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Chapter 1

Introduction

In this thesis, we study certain dynamical models which admit the following informal
description: Take N ∈ N identical particles and place them on a line or a line segment,
i.e. on an interval I ⊂ R. The particles are subject to repulsion forces which increase the
closer the particles are to each other and the closer the particles get to the two boundary
points of the interval I, at least if the boundary points are �nite. The movement of
the particles might also be in�uenced by some random noise, the size of which we will
interpret to be the temperature of the system. The repulsion forces are hereby large
enough to enforce that no collisions between particles occur, and that the particles stay
con�ned to I. Last but not least, the system might be subject to damping or positive
feedback. In these cases, the total energy of the system is not constant.
The prime example of such a setting is the Dyson Brownian motion (DBM), which is
named after Freeman J. Dyson who published his �ndings on the DBM model in the paper
[43] in 1962. He was the �rst to consider time dependent random matrices by studying
the eigenvalues of hermitian matrices whose entries consist of Brownian motions which
are independent up to the hermitian constraint. He discovered that these eigenvalues
actually behave like a dynamical model as sketched in the �rst paragraph, and was able
to quantitatively describe the underlying dynamic. Mathematically, the dynamic of DBM
falls into the framework of systems of stochastic di�erential equations (SDEs) of the form

Xi,t = Xi,0 +

∫ t

0

σ(Xi,s) dBi,s +

∫ t

0

[
b(Xi,s) +

∑
j : j ̸=i

H(Xi,s, Xj,s)

Xi,s −Xj,s

]
ds , (1.0.1)

i ∈ {1, . . . , N}, X0 = x̂0. Here (Xt = (X1,t, . . . , XN,t))t≥0 is the vector of particle positions
where the numbering is in increasing order, i.e. it holds X1,t ≤ · · · ≤ XN,t, and (Bt =
(B1,t, . . . , BN,t))t≥0 is an N -dimensional standard Brownian motion. For an introduction
to stochastic integrals w.r.t. (Bt)t≥0 and to stochastic di�erential equations, see e.g. one
of the books [67, 84, 95]. The quantities appearing in the SDE (1.0.1) have the following
interpretation:

� x̂0 ∈ {x ∈ IN : x1 ≤ · · · ≤ xN} is the deterministic vector of initial particle positions;
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� σ : R → R quanti�es the size of the random noise in the system depending on the
current particle position; in particular in the case σ ≡ 0 we have a non-random
dynamic governed by ordinary di�erential equations (ODEs);

� b : R → R quanti�es the damping/positive feedback and the size of the repulsion
from the boundary of I;

� H : R2 → R with H(x, y) = H(y, x) quanti�es the size of the repulsion between the
particles due to the 1

Xi,t−Xj,t
term, thereby depending on the current positions of

Xi,t and Xj,t.

In the case x̂0 = 0, σ ≡ 1, b ≡ 0, H ≡ 1, we get the eigenvalue dynamic of the hermitian
matrix model which Dyson studied. One of Dyson's key �ndings was the mutual repulsion
of the eigenvalues of the considered hermitian matrix model. In particular, the random
variable Xt = (X1,t, . . . , XN,t) satis�es

X1,t < · · · < XN,t for each t > 0 almost surely. (1.0.2)

Another important property of the Dyson Brownian motion is the following behavior for
large particle number N : One can show that under a proper N -dependent rescaling of
the system, the empirical distribution of particle positions tends to a non-random and
non-trivial probability measure. This kind of behavior of eigenvalues of random matrices
has �rst been observed by Eugene P. Wigner in 1955, where he showed that the empirical
distribution of eigenvalues of certain symmetric random matrices tends to the semicircle
law ([111]). The latter distribution is thereby named after the graph of its probability
density function which is given by x 7→ 1

2π

√
4− x2, x ∈ [−2, 2]. In [112], Wigner was able

to extend his results to more general symmetric random matrices with centered entries
having normalized variance and which are independent up to the symmetry constraint;
such matrices are nowadays simply called Wigner matrices. Later on, it was shown that
the empirical eigenvalue distributions of random hermitian and symmetric quaternion
matrices with analogous normalization also converge to the semicircle law. By the con-
struction of DBM and the fact that Bt has the same distribution as

√
tB1 for each t > 0,

one can thus infer that the empirical distributions of DBM at time t and with starting
con�gurations equal to zero tend to a semicircle distribution which gets rescaled by the
factor

√
t. However, the description of the limit measure is more complicated if the vec-

tor of initial particle positions x̂0 of the DBM is chosen in such a way that the limit
of empirical measures of the starting con�gurations is not a Dirac measure. The major
breakthrough to tackle this problem came several decades after Wigner's and Dyson's
seminal papers: In 1991 Dan V. Voiculescu showed that his prior work on freeness of
non-commutative operators gives the correct framework to address this type of question
([107]). This theory later on became known as free probability theory; for an introduction
see Section 2.4 and references therein. In particular, Voiculescu's �ndings showed that for
each t > 0 the limit distribution of DBM for non-trivial initial limit distribution at time
t is given by the free additive convolution of the initial limit distribution and a semicircle
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distribution, see Theorem 5.1.1.

One of the aims of this thesis is to �nd descriptions of the large N asymptotics of
empirical distributions of more general stochastic processes of the type as in (1.0.1) and,
if possible, also to describe the dependence of the limit measure at time t > 0 on the
initial limit distribution. While the existence of such limits has been shown under quite
general conditions in [73], the actual identi�cation of a limit point can be complicated. A
good example of this is the Jacobi process, which corresponds to the choice

σ(x) =
√
2x(1− x) , b(x) =

β

2
(p− (p+ q)x) , H(x, y) = x+ y − 2xy and I = [0, 1] ,

(1.0.3)
where β, p, q are parameters. One can show that, if one chooses the real parameters β, p, q
large enough, then the repulsion of particles is big enough so that particles do not collide,
i.e. (1.0.2) holds (see Lemma 3.5.2). Note that, when studying the large N limit of empir-
ical measures of the Jacobi processes, we now have more degrees of freedom than in the
DBM case since we can vary the dependence of β, p, q on N . In the case that β is constant
in N and p = p(N), q = q(N) grow linearly in N , the limit of corresponding empirical
measures has been �rst described in [30]. In contrast to the semicircle limit described
above, so far, an explicit description of the probability density function is out of reach
except for one special case corresponding to limN→∞ p(N)/N = limN→∞ q(N)/N = 1.
One can, however, describe these limits by ODEs for the corresponding limit moments
and by free stochastic calculus. We brie�y summarize these results in Section 5.4. Apart
from this limit regime, one can use the degrees of freedom in the choice of the parameters
β, p, q to obtain other non-trivial limits. One such limit was obtained in [104] when letting
β ↓ 0 and letting p(N), q(N) grow linearly in N as before. Such a limit is called high-
temperature limit as the parameter β is commonly interpreted as inverse temperature. We
will only consider particle systems which are non-colliding, i.e. such that the condition
(1.0.2) is ful�lled. Thus, we do not discuss high-temperature limits in this work since in
this setting collisions happen with positive probability (see the introduction to Chapter
3 and references therein). Nevertheless, we will prove that one still has enough freedom
in the choice of p and q to obtain further limits by letting lim infN→∞ p(N)/N = ∞ or
lim infN→∞ q(N)/N = ∞, see Section 5.7.

Overall, this thesis is structured in the following way: In Chapter 2, we �rst introduce
frequently used notation and terminology regarding probability measures and elementary
symmetric polynomials. Then, we brie�y discuss Markov processes studied in the context
of the theories of Dunkl and Heckman & Opdam on multivariate special functions related
to re�ection groups as these give important examples of processes of the form (1.0.1). We
then move on to the subject of free probability theory with the primary focus lying on
the de�nition of the free additive and multiplicative convolutions, which will help us to
describe large N limits of empirical measures of processes of the form (1.0.1) in Section
5. With the same intention in mind, we also give a concise introduction to free stochastic
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calculus, which can be thought of as an N = ∞ variant of Itô calculus for continuous
N ×N matrix valued semimartingales.

In Chapter 3, we consider a subclass of processes of the form (1.0.1) named non-
colliding β-Pearson di�usions. In the case that the particle number N is equal to 1, these
processes have �rst been studied by Eugene Wong ([113]). Under certain constraints
on the parameters of the model, he observed that the stationary distributions of these
processes are members of the class of Pearson distributions. A Pearson distribution is
hereby characterized by the fact that it is a probability measure on R which is absolutely
continuous with respect to Lebesgue measure, and that its probability density function
f(x) satis�es a di�erential equation of the form

d

dx
f(x) =

ax+ b

cx2 + dx+ e
f(x) , (1.0.4)

see e.g. [29] Section 19.4. Pearson distributions in turn include important probability
distributions known from the �eld of statistics such as normal-, χ2-, Student's t-, and
F -(Fisher-Snedecor) distributions. In [10], Theodoros Assiotis observed that many im-
portant examples of eigenvalue processes of dynamical hermitian random matrix models
fall into the framework of a multivariate generalization of these processes where addition-
ally the non-colliding property (1.0.2) is satis�ed. Hence, Assiotis appropriately calls this
class of processes `non-collding Pearson di�usions'. This class can be divided into 6 dis-
joint subclasses, two of which correspond to the DBMs and the Jacobi processes discussed
above. We will add an additional parameter β ≥ 1 to the class studied by Assiotis, who
focused on the case β = 2. This addition is natural as in the literature β-DBMs and
β-Jacobi processes are also considered ([15, 31]).
So far, only �ve of the six subclasses of non-colliding β-Pearson di�usions have been
studied in depth before. Thus, we primarily focus on the treatment of the remaining
sixth subclass consisting of non-compact Jacobi/Fisher-Snedecor processes, see Section
3.6. The term `Fisher-Snedecor' refers to the fact that for some parameters these are
multivariate, non-colliding versions of the processes studied by Wong which have an F -
(Fisher-Snedecor) distribution as stationary probability measure. The multivariate non-
compact Jacobi/Fisher-Snedecor processes hereby exhibit a strong resemblance to the
Jacobi processes as the coe�cient functions σ, b,H in (1.0.1) and the interval I are given
by

σ(x) =
√

2x(x− 1) , b(x) =
β

2
(−p+ (p+ q)x) , H(x, y) = 2xy−(x+y) and I = [1,∞) ,

compare (1.0.3). In this setting, we provide answers to the following three questions:

� Under what conditions on the parameters β, p, q exist unique non-colliding solutions
to the SDEs (1.0.1)?
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� Under what conditions on the parameters β, p, q does an invariant probability mea-
sure of the dynamic (1.0.1) exist, and, in case of existence, can one identify this
measure?

� Does a (concrete) random matrix model exist such that the corresponding eigenvalue
process is a non-compact Jacobi process?

In turn, the answers to these questions will reveal both similarities and di�erences of Ja-
cobi processes and non-compact Jacobi processes. Moreover, we will also show that one
can approximate non-colliding geometric Brownian motions (see Section 3.4 for a de�ni-
tion) by non-compact Jacobi processes.
To complete the picture, we also state conditions such that non-colliding unique solutions
and invariant probability measures exist in the cases of the other �ve subclasses of non-
colliding β-Pearson di�usions, thereby citing already known results.

We then move on to study the large N asymptotics of empirical measures of non-
colliding β-Pearson di�usions in Chapter 4. While in [73] the same problem was consid-
ered for more general processes arising as solutions to SDEs of the form (1.0.1), we show
that, when specializing to non-colliding β-Pearson di�usions, one can improve the type of
convergence from weak-convergence in probability to almost sure weak convergence, see
Theorem 4.2.2. This improvement is obtained by showing that the empirical moments
converge locally uniformly in t almost surely to deterministic functions which arise as so-
lutions to ODEs with a recursive structure. Further, we prove that the Cauchy-transforms
of the limit measures are solutions to some quasi-linear PDEs. Theorem 4.2.2 is a gener-
alization of corresponding results published by the present author and coauthors in [13,
12].

Building on the previous, in Chapter 5, we turn to the task of describing the limit mea-
sures obtained in Chapter 4 using free probability theory. In Sections 5.1-5.6 we discuss
the limits corresponding to a `natural' large N scaling of the 6 subclasses of non-colliding
β-Pearson di�usions. To give a complete picture, we �rst recall prior results on this topic.
New contributions are then obtained by the study of limits of non-compact Jacobi pro-
cesses and Hua-Pickrell di�usions, where connections to the free positive multiplicative
Brownian motion, studied by Phillipe Biane in [19, 20], are shown. As already mentioned
above, we also use the degrees of freedom in the parameters p, q of the Jacobi and non-
compact Jacobi processes to obtain limit measures which di�er from those obtained in
the `natural scaling' in Section 5.7. Limit theorems of this type have previously been
published by the present author and coauthors in [13]. To obtain these limits, we will
need to consider higher order space-time rescalings of the empirical measures. Whereas
we carry this out in full detail only for the two types of Jacobi processes, similar results
also hold for the other subclasses of non-colliding β-Pearson di�usions.

Lastly, in Chapter 6 we give a new self-contained proof of a formula relating the uniform
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distribution on an interval, the semicircle distribution, and the distribution of free positive
multiplicative Brownian motion via the free additive convolution and the exponential
map, see Theorem 6.0.1. This formula has previously been proven by Michael Voit and
the present author using di�erent methods in [12]. The result is of special interest in the
context of this thesis as it corresponds to formulas for the limits of empirical measures
of non-colliding β-Pearson di�usions in four special cases, see Theorem 5.3.4, Theorem
5.5.7, Corollary 5.6.5 and Corollary 5.7.3. By proving this identity, we also obtain new
integral formulas for the distribution of free positive multiplicative Brownian motion,
which generalize the already known moment formulas involving Laguerre polynomials.
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Chapter 2

Preliminaries

2.1 Some notation concerning probability measures

We start by introducing notation for some elementary operations on and elements of the
set of real probability measures. Let A be a topological space. We denote by B(A) the
Borel-σ-algebra of A and by M1(A) the set of Borel probability measures on A. For
a ∈ A we denote by δa ∈ M1(A) the Dirac measure at a, i.e. the probability measure
which assigns mass 1 to the set {a}. Let (A,A, µ) be a measure space and (B,B) be a
measurable space. For f : A → B measurable we write f(µ) for the image measure of µ
under f . An elementary case of such an image measure is the following: For a ∈ R we
denote by Da : R → R the linear map x 7→ ax. Then Da(µ) denotes the linear rescaling
of µ ∈M1(R) by the factor a.
The following three probability measures on R will be of special interest in Chapters 5 &
6:
The semicircle distribution µsc,R ∈M1(R) with radius R is the probability measure which
is supported on [−R,R] and with density on its support given by

µsc,R(dx) =
2

πR2

√
R2 − x2 dx .

Moreover we set µsc,0 := δ0. One can easily see that Da(µsc,R) = µsc,aR for all a ≥ 0, R ≥ 0.
The Marchenko-Pastur distribution with parameters α, β > 0 is given by

µMP,α,β :=

{
(1− α)δ0 + µ̃ , α ∈ (0, 1)

µ̃ , α ≥ 1 ,

where µ̃ is the measure on [x−, x+], x± := β (
√
α± 1)

2, with density

µ̃(dx) =
1

2πβx

√
(x+ − x)(x− x−) dx .

This agrees with the notion of Marchenko-Pastur distributions in [3] Exercise 5.3.27.
However, we point out that in the given reference there is a typo concerning the mass of
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µ̃ for α ∈ (0, 1) which is α and not 1. The same typo in turn also appears in the papers
[109] & [13]. Moreover, we point out that there are also other parametrizations of the
Marchenko-Pastur distributions in the literature. Further, note that in our notation the
second parameter is just a scaling parameter, i.e. Da(µMP,α,β) = µMP,α,aβ for all a > 0.
For A ∈ B(R) with �nite positive Lebesgue measure we denote by UnifA ∈ M1(R) the
uniform distribution on A.

2.2 Elementary symmetric polynomials

To study the properties of non-colliding β-Pearson di�usions in Chapter 3, transformations
by the following multivariate polynomials will be very useful: Form ∈ N, n ∈ {0, 1, . . . ,m}
we denote by emn the n-th elementary symmetric polynomial inm variables which is de�ned
by the equation

m∏
j=1

(z − xj) =
m∑
j=0

(−1)m−jemm−j(x)z
j , z ∈ C, x ∈ Cm . (2.2.1)

We can also write the elementary symmetric polynomials more explicitly:

emn (x) =
∑

1≤i1<···<in≤m

xi1 · · · xin .

The following theorem shows that elementary symmetric polynomials can be seen as
the building blocks for all symmetric polynomials (see Theorem 6.1 in Chapter IV of [70]):

Theorem 2.2.1. Let f be a symmetric polynomial in m variables. Then there exists a
polynomial g in m variables such that f(x) = g(em1 (x), . . . , e

m
m(x)), x ∈ Cm.

Another important property of the elementary symmetric polynomials is the following
(here int denotes the interior of a set):

Lemma 2.2.2. Let CA
N := {x ∈ RN : x1 ≤ · · · ≤ xN}. Consider the map f : CA

N →
RN , f(x) = (eN1 (x), . . . , e

N
N(x)). Then f : CA

N → f(CA
N) is a homeomorphism, and

f : intCA
N → f(intCA

N) is a C
∞-di�eomorphism.

Proof. The map f : CA
N → RN is one to one by (2.2.1) and the fact that a polynomial

is, up to a constant, uniquely characterized by its set of roots counted with multiplicity.
Moreover, the fact that f : CA

N → RN is a C∞-function is clear. f−1|f(intCA
N ) is a C∞-

function by the Theorem of Section 2 in [23]. For the fact that f−1 : f(CA
N) → CA

N is
continuous see e.g. [105].

For later reference we will also write several symmetric polynomials in terms of ele-
mentary symmetric polynomials. For these formulas we introduce the following notation:
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Let x ∈ RN and let S ⊆ {1, . . . , N} be a nonempty set. Denote by xS ∈ R|S| the vector
with coordinates xi, i ∈ S, in the natural ordering on S. With this convention we have

N∑
i=1

eN−1
k−1 (x{1,...,N}\{i}) = (N − k + 1)eNk−1(x) ,

N∑
i=1

eN−1
k−1 (x{1,...,N}\{i})xi = keNk (x),

(2.2.2)

and
eN−1
k−1 (x{1,...,N}\{i})− eN−1

k−1 (x{1,...,N}\{j}) = −(xi − xj)e
N−2
k−2 (x{1,...,N}\{i,j}) .

Hence

N∑
i,j=1
i ̸=j

eN−1
k−1 (x{1,...,N}\{i})

xi − xj
=

N∑
i,j=1
i<j

eN−1
k−1 (x{1,...,N}\{i})− eN−1

k−1 (x{1,...,N}\{j})

xi − xj

= −
N∑

i,j=1
i<j

eN−2
k−2 (x{1,...,N}\{i,j}) = −(N − k + 2)(N − k + 1)

2
eNk−2(x) ,

(2.2.3)

N∑
i,j=1
i ̸=j

eN−1
k−1 (x{1,...,N}\{i})xixj

xi − xj
=

N∑
i,j=1
i<j

eN−1
k−1 (x{1,...,N}\{i})− eN−1

k−1 (x{1,...,N}\{j})

xi − xj
xixj

= −
N∑

i,j=1
i<j

eN−2
k−2 (x{1,...,N}\{i,j})xixj = −k(k − 1)

2
eNk (x)

(2.2.4)

and
N∑

i,j=1
i<j

(xi + xj)e
N
k−2(x{1,...,N}\{i,j}) = (k − 1)(N − k + 1)eNk−1(x) . (2.2.5)

2.3 Markov processes associated to the Dunkl- and

Heckman-Opdam heat kernels

The multivariate Jacobi processes of compact and non-compact type are, at least for cer-
tain parameters pN , qN and written in suitable coordinates, examples of Markov processes
whose generators are well studied in the context of the theory of Dunkl and Heckman-
Opdam on generalizations of spherical functions on symmetric spaces. The aim of this
chapter is to give a short introduction to the di�erential-di�erence operators studied in
these theories and to the related Markov processes. We point out that the knowledge of
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the facts presented in this section is not required for the understanding of the results pre-
sented in Chapters 3-6. In several places in Chapter 3, however, we will indicate the close
connection between non-colliding β-Pearson di�usions and Markov processes associated
to Weyl group invariant Dunkl and Heckman-Opdam heat kernels.

In both the Dunkl and Heckman-Opdam setting one is interested in harmonic analysis
and spherical functions on symmetric spaces, [5] provides a good general overview over the
topic. Symmetric spaces can be classi�ed by so called root systems (cf. [56] Chapter X).
In turn, these root systems also play an integral role in the Dunkl and Heckman-Opdam
theories, hence we start by giving a formal de�nition. For a broader introduction to root
systems see [59] Chapter III.

Let a be an Euclidean space with positive de�nite symmetric bilinear form ⟨·, ·⟩. For
non-zero α ∈ a we denote by σα : a → a the re�ection on the hyperplane orthogonal to α.
This re�ection is given explicitly by

σα(x) = x− ⟨x, α⟩α∧

where α∧ := 2α
⟨α,α⟩ .

De�nition 2.3.1. A �nite subset Σ ⊂ a \ {0} is called a (crystallographic) root system
in a if the following hold:

(i) σα(Σ) = Σ for all α ∈ Σ,

(ii) ⟨α, β∧⟩ ∈ Z for all α, β ∈ Σ.

The dimension of spanR(Σ) is called the rank of Σ. We call a root system Σ reduced if
Rα ∩ Σ = {±α} for all α ∈ Σ.
For a root system Σ denote by W (Σ) the group generated by the re�ections {σα : α ∈ Σ}.
We call W (Σ) the Weyl group of Σ. It holds that W (Σ) is �nite.
A map k : Σ → [0,∞) which is W (Σ) invariant, i.e. k ◦ f |Σ = k for all f ∈ W (Σ), is called
a multiplicity function.

Further, we de�ne a useful subset of a root system Σ: Fix some half-space V such that
no root α ∈ Σ lies on the boundary of V . Then we call Σ+ := Σ ∩ V the set of positive
roots (the wording positive is explained in [59] Chapter III Section 10). Note that this
de�nition depends on the choice of V .
Let Hα := {x ∈ a : ⟨x, α⟩ = 0} be the hyperplane orthogonal to α ∈ a. We call any
connected component C of a \

⋃
α∈RHα a Weyl chamber.

Example 2.3.2. Throughout let a = RN and denote by {e1, . . . , eN} the standard or-
thornormal basis corresponding to the standard inner product.
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� Let N ≥ 2. The root system of type AN−1 is given by

Σ = {±(ej − ei) : 1 ≤ i < j ≤ N} .

Σ is a reduced root system and its rank is N−1 as spanR(Σ) = {x ∈ RN :
∑N

i=1 xi =
0}. A possible choice for the set of positive roots is Σ+ = {ej − ei : 1 ≤ i < j ≤ N}.
For instance, a possible choice of Weyl chamber of Σ is given by C = {x ∈ RN : x1 <
· · · < xN}. The Weyl groupW (Σ) restriced to Σ has one orbit, thus any multiplicity
function is constantly equal to some k ≥ 0.

� The root system of type BN is given by

Σ = {a(ej ± ei) : 1 ≤ i < j ≤ N, a ∈ {−1, 1}} ∪ {±ei : 1 ≤ i ≤ N} .

Σ is a reduced root system of rank N . A possible choice for the set of positive roots
is

Σ+ = {ej ± ei : 1 ≤ i < j ≤ N} ∪ {ei : 1 ≤ i ≤ N} .

For instance, a possible choice of Weyl chamber of Σ is given by C = {x ∈ RN : 0 <
x1 < · · · < xN}. The Weyl group W (Σ) of Σ has two orbits, thus any multiplicity
function is determined by the two values k1, k2 ∈ [0,∞) on the respective orbits.

� The root system of type BCN is given by

Σ = {a(ej±ei) : 1 ≤ i < j ≤ N, a ∈ {−1, 1}}∪{aei : 1 ≤ i ≤ N, a ∈ {−2,−1, 1, 2}} .

Σ is not reduced and its rank is N . A possible choice for the set of positive roots is

Σ+ = {ej ± ei : 1 ≤ i < j ≤ N} ∪ {aei : 1 ≤ i ≤ N, a ∈ {1, 2}} .

The Weyl chambers of Σ are the same as for the root system of type BN . The Weyl
group W (Σ) of Σ has three orbits, thus any multiplicity function is determined by
the three values k1, k2, k3 ∈ [0,∞) on the respective orbits.

Next, we de�ne the di�erential-di�erence operators which are central objects in the
Dunkl and Heckman-Opdam theories.

2.3.1 Rational Dunkl theory

For a reduced root system Σ on a with some subset of positive roots Σ+ and some �xed
multiplicity function k, the Dunkl operators are de�ned by

Dξf(x) := ∂ξf(x) +
∑
α∈Σ+

k(α)⟨α, ξ⟩f(x)− f(σα(x))

⟨α, x⟩
, f ∈ C1(a) , ξ ∈ a ,
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where ∂ξ denotes the usual partial derivative. Note that in this de�nition no actual
singularities appear since

f(x)− f(σα(x))

⟨α, x⟩
= − 1

⟨α, x⟩

∫ 1

0

∂

∂t
f(x− t⟨x, α⟩α∧) dt =

∫ 1

0

⟨α∧,∇f(x− t⟨x, α⟩α∧)⟩ dt .

Further, Dξ maps polynomials of degree n to polynomials of degree n−1 and Cn-functions
to Cn−1-functions. A remarkable property of these operators is that they commute, i.e.
DξDη = DηDξ for all ξ, η ∈ a; for further properties of these operators see e.g. [42] Section
6.4. The Dunkl-Laplacian is de�ned by

∆rat
Σ,kf(x) :=

N∑
i=1

D2
ξi
f(x) , f ∈ C2(a) ,

where {ξ1, . . . , ξN} is some orthonormal basis of a. One can show that this de�nition is
independent of the choice of basis. For f ∈ C2(a) which is W (Σ) invariant, i.e. f ◦ g = f
for all g ∈ W (Σ), we have the formula

∆rat
Σ,kf(x) = ∆f(x) +

∑
α∈R+

2k(α)

⟨α, x⟩
∂αf(x) , (2.3.1)

where ∆ denotes the usual Laplacian on a. Let C be a Weyl chamber associated to Σ.
Then ∆rat

Σ,k is the generator of an almost surely continuous Feller process with values in
C by [90] Proposition 4.5 & Theorem 4.10. Such a process is usually called radial Dunkl
process.
In this thesis we consider the radial Dunkl processes corresponding to root systems of
type AN−1 and BN in Sections 3.2 & 3.3. In the AN−1 case the generator (2.3.1) can be
written as

∆f(x) + 2k
∑

1≤i,j≤N
i ̸=j

1

xi − xj
∂xi
f(x)

for some multiplicity parameter k ≥ 0, and the radial Dunkl process takes values in the
closed Weyl chamber of type AN−1 given by {x ∈ RN : x1 ≤ · · · ≤ xN}. For k = 1 this
process is the Dyson Brownian motion referred to in the introductory Chapter 1, and for
general k ≥ 0 this process is often called β-Dyson Brownian motion where β = 2k (see
e.g. [3] Chapter 4.3).
In the BN case the generator (2.3.1) can be written as

∆f(x) + 2
N∑
i=1

k1 1xi + k2

N∑
j=1
j ̸=i

(
1

xi − xj
+

1

xi + xj

) ∂xi
f(x)

for some multiplicity parameters k1, k2 ≥ 0, and the radial Dunkl process takes values in
the closed Weyl chamber of type BN given by {x ∈ RN : 0 ≤ x1 ≤ · · · ≤ xN}. These



13

processes are often called multivariate Bessel processes (of type BN), see e.g. [4]. After
the coordinate transformation xi 7→ x2i , i ∈ {1, . . . , N}, one obtains the squared Bessel/β-
Laguerre processes where β = 2k2, k1 = ν/β for some parameter ν (see e.g. [8, 103] and
references therein for an introduction to these processes).

2.3.2 Trigonometric Dunkl theory

For a root system Σ on a with subset of positive roots Σ+ and some �xed multiplicity
function k the trigonometric Dunkl operator or Cherednik operator is given by

Dξf(x) := ∂ξf(x)+
∑
α∈Σ+

k(α)⟨α, ξ⟩
1− e−⟨α,x⟩ (f(x)− f(σα(x)))−⟨ρ(k), ξ⟩f(x) , f ∈ C1(a) , ξ ∈ a ,

where ρ(k) := 1
2

∑
α∈R+ k(α)α is the half-sum of positive roots. As in the rational Dunkl

setting, in this de�nition no actual singularities are present. In particular, the trigono-
metric Dunkl operators map Cn-functions to Cn−1-functions and they map polynomials in
e⟨λ,·⟩ to themselves, where the λ are elements of the weight lattice of Σ (see [59] Chapter III
Section 13 for a de�nition). Moreover, these operators commute. For further properties
see Theorem 4.2 in [5]. The associated Heckman-Opdam Laplacian is de�ned by

∆trig
Σ,kf(x) :=

N∑
i=1

D2
ξi
f(x)− |ρ(k)|2f(x) , f ∈ C2(a) ,

where ξ1, . . . , ξN is an orthonormal basis of a and |x| =
√
⟨x, x⟩. For W (Σ)-invariant

functions f ∈ C2(a) it takes the form

∆trig
Σ,kf(x) = ∆f(x) +

∑
α∈Σ+

k(α) coth

(
⟨α, x⟩
2

)
∂αf(x) . (2.3.2)

Let C be a Weyl chamber associated to Σ. Then ∆trig
Σ,k is the generator of an almost

surely continuous Feller process with values in C (see [93] introduction to Section 3 and
Proposition 4.1). We will call instances of these processes (non-compact) radial Heckman-
Opdam processes where `non-compact' refers to the unbounded state space. In the case
that Σ is of type AN−1 the generator (2.3.2) can be written as

∆f(x) + k
∑

1≤i,j≤N
i ̸=j

coth

(
xi − xj

2

)
∂xi
f(x) (2.3.3)

for some multiplicity parameter k ≥ 0, and the corresponding process takes values in
{x ∈ RN : x1 ≤ · · · ≤ xN}. After the transformation xi 7→ exp(xi), i ∈ {1, . . . , N}, and in
the case β := 2k = 2, these processes are called non-colliding geometric Brownian motions
by T. Assiotis ([10] Section 2). For more information on these processes see Section 3.4
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and references therein.
In the BCN -case the generator (2.3.2) can be written as

∆f(x) +
N∑
i=1

k1 coth(xi/2) + 2k2 coth(xi)

+k3

N∑
j=1
j ̸=i

(
coth

(
xi − xj

2

)
+ coth

(
xi + xj

2

)) ∂xi
f(x)

(2.3.4)

for some multiplicity parameters k1, k2, k3 ≥ 0, and the corresponding process takes values
in {x ∈ RN : 0 ≤ x1 ≤ · · · ≤ xN}. After the coordinate change xi 7→ (1 + cosh(xi))/2,
i ∈ {1, . . . , N}, the instances of the corresponding processes are called non-compact Ja-
cobi processes ([13] Section 5) or Fisher-Snedecor processes ([10] Section 2), see Section
3.6 for further information.

Lastly, there is a closely related class of processes: For Weyl group invariant f ∈ C2(a)
set

∆̃trig
Σ,kf(x) := ∆f(x) +

∑
α∈Σ+

k(α) cot

(
⟨α, x⟩
2

)
∂αf(x) . (2.3.5)

Note that formally ∆̃trig
Σ,kg(x) = −

(
∆trig

Σ,kf
)
(ix) for g(x) = f(ix). It turns out that also

∆̃trig
Σ,k is the generator of an almost surely continuous Feller process, in this case the process

takes values in the Weyl alcove A0 := {x ∈ a : 0 ≤ ⟨α, x⟩ ≤ π ∀ α ∈ Σ+}. This fact can
be inferred from [86] Theorem 3.9 using the arguments leading to Theorem 4.10 in [90].
We will call instances of these processes (compact) radial Heckman-Opdam processes.
In the AN−1 case the generator has the same form as in (2.3.3) where one simply has
to replace coth by cot. The state space of the corresponding process here is given by
{x ∈ RN : x1 ≤ · · · ≤ xN ≤ x1 + π}. In the case k = 1, transferring this process to the
Torus T := {z ∈ C : |z| = 1} by xj 7→ exp(ixj), j ∈ {1, . . . , N}, yields the eigenvalue
process of the matrix valued unitary Brownian motion which �rst was considered in [43]
This particular process will not be discussed in this work as it is not a member of the
class of non-colliding β-Pearson di�usions which will be studied in Chapters 3-5. For more
information on these processes see e.g. [26].
In the BCN case the generator (2.3.5) has the same form as in (2.3.3) where, again, one
has to replace coth by cot. The state space of the corresponding processes here is given
by the compact set {x ∈ RN : 0 ≤ x1 ≤ · · · ≤ xN ≤ π}. These processes were �rst
considered in [31]. After the coordinate change xi 7→ (1 + cos(xi))/2, i ∈ {1, . . . , N},
the latter processes are called (multivariate) β-Jacobi processes and �rst appeared in the
context of dynamical random matrices in [39]. They will be introduced more broadly in
Section 3.5.
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2.4 Free probability theory

In this section we collect some of the main de�nitions of free probability theory which
will be used to formulate most of the results in Chapters 5 & 6. The following references
might be useful for a broader introduction to the topics discussed below: For an intro-
ductory book on free probability theory with a strong emphasis on its connection to large
random matrices see [77]. For basics about W ∗-probability spaces see D.V. Voiculescu's
lecture notes in [45]. For an introduction to C∗- and von Neumann algebras see [98]. Our
exposition is mainly based on the �rst two references.

As already mentioned in the introduction, free probability theory provides e�ective
tools to analyze the spectrum of random matrices when the matrix dimension goes to
in�nity. The prime example of this is the following:

Example 2.4.1. Denote byMN(C) the complex N×N matrices. For a hermitian matrix
A ∈MN(C) denote by λ1,N(A), . . . , λN,N(A) its eigenvalues. For each N let AN ∈MN(C)
be a deterministic hermitian matrix and assume that the empirical spectral measures
1
N

∑N
i=1 δλi,N (AN ) converge for N → ∞ weakly to some compactly supported probability

measure µ ∈M1(R). For each N let BN be an N -dimensional hermitian Gaussian matrix,
i.e. the entries (BN)i,j, 1 ≤ i ≤ j ≤ N , are independent, the diagonal entries have real
centered normal distribution with variance 1/N and the o�diagonal entries have complex
centered normal distribution with variance 1/N . In other words, the distribution of BN is
given by the (renormalized) Gaussian unitary ensemble (GUE). By the results of Wigner,
it holds that 1

N

∑N
i=1 δλi,N (BN ) weakly converges for N → ∞ to the standard semicircle

distribution µsc,2 a.s. Note that for each N the random eigenvalues of AN + BN might
be quite di�cult to describe in general. But in the large N limit the picture in a way
simpli�es: It holds that also 1

N

∑N
i=1 δλi,N (AN+BN ) converges weakly to some compactly

supported probability measure ρ, and that ρ can be described by a universal mechanism
called free additive convolution which only takes µ and µsc,2 as input; see Section 2.4.1.

One of the aims of this section to give a precise de�nition of the `universal mechanism'
mentioned in the previous example. Another goal is to �x de�nitions which are relevant
to free stochastic calculus which is the topic of Section 2.5.
A short disclaimer is in order: As its name suggests many aspects of free probability the-
ory are analogous to classical probability theory. However, we stress that free probability
is not an extension of the latter.

Our exposition will focus primarily on the analytic aspects of free probability theory
although some parts of the theory can be formulated in a purely algebraic context. Fur-
ther, we will solely treat the parts of the theory which are relevant to the comprehension
of Chapters 5 & 6. In particular, the combinatorial aspects of free probability will not be
treated here.



16

We start by introducing some notation and de�nitions regarding (operator) algebras
and linear functionals thereon:

De�nition 2.4.2.

� We call an algebra A with unit element a unital algebra and denote its unit element
by 1 and its zero element by 0.

� Let H be a Hilbert space over C with inner product ⟨·, ·⟩. Denote by B(H) the
Banach algebra of bounded linear operators on H and by ||·|| the operator norm on
B(H). Further, we denote by a∗ ∈ A the adjoint of a ∈ B(H) and by Asa := {a ∈
A : a = a∗} the set of self-adjoint elements.
We call A ⊂ B(H) a C∗-algebra if it is a unital algebra over C which is closed in
operator norm and is stable under taking adjoints.

� Let A be a C∗-algebra. We call a linear functional φ : A → C

� a state, if φ(1) = 1 and ϕ(a∗a) ≥ 0 for all a ∈ A,

� faithful, if for all a ∈ A it holds that φ(a∗a) = 0 implies a = 0,

� tracial, if φ(ab) = φ(ba) for all a, b ∈ A.

For an operator a ∈ A denote its spectrum by

σ(a) := {λ ∈ C : a− λ1 does not have an inverse in B(H)} .

We denote the set of non-negative elements of A by

A+ := {a ∈ A : a is self-adjoint and σ(a) ⊆ [0,∞)} .

Let a ∈ A be normal, i.e. a∗a = aa∗, and f : σ(a) → C be a bounded Borel
measurable function. Then we can de�ne f(a) ∈ A by functional calculus: Let
P a : B(σ(a)) → A be the projection-valued spectral measure of a, i.e. the unique
projection-valued measure such that a =

∫
σ(a)

λ dP a(λ) (see e.g. Theorem 12.23
in [92] where P a is called a resolution of the identity). We then de�ne f(a) :=∫
σ(a)

f dP a ∈ A.

� A von Neumann algebra A ⊂ B(H) is a C∗-algebra which is closed in the weak
operator topology, i.e. if (Ti)i∈I ⊂ A is a net such that there exists T ∈ B(H) with
limi⟨Tiξ, η⟩ = ⟨Tξ, η⟩ for all ξ, η ∈ H then T ∈ A. A linear functional φ : A → C is
called normal if it is continuous w.r.t. the weak-∗ topology.

Building on the previous, we de�ne the main structures of this section:
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De�nition 2.4.3. A non-commutative probability space is a pair (A, φ) where A is a
unital algebra and φ : A → C is a linear functional satisfying φ(1) = 1. Elements of A
will be called non-commutative random variables.
A C∗-probability space is a pair (A, φ) such that A is a C∗-algebra and φ : A → C is a
state.
A (tracial) W ∗-probability space is a pair (A, τ) such that A is a von Neumann algebra
and τ : A → C is a state on A which is faithful, normal and tracial.

Note that by de�nition everyW ∗-probability space is a C∗-probability space and every
C∗-probability space is a non-commutative probability space. Further, the term `non-
commutative' here needs to be understood as `possibly non-commutative' since commu-
tative algebras are not excluded from the de�nition above. Free probability is essentially
a non-commutative theory, however, in view of the central notion of freeness:

De�nition 2.4.4. Let (A, φ) be a non-commutative probability space and letA1, . . . ,An ⊂
A be unital subalgebras. We call A1, . . . ,An freely independent (w.r.t. φ) or simply free
if for each m ≥ 2 and a1, . . . , am ∈ A with

� φ(ai) = 0 for all i ∈ {1, . . . ,m},

� ai ∈ Aji for some ji ∈ {1, . . . , n} for all i ∈ {1, . . . ,m} and

� j1 ̸= j2, j2 ̸= j3, . . . , jm−1 ̸= jm,

we have: φ(a1 · · · am) = 0.
Let n,m ∈ N0 with n + m ≥ 2. Let a1, . . . , an ∈ A and let A1, . . . ,Am ⊂ A be unital
subalgebras. We call a1, . . . , an,A1, . . . ,Am freely independent (w.r.t. φ) or simply free
if the unital algebras alg(1, a1), . . . , alg(1, an),A1, . . . ,Am are free. Here alg(x1, . . . , xk)
denotes the algebra generated by the elements x1, . . . , xk ∈ A.
Likewise, free independence between sets of non-commutative random variables is de�ned
via the free independence of the corresponding generated unital subalgebras.

Coming back to Example 2.4.1, it turns out that freeness of the (random) matrices
AN and BN is precisely what can be observed asymptotically in the large N limit: Denote
by TrN : MN(C) → C the matrix trace and by trNE the normalized trace-expectation, i.e.

trNE :
{
MN(C)-valued random variable A : E(|TrN(A)|) <∞)

}
→ C ,

trNE (A) := E

(
1

N
TrN(A)

)
.

Let IN ∈ MN(C) be the identity matrix. Then one can show that e.g. the normalized
trace expectation of products of the form(
Aq1

N − trNE (A
q1
N )IN

)
·
(
Bp1

N − trNE (B
p1
N )IN

)
· · ·
(
Aqm

N − trNE (A
qm
N )IN

)
·
(
Bpm

N − trNE (B
p1
N )IN

)
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vanishes for large N whenever p1, q1, . . . , pm, qm ∈ N. More on this phenomenon which is
called asymptotic freeness of random matrices can be found in [77] Chapter 4.

We now focus on the analytic aspects of free probability. So in the following we assume
that (A, φ) is a C∗-probability space. Let a ∈ A be a normal operator and recall that
by de�nition f(a) =

∫
σ(a)

f dP a for bounded and measurable f : C → C. We denote by
µa ∈ M1(C) the ∗-distribution (or spectral distribution) of a (w.r.t. φ), i.e. the measure
de�ned by

φ(f(a)) =

∫
R
f dµa , f : C → C bounded and measurable .

Clearly the support of µa is a subset of σ(a). There are two important special cases: If
a ∈ A is self-adjoint, then σ(a) ⊂ R and we can, and will, view µa as an element of
M1(R). Since µa is compactly supported and is in turn characterized by its moments, it
also holds that µa is the unique element of M1(R) such that

φ(an) =

∫
R
xn dµa(x) for all n ∈ N .

If a ∈ A is unitary, then σ(a) ⊂ T := {z ∈ C : |z| = 1}. Hence we can view µa as an
element ofM1(T). Again, µa is characterized by its moments (see e.g. [96] Theorem 11.3)
which are given by φ(an), n ∈ N.

2.4.1 Free additive convolution

We de�ne the free additive convolution mentioned in Example 2.4.1 in two steps: First, we
de�ne this map for compactly supported probability measures via free operators in a non-
commutative probability space and then, in a second step, for more general probability
measures having second moments via analytic tools. The �rst approach here relies on the
following Theorem:

Theorem & De�nition 2.4.5. Let µ1, µ2 ∈ M1(R) be two compactly supported proba-
bility measures. Then there exists a C∗-probability space inhibiting two self-adjoint non-
commutative random variables a1 and a2 such that a1 and a2 are free and such that
µa1 = µ1, µa2 = µ2. Moreover, the moments of µa1+a2 are uniquely determined by the
moments of µ1 and µ2.
We call µ1 ⊞ µ2 := µa1+a2 the free additive convolution of µ1 and µ2.

Proof. For a proof of the �rst fact concerning the existence of a1, a2 cf. the free product
construction described in [3] Section 5.3.1. For the second statement concerning the
moments of µa1+a2 see [77] Chapter 1 Proposition 13.

Next, we extend the de�nition of free additive convolution to unbounded probability
measures on R. This extension does not use any C∗-algebra methods but only properties
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of the probability measures themselves. While one can do this in full generality (see
[77] Section 3.6), for our purposes it su�ces to consider the situation that the measures
involved all have a second �nite moment. For the desired extension we will use a measure
transform which linearizes under free additive convolution; for the classical convolution
of measures such a measure transform is given by the logarithm of the characteristic
function:

log
(
E(eia(X+Y ))

)
= log

(
E(eiaX)

)
+ log

(
E(eiaY )

)
, a ∈ R ,

where X and Y are (classically) independent real random variables. In the free probability
setting the details are a bit more involved: We start with the following measure transform
which is very useful in its own right:

De�nition 2.4.6. The Cauchy-transform Gµ : C \ R → C of µ ∈M1(R) is de�ned by

Gµ(z) =

∫
R

1

z − x
dµ(x) .

We collect important properties of the Cauchy-transform. For proofs, further prop-
erties and examples see [77] Chapter 3. Denote the upper half plane by C+ := {z ∈
C : Im(z) > 0} and the lower half plane by C− := {z ∈ C : Im(z) < 0}. Then we have:

Theorem 2.4.7. Let ν, µ, µ1, µ2, · · · ∈M1(R). Then:

(a) Gµ(C+) ⊂ C− and Gµ : C+ → C− is analytic.

(b) If Gµ = Gν, then µ = ν.

(c) If there exists a function G : C \ R with G(z) = G(z), Gµn(z)
n→∞−−−→ G(z) for all

z ∈ C+ and it holds limy→∞ iyG(iy) = 1, then there exists ρ ∈ M1(R) such that

µn
n→∞−−−→ ρ weakly and Gρ = G.

(d) Assume that µ has �nite variance σ2. Then on the open disc with centre −i(4σ)−1

and radius (4σ)−1 there is a unique analytic function Rµ such that

Gµ

(
Rµ(z) +

1

z

)
= z for all |z + i(4σ)−1| < (4σ)−1 .

If σ2 = 0, i.e. µ = δx for some x ∈ R, the domain of Rµ should be interpreted as
C−.

De�nition 2.4.8. For µ ∈ M1(R) with �nite variance we call Rµ in Theorem 2.4.7 (d)
the R-transform of µ.

Using the R-transform we can extend De�nition 2.4.5 (that this actually is an extension
see [77] Theorem 18 in Chapter 2, and for a proof of the statement see Theorem 28 in
Chapter 3 therein):

Theorem & De�nition 2.4.9. Let ν1, ν2 ∈ M1(R) have �nite variances. Then there
exists a unique probability measure, denoted by ν1 ⊞ ν2, such that Rν1 + Rν2 = Rν1⊞ν2 on
the common domain of the functions involved.
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2.4.2 Free multiplicative convolution

Similarly to the free additive convolution we can also treat the multiplicative case. We
�rst motivate this convolution by the distribution of products of free operators. To do
so, we assume that (A, τ) is a C∗-probability space such that the state τ is tracial. There
are actually two variants to consider: The �rst variant corresponds to the multiplication
of two free self-adjoint non-commutative random variables a, b ∈ A, one of which is non-
negative. Again, the statement of the theorem follows from the results referenced in the
proof of Theorem & De�nition 2.4.5:

Theorem & De�nition 2.4.10. Let µ1 ∈ M1(R), µ2 ∈ M1([0,∞)) be two compactly
supported probability measures. Then there exists a tracial C∗-probability space inhibiting
two self-adjoint non-commutative random variables a1 and a2 such that a2 is non-negative,
a1 and a2 are free, and µa1 = µ1, µa2 = µ2. Moreover, the moments of µ

a
1/2
2 a1a

1/2
2

are

uniquely determined by the moments of µ1 and µ2.
We call µ1 ⊠ µ2 := µ2 ⊠ µ1 := µ

a
1/2
2 a1a

1/2
2

the free multiplicative convolution of µ1 and µ2.

One can extend this de�nition to arbitrary probability measures on R, one of which
is supported on [0,∞). However, for our purposes it su�ces to only treat the case that
both measures are supported on [0,∞). We will consider this extension further below.

The second variant of free multiplicative convolution corresponds to the multiplication
of two unitary non-commutative random variables a, b ∈ A. Here we de�ne

µa ⊠ µb := µab ∈M1(T) .

Again, using the free product construction mentioned in the proof of Theorem & De�n-
tion 2.4.5, one sees that this actually de�nes a free multiplicative convolution ⊠ : M1(T)×
M1(T) →M1(T). In contrast to the free additive convolution on R and the multiplicative
convolution on [0,∞), we here do not need to extend this de�nition further since T is
compact.
We will see below that in the [0,∞)-case one can de�ne an analog of the R-transform,
called the S-transform, for the free multiplicative convolution. In principal one has such
an S-transform for the T-case as well, the details are more subtle when one considers mea-
sures with vanishing �rst moment, however. As we will not make use of this transform,
we skip the details, for a treatment of this topic see [114] Chapter 3.

We now come back to the [0,∞)-case. Our exposition is based on [16]. First, for
µ ∈M1([0,∞)) we de�ne its ψ-transform by

ψµ(z) :=

∫
[0,∞)

xz

1− xz
dµ(x) , z ∈ C \ [0,∞) .

Note that z(1 + ψµ(z)) = Gµ(1/z) and hence µ is determined by ψµ.
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Proposition 2.4.11. Let µ ∈ M1([0,∞)) \ {δ0}. Then ψµ is univalent in the left half
plane iC+ and ψµ(iC

+) is a domain contained in the circle with center (µ({0}) − 1)/2
and radius (1− µ({0}))/2. Moreover, we have ψµ(iC

+) ∩ R = (µ({0})− 1, 0).

Hence we can de�ne the following measure transform:

De�nition 2.4.12. Let µ ∈M1([0,∞)) \ {δ0}. Then we de�ne its S-transform by

Sµ(z) :=
1 + z

z
χµ(z) , z ∈ ψµ(iC

+) ,

where χµ is the inverse function of ψµ|iC+ .

Note that by Theorem & De�nition 2.4.10 we have µ ⊠ δ0 = δ0 ⊠ µ = δ0 for all
compactly supported µ ∈M1([0,∞)). When extending the free multiplicative convolution
to measures which are not compactly supported we will enforce that this property is
preserved. In this extension the S-transform plays an analogous role for free multiplicative
convolution as the R-transform does for free additive convolution:

Theorem & De�nition 2.4.13. Let ν1, ν2 ∈ M1([0,∞)). If νi = δ0 for some i ∈ {1, 2}
then we set ν1 ⊠ ν2 := δ0. So now assume that m := max(ν1{0}, ν2{0}) − 1 < 0. Then
there exists a unique µ ∈M1([0,∞)) \ {δ0} such that

Sµ(z) = Sν1(z)Sν2(z) (2.4.1)

for all z ∈ ψµ(iC
+) ∩ ψν1(iC

+) ∩ ψν2(iC
+). Moreover, it holds that

µ({0}) = max{ν1({0}), ν2({0})) .

In particular, (2.4.1) holds on some domain containing (m, 0).
We de�ne the free multiplicative convolution on (M1([0,∞)) \ {δ0}))2 by ν1 ⊠ ν2 := µ.

That this de�nition is actually an extension of Theorem & De�nition 2.4.10 see [106]
Theorem 2.6. For a proof of the statement of Theorem & De�nition 2.4.13 see [16] Section
6.

2.4.3 A proposition for the joint distribution of freely projected

operators

In this section we present a consequence of a result of [79] which already has been pointed
out implicitly in [54] Section 2.1. The setting here is as follows: Let (A, τ) be a tracial non-
commutative probability space. Recall that this means that A is a unital complex algebra
and τ : A → C is a linear functional normalized by τ(1) = 1 such that τ(ab) = τ(ba) for
all a, b ∈ A. Denote by C⟨X1, . . . , Xn⟩ the algebra of polynomials with non-commuting
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indeterminates X1, . . . , Xn with complex coe�cients. For a1, . . . , an ∈ A we will call the
linear functional µa1,...,an : C⟨X1, . . . , Xn⟩ → C which is determined by

µa1,...,an(1) = 1 and
µa1,...,an(Xi1 · · ·Xik) = τ(ai1 · · · aik) , ij ∈ {1, . . . , n}, j ∈ {1, . . . , k}, k ∈ N ,

the joint distribution of a1, . . . , an. Further, we will call a self-adjoint, idempotent element
P ∈ A a projection. We can now formulate the result:

Proposition 2.4.14. Let (A, τ) and (A′, τ ′) be two tracial non-commutative probability
spaces. Let P ∈ A be a projection such that τ(P ) = 1/k for some k ∈ N. Let a1, . . . , an ∈
A such that {a1, . . . , an} and P are freely independent. Let ai1, . . . , a

i
n ∈ A′, i ∈ {1, . . . , k},

such that the algebras

alg(1, a11, . . . , a
1
n), . . . , alg(1, a

k
1, . . . , a

k
n)

are freely independent and for all i ∈ {1, . . . , k} the joint distribution of ai1, . . . , a
i
n equals

the joint distribution of {a1, . . . , an}.
Then the joint distribution of Pa1P, . . . , PanP in the non-commutative probability space
(PAP, kτ(·)) equals the joint distribution of

1

k

k∑
i=1

ai1, . . . ,
1

k

k∑
i=1

ain .

Proof. For a linear functional µ : C⟨X1, . . . , Xn⟩ with µ(1) = 1 we denote by R(µ) its n-
dimensional R-transform, see [79] Section 1.2 and De�nition 3.9. One important property
of this multivariate R-transform is that, like in the one-dimensional case, it linearizes
under the addition of free random variables ([79] equation (1.6)), in particular we have

R
(
µ
(A′)
1
k

∑k
i=1 a

i
1,...,

1
k

∑k
i=1 a

i
n

)
=

k∑
i=1

R
(
µ
(A′)
1
k
ai1,...,

1
k
ain

)
= kR

(
µ
(A)
1
k
a1,...,

1
k
an

)
.

Here the superscripts (A), (A′), as well as (PAP ) below, indicate in which non-commutative
probability space the non-commutative random variables in the subscripts are viewed.
On the other hand, by Application 1.11 in [79] we have

kR
(
µ
(A)
1
k
a1,...,

1
k
an

)
= R

(
µ
(PAP )
Pa1P,...,PanP

)
.

As the R-transform uniquely characterizes the joint distribution (see [79] equation (3.13)),
the claim follows.
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2.5 Free stochastic calculus

In this section we give a concise introduction to free stochastic calculus. We will use this
theory to describe limits of empirical measures of non-colliding β-Pearson di�usions in
Section 5. Roughly speaking, free stochastic calculus can be thought of as an N = ∞
analogue of classical Itô calculus for N×N matrix valued Itô processes. In this theory the
latter random matrix processes are replaced by norm-continuous functions t 7→ xt where
the operators xt are elements of a common von Neumann algebra.
Our exposition is based on [21] and [80] where we adopt de�nitions and notation of the
latter reference.

Throughout this section let (A, τ) be a W ∗-probability space. Throughout we implic-
itly assume that A is large enough to inhibit the operators which we will consider below.
We start by observing that, as in classical probability theory, we have a notion of condi-
tional expectation (see [62] Theorem 7):

Theorem & De�nition 2.5.1. Let B ⊆ A be a von Neumann subalgebra. Then there
exists a unique linear map f : A → B with the following properties:

(i) f(1) = 1,

(ii) f(b1ab2) = b1f(a)b2 for all a ∈ A and b1, b2 ∈ B,

(iii) f(a) ∈ A+ for all a ∈ A+.

We call f the (non-commutative) expectation onto B and write τ [· | B] := f(·).

One can show that it holds τ [a | B] ̸= 0 if a ∈ A+ \ {0} ([62] Theorem 7). Further,
analogously to classical probability theory, in the case that a ∈ A and B are freely
independent we have the formula τ [a | B] = τ(a)1 ([80] Section 2.1).
As in the theory of stochastic calculus we moreover have the following notion of �ltrations
and martingales:

De�nition 2.5.2. For (At)t≥0 a family of von Neumann subalgebras of A with As ⊆ At

for all 0 ≤ s ≤ t we call (At)t≥0 a �ltration of (A, τ) and (A, (At)t≥0, τ) a �ltered W ∗-
probability space.
Let (At)t≥0 be as above. We call a collection (xt)t≥0 with xt ∈ At for all t ≥ 0 a free
(adapted) process. A free process (xt)t≥0 is called a free martingale if τ [xt | As] = xs for
all 0 ≤ s ≤ t.

We can now de�ne the non-commutative analogue of Rn- and Cn-valued Brownian
motions (see [81] De�nition 2):

De�nition 2.5.3. We say that (xt = (x1,t, . . . , xn,t))t≥0 is an n-dimensional semicircular
Brownian motion (w.r.t. (At)t≥0) if the following four conditions are met:
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� (self-adjoint & adapted) xi,t ∈ At is self-adjoint for all i ∈ {1, . . . , n} and t ≥ 0.

� (start in 0) xi,0 = 0 for all i ∈ {1, . . . , n}.

� (jointly free increments) {x1,t − x1,s, . . . , xn,t − xn,s} is freely independent of As for
all 0 ≤ s ≤ t.

� (semicircular distribution) x1,t−x1,s, . . . , xn,t−xn,s are freely independent operators,
each having distribution µsc,2

√
t−s for all 0 ≤ s ≤ t.

We say that (zt = (z1,t, . . . , zn,t))t≥0 is an n-dimensional circular Brownian motion if(√
2 · (Re(z1,t), Im(z1,t), . . . ,Re(zn,t), Im(zn,t))

)
t≥0

is a 2n-dimensional semicircular Brownian motion, where Re(a) := 1
2
(a+a∗) and Im(a) :=

1
2i
(a− a∗) for a ∈ A.

In the literature, the semicircular Brownian motion is sometimes simply called `free
Brownian motion' ([19, 20]) and circular Brownian motion `complex free Brownian mo-
tion' ([25]). As in the classical case one can readily show that each component of a
(semi-)circular Brownian motion is a free martingale.

The following Theorem is the free probability analogue of Lévy's characterization of
Brownian motion ([18] Theorem 6.2):

Theorem 2.5.4. Let (A, τ) be a W ∗-probability space and let (At)t≥0 ⊂ A be a �ltration.
If

(xt = (x1,t, . . . , xn,t))t≥0

is an n-tuple of self-adjoint processes such that (xi,t)t≥0 is an (At)t≥0 free martingale with
xi,0 = 0 for all i ∈ {1, . . . , n}, and for all 0 ≤ s < t one has

(i) τ(|xi,t − xi,s|4) ≤ K(t− s)2 for some constant K > 0 and all i ∈ {1, . . . , n},

(ii) for any i, j ∈ {1, . . . , n} and all A,B ∈ As one has

τ(Axi,tBxj,t) = τ(Axi,sBxj,s) + τ(A)τ(B)(t− s)1i=j + O(t− s) ,

then (xt)t≥0 is an n-dimensional semicircular Brownian motion.

Proof. Note that by the Hölder inequality for traces (see e.g. [97] Theorem 2.1.4) we have

τ(|xi,t − xi,s|2|xj,t − xj,s|2) ≤ τ(|xi,t − xi,s|4)1/2τ(|xj,t − xj,s|4)1/2 .

Hence the statement is equivalent to Theorem 6.2 in [18] when the time parameter t is
restricted to [0, 1]. It is easy to see that the proof given there also applies in the case of
general t ≥ 0.
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Next, we want to de�ne the free version of the classical Itô integral w.r.t. Brownian
motion. To specify the space of simple integrands we need some additional de�nitions. In
particular, the notion of tensor products of Hilbert spaces and bounded operators thereon
will be important, we refer to [63] Section 2.6 for a proper treatment of these topics.
Let H1, H2 be two Hilbert spaces and denote by H1⊗H2 their vector space tensor product.
There is a unique inner product ⟨·, ·⟩H1⊗2H2 on H1⊗H2 such that ⟨h1⊗h2, g1⊗g2⟩H1⊗2H2 =
⟨h1, g1⟩ · ⟨h2, g2⟩ for all h1, g1 ∈ H1, h2, g2 ∈ H2. We denote by H1⊗2H2 the completion of
H1 ⊗H2 w.r.t. the norm induced by ⟨·, ·⟩H1⊗2H2 . One can show that there is an injective
∗-homomorphism B(H1)⊗B(H2) → B(H1⊗2H2) which allows us to view B(H1)⊗B(H2)
(and ∗-subalgebras thereof) as a ∗-subalgebra of B(H1 ⊗2 H2).
Now �x some Hilbert space H. For a von Neumann algebra A ⊂ B(H) we denote by
Aop the opposite von Neumann algebra of A, i.e. Aop = A as sets and Aop has the same
addition, involution ·∗ and topological structure as A but the opposing multiplication
a ·op b := ba where the latter product is in A. If τ is a tracial state on A, we write
τ op(a) := τ(a) for the induced tracial state on Aop to stress the algebra structure which
we are considering. Now consider the tensor product A⊗Aop which by the aforementioned
is a ∗-subalgebra of B(H ⊗2 H) with the small subtlety that the multiplication is here
given by(

n∑
i=1

ai ⊗ bi

)(
m∑
j=1

ci ⊗ di

)
=

n∑
i=1

m∑
j=1

aici ⊗ dibi for all ai, bi, ci, di ∈ A .

We will need the following operations on A⊗Aop: For u =
∑n

j=1 aj ⊗ bj ∈ A ⊗Aop and
x ∈ A we set u#x :=

∑n
j=1 ajxbj where the products on the r.h.s. are in A. We write

·flip : A ⊗ Aop → A ⊗ Aop for the linear map which is determined by (a⊗ b)flip = b ⊗ a.
Building on this, we write u⋆ := (u∗)flip for u ∈ A ⊗ Aop where ·∗ is the involution of
B(H ⊗2 H).

De�nition 2.5.5 ([80] 3.1.3-3.1.5). Let (A, (At)t≥0, τ) be a �lteredW ∗-probability space.
We call a map u· : [0,∞) → A ⊗ Aop a simple adapted biprocess if there exists times
0 = t0 < · · · < tn such that we have uti ∈ Ati ⊗Aop

ti for all i ∈ {0, . . . , n− 1} and

ut =
n−1∑
i=0

uti1[ti,ti+1)(t) for all t ≥ 0 . (2.5.1)

We denote the set of all simple adapted biprocesses by Sa.
Let u ∈ Sa and m· : [0,∞) → A. Let 0 = t0 < · · · < tn be times such that (2.5.1) holds
for u. Then we de�ne the integral of u w.r.t. m by∫ ∞

0

ut#dmt :=

∫ ∞

0

u#dm :=
n−1∑
i=0

uti#(mti+1
−mti) .

Further we set for 0 ≤ s ≤ t∫ t

s

ur#dmr :=

∫ t

s

u#dm :=

∫ ∞

0

(
1[s,t)(r)ur

)
#dmr.
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As in classical stochastic calculus (see e.g. [95] Chapter 14 problem 2) it is easy to verify
that these integrals are well-de�ned, i.e. they do not depend on the chosen representation
of u in (2.5.1). Moreover, note that the integral of simple adapted processes is a sum of
terms where one multiplies the increments of the integrator from the left and from the
right by elements of A which is natural in the non-commutative context. In particular,
one has the same structure in classical matrix Itô calculus albeit the construction of the
Itô integral in this particular context usually is done on the level of individual matrix
components and not via matrix biprocesses.
We list immediate properties of the integral:

Lemma 2.5.6. Let u ∈ Sa and m· : [0,∞) → A. Then:

(a) Sa → A, u 7→
∫∞
0
u#dm is linear.

(b)
(∫∞

0
u#dm

)∗
=
∫∞
0
u⋆#dm∗.

(c)
∫ s

r
ut#dmt =

∫ s

0
ut#dmt −

∫ r

0
ut#dmt for all 0 ≤ r ≤ s.

(d) If m is adapted then t 7→
∫ t

0
u#dm is adapted.

(e) If m is a one-dimensional (At)t≥0 semicircular or circular Brownian motion then

t 7→
∫ t

0
u#dm is an (At)t≥0 free martingale.

In order to extend this integral from simple adapted biprocesses to more general pro-
cesses we need a suitable closure of Sa. To this end we �rst de�ne a suitable closure of
A⊗Aop: The minimal (or spatial) C∗-algebra tensor product A⊗minAop is de�ned as the
norm closure of A⊗Aop in B(H ⊗2H). For details on the construction and properties of
the minimal C∗-algebra tensor product see e.g. [64] Section 11.1 or [98] Section 6.1.
We write τ⊗τ op for the unique state onA⊗minAop which is determined by (τ⊗τ op)(a⊗b) =
τ(a)τ op(b), see [64] Proposition 11.1.1. Note that the linear isometry ·flip : A ⊗ Aop →
A⊗Aop (and hence also ·⋆) can be uniquely extended to a linear isometry on A⊗min Aop

which we denote by the same decoration.
Next, consider the Fréchet space of locally square Bochner-integrable functions

L2
loc ([0,∞),A⊗min Aop) :=

{
u· : [0,∞) → A⊗min Aop : u is strongly measurable and∫ t

0

||us||2B(H⊗2H) ds <∞ for all t ≥ 0

}

with the topology induced by the seminorms u 7→
(∫ t

0
||us||2B(H⊗2H) ds

)1/2
, t ≥ 0; see e.g.

[27] Appendix E for the notions of strongly measurable and Bochner integrable functions.
Denote by

Λ2 := Sa
L2
loc([0,∞),A⊗minAop)
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the closure of Sa in L2
loc([0,∞),A ⊗min Aop). We will now extend the stochastic integral

from Sa to Λ2: It holds the free Burkholder-Davis-Gundy inequality (Theorem 3.2.1 in
[21] and Theorem 3.1.8 in [80]):∣∣∣∣∣∣∣∣∫ ∞

0

u#dx

∣∣∣∣∣∣∣∣ ≤ 2
√
2

(∫ ∞

0

||ut||2B(H⊗2H) dt

)1/2

and (2.5.2)

∣∣∣∣∣∣∣∣∫ ∞

0

u#dz

∣∣∣∣∣∣∣∣ ≤ 4

(∫ ∞

0

||ut||2B(H⊗2H) dt

)1/2

(2.5.3)

for all u ∈ Sa and x· : [0,∞) → A, respectively z· : [0,∞) → A, a one-dimensional
semicircular, respectively circular, Brownian motion. If m is a (semi-)circular Brownian
motion, it follows that for �xed s ≥ 0 the map

Sa → C([s,∞),A) , u 7→
(
t 7→

∫ t

s

ur#dmr

)
(2.5.4)

is linear and continuous, where the topology on Sa is the one of L2
loc([0,∞),A⊗min Aop)

and the topology on C([s,∞),A) is the one which is induced by the seminorms x 7→
supr∈[s,t]||xr||, t ≥ s. By the continuous linear extension theorem for topological vector
spaces (see e.g. [102] Theorem 5.1) we hence can extend the integral from Sa to Λ2:

De�nition 2.5.7. Let m be a one-dimensional semicircular or circular Brownian motion
and u ∈ Λ2. Then we write

t 7→
∫ t

s

ur#dmr

for the evaluation of the unique continuous linear extension (from Sa to Λ2) of the map
(2.5.4) at the point u .

We mention that one can also use Lp theory to extend the integral, in particular one
also has an Itô isometry in the p = 2 case as in the classical setting, see [21] Section 3.1.

We now list some fundamental properties of the extended non-commutative stochastic
integral:

Lemma 2.5.8. Let (At)t≥0 ⊂ A. Let m be either a one-dimensional semicircular or
circular (At)t≥0 Brownian motion. Let u ∈ Λ2. Then it holds:

(a) t 7→
∫ t

0
ur#dmr is a free martingale w.r.t. (At)t≥0.

(b)
∫ t

s
ur#dmr =

∫ t

0
ur#dmr −

∫ s

0
ur#dmr and

(∫ t

s
ur#dmr

)∗
=
∫ t

s
u⋆r#dm

∗
r for all

0 ≤ s ≤ t.

(c) It holds (2.5.2), if m is a semicircular Brownian motion, and (2.5.3), if m is a
circular Brownian motion.
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As a natural next step towards free Itô calculus we de�ne free Itô processes (semi-
martingales):

De�nition 2.5.9. We call a map k· : [0,∞) → A locally Bochner integrable if

k|[0,t] : ([0, t],B([0, t]),Leb) → (A, ||·||)

is Bochner integrable for all t > 0; here Leb denotes the Lebesgue measure. For such a k
we denote by

∫ t

0
ks ds the corresponding Bochner integral over [0, t].

Let (xt)t≥0 be an n-dimensional (At)t≥0 semicircular Brownian motion for some �ltration
(At)t≥0 ⊂ A. We call m· : [0,∞) → A a free Itô process if m0 ∈ A0 and if there exists
ui ∈ Λ2, i ∈ {1, . . . , n}, and k· : [0,∞) → A locally Bochner integrable and adapted such
that

dmt =
n∑

i=1

ui,t#dxi,t + kt dt , i.e.

mt = m0 +
n∑

i=1

∫ t

0

ui,s#dxi,s +

∫ t

0

ks ds for all t ≥ 0 .

If w· : [0,∞) → A⊗Aop is continuous and adapted we write

wt#dmt :=
n∑

i=1

(wtui,t)#dxi,t + wt#kt dt , i.e.

∫ t

0

ws#dms := w0#m0 +
n∑

i=1

∫ t

0

(wsui,s)#dxi,s +

∫ t

0

ws#ks ds for all t ≥ 0 .

If wt = at ⊗ bt for some continuous and adapted (at)t≥0 ⊂ A,(bt)t≥0 ⊂ Aop, then we also
write at dmt bt := (at ⊗ bt)#dmt.

One can readily check that a free Itô process is continuous in operator norm and
adapted. Further, wt#dmt is well de�ned as t 7→ wtut is in Λ2 ([80] Corollary 3.1.12)
and t 7→ wt#kt is locally Bochner integrable. Moreover, we will use analogous notations
as above for integrals w.r.t. an n-dimensional circular Brownian motion as these can be
regarded as free Itô processes w.r.t. an 2n-dimensional semicircular Brownian motion.
To state the Itô product rule in our non-commutative context we de�ne the bilinear map
Qτ : (A⊗Aop)× (A⊗Aop) → A which is determined by

Qτ (a⊗ b, c⊗ d) = τ(bc)ad .

In [21] this map is denoted by ⟨⟨·, ·⟩⟩. Using the norm estimate

||Qτ (a, b)|| ≤ ||a||B(H⊗2H)||b||B(H⊗2H)

one can uniquely extend Qτ to a bilinear map on (A⊗min Aop)× (A⊗min Aop) which we
will denote by the same symbol. We now can formulate the free Itô product rule:
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Theorem 2.5.10 (Free Itô product rule ([80] Theorem 3.2.5)).

(a) Let (xt)t≥0 be an n-dimensional semicircular Brownian motion, uj,i ∈ Λ2 and kj,· : [0,∞) →
A locally Bochner integrable for all i ∈ {1, . . . , n} and j ∈ {1, 2}. Consider free Itô
processes dmj,t :=

∑n
i=1 uj,i,t#dxi,t + kj,t dt, j ∈ {1, 2}. Then it holds

d(m1,tm2,t) = m1,t dm2,t + dm1,tm2,t +
n∑

i=1

Qτ (u1,i,t, u2,i,t) dt .

(b) Let (zt)t≥0 be an n-dimensional circular Brownian motion, uj,i, vj,i ∈ Λ2 and
kj,· : [0,∞) → A locally Bochner integrable for all i ∈ {1, . . . , n} and j ∈ {1, 2}.
Consider free Itô processes dmj,t :=

∑n
i=1

(
uj,i,t#dzi,t + vj,i,t#dz

∗
i,t

)
+ kj,t dt, j ∈

{1, 2}. Then it holds

d(m1,tm2,t) = m1,t dm2,t + dm1,tm2,t +
n∑

i=1

(Qτ (u1,i,t, v2,i,t) +Qτ (v1,i,t, u2,i,t)) dt .

One also has Itô formulas for polynomials and so called non-commutative C2-functions
of free Itô processes, see [80] Theorems 3.4.4 & 4.3.4. We however do not need this level of
generality in this work and thus only state a formula for the dynamic of traces of powers of
free Itô processes. Our motivation is the following: In Section 5 we will be interested in the
distributions of certain free Itô processes. As these distributions are compactly supported
we can characterize them by their moments. Hence the following traced free Itô formula
will prove quite useful (Theorem 3.5.3 in [80] where also more general C2-functions are
considered):

Theorem 2.5.11 (Traced Itô formula).

(a) Let (xt)t≥0 be an n-dimensional circular Brownian motion, ui ∈ Λ2 for all i ∈
{1, . . . , n} and k· : [0,∞) → A locally Bochner integrable and adapted. Let (mt)t≥0

be a free Itô process with dmt =
∑n

i=1 ui,t#dxi,t + kt dt. Then for all t ≥ 0 it holds

τ(mn
t )− τ(mn

0 )

=n

∫ t

0

(
τ(ksm

n−1
s ) +

1

2

n∑
i=1

n−2∑
k=0

(τ ⊗ τ op)
(
uflipi,s · (mk

s ⊗mn−2−k
s ) · ui,s

))
ds .

(b) Let (zt)t≥0 be an n-dimensional circular Brownian motion, ui, vi ∈ Λ2 for all i ∈
{1, . . . , n} and k· : [0,∞) → A locally Bochner integrable and adapted. Let (mt)t≥0

be a free Itô process with dmt =
∑n

i=1

(
ui,t#dzi,t + vi,t#dz

∗
i,t

)
+ kt dt. Then for all

t ≥ 0 it holds

τ(mn
t )− τ(mn

0 )

=n

∫ t

0

(
τ(ksm

n−1
s ) +

n∑
i=1

n−2∑
k=0

(τ ⊗ τ op)
(
vflipi,s · (mk

s ⊗mn−2−k
s ) · ui,s

))
ds .



30

Remark 2.5.12. The inclined reader might have noticed the following: In the construc-
tion of the free Itô integral in [80] the closure of Sa is not taken in L2

loc([0,∞),A⊗minAop)
but in L2

loc([0,∞),A⊗Aop) where A⊗Aop is the von Neumann algebra tensor product
(see [64] Section 11.2 for the latter notion). As pointed out in [80] Remark 3.1.7, both
closures yield the same space, however, since A⊗minAop ⊂ A⊗Aop and the operator norm
topology on A⊗min Aop is coarser than the weak operator topology on A⊗Aop. This also
explains why in Theorem 2.5.11 one can use τ ⊗ τ op instead of τ⊗̄τ op which is, in the
notation of [80], the normal state on the von Neumann algebra tensor product A⊗Aop

which is determined by a⊗ b 7→ τ(a)τ op(b) (see [64] Prop. 11.2.7 for this latter notion).
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Chapter 3

The class of non-colliding β-Pearson
di�usions

In this chapter, we study a class of multivariate stochastic processes which includes all
three classical eigenvalue processes from random matrix theory, i.e. Dyson's Brownian
motion, Wishart & Laguerre processes and the Jacobi process. This class, called non-
colliding Pearson di�usions, has been introduced by Theodoros Assiotis in [10] Section 2
in the case that the underlying matrix models are hermitian. Recall that in random ma-
trix theory one often encodes the dimension over the reals of the underlying (skew-)�eld of
the random matrix model by β where β = 1 corresponds to real matrices, β = 2 to com-
plex matrices and β = 4 to matrices over the quaternion numbers. With this convention,
the non-colliding Pearson di�usions in [10] correspond to the case β = 2. On the other
hand, it is known that the three classical dynamical random eigenvalue models referred to
above can be extended to general β > 0 by stochastic calculus. Thus we will also consider
general parameter β for the other instances of Pearson-di�usions. It is known, however,
that for Dyson-Brownian motions, squared Bessel processes, Jacobi processes and radial
Heckman-Opdam processes of type A a parameter β < 1 leads to collisions of particles
a.s. ([33] Proposition 1, [31] Proposition 3.1, [26] Theorem 7.1). As we are interested in
non-colliding solutions, we will not cover the case 0 < β < 1.

The content of this chapter is as follows: First, we de�ne non-colliding β-Pearson dif-
fusions in Section 3.1. Then, we recapitulate known results from the literature regarding
Dyson Brownian motions, squared Bessel processes, Jacobi processes and radial Heckman-
Opdam processes of type A in Sections 3.2, 3.3, 3.5 and parts of 3.4. What is more, in
Section 3.4 we state new results regarding non-colliding solutions and invariant proba-
bility measures/stationary solutions of non-colliding inhomogeneous geometric Brownian
motions in the case that one of the involved parameters is positive and for general β ≥ 1.
Similarly, we will state new results regarding non-colliding solutions and invariant prob-
ability measures/stationary solutions of non-compact Jacobi/Fisher-Snedecor processes
and Hua-Pickrell di�usions in Sections 3.6 & 3.7 for general β ≥ 1. So far, some of these
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results are only known in the case β = 2 by [9, 10]. Moreover, in Section 3.6 we will
prove new results regarding non-compact Jacobi/Fisher-Snedecor processes. Concretely,
we show that for some parameters these are eigenvalue processes of certain dynamical
random matrices built from the Brownian motion on the positive de�nite matrices (Sub-
section 3.6.2), and that, using the right rescaling, one can approximate non-colliding
geometric Brownian motions by these processes (Subsection 3.6.3).

3.1 General form of the model

Denote by CA
N := {x ∈ RN : x1 ≤ · · · ≤ xN} the closed Weyl-chamber of type AN−1 (see

Section 2.3 for this naming convention) and let a(x) := a2x
2 + a1x + a0, a1, a2, a3 ∈ R,

be a polynomial of degree ≤ 2, such that the set Ia := {x ∈ R : a(x) ≥ 0} has non empty
interior. Let b(x) = b1x + b0 for some b1, b0 ∈ R be an a�ne linear function. In this
chapter we will study solutions (Xt = (X1,t, . . . , XN,t))t≥0 to SDEs of the following form:

dXi,t =
√

2a(Xi,t) dBi,t + β

[
1

2
b(Xi,t) + a(Xi,t)

∑
j : j ̸=i

1

Xi,t −Xj,t

]
dt , (3.1.1)

i ∈ {1, . . . , N}, X0 = x̂0 for some deterministic x̂0 ∈ A, where the state space A of the
solution (Xt)t≥0 is some connected subset of CA

N ∩ (Ia)
N with non-empty interior. We will

call a solution (Xt)t≥0 to this SDE which satis�es

X1,t < · · · < XN,t for all t > 0 a.s.

a non-colliding β-Pearson di�usion with parameters a0, a1, a2, b0, b1. By the results of
[51], for β ∈ {1, 2} these SDEs are solved by the eigenvalue processes of matrix-valued
Itô di�usions (Mt)t≥0 satisfying certain matrix-SDEs. In [51], more complicated di�usion
and drift coe�cients than the ones given here are studied. However, we will see that our
particular choice of di�usion and drift coe�cient in (3.1.1) will enable us to �nd explicit
parameter ranges for b1, b0 in dependence on N, a, β under which unique solutions to this
system of SDEs exist. Moreover, we will be able to explicitly state the corresponding
stationary invariant probability measures whenever they exist.
In [10] it is shown that in the case β = 2 the transition probability densities of solu-
tions to such SDEs can be written in terms of the transition probability densities of the
corresponding N = 1 processes via determinantal formulas. The N = 1 case, in turn,
was studied via the corresponding Fokker-Planck equations for the transition probabil-
ity densities by Eugene Wong in [113]. As mentioned in the introductory Chapter 1,
Wong showed that, in case of existence, the stationary distributions of such processes
are Pearson distributions, i.e. probability measures on R which are absolutely continuous
w.r.t. Lebesgue measure and whose probability density function f satis�es the di�erential
equation

d

dx
f(x) =

ax+ b

cx2 + dx+ e
f(x) ,
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for some a, b, c, d, e ∈ R. For more information on these measures see e.g. [29] Section
19.4 and references therein. This connection to Pearson distributions explains the name
`Pearson' in the term `non-colliding β-Pearson di�usions'. We will see that for N > 1
and certain choices of coe�cient functions a(x) and b(x), invariant probability measures
of the dynamic (3.1.1) include (image measures of) Gaussian-β-Ensembles, β-Laguerre
ensembles, β-Jacobi ensembles and Hua-Pickrell measures (Cauchy-β-ensembles); see [48]
for an introduction to these measures and their connection to random matrix theory.
We will also study the following system of ODEs which is closely related to the system of
SDEs (3.1.1):

d

dt
xi,t = b(xi,t) + 2a(xi,t)

∑
j : j ̸=i

1

xi,t − xj,t
, (3.1.2)

i ∈ {1, . . . , N}, x0 = x̂0 ∈ A, where, again, A is some connected subset of CA
N ∩ (Ia)

N

with non-empty interior. Formally, solutions (xt = (x1,t, . . . , xN,t))t≥0 to (3.1.2) arise as
limits xt = limβ→∞Xβ

2t/β, where (X
β
t )t≥0 is a solution to (3.1.1). We will thus understand

(3.1.2) to be a β = ∞ variant of (3.1.1). In mathematical physics contexts the parameter
β is often interpreted as inverse temperature of the system, hence we will also refer to
solutions to (3.1.2) as frozen non-colliding Pearson di�usions.

Because of the singularities appearing in (3.1.1) and (3.1.2), we now need to specify
what we actually mean by solutions to these equations. For equation (3.1.2) we consider
the following notion where we denote by intCA

N the interior {x ∈ RN : x1 < · · · < xN} of
the set CA

N :

De�nition 3.1.1. A non-colliding solution (xt)t≥0 to (3.1.2) with start in x̂0 is a continu-
ous function x· : [0,∞) → A with x0 = x̂0 such that for t > 0 it holds xt ∈ (intCA

N)∩(Ia)
N

and xt satis�es (3.1.2). We will call such a solution unique if there exists not another such
solution.

We will use the same notion of unique and strong solutions to (3.1.1) as in [87] Chapter
IX �1, i.e.:

De�nition 3.1.2. A pair (X,B) = ((Xt)t≥0, (Bt)t≥0) of N -dimensional real stochastic
processes will be called a non-colliding solution to (3.1.1) with start in x̂0 if the following
four conditions are met:

(i) The processes (Xt)t≥0 and (Bt)t≥0 are de�ned on the same �ltered probability space
(Ω, (Ft)t≥0, P ) and both are adapted to (Ft)t≥0.

(ii) (Bt)t≥0 is a standard real N -dimensional Brownian motion with respect to (Ft)t≥0.

(iii) X0 = x̂0 a.s. and Xt ∈ (intCA
N) ∩ (Ia)

N for all t > 0 a.s.
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(iv)

Xi,t −Xi,0 =

∫ t

0

√
2a(Xi,s) dBi,s + β

∫ t

0

[
1

2
b(Xi,s) + a(Xi,s)

∑
j : j ̸=i

1

Xi,s −Xj,s

]
ds ,

for all t > 0 a.s., i ∈ {1, . . . , N}, where the Riemann integral is understood, if
needed, as an improper Riemann integral.

We call a non-colliding solution (X,B) to (3.1.1) strong, if X is adapted to the completion
of the natural �ltration FB

t := σ{Bs : 0 ≤ s ≤ t} of B.
We call a non-colliding solution (X,B) to (3.1.1) (pathwise) unique, if whenever (X ′, B′) is
another non-colliding solution to (3.1.1) de�ned on the same probability space (Ω, (Ft)t≥0, P )
and B = B′ a.s. then X and X ′ are indistinguishable.
If it is clear from the context which Brownian motion B we are considering, we simply
say that X is a non-colliding solution (possibly strong or unique) to (3.1.1) if (X,B) is
such a solution.

Since we are only considering deterministic initial conditions x̂0, every pathwise unique
non-colliding solution to (3.1.1) is automatically a strong solution by Theorem 1.7 in
Chapter IX of [87].

In order to study the non-colliding property of (Xt)t≥0, it is often convenient to write
the drift parts in the system of SDEs (3.1.1) di�erently. To do so, note that for x ∈ intCA

N

we have ∑
j : j ̸=i

x2i
xi − xj

=
∑
j : j ̸=i

xi(xi − xj + xj)

xi − xj
= (N − 1)xi +

∑
j : j ̸=i

xixj
xi − xj

,

∑
j : j ̸=i

xi
xi − xj

=
1

2

∑
j : j ̸=i

xi + xj + xi − xj
xi − xj

=
N − 1

2
+

1

2

∑
j : j ̸=i

xi + xj
xi − xj

.

Thus we can rewrite (3.1.1) as

dXi,t =
√

2a(Xi,t) dBi,t +
β

2

[
b̃(Xi,t) +

∑
j : j ̸=i

G(Xi,t, Xj,t)

Xi,t −Xj,t

]
dt , (3.1.3)

where

b̃(x) := (2a2(N − 1) + b1) x+ a1(N − 1) + b0 , G(x, y) := 2a2xy + a1(x+ y) + 2a0 .

Note that consequently non-colliding β-Pearson di�usions are special cases of solutions
to the SDEs (1.0.1) as mentioned in the introduction. In the following subsections we
are listing all possible variants of non-colliding β-Pearson di�usions where we distinguish
cases in dependence of the nature of the roots of the polynomial a. Each such case then
gives rise to a family of stochastic processes depending on the parameters N, β, b1, b0. The
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name of each such family is thereby usually inspired by the corresponding one-dimensional
(N = 1) versions which especially makes sense in view of the following: As mentioned in
[10] p. 2649, in the case β = 2 one obtains the N -dimensional variant of a non-colliding
β-Pearson di�usion by considering the Doob-h-transform of N i.i.d. one-dimensional
Pearson di�usions where the function h is the Vandermonde determinant. In the litera-
ture one often �nds the notion `N independent processes conditioned to never collide' for
this construction. The only case where we di�er from the naming convention described
above is the case of Fisher-Snedecor di�usions corresponding to a quadratic polynomial a
with two distinct real roots and positive leading coe�cient. These multivariate processes
can be seen as extensions of the univariate Fisher-Snedecor processes which are mainly
studied in statistical contexts due to the fact that for certain parameters their invariant
probability measure is given by a Fisher-Snedecor/F -distribution ([46, 14]). As these
processes structurally have a lot of similarities to the Jacobi processes (e.g. here a is a
quadratic polynomial with two distinct real roots and negative leading coe�cient), we will
also call these processes `non-compact Jacobi processes' where `non-compact' here refers
to the unbounded state space of these processes.
Within each family of processes we will give su�cient criteria for the parameters β, b1, b0
which ensure the existence and uniqueness of non-colliding solutions. We point out, how-
ever, that we might write these results down in terms of slightly di�erent parametrizations
of the coe�cient function b than by the numbers b1, b0 which is mostly due to historic rea-
sons. Moreover, the densities of invariant probability measures of such solutions, if they
exist, will be listed. We also mention dynamical random matrix models such that the
corresponding eigenvalue processes are non-colliding β-Pearson di�usions. Note that, as
was shown in [51], in general one can always �nd such a random matrix model in the case
β ∈ {1, 2} by considering the solution to certain matrix SDEs. We thus primarily focus
on models which are more `explicit' in the sense that they are de�ned using elementary
operations on well known matrix processes such as the hermitian Brownian motion or the
Brownian motion on the general linear group Gl(N,C).

Remark 3.1.3. For existence and uniqueness of solutions to (3.1.1) we rely heavily on
Piotr Graczyk and Jacek Maªecki's seminal paper [52] on the non-colliding property of
particle systems on the real line. We point out that in that paper there is a minor error
in Section 4 in formula (4.3) which results in a missing term in formula (4.6) therein; see
Subsection 3.7.0.1 at the end of Chapter 3 for the necessary correction. However, the
validity of all main statements of the referenced paper are not a�ected by this correction.

In what follows, we omit the trivial non-random case a ≡ 0.

3.2 (Ornstein-Uhlenbeck) Dyson Brownian motions

We start by considering the simplest case of non-colliding β-Pearson di�usions correspond-
ing to a2 = a1 = 0 and a0 > 0. By transitioning to the time-rescaled process (Xt/a0)t≥0,
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we can assume w.l.o.g. that a0 = 1/2. Thus we get the following system of SDEs

dXi,t = dBi,t +
β

2

[
b1Xi,t + b0 +

∑
j : j ̸=i

1

Xi,t −Xj,t

]
dt , (3.2.1)

i ∈ {1, . . . , N}, X0 = x̂0 ∈ CA
N . By Corollary 6.2 in [52], for all b1, b0 ∈ R, β ≥ 1 and any

starting con�guration X0 = x̂0 ∈ CA
N , the process (Xt)t≥0 is a process with values in CA

N

which is non-colliding for t > 0.
Note that in the case b1 = 0, by considering the process

(
X1,t − β

2
b0t, . . . , XN,t − β

2
b0t
)
t≥0

,
we can assume w.l.o.g. that b0 = 0. The resulting process is the well known β-Dyson
Brownian motion. It is the �rst eigenvalue model in random matrix theory based on
Brownian motion which has been considered in the literature and has been conceived as a
time parameter variant of the Gaussian symmetric, hermitian and symplectic ensembles
in [43]. As the aforementioned matrix ensembles are quite well understood, the same
can be said about Dyson Brownian motion in the case β ∈ {1, 2, 4}. In particular, in
the case β = 2 a concrete random matrix model such that the corresponding eigenvalue
process is a Dyson Brownian motion is given by A+Bt, t ≥ 0, where A ∈MN(C) is some
deterministic hermitian matrix such that its vector of ordered eigenvalues equals x̂0 and
(Bt)t≥0 is a hermitian Brownian motion. Similarly one also has an associated random
matrix model if β = 1, see [3] Section 4.3.1.
For general β, the Dyson Brownian motion is also known as radial Dunkl process of type
AN−1, see Section 2.3 for this point of view.
For b1 ̸= 0 (for some authors only for b1 < 0) the solution to (3.2.1) is known as non-
colliding Ornstein-Uhlenbeck (OU) Dyson Brownian motion. Note that, by going over to
the shifted process (X1,t + b0/b1, . . . , XN,t + b0/b1)t≥0, we, again, can assume w.l.o.g. that
b0 = 0. If one assumes b0 = 0, one obtains the b1 ̸= 0 case from the b1 = 0 case by
considering

eβb1t/2X
i, 1−e−βb1t

βb1

, i ∈ {1, . . . , N}, t ≥ 0 , (3.2.2)

where (Xt)t≥0 is a solution of (3.2.1) for b1 = b0 = 0; we carry out a similar transformation
in more detail in Proposition 3.3.2 below. One can show that if b1 < 0 holds, the OU Dyson
Brownian motion converges for t → ∞ in distribution to its unique invariant probability
distribution which is the image measure under λi 7→ λi/

√
−βb1, i ∈ {1, . . . , N}, of the

Gaussian β-ensemble with density on CA
N given by

C(N, β) ·
N∏
i=1

e−λ2
i /2 ·

∏
1≤j<k≤N

|λj − λk|β

where the normalization constant C(N, β) is explicitly known (see e.g. [47] Proposition
1.9.4 for this constant).
The deterministic β = ∞ variants of (OU) Dyson Brownian motions, i.e. non-colliding
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solutions to the ODEs

d

dt
xi,t = b1xi,t + b0 +

∑
j : j ̸=i

1

xi,t − xj,t
i ∈ {1, . . . , N} ,

have been considered in [109, 110, 108] in the case that b1 = b0 = 0. By the same space-
time transformations as in (3.2.2) this is no actual restriction. Moreover, as shown in the
latter references, there is a close connection of these ODEs and the zeros of (univariate)
Hermite polynomials.

3.3 Squared (Ornstein-Uhlenbeck) Bessel processes

This case arises for a2 = 0, a1 ̸= 0. Using the rescaling

(a1X1,t/a21
+ a0, . . . , a1XN,t/a21

+ a0) ,

we can assume w.l.o.g. that a1 = 1 and a0 = 0. The SDE (3.1.3) here then reads

dXi,t =
√

2Xi,t dBi,t +
β

2

[
b1Xi,t + b0 +N − 1 +

∑
j : j ̸=i

Xi,t +Xj,t

Xi,t −Xj,t

]
dt , (3.3.1)

i ∈ {1, . . . , N}, X0 = x̂0 ∈ CB
N := {x ∈ RN : 0 ≤ x1 ≤ · · · ≤ xN}, for some b1, b0 ∈ R.

We will call solutions to (3.3.1) squared Bessel processes and more speci�cally in the case
b1 ̸= 0 squared Ornstein-Uhlenbeck (OU) Bessel processes. To distinguish these processes
from their univariate variants one might add the term `non-colliding' to these names,
which for the sake of brevity we omit. The non-colliding property holds in the following
cases:

Lemma 3.3.1. For b1 ∈ R, b0 ≥ 0, β ≥ 1 and starting con�guration X0 = x̂0 ∈ CB
N the

SDE (3.3.1) has a unique non-colliding solution.

Proof. By Corollary 6.5 in [52], the Lemma holds in the case b1 = 0. The following
Proposition asserts that in order to study the non-colliding property of this process, it
su�ces to study this case.

Analogous to Dyson Brownian motion, there is a space-time transformation from which
one obtains the b1 ̸= 0, i.e. the OU-case, from the b1 = 0 case:

Proposition 3.3.2. Let (Xt)t≥0 be the unique non-colliding solution of (3.3.1) for pa-
rameters β ≥ 1, b1 = 0, b0 ≥ 0 and starting condition X0 = x̂0 ∈ CB

N . Let b̃1 ∈ R \ {0}
and set

f(t) := eβb̃1t/2 and g(t) :=
1− e−βb̃1t/2

βb̃1/2
.
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Then the process (Yt := f(t)Xg(t))t≥0 solves

dYi,t =
√

2Yi,t dB̃i,t +
β

2

[
b̃1Yi,t + b0 +N − 1 +

∑
j : j ̸=i

Yi,t + Yj,t
Yi,t − Yj,t

]
dt , Y0 = x̂0 ,

where B̃i,t :=
∫ t

0

√
f(s)dBi,g(s), i ∈ {1, . . . , N}, t ≥ 0, is an N-dimensional standard real

Brownian motion for the �ltration (Gt := Fg(t))t≥0.

Proof. The Proposition can be deduced from the statements in Section 10 of [90]. For the
convenience of the reader we give a direct argument: By Theorem 18.24 in [65] we have

dXi,g(t) =
√
2Xi,g(t) dBi,g(t) +

β

2
g′(t)

[
b0 +N − 1 +

∑
j : j ̸=i

Xi,g(t) +Xj,g(t)

Xi,g(t) −Xj,g(t)

]
dt .

Now, a simple application of Itô's formula shows that (Yt)t≥0 satis�es the claimed SDE
as f(t)g′(t) ≡ 1. It remains to show that (B̃t)t≥0 is a standard Brownian motion. By
using Theorem 18.24 in [65] again, in conjunction with the polarisation identity 4[A,B]t =
[A+B]t − [A− B]t for quadratic variation, we almost surely have[

B̃i,·, B̃j,·

]
t
=

∫ t

0

f(s) d
[
Bi,g(·), Bj,g(·)

]
s
=

∫ t

0

f(s) d [Bi,·, Bj,·]g(s) = δij

∫ t

0

f(s)g′(s) ds

=tδij ,

where δij is the Kronecker delta. Moreover, again by the same theorem referenced above,
we know that B̃i,t =

∫ g(t)

0

√
f(g−1(s)) dBi,s a.s., so (B̃t)t≥0 is a continuous local martingale

for the �ltration (Gt)t≥0. The claim now follows by Lévy's characterization of Brownian
motion.

For β = 1 a concrete random matrix model such that the corresponding vector of
ordered eigenvalues is a squared Bessel process is the following: Let M ≥ N − 1. Let
Ct := (A+Bt)

T ·(A+Bt), t ≥ 0, where A is a deterministicM×N matrix over R such that
its vector of squared ordered singular values equals x̂0 ∈ {x ∈ RN : 0 ≤ x1 < · · · < xN},
and where Bt is a M × N random matrix whose entries are independent real Brownian
motions. Then the ordered eigenvalues of (Ct)t≥0 form a squared Bessel process; see
[24]. (Ct)t≥0 is called a Wishart process, and its complex sibling, the Laguerre process,
analogously gives a dynamical random matrix model for the case β = 2, see [69].
Analogously to OU Dyson Brownian motion, in the case that b1 < 0 and b0 > 0 one can
infer from Proposition 3.3.2 that Xt converges for t → ∞ in distribution to its invariant
probability distribution which is given by the image measure under λi 7→ λi/(−βb1),
i ∈ {1, . . . , N}, of the Laguerre β-ensemble with parameters β, b0 whose density on CB

N is
given by

C(N, β, b0) ·
N∏
i=1

(
λ
βb0/2−1
i e−λi/2

)
·
∏

1≤j<k≤N

|λj − λk|β (3.3.2)
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where the normalization constant C(N, β, b0) is explicitly known, see e.g. [47] Proposition
3.10.1.
We also mention that in the case b1 = 0 and b0 ≥ 1 the squared Bessel processes are
radial Dunkl processes of type BN after the coordinate change yi := 2

√
xi, i ∈ {1, . . . , N}.

Likewise in square root coordinates, the β = ∞ variants of solutions to (3.3.1), i.e. non-
colliding solutions to the ODEs

d

dt
xi,t = b1xi,t + b0 +N − 1 +

∑
j : j ̸=i

xi,t + xj,t
xi,t − xj,t

, i ∈ {1, . . . , N} , (3.3.3)

have been considered in [109, 110, 108] for the case b1 = 0. Again, using the space-
time transformation of Proposition 3.3.2, one sees that this is not an actual restriction.
Moreover, the authors show a close connection of these ODEs to the zeros of (univariate)
Laguerre Polynomials.

3.4 Non-colliding (inhomogeneous) geometric Brown-

ian motions

Here we are covering the case that a is a quadratic polynomial which has a real root of
order 2 and positive leading coe�cient. By a simple shift of the coordinate system we
can assume w.l.o.g. that a(x) = a2x

2 for a2 > 0. By going over to the process (Xt/a2)t≥0,
we can moreover assume that a2 = 1/2. Thus it su�ces to study the following system of
SDEs:

dXi,t = Xi,t dBi,t +
β

2

[
γ1Xi,t + γ0 +

∑
j : j ̸=i

Xi,tXj,t

Xi,t −Xj,t

]
dt , (3.4.1)

i ∈ {1, . . . , N}, for some deterministic start X0 = x̂0 and some parameters γ1, γ0 ∈ R.
Likewise, we also consider the frozen counterpart of (3.4.1), i.e. the ODEs

d

dt
xi,t = γ1xi,t + γ0 +

∑
j : j ̸=i

xi,txj,t
xi,t − xj,t

, (3.4.2)

i ∈ {1, . . . , N}, x0 = x̂0. If γ0 = 0, we will call non-colliding solutions to (3.4.1) non-
colliding geometric Brownian motions and use the same term preceded by `frozen' for
solutions to (3.4.2). Similarly, if γ0 ̸= 0, we use the same names except that we add the
term `inhomeogeneous' after `non-colliding'. This naming convention agrees with the one
used in [10] Section 2 and is motivated by the fact that in the case β = 2, γ1 ∈ R and
γ0 ≥ 0 one can construct solutions to (3.4.1) by considering the Doob h-transform of N
independent (inhomogeneous) geometric Brownian motions where h is the Vandermonde
determinant h(x) =

∏
1≤i<j≤N(xj − xi) (see [10] p. 2649 and references therein).

We can say the following about non-colliding solutions to (3.4.1):

Lemma 3.4.1. Let N ∈ N, β ≥ 1 and γ1 ∈ R.
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(a) For γ0 ≥ 0 and starting con�guration

X0 = x̂0 ∈ {x ∈ RN : 0 < x1 ≤ · · · ≤ xN}

both the SDE (3.4.1) and the ODE (3.4.2) have a unique non-colliding solution. For
positive times t these solutions take values in {x ∈ RN : 0 < x1 < · · · < xN} a.s.

(b) For γ0 > 0 and starting con�guration X0 = x̂0 ∈ CB
N with x̂1,0 = 0 both the SDE

(3.4.1) and the ODE (3.4.2) have a unique non-colliding solution. The state space
of these solutions is

(
intCA

N

)
∩ [0,∞)N .

Remark 3.4.2. In the case γ0 = 0 one can loosen the restriction of the positivity of the
starting con�guration in (a) in the following way: If the starting con�guration x̂0 ∈ CB

N

satis�es
x̂1,0 = · · · = x̂m,0 = 0 < x̂m+1,0 ≤ · · · ≤ x̂N,0

for some m ∈ {1, . . . , N}, then, in a certain sense, there is a unique solution (Xt)t≥0 to
(3.4.1) and it satis�es X1,t = · · · = Xm,t = 0 < Xm+1,t < · · · < XN,t for all t > 0 a.s.
In other words the �rst m `particles' stay glued to 0 and the other N −m `particles' are
non-colliding. See Proposition 3.4.6 below.

Proof of Lemma 3.4.1. First consider the time change t 7→ 2t/β applied to solutions to
(3.4.1). The resulting processes are now solutions to the SDEs

dXi,t =

√
2

β
Xi,t dBi,t +

[
γ1Xi,t + γ0 +

∑
j : j ̸=i

Xi,tXj,t

Xi,t −Xj,t

]
dt , (3.4.3)

i ∈ {1, . . . , N}. To treat the cases β ∈ [1,∞) and β = ∞ simultaneously, we here interpret
1/β as 0 if β = ∞. In a next step, we will study (3.4.3) in logarithmic coordinates. To
this end consider solutions (Yt)t≥0 to the system of SDEs

dYi,t =

√
2

β
dBi,t +

[
2γ1 −

2

β
−N + 1 + 2γ0e

−2Yi,t +
∑
j : j ̸=i

coth(Yi,t − Yj,t)

]
dt . (3.4.4)

Set σi(x) := σ(x) :=
√

2/β, bi(x) := b(x) := 2γ1 − 2
β
− N + 1 + 2γ0e

−2x, γ := 1,
i ∈ {1, . . . , N}. Note that bi is non-increasing, σi is 1/2-Hölder continuous and there
exists some c = c(N, β, γ1, γ0) such that the following estimates hold:

bi(x)x ≤ c(1 + |x|2) , σ2
i (x) ≤ 2γ , x ∈ R .

By [52] Corollary 6.8, there exists a unique non-colliding solution to (3.4.4) for all β ∈
[1,∞], γ1 ∈ R, γ0 ≥ 0, and all starting con�gurations Y0 = ŷ0 ∈ CA

N . Now set X̃t :=
(exp

(
2Y1,t/4

)
, . . . , exp

(
2YN,t/4

)
), t ≥ 0. Using

coth

(
log(x)− log(y)

2

)
=
x+ y

x− y
,
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we see by Itô's formula that (X̃t)t≥0 solves (3.4.3). Thus we have shown the claim in (a).
It remains to discuss the case γ0 > 0 and x̂0 ∈ CB

N with x̂1,0 = 0. We here follow the idea
of proof of Corollary 6.5 in [52]. To this end, we �rst look into the modi�ed system of
SDEs

dYi,t =

√
2

β
|Yi,t| dBi,t +

[
γ1Yi,t + γ0 +

∑
j : j ̸=i

|Yi,tYj,t|
Yi,t − Yj,t

]
dt , i ∈ {1, . . . , N} , (3.4.5)

with initial condition Y0 = y0 ∈ CB
N . Ideally we would like to directly apply the existence &

uniqueness Theorem 2.2 in [52]. There are seven conditions on the coe�cients of the SDE
(3.4.5), namely (C1),(C2),(A1)-(A5) in that paper, which need to be ful�lled. However,
(A1) demands that we need to verify the inequality

|wz|(y − x) ≤ |xy|(z − w) (3.4.6)

for all w < x < y < z. But e.g. the choice y = 0 shows that this inequality does not
hold in its stated generality. Our strategy of proof is thus the following: It turns out that
�ve conditions, namely (C2),(A2)-(A5), actually are ful�lled, which we will show below.
This means that by Theorem 5.1 in [52] we know that a solution to (3.4.5) exists. We
can then show that every such solution which starts in CB

N stays in that set. Thus we will
only have to verify (3.4.6) for 0 ≤ w < x < y < z. Using the same argument of proof as
in Theorem 5.3 of [52], we can then deduce the uniqueness of solutions of (3.4.3) in the
case γ1 > 0.
Setting

σ(x) :=

√
2

β
|x| , b(x) := γ1x+ γ0 , H(x, y) := |xy| ,

our SDE reads dYi,t = σ(Yi,t) dBi,t +
[
b(Yi,t) +

∑
j : j ̸=i

H(Yi,t,Yj,t)

Yi,t−Yj,t

]
dt, i ∈ {1, . . . , N}. As

mentioned, in a �rst step we will show existence of a solution. To this end, we verify the
following �ve conditions:
(C2): We need to �nd a constant c ≥ 0 such that σ2(x) + b(x)x ≤ c(1 + |x|2) and
H(x, y) ≤ c(1 + |xy|). This holds e.g. for c = 2

β
+ |γ1|+ |γ0|+ 1.

(A2): We need to �nd a c ≥ 0 such that σ2(x) + σ2(y) ≤ c(x − y)2 + 4H(x, y). By the
inequality

σ2(x) + σ2(y) =
2

β

(
(x− y)2 + 2xy

)
≤ 2

β

(
(x− y)2 + 2β|xy|

)
=

2

β
(x− y)2 + 4H(x, y) ,

we can ful�ll this for the choice c = 2
β
.

(A3): We need to �nd a c ≥ 0 such that

H(x, y)(y − x) +H(y, z)(z − y) ≤ c(z − y)(z − x)(y − x) +H(x, z)(z − x)
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for all x < y < z. To this end, we will adapt the corresponding argument of the proof of
Lemma 4.2 in [9]: We need to verify the existence of some c ≥ 0 such that

0 ≤ c(z − y)(z − x)(y − x) + |xz|(z − x)− |xy|(y − x)− |yz|(z − y) =: gc(y)

for all x < y < z. We claim that this is true for any c > 1. Indeed: Let c > 1 and
x < y < z. Note that gc on [0,∞) is a quadratic polynomial with zeros x and z and
leading coe�cient

−c(z − x)− |x|+ |z| =

{
(1− c)(z − x) , x ≥ 0

(1− c)z + (1 + c)x , x < 0 ,

which is negative in both cases. Thus gc(y) ≥ 0 in the case x < y < z and y ≥ 0. Similar
considerations show gc(y) ≥ 0 in the case x < y < z and y < 0.
(A4): We need to show that G := {x ∈ R : 2σ2(x) + H(x, x) = 0} consists of isolated
points and for all x ∈ G it holds

b(x) +
N−2∑
j=1

H(x, yj)

x− yj
1R\{x}(yj) ̸= 0

for all y1, . . . , yN−2 ∈ R, with the convention `unde�ned × 0 = 0'. In our case it holds
G = {0} and

b(0) +
N−2∑
j=1

H(0, yj)

−yj
1R\{0}(yj) = γ0 > 0 for all y1, . . . , yN−2 ∈ R .

(A5): This condition is empty for our SDE since the a�ne linear part b of the drift coef-
�cient is the same for each particle Yi.
As mentioned above, Theorem 5.1 in [52] now implies the existence of non-colliding solu-
tions of the SDEs (3.4.5) for any starting con�guration Y0 = y0 ∈ CA

N . We will now show
that any solution (Yt)t≥0 of (3.4.5) which starts in Y0 = y0 ∈ CB

N must stay in that set.
We will adopt the local time argument from the proof of Theorem 7 in [51], which we here
reproduce for the convenience of the reader. Set Dt := b(Y1,t) +

∑
j : j ̸=1

H(Y1,t,Yj,t)

Y1,t−Yj,t
and

ϑ := inf{t > 0: Y1,t < 0} , κ := inf {t > ϑ : Dt = 0} .

Suppose P (ϑ < ∞) > 0. Note that Y1,ϑ(ω)(ω) = 0 and Dϑ(ω)(ω) = γ0 > 0 for all
ω ∈ {ϑ <∞}. Thus we have {ϑ <∞} ⊆ {ϑ < κ}. Moreover, setting ρ(x) := x2, we have
for ϵ > 0: ∫ t

0

1{0<Y1,s≤ϵ}
1

ρ(Y1,s)
d[Y1]s =

2

β

∫ t

0

1{0<Y1,s≤ϵ} ds <∞ a.s.
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By Lemma 3.3 on p. 389 of [87] we thus know that the local time at 0 of Y1 vanishes a.s.
Thus, by Tanaka's formula (see e.g. Theorem 1.2 p. 222 in [87]), we have for T, t > 0:

min
(
0, Y1,(ϑ+t)∧κ∧T

)
=

∫ (ϑ+t)∧κ∧T

0

1{Y1,s≤0} dY1,s =

∫ (ϑ+t)∧κ∧T

ϑ∧T
1{Y1,s≤0} dY1,s

=

√
2

β

∫ (ϑ+t)∧κ∧T

ϑ∧T
1{Y1,s≤0}|Y1,s| dB1,s +

∫ (ϑ+t)∧κ∧T

ϑ∧T
1{Y1,s≤0}Ds ds .

Now �x some T > 0 such that 0 < P (ϑ < T ). Let (τn)n∈N be a localizing sequence of
stopping times for the local martingale

(
Zt :=

∫ t

0
1{Y1,s≤0}|Y1,s| dB1,s

)
t≥0

, i.e. τn ↑ ∞ for

n → ∞ a.s. and (Zt∧τn)t≥0 is an L2-martingale for each n. Fix some n0 ∈ N such that
P (τn0 ≥ T ) > 1− P (ϑ < T ). Then

P (ϑ < T, τn0 ≥ T ) ≥ P (ϑ < T ) + P (τn0 ≥ T )− 1 > 0

and

E
[
min

(
0, Y1,(ϑ+t)∧κ∧T∧τn0

)]
=E

[∫ (ϑ+t)∧κ∧T∧τn0

ϑ∧T∧τn0

1{Y1,s≤0}Ds ds

]
≥ 0 for all t > 0 .

We get a contradiction as Y1,ϑ(ω)+t(ω) < 0 for small t and ω ∈ {ϑ < ∞}. Thus we must
have P (ϑ = ∞) = 1.
So far we thus have shown the existence of a solution to (3.4.3) in the case γ0 > 0. It
remains to discuss the uniqueness of such a solution. Going through the proof of Theorem
5.3 of [52], we see that it su�ces to verify the following two conditions:
(C1): We need to �nd a function ρ : [0,∞) → [0,∞) with

∫
(0,∞)

1
ρ(x)

dx = ∞ and |σ(x)−
σ(y)|2 ≤ ρ(|x − y|) for all x, y ∈ R. This can easily be ful�lled by ρ(x) = 2

β
x2, as

||x| − |y||2≤ |x− y|2.
(A1): We need to show the inequality f(z) := wz

z−w
≤ xy

y−x
for all 0 ≤ w < x < y < z. Note

that f ′(z) = −w2/(z − w)2 ≤ 0 for w ̸= z. Thus

f(z) ≤ f(y) ≤ xy

y − x
for all 0 ≤ w < x < y < z .

This �nishes the proof.

In the case of γ0 > 0, su�ciently small γ1, and β ∈ [1,∞], we have stationary solu-
tions/invariant probability measures to (3.4.2)/(3.4.1) which we identify in the following
two Lemmas. These results so far are only known in the cases β ∈ {1, 2} by [88, 10].

Lemma 3.4.3. Let N ∈ N, γ1 < 0, γ0 > 0 and x̂0 ∈ CB
N . Let (xt)t≥0 be the unique non-

colliding solution to (3.4.2) for these parameters. Then the limit limt→∞ xt = (z1, . . . , zN)
exists, where (z−1

N , . . . , z−1
1 ) is the vector of ordered zeros of the rescaled Laguerre poly-

nomial x 7→ L
(−(2γ1+1))
N (cx), where c = 2γ0 (see [99] Chapter V for a de�nition of the

Laguerre polynomials). Moreover, (z1, . . . , zN) is the only stationary solution of (3.4.2)
in this case.
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Proof. A stationary solution xt = x0, t ≥ 0, to (3.4.2) satis�es

0 = γ1xi,0 + γ0 +
∑
j : j ̸=i

1

1/xj,0 − 1/xi,0
, i ∈ {1, . . . , N} .

Setting y := (x−1
N,0, . . . , x

−1
1,0) we can write this condition as

0 = −γ1/yi − γ0 +
∑
j : j ̸=i

1

yi − yj
, i ∈ {1, . . . , N} .

By the proof of [99] Theorem 6.7.2 it is known that the unique solution in intCB
N to

these equations is given by the ordered zeros of the rescaled Laguerre polynomial x 7→
L
−(2γ1+1)
N (cx), where c = 2γ0.

Now let (xt)t≥0 and z = (z1, . . . , zN) be as in the Lemma, i.e. we consider the situation
of general starting condition x̂0 ∈ CB

N . Let f(x) := (eN1 (x), . . . , e
N
N(x)) where eNi , i ∈

{1, . . . , N} are the elementary symmetric polynomials in N variables de�ned in Section
2.2. By Lemma 2.2.2 the map f : CB

N → f(CB
N ) is a homeomorphism. Now set yt := f(xt),

t ≥ 0. Using the formula

eNm(x) = xie
N−1
m−1(x{1,...,N}\{i}) + eN−1

m (x{1,...,N}\{i}) , x ∈ RN , i ∈ {1, . . . , N} , (3.4.7)

we have (notationally suppressing dependence of t):

d

dt
ym =

N∑
i=1

eN−1
m−1(x{1,...,N}\{i})

d

dt
xi , m ∈ {1, . . . , N} .

Plugging in the ODE for xi and using formulas (2.2.2) & (2.2.4) we get

d

dt
ym,t = m (γ1 − (m− 1)/2) ym,t + γ0(N −m+ 1)ym−1,t , (3.4.8)

with the convention y0,t ≡ 1. Thus

ym,t = em(γ1−(m−1)/2)t

(
ym,0 + γ0(N −m+ 1)

∫ t

0

e−m(γ1−(m−1)/2)rym−1,r dr

)
.

Since γ1 < 0, we have m (γ1 − (m− 1)/2) < 0 for all m ∈ {1, . . . , N}. Inductively one
sees that the limit limt→∞ yt exists and does not depend on (y1,0, . . . , yN,0). Hence this
limit equals f(z) where z is the stationary solution considered above. A transfer back via
f−1 shows the claim.

Lemma 3.4.4. Let N ∈ N, β ≥ 1, γ1 < 1/β, γ0 > 0 and

x̂0 ∈ {x ∈ RN : 0 < x1 ≤ · · · ≤ xN} = CB
N ∩ (0,∞)N .
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Then the dynamic (3.4.1) has as unique invariant probability measure ρ the image measure
of the Laguerre ensemble (3.3.2) with parameters β̃ := β, b̃0 := 2/β − 2γ1 under the map
x 7→ 1

2βγ0
(x−1

N , . . . , x−1
1 ), i.e. its density on CB

N ∩ (0,∞)N is given by

ρ(dx) = C(N, β, γ1)
N∏
i=1

(
x
β(γ1−N+1)−2
i e−βγ0/xi

) ∏
1≤j<k≤N

(xk − xj)
β dx ,

where the normalization constant C(N, β, γ1) can be calculated using [47] Proposition
3.10.1.
Moreover, the non-colliding solution (Xt)t≥0 to (3.4.1) for parameters β, γ1, γ0 as above
and starting condition x̂0 ∈ CB

N ∩ (0,∞)N converges for t→ ∞ to ρ in distribution.

Proof. Let (Xt)t≥0 be the unique non-colliding solution to (3.4.1) for the parameters as
speci�ed in the Lemma. By the calculations in the �rst part of the proof of Lemma 3.4.1,
the processes Zi,t :=

1
2
log(Xi,8t) satisfy

dZi,t =
√
2 dBi,t+β

[
− 2

β
+ 2γ1 −N + 1 + 2γ0e

−2Zi,t +
∑
j : j ̸=i

coth(Zi,t − Zj,t)

]
dt , (3.4.9)

i ∈ {1, . . . , N}. Thus the dynamic (3.4.1) is equivalent to the dynamic (3.4.9). Moreover,
the generator of the process (Zt)t≥0 is given by

Lf(x) := ∆f(x)− (∇V (x)) · ∇f(x) ,

V (x) := −β
N∑
i=1

[(
− 2

β
+ 2γ1 −N + 1

)
xi − γ0e

−2xi

]
− β

∑
1≤j<k≤N

log(sinh(xk − xj)) .

Now, the candidate for the invariant measure of the dynamic (3.4.9) is given by the
Gibbs measure ρ̃ which has Lebesgue density ρ̃(dx) := 1

Z
e−V (x)dx on intCA

N , where Z :=∫
intCA

N
e−V (x) dx. We verify that Z is indeed �nite. Note that it holds

e−V (x) =
N∏
i=1

(
e(β(2γ1−N+1)−2)xie−βγ0e−2xi

) ∏
1≤j<k≤N

sinhβ(xk − xj) .

This density transforms under the map CA
N → CB

N ∩ (0,∞)N , xi 7→ e2xi , i ∈ {1, . . . , N},
to

c
N∏
i=1

(
x−1
i x

(β(2γ1−N+1)−2)/2
i e−βγ0/xi

) ∏
1≤j<k≤N

(
xk − xj√
xjxk

)β

=c
N∏
i=1

(
x
β(γ1−N+1)−2
i e−βγ0/xi

) ∏
1≤j<k≤N

(xk − xj)
β ,

(3.4.10)
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where c is some positive constant, and where we used sinh((log(x)− log(y))/2) = x−y
2
√
xy

and
∏

1≤j<k≤N xjxk =
∏N

j=1 x
N−1
j . Another change of measure under the map

CB
N ∩ (0,∞)N → CB

N ∩ (0,∞)N , (x1, . . . , xN) 7→
1

2βγ0
(x−1

N , . . . , x−1
1 )

gives a density proportional to

N∏
i=1

(
x−2
i x

−β(γ1−N+1)+2
i e−xi/2

) ∏
1≤j<k≤N

(
x−1
j − x−1

k

)β
=

N∏
i=1

(
x−βγ1
i e−xi/2

) ∏
1≤j<k≤N

(xk − xj)
β .

Up to the normalization constant this is the density of the Laguerre ensemble (3.3.2) with
parameters β̃ := β, b̃0 := 2/β − 2γ1 > 0. This shows that Z < ∞. Thus ρ̃ is the unique
invariant distribution of the Markov process generated by L, see e.g. Section 2.2.3. of
[91] and the beginning of Section 2 of the survey [75].
In a next step we show that the potential V is convex. To this end we note that

∂xi
∂xj

V (x) =

{
4βγ0e

−2xi − β
∑

k : k ̸=i(1− coth2(xi − xk)) , i = j

β(1− coth2(xi − xj)) , i ̸= j .

Thus the Hessian (∂xi
∂xj

V (x))1≤i,j≤N of V is the sum of the positive de�nite diagonal
matrix with entries 4βγ0e

−2xi , i ∈ {1, . . . , N}, and another matrix which we claim is
positive semi-de�nite. One can see this using the following argument:
Let Ajk, 1 ≤ j < k ≤ N , be a triangular array of non-negative numbers and consider the
corresponding symmetric matrix with vanishing diagonal which, by abuse of notation, we
again denote by A:

Ajk =


0 , j = k ,

Ajk , j < k ,

Akj , j > k .

Now set

B = diag

(∑
j : j ̸=1

Ajk, . . . ,
∑

j : j ̸=N

Ajk

)
± A .

Then B is positive semi-de�nite, as for all z ∈ RN \ {0} we have

zTBz =
N∑
j=1

z2j

N∑
k=1
k ̸=j

Ajk ± 2
∑

1≤j<k≤N

zjzkAjk =
∑

1≤j<k≤N

Ajk(zj ± zk)
2 ≥ 0 .
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In turn we know that the Hessian of V is positive semi-de�nite which means that V
is convex. By Theorem 9.4.10 in [1] we have shown that ρ̃ is a log-concave probability
measure. Hence, by Theorem 1.3 in [2], Zt converges to ρ̃ in distribution for t→ ∞. The
result follows by applying the coordinate change xi 7→ e2xi , i ∈ {1, . . . , N}, as above.

The processes arising as solution to (3.4.1) have previously been considered in the
following contexts: In the case β = 1, γ0 = 0 and γ1 = (N+1)/2 it was shown in [82] that
this process is the eigenvalue process of the matrix process (Mt)t≥0 := (GT

t Gt)t≥0 where
(Gt)t≥0 is the (right-invariant) Brownian motion in the general linear group Gl(N,R) and
where ·T denotes the matrix transposition. One can show that (Mt)t≥0 is a solution to
the matrix SDE

dMt =
√
Mt dBt

√
Mt + αMt dt , (3.4.11)

for some α ∈ R and where (Bt)t≥0 is a real symmetric Brownian motion (cf. [83] Section
2.9). If one replaces (Bt)t≥0 by a hermitian Brownian motion then the corresponding
eigenvalue process is a solution to (3.4.1) in the case β = 2, γ0 = 0 and γ1 = α; see [51]
Section III. Clearly, (3.4.11) is a matrix extension of the SDE of real geometric Brownian
motion.
A surprisingly simple matrix model for the case β = 2, γ0 = 0 and x̂0 = 0 has been
described by the present author and Michael Voit in [12]. There the matrix process

(Bt + t diag(ρ))t≥0 , with ρ := (−N + 1,−N + 3, . . . , N − 3, N − 1) ∈ RN ,

is considered where (Bt)t≥0 is an N ×N hermitian Brownian motion, and where diag(ρ)
is the diagonal matrix with diagonal ρ. It is shown that the corresponding exponentiated
eigenvalue process is a non-colliding geometric Brownian motion for the mentioned pa-
rameters.
We further mention that in [88] a matrix process is considered whose eigenvalue process
solves (3.4.1) for β = 1 and some γ0 > 0, γ1 ∈ R (see Lemma 22 therein; also see Remark
5.3.5).
Furthermore, in the case γ0 = 0, the non-colliding geometric Brownian motion written in
logarithmic coordinates is a (radial) Heckman-Opdam process for the root system AN−1;
this follows from a comparison of the SDE (3.4.4) and the generator considered in Section
2.3.2.
To our knowledge solutions to the ODEs (3.4.2) have not been considered in the literature
before.

In the remainder of this section we elaborate on Remark 3.4.2 and thus only consider
the case γ0 = 0. We also restrict ourselves to the case β <∞ although the following also
works for β = ∞ with the obvious modi�cations.
We will use the transformation under elementary symmetric polynomials in N variables
which we de�ned in Section 2.2. We denote this transformation by

fN : CB
N → [0,∞)N , fN(x) = (eN1 (x), . . . , e

N
N(x)) .



48

Recall that by Lemma 2.2.2 we know that fN : CB
N → fN(C

B
N ) is a homeomorphism and

fN : intCA
N ∩ [0,∞)N → fN(intC

A
N ∩ [0,∞)N) is a di�eomorphism. We now �rst state

how the SDE for non-colliding geometric Brownian motion transforms under this change
of coordinates:

Proposition 3.4.5. Assume (Xt)t≥0 satis�es the system of SDEs

dXi,t = Xi,t dBi,t +
β

2

[
γ1Xi,t +

∑
j : j ̸=i

Xi,tXj,t

Xi,t −Xj,t

]
dt , i ∈ {1, . . . , N} . (3.4.12)

Then it holds

deNk (Xt) =
N∑
j=1

Xj,te
N−1
k−1 (X{1,...,N}\{j},t) dBj,t + k

β

2

(
γ1 −

k − 1

2

)
eNk (Xt) dt , (3.4.13)

k ∈ {1, . . . , N}.

Proof. (3.4.13) follows from an application of Itô's formula and the identities (3.4.7),
(2.2.2) & (2.2.4).

We now show that the system of SDEs (3.4.13) has a unique solution for more gen-
eral starting con�gurations than the ones lying in fN(CA

N ∩ (0,∞)N). Transferring such
solutions back via f−1

N : fN(C
B
N ) → CB

N explains the heuristic mentioned in Remark 3.4.2.

Proposition 3.4.6. Let γ1 ∈ R and β ≥ 1. Set (fN(x))0 := 1, x ∈ CB
N . Then the system

of SDEs

dYk,t =
N∑
j=1

(
f−1
N (Yt)

)
j
·
(
fN−1(f

−1
N (Yt){1,...,N}\{j})

)
k−1

dBj,t + k
β

2

(
γ1 −

k − 1

2

)
Yk,t dt ,

(3.4.14)

k ∈ {1, . . . , N}, Y0 ∈ fN(C
B
N ), has a unique solution. Moreover it holds:

If Yk,0 > 0 , then Yk,t > 0 for all t > 0 a.s., and

if Yk,0 = 0 , then Yk,t = 0 for all t > 0 a.s.

If Y1,0 > 0 then
(
f−1
N ((Y1,t, . . . , Yl,t))

)
t≥0

is the non-colliding solution to (3.4.12) for N

replaced there by l where l := max{i ∈ {1, . . . , N} : Yi,0 = 0}.

Proof. We distinguish two cases:
Case YN,0 > 0: Here we can infer from [52] Theorem 4.4 that any solution (Yt)t≥0 to
(3.4.14) satis�es Yt ∈ fN(intC

B
N ) for all t > 0 a.s. As fN |intCB

N
is a di�eomorphism,

existence and uniqueness here follows from the existence and uniqueness of non-colliding
solutions to the SDEs (3.4.1) and Itô's formula. We moreover know by this correspondence



49

between the solutions of SDEs (3.4.1) and (3.4.14) that Yk,t > 0 for all t ≥ 0 and k ∈
{1, . . . , N} a.s.
Case YN,0 = 0: First note that it holds

xje
N−1
N−1(x{1,...,N}\{j}) = eN(x) for all j ∈ {1, . . . , N} .

Thus we can rewrite (3.4.14) in the case k = N as

dYN,t =YN,t

N∑
j=1

dBj,t +N
β

2

(
γ1 −

N − 1

2

)
YN,t dt .

The coe�cients of this SDE are clearly Lipschitz continuous, so any solution is unique.
Thus we know YN,t = 0 for all t ≥ 0 a.s. In particular also

(
f−1
N (Yt)

)
1
≡ 0 a.s. Since

eNN−1((0, x2, . . . , xN)) =
N∏
i=2

xi = xje
N−1
N−2(x{1,...,N}\{j}) for all j ∈ {2, . . . , N} ,

we in turn have

YN−1,t =
(
f−1
N (Yt)

)
j
·
(
fN−1(f

−1
N (Yt){1,...,N}\{j})

)
N−2

, j ∈ {2, . . . , N} ,

for all t ≥ 0 a.s. Thus we can rewrite (3.4.14) in the case k = N − 1 as

dYN−1,t = YN−1,t

N∑
j=2

dBj,t + (N − 1)
β

2

(
γ1 −

N − 2

2

)
YN−1,t dt .

Now if YN−1,0 = 0 we can again deduce that YN−1,t = 0 for all t ≥ 0 a.s. Iterating this
argument we either get that in the case Y0 = 0 the unique solution of (3.4.14) is a process
constantly equal to 0 a.s., or we stop at the largest l ∈ {1, . . . , N} such that Yl,0 > 0. In
the latter case we thus so far have shown that Yj,t = 0 for all j ∈ {l+1, . . . , N} and t ≥ 0
a.s. Now de�ne Ỹt := (Y1,t, . . . , Yl,t). This process satis�es the system of SDEs

dỸk,t =
l∑

j=1

(
f−1
l (Ỹt)

)
j

(
fl−1(f

−1
l (Ỹt){1,...,l}\{j})

)
k−1

dBj+N−l,t + k
β

2

(
γ1 −

k − 1

2

)
Yk,t dt ,

k ∈ {1, . . . , l}. By the �rst part of the proof there exists a unique solution to this system
of SDEs with the claimed properties. In particular we have thus shown the existence and
uniqueness of solutions to (3.4.14).

3.5 (Compact) Jacobi processes

In this section we consider the case that a is a quadratic polynomial with two distinct real
roots and negative leading coe�cient. By an a�ne-linear rescaling in space and a linear
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rescaling in time, we can assume w.l.o.g. that a(x) = x(1− x). Set CBC
N := CA

N ∩ [0, 1]N .
We are interested in non-colliding solutions (Xt)t≥0 of the SDE

dXi,t =
√

2Xi,t(1−Xi,t) dBi,t +
β

2

[
p− (p+ q)Xi,t +

∑
j : j ̸=i

Xi,t +Xj,t − 2Xi,tXj,t

Xi,t −Xi,t

]
dt ,

(3.5.1)
i ∈ {1, . . . , N}, X0 = x̂0 ∈ CBC

N , for certain parameters p, q ∈ R. Such solutions are called
β-Jacobi processes and appeared �rst, for β = 1, in [39] and were further studied in [31].
Similarly, we will call solutions to the system of ODEs

d

dt
xi,t = p− (p+ q)xi,t +

∑
j : j ̸=i

xi,t + xj,t − 2xi,txj,t
xi,t − xi,t

, (3.5.2)

i ∈ {1, . . . , N}, x0 = x̂0 ∈ CBC
N , frozen Jacobi processes. The term `Jacobi' appearing

in the name of these processes is justi�ed by the close relation of these processes to the
following objects:

De�nition 3.5.1. (i) Let β > 0, a, b > −1. The β-Jacobi ensemble µJac
β,a,b is the prob-

ability measure on CBC
N with density

C(N, a, b, β)
N∏
i=1

(
xai (1− xi)

b
) ∏
1≤i<j≤N

|λi − λj|β . (3.5.3)

The normalization constant C(N, a, b, β) is explicitly known, see [47] Section 4.7.1.

(ii) Let α, β ∈ C. Denote by Pα,β
N the N-th Jacobi polyomial, i.e.

Pα,β
N (x) :=

N∑
k=0

(
N + α

N − k

)(
N + β

k

)(
x− 1

2

)k (
x+ 1

2

)N−k

=
(α + 1)(N)

N !

N∑
k=0

(−N)(k)(α + β + n+ 1)(k)

(α + 1)(k)k!

(
1− x

2

)k

.

(3.5.4)

Here x(n) =
∏n−1

i=0 (x + i) denotes the rising factorial with the convention x(0) = 1.
For α, β > −1 the sequence (Pα,β

N )N∈N is a system of orthogonal polynomials w.r.t.
the weight function (1−x)α(1+x)β, see [99] Chapter 4. That the second equality in
(3.5.4) is true can thus be seen in this case by Theorem 4.1.1 in [60] and noting that
both sides of the equation agree for x = 1. For general α, β ∈ C one can deduce the
validity of the equation by using analytic continuation.

The following is known about non-colliding solutions and invariant measures of (3.5.1):
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Lemma 3.5.2. For β ≥ 1, p, q ≥ N − 1 and x̂0 ∈ CBC
N there exists a unique non-

colliding solution (Xt)t≥0 to (3.5.1). Moreover, if p, q > N − 1, it holds that ρ :=
µJac
β,β

2
(p−(N−1))−1,β

2
(q−(N−1))−1

is the unique invariant probability measure of the dynamic

(3.5.1). If additionally p, q ≥ N − 1 + 2/β, then Xt
t→∞−−−→ ρ weakly.

Proof. The �rst part of the Lemma holds by Corollary 6.7 in [52]. The explicit form and
uniqueness of the invariant measure is in principle known in the literature, see e.g. [104]
Section 3. However, to our knowledge, an explicit proof of this fact for general β has not
been given so far. One can show this by noting that the generator of (Xt)t≥0, after applying
the coordinate change xi 7→ arccos(2xi − 1), i ∈ {1, . . . , N}, falls in the framework of
Langevin di�usions (compare end of Section 2.3.2), and thus has the corresponding Gibbs-
measure as its unique invariant measure, see e.g. beginning of Section 2 in [75] for this
latter fact. We will use similar arguments in Sections 3.6 & 3.7 so we skip the details
here. The weak convergence to the invariant measure follows by the explicit transition
probability densities for β-Jacobi processes in Proposition 4.1 of [31].

We have the following corresponding result for frozen Jacobi processes:

Lemma 3.5.3. Let N ∈ N and p, q > N − 1. Then for each x̂0 ∈ CBC
N the system of

ODEs (3.5.2) has a unique solution (xt)t≥0 with xt ∈ intCBC
N for all t > 0. This solution

satis�es limt→∞ xt = (z1, . . . , zN) ∈ intCBC
N where (2z1 − 1, . . . , 2zN − 1) is the vector of

the ordered zeros of P
(q−N,p−N)
N . Moreover, (z1, . . . , zN) is the only stationary solution to

(3.5.2) in CBC
N .

Proof. This is just a reformulation of Theorem 1.1 in [13] as there the functions t 7→ yi,t :=
2xi,t − 1, i ∈ {1, . . . , N}, are considered.

As mentioned above, the non-colliding multivariate Jacobi processes have �rst been
studied in [39]. Therein, the real matrix Jacobi process has been introduced as a matrix
di�usion with values in the space of real symmetric matrices and whose invariant distri-
bution is given by the Beta matrix distribution; e.g. see [76] Chapter 5 for a de�nition
and the corresponding Lebesgue density. In [30, 31] the corresponding complex matrix
process has been considered, we brie�y summarize its construction: Start with the unitary
Brownian motion (Ut)t≥0 with values in the group of N ×N unitary matrices which arises
as the solution to the matrix SDE

dUt = iUt dBt −
1

2
Ut dt , U0 = Û0 ,

where (Bt)t≥0 is a N×N hermitian Brownian motion and Û0 is some deterministic N×N
unitary matrix; for other equivalent de�nitions of (Ut)t≥0 see [28]. One important property
of this process is that it converges for t → ∞ in distribution to the normalized Haar
measure on the unitary group. Now let n, p ∈ {1, . . . , N}. The complex matrix Jacobi
process is de�ned as

Jt := πn,p(Ut) · πn,p(Ut)
∗ , t ≥ 0 ,
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where πn,p : CN×N → Cn×p is the map that sends a matrix to its upper left submatrix with
n rows and p columns. If p ≥ n and q := N − p ≥ n then one can show that the eigen-
value process of (Jt)t≥0 is an n-dimensional Jacobi process with parameters p, q and β = 2.
This result has not been proven explicitly in the literature but it can be deduced from
a straightforward adaptation of the proof of the corresponding result for the real matrix
Jacobi process, see [39] Theorem 9.3.1. We will see that a similar construction also gives a
matrix model for the non-compact Jacobi processes, which we consider in the next section.
Lastly, we mention the connection of Jacobi processes to (compact) trigonometric Heckman-
Opdam theory. As already pointed out in Section 2.3.2, if one transforms theN -dimensional
Jacobi process by the coordinate change xi 7→ arccos(2xi − 1), i ∈ {1, . . . , N}, one obtains
a compact Heckman-Opdam process of type BCN . Hence, the paper [86] highlights an-
other approach of studying these processes based on the examination of the corresponding
heat-semigroup and not via SDEs.

3.6 Non-compact Jacobi/Fisher-Snedecor processes

In this section we study the case that a is a quadratic polynomial with two distinct real
roots and positive leading coe�cient. By a rescaling in space and time we can assume
w.l.o.g. that a(x) = x(x− 1). Thus the processes of interest here arise as solutions with
values in CBC∗

N := CA
N ∩ [1,∞)N to the SDEs

dXi,t =
√
2Xi,t(Xi,t − 1) dBi,t +

β

2

[
−p+ (p+ q)Xi,t +

∑
j : j ̸=i

2Xi,tXj,t −Xi,t −Xj,t

Xi,t −Xj,t

]
dt ,

(3.6.1)
i ∈ {1, . . . , N}, X0 = x̂0 ∈ CBC∗

N , for certain p, q ∈ R. We also consider the corresponding
frozen versions of these processes which arise as solutions to

d

dt
xi,t = −p+ (p+ q)xi,t +

∑
j : j ̸=i

2xi,txj,t − xi,t − xj,t
xi,t − xj,t

, (3.6.2)

i ∈ {1, . . . , N}, x0 = x̂0 ∈ CBC∗
N , for certain p, q ∈ R. Note the strong resemblence to

the SDEs (3.5.1) for Jacobi processes where we have a sign change under the square root
in the di�usion part and a sign change in the drift part. Hence, we will call solutions to
(3.6.1) and (3.6.2) non-compact Jacobi processes and frozen non-compact Jacobi processes
respectively. This is a break with the naming convention applied to the other instances of
β-Pearson di�usions as the corresponding one-dimensional processes are, up to an a�ne
linear transformation, already known as Fisher-Snedecor di�usions. This latter name
stems from the fact that for certain parameters the invariant measure of a Fisher-Snedecor
di�usion is a Fisher-Snedecor or F -distribution and hence it is of some interest in the
statistics literature ([113, 46, 14]). We will see below that, for certain parameters, in our
multivariate setting we have image measures of Jacobi-ensembles as invariant distributions
whence we advocate the name `non-compact Jacobi processes' where `non-compact' here
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alludes to the unbounded state space CBC∗
N = CA

N ∩ [1,∞)N . Before we discuss invariant
distributions, we �rst establish su�cient conditions on the parameters β, p, q such that
unique non-colliding solutions exist:

Lemma 3.6.1. Let N ∈ N, q > N − 1, p ∈ R and x̂0 ∈ CBC∗
N .

(i) For β ≥ 1 there exists a unique strong non-colliding solution (Xt)t≥0 of (3.6.1) with
X0 = x̂0.

(ii) There exists a unique non-colliding solution (xt)t≥0 to (3.6.2) with x0 = x̂0.

Proof. We will show the Lemma by considering the process (X̃t := X2t/β)t≥0. The SDE
for X̃ then reads

dX̃i,t = 2

√
1

β
X̃i,t(X̃i,t − 1) dBi,t +

[
−p+ (p+ q)X̃i,t +

∑
j : j ̸=i

2X̃i,tX̃j,t − X̃i,t − X̃j,t

X̃i,t − X̃j,t

]
dt ,

(3.6.3)
i ∈ {1, . . . , N}, X̃0 = x̂0 ∈ CBC∗

N . In the case β = ∞ we interpret all quotients 1
β
as 0

which enables us to treat assertions (i) and (ii) simultaneously. The proof shares a lot
of similarities with the proof of Lemma 3.4.1. Here, we also verify various conditions
of the existence and uniqueness Theorems in [52]. However, a proper extension of the
coe�cients of the SDE (3.6.1) to the bigger set CA

N is more involved here. Our idea is to
`re�ect' the di�usion coe�cient x 7→ 2

√
x(x− 1)/β at the point 1. Hence, we de�ne the

extended di�usion coe�cient

σ(x) :=

{
2
√
x(x− 1)/β , x ≥ 1

2
√
(1− x)(2− x)/β , x < 1 .

Further, we choose to extend the drift coe�cient in the following way, which �ts the
relation between di�usion and drift coe�cients for eigenvalues of general random matrix
models (compare [51] Theorems 3 & 4): Set

g(x) :=

{√
x/β , x ≥ 1√
(2− x)/β , x < 1 ,

h(x) :=

{√
x− 1 , x ≥ 1√
1− x , x < 1 ,

b(x) := −p+(p+q)x ,

and

H(x, y) :=β
(
g2(x)h2(y) + g2(y)h2(x)

)
=


x(y − 1) + y(x− 1) , x, y ≥ 1

(2− x)(1− y) + (2− y)(1− x) , x, y < 1

(2− x)(y − 1) + y(1− x) , x < 1 and y ≥ 1

x(1− y) + (2− y)(x− 1) , x ≥ 1 and y < 1 .
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We allow β = ∞ by setting σ ≡ 0 and H equal to the r.h.s. above. We will show that
there exists a non-colliding solution for the system of SDEs

dYi,t = σ(Yi,t) dBi,t +

[
b(Yi,t) +

∑
j : j ̸=i

H(Yi,tYj,t)

Yi,t − Yj,t

]
dt , i ∈ {1, . . . , N} , (3.6.4)

Y0 = y0 ∈ CA
N whenever the parameters N, β, p, q ful�ll our assumptions. Note that not

all conditions of the uniqueness Theorem 5.3 in [52] are ful�lled as one can check that
H(w, z)(y − x) > H(x, y)(z − w) for (w, x, y, z) = (−1, 0, 1, 2). As our interest lies in
solutions starting in CBC∗

N , this problem can be circumvented by �rst proving existence
of solutions for general starting vectors y0 ∈ CA

N and then, in a second step, proving
uniqueness under the constraint y0 ∈ CBC∗

N . To show existence of a solution to (3.6.4), by
Theorem 5.1 in [52] it su�ces to verify the following �ve conditions where the coe�cient
functions σi := σ, bi := b,Hi,j := H are independent of i, j ∈ {1, . . . , N}:
(C2): We need to �nd a constant c ≥ 0 such that σ2(x)+ b(x)x ≤ c(1+x2) and H(x, y) ≤
c(1+ |xy|) for all x, y ∈ R. It turns out that for our choice of H such a constant does not
exist. However, the only application of condition (C2) in the paper [52] is in the proof of
Proposition 3.4. The bound for H = Hi,j is used to show that there is a c̃ ≥ 0 such that

N∑
i,j=1
i<j

Hi,j(λi, λj) ≤ c̃

(
1 +

N∑
i=1

λ2i

)
.

But this means the weaker condition

`It exists c ≥ 0 such that σ2(x) + b(x)x ≤ c(1 + x2) and
H(x, y) ≤ c(1 + x2 + y2) for all x, y ∈ R .'

actually is su�cient as well. That this latter condition is met by our σ, b,H is elementary
to check.
(A2): We need to �nd a c ≥ 0 such that σ2(x) + σ2(y) ≤ c(x − y)2 + 4H(x, y) for all
x, y ∈ R. We will show that the choice c = 4 is su�cient. We start by observing that for
all x, y ≥ 1 we have

σ2(x) + σ2(y) =
4

β
(x(x− 1) + y(y − 1)) ≤ 4(x2 + y2 − x− y)

=4(x− y)2 + 4(x(y − 1) + y(x− 1)) = 4(x− y)2 + 4H(x, y) .

This shows the claim for the case x, y ≥ 1, and, by using σ(x) = σ(2− x) and H(x, y) =
H(2 − x, 2 − y), also for the case x, y < 1. By symmetry it remains to consider the case
x ≥ 1, y < 1. Here we have

σ2(x) + σ2(y) =
4

β
(x(x− 1) + (1− y)(2− y)) ≤ 4

(
x2 + y2 − x− 3y + 2

)
=4((x− y)2 + (2xy − x− 3y + 2)) ≤ 4((x− y)2 + (−2xy + 3x+ y − 2))

=4(x− y)2 + 4H(x, y) ,
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where we used 0 ≤ −xy + x+ y − 1 = (x− 1)(1− y) in the second inequality.
(A3): We need to �nd a c ≥ 0 such that

H(x, y)(y−x)+H(y, z)(z−y) ≤ c(z−y)(z−x)(y−x)+H(x, z)(z−x) for all x < y < z .

Equivalently, we need to verify the existence of some c ≥ 0 such that

0 ≤ c(z − y)(z − x)(y − x) +H(x, z)(z − x)−H(x, y)(y − x)−H(y, z)(z − y) =: gc(y)

for all x < y < z. Note that gc vanishes at the points x and z. We have to consider the
following four cases: x ≥ 1, x < 1 ≤ y, y < 1 ≤ z and z < 1. Note that in either case gc
is a quadratic polynomial with roots x and z. Thus, it remains to calculate the leading
coe�cient of gc. The leading coe�cient ly(x) of y 7→ H(x, y)(y − x) is easily seen to be
given by

ly(x) =


2x− 1 , x, y ≥ 1

2x− 3 , x, y < 1

3− 2x , x < 1, y ≥ 1

1− 2x , x ≥ 1, y < 1 .

By symmetry, the leading coe�cient of y 7→ H(y, z)(z − y) is given by −ly(z). Thus, the
leading coe�cient of gc is given by

−c(z − x)− (2x− 1) + 2z − 1 = (2− c)(z − x) , 1 ≤ x ,

−c(z − x)− (3− 2x) + 2z − 1 = (2− c)(z − x) + 4(x− 1) , x < 1 ≤ y ,

−c(z − x)− (2x− 3) + 1− 2z = (2− c)(z − x) + 4(1− z) , y < 1 ≤ z ,

−c(z − x)− (2x− 3) + 2z − 3 = (2− c)(z − x) , z < 1 ,

which is negative for c > 2.
(A4): We need to verify the following: G := {x ∈ R : 2σ2(x) + H(x, x) = 0} consists of
isolated points and for all x ∈ G it holds

b(x) +
N−2∑
j=1

H(x, yj)

x− yj
1R\{x}(yj) ̸= 0

for all y1, . . . , yN−2 ∈ R, with the convention `unde�ned × 0 = 0'. In our case it holds
G = {1}. Using

H(1, y) =

{
y − 1 , y ≥ 1

1− y , y < 1 ,

we have

b(1) +
N−2∑
j=1

H(1, yj)

1− yj
1R\{1}(yj) = q + |{j : yj < 1}| − |{j : yj > 1}| ≥ q − (N − 2) > 0 .
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(A5): This condition is empty for our SDE since the linear drift coe�cient b is the same
for each particle Yi.
So far we have shown the existence of a solution to (3.6.4). Next, we argue that if
such a solution starts in CBC∗

N it must stay in that set. It holds that the stopping time
ϑ := inf{t > 0: Y1,t < 1} is in�nite a.s. Indeed: Using q > N − 1 we can use the local
time argument as in the proof of Lemma 3.4.1. This argument is applicable in our case
since the drift coe�cient Dt := b(Y1,t)+

∑
j : j ̸=1

H(Y1,t,Yj,t)

Y1,t−Yj,t
of Y1,t satis�es Dϑ(ω)(ω) > 0 for

ω ∈ {ϑ <∞} since q > N − 1.
Finally, it remains to show uniqueness of the solution in the case Y0 = y0 ∈ CBC∗

N . We
have proven so far that any such solution must take values in CBC∗

N . By going through the
proof of Theorem 5.3 in [52], we see that it su�ces to show the following two conditions:
(C1): We need to �nd a function ρ : [0,∞) → [0,∞) with

∫
(0,∞)

1
ρ(x)

dx = ∞ and |σ(x)−
σ(y)|2 ≤ ρ(|x− y|) for all x, y ∈ [1,∞). Note that σ|[1,3) is 1/2-Hölder continuous as the
composition of the 1/2-Hölder continuous function x 7→ 2

√
(x− 1)/β and the Lipschitz

function x 7→ 2x(x − 1) + 1. Further, σ|[2,∞) is Lipschitz continuous as its derivative is
bounded. Moreover, for x ≥ 3 and y ∈ [1, 2) we have

|σ(x)− σ(y)| = 2√
β

(√
x(x− 1)−

√
y(y − 1)

)
≤ 2√

β
(x− (y − 1)) ≤ 4√

β
|x− y| .

Combining these facts, we can deduce that there exist constants c1, c2 > 0 such that

|σ(x)− σ(y)|2 ≤ c1|x− y|+ c2|x− y|2 =: ρ(|x− y|) for all x, y ≥ 1 .

Clearly
∫
(0,∞)

1
ρ(x)

dx = ∞.

(A1): We need to show the inequality f(z) := H(w,z)
z−w

≤ H(x,y)
y−x

for all 1 ≤ w < x < y < z.
Note that f ′(z) = −2w(w − 1)/(z − w)2 ≤ 0. Thus for all 1 ≤ w < x < y < z:

f(z) ≤ f(y) =
w(y − 1) + y(w − 1)

y − w
≤ x(y − 1) + y(x− 1)

y − x
=
H(x, y)

y − x
.

This concludes the proof.

For small p we have the following large t asymptotic for frozen non-compact Jacobi
processes, compare Lemma 3.5.3.

Lemma 3.6.2. Let q > N − 1, p < −q and let x̂0 ∈ CBC∗
N . Let (xt)t≥0 be the unique non-

colliding solution to (3.6.2) for these parameters. Then the limit limt→∞ xt = (z1, . . . , zN) ∈
intCBC∗

N exists, where (2z−1
N − 1, . . . , 2z−1

1 − 1) is the vector of the ordered zeros of the

Jacobi polynomial P
q−N,−(p+q+1)
N . Moreover, (z1, . . . , zN) is the only stationary solution to

(3.6.2) in this case.

Remark 3.6.3. It is expected that if (xt)t≥0, (x̃t)t≥0 are two solutions to (3.6.2) then it
holds an estimate of the form

|xt − x̃t| ≤ e−ct|x0 − x̃0|
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for some c > 0; cf. the corresponding result for frozen compact Jacobi processes in [108]
Proposition 4.3.

Proof. The proof is very similar to the one of Lemma 3.4.3. We �rst discuss the station-
arity of solutions. So assume that z with 1 < z1 < · · · < zN satis�es

0 = −p+ (p+ q)zj +
∑

k : k ̸=j

2zjzk − (zj + zk)

zj − zk
, j ∈ {1, . . . , N} .

Division by −zj, and using the formula

∑
k : k ̸=j

1 + zkz
−1
j − 2zk

zj − zk
= (N − 1)z−1

j + 2
∑

k : k ̸=j

z−1
j (1− z−1

j )

z−1
j − z−1

k

,

gives

0 =pz−1
j − (p+ q) +

∑
k : k ̸=j

1 + zkz
−1
j − 2zk

zj − zk

=(p+ (N − 1))z−1
j − (p+ q) + 2

∑
k : k ̸=j

z−1
j (1− z−1

j )

z−1
j − z−1

k

=
1

2

[
−p− 2q +N − 1 + (p+N − 1)yj + 2

∑
k : k ̸=j

1− y2j
yj − yk

]

=
1− y2j

2

[
q − (N − 1)

yj − 1
− p+ q

yj + 1
+ 2

∑
k : k ̸=j

1

yj − yk

]
,

where we set yj := 2z−1
j − 1. By equation 6.7.5 in [99], it is known that in the case

q > N−1 and p+q < 0 this set of equations has at its unique solution in {y ∈ RN : −1 <

y1 < · · · < yN < 1} the ordered zeros of the Jacobi polynomial P q−N,−(p+q+1)
N .

It remains to discuss an arbitrary starting condition x̂0 ∈ CA
N . Here we �rst transform

the solutions (xt)t≥0 by the homeomorphism f : CA
N → f(CA

N), x 7→ (eN1 (x), . . . , e
N
N(x)),

where (eNj )j∈{1,...,N} are the elementary symmetric polynomials discussed in Section 2.2.
Set yt := f(xt). Using the formula

eNm(x) = xie
N−1
m−1(x{1,...,N}\{i}) + eN−1

m (x{1,...,N}\{i}) , x ∈ RN , i ∈ {1, . . . , N} ,

we get (notationally suppressing dependence of t):

d

dt
ym =

N∑
i=1

eN−1
m−1(x{1,...,N}\{i})

d

dt
xi .
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Plugging in the ODE for xi and using formulas (2.2.2), (2.2.4) & (2.2.5) we obtain

d

dt
ym,t = m(p+ q + 1−m)ym,t − (p+m− 1)(N −m+ 1)ym−1,t , (3.6.5)

m ∈ {1, . . . , N}, with the convention y0,· ≡ 0. Thus

ym,t = em(p+q+1−m)t

(
ym,0 − (p+m− 1)(N −m+ 1)

∫ t

0

e−m(p+q+1−m)rym−1,r dr

)
.

Since p + q < 0, we have m(p + q + 1 −m) < 0 for all m ∈ {1, . . . , N}. Inductively one
sees that the limit limt→∞ yt exists and does not depend on (y1,0, . . . , yN,0). Hence this
limit equals f(z) where z is the stationary solution considered above. A transfer back via
f−1 shows the claim.

Next, we want to show the corresponding result for �nite β.

3.6.1 Invariant measures of non-compact Jacobi processes

To analyze the existence of an invariant probability measure of the dynamic (3.6.1), we
will show that in suitable coordinates this dynamic falls in the framework of (overdamped)
Langevin di�usions/Kolmogorov processes. Hence we can identify the invariant measure
by the corresponding Gibbs (or Boltzmann) measure; see e.g. [91] Sections 2.2.2. & 2.2.3.
Note that we also used this type of argument in the proof of Lemma 3.4.4.
Let (Xt)t≥0 be a solution to (3.6.1) and set Yi,t := arcosh(2Xi,t−1), i ∈ {1, . . . , N}. Then
by Itô's formula and some elementary calculations, (Yt)t≥0 satis�es

dYi,t =
√
2 dBi,t +

β

2

[
(q − p) coth(Yi,t/2) + 2(p− (N − 1)− 1/β) coth(Yi,t)

+
∑
j : j ̸=i

(
coth

(
Yi,t − Yj,t

2

)
+ coth

(
Yi,t + Yj,t

2

))]
dt ,

i ∈ {1, . . . , N}. Note that (Yt)t≥0 now takes values in CB
N . Setting

k1 :=
β

2
(q − p) , k2 :=

β

2
(p− (N − 1))− 1/2 , k3 :=

β

2
,

we see that the corresponding generator has the form

Lf(w) := ∆f(w) +
N∑
i=1

(
k1 coth(wi/2) + 2k2 coth(wi) (3.6.6)

+ k3
∑
j:j ̸=i

(
coth

(
wi − wj

2

)
+ coth

(
wi + wj

2

)))
∂wi

f(w)
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for functions f ∈ C2(RN) which are invariant under the Weyl group associated to the root
system BCN . This is precisely the radial Heckman-Opdam Laplacian (2.3.2) for the root
system BCN and for the the mulitplicity (k1, k2, k3). Thus, if the parameters k1, k2, k3 are
non-negative, (Yt)t≥0 has been studied in [93, 94].

Remark 3.6.4. Note that in Lemma 3.6.1 we have shown that the condition

k1 + k2 > −1/2 and k3 ≥ 1/2 (3.6.7)

is su�cient for the existence of non-colliding solutions. Thus, it would be interesting if the
approach taken in [94] also extends to certain negative multiplicities in the case of root
system BCN . A valuable ingredient might be the analysis of the corresponding Heckman-
Opdam hypergeometric function which was undertaken for certain negative multiplicities
in [78, 58], where the particular case (3.6.7) is covered.

We are now ready to state our result on invariant measures:

Lemma 3.6.5. For β ≥ 1, p+ q < 2/β and q > N − 1 the dynamic (3.6.1) has a unique
invariant probability measure ρ which is supported on CBC∗

N and has density

C(N, p, q, β)
N∏
j=1

(
x

β
2
(p−(N−1))−1

j (xj − 1)
β
2
(q−(N−1))−1

) ∏
1≤j<k≤N

(xk − xj)
βdx

for some normalization constant C(N, p, q, β) > 0. This is the image measure of the
Jacobi ensemble (3.5.3) with parameters β̃ = β, ã = −β

2
(p + q), b̃ = β

2
(q − (N − 1)) − 1

under the map (y1, . . . , yN) 7→ (y−1
N , . . . , y−1

1 ).

Proof. First, note that the process (Yt)t≥0 which is generated by L has the following
Langevin di�usion structure: Let

V (x) :=− 2k1

N∑
j=1

log(sinh(xj/2))− 2k2

N∑
j=1

log(sinh(xj))

− 2k3
∑

1≤j<k≤N

(
log

(
sinh

(
xk − xj

2

))
+ log

(
sinh

(
xj + xk

2

)))
,

(3.6.8)

then L = ∆ + (−∇V (x)) · ∇. Now, the candidate for the stationary distribution of
the Markov process generated by L is the Gibbs measure ρ̃(x) := 1

Z
e−V (x), where Z :=∫

intCB
N
e−V (x) dx. To see that Z is �nite, write

e−V (x) =
N∏
j=1

(
sinh2k1(xj/2) sinh

2k2(xj)
) ∏
1≤j<k≤N

(
sinh

(
xk − xj

2

)
sinh

(
xj + xk

2

))β

.

(3.6.9)
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This density transforms under the map CB
N → CBC∗

N , xj 7→ (1+cosh(xj))/2, j ∈ {1, . . . , N},
to

c
N∏
j=1

(
x
k2−1/2
j (xj − 1)k1+k2−1/2

) ∏
1≤j<k≤N

(xk − xj)
β ,

for some c > 0. Another change of variables (x1, . . . , xN) 7→ (x−1
N , . . . , x−1

1 ) gives a density
proportional to the Jacobi-ensemble density (3.5.3) with parameters β̃ = β, ã = −β

2
(p+q),

b̃ = β
2
(q − (N − 1)) − 1. By our assumptions we have β̃ > 0 and ã, b̃ > −1 which proves

�niteness of Z. Hence, ρ̃ is a probability density. This implies that ρ̃ is the unique
invariant probability distribution of the Markov process generated by L, see e.g. Section
2.2.3. of [91] and the beginning of Section 2 of the survey [75]. The result follows by
applying the coordinate change xj 7→ (1 + cosh(xj)) /2, i ∈ {1, . . . , N}, as above.

We end this subsection by noting that the `inverted' Jacobi ensemble is log-concave for
certain parameters after the coordinate change xi 7→ arcosh(2xi−1), i ∈ {1, . . . , N}. This
in turn gives convergence to equilibrium of the associated non-compact Jacobi processes
for large t:

Lemma 3.6.6. Let β > 0, p+ q < 2/β and q ≥ N − 1 + 1/β.

(i) The probability measure ρ̃ on CB
N with density proportional to (3.6.9) is a log-concave

probability measure, i.e.

log (ρ̃((1− λ)A+ λB)) ≥ (1− λ) log(ρ̃(A)) + λ log(ρ̃(B))

for all λ ∈ (0, 1) and open A,B ⊆ CB
N with ρ̃(A), ρ̃(B) > 0.

(ii) Let (Xt)t≥0 be a non-compact Jacobi process with parameters β ≥ 1, p+q < 2/β and

q ≥ N−1+1/β. Then Xt
t→∞−−−→ ρ in distribution where ρ is the image measure of the

Jacobi ensemble (3.5.3) with parameters β̃ = β, ã = −β
2
(p+q), b̃ = β

2
(q−(N−1))−1

under the map (y1, . . . , yN) 7→ (y−1
N , . . . , y−1

1 ).

Proof. The proof is very similar to the second part of the proof of Lemma 3.4.4.
The Potential V from (3.6.8) is convex if k1 + k2 ≥ 0 and k1 ≥ 0. To see this, note
that the Hessian H of V can be written as H = H1 + H2 + H3, where H1(x) :=
diag(f(x1), . . . , f(xN)), with

f(x) := −k1
2

(
1− coth2(x/2)

)
− 2k2

(
1− coth2(x)

)
,

and

H2
jk(x) :=

{
−k3

2

∑
l : l ̸=j

(
1− coth2

(xj−xl

2

))
, j = k ,

+k3
2

(
1− coth2

(xj−xk

2

))
, j ̸= k .

H3
jk(x) :=

{
−k3

2

∑
l : l ̸=j

(
1− coth2

(xj+xl

2

))
, j = k ,

−k3
2

(
1− coth2

(xj+xk

2

))
, j ̸= k .
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Using the identity

coth(x) =
1 + coth2(x/2)

2 coth(x/2)
,

one sees that f is non-negative on (0,∞) i�

(k1 + k2)x
2 − (k1 + 2k2)x+ k2 ≥ 0 for all x > 1 .

One can easily check that this holds i� k1 + k2 ≥ 0 and k1 ≥ 0. Thus H1 is positive
semi-de�nite on intCB

N under our assumptions. Additionally, H2 and H3 are also positive
semi-de�nite since they are of the type of the matrix B discussed in the proof of Lemma
3.4.4. Thus the Hessian of V is positive semi-de�nite which implies that V is convex. By
Theorem 9.4.10 in [1], we have shown that ρ̃ is a log-concave probability measure. Hence,
by Theorem 1.3 in [2], (Yt)t≥0 converges to ρ̃ in distribution. A transfer via the coordinate
change xj 7→ (1 + cosh(xj))/2, j ∈ {1, . . . , N}, shows the claim.

3.6.2 Corners of Brownian motion on the positive de�nite matri-

ces

In this section, we consider a new dynamical random matrix model such that the cor-
responding ordered eigenvalues form an n-dimensional non-compact Jacobi process with
parameters p, q, β in the case p = n, q = N − n, 1 ≤ n < N , n,N ∈ N, and β = 2. It
will be clear that a similar construction also works in the case β = 1 when considering
real symmetric matrices. The construction of our matrix model is hereby inspired by
the matrix model for Jacobi processes discussed in Section 3.5. In the following, we will
use several calculation rules from matrix Itô calculus, see [68] Section 2.1 for a concise
overview. For a more in-depth treatment of this topic see the appendix of [81].
We start by considering the left-invariant multiplicative Brownian motion (Gt)t≥0 on
Gl(N,C), i.e. the unique solution to the matrix SDE

dGt = Gt dZt , G0 = Ĝ0 ,

where the entries of Z are i.i.d. complex Brownian motions of variance t/N at time t and
Ĝ0 ∈ Gl(N,C) is deterministic; see [68], also see [82] for the corresponding process on
Gl(N,R).
It holds that (G−1

t )t≥0 is a right-invariant Brownian motion on Gl(N,C) and satis�es (cf.
[68] proof of Prop. 5.1):

dG−1
t = −dZtG

−1
t , G−1

0 = Ĝ−1
0 .

Now consider the processes (Ht := GtG
∗
t )t≥0 and (H−1

t := G−∗
t G−1

t )t≥0 with values in the
space of positive de�nite matrices PN , where for a complex matrix A we write A−∗ =
(A∗)−1. We call (Ht)t≥0 and (H−1)t≥0 Brownian motion on positive de�nite matrices.
Their real symmetric counterpart has been considered in [82] and in [83] Section 2.9. In
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the former reference, it was shown that the corresponding eigenvalue process is given by
a non-colliding geometric Brownian motion, see Section 3.4 for this notion.
Set Xt :=

1√
2
(Zt +Z∗

t ), then (Xt)t≥0 is a hermitian Brownian motion. By the Itô product
rule it holds:

dHt =
√
2Gt dXtG

∗
t +Ht dt , H0 = Ĝ0Ĝ

∗
0 , (3.6.10)

dH−1
t = −

√
2G−∗

t dXtG
−1
t +H−1

t dt , H−1
0 = Ĝ−∗

0 Ĝ−1
0 . (3.6.11)

De�nition 3.6.7. (i) Let n ∈ {1, . . . , N}. For A ∈ MN(C) we denote the upper left
block matrix with n lines and n rows of A by πn(A) := (Aij)1≤i,j≤n. In the language
of matrix analysis the map πn : PN → Pn is a compression.

(ii) Let A,B ∈MN(C) be hermitian. We write A ≤ B if B−A is positive semi-de�nite.
The resulting partial order on the space of hermitian N × N matrices is called
Loewner order.

The construction of our matrix model for non-compact Jacobi processes is partially
motivated by the following fact:

Proposition 3.6.8. Let A ∈ PN and let n ∈ {1, . . . , N}. Then

πn(A
−1)1/2 · πn(A) · πn(A−1)1/2 ≥ In .

Proof. By exercises V 1.15 and V 2.2 in [17], it holds the inequality πn(A) ≥ πn(A
−1)−1.

Hence, the statement follows from Lemma V 1.5 therein.

Our matrix model for non-compact Jacobi processes is the following:

Theorem 3.6.9. Let n ∈ {1, . . . , ⌊N/2⌋} and let (Ht)t≥0 be a Brownian motion on the

positive de�nite matrices PN with deterministic start in H0 = Ĝ0Ĝ
∗
0 as above. Assume

that the eigenvalues of πn(H0)πn(H
−1
0 ) are distinct. Then the ordered eigenvalue process

(λt)t≥0 of (
Jt := πn(Ht)πn(H

−1
t )
)
t≥0

is an n-dimensional non-compact Jacobi process with parameters p = n, q = N − n, β = 2
which is rescaled in time by t 7→ 2t/N .

Remark 3.6.10. Unfortunately the present author was unable to �nd a concrete con-
struction to generate H0 ∈ PN such that the eigenvalues of πn(H0)πn(H

−1
0 ) are distinct.

However, numerical simulations of the process (Jt)t≥0 for arbitrary initial conditions H0

suggest that there are plenty of such matrices.

Proof. First, note that Jt and πn(H−1
t )1/2πn(Ht)πn(H

−1
t )1/2 have the same spectrum. By

Proposition 3.6.8, we hence know that the spectrum of Jt is a subset of [1,∞) for t ≥ 0.
Further, by assumption the stopping time

τ := inf{t > 0: The eigenvalues of Jt are not distinct.}
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is positive a.s.; we will see later that τ = ∞ a.s. Now, we will use the standard technique
for obtaining the eigenvalue SDEs from the matrix SDE. This technique is known from
[82], we will use its streamlined form as in [39] pp.144-146.
On the set of square matrices A with pairwise distinct real eigenvalues the map which
sends A to its collection of eigenvalues and eigenvectors is smooth; this can be shown
using the implicit function theorem as discussed in [100] Section 1.3.4. Thus we know
that there exists a Gl(N,C)-valued semi-martingale (Vt)t≥0 such that V −1

t JtVt = Λt for
all t ∈ [0, τ) where

Λt =

λ1,t 0
. . .

0 λn,t


is the diagonal matrix consisting of the ordered eigenvalues λ1,t < · · · < λn,t of Jt. Set

P :=

(
In 0
0 0N−n

)
. Then it holds Ĵt :=

(
Jt 0
0 0N−n

)
= PHtPH

−1
t P . By Itô's product

rule, we hence have

d(Ĵt) =
√
2PGt dXtG

∗
tPH

−1
t P −

√
2PHtPG

−∗
t dXtG

−1
t P +2

[
PHtPH

−1
t P − tr(P )P

]
dt ,

which is equivalent to

dJt =
√
2πn(Gt dXtG

∗
tPH

−1
t )−

√
2πn(HtPG

−∗
t dXtG

−1
t ) + 2

[
Jt −

n

N
In

]
dt .

In our notation, we will suppress the dependence of appearing processes on t for ease of
reading from now on. Moreover, we will use the Stratonovich integral to further simplify
calculations, i.e. we set X ◦ dY := X dY + 1

2
dXdY and dY ◦ X := dY X + 1

2
dY dX

for square matrix valued semimartingales X, Y . As in one-dimensional Itô calculus the
product rule simpli�es to d(XY ) = X ◦ dY + dX ◦ Y , and we have the iteration rule
X ◦ (Y ◦ dZ) = (XY ) ◦ dZ. Now de�ne

dA := dV −1 ◦ V , dC := V −1 ◦ dJ ◦ V .

Note that it holds V −1◦dV = −dA, which can be deduced from d(V −1V ) = d(V V −1) = 0.
The following computations hold for t < τ : By Itô's product rule we have

dΛ = dA ◦ Λ− Λ ◦ dA+ dC .

As Λt is diagonal, we know that dλj = dCjj for all j, and 0 = (λk − λj) ◦ dAjk + dCjk

whenever j ̸= k. In particular dAjk =
1

λj−λk
◦ dCjk, j ̸= k.
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To further progress we need to calculate

dJjkdJlm =2

(
N∑

α1,α2=1

(
Gjα1dXα1α2(G

∗PH−1)α2k − (HPG−∗)jα1dXα1α2G
−1
α2k

))

×

(
N∑

α3,α4=1

(
Glα3dXα3α4(G

∗PH−1)α4m − (HPG−∗)lα3dXα3α4G
−1
α4m

))

=
2

N

N∑
α1,α2=1

(
Gjα1(G

∗PH−1)α2k − (HPG−∗)jα1G
−1
α2k

)
×
(
Glα2(G

∗PH−1)α1m − (HPG−∗)lα2G
−1
α1m

)
dt

=
2

N
(2JjmJlk − δlkJjm − δjmJlk) dt ,

(3.6.12)

and

dCjkdClm =

(
n∑

α1,α2=1

V −1
jα1
dJα1α2Vα2k

)(
n∑

α3,α4=1

V −1
lα3
dJα3α4Vα4m

)

=
2

N

∑
α1,α2,
α3,α4

V −1
jα1
Vα2kV

−1
lα3
Vα4m (2Jα1α4Jα3α2 − δα3α2Jα1α4 − δα1α4Jα3α2) dt

=
2

N
(2ΛjmΛlk − δlkΛjm − δjmΛlk) dt .

(3.6.13)

Thus

(dAdC)jk =
n∑

l=1

dAjldClk =
n∑

l=1,l ̸=j

1

λj − λl
◦ dCjldClk

=
2

N

n∑
l=1,l ̸=j

1

λj − λl
(2ΛjkΛll − Λjk − δjkΛll) dt = δjk

2

N

n∑
l=1,l ̸=j

2λjλl − λj − λl
λj − λl

dt .

(3.6.14)

In particular dAdC is real diagonal. Similarly one gets (dCdA)jk = −(dAdC)jk. Now, we
can calculate the �nite variation part dF of dC:

dF =2
(
V −1JV − n

N
In

)
dt+

1

2

(
dV −1dJV + V −1dJdV

)
=2
(
Λ− n

N
In

)
dt+

1

2
(dAdC − dCdA)

=2
(
Λ− n

N
In

)
dt+ dAdC .

(3.6.15)
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Thus F is diagonal and it holds

dFjj = 2

[
λj −

n

N
+

1

N

n∑
l=1,l ̸=j

2λjλl − λj − λl
λj − λl

]
dt . (3.6.16)

To calculate the martingale part of dλj, we note that

dλjdλk = dCjjdCkk =
2

N
(2ΛjkΛkj − δkjΛjk − δjkΛkj) dt = δjk

4

N
(λj(λj − 1)) dt .

In combination with (3.6.16) this implies that there exist n independent standard real
Brownian motions B1, . . . , Bn such that

dλj =
2√
N

√
λj(λj − 1)dBj + 2

[
λj −

n

N
+

1

N

n∑
l=1,l ̸=j

2λjλl − λj − λl
λj − λl

]
dt , j ∈ {1, . . . , n} .

(3.6.17)
Moreover, as this is the SDE for a non-compact Jacobi process with parameters

β = 2 , p = n , q = N − n ≥ n > n− 1 ,

up to the time rescaling t 7→ Nt/2, we know that τ = ∞ a.s. by Lemma 3.6.1.

3.6.3 Convergence of non-compact Jacobi processes to non-colliding

geometric Brownian motions

In this section we are going to show a further connection between non-compact Jacobi pro-
cesses and non-colliding geometric Brownian motions apart from the previously discussed
matrix model. Namely, we can approximate the latter processes by the former:

Theorem 3.6.11. Let (an)n∈N ⊂ (0,∞) s.t. an ↑n→∞ ∞. Let x̂0 ∈ {x ∈ RN : 0 < x1 ≤
· · · ≤ xN} and let (x̂n0 )n∈N ⊂ CB

N s.t. limn→∞ x̂n0/an = x̂0. Let p ∈ R, q > N − 1 and
β ≥ 1. Let (Bt)t≥0 be an N-dimensional real Brownian motion and set B̃t := 1√

2
B2t,

t ≥ 0.
For each n ∈ N let (Xn

t )t≥0 be an N-dimensional non-compact Jacobi process as in (3.6.1)
with parameters p, q, β, with start in x̂n0 , and which is driven by the Brownian motion
(B̃t)t≥0. Let (Xt)t≥0 be an N-dimensional non-colliding geometric Brownian motion as
in (3.4.1) with parameters β, γ1 := p+q

2
, γ0 := 0, start in x̂0 and which is driven by the

Brownian motion (Bt)t≥0. Then it holds

lim
n→∞

P

(
sup

0≤t≤T

∣∣∣∣Xn
t/2

an
−Xt

∣∣∣∣ > ϵ

)
= 0 for all T > 0 , ϵ > 0 . (3.6.18)

For the proof we will transform all processes using the elementary symmetric polyno-
mials to get rid of the singularities in the de�ning SDEs of non-compact Jacobi processes
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and non-colliding geometric Brownian motions. After the removal of these singularities,
we can apply the following very useful result on uniform L2-convergence of solutions of
SDEs, which was stated in [66] as Theorem A for processses with values in Rd. When
going through the proof of this result one sees that the theorem still holds if all appearing
processes are valued in a closed subset of Rd, i.e. one has:

Theorem 3.6.12. Let D ⊆ Rd be connected and closed with non-empty interior. Let
σ, σn : [0,∞) × D → Rd×m and b, bn : [0,∞) × D → Rd be continuous functions, n ∈ N.
Let (Bt)t≥0 be an m-dimensional Brownian motion. Suppose that for each n ∈ N and
x ∈ D there exists a D-valued process (Xx,n

t )t≥0 such that it satis�es the SDE

dXx,n
t = σn(t,X

x,n
t ) dBt + bn(t,X

x,n
t ) dt , Xx,n

0 = x .

Further, suppose that for each x ∈ D there exists a D-valued process Xx
t which is the

pathwise unique solution of the SDE

dXx
t = σ(t,Xx

t ) dBt + bn(t,X
x
t ) dt , X

x
0 = x .

If for every T ≥ 0 there exists LT > 0 such that

sup
n∈N

sup
t≤T

(||σn(t, x)||+ |bn(t, x)|) ≤ LT (1 + |x|) for all x ∈ D ,

and if for each T ≥ 0 and K ⊆ D compact it holds

lim
n→∞

sup
t≤T

sup
x∈K

(||σn(t, x)− σ(t, x)||+ |bn(t, x)− b(t, x)|) = 0 ,

then we have

lim
n→∞

sup
x∈K

E

[
sup

0≤t≤T
|Xx,n

t −Xx
t |

2

]
= 0 ,

for every T ≥ 0 and K ⊆ D compact.

To apply this theorem, we need to calculate how the dynamic of non-compact Jacobi
processes changes when transforming them using the elementary symmetric polynomials.
We obtain the following system of SDEs:

Proposition 3.6.13. Let (Bt)t≥0 and (Xn
t )t≥0 be as in Theorem 3.6.11. Set(

X̃n
t := (Xn

1,t/2 − 1, . . . , Xn
N,t/2 − 1)

)
t≥0

.

Then it holds

deNk (X̃
n
t ) =

N∑
j=1

√
X̃n

j,t(X̃
n
j,t + 1)eN−1

k−1 (X̃
n
{1,...,N}\{j},t) dBj,t

+
β

4

[
(q − k + 1)(N − k + 1)eNk−1(X̃

n
t ) + k(p+ q + 1− k)eNk (X̃

n
t )
]
dt ,

(3.6.19)

k ∈ {1, . . . , N}.
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Proof. By (3.6.1) it holds

dX̃n
j,t =

√
2X̃n

j,t(X̃
n
j,t + 1) dB̃j,t/2 +

β

4

[
q + (p+ q)X̃n

j,t +
∑

k : k ̸=j

2X̃n
j,tX̃

n
k,t +Xn

j,t +Xn
k,t

X̃n
j,t − X̃n

k,t

]
dt

=
√
X̃n

j,t(X̃
n
j,t + 1) dBj,t +

β

4

[
q + (p+ q)X̃n

j,t +
∑

k : k ̸=j

2X̃n
j,tX̃

n
k,t +Xn

j,t +Xn
k,t

X̃n
j,t − X̃n

k,t

]
dt ,

j ∈ {1, . . . , N}. Now, the claim follows from Itô's formula and the formulas (2.2.2), (2.2.4)
& (2.2.5). Note that this is a special case of [52] Proposition 3.1 and its proof.

Proof of Theorem 3.6.11. To apply 3.6.12 we need to make sure that all appearing pro-
cesses take values in the same set. Hence we �rst consider the CB

N -valued processes
(X̃n

j,t := Xn
j,t/2 − 1)t≥0, j ∈ {1, . . . , N}, as in Proposition 3.6.13. To get rid of the singu-

larities in the drift parts, we now transform all processes using the elementary symmetric
polynomials using Proposition 3.4.5 and Proposition 3.6.13. De�ne Y n

t :=
X̃n

t

an
. By Propo-

sition 3.6.13 and the fact that eNk is homogeneous of degree k we have:

deNk (Y
n
t ) =

N∑
j=1

√
Y n
j,t

(
Y n
j,t + 1/an

)
eN−1
k−1 (Y

n
{1,...,N}\{j},t) dBj,t

+
β

4

[
(q − k + 1)(N − k + 1)eNk−1(Y

n
t )/an + k(p+ q + 1− k)eNk (Y

n
t )
]
dt .

By Proposition 3.4.5, we have the following transformed SDEs for (Xt)t≥0:

deNk (Xt) =
N∑
j=1

Xj,te
N−1
k−1 (X{1,...,N}\{j},t) dBj,t + k

β

4
(p+ q + 1− k) eNk (Xt)dt , (3.6.20)

k ∈ {1, . . . , N}. Let fN : CB
N = {x ∈ RN : 0 ≤ x1 ≤ · · · ≤ xN} → RN , fN(x) =

(eN1 (x), . . . , e
N
N(x)). By Lemma 2.2.2 fN is a homeomorphism from CB

N to fN(CB
N ). Set

Zn
0,t ≡ 1, Z0,t ≡ 1, and consider the SDEs

dZn
k,t =

N∑
j=1

√(
f−1
N (Zn

t )
)
j

((
f−1
N (Zn

t )
)
j
+ 1/an

) (
fN−1

(
f−1
N (Zn

t ){1,...,N}\{j}
))

k−1
dBj,t

+
β

4

[
(q − k + 1)(N − k + 1)eNk−1(Y

n
t )/an + k(p+ q + 1− k)eNk (Y

n
t )
]
dt ,

(3.6.21)

k ∈ {1, . . . , N}, Zn
0 ∈ f(CB

N ), and

dZk,t =
N∑
j=1

(
f−1
N (Zt)

)
j

(
fN−1

(
f−1
N (Zt){1,...,N}\{j}

))
k−1

dBj,t+k
β

4
(p+ q + 1− k) eNk (Xt)dt ,

(3.6.22)
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k ∈ {1, . . . , N}, Z0 ∈ fN(C
B
N ), with the convention (fN−1(x))0 ≡ 1. Note that all ap-

pearing processes are non-negative and that (fN(Y n
t ))t≥0 solves (3.6.21) and (fN(Xt))t≥0

solves (3.6.22). Moreover, for c ∈ [0, 1] we have the bounds√
xj(xj + c)eN−1

k−1 (x{1,...,N}\{j}) ≤ (1 + xj)e
N−1
k−1 (x{1,...,N}\{j}) ≤ eNk−1(x) + eNk (x) ,

for x ∈ CB
N , k ∈ {1, . . . , N}. This shows that√(

f−1
N (z)

)
j

((
f−1
N (z)

)
j
+ 1/an

) (
fN−1

(
f−1
N (z){1,...,N}\{j}

))
k−1

≤
√
N(1+|z|) , z ∈ fN(C

B
N ) .

Further, by Proposition 3.4.6 we know that (3.6.22) has a unique solution for any Z0 ∈
fN(C

B
N ). Now, using Theorem 3.6.12, we obtain

lim
n→∞

E

[
sup

0≤t≤T

∣∣∣fN(X̃n
t /an)− fN(Xt)

∣∣∣2] = 0 .

SInce fN is a homeomorphism, (3.6.18) holds for Xn
t/2 replaced therein by X̃n

t . Since

|X̃n
t /an −Xn

t/2/an| =
√
N/an

n→∞−−−→ 0, the statement (3.6.18) also holds as stated.

3.7 Hua-Pickrell di�usions

In this section, we cover the remaining case that a is a quadratic polynomial with no real
roots and positive leading coe�cient. Again, by a simple rescaling in space and time, we
can assume w.l.o.g. that a(x) = 1 + x2. We obtain the system of SDEs

dXi,t =
√
2(1 +X2

i,t) dBi,t+β

[
Im(s)− Re(s)Xi,t +

∑
j : j ̸=i

Xi,tXj,t + 1

Xi,t −Xj,t

]
dt , i ∈ {1, . . . , N} ,

(3.7.1)
X0 = x̂0 ∈ CA

N , where s ∈ C. These processes were introduced and studied in the
papers [7, 9] for β = 2 and named Hua-Pickrell di�usions. This name and the choice to
parametrize the linear drift component by the complex number s stems from the following
fact: For some choices of s, the unique invariant probability distribution of the dynamic
(3.7.1) is given by the image measure of the Hua-Pickrell measure on TN under the Cayley
transform

(T \ {−1})N → RN , zj 7→ i
1− zj
1 + zj

, j ∈ {1, . . . , N} ,

and historically the Hua-Pickrell measures are parametrized by a complex number (i here
denotes the imaginary unit); we state the densities of these unique invariant probability
measures in De�nition 3.7.5 below. This stationarity result will be extended to general
β ≥ 1 in Lemma 3.7.6 below.
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As before, we also study the deterministic β = ∞ variant of these processes, i.e. solutions
to

d

dt
xi,t = 2

[
Im(s)− Re(s)xi,t +

∑
j : j ̸=i

xi,txj,t + 1

xi,t − xj,t

]
, i ∈ {1, . . . , N} , (3.7.2)

X0 = x̂0 ∈ CA
N , s ∈ C, and call these processes frozen Hua-Pickrell di�usions.

Lemma 3.7.1. Let β ≥ 1. For any s ∈ C and any x̂0 ∈ CA
N there exists both a unique

strong non-colliding solution (Xt)t≥0 to (3.7.1) and a non-colliding solution (xt)t≥0 to
(3.7.2).

Proof. As in the proof of Lemma 3.6.1, we consider (X̃t := X2t/β)t≥0. X̃ here satis�es the
SDE

dXi,t = 2
√
(1 +X2

i,t)/β dBi,t + 2

[
Im(s)− Re(s)Xi,t +

∑
j : j ̸=i

Xi,tXj,t + 1

Xi,t −Xj,t

]
dt ,

i ∈ {1, . . . , N}, X0 = x̂0 ∈ CA
N . This enables to treat the cases β ∈ [1,∞) and β = ∞

simultaneously by interpreting the di�usion term as 0 in the case β = ∞. In principle, we
can argue as in the β = 2 case, which has been considered in Lemma 4.2 of [9]. However,
we point out that the argument in the corresponding proof is imprecise. There, Theorem
2.2 of [52] is applied. But the condition that the function H(x, y) = Hij(x, y) = 2(1+xy),
x, y ∈ R, must be non-negative, as is stated in the beginning of Section 2 in [52], is clearly
not ful�lled. The easiest way out is to check where the non-negativity assumption on Hij

enters in the latter reference. Careful reading reveals that this assumption is only used
in the following places:

(i) In the proof of Proposition 3.5 on p.9. There the implication

σ2
i (x) + σ2

j (x) +Hij(x, x) = 0 ⇒ Hi,j(x, x) = 0

is used where in the present Hua-Pickrell setting we have σi(x) = 2
√

(1 + x2)/β,
i ∈ {1, . . . , N}. Clearly, the sets Gij := {x ∈ R : σ2

i (x) + σ2
j (x) + Hi,j(x, x) = 0},

i, j ∈ {1, . . . , N} are empty in the present context and thus one immediately sees
that the statement of Proposition 3.5 is true.

(ii) In the proof of Proposition 4.3 on p.13. There, it enters in the context of equation
(4.6). As pointed out in Remark 3.1.3, there is however a minor error in the formula
(4.6), and one needs to replace that formula by (4.6') in Subsection 3.7.0.1 at the
end of the present section. In our setting, we have Hij(x, y) = 2(1 + xy) for all
i, j ∈ {1, . . . , N} with i ̸= j. Using the notation and de�nitions of Subsection
3.7.0.1, we can now argue as follows: Using 4λiλj = (λi + λj)

2 − (λi − λj)
2 and
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(λi − λj)
2e

āij
n−1(A) = 0 = (λi − λj)

2e
āij ,āik,ājk
n−1 (A) whenever Vn = en(A) = 0, we have

in place of equation (4.6) in [52] the formula

0 = Dn =

p∑
i=1

σ2
i (λi)

∑
j : j ̸=i

e
āij
n−1(A) + 2

∑
i<j

(
4 + (λi + λk)

2
)
e
āij
n−1(A)

+
∑
i<k

∑
j ̸=i,j ̸=k

(
4 + (λi + λk)

2
)
e
āij ,āik,ājk
n−1 (A) .

Note that all appearing terms are non-negative. Thus, even though H = Hij is not
non-negative, we can conclude in the same way as in the proof of Proposition 4.3 of
[52].

Hence, by the proof of Lemma 4.2 in [9], we can apply Theorem 2.2 of [52] where we
can drop the non-negativity assumption on H = Hij in the case β = 2. Moreover,
all arguments from that proof carry over to our extension to β ∈ [1,∞] with minor
modi�cations.

As for all other subclasses of non-colliding β-Pearson di�usions, there exist matrix-
valued Itô di�usions such that the corresponding eigenvalue processes are Hua-Pickrell
di�usions for parameter β = 2. In particular, it has been shown in [7] that one can use
the Brownian motion on Gl(N,C) to construct a solution to the matrix SDE

dMt

=dWt

√
IN +M2

t

2
+

√
IN +M2

t

2
dW ∗

t + [(−N − 2Re(s))Mt + (2 Im(s) + Tr(Mt))IN ] dt ;

here (Wt)t≥0 is an N × N hermitian Brownian motion and IN is the identity matrix.
Using the technique of proof of [51] Theorem 4, one sees that the corresponding eigenvalue
process solves (3.7.1) if the eigenvalues of M0 are distinct. We will consider the analogous
construction in a free probability setting in Theorem 5.5.6. For further properties of Hua-
Pickrell di�usions in the β = 2 case, see [9].
We now turn to the study of invariant measures for general β ≥ 1 and the question of
stationarity for frozen Hua-Pickrell di�usions. We will see that equilibria in the latter
case are given by zeros of the following �nitely orthogonal polynomials:

De�nition 3.7.2. Let a, b ∈ R. The N-th Pseudo-Jacobi polyomial ([71, 61]) is de�ned
via the Jacobi polynomials (3.5.4) by setting

PN(x; a, b) :=(−i)NP a+ib,a−ib
N (ix)

=(−i)N (a+ ib+ 1)(N)

N !

N∑
k=0

(−N)(k)(2a+N + 1)(k)

(a+ ib+ 1)(k)k!

(
1− ix

2

)k

.

These polynomials are also called Romanovski polynomials in the literature (see [85] and
references therein).
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We will need the following facts:

Lemma 3.7.3. Let N ∈ N, a < −N and b ∈ R. Then (Pk(·; a, b))k∈{0,...,N} is �nitely
orthogonal w.r.t. the weight function

w(x) := (1− ix)a+ib(1 + ix)a−ib = (1 + x2)ae2b arctan(x)

in the sense that

0 <

∫
R
P 2
n(x; a, b)w(x) dx <∞ for all n ≤ N − 1 ,

0 =

∫
R
Pn(x; a, b)Pm(x; a, b)w(x) dx for all n < m ≤ N .

In particular, the zeros of PN(·; a, b) are real and simple.
Denote these zeros by x1 < · · · < xN . Then (x1, . . . , xN) is the unique solution in intCA

N

to the following set of equations:

0 = (a+ 1)xj + b+
∑

k : k ̸=j

1 + x2j
xj − xk

, j ∈ {1, . . . , N} . (3.7.3)

Proof. The orthogonal relations and the fact that the roots are real and simple are known
by [6] equation (1.10) and [61] Section 2. The relation of the zeros of PN(·, a, b) to
the equation (3.7.3) can be derived by the standard method employed in Section 6.7 of
[99]. Indeed: Let (x1, . . . , xN) be a solution to the equations (3.7.3) and set f(x) :=∏N

i=1(x− xj). One has

f ′(x) =
N∑
j=1

∏
k : k ̸=j

(x− xk) and f ′′(x) =
∑

j,k : j ̸=k

∏
l : l ̸=j,l ̸=k

(x− xl) .

Hence

f ′′(xj)

f ′(xj)
=

2
∑

k : k ̸=j

∏
l : l ̸=k,l ̸=j(xj − xl)∏

k : k ̸=j(xj − xk)
= 2

∑
k : k ̸=j

1

xj − xk
, j ∈ {1, . . . , N} . (3.7.4)

Thus we have

0 = (a+ 1)xj + b+
1 + x2j

2

f ′′(xj)

f ′(xj)
, j ∈ {1, . . . , N} . (3.7.5)

This means x 7→ 2[(a + 1)x + b]f ′(x) + (1 + x2)f ′′(x) is a polynomial of degree N which
vanishes at the points xj. Hence this function is equal to a constant multiple of f .
Comparing leading coe�cients shows that this constant is given by N(N +2a+1). Thus,
f solves the ODE

(1 + x2)f ′′(x) + 2[(a+ 1)x+ b]f ′(x)−N(N + 2a+ 1)f(x) = 0 , x ∈ R . (3.7.6)



72

Now, by equation (2) in [61], PN(·; a, b) also solves this ODE. It thus su�ces to show that
any polynomial solution of degree N to (3.7.6) must be a constant multiple of f . Using
w′(x)/w(x) = 2(ax+ b), we can rewrite the ODE (3.7.6) as

d

dx

(
w(x)(1 + x2)f ′(x)

)
−N(N + 2a+ 1)w(x)f(x) = 0 .

Now, let g be another polynomial solution of degree N to this equation. Then

d

dx

(
w(x)(1 + x2)(f ′(x)g(x)− f(x)g′(x))

)
= 0

and hence w(x)(1 + x2)(f ′(x)g(x) − f(x)g′(x)) is constant. Note that f ′g − fg′ is a
polynomial of degree smaller than 2N − 1. Since by assumption a < −N , it follows that

lim
x→∞

w(x)(1 + x2)(f ′(x)g(x)− f(x)g′(x)) = 0 .

Thus f ′g − fg′ is the zero polynomial which means that g must be a multiple of f .
Now, let x1, . . . , xN be the distinct zeros of PN(·; a, b). Since PN(·; a, b) solves (3.7.6) and
vanishes at the points x1, . . . , xN , PN(·; a, b) satis�es (3.7.5). Replacing f by PN(·; a, b) in
(3.7.4), we see that x1, . . . , xN satisfy (3.7.3). This concludes the proof.

Lemma 3.7.4. Let s ∈ C with Re(s) > 0. Let (xt)t≥0 be the unique non-colliding solution
to (3.7.2). Then the limit limt→∞ xt = z exists, where z is the vector of ordered zeros of
the Pseudo-Jacobi polynomial PN(·;−(N + Re(s)), Im(s)). Moreover, z is the unique
stationary solution to (3.7.2).

Proof. The argument is the same as in the proofs of Lemma 3.4.3 and Lemma 3.6.2.
First o�, note that a stationary solution xt ≡ x0 has to satisfy for all i ∈ {1, . . . , N}:

0 = Im(s)−Re(s)xi,0 +
∑
j : j ̸=i

xi,0xj,0 + 1

xi,0 − xj,0
= Im(s)− (N − 1+Re(s))xi,0 +

∑
j : j ̸=i

1 + x2i,0
xi,0 − xj,0

.

As −(N − 1+Re(s))− 1 = −(N +Re(s)) < −N , we know by Lemma 3.7.3 that x0 is the
ordered vector of zeros of PN(·;−(N +Re(s)), Im(s)).
It remains to discuss the arbitrary starting condition x0 ∈ CA

N . Here we �rst transform
the solutions (xt)t≥0 by the homeomorphism f : CA

N → f(CA
N), x 7→ (eN1 (x), . . . , e

N
N(x)),

where (eNj )j∈{1,...,N} are the elementary symmetric polynomials discussed in Section 2.2.
Set ym,t := eNm(xt). Using the formula ym = xie

N−1
m−1(x{1,...,N}\{i}) + eN−1

m (x{1,...,N}\{i}) we
get (notationally suppressing dependence of t):

d

dt
ym =

N∑
i=1

eN−1
m−1(x{1,...,N}\{i})

d

dt
xi .

Plugging in the ODE for xi and using formulas (2.2.2)-(2.2.4) we get

d

dt
ym = −c(s,m)ym + 2 Im(s)(N −m+ 1)ym−1 − (N −m+ 2)(N −m+ 1)ym−2 ,
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with the convention y−1 ≡ 0, y0 ≡ 1 and c(s,m) := m(2Re(s) +m− 1) > 0. Thus

ym,t

=e−c(s,m)t

(
ym,0+∫ t

0

ec(s,m)r (2 Im(s)(N −m+ 1)ym−1,r − (N −m+ 2)(N −m+ 1)ym−2,r) dr

)
.

Inductively one sees that the limit limt→∞ yt exists and does not depend on (y1,0, . . . , yN,0).
Hence this limit equals f(z). A transfer back via f−1 shows the claim.

Now, we turn to the question of invariant measures of non-frozen Hua-Pickrell di�u-
sions. We will see that, as for non-colliding imhomogeneous Brownian motions and non-
compact Jacobi processes, we can answer this question by applying a suitable coordinate
transformation which reveals a Langevin-di�usion structure. However, we point out that
in the Hua-Pickrell setting we do not have a description via Dunkl or Heckman-Opdam
theory which is in contrast to all other classes of non-colliding β-Pearson di�usions.
Let (Xt)t≥0 be a solution to (3.7.1). We de�ne (Yt)t≥0 by the component-wise transfor-
mation x 7→ arsinh(x), i.e. Yi,t := arsinh(Xi,t), i ∈ {1, . . . , N}, t ≥ 0. By Itô's formula
and some elementary calculations, the dynamic of (Yt)t≥0 is described by

dYi,t =
√
2 dBi,t + β

[(
1−N − 1

β
− Re(s)

)
tanh(Yi,t) + Im(s)

1

cosh(Yi,t)

+ cosh(Yi,t)
∑
j : j ̸=i

1

sinh(Yi,t)− sinh(Yj,t)

]
dt .

Using the formula

cosh(x)

sinh(x)− sinh(y)
=
1

2

(
cosh(x) + cosh(y)

sinh(x)− sinh(y)
+

cosh(x)− cosh(y)

sinh(x)− sinh(y)

)
=
1

2

(
coth

(
x− y

2

)
+ tanh

(
x+ y

2

))
,

we can further rewrite this as

dYi,t =
√
2 dBi,t + β

[(
1−N − 1

β
− Re(s)

)
tanh(Yi,t) + Im(s)

1

cosh(Yi,t)

+
1

2

∑
j : j ̸=i

(
coth

(
Yi,t − Yj,t

2

)
+ tanh

(
Yi,t + Yj,t

2

))]
dt .

(3.7.7)

The corresponding generator is thus given by

L := ∆ + (−∇V (x))∇ ,
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where

V (x) :=− β

[(
1−N − 1

β
− Re(s)

) N∑
i=1

log(cosh(xi)) + Im(s)
N∑
i=1

arctan(sinh(xi))

+
∑

1≤i<j≤N

log

(
sinh

(
xj − xi

2

)
cosh

(
xi + xj

2

))]
.

(3.7.8)

As we saw before, the candidate for the invariant measure for such a Langevin dynamic
is given by the Gibbs-measure ρ̃ := 1

Z̃
e−V (x). We need to check when Z̃ :=

∫
CN

e−V (x) dx
is �nite, which is easiest to do in the original coordinates. We thus calculate the image
measure of the measure with density

e−V (x) =
N∏
i=1

(
(cosh(xi))

β(1−N−1/β−Re(s)) exp (β Im(s) arctan(sinh(xi)))
)

×
∏

1≤i<j≤N

(
sinh

(
xj − xi

2

)
cosh

(
xi + xj

2

))β
(3.7.9)

under the map CA
N → CA

N , xi 7→ sinh(xi), i ∈ {1, . . . , N}. Using cosh(arsinh(x)) =√
1 + x2 and

sinh

(
arsinh(xi)− arsinh(xj)

2

)
cosh

(
arsinh(xi) + arsinh(xj)

2

)
=
xi − xj

2
,

we get a density which is proportional to

ρ(x) :=
N∏
i=1

((
1 + x2i

)β
2
(1−N−Re(s))−1

exp(β Im(s) arctan(xi))
) ∏

1≤i<j≤N

|xi − xj|β . (3.7.10)

De�nition 3.7.5. Let s ∈ C with Re(s) > − 1
β
. Then the integral Z :=

∫
CA

N
ρ(x) dx

is �nite. The β-Hua-Pickrell measure with parameter s is the probability measure with
density Z−1ρ .

The β-Hua-Pickrell measures are also known as Cauchy-β-ensembles in the literature
and their normalization constant is known; see [47] Section 4.7.1. However, we point out
that there does not seem to be a predominant choice of parametrization. In that regard,
closest to our choice seems [11] De�nition 2.1, where τ therein corresponds to β

2
s in our

notation. Also note that the Hua-Pickrell measures are often named in the same way as
their image measures under the component-wise inverse Cayley-transform which are in
turn measures on TN (see the beginning of this section).

We have the following result which so far is only known in the case β = 2 by Proposition
4.4 in [9].
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Lemma 3.7.6. Let s ∈ C, β ≥ 1. For Re(s) > −1/β the dynamic (3.7.1) has the
β-Hua-Pickrell measure with parameter s as its unique invariant measure.

Proof. The Gibbs measure ρ̃ is the unique invariant probability measure of the dynamic
(3.7.7), see e.g. the discussion at the beginning of Section 2 of the survey [75]. The claim
follows after applying the coordinate change xi 7→ sinh(xi), i ∈ {1, . . . , N}, as above.

Remark 3.7.7. In contrast to the setting considered in Lemma 3.6.6, the potential V
de�ned in (3.7.8) is not convex. This can be seen by calculating the Hessian H of V and
noting that H1,1 does not have constant sign for N ≥ 2.

3.7.0.1 Minor correction to paper [52]

As pointed out in Remark 3.1.3, there is a minor error in paper [52] which a�ects the
formulas (4.3) and (4.6) therein. This subtlety is relevant to our treatment of Hua-Pickrell
di�usions since we used results of the referenced paper in the proof of Lemma 3.7.1. We
here state the necessary correction in terms of the notation of the referenced paper. In
what follows, all references to equations and Propositions are always meant w.r.t. the
paper [52]. Let x ∈ RN . Then en(x) :=

∑
1≤i1<···<in≤N xi1 . . . xin is the n-th elementary

symmetric polynomial in N variables; in the notation of Section 2.2 this would be eNn (x).
Moreover, we use the convention e0 ≡ 1, e−1 ≡ 0. Now, for distinct j1, . . . , jk ∈ {1, . . . , N}
we write

e
x̄j1

,...,x̄jk
n (x) :=

∑
1≤i1<···<in≤N : il ̸=jm ∀ l,m

xi1 . . . xin ;

in the notation of Section 2.2 this would be eN−k
n (x{1,...,N}\{j1,...,jk}).

Now, for p ∈ N consider a stochastic process ((λ1(t), . . . , λp(t)))t≥0 with values in {x ∈
Rp : x1 ≤ · · · ≤ xp}. Denote the corresponding squared di�erences by ai,j(t) := (λi(t) −
λj(t))

2, 1 ≤ i < j ≤ p, and form the vector

A(t) := (a1,2(t), . . . , a1,p(t), a2,3(t), . . . , a2,p(t), . . . , ap−1,p(t)) ∈ Rp(p−1)/2 .

Finally set Vn(t) := en(A(t)), t ≥ 0, n ∈ {1, . . . , p(p−1)/2}. In the following, we suppress
the dependence of stochastic processes on the time parameter t in our notation.
Now, in the setting of Section 4 in [52] the stochastic process Vn is a continuous semi-
martingale whose martingale part is denoted by Mn and whose bounded variation part
is denoted by

∫ t

0
Dn(s)ds. Mn and Dn can be written in terms of the λi and some con-

tinuous functions σi : R → R, bi : R → R, Hij : R2 → [0,∞), i, j ∈ {1, . . . , p}, j ̸= i; see
equations (4.1) and (4.2) in the referenced paper. Moreover, it is assumed that one has
the symmetry property Hij(x, y) = Hji(y, x) for all x, y ∈ R.
We will use the same shorthands for summation ranges as in the referenced paper, i.e.

i < j =̂ 1 ≤ i < j ≤ p and i ̸= j ̸= k =̂ 1 ≤ i, j, k ≤ p : i ̸= j ̸= k ̸= i .
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Now, we derive the claimed correction to equation (4.3). Note that, using eāijn−1(A) =

aike
āij ,āik
n−2 (A) + e

āij ,āik
n−1 (A), the left hand side of formula (4.3) in the referenced paper can

be written as:∑
i ̸=j ̸=k

(λi − λj)
Hik(λi, λk)

λi − λk
e
āij
n−1(A) =

∑
i ̸=j ̸=k

(λi − λj)(λi − λk)Hik(λi, λk)e
āij ,āik
n−2 (A)

+
∑
i ̸=j ̸=k

(λi − λj)
Hik(λi, λk)

λi − λk
e
āij ,āik
n−1 (A) .

The second term on the r.h.s. can be simpli�ed in the following way:∑
i ̸=j ̸=k

(λi − λj)
Hik(λi, λk)

λi − λk
e
āij ,āik
n−1 (A)

=
∑
i<k

∑
j ̸=i,j ̸=k

Hik(λi, λk)

λi − λk

(
(λi − λk + λk − λj)e

āij ,āik
n−1 (A)− (λk − λj)e

ākj ,āki
n−1 (A)

)
=
∑
i<k

∑
j ̸=i,j ̸=k

Hik(λi, λk)

(
e
āij ,āik
n−1 (A) +

λk − λj
λi − λk

(
e
āij ,āik
n−1 (A)− e

ākj ,āki
n−1 (A)

))
=
∑
i<k

∑
j ̸=i,j ̸=k

Hik(λi, λk)
(
e
āij ,āik
n−1 − (λk − λj)

2 e
āij ,āik,ākj
n−2 − (λk − λj)(λi − λj)e

āij ,āik,ākj
n−2

)
=
∑
i<k

∑
j ̸=i,j ̸=k

Hik(λi, λk)
(
e
āij ,āik,ākj
n−1 (A)− (λk − λj)(λi − λj)e

āij ,āik,ākj
n−2 (A)

)
,

where we used

e
āij ,āik
n−1 (A)−eākj ,ākin−1 (A) = (akj−aij)e

āij ,āik,ākj
n−2 (A) = (λk−λi)(λk−λj+λi−λj)e

āij ,āik,ākj
n−2 (A)

and
e
āij ,āik
n−1 = akje

āij ,āik,ākj
n−2 (A) + e

āij ,āik,ākj
n−1 (A) .

Thus, equation (4.3) in [52] needs to be replaced by:∑
i ̸=j ̸=k

(λi − λj)
Hik(λi, λk)

λi − λk
e
āij
n−1(A) =

∑
i ̸=j ̸=k

(λi − λj)(λi − λk)Hik(λi, λk)e
āij ,āik
n−2 (A)

+
∑
i<k

∑
j ̸=i,j ̸=k

Hik(λi, λk)e
āij ,āik,ākj
n−1 (A)

−
∑
i<k

∑
j ̸=i,j ̸=k

(λk − λj)(λi − λj)Hik(λi, λk)e
āij ,āik,ākj
n−2 (A) .

(4.3')

Now, we also need to check where in the referenced paper equation (4.3) is used again.
The �rst instance is in the statement of Proposition 4.2. But when going through the
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corresponding proof one sees that equation (4.3) is not applied therein. The second
instance of application of equation (4.3) is in the the proof of Proposition 4.3 in the
context of equation (4.6). There, one considers the case that the stopping time τn =
inf{t > 0: Vn(t) > 0} is positive with positive probability. For all ω ∈ {τn > 0} one then
has that the �nite variation part

∫ t

0
Dn(ω, s) ds of Vn(ω, t) must vanish for all t < τn(ω).

Hence, one also has Dn(ω, t) = 0 for all t < τn(ω). By equation (4.2) in the referenced
paper and equation (4.3') above, one thus has, instead of equation (4.6):

p∑
i=1

σ2
i (λi)

∑
j : j ̸=i

e
āij
n−1(A) + 4

∑
i<j

Hij(λi, λj)e
āij
n−1(A) + 2

∑
i<k

∑
j ̸=i,j ̸=k

Hik(λi, λk)e
āij ,āik,ājk
n−1 (A)

= Dn = 0 ,

(4.6')

where we used that Vn = 0 implies that for all j ̸= i ̸= k the following terms are equal to
0:

(λi−λj)e
āij
n−1(A) , (λi−λj)(λi−λk)e

āij ,āik
n−2 (A) , (λk−λj)(λi−λj)Hik(λi, λk)e

āij ,āik,ākj
n−2 (A) .

One can readily check that the line of proof of Proposition 4.3 still goes through with this
modi�cation to equation (4.6).
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Chapter 4

Convergence of empirical measures of

non-colliding β-Pearson di�usions for

large dimensions

In random matrix theory, one of the central questions is, if the empirical measures of the
spectra of a series of random matrices growing in size converges to a limit, and, in case
of existence, how this limit can be described. As mentioned in the introduction, the most
famous answer to this kind of question was given by the pioneering work of Eugene Wigner
([111, 112]). It states that the sequence of empirical measures of the spectrum of sym-
metric matrices whose entries are random variables with normalized variance converges to
the semicircular law when the matrix dimension goes to in�nity. Over the years more and
more limit points for random matrix models have been found, e.g. the circular law for
random matrices all of whose entries are independent and have normalized variance ([50,
101]), the Marchenko-Pastur distributions for the singular values of rectangular Gaussian
matrices ([74]), or the Haar measure on the torus for Haar distributed random matrices
in the unitary group ([38]).
As we have seen in Chapter 3, some non-colliding β-Pearson di�usions describe the dy-
namic of the eigenvalues of certain time-dependent random matrices in the case β ∈ {1, 2}.
Thus, it is natural to ask, whether the empirical measures of β-Pearson di�usions converge
to some non-trivial limit, if the dimension of the state space goes to in�nity. The aim
of this section is to give an a�rmative answer to this question and a characterization of
the limits. While the existence of such limits and the weak convergence in probability of
the empirical measures to these limits can be deduced from the results in [73], we give a
proof which is mostly self contained and improves the convergence in probability to almost
sure convergence. The method of proof is hereby inspired by the calculations carried out
in [103] Section 3 and has previously been used by the present author and coauthors in
the case of Jacobi processes of compact and non-compact type ([13]) and non-colliding
geometric Brownian motions ([12]). The non-colliding β-Pearson di�usions are a natural
class of processes to extend this method of proof to, yielding Theorem 4.2.2 which is new



80

in its stated generality.
We will rely on the method of moments, i.e. we aim to show the weak convergence of
empirical measures by showing convergence of the corresponding moments. This method
is very well tested in random matrix theory and still proves e�ective today. As we are
considering time dependent random variables, we will use a time-parameter variant of the
moment convergence theorem to prove our results.

4.1 A moment convergence theorem for families of prob-

ability measures depending continuously on a pa-

rameter

First, we recall the following de�nition regarding the topology of weak convergence in
M1(R):

De�nition 4.1.1. Let A ⊆ R. We set

Aϵ := {x ∈ R : ∃ a ∈ A : d(x, a) < ϵ} .

The Lévy-Prokhorov metric dL-P : M
1(R)×M1(R) → [0, 1] is given by

dL-P(µ, ν) := inf {ϵ > 0: µ(A) ≤ ν(Aϵ) + ϵ and ν(A) ≤ µ(Aϵ) + ϵ for all A ∈ B(R)} .

The importance of the Lévy-Prokhorov metric stems from the fact that it metrizes the
topology of weak convergence on M1(R), see e.g. Theorem 11.3.3 in [41].

De�nition 4.1.2. We say that µ ∈ M1(R) has moments of all orders if all integrals∫
R x

n dµ(x), n ∈ N, exist and are �nite.
We say that µ ∈ M1(R) is determined by its moments if the following two conditions
hold:

(i) µ has moments of all orders.

(ii) If µ̃ ∈M1(R) has moments of all orders and
∫
R x

n dµ̃(x) =
∫
R x

n dµ(x) for all n ∈ N,
then µ̃ = µ.

The question whether a given probability measure is determined by its moments is
referred to as the moment problem. More speci�cally, for probability measures on R this
problem is called the Hamburger moment problem and for probability measures on [0,∞)
this is called the Stieltjes moment problem. For a concise overview over this topic see the
survey [72]. We recall one important practical criterion for moment determinacy:

Lemma 4.1.3 (Carleman condition). Let µ ∈ M1(R) have moments (mn)n∈N of all
orders. If

∞∑
n=1

m
−1/(2n)
2n = ∞ , (4.1.1)

then µ is determined by its moments.
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This criterion is especially useful in conjunction with the following theorem, which is
the cornerstone of the method of moments, i.e. the method of proving weak convergence
by showing convergence of the respective moments:

Theorem 4.1.4 (Moment convergence theorem [49]). Let (µN)N∈N ⊂ M1(R) be a se-
quence of probability measures having moments mN

n :=
∫
R x

n dµN(x), n ∈ N, of all orders
for each N . If all limits limN→∞mN

n =: mn ∈ R exist, then there exists a µ ∈M1(R) and
a subsequence (µNk)k∈N such that (mn)n∈N is the moment sequence of µ and µNk

k→∞−−−→ µ
weakly.

If, in addition, µ is determined by its moments, then µN N→∞−−−→ µ weakly.

We want to extend this theorem to sequences of families of measures of the form
(µt)t≥0 where t 7→ µt is weakly continuous. More precisely, for T > 0 and E ⊂ R Borel
measurable we set

C([0, T ],M1(E)) := {(µt)t∈[0,T ] ⊂M1(E) : t 7→ µt is weakly continuous} .

We equip this space with the topology of uniform convergence, i.e.

(µN
t )t∈[0,T ]

N→∞−−−→ (µt)t∈[0,T ] :⇔ lim
N→∞

sup
t∈[0,T ]

dL-P(µ
N
t , µt) = 0 .

One can easily show that this is equivalent to the condition

lim
N→∞

sup
t∈[0,T ]

∣∣∣∣∫
R
f dµN

t −
∫
R
f dµt

∣∣∣∣ = 0 for all f ∈ Cb(R) .

Further we set

C([0,∞),M1(E)) := {(µt)t≥0 ⊂M1(E) : t 7→ µt is weakly continuous}

and equip this space with the topology of convergence on compacta, i.e.

(µN
t )t≥0

N→∞−−−→ (µt)t≥0 :⇔ lim
N→∞

sup
t∈[0,T ]

dL-P(µ
N
t , µt) = 0 for all T > 0 .

It holds the following extension of the moment convergence theorem to measure valued
processes; cf. [103] Theorem A.1 for a similar statement:

Lemma 4.1.5. Let T > 0. Let (µN
t )t∈[0,T ] ∈ C([0, T ],M1(R)), N ∈ N, such that µN

t

has moments of all orders for all N ∈ N, t ∈ [0, T ]. Assume there exist functions mn ∈
C([0, T ],R) such that

lim
N→∞

sup
t∈[0,T ]

∣∣∣∣∫
R
xn dµN

t (x)−mn(t)

∣∣∣∣ = 0 for all n ∈ N .

Then there exists a family of measures (µt)t∈[0,T ] ⊆M1(R) such that mn(t) =
∫
R x

n dµt(x)
for all t ∈ [0, T ], n ∈ N. If, in addition, µt is determined by its moments for all t ∈ [0, T ],
then (µt)t∈[0,T ] ∈ C([0, T ],M1(R)) and

(µN
t )t∈[0,T ]

N→∞−−−→ (µt)t∈[0,T ] in C([0, T ],M1(R)) .
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Proof. The �rst part of the Lemma is a direct consequence of the moment convergence
theorem 4.1.4. So now assume that µt is determined by its moment sequence (mn(t))n∈N
for each t ∈ [0, T ]. Then, by the continuity of mn and the moment convergence theorem,
(µt)t∈[0,T ] ∈ C([0, T ],M1(R)). We show (µN

t )t∈[0,T ]
N→∞−−−→ (µt)t∈[0,T ] by contradiction.

Assume there is f ∈ Cb(R) such that

lim sup
N→∞

sup
t∈[0,T ]

∣∣∣∣∫
R
f dµN

t −
∫
R
f dµt

∣∣∣∣ > 0 .

Then there exist ϵ > 0 and sequences (Nk)k∈N ⊂ N, (tk)k∈N ⊂ [0, T ] with Nk ↑ ∞, k → ∞,
such that ∣∣∣∣∫

R
f dµNk

tk
−
∫
R
f dµtk

∣∣∣∣ > ϵ for all k ∈ N .

By going to a subsequence we can enforce that tk converges for k → ∞ to some t0 ∈ [0, T ].
By abuse of notation we still denote the resulting subsequences by (Nk)k∈N, (tk)k∈N. Let
n ∈ N. Then it holds by assumption that∣∣∣∣∫

R
xn dµNk

tk
(x)−

∫
R
xn dµt0(x)

∣∣∣∣
≤
∣∣∣∣∫

R
xn dµNk

tk
(x)−

∫
R
xn dµtk(x)

∣∣∣∣+ ∣∣∣∣∫
R
xn dµtk(x)−

∫
R
xn dµt0(x)

∣∣∣∣ k→∞−−−→ 0 .

As µt0 is uniquely determined by its moments, we have µNk
tk

k→∞−−−→ µt0 weakly by the
moment convergence theorem. But now we get a contradiction since

ϵ <

∣∣∣∣∫
R
f dµNk

tk
−
∫
R
f dµtk

∣∣∣∣
≤
∣∣∣∣∫

R
f dµNk

tk
−
∫
R
f dµt0

∣∣∣∣+ ∣∣∣∣∫
R
f dµt0 −

∫
R
f dµtk

∣∣∣∣ k→∞−−−→ 0 .

4.2 Application of the moment convergence theorem

to empirical measures of non-colliding β-Pearson

di�usions

As motivated in the introduction to this chapter, now, we are going to study the conver-
gence of sequences of empirical measures of non-colliding β-Pearson di�usions. Through-
out this section we assume the following setting:
Let (aN2 )N∈N, (aN1 )N∈N, (aN0 )N∈N be sequences of real numbers such that the sets {x ∈
R : aN(x) ≥ 0} have non-empty interior where

aN(x) := aN2 x
2 + aN1 x+ aN0 .
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Let IaN ⊆ {x ∈ R : aN(x) ≥ 0} be connected with non-empty interior. Let (bN1 )N∈N,
(bN0 )N∈N ⊂ R, and set bN(x) := bN1 x+ bN0 . For each N ∈ N let (XN

t )t≥0 be a non-colliding
solution to

dXN
i,t =

√
2aN(XN

i,t) dBi,t + β

[
1

2
bN(Xi,t) + aN(XN

i,t)
∑
j : j ̸=i

1

XN
t,i −XN

t,j

]
dt , (4.2.1)

and let (xNt )t≥0 be a non-colliding solution to

d

dt
xNi,t = bN(xi,t) + 2aN(xNi,t)

∑
j : j ̸=i

1

xNt,i − xNt,j
,

i ∈ {1, . . . , N}, XN
0 = xN0 = x̂N0 ∈ CA

N ∩ (IaN )
N ; see Chapter 3 for conditions under which

such solutions exist. We will denote the corresponding empirical measures and empirical
moments by

µN,t :=
1

N

N∑
i=1

δXN
i,t
, SN,n,t :=

1

N

N∑
i=1

(
XN

i,t

)n
=

∫
R
xn dµN,t(x) ,

µ̃N,t :=
1

N

N∑
i=1

δxN
i,t
, S̃N,n,t :=

1

N

N∑
i=1

(
xNi,t
)n

=

∫
R
xn dµ̃N,t(x) ,

N ∈ N, n ∈ N0, t ≥ 0. The �rst key observation is that the dynamic of the empirical
moments has the following recursive structure:

Proposition 4.2.1. For n,N ∈ N the empirical moment (SN,n,t)t≥0 satis�es the SDE

dSN,n,t

=dMN,n,t + n

[(
β

2
(bN1 − aN2 (n+ 1)) + (n− 1)aN2

)
SN,n,t

+

(
β

2
(bN0 − aN1 n) + (n− 1)aN1

)
SN,n−1,t +

(
1− β

2

)
aN0 (n− 1)SN,n−2,t

+
βN

2

(
aN2

n∑
k=0

SN,k,tSN,n−k,t + aN1

n−1∑
k=0

SN,k,tSN,n−1−k,t + aN0

n−2∑
k=0

SN,k,tSN,n−2−k,t

)]
dt ,

(4.2.2)

with the L2-martingale

MN,n,t :=
n

N

N∑
i=1

∫ t

0

(
XN

i,s

)n−1
√
2a(XN

i,s) dBi,s .

Moreover, there is some c(N, n, β) ≥ 0 such that:

E[SN,2n,t] ≤ (SN,2n,0 + c(N, n, β)) exp (c(N, n, β)t) .
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For n,N ∈ N the empirical moment (S̃N,n,t)t≥0 satis�es the ODE

d

dt
S̃N,n,t

=n(bN1 − aN2 (n+ 1))S̃N,n,t + (bN0 − aN1 n)S̃N,n−1,t − aN0 (n− 1)S̃N,n−2,t

+N

(
aN2

n∑
k=0

S̃N,k,tS̃N,n−k,t + aN1

n−1∑
k=0

S̃N,k,tS̃N,n−1−k,t + aN0

n−2∑
k=0

S̃N,k,tS̃N,n−2−k,t

)
.

(4.2.3)

Proof. By Itô's formula we have

dSN,n,t =
1

N

N∑
i=1

n
(
XN

i,t

)n−1
dXN

i,t +
1

2N

N∑
i=1

n(n− 1)
(
XN

i,t

)n−2
d
[
XN

i

]
t

=dMN,n,t + n

[
β

2N

N∑
i=1

(
bN1
(
XN

i,t

)n
+ bN0

(
XN

i,t

)n−1
)

+
β

N

N∑
i=1

(
aN2
(
XN

i,t

)n+1
+ aN1

(
XN

i,t

)n
+ aN0

(
XN

i,t

)n−1
) ∑

j : j ̸=i

1

XN
i,t −XN

j,t

+
n− 1

N

N∑
i=1

(
aN2
(
XN

i,t

)n
+ aN1

(
XN

i,t

)n−1
+ aN0

(
XN

i,t

)n−2
)]

dt .

We can simplify the appearing double sums using the following formula, where l ∈ N0:

2
∑

i,j : i ̸=j

xl+1
i

xi − xj
=
∑

i,j : i ̸=j

xl+1
i − xl+1

j

xi − xj
=
∑

i,j : i ̸=j

l∑
k=0

xki x
l−k
j

=
l∑

k=0

∑
i

xki
∑
j

xl−k
j − (l + 1)

∑
i

xli .

Applying this formula yields

dSN,n,t − dMN,n,t

=n

[
β

2

((
bN1 SN,n,t + bN0 SN,n−1,t

)
+ aN2

(
N

n∑
k=0

SN,k,tSN,n−k,t − (n+ 1)SN,n,t

)

+ aN1

(
N

n−1∑
k=0

SN,k,tSN,n−1−k,t − nSN,n−1,t

)

+aN0

(
N

n−2∑
k=0

SN,k,tSN,n−2−k,t − (n− 1)SN,n−2,t

))

+ (n− 1)
(
aN2 SN,n,t + aN1 SN,n−1,t + aN0 SN,n−2,t

)]
dt .
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Rearranging the terms shows (4.2.2), and virtually the same calculations also show (4.2.3).
Next, we are going to show that the positive random variable SN,2n,t is in L1 for all N, n, t.
To do so, we de�ne the stopping times

τ2n,l := inf{t ≥ 0: SN,2n,t ≥ SN,2n,0 + l} , l ∈ N .

Clearly, every XN
i,t∧τ2n,l

is a bounded random variable, and so MN,2n,t∧τ2n,l
is an L2-

martingale for all l ∈ N. Furthermore, by the triangle and Jensen's inequality, we have
for x ∈ RN , k,m ∈ N with k < m:∣∣∣∣∣ 1N

N∑
i=1

xki

∣∣∣∣∣ ≤
(

1

N

N∑
i=1

|xi|m
)k/m

≤ 1 +
1

N

N∑
i=1

|xi|m .

Thus, we can bound all of the following terms by 1 + SN,2n,t:

|SN,2n−1,t|, SN,2(n−1),t, |SN,k,tSN,2n−k,t|, |SN,k,tSN,2n−1−k,t| and |SN,k,tSN,2(n−1)−k,t| .

Combining the fact that MN,2n,t∧τn,l
is a martingale and these inequalities, we can deduce

the following bound from equation (4.2.2):

E
[
SN,2n,t∧τn,l

]
≤SN,2n,0 + c(N, n, β)

(
1 +

∫ t

0

E
[
SN,2n,s∧τn,l

]
ds

)
,

where

c(N, n, β) :=2n

(∣∣∣∣β2 (bN1 − aN2 (2n+ 1)) + (2n− 1)aN2

∣∣∣∣+ ∣∣∣∣β2 (bN0 − aN1 2n) + (2n− 1)aN1

∣∣∣∣
+

∣∣∣∣1− β

2

∣∣∣∣ |aN0 | (2n− 1) +
βN

2

(
|aN2 | (2n+ 1) + |aN1 | 2n+ |aN0 | (2n− 1)

))
.

Hence, Gronwall's lemma implies the bound

E
[
SN,2n,t∧τn,l

]
≤ (SN,2n,0 + c(N, n, β)) exp (c(N, n, β)t) .

As the right hand side is independent of l, we see by monotone convergence that SN,2n,t is
in L1 and its L1-norm can be bound from above by the same right hand side. In particular,
as the quadratic variation of MN,n,t is given by

[MN,n]t =2
( n
N

)2 N∑
i=1

∫ t

0

(
XN

i,s

)2(n−1)
(
aN2
(
XN

i,s

)2
+ aN1 X

N
i,s + aN0

)
ds

=2
n2

N

∫ t

0

(
aN2 SN,2n,s + aN1 SN,2n−1,s + aN0 SN,2(n−1),s

)
ds ,

(4.2.4)

we know by Itô's isometry that (MN,n,t)t≥0 is an L2-martingale for all n,N .
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The preceding Lemma in conjunction with the moment convergence Theorem 4.1.5
enables us to prove the following general result about weak convergence of µN

t and µ̃N
t for

large N :

Theorem 4.2.2. Assume that the limits âi := limN→∞NaNi and b̂j := limN→∞ bNj , i ∈
{0, 1, 2}, j ∈ {0, 1}, exist. Let (x̂N0 )N∈N be a sequence of starting vectors such that the
limits mn := limN→∞

∫
R x

n dµN
0 (x) exist for all n ∈ N. Assume there exists µ ∈ M1(R)

with moments of all orders, and that mn =
∫
R x

n dµ(x). Further assume that there exists
some γ > 0 such that the moments satisfy the bound

|mn| ≤ (γn)n , n ∈ N . (4.2.5)

Then, for N → ∞, (µN,t)t≥0 converges in C([0,∞),M1(R)) a.s. to some deterministic
(µt)t≥0. (µt)t≥0 is uniquely determined by the following ODEs for its time-dependent
moments mn(t) :=

∫
R x

n dµt, t ≥ 0:

d

dt
mn(t) =

nβ

2

[
b̂1mn(t) + b̂0mn−1(t) + â2

n∑
k=0

mk(t)mn−k(t)

+ â1

n−1∑
k=0

mk(t)mn−1−k(t) + â0

n−2∑
k=0

mk(t)mn−2−k(t)

]
,

(4.2.6)

mn(0) = mn, n ∈ N.
Moreover, if µ = µ0 is compactly supported, then (µt)t≥0 is locally uniformly compactly
supported, i.e.

sup
0≤t≤T

sup{|x| : x ∈ supp(µt)} <∞ for all T > 0 .

All statements above remain true if one replaces (µN
t )t≥0 by (µ̃N

t )t≥0, and sets β = 2 in
(4.2.6).

Proof. To show the claimed convergence, it su�ces by Lemma 4.1.5 to show that SN,n,t

converges locally uniformly in t to mn(t) a.s. for all n ∈ N. The �rst step in that direction
is to show that MN,n,t converges locally uniformly in t to 0 a.s. for all n ∈ N. To see
this, �x some T, ϵ > 0. Using the Markov- and Burkholder-Davis-Gundy inequalities and
equation (4.2.4), there exists a positive constant c which is independent of N such that

P

(
sup

t∈[0,T ]

|MN,n,t| ≥ ϵ

)
≤ 1

ϵ2
E

[
sup

t∈[0,T ]

|MN,n,t|2
]
≤ c

ϵ2
E
[
[MN,n]T

]
≤2cn2

Nϵ2

∫ T

0

(
aN2 E[SN,2n,s] + aN1 E[SN,2n−1,s] + aN0 E[SN,2(n−1),s]

)
ds .
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Now, let C(N, n, β) be as in the proof of Proposition 4.2.1. Then we have

P

(
sup

t∈[0,T ]

|MN,n,t| ≥ ϵ

)
≤ 2cn2

Nϵ2
(|aN2 |+ |aN1 |+ |aN0 |)

(
1 +

∫ T

0

E [SN,2n,s] ds

)
≤ 2cn2

Nϵ2
(|aN2 |+ |aN1 |+ |aN0 |)

(
1 + (SN,2n,0 + c(N, n, β))

∫ T

0

exp (c(N, n, β)s) ds

)
.

By our assumptions on (aNi )N∈N, (b
N
j )N∈N and (SN,2n,0)N∈N this upper bound is in O(N−2)

for N → ∞. As ϵ > 0 was arbitrary, the Borel-Cantelli Lemma implies

sup
t∈[0,T ]

|MN,n,t|
N→∞−−−→ 0 a.s. for all n ∈ N .

In a next step, we will show that this implies the convergence of the empirical moments
SN,n,t to mn(t). We will make use of the following fact: Let f, g, h : [0,∞) → R satisfy

f(t)− f(0) =

∫ t

0

(λf(s) + g(s)) ds+ h(t)

for some λ ∈ R. Then it holds

f(t) = eλt
(
f(0) +

∫ t

0

e−λs(g(s) + λh(s))ds

)
+ h(t) .

Thus, by Proposition 4.2.1 we have

SN,n,t =e
λnt

(
SN,n,0 +MN,n,t

+

∫ t

0

e−λns

(
λnMN,n,s + n

[(
β

2
(bN0 − aN1 n) + (n− 1)aN1

)
SN,n−1,s

+

(
1− β

2

)
aN0 (n− 1)SN,n−2,s +

βN

2

(
aN2

n−1∑
k=1

SN,k,sSN,n−k,s

+aN1

n−1∑
k=0

SN,k,sSN,n−1−k,s + aN0

n−2∑
k=0

SN,k,sSN,n−2−k,s

)])
ds

)
,

(4.2.7)

where

λn := λn(N, β) := n

(
β

2

(
bN1 + (2N − (n+ 1))aN2

)
+ (n− 1)aN2

)
.

As all empirical moments appearing on the right hand side of (4.2.7) are of lower order
than n, we can deduce by induction that there exist some functions m̃n ∈ C([0,∞),R)
such that

sup
t∈[0,T ]

|SN,n,t − m̃n(t)|
N→∞−−−→ 0 a.s. for all n ∈ N .
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Further, these functions satisfy

m̃n(t) =e
λ̂nt

(
mn(0) +

nβ

2

∫ t

0

e−λ̂ns

(
b̂0m̃n−1(s) + â2

n−1∑
k=1

m̃k(s)m̃n−k(s)

+ã1

n−1∑
k=0

m̃k(s)m̃n−1−k(s) + â0

n−2∑
k=0

m̃k(s)m̃n−2−k(s)

)
ds

)
,

(4.2.8)

where λ̂n := limN→∞ λn(N, β) =
nβ
2

(
b̂1 + 2â2

)
. Taking the derivative with respect to t,

we see that m̃n solves the ODE (4.2.6). As m̃n(0) = mn(0), mn and m̃n must agree.
We next verify that for each t > 0 the sequence (mn(t))n∈N satis�es the Carleman con-
dition. If this is shown, the existence of (µt)t≥0 as claimed follows by Lemma 4.1.5. We
show that the condition |mn(0)| ≤ (γn)n, n ∈ N, implies a similar upper bound for |mn(t)|
at positive times t. In the following we let w.l.o.g. β = 2. Further, we set c1 := b̂1 + 2â2,

c2 := max
(
1, 2γ, 2

(
|b̂0|+ 2|â1|+ 2|â0|+ 4 (â2|+ |â1|+ |â0|)

))
, c3 := max(0, c1 + c2) .

Note the immediate inequalities γn ≤ cn2/2 and c3 − c1 ≥ c2 > 0. Now, we show by
induction that

|mn(t)| ≤ (nc2e
c3t)n (4.2.9)

for all n ∈ N. The induction start holds since

|m1(t)| =ec1t
∣∣∣∣m1(0) +

∫ t

0

e−c1s(b̂0 + â1)ds

∣∣∣∣ ≤ ec1t
(
γ + (|b̂0|+ |â1|)

∫ t

0

e(c3−c1)s ds

)
≤ec1t

(
γ +

|b̂0|+ |â1|
c3 − c1

e(c3−c1)t

)
≤ ec3tc2 .

In the induction step, we will apply the estimate

n−1∑
k=1

kk(n− k)n−k = 2(n− 1)n−1 +
n−2∑
k=2

kk(n− k)n−k ≤

(
2 + 4

(
n− 2

n− 1

)n−1
)
(n− 1)n−1

≤(2 + 4/e)(n− 1)n−1 ≤ 4(n− 1)n−1 ,

where we used kk(n − k)n−k ≤ 4(n − 2)n−2 for all k ∈ {2, . . . , n − 2}. In the induction
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step, we thus have for n ≥ 2:

|mn(t)|

≤enc1t
(
(γn)n + n

∫ t

0

e−nc1s
(
(|b̂0|+ 2|â1|)|mn−1(s)|+ 2|â0| |mn−2(s)|

+|â2|
n−1∑
k=1

|mk(s)mn−k(s)|+ |â1|
n−2∑
k=1

|mk(s)mn−1−k(s)|+ |â0|
n−3∑
k=1

|mk(s)mn−2−k(s)|

)
ds

)

≤enc1t
(
(γn)n + n

∫ t

0

e−nc1s

(
(|b̂0|+ 2|â1|+ 2|â0|)((n− 1)c2e

c3s)n−1

+(|â2|+ |â1|+ |â0|)(c2ec3s)n
n−1∑
k=1

kk(n− k)n−k

)
ds

)

≤enc1t
(
(γn)n

+n
(
|b̂0|+ 2|â1|+ 2|â0|+ 4(|â2|+ |â1|+ |â0|)

)
cn2 (n− 1)n−1

∫ t

0

en(c3−c1)s ds

)
≤enc1t

(
(γn)n +

|b̂0|+ 2|â1|+ 2|â0|+ 4(|a2|+ |â1|+ |â1|)
c3 − c1

cn2 (n− 1)n−1en(c3−c1)t

)
≤enc3tcn2nn .

This concludes the induction. Next, we prove the statement about the uniform compact-
ness of the support of (µt)t≥0. So assume that µ is compactly supported. As before, we
assume w.l.o.g. β = 2 and set c1 := b̂1 + 2â2. We show that (µt)t≥0 is locally uniformly
compactly supported by proving that there exists c2, c3 ≥ 0 such that

|mn(t)| ≤
1

n2
cn2e

nc3t (4.2.10)

for all n ∈ N and t ≥ 0. To construct such constants c2, c3 we �rst verify the following:
There exists c̃ ≥ 4 such that for all n ≥ 2:

n−1∑
k=1

1

k2
1

(n− k)2
≤ c̃

1

(n+ 2)2
.

This follows from the bound

n−1∑
k=1

1

k2
1

(n− k)2
≤ 2

(n− 1)2
+

∫ n−1

1

1

x2
1

(n− x)2
dx =

2

(n− 1)2
+

2
(

n(n−2)
n−1

+ 2 log(n− 1)
)

n3
,

where we used

d

dx

(
1

n2

(
1

n− x
− 1

x

)
+

2

n3
(log(x)− log(n− x))

)
=

1

x2(n− x)2
, x ∈ (0, n) .
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Moreover, since µ is compactly supported, there exists r > 0 such that |mn(0)| ≤ rn. Also
set ĉ := supn≥3 n

2/(n− 2)2 = 9. Now, we choose

c2 := max

(
1, r sup

n∈N
(2n2)1/n, 2

(
ĉ(|b̂0|+ 2|â1|+ 2|â0|) + c̃ (|â2|+ |â1|+ |â0|)

))
,

and c3 := max(0, c1+c2). Note that this choice entails rn ≤ cn2/(2n
2) and c3−c1 ≥ c2 > 0.

We show (4.2.10) by induction. The induction start holds since

|m1(t)| =ec1t
∣∣∣∣m1(0) + (b̂0 + â1)

∫ t

0

e−c1s ds

∣∣∣∣ ≤ ec1t
(
r + (|b̂0|+ |â1|)

∫ t

0

e(c3−c1)s ds

)
≤ec3t

(
c2
2
+

c2
2(c3 − c1)

)
≤ ec3tc2 .

In the induction step, we distinguish the cases n = 2 and n ≥ 3. For n = 2 we have

|m2(t)| =e2c1t
∣∣∣∣m2(0) + 2

∫ t

0

e−2c1s
((
b̂0 + 2â1

)
m1(s) + â2m

2
1(s) + â0

)
ds

∣∣∣∣
≤e2c1t

(
r2 + 2

∫ t

0

e−2c1s
(
(|b̂0|+2|â1|)c2ec3s + |â2|c22e2c3s + |â0|

)
ds

)
≤e2c1t

(
r2 + 2

∫ t

0

e2(c3−c1)sc22

(
|b̂0|+ 2|â1|+ |â2|+ |â0|

)
ds

)

≤e2c1t
r2 + c22

(
|b̂0|+ 2|â1|+ |â2|+ |â0|

)
c3 − c1

e2(c3−c1)t


≤e2c3t

(
c22/8 + c2

(
|b̂0|+ 2|â1|+ |â2|+ |â0|

))
≤ e2c3tc22/4 ,
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where we used min(ĉ, c̃) ≥ 4 in the last inequality. Similarly, we have for n ≥ 3:

|mn(t)|

≤enc1t
(
rn + n

∫ t

0

e−nc1s

(
(|b̂0|+ 2|â1|)|mn−1(s)|+ 2|â0||mn−2(s)|+ |â2|

n−1∑
k=1

|mk(s)mn−k(s)|

+|â1|
n−2∑
k=1

|mk(s)mn−1−k(s)|+ |â0|
n−3∑
k=1

|mk(s)mn−2−k(s)|

)
ds

)

≤enc1t
(
rn + n

∫ t

0

e−nc1s

(
(|b̂0|+ 2|â1|)

1

(n− 1)2
cn−1
2 e(n−1)c3s + 2|â0|

1

(n− 2)2
cn−2
2 e(n−2)c3s

+|â2|cn2enc3s
n−1∑
k=1

1

k2(n− k)2
+ |â1|cn−1

2 e(n−1)c3s

n−2∑
k=1

1

k2(n− 1− k)2

+|â0|cn−2
2 e(n−2)c3s

n−3∑
k=1

1

k2(n− 2− k)2

)
ds

)

≤enc1t
(
rn +

1

n

(
ĉ(|b̂0|+ 2|â1|+ 2|â0|) + c̃ (|â2|+ |â1|+ |â0|)

)
cn2

∫ t

0

en(c3−c1)s ds

)
≤ enc1t

(
rn +

1

n2

ĉ(|b̂0|+ 2|â1|+ 2|â0|) + c̃ (|â2|+ |â1|+ |â0|)
c3 − c1

cn2e
n(c3−c1)t

)
≤ 1

n2
cn2e

nc3t .

This �nishes the proof of the statements concerning (µN
t )t≥0 and its limit. The proof of the

convergence of (µ̃N,t)t≥0 follows by virtually the same proof as above with simpli�cations
due to the non-random setting.

Remark 4.2.3.

(i) In the previous proof, we used the condition |mn(0)| ≤ (γn)n, n ∈ N, to infer
moment determinacy for the limit measure for all times t > 0. In the literature
one often encounters a, at �rst glance, seemingly di�erent condition for moment
determinacy, namely

|mn(0)| ≤ cnn! ,

for some c > 0. This latter condition is in turn clearly equivalent to the existence of
the moment generating function around the origin. One can show that both moment
conditions are actually equivalent (see [72] Theorem 1).

(ii) We will see in Section 5 that in many cases the limit measures µt, t ≥ 0, in the
preceding theorem can be identi�ed as the distributions of free Itô processes (see
Section 2.5 for this notion). In these cases, the statement about locally uniform com-
pactness of the limit measures is then a direct consequence of the norm-continuity
of free Itô processes.
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The following Lemma, which asserts that the limit measure in Theorem 4.2.2 satis�es
a space-time integral equation, is known in the cases β ∈ {1, 2} by [73] Theorem 1.
However, the method of proof used in that paper readily applies also to non-colliding
β-Pearson di�usions for general β, whence we do not replicate the proof here:

Lemma 4.2.4. Let (µt)t≥0 be the limit of empirical measures of non-colliding β-Pearson

distributions as in Theorem 4.2.2, and let âi, b̂j, β ≥ 1 be the respective constants such
that (4.2.6) holds. Then for f ∈ C2

b (R) it holds∫
R
f dµt =

∫
R
f dµ0 +

β

2

∫ t

0

∫
R
((b̂1 + 2â2)x+ b̂0 + â1)f

′(x) dµs(x)ds

+
β

2

∫ t

0

∫
R2

(â2xy + â1(x+ y)/2 + â0)
f ′(x)− f ′(y)

x− y
dµs(x)dµs(y)ds , t ≥ 0 ,

(4.2.11)

with the convention (f ′(x)− f ′(y))/(x− y) := f ′′(x) for x = y.

We �nish this section by relating Lemma 4.2.4 to the Cauchy transform. This gives a
characterization of the limit distribution (µt)t≥0 appearing in Theorem 4.2.2 in the case
that µ0 is compactly supported.

Corollary 4.2.5. Let (µt)t≥0 be the limit of empirical measures of non-colliding β-Pearson

di�usions as in Theorem 4.2.2, and let âi, b̂j, β ≥ 1 be the respective constants such that
(4.2.6) holds. Then the Cauchy transform G(t, z) :=

∫
R

1
z−x

dµt(x) satis�es the PDE

∂tG(t, z) = −β
2
∂z

[(
b̂1z + b̂0

)
G(t, z) +

(
â2z

2 + â1z + â0
)
G2(t, z)

]
(4.2.12)

for all z ∈ C \ R, t ≥ 0.
Moreover, if there are (µ1

t )t≥0, (µ
2
t )t≥0 ∈ C([0,∞),M1(R)) such that

(i) µ1
0 = µ2

0,

(ii) (µi
t)t≥0 is locally uniformly compactly supported, i.e. sup0≤t≤T sup{|x| : x ∈ supp(µi

t)} <
∞ for all T > 0, i ∈ {1, 2}, and

(iii) Gi(t, z) := Gµi
t
(z) satis�es (4.2.12) for i ∈ {1, 2}.

Then µ1
t = µ2

t for all t ≥ 0.

Proof. The proof partially follows the calculations in Section 4.4 of [73]. Fix z ∈ C \ R
and set f(x) := (z − x)−1. Then we have

f ′(x)− f ′(y)

x− y
=

1

(z − x)(z − y)2
+

1

(z − x)2(z − y)
.
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By Lemma 4.2.4 we thus have

∂tG(t, z)

=
β

2

∫
R
((b̂1 + 2â2)x+ b̂0 + â1)

1

(z − x)2
dµt(x)

+
β

2

∫
R2

(â2xy + â1(x+ y)/2 + â0)

(
1

(z − x)(z − y)2
+

1

(z − x)2(z − y)

)
dµt(x)dµt(y) .

Note that, since Re(z) ̸= 0, we can exchange integral and partial derivative to infer
−∂zG(t, z) =

∫
R

1
(z−x)2

dµt(x); see proof of Lemma 2 in Section 3.1 of [77] for the precise
argument. This also gives∫

R
x

1

(z − x)2
dµt(x) =

∫
R

x− z + z

(z − x)2
dµt(x) = −G(t, z)− z∂zG(t, z) = −∂z(zG(t, z)) .

By symmetry in the integrand, we moreover have∫
R2

xy

(
1

(z − x)(z − y)2
+

1

(z − x)2(z − y)

)
dµt(x)dµt(y)

=2

∫
R

x− z + z

(z − x)2
dµt(x)

∫
R

y − z + z

z − y
dµt(y) = 2 (−G(t, z)− z∂zG(t, z)) (−1 + zG(t, z))

=− ∂z(z
2G2(t, z)) + 2∂z(zG(t, z)) .

Similarly, we have∫
R2

x+ y

2

(
1

(z − x)(z − y)2
+

1

(z − x)2(z − y)

)
dµt(x)dµt(y) = ∂z

(
G(t, z)− zG2(t, z)

)
,∫

R2

(
1

(z − x)(z − y)2
+

1

(z − x)2(z − y)

)
dµt(x)dµt(y) = −∂zG2(t, z) .

Combining these calculations proves (4.2.12). Now, let (µ1
t )t≥0, (µ

2
t )t≥0 ∈ C([0,∞),M1(R))

satisfy (i)-(iii). Denote the respective moments by mi
n(t) :=

∫
R x

n dµi
t(x). Let T > 0.

Then there exists R > 0 such that supp(µi
t) ⊆ [−R,R] for all t ∈ [0, T ], i ∈ {1, 2}. Hence,

for all z ∈ C such that |z| > R and t ≤ T it holds the well known relation between
moments and Cauchy-transform:

Gi(t, z) =

∫
[−R,R]

1

z

∑
k≥0

(x
z

)k
dµi

t(x) =
∑
k≥0

z−(k+1)mi
k(t) .

By the uniform convergence of this series in z, we can deduce that we can exchange
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derivatives and summation in (4.2.12):∑
k≥0

z−(k+1)(mi
k(t)−mi

k(0)) = Gi(t, z)−Gi(0, z)

=− β

2

∫ t

0

(
b̂1
∑
k≥0

z−(k+1)mi
k(s)− (b̂1z + b̂0)

∑
k≥0

(k + 1)z−(k+2)mi
k(s)

+ (2â2z + â1)

(∑
k≥0

z−(k+1)mi
k(s)

)2

− 2(â2z
2 + â1z + â0)

∑
k≥0

z−(k+1)mi
k(s)

∑
l≥0

(l + 1)z−(l+2)mi
l(s)

)
ds .

Using the Cauchy product formula and comparing coe�cients of the series in z of both
sides of the equation (see e.g. Section 2 of [13] for similar calculations), we see that mi

k

solves (the integral version of) (4.2.6) for both i ∈ {1, 2}. As we have m1
k(0) = m2

k(0) for
all k ∈ N, we get m1

k(t) = m2
k(t) for all t ≤ T by the uniqueness of solutions to the linear

ODEs (4.2.6). As µi
t is compactly supported it thus holds µ1

t = µ2
t for all t ≤ T . This

�nishes the proof as T > 0 was arbitrary.
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Chapter 5

Description of limits of empirical

measures of non-colliding β-Pearson
di�usions via free probability

In this chapter, we will use free probability theory to identify the large N limits of em-
pirical measures of non-colliding β-Pearson di�usions (XN

t )t≥0 which appear in Theorem
4.2.2. Recall that N denotes the dimension of the state space of the processes (XN

t )t≥0.
Throughout we will assume

β ≥ 1

as this condition appears in all of the existence and uniqueness results for non-colliding
solutions to (3.1.1) in Chapter 3. We will �rst consider the limits arising in the `nat-
ural' scaling of the six classes of non-colliding β-Pearson di�usions which we discussed
in Chapter 3. This scaling always has the structure that one starts with a sequence of
non-colliding β-Pearson di�usions whose coe�cients of the respective di�usion parts are
constant in N , and then rescales the N -th process in time by the factor 1/N . These types
of limits are very well studied in the case of Dyson Brownian motions, squared Bessel pro-
cesses, Jacobi processes and non-colliding geometric Brownian motions. We recapitulate
these results in Sections 5.1-5.4. Further, in Section 5.3 a new limit result for non-colliding
inhomogeneous Brownian motions is obtained in the case that the parameter b̂0 appear-
ing in Theorem 5.3.4 is positive. In the latter case, we also state new results regarding
an explicit solution to a related free SDE and the identi�cation of stationary measures.
Moreover, the limits for non-compact Jacobi/Fisher-Snedecor processes and Hua-Pickrell
di�usions have not been considered in the literature before, i.e. all statements in Sections
5.5 & 5.6 are new. We will see that, for some parameters, there is a direct connection
between the latter two limits, and, in one special case, a further connection to the limit
of non-colliding geometric Brownian motions.
Later, in Section 5.7, we will show that Theorem 4.2.2 also applies to more general space-
time scalings of non-colliding β-Pearson di�usions. We will focus on the Jacobi and
non-compact Jacobi cases but it will be clear that the technique used also applies to other
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types of β-Pearson di�usions as well. Results in this direction have previously been pub-
lished by the present author and coauthors in [13].
For the sake of being concise, throughout this section we will state convergence results
only for non-frozen β-Pearson di�usions, i.e. we exclude the case β = ∞. The reader
will have no di�culty to deduce the corresponding statements for the frozen counterparts
using Theorem 4.2.2. For de�nitions and notation concerning probability measures, free
probability theory and free stochastic calculus see Sections 2.1, 2.4 & 2.5.

5.1 Global limit of (Ornstein-Uhlenbeck) Dyson Brow-

nian motions

We start with considering the easiest case of non-colliding β-Pearson di�usions, i.e. the
(OU) Dyson Brownian motions which are rescaled in time by 1/N . More speci�cally, we
consider sequences aN2 = aN1 = bN0 = 0, aN0 = 1/(2N), bN1 ∈ R, x̂N0 ∈ CA

N , N ∈ N, such
that the limits

lim
N→∞

bN1 =: λ ,
1

N

N∑
i=1

δx̂N
i,0

N→∞−−−→ µ ,

exist for some λ ∈ R, µ ∈ M1([0,∞)), where the latter convergence is in moments and
the moments (mn)n∈N of µ satisfy the bounds (4.2.5) for some γ > 0. The SDE (4.2.1) in
this setting reads

dXN
i,t =

1√
N
dBi,t +

β

2

[
bN1 X

N
i,t +

1

N

∑
j : j ̸=i

1

XN
i,t −XN

j,t

]
dt , i ∈ {1, . . . , N} ,

XN
0 = x̂N0 . The limit of the corresponding empirical measures µN,t =

1
N

∑N
i=1 δXN

i,t
can be

described in the following way:

Theorem 5.1.1. If λ = 0, then(
µN,2t/β

)
t≥0

N→∞−−−→
(
µ⊞ µsc,2

√
t

)
t≥0

in C
(
[0,∞),M1(R)

)
a.s.

If λ ̸= 0, then(
µN,2t/β

)
t≥0

N→∞−−−→
(
Deλt(µ)⊞ µ

sc,
√

2(e2λt−1)/λ

)
t≥0

in C
(
[0,∞),M1(R)

)
a.s.

In either case the limit measure is determined by its moments (mn(t))n∈N, which satisfy

d

dt
mn(t) = n

[
λmn(t) +

1

2

n−2∑
k=0

mk(t)mn−2−k(t)

]
.
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Proof. The existence of the limit (µt)t≥0 of (µN,t)t≥0 in C([0,∞),M1(R)) and the validity
of the ODE for the moments follows from Theorem 4.2.2. Now, denote the Cauchy
transform of the limit measure by G(t, z) := Gµt(z). Since we are rescaling time by the
factor 2/β, we know by Corollary 4.2.5

∂tG(t, z) = −∂z
(
λzG(t, z) +

1

2
G2(t, z)

)
= −(λz +G(t, z))∂zG(t, z)− λG(t, z) . (5.1.1)

In the case λ = 0 the statement follows from a combination of Proposition 4.3.10 &
Corollary 4.3.11 in [3] and Theorem 4 in Section 4.2 of [77].
Now let λ ̸= 0 and set f(t) := eλt and g(t) := (1− e−2λt)/(2λ). Let (µ̃t)t≥0 be the family
of limit measures from above for the case λ = 0, i.e. µ̃t = µ ⊞ µsc,2

√
t. We are going to

show that µt = Df(t)(µ̃g(t)). One way to see this is to use the space-time transformation
for Dyson Brownian motions as indicated in (3.2.2), and to use equation (5.1.2) below.
We give a another short proof using the Cauchy-transforms of the limit measures. Set

µ̄t := D√
1−2λt

(
µg−1(t)

)
, Ḡ(t, z) := Gµ̄t(z) ,

where g−1(t) = − 1
2λ

log(1− 2λt). Here the range of t is [0,∞) if λ < 0 and [0, 1/(2λ)) if
λ > 0. We will employ the short hands ht(t, z) := ∂th(t, z) and hz(t, z) := ∂zh(t, z) for
di�erentiable functions h. Using (5.1.1), we have:

Ḡt(t, z) =λ(1− 2λt)−1Ḡ(t, z) + (1− 2λt)−3/2Gt(g
−1(t), z/

√
1− 2λt)

+ λz(1− 2λt)−2Gz(g
−1(t), z/

√
1− 2λt)

=λ(1− 2λt)−1Ḡ(t, z)− λ(1− 2λt)−3/2G(g−1(t), z/
√
1− 2λt)

− (1− 2λt)−3/2
(
λz/

√
1− 2λt+G(g−1(t), z/

√
1− 2λt)

)
Gz(g

−1(t), z/
√
1− 2λt)

+ λz(1− 2λt)−2Gz(g
−1(t), z/

√
1− 2λt)

=− Ḡ(t, z)Ḡz(t, z) .

Moreover, Ḡ(0, z) = Gµ(z). By the �rst part of the proof we thus know that

µ̄t = µ̃t = µ⊞ µsc,2
√
t .

Further, we observe

µt = Df(t)

(
D√

1−2λg(t)

(
µg(g−1(t))

))
= Df(t)(µ̄g(t)) = Df(t)(µ̃g(t)) .

The claim now follows from:

Df(t)(µ̃g(t)) =Df(t)(µ)⊞Df(t)(µsc,g(t)) = Df(t)(µ)⊞ µsc,f(t)g(t) = Deλt(µ)⊞ µ
sc,
√

2(e2λt−1)/λ
.

(5.1.2)
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Remark 5.1.2. The assumption on the convergence of the moments of the initial empir-
ical measure 1

N

∑N
i=1 δx̂N

i,0
can be considerably weakened, see Proposition 4.3.10 in [3].

Note that, in the case that µ is compactly supported, the limit distribution µ⊞µsc,2
√
t

in Theorem 5.1.1 coincides with the distribution of a+ xt where (xt)t≥0 is a semi-circular
Brownian motion and a is a self-adjoint operator which is freely independent from (xt)t≥0

and has distribution µa = µ. In the following sections, we will see that the distributions
of more complicated free Itô processes can be used to describe the limits of empirical
measures of other types of non-colliding β-Pearson di�usions.

5.2 Global limit of squared (Ornstein-Uhlenbeck) Bessel

processes

We apply Theorem 4.2.2 to the case of a sequence of squared (OU) Bessel processes
rescaled in time by the factor 1/N , i.e. we consider sequences aN2 = aN0 = 0, aN1 = 1/N ,
bN1 ∈ R, bN0 ≥ 0, x̂N0 ∈ CB

N = {x ∈ RN : 0 ≤ x1 ≤ · · · ≤ xN}, N ∈ N, such that the limits

lim
N→∞

bN1 =: b̂1 , lim
N→∞

bN0 =: b̂0 ,
1

N

N∑
i=1

δx̂N
i,0

N→∞−−−→ µ ,

exist for some b̂1 ∈ R, b̂0 ≥ 0, µ ∈M1([0,∞)), where the latter convergence is in moments
and the moments (mn)n∈N of µ satisfy the bounds (4.2.5) for some γ > 0. The SDE (4.2.1)
here now reads (written in the symmetric form as in (3.1.3))

dXN
i,t =

√
2XN

i,t/N dBi,t +
β

2

[
bN1 X

N
i,t +

N − 1

N
+ bN0 +

1

N

∑
j : j ̸=i

XN
i,t +XN

j,t

XN
i,t −XN

j,t

]
dt ,

i ∈ {1, . . . , N}, XN
0 = x̂0. Non-colliding solutions exist by our choice of parameters by

Lemma 3.3.1 for each N ∈ N.
To state the limit result in this setting, we employ the following notation: For µ ∈
M1([0,∞)) we denote by

√
µ
even

the unique even probability measure on R such that its
image measure under the map x 7→ x2 equals µ. The limit of the empirical measures
µN,t =

1
N

∑N
i=1 δXN

i,t
can be described in the following way:

Theorem 5.2.1. Let b̂1 = 0, then(
µN,2t/β

)
t≥0

N→∞−−−→
((√

µeven ⊞ µsc,2
√
t

)2
⊞ µMP,b̂0,t

)
t≥0

in C([0,∞),M1(R)) a.s.
For b̂1 ̸= 0 it holds(

µN,2t/β

)
t≥0

N→∞−−−→
((

D
eb̂1t/2

(√
µeven

)
⊞ µ

sc,2
√

(eb̂1t−1)/b̂1

)2
⊞ µ

MP,b̂0,(eb̂1t−1)/b̂1

)
t≥0



99

in C([0,∞),M1(R)) a.s.
In either case, the limit measure is determined by its moments (mn(t))n∈N which satisfy

d

dt
mn(t) = n

[
b̂1mn(t) + b̂0mn−1(t) +

n−1∑
k=0

mk(t)mn−1−k(t)

]
.

Proof. As mentioned above, the existence of the limits and the ODEs for the corresponding
moments are a consequence of Theorem 4.2.2. By Corollary 4.2.5, the Cauchy transforms
G(t, z) := Gµt(z) of the limit measures satisfy the PDE

∂tG(t, z) =− ∂z

((
b̂1z + b̂0

)
G(t, z) + zG2(t, z)

)
=−

(
b̂1z + b̂0 + 2zG(t, z)

)
Gz(t, z)− b̂1G(t, z)−G2(t, z) .

(5.2.1)

In the case b̂1 = 0, the identi�cation of (µt)t≥0 now follows by Proposition 4.7 (2) &
Theorem 4.8 in [109]. In the case b̂1 ̸= 0, we will use the same space-time transformation
as in Proposition 3.3.2. To this end let f(t) := eb̂1t and g(t) := (1 − e−b̂1t)/b̂1, so that
d
dt

1
f(t)

= −b̂1 1
f(t)

and d
dt
g(t) = 1

f(t)
. Let (µ̃t)t≥0 be the limit measure from above for the

case b̃1 = 0, i.e.
µ̃t =

(√
µeven ⊞ µsc,2

√
t

)2
⊞ µMP,b̂0,t

.

We claim that
µt = Df(t)(µ̃g(t)) .

One way to show this is via the PDEs for the Cauchy transforms of the measures (µt)t≥0

and (µ̃t)t≥0, similarly to the line of proof of Theorem 5.1.1. However, Proposition 3.3.2 tells
us that this space-time relation between µt and µ̃t is already valid for the corresponding
empirical measures of (OU) squared Bessel processes which approximate (µt)t≥0, respec-
tively (µ̃t)t≥0. In turn, the relation also holds after taking the limit N → ∞. Hence the
claim follows from

Df(t)(µ̃g(t)) =
(
D

eb̂1t/2

(√
µeven

)
⊞D

eb̂1t/2

(
µ
sc,2

√
(1−e−b̂1t)/b̂1

))2
⊞D

eb̂1t

(
µ
MP,b̂0,(1−e−b̂1t)/b̂1

)
=
(
D

eb̂1t/2

(√
µeven

)
⊞ µ

sc,2
√

(eb̂1t−1)/b̂1

)2
⊞ µ

MP,b̂0,(eb̂1t−1)/b̂1
.

We can describe the limit measures in Theorem 5.2.1 by the spectral distribution of a
free Itô process as well: The free Wishart process (Rt)t≥0 with parameter λ ≥ 1 has been
introduced in [25]. It is de�ned as the unique solution to the free SDE

dRt =
√
Rt dct + dc∗t

√
Rt + λ1 dt , R0 = r0 , (5.2.2)
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where r0 is some positive operator, λ ≥ 1, and (ct)t≥0 is a (one-dimensional) circular
Brownian motion. Let us quickly check that the spectral distribution of Rt actually
coincides with (√

µeven ⊞ µsc,2
√
t

)2
⊞ µMP,λ−1,t , (5.2.3)

where µ is the spectral distribution of r0. By the traced Itô formula 2.5.11, we have for
n ∈ N:

d

dt
τ(Rn

t ) =τ(nλR
n−1
t ) + n

n−2∑
k=0

(τ ⊗ τ op)
((√

Rt ⊗ 1
)
·
(
Rk

t ⊗Rn−2−k
t

)
·
(√

Rt ⊗ 1
))

=n

[
λτ(Rn−1

t ) +
n−2∑
k=0

τ(Rk+1
t )τ(Rn−2−k

t )

]

=n

[
(λ− 1)τ(Rn−1

t ) +
n−1∑
k=0

τ(Rk
t )τ(R

n−1−k
t )

]
.

Our claim now follows from a comparison of these ODEs with the ODEs for the moments
of the measure in (5.2.3), see Theorem 5.2.1.
Furthermore, an explicit solution to (5.2.2) is given in the following sense ([25] Proposition
3.1):

Lemma 5.2.2. Let (A, (At)t≥0, τ) be a �ltered W ∗-probability space. Let λ ≥ 1 and let
P ∈ A0 be a projection with τ(P ) = 1/λ. Let S̃0 ∈ A0 be a positive operator such
that ker S̃0 = {0}, and let (ct)t≥0 be a circular Brownian motion adapted to (At)t≥0. Let

St := λP (c∗t +
√
S̃0)(ct +

√
S̃0)P . Then

√
St belongs to the compressed algebra PAP .

Further, there exists a circular Brownian motion (c̃t)t≥0 adapted to (PAtP )t≥0 such that
(St)t≥0 solves the free SDE

St =
√
St dc̃t + dc̃∗t

√
St + λ1 dt , S0 = λP S̃0P ,

where 1 denotes the unit element in PAP .
Clearly, the idea for the construction of this solution comes from the Wishart matrix

models and their property to solve certain matrix SDEs; cf. the introduction in [24] and
references therein. The key conceptual step being done here is to mirror the structure
of truncated random matrices by projections of operators in a free probability space in
the large N limit. As we will see below, this technique also proves fruitful in describing
the limit of empirical measures for two other classes of β-Pearson di�usions: Namely the
Jacobi and non-compact Jacobi/Fisher-Snedecor processes.

5.3 Global limit of non-colliding (inhomogeneous) geo-

metric Brownian motions

In this section, we apply Theorem 4.2.2 to a sequence of non-colliding geometric Brownian
motions, possibly inhomogeneous, which are rescaled in time by the factor 1/N , i.e. the
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SDE (4.2.1) (written in the symmetric form as in (3.1.3)) here specializes to

dXN
i,t =

XN
i,t√
N
dBi,t +

β

2

[(
bN1 +

N − 1

N

)
XN

i,t + bN0 +
1

N

∑
j : j ̸=i

XN
i,tX

N
j,t

XN
i,t −XN

j,t

]
dt , (5.3.1)

i ∈ {1, . . . , N}, XN
0 = x̂N0 . The corresponding parameters appearing in Theorem 4.2.2

are here given by aN1 = aN0 = 0, aN2 = 1/(2N), bN1 ∈ R, bN0 ≥ 0, x̂N0 ∈ CB
N = {x ∈ RN : 0 ≤

x1 ≤ · · · ≤ xN}. We assume that it holds x̂N1,0 > 0 in the case bN0 = 0, N ∈ N, and we
assume that the limits

lim
N→∞

bN1 =: b̂1 , lim
N→∞

bN0 =: b̂0 ,
1

N

N∑
i=1

δx̂N
i,0

N→∞−−−→ µ ,

exist for some b̂1 ∈ R, b̂0 ≥ 0, µ ∈M1([0,∞)), where the latter convergence is in moments
and the moments (mn)n∈N of µ satisfy the bounds (4.2.5) for some γ > 0. Note that unique
non-colliding solutions to (5.3.1) exist by our choice of parameters by Lemma 3.4.1 for
each N .
To describe the limit of the empirical measures µN,t = 1

N

∑N
i=1 δXN

i,t
, we introduce the

following free Itô processes:

De�nition 5.3.1. Let (ct)t≥0 be a (one-dimensional) circular Brownian motion in a �l-
teredW ∗-probability space (A, (At)t≥0, τ), and let ĝ0 ∈ A be freely independent of (ct)t≥0.
We call the solution (gt)t≥0 of the free SDE

dgt = gt dct , g0 = ĝ0 (5.3.2)

(left) free multiplicative Brownian motion (driven by (ct)t≥0) with start in ĝ0. Moreover,
we call the process (ht := gt/2g

∗
t/2)t≥0 free positive multiplicative Brownian motion with

start in ĥ0 = ĝ0ĝ
∗
0.

Existence and uniqueness of the free SDE (5.3.2) can be shown by standard techniques
as in the proof of Proposition A.1 in [25]. The term `multiplicative' in the de�nitions above
stems from the fact that these processes are free multiplicative Lévy processes, i.e. these
processes have stationary and freely independent increments w.r.t. multiplication, see [20,
21]. A description of the density of the distribution νt of the free positive multiplicative
Brownian motion with start in 1 at time t can be found in [21] Section 4.2. An explicit
formula for the corresponding moments has been proven in [19], see equation (6.0.3) in
Chapter 6. Moreover, in Chapter 6, we prove a generalization of the latter result, i.e.
an explicit formula for the integrals

∫
(0,∞)

xα dνt, α ∈ C, see Corollary 6.0.7. Further
properties of the family of measures (νt)t≥0 can be found in [115], [55].
The following basic fact shows that the free positive multiplicative Brownian motion is
the natural free analogue of (matrix) geometric Brownian motions.
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Proposition 5.3.2. Let (ht)t≥0 be a free positive multiplicative Brownian motion. Then
there exists a semicircular Brownian motion (xt)t≥0 such that

dht =
√
ht dxt

√
ht +

1

2
ht dt . (5.3.3)

Moreover, it holds

dh−1
t = −

√
h−1
t dxt

√
h−1
t +

1

2
h−1
t dt .

Proof. Setting c̃t :=
√
2ct/2 one can easily check, using Theorem 2.5.4, that (c̃t)t≥0 is a

circular Brownian motion (for the �ltration (At/2)t≥0). Moreover, by the construction of
the free Itô integral, one has

gt/2 − g0 =

∫ t/2

0

gs dcs =

∫ t

0

gs/2 dcs/2 =
1√
2

∫ t

0

gs/2 dc̃s .

Hence, we get

dht = gt/2
dc̃t + dc̃∗t√

2
g∗t/2 +

1

2
ht dt .

Note that ((c̃t + c̃∗t )/2)t≥0 is a semicircular Brownian motion. Denote by ut the unitary
operator in the polar decomposition

√
ht = utg

∗
t/2, t ≥ 0. Setting

xt :=

∫ t

0

us d

(
c̃s + c̃∗s√

2

)
u∗s , t ≥ 0 ,

we have, again using Theorem 2.5.4, that (xt)t≥0 is a semicircular Brownian motion as
well (see e.g. the proof of [30] Lemma 1 in Section 3 for the precise argument). This
yields

dht = gt/2u
∗
tut

dc̃t + dc̃t∗√
2

u∗tutg
∗
t/2 +

1

2
ht dt =

√
ht dxt

√
ht +

1

2
ht dt .

Finally, the validity of the equation for dh−1
t can be easily checked by using the free Itô

product rule 2.5.10.

We can characterize the distribution of a free positive multiplicative Brownian motion
by its moments and by free multiplicative convolution as follows:

Lemma 5.3.3. Let (ht)t≥0 be a free positive multiplicative Brownian motion with start in

ĥ0.

(a) The moments mn(t) := τ(hnt ) satisfy

d

dt
mn(t) =

n

2

(
−mn(t) +

n∑
k=0

mk(t)mn−k(t)

)
, mn(0) = τ(ĥn0 ) , n ∈ N .
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(b) The distribution µht is given by µĥ0
⊠νt where νt is the distribution of a free positive

multiplicative Brownian motion with start in 1. The S-transform of νt is given by
Sνt(z) = exp (−(1 + 2z)t/2). Moreover, it holds the formula

νt = exp
(
µsc,2

√
t ⊞ Unif [−t/2,t/2]

)
. (5.3.4)

Proof. All statements except for the formula (5.3.4) are known by the results in Section
4.2 in [21] and by [115]. Also see the proof of Theorem 5.3.4 below for a derivation of the
S-transform from the moment ODEs. The equation (5.3.4) was shown in [12]. We will
give a self contained proof by di�erent methods in Chapter 6.

We now can describe the limit of empirical measures of the non-colliding (inhomoge-
neous) geometric Brownian motions in (5.3.1) as follows:

Theorem 5.3.4. There exists
(
µGeo
b̂0,b̂1,t

)
t≥0

∈ C([0,∞),M1([0,∞))) such that

(
µN,2t/β

)
t≥0

N→∞−−−→
(
µGeo
b̂0,b̂1,t

)
t≥0

in C ([0,∞) ,M1([0,∞))) a.s.

The moments mn(t) :=
∫
xn dµGeo

b̂0,b̂1,t
satisfy

d

dt
mn(t) = n

[
b̂1mn(t) + b̂0mn−1 +

1

2

n∑
k=0

mk(t)mn−k(t)

]
, n ∈ N . (5.3.5)

Moreover:

(a) If µ = µGeo
b̂0,b̂1,0

is compactly supported, so is µGeo
b̂0,b̂1,t

for all t > 0, and µGeo
b̂0,b̂1,2t

equals

the distribution of

xt := e(2b̂1+1)tg∗t

(
x̂0 + 2b̂0

∫ t

0

e−(2b̂1+1)sg−∗
s g−1

s ds

)
gt , t ≥ 0 ,

where (gt)t≥0 is a free multiplicative Brownian motion driven by a circular Brownian
motion (ct)t≥0 and with start in g0 = 1, and x̂0 is a non-negative operator with
distribution µ which is free from (gt)t≥0. (xt)t≥0 is solution to the free SDE

dxt = dc∗t xt + xt dct +
[
(2b̂1 + 1)xt + (2b̂0 + τ(xt))1

]
dt . (5.3.6)

(b) In the case b̂0 = 0 we have

µGeo
0,b̂1,t

= D
e(1/2+b̂1)t

(µ⊠ νt) = D
e(1/2+b̂1)t

(
µ⊠ exp

(
µsc,2

√
t ⊞ Unif [−t/2,t/2]

))
, t ≥ 0 ,

where νt is the distribution of a free positive multiplicative Brownian motion with
start in 1 at time t.
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(c) In the case b̂0 > 0 and b̂1 < −1 it holds limt→∞ µGeo
b̂0,b̂1,t

= f(µMP,−2(b̂1+1)+1,1/(2b̂0)
)

where f(x) = x−1. If additionally µ = µGeo
b̂0,b̂1,0

= f(µMP,−2(b̂1+1)+1,1/(2b̂0)
) then t 7→

µGeo
b̂0,b̂1,t

is constant.

Proof. The statement about convergence of the empirical measures and the formula for
the limit moments follow from Theorem 4.2.2. To see (a), �rst note that for some circular
Brownian motion (ct)t≥0 we have

d(e(b̂1+1/2)tgt) = e(b̂1+1/2)tgt dct + (b̂1 + 1/2)e(b̂1+1/2)tgtdt ,

d(e(b̂1+1/2)tg∗t = dc∗t e
(b̂1+1/2)tg∗t + (b̂1 + 1/2)e(b̂1+1/2)tg∗t dt .

Applying the free Itô product rule 2.5.10 yields (5.3.6). Using the traced Itô formula
2.5.11, we get

d

dt
τ(xnt ) =n

[
(2b̂1 + 1)τ(xnt ) + (2b̂0 + τ(xt))τ(x

n−1
t )

+
n−2∑
k=0

(τ ⊗ τ op)
(
(xt ⊗ 1) · (xkt ⊗ xn−2−k

t ) · (xt ⊗ 1)
)]

=n

[
(2b̂1 + 1)τ(xnt ) + (2b̂0 + τ(xt))τ(x

n−1
t ) +

n−2∑
k=0

τ(xk+2
t )τ(xn−2−k

t )

]

=n

[
2b̂1τ(x

n
t ) + 2b̂0τ(x

n−1
t ) +

n∑
k=0

τ(xkt )τ(x
n−k
t )

]
.

As τ(x̂n0 ) =
∫
xn dµ0(x) = mn(0) for all n ∈ N0, we have shown that τ(xnt ) = mn(2t) for

all t ≥ 0, n ∈ N. This implies the claim in (a).
To show (b), we now assume b̂0 = 0. We simplify our notation by writing µt := µGeo

b̂0,b̂1,t
,

t ≥ 0. Note that in the case that µ = µ0 is compactly supported, the identity µt =
D

e(1/2+b̂1 )t
(µ⊠ νt) can be deduced from (a) and Lemma 5.3.3 (a) since gtg∗t and g∗t gt have

the same distribution. For general µ0 we can argue as follows: First note that we can
assume w.l.o.g. that µ0 ∈M1([0,∞)) \ {δ0}. Now �x some T > 0. Set G(t, z) := Gµt(z).
Then by Corollary 4.2.5 we have

∂tG(t, z) = −b̂1(G(t, z) + z∂zG(t, z))− zG2(t, z)− z2G(t, z)∂zG(t, z) . (5.3.7)

We will transform the PDE (5.3.7) into a PDE for the corresponding S-transforms. To
this end set ψ(t, z) := ψµt(z) = z−1G(t, z−1)−1. Then, using ∂zψ(t, z) = −z−2G(t, z−1)−
z−3∂yGz(t, y)|y=z−1 , we get

∂tψ(t, z) =z
−1∂tG(t, z

−1) = z(1 + b̂1 + ψ(t, z))∂zψ(t, z) . (5.3.8)
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Now we will relate this equation to the S-transform S(t, z) := Sµt(z). Using the identity
z = S(t, ψ(t, z))ψ(t, z)/(1 + ψ(t, z)), we can deduce

∂tS(t, ψ(t, z)) = −1 + ψ(t, z)

ψ(t, z)

∂tψ(t, z)

∂zψ(t, z)
= −(1 + b̂1 + ψ(t, z))S(t, ψ(t, z)) .

Using m1(t) = e(b̂1+2)tm1(0), we see that δ0 is not an element of the set {µt : t ∈ [0, T ]}.
Moreover, the latter set is closed in the topology of weak convergence. Thus, by the proof
of Proposition 6.5 in [16], there exists a common domain Ω ⊂ C where the functions
S(t, ·), t ∈ [0, T ], are de�ned. Using the univalence of ψµt |iC+ , we get ∂tS(t, z) = −(1 +

b̂1 + z)S(t, z) for all t ∈ [0, T ], z ∈ Ω. It follows that

S(t, z) = S(0, z)e−(1+b̂1+z)t = Sµ(z)Sδf(t)(z)Sνt(z) = SDf(t)(µ⊠νt)(z) , t ∈ [0, T ], z ∈ Ω ,

where we set f(t) := e(1/2+b̂1)t, and used Sδf(t)(z) = 1/f(t) as well as Sνt(z) = e−(1+2z)t/2

(see Lemma 5.3.3 (c)). Using analytic continuation and the fact that the ψ-transform,
and hence also the S-transform, uniquely determine a probability measure, we deduce
µt = D

e(1/2+b̂1)t
(µ ⊠ νt). The second equality in the centered formula of (b) is just an

application of equation (5.3.4).
It remains to show (c). So assume that b̂1 < −1 and b̂0 > 0. For each N let xN ∈ CB

N be
the stationary solution to the system of ODEs (cf. Lemma 3.4.3):

d

dt
xNi,t =

(
b̂1 +

N − 1

N

)
xNi,t + b̂0 +

1

N

∑
j : j ̸=i

xNi,tx
N
j,t

xNi,t − xNj,t
, i ∈ {1, . . . , N} . (5.3.9)

By the referenced Lemma, we know that ((xNN)
−1, . . . , (xN1 )

−1) equals the vector of or-
dered zeros of the rescaled Laguerre polynomial x 7→ L

(−(2(Nb̂1+N−1)+1))
N (2b̂0Nx). By [37]

Theorem 3.1, it thus holds

1

N

N∑
i=1

δxN
i

N→∞−−−→ f
(
D1/(2b̂0)

(
µMP,−2(b̂1+1)+1,1

))
= f

(
µMP,−2(b̂1+1)+1,1/(2b̂0)

)
,

where f(x) = x−1. On the other hand, by applying Theorem 4.2.2 to the sequence of sta-
tionary solutions (xN)N∈N to (5.3.9), we see that the moments of f

(
µMP,−2(b̂1+1)+1,1/(2b̂0)

)
are the stationary solution to (5.3.5). To rephrase this, so far we have shown that
t 7→ µGeo

b̂1,b̂0,t
is constant if µGeo

b̂1,b̂0,0
= f(µMP,−2(b̂1+1)+1,1/(2b̂0)

). Now, for general µGeo
b̂1,b̂0,0

we can
inductively show, using (5.3.5), that limt→∞mn(t) exists and does not depend on mn(0).
Hence this limit must coincide with the constant solution which is the n-th moment of
f(µMP,−2(b̂1+1)+1,1/(2b̂0)

). As the latter measure is compactly supported and thus deter-
mined by its moments, we have limt→∞ µGeo

b̂1,b̂0,t
= f(µMP,−2(b̂1+1)+1,1/(2b̂0)

) by the moment
convergence theorem.
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Remark 5.3.5. The statement in Theorem 5.3.4 (a) is the free probability version of
Lemma 22 in [88]. As Itô's formulas for free and matrix stochastic calculus are structurally
the same (see e.g. [80]), it is not surprising that this result carries over to the large N
limit. In [88] a matrix generalization of the Dufresne identity is proven, which in turn
inspired the paper [7] which states a matrix generalization of Bougerol's identity. For the
free probability version of this latter result see Section 5.5.

5.4 Global limit of (compact) Jacobi processes

Let pN , qN ≥ N − 1, N ∈ N, and assume that the limits limN→∞ pN/N = p̂ and
limN→∞ qN/N = q̂ exist. We aim to apply Theorem 4.2.2 to the case of a sequence
of Jacobi processes rescaled in time by the factor 1/N which thus arise as non-colliding
solutions to

dXN
i,t =

√
2XN

i,t(1−XN
i,t)/N dBi,t

+
β

2N

[
pN − (pN + qN)X

N
i,t +

∑
j : j ̸=i

XN
i,t +XN

j,t − 2XN
i,tX

N
j,t

XN
i,t −XN

i,t

]
dt ,

(5.4.1)

i ∈ {1, . . . , N}, XN
0 = x̂N0 ∈ CBC

N . For our choice of parameters there exist such non-
colliding solutions by Lemma 3.5.2. The corresponding parameters appearing in Theorem
4.2.2 are here given by aN0 = 0, aN1 = 1/N , aN2 = −1/N , bN1 = −(pN + qN − 2(N − 1))/N ,
bN0 = (pN − (N − 1))/N .
Further, we assume that the limit 1

N

∑N
i=1 δx̂N

i,0

N→∞−−−→ µ exists for some µ ∈ M1([0, 1]),
where the convergence is in moments. As µ is compactly supported, clearly the moments
(mn)n∈N of µ satisfy the bounds (4.2.5) for γ = 1.
For β = 2, and hence by Theorem 4.2.2 for all β ≥ 1, the limit of empirical measures in
this setting has been described in [30]. We give a concise overview of this description as
some aspects carry over to the non-compact Jacobi setting, see Section 5.6.

De�nition 5.4.1. Let (A, (At)t≥0, τ) be a �ltered W ∗-probability space.

(i) Let (xt)t≥0 be an (At)t≥0 semi-circular Brownian motion and let û0 ∈ A be a unitary
operator which is free from (xt)t≥0. We call the unique solution (ut)t≥0 to the free
SDE

dut = i dxt ut −
1

2
ut dt , u0 = û0

free unitary Brownian motion with start in û0 (here i denotes the imaginary unit).

(ii) Let (ut)t≥0 be a unitary Brownian motion with start in û0. Let θ ∈ (0, 1) and
0 < λ < 1/θ. Let P,Q ∈ A be two projections such that {P,Q} is free from (ut)t≥0

and it holds

τ(Q) = θ, τ(P ) = λθ and PQ = QP =

{
P , λ ≤ 1 ,

Q , λ > 1 .
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We call the process
jt := PutQu

∗
tP , t ≥ 0 ,

free Jacobi process with parameters (λ, θ) and start in Pû0Qû
∗
0P .

(iii) Let p, q ≥ 1. The Wachter distribution µW,p,q is the probability measure on (x−, x+)
with density

(p+ q)
√

(x+ − x)(x− x−)

2πx(1− x)
dx where x± =

(√
q ±

√
p(p+ q − 1)

p+ q

)2

∈ [0, 1] .

Remark 5.4.2. (i) To our knowledge the free unitary Brownian motion as a solution
to a free SDE has been �rst considered in [19]. Its moments are a transformation
of the corresponding moments of the free positive multiplicative Brownian motion
under the parameter change t 7→ −t, see [57] appendix A and [20] Section 4.2.
Moreover, in the case of start in 1, a description of the density of its distribution
can be found in the latter reference.

(ii) The free Jacobi process has been introduced in [30] as a free analogue of the matrix
Jacobi process, which in turn �rst appeared in [39]. The free Jacobi process was
further studied in the papers [35, 36, 32, 34, 54].

(iii) In the special case p = q, the Wachter distribution is the image measure under
the map x 7→ (1 + x/(2p))/2 of a probability measure known as Kesten-McKay
distribution with parameter 2p, see [40]. Further specializing to p = q = 1 one gets
the arcsine distribution on (0, 1).

Let µN,t =
1
N

∑N
i=1 δXN

i,t
where (XN

i,t)t≥0 is as at the beginning of this section. Then it
holds:

Theorem 5.4.3. There exists (µt)t≥0 ∈ C([1,∞),M1(R)) such that(
µN,2t/β

)
t≥0

N→∞−−−→ (µt)t≥0 in C([0,∞),M1([0, 1])) a.s.

For all n ∈ N, the moments mn(t) =
∫
xn dµt(x) satisfy

d

dt
mn(t)

=n

[
−(p̂+ q̂ − 2)mn(t) + (p̂− 1)mn−1(t)−

n∑
k=0

mk(t)mn−k(t) +
n−1∑
k=0

mk(t)mn−1−k(t)

]
.

It holds limt→∞ µt = µW,p̂,q̂. If µ = µW,p̂,q̂, then t 7→ µt is constant.
If one assumes that there exists a free Jacobi process (jt)t≥0 with parameters λ = 1/p̂ and
θ = p̂/(p̂ + q̂) such that j0 has distribution µ, then µt/(p̂+q̂) equals the distribution of jt
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viewed in the compressed space (PAP, 1
τ(P )

τ(·)).
If p̂ = q̂ = 1, then

µt = f(µ̃⊠ ν4t) , t ≥ 0 ,

where

(i) νt is the distribution of the free unitary Brownian motion with start in 1 at time t,

(ii) f : T → [0, 1], z 7→ 1
2
(Re(z) + 1),

(iii) µ̃ is the unique element of M1(T) which is invariant under the map z 7→ z and
whose image measure under f equals µ.

Proof. The statement about convergence of the empirical measures and the ODEs for the
limit moments follows from Theorem 4.2.2. All other statements, except for the p̂ = q̂ = 1
case, are known by [30]. The statement concerning the p̂ = q̂ = 1 case follows directly
from [35] Corollary 2.

We point out that, in the β = 2 case, one can improve the type of convergence
considered in the preceding theorem. As mentioned in Section 3.5, for β = 2 there
exist matrix models (MN

t )t≥0 such that the respective eigenvalues form N -dimensional
Jacobi processes. In [28] Section 5, the convergence in operator norm of non-commutative
polynomials P of MN

t1
, . . . ,MN

tn to the respective evaluation of P at the time marginals of
the free Jacobi process is shown.

5.5 Global limit of Hua-Pickrell di�usions

Let (sN)N∈N ⊂ C such that limN→∞ sN/N =: ŝ ∈ C exists. We apply Theorem 4.2.2 to
the case of a sequence of Hua-Pickrell di�usions rescaled in time by the factor 1/N , which
thus arise as solutions to

dXN
i,t =

√
2(1 + (XN

i,t)
2)/N dBi,t +

β

N

[
Im(sN)− Re(sN)XN

i,t +
∑
j : j ̸=i

XN
i,tX

N
j,t + 1

XN
i,t −XN

j,t

]
dt ,

(5.5.1)
i ∈ {1, . . . , N}, XN

0 = x̂N0 ∈ CA
N . The corresponding parameters appearing in Theorem

4.2.2 are here thus given by aN0 = 1/N , aN1 = 0, aN2 = 1/N , bN1 = −2(Re(sN)+(N−1))/N ,
bN0 = 2 Im(sN)/N . We assume that the limit 1

N

∑N
i=1 δx̂N

i,0

N→∞−−−→ µ exists for some µ ∈
M1(R), where the convergence is in moments and the moments (mn)n∈N of µ satisfy
the bounds (4.2.5) for some γ > 0. To describe the limit of the empirical measures
µN,t =

1
N

∑N
i=1 δXN

i,t
, we introduce the following free Itô process:

De�nition 5.5.1. Let s ∈ C. Let (ct)t≥0 be a circular Brownian motion on a W ∗-
probability space (A, τ) as in Section 2.5, and let ŷ0 ∈ A be some self-adjoint bounded
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operator freely independent of (ct)t≥0. We call a solution to the free stochastic di�erential
equation

dyt = dct
√

1+ y2t +
√

1+ y2t dc
∗
t + [(−1− 2Re(s))yt + (2 Im(s) + τ(yt))1] dt , y0 = ŷ0 ,

(5.5.2)
free Hua-Pickrell process with parameter s (driven by (ct)t≥0) (see Section 7 of [9] for the
matrix version).
Let s ∈ C with Re(s) > 0. We call the measure on R with density

µĤP,Re(s),Im(s)(dx) :=

{
Re(s)

√
(x−x−)(x+−x)

π(1+x2)
dx , x ∈ (x−, x+) ,

0 , else ,

equilibrium Hua-Pickrell measure with parameter s where

x± =
1

(Re(s))2

(
− Im(s)(Re(s) + 1)±

√
(2Re(s) + 1)(Re(s)2 + Im(s)2)

)
.

Remark 5.5.2. The measures µĤP,Re(s),Im(s) are known to be the weak large N limit of
empirical measures of the zeros of Pseudo-Jacobi polynomials ([61] Theorem 2.2) and
empirical measures of Hua-Pickrell/Cauchy ensembles ([48] Section 3.2.2).

Lemma 5.5.3. Let s ∈ C, let (ct)t≥0 be a circular Brownian motion, and let ŷ0 be a
self adjoint bounded operator free from (ct)t≥0. Then the free SDE (5.5.2) has a unique
solution.

Proof. This essentially follows from [25] Proposition A.1. Here, we use that x 7→
√
1 + x2

and a�ne linear maps are in C2(R) and hence locally operator Lipschitz (see [22] Section
2.3). Further, for self-adjoint x ∈ A we have 1 + x2 ≤ (1 + |x|)2. Hence, by [98]
Theorem 3.1.12, it holds

√
1+ x2 ≤ 1 + |x|. This in turn implies the growth bound

||
√
1+ x2||2 ≤ 2(1 + ||x||2). Lastly, note that the map A → A, A → τ(A)1 does not

match the assumption of the cited Proposition in the strict sense. However, it is clear
from the corresponding proof that it su�ces to show

||τ(A)1− τ(B)1|| ≤ ||A− B|| and ||τ(A)1||2 ≤ 1 + ||A||2 for all A,B ∈ A .

These inequalities directly follow from the general von Neumann algebra estimate for
tracial states |τ(A)| ≤ ||A|| for all A ∈ A (see e.g. [97] Lemma 2.1.3).

Proposition 5.5.4. Let (yt)t≥0 be a free Hua-Pickrell process with parameter s ∈ C.
Then the moments mn(t) := τ(ynt ) satisfy the recurrence

d

dt
mn(t)

=n

[
−2(Re(s) + 1)mn + 2 Im(s)mn−1(t) +

n∑
k=0

mk(t)mn−k(t) +
n−2∑
k=0

mk(t)mn−2−k(t)

]
.

(5.5.3)



110

Proof. By the traced Itô formula 2.5.11, we have

dτ(ynt ) =n

[
− (1 + 2Re(s))τ(ynt ) + (2 Im(s) + τ(yt))τ(y

n−1
t )

+
n−2∑
k=0

(τ ⊗ τ op)
((

1⊗
√
1+ y2t

)
·
(
ykt ⊗ yn−2−k

t

)
·
(
1⊗

√
1⊗ y2t

))]
dt

=n

[
− (1 + Re(s))τ(ynt ) + (2 Im(s) + τ(yt))τ(y

n−1
t )

+
n−2∑
k=0

τ(ykt )
(
τ(yn−k

t ) + τ(yn−2−k
t )

)]
dt .

The claim follows from

n−2∑
k=0

τ(ykt )τ(y
n−k
t ) =

n∑
k=0

τ(ykt )τ(y
n−k
t )− τ(ynt )− τ(yt)τ(y

n−1
t ) .

Now, we can describe the limit of empirical measures of the Hua-Pickrell di�usions in
(5.5.1) as follows:

Theorem 5.5.5. There exists (µHP
ŝ,t )t≥0 ∈ C([0,∞),M1(R)) such that(

µN,2t/β

)
t≥0

N→∞−−−→
(
µHP
ŝ,t

)
t≥0

in C
(
[0,∞),M1(R)

)
a.s.

For all n ∈ N, the moments mn(t) =
∫
xn dµHP

ŝ,t (x) satisfy (5.5.3) for parameter s := ŝ.
Moreover:

(i) If Re(ŝ) > 0, then µHP
ŝ,t

t→∞−−−→ µĤP,Re(ŝ),Im(ŝ) weakly. If, additionally µ = µHP
ŝ,0 =

µĤP,Re(ŝ),Im(ŝ), then t 7→ µHP
ŝ,t is constant.

(ii) If µ = µHP
ŝ,0 is compactly supported, µHP

ŝ,t is equal to the compactly supported measure
µyt, where (yt)t≥0 is a free Hua-Pickrell di�usion with parameter ŝ and start in an
operator ŷ0 with µŷ0 = µ.

Proof. As mentioned above, the statement about convergence of the empirical measures
and the ODEs for the limit moments follows from Theorem 4.2.2. As solutions to (5.5.3)
with the same initial condition agree, point (ii) is also clear by Proposition 5.5.4.
Next, we show (i), so assume Re(s) > 0. If µ = µĤP,Re(ŝ),Im(ŝ), then by the proof of
Theorem 2.2 in [61] its Cauchy transform satis�es

(z2 + 1)G2
µ(z)− 2((Re(ŝ) + 1)z − Im(ŝ))Gµ(z)− (2Re(ŝ) + 1) = 0 .
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Hence, (t, z) 7→ Gµ(z) is a solution to the PDE

∂tG(t, z) = −∂z
[
(−2(Re(ŝ) + 1)z + 2 Im(ŝ))G(t, z) +

(
z2 + 1

)
G2(t, z)

]
. (5.5.4)

On the other hand, by Corollary 4.2.5, G(t, z) := GµHP
ŝ,t
(z) also is solution to this PDE.

Thus, we have µHP
ŝ,t = µĤP,Re(ŝ),Im(ŝ) for all t ≥ 0 in this case. It remains to discuss the

weak convergence of µHP
ŝ,t for t→ ∞ for arbitrary starting conditions. Note that by (5.5.3)

we have

mn(t) =e
−2nRe(ŝ)t

(
mn(0) +

∫ t

0

e2nRe(ŝ)r

(
2 Im(ŝ)mn−1(r) +

n−1∑
k=1

mk(r)mn−k(r)

+
n−2∑
k=0

mk(r)mn−k(r)

)
dr

)
.

Using induction on n, one sees that limt→∞mn(t) exists and that this limit does not depend
on mn(0). Hence, the limit must agree with the n-th moment of µĤP,Re(ŝ),Im(ŝ) which is
the constant solution. The claim follows from the moment convergence theorem.

In the remainder of this section, we give further descriptions of free Hua-Pickrell dif-
fusions and their distributions. We will see that the free positive multiplicative Brownian
motion, which was introduced in Section 5.3, plays a crucial role. We start with the free
analogue of Proposition 2.3 in [7], which states that the solution of the matrix version of
equation (5.5.2) can be constructed from matrix geometric Brownian motions. As previ-
ously mentioned, the Itô formulas for matrix processes and free processes are structurally
the same (see e.g. [22, 80]). Hence, it is not surprising that the referenced Proposition
carries over to the free probability setting.

Theorem 5.5.6. Let a, b ∈ R. Let (ct = (c1,t, c2,t))t≥0 be a two-dimensional circular
Brownian motion as in Section 2.5. Let ŷ0 ∈ A be freely independent of (ct)t≥0. Let
(gt)t≥0 be a free multiplicative Brownian motion driven by (c1,t)t≥0 with start in 1, and

set g
(a)
t := eatgt, t ≥ 0. Then

yt :=
(
g
(a)
t

)−1
[
ŷ0 +

∫ t

0

g(a)s d
(
c2,s + c∗2,s + bs1

) (
g(a)s

)∗](
g
(a)
t

)−∗
, t ≥ 0 ,

is a free Hua-Pickrell di�usion driven by (c̃t)t≥0 with start in ŷ0 and parameter a− 1/2+

ib/2 where c̃t := −
∫ t

0
dc1,s ys(1+y

2
s)

−1/2+
∫ t

0
dc2,s (1+y

2
s)

−1/2, t ≥ 0, is a circular Brownian
motion.

Proof. Note that as dgt = gt dc1,t and dg−1
t = −dc1,t g−1

t we have

dg
(a)
t = g

(a)
t dc1,t + ag

(a)
t dt , d

(
g
(a)
t

)−1

= −dc1,t
(
g
(a)
t

)−1

− a
(
g
(a)
t

)−1

dt .
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Using the free Itô product rule 2.5.10 twice, we get

dyt =− dc1,t yt + dc2,t + dc∗2,t − yt dc
∗
1,t + [−2ayt + (b+ τ(yt))1] dt

=dc̃t
√

1+ y2t +
√

1+ y2t dc̃
∗
t + [−2ayt + (b+ τ(yt))1] dt .

Thus, it remains to show that (c̃t)t≥0 is a circular Brownian motion. For this recall that
(c̃t)t≥0 is a circular Brownian motion if (zt = (z1,t, z2,t))t≥0 with z1,t := (c̃t + c̃∗t )/

√
2 and

z2,t := (c̃t − c̃∗t )/(i
√
2), t ≥ 0, is a two-dimensional semi-circular Brownian motion. In

turn, it su�ces to verify the conditions of the free Lévy characterization Theorem 2.5.4
for (zt)t≥0. That each component of zt is a bounded operator and a free martingale with
zj,0 = 0, j ∈ {1, 2}, is clear as it is the sum of free stochastic integrals w.r.t. circular
Brownian motions. Next, we show condition (ii) in Theorem 2.5.4. Note that, as (zt)t≥0

is a free martingale, it su�ces to verify

τ(A(zj,t − zj,s)B(zk,t − zk,s)) = τ(A)τ(B)1j=k · (t− s) , (5.5.5)

for all 0 ≤ s ≤ t, A,B ∈ As and j, k ∈ {1, 2}. So let A,B ∈ As, then

τ (A(z1,t − z1,s)B(z1,t − z1,s))

=
1

2
τ

[(∫ t

s

A (−dc1,r yr + dc2,r) (1+ y2r)
−1/2 +

∫ t

s

A(1+ y2r)(−yr dc∗1,r + dc∗2,r)

)
·
(∫ t

s

B (−dc1,r yr + dc2,r) (1+ y2r)
−1/2 +

∫ t

s

B(1+ y2r)(−yr dc∗1,r + dc∗2,r)

)]
=
1

2

(∫ t

s

(
τ(A)τ(yr(1+ y2r)

−1/2B(1+ y2r)
−1/2yr) + τ(A)τ((1+ y2r)

−1/2B(1+ y2r)
−1/2)

+τ(A(1+ y2r)
−1/2y2r(1+ y2r)

−1/2)τ(B) + τ(A(1+ y2r)
−1)τ(B)

)
dr

)
=τ(A)τ(B)(t− s) .

(5.5.6)

One analogously shows the other cases in (5.5.5). Lastly, we show condition (i) in Theorem
2.5.4, i.e. the bound τ((zj,t − zj,s)

4) ≤ K(t − s)2 for all 0 ≤ s ≤ t, j ∈ {1, 2}, and some
positive K. For this �x s ≥ 0 and set

z̃1,t :=

{
0 , t ≤ s

z1,t − z1,s , t > s

}
=

∫ t

0

1[s,∞)(r)dz1,r

=− 1√
2

∫ t

0

1[s,∞)(r)
(
dc1,r yr(1+ y2r)

−1/2 + (1+ y2r)
−1/2yr dc

∗
1,r

)
+

1√
2

∫ t

0

1[s,∞)(r)
(
dc2,r (1+ y2r)

−1/2 + (1+ y2r)
−1/2 dc∗2,r

)
.
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Now, by the traced Itô formula 2.5.11, we have

τ(z̃41,t)

=2
2∑

k=0

∫ t

0

(τ ⊗ τ op)
(
(−1⊗ (1+ y2r)

−1/2yr) ·
(
z̃k1,r ⊗ z̃2−k

1,r

)
· (−1⊗ yr(1+ y2r)

−1/2)
)

· 1[s,∞)(r) dr

+ 2
2∑

k=0

∫ t

0

(τ ⊗ τ op)
(
(1⊗ (1+ y2r)

−1/2) ·
(
z̃k1,r ⊗ z̃2−k

1,r

)
· (1⊗ (1+ y2r)

−1/2)
)
1[s,∞)(r) dr

=2
2∑

k=0

∫ t

0

τ(z̃k1,r)τ(z̃
2−k
1,r )1[s,∞)(r) dr .

Note that the k = 1 term vanishes as τ(z̃1,t) ≡ 0. Now let t > s. By setting A = B = 1,
we know by (5.5.6) that τ(z̃21,t) = t− s. Plugging this in, we get

τ((z1,t − z1,s)
4) = 4

∫ t

s

(r − s)dr = 2(t− s)2 .

Similarly, one also sees that τ((z2,t − z2,s)
4) = 2(t− s)2. This �nishes the proof.

By the previous Theorem, it seems unlikely that one can describe the measures µHP
ŝ,t

appearing in Theorem 5.5.5 in a simple way using free convolutions for general ŝ ∈ C.
However, in the case that we have ŝ = −1 and µHP

ŝ,0 is an even measure, we have such a
description via the free positive multiplicative free Brownian motion:

Theorem 5.5.7. Let ν ∈ M1((0,∞)) be invariant under the map x 7→ x−1 and be
determined by its moments. Let f : (0,∞) → R, f(x) := (x1/2 − x−1/2)/2. Then it holds

µHP
−1,t = f(ν ⊠ ν8t) = f

(
ν ⊠ exp

(
µsc,4

√
2t ⊞ Unif [−4t,4t]

))
for all t ≥ 0 ,

where νt is the distribution of the free positive multiplicative Brownian motion with start
in 1 at time t (see De�nition 5.3.1), and µHP

−1,t is the limit of empirical measures of non-
colliding Hua-Pickrell di�usions as in Theorem 5.5.5 in the case µHP

−1,0 = f(ν).

For the proof we will use the following result:

Proposition 5.5.8. Let f(x) = 1
2

(
x1/2 − x−1/2

)
.

(a) f understood as a map from {ν ∈M1((0,∞)) : ν is invariant under x 7→ 1/x} to
{µ ∈M1(R) : µ is invariant under x 7→ −x} is a bijection.

(b) Let ν ∈M1 ((0,∞)) and let µ ∈M1(R) be even. Then it holds: µ = f(ν) i�

ψν(z) =
1

2

(
1

2
(z1/2 + z−1/2)Gµ (−f(z))− 1

)
for all z ∈ C \ [0,∞) , (5.5.7)
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where ·1/2 denotes the branch of the square root cut along the positive real axis
which maps −1 to i; here ψν and Gµ denote the ψ- and Cauchy-transform of ν and
µ, respectively; see Sections 2.4.1 & 2.4.2.

Proof. f : (0,∞) → R is bijective since it is strictly monotone increasing with limx↓0 f(x) =
−∞ and limx↑∞ = ∞. This and the identity f(1/x) = −f(x) show (a).
Let z ∈ C \ [0,∞). Then we have −f(z) ∈ C \ R since, by writing z = reiϕ for r > 0
and ϕ ∈ (−π, 0) ∪ (0, π], we have Im(−f(z)) = −2r sin(ϕ/2) ̸= 0. Thus, −f(z) is in the
domain of Gµ so the r.h.s. of (5.5.7) is de�ned. To show (b), �rst assume that µ = f(ν).
Then

1

2

(
1

2
(z1/2 + z−1/2)Gµ (−f(z))− 1

)
=

1

2

(∫
R

1 + z

1− 2xz1/2 − z
df(ν)(x)− 1

)
=
1

2

(∫
(0,∞)

1 + z

1− (xz)1/2 + (z/x)1/2 − z
dν(x)− 1

)
=
1

2

∫
(0,∞)

2z + (xz)1/2 − (z/x)1/2

1− (xz)1/2 + (z/x)1/2 − z
dν(x)

=
1

2

(∫
(0,∞)

(xz)1/2

1− (xz)1/2
ν(dx) +

∫
(0,∞)

−(z/x)1/2

1 + (z/x)1/2
dν(x)

)
=
1

2

(∫
(0,∞)

(xz)1/2

1− (xz)1/2
ν(dx) +

∫
(0,∞)

−(xz)1/2

1 + (xz)1/2
ν(dx)

)
=
1

2

∫
(0,∞)

(xz)1/2(1 + (zx)1/2)− (zx)1/2(1− (zx)1/2)

1− xz
dν(x) = ψν(z) ,

where we used the invariance of ν under inversion in the �fth equality.
To prove the inverse implication in (b), assume it holds (5.5.7). By the �rst part of the
proof, we hence have

Gf(ν) (−f(z)) = Gµ (−f(z)) for all z ∈ C \ [0,∞) .

Replacing z by its square, in particular we thus have

Gf(ν)

(
1− z2

2z

)
= Gµ

(
1− z2

2z

)
for all z ∈ C \ R .

We show that the range of the map g : C\R → C, g(x) = (1−z2)/(2z), includes C\R. So
let y ∈ C\R. Then z1,2 := −y± (1+y2)1/2 satis�es g(zj) = y for j ∈ {1, 2}. Now, it must
hold that Im(z1) ̸= 0 or Im(z2) ̸= 0 as otherwise 0 = Im(z1 + z2) = −2 Im(y) ̸= 0. Thus
we have shown Gf(ν)(z) = Gµ(z) for all z ∈ C \ R. This concludes the proof since the
Cauchy transform uniquely characterizes a probability measure (see Theorem 2.4.7).

Proof of Theorem 5.5.7. The second equality in the centered formula in the Lemma holds
by Theorem 6.0.1. To proof the �rst one, set G(t, z) := GµHP

−1,t
(z). Then, by (5.5.4), we

have
∂tG(t, z) = −2G(t, z)(zG(t, z) + (1 + z2)∂zG(t, z)) .
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Now, set ρt := f−1(µHP
−1,t). Note that we have ρ0 = ν. By the proof of Theorem 5.6.4

below, we know that the fact that µHP
−1,0 is even implies that µHP

−1,t is even for all t ≥ 0.
Thus, by Proposition 5.5.8 it holds

ψ(t, z) := ψρt(z) =
1

2

(
1

2
(z1/2 + z−1/2)G(t,−f(z))− 1

)
.

This gives

∂zψ(t, z) =
1

4
z−1f(z)G(t,−f(z))− 1

4
z−1(1 + f 2(z))∂yG(t, y)|y=−f(z) .

Di�erentiating with respect to t gives

∂tψ(t, z)

=− 1

2
(z1/2 + z−1/2)G(t,−f(z))

[
−f(z)G(t,−f(z)) + (1 + f 2(z))∂yG(t, y)|y=−f(z)

]
=4(1 + 2ψ(t, z))z∂zψ(t, z) .

By the calculations in the proof of Theorem 5.3.4 (ψν⊠νt(z) solves (5.3.8) in the case
b̂1 = −1/2), we thus know that ρt = ν ⊠ ν8t for all t ≥ 0.

5.6 Global limit of non-compact Jacobi processes

Now, we consider the �nal remaining subclass of non-colliding β-Pearson di�usions in
the `natural' scaling. Let pN ∈ R, qN > N − 1, N ∈ N, and assume that the limits
limN→∞ pN/N = p̂ and limN→∞ qN/N = q̂ exist. We apply Theorem 4.2.2 to the case of a
sequence of non-compact Jacobi processes rescaled in time by the factor 1/N , which thus
arise as solutions to

dXN
i,t =

√
2XN

i,t(X
N
i,t − 1)/N dBi,t

+
β

2N

[
−pN + (pN + qN)X

N
i,t +

∑
j : j ̸=i

2XN
i,tX

N
j,t −XN

i,t −XN
j,t

XN
i,t −XN

j,t

]
dt ,

i ∈ {1, . . . , N}, XN
0 = x̂N0 ∈ CBC ∗

N . For our choice of parameters there exist such non-
colliding solutions by Lemma 3.6.1. The corresponding parameters appearing in Theorem
4.2.2 are here given by aN0 = 0, aN1 = −1/N , aN2 = 1/N , bN1 = (pN + qN − 2(N − 1))/N ,
bN0 = −(pN − (N − 1))/N .
Further, we assume that the limit 1

N

∑N
i=1 δx̂N

i,0

N→∞−−−→ µ exists for some µ ∈ M1([1,∞)),
where the convergence is in moments and the moments (mn)n∈N of µ satisfy the bounds
(4.2.5) for some γ > 0. Under these assumptions we obtain the following limit of the
empirical measures µN,t =

1
N

∑N
i=1 δXN

i,t
:
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Theorem 5.6.1. There exists (µncJ
p̂,q̂,t)t≥0 ∈ C([0,∞),M1([1,∞))) such that µncJ

p̂,q̂,0 = µ and(
µN,2t/β

)
t≥0

N→∞−−−→
(
µncJ
p̂,q̂,t

)
t≥0

in C([0,∞),M1([1,∞))) a.s.

For all n ∈ N, the moments mn(t) =
∫
xn dµncJ

p̂,q̂,t(x) satisfy

d

dt
mn(t)

=n

[
(p̂+ q̂ − 2)mn(t)− (p̂− 1)mn−1(t) +

n∑
k=0

mk(t)mn−k(t)−
n−1∑
k=0

mk(t)mn−1−k(t)

]
.

(5.6.1)

If p̂+ q̂ < 0 then it holds limt→∞ µncJ
p̂,q̂,t = f(µW,1−p̂−q̂,q̂) where f(x) = x−1, and where µW,·,·

denotes the Wachter distribution as in De�nition 5.4.1. If additionally µ = f(µW,1−p̂−q̂,q̂),
then t 7→ µncJ

p̂,q̂,t is constant.

Proof. The claim concerning the convergence of empirical measures and the validity of
the ODEs (5.6.1) follows from Theorem 4.2.2. For the rest of the proof assume p̂+ q̂ < 0.
Let (αN)N∈N, (βN)N∈N ⊂ (−1,∞) such that a := limN→∞ αN/N and b := limN→∞ βN/N
exist. Let (x1,N , . . . , xN,N) be the vector of ordered zeros of the Jacobi polynomial PαN ,βN

N .
Then, by [37] Corollary 2.3, we have

1

N

N∑
i=1

δxi,N

N→∞−−−→ µa,b weakly ,

where µa,b has density

2 + a+ b

2π

√
(x+ − x)(x− x−)

1− x2
1(x−,x+)(x) , x± =

b2 − a2 ± 4
√

(a+ 1)(b+ 1)(a+ b+ 1)

(2 + a+ b)2
.

Let g(x) := (1 + x)/2, then a short computation shows g(µa,b) = µW,b+1,a+1. Pick q̃N >
N − 1 and p̃N < −q̃N such that limN→∞ p̃N/N = p̂ and limN→∞ q̃N/N = q̂. Then,
combining the above facts with Lemma 3.6.2, we know that the empirical measures of
stationary frozen non-compact Jacobi processes with parameters p̃N , q̃N converge to the
image measure of µW,1−p̂−q̂,q̂ under x 7→ x−1 for all t ≥ 0. This shows t 7→ µncJ

p̂,q̂,t is constant
if µncJ

p̂,q̂,0 = f(µW,1−p̂−q̂,q̂). Now, for general µncJ
p̂,q̂,0, we can inductively show, using 5.6.1,

that limt→∞mn(t) exists and does not depend on mn(0). Hence, this limit must coincide
with the n-th moment of the constant solution f(µW,1−p̂−q̂,q̂). As the latter measure
is compactly supported and thus determined by its moments, we have limt→∞ µncJ

p̂,q̂,t =
f(µW,1−p̂−q̂,q̂) by the moment convergence theorem.

In contrast to the Hua-Pickrell case, we cannot easily describe the limit measure
(µncJ

p̂,q̂,t)t≥0 appearing in the theorem above by the distribution of the solution of some free
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stochastic di�erential equation. E.g. if (ct)t≥0 is a circular Brownian motion, a solution
to

dyt =
√
yt − 1 dct

√
yt +

√
yt dc

∗
t

√
yt − 1+ [−p1+ (p+ q)yt] dt

would give the right moments. However, as x 7→
√
x− 1 is not Lipschitz in 1, we cannot

use known results about existence of solutions as e.g. Proposition A.1 in [25]. Never-
theless, we have other ways of describing (µncJ

p̂,q̂,t)t≥0 for the special cases p̂ = 1 or q̂ = 1.
In particular, the intersection of these special cases, i.e. the case p̂ = q̂ = 1, permits an
explicit description via free convolutions, see Corollary 5.6.5 below.
We start with the case p̂ = 1 which corresponds to the free version of Theorem 3.6.9:

Theorem 5.6.2. Let (ht)t≥0 be a free positive mulitplicative Brownian motion. Let P be
a projection which is free from {ht, h−1

t : t ≥ 0} and satis�es α := τ(P ) ∈ (0, 1/2]. Set
τ̂(·) := 1

τ(P )
τ(·). Then the distribution of PhtPh

−1
t P , t ≥ 0, viewed in the compressed

space (PAP, τ̂), equals µncJ
1,1/α−1,αt where µncJ

1,1/α−1,· is the limit of empirical measures of

non-compact Jacobi processes as in Theorem 5.6.1 with µncJ
1,1/α−1,0 = µPh0Ph−1

0 P .

Proof. Set jt := PhtPh
−1
t P , t ≥ 0. By Proposition 5.3.2 and the free Itô product rule

2.5.10, we have for some semi-circular Brownian motion (xt)t≥0:

djt = Ph
1/2
t dxt h

1/2
t Ph−1

t P − PhtPh
−1/2
t dxt h

−1/2
t P + [jt − τ(P )P ]dt .

By the traced Itô formula 2.5.11 we get

d

dt
τ(jnt ) =n

[
τ(jnt )− τ(P )τ(Pjn−1

t )

+
1

2

n−2∑
k=0

(τ ⊗ τ op)
((
h
1/2
t Ph−1

t P ⊗ Ph
1/2
t − h

−1/2
t P ⊗ PhtPh

−1/2
t

)
·
(
jkt ⊗ jn−2−k

t

)
·
(
Ph

1/2
t ⊗ h

1/2
t Ph−1

t P − PhtPh
−1/2
t ⊗ h

−1/2
t P

))]

=n

[
τ(jnt )− τ(P )τ(Pjn−1

t )

+
1

2

n−2∑
k=0

(
2τ(Pjk+1

t )τ(Pjn−1−k
t )− τ(Pjk+1

t )τ(Pjn−2−k
t )− τ(Pjkt )τ(Pj

n−1−k
t )

) ]

=n

[
(1− 2τ(P ))τ(jnt ) +

n∑
k=0

τ(Pjkt )τ(Pj
n−k
t )−

n−1∑
k=0

τ(Pjkt )τ(Pj
n−1−k
t )

]
.

Set mn(t) := τ̂(jnt ) and m0(t) := 1. Then mn(t) is the n-th moment of the distribution of
jt viewed as an element of (PAP, τ̂), Moreover, we have:

d

dt
mn(t) =n

[
(1− 2α)mn(t) + α

n∑
k=0

mk(t)mn−k(t)− α
n−1∑
k=0

mk(t)mn−1−k(t)

]
. (5.6.2)
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On the other hand, let m̃n(t) be the n-th moment of µncJ
1,1/α−1,αt, then by (5.6.1) we know

that also (m̃n)n∈N solves the ODEs (5.6.2). As by assumption mn(0) = m̃n(0), we hence
have mn(t) = m̃n(t) for all t ≥ 0. As all appearing measures are determined by their
moments, the proof is �nished.

We readily get the analogue of [54] Section 2.2 Corollary 1:

Corollary 5.6.3. Let k ∈ N, k ≥ 2. On the same W ∗-probability space let (hi,t)t≥0, i ∈
{1, . . . , k}, be free positive multiplicative Brownian motions such that µh1,0 = · · · = µhk,0

and such that the families {h1,t, h−1
1,t : t ≥ 0}, . . . , {hk,t, h−1

k,t : t ≥ 0} are freely independent.
Then the distribution of

jt :=

(
1

k

k∑
i=1

hi(t)

)
·

(
1

k

k∑
j=1

h−1
j (t)

)
.

equals µncJ
1,k−1,t/k where µncJ

1,k−1,· is the limit of empirical measures of non-compact Jacobi

processes as in Theorem 5.6.1 with µncJ
1,k−1,0 = µj0.

Proof. Let P and (ht)t≥0 be as in Theorem 5.6.2 in the case τ(P ) = 1/k. Then, by Propo-
sition 2.4.14, the joint distribution (see Section 2.4.3 for this notion) of PhtP, Ph−1

t P ,
viewed as elements of (PAP, kτ(·)), and the joint distribution of 1

k

∑k
i=1 hi,

1
k

∑k
j=1 h

−1
j

agree. Thus also the distributions of PhtPPh−1
t P = PhtPh

−1
t P and 1

k

∑k
i=1 hi

1
k

∑k
j=1 h

−1
j

agree. The claim follows from Theorem 5.6.2.

Now, we turn to the case q̂ = 1. Here a close connection to the limit of empirical
measures of Hua-Pickrell di�usions which we discussed in the previous section holds:

Theorem 5.6.4. Let µHP
ŝ,t be the distribution of the limit of empirical measures of Hua-

Pickrell di�usions as in Theorem 5.5.5 with the additional constraint that µHP
ŝ,0 is even

and ŝ ∈ R. Let f(x) = 1 + x2. Let (µncJ
−2ŝ−1,1)t≥0 be the limit of empirical measures of

non-compact Jacobi processes as in Theorem 5.6.1 in the case µncJ
−2ŝ−1,1,0 = f(µHP

ŝ,0 ). Then
it holds f(µHP

ŝ,t ) = µncJ
−2ŝ−1,1,2t for all t ≥ 0.

Proof. Let mn(t) be the n-th moment of µHP
ŝ,t . By (5.5.3) it satis�es the ODE

d

dt
mn(t) = n

[
−2(ŝ+ 1)mn(t) +

n∑
k=0

mk(t)mn−k(t) +
n−2∑
k=0

mk(t)mn−2−k(t)

]
.

Since µHP
ŝ,0 is even, we can deduce by induction that m2n−1(t) ≡ 0 for all n ∈ N, i.e. µHP

ŝ,t

is even, t ≥ 0. Now, set m̃n(t) := m2n(t). Note that (m̃n(t))n∈N are the moments of the
image measure of µHP

ŝ,t under x 7→ x2. Further, we have

d

dt
m̃n(t) =2n

[
−2(ŝ+ 1)m̃n(t) +

n∑
k=0

m̃k(t)m̃n−k(t) +
n−1∑
k=0

m̃k(t)m̃n−1−k(t)

]
.
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On the other hand, we can derive the moment ODEs for the measure µncJ
p̂,q̂,t ∗ δ−1 as follows

(here ∗ denotes the usual convolution of real probability measures): Let XN
t be as in the

beginning of this section and consider
(
Y N
t := (XN

1,t − 1, . . . , XN
N,t − 1)

)
t≥0

, N ∈ N. We
can apply Theorem 4.2.2 to this sequence of processes, where the parameters now are
aN2 = aN1 = 1/N , aN0 = 0, bN1 = (pN + qN − 2(N − 1))/N , bN0 = (qN − (N − 1))/N . Letting
N → ∞, we get the following ODEs for the moments m̄n(t) of limN→∞

1
N

∑N
i=1 δY N

i,t
=

µncJ
p̂,q̂,t ∗ δ−1:

d

dt
m̄n(t)

=n

[
(p̂+ q̂ − 2)m̄n(t) + (q̂ − 1)m̄n−1(t) +

n∑
k=0

m̄k(t)m̄n−k(t) +
n−1∑
k=0

m̄k(t)m̄n−1−k(t)

]
.

Choosing p̂ = −2ŝ − 1 and q̂ = 1, we see that m̃n(t) = m̄n(2t) for all n ∈ N and t ≥ 0
since f(µHP

ŝ,0 ) = µncJ
−2ŝ−1,1,0 by assumption. As µncJ

−2ŝ−1,1,2t is uniquely characterized by its
moments, the proof is �nished.

Note that, by the previous theorem, whenever µncJ
p̂,1,0 is compactly supported, the mea-

sures (µncJ
p̂,1,t)t≥0 in Theorem 5.6.1 are equal to the distribution of the free Itô process

(1 + y2t/2)t≥0, where (yt)t≥0 is as in Theorem 5.5.6 for a = −p̂/2, b = 0, and even µy0 .
Moreover, at the intersection of the special cases p̂ = 1, q̂ = 1, we can describe µncJ

p̂,q̂,t using
the image measure of the distribution of a free positive multiplicative Brownian motion
under a suitable map; compare the p̂ = q̂ = 1 case in Theorem 5.4.3.

Corollary 5.6.5. Let νt be the distribution of a free positive multiplicative Brownian
motion with start in 1 at time t. Let f(x) = (2 + x + x−1)/4. Let ν ∈ M1((0,∞)) be
invariant under the map x 7→ x−1 and determined by its moments. Let (µncJ

1,1,t)t≥0 be the
limit of empirical measures of non-compact Jacobi processes as in Theorem 5.6.1 with
f(ν) = µncJ

1,1,0. Then

µncJ
1,1,t = f(ν ⊠ ν4t) = f

(
ν ⊠ exp

(
µsc,4

√
t ⊞ Unif [−2t,2t]

))
for all t ≥ 0 .

Proof. This is a direct consequence of Theorem 5.5.7 and Theorem 5.6.4 since

(x 7→ 1 + x2) ◦ (x 7→ (x1/2 − x−1/2)/2) = f .

Remark 5.6.6. In the case ν = δ1 the corollary can also directly be deduced from
Theorem 4.2 in [12] using the change of measure under x 7→ 1

2
(1 + cosh(x)).
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5.7 Global limits of β-Pearson di�usions for higher or-

der space-time scalings

So far, we have studied empirical measures of a sequence of β-Pearson di�usions ((XN
t )t≥0)N∈N

for large dimension N in the `natural scaling', i.e. the case that β ≥ 1 is �xed, that time t
is linearly rescaled by 1/N , and that parameters bN1 , b

N
0 asymptotically grow linearly in N .

We have seen that, in this way, each of the six subclasses of β-Pearson di�usions gives rise
to some limit measure in C([0,∞),M1(R)), possibly depending on up to two parameters.
In this Section, we study a slightly more general situation as before: We continue to �x
β ≥ 1 but instead of XN

t itself we are now considering the process

t 7→ Y N
t :=

(
γN(X

N
1,t/τN

− δN), . . . , γN(XN,t/τN − δN)
)

(5.7.1)

for some γN > 0, δN ∈ R, τN > 0. In other words, we allow for a global a�ne linear
transformation of our coordinate system and an arbitrary linear rescaling of time for each
N . Note that we previously studied the case γN ≡ 1, δN ≡ 0 and τN = N . In particular,
these changes now enable us to investigate the global behavior of β-Pearson di�usions
for smaller time scales, i.e. for 1/τN ∈ O(N−1), by `zooming in' on the state space side,
i.e. choosing suitable γN ↑N→∞ ∞. Without this spatial `zoom' we would simply end up
loosing dependence of the limit measure on the time variable t. We will see that the limits
(µt)t≥0 ∈ C([0,∞),M1(R)) we obtain this way are again instances of the limits covered
in Sections 5.1-5.6, i.e. one has some form of stability of this class of limits.
As before, the existence of large N limits of empirical measures of Y N

t will follow from
Theorem 4.2.2. To apply this theorem, we need to know how the parameters of the β-
Pearson di�usion (XN

t )t≥0 change when going over to the process (Y N
t )t≥0. So let (XN

t )t≥0

be a non-colliding β-Pearson di�usion with parameters aN2 , a
N
1 , a

N
0 , b

N
1 , b

N
0 . Then one can

easily check that (Y N
t )t≥0 is a non-colliding β-Pearson di�usion with parameters

ãN2 =
aN2
τN

, ãN1 =
γN
τN

(2δNa
N
2 + aN1 ) , ãN0 =

γ2N
τN

(δ2Na
N
2 + δNa

N
1 + aN0 ) ,

b̃N1 =
bN1
τN

, b̃N0 =
γN
τN

(δNb
N
1 + bN0 ) .

(5.7.2)

Below we will state the the main parameter choices such that the empirical measures

µN
t :=

1

N

N∑
i=1

δY N
i,t
, t ≥ 0 ,

do almost surely have a non-trivial deterministic limit (µt)≥0 in (C([0,∞)),M1(R)) for
the cases that the processes (XN

t )t≥0, N ∈ N, are either Jacobi or non-compact Jacobi
processes. However, we point out that one can also obtain non-trivial limits for higher
order scalings of all other non-colliding Pearson di�usions with the exception of the (OU)
Dyson Brownian motions.
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In the statements below, we will restrict ourselves to the main parameter choices such that
non-degenerate limits exist. We do not claim to cover all possible such choices, however.
E.g., whenever we have a limit point (µt)t≥0, one can easily adjust γN , δN to also get the
limit point (f(µt))t≥0 whenever f is an a�ne linear function.

5.7.1 Jacobi processes

For the subclass of Jacobi processes we get another two non-trivial limit points except
the one considered in Theorem 5.4.3. Throughout this section let (XN

t )t≥0, N ∈ N, be
Jacobi processes on CBC

N with parameters pN , qN ≥ N − 1 and which are rescaled in time
by 2/β, i.e. these processes satisfy

dXN
i,t =

√
4

β
XN

i,t(1−XN
i,t)dBi,t +

[
pN − (pN + qN)X

N
i,t +

∑
j : j ̸=i

XN
i,t +XN

j,t − 2XN
i,tX

N
j,t

XN
i,t −XN

j,t

]
dt ,

(5.7.3)
i ∈ {1, . . . , N}, XN

0 = x̂N0 ∈ CBC
N . Note that formally we allow for β = ∞ in this SDE

by using the convention 1/∞ = 0. In this latter case, we consider non-random frozen
Jacobi processes as in (3.5.2). Further, note that in the case β < ∞ each (XN

t )t≥0 is a
non-colliding β-Pearson di�usion with parameters

aN2 = − 2

β
, aN1 =

2

β
, aN0 = 0, bN1 = − 2

β
(pN + qN − 2(N − 1)) , bN0 =

2

β
(pN − (N − 1)) .

In either case, set µN
t := 1

N

∑N
i=1 δY N

i,t
where (Y N

t )t≥0 is as in (5.7.1) for some γN , τN > 0,
δN ∈ R. The transformed parameters in (5.7.2) here take the form

ãN2 = − 2

β

1

τN
, ãN1 =

2

β

γN
τN

(1− 2δN), ã
N
0 =

2

β

γ2N
τN
δN(1− δN)

b̃N1 = − 2

β

1

τN
(pN + qN − 2(N − 1)), b̃N0 =

2

β

γN
τN

((1− δN)pN − δNqN + (2δN − 1)(N − 1)) .

(5.7.4)
In the following, we will consider three limit regimes for the parameters pN , qN , γN , δN , τN
such that non-degenerate limits of (µN

t )t≥0 exists. The following results have previously
been published in [13] where instead of (XN

t )t≥0 the process ((2XN
1,t−1, . . . , 2XN

N,t−1))t≥0

is considered.

5.7.1.1 Marchenko-Pastur limit

Here we consider the following parameter asymptotics:

� Choose τN > 0 such that limN→∞N/τN = 0.

� Choose γN > 0 such that limN→∞NγN/τN = 1.
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� Choose pN , qN ≥ N − 1 such that the limits limN→∞ pN/N =: p̂ ∈ [1,∞) and
limN→∞ qN/τN =: λ ∈ [0,∞) exist.

� Choose δN ∈ R such that limN→∞ δNγN = 0.

Choose starting vectors x̂N0 ∈ CBC
N such that the limit 1

N

∑N
i=1 δγN (x̂N

i,0−δN )
N→∞−−−→ µ ∈

M1([0,∞)) exists where the convergence is in moments and the moments of µ satisfy the
bounds (4.2.5). Under these conditions we have:

Corollary 5.7.1. If λ = 0 then(
µN
t

)
t≥0

N→∞−−−→
((√

µeven ⊞ µSC,2
√
t

)2
⊞ µMP,p̂−1,t

)
t≥0

in C([0,∞),M1(R)) a.s.
If λ > 0 then

(
µN
t

)
t≥0

N→∞−−−→
((

De−λt/2(
√
µeven)⊞ µ

SC,2
√

(1−e−λt)/λ

)2
⊞ µMP,p̂−1,(1−e−λt)/λ

)
t≥0

in C([0,∞),M1(R)) a.s.

Proof. In the chosen scaling we have the limits

lim
N→∞

NãN2 = 0, lim
N→∞

NãN1 =
2

β
, lim
N→∞

NãN0 = 0, lim
N→∞

b̃N1 = − 2

β
λ, lim

N→∞
b̃N0 =

2

β
(p̂− 1) .

By Theorem 4.2.2, we thus know that one has a limit point (µt)t≥0 in C([0,∞),M1(R)).
Moreover, µt is determined by its moments (mn(t))n∈N which satisfy

d

dt
mn(t) =n

[
−λmn(t) + (p̂− 1)mn−1(t) +

n−1∑
k=0

mk(t)mn−1−k(t)

]
.

A comparison with Theorem 5.2.1 shows the claim.

5.7.1.2 Semicircle limit

We consider two parameter choices such that we get semicircle-type limits as in Theorem
5.1.1:
Parameter asymptotic (I):

� Choose τN > 0 such that limN→∞N/τN = 0.

� Choose δn ∈ (0, 1) such that the limit limN→∞ δN =: δ̂ ∈ (0, 1) exists.

� Choose γN > 0 such that limN→∞ γ2NN/τN = 1

2δ̂(1−δ̂)
.
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� Choose pN , qN ≥ N − 1 such that limN→∞
pN+qN√

NτN
= 0.

Parameter asymptotic (II):

� Choose τN > 0 such that limN→∞N/τN = 0.

� Choose pN , qN ≥ N − 1 such that the limit limN→∞(pN + qN)/τN =: λ ∈ [0,∞)
exists and one of the two conditions limN→∞N/min(pN , qN) = 0 or λ = 0 hold.

� Set δN := pN/(pN + qN) ∈ (0, 1).

� Choose γN > 0 such that

lim
N→∞

Nγ2N
τN

pNqN
(pN + qN)2

=
1

2
.

In either case (I) or (II), choose starting vectors x̂N0 ∈ CBC
N such that the limit

1

N

N∑
i=1

δγN (x̂N
i,0−δN )

N→∞−−−→ µ ∈M1(R)

exists where the convergence is in moments and the moments of µ satisfy the bounds
(4.2.5).

Corollary 5.7.2. Under the conditions (I) or the conditions (II) in the case λ = 0 we
have (

µN
t

)
t≥0

N→∞−−−→
(
µ⊞ µsc,2

√
t

)
t≥0

in C([0,∞),M1(R)) a.s.
Under the conditions (II) in the case λ > 0 we have(

µN
t

)
t≥0

N→∞−−−→
(
De−λt(µ)⊞ µ

sc,
√

2(1−e−2λt)/λ

)
t≥0

in C([0,∞),M1(R)) a.s.

Proof. For the scaling (I) set λ := 0. Then, in both choices of scaling (I) and (II), we
have

lim
N→∞

NãN2 = 0 , lim
N→∞

NãN1 = 0 , lim
N→∞

NãN0 =
1

β
, lim

N→∞
b̃N1 = − 2

β
λ , lim

N→∞
b̃N0 = 0 .

In scaling (II), we here used that by assumption we have

lim
N→∞

(pN + qN)/τN = 0 or lim
N→∞

N/min(pN , qN) = 0
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which implies limN→∞NγN/τN = 0: This follows from

1

2
= lim

N→∞

(
NγN
τN

)2
τN
N

pNqN
(pN + qN)2

and
τN
N

pNqN
(pN + qN)2

=
τN

pN + qN

min(pN , qN)

N

1

1 + min(pN ,qN )
max(pN ,qN )

N→∞−−−→ ∞ .

By Theorem 4.2.2, we thus know that one has a limit point (µt)t≥0 in C([0,∞),M1(R)).
Moreover, µt is determined by its moments (mn(t))n∈N which satisfy

d

dt
mn(t) =n

[
−λmn(t) +

1

2

n−2∑
k=0

mk(t)mn−2−k(t)

]
.

A comparison with Theorem 5.1.1 shows the claim.

5.7.2 Non-compact Jacobi processes

For the subclass of non-compact Jacobi processes we get another three non-trivial limit
points except the one considered in Theorem 5.6.1. Throughout this section let (XN

t )t≥0,
N ∈ N, be non-compact Jacobi processes on CBC∗

N with parameters pN ∈ R, qN > N − 1
and which are rescaled in time by 2/β, i.e. these processes satisfy

dXN
i,t =

√
4

β
XN

i,t(X
N
i,t − 1)dBi,t+

[
−pN + (pN + qN)X

N
i,t +

∑
j : j ̸=i

2XN
i,tX

N
j,t −XN

i,t −XN
j,t

Xi,t −Xj,t

]
dt ,

(5.7.5)
i ∈ {1, . . . , N}, XN

0 = x̂N0 ∈ CBC∗
N . Note that formally we allow for β = ∞ in this SDE

by using the convention 1/∞ = 0. In this latter case, we consider non-random frozen
non-compact Jacobi processes as in (3.6.2). In either case, set µN

t := 1
N

∑N
i=1 δY N

i,t
where

(Y N
t )t≥0 is as in (5.7.1) for some γN , τN > 0, δN ∈ R. Since the drift part in (5.7.5) is just

the negative of the drift part in (5.7.3), by (5.7.4) the transformed parameters in (5.7.2)
here take the form

ãN2 =
2

β

1

τN
, ãN1 = − 2

β

γN
τN

(1− 2δN), ã
N
0 = − 2

β

γ2N
τN
δN(1− δN)

b̃N1 =
2

β

1

τN
(pN + qN − 2(N − 1)), b̃N0 = − 2

β

γN
τN

((1− δN)pN − δNqN + (2δN − 1)(N − 1)) .

In the following, we will consider di�erent limit regimes for the parameters pN , qN , γN , δN , τN
such that non-degenerate limits of (µN

t )t≥0 exist. In the case that the (XN
t )t≥0 are frozen

non-compact Jacobi processes, some of the following results have previously been pub-
lished in [13] Section 5 where instead of (XN

t )t≥0 the process (2XN
1,t − 1, . . . , 2XN

N,t − 1),
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t ≥ 0, is considered. However, therein the restriction pN > N − 1 was imposed which
by Theorem 3.6.1 can be weakened. Moreover, apart from the semicircle and Marchenko-
Pastur-type limits proven in [13], there is another limit regime which has not been con-
sidered before. We start with this latter limit point:

5.7.2.1 Free positive multiplicative Brownian motion limit

We consider the following parametrization:

� Choose τN > 0 such that limN→∞N/τN = 2.

� Choose γN > 0 with limN→∞ γN = 0.

� Choose pN ∈ R, qN > N−1 such that the limits limN→∞ pN/N = p̂, limN→∞ qN/N =
q̂ exist.

� Choose δN ∈ R such that limN→∞ γNδN = 0.

Choose starting vectors x̂N0 ∈ CBC∗
N such that the limit

1

N

N∑
i=1

δγN (x̂N
i,0−δN )

N→∞−−−→ µ ∈M1([0,∞))

exists where the convergence is in moments and the moments of µ satisfy the bounds
(4.2.5). Under these conditions, we obtain the following result, which is expected in view
of Theorem 3.6.11 and Theorem 5.3.4:

Corollary 5.7.3. It holds(
µN
t

)
t≥0

N→∞−−−→ (De(p̂+q̂−1)t/2 (µ⊠ νt))t≥0

=
(
De(p̂+q̂−1)t/2

(
µ⊠ exp

(
µsc,2

√
t ⊞ Unif [−t/2,t/2]

)))
t≥0

in C([0,∞),M1(R)) a.s. where νt is the distribution of the free positive multiplicative
Brownian motion with start in 1 at time t (see Section 5.3 for this notion).

Proof. In the chosen scaling we have the limits

lim
N→∞

NãN2 =
1

β
, lim
N→∞

NãN1 = 0, lim
N→∞

NãN0 = 0, lim
N→∞

b̃N1 =
1

β
(p̂+ q̂ − 2), lim

N→∞
b̃N0 = 0 .

By Theorem 4.2.2, we thus know that one has a limit point (µt)t≥0 in C([0,∞),M1(R)).
Moreover, µt is determined by its moments (mn(t))n∈N which satisfy

d

dt
mn(t) =n

[
1

2
(p̂+ q̂ − 2)mn(t) +

1

2

n∑
k=0

mk(t)mn−k(t)

]
.

The claim follows from Theorem 5.3.4.
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5.7.2.2 Marchenko-Pastur limit

In comparison to the previous scaling we now consider shorter time scales and a spatial
`zoom in':

� Choose τN , γN , δN > 0 such that

lim
N→∞

N/τN = 0 , lim
N→∞

γNN/τN = 1 and lim
N→∞

(δN − 1)γN = 0 .

� Choose qN > N − 1 and pN ∈ R such that the following two limits exist:

lim
N→∞

qN/N = q̂ and lim
N→∞

pN/τN = λ .

Choose starting vectors x̂N0 ∈ CBC∗
N such that the limit 1

N

∑N
i=1 δγN (x̂N

i,0−δN )
N→∞−−−→ µ ∈

M1([0,∞)) exists where the convergence is in moments and the moments of µ satisfy the
bounds (4.2.5). Under these conditions we have:

Corollary 5.7.4. If λ = 0 then(
µN
t

)
t≥0

N→∞−−−→
((√

µeven ⊞ µsc,2
√
t

)2
⊞ µMP,q̂−1,t

)
t≥0

in C([0,∞),M1(R)) a.s.
If λ ̸= 0 then

(
µN
t

)
t≥0

N→∞−−−→
((

Deλt/2

(√
µeven

)
⊞ µ

sc,2
√

(eλt−1)/λ

)2
⊞ µMP,q̂−1,(eλt−1)/λ

)
t≥0

in C([0,∞),M1(R)) a.s.

Proof. In the chosen scaling we have the limits

lim
N→∞

NãN2 = 0, lim
N→∞

NãN1 =
2

β
, lim
N→∞

NãN0 = 0, lim
N→∞

b̃N1 =
2

β
λ, lim

N→∞
b̃N0 =

2

β
(q̂ − 1) .

By Theorem 4.2.2, we thus know that one has a limit point (µt)t≥0 in C([0,∞),M1(R)).
Moreover, µt is determined by its moments (mn(t))n∈N which satisfy

d

dt
mn(t) =n

[
λmn(t) + (q̂ − 1)mn−1(t) +

n−1∑
k=0

mk(t)mn−1−k(t)

]
.

A comparison with Theorem 5.2.1 shows the claim.
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5.7.2.3 Semicircle limit

There are many parameter choices such that we get a semicircle-type limit as in Theorem
5.1.1. We here exemplarily state two di�erent conditions under which these limits appear,
which are analogous to the scaling considered in Corollary 5.7.2:
Parameter asymptotic (I):

� Choose τN > 0 such that limN→∞N/τN = 0.

� Choose δN > 1 such that the limit limN→∞ δN =: δ̂ ∈ (1,∞) exists.

� Choose γN > 0 such that limN→∞ γ2NN/τN = 1

2δ̂(δ̂−1)
.

� Choose pN ∈ R, qN > N − 1 such that limN→∞ γNpN/τN = limN→∞ γNqN/τN = 0.

Parameter asymptotic (II):

� Choose τN > 0 such that limN→∞N/τN = 0.

� Choose qN > N − 1 and pN < −qN such that the limit limN→∞(pN + qN)/τN =:
−λ ∈ (−∞, 0] exists and one of the two conditions limN→∞N/qN = 0 or λ = 0
hold.

� Set δN := pN/(pN + qN) ∈ (1,∞).

� Choose γN > 0 such that limN→∞
Nγ2

N

τN

−pN qN
(pN+qN )2

= 1
2
.

In either case (I) or (II), choose starting vectors x̂N0 ∈ CBC∗
N such that the limit

1

N

N∑
i=1

δγN (x̂N
i,0−δN )

N→∞−−−→ µ ∈M1(R)

exists where the convergence is in moments and the moments of µ satisfy the bounds
(4.2.5).

Corollary 5.7.5. Under the conditions (I) or the conditions (II) in the case λ = 0 we
have (

µN
t

)
t≥0

N→∞−−−→
(
µ⊞ µsc,2

√
t

)
t≥0

in C([0,∞),M1(R)) a.s.
Under the conditions (II) in the case λ > 0 we have(

µN
t

)
t≥0

N→∞−−−→
(
De−λt(µ)⊞ µ

sc,
√

2(1−e−2λt)/λ

)
t≥0

in C([0,∞),M1(R)) a.s.
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Proof. For the scaling (I) set λ := 0. Then in both choices of scaling (I) and (II) we have

lim
N→∞

NãN2 = 0 , lim
N→∞

NãN1 = 0 , lim
N→∞

NãN0 =
1

β
, lim

N→∞
b̃N1 = − 2

β
λ , lim

N→∞
b̃N0 = 0 .

In scaling (II) we here used that by assumption we have

lim
N→∞

(pN + qN)/τN = 0 or lim
N→∞

N/qN = 0

which implies limN→∞NγN/τN = 0: This follows from

1

2
= lim

N→∞

(
NγN
τN

)2
τN
N

−pNqN
(pN + qN)2

and
τN
N

−pNqN
(pN + qN)2

=
τN

−(pN + qN)

qN
N

1

1− qN
−pN

N→∞−−−→ ∞ .

In particular, we thus have in scaling (II):

(NãN1 )
2 =

(
2

β

NγN
τN

pN − qN
pN + qN

)2

=
4

β2

(
N2γ2N
τ 2N

− 4
N

τN

Nγ2N
τN

pNqN
(pN + qN)2

)
N→∞−−−→ 0

and
b̃N0 = − 2

β

γN
τN

pN − qN
pN + qN

(N − 1) = −N − 1

N
NãN1

N→∞−−−→ 0 .

By Theorem 4.2.2, we thus know that one has a limit point (µt)t≥0 in C([0,∞),M1(R)).
Moreover, µt is determined by its moments (mn(t))n∈N which satisfy

d

dt
mn(t) =n

[
−λmn(t) +

1

2

n−2∑
k=0

mk(t)mn−2−k(t)

]
.

A comparison with Theorem 5.1.1 shows the claim.
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Chapter 6

The free additive sum of uniform and

semicircle distributions

In this last chapter, we provide a new proof of a formula relating the uniform distribution
on an interval, the semicircle distribution and the spectral distribution of the free positive
multiplicative Brownian motion considered in Section 5.3. Concretely, we will prove the
following:

Theorem 6.0.1. Let t > 0. Let νt be the spectral distribution of the free positive multi-
plicative Brownian motion with start in 1 at time t. Then

νt = exp
(
µsc,2

√
t ⊞ Unif [−t/2,t/2]

)
. (6.0.1)

Note that we previously used this formula to describe limits of empirical measures of
non-colliding β-Pearson di�usions in Theorem 5.3.4, Theorem 5.5.7, Corollary 5.6.5 and
Corollary 5.7.3. Theorem 6.0.1 has been shown by the present author and Michael Voit
in [12] by relating the eigenvalues of matrices of hermitian Brownian motions with certain
drifts to the logarithms of eigenvalues of the Brownian motion on positive de�nite matri-
ces. As the corresponding empirical spectral distributions approximate the respective left
and right hand sides of (6.0.1), the authors obtained the formula above. We will give an-
other proof of this formula which does not rely on matrix approximations but on relating
the moments of the appearing distributions. As a by-product we get explicit formulas for
the moments of µsc,a ⊞ Unif [b,c], a > 0, b < c, and the integrals

∫
(0,∞)

xα dνt for all α ∈ C.
To state these results we need to introduce some notation:

De�nition 6.0.2. For z ∈ C and n ∈ N0 we denote by z(n) the n-th rising factorial of z,
i.e. z(n) =

∏n−1
i=0 (z + i), where an empty product is interpreted as 1. In the literature z(n)

is also known as Pochhammer symbol, which in certain contexts is also denoted by (z)n.
We will not adopt the latter notation.
Let n ∈ N0. We call the coe�cients s(n, k) in z 7→ z(n) =

∑n
k=0(−1)n−ks(n, k)zk (signed)

Stirling numbers of the �rst kind. For k ∈ Z \ {1, . . . , n} we use the common extension
s(n, k) := 0. For a broader introduction to these numbers including their combinatorial
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interpretation see e.g. [53] Section 6.1.
We will denote the generalized hypergeometric functions by

AFB(a1, . . . , aA; b1, . . . , bB;x) :=
∞∑
j=0

a
(j)
1 . . . a

(j)
A

b
(j)
1 . . . b

(j)
B

xj

j!
,

where A,B ∈ N0 and ai, bj ∈ C, i ∈ {1, . . . , A}, j ∈ {1, . . . , B}.
Let f(z) =

∑∞
n=0 anz

n be a power series. We will denote the n-th coe�cient by [zn]f(z) :=
an and call [zn] coe�cient extractor.

Throughout this section, we will denote the distribution of the free positive multi-
plicative Brownian motion at time t with start in 1 by νt. It turns out that showing the
equality of the moments of the respective sides in (6.0.1) is slightly more complicated than
showing the equality of moments for the equivalent identity

exp
(
µsc,2

√
t ⊞ Unif [−t,0]

)
= De−t/2(νt) . (6.0.2)

This at �st glance might seem a bit surprising as in contrast to (6.0.1) the measure which
gets exponentiated is not even anymore. However, the moments of De−t/2(νt) are simply
polynomials in t and thus easier to handle (cf. [19] Proposition 5):∫

(0,∞)

xn d (De−t/2(νt)) (x) =
1

n
L
(1)
n−1(−nt) =

1

n

n−1∑
j=0

(
n

1 + j

)
(nt)j

j!
. (6.0.3)

Here L(1)
n−1 denotes the n− 1-th Laguerre Polynomial with parameter 1, see [99] Chapter

V for an introduction. For the remainder of this section we �x the notation

mn(t) :=

∫
R
xn d

(
µsc,2

√
t ⊞ Unif [−t,0]

)
(x) , n ∈ N0, t > 0 .

The main step toward showing Theorem 6.0.1 is the following explicit moment formula:

Theorem 6.0.3. For all n ∈ N0, t > 0 it holds:

mn(t) = n!
n∑

j=⌈n/2⌉

tj

j!(1 + j)!
s(1 + j, n+ 1− j) .

Remark 6.0.4. Using this theorem we can calculate the moments of general free additive
convolutions of semicircle and uniform distributions as follows: Let a > 0 and b, c ∈ R
with b < c. Then

µsc,2
√
a ⊞ Unif [b,c] = µsc,2

√
a ⊞ Unif [b−c,0] ⊞δc ,

where we used that classical additive and free additive convolutions with Dirac measures
coincide. For γ ∈ R let Dγ : R → R, x 7→ γx be the scaling map with factor γ. Then the
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image measure of a free additive convolution under Dγ linearizes as in the classical case:
Dγ(µ⊞ ν) = Dγ(µ)⊞Dγ(ν), µ, ν ∈M1(R). Thus

µsc,2
√
a ⊞ Unif [b,c] =µsc,2

√
a ⊞ Unif [b−c,0] ⊞δc

=Da/(c−b)(µsc,2
√

(c−b)2/a
)⊞Da/(c−b)(Unif [−(c−b)2/a,0])⊞ δc

=Da/(c−b)

((
µsc,2

√
t)⊞ Unif [−t,0]

)∣∣
t=(c−b)2/a

)
⊞ δc .

Using the binomial theorem we arrive at∫
R
xn d

(
µsc,2

√
a ⊞ Unif [b,c]

)
(x) = n!

n∑
k=0

cn−k

(n− k)!

k∑
j=⌈k/2⌉

(c− b)2j−kak−j

j!(1 + j)!
s(1 + j, k + 1− j) .

We will show Theorem 6.0.3 with the help of the two following Lemmas. The �rst
Lemma states a time inhomogeneous recursion ODE for the moments mn:

Lemma 6.0.5. mn is a polynomial of degree n with leading coe�cient [tn]mn(t) =
(−1)n/(1 + n), n ∈ N0. Further, it holds for all t > 0:

d

dt
mn(t) = n

(
t−1mn(t)−

1

2

n−2∑
j=0

mj(t)mn−j−2(t)

)
.

Proof. By Theorem 5.1.1, we know that the moments m̃n(t) of

µt := Unif [−1,0] ⊞µsc,2
√
t

satisfy
d

dt
m̃n(t) =

n

2

n−2∑
j=0

m̃j(t)m̃n−j−2(t) .

Induction on n shows that m̃n is a polynomial of degree n − 1. Note that it holds
[t0]m̃n = m̃n(0) = (−1)n/(1 + n). Now, using Dt(µ1/t) = Unif [−t,0] ⊞µsc,2

√
t, we have

mn(t) = tnm̃n(1/t) for t > 0. This shows that mn is a polynomial of degree n with
[tn]mn(t) = (−1)n/(1 + n). Moreover, we have

d

dt
mn(t) =nt

n−1m̃n(1/t)−
n

2
tn−2

n−2∑
j=0

m̃j(1/t)m̃n−2−j(1/t)

=nt−1mn(t)−
n

2

n−2∑
j=0

mj(t)mn−2−j(t) .
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The second Lemma is a combinatorial identity involving a double sum over the product
of two Stirling numbers and three binomial coe�cients, one of which is inverted. We
postpone its technical proof to the end of this chapter.

Lemma 6.0.6. For all l,m ∈ N it holds

2ls(1 +m, 1 + l)

=
m+ 1

l +m− 1

l∑
n=1

m−1∑
k=0

(
l +m− 2

n+ k − 1

)−1(
m

k

)(
m

1 + k

)
s(1 + k, n)s(m− k, l + 1− n) .

(6.0.4)

Proof of Theorem 6.0.3. Set c(n, k) := [tk]mn(t), n ∈ N, k ∈ {0, . . . , n}. Then, by Lemma
6.0.5, we know that for all n ≥ 1 we have c(n, 0) = 0, c(n, n) = (−1)n/(1 + n) =
n! 1

n!(1+n)!
s(1 + n, n+ 1− n) and:

n∑
k=1

kc(n, k)tk−1 = n
n∑

k=1

c(n, k)tk−1 − n

2

n−2∑
j=0

j∑
l=0

c(j, l)tl
n−j−2∑
m=0

c(n− j − 2,m)tm .

We can rearrange this in the following way:

n∑
k=1

(n− k)c(n, k)tk−1 =
n

2

n−2∑
l=0

n−2∑
j=l

n−j−2∑
m=0

tm+lc(j, l)c(n− j − 2,m)

=
n

2

n−1∑
k=1

tk−1

k−1∑
l=0

l+n−1−k∑
j=l

c(j, l)c(n− j − 2, k − 1− l) ,

where we set k := l +m+ 1 and used the equivalence

0 ≤ l ≤ n− 2 ∧ l ≤ j ≤ n− 2 ∧ 1 + l ≤ k ≤ n+ l − 1− j

⇔ 1 ≤ k ≤ n− 2 ∧ 0 ≤ l ≤ k − 1 ∧ l ≤ j ≤ n+ l − 1− k .

Comparison of coe�cients yields

(n− k)c(n, k) =
n

2

k−1∑
l=0

l+n−1−k∑
j=l

c(j, l)c(n− j − 2, k − 1− l)

=
n

2

k−1∑
l=0

n−k∑
j=1

c(j + l − 1, l)c(n− l − j − 1, k − 1− l) .

Now, we show c(n, k) = n! 1
k!(1+k)!

s(1 + k, n + 1 − k), k ∈ {0, . . . , n}, by induction on
n ∈ N0. We already know that this formula holds true for c(n, n) and c(n, 0), n ∈ N.
The induction start at n = 0 holds since c(0, 0) = 1 = s(1, 1) and the induction start
at n = 1 holds by the already proven formulas for c(n, n) and c(n, 0). Suppose n ≥ 2
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and that the induction assertion has been proven for all n′ ∈ {0, . . . , n − 2}. Then for
k ∈ {1, . . . , n− 1}, by induction assumption and Lemma 6.0.6, we have:

c(n, k)

=
1

2

n

n− k

k−1∑
l=0

n−k∑
j=1

c(j + l − 1, l)c(n− l − j − 1, k − 1− l)

=
1

2

n

n− k

k−1∑
l=0

n−k∑
j=1

(j + l − 1)!

l!(1 + l)!
s(1 + l, j)

(n− l − j − 1)!

(k − 1− l)!(k − l)!
s(k − l, n+ 1− j − k)

=
1

2

n

n− k

1

k!k!
(n− 2)!

k−1∑
l=0

n−k∑
j=1

(
n− 2

j + l − 1

)−1(
k

l

)(
k

1 + l

)
s(1 + l, j)s(k − l, n+ 1− j − k)

=
1

2

n

n− k

1

k!k!

(n− 1)!

1 + k
2(n− k)s(1 + k, 1 + n− k) = n!

1

k!(1 + k)!
s(1 + k, n+ 1− k) .

Lastly, it holds c(n, k) = 0 for all k < ⌈n/2⌉ since we have 1+k < n+1−k, which implies
s(1 + k, n+ 1− k) = 0.

The formula for the moments mn(t) in Theorem 6.0.3 enables us to calculate the
corresponding moment generating function, which in turn gives the following integral
formula for the image measure of µsc,2

√
t ⊞ Unif [−t/2,t/2] under the exponential map:

Corollary 6.0.7. For all α ∈ C \ {0} and t ≥ 0 it holds∫
(0,∞)

xα dνt(x) = eαt/21F1(1− α; 2;−αt) = 1

α
eαt/2

∞∑
j=0

(
α

1 + j

)
(αt)j

j!
.

Proof of Theorem 6.0.1 & Corollary 6.0.7. Let α ∈ C \ {0}. Then, by Theorem 6.0.3, we
have ∫

R
eαx d

(
µsc,2

√
t ⊞ Unif [−t,0]

)
(x) =

∞∑
n=0

αn

n!
mn(t)

=
∞∑
n=0

αn

n∑
j=⌈n/2⌉

1

(1 + j)!

tj

j!
s(1 + j, n+ 1− j)

=− 1

α

∞∑
j=0

(−αt)j

(1 + j)!j!

1+j∑
k=1

(−1)j+1−ks(1 + j, k)(−α)k

=− 1

α

∞∑
j=0

(−α)(j+1)

(1 + j)!

(−αt)j

j!
= 1F1(1− α; 2;−αt) .
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In particular, it holds for n ∈ N:∫
R
xn d exp

(
µsc,2

√
t ⊞ Unif [−t,0]

)
(x) = 1F1(1− n; 2;−nt) = 1

n

n−1∑
j=0

(
n

1 + j

)
(nt)j

j!
.

By (6.0.3), this is the n-th moment of De−t/2(νt). This shows (6.0.2) since measures with
compact support are uniquely characterized by their moments. Now, scaling in space by
the factor et/2 gives Theorem 6.0.1. In turn also Corollary 6.0.7 holds:∫

(0,∞)

xα dνt =

∫
R
eαx d

(
µsc,2

√
t ⊞ Unif [−t/2,t/2]

)
(x) =eαt/2

∫
R
eαx d

(
µsc,2

√
t ⊞ Unif [−t,0]

)
(x)

=eαt/21F1(1− α; 2;−αt) .

In the remainder of this chapter we prove Lemma 6.0.6 by Egorychev's method which
provides e�ective tools to show combinatorial formulas (cf. [44, 89]).

Proof of Lemma 6.0.6. We start with the easiest case m = 1, which holds true because of

2ls(2, 1 + l) =

{
2 , l = 1

0 , else

}
=

2

l
s(1, l) =

2

l

l∑
n=1

(
l − 1

n− 1

)−1

s(1, n)s(1, l + 1− n) .

Now let m ≥ 2. Rearranging the double sum of the right hand side of (6.0.4) gives

m+ 1

l +m− 1

l∑
n=1

m−1∑
k=0

(
l +m− 2

n+ k − 1

)−1(
m

k

)(
m

1 + k

)
s(1 + k, n)s(m− k, l + 1− n)

=
m+ 1

l +m− 1

l+1∑
n=0

m−2∑
k=1

(
l +m− 2

n+ k − 1

)−1(
m

k

)(
m

1 + k

)
s(1 + k, n)s(m− k, l + 1− n)

+ 2
m(m+ 1)

l +m− 1
s(m, l)

= : A+ 2
m(m+ 1)

l +m− 1
s(m, l) .

(6.0.5)

Now, we apply techniques of the Egorychev method, i.e. we transform a suitable generating
series of A. To this end we make use of the identities

s(n, k) =
n!

k!
[zn] logk(1 + z) , n, k ∈ N0 ,∫ 1

0

tn(1− t)k dt =
1

n+ k − 1

(
n+ k

n

)−1

, n, k ∈ N0 ,
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see [89] Section 5 for the �rst identity, the second identity is a special case of the well
known beta integral. Now, we can write A in the following way:

A =(m+ 1)
m−2∑
k=1

l+1∑
n=0

∫ 1

0

tn+k−1(1− t)l+m−1−n−k dt

(
m

k

)(
m

1 + k

)
·
[
x1+k

] [
ym−k

] (1 + k)!

n!

(m− k)!

(l + 1− n)!
logn(1 + x) logl+1−n(1 + y)

=
m(m+ 1)!

(l + 1)!

m−2∑
k=1

(
m− 1

k

)[
x1+k

] [
ym−k

]
·
∫ 1

0

tk−1(1− t)m−2−k

l+1∑
n=0

(
l + 1

n

)
(t log(1 + x))n ((1− t) log(1 + y))l+1−n dt

=
m(m+ 1)!

(l + 1)!

m−2∑
k=1

(
m− 1

k

)[
x1+k

] [
ym−k

]
·
∫ 1

0

tk−1(1− t)m−2−k (t log(1 + x) + (1− t) log(1 + y))l+1 dt .

Using coe�cient extraction for the exponential series, we can rewrite this further as

A =m(m+ 1)!
[
αl+1

]m−2∑
k=1

(
m− 1

k

)[
x1+k

] [
ym−k

]
·
∫ 1

0

tk−1(1− t)m−2−k(1 + y)α exp

(
log

(
1 + x

1 + y

)
αt

)
dt .

Now, we can apply Euler's integral transform for Kummer's con�uent hypergeometric
function 1F1 which states that

1F1(a; b; x) =
Γ(b)

Γ(a)Γ(b− a)

∫ 1

0

ta−1(1− t)b−a−1etx dt .
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This gives

A

m(m+ 1)!

=
[
αl+1

]m−2∑
k=1

(
m− 1

k

)[
x1+k

] [
ym−k

]
(1 + y)α

(k − 1)!(m− 2− k)!

(m− 2)!

· 1F1

(
k;m− 1; log

(
1 + x

1 + y

)
α

)
=
[
αl+1

]m−2∑
k=1

m− 1

k(m− 1− k)

[
x1+k

] [
ym−k

]
(1 + y)α1F1

(
k;m− 1;α log

(
1 + x

1 + y

))

=
[
αl+1

]m−2∑
k=1

(
1

k
+

1

m− 1− k

)[
x1+k

] [
ym−k

]
(1 + y)α1F1

(
k;m− 1;α log

(
1 + x

1 + y

))
.

Reversing the order of summation in one part of the sum and applying Kummer's trans-
formation rule 1F1(a; b; x) = ex1F1(b− a; b;−x), we see

m−2∑
k=1

1

m− 1− k

[
x1+k

] [
ym−k

]
(1 + y)α1F1

(
k;m− 1;α log

(
1 + x

1 + y

))

=
m−2∑
k=1

1

k

[
xm−k

] [
y1+k

]
(1 + y)α1F1

(
m− 1− k;m− 1;α log

(
1 + x

1 + y

))

=
m−2∑
k=1

1

k

[
xm−k

] [
y1+k

]
(1 + x)α1F1

(
k;m− 1;α log

(
1 + y

1 + x

))
.

Thus

A

m(m+ 1)!
=2
[
αl+1

]m−2∑
k=1

1

k

[
x1+k

] [
ym−k

]
(1 + y)α1F1

(
k;m− 1;α log

(
1 + x

1 + y

))
.

Now, we can extend the sum over k to in�nity with the following correction due to [ym−k]:

A

2m(m+ 1)!
=
[
αl+1

] ∞∑
k=1

1

k

[
x1+k

] [
ym−k

]
(1 + y)α1F1

(
k;m− 1;α log

(
1 + x

1 + y

))
−
[
αl+1

] 1

m− 1
[xm]

[
y1
]
(1 + y)α1F1

(
m− 1;m− 1;α log

(
1 + x

1 + y

))
−
[
αl+1

] 1

m

[
x1+m

] [
y0
]
(1 + y)α1F1

(
m;m− 1;α log

(
1 + x

1 + y

))
= : [αl+1](S1 + S2 + S3) .
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We will calculate the three appearing terms seperately, where the main work lies in the
calculation of S1. For the latter task we aim to identify a geometric series in the summation
over k. For this we use Cauchy's integral formula in the following way:

S1 =
∞∑
k=1

1

k

[
x1+k

] [
ym−k

]
(1 + y)α

∞∑
j=0

k(j)αj

(m− 1)(j)j!
logj

(
1 + x

1 + y

)

=
∞∑
k=1

1

k

(
1

2πi

)2 ∫
|x|=1/2

∫
|y|=1/4

x−(k+2)yk−(m+1)(1 + y)α

·
∞∑
j=0

k(j)αj

(m− 1)(j)j!
logj

(
1 + x

1 + y

)
dydx

=

(
1

2πi

)2 ∫
|y|=1/4

∫
|x|=1/2

x−2y−(m+1)(1 + y)α
∞∑
j=1

αj

(m− 1)(j)j!
logj

(
1 + x

1 + y

)

·
∞∑
k=1

dj−1

dzj−1
zk+j−1

∣∣∣∣
z= y

x

dxdy

Now, one can easily verify the following identity by induction over j:

∞∑
k=1

dj−1

dzj−1
zk+j−1 =

dj−1

dzj−1

zj

1− z
= (j − 1)!

(
(1− z)−j − 1

)
, |z| < 1 .

Plugging this in we receive

S1 =

(
1

2πi

)2 ∫
|y|=1/4

∫
|x|=1/2

x−2y−(m+1)(1 + y)α

·
∞∑
j=1

αj

(m− 1)(j)j
logj

(
1 + x

1 + y

)((
x

x− y

)j

− 1

)
dxdy

Note that, by using log(1 + z) = −
∑∞

k=1
(−z)k

k
(|z| < 1), for all j ≥ 2 and 0 < |y| < 1/2

we have ∫
|x|=1/2

xj−2 logj
(
1 + x

1 + y

)(
1

x− y

)j

dx

=

∫
|x|=1/2

(x+ y)j−2 logj
(
1 +

x

1 + y

)(
1

x

)j

dx = 0 .
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This gives

(2πi)2 S1

=

∫
|y|=1/4

∫
|x|=1/2

x−1(x− y)−1y−(m+1)(1 + y)α
α

m− 1
log

(
1 + x

1 + y

)
dxdy

−
∫
|y|=1/2

∫
|x|=1/2

x−2y−(m+1)(1 + y)α
∞∑
j=1

αj

(m− 1)(j)j
logj

(
1 + x

1 + y

)
dxdy

= : (2πi)2 (S1,1 + S1,2) .

To simplify S1,1 we �rst observe

∫
|x|=1/2

x−1(x− y)−1 log

(
1 + x

1 + y

)
dx

=− y−1

∫
|x|=1/2

x−1 log

(
1 + x

1 + y

)
dx+ y−1

∫
|x|=1/2

(x− y)−1 log

(
1 + x

1 + y

)
dx

=(2πi)y−1 log(1 + y) + y−1

∫
|x|=1/2

x−1 log

(
1 +

x

1 + y

)
dx = (2πi)y−1 log(1 + y) .

This gives

S1,1 =
1

2πi

∫
|y|=1/4

y−(m+2)(1 + y)α
α

m− 1
log(1 + y) dy

=
1

m− 1

[
ym+1

]
(1 + y)α log ((1 + y)α)

=
1

m− 1

1

(m+ 1)!

∞∑
j=0

(j + 1)αj+1s(m+ 1, j + 1) .

(6.0.6)

The second contribution to S1 can be simpli�ed in the following way:
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S1,2 =−
(

1

2πi

)2 ∫
|y|=1/2

∫
|x|=1/2

x−2y−(m+1)(1 + y)α
∞∑
j=1

αj

(m− 1)(j)j
logj

(
1 + x

1 + y

)
dxdy

=−
[
x1
]
[ym] (1 + y)α

∞∑
j=1

αj

(m− 1)(j)j

j∑
k=0

(
j

k

)
logk(1 + x) (− log(1 + y))j−k

=− [ym] (1 + y)α
∞∑
j=1

αj(−1)j−1

(m− 1)(j)
logj−1(1 + y)

=− [ym]
∞∑
n=0

αn

n!

∞∑
j=1

αj(−1)j−1(m− 2)!

(m+ j − 2)!
logn+j−1(1 + y)

=− (m− 2)! [ym]
∞∑
k=0

αk+1 logk(1 + y)
k∑

n=0

(−1)n−k

n!(m+ k − n− 1)!

=
(m− 2)!

m!

∞∑
k=0

(−α)k+1k!s(m, k)
1

(m+ k − 1)!

k∑
n=0

(−1)n
(
m+ k − 1

n

)
=
(m− 2)!

m!

∞∑
k=0

(−α)k+1k!s(m, k)
(−1)k

(m+ k − 1)!

(
m+ k − 2

k

)
=− 1

m!

∞∑
k=0

αk+1

m+ k − 1
s(m, k) ,

where we used the identity
∑k

n=0(−1)n
(
N
n

)
= (−1)k

(
N−1
k

)
in the second last equality. This

completes the calculation of S1.
Using 1F1(m− 1;m− 1; x) = ex, we see that S2 does not contribute:

S2 =− 1

m− 1
[xm]

[
y1
]
(1 + y)α

(
1 + x

1 + y

)α

= 0 .

Applying 1F1(m;m− 1; x) = ex1F1(−1;m− 1;−x) = ex(1 + x/(m− 1)), we can simplify
the remaining sum as follows:

S3 =− 1

m

[
xm+1

] [
y0
]
(1 + y)α

(
1 + x

1 + y

)α(
1 +

α

m− 1
log

(
1 + x

1 + y

))
=− 1

m

[
xm+1

]
(1 + x)α

(
1 +

α

m− 1
log(1 + x)

)
=− 1

m(m+ 1)!

∞∑
j=0

αjs(m+ 1, j)− 1

m(m− 1)(m+ 1)!

∞∑
j=0

(j + 1)αj+1s(m+ 1, j + 1) .
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Combining the previous calculations we get

A =2m(m+ 1)!
[
αl+1

]
(S1,1 + S1,2 + S2 + S3)

=2m(m+ 1)!

(
l + 1

(m− 1)(m+ 1)!
s(m+ 1, l + 1)− 1

m!(m+ l − 1)
s(m, l)

− 1

m(m+ 1)!
s(m+ 1, l + 1)− l + 1

m(m− 1)(m+ 1)!
s(m+ 1, l + 1)

)
=− 2

m(m+ 1)

m+ l − 1
s(m, l) + 2m

(l + 1)m− (m− 1)− (l + 1)

m(m− 1)
s(m+ 1, l + 1)

=− 2
m(m+ 1)

m+ l − 1
s(m, l) + 2ls(m+ 1, l + 1) .

Plugging this back into (6.0.5) shows the claim.
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List of symbols

N Set of positive integers
N0 Set of non-negative integers
C± Upper/lower complex half plane
T Unit circle in the complex plane
z for z ∈ C Complex conjugate
intA Interior of the set A
∂A Boundary of the set A
CA

N {x ∈ RN : x1 ≤ · · · ≤ xN}
CB

N {x ∈ RN : 0 ≤ x1 ≤ · · · ≤ xN}
CBC

N {x ∈ RN : 0 ≤ x1 ≤ · · · ≤ xN ≤ 1}
CBC∗

N {x ∈ RN : 1 ≤ x1 ≤ · · · ≤ xN}
x(n) Rising factorial

∏n−1
i=0 (x+ i), x ∈ C, n ∈ N0

B(E) Borel σ-algebra of topological space E
M1(E) Set of probability measures on (E,B(E))
δa Dirac measure at point a
µsc,R Semicircle distribution with radius R; see Section 2.1
µMP,α,β Marchenko-Pastur distribution with parameters

α, β > 0; see Section 2.1
µx ∗-distribution of the operator x
UnifA Uniform distribution on A
Gµ Cauchy transform of µ ∈M1(R); see Section 2.4.1
ψµ ψ-transform of µ ∈M1([0,∞)); see Section 2.4.2
Sµ S-transform of µ ∈M1([0,∞)) \ {δ0}; see Section 2.4.2
Rµ R-transform of µ ∈M1(R); see Section 2.4.1
f(µ) Image measure of µ under f
Da Linear map x 7→ ax
1A(x) Indicator function of the set A at point x
1, 0 Unit and zero element of a unital Algebra
MN(C) Space of complex N ×N matrices
PN Cone of complex positive de�nite N ×N matrices
Gl(N,F) General linear group of degree N over the �eld F
πn(A) Upper left n× n block of a N ×N matrix A, n ∈ {1, . . . , N}
A ≤ B Loewner order for hermitian A,B ∈MN(C)
E(X) Expected value of the random variable X
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[X]t Quadratic variation of the semimartingale (Xs)s≥0 at time t
[X, Y ]t Quadratic covariation of the semimartingales (Xs)s≥0, (Ys)s≥0

at time t
⊞ Free additive convolution; see Section 2.4.1
⊠ Free multiplicative convolution; see Section 2.4.2
⌈x⌉ Ceiling function evaluated at x ∈ R
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