Optimal crossover designs in a
model with self and mixed
carryover effects with
correlated errors

Adrian Wilk, Joachim Kunert

Nr.51/2013

SFB
823

o
%
O
-
»
Ly
O
-
=
Q)
=
@
-







Optimal crossover designs in a model with self and
mixed carryover effects with correlated errors.

Adrian Wilk and Joachim Kunert
Fakultat Statistik, Technische Universitdt Dortmund, 44221 Dortmund,
Germany

Abstract

We determine optimal crossover designs for the estimation of direct treatment
effects in a model with mixed and self carryover effects. The model also
assumes that the errors within each experimental unit are correlated following
a stationary first-order autoregressive process. The paper considers situations
where the number of periods for each experimental unit is at least four and
the number of treatments is greater or equal to the number of periods.
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1 Introduction

In crossover designs experimental units are exposed to a number of treat-
ments, one after the other. We consider the situation that treatments are
liable to have a carryover effect on the measurement in the next period.
[Afsarinejad and Hedayat(2002)] suggested a model with partial interaction
between direct effects and carryover effects. In this model, each treatment
has two types of carryover effects. If the treatment in the present period is
the same as in the preceding period, the measurement is influenced by the
self carryover effect, if the treatment is different, the mixed carryover effect
appears. These authors considered designs with two periods for each expe-
rimental unit and determined optimal designs for direct treatment effects.
[Kunert and Stufken(2002)] and [Kunert and Stufken(2008)]| considered de-
signs with more than two periods. In all three papers, the model assumed
that the errors are independent. An extension of the model, assuming with
correlated errors, was considered by [Hedayat and Yan(2008)]. They investi-
gated designs where the number p of periods equals three and the number ¢
of treatments is at least three. They also gave a numerical investigation of
the case t > p = 4.



In what follows, we consider the same model. We extend the work by
[Hedayat and Yan(2008)] to the case t > p > 4 and give a closed soluti-
on for that case. The proof uses the approach of [Kushner(1997)], see also
[Kunert and Martin(2000)] and [Kunert and Stufken(2002)].

2 Notations and a tool for finding good desi-
gns

The model which we consider is exactly the model studied in [Hedayat and
Yan(2008)]. The response on period j of unit ¢ can be written as
e B =+ Tag) + pagg-1) + €y i d(i, ) # d(i,j — 1), 1)
! o + B5 + Tagijy + Vaj—1) + €, i d(i, ) =d(i, j — 1),

where d(i,7) € {1,...,t} is the treatment applied to unit ¢ in period j. The
unknown fixed parameters «;, 3;, Taqj), Pag,j—1) and vqij—1) are the effect
of unit ¢, the effect of period j, the direct effect of treatment d(i,j), the
mixed carryover effect of treatment d(i, j — 1) and the self carryover effect of
treatment d(7, j—1), respectively. Since the first observation of any unit is not
affected by a carryover effect, we define pg(; 0y = 0 and 74(,0) = 0. Further, we
assume that the errors within any unit are correlated following a stationary
first-order autoregressive process with known correlation parameter \. Errors
from different units are independent from each other. Thus Cov(e;j,, €ij,) =
o2 \li1=321 /(1—\?) with variance 0 > 0 and correlation parameter A € (—1,1)
and Cov(g;,j,, €injp) = 0 for iy # .

The class of all designs with t treatments, n experimental units and p
periods for each unit is denoted by €, ,. We restrict attention to the case
t>p=>4

Using matrix notation the model becomes

Y =Ua+ P+ Tyt + Mgp+ Sgy + ¢ (2)

where Y = [y11, Y12, - - -, Ynp) - - The covariance matrix of € is given by Couv(e)



= 0%(I, ® A), where ® denotes the Kronecker product and

1 A DA Vit

] 1 A D Vo

— A2 A 1 D Vot
A 1= A2 : : : . :
)\p'_l )\p._Z )\p._g . 1

The matrices U = I,, ® 1, P =1, ® I,,, T;, My and Sy are the design matri-
ces of the unit, period, direct treatment, mixed carryover and self carryover
effects, respectively.

We assume that the parameter A € (—1,1) is known. As in [Kunert(1985)],
we can determine a matrix Vy such that VAA\ViI' = I, and transform model
(2) to

([n X V/\)Y = ([n X V/\)Uoz + (In X V)\)P,B + ([n X V)\)TdT
+(In @ Va)Map + (I, ® VA)Say + €,

where Cov(&) = 0I,,,. Then the information matrix for the estimation of
direct effects becomes

Cy=T5 (I, @ Va)w (I, @ VA)[P,U, My, Sa)) (I, ® V3) Ty,

where wt(A) = I—A(ATA)~ AT for a matrix A and (AT A)~ is the generalized
inverse of ATA.

As in [Kunert and Stufken(2002)] we can see that the information matrix
Cy of any design d must have row and column sums zero. It was shown by
[Kiefer(1975)] that then a design is universally optimal if the corresponding
information matrix is completely symmetric and has maximal trace among
the information matrices of all designs in €, ,,. Complete symmetry means
that the matrix can be written as al; + bltlf where a and b are real numbers.

An upper bound of Cy in the Loewner ordering is

Cy < TH(I, @ V3w (1, @ VAU, My, Si)) (I, @ V\)Ty
with equality if and only if
TT (I, @ V\)w((I, ® VA)[U, Mg, Sq)) (I, ® V)P = 0, (3)

see [Kunert(1983)].



To continue, we define the matrix

Wy=A"—(17A"1,) " "AT 1 A (4)
where
1 -\ 0 0
-\ 14+ =) :
A-l = 0 A 14+ )2
. . . 0
: 14+ X2 =)\
0 0 —A 1

is the inverse of A. We then can write

T (L, @ Va)w (I, @ VA)[U, My, Sq)) (I, @ V3)Ty
= Cygi1 — OdeC(j_QQOng — (Cqiz — Cq12C 155Cao3)
X (Cazz — CiogCoinyCaa) ™ (Canz — Ca12ClpyClns) 7,
where Cyi1 = T (I, @W)\)Ty, Cano = Ty (I, QW) My, Canz = T (I, W) Sy,
Cazo = MdT([n@)W,\)Md, Carz = Mf(1n®WA)Sd, and Cyz3 = SZ(In®WA)Sd,
see [Kunert and Martin(2000)].

Now define cq;; = tr(BiCy;j), the trace of B;Cy;;, with B, = I, — %ltlf.
From [Kunert and Martin(2000)], we have

tr(T] (I @ Va)w' ((In ® Va)[U, Ma, Sa)) (In @ Va)Ta) < g3, (5)
where ¢} is defined as follows.

2 — 2
Ca19Cd33 — 2€412Cd13Ca23 + Cg13Cd22
1. If caoacass 6323 > 0, then ¢ = cq11 — d12 d13 '

2
Cd22Cd33 — Cyo3

2

c
2. If cgoacass — 0523 = 0 and cq22 > 0, then ¢ = c411 — —diz

Ca22
2
3. If cgeo = 0 and cg433 > 0, then ¢ = ca1 — —d13
Cd33

4. If Cq22 = Cq33 = 0, then q;kl = Cq11-



In (5) we have equality, if all matrices Cy;; are completely symmetric.
Combining what we have seen so far, we get

tr(Ca) < q (6)

with equality holding iff (3) holds and all matrices Cy;; are completely sym-
metric.

We want to find designs with a maximum value of ¢ where equality holds
in (6). It then is useful to split up the design matrices into the contributions
from each unit, that is, we write

T Mg Sa1
T, M, S
Td = :ﬂ ,Md = :d2 and Sd = :12 y

where the (p x t)-matrices Ty, Mg, and Sy, correspond to unit u, 1 < u < n.
Further define

Cdll tr[By(Tg, WaTu)),
Cd12 tr[By(T g, WaMay)],
Cd13 tr[By(T g, WxSau)),
Cd22 tr[By(M g, WaMg,)],
Cd23 tr[By(Mg, WxSau)],
Cd33 tr[Bi(S3,WaSau)].

Then we get cgij = > v, ((;;]), 1 < i < j < 3. Observe that cd”) = CS;;)
if unit u; receives the same sequence of treatments as us. This equality re-
mains true if the sequence of unit u; can be transformed to the one of unit
us by relabeling the treatments. We thus can merge the sequences into K
equivalence classes. Each equivalence class ¢ can be identified by a represen-
tative sequence. For example, the equivalence class with the representative
sequence [1112] contains, among others, the sequences [1112], [2223], [4441].
For class ¢, we define

cij(£) = Cgff :



where u, is an unit receiving the representative sequence for class ¢. With
this notation we have

K
caij = n(Y_ macii(0))
/=1

where 7y is the proportion of units in the design receiving sequences from
class ¢. This implies that ¢} depends on the design only through the mg.
So if we want to maximize ¢; we have to find appropriate values for mg.
The determination of the appropriate 74 is made a lot easier by Kushner’s
method.

We define the bivariate function

qa(7,y) = cann + 2xCq12 + T Cao + 2ycars + Yy cass + 2TYCaos.

Then gq(z,y) > ¢ for all z,y and there is at least one point (z*,y*) such
that gq(z*,y*) = ¢, see [Kunert and Martin(2000)]. Defining

he(z,y) = c11(€) + 2zc12(f) + xQng(f) + 2ycy3(0) + y2033(€) + 2xycas(0),

for 1 < ¢ < K, we have qq(x,y) = n Y0, mache(x,y). Hence qq(z,y) can be
derived from the weighted mean of the sequence classes. In particular, we get

¢; < n min max he(z,y) (7)
z7y

for all designs d € €, .

3 Results

In this section we derive the form of the optimal designs for the cases that
t > p > 4. For that we consider all K equivalence classes ¢ with their
representative sequences [sf, s5, . .. ,si]. Of particular interest is the class 1
with sequence [sf,s3,...,s;] = [1,2,...,p]. For A not too small, we show
that only class 1 is needed for the optimal designs. In particular, this implies
that each treatment should appear at most once within each unit. Our main
proposition identifies the upper bound in (7).

Proposition 3.1. Fort > p > 4 define
AN(p)=(p—2—-+vp*—8)/2p - 3)).

6



If we assume that X\ € [\*(p), 1) then

hi(z*,0) = min max he(z,y). (8)
@y

Here x* = argmin, hy(x,0) = —c12(1)/ca(1).

Beweis. If unit u receives a sequence from the equivalence class 1, then Sy, =
0. Therefore, c13(1) = c23(1) = ¢33(1) = 0. Hence, the minimum of h;(z,y)
does not depend on y. We conclude that hy(x,y) attains its minimum if

_ _Clz(l)
c22(1)’

that is, if z = x*, see Lemma A.5. Therefore, it holds for all z and y that

max he(z,y) > hi(z,y) > hi(z*,0). 9)
On the other hand, we show in the appendix for any ¢ and = € [0, 1] that
hi(z,0) > hy(z,0),
see Lemma A.6. Since z* € [0, 1], see Lemma A.5, this implies that

hi(z*,0) > hy(x*,0).

Thus
hq(z*,0) = max he(z*,0) > min max he(z,y). (10)
.y
Combining (9) and (10) we get equation (8). O

An example of a design d* such that Cg is completely symmetric and
tr(Cyq) = n hy(x*,0) is given by any OA;(n,p,t,2), that is by any type [
orthogonal array of strength 2. An OA;(n,p,t,2) is a p X n matrix with
entries from the set {1,...,t}, such that the columns of any 2 x n sub-
matrices contain all ¢(t — 1) ordered pairs of treatments ¢ and j with i # j
equally often. For more details, see e.g. [Hedayat and Yan(2008)].



4 Examples

Now we present some examples with a focus on A-optimality which is inclu-
ded in universal optimality. The A-criterion of a design d is given by
_tr(Cy)

Cot=1"

A(d)

where Cj denotes the Moore-Penrose inverse of the information matrix Cy.
In our situation, it describes the average variance of all pairwise comparisons
of direct treatment effects.

Either the following designs are universally optimal or we give lower
bounds for their A-efficiencies which depend on A. The A-efficiency of a
design d can be defined by the quotient

where d* is the A-optimal design. If we do not know the A-optimal design,

we use the lower bound
(t—1)

nhy(z*,0)
for tr(C}.), see [Kunert and Martin(2000)]. We get a lower bound for the
A-efficiency of a design d which is given by
(t—1)*
(Ca Inha (27, 0)

ea(d) = = (11)

Example 1: t =4, p=4,n=12

1234123412 3 4
d — 2143 341243 21
"7 1341 243212143
4 3 21 2143 3 41 2
Design d; is an OA[(12,4,4,2). It is universally optimal for X € [1 — /2, 1).
Example 2: t =4, p=4,n=4
1 2 3 4
2 41 3
B=131 4 9
4 3 21



Design dj is universally optimal for A = 0, see [Kunert and Stufken(2002)].
Taking account of (11), the A-efficiency of dy is at least 0.90508 for any
A € [0,1). If we restrict attention to designs where each treatment appears
at most once within each unit, then a numerical evaluation shows that ds is
A-optimal within this class of designs for all A € (0,1).

Example 3: t =5, p=5,n=10

1234545123
2345134512
ds=15123 4512 3 4
3451223451
45123123435

Design d3 is a Williams-Design. It is optimal for A = 0. Taking account of
(11) again, its A-efficiency is at least 0.85590 for all A € (0, 1).

A Proofs

Lemma A.1. Consider the matriz W, defined in (4). Assume p > 4 and
A € [N(p), 1) with X*(p) as in Proposition 3.1. We then get for the entries
w;j of Wy that w;; >0 for 1 <1 <p andw;; <0 for1 <i#j<p.

Beweis. It was shown by [Kunert(1985)] for A € [A\*(p), 1) that w;; < 0 for
1 # j and wy > 0.

To see that the diagonal elements are in fact positive, define (1—\)¥ =: L.
We observe 1TA™" = [Ly, Ly, . .., Ly, Ly] and 17A7'1, = Ly (p—A(p—2)) = 2,
say. For 2 <4 < p — 1 the substitution p = v + 4 yields
Ly  (1=XNA+X)v—-N+X+X+3

i=1+X——=
v * Zp (I=XNv—2\+4

which is positive for v > 0 and therefore also for p > 4.
The entries wy; and wy, are positive because, using the substitution p =
v + 4 again, we have

wllzwppzl_ —=

z  (1=Av—2X+4

which is positive. [



Lemma A.2. Fort > p > 4 and A € [\ (p),1) consider an arbitrary se-
quence class €. Then c11(1) > c11(€) and c11(1) + 2¢12(1) > ¢11(€) + 2¢12(4).

Beweis. Assume v is a unit receiving a sequence s = [s1, ..., s,] from class .
Then
CH(€> = tT(BtTg;LW)\TdU)

and
c12(0) = tr(B, T3, WxMay,).

Since W) has column-sums zero and since Ty,1; = 1,, it follows that
cii(0) = tr(TEWiTy,) and  co(f) = tr(Th,WaMg,).

For 1 < i <t denote the i-th column of Ty, by t((;g and the 7-th column of
My, by mgg. Observe that

e the j-th entry of tgz is 1 if s; = % and 0 otherwise,

e the j-th entry of mgg is 1if 7 > 2,5, =4 and s;_1 # s;. In all other
cases it is 0.

For any given i it follows that
) ) p p
b’ Wty = D 1(si =1) 3wyl (e = i),
j=1 r=1
where I(statement) is 1 if statement is true and 0 otherwise. Hence,
t . .
en(t) = S0 wal)
i=1

S ( wiyI(s; = 85 = i)) =33 g d(s; = s,)

i=1 \j=1 r=1 j=1 r=1
p p—1 p

= ijj + 22 Z wi I(s; = s,) (12)
j=1 j=1 r=j+1

IN

p
E Wiy,
j=1

10



because all wj, < 0 if j # r. It is easy to see that ¢11(1) = Z?:l wj; and,
therefore, we have proved that

Cll(g) S C11<1).

We can also use equation (12) to derive the slightly sharper bound
P p—1
en(t) <) wij+2) wigal(s; = sim). (13)
j=1 j=1
On the other hand,

p
W mgu ZI = 1) ijrl(sr £ S, =1).
r=2

Therefore,

Clg(f) =

p p
< Zw]rl =10,8 F 8_1 = z))
j=

r=1

H

M= 10
M@

wiI(s; = s,_1 # sy)

1 r=1

<.
Il

M=
g

37'] = Sr—1 ?’é S'r),

1r

.
I
\H\

J

because s; = s,_1 # s, can never hold for r = j. On the other hand, if
r = j+1, then s; = 5,1 # s, becomes s; # s;41. Making use of the fact
that all w;, <0 for all » # j, we conclude that

-1

c12(€) S wjjr11(s; # sj41)-
1

bS]

S,
Il

Combining this with equation (13), we conclude that

p—1

c11(€) +2¢12(0) < Zwm +22wm+1] = 55401) T2 ) _wignl(s; # si1)-

J=1

11



Since it is easy to see that
p—1
crp(1) = ij,j+17 (14)
j=1

we have proved that ¢11(€) 4+ 2¢12(€) < c11(1) + 2¢12(1). O
Lemma A.3. Under the conditions of Lemma A.2 we have caa(1) > coo(f).
Beweis. If My, is as in the proof of Lemma A.2, then
1
oo (€) = tr(B,M, WxMyg,) = tr(M}, WxMy,) — ¥1tT MI W\Mg,1,.
Observe that Mg,1; is a p-dimensional vector with entries 1 or 0. The first

element of Mg, 1; is always 0, the j-th element, for j > 2, is 0, if s;_1 = s,
and 1, otherwise. Hence,

p p
1?M3;W)\Mdu1t = Z ijr-[(sj—l 7é sj)l(sr_l 7& ST)

7j=2 r=2

P
= Y wil(sj1 #5;)
=2

+2 Z Z ’UJjTI(Sj_l 7& Sj)I(Sr—l 7& S,«).

§=2 r=j+1

12



(@)

Defining m,,, as in the proof of Lemma A.2, we get

tr(M2 WMy,)

<

t
> g, Waimg,

i=1

=1

i iwer(Sj 7& Sj—1 = Sp_1 7£ Sr‘)

Jj=2 r=2

Z (Z ijrl(sj #Sj_1=1=58_1 7% 5)

j=2 r=2

p
D wil(s; # s5-1)
=2

p—1 p
—f-QZ Z wjr](sj 7£ Sj—1 = Sr—1 7é Sr)

§=2 r=j+1

p
> wii(s; # sj-1).
=2

Combining the two parts, we get

C29 (6)

<

p
> wiiI(s; # sj-1)
=2

—% ( Z wjil (5 # sj-1)

_|_QZ Z wiI(sj—1 # sj)1(sp—1 # S?‘))

j=2 r=j+1
t—1
t

p

2
j=2 r=j+1
t—1

P Wi
t 77

p

=2

13

— > wjl(s; # s55-1)
=2
_g pi Z U)jr[<5jfl # Sj)[(srfl 7& 37")

21)—1 P
23w

§=2 r=j+1

)



where the last inequality made use of the fact that all w;; > 0 and all w;, <0,
for j # r. It is easy to see that this bound for cg(f) equals coa(1). O

Lemma A.4. Under the conditions of Lemma A.2 consider an x € [0,1].
We than have that

011(1) + 2(E012(1) Z 011(6) + 2$012(€).

Beweis. Define f(x) := c11(€)+22c12(¢). Due to the linearity of the function
fw(x), it is sufficient to show that f1)(0) > f)(0) and fay(1) > fu(1),
1 < /¢ < K. The inequalities are valid because of Lemma A.2. O

Lemma A.5. Under the conditions of Lemma A.2, we have that ca2(1) > 0
and the function hi(x,0) has an unique minimum at

oo (1)
622(1)

Beweis. It follows from the proof of Lemma A.3 that

1 & 217—1 P
CQQ(l)IT ’wjj—gz Z Wi

j=1 =2 r=j+1

€ [0, 1].

Making use of Lemma A.1, we see that co2(1) > 0. This implies that hy(z,0) =
c11(1) + 2xcia(x) + 2%cop(x) has a unique minimum at the point z*. It only
remains to show that 0 < z* < 1.

For each j, it holds that Y *_, wj, = 0. This implies that

1< —1
S - SEE )

=2 r=j+1
-1 G t—1
REEES RS
7j=2 r=1 j=2 r=j5+1
We therefore can rewrite coo(1) as
AR~ s t+1
en(l ZZW——Z > g
j=2 r=1 j=2 r=j+1

14



Since all w;; in this sum are non-positive, we get

—1
t—1 41+
co(l) > — ;W T T ) Wi
§=2
-1
t—1 2 1
§=2

Observing that w,_;, = ws; = w12, we conclude that

p—1
cao(1) = =Y s
j=1

Equation (14) then shows that 0 < —¢ja(1) < ¢99(1). This completes the
proof. O

Lemma A.6. Under the conditions of Lemma A.2 we get for any x € [0, 1]
that
hi(z,0) > he(z,0).

Beweis. Making use of Lemma A.3 and A.4 we observe that

hi(2,0) = c11(1) + 2xc19(1) + 2%ca0(1)
> c11(€) + 2xein(f) + 2Pcgn(X)
= hg($, O)

[]
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