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1 Introduction

Strongly correlated electron systems are of great importance in the field of condensed mat-
ter physics as a wide range of physical phenomena, e.g. certain properties of magnetism and
conductivity, can only be understood in the framework of a quantum mechanical description
of many-body systems in which interactions between electrons are important. However, even
fairly simple models including interacting electrons can already be very challenging and exact
solutions can only be derived in rare cases. An effective way to deal with such models is to
reduce the complicated many-body problem to a simpler effective model with a focus on the
physical aspects under consideration.

Two very important examples of strongly correlated electron systems [1] are the Kondo (or
sd-exchange) model [2] and the single impurity Anderson model (STAM) [3]. These are the
most basic archetypes of models describing magnetic impurities in a host metal and most of the
works in the field of magnetic impurities have been based on these two models [1].

The Kondo model describes the interaction of a local magnetic moment and the conduction
electrons of a host metal via a spin-spin exchange interaction. This interaction leads to the
Kondo effect [1, 2, 4] which results in the anomalous behavior of the susceptibility, specific heat
and resistivity at small temperatures [5, 6].

The single impurity Anderson model is able to explain how such local moments arise in the
first place. It describes a single impurity level which is hybridized with a non-interacting bath
of electrons. The local magnetic moment arises from a repulsive Coulomb interaction which
favors a singly occupied impurity level.

The main challenge of such impurity models lies, on the one hand, within the largely sepa-
rated energy scales that reach from the bath electrons’ bandwidth D down to the exponentially
small Kondo temperature 7. On the other hand, it is posed by the break-down of standard per-
turbation theory below the Kondo energy scale Tx. The search for a complete theory down to
arbitrarily small temperatures is known as the Kondo problem [1] and was first solved by the
numerical renormalization group (NRG) [7-10].

The Continuous Unitary Transformation (CUT) (or flow equation) approach [11-14] is a
method of theoretical quantum mechanics which is able to systematically derive simpler effec-
tive models. The approach constructs a unitary transformation which continuously transforms a
given Hamiltonian closer to diagonality. In realistic many-body problems the exact construction
of a CUT is, in general, far too complex which necessitates the introduction of approximations,
e.g., by truncating certain contributions. Fortunately, this is not necessarily a disadvantage be-
cause the resulting effective model can be much simpler while still containing the key features
of the initial model. CUTs can be set up non-perturbatively and exhibit an intrinsic energy sep-
aration which are essential features when treating the Kondo problem.

The objective of this thesis is to apply the method of Continuous Unitary Transformations
to the single impurity Anderson and the Kondo model in order to derive effective models avoid-
ing infrared divergences which occur in perturbative treatments. CUTs have been applied suc-
cessfully to a wide range of problems in many-body theory in which most commonly gapped
systems are discussed. In this thesis, on the other hand, we face the problem of an impurity in
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a gapless host material which gives rise to a system with largely separated energy scales and a
non-trivial low-temperature strong-coupling behavior. Besides the research interest in the CUT
approach itself, the method has also the potential to derive intuitively easily accessible effective
models.

There are a few earlier approaches in which CUTs have been applied to the Kondo problem.
A number of works have been published in the case of the Kondo model. Conventional “poor
man’s scaling” results [15] could be reproduced by CUT [16] in which, however, diverging dif-
ferential equations arise and thus the approach fails to yield effective models. Another direct
approach applying a CUT to the Kondo model [17] results in an effective model where the pa-
rameters still exhibit logarithmic infrared divergences very similar to those found by a standard
perturbative treatment [2]. There are CUT approaches which are able to derive effective models
for the Kondo model, but these approaches rely on a bosonized form of the Kondo model before
applying the CUT [18-20].

In the case of the Anderson model, on the other hand, only a few approaches [21-23] were
published while none of them reveal the exponential character of the Kondo temperature Tx.
Nevertheless, an important previous work is able to reconstruct the Schrieffer-Wolff transfor-
mation using CUTs [22].

We investigate three different approaches to the Anderson and Kondo model — which are
further outlined in Sec. 1.1 — and construct effective models using Continuous Unitary Trans-
formations.

1.1 Thesis Overview

A short overview and a very brief summary of each chapter is given in the following.

Chapter 2 provides a general overview of the history and the basic physics of the Anderson
and Kondo model as well as the representations used in this thesis. References to further litera-
ture on the subject are presented.

Chapter 3 introduces the basic ideas of conventional scaling theory which is able to reveal
the exponential character of the Kondo temperature 7x but fails to solve the Kondo problem
due to diverging couplings. The CUT approach exhibits parallels to the scaling approach from
Chap. 3 and it is non-perturbative which motivates the usage of this method in the context of
the Anderson and Kondo model.

Chap. 3 is supposed to give the reader not familiar with conventional scaling theory enough
information to understand the similarity between the conventional scaling and the Continuous
Unitary Transformation approach outlined in Chap. 4.

Chapter 4 introduces the concept of Continuous Unitary Transformations and provides a wide
range of literature for further information on the method. Additionally, in the end of Chap. 4
the similarity between the scaling approach from Chap. 3 and the CUT approach is explicitly
shown. Both methods exhibit an intrinsic energy separation as higher energetic processes are
treated before lower ones. This is a very useful feature when treating the Kondo problem.

Chapter 5 describes our first approach applying the Continuous Unitary Transformation to
the Anderson model. We use a chain representation of the Anderson Hamiltonian which is sim-
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ilar to the starting point used for a numerical renormalization group calculation [8, 10]. We
use a different parametrization, separating particle and hole states by constructing two chains
(one for each of them) using two separate Lanczos tridiagonalizations. The Continuous Unitary
Transformation is set up such that the ground state of the effective Hamiltonian becomes the
vacuum, i.e., the state without particles and holes. We try to keep the chain local by focus-
ing on nearest-neighbor interactions in most parts while we study the influence of interactions
over longer ranges later in this chapter. We study the influence of the interaction U on the single-
particle energies of the effective Hamiltonian and compare them to those calculated from simple
effective Hamiltonians already known to describe the respective energy regimes. Additionally,
we compare them to the flow of the lowest non-zero many-particle energy of states with total
charge Q = 1 (with respect to half-filling) and total spin § = 0 obtained by NRG calculations
(cf. Ref. [10]).

We find good agreement within the high and intermediate energy regimes for larger values of
U and nearest-neighbor interactions. For smaller values of U, we have to include interactions
over longer ranges in order to obtain comparatively good results.

The most interesting regime, the strong-coupling regime, is missed in this approach which
brought us to analyze further approaches described in Chaps. 6 and 7.

Chapter 6 again deals with the Anderson model alone. We use a parametrization in which
the non-interacting model is diagonal and thus the ground state is simply given by a Fermi
sea. The interaction term in this approach is completely non-local. Our aim is to transform the
Hamiltonian in a way that the Fermi sea becomes also the ground state of the interacting model.
The parametrization in Chap. 6 enables us to derive the flow equations analytically if operators
are truncated in orders of the interaction U.

We find converging differential equations yielding an effective model without any diver-
gences, even for energies arbitrarily close to the Fermi level.

We study the low-energy interaction vertex Uppppngn;: at the Fermi level which becomes at-
tractive for a certain parameter regime of the initial interaction U.

In order to find out if the effective model captures the low-temperature strong-coupling be-
havior, we calculate the impurity contribution to the magnetic susceptibility x4. In the first
part of Chap. 6 we derive 4 numerically and find an exponential increase with respect to the
Coulomb interaction U over some parameter regime which is in agreement with the correct be-
havior. We, however, miss a factor of two in the exponent. The second part of Chap. 6 examines
a low-order scaling expansion to the flow equation which enables us to derive an analytical
expression for the susceptibility )4. Again, we find an exponential increase in the interaction U
but this time the exponent is too large by a factor % ~1.62.

Chapter 7 deals with both the Anderson as well as the Kondo model. We investigate a third
parametrization, starting from the initial star-parametrization including the interaction U in the
diagonal part of the Hamiltonian Hp and truncating terms in orders of the hybridization V.

An approach using a similar parametrization, which is able to reconstruct the Schrieffer-
Wolff transformation, was already used in literature [22]. We revisit this procedure comparing
different generators. We use deepCUT ideas in order to find the induced spin-spin interaction
analytically in a way that simplifies the calculation significantly in contrast to the calculation
already used in literature.

Reproducing ’poor man’s scaling” results by diagonalizing the spin-spin interaction has al-
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ready been achieved for the Kondo model but has not been done for the Anderson model so
far. Thus, we try to diagonalize the induced spin-spin interaction of the Anderson model which
results in the same differential equations as already known for the Kondo model. These dif-
ferential equations are able to reproduce results obtained from conventional scaling but fail to
solve the Kondo problem due to diverging contributions on the Kondo energy scale.

The main goal of Chap. 7 is to modify this approach in a way that enables us, in contrast to
earlier approaches, to construct effective models without infrared divergences. We will follow
the increasing spin-spin interactions during the flow and determine a new reference state as
soon as the diagonal spin-flip contributions become large enough in order to account for a new
ground state.

Our adapted method prevents the divergences which occur in the previous approaches and
results in an effective model that reveals the exponentially small Kondo energy scale as the
binding energy of a singlet ground state in the diagonal part of the effective model.

Chapter 8 summarizes the applied methods and results and provides an outlook on open ques-
tions and possible further investigations.



2 Anderson Impurity Model

2.1 Historical Overview

In the mid 1930’s an unexpected low-temperature dependence of the resistivity in metals hosting
magnetic impurities was measured [4] and led to a quest for the understanding of the physical
mechanism behind this phenomenon [1] that lasted more than three decades. This observation
contradicted the expected low-temperature behavior of the resistivity of metals which had the
form

R=Ry+aT?+BT°. (2.1)

The finite resistivity R at T = 0 is induced by impurities while the T2-behavior is attributed
to electron-electron interactions [24, 25] which are described by Fermi-liquid theory. At higher
temperatures the resistivity is dominated by electron-phonon scattering [25] which leads to
“Bloch’s T2 law” [26].

When a non-magnetic metal, such as gold, contains magnetic impurities, such as a 3d tran-
sition metal (e.g. iron) or a 4 f rare earth element, the resistivity shows a minimum at very low
temperatures. When the temperature is lowered further, the resistivity increases first before it
reaches a constant value Ry.

It was not before the mid 60’s that significant advances in the understanding of this problem
were made by J. Kondo [2, 27]. He used the so-called sd-exchange model [28-30] which de-
scribes a local moment associated with an impurity that couples to the bath electrons of the host
metal via a spin-spin coupling J. The Hamiltonian is explicitly given in Eq. (2.3). He was able
to calculate the resistivity of this model in third-order perturbation theory and found

ke T
R=Ry+aT’—yln (%) (2.2)

where kg is the Boltzmann constant, D the bath electrons’ bandwidth and Ry, o as well as y
are constants with respect to the temperature 7 with y depending on the spin-spin interaction
J [2]. The T°-term stems from the phonon contribution while the In(7') term is an effect of
the impurity. A logarithmic increase of the resistivity fits the experimental data close to the
resistivity minimum. Nevertheless, the theory has a serious problem as it breaks down for very
small temperatures due to a diverging resistivity for 7 — 0.

Anderson introduced a model based on earlier experimental [31] and theoretical [5] works on
impurities. His model contains important insights on the nature of localized magnetic moments
in dilute magnetic alloys and has played a crucial role in the understanding of the theory of
magnetic impurities. Today it is called the Anderson impurity model [3] and is based on the
idea of a virtual bound state just below the Fermi level which is almost localized and associated
with the impurity. In order to explain the appearance of a local moment at low temperatures, he
introduced a short-range Coulomb interaction U between electrons localized on the impurity.
Once the local moment is present, the low-temperature physics can be understood in terms of
an effective Kondo model. This was explicitly shown by Schrieffer and Wolff [32] who were
able to map the Anderson model to an effective Kondo model.
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In the late 60’s Anderson and co-workers developed a method that was better suited to de-
scribe the physics of such models by reorganizing perturbation theory in a way that eliminates
higher energetic excitations first [33—-36]. With this method, called scaling, he was able to find
an exponentially small energy scale, known as the Kondo temperature 7k, where the exchange
coupling J becomes infinitely large [15]. This behavior could be associated with the appear-
ance of a new bound state, the so-called Kondo singlet. Such a singlet ground state was already
conjectured earlier [37—40].

The local moment of the impurity becomes completely screened by the formation of the
singlet between the impurity spin and the spin of a bath electron. This leads to anomalous
contributions to numerous material properties such as the resistivity, susceptibility and specific
heat [1, 5, 6]. This effect is now called the Kondo effect. For an overview, see for example Ref.
[41].

The search for a complete theory which describes the Kondo effect down to arbitrarily small
temperatures is one of the fundamental problems of many-body theory as it appears in a lot of
correlated electron systems, for example, in Heavy-Fermion physics [1, 42], the Mott-Hubbard
metal-insulator [43, 44] or in ultra-small quantum dots [45]. It became famous by the name
“Kondo problem*.

As perturbation theory breaks down at T ~ Tk, non-perturbative methods had to be devel-
oped. The one that finally solved the Kondo problem was found in the mid 70’s by Wilson
[46] and was rewarded with the Nobel prize in 1982. It combines renormalization group ideas
known from quantum field theory and the scaling approach mentioned earlier. The result was
the numerical renormalization group (NRG) [7] which described for the first time the com-
plete crossover from the high-energy physics of a free impurity orbital down to the low-energy
physics of a screened impurity spin.

Krishna, Wilkins and Wilson applied this method extensively to the symmetric [8] and asym-
metric Anderson model [9]. A recent review is given in Ref. [10]. In the 80’s exact analytical
results were obtained independently by Andrei [47] and Wiegmann [48] using the Bethe ansatz
which confirmed the NRG calculations.

A series of works were published by Hewson and co-workers from the early 90’s until recent
times. In these works he developed a perturbative approach which is able to describe the low-
energy physics of the Anderson impurity model, the so-called renormalized perturbation theory
[49-52].

There were extensive investigations of the Anderson impurity model throughout the last
decades and the model has been essential for the understanding of the theory of magnetic impu-
rities. Of course, many-body theory has moved on since these days but, nevertheless, the single
impurity Anderson as well as the Kondo model remain the most basic impurity models and are
thus the perfect candidates for applying new methods to the Kondo problem.

2.2 Kondo Model

The Kondo model was introduced by J. Kondo [2] in order to explain the resistivity minimum
found in metals hosting magnetic impurities. It describes the interaction of the bath electrons
of a host metal with a dispersion &_ and a localized spin 7 associated with the impurity. The
interaction is exchanged by a spin-spin coupling J between the impurity spin and the spins of
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the bath electrons 5,
Hx = Y geef oo +JT 5. (2.3)
k,o
The Hamiltonian is written down in second quantization, i.e., Cle (cxo) creates (annihilates) a
bath electron with momentum k and spin ¢ while 5}, is the bath electrons’ spin
1

= T -
5= Y Y sty 4
kK a.p

which interacts with the local impurity spin. The vector G contains the Pauli matrices G =
Yucxy: 01€y. In Bq. (2.3) the exchange coupling J is isotropic. A more general version is the
anisotropic Kondo model

u

_ + J T

Ho= Y tctotiot ¥ 0T Y oyl @5
k.o HExX,y,z kK o,

where o* describes the Pauli matrix with g = x,y,z and is associated with the bath electrons’
spin while T# is the spin operator of the impurity.
In order to gain a better understanding, we can rewrite the Hamiltonian by introducing the
well-known ladder operators
5 =1+t (2.6)

and splitting the coupling into a polarization part J, and a spin-flip contribution J, = J, =J |

J

_ t z f f + .

Hx = kZ & koo T N Z [’L’Z (CkTCk'T — ck¢ck,¢) +A (r Ci | Ckit +7 CkTCkw)] 2.7)
,O k .k’

with A = J./s,. A ferromagnetic coupling J; < 0 polarizes the electrons close to the impurity
and the electrons’ spin is then parallel to the impurity spin. The spin-flip terms are irrelevant in
this case as they only come into play if the electrons’ spin and the impurity spin are antiparallel.
Thus, in the ferromagnetic case the physics is dominated by J, and spin-flips do not play a
significant role.

This changes drastically as soon as an antiferromagnetic coupling J, > 0 is introduced. As
the spins of the electrons and the impurity are now antiparallel, spin-flip contributions become
a dominant part. Standard second-order perturbation theory results in integrals of the form

@ [P s
E' o J1 S o< In(6) (2.8)

where 0 is a constant which is given by the difference of the smallest contributing energy level
to the Fermi energy €r. The bath electrons form a quasi-continuum with energies arbitrarily
close to the Fermi level which results in a logarithmic divergence for € — €. This is a typical
infrared problem of quantum field theory. When calculating physical quantities, the only cut-off
for 8 is the temperature and consequently the results diverge when T tends to zero.

One can say that divergent spin-flip contributions are lying at the heart of the problem. These
spin-flip contributions lead to the Kondo singlet mentioned in Sec. 2.1. The binding energy of
this singlet is given by an exponentially small energy scale, the so-called Kondo temperature

T o< o 7 (2.9)
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where p describes the density of states of the bath electrons at the Fermi level and J is the
exchange coupling from Eq. (2.3).

The Kondo energy scale can already be seen in perturbation theory as the divergent contribu-
tions become of order O (1) at the Kondo temperature 7x. This marks the point were perturba-
tion theory breaks down.

2.3 Single Impurity Anderson Model (SIAM)

The single impurity Anderson model was introduced by Anderson in 1963 [3] in order to explain
the occurrence of localized moments in dilute magnetic alloys. The most straightforward idea
to introduce an impurity would be to assume an effective potential Vi, (r) which is associated
with the impurity. This would lead to a potential scattering model

_ T il
H=Y &%+ Y YaCkouo (2.10)
k,c kk'.o

with V., = (k|Vinp|k'). However, such a model is not sufficient to deliver a good description of
transition metals or rare earth impurities [1].

Earlier works [5, 31] led to the idea of a virtual bound state close below the Fermi level
€r which is associated with the impurity. A repulsive Coulomb interaction U favors the single
occupation of the impurity and leads to a local moment at smaller temperatures. The interaction
term renders the problem much more difficult and it cannot be understood in a single-particle
picture anymore.

The bath electrons can be localized on the impurity due to an overlap of the conduction
electron’s wave function and the impurity’s valence orbital. For 3d transition metals (such as
iron), these are the d-orbitals. This is the reason why the impurity state is often denoted by
|d) and operators creating (annihilating) a particle on the impurity by d* (d). Sometimes the
notation |f) and for the operators f7 (f) is used because the valence orbitals of rare earth
impurities are the f-orbitals.

Mathematically, we can construct such hybridization matrix elements as the overlap integral
between the bath electron’s wave function described by Wannier functions

¥, (r) e KT gy (2.11)

- e

— where ¢ (r) are the Bloch states of the conduction electrons — and the valence orbital of the
impurity @q (r). The overlap matrix element, or hybridization function, is then given by

Vi =Y e (¢g|H| WPy, ). (2.12)

An additional Coulomb interaction between electrons on the impurity is introduced in order
to obtain an energy regime where the impurity is singly occupied and contains a fixed local
moment.

The Coulomb interaction is given by

U= //% )95 (r |r r,|¢()¢d(r')d3rd3r’. (2.13)
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This interaction strength can be of the order of several eV, even after taking effects of delocal-
ization and screening into account [1, 53].

Now we are ready to write down a Hamiltonian based on the idea of a virtual bound state with
an energy level g, close below the Fermi level on which conduction electrons can be localized
as a result of the hybridization function V. The single impurity Anderson model can be written
in the form

H=Y gclotiot ¥ (Vidboro+ Welods ) + L eadsd +Udld[d d,.  (214)
k,o k,o 9

We use the simplest form of a non-degenerate d-orbital. In this case, there are only three differ-
ent configurations of the impurity level

% E=2e+U 1) empty: [0): E =0
2) singly occupied: |0): E = &
E=8d
3) doubly occupied: | 1): E =2g+U.

Figure 2.1: Configurations of the impurity level. For
&4 <0and U > —g, the singly occupied ~ From this simple picture we can understand

state has the lowest energy. Ff)r &a=-Y, why the Coulomb interaction will lead to a
the empty and doubly occupied state are local moment. If &g < 0 and U > —¢&g4, the
degenerate. . . . .
singly occupied state is the lowest-lying so
that at low temperatures the impurity level is occupied by one spin. This leads to the presence
of a fixed local moment on the impurity.

2.3.1 Particle-Hole Symmetry

The Hamiltonian (2.14) obviously conserves spin symmetry
o s (2.15)

as long as the coefficients are spin-independent. This is not necessarily the case as, for example,
spin-orbit interactions or an external magnetic field can lead to spin dependent coefficients and
thus to a spin-symmetry broken case.

Besides the spin symmetry, there is a certain set of parameters for which the model addition-
ally exhibits particle-hole symmetry in the sense that

cltc kg (2.16)

dl —— —d,.
One can verify that the Hamiltonian is invariant under the substitution (2.16) if

U
Eke=—"&s, V=W, &= —5 (2.17)
Under these conditions, the interacting Hamiltonian conserves particle-hole symmetry (2.16)
which leads to a symmetric density of states around the Fermi level €g. This gives the model
with the special parameters (2.17) the name symmetric Anderson model.



CHAPTER 2. ANDERSON IMPURITY MODEL

2.4 Schrieffer-Wolff Transformation

The Schrieffer-Wolff transformation [32] reveals a relation between the Anderson impurity and
the Kondo model. We will reproduce this transformation using Continuous Unitary Transfor-
mations and so we want to discuss the Schrieffer-Wolff transformation in more detail.

The idea is to eliminate charge fluctuations on the impurity induced by the hybridization Vi
and to construct an effective Hamiltonian by applying a unitary transformation

Hy — e?SHe S (2.18)

where $ is the generator of the transformation. In order to conserve the hermiticity of the Hamil-
tonian, the generator has to be anti-hermitian

A

§T=_-§ . (2.19)

It is convenient to expand the effective Hamiltonian in a power series of A as long as A is
sufficiently small

N /'Ln .
He =H + n;l — [S,H] (2.20)
where the recursive definition
[S,H], = [S$.H] (2.21)

S.H], = [S,[S.H]] n>1

n—1"7
was introduced. We write the initial Hamiltonian in the form
H=Hp+AV (2.22)
with
V=Y (vkdgcka -|—V|tc;rwd6> (2.23)
k,o

where Vi = AV). The Schrieffer-Wolff transformation eliminates the charge fluctuations in-
duced by the hybridization in linear order. If we focus on orders up to A2, the effective Hamil-
tonian has the form

2
Heg=Hp+AV+A[S,Hp] +A% [8,V] + % [S,[3,Hp]] + 0O (A7). (2.24)

In order to eliminate the linear order, the generator must fulfill

[S,Hp| = -V (2.25)
which is achieved by the choice of the generator
Vi Vi
§=Y — K __niscl d K (1-ngs)cl dy—hec. . 2.26
kyzogk_(gd_i_U)ndvcckc G+l§;8k_8d( ndso')ckcr c ¢ ( )

By using Eq. (2.25) in Eq. (2.24) we derive
2

Hor = Ho+ = [$.7] + O (1Y), @.27)

10



2.4. SCHRIEFFER-WOLFF TRANSFORMATION

The commutator between the generator from Eq. (2.26) and V from Eq. (2.23) yields

12 A A !
> [8,V] = Hex + Hair + Hy + Hen. (2.28)

All four emerging terms can be expressed in a compact way using the notation

o CkT o dT
Y= (Cu) va= <d¢> ' (229

The four terms are given by

a) a spin-spin exchange interaction

1 b TR
Hex = =3 ¥ e (W8, ) - (¥69,). (2.30)
kK
b) a direct spin-spin interaction
Lo 1 L O
Hgir = Z {Wkkfllflz‘lfk/-i-ifkk/( 5 d) ( 11 k’):| ) (2.31)
KK

¢) an additional term to the impurity contributions

Hy=-Y [ZWkk dyds+2hadid]d idT] : (2.32)
k (¢

d) a term that couples the empty impurity level to the doubly occupied impurity level
1

_ 7t
H,, = 5 é, (Jkk’ +Jk’k) (deickick/T + h-C-) . (2.33)

The coupling constants are given by

1 1 1 1 1
e = ViV + — — 2.34
kk PR |:8k—(8d+U) & —(a+U) é&—¢& Sk/—é'd:| ( )
1 1 1
Wi = =WV .
kk 2 k Tk |:8k—8d+8k/—8d:|

The spin-spin exchange interaction contains the same operator structure as the Kondo Hamilto-
nian with an effective exchange coupling Jy. Thus, we have mapped the Anderson Hamiltonian
to an effective Kondo model.

If we consider the spin-symmetric case & = —%, the diagonal elements of the spin-spin
exchange coupling become

1 1

U~ U
& — 75 Ek-i-j

Jik = V|® ! (2.35)

11
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At the Fermi level we find

4|VkF|2

U (2.36)

JkaF = -

This is an antiferromagnetic coupling as an additional minus sign was introduced in Eq. (2.30).
The antiferromagnetic coupling of the spin-spin exchange interaction leads to the Kondo singlet
just as explained in Sec. 2.2. The Kondo temperature for the symmetric Anderson model is given
by

1 __U_
Tgoce 7 =g 8oV2, (2.37)

The bath electrons’ density of states p is evaluated at the Fermi level. The exponential behavior
in the Coulomb interaction U is a good benchmark to check if a method describes the Kondo
effect or not.

2.5 Energy Representation

It is very useful to express the SIAM in terms of new operators labeling energies instead of
momenta. Explicit results are given for the diagonal dispersion

Hp =Y gl oco (2.38)
k,o
the hybridization
= ¥ (Vedbao + iciods) (2.39)
k,o

and for a very general structured operator

= Y KUNOR N +he. (2.40)
{ki,0;}

where the operator OAlfll_'_'_'lfl’;’ is of the form
N
=0 :]eds:- (2.41)
i=1

The operator O denotes an arbitrary operator acting only on the impurity. Note that, for exam-
ple, the spin-spin interaction from Eq. (2.30) is governed by such an operator of this general
structure. The first step is to introduce a continuum approximation for the quasi-continuum of
the bath electrons. Because of the isotropic coefficients € and Vjy, it is convenient to introduce
spherical coordinates. Finally, a substitution k — € (k) is used. Carrying out these steps leads
to the continuum energy representation. The reader is referred to Ref. [8] or App. 9.6 for the
explicit execution of these steps.

12



2.6. LOGARITHMIC DISCRETIZATION

The continuum energy representation for the operators from Eqgs. (2.38) - (2.40) is given by

D
H — Y / de € clscen (2.42)
o /D
D s .
oy = Y[ dev/p(e) (Vie)diceo+V" (e)clods)
~ |
— Z/ de; -- / dey Jeo. 8‘3(1‘[\/ g,)O81 e +h.c.
{o:}

where p (€) is the density of states of the bath electrons. We see that the structure of the general
operator only depends on the number of bath operators.
The Anderson model in energy representation is of the form

D D
y / deeclocet ) / deVp(e) (Vg dices +V;c§c,dc,) (2.43)
(e} - (o) -

+ &) dbd,+Ud{d]d d,.
(o2

The continuum representation is not very well suited for a numerical treatment. Consequently,
we need to discretize this representation again. At first sight, it might seem a bit like running in
circles but note that during the transformation a lot of information is shifted to the density of
states p of the bath electrons. Additionally, the energy representation is better suited to develop
a discretization scheme that fits the challenges of the exponentially varying energy scales of the
Kondo problem.

2.6 Logarithmic Discretization

The important energy scales of the Kondo problem reach from energies of the order of the
bandwidth D down to exponentially small energies below the Kondo temperature 7. A linear
discretization is not a suitable approach for such a problem. A discretization scheme that is
better suited for the challenges of the Kondo problem is the logarithmic discretization sketched
in Fig. 2.2. For a detailed discussion, see Ref. [10].

The continuum of the bath electron states is discretized in exponentially decreasing intervals

I-i—
D

I

—n—1 A—n
=[arta)

= [-A7" AT (2.44)

where A > 1 is a discretization parameter and n € IN. The length of such an interval is given by

d N A

5” =(1-A"HA™" (2.45)
The higher energy scales are only covered with a low precision while small energy scales have
a very high resolution. This discretization scheme easily reaches down to exponentially small
energy scales. In the following, the two different discretization schemes used in this thesis are
discussed.

13
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2.6.1 Discretization of a Flat Density Of States

The discretization of the model (2.43) is achieved by discretizing the bath electrons’ density of

o|mY

Figure 2.2: Logarithmic discretization of a contin-
uum of bath-electron states sketched
for a flat density of states p(g) =
PO (D — |®]) with pg = i and a band-
width 2D coupled to an impurity.

states [10]. We replace the continuum by one
energy level in each interval I-.

The energy le