + 2 = 21− 3ε which is bigger than 20 for ε < 1
3 . Our response-time-based

analysis in Section 5.1.2.2 as well as the approach by Liu and Anderson [LA13] both fail.
On the other hand, we know that the example is schedulable by the suspension-oblivious

approach since the value for
∑

i
Cτi+Sτi

Tτi
does not change compared to Example 5.44. Since

our redundant self-suspension schedulability test dominates the suspension-oblivious test,
it also implies schedulability.

5.1.2.4 Experimental Evaluation

We evaluate synthesized task sets to compare the proposed methods with the approaches
from the literature. The metric to compare is the acceptance ratio with respect to the
task set utilization, i.e., the percentage of task sets that has been accepted for the specific
utilization value. We generate 1 000 task sets for each of the analyzed utilization levels
in the range of 0% to 100% with steps of 1%.
For each task set, we first generate a set of implicit-deadline tasks. We adopt the

UUniFast method [BB05] to generate a set of utilization values Uτi with the given goal
Usum , and apply the suggestion by Emberson et al. [ESD10] to generate the periods of
the tasks according to a log-uniform distribution with two orders of magnitude. To be
precise, log10 Tτi is uniformly distributed, and the resulting Tτi values are in [1ms, 100ms].
Accordingly, the execution time is set to Cτi = Tτi · Uτi and the relative deadline is set
to the task periods, i.e., Dτi = Tτi . We convert them to dynamic self-suspending tasks
by generating the suspension lengths of each task according to a uniform distribution in
either of three ranges, i.e., the targeted self-suspension length:

• Short suspension: [0.0(Tτi − Cτi), 0.1(Tτi − Cτi)]

• Moderate suspension: [0.1(Tτi − Cτi), 0.3(Tτi − Cτi)]

• Long suspension: [0.3(Tτi − Cτi), 0.6(Tτi − Cτi)]

Furthermore, we consider self-suspension that is log-uniformly distributed in the interval
[0.0001(Tτi − Cτi), 0.1(Tτi − Cτi)]. We compare the following methods:
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(f) Log-Uniform Suspension
in [0.0001-0.1], 20 Tasks

Figure 5.11.: Comparison of our schedulability tests with the state-of-the-art.

• Our Response Time Analysis detailed in Section 5.1.2.2.

• Our utilization-based analysis that examines Redundant Self-Suspension (Sec-
tion 5.1.2.3).

• Combination of the above two methods, denoted by Ours Combined, i.e., if one
of them returns schedulable, this test succeeds.

• The Suspension Oblivious approach, see Section 5.1.2.1.

• The Workload Analysis by Liu and Anderson [LA13], see Section 5.1.2.1.

• The Utilization-Based Method by Dong and Liu [DL16], see Section 5.1.2.1.

The implementation of our analyses is integrated in an evaluation framework on Github [TU
21a, Methods RTEDF and RSS].

The results with uniformly distributed self-suspension with 10 tasks per task set are
shown in Figure 5.11 (a)–(c), and the results with log-uniformly distributed self-suspension
are shown in Figure 5.11 (d)–(f) with 5, 10 and 20 tasks per task set. The Utilization-
Based Method is omitted, since it provided the same results as the Suspension
Oblivious approach. While for comparison with the Redundant Self-Suspension
method we assume that all tasks are periodic, comparison between the other methods is
based even on the sporadic counterparts.
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5.1. Schedulability Analysis

Utilization range [%] (d) (e) (f) (d)’ (e)’ (f)’

1− 10 0.00 0.00 0.00 0.00 0.00 0.00
11− 20 0.00 0.00 0.00 0.00 0.00 0.00
21− 30 0.00 0.00 0.01 0.00 0.00 0.00
31− 40 0.00 0.00 0.02 0.00 0.00 0.02
41− 50 0.00 0.00 0.02 0.00 0.00 0.11
51− 60 0.00 0.00 0.16 0.00 0.01 0.53
61− 70 0.00 0.02 0.39 0.00 0.08 1.26
71− 80 0.00 0.19 0.52 0.01 0.74 1.37
81− 90 0.39 0.79 0.25 0.69 1.89 0.69
91− 100 0.90 0.31 0.02 1.44 0.79 0.03

Table 5.1.: Average acceptance ratio gain in percent of Redundant Self-Suspension
compared to Suspension Oblivious. (d)–(f) are experiments from Fig-
ure 5.11 and (d)’–(f)’ are the same experiments with periods pulled from
[1, 10 000].

The Response Time Analysis clearly outperforms the state-of-the-art for all cases
with uniform distributed self-suspension length as depicted in Figure 5.11 (a)–(c). As
expected, the acceptance ratio is reduced for all schedulability test if the suspension
interval gets longer. The Workload Analysis by Liu and Anderson [LA13] always
drops very quickly, but, contrary to the utilization-based analyses, still accepts some
task sets for longer suspension intervals. The Redundant Self-Suspension and the
Suspension Oblivious approach only perform reasonably good for short suspension as
in Figure 5.11 (a).

Redundant Self-Suspension and Suspension Oblivious show enhanced per-
formance for short log-uniformly distributed self-suspension as in Figure 5.11 (d)–(f).
Interestingly, we can see that those results depend on the number of tasks. The fewer
tasks are in the task set, the better performs Redundant Self-Suspension compared
to Response Time Analysis, i.e., in Figure 5.11 (d) and Figure 5.11 (e) the former
provides better results while in Figure 5.11 (f) it depends on the utilization.

The result of Ours-Combined shows another aspect of the relation of our proposed
methods. For Figure 5.11 (a)–(e), its curve lies almost directly on the individually better
performing curve, i.e., the largest gap is 1.3%. On the other hand, for Figure 5.11 (f),
we observe an additional benefit for combining both tests by an increase in acceptance
ratio of up to 14.6%.

As proven in Section 5.1.2.3, the Redundant Self-Suspension method dominates
the Suspension Oblivious approach. Table 5.1 summarizes the acceptance ratio gain,
where the gain of acceptance ratio of A compared to B is computed by subtracting the
acceptance ratio of B from the acceptance ratio of A in different utilization ranges of
experiments (d)–(f). We further examine how this improvement changes if the period
range is extended from [1, 100] to [1, 10 000], indicated by (d)’–(f)’. In almost all cases,
the average acceptance ratio gain increases. We note that the extended periods do not
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5. Self-Suspension

significantly impact the performance of the schedulability test compared to each other
which is why the plots for (d)’–(f)’ are omitted. As depicted in the table, an average
acceptance ratio gain of up to 1.89 percent is observed.

5.1.3 Under EDF-Like Scheduling

Current suspension-aware analyses are limited to T-FP scheduling or EDF scheduling. In
this section, we consider the window-constrained scheduler EDF-Like (EL). The category
of window-constrained schedulers, where at each time job priorities are assigned according
to a priority point, has originally been proposed by Leontyev and Anderson [LA07] to
provide general tardiness bounds for multiprocessor scheduling. Popular T-DP algo-
rithms, such as EDF, First In – First Out (FIFO), and Earliest-Quasi-Deadline-First
(EQDF) [BCS12] fall into this category.

In the following, we provide a unifying schedulability analysis for uniprocessor EL
schedulers of arbitrary-deadline task sets. Our analysis is the first suspension-aware
schedulability analysis for arbitrary-deadline sporadic real-time task systems under T-DP
scheduling, such as EDF, and it is the first unifying suspension-aware schedulability
analysis framework that covers a wide range of scheduling algorithms. Our contributions
are as follows:

• In Section 5.1.3.1, we discuss the capabilities and limitations of EL scheduling
algorithms and demonstrate how they can be configured to behave as EDF, FIFO,
EQDF, Suspension-Aware EDF (SAEDF), T-FP algorithms, and hierarchical
scheduling.

• In Section 5.1.3.2, we introduce a unifying schedulability test for uniprocessor EL
scheduling algorithms, that is applicable to self-suspending arbitrary-deadline task
systems. To the best of our knowledge, this is the first result that can handle
arbitrary-deadline task sets under T-DP scheduling and cover a wide range of
scheduling algorithms in one analysis framework for self-suspending task systems.

• Our numerical evaluation in Section 5.1.3.3 shows that our schedulability test
outperforms the state of the art for EDF and performs slightly worse than the test
by Chen et al. [CNH16] for DM scheduling under constrained-deadlines. We also
examine the performance of different configurations for EQDF and SAEDF.

The results presented in this section appeared in RTSS 2022 [Gün+22].

5.1.3.1 Capabilities and Limitations of EDF-Like Scheduling

In EDF-Like (EL) scheduling, as introduced in Section 2.4.3, the priority of each job τ(j)
is based on a job-specific priority point πωτ(j) ∈ R. More specifically, a job τ(j) has higher

priority than τ ′(j′) in system evolution ω if πωτ(j) < πωτ ′(j′). The priority point is induced
by the release of the job and a task-specific parameter Πτ denoted as relative priority
point , i.e., πωτ(j) = rωτ(j) +Πτ . As a result, smaller Πτ in comparison to the other relative
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τ(j)

rωτ(j) f
A(ω),ω
τ(j) πω

τ(j)
dωτ(j)

Πτ

Dτ

τ1

τ2

0 2 4 6 8 10 12 14 16

Figure 5.12.: Left: Presentation of our Notation. Right: Jobs of two tasks scheduled by
EL scheduling. The schedule is feasible, and the job priority is given by
πωτ1(1) < πωτ1(2) < πωτ2(1) < πωτ1(3).

T-FP ⊆ EL ⊆ J-FP

Figure 5.13.: Expressiveness of the scheduling policies Task-level Fixed-Priority (T-FP),
EDF-Like (EL), and Job-level Fixed-Priority (J-FP).

priority points favor the jobs of τ to be scheduled first. The left-hand side of Figure 5.12
depicts the notation for EL scheduling.

Under an assignment of relative priority points (Πτ )τ∈T, whenever a job is added to the
ready queue, the new highest-priority job is determined and executed. Whenever a job
finishes or suspends itself, it is removed from the ready queue and a new highest-priority
job is determined and executed.

Example 5.53. The right-hand side of Figure 5.12 shows a schedule for two implicit-
deadline tasks

• τ1 ∈ PerOff(5, 0) ∩DynSS(2, 0)

• τ2 ∈ PerOff(16, 0) ∩DynSS(7, 3)

under EL scheduling with relative priority points Πτ1 = 4 and Πτ2 = 10.

Since the class of EL scheduling algorithms is considered sparsely in the literature,
we first discuss how they relate to T-FP and Job-level Fixed-Priority (J-FP). This
relation is depicted in Figure 5.13. Since all jobs are assigned priorities based on a fixed
priority point, EL scheduling algorithms are by design a subclass of J-FP algorithms,
i.e., if one job has higher priority than another job at some point in time, then it has
higher priority at all times.6 While the EL scheduling algorithms are a subset of J-FP, it
contains many frequently used J-FP algorithms. Specifically, for a task set T with tasks
τ ∈ DynSS(Cτ , Sτ ) for all τ ∈ T, we model the following scheduling algorithms:

• Earliest-Deadline-First (EDF) [LL73] (Πτ = Dτ )

6Please note that Leontyev and Anderson [LA07] define priority points as well. However, they obtain
priority points by prioritization functions, thus their model can express all J-FP and Job-level
Dynamic-Priority (J-DP) scheduling algorithms.
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• Earliest-Quasi-Deadline-First (EQDF) [BCS12]
(Πτ = Dτ + λCτ for some predefined λ ∈ R)

• Suspension-Aware EDF (SAEDF)7

(Πτ = Dτ + λSτ for some predefined λ ∈ R)

• First In – First Out (FIFO) (Πτ = 0)

As a result, the schedulability test that we present in Section 5.1.3.2 is applicable to all
these scheduling algorithms by configuring the relative priority points Πτi accordingly.
Furthermore, T-FP algorithms can be treated as EL scheduling algorithms in the

analysis as well. More specifically, each T-FP algorithm can be transferred into a related
EL scheduling algorithm with the same behavior. Hence, if a task set is determined to
be schedulable under this EL scheduling algorithm, it is schedulable under the T-FP
algorithm as well. For the construction, we consider a task set T = {τ1, . . . , τn}, where
the task indices indicate their priority, i.e., τk has higher priority than τk′ if and only
if k < k′ (with τ1 having the highest priority). We assume that a WCRT upper bound
Kj for each task either for the schedule under EL scheduling or under T-FP scheduling
is given. If we set the relative priority point of each task τi to Πτi =

∑i
j=1Kj , then

EL and T-FP coincide. An EL schedulability test can also be utilized when the relative
deadline Dτi is taken as an upper bound on the WCRT. In both cases, if a task set is
schedulable according to an EL schedulability test, it is also schedulable under the given
T-FP assignment.

Proposition 5.54 (T-FP as EL.). Consider T = {τ1, . . . , τn} and the T-FP scheduling
algorithm with priorities indicated by task indexes. Let K1, . . . ,Kn ∈ R≥0 and

Πτi :=
i∑

j=1

Kj (5.87)

for i = 1, . . . , n. If for all j = 1, . . . , n the value Kj is an upper bound on the WCRT
of τj in EL or in T-FP, then the schedule of T under EL and the schedule of T under
T-FP coincide.

Proof. For an indirect proof we assume that there exists a system evolution ω of the
job set J obtained by T, such that the corresponding schedules [SEL] under EL and
[SFP ] under T-FP do not coincide. Let τk(ℓ) be the job with the highest priority in
the EL schedule, such that the schedules of τk(ℓ) do not coincide, i.e., S−1

EL({τk(ℓ)}) and
S−1
FP ({τk(ℓ)}) do not coincide almost everywhere. We define the interval

I := [rωτk(ℓ), r
ω
τk(ℓ)

+Kk). (5.88)

Let JFP ⊆ J and JEL ⊆ J be the set of jobs with higher priority than τk(ℓ) under T-FP
and under EL, respectively, that are executed during I. We will reach a contradiction

7We note that Chen [Che16] also defined a suspension-aware version of EDF in 2016 by giving the job
with the lowest absolute deadline minus remaining suspension the highest priority. However, that
version is not compatible with EL scheduling since it is not a J-FP algorithm.
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by showing that JFP = JEL and that further the schedule of the jobs in JFP = JFP
coincides under T-FP and under EL scheduling. For that purpose we partition the job sets
into three subsets JFP =

∐
i∈{+,−,0} JiFP and JEL =

∐
i∈{+,−,0} JiEL, where each of them

denotes the subset of jobs released by tasks of T+ = {τk+1, . . . , τn}, T− = {τ1, . . . , τk−1}
or T0 = {τk}. In the following we show that JiFP = JiEL for all i ∈ {+,−, 0}.

Proof of J+FP = J+EL: Because of the task-level priority order under T-FP, all jobs of
the tasks of T+ have a lower priority than τk(ℓ), i.e., J+FP = ∅. Under EL, we choose any
job τi(j), with τi ∈ T+, that has higher priority than τk(ℓ), i.e., π

ω
τi(j)

= rωτi(j) + Πτi ≤
πωτk(ℓ) = rωτk(ℓ) +Πτk holds. By subtracting Πτk we obtain

rωτi(j) +Ki ≤ rωτi(j) + (Πτi −Πτk) ≤ rωτk(ℓ). (5.89)

Since τi(j) has higher priority than τk(ℓ), by assumption, the schedule of τi(j) coincides

under EL and T-FP, and we have f
[SFP ],ω
τi(j)

= f
[SEL],ω
τi(j)

≤ rωτi(j)+Ki. With Equation (5.89),

we conclude f
[SFP ],ω
τi(j)

= f
[SEL],ω
τi(j)

≤ rωτk(ℓ). In particular, the job τi(j) is not executed during

I. Since τi(j) was chosen arbitrarily, this means that J+EL = ∅ as well.
Proof of J−FP = J−EL: Under T-FP and under EL, jobs of the tasks in T− can only be

executed during I if they are released before rωτk(ℓ) +Kk, i.e., let J′− be the set of jobs

released before rωτk(ℓ) +Kk by tasks of T−, then J−FP , J
−
EL ⊆ J′−. Under T-FP, all jobs in

J′− have higher priority than τk(ℓ) since they are released by the tasks of T−. Under EL,
we show the same: Let τi(j) ∈ J′−, i.e., rωτi(j) < rωτk(ℓ) +Kk. It directly follows that

πωτi(j) = rωτi(j) +Πτi < rωτk(ℓ) +Kk +Πτi ≤ rωτk(ℓ) +Πτk = πωτk(ℓ). (5.90)

In particular, τi(j) has higher priority than τk(ℓ). We have shown that all jobs in J′−

have higher priority than τk(ℓ) under EL and under T-FP scheduling. By assumption,
the schedule of the jobs in J′− coincides under T-FP and EL. Therefore, the same jobs
of J′− are executed during I under T-FP and EL, i.e., J−FP = J−EL.

Proof of J0FP = J0EL: Under T-FP and EL, J′0 := {τk(1), . . . , τk(ℓ− 1)} are the jobs of

τk that have higher priority than τk(ℓ), i.e., J0FP , J0EL ⊆ J′0. By assumption, the schedule

of the jobs in J′0 coincides. Therefore, the same jobs of J′0 are executed during I, i.e.,
J0FP = J0EL.
We have shown that JFP = JEL by the above discussion. Since the schedule of the

jobs JFP = JEL coincides during I, τk(ℓ) is preempted/blocked during the same time
intervals under T-FP and EL scheduling during I. Hence, the schedule of τk(ℓ) during I
coincides. Since by assumption Kk is an upper bound on the response time under EL or
T-FP scheduling, the job τk(ℓ) finishes during I. This proves that the whole schedule of
τk(ℓ) coincides.

Even without knowledge about the WCRTs, we can use a schedulability test based
on EL scheduling for T-FP scheduling by setting the relative priority points to Πτi =∑i

j=1Dτj . If the schedulability test assures that all jobs meet their deadline, then Dτj is
an upper bound on the WCRT. In this case, the schedule obtained by EL scheduling
coincides with the T-FP schedule and is feasible.
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Corollary 5.55. If the task set T = {τ1, . . . , τn} is schedulable under EL with Πτi :=∑i
j=1Dτj for all i = 1, . . . , n, then T is schedulable under T-FP, with priorities indicated

by task indices, as well.

Proof. If T is schedulable under EL with the given relative priority points Πτi , then Dτj

is an upper bound on the WCRT of τj for all τj ∈ T under EL scheduling. In this case,
by Proposition 5.54 the schedule under T-FP and EL coincide. Therefore, Dτj is also
an upper bound on the WCRT of τj for all τj ∈ T under T-FP scheduling. Hence, T is
schedulable under T-FP as well.

We note that the response time of tasks may be unbounded and that for such cases
a T-FP algorithm cannot be treated as EL scheduling algorithm. However, these cases
do not apply in practical scenarios if it is required that the jobs of all tasks finish at or
before their absolute deadline.
The assignment of relative priority points also allows mixing different scheduling

algorithms or hierarchical scheduling algorithms as shown in the following example.

Example 5.56. We consider a task set T = {τ1, τ2, τ3, τ4} of 4 tasks. In the following
we demonstrate how to assign priorities such that τ1 and τ2 are on one priority-level,
and τ3 and τ4 are on another priority-level, and on each priority-level EDF is utilized.
We assign the relative priority points Πτ1 = Dτ1 , Πτ2 = Dτ2 , Πτ3 = Dτ1 +Dτ2 +Dτ3 and
Πτ4 = Dτ1 +Dτ2 +Dτ4. If T is schedulable under EL scheduling with the given relative
priority points, then EL produces the same schedule as the desired scheduling policy:
Since Πτi − Πτj ≥ Dτi for all i = 3, 4 and j = 1, 2, a job J of τ1 or τ2 can only have
higher priority than a job J ′ of τ3 or τ4 if J ′ is already finished when J is released. τ1
and τ2 are scheduled according to EDF, since their relative priority points are set to the
deadline. The tasks τ3 and τ4 are also scheduled according to EDF, since for all ω ∈ Ω the
difference between the global priorities πωτ3(j) and π

ω
τ4(j′)

of each two jobs τ3(j) and τ4(j
′)

is the same as the difference between the absolute deadlines rωτ3(j) +Dτ3 and rωτ4(j′) +Dτ4 .

To conclude, the expressiveness of EL scheduling algorithms is between T-FP and
J-FP scheduling, but includes many important J-FP algorithms like EDF, EQDF, FIFO,
and SAEDF. Furthermore, EL scheduling allows mixing different scheduling strategies
and hierarchical scheduling.

5.1.3.2 Schedulability Test for EDF-Like Scheduling Algorithms

In this section, we derive a sufficient schedulability test for EDF-Like (EL) scheduling.
That is, for an arbitrary-deadline task set T = {τ1, . . . , τn} and an assignment of relative
priority points (Πτ1 , . . . ,Πτn) the test returns True if T is schedulable by the corresponding
EL scheduling algorithm. We assume that each task τi ∈ T can be abstracted as

τi ∈ Spor(Tτi) ∩DynSS(Cτi , Sτi). (5.91)

In the following, we denote by A the preemptive EL scheduling algorithm with given
priority points. For a system evolution ω ∈ Ω, the corresponding schedule is denoted
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Analysis backbone
Theorem 5.60

Bounds for interference:
• from τk: Lemma 5.61

• from τi ̸= τk: Lemma 5.62

WCRT analysis
Theorem 5.63

WCRT analysis
Theorem 5.67

Fixed
analysis window

Variable
analysis window

Figure 5.14.: Roadmap of the analysis in Section 5.1.3.2.

by [S] = A(ω). We assume that A schedules jobs of the same task τi ∈ T in a FIFO
manner. That is, if a job τi(j) of task τi is only eligible for execution (i.e., ready to be
executed) after all jobs of τi released prior to τi(j) finish execution. Specifically, τi(j)
cannot be executed while τi(j − 1) is suspended.

Our high-level idea is to bound the WCRT of a task τk ∈ T by considering an arbitrary
job τk(ℓ), bounding the time the job needs to run, the time the job can be suspended,
and the possible interference, both from higher-priority tasks and from earlier jobs of the
same task τk. We summarize the individual steps in the following roadmap, which we
depict in Figure 5.14:

• First, we formulate the analysis backbone in Theorem 5.60 by taking into account the
execution of τk(ℓ) itself, self-interference from preceding jobs of τk, and interference
from other tasks.

• Second, we provide upper bounds for the number of self-interfering jobs, denoted
by ak,ℓ in Lemma 5.61, and for the interference from other tasks, denoted by Bi

k,ℓ

in Lemma 5.62, when EL scheduling is applied.

• Third, we present two approaches to conduct the WCRT analysis based on the
analysis backbone and the bounds for the interference:

– Analysis when considering a fixed analysis window, i.e., we only analyze active
intervals starting when τk(ℓ) is already released, in Theorem 5.63.

– Analysis when gradually increasing the analysis window, in Theorem 5.67.

Although increasing the analyzed active interval may reduce the WCRT bound from
the analysis, we discuss in Remark 5.64 that the analyses from Theorems 5.63 and 5.67
do not dominate each other.

Analysis Backbone First, we formalize the analysis backbone that we utilize for
the schedulability analysis. The backbone is based on the observation that whenever
a job of task τk ∈ T is released but not finished, the processor is either (i) executing
higher-priority jobs, or (ii) executing or suspended by a job of task τk. We define the
following terminology to formalize the analysis backbone.
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Definition 5.57 (Active and Current Job). For a schedule A(ω) of system evolution
ω, a job τk(ℓ) of a task τk is active at time t, if it is released but not already finished by

time t, i.e., t ∈ [rωτk(ℓ), f
A(ω),ω
τk(ℓ)

). When there are active jobs of task τk at a time instant
t, then we call the active job of τk with the earliest release time the current job of τk at
time t. We say that task τk is active at t, if there exists an active job of τk at t.

To describe the two states of the processor (i) and (ii), we use the following notation.

Definition 5.58. Let τk(ℓ) be a job of τk. Furthermore, let [c, d) with c < d be any half
opened interval. We define by

Bi
k,ℓ(c, d) :=

∑
j∈N, τi(j)>prioτk(ℓ)

exec
A(ω)
τi(j)

(c, d) (5.92)

the amount of time during [c, d) that the processor is executing jobs of τi with higher
priority than τk(ℓ). If c ≥ d, we set both terms to 0 for simplicity. Furthermore, we
define by

ak,ℓ(c) := |
{
τk(j)

∣∣∣ j < ℓ, f
A(ω),ω
τk(j)

> c
}
| (5.93)

the number of jobs of τk before τk(ℓ) that can potentially execute or suspend during [c, d).

We utilize this notation to formulate the following lemma. Specifically, we state that if
a job τk(ℓ) does not finish until d, then the amount of execution of higher-priority jobs
plus execution and suspension of jobs of τk exceeds d.

Lemma 5.59. Consider some interval [c, d) with c ≤ d. If τk(ℓ) is not finished by time
d and the task τk is active during the whole interval [c, d), then

(Cτk + Sτk) +
∑
i ̸=k

Bi
k,ℓ(c, d) + ak,ℓ(c) · (Cτk + Sτk) > (d− c). (5.94)

Proof. Since the processor executes a job or idles during the whole interval [c, d), we have

d− c =
∑
J∈J

exec
A(ω)
J (c, d) + idleA(ω)(c, d). (5.95)

By definition, the amount of time that jobs with higher priority than τk(ℓ) are executed
can be formulated as ∑

j∈N
τi(j)>prioτk(ℓ)

exec
A(ω)
τi(j)

(c, d) = Bi
k,ℓ(c, d) (5.96)

for all τi ̸= τk. Furthermore, since τk is active during the whole interval [c, d), whenever
a job of τi ̸= τk with lower priority than τk(ℓ) is executed and whenever the processor
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idles, a job of τk suspends itself. Since τk(ℓ) is not finished at time d, the amount of jobs
of τk that can suspend themselves is upper bounded by ak,ℓ(c) + 1. Hence, we obtain

idleA(ω)(c, d) +
∑
i ̸=k

∑
j∈N

τi(j)<prioτk(ℓ)

exec
A(ω)
τi(j)

(c, d) ≤ (ak,ℓ(c) + 1) · Sτk . (5.97)

Similarly, only ak,ℓ(c) + 1 jobs of τk can be executed during [c, d), and the execution of
one job (τk(ℓ)) cannot be finished until d. Hence,∑

j∈N
exec

A(ω)
τk(j)

(c, d) < (ak,ℓ(c) + 1) · Cτk . (5.98)

Applying Equations (5.96), (5.97) and (5.98) to Equation (5.95) proves the lemma.

By contraposition, if Equation (5.94) does not hold, then d is an upper bound on
the finishing time of τk(ℓ). We utilize Lemma 5.59 to provide a response-time bound
R̃k,ℓ ≤ Dτk for τk(ℓ) by setting d = rωτk(ℓ) + R̃k,ℓ. Enlarging the window of interest from

[c, d) to [c, dωτk(ℓ)) enables the following response-time bound which serves as the analysis
backbone for the remainder of this section.

Theorem 5.60 (Analysis Backbone). Let c ≤ dωτk(ℓ) ∈ R such that either (i) τk(ℓ) is

released before c, i.e., c ≥ rωτk(ℓ), or (ii) c < rωτk(ℓ) and τk is active during [c, rωτk(ℓ)). If

R̃k,ℓ :=(Cτk + Sτk) +
∑
i ̸=k

Bi
k,ℓ(c, d

ω
τk(ℓ)

) + ak,ℓ(c) · (Cτk + Sτk) + c− rωτk(ℓ), (5.99)

is at most Dτk , then R̃k,ℓ is an upper bound on the response time of τk(ℓ).

Proof. We prove the theorem by contradiction and assume that R̃k,ℓ is not an upper
bound on the response time of τk(ℓ), i.e., the job τk(ℓ) is not finished at time rωτk(ℓ)+ R̃k,ℓ.

We set d := rωτk(ℓ) + R̃k,ℓ. Lemma 5.59 can be applied for the following reasons:

• d = rωτk(ℓ) + R̃k,ℓ = (Cτk + Sτk) +
∑

i ̸=k B
i
k,ℓ(c, d

ω
τk(ℓ)

) + ak,ℓ(c) · (Cτk + Sτk) + c ≥ c

by the definition of R̃k,ℓ in Equation (5.99).

• τk(ℓ) is not finished at time d by assumption.

• Since (i) or (ii) from the description of the theorem holds, this means that τk is
active during the interval [c, d).

Since Lemma 5.59 can be applied this means that Equation (5.94) holds. We have
Bi
k,ℓ(c, d) ≤ Bi

k,ℓ(c, d
ω
τk(ℓ)

) for all i ̸= k since d ≤ dωτk(ℓ). Hence, the left-hand side of

Equation (5.94) is upper bounded by R̃k,ℓ−c+rωτk(ℓ). We conclude that R̃k,ℓ−c+rωτk(ℓ) >
d− c = R̃k,ℓ + rωτk(ℓ) − c which is a contradiction.
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So far, Theorem 5.60 examines a given interval that starts at time c and ends at time
dωτk(ℓ), i.e., the absolute deadline of the analyzed job, under the assumption that the
inference in the interval is known. However, how to choose the starting value c and how
the interference in [c, dωτk(ℓ)) can actually be calculated has not yet been discussed. Hence,
to apply the upper bound in Theorem 5.60, the following questions have to be answered:

• Question 1: What are the values of Bi
k,ℓ(c, d

ω
τk(ℓ)

) and ak,ℓ(c)? Since computing
the values directly has high complexity, we use over-approximation. In Lemmas 5.61
and 5.62 we derive upper bounds for Bi

k,ℓ(c, d
ω
τk(ℓ)

) and ak,ℓ(c) with i ̸= k.

• Question 2: Which are good values for c? Trying out all possible c for the
estimation would result in very high complexity. Therefore, we discuss two strategies
to choose c in Theorems 5.67 and 5.63. More precisely, with the first procedure we
restrict c to be in the interval [rωτk(ℓ), d

ω
τk(ℓ)

), which has benefits on the runtime of
our analysis due to the fixed analysis windows. For the second strategy, we examine
active intervals for τk, and gradually increase the analysis window. Afterwards, we
discuss that these two methods do not dominate each other.

Upper Bounds on Higher-Priority Interference In this subsection, we
bound the interference of higher-priority jobs during the interval [c, dωτk(ℓ)), providing

upper bounds for ak,ℓ(c) in Lemma 5.61 and for Bi
k,ℓ(c, d

ω
τk(ℓ)

) in Lemma 5.62. We do this

under the assumption that all jobs with higher priority than τk(ℓ) meet their deadline
since this is our induction hypothesis later used in Theorem 5.63 and Lemma 5.66. As
mentioned earlier, how to choose c is discussed in Theorems 5.63 and 5.67.

For arbitrary deadlines, there might be several active jobs of one task at the same
time, which makes the analysis in general more complicated. Note that, according to
the FIFO mechanism of jobs of the same task, the jobs of τk must be executed one after
another, i.e., even if the processor idles, a job of τk cannot start its execution unless all
jobs of τk released prior to it are finished.

We achieve a bound for ak,ℓ(c) by counting the number of jobs of τk with deadline in
[c, dωτk(ℓ)).

Lemma 5.61 (Bound for interference from τk). The number of jobs of task τk with
higher priority than τk(ℓ) that are executed or suspended in the interval [c, dωτk(ℓ)) is upper
bounded by

ak,ℓ(c) ≤
⌈
dωτk(ℓ) − c

Tτk

⌉
− 1. (5.100)

Proof. All higher-priority jobs of τk finish until their deadline. Therefore, the processor
can only work on or be suspended by a higher-priority job of τk during [c, dωτk(ℓ)) if the
deadline of the job is after c. Moreover, the job of τk can only have higher priority than

τk(ℓ) if its deadline is no later than dωτk(ℓ) − Tτk . At most

⌈
dω
τk(ℓ)

−c

Tτk

⌉
− 1 jobs of τk have

their deadline during (c, dωτk(ℓ) − Tτk ].
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τi
R̃i Πτi

τk

rωτk(ℓ)
c

Πτk

τi Cτi

R̃i

τk

rωτk(ℓ)
c

Figure 5.15.: Intuition for Lemma 5.62. The left schedule describes the approach for
Equation (5.102) and the right schedule describes the approach for Equa-
tion (5.103). Only jobs of τi that are released during the gray boxes can
have higher priority than τk(ℓ) and be executed during the analysis interval
[c, dωτk(ℓ)).

For the interference from τi ̸= τk, we estimate the number of job releases during a
certain interval under analysis, as depicted by the gray boxes in Figure 5.15, and account
for Cτi time units for each of those jobs. For each task τi ≠ τk, let R̃i be an upper bound
on the WCRT of jobs of τi with higher priority than τk(ℓ). We set R̃i := Dτi if no upper
bound is known, as all jobs with higher priority meet their deadline.

Lemma 5.62 (Bound for interference from τi ≠ τk). For i ̸= k, the amount of time
during [c, dωτk(ℓ)) that jobs of τi with higher priority than τk(ℓ) are executed is

Bi
k,ℓ(c, d

ω
τk(ℓ)

) ≤ max

(⌈
Gi

k + R̃i + rωτk(ℓ) − c

Tτi

⌉
, 0

)
Cτi (5.101)

where Gi
k := min(Dτk − Cτi ,Πτk −Πτi).

Proof. The bound from Equation (5.101) is achieved by proving the two upper bounds
for Bi

k,ℓ we get for the two cases of Gi
k. That is, we prove the following two bounds

individually:

Bi
k,ℓ(c, d

ω
τk(ℓ)

) ≤ max

(⌈
Πτk −Πτi + R̃i + rωτk(ℓ) − c

Tτi

⌉
, 0

)
Cτi (5.102)

Bi
k,ℓ(c, d

ω
τk(ℓ)

) ≤ max

(⌈
Dτk − Cτi + R̃i + rωτk(ℓ) − c

Tτi

⌉
, 0

)
Cτi (5.103)

Bound in Equation (5.102): The bound is based on the following two observations:

• Jobs of τi have higher priority than τk(ℓ) only if they are released no later than
rωτk(ℓ) +Πτk −Πτi .

• Jobs of τi can be executed after c only if they are released after c− R̃i.
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Due to these two observations, the number of jobs that contribute to Bi
k,ℓ(c, d

ω
τk(ℓ)

) is

upper bounded by the number of releases in (c− R̃i, r
ω
τk(ℓ)

+Πτk −Πτi ], which is at most

max

(⌈
Πτk

−Πτi+R̃i+rω
τk(ℓ)

−c

Tτi

⌉
, 0

)
. The processor can work on each of them for at most

Cτi time units.

Bound in Equation (5.103): Before formally proving Equation (5.103), we first
examine the worst-case scenario depicted in Figure 5.15. Intuitively, the maximal
interference from task τi is obtained when the last interfering job of τi is released at
dωτk(ℓ) − Cτi and executed for Cτi time units during [dωτk(ℓ) − Cτi , d

ω
τk(ℓ)

) as depicted in

Figure 5.15. The maximum number of jobs that contribute to Bi
k,ℓ(c, d

ω
τk(ℓ)

) is therefore

upper bounded by the number of releases in (c − R̃i, d
ω
τk(ℓ)

− Cτi ], which is at most

max

(⌈
Dτk

−Cτi+R̃i+rω
τk(ℓ)

−c

Tτi

⌉
, 0

)
. The processor can work on each of them for at most

Cτi time units.

In the following we present a formal proof for the bound from Equation (5.103). If
the processor is not working on any job of τi during [c, dωτk(ℓ)), then Bi

k,ℓ(c, d
ω
τk(ℓ)

) = 0

and the lemma is proven. Otherwise, let τi(j
′) be the last job of τi that the processor is

working on during [c, dωτk(ℓ)). We isolate the job τi(j
′) in the following way. Let rωτi(j′) be

the release time of τi(j
′), let sA(ω),ω

τi(j′)
be the start time of τi(j

′), i.e., the first time that

the processor is working on τi(j
′), and let C∗ be the amount of time that the processor

is working on τi(j
′) during the interval [c, dωτk(ℓ)). Therefore, by definition, we have

rωτi(j′) + C∗ ≤ dωτk(ℓ) = rωτk(ℓ) +Dτk (5.104)

and

Bi
k,ℓ(c, d

ω
τk(ℓ)

) ≤ Bi
k,ℓ(c, s

A(ω),ω
τi(j′)

) + C∗. (5.105)

We distinguish two cases:

Case 1: s
A(ω),ω
τi(j′)

− c < (Cτi −C∗): In this case, the left-hand side of Equation (5.103) is

at most Bi
k,ℓ(c, s

A(ω),ω
τi(j′)

)+C∗ ≤ (s
A(ω),ω
τi(j′)

− c)+C∗ ≤ Cτi . Moreover, the right-hand side of

Equation (5.103) is at least

⌈
Dτk

−Cτi+rω
τk(ℓ)

−c+R̃i

Tτi

⌉
Cτi ≥

⌈
Dτk

+rω
τk(ℓ)

−c

Tτi

⌉
Cτi ≥ Cτi since:

• R̃i ≥ Cτi by definition of R̃i.

• τi(j
′) is executed during [c, dωτk(ℓ)) and therefore c < Dτk + rωτk(ℓ) must hold.

In this case, Equation (5.103) is proven.

Case 2: s
A(ω),ω
τi(j′)

−c ≥ (Cτi−C∗): Since during the interval [c, c+(Cτi−C∗)) the processor

can work on jobs of τi for at most (Cτi − C∗) time units, we have Bi
k,ℓ(c, s

A(ω),ω
τi(j′)

) ≤
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(Cτi − C∗) + Bi
k,ℓ(c+ (Cτi − C∗), sA(ω),ω

τi(j′)
). Hence, we obtain:

Bi
k,ℓ(c, d

ω
τk(ℓ)

)
by (5.105)

≤ Bi
k,ℓ(c, s

A(ω),ω
τi(j′)

) + C∗ (5.106)

≤ (Cτi − C∗
τi) + Bi

k,ℓ(c+ (Cτi − C∗), sA(ω),ω
τi(j′)

) + C∗
τi (5.107)

= Bi
k,ℓ(c+ (Cτi − C∗), sA(ω),ω

τi(j′)
) + Cτi (5.108)

The number of jobs of τi that contribute to Bi
k,ℓ(c+ (Cτi − C∗), sA(ω),ω

τi(j′)
) is at most the

number of releases of τi during the interval (c+ Cτi − C∗ − R̃i, r
ω
τi(j′)

− Tτi ], which is⌈
rωτi(j′) − Tτi − c− Cτi + C∗ + R̃i

Tτi

⌉
by (5.104)

≤
⌈
rωτk(ℓ) − Tτi − c− Cτi +Dτk + R̃i

Tτi

⌉

=

⌈
rωτk(ℓ) − c− Cτi +Dτk + R̃i

Tτi

⌉
− 1.

Therefore, for this case, we conclude that

Bi
k,ℓ(c, d

ω
τk(ℓ)

) ≤ Bi
k,ℓ(c+ (Cτi − C∗), sA(ω),ω

τi(j′)
) + Cτi

≤
(⌈

rωτk(ℓ) − c− Cτi +Dτk + R̃i

Tτi

⌉
− 1

)
Cτi + Cτi

=

⌈
rωτk(ℓ) − c− Cτi +Dτk + R̃i

Tτi

⌉
Cτi .

Hence, for this case, Equation (5.103) is proven as well.

Fixed Analysis Window In the following, we fix the analysis window, i.e., the
possible range of [c, dωτk(ℓ)), to the interval [rωτk(ℓ), d

ω
τk(ℓ)

). We utilize the upper bounds on

Bi
k,ℓ(c, d

ω
τk(ℓ)

) and ak,ℓ(c) provided previously to obtain the following schedulability test.

Theorem 5.63 (Sufficient Schedulability Test). Let T = {τ1, . . . , τn} be an arbitrary-
deadline task set with relative priority points (Πτ1 , . . . ,Πτn). If for all k = 1, . . . , n there
exists some bk ∈ [0, Dτk) such that

R̃k(bk) ≤ Dτk , (5.109)

where R̃k(bk) :=
∑
i ̸=k

max
(⌈

Gi
k+R̃i−bk

Tτi

⌉
, 0
)
Cτi +

⌈
Dτk

−bk
Tτk

⌉
(Cτk + Sτk) + bk and Gi

k =

min(Dτk − Cτi ,Πτk − Πτi), then the task set is schedulable by EL scheduling with the
given relative priority points and the WCRT of τk is upper bounded by R̃k := R̃k(bk).
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Algorithm 3 Schedulability test with fixed analysis window.

Input: T = {τ1, . . . , τn}, (Πτ1 , . . . ,Πτn), η, depth
Output: True: schedulable, False: no decision

1: Order τ1, . . . , τn, s.th. Dτ1 ≥ · · · ≥ Dτn .
2: Set R̃i := Dτi for all i.
3: for i = 1, 2, . . . , depth do
4: solved := True
5: for k = 1, 2, . . . , n do
6: cand := [ ]; step := η ·Dτk ▷ Preparation.
7: for b = 0, step, 2 · step, · · · < Dτk do ▷ Compute.
8: cand.append(R̃k(b)) using Equation (5.109).

9: R̃k := min(cand) ▷ Compare candidates.
10: if R̃k > Dτk then ▷ Check condition.
11: solved := False; R̃k := Dτk ; break

12: return solved

Proof. Assume we have found bk, k = 1, . . . , n such that Equation (5.109) holds. We
consider some schedule obtained by the task set T and denote by Seq the sequence of all
jobs in the schedule ordered by their priority. Via induction, we prove that the first ξ
jobs in Seq have the required response-time upper bound, for all ξ ∈ N0. Consequently,
R̃k is an upper bound on the WCRT of τk for all k and the task set is schedulable.

Initial case: ξ = 0. In this case, the set of the first ξ jobs in Seq is the empty set.
Trivially, all of them have the required response-time upper bound.

Induction step: ξ 7→ ξ + 1. By assumption, the first ξ jobs in Seq have the required
response-time upper bound. We denote the (ξ+1)-th job in Seq by τk(ℓ). We aim to use
the analysis backbone from Theorem 5.60 to prove that the response time of τk(ℓ) is upper
bounded by R̃k. By definition, we have R̃k,ℓ = (Cτk +Sτk)+

∑
i ̸=k B

i
k,ℓ(c, d

ω
τk(ℓ)

)+ak,ℓ(c) ·
(Cτk+Sτk)+c−rωτk(ℓ). Since all higher-priority jobs have the required response-time upper

bound, we can use the estimation for ak,ℓ(c) and Bi
k,ℓ(c, d

ω
τk(ℓ)

) presented in Lemmas 5.61

and 5.62, respectively. In particular, R̃k,ℓ is upper bounded by

(Cτk + Sτk) +
∑
i ̸=k

max

(⌈
Gi

k + R̃i + rωτk(ℓ) − c

Tτi

⌉
, 0

)
Cτi

+

(⌈
dωτk(ℓ) − c

Tτk

⌉
− 1

)
· (Cτk + Sτk) + c− rωτk(ℓ).

(5.110)

When choosing c := bk + rωτk(ℓ) we obtain that R̃k,ℓ is upper bounded by R̃k. Due to

Equation (5.109), we know R̃k,ℓ ≤ R̃k ≤ Dτk , i.e., the job meets its deadline. We use
Theorem 5.60 to conclude that R̃k,ℓ is an upper bound on the response time of τk(ℓ) and
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therefore R̃k is an upper bound on the response time of τk(ℓ) as well. Since all jobs meet
their deadline, the task set is schedulable.

Although Theorem 5.63 looks like a classical mechanism extended from TDA [JP86;
LSD89], implementing an efficient schedulability test based on it requires some efforts
since the values of R̃k for every task τk are dependent on each other. To apply this
schedulability test, two critical points have to be addressed:

(i) Finding good values for bk with low complexity. Without an efficient mechanism,
there are Dτk options for bk, provided that all input parameters are integers, and
infinitely many options in general.

(ii) Computing the dependent values of R̃k for every task τk correctly and efficiently.

To determine the values of bk, we take a user-specified parameter η and discretize the
search space into 1

η values with a step size η ·Dτk . To determine R̃k, we go through the

task set several times and compute upper bounds for the values of R̃k in each iteration.
Improving this search algorithm is out of scope for this dissertation but may be discussed
in future work.

The search algorithm is depicted in pseudocode in Algorithm 3. It takes as input the
task set T, the relative priority points (Πτ1 , . . . ,Πτn), a step size parameter η ∈ (0, 1] and
depth to indicate the number improving runs of the search algorithm. It returns True if
the task set is schedulable by EL scheduling with the given relative priority points. We
start by setting R̃k = Dτk for all k = 1, . . . , n, and go depth-times through the task set
ordered by the relative deadline, as we obtained the best results with this ordering. With
a step size of step = η ·Dτk , i.e., a certain share of Dτk like 1 percent, we compute R̃k(bk)
for bk = 0, 1 · step, 2 · step, . . . until bk ≥ Dτk is reached. We then take the minimal value
of all these candidates and define it as the new R̃k. The time complexity of Algorithm 3

is O
(
depth·n2

η

)
.

Please note that the computed values of R̃k are in fact only upper bounds of R̃k from
Theorem 5.63. A reduction of R̃i, i ̸= k in subsequent iterations reduces the actual value
of R̃k as well, since R̃k is monotonically increasing with respect to R̃i, for all i ̸= k.

Variable Analysis Window In the following, we detail an approach based on
active intervals. More specifically, if all jobs finish until the next job release is reached, i.e.,
RA

τk
≤ Tτk , then no previous jobs contribute interference to the job under analysis, and

they can be safely removed from the computation of the WCRT upper bound. However,
if RA

τk
> Tτk , then interference from previous jobs has to be considered. We utilize

that a job τk(ℓ− a) can only interfere with τk(ℓ), if τk is active during [rωτk(ℓ−a), r
ω
τk(ℓ)

).
For the schedulability test with variable analysis window, we gradually increase the
length of the active interval (i.e., a = 0, 1, 2, . . . ) and analyze the window [c, dωτk(ℓ)) with

c ∈ [rωτk(ℓ−a), d
ω
τk(ℓ)

). With this approach, the pessimism of the interference estimation
from higher-priority jobs of the same task is reduced in some cases.

139



5. Self-Suspension

Remark 5.64. Please note that the approach with variable analysis window only differs
from the approach with fixed analysis window when considering arbitrary-deadline tasks.
For constrained-deadline task sets, the variable analysis window approach coincides with
the fixed analysis window approach, as the algorithm stops at a = 0 without enlarging
the analysis window. The reason is that for constrained-deadline task sets in the variable
analysis window approach we get one of the following two cases:

Case 1: If the response-time bound obtained for the first job in an active interval is
larger than the task’s deadline, then the schedulability cannot be guaranteed, and the
algorithm stops at a = 0.

Case 2: If the response-time bound for the first job in an active interval is at most the
task’s deadline, then RA

τk
≤ Dτk ≤ Tτk is guaranteed for the first job in an active interval.

Therefore, the subsequent job is a first job in some active interval as well. By induction,
all jobs of τk are first job in some active interval. Therefore, the algorithm stops at a = 0.

We start by formally defining active intervals.

Definition 5.65. Let a ∈ N0. A job τk(ℓ) is the (a+ 1)-th job in an active interval of
τk, if the following two conditions hold.

• τk is active during [rωτk(ℓ−a), f
A(ω),ω
τk(ℓ)

).

• At time rωτk(ℓ−a) there is no active job which is released before rωτk(ℓ−a).

If τk(ℓ) is the (a+ 1)-th job in an active interval of τk, then only τk(ℓ− a), . . . , τk(ℓ)

are current jobs of τk during [rωτk(ℓ−a), f
A(ω),ω
τk(ℓ)

). More specifically, in this case the value of

Bk,j(c, d
ω
τk(ℓ)

) is 0 if c ≥ rωτk(ℓ−a) and j < ℓ− a. We formalize this by the following lemma.

Lemma 5.66. Let τk(ℓ) be the (a + 1)-th job in an active interval of τk and let all
higher-priority jobs meet their deadline. Let R̃i be an upper bound on the response time
of all higher-priority jobs of τi with i ̸= k. If there exists some c ∈ [rωτk(ℓ−a), d

ω
τk(ℓ)

) such
that

min

(
a+ 1,

⌈
dωτk(ℓ) − c

Tτk

⌉)
(Cτk + Sτk)

+
∑
i ̸=k

max

(⌈
Gi

k + R̃i + rωτk(ℓ) − c

Tτi

⌉
, 0

)
Cτi + c− rωτk(ℓ)

(5.111)

is at most Dτk , with G
i
k := min(Dτk −Cτi ,Πτk −Πτi), then (5.111) is an upper bound on

the response time of τk(ℓ).

Proof. For the proof, we apply the analysis backbone from Theorem 5.60. Since τk(ℓ)
is the (a + 1)-th job in an active interval, τk is active during [rωτk(ℓ−a), r

ω
τk(ℓ)

). Hence,
the restriction on c in the formulation of Theorem 5.60 is fulfilled if c is chosen from
the interval [rωτk(ℓ−a), d

ω
τk(ℓ)

). Moreover, since τk(ℓ) is the (a + 1)-th job in an active

interval, the jobs τk,1, . . . , τk,ℓ−a−1 are finished by time rωτk(ℓ−a). We obtain ak,ℓ(c) ≤ a.

We combine this upper bound on ak,ℓ(c) with the upper bounds from Lemma 5.61 and
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Lemma 5.62, and obtain that R̃k,ℓ from the analysis backbone, i.e., Equation (5.99), is
upper bounded by the value in Equation (5.111). If Equation (5.111) is at most Dτk ,
then R̃k,ℓ ≤ Dτk . The analysis backbone from Theorem 5.60 states that R̃k,ℓ is an upper
bound on the response time of rωτk(ℓ) and therefore, also Equation (5.111) is an upper
bound on the response time.

Similar to the proof of the response-time upper bound for the fixed analysis window
in Theorem 5.63, we derive a response-time bound for the variable analysis window.
However, the different cases for a = 0, 1, . . . have to be considered for each task τk and
the value of c can be chosen from the interval [rωτk(ℓ) − aTτk , r

ω
τk(ℓ)

+Dτk). To improve
readability, in the following we replace rωτk(ℓ) − c by aTτk −x, where x can be chosen from

the interval [0, aTτk +Dτk).

Theorem 5.67 (Sufficient Schedulability Test). Let T = {τ1, . . . , τn} be an arbitrary-
deadline task set with relative priority points (Πτ1 , . . . ,Πτn). We define the function
R̃a

k : [0, aTτk +Dτk) → R≥0 by the assignment

x 7→min

(
a+ 1,

⌈
Dτk − x+ aTτk

Tτk

⌉)
(Cτk + Sτk)

+
∑
i ̸=k

max

(⌈
Gk

i + R̃i − x+ aTτk
Tτi

⌉
, 0

)
Cτi + x− aTτk .

(5.112)

If for all k = 1, . . . , n there exists ãk ∈ N0, such that for all a = 0, . . . , ãk there exists
bak ∈ [0, aTτk +Dτk), such that

R̃a
k(b

a
k) ≤ Dτk and R̃ãk

k (bãkk ) ≤ Tτk , (5.113)

then the task set is schedulable by preemptive EL scheduling with the given relative priority
points and R̃k := maxa=0,...,ã R̃

a
k(b

a
k) is an upper bound on the WCRT of τk for all k.

Proof. The proof is similar to the one of the sufficient schedulability test for the fixed
analysis window presented in Theorem 5.63. Let Seq be the sequence of all jobs in the
schedule ordered by their priority. By induction, we show that the following response-time
upper bounds hold for the first ξ ∈ N0 jobs in Seq:

(i) R̃k is a response-time upper bound for all jobs of τk.

(ii) Tτk is a response-time upper bound for all ãk-th jobs in an active interval of τk.

Initial case: ξ0. The initial case is again trivially fulfilled, since there has nothing to
be checked when there are no jobs.

Induction step: ξ 7→ ξ + 1. The first ξ jobs in Seq have the required response-time
upper bounds (i) and (ii) by induction. We denote by τk(ℓ) the (ξ + 1)-th job of Seq.
Let a be the lowest value in N0, such that τk(ℓ) is the (a+ 1)-th job in an active interval
of task τk.
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Algorithm 4 Schedulability test with variable analysis window.

Input: T = {τ1, . . . , τn}, (Πτ1 , . . . ,Πτn), η, max a, depth
Output: True: schedulable, False: no decision

1: Order τ1, . . . , τn, s.th. Dτ1 ≥ · · · ≥ Dτn .
2: Set R̃i := Dτi for all i.
3: for i = 1, 2, . . . , depth do
4: solved := True
5: for k = 1, 2, . . . , n do
6: for a = 0, 1, . . . ,max a do ▷ Different a.
7: cand := [ ]; step := η ·Dτk ▷ Preparation.
8: for b = 0, step, 2 · step, · · · < aTτk +Dτk do ▷ Compute candidate.
9: cand.append(R̃a

k(b)) from Equation (5.112)

10: R̃a
k := min(cand) ▷ Compare candidates.

11: if R̃a
k ≤ Tτk then ▷ Check cond. 1.

12: ã := a; R̃k := mina=0,...,ã R̃
a
k; break ▷ WCRT upper bound.

13: if R̃a
k > Dτk or a = max a then ▷ Check cond. 2.

14: solved := False; R̃k := Dτk ; break

15: return solved

We first show that a ≤ ãk by contraposition. In this regard, we assume a > ãk and
consider the job τk,ℓ−(a−ãk). The job τk,ℓ−(a−ãk) is the (ãk+1)-th job in an active interval
of τk. Moreover, this job is one of the first ξ jobs in Seq and therefore has a response time
of at most Tτk due to (ii). Hence, the job τk,ℓ−(a−ãk) is finished by time rk,ℓ−(a−ãk)+1.
We conclude that τk(ℓ) is the (a− ãk)-th job in an active interval of τk, which contradicts
the minimality of a.

We now choose c := bak − a · Tτk + rωτk(ℓ). Applying the response-time upper bound

provided by Equation (5.111) in Lemma 5.66 with this c shows that R̃a
k(b

a
k) is a response-

time upper bound of τk(ℓ), which shows that (i) holds for τk(ℓ). If a = ãk, then R̃
ãk
k (bãkk )

is an upper bound on the response time of τk(ℓ). By Equation (5.113) the response time
of τk(ℓ) is upper bounded by Tτk , which shows that (ii) holds for τk(ℓ) as well.

We apply a similar search strategy as for the case with fixed analysis window. However,
the values of R̃k are computed through an additional loop over the values of a until
R̃a

k ≤ Tτk . Algorithm 4 depicts an implementation of the schedulability test in pseudocode.
As the value of R̃a

k can be between Tτk and Dτk for all iterations of a, the program may
never return a result. To make the schedulability test deterministic, we introduce
an additional parameter max a which aborts the loop when no result is obtained for
a = 0, 1, ...,max a.

Dominance of Fixed and Variable Analysis Window At first glance, the
analysis with variable window size seems to improve the analysis with fixed window size in
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all cases: When setting x = bk + a ·Tτk in Theorem 5.67, then the result is lower bounded
by R̃k(bk) from Theorem 5.63. However, both methods do not dominate each other, as
demonstrated in the discussion of Figure 5.18 in Section 5.1.3.3, due to the following
reasons. First, the analysis with variable analysis window can only analyze schedules
where the length of active intervals is bounded. More specifically, if the response-time
upper bound R̃a

k is in the interval (Tτk , Dτk) for all a, then the schedulability test with the
variable analysis window never deems the task schedulable. Second, by setting max a this
effect is even intensified: The analysis with variable analysis window has to find R̃a

k ≤ Tτk
for a ≤ max a. Third, the discretization using η in Algorithm 3 and Algorithm 4 ensures
the same number of points for each analysis interval. As a result, not all points b+ aTτk
with b from Algorithm 3 are checked during Algorithm 4 as well.

5.1.3.3 Evaluation

In this section, we evaluate the performance of our schedulability tests (EL) presented
in Algorithm 3 for the fixed analysis window and in Algorithm 4 for the variable analysis
window. More precisely, we show the following:

(i) Our schedulability test performs similar to already existing schedulability tests for
DM and improves the state of the art for EDF scheduling.

(ii) Our schedulability test can be used to compare different configurations of EQDF
and SAEDF (see Section 5.1.3.1).

(iii) Our schedulability test exploits the optimism introduced when the deadline of tasks
is extended over their minimum inter-arrival time.

Please note that for constrained deadlines we do not distinguish between fixed and variable
analysis window since both schedulability tests coincide, as explained in Remark 5.64.
When applying our schedulability test, we choose the configuration η = 0.01, depth = 5,
and max a = 10. In each figure, we present the acceptance ratio, which is the share of
task sets that are deemed schedulable by the schedulability test under consideration. The
evaluation is released on GitHub [TU 22a].

For the evaluation, we synthesize 500 task sets with 50 tasks each for each total system
utilization from 0% to 100% in steps of 5%. We first generate 50 utilization values
Uτi using the UUniFast [BB05] method with the given total utilization goal, and adopt
the suggestion by Emberson et al. [ESD10] to draw the minimum inter-arrival time Tτi
according to a log-uniform distribution from the interval [1, 100][ms]. The WCET is
computed as Cτi = Tτi · Uτi and the deadline is set to the minimum inter-arrival time,
i.e., Dτi = Tτi . For each task, we draw the maximum suspension time Sτi uniformly at
random from [0, 0.5(Tτi − Cτi)]. The tasks in each set are ordered by their deadline.

In Figure 5.16a, we show the results when applying our schedulability test for EL, with
relative priority points Πτi =

∑i
j=1Dτj to obtain a schedulability test for DM scheduling

(EL DM). We compare with the methods Suspension as Jitter (SuspJit) [Che+19b,
Page 163] and Suspension as Blocking (SuspBlock) [Che+19b, Page 165]. Moreover, we
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(a) Deadline Monotonic (DM).
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(b) Earliest-Deadline-First (EDF).

Figure 5.16.: Acceptance ratio of different schedulability tests. Our EDF-Like (EL)
schedulability test (EL DM and EL EDF, black curve) performs similar to
the state of the art.

compare with the Suspension-Oblivious Analysis (SuspObl) [Che+19b, Page 162] and
the Unifying Analysis Framework from Chen, Nelissen, and Huang (CNH16) [CNH16]
configured with three vectors according to Equation (27), Lemma 15, and Lemma 16 of
their paper. Our schedulability test performs similar to the state of the art.

In Figure 5.16b, we compare our schedulability test (EL EDF) with state-of-the-art
methods for EDF. We compare with the method by Liu and Anderson (LA13) [LA13].
Moreover, we show the schedulability test proposed in Section 5.1.2.2 (GBC20) and the
Suspension-Oblivious Analysis from Theorem 5.26 in Section 5.1.2.1 (SuspObl). The
method from Dong and Liu [DL16] is not displayed since it is dominated by SuspObl,
as shown in Section 5.1.2.1. We observe that EL EDF improves the state of the art.

In Figure 5.17, the performance of our schedulability test is shown for different
configurations for Earliest-Quasi-Deadline-First (EQDF) (Πτi = Dτi + λCτi) and for
Suspension-Aware EDF (SAEDF) (Πτi = Dτi + λSτi). Choosing λ to be the best integer
in the interval [−10, 10] improves the acceptance ratio compared to the standard EDF
with λ = 0, especially for EQDF.

Figures 5.18 and 5.19 show the performance of our schedulability test for arbitrary
deadlines. More specifically, we set the deadline to x = 1.0, 1.1, 1.2, 1.5 times the minimum
inter-arrival time (Dx) and apply our schedulability test. We see that both the fixed
and the variable analysis window lead to better acceptance ratios in certain scenarios,
depending on the size of x and the scheduling algorithm under analysis. From the
theoretical discussion in Remark 5.64, we know that EL-fix DM 1.0 (EL-fix EDF
1.0, respectively) and EL-var DM 1.0 (EL-var EDF 1.0, respectively) coincide. We
observe that EL-var already benefits from small enlargements of the deadline, whereas
EL-fix can reach better guarantees for larger deadline extensions in some scenarios. The
non-dominance, discussed at the end of Section 5.1.3.2, can be observed in Figure 5.18
for D1.2 and D1.5.
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(a) EQDF (Πτi = Dτi + λCτi).
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(b) SAEDF (Πτi = Dτi + λSτi).

Figure 5.17.: Acceptance ratio of variants of EDF using our EDF-Like (EL) schedulability
test. Choosing the best λ ∈ [−10, 10] for each task set (black line) improves
standard EDF (λ = 0).
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(a) Fixed analysis window.
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(b) Variable analysis window.

Figure 5.18.: Arbitrary-deadline evaluation for Deadline Monotonic (DM) scheduling.
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(a) Fixed analysis window.
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(b) Variable analysis window.

Figure 5.19.: Arbitrary-deadline evaluation for EDF scheduling.
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(a) Dτi ∈ [0.8, 1.2]Tτi .
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(b) Dτi ∈ [1.0, 1.2]Tτi .

Figure 5.20.: Comparison of arbitrary-deadline schedulability tests under Deadline Mono-
tonic (DM) scheduling.

In Figure 5.20, we compare the performance of our schedulability test (EL-fix, EL-var)
with the test proposed in Section 5.1.1.2 (GUC21), applying them to arbitrary-deadline
tasks under DM scheduling. We observe that in the more general case with [0.8, 1.2]Tτi ,
GUC21 outperforms EL-fix and EL-var. However, as shown in Figure 5.20b, there are
some configurations where EL-var performs better than GUC21.

Moreover, we examine the runtime of our analysis. We create 100 task sets for
each utilization in 0% to 100% in steps of 10% and measure the runtime to receive a
schedulability decision. To obtain the measurements, we run an implementation with
Python3 on a machine with 2x AMD EPYC 7742 running Linux, i.e., in total 256 threads
with 2.25GHz and 256GB RAM. Each of the measurements runs on one independent
thread. For sets with 200 tasks, our schedulability test takes on average 12.87 seconds
and at most 17.77 seconds to return the result. The runtime for other relative priority
points is comparable.

5.1.4 Evaluation Framework

Numerical simulations often play an important role when evaluating and comparing
the performance of schedulability tests, as they allow to empirically demonstrate their
applicability using synthesized task sets under various configurations. In order to
provide a fair comparison of various schedulability tests, von der Brüggen et al. [von+19]
presented the first version of an evaluation framework for self-suspending task sets in
WATERS 2019. It provides an easy-to-use framework for evaluating the performance
of various schedulability tests, based on synthesized task sets. However, only a few
schedulability tests were implemented. We enhance the framework by implementing the
state of the arts we are aware of and by providing additional features.

The functionality of the framework is threefold: First, it can be used to generate self-
suspending task sets, using existing synthesis approaches [ESD10]. Second, it provides
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schedulability tests that can be applied to the generated task sets or external task
sets, which are loaded into the framework. Third, it illustrates the performance of
schedulability tests by plotting acceptance ratio, i.e., the amount of task sets that are
deemed schedulable by the test divided by the total amount of task sets, over the total
utilization of task sets.

The schedulability tests are categorized using two criteria:

• Self-suspension behavior
(segmented self-suspension, dynamic self-suspension, hybrid self-suspension)

• Deadline constraint
(implicit deadline, constrained deadline, arbitrary deadline)

However, as the tests are not always compatible with constrained deadlines or arbitrary
deadlines, the framework only considers the implicit-deadline model for generating
automatic comparisons. Furthermore, since there is no standardized way of constructing
constrained-deadline and arbitrary-deadline task sets yet in the literature, the users are
recommended to adjust the program for evaluating constrained-deadline or arbitrary-
deadline task systems if necessary.
We further enhance the framework by integrating the state of the arts we are aware

of. By now baseline approaches and schedulability tests proposed by 18 papers are
realized in the framework.8 In addition, we provide more features to ease the use, e.g.,
Python 3 support, an improved Graphical User Interface (GUI), multiprocessing, and
evaluation of external task sets. The enhanced framework also integrates the Gurobi
optimization solver [Gur21] to supply tests which use linear programming. The framework
is published on Github [TU 21a] and there is an ongoing effort to keep the framework up
to date. The results presented in this section appeared in the Work-in-Progress track of
RTSS 2021 [Gün+21b].

5.1.4.1 Framework Description

In this section, we introduce the features of the current framework in detail. In Figure 5.21,
the GUI of our framework is presented. Besides the general setting of the framework
( 1 ), the framework consists of three components ( 2 , 3 and 4 ):

(i) A task set generator to provide periodic/sporadic task sets for evaluation.

(ii) The schedulability test evaluator applies a choice of schedulability tests to the
generated task sets.

(iii) The plotting tool configurator illustrates the performance of the schedulability tests.

Please note that the following description is explained in a sequential manner to demon-
strate the usage from beginning to end. However, these components can also be used
independently for different scenarios (see Section 5.1.4.2).

8This includes the 17 papers that were available at the time of publication in 2021, plus one additional
test from Casini et al. [Cas+18] that has been integrated after publication.
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1

2

3

4

Figure 5.21.: Overview of the enhanced framework.

General Setting In part 1 , the user selects the option to either generate task sets
in the framework or to load an external file that contains the task set data. The task
sets can be reused by saving them after evaluation and reloading them at a later point in
time. Additionally, the number of threads used to evaluate the task sets in-parallel can
be set. The generated or loaded task sets are evenly distributed to the selected number
of threads and evaluated in-parallel. The evaluation of a large number of task sets can
therefore be done in a fraction of the time compared to the case without multiprocessing.
Furthermore, the seed for the random number generator can be set, so that the results of
a previous run can be reproduced.

Task Set Configurations The parameters of synthesized task sets can be con-
figured in part 2 . The task sets are generated using the integrated UUnifast algo-
rithm [BB05] and can be configured by using the parameters that are provided in the
framework. In particular, these parameters are: the number of task sets, the number of
tasks per set, the number of suspension segments, the utilization values to evaluate, and
the suspension parameters for the tasks. At first, the utilization of each task is drawn
randomly according to UUnifast [BB05]. Afterwards, the period and deadline are drawn
from a log-uniform distribution, where the default is over two orders of magnitude, i.e.,
[1,100]. Depending on the considered suspension models, the suspension time of each
task is drawn accordingly9.

9Details of implementation can be found in the readme file on [TU 21a].
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ü
n
ze
l
et

al
.
[G

B
C
20
]

R
S
S
,
R
T
E
D
F

D
y
n
am

ic
Im

p
li
ci
t

✓
1
U
n
ip
ro
ce
ss
or

ve
rs
io
n
is

p
re
se
n
te
d
in

[G
B
C
2
0]
.

2
O
ri
gi
n
al
ly

p
ro
p
os
ed

in
S
ec
ti
o
n
V
I
in

[N
el
+
1
5
],
re
v
is
ed

in
[N

el
+
17
],
im

p
le
m
en
te
d
in

[B
io
+
16
]
w
it
h
op

en
so
u
rc
e.

3
O
ri
gi
n
al
ly

p
ro
p
os
ed

in
[H

C
1
5
]
an

d
re
v
is
ed

in
[S
ch
+
18
b
].

4
T
h
is

w
o
rk

h
as

b
ee
n
ad

d
ed

af
te
r
p
u
b
li
ca
ti
o
n
in

th
e
W
or
k
-i
n
-P

ro
gr
es
s
tr
ac
k
of

R
T
S
S
20
21

[G
ü
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Figure 5.22.: Exemplary plot provided by the framework schedulability analysis with
three tests and 100 tasks per set.

Test Selection After configuring the parameters, the user can select a set of schedu-
lability tests in part 3 to evaluate the task sets. All currently available schedulability
tests are presented in Table 5.2. Please note that some schedulability tests can set custom
parameters, e.g., SEIFDA-based approaches [Brü+16]. After pressing the Run button at
the bottom, each generated task set will be tested by the selected schedulability tests
iteratively. If a tested task set is deemed schedulable, the considered test will return True.
After checking all task sets, the framework counts the number of Trues, and calculates
the percentage of task sets that are deemed schedulable by each test. We note that
the framework can also support tests which require linear programming solvers, e.g.,
MILP-ReleaseJitter, by using the Gurobi optimization solver [Gur21].

Plotting Format The results of the schedulability analysis can be plotted using an
integrated tool of the framework. The user can determine the format of the plots in part
4 , either plot each selected test by itself, or combine the plots of all selected tests, so
that they can be directly compared. A resulting exemplary plot is shown in Figure 5.22.
The framework relies on a plotting library, namely matplotlib in Python. The raw data
of the evaluation can also be post-processed by other plotting schemes.

5.1.4.2 Research Applications

The framework can be applied in different research scenarios. In the following, we detail
three scenarios, in which the framework can be used:
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5.2. Timing Anomalies

• Scenario 1: Evaluate and compare the performance of an own schedulability test.

• Scenario 2: Analyze own task sets with already known schedulability tests.

• Scenario 3: Utilize already known schedulability tests in an own python program.

Scenario 1 Additional schedulability tests can be integrated into the framework. This
involves two steps: First, the analysis needs to be implemented in Python. Alternatively
for C++-algorithms, a pre-built binary can also be executed from a Python script.
Second, the additional test needs to be integrated into the framework infrastructure.
The test has to be integrated into the testing component of the framework, and it has
to be made available in part 3 of the GUI. In particular, several things should be
added into effsstsMain.py, e.g., add an entry to the GUI and an additional case to
the switchTest method. After integration, it is possible to evaluate the test using the
provided task generator and plotting tool.

Scenario 2 Custom task sets can be loaded into the framework to evaluate them using
the provided schedulability tests. For this scenario the task set generator component ( 2 )
is replaced, but the other two components, i.e., 3 and 4 are utilized. In this regard, we
additionally provide a script SaveTaskSet to convert task sets into the required format.
This script will guide the user to create a serialized file for custom task sets, so that they
can be loaded into the framework properly. To this end, the general setup 1 also has to
be configured accordingly to load the own task sets, i.e., ticking Load Taskset and enter
the name of the saved task set. In fact, this feature is particularly useful if many task
sets need to be evaluated all at once.

Scenario 3 The realized schedulability tests in the framework can also be imported
into other programs, which can be done by a standard import statement in Python. The
names for the schedulability tests are identical to the ones in part 3 of the GUI. After
the import, it is possible to evaluate custom external task sets, as long as the required
arguments are given correctly. Please note that the return value of every schedulability
test is always in a boolean expression.

5.2 Timing Anomalies

While for tasks without self-suspending behavior the WCRT is achieved when all jobs
execute for their WCET, self-suspending behavior can lead to timing anomalies, i.e.,
the reduction of execution or suspension time of some jobs enlarges the response time
of another job. The reason for timing anomalies is that by reducing the actual execu-
tion/suspension time, succeeding segments may become ready for execution earlier and
interfere with segments from other tasks. Such a timing anomaly involving only two jobs,
J1 and J2, with one self-suspension segment is depicted in Figure 3.1 of Section 3.1. In
that example, the second segment of J1 becomes ready earlier and interferes with J2.

151



5. Self-Suspension

Timing anomalies can affect the feasibility of a task set. To be more specific, it is
possible that a task set, determined to be schedulable based on the WCET and the
maximum suspension time of the segments, can still have deadline violations during
runtime due to timing anomalies (cf. [Sch+18b]). Therefore, existing schedulability
analyses for self-suspending tasks account for timing anomalies by over-approximation.
To avoid that analytical pessimism, a treatment for eliminating the timing anomalies is
essential. To that end, different mechanisms to reduce the impact of timing anomalies
have been developed in the literature:

• Period enforcer [Raj91] intends to apply a runtime rule so that “it forces tasks to
behave like ideal periodic tasks from the scheduling point of view with no associated
scheduling penalties.”, as summarized in Section 4.3.1 in the survey paper [Che+19b].
However, Chen and Brandenburg [CB17] show that “period enforcement [Raj91]
is not strictly superior (compared to the base case without enforcement) as it can
cause deadline misses in self-suspending task sets that are schedulable without
enforcement.”

• Release guard [SL96] and release enforcement [HC16] enforce the computation
segments to be released with an offset, which is either set statically [HC16] or
dynamically increased [SL96]. The approach is summarized in Section 4.3.2 in the
survey paper [Che+19b].

• Slack enforcement [LR10] creates execution enforcement by utilizing the available
slack. In Section 4.1, we provide counterexamples, indicating that slack enforcement
may provoke deadline misses and does not guarantee the same WCRT as without
slack enforcement.

The period enforcer and slack enforcement pursue the ultimate goal to completely
ignore the self-suspension behavior of higher-priority tasks, which would consequently
avoid timing anomalies. However, none of them achieves this ultimate goal, as shown
by Chen and Brandenburg [CB17] and in Section 4.1, and therefore they are not able
to guarantee that timing anomalies are eliminated. The release guard and release
enforcement do not intend to ignore the self-suspension behavior of higher-priority tasks
or eliminate timing anomalies, but only aim for easier schedulability analyses. This
is achieved by decoupling the segment release time from the finishing time of earlier
segments. Although not explicitly stated, such treatments avoid timing anomalies as
a side effect. However, the treatments do not sustain the WCRT of a task, meaning
that the WCRT of a task with treatment may be much larger than the WCRT without
treatment.

In the following, we propose two treatments, namely segment release time enforcement
in Section 5.2.2 and segment priority modification in Section 5.2.3, and prove that both
treatments eliminate timing anomalies without negative impact on the WCRT. To that
end, we focus on preemptive uniprocessor scheduling of segmented self-suspending tasks
with a fixed arrival pattern, i.e.,

τ ∈ FixRel((rτ(j))j∈N) ∩ SegSS(C1
τ , S

1
τ , C

2
τ , . . . , S

mτ−1
τ , Cmτ

τ ) (5.114)
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τ1 B0 B2 B4 B6 B8

τ1(1) τ1(2) τ1(3)

τ2

0 2 4 6 8 10 12 14 16 18 20 22 24

B1 B3 B5 B7

τ2(1) τ2(2) τ2(3)

Figure 5.23.: Example of a nominal schedule of a segmented self-suspension task set.

for all τ ∈ T. We assume that any Segment-level Fixed-Priority (S-FP) scheduling
algorithm A is applied. That is, there is a total priority ordering <prio of all computation
segments B := ⊔τ(j)∈JBτ(j) independent of the system evolution ω ∈ Ω.10 We write
B1 <prio B2 if computation segment B2 has higher priority than B1. Any T-FP and
J-FP algorithm that has fixed priorities under a fixed arrival pattern falls under this
category. This includes for example EDF, EL, DM and Rate Monotonic (RM).

Our solutions are based on the following two steps:

• Step 1: A nominal schedule [S0 ] is constructed and recorded offline purely based
on the WCET and the maximum suspension time. More specifically, [S0 ] = A(ω0 )
is the schedule generated by the system evolution

ω0 =
((
rτ(j)

)
τ(j)∈J ,

(
(1 → · · · → mτ ), (S

i
τ )(i,i+1), (C

i
τ )i
))
. (5.115)

Figure 5.23 demonstrates the nominal schedule [S0 ] of two tasks:

– τ1 ∈ PerOff(10, 0) ∩ SegSS(3, 2, 2)

– τ2 ∈ PerOff(11, 0) ∩ SegSS(2, 2, 2)

• Step 2: The online schedule [S1 ] refers to the nominal schedule to make scheduling
decisions for an arbitrary system evolution ω1 ∈ Ω without any risk of timing
anomalies. As a result, the schedulability of the task set is guaranteed as long as
feasibility of the nominal schedule is guaranteed.

From a schedulability standpoint, avoiding timing anomalies is desirable. That is,
instead of considering all possible schedules, schedulability can be checked by simulating
the nominal schedule. Specifically for synchronous, periodic tasks with constrained
deadlines, this can be achieved by simulating the schedule over one hyperperiod.

Remark 5.68 (Enforcement for periodic tasks.). For periodic, synchronous tasks with
constrained deadlines, the nominal schedule [S0 ] repeats every hyperperiod if it no deadline
miss occurs in the first hyperperiod. Therefore, it is sufficient to schedule only one
hyperperiod and apply the mechanism for one hyperperiod at a time. Moreover, the
simulation of one hyperperiod for Step 1 directly serves as an exact schedulability test for

10Please note that the index ω is omitted in Bτ(j), because by the definition of segmented self-suspending
tasks, Bω

τ(j) ≃ (1 → · · · → mτ ) for all ω.
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scheduling under the treatments: There are no deadline misses in the schedule obtained
under the treatment if and only if there are no deadline misses in the first hyperperiod of
the nominal schedule [S0 ].

In this section, we focus on eliminating timing anomalies without negative impact
on the WCRT analysis when scheduling periodic tasks with segmented self-suspension
behavior. To that end, we propose two treatments, segment release time enforcement and
segment priority modification, and prove that both treatments eliminate timing anomalies.
The contributions are as follows:

• In Section 5.2.1, we formulate the terminology and observations that serve as
backbone of the two treatments.

• In Section 5.2.2, we propose the treatment segment release time enforcement. With
segment release time enforcement, a task segment is enforced to start its execution
no earlier than its release time in the nominal schedule.

• In Section 5.2.3, we propose the treatment segment priority modification. For
segment priority modification, the priorities of the segments are adjusted based on
their nominal finishing times. The rationale behind segment priority modification
is that a segment with an earlier nominal finishing time should not be interfered by
segments with later nominal finishing times. We implement the S-FP scheduling
mechanism in RTEMS [RTE23], an open-source Real-Time Operating System
(RTOS), so that the treatment segment priority modification can be performed in
RTEMS.

• In Section 5.2.4, our empirical results demonstrate that the proposed treatments
achieve higher acceptance ratios in terms of schedulability compared to state-of-the-
art over-approximations by considering segmented self-suspension periodic tasks
under different task set configurations.

The results presented in this section appeared in RTAS 2023 [Lin+23].

5.2.1 Terminology and Observations

An online S-FP scheduling algorithm A chooses the segment with the highest priority
among all segments in the ready queue for execution. A segment is ready and inserted into
the ready queue according to Definition 5.69. If the chosen segment has a higher priority
than the one currently being executed, the current executing segment is preempted and
moved to the ready queue. We make the following definitions for any arbitrary schedule
[S] with system evolution ω.

Definition 5.69 (Ready). A computation segment B ∈ B is ready at time t ∈ R in a
schedule [S] if:

(i) there is remaining workload of B to be executed at time t in [S];
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(ii) B is or has been released at time t in [S].

Definition 5.70 (Release). Let J ∈ J be a job of task τ consisting of computation
segments (B1 → · · · → Bmτ ). The first segment B1 is released when the job J is released,
i.e., at time rJ . A subsequent segment Bi is released as soon as the previous segment Bi−1

finishes and the delay runs out, i.e., at time f
[S],ω
Bi−1

+ δω(Bi−1,Bi)
. In general, we denote by

r
[S],ω
B the release time of a segment B ∈ B in the schedule [S].

With this definition of a segment being ready, the standard S-FP preemptive scheduler
is work-conserving on the segment-level, in the sense that whenever there are ready
segments, the segment of the highest priority task is executed. This leads to the following
observation for the nominal schedule [S0 ].

Observation 5.71. Let B ∈ B be a segment. In [S0 ], the segment B finishes at the
lowest t ∈ R such that

t ≥ r
[S0 ],ω0

B +W
[S0 ]
B (r

[S0 ],ω0

B , t) + cω0
B , (5.116)

where W
[S0 ]
B (r

[S0 ],ω0

B , t) is the total amount of time that higher-priority segments are

executed during the interval [r
[S0 ],ω0

B , t) in [S0 ], i.e.,

W
[S0 ]
B (a, b) :=

∑
B′>prioB∈B

exec
[S0 ]
B′ (a, b) (5.117)

for a ≤ b ∈ R.

At all times during the interval [r
[S0 ],ω0

B , s
[S0 ],ω0

B ), segments with higher priorities than

B are executed. Hence, W
[S0 ]
B (r

[S0 ],ω0

B , t) = (s
[S0 ],ω0

B − r
[S0 ],ω0

B ) +W
[S0 ]
B (s

[S0 ],ω0

B , t) holds,
and the observation can be reformulated as follows.

Observation 5.72. Let B ∈ B be a segment. In [S0 ], the segment B finishes at the
lowest t ∈ R such that

t ≥ s
[S0 ],ω0

B +W
[S0 ]
B (s

[S0 ],ω0

B , t) + cω0
B . (5.118)

In the following two subsections, we utilize these observations to formulate treatments
to prevent timing anomalies while preserving the WCRT of jobs in the nominal schedule.

5.2.2 Segment Release Time Enforcement

Timing anomalies occur if a computation segment experiences higher interference in the
online schedule [S1 ] than in the nominal schedule [S0 ]. This may happen if a higher-
priority segment starts its execution before its release time in [S0 ] due to the early
completion and/or reduced suspension of a previous segment from the same job. This
higher-priority segment blocks or preempts segments from lower-priority jobs, therefore
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J1

J2

0 2 4 6 8 10 12 14
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(a) Nominal schedule.

J1

J2
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(b) Reduced suspension.

J1

J2

0 2 4 6 8 10 12 14

3

(c) Reduced execution.

Figure 5.24.: Example of the treatment segment release time enforcement. A computation
segment cannot start before its nominal release time (red arrow) even if the
processor idles.

increasing their response times. To eliminate timing anomalies, one method is to enforce
the release time of the segments, such that all the segments start no earlier than their
release time in the nominal schedule.

Our first treatment, segment release time enforcement, works as follows. If a segment
B is ready at time t according to Definition 5.69 but the release time in the nominal

schedule r
[S0 ],ω0

B is not reached, then the segment execution is delayed further until

r
[S0 ],ω0

B . Formally, we redefine the term released for the online schedule under segment
release time enforcement as follows:

Definition 5.73. Let J ∈ J be a job of task τ consisting of segments (B1 → · · · → Bmτ ).
In the online schedule [S1 ] under segment release time enforcement,

• the first segment B1 is released when the job J is released.

• a subsequent segment Bi is released as soon as the previous segment Bi−1 finishes
and the suspension time is consumed, and the release time in the nominal schedule

r
[S0 ],ω0

Bi
is reached. That is, Bi is released at time max(f

[S1 ],ω1

Bi−1
+ δω1

(Bi−1,Bi)
, r

[S0 ],ω0

Bi
).

We denote by [Srt
1 ] the online schedule for system evolution ω1 obtained by segment

release enforcement, as described above. Hence, r
[Srt

1 ],ω1

B denotes the release time of a
segment B ∈ B in the online schedule under that treatment. Figure 5.24 demonstrates
the new execution states with segment release time enforcement. In practice, we can
enforce the segment release time by maintaining an additional queue. All the segments
which are supposed to be inserted into the ready queue are inserted to the new queue
instead. Only the segments that have a nominal starting time no lesser than the current
time t can be moved to the ready queue.

We note that our proposed enforcement is different from the release guard [SL96]
and release enforcement [HC16]. In release guard and release enforcement, the offset of
segments is a task-specific value, whereas in our proposed method, the release time of
each segment is determined for each job individually according to the nominal schedule.
Figure 5.25 provides a visual comparison between the online schedules under two different
enforcement methods: release enforcement as described in [HC16], and our proposed
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τ1

τ2

0 2 4 6 8 10 12 14 16 18 20

(a) Release enforcement proposed in [HC16].

τ1

τ2

0 2 4 6 8 10 12 14 16 18 20

(b) Segment release time enforcement.

Figure 5.25.: The online schedules of task set T = {τ1, τ2} with under different release
time enforcement policies. The red upward (downward) arrows indicate the
enforced release time (deadline) of each computation segment. Note that
the inter-arrival time of each segment is fixed in [HC16].

approach, segment release time enforcement. In the figure, we consider the implicit-
deadline task set T = {τ1, τ2} with:

• τ1 ∈ PerOff(20, 0) ∩ SegSS(1)

• τ2 ∈ PerOff(10, 0) ∩ SegSS(2, 2, 3)

As in Definition 5.69, a segment is ready to be executed under segment release
time enforcement if there is remaining workload to be executed and if the segment is
released. With this definition of being ready, based on the definition of being released in
Definition 5.73, the S-FP preemptive scheduler under segment release time enforcement
executes segments that are ready in a work-conserving manner, leading to the following
observation.

Observation 5.74. Let B ∈ B be a segment. Then the segment B finishes in the online
schedule with segment release time enforcement, i.e., in [Srt

1 ] at the lowest t ∈ R with

t ≥ r
[Srt

1 ],ω1

B +W
[Srt

1 ]
B (r

[Srt
1 ],ω1

B , t) + cω1
B , (5.119)

where W
[Srt

1 ]
B (r

[Srt
1 ],ω1

B , t) is the amount of time that higher-priority segments are executed

during the interval [r
[Srt

1 ],ω1

B , t) in the schedule [Srt
1 ], i.e.,

W
[Srt

1 ]
B (r

[Srt
1 ],ω1

B , t) :=
∑

B′>prioB∈B
exec

[Srt
1 ]

B (r
[Srt

1 ],ω1

B , t). (5.120)

We now prove that with the treatment segment release time enforcement, timing
anomalies cannot occur in the online schedule [Srt

1 ]. Intuitively, if the release time of a

segment B ∈ B is fixed, the segment finishing time can only become larger if W
[Srt

1 ]
B is

larger than W
[S0 ]
B . However, since no segment release can be moved forward under the

treatment, and if all previous segments finish no later than their finishing time in the

nominal schedule, W
[Srt

1 ]
B cannot be larger than W

[S0 ]
B . To make this proof formal, we

start by rewriting W
[Srt

1 ]
B and W

[S0 ]
B using the following lemma.
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Lemma 5.75. Let B ∈ B be a segment. With segment release time enforcement, equations

W
[S0 ]
B (a, b) = λ

[a, b) ∩
⋃

B′>prioB∈B
[r

[S0 ],ω0

B′ , f
[S0 ],ω0

B′ )

 (5.121)

W
[Srt

1 ]
B (a, b) = λ

[a, b) ∩
⋃

B′>prioB∈B
[r

[Srt
1 ],ω1

B′ , f
[Srt

1 ],ω1

B′ )

 (5.122)

hold for all a ≤ b ∈ R.

Proof. In the following, we provide the proof for the nominal schedule [S0 ] (Equa-
tion (5.121)). The proof for the online schedule [Srt

1 ] (Equation (5.122)) is analogous.
By definition, we have

W
[S0 ]
B (a, b) =

∑
B′>prioB

exec
[S0 ]
B′ (a, b) =

∑
B′>prioB

λ
(
(S0 )

−1(
{
B′}) ∩ (a, b)

)
. (5.123)

Moreover, since there are only finitely many B′ with B′ >prio B, and (S0 )
−1({B′}) is

disjoint for different B′, we can reformulate this equation as

W
[S0 ]
B (a, b) = λ

 ⋃
B′>prioB

(S0 )
−1(
{
B′}) ∩ (a, b)

 . (5.124)

Hence, it is sufficient to show that
⋃

B′>prioB
(S0 )

−1({B′}) and ⋃B′>prioB
[r

[S0 ],ω0

B′ , f
[S0 ],ω0

B′ )
coincide almost everywhere, i.e., up to a set of measure 0. We do this in two steps.

Step 1: λ
(⋃

B′>prioB
(S0 )

−1({B′}) \⋃B′>prioB
[r

[S0 ],ω0

B′ , f
[S0 ],ω0

B′ )
)

!
= 0. To achieve this,

first we over-approximate the term by

≤ λ

 ⋃
B′>prioB

(
(S0 )

−1(
{
B′}) \ [r[S0 ],ω0

B′ , f
[S0 ],ω0

B′ )
) (5.125)

≤
∑

B′>prioB

λ
(
(S0 )

−1(
{
B′}) \ [r[S0 ],ω0

B′ , f
[S0 ],ω0

B′ )
)
. (5.126)

By definition, a block cannot be executed before it is released or after it finished. Therefore,

λ
(
(S0 )

−1({B′}) \ [r[S0 ],ω0

B′ , f
[S0 ],ω0

B′ )
)
= 0.

Step 2: λ
(⋃

B′>prioB
[r

[S0 ],ω0

B′ , f
[S0 ],ω0

B′ ) \⋃B′>prioB
(S0 )

−1({B′})
)

!
= 0. An upper bound

for this term can be formulated as follows:

≤ λ

 ⋃
B′>prioB

[r
[S0 ],ω0

B′ , f
[S0 ],ω0

B′ ) \
⋃

B′′≥prioB′
(S0 )

−1(
{
B′′})

 (5.127)

≤
∑

B′>prioB

λ

[r
[S0 ],ω0

B′ , f
[S0 ],ω0

B′ ) \
⋃

B′′≥prioB′
(S0 )

−1(
{
B′′})

 (5.128)
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By the work-conserving property of the schedule, at any time in [r
[S0 ],ω0

B′ , f
[S0 ],ω0

B′ ) the
job with the highest priority is executed. Hence,

λ

[r
[S0 ],ω0

B′ , f
[S0 ],ω0

B′ ) \
⋃

B′′≥prioB′
(S0 )

−1(
{
B′′})

 = 0. (5.129)

With the previous lemma, we reformulate the execution time of higher-priority segments

W
[S0 ]
B (r

[S0 ],ω0

B , t) from Equation (5.117) as

W
[S0 ]
B (r

[S0 ],ω0

B , t) = λ

[r
[S0 ],ω0

B , t) ∩
⋃

B′>prioB∈B
[r

[S0 ],ω0

B′ , f
[S0 ],ω0

B′ )

 , (5.130)

and we reformulate W
[Srt

1 ]
B (r

[Srt
1 ],ω1

B , t) from Equation (5.120) as

W
[Srt

1 ]
B (r

[Srt
1 ],ω1

B , t) = λ

[r
[Srt

1 ],ω1

B , t) ∩
⋃

B′>prioB∈B
[r

[Srt
1 ],ω1

B′ , f
[Srt

1 ],ω1

B′ )

 . (5.131)

This allows us to prove the following theorem which states that timing anomalies cannot
occur under segment release time enforcement.

Theorem 5.76. The finishing time of each segment in the online schedule [Srt
1 ] with

segment release time enforcement is no larger than the finishing time in the nominal

schedule [S0 ], i.e., f
[S0 ],ω0

B ≥ f
[Srt

1 ],ω1

B for all B ∈ B.

Proof. Let Seg = (B0, B1, . . . ) denote the list of all segments B ordered by their finishing

time in the nominal schedule, i.e., f
[S0 ],ω0

B0
< f

[S0 ],ω0

B1
< . . . holds. We consider the online

schedule [Srt
1 ] obtained under segment release time enforcement. By induction over the

segments in Seg we show that for each Bn, n = 0, 1, . . . :

(i) Bn is released at the same time in the online and in the nominal schedule, i.e.,

r
[Srt

1 ],ω1

Bn
= r

[S0 ],ω0

Bn
.

(ii) The finishing time of Bn in the online schedule is no later than in the nominal

schedule, i.e., f
[Srt

1 ],ω1

Bn
≤ f

[S0 ],ω0

Bn
.

Base case (n=0): Since B0 has the earliest finishing time in the nominal schedule, it

must be the first segment of some job. Therefore, by definition r
[Srt

1 ],ω1

B0
= r

[S0 ],ω0

B0
, which

implies that (i) holds.

We prove (ii) by contradiction. By Observation 5.74, we know that f
[Srt

1 ],ω1

B0
is the small-

est t ∈ R such that t ≥ r
[Srt

1 ],ω1

B0
+W

[Srt
1 ]

B0
(r

[Srt
1 ],ω1

B0
, t)+cω1

B0

(i)
= r

[S0 ],ω0

B0
+W

[Srt
1 ]

B0
(r

[S0 ],ω0

B0
, t)+cω1

B0
.

We assume that f
[S0 ],ω0

B0
< f

[Srt
1 ],ω1

B0
for the contradiction. Then we have

f
[S0 ],ω0

B0
< r

[S0 ],ω0

B0
+W

[Srt
1 ]

B0
(r

[S0 ],ω0

B0
, f

[S0 ],ω0

B0
) + cω1

B0
. (5.132)
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For all segments B ∈ B we have r
[Srt

1 ],ω1

B ≥ r
[S0 ],ω0

B by the enforcement mechanism.
Moreover, since B0 is the first segment in Seg , it has the lowest finishing time in [S0 ],

i.e., f
[S0 ],ω0

B0
≤ f

[S0 ],ω0

B . Hence,

[r
[Srt

1 ],ω1

B , f
[Srt

1 ],ω1

B ) ∩ [r
[S0 ],ω0

B0
, f

[S0 ],ω0

B0
) ⊆ [r

[S0 ],ω0

B , f
[Srt

1 ],ω1

B ) ∩ [r
[S0 ],ω0

B0
, f

[S0 ],ω0

B0
) (5.133)

⊆ [r
[S0 ],ω0

B , f
[S0 ],ω0

B0
) ∩ [r

[S0 ],ω0

B0
, f

[S0 ],ω0

B0
) (5.134)

⊆ [r
[S0 ],ω0

B , f
[S0 ],ω0

B ) ∩ [r
[S0 ],ω0

B0
, f

[S0 ],ω0

B0
). (5.135)

We obtain that ⋃
B>prioB0

[r
[Srt

1 ],ω1

B , f
[Srt

1 ],ω1

B ) ∩ [r
[S0 ],ω0

B0
, r

[S0 ],ω0

B0
)

⊆
⋃

B>prioB0

[r
[S0 ],ω0

B , f
[S0 ],ω0

B ) ∩ [r
[S0 ],ω0

B0
, r

[S0 ],ω0

B0
).

(5.136)

Hence, by applying this to Lemma 5.75, we achieve

W
[Srt

1 ]
B0

(r
[S0 ],ω0

B0
, f

[S0 ],ω0

B0
) ≤W

[S0 ]
B0

(r
[S0 ],ω0

B0
, f

[S0 ],ω0

B0
). (5.137)

We use that to obtain

f
[S0 ],ω0

B0
< r

[S0 ],ω0

B0
+W

[Srt
1 ]

B0
(r

[S0 ],ω0

B0
, f

[S0 ],ω0

B0
) + cω1

B0
(5.138)

≤ r
[S0 ],ω0

B0
+W

[S0 ]
B0

(r
[S0 ],ω0

B0
, f

[S0 ],ω0

B0
) + cω1

B0
(5.139)

≤ r
[S0 ],ω0

B0
+W

[S0 ]
B0

(r
[S0 ],ω0

B0
, f

[S0 ],ω0

B0
) + cω0

B0
. (5.140)

Since r
[S0 ],ω0

B0
+W

[S0 ]
B0

(r
[S0 ],ω0

B0
, f

[S0 ],ω0

B0
) + cω0

B0
≤ f

[S0 ],ω0

B0
by Observation 5.71, we obtain a

contradiction. This proves (ii).
Induction Step (n− 1 7→ n): We assume that (i) and (ii) hold for all segments in

Segn := (B0, B1, . . . , Bn−1). In the following, we show that (i) and (ii) hold for Bn. Let
J be the job that segment Bn belongs to.

For (i), if Bn is the first segment of J , then Bn is released at time r
[Srt

1 ],ω1

Bn
= rJ =

r
[S0 ],ω0

Bn
, similar to the base case. If Bn is not the first segment of J , then we denote

by B the segment of J prior to Bn. By definition, r
[Srt

1 ],ω1

Bn
≥ r

[S0 ],ω0

Bn
. Furthermore,

r
[Srt

1 ],ω1

Bn
> r

[S0 ],ω0

Bn
is only possible if f

[Srt
1 ],ω1

B > f
[S0 ],ω0

B . However, B ∈ Segn since B

finishes before Bn in the nominal schedule. Therefore, by induction, f
[Srt

1 ],ω1

B ≤ f
[S0 ],ω0

B .

We conclude that r
[Srt

1 ],ω1

Bn
= r

[S0 ],ω0

Bn
. This proves (i).

As in the base case, we prove (ii) by contradiction and assume that f
[S0 ],ω0

Bn
< f

[Srt
1 ],ω1

Bn
.

Similar to the base case, we obtain

f
[S0 ],ω0

Bn
< r

[S0 ],ω0

Bn
+W

[Srt
1 ]

Bn
(r

[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
) + cω1

Bn
. (5.141)
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By the enforcement mechanism, for all segments B ∈ B, r[S
rt
1 ],ω1

B ≥ r
[S0 ],ω0

B holds. Hence,

[r
[Srt

1 ],ω1

B , f
[Srt

1 ],ω1

B ) ∩ [r
[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
) ⊆ [r

[S0 ],ω0

B , f
[Srt

1 ],ω1

B ) ∩ [r
[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
). (5.142)

As in the base case, in the following we show that

[r
[S0 ],ω0

B , f
[Srt

1 ],ω1

B ) ∩ [r
[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
)

!
⊆ [r

[S0 ],ω0

B , f
[S0 ],ω0

B ) ∩ [r
[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
). (5.143)

However, for the induction step we distinguish two cases:

Case 1: f
[S0 ],ω0

B < f
[S0 ],ω0

Bn
. In that case, we know that B is in Segn, and by induction

f
[Srt

1 ],ω1

B ≤ f
[S0 ],ω0

B holds. Therefore, Equation (5.143) holds.

Case 2: f
[S0 ],ω0

B ≥ f
[S0 ],ω0

Bn
. In that case, we obtain

[r
[S0 ],ω0

B , f
[Srt

1 ],ω1

B ) ∩ [r
[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
) ⊆ [r

[S0 ],ω0

B , f
[S0 ],ω0

Bn
) ∩ [r

[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
) (5.144)

⊆ [r
[S0 ],ω0

B , f
[S0 ],ω0

B ) ∩ [r
[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
) (5.145)

as well.
By applying Equations (5.142) and (5.143), we obtain that⋃

B>prioBn

[r
[Srt

1 ],ω1

B , f
[Srt

1 ],ω1

B ) ∩ [r
[S0 ],ω0

Bn
, r

[S0 ],ω0

Bn
)

⊆
⋃

B>prioBn

[r
[S0 ],ω0

B , f
[S0 ],ω0

B ) ∩ [r
[S0 ],ω0

Bn
, r

[S0 ],ω0

Bn
).

(5.146)

Hence, by applying this to Lemma 5.75, we achieve

W
[Srt

1 ]
Bn

(r
[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
) ≤W

[S0 ]
Bn

(r
[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
). (5.147)

Similar to the base case, we use that to obtain

f
[S0 ],ω0

Bn
< r

[S0 ],ω0

Bn
+W

[Srt
1 ]

Bn
(r

[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
) + cω1

Bn
(5.148)

≤ r
[S0 ],ω0

Bn
+W

[S0 ]
Bn

(r
[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
) + cω1

Bn
(5.149)

≤ r
[S0 ],ω0

Bn
+W

[S0 ]
Bn

(r
[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
) + cω0

Bn
. (5.150)

Since r
[S0 ],ω0

Bn
+W

[S0 ]
Bn

(r
[S0 ],ω0

Bn
, f

[S0 ],ω0

Bn
) + cω0

Bn
≤ f

[S0 ],ω0

Bn
by Observation 5.71, we obtain a

contradiction, and (ii) is proven. This concludes the induction step and therefore this
also proves the theorem.

5.2.3 Segment Priority Modification

In Section 5.2.2, we eliminate the timing anomalies and ensure that a feasible segmented
self-suspending task set remains schedulable in online scheduling by enforcing the release
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τ1

τ2

0 2 4 6 8 10

(a) T-FP schedule (nominal).

τ1

τ2

0 2 4 6 8 10

(b) Segment release time en-
forcement (online).

τ1

τ2

0 2 4 6 8 10

(c) No treatment (online).

Figure 5.26.: Schedules of the task set T = {τ1, τ2} under T-FP scheduling where τ1 has
higher priority than τ2. Enforcing the segment release time leads to a longer
per-job response time, compared to the schedule without treatment.

time of the segments. Although delaying the segment release has no negative impact on
the worst-case behavior, this treatment may lead to poor average-case performance. To
demonstrate this, consider the case shown in Figure 5.26, where the WCETs and the
maximum suspension times of segments are significantly larger than the actual execution
and suspension times. Figure 5.26a demonstrates the nominal schedule, Figure 5.26b
shows the schedule with enforcement, and Figure 5.26c shows the schedules without
enforcement. Compared to the schedule without enforcement, enforcing the segment
release time leads to a longer per-job response time, i.e., the time elapsed between the
release and the completion of a job. Therefore, a treatment to avoid timing anomalies
without artificially delaying segments is desirable.

To that end, we propose a treatment that modifies the segment priorities to eliminate
timing anomalies. In particular, we redefine the segment priorities according to their
finishing time in the nominal schedule. The rationale is that a segment with later
finishing time should not be able to interfere a segment with an earlier finishing time.
To distinguish original segment priorities and modified segment priorities, we call the
modified priorities preference instead. More specifically, we say that a segment B ∈ B
has a higher preference than B′ ∈ B if B finishes earlier than B′ in the nominal schedule.
We denote the preference as:

B >pref B
′ :⇔ f

[S0 ],ω0

B < f
[S0 ],ω0

B′ (5.151)

This leads to a total ordering of all segments in B. In the online schedule, segments with
higher preference are scheduled first. We denote by [Ssp

1 ] the online schedule with priority
modification.

For example, consider the system of Figure 5.26. We denote by B1
1 and B1

2 the two
segments of the first job of task τ1, and we denote by B2

1 and B2
2 the two segments of

the first job of task τ2. The total preference ordering is:

B1
1 >pref B

2
1 >pref B

1
2 >pref B

2
2 (5.152)

Therefore, under the treatment with modified segment priorities, the online schedule will
look exactly like the schedule without treatment in Figure 5.26c.
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Since in the online schedule, the segment priority is replaced with the segment preference,
we can observe the following.

Observation 5.77. Let B ∈ B be a segment. The segment B finishes in the online
schedule with priority modification, i.e., in [Ssp

1 ], at the lowest t ∈ R such that

t ≥ r
[Ssp

1 ],ω1

B +W
[Ssp

1 ]
B (r

[Ssp
1 ],ω1

B , t) + cω1
B , (5.153)

where W
[Ssp

1 ]
B (r

[Ssp
1 ],ω1

B , t) is the total amount of time that higher-preference segments are

executed during the interval [r
[Ssp

1 ],ω1

B , t) in [Ssp
1 ], i.e.,

W
[Ssp

1 ]
B (r

[Ssp
1 ],ω1

B , t) :=
∑

B′>pref B

exec
[Ssp

1 ]
B′ (r

[Ssp
1 ],ω1

B , t). (5.154)

To prove that timing anomalies do not occur, we need to show that the interference
from higher-preference segments in the online schedule is not higher than the interference
from higher-priority segments in the nominal schedule. To achieve this, we first prove
the following key ingredient.

Lemma 5.78. For all segments B ∈ B, the interference in the nominal schedule is lower
bounded by:

W
[S0 ]
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[S0 ],ω0

B , f
[S0 ],ω0

B ) ≥
∑
B′∈B

s
[S0 ],ω0
B <f

[S0 ],ω0
B′ <f

[S0 ],ω0
B

cω0
B′ (5.155)

Proof. We know that W
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[S0 ],ω0
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B ) by

definition in Equation (5.117). Moreover, if B′ ∈ B fulfills s
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B ,
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have higher priority than B. Therefore, we can bound W
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Now consider an arbitrary B′ ∈ B with s
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B < f
[S0 ],ω0

B′ < f
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B . As explained

above, B′ must have higher priority than B. If B′ would be executed before s
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then it would have to finish before B can start. In that case, f
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Equations (5.156) and (5.157) combined prove the lemma.
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The previous lemma allows us to prove that no timing anomalies occur with the
treatment that modifies segment priorities, as formulated in the following theorem.

Theorem 5.79. The finishing time of each segment in the online schedule [Ssp
1 ] with

segment preference instead of segment priorities is no larger than the finishing time in

the nominal schedule [S0 ], i.e., f
[S0 ],ω0

B ≥ f
[Ssp

1 ],ω1

B for all B ∈ B.

Proof. Similar to the proof of Theorem 5.76, let Seg = (B0, B1, . . . ) denote the list of

all segments B ordered by their finishing time in the nominal schedule, i.e., f
[S0 ],ω0

B0
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< . . . holds. Please note that this ordering respects the segment preferences,
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Since B0 has the earliest finishing time in [S0 ] among all segments, it must be the

first segment of its corresponding job J . Hence, B0 is released at time r
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Since f
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This proves Equation (5.161) and therefore, also Equation (5.160) is proven.
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If Bn is the first segment of a job J , then similar to the base case it is released at the

release of J and r
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holds. Otherwise, the segment B ∈ B prior to
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Since f
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holds by Observation 5.72, we

obtain a contradiction. Hence, f
[S0 ],ω0
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≥ f
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1 ],ω1

Bn
holds. This concludes the induction

step and therefore the theorem is proven.

Implementation in RTEMS We implemented a S-FP scheduling mechanism in
RTEMS [RTE23], an open-source RTOS, to demonstrate the applicability of the treatment
segment priority modification. In the following, we first introduce the key APIs for
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Figure 5.27.: Impact of the time to perform priority modification. The red arrow indicates
the time point that the priority is modified. Only option (c) leads to the
desired behavior.

implementing the S-FP scheduling. Afterwards, we showcase the validity of the treatment
in RTEMS with a working example.

There are three major functionalities to be taken into consideration while designing
the S-FP scheduling mechanism in RTEMS: (i) self-suspension of a task, (ii) resuming a
self-suspended task, and (iii) modifying task priority. In our current design, we introduce
a middle layer which wraps all the required functions provided by RTEMS at the API
layer without modifying the underlying kernel. To perform self-suspension, the current
executing task calls the function rtems task suspend() with its own task ID RTEMS SELF

at the end of a segment execution, except for the last segment. Since a task cannot
resume itself after suspension, the resume of a suspended task must be triggered by other
sources, e.g., another task.

In the S-FP scheduling, segments from the same task are allowed to have different
priorities. However, RTEMS only supports task-level priority assignment in the current
version. Therefore, we adjusted the priority for each segment by calling the function
rtems task set priority().

There are three possible moments for modifying the priority: before, after, and during
the suspension of the previous segment, as shown in Figure 5.27. If the priority is
modified before the suspension starts, i.e., during the execution of the previous segment,
the remaining execution of the previous segment can be preempted by another job
(Figure 5.27a). Alternatively, modifying the priority after the segment starts can result
in unexpected preemptions (Figure 5.27b). This is due to the gap between calling the
function rtems task set priority() and issuing the priority modification. Therefore,
the ideal solution is to perform priority modification during the suspension, as shown in
Figure 5.27c.

Considering the priority modification during suspension, we introduce a customized
resume mechanism. Given the priority of each segment as inputs, we keep a lookup table
in the middle layer. Each time before a suspended task is about to be resumed, the
controlling task first calls the function rtems task set priority() to assign the new
priority to the task according to the lookup table, then it calls rtems task resume()

with the ID of the task to be resumed.

We validated the proposed treatment, segment priority modification, in RTEMS with
our S-FP implementation using the following example. Given a task set T = {τ1, τ2} of
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(a) T-FP WCET.
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(b) T-FP with early completion.

τ1 1 4 4

τ2 2 3

τsus
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(c) S-FP with early completion.

Figure 5.28.: The working example implemented in RTEMS. With early completion of
the first segment of τ1, the finishing time of the second job from τ2 (marked
in blue) increases under T-FP scheduling (T-FP with early completion). By
applying the priorities from the treatment segment priority modification on
S-FP scheduling (S-FP with early completion), the finishing time remains
the same as in the nominal schedule (T-FP WCET).

two tasks to be scheduled on a uniprocessor system, with:

• τ1 ∈ PerOff(12, 0) ∩ SegSS(3, 5, 3)

• τ2 ∈ PerOff(6, 0) ∩ SegSS(1)

Since a task cannot resume itself after suspension, we add one additional lowest priority
task τsus ∈ PerOff(12, 0) ∩ SegSS(3), which resumes τ1 when it finishes execution. We
consider three scenarios: (a) T-FP WCET, (b) T-FP with early completion, and (c)
S-FP with early completion. In T-FP WCET and T-FP with early completion,
the tasks are scheduled using T-FP scheduling. Each segment is executed for its WCET,
and then suspended for the maximum length of the suspension interval in T-FP WCET.
In T-FP with early completion, the segments and the suspension interval can finish
earlier. More specifically, we decrease the execution time of the first segment in τ1. In
S-FP with early completion, the tasks are scheduled using S-FP scheduling. The
priorities of the segments follow the treatment segment priority modification, which use
the schedule generated by T-FP scheduling as the nominal schedule.

Figure 5.28 demonstrates the schedules generated in the three scenarios. The numbers
in the segments are their priorities. A lower number indicates a higher priority. We observe
that in Figure 5.28b, the first segment of τ1 finishes earlier, which delays the second job
of τ2. With priorities generated from the treatment segment priority modification, the
second job of τ2 is not affected, i.e., no timing anomalies occur.

5.2.4 Evaluation of Proposed Mechanisms

We compare the proposed treatments to state-of-the-art scheduling algorithms in terms of
schedulability on synthetic task sets. First, we describe how the task sets are synthesized,
and briefly introduce the comparing algorithms. Afterwards, we report the acceptance
ratios of the algorithms under different task set configurations, and propose an approach
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based on a combination of scheduling algorithms to achieve a higher acceptance ratio.
The source code that is used to conduct the experiments is released on Github [TU 24].

Task Sets and Algorithms In our evaluation, we focus on periodic synchronous
tasks with segmented self-suspension and implicit deadlines. The synthetic task sets are
generated as follows. First, we consider different total utilization settings of a task set,
ranging from 0% to 100% in a 5% step. For each total utilization setting, we generate
100 task sets, each with 10 tasks {τ1, . . . , τ10}. Given the total utilization of a task set,
we apply the Dirichlet-Rescale (DRS) algorithm [GBD20] to determine the utilization Uτi

of each individual task τi. Tτi , the period of task τi, is selected uniformly at random from
a set of semi-harmonic periods Tτi ∈ {1, 2, 5, 10, 20, 50, 100, 200, 1 000}, which is used in
automotive systems [Brü+17; Ham+17; Tob+16]. Each task τi has an implicit deadline
Dτ = Tτ . With the utilization Uτi and period Tτi , the total execution time of task τi is
calculated accordingly, i.e., Cτi = Uτi · Tτi .

Next, we divide the total execution time Cτi into the mτi segments. In our evaluation,
mτi is selected from the set {2 (Rare), 5 (Moderate), 8 (Frequent)} based on the configu-
ration of the task set. The number of suspension intervals is set to mτi − 1 accordingly.
The total suspension length of task τi is generated according to a uniform distribution in
one of the following three ranges, as suggested in [BHC17; HC16]:

• Short suspension: [0.01(Tτi − Cτi), 0.1(Tτi − Cτi)]

• Medium suspension: [0.1(Tτi − Cτi), 0.3(Tτi − Cτi)]

• Long suspension: [0.3(Tτi − Cτi), 0.6(Tτi − Cτi)]

Having the number of computation segments mτi , the total execution time Cτi , and the
total suspension length, we apply the DRS algorithm to determine the execution time of
each computation segment and the length of each suspension interval, thus constructing
the execution behavior SegSS(C1

τi , S
1
τi , . . . , C

mτi
τi ) for task τi.

We consider the following segmented self-suspending scheduling algorithms:11

• NOM-EDF: Our approach, the nominal schedules are generated using EDF.

• NOM-RM: Our approach, the nominal schedules are generated using RM.

• SCAIR-OPA [Sch+18b]: A pseudo-polynomial time schedulability test under
Audsley’s Optimal Priority assignment [Aud01].

• SCAIR-RM [Sch+18b]: A pseudo-polynomial time schedulability test under RM
priority assignment.

• EDAGMF-OPA [HC16]: A T-FP equal deadline assignment scheduling with
Audsley’s Optimal Priority assignment.

11The evaluation framework for self-suspending task systems, i.e., SSSEvaluation [Gün+21b] (see
Section 5.1.4.1), is applied for evaluating SCAIR-OPA, SCAIR-RM, and EDAGMF-OPA.

168



5.2. Timing Anomalies

0.0 0.2 0.4 0.6 0.8 1.0

Utilization (%)

0.0

0.2

0.4

0.6

0.8

1.0

A
cc

ep
ta

nc
e

R
at

io
(%

) 5 15 25 35 45 55 65 75 85 95
0

20
40
60
80

100
(a) Short, Rare

NOM-EDF NOM-RM SCAIR-OPA SCAIR-RM EDAGMF-OPA

5 15 25 35 45 55 65 75 85 95
0

20
40
60
80

100
(b) Short, Moderate

5 15 25 35 45 55 65 75 85 95
0

20
40
60
80

100
(c) Short, Frequent

5 15 25 35 45 55 65 75 85 95
0

20
40
60
80

100
(d) Medium, Rare

5 15 25 35 45 55 65 75 85 95
0

20
40
60
80

100
(e) Medium, Moderate

5 15 25 35 45 55 65 75 85 95
0

20
40
60
80

100
(f) Medium, Frequent

5 15 25 35 45 55 65 75 85 95
0

20
40
60
80

100
(g) Long, Rare

5 15 25 35 45 55 65 75 85 95
0

20
40
60
80

100
(h) Long, Moderate

5 15 25 35 45 55 65 75 85 95
0

20
40
60
80

100
(i) Long, Frequent

Figure 5.29.: Acceptance ratio of the approaches under different task set configurations.

Recall that the proposed treatments depend on information such as the nominal release
times of segments and the total preference order in a nominal schedule. NOM-EDF and
NOM-RM generate a nominal schedule by simulating the execution of the given task
set based on the WCET and maximum suspension time of the segments using EDF/RM
scheduling, respectively. As discussed in Remark 5.68, our treatments derive a feasible
schedule whenever the nominal schedule simulated over one hyperperiod is feasible. Note
that, although we focus on synchronous periodic tasks to ensure the schedulability of the
nominal schedule in our evaluation, NOM-EDF and NOM-RM can work on any task
set with a repetitive release pattern, e.g., periodic tasks with different offsets, as long as
the nominal schedule repeats.

Schedulability under Different Task Set Configurations We compare
the acceptance ratio between the evaluated scheduling algorithms. Figure 5.29 demon-
strates the results on task sets with different configurations, i.e., number of segments
in a task and total suspension length. We observe that in almost all the evaluated
configurations, our NOM-EDF approach outperforms all the state of the arts. The
reason is that in order to eliminate timing anomalies for scheduling sporadic tasks, the
existing methods over-approximate the WCRTs of tasks, which leads to overly pessimistic
results. An exception appears in Figure 5.29 (g), where EDAGMF-OPA has the highest
acceptance ratio among all algorithms when the total utilization reaches 95% for task
sets with long suspension intervals and only two segments. We conclude that under
certain configurations, priority assignment approaches such as EDAGMF-OPA can
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Figure 5.30.: Acceptance ratios under the Long, Rare configuration while considering the
COMB-ALL approach.

significantly improve the performance, i.e., schedulability, of T-FP scheduling. Still, our
proposed treatments show high acceptance ratios under all the other configurations.

Although we achieved high acceptance ratios with NOM-RM and NOM-EDF in
almost all the evaluated configurations, we would like to point out that the proposed
treatments do not bind to any specific scheduling algorithms for generating a nominal
schedule. Given a feasible nominal schedule of a segmented self-suspension periodic task
set generated by any T-FP scheduling algorithm, segment release time enforcement and
segment priority modification eliminate timing anomalies and guarantee the schedulability,
as proven in Sections 5.2.2 and 5.2.3. Therefore, we propose a new approach COMB-
ALL, which applies several scheduling algorithms to a task set, and returns a nominal
schedule if the task set is feasible by any of these algorithms. In our current design, we
consider NOM-EDF, NOM-RM, and EDAGMF-OPA in COMB-ALL since these
approaches in general outperform the others in Figure 5.29. Figure 5.30 demonstrates
the acceptance ratios of COMB-ALL and those of the three approaches individually
under the same configuration in Figure 5.29 (g). We observe that COMB-ALL has the
highest acceptance ratio among the anomaly-free approaches.

5.3 Summary and Open Problems

In this chapter, we investigated the timing behavior of self-suspending tasks under
preemptive uniprocessor scheduling. To that end, we first examined different schedulability
analyses in Section 5.1. Second, in Section 5.2, we considered one specific reason for the
analytical pessimism inherent to self-suspending tasks in more detail: the presence of
timing anomalies.

Regarding schedulability analyses, we considered dynamic self-suspending tasks under
T-FP, EDF and EL scheduling. Under T-FP scheduling, we provided the first suspension-
aware analysis for arbitrary-deadline sporadic real-time tasks and tasks abstracted with
arrival curves. Under EDF scheduling, we presented two novel analyses, namely a
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response-time analysis and an analysis that quantifies redundant self-suspension. We
introduced a unifying response-time analysis for all EL scheduling algorithms, applicable
to arbitrary-deadline sporadic tasks. Furthermore, we enhanced an analysis framework
for schedulablility tests of self-suspending tasks by implementing state-of-the art schedu-
lability tests we were aware of when the enhanced framework was published, and by
providing additional features.

Regarding timing anomalies, we considered segmented self-suspending tasks with a
fixed arrival pattern scheduled under S-FP scheduling. We detailed the reason for timing
anomalies and used that observation to develop two mechanisms that avoid timing
anomalies, namely segment release time enforcement and segment priority modification.
By using these mechanisms, WCRTs of tasks occur when all tasks execute their WCET
and suspend for their maximum suspension time. Hence, exact WCRT analysis for
synchronous periodic tasks using our mechanisms can be conducted by simulating the
schedule over one hyperperiod.

Despite our contributions of this chapter, there remain many open questions to be
resolved and future work to be conducted, detailed as follows. Regarding the schedulability
analysis under T-FP, we utilized heuristics from related work to partition T into T1 and T2.
While any partitioning can be used to conduct the analysis, finding partitioning heuristics
with mathematical reasoning tailored to our proposed schedulability test remains an
open problem. Regarding the evaluation framework, currently only uniprocessor tests are
integrated. To integrate multiprocessor tests as well, reasonable benchmarks to generate
synthetic task sets for multiprocessor scenarios need to be explored. In that regard, the
DRS algorithm [GBD20] could be used to make the generation process more efficient.
Furthermore, since the publication of the enhanced evaluation framework, some novel
analyses have not been integrated into the framework yet, and we should pursue to keep
the framework up-to-date. Besides these immediate open problems, we emphasize the
following research directions to be explored further:

• Necessary tests for self-suspending tasks: Although we made significant
improvements in the analysis of self-suspending tasks, it remains unclear how close
our results are to exact results. The reason is that for dynamic self-suspending
tasks there exist no necessary schedulability conditions besides the simulation of
specific analysis scenarios. In future work, necessary conditions should be analyzed
in more detail to identify the margin for analytical improvement.

• Exploration of self-suspension models: While abstraction of self-suspending
tasks using dynamic self-suspension is always possible, it may lead to potentially
pessimistic results. Hence, the schedulability analysis in this work, although widely
applicable, may be unsuitable in specific use cases. Besides dynamic self-suspension
there exist some analyses for abstraction to segmented or hybrid self-suspension.
However, the general problem of finding abstractions of self-suspension which give
a tight description of actual use cases while being easily analyzable remains open.
Instead of limiting the consideration to a few predefined task models, future work
should pursue property-based abstractions to enable new analytical approaches and
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tight description of the preconditions of analytical results.

• Extensions to multiprocessor scheduling: Although the examination of this
chapter focuses on uniprocessor scheduling, multicore systems are an essential part
of distributed systems. While the results of this chapter are directly applicable to
partitioned multiprocessor scheduling, by considering each processor individually,
extensions to global multiprocessor scheduling are more involving. It remains unclear
to what extent the insights of this chapter are applicable to global scheduling in
multicore systems.

• Generalized examination of timing anomalies: While we identified two
mechanisms to avoid timing anomalies for self-suspending tasks, these are limited
to segmented self-suspending tasks with fixed release pattern. Furthermore, timing
anomalies do not only occur for self-suspending tasks, as detailed in Section 3.1. It
is unclear if similar mechanisms can be developed for more general task abstractions
of self-suspending tasks or for other scenarios in which timing anomalies occur.
In future work, timing anomalies should be examined in a more generalized and
unified manner.

172



6
End-to-End Latency of Cause-Effect
Chains

Most cyber-physical control systems must react to external activities with an appropriate
actuation. They are often safety-critical, since not behaving as expected may lead to
dire consequences for the system, humans, or the environment. A common characteristic
of such control systems is that they perform the same functionality over and over again—
frequently checking for an external activity and providing an actuation when needed.
Figure 6.1 depicts an automatic break system where the car should automatically be
stopped when a pedestrian is observed in front of the car. In this simplified example,
three steps (each handled by a related task) must be performed: (i) A camera image is
taken, (ii) image recognition marks pedestrians in the picture, and (iii) danger analysis
determines whether the car must be stopped to not endanger pedestrians. This example
also shows why safety-critical control systems often have timing requirements: It is not
sufficient to calculate the correct result based on the observed situation, i.e., braking.
Instead, the required actuation must also be performed within a certain time interval to
avoid harming the pedestrian.

Prior to 2016, research primarily considered timing for individual tasks. For instance, a
Worst-Case Response Time (WCRT) analysis for a specific task determines the maximum
time interval between the release of a task instance and its completion. Such a WCRT
analysis focuses only on the worst-case execution behavior of the task and the interference
of other tasks. However, if a functionality is achieved by the interplay between tasks, as
in the example in Figure 6.1, then the data propagation must be considered. Specifically,
we are interested in the timing behavior of a chain that is composed of multiple tasks
that must communicate the necessary data to their successor in the chain and may be
executed on different processing units. We call a related analysis that considers a chain
of communicating tasks and determines the time needed to process data through the
complete chain an end-to-end analysis . This chapter follows the notation and terminology
introduced in Section 3.2.

Starting in 2007 and more frequently since 2016, the end-to-end latency of such data
flows has been analyzed. However, most results are tied to specific task models and one
specific end-to-end latency, and the generalization of different concepts and approaches
has mostly been neglected. In this chapter, we tackle this gap by (i) proving fundamental
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Get Camera Image Image Recognition Danger Analysis

τ1 τ2 τ3
External activity Actuation

Cause-effect chain: E = (τ1 → τ2 → τ3)

Figure 6.1.: Simplified automatic break system.

properties, that are applicable to almost any system model, and by (ii) developing a
frame that can be used as a backbone to derive most analytical literature results. More
specifically, this chapter is organized as follows:

• We present fundamental timing properties for end-to-end latency of cause-effect
chains in Section 6.1. The fundamental properties are described with only a minimal
set of restrictions and are therefore applicable to most system models.

• In Section 6.2, we discuss analytical bounds on the end-to-end latency of cause-effect
chains. That includes the development of an analytical frame that can be applied
universally to derive most analytical bounds from the literature. Furthermore, we
present our novel analytical bounds.

• In Section 6.3, probabilistic metrics for the end-to-end latency are introduced and
analyzed, considering two types of randomness: Response-time randomness and
failure probabilities. A special focus is on the potential pitfalls that are inherent
for the definition of probabilistic end-to-end latency.

6.1 Fundamental Properties

In this section, we detail two fundamental properties of the end-to-end latency. The
first is a compositional property that allows to cut any cause-effect chain into smaller
segments and analyze each of them separately. The second is the equivalence between
the two metrics Maximum Reaction Time (MRT) and Maximum Data Age (MDA).
Although those two metrics were believed to be inherently different, we show that they
are actually the same. The mentioned properties are fundamental because they hold
for any communication and scheduling mechanism that adheres to the two requirements
(R1) and (R2) stated in Section 3.2.1. Hence, it covers periodic and sporadic tasks under
implicit communication and Logical Execution Time (LET), and even tasks scheduled
and communicating under more specialized mechanisms, like those using Robot Operating
System 2 (ROS2).

For convenience, we introduce the notation ≼ for the ordering of jobs of the same task,
and use it to describe the fundamental behavior of immediate forward and immediate
backward job chains. Specifically, Lemma 6.2 serves as a backbone for several analytical
results in this chapter, especially in Sections 6.1.1, 6.1.2, 6.2.1 and 6.2.3.

Definition 6.1. For two jobs τ(i) and τ(j) of the same task τ , we denote by τ(i) ≼ τ(j)
or τ(j) ≽ τ(i) the case that i ≤ j. Furthermore, τ(i) ≺ τ(j) or τ(j) ≻ τ(i) if i < j.
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Lemma 6.2. Let c = (J1, . . . , Jn) and c
′ = (J ′

1, . . . , J
′
n) be two job chains for E in ω.

(i) If c is immediate forward and Ji ≼ J ′
i for some i ∈ {1, . . . , n}, then Jj ≼ J ′

j for all
j ∈ {i, . . . , n}.

(ii) If c is immediate backward and Ji ≽ J ′
i for some i ∈ {1, . . . , n}, then Jj ≽ J ′

j for
all j ∈ {1, . . . , i}.

Proof of Lemma 6.2. We prove (i) by induction over j = i, . . . , n.
Initial case (j = i): For j = i, Jj ≼ J ′

j by assumption.
Induction step (j 7→ j + 1): If Jj ≼ J ′

j for j ∈ {i, . . . , n− 1}, then this means that
the write-event of the job Jj is no later than the write-event of the job J ′

j . Since the
read-event of the job J ′

j+1 is no earlier than the write-event of J ′
j (by definition of a job

chain), the read-event of J ′
j+1 is also no earlier than the write-event of Jj . Since Jj+1 is

the earliest job with read-event no earlier than the write-event of Jj , we conclude that
Jj+1 ≼ J ′

j+1.

We prove (ii) by induction over j = i, . . . , 1.
Initial case (j = i): For j = i, J ′

j ≼ Jj by assumption.
Induction step (j 7→ j − 1): If J ′

j ≼ Jj for j ∈ {i, . . . , 2}, then this means that the
read-event of the job J ′

j is no later than the read-event of the job Jj . Since the write-event
of the job J ′

j−1 is no later than the read-event of J ′
j (by definition of a job chain), the

write-event of J ′
j−1 is also no later than the read-event of Jj . Since Jj−1 is the latest job

with write-event no later than the read-event of Jj , we conclude that J ′
j−1 ≼ Jj−1.

6.1.1 Compositional Property

Usually, cause-effect chains are distributed over several components that require different
treatments and analyses. The analysis of such potentially long cause-effect chains can be
difficult and time-consuming. To mitigate this problem, in this section, we show that the
end-to-end latency underlies a compositional property. More specifically, any cause-effect
chain can be decomposed into smaller cause-effect chains, and adding up the end-to-end
latency of all components yields a safe upper bound on the end-to-end latency of the full
chain. After the decomposition of the cause-effect chain, the components only have to
respect the local properties that they are executed on. Hence, by a smart decomposition
the chain becomes much easier to analyze.

The results presented in this section appeared in RTAS 2021 [Gün+21a] and in a
journal extension for ACM TECS in 2023 [Gün+23a]. However, the concept of warm-up
has not been established at the date of publication. Instead, so-called valid job chains
were used to constraint the observation window. The proofs of this section are adjusted
to be compatible with the warm-up.

Theorem 6.3 (Cutting). Let E = (τ1 → · · · → τn) be any cause-effect chain, decomposed
into two components E1 = (τ1 → · · · → τk) and E2 = (τk+1 → · · · → τn). The end-to-end
latency of the components E1 and E2 yields an upper bound on the end-to-end latency of
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τ1
...

⃗acωE1
(10 + ε)

τk

τk+1
...

⃗acωE2
(24)

τn

⃗acωE(24)

Figure 6.2.: Cutting one immediate backward augmented job chain ⃗acωE(24) into two as
in the proof of Theorem 6.3 (Cutting).

E. That is,

MRT(E,ω) ≤ MRT(E1, ω) +MRT(E2, ω) (6.1)

MDA(E,ω) ≤ MDA(E1, ω) +MDA(E2, ω) (6.2)

for all ω ∈ Ω. Consequently, MRT(E) ≤ MRT(E1) + MRT(E2) and MDA(E) ≤
MDA(E1) +MDA(E2) hold as well.

The proof of the Cutting-Theorem relies on cutting immediate forward (backward, re-
spectively) augmented job chains into smaller immediate forward (backward, respectively)
augmented job chains, such that their combined length is at least the length of the initial
immediate forward (backward, respectively) augmented job chain. Figure 6.2 shows the
concept for immediate backward augmented job chains, assuming that jobs adhere to
implicit communication. We see that ℓ( ⃗acωE(24)) ≤ ℓ( ⃗acωE1

(10 + ε)) + ℓ( ⃗acωE2
(24)). The

jobs that appear in the backward augmented job chain ⃗acωE(24), marked with the pattern,
are distributed among ⃗acωE1

(10 + ε) and ⃗acωE2
(24). Only the events for external activity

and actuation have to be determined properly. We note that the ε ensures that the
immediate backward job chain of E1 is considered in the calculation of the MDA, i.e.,
z′ > weω(τk(W

ω
E,τk

)). For the decomposition of the immediate forward job chain we do
not need this ε as we can see in the proof.

Proof. We start by proving Equation (6.1). Consider an immediate forward augmented
job chain a⃗cωE(z) = (z, J1, . . . , Jn,we

ω(Jn)) for cause-effect chain E in a system evolution
ω ∈ Ω. We define the immediate forward augmented job chains:

a⃗cωE1
(z) = (z, J1, . . . , Jk,we

ω(Jk)) (6.3)

a⃗cωE2
(weω(Jk)) = (weω(Jk), Jk+1, . . . , Jn,we

ω(Jn)) (6.4)

Then ℓ(a⃗cωE(z)) ≤ ℓ(a⃗cωE1
(z)) + ℓ(a⃗cωE2

(weω(Jk))). We must check that if a⃗cωE(z) is
considered in the calculation of MRT(E,ω), then also a⃗cωE1

(z) and a⃗cωE2
(weω(Jk)) are
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considered in the calculation of MRT(E1, ω) and MRT(E2, ω), respectively. That is, if
z > reω(τ1(W

ω
E,τ1

)), then

z > reω(τ1(W
ω
E1,τ1)) (6.5)

weω(Jk) > reω(τk+1(W
ω
E2,τk+1

)) (6.6)

must hold as well.
For Equation (6.5): We know that (τ1(W

ω
E,τ1

), . . . , τn(W
ω
E,τn

)) is an immediate backward
job chain for E in ω. Therefore, the first k jobs form an immediate backward job chain
(τ1(W

ω
E,τ1

), . . . , τk(W
ω
E,τk

)) for E1 in ω. Since by definition τ1(W
ω
E1,τ1

) is the first job of
the first immediate backward job chain of E1 in ω, we know that Wω

E1,τ1
≤Wω

E,τ1
. Hence,

reω(Wω
E1,τ1

) ≤ reω(Wω
E,τ1

) < z, i.e., Equation (6.5) holds.
For Equation (6.6): We prove that equation by contradiction. To that end, we assume

that weω(Jk) ≤ reω(τk+1(W
ω
E2,τk+1

)). Since (τ1(W
ω
E,τ1

), . . . , τn(W
ω
E,τn

)) is an immediate

backward job chain, we know that the last (n− k) tasks form an immediate backward
job chain (τk+1(W

ω
E,τk+1

), . . . , τn(W
ω
E,τn

)) for E2 in ω. Since τk+1(W
ω
E2,τk+1

) is the first
job of the first immediate backward job chain for E2 in ω, we know that Wω

E2,τk+1
≤

Wω
E,τk+1

. Therefore, we have weω(Jk) ≤ reω(τk+1(W
ω
E2,τk+1

)) ≤ reω(τk+1(W
ω
E,τk+1

)).

Since the job chain (τ1(W
ω
E,τ1

), . . . , τn(W
ω
E,τn

)) is immediate backward, we obtain that
weω(Jk) ≤ weω(τk(W

ω
E,τk

)), i.e., Jk ≼ τk(W
ω
E,τk

). By Lemma 6.2, also J1 ≼ τ1(W
ω
E,τ1

).
Since, z ≤ reω(J1) by definition, we obtain z ≤ reω(τ1(W

ω
E,τ1

)) which contradicts that
z > reω(τ1(W

ω
E,τ1

)). Hence, Equation (6.6) holds.
We conclude ℓ(a⃗cωE(z)) ≤ ℓ(a⃗cωE1

(z))+ ℓ(a⃗cωE2
(weω(Jk))) ≤ MRT(E1, ω)+MRT(E2, ω).

Since this holds for all z > reω(τ1(W
ω
E,τ1

)), it also holds for the supremum, i.e., we obtain
MRT(E,ω) ≤ MRT(E1, ω) +MRT(E2, ω). Equation (6.1)

Equation (6.2) is proven analogously. Here, the length of any immediate backward
augmented job chain ⃗acωE(z

′) = (reω(J1), J1, . . . , Jn, z
′) for E is upper bounded by

ℓ( ⃗acωE(z
′)) ≤ ℓ( ⃗acωE1

(reω(Jk+1) + ε)) + ℓ( ⃗acωE2
(z′)), where

⃗acωE1
(reω(Jk+1) + ε) = (reω(J1), J1, . . . , Jk, re

ω(Jk+1) + ε) (6.7)

⃗acωE2
(z′) = (reω(Jk+1), Jk+1, . . . , Jn, z

′) (6.8)

with 0 < ε sufficiently small to ensure that (J1, . . . , Jk) is part of ⃗acωE1
(reω(Jk+1) + ε),

i.e., ε is chosen such that

reω(Jk+1) + ε < min {weω(τk(j)) | j ∈ N, weω(τk(j)) > reω(Jk+1)} . (6.9)

We note that the minimum on the right-hand side exists due to restriction (R2). Again,
we need to ensure that if z′ > weω(τn(W

ω
E,τn

)), then

reω(Jk+1) + ε > weω(τk(W
ω
E1,τk

)) (6.10)

z′ > weω(τn(W
ω
E2,τn)) (6.11)

holds as well.

177



6. End-to-End Latency of Cause-Effect Chains

For Equation (6.10): Since (J1, . . . , Jn) is an immediate backward job chain for E in
ω, we know that (J1, . . . , Jk) is an immediate backward job chain for E1 in ω. Therefore,
weω(τk(W

ω
E1,τk

)) ≤ weω(Jk). Moreover, weω(Jk) ≤ reω(Jk+1) < reω(Jk+1) + ε. Hence,
Equation (6.10) holds.
For Equation (6.11): Since (τ1(W

ω
E,τ1

), . . . , τn(W
ω
E,τn

)) is an immediate backward job
chain for E in ω, the last (n− k) jobs (τk+1(W

ω
E,τk+1

), . . . , τn(W
ω
E,τn

)) form an immediate

backward job chain for E2 in ω. Therefore, we
ω(τn(W

ω
E2,τn

)) ≤ weω(τn(W
ω
E,τn

)). Moreover,
weω(τn(W

ω
E,τn

)) < z. Hence, Equation (6.11) holds.
We conclude that ℓ( ⃗acωE(z

′)) ≤ ℓ( ⃗acωE1
(reω(Jk+1) + ε)) + ℓ( ⃗acωE2

(z′)) ≤ MDA(E1, ω) +
MDA(E2, ω). Since this holds for all z

′ > weω(τn(W
ω
E,τn

)), it also holds for the supremum,
i.e., MDA(E,ω) ≤ MDA(E1, ω) +MDA(E2, ω). Equation (6.2)

Applying the supremum over all ω ∈ Ω also proves the bounds for overall latency.

Although the theorem is only formulated for two components, applying the theorem
several times allows a decomposition into more components. More specifically, if E can
be decomposed into multiple cause-effect chains E1, . . . , EN , then

MRT(E,ω) ≤
N∑
j=1

MRT(Ej , ω) and MDA(E,ω) ≤
N∑
j=1

MDA(Ej , ω). (6.12)

Consequently, MRT(E) ≤∑N
j=1MRT(Ej) and MDA(E) ≤∑N

j=1MDA(Ej).
The theorem can also be extended for comply with the Maximum Reduced Data Age

(MRDA) and Maximum Reduced Reaction Time (MRRT). That is, by a similar proof,
we obtain

MRDA(E,ω) ≤ MDA(E1, ω) +MRDA(E2, ω) (6.13)

for the MRDA, and

MRRT(E,ω) ≤ MRRT(E1, ω) +MRT(E2, ω) (6.14)

for the MRRT.

6.1.2 Equivalence of Latencies

Although multiple approaches to calculate or bound MRT or MDA have been pro-
vided [Bec+16a; Bec+16b; Ben+02; Dav+07; Dür+19; Fei+09; FBP17; Gün+21a;
KBS18; Raj+10; Sch+18a], the relation between the MRT and MDA values is less
analyzed. This is kind of surprising, since answering the questions if, how, and in which
scenarios the MRT and MDA values are related is interesting—both from a practical
perspective (since it may be sufficient to analyze one metric instead of two) and from a
research perspective (since analysis methods for one metric may also be applied when
analyzing the other).
Starting in 2019 the analytical relation between MRT and MDA has been further

explored. More specifically, Dürr et al. [Dür+19] showed that an analytical bound for
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MRT in sporadic systems also holds for the MRDA. Furthermore, Günzel et al. [Gün+21a;
Gün+23a] showed that the exact MRT is an upper bound for the MDA under a general
definition. Empirical observations suggest an even stronger relation. More specifically,
the AUTOSAR Timing Extensions [AUT22] state that “without over- and undersampling,
age and reaction are the same” [AUT22, Section 3.6.2, p. 114]. However, while this
observation seems to imply that MRT and MDA can differ for systems with over- or
undersampling, recent measurements in ROS2 show that the observed MRT and MDA
always coincide [Tep+22]. Hence, it is unclear in which scenarios MRT and MDA coincide.
Even more, while both observations suggest a strong relation between MRT and MDA,
no proof for such a relation is provided.
In this section, we further investigate MRT and MDA through analytical discussion

to determine if, how, and in which scenarios the MRT and MDA values are related.
Specifically, we formally prove that they are equivalent after the warm-up period, i.e.,
after the data passes the complete cause-effect chain once. This insight allows the
verification of timing constraints for both metrics at the same time. Moreover, analytical
results in the literature for one metric can be utilized for the other one. The section is
organized as follows:

• In Section 6.1.2.1, we define p-partitioned job chains, with p ∈ {1, . . . , n}, as a key
ingredient to prove the equivalence of MRT and MDA. We show that MRT and
MDA can be expressed as 1-partitioned job chains and n-partitioned job chains,
respectively.

• In Section 6.1.2.2, we discuss the equivalence between MRT and MDA using
partitioned job chains, and show that the timing behavior is independent of p, i.e.,
any arbitrary p can be chosen to compute MDA and MRT.

• The implication of our results in practice is discussed in Section 6.1.2.3.

• To validate our theoretical results, we examine MRT, MDA on a ROS2 system
with non-periodic tasks under implicit communication in Section 6.1.2.4.

We show the equivalence of MRT and MDA while making only very few non-restrictive
assumptions regarding tasks, communication, and scheduling model. Therefore, our
results apply for a large variety of systems. Specifically, our results can be applied for
but are not limited to periodic or sporadic tasks and implicit communication or LET.
The underlying scheduler may be (i) a Job-level Fixed-Priority (J-FP) or Task-level
Fixed-Priority (T-FP) scheduler (e.g., Earliest-Deadline-First (EDF) or Rate Monotonic
(RM), respectively), (ii) work-conserving or non-work-conserving, and (iii) preemptive or
non-preemptive. Furthermore, jobs may be executed on different processing units (e.g.,
on different Electronic Control Units (ECUs)). Due to the equivalence, no distinction
between MRT and MDA is necessary. Hence, for the remainder of this dissertation

Lat(E,ω) := MRT(E,ω) = MDA(E,ω) (6.15)

Lat(E) := MRT(E) = MDA(E) (6.16)
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τ1

τ2

τ3

τ4
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pcωE,3(1)

pcωE,2(1)
Jp = J′

p

Jp+1 J̃p+1

J̃′
p

J̃′
p+1

Figure 6.3.: Four tasks with cause-effect chain (τ1 → τ2 → τ3 → τ4) communicating via
implicit communication. The red line depicts the chain pcωE,3(1) whereas the
dashed red line depicts pcωE,2(1). The length of pcωE,3(1) is upper bounded
by the length of pcωE,2(1). The blue job annotations illustrate the proof of
Lemma 6.6 (≥-relation).

denotes the end-to-end latency in general whenever the equivalence applies. The results
presented in this section appeared in ECRTS 2023 [Gün+23b], where we received the
best paper award for our work.

6.1.2.1 Partitioned Job chains

In this section, for a given cause-effect chain E = (τ1 → · · · → τn), we define p-partitioned
job chains (p ∈ {1, 2, . . . , n}). We show that these p-partitioned job chains allow MRT
and MDA definitions that are equivalent to the ones based on augmented job chains
stated in Definition 3.7. In particular, considering 1-partitioned job chains is equivalent
to considering immediate forward augmented job chains, and considering n-partitioned
job chain is equivalent to considering immediate backward augmented job chains. In
Section 6.1.2.2, we utilize these p-partitioned job chains to show the equivalence between
MRT and MDA by discussing the difference of p-partitioned and (p+ 1)-partitioned job
chains for p = 1, . . . , n− 1.

A p-partitioned job chain is a combination of (i) two subsequent jobs Jp and J̃p of task
τp, (ii) an immediate backward job chain that starts at Jp, and (iii) an immediate forward
job chain that starts at J̃p. In Figure 6.3, the dashed chain pcωE,2(1) is a 2-partitioned
job chain comprising an immediate backward job chain with last entry τ2(1), and an
immediate forward job chain with first entry τ2(2).
We start by formally defining partitioned job chains.

Definition 6.4 (Partitioned job chain). Let p ∈ {1, . . . , n} and m ∈ N. We define the
m-th p-partitioned job chain pcωE,p(m) by

pcωE,p(m) = (J1, . . . , Jp, J̃p, . . . , J̃n) (6.17)

if the following conditions are satisfied:

• Jp is the m-th job of τp, and J̃p is the (m+ 1)-th job of τp.
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• (J1, . . . , Jp) is an immediate backward job chain for (τ1 → · · · → τp).

• (J̃p, . . . , J̃n) is an immediate forward job chain for (τp → · · · → τn).

We note that pcωE,p(m) exists if and only if the immediate backward job chain (J1, . . . , Jp)

exists. The length of a partitioned job chain is ℓ(J1, . . . , Jp, J̃p, . . . , J̃n) = we(J̃n)− re(J1).

Since pcωE,1(m) is composed of the forward chain starting at J̃1 = τ1(m+ 1) and one
additional job J1 at the beginning (accounting for the external activity between reω(τ1(m))
and reω(τ1(m+1))), it is equivalent to a⃗cωE(z) with z ∈ (reω(τ1(m)), reω(τ1(m+1))]. Since
pcωE,n(m) is composed of the backward job chain with last job τn(m) and one additional
job at the end (accounting for the actuation between weω(τn(m)) and weω(τn(m+ 1))),
it is equivalent to ⃗acωE(z

′) with z′ ∈ [weω(τn(m)),weω(τn(m+ 1))). In the following we
prove that the MRT and MDA can be expressed using partitioned job chains.

Theorem 6.5 (MRT and MDA by partitioned job chains). The MRT and MDA of
cause-effect chain E = (τ1 → · · · → τn) in system evolution ω ∈ Ω can be expressed by
partitioned job chains as follows:

MRT(E,ω) = sup
m≥Wω

E,τ1

ℓ(pcωE,1(m)) (6.18)

MDA(E,ω) = sup
m≥Wω

E,τn

ℓ(pcωE,n(m)) (6.19)

Proof. By Definition 3.7, we know that MRT(E,ω) = supz>reω(τ1(Wω
E,τ1

)) ℓ(a⃗c
ω
E(z)). This

can be formulated as

MRT(E,ω) = sup
m≥Wω

E,τ1

sup
z∈(reω(τ1(m)),reω(τ1(m+1))]

ℓ(a⃗cωE(z)). (6.20)

Since supz∈(reω(τ1(m)),reω(τ1(m+1))] ℓ(a⃗c
ω
E(z)) = ℓ(pcωE,1(m)), we obtain Equation (6.18).

By Definition 3.7, we know that MDA(E,ω) = supz′>weω(τn(Wω
E,τn

)) ℓ( ⃗acωE(z
′)). Fur-

thermore, for a sufficiently small ε > 0, we have

ℓ( ⃗acωE(we
ω(τn(W

ω
E,τn)))) ≤ ℓ( ⃗acωE(we

ω(τn(W
ω
E,τn)) + ε)). (6.21)

Therefore, including z′ = weω(τn(W
ω
E,τn

)) in the supremum makes no difference, i.e., we
obtain that MDA(E,ω) = supz′≥weω(τn(Wω

E,τn
)) ℓ( ⃗acωE(z

′)). We reformulate the MDA as

MDA(E,ω) = sup
m≥Wω

E,τn

sup
z′∈[weω(τn(m)),weω(τn(m+1)))

ℓ( ⃗acωE(z
′)). (6.22)

By using that supz′∈[weω(τn(m)),weω(τn(m+1))) ℓ( ⃗acωE(z
′)) = ℓ(pcωE,n(m)), we obtain the

result of Equation (6.19).
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τ1

τ2

τ3

τ4

0 2 4 6 8 10 12 14 16 18 20 22 24

pcωE,2(2)

pcωE,3(1)
J̃p+1 = J̃′

p+1

J̃pJp

J′
p+1

J′
p

Figure 6.4.: Four tasks with cause-effect chain (τ1 → τ2 → τ3 → τ4) communicating via
implicit communication. The red line depicts the chain pcωE,2(2) whereas the
dashed red line depicts pcωE,3(1). The length of pcωE,2(2) is upper bounded
by the length of pcωE,3(1). The blue job annotations illustrate the proof of
Lemma 6.6 (≥-relation).

6.1.2.2 Equivalence of Maximum Reaction Time and Maximum Data
Age

In this section, we show the equivalence of Maximum Reaction Time (MRT) and Maximum
Data Age (MDA). More precisely, we prove that, for a given cause-effect chain E, the
maximum length of a p-partitioned job chain is the same for all p ∈ {1, . . . , n}. Since
MRT and MDA can be expressed by 1-partitioned and by n-partitioned job chains,
respectively, this directly shows the equivalence of MRT and MDA.

We prove that the maximum length of a p-partitioned job chain is the same for all
p ∈ {1, . . . , n} in two steps: (i) We show that for all p ∈ {n, . . . , 2} the length of every
p-partitioned job chain is upper bounded by the length of a (p− 1) partitioned job chain.
This scenario is depicted in Figure 6.3, where the length of pcωE,3(1) is upper bounded by
the length of pcωE,2(1). (ii) Conversely, we show that for all p ∈ {1, . . . , n− 1} the length
of every p-partitioned job chain is upper bounded by the length of a (p+ 1)-partitioned
job chain. This is depicted in Figure 6.4, where the length of pcωE,2(2) is upper bounded
by the length of pcωE,3(1).

One problem we have to consider during step (ii) is that some (p+ 1)-partitioned job
chains may not be fully constructible. For example, if the first job of τ1 in Figure 6.4
would be missing, then pcωE,3(1) could not be fully constructed and there would be no
3-partitioned job chain which provides an upper bound on the length of pcωE,2(2). This,
however, does not impact our result, since we show that this scenario never occurs for
p-partitioned job chains pcωE,p(m) after the warm-up, i.e., if m ≥Wω

E,τp
with Wω

E,τp
from

Definition 3.6.

The following lemma indicates that p-partitioned job chains for different p can be used
equivalently for the computation of MDA and MRT according to their description by
partitioned job chains from Theorem 6.5.
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Lemma 6.6. For all p ∈ {1, . . . , n− 1}, we have

sup
{
ℓ(pcωE,p(m))

∣∣∣m ≥Wω
E,τp

}
= sup

{
ℓ(pcωE,p+1(m))

∣∣∣m ≥Wω
E,τp+1

}
. (6.23)

The proof relies on the fundamental properties of immediate forward and immediate
backward job chains (which are part of partitioned job chains) formalized in Lemma 6.2.
We split the proof of Lemma 6.6 into two steps, showing the ≥-relation and the ≤-relation,
from which the equality directly follows.
To proof idea for the ≥-relation is as follows. First, we pick any (p+ 1)-partitioned

and the related p-partitioned job chain that have the job of τp in common. Second, we
show (i) that their immediate backward job chains both end at the same job of τ1, and
(ii) that the immediate forward job chain related to the p+ 1-partitioned job chain ends
no later than the one related to the p-partitioned job chain. For instance, in Figure 6.3,
pcωE,3(1) and pcωE,2(1) have job τ2(1) in common, both immediate backwards job chains
end at τ1(1), and pcωE,3(1) ends at τ4(2) which is no later than the end of pcωE,2(1) at
τ4(3). Hence, ℓ(pc

ω
E,2(1)) ≥ ℓ(pcωE,3(1)).

Proof of Lemma 6.6, ≥-relation. Letm ≥Wω
E,τp+1

. We denote the jobs of the partitioned

job chain pcωE,p+1(m) by pcωE,p+1(m) = (J1, . . . , Jp, Jp+1, J̃p+1, . . . , J̃n). Let ξ ∈ N such
that Jp is the ξ-th job of τp, i.e., τp(ξ) = Jp. We prove that the length of pcωE,p+1(m) is

upper bounded by the length of pcωE,p(ξ) = (J ′
1, . . . , J

′
p, J̃

′
p, . . . , J̃

′
n) by showing we(J̃ ′

n)−
re(J ′

1) ≥ we(J̃n)− re(J1) in two substeps: First, we show that J1 and J ′
1 are the same

(i.e., J1 = J ′
1), and second, that pcωE,p+1(m) finishes no later than pcωE,p(ξ) (i.e., J̃n ≼ J̃ ′

n).
Important jobs of this proof are illustrated in Figure 6.3.

Step 1 (J1 = J ′
1): By definition, Jp = J ′

p. Since (J1, . . . , Jp) and (J ′
1, . . . , J

′
p) are

immediate backward job chains with the same last entry, they coincide. Hence, J1 = J ′
1.

Step 2 (J̃n ≼ J̃ ′
n): Since (J1, . . . , Jp+1) is an immediate backward job chain, this

means that Jp = τp(ξ) is the latest job with write-event no later than the read-event
of Jp+1. Therefore, the write-event of the subsequent job of the same task, which is
τp(ξ + 1) = J̃ ′

p, must be after the read-event of Jp+1, i.e., re(Jp+1) < we(J̃ ′
p).

The job J̃p+1 of τp+1 subsequent to Jp+1 either has its read-event before we(J̃ ′
p) as well

(i.e., re(J̃p+1) < we(J̃ ′
p)) or is the earliest job of τp+1 with re(J̃p+1) ≥ we(J̃ ′

p). In both

cases J̃p+1 ≼ J̃ ′
p+1 as re(J̃ ′

p+1) ≥ we(J̃ ′
p). Since (J̃p+1, . . . , J̃n) and (J̃ ′

p+1, . . . , J̃
′
n) are

both immediate forward job chains and J̃p+1 ≼ J̃ ′
p+1, we know J̃n ≼ J̃ ′

n by Lemma 6.2.

Combining Step 1 and 2, we get ℓ(pcωE,p+1(m)) = we(J̃n) − re(J1) ≤ we(J̃ ′
n) −

re(J ′
1) = ℓ(pcωE,p(ξ)). Since (J1, . . . , Jp+1) is an immediate backward job chain and

τp+1(W
ω
E,τp+1

) ≼ Jp+1, by Lemma 6.2, τp(W
ω
E,τp

) ≼ Jp holds as well. As Step 1 shows

Jp = J ′
p = τp(ξ), we conclude that ξ ≥ Wω

E,τp
. Hence, ℓ(pcωE,p+1(m)) ≤ ℓ(pcωE,p(ξ)) ≤

sup
{
ℓ(pcωE,p(η))

∣∣∣ η ≥Wω
E,τp

}
.

Sincem ≥Wω
E,τp+1

is arbitrarily chosen, we have sup
{
ℓ(pcωE,p+1(m))

∣∣∣m ≥Wω
E,τp+1

}
≤

sup
{
ℓ(pcωE,p(η))

∣∣∣ η ≥Wω
E,τp

}
, i.e., the relation ≥ holds for Equation (6.23)
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Similarly, we show the ≤-relation by picking any p-partitioned and the related (p+ 1)-
partitioned job chain that have the job of τp+1 in common. Second, we show (i) that
their immediate forward job chains both end at the same job of τn, and (ii) that the
immediate backward job chain related to the (p+ 1)-partitioned job chain ends no later
than the one related to the p-partitioned job chain. For instance, in Figure 6.4, pcωE,3(1)
and pcωE,2(2) have job τ3(2) in common, both immediate forward job chains end at τ4(2),
and pcωE,3(1) begins at τ1(1) which is no later than the beginning of pcωE,2(2) at τ1(2).
Hence, ℓ(pcωE,2(2)) ≤ ℓ(pcωE,3(1)).

Proof of Lemma 6.6, ≤-relation. Let m ≥Wω
E,τp

. We denote the jobs of the partitioned

job chain pcωE,p(m) by pcωE,p(m) = (J1, . . . , Jp, J̃p, J̃p+1, . . . , J̃n). Let ξ ∈ N such that J̃p+1

is the ξ-th job of τp+1, i.e., τp+1(ξ) = J̃p+1.

As an additional step, we must show that ξ − 1 ≥ Wω
E,τp+1

holds for the previous

job of τp+1(ξ − 1). Assume for contradiction that ξ − 1 < Wω
E,τp+1

. Then ξ ≤ Wω
E,τp+1

.

Therefore, J̃p+1 ≼ τp+1(W
ω
E,τp+1

) holds. Since (τ1(W
ω
E,τ1

), . . . , τn(W
ω
E,τn

)) is an immediate

backward job chain, by Lemma 6.2 we obtain that J̃p ≼ τp(W
ω
E,τp

). Furthermore, since

J̃p = τp(m + 1) by definition of pcωE,p(m), we obtain m + 1 ≤ Wω
E,τp

, i.e., m < Wω
E,τp

which contradicts that m ≥Wω
E,τp

.

Since ξ − 1 ≥ Wω
E,τp+1

and for Wω
E,τp+1

an immediate backward job chain exists, the

immediate backward job chain of (τ1 → · · · → τp+1) with last job τp+1(ξ − 1) can be
fully constructed and pcωE,p+1(ξ − 1) exists. We now prove that the length of pcωE,p(m)

is upper bounded by the length of pcωE,p+1(ξ − 1) = (J ′
1, . . . , J

′
p+1, J̃

′
p+1, . . . , J̃

′
n), i.e., we

show that we(J̃ ′
n)− re(J ′

1) ≥ we(J̃n)− re(J1). Specifically, we show J̃n = J̃ ′
n and J ′

1 ≼ J1
in two individual steps. Important jobs of this proof are illustrated in Figure 6.4.

Step 1 (J̃ ′
n = J̃n): By definition, we have J̃ ′

p+1 = τp+1(ξ) = J̃p+1. Since the immediate

forward job chains (J̃ ′
p+1, . . . , J̃

′
n) and (J̃p+1, . . . , J̃n) both have the same job as the first

entry, these job chains coincide. In particular, J̃ ′
n = J̃n.

Step 2 (J ′
1 ≼ J1): Since (J̃p, . . . , J̃n) is an immediate forward job chain, the job

J̃p+1 = τp+1(ξ) is the earliest job with read-event no earlier than we(J̃p). Thus, the read-
event of τp+1(ξ − 1) = J ′

p+1 must be before the write-event of J̃p, i.e., we(J̃p) > re(J ′
p+1).

For the job of τp previous to J̃p, which is Jp, we either have we(Jp) > re(J ′
p+1) as well,

or Jp is the latest job of τp with we(Jp) ≤ re(J ′
p+1). In both cases J ′

p ≼ Jp because
we(J ′

p) ≤ re(J ′
p+1). Since (J ′

1, . . . , J
′
p) and (J1, . . . , Jp) are both immediate backward job

chains and J ′
p ≼ Jp, we have J ′

1 ≼ J1 as well by Lemma 6.2.

We obtain ℓ(pcωE,p(m)) = we(J̃n) − re(J1) ≤ we(J̃ ′
n) − re(J ′

1) = ℓ(pcωE,p+1(ξ − 1)).
We already showed that ξ − 1 ≥ Wω

E,τp+1
, hence ℓ(pcωE,p(m)) ≤ ℓ(pcωE,p+1(ξ − 1)) ≤

sup
{
ℓ(pcωE,p+1(η))

∣∣∣ η ≥Wω
E,τp+1

}
.

Since m ≥ Wω
E,τp

is arbitrarily chosen, the relation ≤ holds for Equation (6.23) as

sup
{
ℓ(pcωE,p(m))

∣∣∣m ≥Wω
E,τp

}
≤ sup

{
ℓ(pcωE,p+1(η))

∣∣∣ η ≥Wω
E,τp+1

}
.
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We have shown that p-partitioned job chains for different p can be utilized equivalently.
The equivalence of MRT and MDA follows directly by applying Lemma 6.6 multiple
times.

Theorem 6.7 (Equivalence). The MRT and MDA are equivalent, i.e.,

MRT(E,ω) = sup
{
ℓ(pcωE,p(m))

∣∣∣m ≥Wω
E,τp

}
= MDA(E,ω) (6.24)

for all p ∈ {1, . . . , n} and all ω ∈ Ω. Furthermore, MRT(E) = MDA(E).

Proof. This is achieved by applying Lemma 6.6 n− 1 times, i.e., for p = 1, . . . , n− 1.

The result of Theorem 6.7 can be applied to the MRDA and MRRT, introduced
in Section 3.2.2, by using Lemma 3.8. In particular, for periodic or sporadic systems
MRT(E,ω) = MDA(E,ω) > MRDA(E,ω) holds, i.e., MRT(E,ω) ̸= MRDA(E,ω) in
all system evolutions ω ∈ Ω. This means that, AUTOSAR considers MDA (instead of
MRDA) since they observe that “without over- and undersampling, age and reaction are
the same” [AUT22, Section 3.6.2, p. 114].

6.1.2.3 Implication in Practice

The result of Theorem 6.7 is much stronger than the observation made in the AUTOSAR
timing specification [AUT22, Section 3.6.2, p. 114]. Specifically, our theorem shows
that MRT and MDA are always the same, not only without over- and undersampling.
Since we only assume that each task releases a countably infinite number of jobs, this
equivalence holds for a variety of scenarios. This covers, for example:

• Systems with over- and undersampling

• Implicit communication or communication with LET

• T-FP or Task-level Dynamic-Priority (T-DP) schedulers (e.g., EDF and RM, re-
spectively)

• Preemptive or non-preemptive scheduling

• Work-conserving or non-work-conserving scheduling

• Periodic or sporadic task systems

• Synchronized or asynchronized distributed systems

• Tasks scheduled by ROS2, as demonstrated in Section 6.1.2.4

This implies that for many industrial applications the MRT and the MDA can be used
and analyzed equivalently. In particular, any guarantee for one metric holds for the other
one as well. Furthermore, end-to-end timing specification in industrial systems only needs
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Sensor1

Sensor2

Sensor3

Fusion Perception Planning Control Actuator

Figure 6.5.: ROS2 basic navigation system.

to consider one latency instead of two different latencies. This eases the verification of
timing constraints.

Besides the equivalence of MRT and MDA, Theorem 6.7 also proposed a novel descrip-
tion of end-to-end latencies via p-partitioned job chains. This description can be used
to improve the analysis of end-to-end latencies. For instance, a significant speedup of
the latency calculation of periodic tasks communicating under LET can be obtained by
choosing an advantageous p ∈ {1, . . . , n}, as demonstrated in Section 6.2.3.

6.1.2.4 Case Study: Robot Operating System 2

In this section, we validate the equivalence of MRT and MDA formulated in Theorem 6.7.
To that end, we consider a basic navigation system, as shown in Figure 6.5, and apply the
scheduling mechanism of the Robot Operating System 2 (ROS2) [Ope22] on a single ECU.
The navigation system includes three sensors, whose data is combined and processed
for the perception of the environment, planning the route, controlling the vehicle, and
sending the output to the vehicle interfaces via an actuator.

A system in ROS2 consists of nodes and topics. Each node represents one component
of the system. Nodes can communicate via topics, that implement a publish-subscribe
architecture. Nodes are represented by tasks and each execution of a node can be
considered as the execution of a job. The nodes follow an implicit communication policy,
i.e., the read-event of a node is at its start and the write-event of a node is at its finish.
Nodes are either time-triggered and event-triggered, i.e., some tasks have an aperiodic
behavior. ROS2 has a non-standard custom scheduler that executes tasks instances under
a round-robin scheduling approach. Specifically, the scheduler repeatedly collects at most
one job of each task for the round, after which it executes all collected jobs according to
their priority. The equivalence theorem can be applied since the basic assumptions (R1)
and (R2) for the read- and write-events, stated in Section 3.2.1, are met.

The system depicted in Figure 6.5 has three sensors whose data is combined in the
fusion node. The perception, planning, and control node process the data and supply the
actuator node with instructions. For the simulation of the ROS2 scheduling behavior
we assume that all jobs have a fixed execution time. Table 6.1 gives an overview of
the Worst-Case Execution Time (WCET) of each component and of the period of the
time-triggered components.

For the first chain E = (Sensor1 → . . .→ Actuator), marked in orange in Figure 6.5,
we measured the MRT, MDA, MRRT, and MRDA by determining the longest immediate
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Component Type Period WCET

Sensor time-triggered 100ms 10ms
Fusion time-triggered 100ms 100ms
Fusion event-triggered - 5ms
Perception event-triggered - 200ms
Planning event-triggered - 100ms
Control event-triggered - 50ms
Actuator event-triggered - 5ms

Table 6.1.: Periods and WCET of the nodes.

MRT(E,ω) 4.0 ρω+(τ1) 0.5
MDA(E,ω) 4.0 ρω−(τ1) 0.5
MRRT(E,ω) 3.5 ρω+(τn) 0.5
MRDA(E,ω) 3.5 ρω−(τn) 0.5

Table 6.2.: Measurements of the ROS2 system in seconds.

forward and immediate backward augmented job chains. The measured values are
summarized in Table 6.2. We observe that Theorem 6.7 holds since the MRT and the
MDA coincide. Furthermore, the measurements validate the results of Lemma 3.8 about
the difference of MRT and MRRT, and the difference of MDA and MRDA.

6.2 Analysis of Worst-Case End-to-End Latency

While the previous section deals with fundamental properties of the end-to-end latency, in
this section we derive bounds on the end-to-end latency, to validate whether end-to-end
latency requirements are met. Specifically, this section aims to provide a property-based
approach for time-triggered tasks scheduled under a T-FP scheduling algorithm A. To
that end, we first delve into bounds for cause-effect chains scheduled only on a single
ECU (so-called local cause-effect chains). Afterwards, explain how these bounds can
be applied cause-effect chains distributed among several (potentially heterogeneous and
asynchronized) ECUs (so-called interconnected cause-effect chains). In particular, this
section is organized as follows:

• In Section 6.2.1, we present a formal analysis framework, uncovering the principles
that current end-to-end latencies are made from. Specifically, we use these principles
to derive typical bounds for local cause-effect chains.

• In Sections 6.2.2 and 6.2.3, we provide safe bounds on the end-to-end latency of
local cause-effect chains of periodic tasks, based on simulation over a hyperperiod.
Specifically, in Section 6.2.2, we use abstract integer representations to derive the
end-to-end latency if tasks are abstracted with Best-Case Execution Time (BCET)
and WCET using implicit communication. In Section 6.2.3, we use partitioned job
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chains (introduced in Section 6.1.2) to speed up the calculation of the end-to-end
latency under LET.

• In Section 6.2.4, we extend bounds for local cause-effect chains to interconnected
cause-effect chains, using the cutting theorem from Section 6.1.1.

• In Section 6.2.5, we use the cutting theorem on local cause-effect chains to deal
with heterogeneous setups of sporadic and periodic tasks, as well as implicit
communication and LET in the same chain.

This section is only concerned with an upper bound on the worst-case end-to-end
latency. Probabilistic bounds on the end-to-end latency are discussed in Section 6.3.

6.2.1 Property-Based Framework

In this section, we present the first formal analysis framework for end-to-end analysis of
cause-effect chains. To that end, we uncover the principles that homogeneous analyses
are built from in Section 6.2.1.1. These principles can be used as a construction kit to
build the analyses for homogeneous systems in Sections 6.2.1.2 and 6.2.1.3. To the best
of our knowledge this is the first time that such a generalized principle-based analysis is
formulated. Although some analyses derived in this section coincide with analyses from
the literature, the principle-based analysis framework presented in this work provides
a unified perspective on end-to-end analyses, that may be applicable or transferable to
future problem scenarios, such as novel communication means or different release policies
(e.g., arrival curves).

For the analysis, we consider a cause-effect chain E = (τ1 → · · · → τn) and an arbitrary
system evolution ω ∈ Ω. Tasks are abstracted as periodic or sporadic, i.e.,

τ ∈ PerOff(Tτ , ϕτ ) ∨ τ ∈ SporMinMax(Tmin
τ , Tmax

τ ). (6.25)

Furthermore, tasks can use either implicit communication or LET to communicate.
We assume that the WCRT RA

τ < ∞ of all tasks is known beforehand. This can be
achieved by performing, for instance, the busy-interval approach by Lehoczky [Leh90].
Furthermore, we assume that RA

τ < Dτ for all tasks τ which have a relative deadline
Dτ . The results presented in this section appeared in RTNS 2023 [Gün+23d]. However,
the concept of warm-up has not been established at the date of publication. Instead,
so-called valid job chains were used to constraint the observation window. The proofs of
this section are adjusted to be compatible with the warm-up.

6.2.1.1 Latency Analysis Principles

In this section, we uncover the underlying principles in current end-to-end analyses.
These principles are not only utilized to show the correctness of cause-effect chains in
homogeneous analyses (see Sections 6.2.1.2 and 6.2.1.3), but can also be exploited when
analyzing the heterogeneous case as shown in Section 6.2.5. We first detail the latency
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τ1 J1

τ2 J2

τ3

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28

J3

a⃗cωE(7.5)

head segment body segments tail segment

Figure 6.6.: Immediate forward augmented job chain a⃗cωE(7.5) = (z, J1, . . . , J3, z
′) =

(7.5, τ1(3), τ2(2), τ3(3), 24) for the cause-effect chain E = (τ1 → τ2 → τ3)
under implicit communication. The segments of the job chain are introduced
in Section 6.2.1.1.

analysis principles and then determine how the task features LET, implicit communication,
periodic, and sporadic affect and simplify them. Please note that, although the analytical
approach to analyze each task in the cause-effect chain individually is not completely
new (e.g., [Dür+19; KBS18]) we are the first to formally define the principles that cover
different communication policies at the same time.

We analyze the end-to-end latency from the perspective of the MRT, that is, we provide
analytical bounds on the length of immediate forward augmented job chains. To that
end, let a⃗cωE(z) = (z, J1, . . . , Jn, z

′) be an immediate forward augmented job chain with
z > reω(τ1(W

ω
E,τ1

)). We split this chain into three segments:

• Head segment: The time between z and the release of J1.

• Body segment(s): The time between the release of two consecutive jobs rωJi and
rωJi+1

for i = 1, . . . , n− 1.

• Tail segment: The time between rωJn and z′.

Example 6.8. Figure 6.6 depicts the different segments for the immediate forward
augmented job chain a⃗cωE(7.5) = (7.5, τ1(3), τ2(2), τ3(3), 24). The jobs of the priority-
indexed tasks

• τ1 ∈ PerOff(5, 2) ∩WCET(1)

• τ2 ∈ PerOff(7, 5) ∩WCET(3)

• τ3 ∈ PerOff(10, 0) ∩WCET(1)

are scheduled on a single ECU using a preemptive T-FP scheduling policy. The head
segment of a⃗cωE(z) covers the 4.5 time units between z and the release of J1. The first
body segment has a length of 0 since it covers the time from the release of J1, which is at
time 12, until the release of J2, which is at time 12 as well. The second body segment has
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6. End-to-End Latency of Cause-Effect Chains

a length of 20− 12 = 8 since the job J3 is released at time 20. The tail segment covers
the time from the release of J3 until z′, that is 24− 20 = 4 time units.

To formally express the principles for the segments, we use the following notation.

Definition 6.9 (ρωτ and ξωτ ). Let τ ∈ T be a task and let t ∈ R be a point in time. We
denote by ρωτ (t) the release time of the first job of τ that has its read-event at or after
time point t in system evolution ω, i.e.,

ρωτ (t) := min
{
rωτ(j)

∣∣∣ j ∈ N, reω(τ(j)) ≥ t
}
. (6.26)

Moreover, we denote by ξωτ (t) the release time of the first job of τ that is released at or
after time point t in system evolution ω, i.e.,

ξωτ (t) := min
{
rωτ(j)

∣∣∣ j ∈ N, rωτ(j) ≥ t
}
. (6.27)

In the following, we uncover one underlying analysis principle for each type of segments,
starting with the head segment.

Principle 1: Since J1 is by definition the earliest job of τ1 with read-event at or after z,
we have rωJ1 − z ≤ ρωτ1(z)− z. Under LET and implicit communication, this simplifies to

rωJ1 − z ≤ ρωτ1(z)− z ≤ ξωτ1(z)− z ≤ sup
j∈N

(rωτ1(j+1) − rωτ1(j)) (P1)

since the read-event of each job is lower bounded by its release under both communication
policies.

For the body segment, we observe the following principle.

Principle 2: For the time between the release of two consecutive jobs, we know that
Ji+1 is the first job of τi+1 that has its read-event at or after the write-event of Ji.

Since under LET and under implicit communication each job reads no earlier than it
is released, this leads to

rωJi+1
≤ ρωτi+1

(weω(Ji)) ≤ ξωτi+1
(weω(Ji)) (P2)

for all i ∈ {1, . . . , n− 1}.
For the tail segment, we observe:

Principle 3: Since z′ is at the write-event of the job Jn,

z′ − rωJn ≤ sup
j∈N

(weω(τn(j))− rωτn(j)). (P3)

In the remainder of this section we discuss how the task features LET, implicit
communication, periodic, and sporadic affect and simplify these principles.
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Sporadic Tasks For a sporadic task τ , the distance between two subsequent job
releases is at most Tmax

τ and Principle 1 simplifies to:

Lemma 6.10. Let a⃗cωE(z) = (z, J1, . . . , Jn, z
′) be an immediate forward augmented job

chain with z > reω(τ1(W
ω
E,τ1

)). If τ1 is sporadic, then

rωJ1 − z ≤ Tmax
τ1 . (6.28)

Proof. This follows by applying rωτ1(j+1) − rωτ1(j) ≤ Tmax
τ1 to Equation (P1).

Moreover, if task τ is already in the system at a time t, then it takes at most Tmax
τ

additional time units until the next job of τ is released. This simplifies Principle 2 as
follows:

Lemma 6.11. Let a⃗cωE(z) = (z, J1, . . . , Jn, z
′) be an immediate forward augmented

job chain with z > reω(τ1(W
ω
E,τ1

)), and let i ∈ {1, . . . , n− 1}. If τi+1 is sporadic and
t ≥ weω(Ji), then

ξωτi+1
(t) ≤ t+ Tmax

τi+1
. (6.29)

Proof. Since z > reω(τ1(W
ω
E,τ1

)), we know that J1 ≻ τ1(W
ω
E,τ1

), i.e., J1 is released after
τ1(W

ω
E,τ1

). By Lemma 6.2, also Ji+1 ≻ τi+1(W
ω
E,τi+1

) must hold. Since Ji+1 is the first job
of τi+1 with read-event at or after weω(Ji), we know that τi+1(W

ω
E,τi+1

) has its read-event
before weω(Ji). Consequently, τi+1(W

ω
E,τi+1

) is released before weω(Ji). Hence, there
are already job releases of τi+1 before t. The time until the next job release after t is
therefore upper bounded by Tmax

τi+1.

Periodic Tasks For periodic tasks τ , the distance between two subsequent job
releases is exactly Tτ and Principle 1 simplifies to:

Lemma 6.12. Let a⃗cωE(z) = (z, J1, . . . , Jn, z
′) be an immediate forward augmented job

chain with z > reω(τ1(W
ω
E,τ1

)). If τ1 is periodic, then

rωJ1 − z ≤ ϕτ1 +

⌈
z − ϕτ1
Tτ1

⌉
Tτ1 − z (6.30)

Proof. If τ1 is periodic, then ξωτ1(z) = ϕτ1 +
⌈
z−ϕτ1
Tτ1

⌉
Tτ1 . Using that in Equation (P1),

we obtain

rωJ1 − z ≤ ξωτ1(z)− z = ϕτ1 +

⌈
z − ϕτ1
Tτ1

⌉
Tτ1 − z (6.31)

which is the same as Equation (6.30).

The release pattern of a periodic task τ is uniquely determined by its period and its
phase. In particular, the k-th job of τ is released at time ϕτ + (k− 1) ·Tτ . This simplifies
Principle 2 as follows:
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Lemma 6.13. Let a⃗cωE(z) = (z, J1, . . . , Jn, z
′) be an immediate forward augmented

job chain with z > reω(τ1(W
ω
E,τ1

)), and let i ∈ {1, . . . , n− 1}. If τi+1 is periodic and
t ≥ weω(Ji), then

ξωτi+1
(t) = ϕτi+1 +

⌈
t− ϕτi+1

Tτi+1

⌉
· Tτi+1 . (6.32)

Proof. A similar discussion as in the proof of Lemma 6.11, shows that t ≥ ϕτi+1 . By

definition of the periodic release pattern, τi+1 releases exactly
⌈
t−ϕτi+1

Tτi+1

⌉
jobs before time

t. Therefore, the release time of the next job is described by Equation (6.32).

If all tasks in E are periodic, then their release pattern repeats each hyperperiod. More
specifically, let H(E) be the least common multiple (lcm) of the periods of all tasks in E,
then the release pattern in [x, x+H(E)] is the same as in [x+k ·H(E), x+(k+1) ·H(E)]
for any x ≥ Φ(E), k ∈ N, where Φ(E) is the maximal phase of all tasks in E. Due to
the repetitive behavior of the release pattern, it is sufficient to only bound the length of
finitely many cause-effect chains as formulated in the following lemma.

Lemma 6.14. Let a⃗cωE(z) be an immediate forward augmented job chain with z >
reω(τ1(W

ω
E,τ1

)). We assume that all tasks in E communicate under LET or implicit
communication. Moreover, let ℓu(a⃗cωE(z)) be an upper bound on the length of a⃗cωE(z) that
is only based on the following information:

(i) The pattern of job releases at or after z.

(ii) The pattern of job deadlines at or after z.

(iii) The WCRT, WCET and priority of tasks in T.

Then there exists z̃ ≤ Φ(E) + H(E) where Φ(E) := max
{
rτ(1)

∣∣ τ ∈ E
}

is the maxi-
mal phase and H(E) := lcm(Tτ1 , . . . , Tτn) is the hyperperiod, such that ℓu(a⃗cωE(z)) =
ℓu(a⃗cωE(z̃)).

Proof. If z ≤ Φ(E) +H(E), then we choose z̃ = z. Otherwise, if z > Φ(E) +H(E), then
let k ∈ N such that z − k ·H(E) ∈ [Φ(E),Φ(E) +H(E)]. Let z̃ = z − k ·H(E). Since
the pattern of job releases and job deadlines repeats every hyperperiod after Φ(E), we
have the same pattern after z and after z̃. Hence, ℓu(a⃗cωE(z̃)) = ℓu(a⃗cωE(z)).

Logical Execution Time (LET) Under LET, the difference between release
and write-event of a job is exactly the relative deadline of the corresponding task, i.e.,
weω(J) = rωJ +Dτ for each job J of task τ . This simplifies Principle 2 as follows:

Lemma 6.15. Let a⃗cωE(z) = (z, J1, . . . , Jn, z
′) be an immediate forward augmented job

chain with z > reω(τ1(W
ω
E,τ1

)) and let i ∈ 1, . . . , n− 1. If τi communicates under LET,
then

rωJi+1
≤ ξωτi+1

(rωJi +Dτi). (6.33)
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Proof. This follows from Equation (P2) and the property weω(Ji) = rωJi +Dτi of LET
tasks.

Moreover, Principle 3 simplifies as follows:

Lemma 6.16. Let a⃗cωE(z) = (z, J1, . . . , Jn, z
′) be an immediate forward augmented job

chain with z > reω(τ1(W
ω
E,τ1

)). If τn communicates under LET, then

z′ − rωJn ≤ Dτn . (6.34)

Proof. This follows by applying weω(τn(j))− rωτn(j) = Dτn to Equation (P3).

Implicit Communication Under implicit communication, each job J of a task τ

writes data at its finish f
A(ω),ω
J . Since rωJ + RA

τ is an upper bound on the finish of J ,
we have weω(J) ≤ rωJ + RA

τ for each job J of task τ . This simplifies Principle 2 in the
following way:

Lemma 6.17. Let a⃗cωE(z) = (z, J1, . . . , Jn, z
′) be an immediate forward augmented job

chain with z > reω(τ1(W
ω
E,τ1

)), and let i ∈ 1, . . . , n− 1. If τi communicates by implicit
communication, then

rωJi+1
≤ ξωτi+1

(rωJi +RA
τi) (6.35)

holds. Moreover, if τi and τi+1 both communicate by implicit communication, are executed
on the same ECU, and τi has higher priority than τi+1, then

rωJi+1
≤ ξωτi+1

(rωJi). (6.36)

Proof. For implicit communication tasks weω(Ji) ≤ rωJi + RA
τi holds. Applying this to

Equation (P2) leads to the statement from Equation (6.35).

If τi has higher priority than τi+1 and a job J of τi+1 is released no earlier than
at time rωJi , then J does not start before Ji finishes. In particular, if Ji and J both
communicate with implicit communication, then J has its read-event after the write-event
of Ji. Since Ji+1 is the earliest job of τi+1 that reads the data written by Ji, this proves
Equation (6.36).

Principle 3 simplifies to the following:

Lemma 6.18. Let a⃗cωE(z) = (z, J1, . . . , Jn, z
′) be an immediate forward augmented job

chain with z > reω(τ1(W
ω
E,τ1

)). If τn communicates by implicit communication, then

z′ − rωJn ≤ RA
τn . (6.37)

Proof. Applying weω(τn(j))− rωτn(j) ≤ RA
τn to Equation (P3) leads to the result of this

lemma.
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Comm. Our result Coinciding literature analysis Literature assumptions
S
p
o
r.

LET Theorem 6.19 Hamann et al. [Ham+17, Sec. 4.1.3] Constr. DL (Dτ ≤ Tmin
τ )

impl. Theorem 6.20 Davare et al. [Dav+07] RA
τ ≤ Tτ

1

Theorem 6.21 Dürr et al. [Dür+19] (only similar) RA
τ ≤ Tτ

P
er
. LET Theorem 6.22 (only similar approaches)

impl. Theorem 6.23 (only similar approaches)

1 This assumption is unstated but used for the computation of the WCRT RA
τ . In addition, they assume

periodic tasks in their paper. However, the strict periodicity of the jobs of a task is never used in their
analysis and their method is later usually referred in the literature for being applicable to sporadic
systems.

Table 6.3.: Overview over the homogeneous analyses in Sections 6.2.1.2 and 6.2.1.3.

In the following, we consider homogeneous systems, where either all tasks communicate
under LET or all tasks communicate by implicit communication, and where either all
tasks are periodic or all tasks are sporadic. We apply the principles provided in this
section to formulate dedicated analyses of the end-to-end latency for the four different
cases. For the two cases with sporadic tasks the analytical bounds coincide with results
from the literature (reformulated to match our notation). For the two cases with periodic
tasks, these analytical bounds have not been provided before. As summarized in Table 6.3
the proofs from the related literature may require additional assumptions, however, we
prove the bounds without additional requirements.

6.2.1.2 Bounds for Sporadic Tasks

In this section, we exploit the latency analysis principles from Section 6.2.1.1 to derive
bounds for the end-to-end latency of a cause-effect chain of sporadic tasks. To that end,
we consider a local cause-effect chain E = (τ1 → · · · → τn). We assume that either all
tasks of the chain communicate under LET or all tasks of the chain communicate using
implicit communication.

The following is the most pessimistic bound, as it is dominated by all the following
analyses. It is mentioned for instance in the work by Hamann et al. [Ham+17].

Theorem 6.19 (Sporadic, LET; coincides with [Ham+17]). If all tasks of E are sporadic
and all of them communicate under LET, then

Lat(E) ≤
n∑

i=1

(Tmax
τi +Dτi) (6.38)

is an upper bound on the end-to-end latency of E.

Proof. Let a⃗cωE(z) = (z, J1, . . . , Jn, z
′) be any immediate forward augmented job chain

with z > reω(τ1(W
ω
E,τ1

)). Then we can decompose the length of a⃗cωE(z) into the length of
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its head segment, body segments and tail segment as described in Section 6.2.1.1, i.e.,

ℓ(a⃗cωE(z)) = (rωJ1 − z) (head) (6.39)

+

n−1∑
i=1

(rωJi+1
− rωJi) (body) (6.40)

+ (z′ − rωJn). (tail) (6.41)

Head: By Lemma 6.10, the head segment is bounded by

(rωJ1 − z) ≤ Tmax
τ1 . (6.42)

Body: First, we apply Lemma 6.15 to obtain rωJi+1
≤ ξωτi+1

(rωJi + Dτi) for all i ∈
{1, . . . , n− 1}. Second, Lemma 6.11 with t = rωJi +Dτi yields ξ

ω
τi+1

(rωJi +Dτi) ≤ rωJi +
Dτi + Tmax

τi+1
. We conclude

(rωJi+1
− rωJi) ≤ Tmax

τi+1
+Dτi (6.43)

for the body segments.
Tail: By Lemma 6.16, the tail segment is bounded by

(z′ − rωJn) ≤ Dτn . (6.44)

The bound on the length of a⃗cωE(z) is a combination of Equations (6.42), (6.43)
and (6.44), i.e., we have

ℓ(a⃗cωE(z)) ≤ Tmax
τ1 +

n−1∑
i=1

(Tmax
τi+1

+Dτi) +Dτn . (6.45)

By reordering the sum, we obtain

ℓ(a⃗cωE(z)) ≤
n∑

i=1

(Tmax
τi +Dτi). (6.46)

Since the upper bound holds for all immediate forward augmented job chains a⃗cωE(z)
with z > reω(τ1(W

ω
E,τ1

)) and ω ∈ Ω, this proves the bound on the end-to-end latency
presented in the lemma.

The bound for sporadic tasks using implicit communication coincides with the bound
provided by Davare et al. [Dav+07] in 2007.

Theorem 6.20 (Sporadic, implicit communication; coincides with [Dav+07]). If all
tasks of E are sporadic and all of them communicate by implicit communication, then

Lat(E) ≤
n∑

i=1

(Tmax
τi +RA

τi) (6.47)

is an upper bound on the end-to-end latency.
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Proof. The same procedure as in the proof of Theorem 6.19 can be applied. In particular,
for any immediate forward augmented job chain a⃗cωE(z) = (z, J1, . . . , Jn, z

′) with z >
reω(τ1(W

ω
E,τ1

)) we achieve this bound as follows. We use Lemma 6.10 (rωJ1 − z ≤ Tmax
τ1 )

to bound the head segment of a⃗cωE(z). We apply Lemma 6.11 and Equation (6.35) of
Lemma 6.17 to bound the body segments ((rωJi+1

− rωJi) ≤ Tmax
τi+1

+RA
τi). We bound the

tail segment of a⃗cωE(z) by Lemma 6.18 (z′ − rωJn ≤ RA
τn).

We derive an improved bound for the same case by applying the tightened bound for
the body segment from Equation (6.36). Dürr et al. [Dür+19] achieved a similar bound
in 2019 (cf. Theorem 3.10). However, they only remove min(RA

τi , T
max
τi+1

) if [Pi] = 1. We

show in the following that even a full Tmax
τi+1

can be removed safely.1

Theorem 6.21 (Sporadic, implicit communication; similar to [Dür+19]). If all tasks of
E are sporadic and all of them communicate by implicit communication, then

Lat(E) ≤
n∑

i=1

(Tmax
τi +RA

τi)−
n−1∑
i=1

[Pi] ·RA
τi (6.48)

is an upper bound on the end-to-end latency, where [Pi] = 1 if τi and τi+1 run on the
same ECU and τi has higher priority than τi+1, and [Pi] = 0 otherwise.

Proof. For any immediate forward augmented job chain a⃗cωE(z) = (z, J1, . . . , Jn, z
′) with

z > reω(τ1(W
ω
E,τ1

)) we bound the head segment by rωJ1 − z ≤ Tmax
τ1 from Lemma 6.10 and

we bound the tail segment by z′ − rωJn ≤ RA
τn from Lemma 6.18. We apply Lemma 6.17

to get a bound for the body segments rωJi+1
− rωJi . In particular, if τi has lower priority

than τi+1, then Equation (6.35) together with Lemma 6.11 provides an upper bound
rωJi+1

−rωJi ≤ Tmax
τi+1

+RA
τi . However, if τi has higher priority than τi+1, then Equation (6.36)

together with Lemma 6.11 yields a tighter bound rωJi+1
− rωJi ≤ Tmax

τi+1
. We obtain the

bound in Equation (6.48) by combining the above bounds and ordering the summands
accordingly.

6.2.1.3 Bounds for Periodic Tasks

In this section, we exploit the latency analysis principles from Section 6.2.1.1 to derive
bounds for the end-to-end latency of a cause-effect chain of periodic tasks. We consider
a local cause-effect chain E = (τ1 → · · · → τn), and assume that either all tasks of
the chain communicate under LET or all tasks of the chain communicate using implicit
communication.
As discussed in Section 6.2.1.1 for periodic tasks, the release pattern of the tasks

repeats. Therefore, it is sufficient to examine a bounded time interval. To the best of
our knowledge, the following two analyses are not presented in the literature, and only

1In our published work [Gün+23d], we considered valid augmented job chains instead of augmented job
chains after the warm-up. Only as a result of that immature starting condition we achieved the same
bound as [Dür+19]. Considering augmented job chains after the warm-up, we achieve the bound
stated in this dissertation.
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Algorithm 5 Compute MRT bound for periodic tasks under LET.

1: lengths = [ ]
2: for m = 1, 2, 3, . . . do
3: z = ϕτ1 + (m− 1) · Tτ1
4: rωJ1 = ϕτ1 +m · Tτ1
5: if z > Φ(E) +H(E) then
6: break
7: for i = 1, 2, . . . , n− 1 do
8: Compute rωJi+1

with Equations (6.32) and (6.33).

9: z′ = rωJn +Dτn

10: lengths.append(z′ − z)

11: return max(lengths)

similar approaches have been provided, e.g., [Ham+17; KBS18; KT20; MSB20]. The
work by Kloda et al. [KBS18] is closest to our analysis. However, their result is limited
to synchronous task sets, i.e., periodic tasks with offset 0, under implicit communication.

Theorem 6.22 (Periodic, LET). If all tasks of E are periodic and all of them communi-
cate under LET, then an end-to-end latency upper bound is obtained by Algorithm 5.

Proof. By definition, we have an upper bound

Lat(E,ω) = sup
z>reω(τ1(Wω

E,τ1
))
ℓ(a⃗cωE(z)) ≤ sup

m∈N
sup

z∈(rω
τ1(m)

,rω
τ1(m+1)

]
ℓ(a⃗cωE(z)) (6.49)

on the end-to-end latency. In each step m = 1, 2, 3, . . . Algorithm 5 provides an upper
bound on Am := supz∈(rω

τ1(m)
,rω

τ1(m+1)
] ℓ(a⃗c

ω
E(z)). In the following, we consider an arbitrary

a⃗cωE(z) with z ∈ (rωτ1(m), r
ω
τ1(m+1)] and z > reω(τ1(W

ω
E,τ1

)).

In line 3, z is lower bounded by rωτ1(m) = ϕτ1 + (m− 1) · Tτ1 . In line 4, the release of J1

is upper bounded by using Lemma 6.12, i.e., rωJ1 ≤ ϕτ1 +
⌈
z−ϕτ1
Tτ1

⌉
· Tτ1 = ϕτ1 +m · Tτ1 .

In lines 7–8, the body segments are bounded by Lemmas 6.13 and 6.15. In line 9 the
bound for the tail segment from Lemma 6.16 is applied. Since the bound obtained by
the algorithm is only based on (i)–(iii) of Lemma 6.14, we know that the upper bound
on Am with rωτ1(m) > Φ(E) +H(E) is the same as the upper bound on A

m−H(E)
Tτ1

. Hence,

breaking the for-loop in lines 5–6 is safe.

Theorem 6.23 (Periodic, implicit communication). If all tasks of E are periodic and
all of them communicate by implicit communication, then an end-to-end latency upper
bound is obtained by Algorithm 6.
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Algorithm 6 Compute MRT bound for periodic tasks under implicit communication.

1: lengths = [ ]
2: for m = 1, 2, 3, . . . do
3: z = ϕτ1 + (m− 1) · Tτ1
4: rωJ1 = ϕτ1 +m · Tτ1
5: if z > Φ(E) +H(E) then
6: break
7: for i = 1, 2, . . . , n− 1 do
8: Compute rωJi+1

with Equations (6.32), (6.35) and (6.36).

9: z′ = rωJn +RA
τn

10: lengths.append(z′ − z)

11: return max(lengths)

Proof. As in Algorithm 5, in each step m = 1, 2, 3, . . . Algorithm 6 provides an upper
bound on Am := supz∈(rω

τ1(m)
,rω

τ1(m+1)
] ℓ(a⃗c

ω
E(z)). In the following, we consider an arbitrary

a⃗cωE(z) with z ∈ (rωτ1(m), r
ω
τ1(m+1)] and z > reω(τ1(W

ω
E,τ1

)).
The bounds in lines 3–4 coincide with the bounds of Algorithm 5 since we apply again

Lemma 6.12. In lines 7–8, the body segments are bounded by Lemmas 6.13 and 6.17.
In line 9, the bound for the tail segment from Lemma 6.18 is applied. Since the bound
obtained by the algorithm is only based on (i)–(iii) of Lemma 6.14, we know that the
upper bound on Am with rωτ1(m) > Φ(E) + H(E) is the same as the upper bound on
A

m−H(E)
Tτ1

. Hence, breaking the for-loop in lines 5–6 is safe.

6.2.2 Abstract Integer Representations

Considering periodic tasks with offset, i.e.,

τ ∈ PerOff(Tτ , ϕτ ), (6.50)

we know that the release pattern of all jobs repeats each hyperperiod after the maximal
phase Φ(T) := maxτ∈T ϕτ . In the previous section, we have already exploited that
property by discussing upper bounds that rely solely on the release pattern, the pattern
of deadlines, WCRT and WCET (cf. Lemma 6.14). This section aims to provide tighter
bounds under implicit communication by examining the pattern of read- and write-events.
However, the read- and write-events of jobs depend significantly on the execution

demand of the jobs under analysis. Due to this behavior, the pattern of read- and
write-events does not repeat after Φ(T) +H(T). Moreover, it is not sufficient to simulate
the end-to-end latency for the system evolution where each job executes the WCET,
as depicted in Figure 6.7. Instead, we determine the minimal and maximal read- and
write-events for each job and utilize a concept called abstract integer representations to
bound immediate forward and immediate backward augmented job chains. We show that
the pattern of minimal and maximal read- and write-events repeats after Φ(T) + 2H(T),
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τ1

ℓ(c⃗3)

τ2

0 2 4 6 8 10 12

τ3
t

(a) Every task executes its WCET.

τ1

ℓ(c⃗1)

τ2

0 2 4 6 8 10 12

τ3
t

(b) Early completion of task τ2.

Figure 6.7.: Two schedules of jobs released periodically by 3 tasks. For E = (τ1 → τ3),
early completion of the first job of τ2 leads to a larger immediate forward
augmented job chain.

and that it can be determined by simulating the two schedules with the BCET and with
the WCET, i.e., we assume that tasks are abstracted as

τ ∈ BCET(Cmin
τ ) ∩WCET(Cmax

τ ). (6.51)

Our analysis requires three steps:

(i) We calculate upper and lower bounds for both the read- and write-events of each
job by simulating the schedule two times, once with the tasks WCETs and once
with the BCETs.

(ii) Based on these upper and lower bounds, we bound the length of all immediate
forward and immediate backward augmented job chains using abstract integer
representations.

(iii) We bound the end-to-end latency.

Corollary 6.34 shows that our new analysis is exact for the special case that BCET and
WCET coincide. We assume that the cause-effect chain E = (τ1 → · · · → τn) under
analysis is local, i.e., it contains only tasks on one (synchronized) ECU. Moreover, the
tasks adhere to the implicit communication policy and all schedules are obtained by
a T-FP preemptive scheduling algorithm A with fixed task priorities. For the sake of
simplicity, we consider T to contain only tasks from one ECU as well, as the tasks from
other ECUs have no impact on the scheduling behavior of the tasks on that ECU. The
total utilization UT =

∑
τ∈T

Cmax
τ
Tτ

of the ECU is assumed to be at most 1.

This section is organized as follows:

• In Sections 6.2.2.1–6.2.2.3, we derive the analysis of the end-to-end latency. This is
achieved by following the three steps required for the analysis, as described above
by (i)–(iii).
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6. End-to-End Latency of Cause-Effect Chains

• In Section 6.2.2.4, we extend the analysis to the MRDA.

• In Section 6.2.2.5, we evaluate our analysis, comparing it do analytical bounds of
the literature.

The results presented in this section appeared in RTAS 2021 [Gün+21a] and in a journal
extension for ACM TECS in 2023 [Gün+23a]. While the conference version was limited
to the case that BCET and WCET coincide, the journal extension allows that BCET
and WCET differ.

6.2.2.1 Step 1: Obtain Bounds for Read- and Write-Events

Since under implicit communication the read- and write-events coincide with start and
finish of the jobs, it is sufficient to examine those. Intuitively if the execution time of
any job is increased, the interference on the other jobs does not decrease, and therefore
the start and finish of all jobs cannot be decreased as well. Hence, the latest (earliest,
respectively) start and finish of a job is achieved if all jobs execute their WCET (BCET,
respectively). Formally, we state the following two Propositions.

Proposition 6.24. Let ωmax ∈ Ω be the system evolution where each job executes its
WCET, i.e., ωmax = ((rτ(j))τ(j)∈J, (Cmax

τ )τ(j)∈J).2 Then

s
A(ω),ω
τ(j) ≤ s

A(ωmax),ωmax

τ(j) and f
A(ω),ω
τ(j) ≤ f

A(ωmax),ωmax

τ(j) (6.52)

holds for all jobs τ(j) ∈ J and all system evolutions ω ∈ Ω.

Proposition 6.25. Let ωmin ∈ Ω be the system evolution where each job executes its
BCET, i.e., ωmin = ((rτ(j))τ(j)∈J, (Cmin

τ )τ(j)∈J).3 Then

s
A(ω),ω
τ(j) ≥ s

A(ωmin),ωmin

τ(j) and f
A(ω),ω
τ(j) ≥ f

A(ωmin),ωmin

τ(j) (6.53)

holds for all jobs τ(j) ∈ J and all system evolutions ω ∈ Ω.

Proof of Proposition 6.24 and 6.25. Let ω be any system evolution. It is sufficient to
show that for any job J ∈ J the following two properties hold:

Property P1 Whenever the job execution of any other job J ′ ∈ J is increased, then the
starting time of J does not decrease.

Property P2 Whenever the job execution of any other job J ′ ∈ J is increased, then the
finishing time of J does not decrease. Or equivalenty, whenever the job execution
of any other job J ′ ∈ J is reduced, then the finishing time of J does not increase.

2If the system evolution ωmax does not exist in Ω, we add it artificially.
3If the system evolution ωmin does not exist in Ω, we add it artificially.
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The following proof is based on contradiction. In particular, we assume that P1 or P2
does not hold for all jobs in J. We denote by J̃ the job in J with the earliest finishing
time in ω such that P1 or P2 does not hold. In particular, for all jobs finished before J̃
in ω both properties P1 and P2 hold. Let τ̃ denote the task of J̃ .

Without any impact on the execution behavior of J̃ we remove all jobs of tasks with
lower priority than τ̃ . Moreover, we remove all jobs from τ̃ that are released later than J̃ .

We obtain a contradiction in two steps: First we show that P1 holds for J̃ , meaning
that P2 does not hold for J̃ . In the second step we lead statement P2 does not hold for
J̃ to a contradiction.

Step 1: Proof that P1 holds for J̃ . Let [g1, h1) be the largest interval, such that

• rJ̃ ∈ [g1, h1], and

• at all times during [g1, h1) either jobs with higher priority than τ̃ or jobs of τ̃
released before J̃ are executed in A(ω).

For this interval, the property s
A(ω),ω

J̃
= h1 holds. Let J1 ⊆ J be the set of jobs that are

executed during [g1, h1) in A(ω). Then during [g1, h1) there is always pending workload

from jobs of J1, i.e., for all t ∈ [g1, h1) there exists some J ∈ J1 such that t ∈ [rJ , f
A(ω),ω
J ).

Moreover, for the jobs in J1 Properties P1 and P2 hold since those jobs finish before J̃ .

When increasing the execution time of any job, then f
A(ω),ω
J does not decrease for all

J ∈ J1 by Property P2. As a result, during the interval [g1, h1) there is still pending
workload from jobs of J1 at all times, i.e., the ECU is blocked and cannot execute J̃ .

Hence, s
A(ω),ω

J̃
is still ≥ h1, i.e., P1 holds for J̃ . Therefore, P2 does not hold for J̃ by the

initial assumption.

Step 2: Contradiction of the statement: P2 does not hold for J̃ . Let [g2, h2)
be the largest interval, such that

(i) J̃ is executed at some time during the interval, i.e., exec
A(ω)

J̃
(g2, h2) > 0, and

(ii) at all times in the interval (g2, h2) there is pending workload, i.e., workload that
was released before but is not already finished, from J̃ , earlier jobs of τ̃ or jobs
with higher priority than τ̃ .

Let J2 ⊆ J be the jobs that are executed during the interval [g2, h2). By definition, J̃ ∈ J2.
In particular, (ii) ensures that

g2 +
∑

{J | J∈J2 and rJ∈[g2,e)}
cωJ > e (6.54)

holds for all e ∈ [g2, h2), and

g2 +
∑

{J | J∈J2 and rJ∈[g2,h2)}
cωJ = h2. (6.55)
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Moreover, we observe the typical busy-interval properties g2 = minJ∈J2 rJ , i.e., the
busy-interval starts with a job release, and

min
J∈I

rJ +
∑
J∈I

cωJ ≤ h2 (6.56)

for all subsets I ⊆ J2, i.e., the whole workload can be finished until the end of the
busy-interval.

We have f
A(ω),ω

J̃
= h2 as the following consideration shows:

• J̃ is executed during [g2, h2) by (i). Therefore, J̃ has pending workload during

[g2, h2), i.e., (rJ̃ , f
A(ω),ω

J̃
) ∩ (g2, h2) ̸= ∅. Since [g2, h2) is the largest interval with

pending workload and there is pending workload during (rJ̃ , f
A(ω),ω

J̃
), we conclude

(rJ̃ , f
A(ω),ω

J̃
) ⊆ (g2, h2) and therefore f

A(ω),ω

J̃
≤ h2.

• Assume f
A(ω),ω

J̃
< h2 for contradiction. Let I ⊆ J be the set of the jobs that are

executed during the interval [f
A(ω),ω

J̃
, h2) ̸= ∅. By definition, J̃ /∈ I holds. All jobs

of I have higher priority than J̃ by (ii). If a job of I would be released before

f
A(ω),ω

J̃
, then it would finish before f

A(ω),ω

J̃
due to its priority. Therefore, all jobs

of I are released at or after f
A(ω),ω

J̃
. Hence, there is no pending workload at time

f
A(ω),ω

J̃
which contradicts (ii).

Since Property P2 does not hold for J̃ , there is a scenario where the execution time
of any job is reduced but the finishing time of J̃ is increased. We denote the system
evolution with that modified execution time by ω′. Let [g′2, h

′
2) be the busy-interval of J̃ ,

i.e., the interval that fulfills (i) and (ii), in the new schedule A(ω′). Moreover, let J′2 ⊆ J
be the jobs that are executed during [g′2, h

′
2) in the new schedule A(ω′).

Analogous to the discussion that h2 = f
A(ω),ω

J̃
in the original schedule A(ω), h′2 =

f
A(ω′),ω′

J̃
holds in the new schedule A(ω′). Hence, by the assumption that Property P2

does not hold, we have h′2 > h2. Moreover, Equations (6.54), (6.55), and (6.56) hold for
the new scenario as well.
All jobs that are finished before g2 in the original schedule A(ω) fulfill Property P2.

Therefore, they are also finished before g2 in the new schedule A(ω′). Consequently, in
A(ω′) there is no pending workload at time g2, and g

′
2 ≥ g2 holds. In the following we

show that both different cases g′2 = g2 and g′2 > g2 lead to a contradiction.

• Case g′2 = g2: In the new schedule A(ω′) we have g′2 +
∑

J∈J′2 c
ω′
J > h2 by Equa-

tion (6.54) when choosing e = h2 ∈ [g′2, h
′
2). However, in the original schedule

A(ω) we have g2 +
∑

J∈J2 c
ω
J = h2 by Equation (6.55). Since the execution time of

jobs is only decreased, we have g′2 +
∑

J∈J′2 c
ω′
J ≤ g2 +

∑
J∈J2 c

ω
J , which leads to a

contradiction that h2 < h2 as follows:

h2 < g′2 +
∑
J∈J′2

cω
′

J ≤ g2 +
∑
J∈J2

cωJ = h2 (6.57)
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• Case g′2 > g2: Let I ⊆ J2 and I′ ⊆ J′2 be the jobs that are released during [g′2, h2)
in the original schedule A(ω) and in the new schedule A(ω′), respectively. Since
T is periodic with offset, the release times in different system evolutions coincide,
and we have I = I′. Hence, we have

∑
J∈I c

ω
J ≥∑J∈I′ c

ω′
J . By Equation (6.56) in

the original schedule we obtain g′2 +
∑

J∈I c
ω
J ≤ h2. By Equation (6.54) in the new

schedule we obtain g′2 +
∑

J∈I′ c
ω′
J > h2. These two conditions lead to the fact that∑

J∈I c
ω
J <

∑
J∈I′ c

ω′
J which contradicts

∑
J∈I c

ω
J ≥∑J∈I′ c

ω′
J .

Since this leads both cases g′2 = g2 and g′2 > g2 to a contradiction, this concludes Step 2
of the proof.

Under implicit communication, the starting times and the finishing times coincide
with the read- and write-events, respectively. Hence, the lower and upper bounds for
starting times and finishing times from Proposition 6.24 and Proposition 6.25 are lower
and upper bounds for the read- and write-events as well. We conclude that for each job
we can provide upper and lower bounds for the read- and write-events by simulating the
schedule two times until the job finishes: Once when all jobs execute their WCET and
once when all jobs execute their BCET.

Since for each task there are infinitely many jobs, we cannot simulate the schedule for
every job. Therefore, in the following, we show that it is sufficient to simulate the schedule
for a finite time window since the release pattern repeats. The following considerations
are based on the work of Leung and Whitehead [LW82]. Their proofs cannot be used
directly, since they create a new schedule (they call it a partial schedule) and show that
this one repeats. We need to show that even the original schedule repeats.

In the following, let ωfix ∈ {ωmin, ωmax} the system evolution, where the execution
demand of all jobs of the same task is fixed to the same value (either Cmin

τ or Cmax
τ ).

We consider the corresponding schedule A(ωfix ). We denote by Cτ ∈
{
Cmin
τ , Cmax

τ

}
the

execution time of the jobs of task τ . For a time instant t ∈ R, we denote by X(t) the tuple
(χτ (t))τ∈T where each χτ (t) is the amount of time that jobs of τi have been executed
since their last release, i.e., χτ (t) = exec

ωfix
τ

(
max

{
rτ(j)

∣∣ j ∈ N, rτ(j) ≤ t
}
, t
)
. Similar to

the proof of Leung and Whitehead [LW82, Lemma 3.3], we show the following.

Lemma 6.26. For all t ≥ Φ(T) the relation X(t) ≥ X(t + H(T)) (component-wise)
holds.

Proof. For a proof by contradiction, we assume that there are some t ≥ Φ(T) and τ ∈ T
such that χτ (t) < χτ (t+H(T)). We show that in this case infinitely many tasks τ ′ ∈ T
have a time instant

tτ ′ ≥ ϕτ ′ with χτ ′(tτ ′) < χτ ′(tτ ′ +H(T)). (6.58)

This contradicts the fact that T is finite.

By assumption, there is at least one task with the property from Equation (6.58).
Assume there are only finitely many tasks with this property and let τ ′ be the one of them
with the highest priority. Since χτ ′(tτ ′) < χτ ′(tτ ′ +H(T)), there exists some t̃ ∈ [ϕτ ′ , tτ ′ ],
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where τ ′ is not executing during [t̃, t̃+ ε] but during [t̃+H(T), t̃+H(T) + ε] for some
ε > 0. Hence, there is some higher-priority task τ̃ which executes during [t̃, t̃+ ε] but not
during [t̃+H(T), t̃+H(T) + ε], i.e., χτ̃ (t̃) < χτ̃ (t̃+H(T)) = Cτ̃ since all jobs of task
τ̃ have the same execution time. Since τ̃ executes during t̃, we know that ϕτ̃ ≤ t̃. This
contradicts the assumption that τ ′ is the highest priority task with the property from
Equation (6.58).

Furthermore, similar to Leung and Whitehead [LW82, Lemma 3.4], we use the preceding
lemma to show that the schedule repeats after Φ(T) + 2H(T); that is, the schedule in
the interval [Φ(T) +H(T),Φ(T) + 2H(T)) coincides with the schedule in the intervals
[Φ(T) + 2H(T),Φ(T) + 3H(T)), [Φ(T) + 3H(T),Φ(T) + 4H(T)), and so on. We only
utilize that the total utilization UT =

∑
τ∈T

Cτ
Tτ

of the system is at most 1.

Lemma 6.27. When UT ≤ 1, then X(t) = X(t+H(T)) holds for all t ≥ Φ(T) +H(T).

Proof. We assume that there is some t ≥ Φ(T) +H(T) with X(t) ̸= X(t+H(T)). Then,
by Lemma 6.26, there is some task τ with χτ (t) > χτ (t+H(T)). There are two cases.
Either, (i) the ECU idles during some [t′, t′ + ε] ⊆ [t, t+H(T)] for some ε > 0, or (ii) the
ECU is busy during the whole interval [t, t+H(T)].
For (i), by Lemma 6.26, X(t′) = (Cτ )τ∈T ≤ X(t′ − H(T)), i.e., the ECU also idles

during [t′ − H(T), t′ − H(T) + ε]. Since the job releases are the same, the schedule
coincides in the intervals [t′ −H(T), t] and [t′, t+H(T)]. Hence, X(t) = X(t+H(T)).
For (ii), since χτ (t) > χτ (t + H(T)) and χτ ′(t) ≥ χτ ′(t + H(T)) for all τ ′ ∈ T, by

Lemma 6.26, there is less remaining workload by jobs in the ready queue at time t than at
time t+H(T). We conclude that there was more workload released during (t, t+H(T)]
than could be executed by the ECU. This means that

∑n
i=1Ci

H(T)
Tτi

> H(T), which

contradicts
∑n

i=1
Cτi
Tτi

≤ 1.

Based on Lemma 6.27, the schedule repeats after Φ(T) + 2H(T). More precisely, the
starting time and finishing time in system evolution ωmin of any m-th job τ(m) of τ ∈ T
that is released not before Φ(T)+ 2H(T) can be recursively computed using the formulas:

• s
A(ωmin),ωmin

τ(m) = s
A(ωmin),ωmin

τ(m−H(T)
Tτ

)
+H(T)

• f
A(ωmin),ωmin

τ(m) = f
A(ωmin),ωmin

τ(m−H(T)
Tτ

)
+H(T)

Similarly, the starting time and finishing time in system evolution ωmax of any m-th job
τ(m) of τ ∈ T that is released not before Φ(T) + 2H(T) can be recursively computed
using the formulas:

• s
A(ωmax),ωmax

τ(m) = s
A(ωmax),ωmax

τ(m−H(T)
Tτ

)
+H(T)

• f
A(ωmax),ωmax

τ(m) = f
A(ωmax),ωmax

τ(m−H(T)
Tτ

)
+H(T)
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As a result, it is sufficient to generate a schedule for ωmin and a schedule for ωmax until
all jobs that are released before Φ(T) + 2H(T) are finished.

In particular, the results from the previous propositions and the fact that read- and
write-events are set to the starting time and finishing time enables us to provide upper
and lower bounds for the read- and write-events. Independent of the system evolution,
they are formulated by functions remin, remax,wemin,wemax : T× N → R as follows.

Definition 6.28 (remin, remax,wemin,wemax). For a task set T, we define functions
remin, remax,wemin,wemax : T× N → R by:

remin(τ,m) := s
A(ωmin),ωmin

τ(m) remax(τ,m) := s
A(ωmax),ωmax

τ(m) (6.59)

wemin(τ,m) := f
A(ωmin),ωmin

τ(m) wemax(τ,m) := f
A(ωmax),ωmax

τ(m) (6.60)

The values of the functions from Definition 6.28 at any (τ,m) ∈ T×N are constructed
as follows:

(i) We construct two T-FP preemptive schedules, one for ωmin and one for ωmax, until
all jobs released before Φ(T) + 2H(T) are finished.

(ii) If ϕτ +m · Tτ < Φ(T) + 2H(T), then the values of starting time and finishing time
are directly taken from the corresponding schedules.

(iii) If ϕτ + m · Tτ ≥ Φ(T) + 2H(T), then we calculate the read- and write-events
recursively as described after Lemma 6.27 and set the values accordingly.

By the results from Proposition 6.24 and Proposition 6.25, we obtain that

• remin(τ,m) ≤ reω(τ(m)) ≤ remax(τ,m) and

• wemin(τ,m) ≤ weω(τ(m)) ≤ wemax(τ,m)

for all jobs τ(m) ∈ J and for all system evolutions ω ∈ Ω.

6.2.2.2 Step 2: Bound Length of Augmented Job Chains

To examine the end-to-end latency, we take the perspective of the MRT. That is, the
end-to-end latency can be described by a supremum over immediate forward augmented
job chains. To provide a bound for the end-to-end latency, we need to bound immediate
forward augmented job chains. We achieve this by constructing abstract integer represen-
tations I⃗Ei for cause-effect chain E = (τ1 → · · · → τn) and i ∈ N based on the bounds of
read- and write-events provided in the previous section. Afterwards, in Section 6.2.2.2,
we show that finitely many abstract integer representations are sufficient to bound all
immediate forward augmented job chains.

Definition 6.29 (Construction of I⃗Ei ). Let i ∈ N be a natural number. The abstract

integer representation I⃗Ei = (i0, . . . , in+1) ∈ Nn+2 is an (n+ 2)-tuple with:
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τ1

1 2 3

τ2

0 2 4 6 8 10 12

1 2

= read-event
lower bound

= write-event
upper bound

Figure 6.8.: Construction of I⃗E1 = (1, 2, 2, 2) for E = (τ1 → τ2). We assume that the
read-event lower bound and write-event upper bound for each job are given
and that τ2 has higher priority than τ1.

• i0 = i and i1 = i+ 1.

• For j ∈ {2, . . . , n} the entry ij is the smallest number in N such that

(i) remin(τj , ij) ≥ wemax(τj−1, ij−1), or

(ii) remin(τj , ij) is no less than the ij−1-th release of τj−1 and τj−1 has higher
priority than τj.

• in+1 = in.

We define by ℓ(I⃗Ei ) := wemax (τn, in+1) − remin (τ1, i0) the length of the abstract integer

representation I⃗Ei .

Please note that i1 represents the (i+ 1)-th job of τ1 and i2, . . . , in are chosen such
that the ij-th job of τj safely reads data after it was written by the ij−1-th job of τj−1

for all j = 2, . . . , n. Furthermore, i0 and in+1 represent the read-event of the i-th job
of τ1 (i.e., a lower bound for the external activity z) and the write-event of the in-th
job of τn (i.e., an upper bound for z′), respectively. This description is similar to the
description of immediate forward augmented job chains presented in Definition 3.4.

Example 6.30. Figure 6.8 illustrates the construction of the abstract representation
I⃗E1 = (1, 2, 2, 2). The first entry is set to 1 due to the index of I⃗E1 . The second entry is
computed by 1 + 1, which represents the second job of τ1. The write-event upper bound
of the second job of τ1 is lower than the read-event of the second job of τ2 under any
system evolution, since the write-event upper bound wemax(τ1, 2) = 7, is no less than the
read-event lower bound remin(τ2, 2) = 7. The last entry of I⃗E1 = (1, 2, 2, 2) is repeated.

The abstract integer representation yields an upper bound on the immediate forward
augmented job chains as stated in the following lemma.

Lemma 6.31 (Forward bound). Let I⃗Ei = (i0, . . . , in+1) be some abstract representation
as specified in Definition 6.29. We have the following inequality

ℓ (a⃗cωE(z)) ≤ ℓ
(
I⃗Ei

)
(6.61)

for all system evolutions ω ∈ Ω and z ∈ (reω(τ1(i)), re
ω(τ1(i+ 1))].
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Proof. We consider an immediate forward augmented job chain a⃗cωE(z) = (z, J1, . . . , Jn, z
′)

with z ∈ (reω(τ1(i)), re
ω(τ1(i+ 1))]. In the following we show that ℓ(a⃗cωE(z)) = z′ − z ≤

weω(τn(in+1))− reω(τ1(i0)).
By definition, z ≥ reω(τ1(i0)). Therefore, it is left to show that z′ ≤ weω(τn(in+1)).

We show that by proving that Jj ≼ τj(ij) for all j = 1, . . . , n by induction.
Base case (j = 1): By definition, J1 is the first job of τ1 with read-event ≥ z. Hence,

J1 = τ1(i0 + 1) = τ1(i1).
Induction step (j 7→ j + 1): By definition, Jj+1 is the first job of τj+1 with read-

event ≥ weω(Jj). Due to the induction hypothesis, Jj ≼ τj(ij). Therefore, weω(Jj) ≤
weω(τj(ij)) ≤ wemax(τj , ij). By construction of the abstract integer representation I⃗Ei , we
know that it is guaranteed that τj+1(ij+1) has read-event at or after we

max(τj , ij) under
any system evolution. Hence, the read-event of τj+1(ij+1) is ≥ weω(Jj). We conclude
that τj+1(ij+1) ≽ Jj+1.
We obtain that Jn ≼ τn(in) = τn(in+1). Therefore, weω(Jn) ≤ weω(τm(in+1)) by re-

quirement (R1) of Section 3.2.1. Hence, z = weω(Jn) ≤ weω(τm(in+1)) ≤ wemax(τm, in+1).
This proves the lemma.

6.2.2.3 Step 3: Provide End-To-End Latency

By Lemma 6.31, the computation of a bound on the end-to-end latency is reduced to
a construction of the abstract representations I⃗Ei . As proven in Section 6.2.2.1, the
upper and lower bounds on the read- and write-events repeat each hyperperiod after
Φ(T) + 2H(T). Therefore, the construction and also the length of the abstract integer
representations I⃗Ei repeats as well and only a finite number of them has to be considered
to provide a latency bound. The following lemma show that it is sufficient to consider
abstract integer representations where the job that is described by the first entry is
released until Φ(T) + 2H(T).

Lemma 6.32. Let I⃗Ei = (i0, . . . , in+1) be an abstract integer representation with ϕτ1 +

(i0 − 1) · Tτ1 ≥ Φ(T) + 2H(T). There exists j ∈ N such that for I⃗Ej = (j0, . . . , jn+1):

• rτ1(j) = ϕτ1 + (j − 1)Tτ1 ∈ [Φ(T) +H(T),Φ(T) + 2H(T))

• ℓ
(
I⃗Ej

)
= ℓ

(
I⃗Ei

)
Proof. Since Z := [Φ(T) +H(T),Φ(T) + 2H(T)) has length H(T) and w := ϕτ1 + (i0 −
1) · Tτ1 is no less than the right boundary of Z, there exists some ξ ∈ N such that

w − ξ · H(T) ∈ Z. We choose j := i − ξ · H(T)
Tτ1

and consider I⃗Ej . Since the maximal

and minimal read- and write-events repeat each hyperperiod H(T), the underlying job
sequence of I⃗Ej is just the abstract representation of I⃗Ei shifted ξ hyperperiods to the left.

Therefore, ϕτ1 + (j0 − 1) · Tτ1 = w − ξ ·H(T) ∈ Z and ℓ
(
I⃗Ej

)
= ℓ

(
I⃗Ei

)
.

Please note that since for I⃗Ei the first entry is i0 = i, if i is increased, then i0 is increased
as well. As a consequence, to find all i such that ϕτ1 + (i0 − 1)Tτ1 < Φ(T) + 2H(T) is
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Algorithm 7 End-to-end latency bound.

1: Compute wemax and remin by constructing concrete schedules. ▷ After Definition 6.28
2: Ifw = {}, i = 1
3: while ϕτ1 + (i− 1)Tτ1 < Φ(T) + 2H(T) do
4: Add i to Ifw.
5: Construct I⃗i. ▷ Definition 6.29
6: i = i+ 1

7: Compute upper bound from Equation (6.62).

fulfilled, it is sufficient to consider i = 1, 2, 3, . . . and stop as soon as ϕτ1 + (i0 − 1)Tτ1 ≥
Φ(T) + 2H(T).

Under the assumption that the read- and write-event upper and lower bounds, as defined
in Definition 6.28, are computed for all jobs, we can construct I⃗Ei for all i = 1, 2, 3, . . .

until ϕτ1 +(j− 1)Tτ1 ≥ Φ(T)+2H(T). The abstract representations I⃗Ei provide an upper
bound on the length ℓ (a⃗cωE(z)) of the corresponding immediate forward augmented job
chains with z ∈ (reω(τ1(i)), re

ω(τ1(i+ 1))] by Lemma 6.31. By Lemma 6.32 this finite
number of abstract representations is sufficient to bound the length of all immediate

forward/backward augmented job chains. By taking the maximum maxi ℓ
(
I⃗Ei

)
of the

length of these finitely many abstract representations, we obtain upper bounds on the
end-to-end latency Lat(E).

Theorem 6.33. Let E be a cause-effect chain where all tasks are on one ECU and all
tasks adhere to implicit communication. We denote by Ifw the set of all i ∈ N such that
ϕτ1 + (i− 1)Tτ1 < Φ(T) + 2H(T). The following equations hold:

Lat(E) ≤ max
i∈Ifw

ℓ
(
I⃗Ei

)
(6.62)

Proof. By Definition 3.7, the end-to-end latency is defined as

Lat(E) = sup
ω∈Ω

sup
z>reω(τ1(Wω

E,τ1
))
ℓ(a⃗cωE(z)). (6.63)

By Lemma 6.31, this can be upper bounded by Lat(E) ≤ supω∈Ω supi∈N ℓ(I⃗
E
i ). Apply-

ing Lemma 6.32, we obtain Lat(E) ≤ supω∈Ω supi∈Ifw ℓ(I⃗Ei ). Since supi∈Ifw ℓ(I⃗Ei ) is

independent of the choice of ω ∈ Ω, we obtain Lat(E) ≤ supi∈Ifw ℓ(I⃗Ei ).

The procedures to compute our bound on the end-to-end latency is shown in Algo-
rithm 7.

Furthermore, we note that in the case that Cu
τ = Cℓ

τ for all tasks τ ∈ T, the execution
time of every job of each task is fixed. In this case there is only one system evolution
ω = ωmin = ωmax ∈ Ω to be considered, and the constructed minimal and maximal
read- and write-events coincide with the actual read- and write-events. As a result,
the abstract integer representations I⃗Ei constructed in Definition 6.29 provide an exact
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bound for supz∈(reω(τ1(i)),reω(τ1(i+1))] ℓ(a⃗c
ω
E(z)). Therefore, when only considering i ∈ Ifw

with i ≥ Wω
E,τ1

or ϕτ1 + (i− 1)Tτ1 ≥ Φ(T) +H(T), the analysis using abstract integer

representations becomes exact. We denote this subset of Ifw by Ifw
exact

Corollary 6.34. If Cu
τ = Cℓ

τ for all tasks τ ∈ T, then Lat(E) = max
i∈Ifw

exact
ℓ
(
I⃗Ei

)
.

Proof. If Cu
τ = Cℓ

τ for all tasks τ ∈ T, then there is only one system evolution Ω = {ω}.
Moreover, the maximal and minimal read- and write-events utilized in the construction
of I⃗Ei are the actual read- and write-events of the jobs, respectively. Hence,

ℓ(I⃗Ei ) = sup
z∈(reω(τ1(i)),reω(τ1(i+1))]

ℓ(a⃗cωE(z)). (6.64)

We conclude that Lat(E) = supi≥Wω
E,τ1

ℓ(I⃗Ei ) = sup
i∈Ifw

exact
ℓ(I⃗Ei ).

Complexity: Two components play a decisive role for the time complexity of our
analysis. We (i) create the schedule for the system evolutions ωmax and ωmin for the
bounded time frame to obtain minimal and maximal read- and write-events for each
job, and (ii) create and compare abstract integer representations based on the minimal
and maximal read- and write-events. We examine the time complexity for a cause-effect
chain E on an ECU with task set T with N tasks.

Since the schedule repeats after Φ(T) + 2H(T), it suffices to schedule the jobs in the

interval [0,Φ(T) + 2H(T)). Hence, the time complexity for (i) is O
(
Φ(T)+2H(T)

Tmin
· n
)
,

where Tmin := min
τ∈T

Tτ is the minimal period in T.

For each abstract integer representation we have to determine n+ 2 integers. There
is a cost of query4 Q depending on the data structure for finding the next integer for
the abstract representation. To compute the end-to-end latency bound, we have to
simulate and compare up to Φ(T)+2H(T)

Tτ1
abstract integer representations. Hence, the time

complexity for component (ii) is O
(
n ·Q · Φ(T)+2H(T)

Tτ1

)
.

We note that the time complexity for the method by Kloda et al. [KBS18] coincides
with the complexity of component (ii) for our reaction time computation, except that
they have to call a latency function for each job instead of determining the job itself.
The methods by Dürr et al. [Dür+19] and by Davare [Dav+07] have complexity O(n).
Since these methods all assume that the WCRTs are known, i.e., computed in advance,
the time complexity of the WCRT computation should also be taken into account.

4The data structure can be designed such that Q = O(1). Let all jobs for each task τ be stored in a list
lτ , ordered by their release. If we want to find the first job of τ with minimal read-event after a time
instant t and assume that all jobs finish their execution before the subsequent job release, then only

those jobs in the list with index j between
⌈

t−ϕτ−Tτ
Tτ

⌉
and

⌊
t−ϕτ
Tτ

⌋
are candidates to be checked, i.e.,

O(Tτ/Tτ ) many jobs.
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6.2.2.4 Analysis of Maximum Reduced Data Age

In this section we extend our bound to Maximum Reduced Data Age (MRDA) to compare
with the bounds from [Bec+17a; Dür+19; KBS18]. By Definition 3.7, the MRDA is
defined as

sup
ω∈Ω

(
sup

{
ℓω(J1, . . . , Jn)

∣∣ ⃗acωE(z
′) = (z, J1, . . . , Jn, z

′), z′ > weω(τn(W
ω
E,τn))

})
. (6.65)

To provide a bound for the MRDA, we construct abstract integer representations ⃗IEi for
immediate backward augmented job chains.

Definition 6.35 (Construction of ⃗IEi ). Let i ∈ N be a natural number. The abstract

integer representation ⃗IEi = (i0, . . . , in+1) ∈ Nn+2 is a (n+ 2)-tuple with:

• in+1 = i and in = i− 1.

• For j ∈ {n− 1, . . . , 1} the entry ij is the highest number in N such that

(i) remin(τj+1, ij+1) ≥ wemax(τj , ij), or

(ii) τj has higher priority than τj+1 and remin(τj+1, ij+1) is no earlier than the
release of the ij-th job of τj.

• i0 = i1.

We define by ℓ( ⃗IEi ) := wemax (τn, in+1) − remin (τ1, i0) the length of the abstract integer

representation ⃗IEi .

If ⃗IEi = (i0, . . . , in+1) exists, then wemax(τn, in)−remin(τ1, i1) bounds ℓ
ω(J1, . . . , Jn) for

any immediate backward augmented job chain ⃗acωE(z
′) with z′ ∈ (reω(τn(i−1)), reω(τn(i))].

This result can be proven similar to the proof of Theorem 6.31.

However, there might be cases where ⃗acωE(z
′) = (z, J1, . . . , Jn, z

′), z′ > weω(τn(W
ω
E,τn

))

exists, but the corresponding ⃗IE⌈ z′−ϕτn
Tτn

⌉ does not. In that case, we use the upper bound

Ψ(i) := wemax (τn, i)− remin (τ1, 1) with i =
⌈
z′−ϕτn
Tτn

⌉
instead. Hence, we obtain a bound

for the MRDA as follows:

(i) Construct wemax and remin using concrete schedules for all jobs that are released
before Φ(T) + 2H(T)

(ii) For i = 1, 2, . . . construct ⃗IEi = (i0, . . . , in+1) until rτ1(i0) ≥ Φ(T) + 2H(T).

(iii) Compute the bound

MRDA(E) ≤ max
i

{
ℓ
(
⃗IEi

)
, ⃗IEi exists

Ψ(i) , else
(6.66)
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6.2.2.5 Evaluation

A relevant industrial use-case of the presented end-to-end latency analyses is the timing
verification of cause-effect chains in the automotive domain. To assess the practical benefit
of our proposed analyses, we evaluate it using synthesized task sets and cause-effect
chains that adhere to the details described in Automotive Benchmarks For Free [KZH15].
Furthermore, we generate task sets with the UUnifast algorithm [BB05] to assess the
performance for general task parameters. We consider periodic task sets and implicit
job communication to apply our analysis results from Theorem 6.33 (for the end-to-end
latency (Lat)) and Section 6.2.2.4 (for MRDA). The following setup is considered in the
evaluation, which is released on Github [TU 22b].
We use the method by Davare et al. [Dav+07] to normalize all other end-to-end

bounds, since this method yields the most pessimistic result. We define the latency
reduction LR(M) of an analysis method M with respect to an evaluated bound B(·),
i.e., end-to-end latency or MRDA, by

LR(M) := (B(Davare)−B(M))/B(Davare). (6.67)

Additionally, for the case BCET equals WCET, an exact analysis of end-to-end latency
and MDA is given by Corollary 6.34. Since this is a valid execution scenario for the
general case where Cmin

τ ≤ Cmax
τ , Corollary 6.34 provides a lower bound for the case

Cmin
τ ≤ Cmax

τ . Therefore, we also consider the gap reduction GR(M), defined by

GR(M) := (B(Davare)−B(M))/(B(Davare)−B(Corollary 6.34)). (6.68)

In particular, the closer the gap reduction is to 1, the tighter that bound is to the lower
bound, and therefore the tighter that value is to the exact latency bound.

Task and Task Set Generation A task τ is described by the WCET Cτ , period
Tτ , and phase ϕτ . Furthermore, Uτ = Cτ/Tτ is the utilization of task τ . We consider the
following two benchmarks for the generation of task sets.

Automotive benchmark [KZH15]: A task τ is generated as follows:5

(i) The period Tτ in ms is drawn from the set T = {1, 2, 5, 10, 20, 50, 100, 200, 1000}
according to the related share6 of [KZH15, Table III, IV, and V].

(ii) The Average-Case Execution Time (ACET) of a task is generated based on a
Weibull distribution that fulfills the properties in [KZH15, Table III, IV, and V].

5In the automotive benchmark [KZH15], atomic software components contain runnables subject to
scheduling. Multiple runnables with the same period are afterwards grouped together as a task. Since
communication usually happens on the runnable level, we set up the experiments accordingly, and
denote each runnable as a task to match the common notation in real-time systems research and the
cause-effect chain model in the literature.

6The sum of the probabilities in [KZH15, Table III, IV, and V] is only 85%. The remaining 15% are
reserved for angle-synchronous tasks that we do not consider. Hence, all share values are divided by
0.85 in the generation process.
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(iii) The task’s WCET (WCET) is determined by multiplying its ACET with its WCET
factor, which is drawn equally distributed from an interval [fmin, fmax] [KZH15].

We generate 1 000 automotive task sets for each cumulative task set utilization of
U = 50%, 60%, 70%, 80%, and 90%. Since the tasks’ utilizations are determined by
the WCET and the automotive-specific semi-harmonic periods, we use a fully-polynomial
approximation scheme to solve the subset-sum problem to select a subset of tasks within
a candidate task set such that the cumulative utilization satisfies the above requirements.
We initially generate T , a set of 1 000 to 1 500 tasks, and then select a subset T ′ of tasks
using the subset-sum approximation algorithm to reach the targeted utilization within 1
percentage point error bounds, i.e., |(∑T ′ Uτ )− U | ≤ 0.01. On average, the generated
task sets consist of around 50 tasks.

Uniform task set generation [BB05]: For user-specified values N ∈ N and 0 <
U∗ ≤ 1, the UUniFast algorithm [BB05] generates a task set T of cardinality N as follows.
Utilization values (Uτ )τ∈T are drawn from (0, 1]N uniform at random under the constraint
that

∑
τ∈T Uτ = U∗. Due to the fact that the analyses are computationally tractable

only for sufficiently small hyperperiods, we draw semi-harmonic periods based on the
automotive benchmark. For each of the utilization values, i.e., U∗ = 50%, 60%, 70%, 80%,
and 90%, we generate 1 000 task sets with 50 tasks each. Each task’s period is drawn
from the interval [1, 2 000] according to a log-uniform distribution and rounded to the
next smallest period in the set {1, 2, 5, 10, 20, 50, 100, 200, 500, 1 000}. Given the periods
and the utilizations, the WCET is set to Cτ = Uτ · Tτ .
To the best of our knowledge, there are no benchmarks published that detail and

reason how to experimentally set up an asynchronous release of tasks, i.e., what a task’s
phase value should be. Furthermore, the analysis by Kloda et al. [KBS18] is formulated
only for cause-effect chains with synchronous tasks. Hence, we consider synchronous
task sets (with ϕτ = 0) in this evaluation. All tasks are scheduled by preemptive RM
scheduling.

Cause-Effect Chain Generation Given a generated task set, the set of cause-
effect chains is generated according to the description in Section IV-E in [KZH15]. Namely,
a set of cause-effect chains containing 30 to 60 cause-effect chains is generated from each
task set as depicted in the following steps:

(i) The number of involved activation patterns Pj ∈ {1, 2, 3}, i.e., the number of
unique periods of tasks in a generated cause-effect chain, is drawn according to the
distribution shown in Table VI in [KZH15].

(ii) Pj unique periods are drawn from the task set from a uniform distribution without
replacement. More specifically, this step yields a set Tj of Pj distinct periods.

(iii) For each period in Tj we draw 2 to 5 tasks at random (without replacement)
according to the distribution in Table VII in [KZH15] from the tasks in the task
set with the respective period.
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Figure 6.9.: Experiments for the automotive benchmark. Our method improves the
state of the art, especially for the MRDA.

The resulting cause-effect chains consist of 2 to 15 tasks and no task occurs multiple
times in the same cause-effect chain.

Evaluation Results In Figures 6.9 and 6.10, we show the evaluation results with
automotive and uniform task generation, respectively. The boxplots display the evaluation
results of the methods by Dürr et al. [Dür+19] (D19) and Kloda et al. [KBS18] (K18), as
well as of our method (0.0,0.3,0.7,1.0) where the BCET of the task is set to 0.0, 0.3, 0.7
or 1.0 of the WCET. Since 1.0 is the bound given by Corollary 6.34, the gap reduction
is always equal to 1 and therefore not reported. For the MRDA, the method by Becker
et al. [Bec+17a]7 (B17) is displayed as well. The plots show the latency reduction (LR)
from Equation (6.67) or the gap reduction (GR) from Equation (6.68). The method
by Schlatow et al. [Sch+18a] is omitted since it is dominated by Davare’s method for

7We apply the method where the WCRT is known (see [Bec+17a, Table 1]).
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Figure 6.10.: Experiments for the uniform benchmark. Again, our method improves
the state of the art, especially for the MRDA.

non-harmonic task systems.

Our analysis performs similar to K18 for the end-to-end latency ((a) and (b) in
Figures 6.9 and 6.10) and outperforms the state of the art for MRDA ((c) and (d) in
Figures 6.9 and 6.10). We observe that under both benchmarks the LR and GR of our
method increases when the BCET is closer to the WCET. The GR ((b) and (d) in
Figures 6.9 and 6.10) is in median over 90 percent for our methods and for K18, whereas
D19 and B17 have a median GR of less than 55 percent in all scenarios.

Runtime Evaluation In the following, we study the control parameters that regulate
the runtime of our analysis. More specifically, we show that (i) the runtime of our single
ECU algorithm is dependent on the number of jobs to be scheduled in the simulation,
and (ii) the runtime can be controlled by bounding the hyperperiod of the task sets
under analysis. For the measurements, we use a machine equipped with 2x AMD EPYC
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Figure 6.11.: Runtime Evaluation.

7742 running Linux, i.e., in total 256 threads with 2.25GHz and 256GB RAM. Each
measurement runs on one independent thread and covers the time for simulation of the
best-case and worst-case schedule and for deriving the end-to-end latency and MRDA.
Both experiments rely on uniform task generation [BB05] with synchronous tasks. The
total utilization is pulled uniformly from [50, 90] [%] and task periods are pulled log-
uniformly from the integers in [1, 20]. As a result, the hyperperiod of the task set is
between 1 and lcm(1, 2, . . . , 20) = 232 792 560. From each task set, we choose 5 tasks at
random without replacement and combine them to a cause-effect chain.

For (i), we generate 1 000 task sets with 5 to 20 tasks each. The results are depicted
in Figure 6.11a for task sets where the number of scheduled jobs is below 100 000. The
number of scheduled jobs is upper bounded by

∑
τ∈T

2·H(T)
Tτ

≤ 2·H(T)
minτ∈T Tτ

· |T|. For a fixed
number of tasks and a fixed range of periods, we can control the number of scheduled
jobs by constraining the hyperperiod H(T). For example, when the hyperperiod is 1 000
and the number of tasks is 20, then there are at most 40 000 scheduled jobs. The exact
number of jobs may be lower since big hyperperiods require bigger periods Tτ .
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In (ii), for a given number of tasks per set, we create 1 000 task sets with hyperperiod
in the range from 0 to 1 000, 1 000 to 2 000, 2 000 to 3 000, and 3 000 to 4 000, each. The
median and maximal runtimes sorted by hyperperiod bounds are depicted in Figure 6.11b
and 6.11c, respectively. We observe that with a low hyperperiod, the maximum runtime
can be controlled.

6.2.3 Partitioned Job Chains

In this section, we consider a cause-effect chain E = (τ1 → · · · → τn) where all tasks τi
are periodic tasks with offset, communicating under LET. That is, each task τi can be
abstracted as

τi ∈ PerOff(Tτi , ϕτi), (6.69)

and the read-event and write-event of each job τi(j) ∈ J is at the release rωτi(j) and deadline
rωτi(j) + Dτi . Due to the fixed release pattern of periodic tasks with offsets, the read-

and write-events repeat every hyperperiod. As a result, ℓ(a⃗cωE(z)) ≤ ℓ(a⃗cωE(z) +H(E)),
and it is sufficient to consider immediate forward augmented job chains a⃗cωE(z) with
z ∈ (reω(τ1(W

ω
E,τ1

)), reω(τ1(W
ω
E,τ1

))+H(E)]. Furthermore, it is sufficient to only calculate
a⃗cωE(z) where z is right after a read-event of task τ1, i.e. for z = ϕτ1 + (k − 1) · Tτ1 + ε
with k ∈ N, where ε > 0 is an infinitesimal number. This approach has been detailed
for example in [Gün+21a]. Moreover, Kordon and Tang [KT20] compute the MRDA
efficiently under LET, using this procedure as a backbone.

Still, to calculate the end-to-end latency, up to Φ(E)+H(E)
Tτ1

immediate forward augmented

job chains have to be considered. This can be time-consuming, especially if Tτ1 is small
compared to the other task periods. We exploit the description of the end-to-end latency
using p-partitioned job chains pcωE,p(m), i.e.,

Lat(E) = sup
ω∈Ω

sup
{
ℓ(pcωE,p(m))

∣∣∣m ≥Wω
E,τp

}
, (6.70)

as proven in Theorem 6.7, to speed up the calculation of the end-to-end latency. In
particular, choosing p ∈ {1, . . . , n} which maximizes Tτp , only

Φ(E)+H(E)
Tτp

partitioned job

chains need to be constructed. Since task periods in automotive systems usually range
over 3 orders of magnitude (cf. [KZH15]), the number of objects to be constructed can
be reduced by a factor of up to 1 000. In the following, we evaluate the speed-up that is
obtained by considering p-partitioned job chains instead of immediate forward augmented
job chains. The results presented in this section appeared in ECRTS 2023 [Gün+23b].

6.2.3.1 Description of our Approach Using Partitioned Job Chains

Partitioned job chains have been introduced in Section 6.1.2.1 to prove the equivalence
of MRT and MDA. As a side effect of the equivalence, in Theorem 6.7, the end-to-end
latency has been described by partitioned job chains (see Equation (6.70)). Since the
read- and write-events repeat every hyperperiod, also the partitioned job chains repeat.
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Therefore, it is sufficient to consider only H(E)
Tτp

partitioned job chains, as formalized by

the following theorem.

Theorem 6.36. The end-to-end latency of E can be computed by constructing H(E)
Tτp

many p-partitioned job chains. More specifically,

Lat(E) = sup
ω∈Ω

sup

{
ℓ(pcωE,p(m))

∣∣∣∣Wω
E,τp ≤ m < Wω

E,τp +
H(E)

Tτp

}
(6.71)

for any p ∈ {1, . . . , n}.
Proof. Let p ∈ {1, . . . , n}. By Theorem 6.7, the end-to-end latency Lat(E) is given by

Lat(E) = supω∈Ω Lat(E,ω) = supω∈Ω sup
{
ℓ(pcωE,p(m))

∣∣∣m ≥Wω
E,τp

}
. We consider an

arbitrary m ≥Wω
E,τp

and m′ = m+ H(E)
Tτp

. To prove the theorem it is sufficient to show

that ℓ(pcωE,p(m)) ≥ ℓ(pcωE,p(m
′)).

We denote the jobs of the partitioned job chains as follows:

pcωE,p(m) = (τ1(m1), . . . , τp(mp), τp(m̃p), . . . , τn(m̃n)) (6.72)

pcωE,p(m
′) = (τ1(m

′
1), . . . , τp(m

′
p), τp(m̃

′
p), . . . , τn(m̃

′
n)) (6.73)

Furthermore, for convenience, we define hi := H(E)
Tτi

for all i = 1, . . . , n. We know

that ℓ(pcωE,p(m)) = weω(τn(m̃n))− reω(τ1(m1)) = weω(τn(m̃n + hn))− reω(τ1(m1 + h1)).
Therefore, to prove that ℓ(pcωE,p(m)) ≥ ℓ(pcωE,p(m

′)), it is sufficient to show that both
τn(m̃n + hn) ≽ τn(m̃

′
n) and τ1(m̃1 + h1) ≼ τ1(m̃

′
1) hold.

By definition, (τ1(m1 + h1), . . . , τp(mp + hp)) is a job chain for (τ1 → · · · → τp),
and (τ1(m

′
1), . . . , τp(m

′
p)) is an immediate backward job chain. Furthermore, we have

τp(mp + hp) = τp(m
′
p). Therefore, τ1(m1 + h1) ≼ τ1(m

′
1) by Lemma 6.2.

Similarly, (τp(m̃p+hp), . . . , τn(m̃n+hn)) is a job chain, and (τp(m̃
′
p), . . . , τn(m̃

′
n)) is an

immediate forward job chain with τp(m̃p + hp) = τp(m̃
′
p). Hence, τn(m̃n + hn) ≽ τn(m̃

′
n)

by Lemma 6.2.

We note that the construction of pcωE,p(m) is independent of the system evolution ω,
since the release pattern does not depend on ω and therefore the read- and write-events
do not depend on ω as well. Hence, supω∈Ω can be removed in Equation (6.71). By
choosing p ∈ {1, . . . , n} with the maximum Tτp , the amount of partitioned job chains to
be constructed is minimized. Our approach can be formalized as follows.

Our approach (Our) using partitioned job chains:

(i) Choose p ∈ {1, . . . , n} with the maximum Tτp .

(ii) Calculate Wω
E,τp

by finding the first immediate backward job chain that exists.

(iii) Construct p-partitioned job chains pcωE,p(m) for m =Wω
E,τp

,Wω
E,τp

+ 1, . . . ,Wω
E,τp

+
H(E)
Tτp

− 1.

In the next section we evaluate the speedup that can be achieved by our proposed
approach.
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6.2.3.2 Evaluation

In the following, we compare the time consumption of our approach (Our), defined in
the previous section, with the approach detailed in [Gün+21a].

Approach by Günzel et al. [Gün+21a] (G21):

(i) Calculate Wω
E,τp

by finding the first immediate backward job chain that exists.

(ii) Construct immediate forward augmented job chains a⃗cωE(r
ω
τ1(m) + ε) for m =

Wω
E,τp

,Wω
E,τ1

+ 1, . . . ,Wω
E,τ1

+ H(E)
Tτ1

− 1, where ε is the infinitesimal number.

Task set generation. We randomly generate 10 000 task sets T, each with a
random cardinality of nT ∈ [50, 100] ∩ N. To evaluate the approaches with tasks similar
to a real-world application, we generate tasks according to the automotive benchmark
by Kramer et al. [KZH15]. In particular, for each task τ we draw a period Tτ from
the set {1, 2, 5, 10, 20, 50, 100, 200, 1 000} according to the related share8 of these periods
in [KZH15, Table III, IV and V]. We assume implicit deadlines, i.e., the relative deadline
Dτ is set to the period Tτ , and the phase ϕτ is set to 0 for all tasks. Since the read- and
write-events under LET are independent of the execution behavior, no execution time of
the task is synthesized.

Cause-effect chain generation. For each task set T, we generate a cause-effect
chain E according to Kramer et al. [KZH15, Section IV-E]. In particular, we apply the
following steps:

(i) The number of involved activation patterns PE ∈ {1, 2, 3}, i.e., the number of
unique periods of the tasks in the cause-effect chain E, is drawn according to the
distribution in [KZH15, Table VI].

(ii) A set SE of PE unique periods is uniformly drawn from the periods in T.

(iii) For each period in SE , we draw 2 to 5 tasks at random (without replacement)
according to the distribution in [KZH15, Table VII] from the tasks in T with the
respective period. The cause-effect chain E consists of these tasks in random order.

If there are no sufficient tasks with the required period in Step (iii), we discard the set
and randomly draw another task set until a cause-effect chain is successfully created.

Evaluation results. For each cause-effect chain, we apply (G21) and (Our) to
compute the end-to-end latency. For the runtime measurements, we use a machine
equipped with 2x AMD EPYC 7742 running Linux, i.e., in total 256 threads with
2.25GHz and 256GB RAM. Each measurement runs on one independent thread.

8The sum of probabilities in [KZH15] is only 85%. The remaining 15% are reserved for angle-synchronous
tasks that we do not consider here. Therefore, all share values are divided by 0.85.
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Figure 6.12.: The time ratio for different number of involved activation patterns. Red
line depicts median, blue box 50% of the data, and the whiskers all data
except the highest and the lowest 1%.

involved patterns 1 2 3

number values 8 109 1 436 455

min speed-up 0.37 0.46 0.49
median speed-up 0.88 1.29 2.16
mean speed-up 0.92 5.43 8.82
max speed-up 2.03 180.93 234.92

Table 6.4.: Speed-up for different number of activation patterns.

Observation 1: For all 10 000 cause-effect chains all latency values obtained by (Our)
coincide with the corresponding values obtained by (G21).

Observation 2: Our results can reduce the required time for computing the end-
to-end latencies significantly. Specifically, Figure 6.12 depicts the time ratio, defined
by time our

time g21 , where time our and time g21 is the time needed by (Our) and (G21),
respectively, to derive the end-to-end latency (considering the minimal runtime over
10 000 runs for each of the 10 000 cause effect chains). On the x-axis the number of
different activation patterns, i.e., the number of different periods in the cause-effect chain,
is shown. Additionally, Table 6.4 shows the speed-up, defined as time g21

time our .

We observe that (Our) reduces the required time significantly in most cases compared
to (G21) if there are tasks with different periods in the cause-effect chain. Specifically,
when there is more than one activation pattern, then (Our) reduces the number of
constructed chains by choosing p such that E(p) has the largest period, and a much
larger speed-up is observed such cases. However, we note that if the first task has already
the highest period, like for the case with only one activation pattern, then determining
the task with the highest period leads to an overhead which has negative impact on the
runtime. Due to this overhead, (Our) does not always outperform (G21).

This observation is supported by Figure 6.13, which shows the absolute time for the
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Figure 6.13.: Absolute time for computation of end-to-end latency in log scale. Results
for (G21) are on the x-axis, and results for (Our) are on the y-axis.

computation of the end-to-end latency for (G21), on the x-axis, and for (Our), on the
y-axis. As depicted, when (G21) performs already well, then (Our) might perform
slightly worse due to the overhead for choosing p. However, if the runtime of (G21) is
long, (Our) can reduce the runtime significantly. In all evaluated cases, the runtime
of (Our) to obtain the end-to-end latency is bounded by 3 · 10−4 s, while for (G21) a
runtime of up to 2 · 10−2 s can be observed.

6.2.4 Distributed Setups

Whereas Sections 6.2.1–6.2.3 focus on local cause-effect chains, i.e., cause-effect chains
only involving tasks scheduled on one ECU, in this section we consider interconnected
cause-effect chains, i.e., cause-effect chains distributed among several ECUs. Whereas
tasks on a single ECU are scheduled using one synchronized clock, the clocks among
different ECUs are usually not synchronized. Such systems are of high practical relevance.
For instance, according to the Flexray standard [Fle05], the data communication cycle
is divided into static segments (i.e., synchronous time-triggered communication) and
dynamic segments (i.e., asynchronous event-driven communication).

There are mechanisms to achieve synchronization of several ECUs. That is, to enable
a coherent collaboration among multiple distributed devices, clock synchronization
techniques [KS22] enable one global system clock for all devices; a so-called globally
synchronized system. Globally synchronized systems are usually easier to be optimized
and analyzed, but the synchronization mechanism imposes strong dependencies (e.g., on
the master node for clock synchronization), which makes the distributed system fragile
against fault tolerance [Ben+02]. Therefore, accepting globally asynchronous clocks with
offset and jitter enables distributed embedded systems that are robust against imperfect
synchronization of the architecture. We call such systems Globally Asynchronized Locally
Synchronized (GALS) systems.

GALS systems provoke new challenges for the analysis. That is, we have to account
for asynchronous clocks for different tasks in the cause-effect chains. Moreover, multiple
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single ECUs are connected by an inter-communication infrastructure, e.g., Controller
Area Network (CAN) [Bos91] or FlexRay [Fle05], which has to be accounted for. This
can be done by applying the compositional property of cause-effect chains, proven in
Theorem 6.3. In the following, we discuss how to achieve the analysis for interconnected
cause-effect chains. Afterwards, we evaluate our findings. The results of this section
appeared in RTAS 2021 [Gün+21a] and its journal extension [Gün+23a].

6.2.4.1 Our Approach Using Cutting Theorem

Considering an interconnected cause-effect chain E = (τ1 → · · · → τn), the compositional
property, formalized as Cutting Theorem in Theorem 6.3, can be utilized to bound the
end-to-end latency as follows:

Lat(E) ≤ Lat(E1) + Lat(E2) (6.74)

where E1 = (τ1 → · · · → τk) and E2 = (τk+1 → · · · → τn) for some k ∈ {1, . . . , n}. The
intuition behind our approach is to cut the cause-effect chain whenever the ECU changes
to obtain a set of local cause-effect chains that can be analyzed using the results from
the previous sections. To achieve this, we assume that each task is assigned to a single
ECU, i.e., partitioned scheduling.

To account for the communication infrastructure between different ECUs, we model
the communication by an additional communication tasks τ c. Each communication task
has the purpose of transferring data from one specific ECU to another ECU. More
specifically, jobs released by communication tasks read data from a shared resource
of one ECU and write it to a shared resource of another ECU. We assume that the
communication tasks are executed on dedicated components and do not impair job
execution of the non-communication tasks. For notational convenience those dedicated
components are treated as communication ECUs. This abstraction is valid for common
inter-communication infrastructures like CAN [Bos91] or FlexRay [Fle05]. Our estimations
utilize only knowledge about the WCRT Rτc and maximum inter-arrival time Tmax

τc , i.e.,
maximum time between two recurrent job releases, of each communication task τ c.

In particular, we assume that each interconnected cause-effect chain E consists of local
cause-effect chains E1, . . . , Em and communication tasks τ c1 , . . . , τ

c
m−1. That is, each Ei

is executed on one ECU and τ ci transfers data from the ECU of Ei to the ECU of Ei+1.
Hence, the cause-effect chain including communication tasks is

E = (E1 → τ c1 → E2 → τ c2 → · · · → Em) (6.75)

where each Ei is a local cause-effect chain. Please note that we use cause-effect chains Ei

as entries of E to indicate that all tasks of Ei are added to the chain. The chain E is not
a sequence of cause-effect chains. We do this for the sake of readability.

By using the Cutting Theorem, we achieve the following.
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Theorem 6.37 (Analysis of interconnected cause-effect chain with communication tasks).
The end-to-end latency of E is upper bounded by:

Lat(E) ≤
m∑
i=1

Lat(Ei) +
m−1∑
i=1

Lat((τ ci )) (6.76)

Proof. This is achieved by cutting E into local parts using the compositional property
from Theorem 6.3.

For Lat(Ei), any bound on the end-to-end latency of the local cause-effect chain can be
applied. Several such bounds are provided in the previous sections. For Lat((τ ci )), since the
cause-effect chain consists of only one task, trivial upper bounds are Lat((τ ci )) ≤ Tτci +Rτci
if τ ci uses implicit communication, and Lat((τ ci )) ≤ Tτci +Dτci

if τ ci uses communication
under LET.
Similar theorems can be stated for the MRDA and MRRT.

Theorem 6.38. The MRDA and MRRT of E are upper bounded by:

MRRT(E) ≤ MRRT(E1) +

m∑
i=2

MRRT(Ei) +

m−1∑
i=1

MRRT((τ ci )) (6.77)

MRDA(E) ≤ MRDA(Em) +

m−1∑
i=1

MRDA(Ei) +

m−1∑
i=1

MRDA((τ ci )) (6.78)

Proof. This is achieved by applying the extensions of the Cutting Theorem, formulated
in Equations (6.13) and (6.14).

6.2.4.2 Evaluation

We evaluate our findings by comparing the bounds for the end-to-end latency (Lat) and for
the MRDA of synthetic interconnected cause-effect chains under implicit communication.
The following approaches are considered:

• Our approach: Using Theorem 6.37 or Theorem 6.38 together with the bounds
from Section 6.2.2 for the local cause-effect chains. We denote our method as
(0.0,0.3,0.7,1.0) where the BCET of each task is set to 0.0, 0.3, 0.7 or 1.0 of the
WCET, respectively.

• Dürr et al. [Dür+19] (D19): Using the bounds stated in Theorem 3.10.

• Davare et al. [Dav+07] (D07): Using the bound stated in Theorem 6.20. This
bound is utilized to normalize all other end-to-end bounds, since this method yields
the most pessimistic result.

The method by Schlatow et al. [Sch+18a] is omitted since it is dominated by Davare’s
method for non-harmonic task systems.
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We define the latency reduction LR(M) of an analysis method M with respect to an
evaluated bound B(·), e.g., MRT, by

LR(M) := (B(D07)−B(M))/B(D07). (6.79)

The following setup is considered in the evaluation, which is released on Github [TU
22b].

Task and Task Set Generation We generate 1 000 automotive task sets for each
cumulative task set utilization of U = 50%, 60%, 70%, 80%, and 90%, following the
procedure described in Section 6.2.2.5, either utilizing the automotive benchmark [KZH15]
or uniform task set generation [BB05].

Furthermore, in order to evaluate interconnected cause-effect chains, we assume a
T-FP communication fabric. Specifically, we draw the period of each message log-
uniformly at random from the range 10ms to 10 000ms and truncate the result to the
next smallest integer to model the communication frequency. Furthermore, we assume
that the transmission time of a message, i.e., execution time on the communication
fabric, is a constant. In our evaluations, we utilize the constant time from standard 2.0A
CAN-Bus with 1 Mbps bandwidth, where transmitting 8 bytes of data (along with its 66
bits overhead due to its header and tail) takes Ci = 130 · 10−3ms. Given the set of all
messages and with random priority assignment, the WCRT of each communication task
is calculated using Time-Demand Analysis (TDA) for non-preemptive tasks.

Cause-Effect Chain Generation First, we generate 30 to 60 cause-effect chains
from each task set as described in Section 6.2.2.5. Afterwards, we generate 10 000
interconnected cause-effect chains by selecting 5 cause-effect chains of different task sets
with the same utilization under a uniform distribution. For each selection, we create
20 communication tasks as described above. Among them, 4 are chosen randomly to
connect the 5 communication tasks.

Evaluation Results Figures 6.14 and 6.15 show the evaluation results under
automotive and uniform task generation, respectively. The plots show the latency
reduction (LR) from Equation (6.79). Our method outperforms the state of the art
significantly: Whereas our method shows a median LR of more than 30 percent in all
cases, (D19) has a median LR of around 5 percent or less.

6.2.5 Heterogeneous Setups

As stated by Hamann et al. [Ham+17], automotive systems are composed of cause-effect
chains that use heterogeneous communication mechanisms. While implicit communi-
cation and LET both ensure data consistency, tasks use LET communication if timing
determinism has to be further pursued, and tasks use implicit communication if reduced
end-to-end latency is the primary objective.
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(b) MRDA, LR.

Figure 6.14.: Inter-ECU experiments for the automotive benchmark. Our method
improves the state of the art for all setups.

However, the current state-of-the-art analyses (summarized in Section 3.3.2) only
permit cause-effect chains with homogeneous communication mechanisms with either
only implicit communication or only LET. That is, in case LET has to be applied for
some tasks to improve the temporal determinism, all other tasks in the cause-effect chain
must be converted to LET accordingly. As a task may be involved in multiple cause-effect
chains and LET communication typically increases end-to-end latency, this conversion
may have a domino effect with respect to timing, which is only due to the lack of proper
analysis. To conquer such unnecessary conversion, having the possibility of LET and
implicit communication in one cause-effect chain is practically relevant.

Similarly, the state of the art only allows all tasks of the cause-effect chain to have
the same abstraction of job releases. Therefore, if only a single task of the cause-effect
chain is not periodic, then only analyses for cause-effect chains of sporadic tasks are
available. Hence, this leads to over-approximation along the whole cause-effect chain
since the information about the release pattern cannot be exploited for the analysis.

In this work, we present the first formal analysis for end-to-end analysis of cause-effect
chains E = (τ1 → · · · → τn), scheduled by a T-FP scheduling algorithm A, that allows
heterogeneous types of recurrent tasks and different communication mechanisms, i.e.,
(i) a mixed setup of sporadic and periodic tasks that (ii) communicate by a mixed setup of
LET and implicit communication mechanism. More specifically, each task is abstracted
as periodic or sporadic, i.e.,

τ ∈ PerOff(Tτ , ϕτ ) or τ ∈ SporMinMax(Tmin
τ , Tmax

τ ), (6.80)

and each task in the system communicates using either implicit communication or LET.
We use

comm(τ) ∈ {LET , impl} (6.81)
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Figure 6.15.: Inter-ECU experiments for the uniform benchmark. Again, our method
improves the state of the art for all setups.

to denote the communication policy of task τ . We believe that the analysis of heteroge-
neous setups solves an open problem for industry driven systems.
For the analysis of heterogeneous chains, we apply Theorem 6.3 (Cutting) to divide

the cause-effect chain into homogeneous subchains. We derive three analytical bounds:

A1 A baseline approach in Theorem 6.39, achieved by cutting the chain at each task.

A2 An analysis achieved by cutting the chains into largest homogeneous subchains, as
summarized in Remark 6.40.

A3 An improved analysis which analyzes heterogeneous communication directly, using
the analysis principles from Section 6.2.1, and which applies the Cutting Theorem
only if the release policy changes. This approach is summarized in Remark 6.43.

Our analysis assumes a bounded response time RA
τ <∞ for tasks comm(τ) = impl , and

RA
τ ≤ Dτ if comm(τ) = LET . Furthermore, we assume that, if a deadline is set of a

task, that this task is arbitrary deadline, i.e., Dτ > Tτ and Dτ > Tmax
τ is allowed. While

this section assumes that all tasks are executed on a single ECU, i.e., E is local, using
the Cutting Theorem where the ECU changes, similar to Section 6.2.4, we can extend
our approaches to interconnected cause-effect chains as well. This section is organized as
follows:

• We explain how to use the Cutting Theorem for heterogeneous cause-effect chains
to derive analytical bounds in Section 6.2.5.1. Specifically, in this section we derive
analyses A1 and A2.

• In Section 6.2.5.2, we apply the analysis principles from Section 6.2.1 to tighten
the analyis further. Specifically, in this section we derive analysis A3.
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• We evaluate our approaches in Section 6.2.5.3, showing that for some systems the
two more sophisticated approaches A2 and A3 outperform the baseline significantly,
while for other systems the baseline A1 is already satisfactory.

The results of this section appeared in RTNS 2023 [Gün+23d].

6.2.5.1 Application of Cutting Theorem

In this section, we utilize Theorem 6.3 (Cutting) to derive analyses for heterogeneous
setups. The Cutting Theorem was formulated for general communication means and
release constraint, including heterogeneous systems. Given the cause-effect chain E =
(τ1 → · · · → τn), the Cutting Theorem can be formulated as

Lat(E) ≤ Lat(E1) + Lat(E2) (6.82)

where E1 = (τ1 → · · · → τk) and E2 = (τk+1 → · · · → τn) for some k ∈ {1, . . . , n}. The
strategy of this section is to apply the Cutting theorem several times until the problem
is reduced to bounding the end-to-end latency of homogeneous cause-effect chains Ei.
For each homogeneous cause-effect chain, results from the literature can be applied to
obtain an upper bound for Lat(E).
The easiest way to achieve homogeneous cause-effect chains is to cut the chain E

into chains of length 1. This leads to the following baseline for an upper bound on the
end-to-end latency.

Theorem 6.39 (Baseline). The end-to-end latency of cause-effect chain E is bounded by

Lat(E) ≤
n∑

i=1

Lat((τi)) (6.83)

where Lat((τi)) = Tmax
τi + RA

τi if comm(τi) = impl and Lat((τi)) = Tmax
τi + Dτi if

comm(τi) = LET. Please note that this baseline is applicable to periodic tasks as well
since periodic tasks can be considered as sporadic tasks with Tmin

τi = Tmax
τi = Tτi.

Proof. We apply Theorem 6.3 (Cutting) to cut the cause-effect chain E after every
task. This way, we obtain n subchains, each with a length of 1. For a cause-effect
chain with only one task τ , the end-to-end latency is upper bounded by Tmax

τ +RA
τ if

comm(τ) = impl and by Tmax
τ +Dτ if comm(τ) = LET .

While the provided baseline is simple to compute, in many cases this is only a pessimistic
upper bound. However, instead of cutting E into chains of length 1, we can use the
Cutting Theorem to cut E into larger homogeneous subchains. Specifically, we first
determine the longest subsequences of E such that all tasks in the subsequence have the
same communication policy (either LET or implicit communication) and the same release
constraint (either periodic or sporadic). We denote these subsequences by E1, . . . , EK for
some K ∈ N and write E = (E1 → · · · → EK). By applying the Cutting Theorem, we
obtain an upper bound on the end-to-end latency by analyzing the end-to-end latency
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of Ei for all i ∈ {1, . . . ,K}, and summing up the results. To compute upper bounds
for the homogeneous subchains Ei, with i ∈ {1, . . . ,K}, we can apply any analysis for
homogeneous cause-effect chains.

Remark 6.40 (Homogeneous Cutting Analysis). To conclude, the analysis of the het-
erogeneous case is achieved by cutting the cause-effect chain into the largest homogeneous
subchains, i.e., all tasks of the subchain have the same communication policy and the
same release constraint, and utilizing any upper bounds for the homogeneous subchains
from the literature. We specifically consider the bounds provided in Section 6.2.1.1:

• Sporadic, LET: Theorem 6.19

• Sporadic, implicit communciation: Theorem 6.20 or 6.21

• Periodic, LET: Theorem 6.22

• Periodic, implicit communication: Theorem 6.23

6.2.5.2 Application of Analysis Principles to Heterogeneous Commu-
nication

Reducing the analysis to homogeneous systems has substantial drawbacks when two
subsequent tasks in one cause-effect chain adhere to different communication policies.
Specifically, the periodic release pattern between tasks that communicate differently
cannot be exploited. In this section, we take advantage of the release pattern by only
cutting when the release constraint changes, i.e., from sporadic to periodic or from
periodic to sporadic. For the resulting purely periodic and purely sporadic cause-effect
chains with heterogeneous communication mechanisms, we provide an analysis derived
from the principles presented in Section 6.2.1.1. We start by looking at chains comprised
of sporadic tasks.

Theorem 6.41 (Sporadic, heterogeneous communication). If all tasks of the local cause-
effect chain E are sporadic, then the end-to-end latency is bounded by

Lat(E) ≤
n∑

i=1

Tmax
τi + CXi (6.84)

where CXi is defined as follows:

• CXi = Dτi, if comm(τi) = LET,

• CXi = 0, if τi+1 exists, comm(τi) = impl = comm(τi+1) and τi has higher priority
than τi+1,

• and CXi = RA
τi, otherwise.
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comm(τi+1) = impl comm(τi+1) = LET

comm(τi) = impl
ξτi+1(r

ω
Ji
) if π(τi) > π(τi+1) ξτi+1(r

ω
Ji
+RA

τi)ξτi+1(r
ω
Ji
+RA

τi) otherwise

comm(τi) = LET ξτi+1(r
ω
Ji
+Dτi) ξτi+1(r

ω
Ji
+Dτi)

Table 6.5.: Upper bound on rωJi+1
for different cases of communication for τi and τi+1.

Proof. Let a⃗cωE(z) = (z, J1, . . . , Jn, z
′) be any immediate forward augmented job chain

with z > reω(τ1(W
ω
E,τ1

)). For the analysis, we decompose a⃗cωE(z) into head segment, body
segments and tail segment (cf. Section 6.2.1.1).

Table 6.5 gives an overview of the upper bounds on rωJi+1
, i = 1, 2, . . . , n− 1 provided

in Lemmas 6.15 and 6.17. Please note that only for the bound in Equation (6.36) of
Lemma 6.17 it is required that τi and τi+1 both communicate in the same manner. Using
the bound on ξτi+1 from Lemma 6.11, we obtain bounds for the body segments.

Summing up the different bounds for the head segment rωJ1 − z from Lemma 6.10, for
the tail segment z′ − rωJn from Lemma 6.16 and Lemma 6.18, and for the body segments
rωJi+1

− rωJi , i = 1, 2, . . . , n− 1, from the above discussion, proves Equation (6.84).

Algorithm 8 shows how periodic release patterns can be exploited when considering
heterogeneous communication.

Theorem 6.42 (Periodic, heterogeneous communication). If all tasks of E are periodic,
then an upper bound on the end-to-end latency is obtained by Algorithm 8.

Algorithm 8 Compute latency bound for periodic tasks under heterogeneous communi-
cation means.

1: lengths = [ ]
2: for m = 1, 2, 3, . . . do
3: z = ϕτ1 + (m− 1) · Tτ1
4: rωJ1 = ϕτ1 +m · Tτ1
5: if z > Φ(E) +H(E) then
6: break
7: for i = 1, 2, . . . , n− 1 do
8: Compute rωJi+1

with Equation (6.32) and Table 6.5.

9: if comm(τn) is LET then
10: z′ = rωJn +Dτn

11: else
12: z′ = rωJn +RA

τn

13: lengths.append(z′ − z)

14: return max(lengths)
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Proof. The proof is similar to the proof of Theorem 6.22. In each step m = 1, 2, 3, . . .
Algorithm 8 provides an upper bound on Am := supz∈(rω

τ1(m)
,rω

τ1(m+1)
] ℓ(a⃗c

ω
E(z)). In the

following, we consider an arbitrary immediate forward augmented job chain a⃗cωE(z) with
z ∈ (rωτ1(m), r

ω
τ1(m+1)] and z > reω(τ1(W

ω
E,τ1

)).

In line 3, z is lower bounded by rωτ1(m) = ϕτ1 + (m− 1)Tτ1 . In line 4, the release of J1

is upper bounded using Lemma 6.12, i.e., rωτ1(m) ≤ ϕτ1 +
⌈
z−ϕτ1
Tτ1

⌉
· Tτ1 = ϕτ1 +m · Tτ1 . In

lines 7–8, the body segments are bounded. In lines 9–12, the bounds for the tail segment
from Lemmas 6.16 and 6.18 are applied. Since the bound obtained by the algorithm
is only based on (i)–(iii) of Lemma 6.14, we know that the upper bound on Am with
rωτ1(m) > Φ(E) +H(E) is the same as the upper bound on A

m−H(E)
Tτ1

. Hence, breaking

the for-loop in lines 5–6 is safe.

Remark 6.43 (Improved Cutting Analysis). To conclude, an improved analysis of
the heterogeneous case is achieved by cutting the cause-effect chain E into the largest
subchains with the same release constraint, i.e., either all tasks of the subchain are periodic
or all tasks of the subchain are sporadic, and utilizing the upper bounds provided by the
following Theorems:

• Sporadic: Theorem 6.41

• Periodic: Theorem 6.42

6.2.5.3 Evaluation

Since this is first work to handle cause-effect chains with heterogeneous communication
policies and heterogeneous release policies, we compare the performance of our three
analyses:

• Baseline (Bas): The baseline in Theorem 6.39.

• Homogeneous Cutting Analysis (Hom): The upper bound achieved by cutting
the chain into the largest homogeneous subchains, as described in Remark 6.40.

• Improved Cutting Analysis (Imp): The upper bound achieved by cutting only
when the release constraint changes, as described in Remark 6.43.

We evaluate the latency reduction compared to (Bas), which is

B(Bas)−B(Hom)

B(Bas)
and

B(Bas)−B(Imp)

B(Bas)
(6.85)

where B(X) is the bound obtained by applying X, for 5 000 randomized task sets based
on the Real World Automotive Benchmarks by Kramer et al. [KZH15]. The source code
of the evaluation is released on Github [TU 23].
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Task Set Generation We randomly generate 5 000 task sets, 1 000 sets for each
utilization in {50%, 60%, 70%, 80%, 90%}, based on the parameters in Table III, IV, and
V in [KZH15]. For each of the 5 000 individual task sets, we first generate a set of periodic
tasks with implicit communication. Afterwards, depending on the setting, a share of
these tasks is randomly chosen to be sporadic instead of periodic, and a share of these
tasks is randomly chosen to use LET instead of implicit communication. In particular,
each periodic task τ is generated as follows: (i) The task period Tτ is drawn at random
according to the share in [KZH15]9 from the set {1, 2, 5, 10, 20, 50, 100, 200, 1 000}. (ii)
The ACET for τ is generated according to a Weibull distribution. (iii) The WCET Cτ

results from multiplying ACET with a random factor drawn from the interval [fmin, fmax].
The phase ϕτ of τ is drawn uniformly at random in [0, Tτ ].

For each task set, we generate an initial set of 30 000 tasks and then select tasks
from this initial set based on the subset-sum approximation algorithm until the task
set utilization is within one percentage point of the targeted utilization. The generated
task sets contain 50 tasks on average. The task priorities are ordered according to
RM scheduling, i.e., a task with lower period has higher priority. Note that, assuming
implicit deadlines, all task sets with utilization less than or equal to 90% are by default
schedulable under RM scheduling as shown by von der Brüggen et al. [Brü+17]. Therefore,
the assumption RA

τ <∞ holds by default as well.

Each of these task sets is evaluated for all 9 combinations of (i) percentage of sporadic
tasks in {20%, 50%, 80%}, and (ii) percentage of LET tasks in {20%, 50%, 80%}. That
is, for instance, first 20% of all tasks in the set are randomly drawn to be analyzed as
sporadic (setting Tmin = Tmax = Tτ ) and then 80% of all tasks in the set are randomly
drawn to communicate using LET.

Cause-Effect Chain Generation We generate cause-effect chains based on
Section IV-E in [KZH15]. In particular, each cause-effect chain comprised of 2 to 15 tasks
for a task set T is generated as follows: (i) At first, the number of involved activation
patterns P in the cause-effect chain, i.e., the number of unique periods, is drawn randomly
from {1, 2, 3} (see [KZH15, Table VI]). (ii) P different periods are drawn at random from
the set {1, 2, 5, 10, 20, 50, 100, 200, 1 000}. (iii) For each period, we draw 2 to 5 tasks at
random without replacement from T according to the distribution given by Table VII
in [KZH15]. If there are not enough tasks with the required period in T the cause-effect
chain is discarded. For each T, we generate 30 to 60 cause-effect chains.

Evaluation Results Figure 6.16 and Figure 6.17 show the evaluation results. The
red line depicts median, blue box depicts 50% of the data and the whiskers depict all data.
We observe that both (Hom) and (Imp) improve (Bas) by up to 70%, and that (Imp)
improves (Hom) further. All these improvements come from a reduced number of cuttings,
which would introduce additional pessimism into the analysis. This pessimism is the
highest if the underlying tasks are periodic, i.e., the release pattern cannot be exploited

9Please note that the sum of the probabilities in their work is only 85% because the remaining share is
for angle-synchronous tasks. Therefore, all values from their table are divided by 0.85.
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Figure 6.16.: Latency reduction of the homogeneous cutting analysis (Hom) over the
baseline (Bas) for different ratio of sporadic and periodic tasks per task set,
and different ratio of implicit communication and LET tasks per task set.
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Figure 6.17.: Latency reduction of the improved cutting analysis (Imp) over the baseline
(Bas) for different ratio of sporadic and periodic tasks per task set, and
different ratio of implicit communication and LET tasks per task set.

if the chain is cut. For the cases with 50% tasks with implicit communication and 50%
tasks with LET in the task set, we observe a drop in the latency reduction of (Hom) but
not for (Imp). That is because the number of cuttings of (Hom) is highest in this case,
but for (Imp) there is no additional cutting between different communication means.
This suggests that, if the number of necessary cutting is minimized by a smart choice
of communication policy and release constraints of the tasks, the analytical end-to-end
latency can be further optimized.

6.3 Analysis of Probabilistic End-to-End La-

tency

In the preceding section, we discuss approaches to bound the end-to-end latencies,
considering the worst-case system behavior. However, in many cases worst-case guarantees
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6. End-to-End Latency of Cause-Effect Chains

may be pessimistic or even unachievable. For example, if data propagation is performed
via communication over a network, data propagation is not certain and the worst-case
end-to-end latency has to assume the (potentially unlikely) case that data propagation
fails. For such cases, probabilistic guarantees on the reaction time are more practical.
In the literature, several probabilistic analyses have been derived for end-to-end

latencies in the context of queuing networks, i.e., packages that travel through several
nodes. Andrews [And00] analyzes the probability that a packet violates its delay bound
when each server schedules packets with EDF. In the same context, Fidler [Fid06]
establishes probabilistic network calculus with moment generating functions to derive
performance bounds. Similarly, Scharbarg et al. [SRF09] focus on delay over links and
switches using stochastic network calculus. However, the probability of failures is not
considered in the communication and the analyzed probability is about the bursts of
packet arrivals.
With a closer context to this chapter, Lee et al. [Lee+22] analyze the end-to-end

latency of cause-effect chains for periodic task systems under fully partitioned EDF
scheduling, assuming that the periods of cause-effect chain are sorted in non-decreasing
order. However, a survey on industrial practice in real-time systems that was provided by
Akesson et al. [Ake+20] in 2020 shows that sporadic activation with minimum inter-arrival
time for tasks is a common industry practice. Specifically, sporadic tasks were part of 47%
of the investigated systems. Hence, it is highly relevant to consider the end-to-end latency
of cause-effect chains for the sporadic task systems (cf. [Dür+19; Gün+21a; Gün+23a])
and to further take into account the randomness, i.e., response-time randomness and
failure probabilities, for embedded systems subject to uncertainty (cf. [Hob+22; Lei+11]).
In this section, we discuss probabilistic end-to-end latencies and provide analytical

guarantees that the reaction time does not exceed a certain threshold with (at least) a
certain probability. To that end, we consider two types of randomness: Response-time
randomness and failure probabilities. To the best of our knowledge, this is the first work
that defines and analyzes probabilistic reaction time for cause-effect chains based on
sporadic tasks. We do not restrict to any specific scheduling algorithm A, except that
jobs of the same task are executed in First In – First Out (FIFO) ordering. For the sake
of readability, we assume that a task has a fixed arrival pattern (rJ)J∈J and that this
pattern can further be abstracted using minimum and maximum inter-arrival time, i.e.,

τ ∈ FixRel((rτ(j))j∈N) ∩ SporMinMax(Tmin
τ , Tmax

τ ). (6.86)

If several arrival patterns are possible, abstracted with the same minimum and maximum
inter-arrival time, the minimal guarantee among all possible arrival patterns has to be
considered. This section is organized as follows:

• In Section 6.3.1, we define probabilistic end-to-end latency metrics and discuss
potential pitfalls for the definition.

• In Section 6.3.2, we introduce the probabilistic model that this section is focused
on. Specifically, we present the model of response-time randomness and failure
probabilities, and discuss assumptions on probabilistic independence.
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• Our analytical results are presented in Section 6.3.3 for communication under LET,
and in Section 6.3.4 for implicit communication.

• Efficient computation of our analytical bounds is discussed in Section 6.3.5.

• We evaluate our analysis in Section 6.3.6.

The results of this section appeared in EMSOFT 2023 [Gün+23c].

6.3.1 Definition and Potential Pitfalls

In this section, we define probabilistic end-to-end latencies and discuss potential pitfalls
for the definition. To that end, we assume that the set of system evolutions Ω forms a
probability space

(Ω,F,P). (6.87)

More specifically, the event space is given by a σ-algebra F ⊆ P(Ω), and the probability
measure P : F → [0, 1] is a real-valued function characterizing the probability of events. If
Ω is countable or finite, usually F = P(Ω) is considered. However, if Ω is uncountable, for
reasons going beyond the scope of this dissertation, F = P(Ω) cannot always be chosen
(cf. [Bor99, Chapter 2.1]). We assume that F is chosen such that the probability P(A ≤
x) := P({ω ∈ Ω |A(ω) ≤ x}) is well-defined for all random variables A : Ω → R ∪ {∞}
defined in this dissertation.

In the following, we extend the definition of end-to-end latency to the probabilistic case.
Although the equivalence of MDA and MRT holds for the deterministic case, as proven
in Section 6.1.2, we introduce probabilistic reaction time and probabilistic data age
individually, and discuss the extension of the equivalence to the probabilistic definitions
of data age and reaction time afterwards. We start be introducing probabilistic reaction
time, pointing to potential pitfalls during its definition.

According to Definition 3.7, the MRT is defined as MRT(E) = supω∈ΩMRT(E,ω)
with MRT(E,ω) = supz>reω(τ1(Wω

E,τ1
)) ℓ(a⃗c

ω
E(z)). Intuitively, we would like to consider

MRT(E, •) : Ω → R as a random variable. However, this random variable usually does
not reveal any probabilistic information, as discussed below.

Pitfall 6.44 (MRT(E, •) as random variable). The random variable MRT(E, •) : Ω → R
does not reveal any probabilistic information about the system in many cases, in the
sense that MRT(E, •) = MRT(E) almost surely. To demonstrate this, we consider a task
set T of periodic, synchronous, constrained-deadline tasks for which a hyperperiod H(T)
exists. We assume that the execution demand cωJ of all jobs are discrete, independent and
identically distributed (iid) random variables.

Assume there exist ω̃ ∈ Ω and m ≥ W ω̃
E,τ1

such that MRT(E) = ℓ(pcω̃E,1)(m).10 By

choosing k ∈ N large enough, (ℓ(pc•E,1(m+ n · k · H(T)
Tτ1

)))n∈N0 are iid random variables.

10This is a common scenario when considering the description of MRT using partitioned job chains from
Section 6.1.2.1.
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As a direct consequence of the Borel-Cantelli Lemma (cf. [Kle20, Corollary 2.39]), we

obtain that P
(
lim supn→∞ ℓ(pc•E,1(m+ n · k ·H(T))) = MRT(E)

)
= 1. Hence, we also

know that P
(
supm≥W ω̃

E,τ1

ℓ(pc•E,1(m)) = MRT(E)
)
= 1, and consequently

P (MRT(E, •) = MRT(E)) = 1 (6.88)

holds. That is, MRT(E, •) is a random variable which results in the deterministic
MRT(E) ∈ R almost surely.

Instead of examining the random variable MRT(E, •), we consider the reaction time
at a fixed time point z, i.e.,

RT(E,ω, z) := ℓ(a⃗cωE(z)), (6.89)

Intuitively, the reaction time at z is the time until an external activity at time z is fully
processed. The reaction time can be considered as random variable RT(E, •, z). The
question we answer in this section is:

Given an arbitrary z, then what is the probability that the reaction time
RT(E, •, z) does not exceed a predefined value x ∈ R?

In particular, we define PRTG(E, x) = infz P(RT(E, •, z) ≤ x) as the probabilistic
reaction time guarantee. Given this value, it is guaranteed that P(RT(E, •, z) ≤ x) is at
least PRTG(E, x) ∈ [0, 1] for all z ∈ R. The second pitfall is the restriction of z in the
infimum of the definition of PRTG(E, x).

Pitfall 6.45 (Restricting z using warm-up). When considering the probabilistic reaction
time guarantee PRTG(E, x) = infz P(RT(E, •, z) ≤ x), z must be restricted from below.
Otherwise, RT(E, •, z) → ∞ for z → −∞, and PRTG(E, x) = 0. The intuitive approach
is to only consider z after the warm-up, i.e., z > reω(τ1(W

ω
E,τ1

)), following Definition 3.7.
However, the problem is that reω(τ1(W

ω
E,τ1

)) depends on the system evolution. Hence, we
cannot define PRTG(E, x) = infz>reω(τ1(Wω

E,τ1
)) P(RT(E, •, z) ≤ x) because the bound on

z depends on the probability space Ω. We can avoid this pitfall by bounding z using a
deterministic value instead. In this work, we bound z by the maximum first release, i.e.,
z ≥ Φ(E) := max

{
rτ(1)

∣∣ τ ∈ E
}
.

This leads us to the following definition of the probabilistic reaction time guarantee.

Definition 6.46 (Probabilistic reaction time guarantee). The probabilistic reaction time
guarantee of cause-effect chain E is defined by

PRTG(E, •) : R −→ [0, 1] (6.90)

x 7−→ inf
z≥Φ(E)

P(RT(E, •, z) ≤ x) (6.91)

with Φ(E) := max
{
rτ(1)

∣∣ τ ∈ E
}
.
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In the following, we introduce the probabilistic data age guarantee and discuss the
equivalence between probabilistic data age and probabilistic reaction time. Similar to
the reaction time, for a fixed z′, we consider the data age random variable DA(E, •, z′),
defined by:

DA(E, •, z′) :=
{
ℓ( ⃗ac•E(z

′)) , if ⃗ac•E(z
′) exists

∞ , else
(6.92)

Intuitively, DA(E, •, z′) is the age of the data that is used in an actuation at time z′. We
note that we set the data age to ∞ if no ⃗ac•E(z

′) exist, since in that case no data has
been produced that could be utilized for an actuation at time z′.

If the reaction time at time point z is upper bounded by x ∈ R, i.e., RT(E,ω, z) ≤ x,
then data that is used in an actuation at time z + x cannot be older than z + x− z = x
time units, i.e., DA(E,ω, z + x) ≤ x. Furthermore, if DA(E,ω, z + x) ≤ x, then an
external activity at time z cannot take longer than x time units to be fully processed,
i.e., RT(E,ω, z) ≤ x. Therefore, the probability of RT(E, •, z) being at most x and the
probability of DA(E, •, z + x) being at most x are equal. We obtain

P(RT(E, •, z) ≤ x) = P(DA(E, •, z + x) ≤ x) (6.93)

for any x ∈ R. Hence, RT(E, •, z) and DA(E, •, z + x) are identically distributed (but
not independent). We define the probabilistic data age guarantee as follows.

Definition 6.47 (Probabilistic data age guarantee). The probabilistic data age guarantee
of cause-effect chain E is defined by:

PDAG(E, •) : R −→ [0, 1] (6.94)

x 7−→ inf
z≥Φ(E)+x

P(DA(E, •, z) ≤ x) (6.95)

This definition of the probabilistic data age guarantee preserves the equivalence of data
age and reaction time for probabilistic guarantees, as shown in the following theorem.

Theorem 6.48 (Equivalence of Probabilistic Guarantees). Let E be a cause-effect chain
and ω a probability space of system evolutions. The probabilistic guarantees probabilistic
reaction time guarantee and the probabilistic data age guarantee coincide, i.e.,

PRTG(E, x) = PDAG(E, x) (6.96)

for all x ∈ R.
Proof. As a result of Lemma 6.2, the immediate forward augmented job chain a⃗cωE(z)
has a length of ℓ(a⃗cωE(z)) ≤ x if and only if ⃗acωE(z + x) exists and has a length of
ℓ( ⃗acωE(z + x)) ≤ x. Therefore, RT(E,ω, z) ≤ x if and only if DA(E,ω, z) ≤ x. We derive:

PDAG(E, x) = inf
z≥Φ(E)+x

P(DA(E, •, z) ≤ x) (6.97)

= inf
z≥Φ(E)

P(DA(E, •, z + x) ≤ x) (6.98)

= inf
z≥Φ(E)

P(RT(E, •, z) ≤ x) (6.99)

Hence, PDAG(E, x) = PRTG(E, x).
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Figure 6.18.: Data propagation path and MRT for cause-effect chain E = (τ1 → τ2 → τ3).
If the second job of τ2 fails, higher reaction time can be observed.

For the remainder of Section 6.3, we focus on the probabilistic reaction time and the
probabilistic reaction time guarantee. However, the results can be applied to probabilistic
data age using the equivalence discussed in this section.

6.3.2 Probabilistic Model

In this section, we introduce the probabilistic model that we focus on for the remainder of
Section 6.3. Specifically, this examination considers two types of randomness: randomness
in the response time, and failure probabilities. We introduce both types and describe how
they are integrated in our model. Afterwards, we discuss assumptions on the probabilistic
independence.

6.3.2.1 Response-Time Randomness

Considering the WCRT of every job may be very pessimistic. Especially, a very large
but unlikely response time might lead to very high MRT, although the observed reaction
time is much lower. For example, when considering Figure 6.18, if the second job of
task τ2 would finish with high probability before 20, then the data could be processed
by the fifth job of τ3 and the reaction time would be 21− 1 = 20 time units with high
probability.

Naturally, the response time R
A(ω),ω
τ(j) of a job τ(j) is a random variable:

R
A(•),•
τ(j) : Ω → R (6.100)

The problem with utilizing the response time directly in the analysis is twofold:

• Usually, the response times of different jobs of the same task are not identically
distributed. Due to the release pattern, the system may be more or less utilized,
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resulting in generally longer or shorter response times of jobs. Taking care of the
actual response time of jobs is very involving.

• The response times of different jobs may not be independent. This complicates the
analysis even further because dependencies have to be properly handled.

To avoid these complications for the analysis, we use over-approximation. The concept
of over-approximating dependent random variables, is usually used in the context of
execution-time [Boz+23; Cuc13; DC19]. Specifically, over-approximation “enables prob-
abilistic independence to be assumed” [DC19] for execution times which are naturally
dependent on common input parameters, cache states, and pipeline states. We omit
further discussion and point the reader to the survey by Davis and Cucu-Grosjean [DC19]
or to the work by Bozhko et al. [Boz+23] for details.

We assume that the response times R
A(•),•
τ(j) are upper bounded by

R
A(•),•
τ(j) : Ω −→ R (6.101)

for all j ∈ N, and that (R
A(•),•
τ(j) )j∈N are iid random variables. We note, that such over-

approximation may reduce the gain provided by a probabilistic analysis compared to
an analysis based on actual response times. Nevertheless, the probabilistic analysis is
never worse than the analysis based on WCRT, since the WCRT is a trivial iid upper

bound that can be considered as R
A(•),•
τ(j) . The following example demonstrates how these

response-time upper bounds can be achieved when scheduling jobs via a Time Division
Multiple Access (TDMA) mechanism.

Example 6.49 (Iid response-time bounds with TDMA). We assume that the execution
demand of task τ is abstracted as Probabilistic Worst-Case Execution Time (pWCET),
specifically, τ ∈ pWCETiid(Dτ ) with upper bounds cωτ(j) ≥ cωτ(j) for all j ∈ N (cf. Sec-

tion 2.4.1). During each TDMA cycle period of length T c, each task is assigned a slot of
length Qτ where jobs of τ can be executed. The slot occurs at a fixed position during each
cycle period and is reserved only for the particular task. If a job of task τ executes for

C ∈ R time units, then it takes at most
⌈

C
Qτ

⌉
cycle periods until the job is finished, and

the response time of that job is upper bounded by
⌈

C
Qτ

⌉
· (T c −Qτ ) + C. Therefore, since

the execution time of job τ(j) is upper bounded by cωτ(j), then

R
A(ω),ω
τ(j) :=

⌈
cωτ(j)

Qτ

⌉
· (T c −Qτ ) + cωτ(j) (6.102)

is an upper bound on the response time of job τ(j). Since the random variables (c•τ(j))j∈N

are iid, (R
A(•),•
τ(j) )j∈N are iid as well.

While usually end-to-end analyses are based on the execution time of jobs, we exploit
the probabilistic behavior of response times. The reason is that the analysis procedure
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actually uses response times instead of execution times, and the scheduling algorithm A
that schedules the execution times to obtain response times is irrelevant for the analysis.
In the previous example, we have demonstrated how to convert iid execution times
to iid response-time upper bounds for TDMA scheduling. Computation of tight iid
response-time upper bounds for more complex scheduling algorithms is an open problem
to be considered in future work.

6.3.2.2 Failure Probabilities

Especially for network communication, a job may fail to read, process, or transmit
the data. In such cases, the reaction time includes the waiting time until a job reads,
processes, and transmits the data successfully. In the following, we account for such
failures by extending the system evolution. Further, we describe the probabilistic model
for failed jobs that we focus on in the subsequent sections. Please note that we consider
only the failure of the data propagation, and that such failures do not lead to a failure of
the whole system.

Each system evolution ω results in a set of failed jobs Fω ∈ P(J). To account for the
set of failed jobs, we extend the set Ω of system evolutions. More specifically, we define

Ω = {ω = ((rωJ )J∈J, (c
ω
J )J∈J,Fω)} (6.103)

to be the set of system evolutions. Furthermore, we extend the definition of immediate
forward augmented job chains by tracking the corresponding non-failed job.

Definition 6.50 (Immediate forward augmented job chain with job failures.). Consider
z ∈ R and a system evolution ω = ((rωJ )J∈J, (c

ω
J )J∈J,Fω). The immediate forward

augmented job chain for E = (τ1 → · · · → τn) in ω at z is defined by

a⃗cωE(z) = (z, (J1, J
′
1), . . . , (Jn, J

′
n), z

′) (6.104)

where the following conditions hold:

• J1 is the job of τ1 with the earliest read-event reω(J1) ≥ z, and J ′
1 is the earliest

job of τ1 without failure such that J ′
1 ≽ J1, using the notation from Definition 6.1.

• Ji is the job of τi with the earliest read-event reω(Ji) ≥ weω(J ′
i−1), and J

′
i is the

earliest job of τi without failure such that J ′
i ≽ Ji, for all i = 2, . . . , n.

• z′ = weω(J ′
n)

This definition is similar to the definition of immediate forward augmented job chains
in Definition 3.4, except that we track the jobs J ′

i that successfully read, process, and
transmit the data as well. We note that contrarily to the case without failures, immediate
forward augmented job chains with job failures may not exist if all jobs fail after a certain
time point. Hence, for preciseness, we need to slightly adjust the definition of reaction
time:

RT(E,ω, z) =

{
ℓ(a⃗cωE(z)) , if a⃗cωE(z) exists

∞ , else
(6.105)
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Figure 6.18 demonstrates that the reaction time is increased if the second job of τ2 fails
to propagate data.

We note that immediate backward augmented job chains can be adjusted to account
for job failures similarly, i.e., by including the preceding job J ′

i that has no job failure:

⃗acωE(z
′) = (z, (J ′

1, J1), . . . , (J
′
n, Jn), z

′) (6.106)

The data age DA(E,ω, z) from Equation (6.92) already accounts for the case that ⃗acωE(z
′)

does not exist, and therefore does not need to be adjusted. Moreover, we note that the
equivalence of probabilistic guarantees, shown in Equation (6.96), extends to the case
with job failures.

Theorem 6.51 (Equivalence of Probabilistic Guarantees with job failures). Let E be a
cause-effect chain and Ω a probability space of system evolutions with job failures. The
probabilistic guarantees probabilistic reaction time guarantee and the probabilistic data
age guarantee coincide, i.e.,

PRTG(E, x) = PDAG(E, x) (6.107)

for all x ∈ R.

Proof. First, we observe that the immediate forward augmented job chain a⃗cωE(z) =
(z, (J1, J

′
1), . . . , (Jn, J

′
n), z

′) with job failures exists, if and only if (z, J ′
1, . . . , J

′
n, z

′) is an
immediate forward augmented job chain on the job set J \ Fω without failures. Similarly,
the immediate backward augmented job chain ⃗acωE(z) = (z, (J ′

1, J1), . . . , (J
′
n, Jn), z

′) with
job failures exists, if and only if (z, J ′

1, . . . , J
′
n, z

′) is an immediate backward augmented
job chain on the job set J \ Fω without failures. Therefore, the result of Lemma 6.2,
formulated in the proof of Theorem 6.48 still holds. Particularly, ℓ(a⃗cωE(z)) ≤ x if and
only if ℓ( ⃗acωE(z + x)) ≤ x, and RT(E,ω, z) ≤ x if and only if DA(E,ω, z) ≤ x. Similar to
the proof of Theorem 6.48, we derive:

PDAG(E, x) = inf
z≥Φ(E)+x

P(DA(E, •, z) ≤ x) (6.108)

= inf
z≥Φ(E)

P(DA(E, •, z + x) ≤ x) (6.109)

= inf
z≥Φ(E)

P(RT(E, •, z) ≤ x) (6.110)

Hence, PDAG(E, x) = PRTG(E, x).

In the context of job failures, probabilistic reaction time guarantees become particularly
interesting. That is, if each job can experience a failure with a certain probability > 0,
then MRT(E) = supω∈ΩMRT(E,ω) is unbounded since all jobs after a certain time point
may experience a failure. In that case, probabilistic guarantees are more practical since
they evaluate whether a high reaction time is common or only occurs in rare cases.
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For the probabilistic behavior of job failures, we assume that each task τi of the
cause-effect chain E = (τ1 → . . . τn) is equipped with a failure probability fτi ∈ [0, 1).
This means that each job τi(j) of τi fails to propagate data with a probability of fτi , i.e.,

P(τi(j) ∈ F•) = fτi . (6.111)

We assume that job failures occur independently, i.e., ({ω ∈ Ω | τi(j) ∈ Fω})j∈N are iid
events. Hence, the number of jobs of τi that it takes until the data propagation is
successful starting from τi(j), denoted as random variable S•

τi,j
: Ω → N, is geometrically

distributed with

P(S•
τi,j = k) = (fτi)

k−1 · (1− fτi) (6.112)

for all k ∈ N. Specifically, for k = 1, P(S•
τi,j

= 1) = (1− fτi) is the probability that τi(j)
is successful, and for k = 2, P(S•

τi,j
= 2) = fτi · (1− fτi) is the probability that τi(j) fails

data propagation and τi(j + 1) is successful.

6.3.2.3 Independence

We assume that all random variables are mutually independent. Independence is a
fundamental property for our analytical results, similar to the analysis of probabilistic
response-time analysis where most results consider independence (details can be found in
the survey by Davis and Cucu-Grosjean [DC19]). We deem this assumption necessary
for introducing the problem and providing an initial result future work can be built on.
Specifically, in this work, we make the following two independence assumptions:

(i) The failure probability is the same for each job τi(j) of a task τi and is independent
of the behavior of other jobs (of the same task τi and of tasks τi′ with i

′ ̸= i).

(ii) The distribution of the upper bound R
A(•),•
τi(j)

on the response time is the same for
each job τi(j) of a task τi and is independent of the behavior of other jobs (of the
same task τi and of tasks τi′ with i

′ ̸= i).

This includes the independence of data-propagation failures of jobs and response-time
distribution, i.e., larger or shorter response-time upper bound should not favor a data-
propagation failure and vice versa. Moreover, this implies that τi ≠ τi′ for all i ̸= i′, i.e.,
there are no duplicate tasks in the cause-effect chain, since otherwise the jobs τi(j) and
τi′(j) would be dependent for all j ∈ N. Please note that our approach is not limited to
cases with independent execution demand of jobs as long as independent response-time
upper bounds can be derived.

We plan on removing independence assumptions through correlation-tolerant analysis in
future work. Significant advancements in this regard have been made recently by [Mar+23]
building upon Cantelli’s inequality to achieve probabilistic response-time bounds using
possibly dependent execution demands. Similar strategies could potentially be pursued
for probabilistic end-to-end bounds using possibly dependent response-time bounds and
failure probabilities as input.
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6.3.3 Probabilistic Reaction Time Under Logical Execu-

tion Time

Under Logical Execution Time (LET), there is no impact of the response-time randomness
because the read- and write-events are independent of the execution behavior. Hence, for
that scenario the only source of randomness for the analysis is the failure probability. In
this section, we first provide an upper bound on RT(E,ω, z) under LET. Afterwards, we
utilize that upper bound to analyze the probabilistic reaction time and the probabilistic
reaction time guarantee.

For a fixed system evolution ω = ((rωJ )J∈J, (c
ω
J )J∈J,Fω), we recursively construct upper

bounds (to be specified in Equation (6.113)) for the immediate forward augmented job
chain a⃗cωE(z) = (z, (τ1(ξ1), τ1(ζ1)), . . . , (τn(ξn), τn(ζn)), z

′) as follows:

• w̄0 := z

• For i = 1, . . . , n:

– ξ̄i ∈ N such that τi(ξ̄i) is the first job released at or after w̄i−1

– ζ̄i = ξ̄i + Sω
τi,ξ̄i

− 1

– r̄i := Sω
τi,ξ̄i

· Tmax
τi + w̄i−1

– w̄i := r̄i +Dτi

where Sω
τi,ξ̄i

is the number of jobs of τi until the first successful job beginning at τi(ξ̄i)

according to Fω. We can bound the length of a⃗cωE(z) as follows:

Lemma 6.52. Let a⃗cωE(z) = (z, (τ1(ξ1), τ1(ζ1)), . . . , (τn(ξn), τn(ζn)), z
′) be an immediate

forward augmented job chain with z ≥ Φ(E). Then, for all i = 1, . . . , n:

ξi ≤ ξ̄i, ζi ≤ ζ̄i, rωτi(ζi) ≤ r̄i, and weω(τi(ζi)) ≤ w̄i. (6.113)

In particular,

ℓ(a⃗cωE(z)) ≤ w̄n − z =

n∑
i=1

Sω
τi,ξ̄i

· Tmax
τi +Dτi . (6.114)

Proof. We start by proving Equation (6.113) by induction over i.

Induction start (i = 1): The job τ1(ξ1) is the first job with read-event at or after
z. The job τ1(ξ̄1) is released at or after w̄0 = z. Therefore, its read-event is at or
after z, and ξ̄1 ≥ ξ1 holds. τ1(ζ1) is the first successful job at or after job τ1(ξ1). The
job τ1(ζ̄1) = τ1(ξ̄1 + Sω

τ1,ξ̄1
− 1) is a successful job at or after τ1(ξ̄1), and therefore

also at or after τ1(ξ1). This means that ζ̄1 ≥ ζ1. Since only z ≥ Φ(E) is considered,
the job τ1(ζ̄1) is released at most Sω

τ1,ξ̄1
· Tmax

τ1 time units after z = w̄0. Therefore,

rωτ1(ζ1) ≤ Sω
τ1,ξ̄1

· Tmax
τ1 + w̄0 = r̄1. We have proven that the job τ1(ζ1) is released

no later than at r̄1. Therefore, its write-event is no later than at r̄1 + Dτ1 . Hence,
weω(τ1(ζ1)) ≤ r̄1 +Dτ1 = w̄1. This concludes the induction start.
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Induction step (i − 1 7→ i): The job τi(ξi) is the first job with read-event at or
after weω(τi−1(ζi−1)). τi(ξ̄i) is released at or after w̄i−1, and therefore its read-event is
at or after w̄i−1 as well. Since w̄i−1 ≥ weω(τi−1(ζi−1)) by induction, we obtain ξ̄i ≥ ξi.
τi(ζi) is the first successful job at or after job τi(ξi). The job τi(ζ̄i) = τi(ξ̄i + Sω

τi,ξ̄i
− 1)

is a successful job at or after τi(ξ̄i), and therefore also at or after τi(ξi). This means
that ζ̄i ≥ ζi. The job τi(ζ̄i) is released at most Sω

τi,ξ̄i
· Tmax

τi time units after w̄i−1.

Therefore, rωτi(ζi) ≤ Sω
τi,ξ̄i

· Tmax
τi + w̄i−1 = r̄i. We have proven that the job τi(ζi) is

released no later than at r̄i. Therefore, its write-event is no later than at r̄i + Dτi .
Hence, weω(τi(ζi)) ≤ r̄i + Dτi = w̄i. This concludes the induction step and proves
Equation (6.113).

Now we prove Equation (6.114). We have

ℓ(a⃗cωE(z)) = z′ − z = weω(τn(ζn))− z ≤ w̄n − w̄0 =

n∑
i=1

w̄i − w̄i−1. (6.115)

Moreover, w̄i− w̄i−1 = Sω
τi,ξ̄i

·Tmax
τi +Dτi by definition. This proves Equation (6.114).

A bound on the reaction time follows directly.

Lemma 6.53. For a given ω ∈ Ω and z ≥ Φ(E), the reaction time is upper bounded by

RT(E,ω, z) ≤
n∑

i=1

Sω
τi,ξ̄i

· Tmax
τi +Dτi . (6.116)

Proof. If a⃗cωE(z) exists, then RT(E,ω, z) = ℓ(a⃗cωE(z)) ≤
∑n

i=1 S
ω
τi,ξ̄i

· Tmax
τi +Dτi follows

from the previous lemma. If a⃗cωE(z) does not exist, then this means that a⃗cωE(z) cannot
be fully constructed. In particular, there exists an i ∈ {1, . . . , n} such that Sω

τi,ξi
= ∞.

In that case, Sω
τi,ξ̄i

is also ∞, and RT(E,ω, z) ≤ ∞ =
∑n

i=1 S
ω
τi,ξ̄i

· Tmax
τi +Dτi holds.

The result in Lemma 6.53 also covers the deterministic case. Specifically, the analysis
is identical to the known deterministic results if the failure probability is 0.

Remark 6.54. If there are no failures, i.e., fτi = 0 for all i, then Sω
τi,ξ̄i

= 1 for all

ω ∈ Ω. Hence, the upper bound on the reaction time from Lemma 6.53 simplifies to

RT(E,ω, z) ≤
n∑

i=1

Tmax
τi +Dτi (6.117)

which is the state of the art for sporadic tasks under LET (cf. Theorem 3.11).

Up to this point, no independence was utilized because we only analyzed the random
variables on certain samples ω of Ω. However, we use independence in the following
theorem to investigate the probability distribution of random variables. More specifically,
we replace the random variable S•

τi,ξ̄i
from Lemma 6.53 by S•

τi,1
due to independence.

This step is necessary, because ξ̄i depends on ω, and therefore we do not know the
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probability distribution of S•
τi,ξ̄i

, we only know that S•
τi,j

is geometrically distributed for

any fixed value j ∈ N.
For the purpose of over-approximation, we define a dominance relation of random

variables X and Y as follows: If the probability distribution of the random variable X
is upper bounded by the probability distribution of Y (in the sense that P(X > x) ≤
P(Y > x) for all x ∈ R) we write X ⊴ Y .

Theorem 6.55. The probability distribution of the random variable RT(E, •, z) under
LET is upper bounded by the probability distribution of

∑n
i=1 S

•
τi,1

· Tmax
τi +Dτi . That is,

RT(E, •, z) ⊴
n∑

i=1

S•
τi,1 · Tmax

τi +Dτi (6.118)

in the sense that P(RT(E, •, z) > x) ≤ P(
∑n

i=1 S
•
τi,1

· Tmax
τi +Dτi > x) for all x ∈ R.

Proof. By Lemma 6.53, P(RT(E, •, z) > x) ≤ P
(∑n

i=1 S
•
τi,ξ̄i

Tmax
τi +Dτi > x

)
for all

x ∈ R. In the remainder of the proof we show that

P

(
n∑

i=1

S•
τi,ξ̄i

· Tmax
τi +Dτi > x

)
= P

(
n∑

i=1

S•
τi,1 · Tmax

τi +Dτi > x

)
(6.119)

for all x ∈ R. We know that S•
τi,j

and S•
τi,1

are identically distributed for any fixed
j. Therefore, also S•

τi,j
· Tmax

τj and S•
τi,1

· Tmax
τj are identically distributed for any fixed

j. However, in the left-hand side of Equation (6.119), we have ξ̄i which depends on
the system evolution. Therefore, we fix ξ̄i to a specific value using the law of total
probabilities [Bor99, Chapter 2.4]. That is,

P

(
n∑

i=1

S•
τi,ξ̄i

· Tmax
τi > x

)
=
∑
j∈N

P

(
n∑

i=1

S•
τi,ξ̄i

· Tmax
τi > x

∣∣∣∣∣ ξ̄n = j

)
· P(ξ̄n = j). (6.120)

If ξ̄n is fixed to j, then S•
τn,ξ̄n

is independent of S•
τi,ξ̄i

for all i < n. Hence, we can

replace S•
τn,ξ̄n

by the identically distributed (and also independent) random variable S•
τn,1.

Applying again the law of total probabilities afterwards yields

P

(
n∑

i=1

S•
τi,ξ̄i

· Tmax
τi > x

)
= P

(
n−1∑
i=1

S•
τi,ξ̄i

· Tmax
τi + S•

τn,1 · Tmax
τn > x

)
. (6.121)

Replacing S•
τk,ξ̄k

· Tmax
τk

by S•
τk,1

· Tmax
τk

for k = n− 1, . . . , 1 consecutively, following the

same procedure, results in P
(∑n

i=1 S
•
τi,ξ̄i

· Tmax
τi > x

)
= P

(∑n
i=1 S

•
τi,1

· Tmax
τi > x

)
. By

adding the constant value
∑n

i=1Dτi , we obtain Equation (6.119).

The upper bound on the probability distribution of RT(E, •, z) is used to bound the
expected value of the reaction time E(RT(E, •, z)) and the probabilistic reaction time
guarantee PRTG(x).
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Corollary 6.56. Since S•
τi,1

is geometrically distributed with failure probability fτi, the
expected value of the probabilistic reaction time under LET is upper bounded by

E(RT(E, •, z)) ≤
n∑

i=1

1

1− fτi
· Tmax

τi +Dτi . (6.122)

Proof. This follows from Theorem 6.55, the additivity of the expected value, and
E(S•

τi,1
) = 1

1−fτi
for the geometrically distributed random variable S•

τi,1
.

Corollary 6.57. The probabilistic reaction time guarantee under LET is bounded by

PRTG(x) ≥ P

(
n∑

i=1

S•
τi,1 · Tmax

τi +Dτi ≤ x

)
(6.123)

Proof. By Definition 6.46, PRTG(x) = infz≥Φ(E) P(RT(E, •, z) ≤ x). Moreover, we
know that infz≥Φ(E) P(RT(E, •, z) ≤ x) ≥ infz≥Φ(E) P(

∑n
i=1 S

•
τi,1

· Tmax
τi + Dτi ≤ x) by

Theorem 6.55. Since P(
∑n

i=1 S
•
τi,1

·Tmax
τi +Dτi ≤ x) is independent of z, the infimum can

be dropped.

We discuss in Section 6.3.5 how to compute the safe bound on PRTG efficiently.

6.3.4 Probabilistic Reaction Time Under Implicit Commu-
nication

Under implicit communication, both the response-time randomness and failure probability
play roles and the analysis should consider both of them. Still, the strategy for this
section is similar to the one of the previous section: First, we provide an upper bound
for RT(E,ω, z), and afterwards, we utilize that upper bound to analyze the probabilistic
reaction time and the probabilistic reaction time guarantee. However, now we consider
the implicit-communication semantic, i.e., the read-event is at the start of each job and
the write-event is at the finish of each job.

For a fixed system evolution ω = ((rωJ )J∈J, (c
ω
J )J∈J,Fω), we recursively construct upper

bounds (to be specified in Equation (6.124)) for the immediate forward augmented job
chain a⃗cωE(z) = (z, (τ1(ξ1), τ1(ζ1)), . . . , (τn(ξn), τn(ζn)), z

′) as follows:

• w̄0 := z

• For i = 1, . . . , n:

– ξ̄i ∈ N such that τi(ξ̄i) is the first job released at or after w̄i−1

– ζ̄i = ξ̄i + Sω
τi,ξ̄i

− 1

– r̄i := Sω
τi,ξ̄i

· Tmax
τi + w̄i−1

– w̄i := r̄i +R
A(ω),ω

τi(ζ̄i)
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where Sω
τi,ξ̄i

is the number of jobs of τi until the first successful job beginning at τi(ξ̄i)

according to Fω. We can bound the length of a⃗cωE(z) as follows:

Lemma 6.58. Let a⃗cωE(z) = (z, (τ1(ξ1), τ1(ζ1)), . . . , (τn(ξn), τn(ζn)), z
′) be an immediate

forward augmented job chain with z ≥ Φ(E). Then, for all i = 1, . . . , n:

ξi ≤ ξ̄i, ζi ≤ ζ̄i, rωτi(ζi) ≤ r̄i, and weω(τi(ζi)) ≤ w̄i (6.124)

In particular,

ℓ(a⃗cωE(z)) ≤ w̄n − z =
n∑

i=1

Sω
τi,ξ̄i

· Tmax
τi +R

A(ω),ω

τi(ζ̄i)
. (6.125)

Proof. The proof is analogous to the proof of Lemma 6.52 for LET, except that the
write-event of τi(ζi) is upper bounded by

weω(τi(ζi)) ≤ weω(τi(ζ̄i)) ≤ rωτi(ζ̄i) +R
A(ω),ω

τi(ζ̄i)
≤ r̄i +R

A(ω),ω

τi(ζ̄i)
, (6.126)

instead of r̄i +Dτi .

A bound on the reaction time follows directly.

Lemma 6.59. For a given ω ∈ Ω and z ≥ Φ(E), the reaction time is upper bounded by

RT(E,ω, z) ≤
n∑

i=1

Sω
τi,ξ̄i

· Tmax
τi +R

A(ω),ω

τi(ζ̄i)
. (6.127)

Proof. If a⃗cωE(z) exists, then the equation follows from the previous lemma. If a⃗cωE(z)
does not exist, then there must be some i ∈ {1, . . . , n} such that Sω

τi,ξi
= ∞. In that case,

Sω
τi,ξ̄i

is also ∞, and RT(E,ω, z) ≤ ∞ =
∑n

i=1 S
ω
τi,ξ̄i

· Tmax
τi +R

A(ω),ω

τi(ζ̄i)
holds.

This result also covers the deterministic case where the failure probability is 0 and the
response-time distribution is upper-bounded by the WCRT.

Remark 6.60. If there are no failures, i.e., fτi = 0 for all i, then Sω
τi,ξ̄i

= 1. If further

R
A(ω),ω

τi(ζ̄i)
is no random variable but a fixed value, e.g., the WCRT RA

τi, then the upper
bound on the probabilistic reaction time from Lemma 6.59 simplifies to

RT(E,ω, z) ≤
n∑

i=1

Tmax
τi +RA

τi , (6.128)

which is the popular bound from Davare (see Theorem 3.9) for sporadic tasks under
implicit communication.

Up to this point no independence was utilized because we only analyzed the random
variables on certain samples of Ω. However, we use independence in the following theorem
to investigate the probability distribution of random variables. More specifically, we

replace the random variables S•
τi,ξ̄i

and R
A(•),•
τi(ζ̄i)

by S•
τi,1

and R
A(•),•
τi(1)

, respectively. As for

Theorem 6.55, to achieve the replacement of random variables, we have to take care of
the random variables ξ̄i and ζ̄i.
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Theorem 6.61. The probability distribution of the random variable RT(E, •, z) under
implicit communication is upper bounded by the probability distribution of

∑n
i=1 S

•
τi,1

·
Tmax
τi +R

A(•),•
τi(1)

. That is,

RT(E, •, z) ⊴
n∑

i=1

S•
τi,1 · Tmax

τi +R
A(•),•
τi(1)

(6.129)

in the sense that P(RT(E, •, z) > x) ≤ P(
∑n

i=1 S
•
τi,1

· Tmax
τi +R

A(•),•
τi(1)

> x) for all x ∈ R.

Proof. This proof is similar to the proof of Theorem 6.55. First, by Lemma 6.59, we

know that P(RT(E, •, z) > x) ≤ P
(∑n

i=1 S
•
τi,ξ̄i

· Tmax
τi +R

A(ω),ω

τi(ζ̄i)
> x

)
for all x ∈ R. It is

left to show that

P

(
n∑

i=1

S•
τi,ξ̄i

· Tmax
τi +R

A(•),•
τi(ζ̄i)

> x

)
= P

(
n∑

i=1

S•
τi,1 · Tmax

τi +R
A(•),•
τi(1)

> x

)
. (6.130)

To achieve that, we again use the law of total probabilities. That is, we first fix ζ̄n to

replace R
A(•),•
τn(ζ̄n)

by R
A(•),•
τn(1)

, and then we fix ξ̄n to replace S•
τn,ξ̄n

by S•
τn,ξ̄n

. Specifically,

P

(
n∑

i=1

(S•
τi,ξ̄i

· Tmax
τi +R

A(•),•
τi(ζ̄i)

) > x

)
(6.131)

=
∑
j∈N

P

(
n∑

i=1

(S•
τi,ξ̄i

· Tmax
τi +R

A(•),•
τi(ζ̄i)

) > x

∣∣∣∣∣ ζ̄n = j

)
· P(ζ̄n = j) (6.132)

=
∑
j∈N

P

(
n−1∑
i=1

(S•
τi,ξ̄i

· Tmax
τi +R

A(•),•
τi(ζ̄i)

) + S•
τn,ξ̄n

· Tmax
τn +R

A(•),•
τn(1)

> x

∣∣∣∣∣ ζ̄n = j

)
· P(ζ̄n = j)

(6.133)

= P

(
n−1∑
i=1

(S•
τi,ξ̄i

· Tmax
τi +R

A(•),•
τi(ζ̄i)

) + S•
τn,ξ̄n

· Tmax
τn +R

A(•),•
τn(1)

> x

)
(6.134)
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is achieved by fixing ζ̄n. Fixing ξ̄n afterwards, yields

P

(
n−1∑
i=1

(S•
τi,ξ̄i

· Tmax
τi +R

A(•),•
τi(ζ̄i)

) + S•
τn,ξ̄n

· Tmax
τn +R

A(•),•
τn(1)

> x

)
(6.135)

=
∑
j∈N

P

(
n−1∑
i=1

(S•
τi,ξ̄i

· Tmax
τi +R

A(•),•
τi(ζ̄i)

) + S•
τn,ξ̄n

· Tmax
τn +R

A(•),•
τn(1)

> x

∣∣∣∣∣ ξ̄n = j

)
· P(ξ̄n = j)

(6.136)

=
∑
j∈N

P

(
n−1∑
i=1

(S•
τi,ξ̄i

· Tmax
τi +R

A(•),•
τi(ζ̄i)

) + S•
τn,1 · Tmax

τn +R
A(•),•
τn(1)

> x

∣∣∣∣∣ ξ̄n = j

)
· P(ξ̄n = j)

(6.137)

= P

(
n−1∑
i=1

(S•
τi,ξ̄i

· Tmax
τi +R

A(•),•
τi(ζ̄i)

) + S•
τn,1 · Tmax

τn +R
A(•),•
τn(1)

> x

)
. (6.138)

Repeating this procedure, replacing R
A(•),•
τk(ζ̄k)

by R
A(•),•
τk(1)

and S•
τk,ξ̄k

by S•
τk,1

, for k =

n− 1, . . . , 1, results in Equation (6.130).

The upper bound on the probability distribution of RT(E, •, z) is used to bound the
expected value of the reaction time E(RT(E, •, z)) and the probabilistic reaction time
guarantee PRTG(x).

Corollary 6.62. Since S•
τi,1

is geometrically distributed with failure probability fτi, the
expected value of the probabilistic reaction time under implicit communication is upper
bounded by

E(RT(E, •, z)) ≤
n∑

i=1

1

1− fτi
· Tmax

τi + E(RA(•),•
τi(1)

). (6.139)

Proof. This follows from Theorem 6.61, the additivity of the expected value, and
E(S•

τi,1
) = 1

1−fτi
for the geometrically distributed random variable S•

τi,1
.

Corollary 6.63. The probabilistic reaction time guarantee under implicit communication
is bounded by

PRTG(x) ≥ P

(
n∑

i=1

S•
τi,1 · Tmax

τi +R
A(•),•
τi(1)

≤ x

)
(6.140)

Proof. By Definition 6.46, PRTG(x) = infz≥Φ(E) P(RT(E, •, z) ≤ x). Moreover, we know

that P(RT(E, •, z) ≤ x) ≥ P(
∑n

i=1 S
•
τi,1

· Tmax
τi + R

A(•),•
τi(1)

≤ x) by Theorem 6.61 for all

z ≥ Φ(E). Since P(
∑n

i=1 S
•
τi,1

· Tmax
τi +R

A(•),•
τi(1)

≤ x) is independent of z, the infimum can
be dropped.

We discuss in Section 6.3.5 how to compute the safe bound on PRTG efficiently.
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6.3.5 Computation

For efficient computation of the probabilistic reaction time guarantees presented in
Corollaries 6.57 and 6.63, we adopt the idea by Chen and Chen [CC17] and apply the
Chernoff bound to obtain a minimization problem over moment generating functions.
The Chernoff bound for a random variable X and a real number x is

P(X ≥ x) ≤ inf
t>0

MX(t) · e−tx (6.141)

where MX(t) := E(etX) is the moment generating function of X. By applying the
Chernoff bound to the lower bounds provided in Corollaries 6.57 and 6.63, we obtain the
following lower bounds for PRTG.

Lemma 6.64. For x ∈ R, the following bounds hold:

PRTG(x) ≥

1− inft>0 e
−tx ·∏n

i=1MS•
τi,1

(Tmax
τi t) · eDτi t under LET

1− inft>0 e
−tx ·∏n

i=1MS•
τi,1

(Tmax
τi t) ·M

R
A(•),•
τi(1)

(t) under impl. comm.

(6.142)

Proof. By Corollaries 6.57 and 6.63,

PRTG(x) ≥ P(X ≤ x) (6.143)

with X =
∑n

i=1 S
•
τi,1

· Tmax
τi + Dτi if tasks communicate according to LET, and X =∑n

i=1 S
•
τi,1

· Tmax
τi +R

A(•),•
τi(1)

under implicit communication. The Chernoff-bound yields

PRTG(x) ≥ P(X ≤ x) ≥ 1− P(X ≥ x) ≥ 1− inf
t>0

MX(t) · e−tx. (6.144)

Applying the following rules for the moment generating function yields Equation (6.142):

• MY+Z(t) =MY (t) ·MZ(t)

• MT ·Y (t) =MY (T · t)

• MK(t) = eK·t

for all random variables Y,Z, all factors T ∈ R, and all constants K ∈ R.

Remark 6.65. The moment generating function of S•
τi,1

(geometrically distributed) and

R
A(•),•
τi(1)

(discrete) is as follows:

MS•
τi,1

(Tmax
τi t) =

(1− fτi)e
Tmax
τi

t

1− fτie
Tmax
τi

t
for all t <

− ln(fτi)

Tmax
τi

(6.145)

M
R

A(•),•
τi(1)

(t) =
∑
v

etv · P(RA(•),•
τi(1)

= v) (6.146)

In this formula, v are the possible outcomes of the discrete random variable R
A(•),•
τi(1)

.
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Since the moment generating function is log-convex, the infimum in Equation (6.142)
can be efficiently computed. As suggested by Chen et al. [Che+19c], we use golden
section search to calculate it.

6.3.6 Evaluation

Since this is the first analysis of end-to-end latency considering failure probabilities and
response-time randomness for cause-effect chains based on sporadic tasks, comparison
to other existing approaches is not possible unless there is no randomness at all. In
that specific case without any randomness, when everything is deterministic (i.e., by
investigating the worst-case under TDMA), then our result in Lemma 6.53 for LET
(Lemma 6.59 for implicit communication, respectively) is identical to the state of the art
as noted in Remark 6.54 (Remark 6.60, respectively). We further note that the analysis
of implicit communication under T-FP preemptive scheduling by Dürr et al. [Dür+19]
and Günzel et al. [Gün+21a] cannot be applied for TDMA. We demonstrate the impact
of the probabilistic behavior on PRTG from Definition 6.46. The evaluation section is
organized as follows:

• Section 6.3.6.1 specifies the benchmark used to generate task sets and cause-effect
chains.

• Section 6.3.6.2 demonstrates the impact of probabilistic behavior for LET and for
implicit communication.

More specifically, we examine the safe bounds on the probabilistic reaction time
guarantees of cause-effect chains stated in Corollaries 6.57 (denoted as LLET ) and 6.63
(denoted as Limpl ). The x-axis is normalized with the state-of-the-art for non-probabilistic
behavior:

MRT =

n∑
i=1

Tmax
τi +Dτi under LET, i.e., Hamann et al. [Ham+17] (6.147)

MRT =

n∑
i=1

Tmax
τi +RA

τi under implicit communication, i.e., Davare et al. [Dav+07]

(6.148)

That is, the function value at x = 1.0 is the probabilistic guarantee that the reaction
time is at most the non-probabilistic bound (i.e., comparison to the state of the art for
deterministic bounds), and the function value at x = 2.0 is the probabilistic guarantee
that the reaction time is at most 2 times the non-probabilistic bound.

6.3.6.1 Task Set and Cause-Effect Chain Generation

In this section, we detail the generation process of sporadic task sets and corresponding
cause-effect chains for the evaluation. We use the free real world automotive benchmarks
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provided by Kramer et al. [KZH15] in WATERS 2015 to generate periodic tasks and
corresponding cause-effect chains. Afterwards, we translate the periodic tasks to sporadic
tasks and inject probabilistic behavior.
We generate periodic task sets based on the parameters in Tables III, IV, and V

in [KZH15]. In particular, for each generated task τ the following steps are carried out:

(i) A task period Tτ is drawn at random from the set {1, 2, 5, 10, 20, 50, 100, 200, 1000}
according to the share stated in [KZH15, Table III].11

(ii) The ACET of each task is generated according to a Weibull distribution based on
the values in [KZH15, Table IV].

(iii) For the WCET, the ACET is multiplied with a factor drawn at random from the
interval [fmin, fmax] in [KZH15, Table V].

For each task set, we first generate 30 000 tasks and then use the subset-sum approxi-
mation algorithm until the total utilization is within 1 percentage point of the targeted
utilization of 70%. Each task set contains 82 tasks on average. We consider task sets
distributed on 3 ECUs by generating one task set for each ECU and combining them
afterwards.

We generate cause-effect chains based on Section IV-E in [KZH15]. Each cause-effect
chain consists of 2 to 15 tasks. The cause-effect chain for a task set T is generated as
follows:

(i) The number of involved activation patterns P is drawn randomly from {1, 2, 3}
according to [KZH15, Table VI].

(ii) P different periods are drawn at random from the set of periods in T.

(iii) For each period, we draw 2 to 5 tasks at random without replacement in T according
to [KZH15, Table VII].

If there are not enough tasks with the required period in T, then the cause-effect chain and
the task set are discarded. We repeat the procedure until 1 000 task sets and cause-effect
chains for each experiment are successfully generated.

The tasks are made sporadic by setting Tmin
τ = Tτ and Tmax

τ = 2Tτ . We use a TDMA-
based scheduler to schedule the sporadic tasks. In particular, during each cycle with
period T c := 0.1, each task is assigned a certain slot with size Qτ := 1.2 · Cτ

Tmin
τ

· 0.1. The
slot is always at the same position of the cycle, which means that during any time interval
of length k · T c, k ∈ N, task τ can execute for k ·Qτ time units and the WCRT RA

τ of

task τ is upper bounded by
⌈
Cτ
Qτ

⌉
· (T c −Qτ ) + Cτ .

Probabilities are injected as follows:
Failure probabilities: The failure probability fτ for each task is drawn uniformly at
random from a certain interval. We distinguish the following configurations:

11The sum of probabilities in [KZH15, Table III] is only 85% because the remaining 15% is for angle-
synchronous tasks. Therefore, we divide all given share values by 0.85.
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• Low failure probability: fτ ∈ [0, 0.001]

• Medium failure probability: fτ ∈ [0.001, 0.01]

• High failure probability: fτ ∈ [0.01, 0.1]

Response-time randomness: We assume that the response time is smaller than the
WCRT in 90% of cases. We distinguish different cases for how small the response time
becomes:

• Slightly shorter response time: 0.8 ·RA
τ in 90% of cases

• Moderately shorter response time: 0.5 ·RA
τ in 90% of cases

• Immensely shorter response time: 0.2 ·RA
τ in 90% of cases

6.3.6.2 Evaluation Results

We evaluate the upper bound on the probabilistic reaction time guarantee. In the
following figures, the red lines depict median, the blue dashed lines depict upper and
lower quartile, and the dotted gray lines depict all values.

We first investigate the impact of failure probabilities under LET. As there is no impact
of the response-time randomness because the read- and write-events are independent of
the execution behavior under LET, the only source of randomness if the failure probability.
In this case, if the failure probability is 0%, our result is identical to the state of the
art as noted in Remark 6.54. The impact of different failure probabilities under LET
is illustrated in Figure 6.19, with MRTLET being the MRT without any failures from
Equation (6.147). We note that the state of the art cannot deal with any of these scenarios
at all. As long as the failure probability is strictly more than 0%, the probabilistic
reaction time guarantee to be no more than MRTLET is 0%. As expected, the higher
the failure probability, the lower are the probabilistic reaction time guarantees provided
by our analysis. For the median case, there is a 99% guarantee that the reaction time is
no more than:

• 1.20 ·MRTLET (with low failure probability)

• 1.30 ·MRTLET (with medium failure probability)

• 1.62 ·MRTLET (with high failure probability)

Our result shows that the failure probability has a direct impact on the probabilistic
guarantee of the reaction time under LET. As long as the failure probability is small, a
good probabilistic reaction time guarantee can still be provided.

The impact of different failure probabilities and the impact of the probabilistic WCRT
under implicit communication is illustrated in Figure 6.20, with MRTimplicit being the
MRT without any failures from Equation (6.148). In this case, if the failure probability
is 0% and there is no randomness of response times, our result is identical to the state
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(a) Low failure probability.
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(b) Medium failure probability.
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(c) High failure probability.

Figure 6.19.: Safe bound LLET on the probabilistic reaction time guarantee under LET.
Red line depicts median, blue dashed lines depict upper and lower quartile,
and dotted gray lines depict all values.

of the art as noted in Remark 6.60. If there is randomness in the response time, even
if the failure probability is more than 0%, the probabilistic reaction time guarantee
to be strictly less than MRTimplicit can be more than 0%. For example, Figure 6.20g
and Figure 6.20h show that the probability that the reaction time is strictly less than
MRTimplicit is almost 99% and 90% for the scenarios with immensely shorter response
times under low failure probability, respectively. We observe that with shorter response
times the probabilistic reaction time guarantee increases. Similar to the LET scenarios,
with higher failure probability, the probabilistic reaction time guarantee decreases.

6.4 Summary and Open Problems

In this chapter, we investigated the end-to-end latency of cause-effect chains. To that
end, we first examined fundamental properties in Section 6.1. Subsequently, we analyzed
the worst-case end-to-end latency in Section 6.2 and probabilistic guarantees for the
end-to-end latency in Section 6.3.

Regarding fundamental properties, we developed a compositional property. That is,
we showed that it is safe to cut a cause-effect chain into subchains and analyze them
individually. Furthermore, we showed that MRT and MDA are equivalent. To that end,
we developed a unified description of end-to-end latencies using partitioned job chains.
The two properties only require very minor assumptions, making them applicable to
basically all classical communication and scheduling mechanisms.

Regarding the analysis of the worst-case end-to-end latency, we uncovered the principles
that current end-to-end latency bounds are built from, and used these to derive bounds
for local cause-effect chains under different communication and release policies with a
unified analysis framework. Furthermore, we used abstract integer representations and
partitioned job chains to develop novel analysis approaches for local cause-effect chains
under periodic release patterns. Subsequently, we used the compositional property to
extend the bounds for local cause-effect chains to interconnected cause-effect chains and
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heterogeneous setups of sporadic and periodic tasks, as well as implicit communication
and LET in the same chain.
Regarding the analysis of the probabilistic end-to-end latency, we defined the prob-

abilistic reaction time and discussed potential pitfalls of the definition. Afterwards we
provided analytical guarantees on the probabilistic reaction time under LET and im-
plicit communication. For that, we considered two types of randomness: Response-time
randomness and failure probabilities.

Despite our contributions of this chapter, we identify the following research directions
to be explored further:

• System design to meet requirements: While this chapter deals with the
problem of analyzing an already designed system, the proper design of systems to
meet requirements on the end-to-end latency is even more challenging. That is,
functionalities must be divided into tasks, tasks must be allocated to ECUs, and
task parameters like period, phase and priority must be configured. While there
have been some results to optimize the system towards meeting end-to-end latency
requirements [Dav+07; Sch+18a; Wan+23], they are usually limited to specific
task parameters. Hence, finding more complete solutions is still an open problem.

• Triggering mechanisms: While the analysis of this chapter has a special focus on
time-triggered cause-effect chain, the relation towards other triggering mechanisms
has to be further explored. Specifically, while releasing jobs in a time-triggered
manner directly allows applying classical results from the literature on real-time
systems, like WCRT bounds, it is also inefficient in the sense that many jobs may
be released which do not take part in data transmission. Another approach is to
use event-triggered tasks, which release jobs when specific events occur such as
the arrival of data to the shared resource that the task reads from. While event-
triggered tasks usually improve efficiency, they do that at the cost of predictability.
Typical applications, e.g., those based on ROS2, allow the configuration of both
time-triggered and event-triggered tasks. However, the trade-off between both
mechanisms needs to be further explored and a unified view on different triggering
mechanisms should be pursued.

• Timing semantics: We have shown that two metrics (MRT and MDA) are
equivalent. Besides these, other timing semantics have been defined, namely
MRRT, MRDA, First-to-Last, Last-to-First, and worst-case time disparity, as
introduced in Section 3.2.2. This raises several questions to be explored: What is
the intuitive meaning behind these metrics? Which metric should be specified in
which use cases? Are there other important metrics?

• Probabilistic end-to-end latency: While classical results analyze the worst-case
behavior, soft real-time systems are common in industry practice as well [Ake+20].
Therefore, the analysis of probabilistic timing behavior has gained traction through
recent developments [BBB21; Brü+21; Che+22a; DC19; Mar+23]. While this
research direction is highly promising, in the context of end-to-end analysis it has
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been explored only to a limited extent so far. More specifically, in this chapter, we
presented the first analysis of probabilistic reaction time. However, the analysis
only considers randomness in the response time and failure probabilities, assuming
that all random variables are iid and that the release pattern is fixed with lower and
upper bounds on the inter-arrival time. How to compute iid response-time bounds
is an open question for most scheduling algorithms. There are also approaches to
drop the iid assumption [Mar+23], building upon Cantelli’s inequality. However,
the compatibility of such approaches with probabilistic end-to-end latency has to
be further explored.
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(a) Low failure probability,
slightly shorter response time.

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.0

0.2

0.4

0.6

0.8

1.0

L i
m
p
l(
x
·M

R
T

im
p
li
c
it
)

x

(b) Medium failure probability,
slightly shorter response time.
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(c) High failure probability,
slightly shorter response time.
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(d) Low failure probability,
moderately shorter response
time.

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.0

0.2

0.4

0.6

0.8

1.0

L i
m
p
l(
x
·M

R
T

im
p
li
c
it
)

x

(e) Medium failure probability,
moderately shorter response
time.
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(f) High failure probability,
moderately shorter response
time.
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(g) Low failure probability,
immensely shorter response
time.
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(h) Medium failure probability,
immensely shorter response
time.
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(i) High failure probability,
immensely shorter response
time.

Figure 6.20.: Safe bound Limpl on the probabilistic reaction time guarantee under implicit
communication. Red line depicts median, blue dashed lines depict upper
and lower quartile, and dotted gray lines depict all values.
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7
Conclusion and Outlook

In this dissertation, we investigated distributed real-time systems. Specifically, we
examined self-suspending tasks, which are common when jobs are executed in a distributed
manner, and cause-effect chains, which are considered when a functionality is achieved
by cooperating tasks. These examinations were conducted with a special focus on careful
analysis based on fundamental properties of possible evolutions of the system. In this
chapter, we conclude the dissertation by summarizing our contributions in Section 7.1.
Afterwards we give an outlook on potential future work and research direction to be
further explored in Section 7.2.

7.1 Summary of Contributions

To allow for careful, property-based analysis, in this dissertation we introduced scheduling
concepts in a bottom-up strategy in Chapter 2. Specifically, while the classical top-down
approach concretizes task models only if necessary, in this dissertation we started by
considering possible system evolutions and abstracted task properties if they were utilized
in the analysis. This approach is more sound than the top-down strategy, which led to
a series of flawed results and missing or unnecessary assumptions. We emphasized the
need for more careful, property-based analysis by providing three counterexamples for
well-established literature results in Chapter 4. The first two counterexamples close the
unresolved issues of the review paper on self-suspending tasks by Chen et al. [Che+19b],
concluding their investigation on the literature of self-suspending tasks before 2019. The
third counterexample disproves the classical extension of the Critical Instant Theorem
(CIT) to probabilistic scenarios. However, we also provided two safe approaches to
extend the CIT, namely carry-in and inflation, that were used as a backbone for further
exploration [MNP22; Mar+23].

In Chapter 5, we investigated the timing behavior of self-suspending tasks. We
developed novel sufficient schedulability analyses for dynamic self-suspending tasks under
Task-level Fixed-Priority (T-FP), Earliest-Deadline-First (EDF) and EDF-Like (EL)
scheduling. Moreover, we enhanced an analysis framework for schedulability tests of
self-suspending tasks. We also examined timing anomalies under Segment-level Fixed-
Priority (S-FP) scheduling and developed two mechanisms to avoid timing anomalies,
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namely segment release time enforcement and segment priority modification. While the
presented analytical results improve the state of the art (in performance or applicability),
preventing timing anomalies enables exact analysis of the Worst-Case Response Time
(WCRT) by simulation of a single system evolution.

In Chapter 6, we investigated the end-to-end latency of cause-effect chains. First, we
examined fundamental properties, namely a compositional property and the equivalence of
Maximum Reaction Time (MRT) and Maximum Data Age (MDA). Second, we developed
a series of analyses for the worst-case end-to-end latency. To that end, we uncovered
principles of current end-to-end latency bounds, explored new analytical approaches using
abstract integer representations and partitioned job chains, and applied the fundamental
properties. Third, we examined probabilistic guarantees on the end-to-end latency.
Specifically, we defined and analyzed probabilistic reaction time, and discussed potential
pitfalls of the definition.

7.2 Future Work

While this dissertation contributes as summarized above, there are still open problems to
be solved as detailed in Sections 5.3 and 6.4. Specifically, future work on self-suspending
tasks should explore alternative self-suspension models and necessary schedulability
tests. Furthermore, the examination on schedulability tests and timing anomalies should
be generalized, e.g., towards multiprocessor systems. Regarding end-to-end latency
of cause-effect chains, generalization of results to different triggering mechanisms and
further exploration of probabilistic end-to-end latency would be useful from the industry
perspective. Furthermore, specification of different timing requirements and system
design to meet such requirements are challenging but essential problems.

With respect to the examination of distributed real-time systems, this dissertation
focuses on specific aspects of the two proposed challenges: distributed execution of
jobs, and interplay of distributed tasks. However, there are different aspects of these
challenges to be further explored. Specifically, while we focus on self-suspending tasks,
there are different task models like Directed Acyclic Graph (DAG) or Event-Driven
Delay-Induced (EDD) that should be considered as well. For the interplay of distributed
tasks, we considered the end-to-end latency assuming that communication is conducted
through a shared resource with negligible time overhead or that it can be modeled by a
communication task. The impact of different communication designs on the analytical
end-to-end latency and their integration into existing analyses should be further discussed.
Besides further examination of the two proposed challenges, we identify the following
three research directions to be further explored:

• Sound analysis: Although in this dissertation we call for careful, property-based
analysis, it is unclear how flawed results can be prevented reliably in future work.
While we believe that the property-based bottom-up view on real-time systems
discussed in this dissertation can be utilized in future work to develop more error-
proof analyses even outside the context of self-suspending tasks and cause-effect
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chains, this does not solve the overall problem. Recently, proof assistants like
Coq have gained traction in the real-time systems community [Bed+22; Boz+23;
CSB16; Mar+23]. Such proof assistants are helpful, but only if used correctly.
Specifically, they do not prevent flaws coming from errors during the modeling
phase or missing assumptions in the form of incomplete axioms. Therefore, even
results utilizing proof assistants need to be carefully checked in the review process.
Besides prevention of flawed results, also detection of flawed results in the form of
systematic generation of counterexamples would be desirable. However, how and if
this can be achieved is an open problem.

• Robustness against perturbations: When analyzing a real-time system, the
system needs to be transferred to a model. To control the analytical complexity, the
model is usually a simplification of the real-world behavior. For example, overheads
for scheduling or preemption and small delays within DAG tasks are neglected
for the sake of simplicity. While such simplifications are usually not a problem,
they can lead to rare unforeseen events, such as significant longer execution times,
blocking or even job failures. These can then lead to a series of deadline misses if
not treated correctly. Since such perturbations are usually unavoidable, it would
be valuable to design systems that can handle perturbations with minor impact on
schedulability, and to make analysis aware of perturbations. Specifically, future work
should tackle the questions: How robust are existing analyses with respect to small
perturbations? How do we design more robust analytical approaches? While there
are some approaches in the literature to make analyses more robust (consideration
of jitter, blocking and specific overheads) and to design robust systems against
rare perturbations (e.g., mixed criticality), these are only limited yet and a unified,
generalized view is missing.

• Probabilistic analysis: While classical results analyze hard real-time systems,
soft real-time systems are common in industry as well. Therefore, a series of results
regarding probabilistic behavior in the standard task model has been published
recently [BBB21; Brü+21; Che+22a; DC19; Fri+23; Gün+23c; Mar+18; Mar+23].
While this dissertation contributes to this subject by examining extensions of the
CIT to probabilistic scenarios and by analyzing the probabilistic reaction time, there
are still open problems to be pursued. Specifically, while the current analyses focus
on the standard task model, more complicated task models, like the EDD, DAG
or self-suspension task model are still to be analyzed. Furthermore, probabilistic
behavior in different parameters like in the release pattern, and removing iid
assumptions of random variables are immediate problems to be solved.

While the overall problem of distributed real-time systems and providing careful
property-based analysis remains challenging, this dissertation provides encouraging
advancements and identifies promising open questions and research directions to be
explored further.
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A
Mathematical Foundation

In this chapter, we detail mathematical notation and conventions that are used throughout
this dissertation.

Classification of numbers The natural numbers are denoted by N = {1, 2, 3, . . .}.
Please note that we follow the mathematical convention to not include 0 in N. If 0
is to be considered in the set of natural numbers, we use N0 = N ∪ {0}. The real
numbers are denoted by R. We use the notation R>0 and R≥0 to restrict to positive
and non-negative real numbers, respectively. Specifically, R>0 = {x ∈ R |x > 0} and
R≥0 = {x ∈ R |x ≥ 0}. If not stated otherwise, intervals [a, b] with a, b ∈ R live in the
space of real numbers, i.e., [a, b] ⊆ R.

Set operations Given two sets A and B, we use A∪B and A∩B to denote their union
and intersection, respectively. If we write A⊔B instead of A∪B, then the union of A and B
is disjoint, i.e., A∩B = ∅. The number of elements in a set A is denoted by |A| ∈ N0∪{∞}.
Moreover, we denote by P(A) = {B |B ⊆ A} the power set of A. Given a subset A ⊆ R
of the real numbers, then we define the supremum of A as the lowest upper bound on
A, denoted as supA. More specifically, let U = {u ∈ R ∪ {+∞,−∞} |u ≥ a ∀a ∈ A} be
the set of upper bounds on A, then supA ∈ U such that u ≥ supA for all u ∈ U . If the
supremum is part of A, i.e., supA ∈ A, then we also call it the maximum of A, denoted
by maxA. Similarly, given a subset A ⊆ R of the real numbers, then we define the
infimum of A as the highest lower bound on A, denoted as inf A. More specifically, let
L = {ℓ ∈ R ∪ {+∞,−∞} | ℓ ≤ a ∀a ∈ A} be the set of lower bounds on A, then inf A ∈ L
such that ℓ ≤ inf A for all ℓ ∈ L. If the infimum is part of A, i.e., inf A ∈ A, then we also
call it the minimum of A, denoted by minA.

Functions A function f : A → B of sets A and B assigns each element a ∈ A to
exactly one element f(a) ∈ B. The function is called injective if no two elements of A
are mapped to the same element in B, i.e., f(a) ̸= f(a′) for all a ̸= a′ ∈ A. The function
is called surjective if it maps at least one element in A to each element in B, i.e., for
all b ∈ B there exists a ∈ A such that f(a) = b. If f is injective and surjective, we
call it bijective. For a bijective function f , its inverse function is f−1 : B → A mapping
each b ∈ B to the unique value a ∈ A such that f(a) = b. We follow the mathematical
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convention to overload the notation f−1 to denote preimages of subsets of B. That is,
we define f−1(B′) := {a ∈ A | f(a) ∈ B′} for all subsets B′ ⊆ B.

Measures Measures are used to quantify the size of objects. A typical example is the
length of an interval |[a, b]| = b− a. Mathematically, this concept can be generalized to
account for more complex subsets of measurable spaces (X,Σ). More specifically, given a
set X and a σ-algebra Σ ⊆ P(X), then a function µ : Σ → R≥0 ∪ {∞} is a measure if
the following conditions hold:

• µ(∅) = 0

• σ-additivity: µ(
⋃

k∈NEk) =
∑

k∈N µ(Ek) for any pairwise disjoint sets (Ek)k∈N
with Ek ∈ Σ

A classical example is the Lebesgue-measure λ on the space of real numbers (R,L(R)),
that is utilized throughout this dissertation. Specifically, the Lebesgue-measure λ(E)
for E ∈ L ⊆ P(R) is defined as λ(E) := inf

{∑
k∈N |Ek|

∣∣E ⊆ ⋃k∈NEk, Ek ⊆ R interval
}
.

We refer to the book by Tao for a detailed introduction to Lebesgue-measures [Tao22]

Probability Probability is a mathematical model to quantify how likely events occur.
This model is given in the form of a probability space (Ω,F,P), where Ω is the sample
space, describing possible outcomes, F ⊆ P(Ω) is the event space, describing events to
be observed, and P : F → [0, 1] defines the probability of events. Formally, (Ω,F) is a
measurable space, and P defines a measure on (Ω,F), the so-called probablility measure.
A random variable X is a function X : Ω → R. The probability that the random variable
X does not exceed a threshold t ∈ R is defined as P(X ≤ t) := P({ω ∈ Ω |X(w) ≤ t}).
Similarly, the probability that X exceeds t is P(X > t) := 1− P(X ≤ t). The function
FX := P(X ≤ •) : R → [0, 1] is the cumulative distribution function of X. Two random
variables X and Y are independent if their joint probability is equal to the product of their
probabilities, i.e., P(X ≤ t1, Y ≤ t2) = P(X ≤ t1) · P(Y ≤ t2) for all t1, t2 ∈ R. If two
independent random variables X and Y have the same cumulative distribution function,
then we say that X and Y are independent and identically distributed (iid). For more
detailed discussion on probability theory, we refer to the book from Borovkov [Bor99].

Directed Acyclic Graphs (DAGs) A directed graph (V,E) is defined by a
set of vertices V and a set of directed edges E ⊆ V × V . A path p in (V,E) is a
sequence of edges, i.e., p = (e1, . . . , ek) with k ∈ N, such that there exists a sequence
of vertices (v1, . . . , vk+1) with ei = (vi, vi+1) for all i ∈ {1, . . . , k}. A path forms a
cycle if its start vertex and end vertex coincide, i.e., if v1 = vk+1. We call the directed
graph (V,E) acyclic, if there exists no path that forms a cycle. A graph isomorphism
f : (V1, E1)

∼−→ (V2, E2) is a bijective function on the vertices f : V1 → V2 that preserves
the graph structure, i.e., f × f : E1

∼−→ E2 is a bijection. Two directed graphs (V1, E1)
and (V2, E2) are isomorphic (denoted by (V1, E1) ≃ (V2, E2)) if there exists a graph
isomorphism f : (V1, E1)

∼−→ (V2, E2). If (V1, E1) ≃ (V2, E2) and (V1, E1) is acyclic,
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then (V2, E2) is acyclic as well. A sequence can be considered as DAG isomorphic to
({1, 2, . . . ,m} , {(1, 2), (2, 3), . . . , (n− 1,m)}). Sometimes, in this dissertation, we denote
sequence by (1 → 2 → · · · → m), especially in the context of cause-effect chains (cf.
Section 3.2) to follow the convention in that research area.
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B
Appendix for Chapter 4

B.1 Appendix for Section 4.1

The following analysis consists of two parts. First, we derive the Worst-Case Response
Time (WCRT) of τ3 as foundation for the response-time analysis of τ4. Second, we
provide a bound on the response time of τ4 which is sufficient for the counterexample in
Section 4.1.
Response time of τ3: To analyze the WCRT RA

τ3 of task τ3, we consider the
suspension-oblivious schedule where suspension is replaced by computation. In that
case, we can utilize Time-Demand Analysis (TDA), as explained in Section 2.5. Using
the time-demand function Wτ3 for this case yields a WCRT of Wτ3(15 + δ) = (2 + δ) +⌈
15+δ
7

⌉
1 +

⌈
15+δ
24

⌉
10 = 15 + δ. This also bounds the WCRT of τ3 in the case with

suspension, i.e., RA
τ3 ≤ 15 + δ. The schedule in Figure B.1 shows a case where the

response time is actually 15 + δ. We conclude that RA
τ3 = 15 + δ.

Response time of τ4: To analyze the WCRT of τ4, we consider a concrete schedule
[S] of a system evolution ω. Suppose that the first job τ4(1) of τ4 is released at time

rωτ4(1) and finished at time f
[S],ω
τ4(1)

. We bound the response time of τ4(1) and prove that

f
[S],ω
τ4(1)

− rωτ4(1) ≤ Tτ4 . When this property holds, we can remove the first job of τ4 in
the schedule and use the same argument to bound the response time of every job of τ4
inductively.
Let t0 ≤ rωτ4(1) be the time point in R such that the schedule is busy from t0 to rωτ4(1)

and the processor idles right prior to t0. Since the job of τ4 released at time rωτ4(1) is not
constrained by the inter-arrival time constraint Tτ4 of τ4, we can move its release time to
t0. After this change of arrival time, the schedule remains unchanged, but the response
time of the job τ4(1) is increased. For notational brevity, we set t0 to 0 in this proof.
As a fundamental tool for our analysis we use the time-demand function on each

computation segment of τ4. For a segment B ∈ Bτ4(1) of τ4(1) let I be the interference of
τ3 during the segment. We define the time-demand function for that segment by

W ∗
τ4(t, I) := 2 +

⌈
t

7

⌉
1 +

⌈
t

24

⌉
10 + I. (B.1)

If there exists some t ∈ [0, Tτ4 ] with W
∗
τ4(t, I) ≤ t, this is an upper bound on the response
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t0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36

τ1

τ2

τ3

Figure B.1.: Worst-case schedule for the response time of τ1, τ2 and τ3.

t0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36

τ1

τ2

τ3

τ4

Figure B.2.: Task-level Fixed-Priority (T-FP) schedule of T for achieving an upper bound
on the WCRT of τ4 by replacing suspension of τ3 by execution (in red).

time RA
B(I) of that segment, i.e., RA

B(I) ≤ t. Please note that in this notation of the
response time we indicate the dependence on I.

To derive an upper bound on the WCRT of τ4 which is sufficient for the counterexample,
we fix the releases of the job segments of τ4 and replace the suspension in τ3 by execution,
as depicted in Figure B.2. This conversion does not decrease the response time of τ4(1).
We call the new task τ obl3 the suspension-oblivious τ3 with Worst-Case Execution Time
(WCET) 2 + δ. If there is some busy-interval [x, 0] before 0 (choose the smallest x
possible), then we move the release of τ4(1) to x. This does not change the schedule and
only increases the response time of τ4(1). Moreover, after this procedure only jobs which
are released at or after the release of τ4(1) can interfere with τ4(1). Therefore, we delete
all jobs released before the release of τ4(1) without changing the response time of τ4(1).
The remaining analysis is to analyze the WCRT of τ4 under the interference of three

ordinary sporadic tasks τ1, τ2, τ
obl
3 , which can be achieved by adopting the response-time

analysis in [Nel+15]. We use the time-demand function from Equation (B.1) on each
segment of τ4(1). If a job of τ3 interferes with a segment B of τ4(1), then the WCRT of
that segment is

RA
B(2 + δ) ≤ 17 + δ (B.2)

since W ∗
τ4(17 + δ, 2 + δ) = 17 + δ. If no job of τ3 interferes with the segment B, then its

WCRT is

RA
B(0) ≤ 14 (B.3)

since W ∗
τ4(14, 0) = 14. If no job of τ3 interferes with τ4(1), then τ4(1) is finished after

at most RA
B(0) + 5 + RA

B(0) ≤ 33 time units. If only the first job of τ3 interferes with
τ4(1), then the total WCRT is at most RA

B(2 + δ) + 5 +RA
B(0) ≤ 36 + δ. We note that
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the second job of τ3 cannot interfere with τ4(1) since it is released when τ4(1) is already
finished.

B.2 Appendix for Section 4.3

Proof of Theorem 4.11. By Definition 4.6, the Worst-Case Response Time Exceedance

Probability (WCRTEP) for the target value R is given by supj∈N{P(RA(•),•
τ(j) > R)}. In

the following, we show that

P(RA(•),•
τ(j) > R)

!
≤ inf

0<t≤R
P(St > t) (B.4)

for all τ(j) with j ∈ N. To achieve this, we consider one arbitrary job τ(ℓ) of τ and one

arbitrary but fixed release pattern, and show that P(RA(•),•
τ(ℓ) > R) ≤ inf0<t≤R P(St > t)

under this release pattern.

Equivalent Formulation: The following equivalence holds: R
A(ω),ω
τ(ℓ) > R if and only

if R
A(ω),ω
τ(ℓ) > t for all t ∈ (0, R]. Hence,

P(RA(•),•
τ(ℓ) > R) = inf

0<t≤R
P(RA(•),•

τ(ℓ) > t). (B.5)

If the job τ(ℓ) is not finished by time rωτ(ℓ) + t, then from rωτ(ℓ) to r
ω
τ(ℓ) + t the processor

either executes τ(ℓ) or higher-priority jobs of the tasks in hp(τ) due to preemptive

Task-level Fixed-Priority (T-FP) scheduling. Therefore, we know that R
A(ω),ω
τ(ℓ) > t if and

only if τ(ℓ) cannot be executed for c̄ωτ(ℓ) time units in the interval [rωτ(ℓ), r
ω
τ(ℓ) + t), i.e.,

c̄ωτ(ℓ) +
∑

τ ′∈hp(τ)
exec

A(ω)
τ ′ (rωτ(ℓ), r

ω
τ(ℓ) + t) > t. (B.6)

We conclude the equivalent formulation for P(RA(•),•
τ(ℓ) > R):

P(RA(•),•
τ(ℓ) > R) = inf

0<t≤R
P

c̄•τ(ℓ) + ∑
τ ′∈hp(τ)

exec
A(•)
τ ′ (r•τ(ℓ), r

•
τ(ℓ) + t) > t

 (B.7)

Quantification of Interference: In this paragraph, we provide an upper bound on

exec
A(ω)
τ ′ (rωτ(ℓ), r

ω
τ(ℓ)+ t). To that end, we observe that any job of τ ′ that is released before

rωτ(ℓ) −Dτ ′ is either aborted or finished at time rωτ(ℓ). Therefore, only jobs of τ ′ that are
released in [rωτ(ℓ) −Dτ ′ , r

ω
τ(ℓ) + t) can be executed in [rωτ(ℓ), r

ω
τ(ℓ) + t). The number of jobs

of a sporadic task τ ′ released inside an interval of length t + Dτ ′ is at most
⌈
t+Dτ ′
Tτ ′

⌉
.

Therefore, at most
⌈
t+Dτ ′
Tτ ′

⌉
many jobs of τ ′ can be executed in [rωτ(ℓ), r

ω
τ(ℓ) + t).
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Let τ ′(jτ ′) be the first job of τ ′ released at or after rωτ(ℓ) −Dτ ′ .
1 Then only the jobs

τ ′(jτ ′), . . . , τ ′(jτ ′ − 1 +
⌈
t+Dτ ′
Tτ ′

⌉
) of τ ′ can be executed in [rωτ(ℓ), r

ω
τ(ℓ) + t). This means

that

exec
A(ω)
τ ′ (rωτ(ℓ), r

ω
τ(ℓ) + t) ≤

jτ ′−1+

⌈
t+Dτ ′
Tτ ′

⌉
∑
q=jτ ′

c̄ωτ ′(q). (B.8)

We conclude that P(RA(•),•
τ(ℓ) > R) is upper bounded by

inf
0<t≤R

P

c̄•τ(ℓ) + ∑
τ ′∈hp(τ)

jτ ′−1+

⌈
t+Dτ ′
Tτ ′

⌉
∑
q=jτ ′

c̄•τ ′(q) > t

 . (B.9)

Exploit independent and identically distributed (iid): Since c̄•τ(ℓ) has the

same probability distribution as c̄•τ(1), we can replace c̄•τ(ℓ) by c̄
•
τ(1) in Equation (B.9).

Moreover, c̄•τ ′(jτ ′ ), . . . , c̄
•
τ ′(jτ ′−1+

⌈
t+Dτ ′
Tτ ′

⌉
)
and c̄•τ ′(1), . . . , c̄

•
τ ′(

⌈
t+Dτ ′
Tτ ′

⌉
)
are iid with the same

probability distribution Dτ ′ . Therefore,
∑jτ ′−1+

⌈
t+Dτ ′
Tτ ′

⌉
q=jτ ′

c̄•τ ′(q) and
∑⌈

t+Dτ ′
Tτ ′

⌉
q=1 c̄•τ ′(q) have

the same probability distribution for all τ ′ ∈ hp(τ). Hence, the random variables

c̄•τ(ℓ) +
∑

τ ′∈hp(τ)
∑jτ ′−1+

⌈
t+Dτ ′
Tτ ′

⌉
q=jτ ′

c̄•τ ′(q) and St = c̄•τ(1) +
∑

τ ′∈hp(τ)
∑⌈

t+Dτ ′
Tτ ′

⌉
q=1 c̄•τ ′(q) have

the same probability distribution, and P(c̄•τ(ℓ) +
∑

τ ′∈hp(τ)
∑jτ ′−1+

⌈
t+Dτ ′
Tτ ′

⌉
q=jτ ′

c̄•τ ′(q) > t)

coincides with P(St > t). We apply this to Equation (B.9) to obtain

P(RA(•),•
τ(ℓ) > R) ≤ inf

0<t≤R
P(St > t) (B.10)

Closing remarks: We have shown that Equation (B.10) holds for an arbitrary release
pattern, and therefore it holds for all possible release patterns. We can apply supℓ∈N to
obtain the statement from Theorem 4.11.

Proof of Theorem 4.14. The proof of this theorem is very similar to the proof of The-
orem 4.11 by further exploiting the concept of Interval Extension and Release Time
Modification used in the proof of the Critical Instant Theorem (CIT) in Theorem 2.21.
Under the probabilistic setting, after the interval extension and release time modification,
we show how to safely quantify the interference by using the concept of sample and
inflate.
By Definition 4.6, the WCRTEP for R is given by supj∈N{P(RA(•),•

τ(j) > R)}. In the

following we show that P(RA(•),•
τ(j) > R) is upper bounded by Equation (4.18) for all j ∈ N.

1Please note that jτ ′ is only dependent on the release pattern and not on the probabilistic behavior.
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τ1

η1
τ2

η2
τ3

r3,1 = η3

0 2 4 6 8 10 12 14

τ1

η1
τ2

η2
τ3

r3,1 = η3

0 2 4 6 8 10 12 14

Figure B.3.: Interval extension in the proof of Theorem 4.14 for two different execution
scenarios (left: C1,1 = 1, right: C1,1 = 3). We observe that the changes in
the random variable η1 are dependent on the sample under analysis.

To achieve this, we consider one arbitrary job τ(ℓ) of τ and one arbitrary but fixed release

pattern, and show that P(RA(•),•
τ(j) > R) is upper bounded by Equation (4.18) under that

release pattern.
Equivalent Formulation: As in the proof of Theorem 4.11, the probability for

R
A(•),•
τ(j) > R is equivalently formulated as

P(RA(•),•
τ(ℓ) > R) = inf

0<t≤R
P

c̄•τ(ℓ) + ∑
τ ′∈hp(τ)

exec
A(•)
τ ′ (r•τ(ℓ), r

•
τ(ℓ) + t) > t

 . (B.11)

Interval Extension: Similar to the proof of the WCRT in Theorem 2.21, we extend
the analysis interval to the left-hand side. To that end, let hp(τ) = {τ1, . . . , τk} with
τi ordered by priority, i.e., τ1 has the highest priority and τk has the lowest priority.
We define a time point η1 such that all jobs released before η1 are not relevant for the
analysis. More specifically, we construct the time points η1, . . . , ηk in an iterative manner,
starting from i = k, k− 1, . . . , 1. Let ηk+1 be rωτ(ℓ). After ηi+1 is determined, we define ηi
as follows:

ηi := min(ηi+1, r
ω
τi(ϕi)

), (B.12)

where τi(ϕi) the first job of τi that is executed after ηi+1, i.e.,

ϕi := min
{
j ∈ N

∣∣∣ execA(ω)
τi(j)

(ηi+1,∞) > 0
}
. (B.13)

In Figure B.3 the interval extension is presented for a task set with three tasks. Note
that η1, η2, . . . , ηk are random variables that depend on the execution behavior. With
this definition of η1, . . . , ηk+1 the following properties hold:

P1 During [η1, ηi+1) the processor is busy executing jobs of hep(τi). (That is because
if ηi < ηi+1, then the processor executes jobs of hep(τi) during [ηi, ηi+1).)

P2 None of the jobs of τi ∈ hp(τ) released before time point ηi is executed after ηi.
(If ηi = ηi+1, then there are by construction no jobs of τi released before ηi+1 and
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executed after ηi+1. If ηi = rωτi(ϕi)
, then under the constrained-deadline setup all

previous jobs of τi have their deadline at ηi or earlier. Hence, they must be finished
or aborted by ηi.)

P3 ηi +Di > ηi+1 due to the assumption that a job is aborted after its deadline miss.

Please note that none of the jobs of τi ∈ hp(τ) released before ηi is executed after η1.
(Otherwise, they have to finish by ηi because of Property P2. However, the jobs of τi
cannot be executed in [η1, ηi) because of Property P1.) Therefore, jobs released before η1
are not relevant for the analysis.

Release Time Modification: In the following we move the release of τ(ℓ) to η1 for
the analysis, i.e., we show that∑

τ ′∈hp(τ)
exec

A(ω)
τ ′ (rωτ(ℓ), r

ω
τ(ℓ) + t)

!
≤

∑
τ ′∈hp(τ)

exec
A(ω)
τ ′ (η1, η1 + t). (B.14)

According to Property P1, during [η1, r
ω
τ(ℓ)) = [η1, ηk+1) the processor is busy executing

jobs of tasks of hep(τk) = hp(τ). Therefore,
∑

τ ′∈hp(τ) exec
A(ω)
τ ′ (η1, ηk+1) = ηk+1 − η1

holds. Moreover, ηk+1 − η1 ≥
∑

τ ′∈hp(τ) exec
A(ω)
τ ′ (η1 + t, ηk+1 + t) since the processor can

only execute jobs for at most ηk+1− η1 time units in the interval [η1+ t, ηk+1+ t). Hence,∑
τ ′∈hp(τ)

exec
A(ω)
τ ′ (η1, ηk+1) = ηk+1 − η1 ≥

∑
τ ′∈hp(τ)

exec
A(ω)
τ ′ (η1 + t, ηk+1 + t) (B.15)

holds. Since by Equation (B.15)
∑

τ ′∈hp(τ) exec
A(ω)
τ ′ (η1, ηk+1)−

∑
τ ′∈hp(τ) exec

A(ω)
τ ′ (η1 +

t, ηk+1 + t) ≥ 0, we obtain the following:∑
τ ′∈hp(τ)

exec
A(ω)
τ ′ (rωτ(ℓ), r

ω
τ(ℓ) + t) =

∑
τ ′∈hp(τ)

exec
A(ω)
τ ′ (ηk+1, ηk+1 + t) (B.16)

≤


∑

τ ′∈hp(τ)
exec

A(ω)
τ ′ (ηk+1, ηk+1 + t) +

∑
τ ′∈hp(τ)

exec
A(ω)
τ ′ (η1, ηk+1)

− ∑
τ ′∈hp(τ)

exec
A(ω)
τ ′ (η1 + t, ηk+1 + t)

 (B.17)

=
∑

τ ′∈hp(τ)
exec

A(ω)
τ ′ (ηk+1, ηk+1 + t) + exec

A(ω)
τ ′ (η1, ηk+1)− exec

A(ω)
τ ′ (η1 + t, ηk+1 + t)

(B.18)

=
∑

τ ′∈hp(τ)
exec

A(ω)
τ ′ (η1, ηk+1 + t)− exec

A(ω)
τ ′ (η1 + t, ηk+1 + t) (B.19)

=
∑

τ ′∈hp(τ)
exec

A(ω)
τ ′ (η1, η1 + t) (B.20)

Note that the conversion from (B.18) to (B.19) and from (B.19) to (B.20) are both due to

the fact that exec
A(ω)
τ ′ (a, b)+exec

A(ω)
τ ′ (b, c) = exec

A(ω)
τ ′ (a, c) for all real numbers a ≤ b ≤ c.

This proves Equation (B.14).
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Quantification of Interference: In the following we quantify the interference from

higher-priority task τ ′ ∈ hp(τ), which is exec
A(ω)
τ ′ (η1, η1 + t). For all τi ∈ hp(τ), during

[η1, ηi) only jobs of hp(τi) are executed by Property P1. Therefore, exec
A(ω)
τi (η1, ηi) = 0

and

execA(ω)
τi (η1, η1 + t) ≤ execA(ω)

τi (η1, ηi + t) = execA(ω)
τi (ηi, ηi + t). (B.21)

By Property P2 only those jobs of τi that are released in [ηi, ηi + t) can be executed

in [ηi, ηi + t). These are at most
⌈

t
Tτi

⌉
jobs. However, since ηi is a random variable

dependent on the execution behavior, it is not clear which jobs have to be included in
the analysis.2

In the following we derive a set Ji of all jobs that may be released in [ηi, ηi+t) under any
execution behavior, i.e., the set is only dependent on the release pattern. By Property P3,
ηi is lower bounded by rωτ(ℓ) −

∑
τ ′′∈hp(τ)\hp(τi)Dτ ′′ . Hence, the interval [ηi, ηi + t) is a

subset of the interval [rωτ(ℓ) −
∑

τ ′′∈hp(τ)\hp(τi)Dτi , r
ω
τ(ℓ) + t). Let τi(jτi) be the first job

of τi that is released at or after rωτ(ℓ) −
∑

τ ′′∈hp(τ)\hp(τi)Dτ ′′ . Please note that jτi is only
dependent on the release pattern and independent of the execution behavior. Since at most

λtτi =
⌈
t+

∑
τ ′′∈hp(τ)\hp(τ) Dτ ′′

Tτi

⌉
jobs of τi are released in [rωτ(ℓ)−

∑
τ ′′∈hp(τ)\hp(τi)Dτ ′′ , r

ω
τ(ℓ)+t),

only the jobs

Ji =
{
τi(jτi), . . . , τi(jτi − 1 + λtτi)

}
(B.22)

can be released in [rωτ(ℓ) −
∑

τ ′′∈hp(τ)\hp(τi)Dτ ′′ , r
ω
τ(ℓ) + t). Hence, only jobs of Ji may be

released in [ηi, ηi + t).

As discussed earlier, by Property P2 only jobs of τi that are released in [ηi, ηi + t) can

be executed in [ηi, ηi + t), i.e., at most
⌈

t
Tτi

⌉
jobs. Hence, only the execution time of⌈

t
Tτi

⌉
jobs in Ji has to be considered for the interference. We conclude

execA(ω)
τi (ηi, ηi + t) ≤ MAX t

i (B.23)

where MAX t
i is the random variable that returns the sum of the

⌈
t

Tτi

⌉
maximal execution

time upper bounds of the jobs in Ji. After the quantification step, we obtain that

P(RA(•),•
τ(ℓ) > R) ≤ inf

0<t≤R
P
(
c̄•τ(ℓ) +

∑
τi∈hp(τ)

MAX t
i

)
, (B.24)

which is a combination of Equations (B.11), (B.14), (B.21) and (B.23).

Exploit iid: Since the random variable c̄•τ(ℓ) has the same probability distribu-

tion as c̄•τ(1), we can replace c̄•τ(ℓ) by c̄
•
τ(1) in Equation (B.24). Moreover, the random

variables c̄•τi(jτi )
, . . . , c̄•τi(jτi−1+λt

τi
) and c̄•τi(1), . . . , c̄

•
τi(λt

τi
) are iid. Therefore, MAX t

i and

2Please note that in the proof of Theorem 4.11 the jobs τ ′(jτ ′), . . . , τ ′(jτ ′ − 1+
⌈

t+Dτ′
Tτ′

⌉
) in the analysis

can be determined directly from the release pattern. In this proof, the release time modification, i.e.,
moving the analysis interval to ηi, is dependent on the execution behavior.
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SAI(τi,
⌈

t
Tτi

⌉
, λtτi) have the same probability distribution for all τi ∈ hp(τ). We con-

clude that c̄•τ(ℓ)+
∑

τi∈hp(τ)MAX t
i and c̄

•
τ(1)+

∑
τi∈hp(τ) SAI(τi,

⌈
t

Tτi

⌉
, λtτi) have the same

probability distribution, and therefore

P(c̄•τ(ℓ) +
∑

τi∈hp(τ)
MAX t

i) = P(c̄•τ(1) +
∑

τi∈hp(τ)
SAI(τi,

⌈
t

Tτi

⌉
, λtτi)) (B.25)

holds. Applying this to Equation (B.24) yields

P(RA(•),•
τ(ℓ) > R) ≤ inf

0<t≤R
P
(
c̄•τ(1) +

∑
τi∈hp(τ)

SAI

(
τi,

⌈
t

Tτi

⌉
, λtτi

)
> t

)
. (B.26)

Closing remarks: We have shown that Equation (B.26) holds for an arbitrary release
pattern, and therefore it holds for all possible release patterns. We can apply supℓ∈N to
obtain the statement from Theorem 4.14.
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of Deadline Miss Rates for Uniprocessor Fixed-Priority Scheduling.” In:
RTCSA. IEEE Computer Society, 2018, pp. 168–178.

[CC17] Kuan-Hsun Chen and Jian-Jia Chen. “Probabilistic schedulability tests for
uniprocessor fixed-priority scheduling under soft errors.” In: SIES. IEEE,
2017, pp. 1–8.

[Che+22a] Kuan-Hsun Chen, Mario Günzel, Georg von der Brüggen, and Jian-Jia
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Notation

Real-Time Scheduling

T Task set Section 2.1
τ ∈ T A task Section 2.1
τ(j) j-th job of task τ Section 2.1
J Job set Section 2.1
J ∈ J A generic job Section 2.1
Dτ Relative deadline Section 2.1
dJ Absolute deadline Section 2.1

Ω Set of system evolutions Section 2.2
ω ∈ Ω A system evolution Section 2.2
rωJ Job release Section 2.2
cωJ Job execution demand Section 2.2

S A discrete schedule Section 2.3
Sdiscr Set of discrete schedules Section 2.3

sS,ωJ Start of job J in discrete schedule S Section 2.3

fS,ωJ Finish of job J in discrete schedule S Section 2.3
[S] A continuous schedule Section 2.3
Scont Set of continuous schedules Section 2.3

s
[S],ω
J Start of job J in continuous schedule [S] Section 2.3

f
[S],ω
J Finish of job J in continuous schedule [S] Section 2.3

idle[S](t1, t2) Idle time in interval [t1, t2] Section 2.3

exec
[S]
J (t1, t2) Execution time of job J in interval [t1, t2] Section 2.3

exec
[S]
τ (t1, t2) Execution time of task τ in interval [t1, t2] Section 2.3

Table 1.: Notation used in this work for real-time scheduling.
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Notation

Abstraction of Task Properties

WCET(Cτ ) or WCET(Cmax
τ ) Worst-Case Execution Time Section 2.4.1

BCET(Cmin
τ ) Best-Case Execution Time Section 2.4.1

pET(Dτ ) Probabilistic Execution Time Section 2.4.1

pETiid(Dτ ) Probabilistic Execution Time with iid
assumption

Section 2.4.1

pWCET(Dτ ) Probabilistic Worst-Case Execution
Time

Section 2.4.1

pWCETiid(Dτ ) Probabilistic Worst-Case Execution
Time with iid assumption

Section 2.4.1

FixRel((rτ(j))j∈N) Fixed release pattern Section 2.4.2

PerOff(Tτ , ϕτ ) Periodic tasks with offset Section 2.4.2
Per(Tτ ) Periodic tasks Section 2.4.2
Spor(Tτ ) Sporadic tasks Section 2.4.2
SporMinMax(Tmin

τ , Tmax
τ ) Sporadic tasks with minimum and

maximum inter-arrival time
Section 2.4.2

Arr(ατ ) Tasks with arrival curve Section 2.4.2

Uτ := Cτ
Tτ

Task utilization Section 2.4.2

UT =
∑

τ∈T Uτ Task set utilization Section 2.4.2
H(T) Hyperperiod Section 2.4.2

Table 2.: Notation used in this work for abstraction of task properties.

Scheduling Algorithms and Response Times

A A scheduling algorithm Section 2.4.3
A(ω) Schedule derived from system evolution ω under scheduling

algorithm A
Section 2.4.3

Πτ Relative priority point for EDF-Like (EL) scheduling Section 2.4.3

R
A(ω),ω
τ(j) Response time of job τ(j) Section 2.5

RA
τ Worst-Case Response Time (WCRT) Section 2.5

Wτ Time-demand function (for TDA) Section 2.5

Table 3.: Notation used in this work for scheduling algorithms and response times.
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Distributed Execution of Jobs

Bω
J Blocks of job J Section 3.1

Pω
J Precedence constraints Section 3.1

Bω Set of all blocks Section 3.1
δω(B,B′) Delay between two blocks B and B′ Section 3.1

EDD(. . . ) Abstraction of EDD tasks Section 3.1
DAG(. . . ) Abstraction of DAG tasks Section 3.1
SegSS(C1

τ , S
1
τ , . . . , C

mτ
τ ) Abstraction of segmented self-suspending tasks Section 3.1

DynSS(Cτ , Sτ ) Abstraction of dynamic self-suspending tasks Section 3.1

Table 4.: Notation used in this work for distributed execution of jobs and for self-
suspension.

Interplay of Distributed Tasks

E = (τ1 → · · · → τn) A cause-effect chain Section 3.2
reω(J) Read-event Section 3.2
weω(J) Write-event Section 3.2
c = (J1, . . . , Jn) A job chain Section 3.2
ℓω(c) Length of job chain c Section 3.2
a⃗cωE(z) = (z, J1, . . . , Jn, z

′) Immediate forward augmented job
chain

Section 3.2

ℓ(a⃗cωE(z)) Length of a⃗cωE(z) Section 3.2
⃗acωE(z

′) = (z, J1, . . . , Jn, z
′) Immediate backward augmented job

chain
Section 3.2

ℓ( ⃗acωE(z
′)) Length of ⃗acωE(z

′) Section 3.2
Wω

E,τi
Job index for warm-up Section 3.2

MRT(E,ω) and MRT(E) Maximum Reaction Time Section 3.2
MDA(E,ω) and MDA(E) Maximum Data Age Section 3.2
MRRT(E,ω) and MRRT(E) Maximum Reduced Reaction Time Section 3.2
MRDA(E,ω) and MRDA(E) Maximum Reduced Data Age Section 3.2

Lat(E,ω) and Lat(E) End-to-end latency Section 6.1.2
pcωE,p(m) m-th p-partitioned job chain Section 6.1.2.1

I⃗Ei i-th abstract integer representation Section 6.2.2.2
RT(E, •, z) Reaction time at z Section 6.3.1
PRTG(E, •) Probabilistic reaction time guarantee Section 6.3.1
DA(E, •, z) Data age at z Section 6.3.1
PDAG(E, •) Probabilistic data age guarantee Section 6.3.1

Table 5.: Notation used in this work for the interplay of distributed tasks and end-to-end
analysis of cause-effect chains.
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ACET Average-Case Execution Time, 211 f., 230, 250

APS Adaptive Partitioning Scheduler, 57

BCET Best-Case Execution Time, 23 f., 187, 199 f., 203, 211, 214, 222

CAN Controller Area Network, 2, 221, 223

CIT Critical Instant Theorem, 6, 11, 31–34, 37, 54, 59, 63, 67, 69, 71 ff., 75, 77 ff., 81 f.,
257, 259, 268

CPA Compositional Performance Analysis, 26, 95 f., 102

DAG Directed Acyclic Graph, 38, 40 f., 81, 258 f., 262 f.
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