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Chapter 1

Introduction

In this thesis, we study certain dynamical models which admit the following informal
description: Take N € N identical particles and place them on a line or a line segment,
i.e. on an interval I C R. The particles are subject to repulsion forces which increase the
closer the particles are to each other and the closer the particles get to the two boundary
points of the interval I, at least if the boundary points are finite. The movement of
the particles might also be influenced by some random noise, the size of which we will
interpret to be the temperature of the system. The repulsion forces are hereby large
enough to enforce that no collisions between particles occur, and that the particles stay
confined to I. Last but not least, the system might be subject to damping or positive
feedback. In these cases, the total energy of the system is not constant.

The prime example of such a setting is the Dyson Brownian motion (DBM), which is
named after Freeman J. Dyson who published his findings on the DBM model in the paper
[43] in 1962. He was the first to consider time dependent random matrices by studying
the eigenvalues of hermitian matrices whose entries consist of Brownian motions which
are independent up to the hermitian constraint. He discovered that these eigenvalues
actually behave like a dynamical model as sketched in the first paragraph, and was able
to quantitatively describe the underlying dynamic. Mathematically, the dynamic of DBM
falls into the framework of systems of stochastic differential equations (SDEs) of the form

' ! H Xis X's
Xit :Xi,0+/ O(Xz-,s)de»,er/ b(Xis)+ Y (—XJ) ds, (1.0.1)
0 0 jijti s T s

ie{l,...,N}, Xg =y Here (X; = (X14,...,Xn¢))>0 is the vector of particle positions
where the numbering is in increasing order, i.e. it holds X;; < --- < Xy, and (B, =
(Bit,.-.,Bnt))i>0 is an N-dimensional standard Brownian motion. For an introduction
to stochastic integrals w.r.t. (B;);>o and to stochastic differential equations, see e.g. one
of the books [67, 84, 95]. The quantities appearing in the SDE (1.0.1) have the following
interpretation:

o igc{xeIV:z <--- < zxy}isthe deterministic vector of initial particle positions;



e 0: R — R quantifies the size of the random noise in the system depending on the
current particle position; in particular in the case ¢ = 0 we have a non-random
dynamic governed by ordinary differential equations (ODEs);

e b: R — R quantifies the damping/positive feedback and the size of the repulsion
from the boundary of I;

e H:R? — R with H(z,y) = H(y,z) quantifies the size of the repulsion between the
particles due to the ﬁ term, thereby depending on the current positions of
, 75
Xi,t and Xj,t-

In the case 2o = 0,0 =1, b =0, H = 1, we get the eigenvalue dynamic of the hermitian
matrix model which Dyson studied. One of Dyson’s key findings was the mutual repulsion

of the eigenvalues of the considered hermitian matrix model. In particular, the random
variable X; = (Xi4, ..., Xy;) satisfies

X1t <+ < Xpy foreach ¢ >0 almost surely. (1.0.2)

Another important property of the Dyson Brownian motion is the following behavior for
large particle number N: One can show that under a proper N-dependent rescaling of
the system, the empirical distribution of particle positions tends to a non-random and
non-trivial probability measure. This kind of behavior of eigenvalues of random matrices
has first been observed by Eugene P. Wigner in 1955, where he showed that the empirical
distribution of eigenvalues of certain symmetric random matrices tends to the semicircle
law ([111]). The latter distribution is thereby named after the graph of its probability
density function which is given by @ + 5-v/4 — 22, x € [—2,2]. In [112], Wigner was able
to extend his results to more general symmetric random matrices with centered entries
having normalized variance and which are independent up to the symmetry constraint;
such matrices are nowadays simply called Wigner matrices. Later on, it was shown that
the empirical eigenvalue distributions of random hermitian and symmetric quaternion
matrices with analogous normalization also converge to the semicircle law. By the con-
struction of DBM and the fact that B, has the same distribution as v/¢B; for each ¢t > 0,
one can thus infer that the empirical distributions of DBM at time ¢ and with starting
configurations equal to zero tend to a semicircle distribution which gets rescaled by the
factor v/t. However, the description of the limit measure is more complicated if the vec-
tor of initial particle positions Zy of the DBM is chosen in such a way that the limit
of empirical measures of the starting configurations is not a Dirac measure. The major
breakthrough to tackle this problem came several decades after Wigner’s and Dyson’s
seminal papers: In 1991 Dan V. Voiculescu showed that his prior work on freeness of
non-commutative operators gives the correct framework to address this type of question
(|107]). This theory later on became known as free probability theory; for an introduction
see Section 2.4 and references therein. In particular, Voiculescu’s findings showed that for
each t > 0 the limit distribution of DBM for non-trivial initial limit distribution at time
t is given by the free additive convolution of the initial limit distribution and a semicircle



distribution, see Theorem 5.1.1.

One of the aims of this thesis is to find descriptions of the large N asymptotics of
empirical distributions of more general stochastic processes of the type as in (1.0.1) and,
if possible, also to describe the dependence of the limit measure at time ¢ > 0 on the
initial limit distribution. While the existence of such limits has been shown under quite
general conditions in [73], the actual identification of a limit point can be complicated. A
good example of this is the Jacobi process, which corresponds to the choice

o(2) = Vor(l—a), be) =2 (p— (p+a)r) . Hlzy)=c+y—2ey and 1=[0,1],

2

(1.0.3)
where (3, p, ¢ are parameters. One can show that, if one chooses the real parameters [, p, g
large enough, then the repulsion of particles is big enough so that particles do not collide,
i.e. (1.0.2) holds (see Lemma 3.5.2). Note that, when studying the large N limit of empir-
ical measures of the Jacobi processes, we now have more degrees of freedom than in the
DBM case since we can vary the dependence of 3, p,q on N. In the case that 3 is constant
in N and p = p(N),q = q(N) grow linearly in N, the limit of corresponding empirical
measures has been first described in [30]. In contrast to the semicircle limit described
above, so far, an explicit description of the probability density function is out of reach
except for one special case corresponding to limy_,oo p(N)/N = limy_0o ¢(N)/N = 1.
One can, however, describe these limits by ODEs for the corresponding limit moments
and by free stochastic calculus. We briefly summarize these results in Section 5.4. Apart
from this limit regime, one can use the degrees of freedom in the choice of the parameters
B, p, q to obtain other non-trivial limits. One such limit was obtained in [104] when letting
f 1 0 and letting p(N), q(IN) grow linearly in N as before. Such a limit is called high-
temperature limit as the parameter 3 is commonly interpreted as inverse temperature. We
will only consider particle systems which are non-colliding, i.e. such that the condition
(1.0.2) is fulfilled. Thus, we do not discuss high-temperature limits in this work since in
this setting collisions happen with positive probability (see the introduction to Chapter
3 and references therein). Nevertheless, we will prove that one still has enough freedom
in the choice of p and ¢ to obtain further limits by letting liminfy_,. p(INV)/N = oo or
liminfy o ¢(N)/N = 00, see Section 5.7.

Overall, this thesis is structured in the following way: In Chapter 2, we first introduce
frequently used notation and terminology regarding probability measures and elementary
symmetric polynomials. Then, we briefly discuss Markov processes studied in the context
of the theories of Dunkl and Heckman & Opdam on multivariate special functions related
to reflection groups as these give important examples of processes of the form (1.0.1). We
then move on to the subject of free probability theory with the primary focus lying on
the definition of the free additive and multiplicative convolutions, which will help us to
describe large N limits of empirical measures of processes of the form (1.0.1) in Section
5. With the same intention in mind, we also give a concise introduction to free stochastic



calculus, which can be thought of as an N = oo variant of It6 calculus for continuous
N x N matrix valued semimartingales.

In Chapter 3, we consider a subclass of processes of the form (1.0.1) named non-
colliding B-Pearson diffusions. In the case that the particle number N is equal to 1, these
processes have first been studied by Eugene Wong ([113]). Under certain constraints
on the parameters of the model, he observed that the stationary distributions of these
processes are members of the class of Pearson distributions. A Pearson distribution is
hereby characterized by the fact that it is a probability measure on R which is absolutely
continuous with respect to Lebesgue measure, and that its probability density function
f(z) satisfies a differential equation of the form

d ar +b
ar (z) = mf(x), (1.0.4)
see e.g. [29] Section 19.4. Pearson distributions in turn include important probability
distributions known from the field of statistics such as normal-, x?-, Student’s ¢-, and
F-(Fisher-Snedecor) distributions. In [10], Theodoros Assiotis observed that many im-
portant examples of eigenvalue processes of dynamical hermitian random matrix models
fall into the framework of a multivariate generalization of these processes where addition-
ally the non-colliding property (1.0.2) is satisfied. Hence, Assiotis appropriately calls this
class of processes ‘non-collding Pearson diffusions’. This class can be divided into 6 dis-
joint subclasses, two of which correspond to the DBMs and the Jacobi processes discussed
above. We will add an additional parameter 8 > 1 to the class studied by Assiotis, who
focused on the case § = 2. This addition is natural as in the literature S5-DBMs and
p-Jacobi processes are also considered ([15, 31]).

So far, only five of the six subclasses of non-colliding S-Pearson diffusions have been
studied in depth before. Thus, we primarily focus on the treatment of the remaining
sixth subclass consisting of non-compact Jacobi/Fisher-Snedecor processes, see Section
3.6. The term ‘Fisher-Snedecor’ refers to the fact that for some parameters these are
multivariate, non-colliding versions of the processes studied by Wong which have an F-
(Fisher-Snedecor) distribution as stationary probability measure. The multivariate non-
compact Jacobi/Fisher-Snedecor processes hereby exhibit a strong resemblance to the
Jacobi processes as the coefficient functions o,b, H in (1.0.1) and the interval I are given
by

o(x) =+ 2z(x—1), b(z) =

compare (1.0.3). In this setting, we provide answers to the following three questions:

™

(_p+ <p+Q)x) ’ H(l‘,y) = 2xy—(x+y) and [ = [1700)7

e Under what conditions on the parameters (3, p, ¢ exist unique non-colliding solutions
to the SDEs (1.0.1)7



e Under what conditions on the parameters 3, p, ¢ does an invariant probability mea-
sure of the dynamic (1.0.1) exist, and, in case of existence, can one identify this
measure?

e Does a (concrete) random matrix model exist such that the corresponding eigenvalue
process is a non-compact Jacobi process?

In turn, the answers to these questions will reveal both similarities and differences of Ja-
cobi processes and non-compact Jacobi processes. Moreover, we will also show that one
can approximate non-colliding geometric Brownian motions (see Section 3.4 for a defini-
tion) by non-compact Jacobi processes.

To complete the picture, we also state conditions such that non-colliding unique solutions
and invariant probability measures exist in the cases of the other five subclasses of non-
colliding -Pearson diffusions, thereby citing already known results.

We then move on to study the large N asymptotics of empirical measures of non-
colliding -Pearson diffusions in Chapter 4. While in |73] the same problem was consid-
ered for more general processes arising as solutions to SDEs of the form (1.0.1), we show
that, when specializing to non-colliding -Pearson diffusions, one can improve the type of
convergence from weak-convergence in probability to almost sure weak convergence, see
Theorem 4.2.2. This improvement is obtained by showing that the empirical moments
converge locally uniformly in ¢ almost surely to deterministic functions which arise as so-
lutions to ODEs with a recursive structure. Further, we prove that the Cauchy-transforms
of the limit measures are solutions to some quasi-linear PDEs. Theorem 4.2.2 is a gener-
alization of corresponding results published by the present author and coauthors in [13,
12].

Building on the previous, in Chapter 5, we turn to the task of describing the limit mea-
sures obtained in Chapter 4 using free probability theory. In Sections 5.1-5.6 we discuss
the limits corresponding to a ‘natural’ large NV scaling of the 6 subclasses of non-colliding
[-Pearson diffusions. To give a complete picture, we first recall prior results on this topic.
New contributions are then obtained by the study of limits of non-compact Jacobi pro-
cesses and Hua-Pickrell diffusions, where connections to the free positive multiplicative
Brownian motion, studied by Phillipe Biane in [19, 20], are shown. As already mentioned
above, we also use the degrees of freedom in the parameters p, ¢ of the Jacobi and non-
compact Jacobi processes to obtain limit measures which differ from those obtained in
the ‘natural scaling’ in Section 5.7. Limit theorems of this type have previously been
published by the present author and coauthors in [13]. To obtain these limits, we will
need to consider higher order space-time rescalings of the empirical measures. Whereas
we carry this out in full detail only for the two types of Jacobi processes, similar results
also hold for the other subclasses of non-colliding S-Pearson diffusions.

Lastly, in Chapter 6 we give a new self-contained proof of a formula relating the uniform



distribution on an interval, the semicircle distribution, and the distribution of free positive
multiplicative Brownian motion via the free additive convolution and the exponential
map, see Theorem 6.0.1. This formula has previously been proven by Michael Voit and
the present author using different methods in [12]. The result is of special interest in the
context of this thesis as it corresponds to formulas for the limits of empirical measures
of non-colliding (-Pearson diffusions in four special cases, see Theorem 5.3.4, Theorem
5.5.7, Corollary 5.6.5 and Corollary 5.7.3. By proving this identity, we also obtain new
integral formulas for the distribution of free positive multiplicative Brownian motion,
which generalize the already known moment formulas involving Laguerre polynomials.



Chapter 2

Preliminaries

2.1 Some notation concerning probability measures

We start by introducing notation for some elementary operations on and elements of the
set of real probability measures. Let A be a topological space. We denote by B(A) the
Borel-c-algebra of A and by M'(A) the set of Borel probability measures on A. For
a € A we denote by 6, € M'(A) the Dirac measure al a, i.e. the probability measure
which assigns mass 1 to the set {a}. Let (A, A, 1) be a measure space and (B, B) be a
measurable space. For f: A — B measurable we write f(u) for the image measure of u
under f. An elementary case of such an image measure is the following: For a € R we
denote by D,: R — R the linear map = +— ax. Then D,(u) denotes the linear rescaling
of p € M*(R) by the factor a.

The following three probability measures on R will be of special interest in Chapters 5 &
6:

The semicircle distribution ps. p € M*(R) with radius R is the probability measure which
is supported on [—R, R] and with density on its support given by

2
pser(dr) = —VR? — 22 dx .
’ TR?

Moreover we set fis o := dp. One can easily see that Dy (ftsc,r) = fsc.ar for alla >0, R > 0.
The Marchenko-Pastur distribution with parameters o, § > 0 is given by

{(1—a)5o+ﬁ, o€ (0,1)
HMP,a,8 = § .
[ a>1

Y )

where /i is the measure on [z_,z,], 7o = 8 (v/a £ 1)%, with density

1
2Wﬂ$\/(x+ —z)(r —x_)dz.

ji(dz) =

This agrees with the notion of Marchenko-Pastur distributions in [3] Exercise 5.3.27.
However, we point out that in the given reference there is a typo concerning the mass of



i for oo € (0,1) which is a and not 1. The same typo in turn also appears in the papers
[109] & [13]. Moreover, we point out that there are also other parametrizations of the
Marchenko-Pastur distributions in the literature. Further, note that in our notation the
second parameter is just a scaling parameter, i.e. Dy(fmp,a,8) = HMP,aqs for all a > 0.
For A € B(R) with finite positive Lebesgue measure we denote by Unif4, € M'(R) the
uniform distribution on A.

2.2 Elementary symmetric polynomials

To study the properties of non-colliding 3-Pearson diffusions in Chapter 3, transformations
by the following multivariate polynomials will be very useful: Form € N;n € {0,1,...,m}
we denote by €] the n-th elementary symmetric polynomial in m variables which is defined
by the equation

m m

[[Gz=2z)=> (-1)"Jep (x)2?, z€C,zeC™. (2.2.1)

j=1 7=0

We can also write the elementary symmetric polynomials more explicitly:

SCTE SRR

1<i1 < <ip<m

The following theorem shows that elementary symmetric polynomials can be seen as
the building blocks for all symmetric polynomials (see Theorem 6.1 in Chapter IV of [70]):

Theorem 2.2.1. Let f be a symmetric polynomial in m variables. Then there exists a
polynomial g in m variables such that f(x) = g(el*(z),...,en(z)), z € C™.

Another important property of the elementary symmetric polynomials is the following
(here int denotes the interior of a set):

Lemma 2.2.2. Let O = {z € RY: 2y < .-+ < an}. Consider the map f : C4 —
RN, f(x) = (eM(),...,eN(x)). Then f : Cx — f(C%) is a homeomorphism, and
fintC¢ — f(int CR) is a C*°-diffeomorphism.

Proof. The map f: C4 — R is one to one by (2.2.1) and the fact that a polynomial
is, up to a constant, uniquely characterized by its set of roots counted with multiplicity.
Moreover, the fact that f: C4 — RY is a C™-function is clear. f_1|f(intC](‘,) is a C°°-
function by the Theorem of Section 2 in [23]. For the fact that f~1: f(Ca) — C4& is
continuous see e.g. [105]. O

For later reference we will also write several symmetric polynomials in terms of ele-
mentary symmetric polynomials. For these formulas we introduce the following notation:



Let . € RV and let S C {1,..., N} be a nonempty set. Denote by x5 € Rl the vector
with coordinates z;, i € S, in the natural ordering on S. With this convention we have

Zek F@avng) = (N =k + Depl (),

N (2.2.2)
Ze TN gz = key (2),
=1
and
ey (g, NpGy) — €py (T, vngy) = — (@ — 25)er s (T, v ig))
Hence
N N
Z 1’{1 ..... N}\{z}) = €t (T NPf}) — €t (T{1,. N\
: .] i,jzl xl x]
i . ' (2.2.3)
(N =k +2)(N —k+1)
= - Z er o (T NN igy) = 5 en_o(z),
zg _1
1<J
N N _
Z 1 x{1 ,,,,, NI\{i })JZZ.TJ B Z @kN 1(;(;{1 77777 N}\{i}) — e]kv_ll(x{l ..... N}\{j}>xm'
_ )
ij=1 K ij=1 T
i#j i<j
. (2.2.4)
k(k —1)
= — Z en 2 (Tr, NP (i) )T 5 P ()
zi]<j1
and
N
D @i+ ap)er (@) = (k= DV = k+ 1)ey  (z). (2.2.5)
ij=1
1<j

2.3 Markov processes associated to the Dunkl- and
Heckman-Opdam heat kernels

The multivariate Jacobi processes of compact and non-compact type are, at least for cer-
tain parameters py, gy and written in suitable coordinates, examples of Markov processes
whose generators are well studied in the context of the theory of Dunkl and Heckman-
Opdam on generalizations of spherical functions on symmetric spaces. The aim of this
chapter is to give a short introduction to the differential-difference operators studied in
these theories and to the related Markov processes. We point out that the knowledge of
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the facts presented in this section is not required for the understanding of the results pre-
sented in Chapters 3-6. In several places in Chapter 3, however, we will indicate the close
connection between non-colliding (-Pearson diffusions and Markov processes associated
to Weyl group invariant Dunkl and Heckman-Opdam heat kernels.

In both the Dunkl and Heckman-Opdam setting one is interested in harmonic analysis
and spherical functions on symmetric spaces, [5] provides a good general overview over the
topic. Symmetric spaces can be classified by so called root systems (cf. [56] Chapter X).
In turn, these root systems also play an integral role in the Dunkl and Heckman-Opdam
theories, hence we start by giving a formal definition. For a broader introduction to root
systems see [59] Chapter II1.

Let a be an Euclidean space with positive definite symmetric bilinear form (-,-). For
non-zero « € a we denote by o,: a — a the reflection on the hyperplane orthogonal to a.
This reflection is given explicitly by

oo(1) =2 — (x,a)a”

20
a,a) "

where o’ = (

Definition 2.3.1. A finite subset ¥ C a \ {0} is called a (crystallographic) root system
in a if the following hold:

(i) 0o(X) =X for all « € &,
(i) (a, ") € Z for all o, 5 € X.

The dimension of spang(X) is called the rank of . We call a root system ¥ reduced if
RaN¥ ={xa} for all o € X.

For a root system ¥ denote by W (%) the group generated by the reflections {o,: a € ¥}.
We call W(X) the Weyl group of ¥. It holds that W (X) is finite.

A map k: ¥ — [0,00) which is W (X) invariant, i.e. ko f|y, = k for all f € W(X), is called
a multiplicity function.

Further, we define a useful subset of a root system >: Fix some half-space V' such that
no root « € Y lies on the boundary of V. Then we call X1 := X NV the set of positive
roots (the wording positive is explained in [59] Chapter III Section 10). Note that this
definition depends on the choice of V.

Let H, := {z € a: (x,a) = 0} be the hyperplane orthogonal to « € a. We call any

connected component C of a\ U,cr Ha & Weyl chamber.

Example 2.3.2. Throughout let a = RY and denote by {e;,...,ex} the standard or-
thornormal basis corresponding to the standard inner product.
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e Let N > 2. The root system of type Ay_; is given by

Y={t(ej—e):1<i<j<N}.

¥ is a reduced root system and its rank is N —1 as spang(X) = {x € RV : Zfil T =
0}. A possible choice for the set of positive roots is ¥+ = {e; —¢;: 1 <i < j < N}.
For instance, a possible choice of Weyl chamber of ¥ is given by C = {z € RV : 7, <
-+ < xn}. The Weyl group W (X) restriced to X has one orbit, thus any multiplicity

function is constantly equal to some k& > 0.
e The root system of type By is given by
Y={ale;te):1<i<j<Nae{-1,1}}U{xe:1<i<N}.

Y is a reduced root system of rank N. A possible choice for the set of positive roots
is
Yr={ejte:1<i<j<N}U{e:1<i<N}.

For instance, a possible choice of Weyl chamber of ¥ is given by C = {z € RY: 0 <
x1 < -+ < zn}. The Weyl group W(X) of ¥ has two orbits, thus any multiplicity
function is determined by the two values ki, ks € [0,00) on the respective orbits.

e The root system of type BC'y is given by
Y={alejxe): 1 <i<j<Nae{-1,1}}U{ae;: 1 <i<N,ae{-2,-1,1,2}}.
Y2 is not reduced and its rank is N. A possible choice for the set of positive roots is
Yr={ejte:1<i<j<NtU{ae;:1<i<N,a€e{l1,2}}.

The Weyl chambers of ¥ are the same as for the root system of type By. The Weyl
group W (X) of X has three orbits, thus any multiplicity function is determined by
the three values ki, ko, k3 € [0,00) on the respective orbits.

Next, we define the differential-difference operators which are central objects in the
Dunkl and Heckman-Opdam theories.

2.3.1 Rational Dunkl theory

For a reduced root system ¥ on a with some subset of positive roots X" and some fixed
multiplicity function k, the Dunkl operators are defined by

f(@) = foa(x))

(@, )

Def(x) = ef(x) + Y ka){a,€) , felia), S€a,

aeXt




12

where O: denotes the usual partial derivative. Note that in this definition no actual
singularities appear since

f@)—floalx) 1 (10
!

(o, ) T oz ot

flz —t(z,a)a”)dt = /0 (@™, Vf(x —t{z,a)a’))dt.

Further, D¢ maps polynomials of degree n to polynomials of degree n—1 and C"-functions
to O™ !'-functions. A remarkable property of these operators is that they commute, i.e.
D¢D,, = D, D¢ for all {,n € a; for further properties of these operators see e.g. [42] Section
6.4. The Dunkl-Laplacian is defined by

AZLS (@) =D Def(x), feCa),

where {&1,...,&y} is some orthonormal basis of a. One can show that this definition is
independent of the choice of basis. For f € C?(a) which is W (X)) invariant, i.e. fog=f
for all g € W(X), we have the formula

2M) o f(2), (2.3.1)

(o, )

AR () = Af(x)+ )

a€ERT

where A denotes the usual Laplacian on a. Let C' be a Weyl chamber associated to X.
Then Ag‘ﬁc is the generator of an almost surely continuous Feller process with values in

C by [90] Proposition 4.5 & Theorem 4.10. Such a process is usually called radial Dunkl
process.

In this thesis we consider the radial Dunkl processes corresponding to root systems of
type Ax_1 and By in Sections 3.2 & 3.3. In the Ay_; case the generator (2.3.1) can be
written as

for some multiplicity parameter k£ > 0, and the radial Dunkl process takes values in the
closed Weyl chamber of type Ay_; given by {z € RY: 2y < ... < zy}. For k = 1 this
process is the Dyson Brownian motion referred to in the introductory Chapter 1, and for
general k > 0 this process is often called S-Dyson Brownian motion where 8 = 2k (see
e.g. |3] Chapter 4.3).

In the By case the generator (2.3.1) can be written as

al 1 al 1 1
Af(x)+2) ki +hy ) (x = xi”j) By, f(2)
=1

J=1
J#i

for some multiplicity parameters ki, ks > 0, and the radial Dunkl process takes values in
the closed Weyl chamber of type By given by {z € RY: 0 < 2y < --- < xy}. These
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processes are often called multivariate Bessel processes (of type By), see e.g. [4]. After
the coordinate transformation z; — x2, i € {1,..., N}, one obtains the squared Bessel/3-
Laguerre processes where 8 = 2ks, ki = v/ for some parameter v (see e.g. |8, 103| and
references therein for an introduction to these processes).

2.3.2 Trigonometric Dunkl theory

For a root system X on a with subset of positive roots X and some fixed multiplicity
function k the trigonometric Dunkl operator or Cherednik operator is given by

Def(x) )+ Z (f(x) = floa(2))—(p(k),&) f(x), f€Ca), E€a,

a62+

where p(k) := 3 3 cp+ k() is the half-sum of positive roots. As in the rational Dunkl
setting, in thls definition no actual singularities are present. In particular, the trigono-
metric Dunkl operators map C™-functions to C"~!-functions and they map polynomials in
e to themselves, where the ) are elements of the weight lattice of ¥ (see [59] Chapter I1T
Section 13 for a definition). Moreover, these operators commute. For further properties
see Theorem 4.2 in [5]. The associated Heckman-Opdam Laplacian is defined by

ASE f () ZD& (k) f(x), feCa),

where &;,...,&y is an orthonormal basis of a and |z| = /(z,z). For W(X)-invariant
functions f € C?(a) it takes the form

ALEf(2) + ) k(a coth( >>a fla). (2.3.2)

aext

Let C' be a Weyl chamber associated to . Then Agi,f is the generator of an almost

surely continuous Feller process with values in C (see [93] introduction to Section 3 and
Proposition 4.1). We will call instances of these processes (non-compact) radial Heckman-
Opdam processes where ‘non-compact’ refers to the unbounded state space. In the case
that ¥ is of type Ay_; the generator (2.3.2) can be written as

o) +k Y coth( )axlf( ) (2.3.3)

1<i,5<N
i#j

for some multiplicity parameter £ > 0, and the corresponding process takes values in
{xr e RN: 2y < ... < ay}. After the transformation x; — exp(x;), i € {1,..., N}, and in

the case § := 2k = 2, these processes are called non-colliding geometric Brownian motions
by T. Assiotis ([10] Section 2). For more information on these processes see Section 3.4
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and references therein.
In the BCy-case the generator (2.3.2) can be written as

N
Af(x)+ Z ki coth(x;/2) + 2ks coth(z;)

i=1

(2.3.4)

N
+ks Z (coth(%) + coth(%)) Oy, f ()

j=1
J#

for some multiplicity parameters kq, ko, k3 > 0, and the corresponding process takes values

in {vr € RV: 0 < x; <--- < xy}. After the coordinate change z; — (1 + cosh(x;))/2,

i € {1,..., N}, the instances of the corresponding processes are called non-compact Ja-

cobi processes ([13] Section 5) or Fisher-Snedecor processes ([10] Section 2), see Section

3.6 for further information.

Lastly, there is a closely related class of processes: For Weyl group invariant f € C?(a)
set

ASEf(2) = Af(e) + Y ko) cot(<a’2x>)8a f(@). (2.3.5)
aext
Note that formally ﬁ;”,%g(x) = — (Agfgf) (iz) for g(z) = f(iz). It turns out that also

Z;“,% is the generator of an almost surely continuous Feller process, in this case the process
takes values in the Weyl alcove Ay := {z € a: 0 < (a,z) < 7V a € ¥T}. This fact can
be inferred from [86] Theorem 3.9 using the arguments leading to Theorem 4.10 in [90].
We will call instances of these processes (compact) radial Heckman-Opdam processes.

In the Ax_; case the generator has the same form as in (2.3.3) where one simply has
to replace coth by cot. The state space of the corresponding process here is given by
{z € RV:zy <o <ay <z + 7}. In the case k = 1, transferring this process to the
Torus T := {z € C: |z| = 1} by z; — exp(iz;), j € {1,..., N}, yields the eigenvalue
process of the matrix valued unitary Brownian motion which first was considered in [43]
This particular process will not be discussed in this work as it is not a member of the
class of non-colliding S-Pearson diffusions which will be studied in Chapters 3-5. For more
information on these processes see e.g. |26].

In the BC)y case the generator (2.3.5) has the same form as in (2.3.3) where, again, one
has to replace coth by cot. The state space of the corresponding processes here is given
by the compact set {x € RV: 0 < z; < .-+ < oy < 7w}. These processes were first
considered in [31]. After the coordinate change z; — (1 + cos(z;))/2, i € {1,...,N},
the latter processes are called (multivariate) -Jacobi processes and first appeared in the
context of dynamical random matrices in [39]. They will be introduced more broadly in
Section 3.5.
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2.4 Free probability theory

In this section we collect some of the main definitions of free probability theory which
will be used to formulate most of the results in Chapters 5 & 6. The following references
might be useful for a broader introduction to the topics discussed below: For an intro-
ductory book on free probability theory with a strong emphasis on its connection to large
random matrices see |77|. For basics about W*-probability spaces see D.V. Voiculescu’s
lecture notes in [45]. For an introduction to C*- and von Neumann algebras see [98]. Our
exposition is mainly based on the first two references.

As already mentioned in the introduction, free probability theory provides effective
tools to analyze the spectrum of random matrices when the matrix dimension goes to
infinity. The prime example of this is the following:

Example 2.4.1. Denote by My (C) the complex N x N matrices. For a hermitian matrix
A € My(C) denote by Ay n(A), ..., Ann(A) its eigenvalues. For each N let Ay € My (C)
be a deterministic hermitian matrix and assume that the empirical spectral measures
% Zfil Ox, v(Ay) converge for N — oo weakly to some compactly supported probability
measure 1 € M'(R). For each N let By be an N-dimensional hermitian Gaussian matrix,
i.e. the entries (By);j, 1 < i < j < N, are independent, the diagonal entries have real
centered normal distribution with variance 1/N and the offdiagonal entries have complex
centered normal distribution with variance 1/N. In other words, the distribution of By is
given by the (renormalized) Gaussian unitary ensemble (GUE). By the results of Wigner,
it holds that + vazl Ox, nv(By) Weakly converges for N — oo to the standard semicircle
distribution ps.2 a.s. Note that for each N the random eigenvalues of Ay + By might
be quite difficult to describe in general. But in the large N limit the picture in a way
simplifies: It holds that also % Zfil O, n(Ax+By) converges weakly to some compactly
supported probability measure p, and that p can be described by a universal mechanism
called free additive convolution which only takes 1 and p. 2 as input; see Section 2.4.1.

One of the aims of this section to give a precise definition of the ‘universal mechanism’
mentioned in the previous example. Another goal is to fix definitions which are relevant
to free stochastic calculus which is the topic of Section 2.5.

A short disclaimer is in order: As its name suggests many aspects of free probability the-
ory are analogous to classical probability theory. However, we stress that free probability
is not an extension of the latter.

Our exposition will focus primarily on the analytic aspects of free probability theory
although some parts of the theory can be formulated in a purely algebraic context. Fur-
ther, we will solely treat the parts of the theory which are relevant to the comprehension
of Chapters 5 & 6. In particular, the combinatorial aspects of free probability will not be
treated here.
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We start by introducing some notation and definitions regarding (operator) algebras
and linear functionals thereon:

Definition 2.4.2.

e We call an algebra A with unit element a unital algebra and denote its unit element
by 1 and its zero element by O.

e Let H be a Hilbert space over C with inner product (-,-). Denote by B(H) the
Banach algebra of bounded linear operators on H and by ||-|| the operator norm on
B(H). Further, we denote by a* € A the adjoint of a € B(H) and by As, := {a €
A:a=a*} the set of self-adjoint elements.

We call A C B(H) a C*-algebra if it is a unital algebra over C which is closed in
operator norm and is stable under taking adjoints.

e Let A be a C*-algebra. We call a linear functional ¢: A — C
— a state, if (1) =1 and ¢(a*a) > 0 for all a € A,

— faithful, if for all a € A it holds that ¢(a*a) = 0 implies a = 0,
— tracial, if p(ab) = @(ba) for all a,b € A.

For an operator a € A denote its spectrum by
o(a) :={\ € C: a — A1 does not have an inverse in B(H)} .
We denote the set of non-negative elements of A by
A, = {a € A: ais self-adjoint and o(a) C [0,00)}.

Let a € A be normal, i.e. a*a = aa*, and f: o(a) — C be a bounded Borel
measurable function. Then we can define f(a) € A by functional calculus: Let
P*: B(o(a)) — A be the projection-valued spectral measure of a, i.e. the unique
projection-valued measure such that a = fa(a) A dP*(\) (see e.g. Theorem 12.23
in [92] where P“ is called a resolution of the identity). We then define f(a) :=
Sy £ AP" € A,

e A von Neumann algebra A C B(H) is a C*-algebra which is closed in the weak
operator topology, i.e. if (T;);cr C A is a net such that there exists T' € B(H) with
lim;(T;&,n) = (T, n) for all £,n € H then T € A. A linear functional ¢: A — C is
called normal if it is continuous w.r.t. the weak-* topology.

Building on the previous, we define the main structures of this section:
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Definition 2.4.3. A non-commutative probability space is a pair (A, ) where A is a
unital algebra and ¢: A — C is a linear functional satisfying ¢(1) = 1. Elements of A
will be called non-commutative random variables.

A C*-probability space is a pair (A, ¢) such that A is a C*-algebra and p: A — Cis a
state.

A (tracial) W*-probability space is a pair (A, 7) such that A is a von Neumann algebra
and 7: A — C is a state on A which is faithful, normal and tracial.

Note that by definition every W*-probability space is a C*-probability space and every
C*-probability space is a non-commutative probability space. Further, the term ‘non-
commutative’ here needs to be understood as ‘possibly non-commutative’ since commu-
tative algebras are not excluded from the definition above. Free probability is essentially
a non-commutative theory, however, in view of the central notion of freeness:

Definition 2.4.4. Let (A, ) be a non-commutative probability space and let A, ... A, C
A be unital subalgebras. We call A, ..., A, freely independent (w.r.t. ¢) or simply free
if for each m > 2 and aq, ..., a,, € A with

e o(a;) =0forallie{l,...,m},
e a; € A; for some j; € {1,...,n} foralli € {1,...,m} and

L jl 7£j27,j2 7éj37 "'7jm*1 #er

we have: p(ay---am,) =0.

Let n,m € Ny with n +m > 2. Let aq,...,a, € A and let A;,..., A,, C A be unital
subalgebras. We call ay,...,a,, Ay,..., Ay, freely independent (w.r.t. @) or simply free
if the unital algebras alg(1,ay),...,alg(1,a,), As,..., A, are free. Here alg(zy,...,xy)
denotes the algebra generated by the elements x4, ...,z € A.

Likewise, free independence between sets of non-commutative random variables is defined
via the free independence of the corresponding generated unital subalgebras.

Coming back to Example 2.4.1, it turns out that freeness of the (random) matrices
Ay and By is precisely what can be observed asymptotically in the large N limit: Denote
by Tr": My(C) — C the matrix trace and by tr) the normalized trace-expectation, i.e.

try : { My (C)-valued random variable A: E(|Tt"V (A)|) < c0)} — C,
try(A) = F (% TrN(A)> :

Let Iy € My(C) be the identity matrix. Then one can show that e.g. the normalized
trace expectation of products of the form

(AN — B (AN Iy) - (BY — ey (BY)In) -+ (A% — trg (AN In) - (BY* — trp (BY ) Iy)
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vanishes for large N whenever py,q1, ..., Pm, ¢m € N. More on this phenomenon which is
called asymptotic freeness of random matrices can be found in [77] Chapter 4.

We now focus on the analytic aspects of free probability. So in the following we assume
that (A, ) is a C*-probability space. Let a € A be a normal operator and recall that
by definition f(a) = fa(a) f dP* for bounded and measurable f: C — C. We denote by

ta € M*(C) the x-distribution (or spectral distribution) of a (w.r.t. ¢), i.e. the measure
defined by

o(f(a)) = / fdua, f:C— C bounded and measurable.
R

Clearly the support of p, is a subset of o(a). There are two important special cases: If
a € A is self-adjoint, then o(a) C R and we can, and will, view p, as an element of
M*'(R). Since p, is compactly supported and is in turn characterized by its moments, it
also holds that y, is the unique element of M*(R) such that

p(a") = / " dpg(x) forall n e N.
R

If a € A is unitary, then o(a) C T := {2z € C: |z] = 1}. Hence we can view p, as an
element of M'(T). Again, u, is characterized by its moments (see e.g. [96] Theorem 11.3)
which are given by ¢(a™), n € N.

2.4.1 Free additive convolution

We define the free additive convolution mentioned in Example 2.4.1 in two steps: First, we
define this map for compactly supported probability measures via free operators in a non-
commutative probability space and then, in a second step, for more general probability
measures having second moments via analytic tools. The first approach here relies on the
following Theorem:

Theorem & Definition 2.4.5. Let pi1, i € MY(R) be two compactly supported proba-
bility measures. Then there exists a C*-probability space inhibiting two self-adjoint non-
commutative random wvariables ay and as such that ay and ay are free and such that
Moy = M1, May = Mo. Moreover, the moments of [ia,+a, @re uniquely determined by the
moments of py and ps.

We call p1q B po := f1q, 14, the free additive convolution of py and pus.

Proof. For a proof of the first fact concerning the existence of ay,as cf. the free product
construction described in [3] Section 5.3.1. For the second statement concerning the
moments of fiq, 14, see |77] Chapter 1 Proposition 13. O

Next, we extend the definition of free additive convolution to unbounded probability
measures on R. This extension does not use any C*-algebra methods but only properties
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of the probability measures themselves. While one can do this in full generality (see
[77] Section 3.6), for our purposes it suffices to consider the situation that the measures
involved all have a second finite moment. For the desired extension we will use a measure
transform which linearizes under free additive convolution; for the classical convolution
of measures such a measure transform is given by the logarithm of the characteristic
function:

log (E("*Y))) =log (E(e"X)) + log (E(e™Y)) , a € R,

where X and Y are (classically) independent real random variables. In the free probability
setting the details are a bit more involved: We start with the following measure transform
which is very useful in its own right:

Definition 2.4.6. The Cauchy-transform G,: C\R — C of p € M'(R) is defined by

Gul2) = [ = duta).

Z—X

We collect important properties of the Cauchy-transform. For proofs, further prop-
erties and examples see [77] Chapter 3. Denote the upper half plane by C* := {z €
C: Im(z) > 0} and the lower half plane by C~ := {2z € C: Im(z) < 0}. Then we have:

Theorem 2.4.7. Let v, u, iy, fo, - - - € MY(R). Then:
(a) G,(CT) C C™ and G,: Ct — C~ is analytic.
(b) If G, = G,, then p=v.
(¢) If there exists a function G: C\ R with G(Z) = G(2), G, (2) === G(2) for all

z € C* and it holds lim,_, iyG(iy) = 1, then there exists p € M'(R) such that
n—oo
pn — p weakly and G, = G.

(d) Assume that p has finite variance o®. Then on the open disc with centre —i(4c)™!

and radius (40)~' there is a unique analytic function R, such that
1
G, (Ru(z) + —) =2z forall |z +i(40)7!| < (40)7".
z

If 0 =0, i.e. p =0, for some x € R, the domain of R, should be interpreted as
C-.
Definition 2.4.8. For y € M*(R) with finite variance we call R, in Theorem 2.4.7 (d)
the R-transform of p.

Using the R-transform we can extend Definition 2.4.5 (that this actually is an extension
see |77] Theorem 18 in Chapter 2, and for a proof of the statement see Theorem 28 in
Chapter 3 therein):

Theorem & Definition 2.4.9. Let vy, € M*(R) have finite variances. Then there
exists a unique probability measure, denoted by vy B 1y, such that R,, + R,, = R,,m,, on
the common domain of the functions involved.
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2.4.2 Free multiplicative convolution

Similarly to the free additive convolution we can also treat the multiplicative case. We
first motivate this convolution by the distribution of products of free operators. To do
so, we assume that (A, 7) is a C*-probability space such that the state 7 is tracial. There
are actually two variants to consider: The first variant corresponds to the multiplication
of two free self-adjoint non-commutative random variables a,b € A, one of which is non-
negative. Again, the statement of the theorem follows from the results referenced in the
proof of Theorem & Definition 2.4.5:

Theorem & Definition 2.4.10. Let 1y € M*(R), po € M*([0,00)) be two compactly
supported probability measures. Then there exists a tracial C*-probability space inhibiting
two self-adjoint non-commutative random variables ay and as such that as is non-negative,
ay and ay are free, and pa, = p1, My = M2. Moreover, the moments of Hol/2q 0l are
uniquely determined by the moments of 1 and ps.

We call py M pg := po X pg 1= Hol/2 g a1/ the free multiplicative convolution of py and ps.

One can extend this definition to arbitrary probability measures on R, one of which
is supported on [0, 00). However, for our purposes it suffices to only treat the case that
both measures are supported on [0,00). We will consider this extension further below.

The second variant of free multiplicative convolution corresponds to the multiplication
of two unitary non-commutative random variables a,b € A. Here we define

fia B piy = prp € M'(T) .

Again, using the free product construction mentioned in the proof of Theorem & Defin-
tion 2.4.5, one sees that this actually defines a free multiplicative convolution X: M*(T) x
M*Y(T) — M*(T). In contrast to the free additive convolution on R and the multiplicative
convolution on [0,00), we here do not need to extend this definition further since T is
compact.

We will see below that in the [0, 00)-case one can define an analog of the R-transform,
called the S-transform, for the free multiplicative convolution. In principal one has such
an S-transform for the T-case as well, the details are more subtle when one considers mea-
sures with vanishing first moment, however. As we will not make use of this transform,
we skip the details, for a treatment of this topic see [114] Chapter 3.

We now come back to the [0, 00)-case. Our exposition is based on [16]. First, for
p € M*(]0,00)) we define its ¥-transform by

Yu(z) = /[o e du(x), z€ C\[0,00).

)1—xz

Note that z(1 4 1,(2)) = G,(1/%) and hence p is determined by ,,.
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Proposition 2.4.11. Let u € M*'([0,00)) \ {do}. Then ¢, is univalent in the left half
plane iCt and ¢,(iCT) is a domain contained in the circle with center (u({0}) — 1)/2
and radius (1 — p({0}))/2. Moreover, we have ¢, (iC*T) NR = (u({0}) —1,0).

Hence we can define the following measure transform:
Definition 2.4.12. Let € M'([0,00)) \ {do}. Then we define its S-transform by

_1+z
2

Su(z)

XM(Z) y R S 1/JH(ZC+) )
where X, is the inverse function of ¥, |;c+.

Note that by Theorem & Definition 2.4.10 we have pu X §p = 69 X u = ¢ for all
compactly supported u € M'([0,00)). When extending the free multiplicative convolution
to measures which are not compactly supported we will enforce that this property is
preserved. In this extension the S-transform plays an analogous role for free multiplicative
convolution as the R-transform does for free additive convolution:

Theorem & Definition 2.4.13. Let vy, vy € M'([0,00)). If v; = & for some i € {1,2}
then we set vy R vy 1= 0p. So now assume that m := max(11{0},1.{0}) — 1 < 0. Then
there exists a unique p € M'([0,00)) \ {00} such that

S,(2) = Sy, (2)S0,(2) (2.4.1)
for all z € ,(iC*) Ny, (1ICT) N by, (iCT). Moreover, it holds that

p({0}) = max{11({0}),({0})).

In particular, (2.4.1) holds on some domain containing (m,0).
We define the free multiplicative convolution on (M([0,00)) \ {6 }))* by 11 R vy := p.

That this definition is actually an extension of Theorem & Definition 2.4.10 see [106]
Theorem 2.6. For a proof of the statement of Theorem & Definition 2.4.13 see [16] Section
6.

2.4.3 A proposition for the joint distribution of freely projected
operators

In this section we present a consequence of a result of [79] which already has been pointed
out implicitly in [54] Section 2.1. The setting here is as follows: Let (A, 7) be a tracial non-
commutative probability space. Recall that this means that A is a unital complex algebra
and 7: A — C is a linear functional normalized by 7(1) = 1 such that 7(ab) = 7(ba) for
all a,b € A. Denote by C(X7,...,X,) the algebra of polynomials with non-commuting
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indeterminates X1, ..., X,, with complex coefficients. For aq,...,a, € A we will call the
linear functional pg, . 4, C(Xi,...,X,) — C which is determined by

/Lm,...,an(l) =1 and
Lay o (Xiy - Xi) =7(as, - -az,), i;€{1,...,n},j€{l,... .k}, keN,

the joint distribution of aq, ..., a,. Further, we will call a self-adjoint, idempotent element
P € A a projection. We can now formulate the result:

Proposition 2.4.14. Let (A,7) and (A',7") be two tracial non-commutative probability
spaces. Let P € A be a projection such that 7(P) = 1/k for some k € N. Let ay,...,a, €
A such that {ay, ... ,a,} and P are freely independent. Leta’,... ai € A',ie{l,... k},
such that the algebras

alg(1,al,...,al), ... alg(1,a%, ... a*)
are freely independent and for all i € {1,...,k} the joint distribution of ai, ..., a’ equals
the joint distribution of {as, ..., a,}.

Then the joint distribution of Pa,P,..., Pa,P in the non-commutative probability space
(PAP,kT(-)) equals the joint distribution of

k k
2 g2
i=1 i=1

Proof. For a linear functional p: C(X,..., X,,) with x(1) = 1 we denote by R(u) its n-
dimensional R-transform, see [79] Section 1.2 and Definition 3.9. One important property
of this multivariate R-transform is that, like in the one-dimensional case, it linearizes
under the addition of free random variables (|79] equation (1.6)), in particular we have

k
e ) = 2R () =R (02 )
R(’ulﬂ 105 27 1 ah ZlR % ’%a% W a1, 711ca" ’

Here the superscripts (A), (A'), as well as (P.AP) below, indicate in which non-commutative
probability space the non-commutative random variables in the subscripts are viewed.
On the other hand, by Application 1.11 in [79] we have

A PAP
kR <N(%a)17“_7%an> =R (MgaalP,?..,PanP> :

As the R-transform uniquely characterizes the joint distribution (see |[79] equation (3.13)),
the claim follows. ]

e
wIH
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2.5 Free stochastic calculus

In this section we give a concise introduction to free stochastic calculus. We will use this
theory to describe limits of empirical measures of non-colliding S-Pearson diffusions in
Section 5. Roughly speaking, free stochastic calculus can be thought of as an N = oo
analogue of classical Ito calculus for N x N matrix valued It6 processes. In this theory the
latter random matrix processes are replaced by norm-continuous functions ¢ — x; where
the operators z; are elements of a common von Neumann algebra.

Our exposition is based on [21] and [80] where we adopt definitions and notation of the
latter reference.

Throughout this section let (A, 7) be a W*-probability space. Throughout we implic-
itly assume that A is large enough to inhibit the operators which we will consider below.
We start by observing that, as in classical probability theory, we have a notion of condi-
tional expectation (see [62] Theorem 7):

Theorem & Definition 2.5.1. Let B C A be a von Neumann subalgebra. Then there
exists a unique linear map f: A — B with the following properties:

(i) f(1) =1,
(i) [(brabs) = by f(a)by for all a € A and by, by € B,
(iii) f(a) € Ay for alla € A..
We call f the (non-commutative) expectation onto B and write 7[- | B] := f().

One can show that it holds 7[a | B] # 0 if a € Ay \ {0} ([62] Theorem 7). Further,
analogously to classical probability theory, in the case that a € A and B are freely
independent we have the formula 7[a | B] = 7(a)1 (|80] Section 2.1).

As in the theory of stochastic calculus we moreover have the following notion of filtrations
and martingales:

Definition 2.5.2. For (A;);>¢ a family of von Neumann subalgebras of A with Ay C A,
for all 0 < s <t we call (A;)i>0 a filtration of (A, 7) and (A, (At)e0,7) a filtered W*-
probability space.

Let (At)i>0 be as above. We call a collection (x4);>o with z; € A; for all ¢ > 0 a free
(adapted) process. A free process (z;);>0 is called a free martingale if 7[x; | As] = x5 for
all 0 < s <t

We can now define the non-commutative analogue of R"- and C"-valued Brownian
motions (see [81]| Definition 2):

Definition 2.5.3. We say that (z; = (214,...,%n¢))i>0 I8 an n-dimensional semicircular
Brownian motion (w.r.t. (A)i>o) if the following four conditions are met:
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(self-adjoint & adapted) x;; € A; is self-adjoint for all ¢ € {1,...,n} and t > 0.

e (start in 0) z;o =0 for all i € {1,...,n}.

e (jointly free increments) {1 — x15,...,%Tnt — Tpns} is freely independent of A, for
all0 < s <t.

e (semicircular distribution) z1;—x1, ..., Tyt — Ty, s are freely independent operators,

each having distribution pg., 7= for all 0 < s <.

We say that (2 = (214, - -, Znt))t>0 1S an n-dimensional circular Brownian motion if

<\/§ (Re(z14), Im(214), ..., Re(zn4), Im(zn,t>)>

>0

is a 2n-dimensional semicircular Brownian motion, where Re(a) := 3(a+a*) and Im(a) :=
5 (a—a*) for a € A.

In the literature, the semicircular Brownian motion is sometimes simply called ‘free
Brownian motion’ ([19, 20]) and circular Brownian motion ‘complex free Brownian mo-
tion’ ([25]). As in the classical case one can readily show that each component of a
(semi-)circular Brownian motion is a free martingale.

The following Theorem is the free probability analogue of Lévy’s characterization of
Brownian motion ([18] Theorem 6.2):

Theorem 2.5.4. Let (A, 1) be a W*-probability space and let (A:)i>0 C A be a filtration.
If
(Tt = (X1t -+, Tnt) )10

is an n-tuple of self-adjoint processes such that (x;+)>0 s an (Ai)io free martingale with
xio=0 for alli e {1,...,n}, and for all 0 < s <t one has

(i) T(|zie — 23 5|*) < K(t — 5)* for some constant K > 0 and all i € {1,...,n},
(i1) for anyi,j € {1l,...,n} and all A, B € A one has

T(Ax; Bxj,) = 7(Az; Bxjs) + T(A)T(B)(t — s)Li—; + ot — s5),
then (z1)i>0 is an n-dimensional semicircular Brownian motion.
Proof. Note that by the Holder inequality for traces (see e.g. [97] Theorem 2.1.4) we have
T(|wis — il wse — 2567) < 7(|wie — 2is )27 (|20 — 202

Hence the statement is equivalent to Theorem 6.2 in [18] when the time parameter ¢ is
restricted to [0, 1]. Tt is easy to see that the proof given there also applies in the case of
general ¢ > 0. O
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Next, we want to define the free version of the classical 1to integral w.r.t. Brownian
motion. To specify the space of simple integrands we need some additional definitions. In
particular, the notion of tensor products of Hilbert spaces and bounded operators thereon
will be important, we refer to [63] Section 2.6 for a proper treatment of these topics.

Let Hq, Hs be two Hilbert spaces and denote by H; ® H, their vector space tensor product.
There is a unique inner product (-, ) g,@,1, 00 H1 ® Hy such that (h1 ®ha, g1 Q 92) iy 0.1, =
(h1,q1) - (he, g2) for all hy, g1 € Hy, ha, go € Hy. We denote by Hy ®9 Ho the completion of
H, ® Hy w.r.t. the norm induced by (-, ), ,m,. One can show that there is an injective
s-homomorphism B(H,;) ® B(H2) — B(H; ®2 Hy) which allows us to view B(H;) ® B(Hs)
(and x-subalgebras thereof) as a x-subalgebra of B(H; ®y Hy).

Now fix some Hilbert space H. For a von Neumann algebra A C B(H) we denote by
A the opposite von Neumann algebra of A, i.e. A? = A as sets and A has the same
addition, involution -* and topological structure as A but the opposing multiplication
a -°? b := ba where the latter product is in A. If 7 is a tracial state on A, we write
7%(a) := 7(a) for the induced tracial state on A% to stress the algebra structure which
we are considering. Now consider the tensor product A®.4°% which by the aforementioned
is a *-subalgebra of B(H ®, H) with the small subtlety that the multiplication is here
given by

(zn: a; & bz> <zm: ¢ X dz> = zn: in: a;c; X dlbz for all a;, bz‘, C;, dl eA.
i=1 j=1 i=1 j=1

We will need the following operations on A ® A®: For u =" a; @ b; € A® A% and
r € A we set u#x := Y, ajzb; where the products on the r.h.s. are in A. We write

=1 :
fip. A ® A% — A® A% for the linear map which is determined by (a ® b)™ = b ® a.
Building on this, we write u* := (u*)¥P for u € A ® A% where -* is the involution of
B(H ®, H).

Definition 2.5.5 ([80] 3.1.3-3.1.5). Let (A, (At)i>0, 7) be a filtered TW*-probability space.
We call a map u.: [0,00) — A ® A% a simple adapted biprocess if there exists times
0=ty <--- <t, such that we have u,, € A, ® A for all i € {0,...,n— 1} and

n—1
up =Y L, (t) foral t>0. (2.5.1)
i=0
We denote the set of all simple adapted biprocesses by S,.

Let w € S, and m.: [0,00) = A. Let 0 =ty < --- < t,, be times such that (2.5.1) holds
for u. Then we define the integral of v w.r.t. m by

e8] o0 n—1
/ wHdm, = / u#dm = Z Wy, # (v, — My,) -
0 0 i=0

Further we set for 0 < s <t¢

/St u#dm, = /St uFdm = /00O (1[3,1%)(7')'11/7«) #dm,.
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As in classical stochastic calculus (see e.g. [95] Chapter 14 problem 2) it is easy to verify
that these integrals are well-defined, i.e. they do not depend on the chosen representation
of u in (2.5.1). Moreover, note that the integral of simple adapted processes is a sum of
terms where one multiplies the increments of the integrator from the left and from the
right by elements of A which is natural in the non-commutative context. In particular,
one has the same structure in classical matrix It6 calculus albeit the construction of the
Ito integral in this particular context usually is done on the level of individual matrix
components and not via matrix biprocesses.

We list immediate properties of the integral:

Lemma 2.5.6. Let u € S, and m.: [0,00) — A. Then:
(a) Sa = A, us [ u#tdm is linear.
(b) (JJ° uttdm)”™ = [° u*#dm*.
(c) f: wFEdm; = fos wFEdmy — for wgFEdmy for all 0 < r < s.
(d) If m is adapted then t — f(f u#dm is adapted.

(e) If m is a one-dimensional (A;)e>o semicircular or circular Brownian motion then
t . .
t— [y udtdm is an (Ay)io free martingale.

In order to extend this integral from simple adapted biprocesses to more general pro-
cesses we need a suitable closure of S,. To this end we first define a suitable closure of
A® AP: The minimal (or spatial) C*-algebra tensor product A @y A is defined as the
norm closure of A® A% in B(H ®, H). For details on the construction and properties of
the minimal C*-algebra tensor product see e.g. [64] Section 11.1 or [98] Section 6.1.

We write 7®@7 for the unique state on A®,in A% which is determined by (7®@7)(a®b) =
7(a)TP(b), see |64] Proposition 11.1.1. Note that the linear isometry -1P: A @ AP —
A® A% (and hence also -*) can be uniquely extended to a linear isometry on A ® i, A
which we denote by the same decoration.

Next, consider the Fréchet space of locally square Bochner-integrable functions

Ly ([0,00), A @uin AP) = {u : [0,00) = A @pin A7 w is strongly measurable and

t
/ ||u8||?3(H®2H) ds < oo for all t > 0}
0

1/2
with the topology induced by the seminorms u (fJHuSH%(H@H) ds) , t > 0; see e.g.

[27] Appendix E for the notions of strongly measurable and Bochner integrable functions.

Denote by
A? = gaL?oc([O’m)vA®mirlA0p)
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the closure of S, in L2 ([0, 00), A @min A?). We will now extend the stochastic integral

from S, to A% Tt holds the free Burkholder-Davis-Gundy inequality (Theorem 3.2.1 in
[21] and Theorem 3.1.8 in [80]):

’/ utdx §2\/§(/ HutH%(H@H)dt) and (2.5.2)
0 0

o) [e's) 1/2
‘/ wtd §4</ Hut|]28(H®2H)dt) (2.5.3)
0 0

for all w € S, and x.: [0,00) — A, respectively z.: [0,00) — A, a one-dimensional
semicircular, respectively circular, Brownian motion. If m is a (semi-)circular Brownian
motion, it follows that for fixed s > 0 the map

1/2

Se — C([s,0), A), urs (t — /St ur#dmr> (2.5.4)

is linear and continuous, where the topology on S, is the one of L ([0, 00), A ®upin A%)
and the topology on C([s,00),.A) is the one which is induced by the seminorms = —
SUD,e[s,q|[Tr[|; t > s. By the continuous linear extension theorem for topological vector

spaces (see e.g. |[102] Theorem 5.1) we hence can extend the integral from S, to A?:

Definition 2.5.7. Let m be a one-dimensional semicircular or circular Brownian motion
and u € A2. Then we write

t
tr—>/ u,F#dm,

for the evaluation of the unique continuous linear extension (from S, to A?) of the map
(2.5.4) at the point u .

We mention that one can also use LP theory to extend the integral, in particular one
also has an Ito isometry in the p = 2 case as in the classical setting, see [21] Section 3.1.

We now list some fundamental properties of the extended non-commutative stochastic
integral:

Lemma 2.5.8. Let (Ay)i>0 C A. Let m be either a one-dimensional semicircular or
circular (Ay)i>0 Brownian motion. Let u € A®. Then it holds:

(a) t— fg upFdm, is a free martingale w.r.t. (A)io.

(b) fst U, F#dm, = fg U, FEdm, — fos u,F#dm, and <fst ur#dm,.)* = f; wr#dm? for all

0<s<t.

(¢c) It holds (2.5.2), if m is a semicircular Brownian motion, and (2.5.3), if m is a
circular Brownian motion.
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As a natural next step towards free Ito calculus we define free It6 processes (semi-
martingales):

Definition 2.5.9. We call a map k.: [0,00) — A locally Bochner integrable if
k‘[O,t] : ([07 t]a B([Oa t])? Leb) — (“47 HH)

is Bochner integrable for all ¢ > 0; here Leb denotes the Lebesgue measure. For such a &
we denote by fot ks ds the corresponding Bochner integral over [0, t].

Let (xt);>0 be an n-dimensional (A;);>o semicircular Brownian motion for some filtration
(Ap)is0 € A. We call m.: [0,00) — A a free Ito process if my € Ay and if there exists
u; € A%, i€ {1,...,n}, and k.: [0,00) — A locally Bochner integrable and adapted such
that

dmy = wighday, + ke dt, e
i=1

n t t
my = mo + Z/ U o Fd; +/ kods forall t>0.
i=1 70 0

If w.: [0,00) - A® AP is continuous and adapted we write

n

wt#dmt = Z(thLt)#dl‘i,t + wt#kt dt s 1.e.

1=1

t n t t
/ wedhdm, = wogtmo + Y / (wytys)#dm; o + / wy#ksds for all ¢ > 0.
0 i—1 /0

0

If wy = a; ® by for some continuous and adapted (at)i>0 C A,(bt)i>0 C A%, then we also
write a; dmy by := (a; ® by)#dmy.

One can readily check that a free Itd6 process is continuous in operator norm and
adapted. Further, w;#dm; is well defined as t — wyu, is in A? ([80] Corollary 3.1.12)
and t — w;#k, is locally Bochner integrable. Moreover, we will use analogous notations
as above for integrals w.r.t. an n-dimensional circular Brownian motion as these can be
regarded as free Itd processes w.r.t. an 2n-dimensional semicircular Brownian motion.

To state the It6 product rule in our non-commutative context we define the bilinear map
Qr: (A® A?) x (A® A?) — A which is determined by

Q-(a®b,c®d) =T1(bc)ad .
In [21] this map is denoted by ((-,-)). Using the norm estimate
1Q~(a, )| < llalls(re.mllbllsure.m)

one can uniquely extend @, to a bilinear map on (A ®pin A%?) X (A Qmuin A°) which we
will denote by the same symbol. We now can formulate the free It6 product rule:
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Theorem 2.5.10 (Free Itd product rule ([80] Theorem 3.2.5)).

(a) Let (x;)i>0 be an n-dimensional semicircular Brownian motion, u;; € A* and k;.: [0, 00) —
A locally Bochner integrable for all i € {1,...,n} and j € {1,2}. Consider free Ito
processes dm;y == ¢ ujiFdriy + ki dt, 5 € {1,2}. Then it holds

n
d(mymay) = mypdmaoy + dmy g may + Z Q- (Uit ug,y) dl .
i=1

(b) Let (z)i>0 be an n-dimensional circular Brownian motion, u;;,v;; € A* and
kj.: [0,00) = A locally Bochner integrable for all i € {1,...,n} and j € {1,2}.
Consider free Ito processes dmj; = Z?:l (uj,i,t#dzm +vj,i7t#dzzt) + k. dt, j €
{1,2}. Then it holds

d<m1,tm2,t) =M1y dmZ,t + dmu Moy + Z (QT(ul,i,t7 U2,i,t) + QT(Ul,i,t7 u2,i,t>) dt.
i=1

One also has It6 formulas for polynomials and so called non-commutative C%-functions
of free It6 processes, see [80] Theorems 3.4.4 & 4.3.4. We however do not need this level of
generality in this work and thus only state a formula for the dynamic of traces of powers of
free Ito processes. Our motivation is the following: In Section 5 we will be interested in the
distributions of certain free Ito6 processes. As these distributions are compactly supported
we can characterize them by their moments. Hence the following traced free I1t6 formula
will prove quite useful (Theorem 3.5.3 in [80] where also more general C%-functions are
considered):

Theorem 2.5.11 (Traced It6 formula).

(a) Let (x;)i>0 be an n-dimensional circular Brownian motion, u; € A* for all i €
{1,...,n} and k.: [0,00) — A locally Bochner integrable and adapted. Let (my)i>o
be a free Ité process with dm; = Z?Zl Ui FFdr;y + ke dt. Then for all t > 0 it holds

7(m{) — 7(mg)
t 1 n n—2
_ - 0] ﬂlp k n—2—k )
—n/o < +§Zgl ,;ZO T®TP) ( - (m; ®@m )-uz,s>) ds.

(b) Let (2¢)i>0 be an n-dimensional circular Brownian motion, u;,v; € A? for all i €
{1,...,n} and k.: [0,00) — A locally Bochner integrable and adapted. Let (my)i>o
be a free Itd process with dm; =Y., (uiyt#dzm + vi,t#dz;it) + kydt. Then for all
t >0 it holds

T(mi') — 7(mg)

n n—2
:n/ ( (kgm™! +ZZ ® 7%) (ﬂlp (mF @ mn—27F). ui,s>>ds.
0

=1 k=0
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Remark 2.5.12. The inclined reader might have noticed the following: In the construc-
tion of the free Tto integral in [80] the closure of S, is not taken in L2 ([0, 00), A ®upin A)
but in L2 ([0, 00), ARAP) where ARA is the von Neumann algebra tensor product
(see [64] Section 11.2 for the latter notion). As pointed out in [80] Remark 3.1.7, both
closures yield the same space, however, since A®pin AP C ARA? and the operator norm
topology on A ®p,i, A is coarser than the weak operator topology on A®R.A. This also
explains why in Theorem 2.5.11 one can use 7 ® 7% instead of T7®7° which is, in the
notation of [80], the normal state on the von Neumann algebra tensor product A®.A%

which is determined by a ® b +— 7(a)7°P(b) (see [64] Prop. 11.2.7 for this latter notion).
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Chapter 3

The class of non-colliding 3-Pearson
diffusions

In this chapter, we study a class of multivariate stochastic processes which includes all
three classical eigenvalue processes from random matrix theory, i.e. Dyson’s Brownian
motion, Wishart & Laguerre processes and the Jacobi process. This class, called non-
colliding Pearson diffusions, has been introduced by Theodoros Assiotis in [10] Section 2
in the case that the underlying matrix models are hermitian. Recall that in random ma-
trix theory one often encodes the dimension over the reals of the underlying (skew-)field of
the random matrix model by 8 where § = 1 corresponds to real matrices, 5 = 2 to com-
plex matrices and S = 4 to matrices over the quaternion numbers. With this convention,
the non-colliding Pearson diffusions in [10] correspond to the case § = 2. On the other
hand, it is known that the three classical dynamical random eigenvalue models referred to
above can be extended to general S > 0 by stochastic calculus. Thus we will also consider
general parameter 3 for the other instances of Pearson-diffusions. It is known, however,
that for Dyson-Brownian motions, squared Bessel processes, Jacobi processes and radial
Heckman-Opdam processes of type A a parameter 5 < 1 leads to collisions of particles
a.s. ([33] Proposition 1, [31] Proposition 3.1, [26] Theorem 7.1). As we are interested in
non-colliding solutions, we will not cover the case 0 < f < 1.

The content of this chapter is as follows: First, we define non-colliding S-Pearson dif-
fusions in Section 3.1. Then, we recapitulate known results from the literature regarding
Dyson Brownian motions, squared Bessel processes, Jacobi processes and radial Heckman-
Opdam processes of type A in Sections 3.2, 3.3, 3.5 and parts of 3.4. What is more, in
Section 3.4 we state new results regarding non-colliding solutions and invariant proba-
bility measures/stationary solutions of non-colliding inhomogeneous geometric Brownian
motions in the case that one of the involved parameters is positive and for general 5 > 1.
Similarly, we will state new results regarding non-colliding solutions and invariant prob-
ability measures/stationary solutions of non-compact Jacobi/Fisher-Snedecor processes
and Hua-Pickrell diffusions in Sections 3.6 & 3.7 for general § > 1. So far, some of these
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results are only known in the case § = 2 by |9, 10]. Moreover, in Section 3.6 we will
prove new results regarding non-compact Jacobi/Fisher-Snedecor processes. Concretely,
we show that for some parameters these are eigenvalue processes of certain dynamical
random matrices built from the Brownian motion on the positive definite matrices (Sub-
section 3.6.2), and that, using the right rescaling, one can approximate non-colliding
geometric Brownian motions by these processes (Subsection 3.6.3).

3.1 General form of the model

Denote by C4 = {z € RY: 2y < ... < ax} the closed Weyl-chamber of type Ay_; (see
Section 2.3 for this naming convention) and let a(x) := as2z? + a1 + ag, ay,as,a3 € R,
be a polynomial of degree < 2, such that the set I, := {z € R: a(x) > 0} has non empty
interior. Let b(z) = bz + by for some by,by € R be an affine linear function. In this
chapter we will study solutions (X; = (Xi4, ..., Xn¢))i>0 to SDEs of the following form:

%b(Xi,t) +a(Xi) Y _ dt, (3.1.1)

dXi,t = 20/(Xi,t) dBi,t + ﬁ
ji it~ X

i€{l,...,N}, Xo= i for some deterministic &y € A, where the state space A of the
solution (X;)s>o is some connected subset of C¢ N (1,)" with non-empty interior. We will
call a solution (X});>o to this SDE which satisfies

Xip << Xpyy forall t>0 as.

a non-colliding [-Pearson diffusion with parameters ag, a1, as, by, b;. By the results of
[51], for B € {1,2} these SDEs are solved by the eigenvalue processes of matrix-valued
[t6 diffusions (M;):>o satisfying certain matrix-SDEs. In [51], more complicated diffusion
and drift coefficients than the ones given here are studied. However, we will see that our
particular choice of diffusion and drift coefficient in (3.1.1) will enable us to find explicit
parameter ranges for by, by in dependence on N, a, f under which unique solutions to this
system of SDEs exist. Moreover, we will be able to explicitly state the corresponding
stationary invariant probability measures whenever they exist.

In [10] it is shown that in the case § = 2 the transition probability densities of solu-
tions to such SDEs can be written in terms of the transition probability densities of the
corresponding N = 1 processes via determinantal formulas. The N = 1 case, in turn,
was studied via the corresponding Fokker-Planck equations for the transition probabil-
ity densities by Eugene Wong in [113]. As mentioned in the introductory Chapter 1,
Wong showed that, in case of existence, the stationary distributions of such processes
are Pearson distributions, i.e. probability measures on R which are absolutely continuous
w.r.t. Lebesgue measure and whose probability density function f satisfies the differential

equation
d ar +b

dx (z) = cr? + dr + ef(:c),
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for some a,b,c,d,e € R. For more information on these measures see e.g. [29] Section
19.4 and references therein. This connection to Pearson distributions explains the name
‘Pearson’ in the term ‘non-colliding [-Pearson diffusions’. We will see that for N > 1
and certain choices of coefficient functions a(x) and b(zx), invariant probability measures
of the dynamic (3.1.1) include (image measures of) Gaussian-S-Ensembles, [-Laguerre
ensembles, 8-Jacobi ensembles and Hua-Pickrell measures (Cauchy-(-ensembles); see [48]
for an introduction to these measures and their connection to random matrix theory.
We will also study the following system of ODEs which is closely related to the system of
SDEs (3.1.1):

d 1
i = blaig) + 20(2) > —. (3.1.2)

jr g Vit T Lt
i€{l,...,N}, mg = &9 € A, where, again, A is some connected subset of C4 N (I,)"
with non-empty interior. Formally, solutions (x; = (z14,...,%n4))e>0 to (3.1.2) arise as
limits ; = limg o Xft/ﬁ, where (Xtﬁ)tzo is a solution to (3.1.1). We will thus understand
(3.1.2) to be a f = oo variant of (3.1.1). In mathematical physics contexts the parameter
[ is often interpreted as inverse temperature of the system, hence we will also refer to
solutions to (3.1.2) as frozen non-colliding Pearson diffusions.

Because of the singularities appearing in (3.1.1) and (3.1.2), we now need to specify
what we actually mean by solutions to these equations. For equation (3.1.2) we consider
the following notion where we denote by int C4 the interior {x € RY: z; < -+ < xy} of
the set C4:

Definition 3.1.1. A non-colliding solution (z¢):>o to (3.1.2) with start in Ty is a continu-
ous function z.: [0, 00) — A with 7y = & such that for t > 0 it holds z; € (int Ca) N (I,)Y
and z; satisfies (3.1.2). We will call such a solution unique if there exists not another such
solution.

We will use the same notion of unique and strong solutions to (3.1.1) as in [87] Chapter
IX §1, i.e.:

Definition 3.1.2. A pair (X, B) = ((X¢)i>0, (Bt)i>0) of N-dimensional real stochastic
processes will be called a non-colliding solution to (3.1.1) with start in %, if the following

four conditions are met:

(i) The processes (X¢)i>0 and (By)i>o are defined on the same filtered probability space
(Q, (Ft)t>0, P) and both are adapted to (F;)>o-

(ii) (By)i>0 is a standard real N-dimensional Brownian motion with respect to (F3)i>o.

(iii) Xo = 29 a.s. and X; € (int C4) N (I,)N for all t > 0 a.s.
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(iv)

1, - 10_/ \/ zs des"’B/ [ zs +a ,8 Z X — dS,

for all t > 0 as., i € {1,..., N}, where the Riemann integral is understood, if
needed, as an improper Riemann integral.

We call a non-colliding solution (X, B) to (3.1.1) strong, if X is adapted to the completion
of the natural filtration F? := o{B,: 0 < s <t} of B.

We call a non-colliding solution (X, B) to (3.1.1) (pathwise) unique, if whenever (X', B') is
another non-colliding solution to (3.1.1) defined on the same probability space (2, (F;)>0, P)
and B = B’ a.s. then X and X’ are indistinguishable.

If it is clear from the context which Brownian motion B we are considering, we simply
say that X is a non-colliding solution (possibly strong or unique) to (3.1.1) if (X, B) is
such a solution.

Since we are only considering deterministic initial conditions 2, every pathwise unique
non-colliding solution to (3.1.1) is automatically a strong solution by Theorem 1.7 in
Chapter IX of [87].

In order to study the non-colliding property of (X;):>o, it is often convenient to write
the drift parts in the system of SDEs (3.1.1) differently. To do so, note that for z € int Cy
we have

_Z‘T’L i x]"‘xj):(N_l)x,_‘_Zﬂ
-]

J~J7ﬁz J J#i Jij#i

> z e D

p- :z:z—xj_ T; — X, D) 2 L~ 1, —

JJ#e JiJ#i JJ#i
Thus we can rewrite (3.1.1) as

~ G( X, X;
dX;, = 2a(Xi,t)dBi,t+§ b(Xit) + Y # dt (3.1.3)
jigpi Bt OOt

where

b(x) := (2a3(N — 1)+ b))z +a; (N —1)+ by, G(z,y):=2axy+ ai(z+y)+ 2a0.

Note that consequently non-colliding S-Pearson diffusions are special cases of solutions
to the SDEs (1.0.1) as mentioned in the introduction. In the following subsections we
are listing all possible variants of non-colliding S-Pearson diffusions where we distinguish
cases in dependence of the nature of the roots of the polynomial a. Each such case then
gives rise to a family of stochastic processes depending on the parameters N, 3, by, by. The
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name of each such family is thereby usually inspired by the corresponding one-dimensional
(N = 1) versions which especially makes sense in view of the following: As mentioned in
[10] p. 2649, in the case = 2 one obtains the N-dimensional variant of a non-colliding
[B-Pearson diffusion by considering the Doob-h-transform of N i.i.d. one-dimensional
Pearson diffusions where the function h is the Vandermonde determinant. In the litera-
ture one often finds the notion ‘N independent processes conditioned to never collide’ for
this construction. The only case where we differ from the naming convention described
above is the case of Fisher-Snedecor diffusions corresponding to a quadratic polynomial a
with two distinct real roots and positive leading coefficient. These multivariate processes
can be seen as extensions of the univariate Fisher-Snedecor processes which are mainly
studied in statistical contexts due to the fact that for certain parameters their invariant
probability measure is given by a Fisher-Snedecor/F-distribution (|46, 14]). As these
processes structurally have a lot of similarities to the Jacobi processes (e.g. here a is a
quadratic polynomial with two distinct real roots and negative leading coefficient), we will
also call these processes ‘non-compact Jacobi processes’ where ‘non-compact’ here refers
to the unbounded state space of these processes.

Within each family of processes we will give sufficient criteria for the parameters 3, by, by
which ensure the existence and uniqueness of non-colliding solutions. We point out, how-
ever, that we might write these results down in terms of slightly different parametrizations
of the coefficient function b than by the numbers by, by which is mostly due to historic rea-
sons. Moreover, the densities of invariant probability measures of such solutions, if they
exist, will be listed. We also mention dynamical random matrix models such that the
corresponding eigenvalue processes are non-colliding -Pearson diffusions. Note that, as
was shown in [51], in general one can always find such a random matrix model in the case
p € {1,2} by considering the solution to certain matrix SDEs. We thus primarily focus
on models which are more ‘explicit’ in the sense that they are defined using elementary
operations on well known matrix processes such as the hermitian Brownian motion or the
Brownian motion on the general linear group GI(N,C).

Remark 3.1.3. For existence and uniqueness of solutions to (3.1.1) we rely heavily on
Piotr Graczyk and Jacek Malecki’s seminal paper [52] on the non-colliding property of
particle systems on the real line. We point out that in that paper there is a minor error
in Section 4 in formula (4.3) which results in a missing term in formula (4.6) therein; see
Subsection 3.7.0.1 at the end of Chapter 3 for the necessary correction. However, the
validity of all main statements of the referenced paper are not affected by this correction.

In what follows, we omit the trivial non-random case a = 0.

3.2 (Ornstein-Uhlenbeck) Dyson Brownian motions

We start by considering the simplest case of non-colliding -Pearson diffusions correspond-
ing to as = a; = 0 and ap > 0. By transitioning to the time-rescaled process (X/q,)t>0,
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we can assume w.l.o.g. that ag = 1/2. Thus we get the following system of SDEs

_ 5 L
dXip=dBi+ 5 (X +bo+ ) | dt, (3.2.1)

jogpa Wbt

ic€{l,...,N}, Xog =2y € Ca. By Corollary 6.2 in [52], for all b;,by € R, 8 > 1 and any
starting configuration Xy = 2 € C’](‘,, the process (X¢)i>o is a process with values in Cf\}
which is non-colliding for ¢ > 0.
Note that in the case by = 0, by considering the process (Xl,t — gbot, o XN — §b0t>t>o7
we can assume w.l.o.g. that by = 0. The resulting process is the well known (-Dyson
Brownian motion. It is the first eigenvalue model in random matrix theory based on
Brownian motion which has been considered in the literature and has been conceived as a
time parameter variant of the GGaussian symmetric, hermitian and symplectic ensembles
in [43]. As the aforementioned matrix ensembles are quite well understood, the same
can be said about Dyson Brownian motion in the case 8 € {1,2,4}. In particular, in
the case f = 2 a concrete random matrix model such that the corresponding eigenvalue
process is a Dyson Brownian motion is given by A+ By, t > 0, where A € My(C) is some
deterministic hermitian matrix such that its vector of ordered eigenvalues equals Z and
(Bt)i>0 is a hermitian Brownian motion. Similarly one also has an associated random
matrix model if 5 =1, see [3] Section 4.3.1.
For general 3, the Dyson Brownian motion is also known as radial Dunkl process of type
Apn_1, see Section 2.3 for this point of view.
For b; # 0 (for some authors only for b; < 0) the solution to (3.2.1) is known as non-
colliding Ornstein-Uhlenbeck (OU) Dyson Brownian motion. Note that, by going over to
the shifted process (X1 +0bo/b1, ..., Xnt =+ bo/b1)i>0, We, again, can assume w.l.o.g. that
bp = 0. If one assumes by = 0, one obtains the b; # 0 case from the by = 0 case by
considering

eﬁblt/QXi eyt , 1€{1l,...,N}, t>0, (3.2.2)

T Bbhy

where (X;);>0 is a solution of (3.2.1) for by = by = 0; we carry out a similar transformation
in more detail in Proposition 3.3.2 below. One can show that if b; < 0 holds, the OU Dyson
Brownian motion converges for ¢ — oo in distribution to its unique invariant probability
distribution which is the image measure under \; — \;/v/=Bb1, i € {1,..., N}, of the
Gaussian B-ensemble with density on C'{ given by

N

CNB)-TLe ™2 I =Nl

i=1 1<j<k<N

where the normalization constant C'(N, ) is explicitly known (see e.g. [47] Proposition
1.9.4 for this constant).
The deterministic 5 = oo variants of (OU) Dyson Brownian motions, i.e. non-colliding
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solutions to the ODEs

d 1
— Ty = biw; b —— 1€4{1,...,N},
dtx,t 1254 + o-l—jzj;ﬁi P i€ }

have been considered in [109, 110, 108] in the case that b; = by = 0. By the same space-
time transformations as in (3.2.2) this is no actual restriction. Moreover, as shown in the
latter references, there is a close connection of these ODEs and the zeros of (univariate)
Hermite polynomials.

3.3 Squared (Ornstein-Uhlenbeck) Bessel processes
This case arises for as = 0,a; # 0. Using the rescaling

(a1 X1 4702 + a0, -y a1 Xy /a2 + a0)
we can assume w.l.o.g. that a; = 1 and ag = 0. The SDE (3.1.3) here then reads

Xit+ X4

s
dX;, = \/2X,;,dB;, + 5 b1 Xiy +bo+N—1+ Z Xip — X4

Jij#i

dt | (3.3.1)

ie{l,.... N}, Xo=30€ CE:={x e RV:0< 2, <--- < ay}, for some by,by € R.
We will call solutions to (3.3.1) squared Bessel processes and more specifically in the case
b1 # 0 squared Ornstein-Uhlenbeck (OU) Bessel processes. To distinguish these processes
from their univariate variants one might add the term ‘non-colliding’ to these names,
which for the sake of brevity we omit. The non-colliding property holds in the following
cases:

Lemma 3.3.1. For by € R, by > 0, 8 > 1 and starting configuration Xy = &9 € C% the
SDFE (3.3.1) has a unique non-colliding solution.

Proof. By Corollary 6.5 in [52|, the Lemma holds in the case by = 0. The following
Proposition asserts that in order to study the non-colliding property of this process, it
suffices to study this case. O

Analogous to Dyson Brownian motion, there is a space-time transformation from which
one obtains the b; # 0, i.e. the OU-case, from the b; = 0 case:

Proposition 3.3.2. Let (X;)i>o be the unique non-colliding solution of (3.3.1) for pa-
rameters 3 > 1, by = 0, by > 0 and starting condition Xy = 29 € C¥. Let by € R\ {0}

and set )
1 — e—Bbit/2

. Bbit/2 -
f(t):=e and g(t) : 2
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Then the process (Y := f(t)Xyq))i=0 solves

Yii + Y,

bYi+bo+N—1+ Y v
7,t 7t

JijFi

dYi; = /2Y;, déz’,t + g dt, Yy= o,

where Bi,t = fot V(8)dBig), 1 € {1,...,N}, t >0, is an N-dimensional standard real
Brownian motion for the fillration (G, := Fyu))i>o0-

Proof. The Proposition can be deduced from the statements in Section 10 of [90]. For the
convenience of the reader we give a direct argument: By Theorem 18.24 in [65] we have

B
dXigt)y = /2Xigw) dBigw) + 59’(75)

X; t) + X
bo+ N — 1+ 9 dt .
jzj;é Xigw) — X] 9(t)

Now, a simple application of It6’s formula shows that (Y;):;>¢ satisfies the claimed SDE
as f(t)g'(t) = 1. It remains to show that (B;)i=o is a standard Brownian motion. By
using Theorem 18.24 in [65] again, in conjunction with the polarisation identity 4[A, B], =
[A+ Bl; — [A — BJ; for quadratic variation, we almost surely have

[Bi,_,éj,.]t:/otf(s)d[&g /f d|Bi., B;.] —513/ f(s

:t(S’L] )

where §;; is the Kronecker delta. Moreover, again by the same theorem referenced above,

we know that B;, = fog(t) v/ f(g71(s)) dB; a.s., 50 (By);o is a continuous local martingale
for the filtration (G;)i>0. The claim now follows by Lévy’s characterization of Brownian
motion. O

For f = 1 a concrete random matrix model such that the corresponding vector of
ordered eigenvalues is a squared Bessel process is the following: Let M > N — 1. Let
C; = (A+By)T-(A+By), t > 0, where A is a deterministic M x N matrix over R such that
its vector of squared ordered singular values equals #p € {r € RYN: 0 < 2y < --- < an},
and where B; is a M x N random matrix whose entries are independent real Brownian
motions. Then the ordered eigenvalues of (C})i>¢ form a squared Bessel process; see
[24]. (C})i>0 is called a Wishart process, and its complex sibling, the Laguerre process,
analogously gives a dynamical random matrix model for the case § = 2, see [69].
Analogously to OU Dyson Brownian motion, in the case that b; < 0 and by > 0 one can
infer from Proposition 3.3.2 that X; converges for ¢ — oo in distribution to its invariant
probability distribution which is given by the image measure under \; — X;/(—05by),

i € {1,..., N}, of the Laguerre 3-ensemble with parameters 3, by whose density on CF is
given by
N
C(N, 8,b) - TT (W e2) - T Iy =l (3.3.2)

i=1 1<j<k<N
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where the normalization constant C'(N, 3, by) is explicitly known, see e.g. [47] Proposition
3.10.1.

We also mention that in the case by = 0 and by > 1 the squared Bessel processes are
radial Dunkl processes of type By after the coordinate change y; := 2\/z;, i € {1,...,N}.
Likewise in square root coordinates, the 5 = oo variants of solutions to (3.3.1), i.e. non-
colliding solutions to the ODEs

d

. Tip+ T
—;
dt

p=biz +h+ N—1+ ) =21 ie{l,...,N}, (3.3.3)
= Tt — T

Jrj#i

have been considered in [109, 110, 108] for the case by = 0. Again, using the space-

time transformation of Proposition 3.3.2, one sees that this is not an actual restriction.

Moreover, the authors show a close connection of these ODEs to the zeros of (univariate)

Laguerre Polynomials.

3.4 Non-colliding (inhomogeneous) geometric Brown-
ian motions

Here we are covering the case that a is a quadratic polynomial which has a real root of
order 2 and positive leading coefficient. By a simple shift of the coordinate system we
can assume w.l.o.g. that a(z) = agz?® for as > 0. By going over to the process (Xi/q, )i>0,
we can moreover assume that as = 1/2. Thus it suffices to study the following system of
SDEs:

B XitXju
dX;; = X;:dB; ;s + = | X, ——>— | dt, 3.4.1
it it + T 5 Y1Xit + Yo + ]z];éz X — X, ( )
i € {1,...,N}, for some deterministic start X, = Zo and some parameters v;,7 € R.
Likewise, we also consider the frozen counterpart of (3.4.1), i.e. the ODEs
d Tt Tj ¢t
— T = VLT St 3.4.2
dtm +t=MTi 7+ J;Z Tir— T30 ( )

i€ {l,...,N}, g = &g. If 79 = 0, we will call non-colliding solutions to (3.4.1) non-
colliding geometric Brownian motions and use the same term preceded by ‘frozen’ for
solutions to (3.4.2). Similarly, if 79 # 0, we use the same names except that we add the
term ‘inhomeogeneous’ after ‘non-colliding’. This naming convention agrees with the one
used in [10] Section 2 and is motivated by the fact that in the case § = 2,7 € R and
7o > 0 one can construct solutions to (3.4.1) by considering the Doob h-transform of N
independent (inhomogeneous) geometric Brownian motions where h is the Vandermonde
determinant h(x) = [],; ;< n(2; — 2;) (see [10] p. 2649 and references therein).

We can say the following about non-colliding solutions to (3.4.1):

Lemma 3.4.1. Let N e N, 8> 1 and 7, € R.



40

(a) For vy > 0 and starting configuration
on.i'oe{l'ERNZO<$1§"'§$N}

both the SDE (3.4.1) and the ODE (3.4.2) have a unique non-colliding solution. For
positive times t these solutions take values in {r e RV : 0 <z < -+ < zy} a.s.

(b) For vy > 0 and starting configuration Xy = &o € CX with 319 = 0 both the SDE
(3.4.1) and the ODE (3.4.2) have a unique non-colliding solution. The state space
of these solutions is (int Ciy) N[0, c0)™.

Remark 3.4.2. In the case 79 = 0 one can loosen the restriction of the positivity of the
starting configuration in (a) in the following way: If the starting configuration 2, € C'%
satisfies

Tig="=Tmo=0<Tpq10< - < Inp
for some m € {1,..., N}, then, in a certain sense, there is a unique solution (X;);>¢ to
(3.4.1) and it satisfies X1 = -+ = Xy = 0 < Xppp1p < -+ < Xy, forall t > 0 as.

In other words the first m ‘particles’ stay glued to 0 and the other N — m ‘particles’ are
non-colliding. See Proposition 3.4.6 below.

Proof of Lemma 3.4.1. First consider the time change ¢t — 2t/ applied to solutions to
(3.4.1). The resulting processes are now solutions to the SDEs

2
dX@t - \/%Xi,t dB@t +

i€ {l,...,N}. To treat the cases § € [1,00) and 3 = oo simultaneously, we here interpret
1/8 as 0 if § = oco. In a next step, we will study (3.4.3) in logarithmic coordinates. To
this end consider solutions (Y;);>o to the system of SDEs

2
dYis = \/%dBi,t +

Set o;(z) = o(x) = /2/8, bi(x) = b(x) = 27 — % — N+ 1+ 2ye 2, v = 1,
i € {1,...,N}. Note that b; is non-increasing, o; is 1/2-Holder continuous and there
exists some ¢ = ¢(N, B,71,70) such that the following estimates hold:

X X;
NXig 0+ Y | dt (3.4.3)
J et = X

2
271 — 2 = N+ 142y 2 + Y coth(V;y — Vi)

dt. (3.4.4)
b Ji

bi(z)x <c(1+z), of(z) <2y, z€R.

By [52] Corollary 6.8, there exists a unique non-colliding solution to (3.4.4) for all 8 €
[1,00], 1 € R, 79 > 0, and all starting configurations Yy = o € Ca. Now set X; :=
(exp(2Y1,t/4), ..., EXp (2YN¢/4)), t > 0. Using

| —1
coth ( og() og(y)) _rty
2 T =y
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we see by Ito’s formula that (X;);>o solves (3.4.3). Thus we have shown the claim in (a).
It remains to discuss the case v > 0 and o € C¥ with 21,0 = 0. We here follow the idea
of proof of Corollary 6.5 in [52]. To this end, we first look into the modified system of
SDEs

aYi, = \/7|}/;t|det+

with initial condition Yy = yo € C'%. Ideally we would like to directly apply the existence &
uniqueness Theorem 2.2 in [52|. There are seven conditions on the coefficients of the SDE
(3.4.5), namely (C1),(C2),(A1)-(A5) in that paper, which need to be fulfilled. However,
(A1) demands that we need to verify the inequality

Y;, ,
71Ym+%+z | tyl dt, ie{l,...,N}, (3.45)
jtj#i Yig gt

wz|(y — ) < |zy|(z —w) (3.4.6)

for all w < < y < z. But e.g. the choice y = 0 shows that this inequality does not
hold in its stated generality. Our strategy of proof is thus the following: It turns out that
five conditions, namely (C2),(A2)-(A5), actually are fulfilled, which we will show below.
This means that by Theorem 5.1 in [52] we know that a solution to (3.4.5) exists. We
can then show that every such solution which starts in C¥ stays in that set. Thus we will
only have to verify (3.4.6) for 0 < w < x < y < z. Using the same argument of proof as
in Theorem 5.3 of [52], we can then deduce the uniqueness of solutions of (3.4.3) in the

case 1 > 0.
0= 2l 6 =0, Bep) = oyl

Setting

our SDE reads dY;; = o(Y;,) dB;, + [b( Vi) + X, pp B0 Gt € (1,...,N}. As
mentioned, in a first step we will show existence of a solution. To this end, we verify the
following five conditions:

(C2): We need to find a constant ¢ > 0 such that o?(x) + b(z)x < ¢(1 + |z]?) and
H(z,y) < c(1+ |zy|). This holds e.g. for ¢ = % + ||+ |l + 1.

(A2): We need to find a ¢ > 0 such that o?(z) + 02(y) < c(x — y)*> + 4H(z,y). By the
inequality

(@) + 02 (y) = = ((x — 9)* +209) < = (& — y) + 2BJ]) = = (x — y)* + 4H(z,y)

B
we can fulfill this for the choice ¢ = 2.
(A3): We need to find a ¢ > 0 such that

H(z,y)(y — =) + H(y, 2)(z —y) < ez = y)(z = 2)(y —x) + H(z, 2)(2 — x)

SIS
SIS

‘(b
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for all x < y < z. To this end, we will adapt the corresponding argument of the proof of
Lemma 4.2 in [9]: We need to verify the existence of some ¢ > 0 such that

0<elz=y)(z—2)(y — o) + |w2|(2 = 2) = |yl (y — 2) = |yz[(z = y) = ge(y)

for all x < y < 2. We claim that this is true for any ¢ > 1. Indeed: Let ¢ > 1 and
x < y < z. Note that g. on [0,00) is a quadratic polynomial with zeros z and z and
leading coefficient

—c(z—x)—|x|+|z|:{<1_C)(2_I)’ z20
(I1—-¢c)z+(1+c)x, <0,

which is negative in both cases. Thus ¢.(y) > 0 in the case r < y < z and y > 0. Similar
considerations show ¢.(y) > 0 in the case z <y < z and y < 0.

(A4): We need to show that G := {z € R: 20%(x) + H(z,z) = 0} consists of isolated
points and for all x € G it holds

<« H(z,y))
b(x) + Y —Llgy(y;) #0
=1 LY
for all y1,...,yn_2 € R, with the convention ‘undefined x 0 = 0’. In our case it holds
G = {0} and
N-2
H(0,y,
b(O) + %]hg\{o}(y]) =% > 0 for all Y1,..-.-,Yn—2 € R.
j=1 J

(Ab): This condition is empty for our SDE since the affine linear part b of the drift coef-
ficient is the same for each particle Y;.

As mentioned above, Theorem 5.1 in [52] now implies the existence of non-colliding solu-
tions of the SDEs (3.4.5) for any starting configuration Yy = 3y € C4. We will now show
that any solution (Y;);>o of (3.4.5) which starts in Yy = yo € C% must stay in that set.
We will adopt the local time argument from the proof of Theorem 7 in |51, which we here
reproduce for the convenience of the reader. Set D; :=b(Y1:) +>_;. ;. % and

Vo=inf{t >0:Y;, <0}, k:=inf {t >9: D, =0} .

Suppose P(¢¥ < oo) > 0. Note that Y] gey(w) = 0 and Dy (w) = 7 > 0 for all
w € {Y¥ < oo}. Thus we have {¢ < oo} C {9 < k}. Moreover, setting p(x) := z?, we have
for e > 0:

1

t 9 [t
1 ysﬁ—dYS:—/]l Vi <y ds < 00 a.s.
/0 {0< Lg}p(}/l,s) [ 1] ﬁ 0 {0<Y1,s<e}
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By Lemma 3.3 on p. 389 of [87] we thus know that the local time at 0 of Y} vanishes a.s.
Thus, by Tanaka’s formula (see e.g. Theorem 1.2 p. 222 in [87]), we have for T, ¢ > 0:

(9+t)ARNT (9+t)ARNAT
min (0, Y1, 4)amnt) I/ Ty <0y dYis = / Ty, <0y dYis
0 IAT
9 (O+t)ARNT (O+t)ARNAT
=7/ = / ]l{Yl,SSO}lyl,s‘ dBl,s + / ]l{YLSSO}Ds ds.
B INT INT

Now fix some 7" > 0 such that 0 < P(¥ < T). Let (7,,)nen be a localizing sequence of
stopping times for the local martingale (Zt = fg Ly, <0y |Yi,s| dB , Le. 7, T oo for
o= >0

n — 0o a.s. and (Za,, )i>o is an L:-martingale for each n. Fix some no € N such that
P(1hy >T)>1—P(W <T). Then

P <T 7y >T)>PW <T)+ P(ry >T)—1>0

and

E [min (anl,(ﬁ—s-t)/\n/\T/\THO)} =K

(9 ARAT ATny,
/ ]l{YLSSO}Ds ds| >0 forall t>0.
9

/\T/\Tn0

We get a contradiction as Y g()+¢(w) < 0 for small ¢ and w € {¥ < co}. Thus we must
have P(¥ = o0) = 1.

So far we thus have shown the existence of a solution to (3.4.3) in the case vy > 0. It
remains to discuss the uniqueness of such a solution. Going through the proof of Theorem
5.3 of [52], we see that it suffices to verify the following two conditions:

(C1): We need to find a function p: [0,00) — [0, 00) with f(O,oo) ﬁ dx = oo and |o(x) —
a(y)l> < p(lz —y|) for all 2,y € R. This can easily be fulfilled by p(x) = F2?, as
2] = [ylP< |z — y|*.

(A1): We need to show the inequality f(z) := ;2 < - forall0 Sw <z <y < z. Note

zZ—w

that f'(z) = —w?/(z — w)? <0 for w # 2. Thus

f(z)gf(y)gﬂ forall 0<w<z<y<z.
y—
This finishes the proof. O

In the case of vy > 0, sufficiently small 71, and § € [1, 00|, we have stationary solu-
tions/invariant probability measures to (3.4.2)/(3.4.1) which we identify in the following
two Lemmas. These results so far are only known in the cases § € {1,2} by [88, 10].

Lemma 3.4.3. Let N €N, v, <0, 7 > 0 and 29 € CE. Let (z¢)1>0 be the unique non-
colliding solution to (3.4.2) for these parameters. Then the limit lim;_,o 2 = (21,..., 2N)
exists, where (2;,1, ...,z 1) is the vector of ordered zeros of the rescaled Laguerre poly-
nomial T +— Lgv_(%ﬁl))(cx), where ¢ = 27y (see [99] Chapter V for a definition of the
Laguerre polynomials). Moreover, (z1,...,2zyN) is the only stationary solution of (3.4.2)
in this case.
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Proof. A stationary solution x; = o, t > 0, to (3.4.2) satisfies

1
O:f}/lxi,o—i_f)/(]—i_ 9 Z€{177N}
Jél /@0 —1/2i0
Setting y := (x]_v}o, - ,x;é) we can write this condition as
0=—y/ti=%+ Y ,ie{l,...,N}.
joar Y

By the proof of [99] Theorem 6.7.2 it is known that the unique solution in int C¥ to
these equations is given by the ordered zeros of the rescaled Laguerre polynomial z —
LJ_\,@%H)(cx), where ¢ = 2.
Now let (x4)i>0 and z = (z1,...,2x) be as in the Lemma, i.e. we consider the situation
of general starting condition Zy € CE. Let f(x) := (eM(x),...,eN(z)) where eV, i €
{1,..., N} are the elementary symmetric polynomials in N variables defined in Section
2.2. By Lemma 2.2.2 the map f: CE — f(CE) is a homeomorphism. Now set y; := f(zy),
t > 0. Using the formula

e (z) = zieh 1 (xg, wpgy) +em Naepovpgy), 2 €RY, e {l,...,N}, (3.4.7)

-----

we have (notationally suppressing dependence of ¢):

N
d _ d

Z7Ym deﬁ_i(ﬂf{l ..... N @i, mE{L... N}
Plugging in the ODE for z; and using formulas (2.2.2) & (2.2.4) we get

d

Eym’t =m((y—(m—=1)/2)yms + %N —m~+ D)ym_1s, (3.4.8)

with the convention yp; = 1. Thus

t
Y = 6m('yl—(m—l)/Q)t (ym,[) + ’VO(N —m4+ 1)/ e—m(VI_(m—l)/Q)rym_Lr d’l") )
0

Since vy, < 0, we have m (v, — (m —1)/2) < 0 for all m € {1,..., N}. Inductively one

sees that the limit lim; . y; exists and does not depend on (y10,...,yno). Hence this
limit equals f(z) where z is the stationary solution considered above. A transfer back via
f~! shows the claim. O

Lemma 3.4.4. Let NeN, 5 >1,v <1/8, v >0 and

foe{reRY: 0<z < <ay}=08N(0,00)".
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Then the dynamic (3.4.1) has as unique invariant probability measure p the image measure
of the Laguerv"e ensemble (3.3.2) with parameters B = B,by = 2/ — 27y, under the map

T 2ﬁ70 (3t ..., 20t e its density on CE N (0,00)N is given by
N
p(dx) = C(N, B,71) H <xf(vl_N+1)_ze_5W/wi> H (zx — ;)" da,
i=1 1<j<k<N

where the normalization constant C(N,B,v1) can be calculated using [47] Proposition
3.10.1.

Moreover, the non-colliding solution (Xi)i>o to (3.4.1) for parameters ,v1,7 as above
and starting condition Ty € CE N (0,00)N converges for t — oo to p in distribution.

Proof. Let (Xt);>0 be the unique non-colliding solution to (3.4.1) for the parameters as
specified in the Lemma. By the calculations in the first part of the proof of Lemma 3.4.1,
the processes Z;; := %10g(X,-78t) satisfy

2
—Z 42y — N + 1+ 2ype 2%t 1 Z coth(Z;s — Z;4) | dt, (3.4.9)

dZ;y = \/§dBi,t+5 3
ji it

i €{1,...,N}. Thus the dynamic (3.4.1) is equivalent to the dynamic (3.4.9). Moreover,
the generator of the process (Z;):;>¢ is given by

Lf(x) :=Af(x) = (VV(z)) - V[(z),

— _52 K__ +2v, — N+ 1) T — %e—%} —B Y log(sinh(zy, — ;).

1<j<k<N

Now, the candidate for the invariant measure of the dynamic (3.4.9) is given by the
Gibbs measure p which has Lebesgue density p(dx) := %e_v(”)dx on int C4, where Z :=
fim oA e V(@) dz. We verify that Z is indeed finite. Note that it holds

N

N

V@ =T] <€<ﬂ<2w—zv+1>—2>mie—me*%) [] sinh(a,— ).
i=1 1<j<k<N
This density transforms under the map C4 — CE N (0,00)Y, z; + *i i € {1,...,N},

to

.&12

@
I
—_

—z\"
(xflxw(zm—N+1>72>/2efﬁwo/xi) I1 L
[ [ /le'k

1<j<k<N

0 (xfm—sz)ﬂe—mo/mi) [T -’
1<j<k<N

(3.4.10)

—.

s
Il
—_
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where ¢ is some positive constant, and where we used sinh((log(z) — log(y))/2) = 2“’;;%
and H1§j<k§N TjT) = vazl xjv’l. Another change of measure under the map
1
CBN(0,00)N = CEN0,00)Y, (21,...,25) — 25 (52 h)
Yo

gives a density proportional to

N
H (x;Qx;fB(’YI*N+1)+2€fzi/2> H (x;1 _ x,;l)ﬁ
i=1 1<j<k<N
N

:H (xi—ﬁ"/le—xiﬂ) H (xk: o .Tj)ﬁ _
i=1 1<j<k<N

Up to the normalization constant this is the density of the Laguerre ensemble (3.3.2) with
parameters B =0, by = 2/ — 27 > 0. This shows that Z < oo. Thus p is the unique
invariant distribution of the Markov process generated by L, see e.g. Section 2.2.3. of
[91] and the beginning of Section 2 of the survey [75].

In a next step we show that the potential V' is convex. To this end we note that

00,70 = {0 L OB o)

B(1 — coth*(z; — z;)), i 7.
Thus the Hessian (0,,0.,V (7))1<ij<n of V is the sum of the positive definite diagonal
matrix with entries 48y,e72%, ¢ € {1,..., N}, and another matrix which we claim is
positive semi-definite. One can see this using the following argument:
Let Aji, 1 <j <k < N, be a triangular array of non-negative numbers and consider the
corresponding symmetric matrix with vanishing diagonal which, by abuse of notation, we
again denote by A:

0, Jj=k,
Ajk:: Ajk7 j<k',
Akj7 1>k.

Now set
Bzdiag(Z Ay > Ajk> +A.
j: j#1 jt j£N

Then B is positive semi-definite, as for all z € RY \ {0} we have

N N
2TBz = sz ZAjk +2 Z 2z Aje = Z Aj(z; £ 2)* > 0.

j=1 k=1 1<j<k<N 1<j<k<N
k#j



47

In turn we know that the Hessian of V' is positive semi-definite which means that V
is convex. By Theorem 9.4.10 in [1| we have shown that p is a log-concave probability
measure. Hence, by Theorem 1.3 in [2]|, Z; converges to p in distribution for ¢ — co. The
result follows by applying the coordinate change z; — €*%, ¢ € {1,..., N}, as above. [

The processes arising as solution to (3.4.1) have previously been considered in the
following contexts: In the case § =1, 7o = 0 and v, = (N +1)/2 it was shown in [82] that
this process is the eigenvalue process of the matrix process (M;)i>o := (G¥ Gy)i>0 where
(G4t)s>0 is the (right-invariant) Brownian motion in the general linear group GI(NV,R) and
where -7 denotes the matrix transposition. One can show that (My)i>0 is a solution to
the matrix SDE

dM, = /M, dB, /M, + aM, dt, (3.4.11)

for some a € R and where (B;);>0 is a real symmetric Brownian motion (cf. [83] Section
2.9). If one replaces (B:)i>0 by a hermitian Brownian motion then the corresponding
eigenvalue process is a solution to (3.4.1) in the case 8 = 2, 70 = 0 and v, = «; see [51]
Section III. Clearly, (3.4.11) is a matrix extension of the SDE of real geometric Brownian
motion.

A surprisingly simple matrix model for the case § = 2, 79 = 0 and Zy = 0 has been
described by the present author and Michael Voit in [12]. There the matrix process

(B; + tdiag(p)),sg » with p:= (=N +1,-N+3,...,N—-3,N—1) eR",

is considered where (B;);> is an N x N hermitian Brownian motion, and where diag(p)
is the diagonal matrix with diagonal p. It is shown that the corresponding exponentiated
eigenvalue process is a non-colliding geometric Brownian motion for the mentioned pa-
rameters.

We further mention that in [88] a matrix process is considered whose eigenvalue process
solves (3.4.1) for =1 and some vy > 0,7 € R (see Lemma 22 therein; also see Remark
5.3.5).

Furthermore, in the case vy = 0, the non-colliding geometric Brownian motion written in
logarithmic coordinates is a (radial) Heckman-Opdam process for the root system Ay_g;
this follows from a comparison of the SDE (3.4.4) and the generator considered in Section
2.3.2.

To our knowledge solutions to the ODEs (3.4.2) have not been considered in the literature
before.

In the remainder of this section we elaborate on Remark 3.4.2 and thus only consider
the case 79 = 0. We also restrict ourselves to the case § < oo although the following also
works for = oo with the obvious modifications.

We will use the transformation under elementary symmetric polynomials in N variables
which we defined in Section 2.2. We denote this transformation by

fy: O = [0,00)", fv(@) = (e (2),...,en()).
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Recall that by Lemma 2.2.2 we know that fy: C¥ — fy(CE) is a homeomorphism and
[y intCy N [0,00)N — fa(int C4 N [0,00)Y) is a diffeomorphism. We now first state
how the SDE for non-colliding geometric Brownian motion transforms under this change
of coordinates:

Proposition 3.4.5. Assume (X;)i>0 satisfies the system of SDEs

dX;, _X”dB”+ Xy + Z ]dt ie{l,....N}. (3.4.12)

Jij#i Zt

Then it holds

1

k —
dek Xt Z tek 1 X{l 77777 N}\{j},t) dBj7t + k?g (’71 — T) Gév(Xt) dt, (3413)

ke{l,...,N}.

Proof. (3.4.13) follows from an application of It6’s formula and the identities (3.4.7),
(2.2.2) & (2.2.4). O

We now show that the system of SDEs (3.4.13) has a unique solution for more gen-
eral starting configurations than the ones lying in fy(C4 N (0,00)"). Transferring such
solutions back via fy': fv(CE) — CF explains the heuristic mentioned in Remark 3.4.2.

Proposition 3.4.6. Let v € R and 8 > 1. Set (fn(z)), =1, x € C§. Then the system
of SDEs

N
dYys = Z (fN (Yi)) (fN 1(fN (Yo)q,... N}\{]})) dBj,t + /‘Cg (71 - %) Y dt,
j=1

(3.4.14)
ke{l,...,N}, Yy € fn(CE), has a unique solution. Moreover it holds:

If Yoo>0, then Yy, >0 forall t>0 a.s., and
if Yeo=0, then Yy, =0 forall t >0 a.s.

If Yip > 0 then (f&l((}ﬁt,...,}/},t)))po is the non-colliding solution to (3.4.12) for N
replaced there by | where | := max{i € {1,...,N}: Y; o = 0}.

Proof. We distinguish two cases:

Case Yy > 0: Here we can infer from [52] Theorem 4.4 that any solution (Y;)i>o to
(3.4.14) satisfies Y; € fy(intCF) for all t > 0 as. As fylep is a diffeomorphism,
existence and uniqueness here follows from the existence and uniqueness of non-colliding
solutions to the SDEs (3.4.1) and Itd’s formula. We moreover know by this correspondence
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between the solutions of SDEs (3.4.1) and (3.4.14) that Y,, > 0 for all t > 0 and k €
{1,...,N} as.
Case Yy = 0: First note that it holds

Thus we can rewrite (3.4.14) in the case k = N as

al 3 N1

dYn,; =Y, dB;; + N— — —— | Yy dt.

Nt =YNgy ; it T+ 7 (71 5 ) Nt

The coefficients of this SDE are clearly Lipschitz continuous, so any solution is unique.
Thus we know Yy, = 0 for all ¢ > 0 a.s. In particular also (f&l(Yt))l = 0 a.s. Since

N
e 1((0,29,...,25)) = l_I:UZ = zjen_o(zq, gy forall j€{2,....,N},

we in turn have

for all t > 0 a.s. Thus we can rewrite (3.4.14) in the case k = N — 1 as

al 3 N -2
dYn_1;=Yn_ dB; N —-1)= — —— | Yy_14dt.
N-1;t N 1,tj§ i+ ( )2 (’h 5 ) N-1;t
Now if Yn_; 0 = 0 we can again deduce that Yy_;, = 0 for all ¢ > 0 a.s. Iterating this
argument we either get that in the case Yy = 0 the unique solution of (3.4.14) is a process
constantly equal to 0 a.s., or we stop at the largest [ € {1,..., N} such that ¥;o > 0. In
the latter case we thus so far have shown that Y;;, =0forall j € {{+1,...,N}and t >0

a.s. Now define Y; := (Y14, ..., Y.,). This process satisfies the system of SDEs

j=1 !

I
) o o 8 k-1
dYy: = Z (fl 1(Yt)> (fl—l(fl 'Y, l}\{j}))k_l dBjin—1+ + 7475 N5 Y+ dt,

ke {1,...,l}. By the first part of the proof there exists a unique solution to this system
of SDEs with the claimed properties. In particular we have thus shown the existence and
uniqueness of solutions to (3.4.14). O

3.5 (Compact) Jacobi processes

In this section we consider the case that a is a quadratic polynomial with two distinct real
roots and negative leading coefficient. By an affine-linear rescaling in space and a linear
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rescaling in time, we can assume w.l.o.g. that a(x) = (1 — z). Set CE¢ := C{ N0, 1]V,
We are interested in non-colliding solutions (X¢):>o of the SDE
6 Xit + — 22X Xt
4X; :\/2)(1- 1— X, )dBi, + > , P gy
it ( +)dBiy + 5 —(p+q)Xit + Z X,
Jr g7 '
(3.5.1)

ic€{l,...,N}, Xo= a0 € CEC, for certain parameters p, ¢ € R. Such solutions are called
B-Jacobi processes and appeared first, for § = 1, in [39] and were further studied in [31].
Similarly, we will call solutions to the system of ODEs

d xzt—i_x]t 233115:[;]15
ST =P = (p+ )Ty ;ﬁ; p— (3.5.2)
i€ {l,...,N}, 2o = &9 € CEY, frozen Jacobi processes. The term ‘Jacobi’ appearing

in the name of these processes is justified by the close relation of these processes to the
following objects:

Definition 3.5.1. (i) Let 8 > 0, a,b > —1. The (-Jacobi ensemble /Léﬁib is the prob-
ability measure on C¥¢ with density

N
C(N,a,b,8) [ ] (¢ ) I =17 (3.5.3)
i—1 1<i<j<N
The normalization constant C (N, a, b, §) is explicitly known, see [47| Section 4.7.1.

(ii) Let a, 8 € C. Denote by P]‘\)‘,’ﬁ the N-th Jacobi polyomial, i.e.

:20@7)@;5) () )

a+1 i Da+B+n+1)® (1—z\"
—~ (a+1)RE! 2 '

Here z(") = H?:_Ul(x + i) denotes the rising factorial with the convention z(® = 1.
For a, § > —1 the sequence (Pﬁ’ﬂ)NeN is a system of orthogonal polynomials w.r.t.
the weight function (1—x)%(1+x)?, see [99] Chapter 4. That the second equality in
(3.5.4) is true can thus be seen in this case by Theorem 4.1.1 in |60] and noting that
both sides of the equation agree for x = 1. For general o, 5 € C one can deduce the

validity of the equation by using analytic continuation.

The following is known about non-colliding solutions and invariant measures of (3.5.1):



o1

Lemma 3.5.2. For 3 > 1, p,q > N — 1 and &y € CEC there exists a unique non-
colliding solution (X;)i>o to (3.5.1). Moreover, if p,q > N — 1, it holds that p :=

Jac . . . . oy .
“5,%(p—(N—1))—1,§(q—(N—1))—1 1s the unique nvariant probability measure of the dynamic

(3.5.1). If additionally p,q > N —1+2/3, then X; LmiaN p weakly.

Proof. The first part of the Lemma holds by Corollary 6.7 in [52]. The explicit form and
uniqueness of the invariant measure is in principle known in the literature, see e.g. [104]
Section 3. However, to our knowledge, an explicit proof of this fact for general 5 has not
been given so far. One can show this by noting that the generator of (X;):>o, after applying
the coordinate change z; — arccos(2z; — 1), i € {1,..., N}, falls in the framework of
Langevin diffusions (compare end of Section 2.3.2), and thus has the corresponding Gibbs-
measure as its unique invariant measure, see e.g. beginning of Section 2 in |75] for this
latter fact. We will use similar arguments in Sections 3.6 & 3.7 so we skip the details
here. The weak convergence to the invariant measure follows by the explicit transition
probability densities for S-Jacobi processes in Proposition 4.1 of [31]. ]

We have the following corresponding result for frozen Jacobi processes:

Lemma 3.5.3. Let N € N and p,q > N — 1. Then for each 3y € CEC the system of
ODEs (3.5.2) has a unique solution (z;);>0 with x; € int C¥C for all t > 0. This solution

satisfies imy o0 7; = (21,...,2y) € int CRC where (221 — 1,...,2zy — 1) is the vector of
the ordered zeros of P](quN’p*N). Moreover, (z1,...,zN) is the only stationary solution to

(3.5.2) in CBC.

Proof. This is just a reformulation of Theorem 1.1 in [13] as there the functions ¢ — y; ; :=
2z, — 1, 1€ {1,..., N}, are considered. ]

As mentioned above, the non-colliding multivariate Jacobi processes have first been
studied in [39]. Therein, the real matrix Jacobi process has been introduced as a matrix
diffusion with values in the space of real symmetric matrices and whose invariant distri-
bution is given by the Beta matrix distribution; e.g. see [76] Chapter 5 for a definition
and the corresponding Lebesgue density. In [30, 31| the corresponding complex matrix
process has been considered, we briefly summarize its construction: Start with the unitary
Brownian motion (U;);>¢ with values in the group of N x N unitary matrices which arises
as the solution to the matrix SDE

1 A
dUt = ZUt dBt - §Utdt, UU == UO,

where (By)i>0 is a N x N hermitian Brownian motion and U is some deterministic N x N
unitary matrix; for other equivalent definitions of (U;):>0 see [28]. One important property
of this process is that it converges for ¢ — oo in distribution to the normalized Haar
measure on the unitary group. Now let n,p € {1,..., N}. The complex matrix Jacobi
process is defined as

Jp = mnp(Up) - mpp(Up)*, >0,
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where 7, ,: CN*N — C™? is the map that sends a matrix to its upper left submatrix with

n rows and p columns. If p > n and ¢ := N — p > n then one can show that the eigen-
value process of (J;):>o is an n-dimensional Jacobi process with parameters p, ¢ and § = 2.
This result has not been proven explicitly in the literature but it can be deduced from
a straightforward adaptation of the proof of the corresponding result for the real matrix
Jacobi process, see [39] Theorem 9.3.1. We will see that a similar construction also gives a
matrix model for the non-compact Jacobi processes, which we consider in the next section.
Lastly, we mention the connection of Jacobi processes to (compact) trigonometric Heckman-
Opdam theory. As already pointed out in Section 2.3.2, if one transforms the N-dimensional
Jacobi process by the coordinate change x; — arccos(2z; — 1),7 € {1,..., N}, one obtains
a compact Heckman-Opdam process of type BCy. Hence, the paper [86] highlights an-
other approach of studying these processes based on the examination of the corresponding
heat-semigroup and not via SDEs.

3.6 Non-compact Jacobi/Fisher-Snedecor processes

In this section we study the case that a is a quadratic polynomial with two distinct real
roots and positive leading coefficient. By a rescaling in space and time we can assume
w.l.o.g. that a(z) = x(x — 1). Thus the processes of interest here arise as solutions with
values in CE¢* := C4 N [1,00)" to the SDEs

Xy~ Xii— X,

t
=\ dt,
Xit — Xy

dX;, = \/QXM(XM —1)dB;; + g —p+ P+ Q) Xy + Z 2Xi 4
Jij#i
(3.6.1)
i€{l,...,N}, Xo =i € CE for certain p, g € R. We also consider the corresponding
frozen versions of these processes which arise as solutions to

QIEitl'jt—l“it—fL’jt
= R P e O 3.6.2
e = P+ (P + )wie +j_ T (3.6.2)

i€{l,...,N}, mg = &g € CB*, for certain p,q € R. Note the strong resemblence to
the SDEs (3.5.1) for Jacobi processes where we have a sign change under the square root
in the diffusion part and a sign change in the drift part. Hence, we will call solutions to
(3.6.1) and (3.6.2) non-compact Jacobi processes and frozen non-compact Jacobi processes
respectively. This is a break with the naming convention applied to the other instances of
[-Pearson diffusions as the corresponding one-dimensional processes are, up to an affine
linear transformation, already known as Fisher-Snedecor diffusions. This latter name
stems from the fact that for certain parameters the invariant measure of a Fisher-Snedecor
diffusion is a Fisher-Snedecor or F-distribution and hence it is of some interest in the
statistics literature (|113, 46, 14]). We will see below that, for certain parameters, in our
multivariate setting we have image measures of Jacobi-ensembles as invariant distributions
whence we advocate the name ‘non-compact Jacobi processes’ where ‘non-compact’ here
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alludes to the unbounded state space CR¢* = C4 N [1,00)". Before we discuss invariant
distributions, we first establish sufficient conditions on the parameters (3, p,q such that
unique non-colliding solutions exist:

Lemma 3.6.1. Let N€N, ¢g> N —1, p € R and &y € CF°™.

(i) For B > 1 there exists a unique strong non-colliding solution (X)i>o of (3.6.1) with
XO = jﬁo.

(1) There exists a unique non-colliding solution (x;)i>o to (3.6.2) with xo = Zo.

Proof. We will show the Lemma by considering the process ()~(t := Xo1/8)t>0- The SDE
for X then reads

X — Xiw — Xju
Xi7t — X4

dt |

2X;

dXZt—Q\/B zt)(zt_]-)det+ p+(p+q zt+z !
Jij#i

(3.6.3)

ie{l,...,N}, Xy =iy € CB°*. In the case f = co we interpret all quotients % as 0
which enables us to treat assertions (i) and (ii) simultaneously. The proof shares a lot
of similarities with the proof of Lemma 3.4.1. Here, we also verify various conditions
of the existence and uniqueness Theorems in [52]. However, a proper extension of the
coefficients of the SDE (3.6.1) to the bigger set C'a is more involved here. Our idea is to

‘reflect’ the diffusion coefficient x +— 21/x(x — 1)/ at the point 1. Hence, we define the
extended diffusion coefficient

o(z) = 2v/x(z—1)/p, r>1
2y -2)2-2)/B, x<1.

Further, we choose to extend the drift coefficient in the following way, which fits the
relation between diffusion and drift coefficients for eigenvalues of general random matrix
models (compare [51] Theorems 3 & 4): Set

) v/B, z>1 vz -1, z>1 o
g9() -—{ @-0)/F. <1, h(x) -—{ T2, <1 b(z) == —p+(p+q)
and
H(z,y) =P (9°(2)h*(y) + ¢°(y)h*(x))
z(y—1)+ylr—1), z,y > 1
2-2)1-y)+2-y(l-2), zy<l
2—-2)(y—1)+y(l—2x), r<landy>1

z(l—y)+2—y)(z—1), x>landy <1.
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We allow 8 = oo by setting ¢ = 0 and H equal to the r.h.s. above. We will show that
there exists a non-colliding solution for the system of SDEs

H(Y;:Yj4)

dYig =0 (Yi)dBiy+ (b(Yie) + Y
it — Ljt

Ji J#i

dt, ie{l,...,N}, (3.6.4)

Yy = yo € Cf whenever the parameters N, 3, p, ¢ fulfill our assumptions. Note that not
all conditions of the uniqueness Theorem 5.3 in [52] are fulfilled as one can check that
H(w,2)(y —x) > H(z,y)(z — w) for (w,z,y,2) = (—1,0,1,2). As our interest lies in
solutions starting in CE*, this problem can be circumvented by first proving existence
of solutions for general starting vectors yo € C4a and then, in a second step, proving
uniqueness under the constraint yy € CE*. To show existence of a solution to (3.6.4), by
Theorem 5.1 in [52] it suffices to verify the following five conditions where the coefficient
functions o; := 0,b; :== b, H; ; := H are independent of i,j € {1,...,N}:

(C2): We need to find a constant ¢ > 0 such that o?(z) +b(x)x < ¢(1+2?) and H(x,y) <
c(1+ |zy|) for all z,y € R. Tt turns out that for our choice of H such a constant does not
exist. However, the only application of condition (C2) in the paper [52] is in the proof of
Proposition 3.4. The bound for H = H, ; is used to show that there is a ¢ > 0 such that

N N
> Hig(hiN) <é (1 + ZA?) :
=1

ij=1
i<j

But this means the weaker condition

‘It exists ¢ > 0 such that o?(z) + b(x)r < (1 + 2%) and
H(z,y) <c(l+2°+y?) foral z,y e R’

actually is sufficient as well. That this latter condition is met by our o, b, H is elementary
to check.

(A2): We need to find a ¢ > 0 such that o%(z) + 02(y) < c(z — y)*> + 4H(z,y) for all
z,y € R. We will show that the choice ¢ = 4 is sufficient. We start by observing that for
all z,y > 1 we have

o’(x) + o*(y) = %(w(x —D4yly—1) <4@*+y° -z —y)

=4(z —y)’ +4(z(y — 1) +y(z — 1)) = 4z —y)* + 4H(z,y).

This shows the claim for the case x,y > 1, and, by using o(z) = 0(2 — z) and H(x,y) =
H(2 —xz,2 —y), also for the case z,y < 1. By symmetry it remains to consider the case
x> 1,y < 1. Here we have

o?(z) +o*(y) = %(x(x -D+1-y2—-y) < 4(332+y2 . —3y+2)

=4((z —y)* + ey —x =3y +2)) <4((z —y)* + (—2zy + 3z + y — 2))
=4(x —y)* +4H (z,y),
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where we used 0 < —zy+ 2 +y— 1= (z —1)(1 —y) in the second inequality.
(A3): We need to find a ¢ > 0 such that

H(z,y)(y—z)+H(y,2)(z—y) < clz—y)(z—z)(y—x)+ H(x,2)(z—x) forall x <y<z.
Equivalently, we need to verify the existence of some ¢ > 0 such that

0<clz—y)(z—2)(y —2)+ H(z,2)(2 —) — H(z,y)(y —x) — H(y,2)(2 —y) = g.(v)

for all x < y < z. Note that g. vanishes at the points z and z. We have to consider the
following four cases: z > 1, x <1 <y, y <1 <z and z < 1. Note that in either case g.
is a quadratic polynomial with roots x and z. Thus, it remains to calculate the leading
coefficient of g.. The leading coefficient I, (x) of y — H(x,y)(y — z) is easily seen to be
given by

20 —1, x,y>1

20— 3, z,y<l1

3—2x, rz<ly>1

1-2x, z>21,y<l1.

ly(z) =

By symmetry, the leading coefficient of y — H(y, 2)(z — y) is given by —[,(z). Thus, the
leading coefficient of ¢. is given by

—c(z—2)—2r—-1)+2z—1=(2—¢)(z —x), 1<z,
—c(z—zr)—3—-22)+2z—-1=2—-¢)(z—2)+4(zx—-1), <1<y,
—c(z—x)— 2 -3)+1-22=02—-¢)(z—x)+4(1—2), y<1<z,
—c(z—x)— (2 —-3)+22—-3=(2—-¢)(z —x), z <1,

which is negative for ¢ > 2.
(A4): We need to verify the following: G := {z € R: 20%(x) + H(x,z) = 0} consists of
isolated points and for all x € G it holds

N2 o
+Z H, ) — P\ (y;) # 0

=1 T Y
for all y1,...,yv_2 € R, with the convention ‘undefined x 0 = 0’. In our case it holds
G = {1}. Using

H(l,y) =
1— Yy, y< 17
we have
N— 2H
)+ HR\{l}(yg)—qH{J yi <=y > 1} 2q¢—(N-2)>0.

j=1 J
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(A5): This condition is empty for our SDE since the linear drift coefficient b is the same
for each particle Y;.

So far we have shown the existence of a solution to (3.6.4). Next, we argue that if
such a solution starts in CE“* it must stay in that set. It holds that the stopping time
Y = inf{t > 0: Y1, < 1} is infinite a.s. Indeed: Using ¢ > N — 1 we can use the local
time argument as in the proof of Lemma 3.4.1. This argument is applicable in our case
since the drift coefficient D, := b(Y1:) + Z; i1 % of Y7, satisfies Dy, (w) > 0 for
w € {¥ < oo} since ¢ > N — 1.

Finally, it remains to show uniqueness of the solution in the case Yy = yo € CE*. We
have proven so far that any such solution must take values in CE“*. By going through the
proof of Theorem 5.3 in [52], we see that it suffices to show the following two conditions:
(C1): We need to find a function p: [0,00) — [0, 00) with f(Ooo o do = o0 and |o(x) —

o(y)I* < p(Jx —y|) for all z,y € [1,00). Note that ol 3 is 1/2- Holder continuous as the

composition of the 1/2-Hélder continuous function = — 24/(x — 1)/ and the Lipschitz
function x — 2x(x — 1) + 1. Further, 0| is Lipschitz continuous as its derivative is
bounded. Moreover, for z > 3 and y € [1,2) we have

2 2 4
o) = o) = 7= (Vale =D = Vily=1)) < —= =y = 1) = le .

Combining these facts, we can deduce that there exist constants c;, co > 0 such that

la(w) —o(y)]’ <ealr—y|+ elz—yl? = p(lz —y|) forall z,y>1.

Clearly fo (0.00) p o dr =
(A1): We need to show the inequality f(z) = Hlw2) < n;(x Y forall l <w<z<y< 2

zZ—w -

Note that f/(z) = —2w(w —1)/(z —w)? < 0. Thusforall 1 <w <z <y < 2

fe) < gy = MU= DHvw =) sy-Drye-Y) _ H@y)
y—w Yy—x y—x

This concludes the proof. O

For small p we have the following large ¢ asymptotic for frozen non-compact Jacobi
processes, compare Lemma 3.5.3.

Lemma 3.6.2. Let ¢ > N —1, p < —q and let 3y € CBC*. Let (x;)1>0 be the unique non-
colliding solution to (3.6.2) for these parameters. Then the limit limy_ o 2y = (21,...,2N) €

int OB exists, where (223" — 1,...,227" — 1) is the vector of the ordered zeros of the

¢=N,~(p+q+1)

Jacobi polynomial Py, Moreover, (21, ..., 2N) is the only stationary solution to

(3.6.2) in this case.

Remark 3.6.3. It is expected that if (x;):>0, (T¢):>0 are two solutions to (3.6.2) then it
holds an estimate of the form

|2y — 3] < e g — T
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for some ¢ > 0; cf. the corresponding result for frozen compact Jacobi processes in [108|
Proposition 4.3.

Proof. The proof is very similar to the one of Lemma 3.4.3. We first discuss the station-
arity of solutions. So assume that z with 1 < z; < .- < zy satisfies

ke b RZj — Rk
Division by —z;, and using the formula
1+ 2,21 — 22 z!
L IR D D=
ke ktj % Ak k: ktj ] - Zk
gives
~ 14 zp2t — 22
0=pz;' —(p+q)+ Y .
) Zj — 2k
k: k#j
1 - z_l)
=(p+(N=1)z;" = (p+9q) +2Z
ey 5=
— 2
== |- —2q+N—l+(p+N—1yj+QZ J
2 Yi — Yk
k: k#j
1—y? |¢g—(N—1 +
_17Y |4 ( ) p+tyq 19 Z ,
2 y; —1 y; +1 hirg Vi T Yk
where we set y; = 22]71 — 1. By equation 6.7.5 in [99], it is known that in the case

q > N —1and p+q < 0 this set of equations has at its unique solution in {y € RY: —1 <
y1 < -+ < yn < 1} the ordered zeros of the Jacobi polynomial PX,—N’_(HqH).

It remains to discuss an arbitrary starting condition #, € Ca. Here we first transform
the solutions (;);>0 by the homeomorphism f: C4 — f(CQ),z — (eN(x),...,eN(x)),
where (ejv)je{l,m,N} are the elementary symmetric polynomials discussed in Section 2.2.
Set y; := f(x;). Using the formula

N
m

em(T) = $i€%:%(l’{1,...,N}\{i}) + 6%_1(1'{1,,,,,]\7}\{1-}) , TE RY , 1e€{1,...,N},

we get (notationally suppressing dependence of t):

N

d N-1 d
apdm = > Em 1 (T{1, NN (i}) 7 i

=1
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Plugging in the ODE for z; and using formulas (2.2.2), (2.2.4) & (2.2.5) we obtain

d
Eymvt =mp+q+1—m)yms— @P+m—1(N—m+ 1)ym_1., (3.6.5)

m € {1,..., N}, with the convention yo. = 0. Thus

t
Yt = em(p+q+l—m)t <ym,0 _ (p +m— 1)(N —m+ 1)/ e—m(P-HH-l—m)rym_l’T d?”) '
0

Since p 4+ ¢ < 0, we have m(p+ ¢+ 1—m) <0 for all m € {1,..., N}. Inductively one

sees that the limit lim, ,, y; exists and does not depend on (y10,...,yno). Hence this
limit equals f(z) where z is the stationary solution considered above. A transfer back via
f~! shows the claim. O

Next, we want to show the corresponding result for finite .

3.6.1 Invariant measures of non-compact Jacobi processes

To analyze the existence of an invariant probability measure of the dynamic (3.6.1), we
will show that in suitable coordinates this dynamic falls in the framework of (overdamped)
Langevin diffusions/Kolmogorov processes. Hence we can identify the invariant measure
by the corresponding Gibbs (or Boltzmann) measure; see e.g. [91] Sections 2.2.2. & 2.2.3.
Note that we also used this type of argument in the proof of Lemma 3.4.4.

Let (X¢)¢>0 be a solution to (3.6.1) and set Y;; := arcosh(2X;,—1),7 € {1,..., N}. Then
by It6’s formula and some elementary calculations, (Y;):>o satisfies

dYi, = \/§dBi,t + é (¢ —p)coth(Y;,/2) +2(p— (N — 1) — 1/5) coth(Y;,)

2
Vi — Y Vi Y
+ Z (coth (%) + coth(%)) dt ,
Jrj#i
i € {1,...,N}. Note that (Y;);>o now takes values in C%. Setting
ky = é(q—p), ko = ﬁ(p—(N—l))—l/l ks = é,
2 2 2
we see that the corresponding generator has the form
N
Lf(w):=Af(w)+ Z <k1 coth(w;/2) + 2ks coth(w;) (3.6.6)
i=1

+hs ) (coth (%) + coth(@)))@wif(w)

Jig#
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for functions f € C?(RY) which are invariant under the Weyl group associated to the root
system BCy. This is precisely the radial Heckman-Opdam Laplacian (2.3.2) for the root
system BCy and for the the mulitplicity (ki, ks, k3). Thus, if the parameters ky, ko, k3 are
non-negative, (Y;);>o has been studied in [93, 94].

Remark 3.6.4. Note that in Lemma 3.6.1 we have shown that the condition
k14 ko > —1/2 and k3 > 1/2 (367)

is sufficient for the existence of non-colliding solutions. Thus, it would be interesting if the
approach taken in [94] also extends to certain negative multiplicities in the case of root
system BCy. A valuable ingredient might be the analysis of the corresponding Heckman-
Opdam hypergeometric function which was undertaken for certain negative multiplicities
in |78, 58], where the particular case (3.6.7) is covered.

We are now ready to state our result on invariant measures:

Lemma 3.6.5. For > 1, p+q <2/ and ¢ > N — 1 the dynamic (3.6.1) has a unique
invariant probability measure p which is supported on CEC* and has density

N
Bl (N_1))_
mMn%mH(ﬁ@W”“@fJﬂ@W”“) [[ (o —2)%de

j=1 1<j<k<N

for some normalization constant C(N,p,q,3) > 0. This is the image measure of the
Jacobi ensemble (3.5.3) with paramelers § =B, a = —2(p+q), b=5(q— (N -1)) -1

under the map (y1,..,yn) > (U5 - u0Y)-

Proof. First, note that the process (Y;);>0 which is generated by £ has the following
Langevin diffusion structure: Let

V(x) :=—2k; Y log(sinh(z;/2)) — 2k; Y _log(sinh(x;))
=1 7=l (3.6.8)

. Tp — X5 . Ti+x
— 2k; Z <10g (Smh ( i J)) + log (smh (%))) 7
1<j<k<N

then L = A+ (=VV(x)) - V. Now, the candidate for the stationary distribution of
the Markov process generated by L is the Gibbs measure p(z) = %G_V(I), where 7 =
- e V@ dz. To see that Z is finite, write

N

B
. T — X5\ . T;+ Tk
smhmCl (z;/2) smh%?(xj)) H (smh (TJ> sinh (]T>> :

j=1 1<j<k<N
(3.6.9)

’:]z
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This density transforms under the map C§¥ — CE“*, z; — (14-cosh(z;))/2,j € {1,..., N},
to

N
oIT (& 2y = vPe2) T (=)
j=1 1<j<k<N
for some ¢ > 0. Another change of variables (z1,...,2x) = (v5,...,77") gives a density
proportlonal to the Jacobi-ensemble density (3.5.3) Wlth parameters ﬁ ﬁ, a= ——(p+q)

(q — (N —1)) — 1. By our assumptions we have 3 > 0 and a,b > —1 which proves
ﬁmteness of Z. Hence, p is a probability density. This implies that p is the unique
invariant probability distribution of the Markov process generated by L, see e.g. Section
2.2.3. of [91] and the beginning of Section 2 of the survey [75]. The result follows by
applying the coordinate change z; — (1 + cosh(z;)) /2, i € {1,..., N}, as above. O

We end this subsection by noting that the ‘inverted’ Jacobi ensemble is log-concave for
certain parameters after the coordinate change x; — arcosh(2z;—1),¢ € {1,..., N}. This
in turn gives convergence to equilibrium of the associated non-compact Jacobi processes
for large ¢:

Lemma 3.6.6. Let >0, p+q<2/fandq>N—1+1/p5.

(i) The probability measure p on C¥ with density proportional to (3.6.9) is a log-concave
probability measure, 1.e.

log (A((1 = A)A+AB)) = (1 = A)log(p(A)) + Alog(p(B))
for all X € (0,1) and open A, B C C& with p(A), p(B) > 0.

(i1) Let (X;)i>o0 be a non- compact Jacobi process with parameters f > 1, p+q < 2/ and

q>N—-1+1/p. Then X, LmiaN p in distribution where p is the image measure of the
Jacobi ensemble (3.5.3) with parameters § = (3, a = —S(p+q), b= S(g—(N-1))—-1
under the map (y1,...,yn) = (Un'> -, Y1 ).

Proof. The proof is very similar to the second part of the proof of Lemma 3.4.4.
The Potential V' from (3.6.8) is convex if k; + ks > 0 and k; > 0. To see this, note
that the Hessian H of V can be written as H = H' + H? + H? where H'(z) :=

diag(f(x1),..., f(zn)), with

flz) = —% (1 — coth?(z/2)) — 2k (1 — coth®(z)) ,

and
k 2 T —T y
H3 (x) == k2 D! z;é]( ) xCOtxh (%37)) j—/f>
73( coth(] ’“)), j#k.
k3 h2 (CCJ+ )) j:k
3 — T2 l;é]( — cot 2 )
e { G —coh? (7). Ak
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Using the identity
1 + coth?(z/2
coth(z) = + coth’(z/2) :
2 coth(x/2)

one sees that f is non-negative on (0, co) iff

(/{31 + k’2)$2 — (]Cl + 2]{32)I + /{32 Z Oforallx > 1.

One can easily check that this holds iff k&, + ks > 0 and k; > 0. Thus H' is positive
semi-definite on int C¥ under our assumptions. Additionally, H? and H? are also positive
semi-definite since they are of the type of the matrix B discussed in the proof of Lemma
3.4.4. Thus the Hessian of V' is positive semi-definite which implies that V' is convex. By
Theorem 9.4.10 in [1], we have shown that p is a log-concave probability measure. Hence,
by Theorem 1.3 in [2], (Y}):>0 converges to p in distribution. A transfer via the coordinate
change x; — (1 + cosh(z;))/2, j € {1,..., N}, shows the claim. O

3.6.2 Corners of Brownian motion on the positive definite matri-
ces

In this section, we consider a new dynamical random matrix model such that the cor-
responding ordered eigenvalues form an n-dimensional non-compact Jacobi process with
parameters p,q, 3 in the case p =n,g =N —n, 1 <n< N,n,N €N, and g =2. It
will be clear that a similar construction also works in the case § = 1 when considering
real symmetric matrices. The construction of our matrix model is hereby inspired by
the matrix model for Jacobi processes discussed in Section 3.5. In the following, we will
use several calculation rules from matrix It6 calculus, see [68] Section 2.1 for a concise
overview. For a more in-depth treatment of this topic see the appendix of [81].

We start by considering the left-invariant multiplicative Brownian motion (Gi);>o on
GI(N, C), i.e. the unique solution to the matrix SDE

dG, = Gy dZ,, Gy = Gy,

where the entries of Z are i.i.d. complex Brownian motions of variance t/N at time ¢ and
Go € GI(N,C) is deterministic; see [68], also see [82] for the corresponding process on
GI(N,R).

It holds that (G; ') is a right-invariant Brownian motion on GI(N,C) and satisfies (cf.
[68] proof of Prop. 5.1):

dG7' = —dZ, G, Gyt =Gyt

Now consider the processes (H; :== G;G¥)i>0 and (H, ' := G, *G; )0 with values in the
space of positive definite matrices Py, where for a complex matrix A we write A= =
(A*)~1. We call (Hy)>o and (H™');>q Brownian motion on positive definite malrices.
Their real symmetric counterpart has been considered in [82] and in [83] Section 2.9. In
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the former reference, it was shown that the corresponding eigenvalue process is given by
a non-colliding geometric Brownian motion, see Section 3.4 for this notion.

Set X 1= \%(Zt + Z7), then (X})i>0 is a hermitian Brownian motion. By the It6 product
rule it holds:

dH, = V2G,dX, G + Hydt , Hy = GoG, (3.6.10)
dH ' = —V2G*dX, G+ H7 Vdt, Hy' = GGyt (3.6.11)
Definition 3.6.7. (i) Let n € {1,...,N}. For A € My(C) we denote the upper left

block matrix with n lines and n rows of A by 7,,(A) := (Aij)1<ij<n. In the language
of matrix analysis the map =,,: Py — P, is a compression.

(ii) Let A, B € Mx(C) be hermitian. We write A < B if B— A is positive semi-definite.
The resulting partial order on the space of hermitian N x N matrices is called
Loewner order.

The construction of our matrix model for non-compact Jacobi processes is partially
motivated by the following fact:

Proposition 3.6.8. Let A€ Py and let n € {1,...,N}. Then
71—71("4_1)1/2 ’ 71-71(14) ’ ﬂ-n(A_l)l/Q > 1n.

Proof. By exercises V 1.15 and V 2.2 in [17], it holds the inequality m,(A) > m, (A~
Hence, the statement follows from Lemma V 1.5 therein. O

Our matrix model for non-compact Jacobi processes is the following:

Theorem 3.6.9. Let n € {1,...,|N/2]} and let (H)i>0 be a Brownian motion on the
positive definite matrices Py with deterministic start in Hy = G’OGS as above. Assume
that the eigenvalues of m,(Ho)m,(Hy') are distinct. Then the ordered eigenvalue process
(At)tzo of

(Jp := mn(Hy) 7o (H, )

15 an n-dimensional non-compact Jacobi process with parameters p =n,q=N —n,[ =2
which is rescaled in time by t — 2t/N.

t>0

Remark 3.6.10. Unfortunately the present author was unable to find a concrete con-
struction to generate Hy € Py such that the eigenvalues of , (Hy)m,(H, ') are distinct.
However, numerical simulations of the process (J;);>o for arbitrary initial conditions Hy
suggest that there are plenty of such matrices.

Proof. First, note that .J, and m,(H; ")"?m,(H,)m,(H;*)"/? have the same spectrum. By
Proposition 3.6.8, we hence know that the spectrum of J, is a subset of [1, 00) for ¢ > 0.
Further, by assumption the stopping time

7 := inf{t > 0: The eigenvalues of J; are not distinct.}
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is positive a.s.; we will see later that 7 = oo a.s. Now, we will use the standard technique
for obtaining the eigenvalue SDEs from the matrix SDE. This technique is known from
[82], we will use its streamlined form as in [39] pp.144-146.

On the set of square matrices A with pairwise distinct real eigenvalues the map which
sends A to its collection of eigenvalues and eigenvectors is smooth; this can be shown
using the implicit function theorem as discussed in [100] Section 1.3.4. Thus we know
that there exists a GI(N, C)-valued semi-martingale (V;);>o such that V;"'J,V; = A, for
all t € [0,7) where

At 0
At -
0 At
is the diagonal matrix consisting of the ordered eigenvalues \;; < --- < A, of J;. Set
Po=(T O ) Thenitholds J = (% O ) = PH,PHP. By Tto’s product
0 ON—n 0 ON—n

rule, we hence have
d(jt) = V2PG, dX, GiPH;'P— ﬂPHtPG;* dX,G;'P+2 [PHtPH{lP — tr(P)P} dt ,
which is equivalent to

dJ, = V2m,(GydX, Gi PH; ') — V2m,(H,PG;* dX, G; ) + 2 [Jt - %In] dt .

In our notation, we will suppress the dependence of appearing processes on t for ease of
reading from now on. Moreover, we will use the Stratonovich integral to further simplify
calculations, i.e. we set X odY = XdY + %dXdY and dY o X = dY X + %deX
for square matrix valued semimartingales X,Y. As in one-dimensional Ité calculus the
product rule simplifies to d(XY) = X odY + dX oY, and we have the iteration rule
Xo(YodZ)=(XY)odZ. Now define

dA:=dV oV, dC:=V todJoV.

Note that it holds V~'odV = —dA, which can be deduced from d(V~'V) = d(VV~!) = 0.
The following computations hold for ¢ < 7: By It6’s product rule we have

dAN=dAoAN—-ANodA+dC.

As A, is diagonal, we know that d\; = dCj; for all j, and 0 = (A — \;) o dAji + dCjy,
whenever j # k. In particular dA;, = A+Ak odCjy, j # k.
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To further progress we need to calculate

N
dedelm =2 ( Z (Gjdealaz(G*PH_l)an - (HPG )Ja1anla2Ga2k)>

aq,a9=1

N
X ( Z (GraydX a0y (G*PH™ ") gy — (HPG™ )l%dX%MGam))

asz,oq=1

N Z jal G*PH >a2k‘ - (HPG?*)J'MG;;}@)

ai,a2=1

X (Glaz(G*PH_l)oqm - (HPG_*)langfm) dt
2
=N (2Jjm e — O jm — Ojm i) dt
(3.6.12)
and
dekdOlm = ( Z ‘/;Oidt]alaz agk) ( Z VE 1dJa5044 a4m>
a,a2=1 ag,os=1
N Z Vja}Vaszz agm (2‘]041044‘]043042 - 5a30¢2 Jala4 o (5a10é4‘]043042) dt (3613)
‘éﬂ‘éi
2
= (2Ajm A — 0N j, — S i) dt .
Thus

n

= 1
(dAC)j, =Y dAudCy = Y o ° dC;dCyy,
1=1,1#5 "7

n n

2 A — A — A
N Z (2AjkAll _Ajk _5jkAll) dt = ]kﬁ Z JAN J ldt

I=1,1#] Aj =N
(3.6.14)

In particular dAdC is real diagonal. Similarly one gets (dCdA);;, = —(dAdC) ;. Now, we
can calculate the finite variation part dF' of dC:

aF =2 (Vv - ~In )at+ 5 (dV IV + VIV

oA 3.6.15
2<A N[)dt+ (dAdC — dCdA) (3.6.15)

) (A _ %[n> dt + dAdC .
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Thus F'is diagonal and it holds

n

n 1 2)\')\1—)\'—)\1
F..=2|\ — —+ — J J , 6.1
dF; A=t l}”#j N dt (3.6.16)

To calculate the martingale part of d)\;, we note that
2 4
d)\jd)\k = deijkk = N <2A]kAk] - 5ijjk - 6jkAkj) dt = jkﬁ ()‘j<)‘j — 1)) dt.

In combination with (3.6.16) this implies that there exist n independent standard real
Brownian motions By, ..., B, such that

2 noolos 2NN = =\ _
dNi = —=\/ ;A —1)dB; +2 |\, — =+ — J J dt, je{l,....,n}.
1= UN (A )dB; + j N_I_Nl:ll;éj N — A VESH n}
(3.6.17)
Moreover, as this is the SDE for a non-compact Jacobi process with parameters
=2, p=n, g=N—-n>n>n-—1,
up to the time rescaling t — Nt/2, we know that 7 = oo a.s. by Lemma 3.6.1. ]

3.6.3 Convergence of non-compact Jacobi processes to non-colliding
geometric Brownian motions

In this section we are going to show a further connection between non-compact Jacobi pro-
cesses and non-colliding geometric Brownian motions apart from the previously discussed
matrix model. Namely, we can approximate the latter processes by the former:

Theorem 3.6.11. Let (a,,)nen C (0,00) 8.t. ap Thsoo 00. Let g € {z € RY: 0 < 2y <
< < zy} and let (33)nen C COF s.t. lim, oo 20 /a, = 9. Let p € R, ¢ > N — 1 and
p > 1. Let (B)i>o be an N-dimensional real Brownian motion and set Bt = \%Bgt,
t>0.

For each n € N let (X]')i>0 be an N-dimensional non-compact Jacobi process as in (3.6.1)
with parameters p, q, B, with start in T{, and which is driven by the Brownian motion
(Bt)t20~ Let (Xi)i>0 be an N-dimensional non-colliding geometric Brownian motion as
in (3.4.1) with parameters 3, v = 1%, Yo := 0, start in To and which is driven by the
Brownian motion (By)i>o. Then it holds

XTL
limP(sup 2, >e)=0 forall T>0,€e>0. (3.6.18)
n—roo 0<t<T | Gn

For the proof we will transform all processes using the elementary symmetric polyno-
mials to get rid of the singularities in the defining SDEs of non-compact Jacobi processes
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and non-colliding geometric Brownian motions. After the removal of these singularities,
we can apply the following very useful result on uniform L2-convergence of solutions of
SDEs, which was stated in [66] as Theorem A for processses with values in R?. When
going through the proof of this result one sees that the theorem still holds if all appearing
processes are valued in a closed subset of RY, i.e. one has:

Theorem 3.6.12. Let D C R? be connected and closed with non-empty interior. Let
0,0,: [0,00) x D — R™™ and b,b,: [0,00) x D — R? be continuous functions, n € N.
Let (By)i>0 be an m-dimensional Brownian motion. Suppose that for each n € N and
x € D there exists a D-valued process (X" )i>o such that it salisfies the SDE

AXE" = 0, (t, XP™) dBy + by (t, XE™) dt , X2" =

Further, suppose that for each x € D there exists a D-valued process X[ which is the
pathwise unique solution of the SDFE

dX7 = o(t, X7)dB; + b, (t, X[) dt, X5 =x.
If for every T > 0 there exists Ly > 0 such that

sup sup (||lon(t, 2)|| + [bn(t,2)|) < Ly (1 + |z|) for all x € D,
neN ¢<T

and if for each T >0 and K C D compact it holds

lim sup sup (||on(t,x) — o(t,x)|| + |bu(t,x) — b(t,x)]) =0,
=00 T zcK

then we have
lim sup E | sup | X" — X?)*| =0,

n=0 geK 0<t<T
for every T'> 0 and K C D compact.

To apply this theorem, we need to calculate how the dynamic of non-compact Jacobi
processes changes when transforming them using the elementary symmetric polynomials.
We obtain the following system of SDEs:

Proposition 3.6.13. Let (B;)i>o and (X[')i>o be as in Theorem 3.6.11. Set

X = (X" =1, X" —1) .
(X = (XTp Fur =),

Then it holds

=

+5 [<q kDN — 4+ el (X7 + k(p + g+ 1 — k)e) (X)) dt,
(3.6.19)
ke{l,...,N}.
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Proof. By (3.6.1) it holds

- 2X"X +X” + X7
k: k#j jt k.t
o B 2X”X” + X7+ Xi
XX+ D) dBjy + 7 o+ 0+ X+ Y —, -l dt,
k: k#j Jt k.t

j€{l,...,N}. Now, the claim follows from Itd’s formula and the formulas (2.2.2), (2.2.4)
& (2.2.5). Note that this is a special case of [52] Proposition 3.1 and its proof. ]

Proof of Theorem 3.6.11. To apply 3.6.12 we need to make sure that all appearing pro-
cesses take values in the same set. Hence we first consider the CE-valued processes
(X7, = X7 — 1)i>0, 7 € {1,..., N}, as in Proposition 3.6.13. To get rid of the singu-
larities in the drift parts, we now transform all processes using the elementary symmetric
polynomials using Proposition 3.4.5 and Proposition 3.6.13. Define Y," := f—f By Propo-

sition 3.6.13 and the fact that e} is homogeneous of degree k we have:

dek (Y;™) \/ +1/an)€k 1 (Y{l ,,,,, N}\{]}t)dBJt

+ g [(q—k+1)(N—k+ ey ((Y)")a,+k(p+q+1—k)ey (Y;")] dt.

By Proposition 3.4.5, we have the following transformed SDEs for (X;):>o:

B
dek Xt Z tek 0 X{l ..... N}\{j},t) dBjﬂf +k=p+qg+1-— ]C) €;€V(Xt)dt, (3620)

1

k‘G{L N} Let fN OB {ZBGRN O<[E1§"'<$N}—)RN fN():
(eN(z),...,eN(x)). By Lemma 2.2.2 fy is a homeomorphism from C¥ to fy(C%). Set
Z5i =1, ZOt = 1, and consider the SDEs

det—Z\/ (U3t Z0), (U1 Z0), + 1an) (v (U3 @D nin)) s @B

+ g [(g—k+1)(N—k+Dey ((Y)")/an+kp+q+1—k)ey (V)] dt,
(3.6.21)
ke{l,...,N}, Z} € f(CB), and
N
Zie = (IN(2)); (fv-1 (I5 (Z) i) o dBj,t+k§ (p+q+1—k)ey (Xy)dt,
j=1

(3.6.22)
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ke {l,...,N}, Zy € fn(CE), with the convention (fy_1(z))o = 1. Note that all ap-
pearing processes are non-negative and that (fy(Y;"))t>0 solves (3.6.21) and (fn(X¢))t>0
solves (3.6.22). Moreover, for ¢ € [0, 1] we have the bounds

zi(z;+ c)ep MNap,ovngy) < L+ z)ep Nap, o vngy) < eny (@) +ep (),

for x € C8, k € {1,..., N}. This shows that

\/(le(Z))j ((f&l(z))j + 1/%) (fv—1 (F8' ) evini})) oy < VN(I+2]), 2 € fn(CR).

Further, by Proposition 3.4.6 we know that (3.6.22) has a unique solution for any 7, €
fn(CB). Now, using Theorem 3.6.12, we obtain

2

| -o.

SInce fy is a homeomorphism, (3.6.18) holds for X}y replaced therein by X” Since

n—o0

X7 /a, — X /an| = VN /a, 222 0, the statement (3.6.18) also holds as stated. O

lim E [ sup ‘fN(Xt"/an) — fn(Xy)

n—o0 0<t<T

3.7 Hua-Pickrell diffusions

In this section, we cover the remaining case that a is a quadratic polynomial with no real
roots and positive leading coefficient. Again, by a simple rescaling in space and time, we
can assume w.l.o.g. that a(x) =1 + z2. We obtain the system of SDEs

1
Im(s) — ”+Z t+ dt, ie{l,...,N},

Jr i Lt

dXivt - 2(1 + X’LQ,t) de,t—i_/B

(3.7.1)
Xy = %9 € C4, where s € C. These processes were introduced and studied in the
papers [7, 9] for = 2 and named Hua-Pickrell diffusions. This name and the choice to
parametrize the linear drift component by the complex number s stems from the following
fact: For some choices of s, the unique invariant probability distribution of the dynamic
(3.7.1) is given by the image measure of the Hua-Pickrell measure on T under the Cayley
transform

11—z
T\ = R, i,

J

jed{l,...,N},

and historically the Hua-Pickrell measures are parametrized by a complex number (i here
denotes the imaginary unit); we state the densities of these unique invariant probability
measures in Definition 3.7.5 below. This stationarity result will be extended to general
£ >1in Lemma 3.7.6 below.
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As before, we also study the deterministic § = oo variant of these processes, i.e. solutions
to

d

Ty + 1 )
g =2 |Tm(s) — Re(s xlt+ZL ,ie{l,...,N}, (3.7.2)

—x
jiai it T Tit

Xo = %o € O, s € C, and call these processes frozen Hua-Pickrell diffusions.

Lemma 3.7.1. Let 8 > 1. For any s € C and any 29 € C{ there ewists both a unique
strong non-colliding solution (Xi)i>o to (3.7.1) and a non-colliding solution (x4)i>o to

(3.7.2).

Proof. As in the proof of Lemma 3.6.1, we consider (X’t = Xo/8)1>0- X here satisfies the
SDE

X X 1
Im(s) — zt+z ! Jt_‘_ dt ,

i g Xig —

i€{l,...,N}, Xo =29 € C4. This enables to treat the cases 3 € [1,00) and 8 = oo
simultaneously by interpreting the diffusion term as 0 in the case § = oo. In principle, we
can argue as in the 5 = 2 case, which has been considered in Lemma 4.2 of [9]. However,
we point out that the argument in the corresponding proof is imprecise. There, Theorem
2.2 of [52] is applied. But the condition that the function H(x,y) = H;j(x,y) = 2(1+zy),
x,y € R, must be non-negative, as is stated in the beginning of Section 2 in [52], is clearly
not fulfilled. The easiest way out is to check where the non-negativity assumption on H;;
enters in the latter reference. Careful reading reveals that this assumption is only used
in the following places:

(i) In the proof of Proposition 3.5 on p.9. There the implication
o?(z) + a?(x) + Hij(z,2) =0 = H,;;(z,z)=0

is used where in the present Hua-Pickrell setting we have o;(x) = 24/(1 4+ 22)/p,
i € {1,...,N}. Clearly, the sets Gj; := {z € R: 07(x) + 0}(x) + H;;(z,z) = 0},
i,7 € {1,...,N} are empty in the present context and thus one immediately sees
that the statement of Proposition 3.5 is true.

(ii) In the proof of Proposition 4.3 on p.13. There, it enters in the context of equation
(4.6). As pointed out in Remark 3.1.3, there is however a minor error in the formula
(4.6), and one needs to replace that formula by (4.6’) in Subsection 3.7.0.1 at the
end of the present section. In our setting, we have H;j(x,y) = 2(1 + xy) for all
i,7 € {1,...,N} with ¢ # j. Using the notation and definitions of Subsection
3.7.0.1, we can now argue as follows: Using 4\ \; = (A + ;)% — (A — \;)? and
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(A — A)2em? ((A) = 0= (AN — \)%el? ™% (A) whenever V,, = e,(A) = 0, we have
in place of equation (4.6) in [52] the formula

p
0=Dn=> ol(\) Y en? (A +2)  (4+ (A + M)%) €37, (A)
i=1 ji i i<j
FY T W)
i<k j#i,j#k
Note that all appearing terms are non-negative. Thus, even though H = H;; is not

non-negative, we can conclude in the same way as in the proof of Proposition 4.3 of
[52].

Hence, by the proof of Lemma 4.2 in [9], we can apply Theorem 2.2 of [52| where we
can drop the non-negativity assumption on H = H;; in the case § = 2. Moreover,
all arguments from that proof carry over to our extension to 8 € [1,00] with minor
modifications. O

As for all other subclasses of non-colliding [-Pearson diffusions, there exist matrix-
valued Ito diffusions such that the corresponding eigenvalue processes are Hua-Pickrell
diffusions for parameter § = 2. In particular, it has been shown in [7] that one can use
the Brownian motion on GI(N,C) to construct a solution to the matrix SDE

dM,

1 M? I M?
—dW, \/% + \/% AW + [(=N — 2Re(s)) My + (2Im(s) + Tr(M,))Iy] dt ;

here (W;)i>0 is an N x N hermitian Brownian motion and Iy is the identity matrix.
Using the technique of proof of [51] Theorem 4, one sees that the corresponding eigenvalue
process solves (3.7.1) if the eigenvalues of M, are distinct. We will consider the analogous
construction in a free probability setting in Theorem 5.5.6. For further properties of Hua-
Pickrell diffusions in the g = 2 case, see [9].

We now turn to the study of invariant measures for general § > 1 and the question of
stationarity for frozen Hua-Pickrell diffusions. We will see that equilibria in the latter
case are given by zeros of the following finitely orthogonal polynomials:

Definition 3.7.2. Let a,b € R. The N-th Pseudo-Jacobi polyomial (|71, 61]) is defined
via the Jacobi polynomials (3.5.4) by setting

Py(z;a,b) :==(—i)N PL™ " (i)

_(_.)N(a +ib+ 1)) i (—N)Y®(2a+ N +1)® /1 —iz\*
- N1 (a+ib+ 1)®E 2 ‘

k=0

These polynomials are also called Romanouvski polynomials in the literature (see [85] and
references therein).
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We will need the following facts:

.....

orthogonal w.r.t. the weight function
w(x) — (1 _ ix)a+ib(1 +Z~x)a—z‘b (1 + )a 2barctan(x)
in the sense that

0< [ PXz;a,b)w(z)dr < oo forall n < N—1,

S—

0= / P,(x;a,b) Py (z;a,b)w(x)dx for all n <m < N.
R

In particular, the zeros of Px(-;a,b) are real and simple.
Denote these zeros by 1 < --- < xy. Then (x1,...,xN) is the unique solution in int C’j(‘,
to the following set of equations:

1—|—x? ,
0=(a+Dz;+b+ Y. . je{l,...,N}. (3.7.3)
Kby 9 T Tk

Proof. The orthogonal relations and the fact that the roots are real and simple are known
by [6] equation (1.10) and [61] Section 2. The relation of the zeros of Py(-,a,b) to
the equation (3.7.3) can be derived by the standard method employed in Section 6.7 of
[99]. Indeed: Let (z1,...,zy) be a solution to the equations (3.7.3) and set f(z) :=
[1Y,(z — ;). One has

N
Z H (x —xp) and f"(z Z H (x — x))
=1 k: k#

gk j#k 1 I#£5,1#k

Hence

F@g) _ 220k g L gy (25 — 20 _ 23 cje{l,...,N}. (3.74)

filag) ILi: s (i — ) ke kg 3 T Tk

Thus we have )

L+ a5 f"(x;)
2 filw)

This means z — 2[(a + 1)z + b]f'(z) + (1 + %) f"(x) is a polynomial of degree N which

vanishes at the points x;. Hence this function is equal to a constant multiple of f.

Comparing leading coefficients shows that this constant is given by N (N +2a+1). Thus,
f solves the ODE

0=(a+1)z; +b+ jed{l,...,N}. (3.7.5)

(1423 f"(z) + 2[(a + Dz +b)f'(x) = N(N +2a+1)f(x) =0, z<R. (3.7.6)



72

Now, by equation (2) in [61], Py (-; a,b) also solves this ODE. It thus suffices to show that
any polynomial solution of degree N to (3.7.6) must be a constant multiple of f. Using
w'(z)/w(x) = 2(ax + b), we can rewrite the ODE (3.7.6) as

% (w(z)(1+2°) f(z)) = N(N +2a+ Dw(z)f(z) =0.

Now, let g be another polynomial solution of degree N to this equation. Then

L (@)1 + ) (@)gla) ~ F@)g () =0

and hence w(z)(1 + 2?)(f'(z)g(x) — f(x)g'(x)) is constant. Note that f'g — fg' is a
polynomial of degree smaller than 2N — 1. Since by assumption a < —N, it follows that

Tim w(@)(1 +a)(f (#)g(x) = F(@)g (@) =0.

Thus f'g — f¢' is the zero polynomial which means that ¢ must be a multiple of f.

Now, let x1,...,zy be the distinct zeros of Py(-;a,b). Since Py(+;a,b) solves (3.7.6) and
vanishes at the points z1, ..., zxn, Py(+;a,b) satisfies (3.7.5). Replacing f by Py(-;a,b) in
(3.7.4), we see that z1,...,xy satisfy (3.7.3). This concludes the proof. O

Lemma 3.7.4. Let s € C with Re(s) > 0. Let (z¢)>0 be the unique non-colliding solution
to (3.7.2). Then the limit lim; ., x; = 2 exists, where z is the vector of ordered zeros of
the Pseudo-Jacobi polynomial Pn(-;—(N + Re(s)),Im(s)). Moreover, z is the unique
stationary solution to (3.7.2).

Proof. The argument is the same as in the proofs of Lemma 3.4.3 and Lemma 3.6.2.
First off, note that a stationary solution x; = x( has to satisfy for all i € {1,..., N}:

1427,

xi,Oxj,O + ]_ .
Tio — Tj0

0 = Im(s) — Re(s)zio+ Z Im(s) — (N — 1+ Re(s))xio+ Z
Jij#i Ji J#i

As —(N —1+Re(s)) —1 = —(N +Re(s)) < =N, we know by Lemma 3.7.3 that x, is the

ordered vector of zeros of Py(-; —(N + Re(s)),Im(s)).

It remains to discuss the arbitrary starting condition zy € C4. Here we first transform

the solutions (z;);>0 by the homeomorphism f: C4 — f(CQ),z — (eN(x),...,eN()),

Zio — Lj0

.....

---------

get (notationally suppressing dependence of t):

N

d _ d
adm T Z e 1(241,.., N}\{z‘})axi :

i=1
Plugging in the ODE for x; and using formulas (2.2.2)-(2.2.4) we get

d
Eym = —c(s,m)Ym +2Im(s)(N —m~+ Dy — (N —=m+2)(N —m+ 1)y,
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with the convention y_; =0, yo = 1 and ¢(s,m) := m(2Re(s) + m — 1) > 0. Thus
ym,t

:e—c(s,m)t <ym,0+

t
/ ec(s,m)r (2 Im(s)(N —m+ 1)ym—1,7’ — (N —-m + 2)(N —m + 1>ym—2,r) d?”) .
0

Inductively one sees that the limit lim,; ., v, exists and does not depend on (y10, - .., Yn,0)-
Hence this limit equals f(z). A transfer back via f~! shows the claim. n

Now, we turn to the question of invariant measures of non-frozen Hua-Pickrell diffu-
sions. We will see that, as for non-colliding imhomogeneous Brownian motions and non-
compact Jacobi processes, we can answer this question by applying a suitable coordinate
transformation which reveals a Langevin-diffusion structure. However, we point out that
in the Hua-Pickrell setting we do not have a description via Dunkl or Heckman-Opdam
theory which is in contrast to all other classes of non-colliding -Pearson diffusions.

Let (X;);>0 be a solution to (3.7.1). We define (Y;);>¢ by the component-wise transfor-
mation x — arsinh(z), i.e. Y;; := arsinh(X,,), i € {1,...,N}, ¢ > 0. By Ito’s formula
and some elementary calculations, the dynamic of (Y;):>¢ is described by

1
dY;y =V2dBi, + [(1 -N-3- Re(s)) tanh(¥se) + Im(s) o5

1

dt.
sinh(Y; ;) — sinh(Yj,)

+cosh(Y;4) Z

J:g#i

Using the formula

cosh(x)
sinh(z) — sinh(y)

1
2 \ sinh(z) — sinh(y)  sinh(z) — sinh(y)
1

= (coth (ﬂ) + tanh <x_+y>) ,
2 2 2

1 (cosh(x) +cosh(y)  cosh(z) — cosh(y))

we can further rewrite this as

) 1
dY;; =V2dB; + 3 [(1 -N-g- Re(s)) tanh(¥;z) + Im(s) 2575
(3.7.7)
1 Yie — Yje Yie+ Y
+§j§j# (coth (—2 ) + tanh ( 5 )) dt .

The corresponding generator is thus given by

L:=A+(-VV(2))V,
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V(z):=-—p

(1 — N - % — Re(s)) Z log(cosh(z;)) + Im(s) Z arctan(sinh(x;))

+ Z log (Sinh (%) cosh (%))] .
1<i<j<N

As we saw before, the candidate for the invariant measure for such a Langevin dynamic
is given by the Gibbs-measure p := %e‘v(‘”). We need to check when Z := fCN e V@ dg
is finite, which is easiest to do in the original coordinates. We thus calculate the image
measure of the measure with density

(3.7.8)

N
V@ =T <(cosh(xi))ml_N_l/ﬁ_Re(s)) exp (8 Im(s) arctan(smh(a;m))

=1

R 4\ P
X H <sinh <x] 5 :m) cosh (%))
1<i<j<N
under the map C4 — C%, x; + sinh(x;), i € {1,...,N}. Using cosh(arsinh(z)) =

v1 4 22 and

sinh (arsmh(xi) } afsmh(f’fj)) cosh <arsmh(%) ; arsmh(%)) Sy

(3.7.9)

we get a density which is proportional to

N

. 2\ 2(1-N—Re(s))-1 ‘ Y
p(x) == H ((1 + z7) exp(f Im(s) arctan(x,))) 1<i1<_]I<N|$Z z;|”. (3.7.10)

Definition 3.7.5. Let s € C with Re(s) > —%. Then the integral Z = [, p(z)dx
N

is finite. The [B-Hua-Pickrell measure with parameter s is the probability measure with
density Z71p .

The p-Hua-Pickrell measures are also known as Cauchy-S-ensembles in the literature
and their normalization constant is known; see [47| Section 4.7.1. However, we point out
that there does not seem to be a predominant choice of parametrization. In that regard,
closest to our choice seems [11] Definition 2.1, where 7 therein corresponds to gs in our
notation. Also note that the Hua-Pickrell measures are often named in the same way as
their image measures under the component-wise inverse Cayley-transform which are in
turn measures on TV (see the beginning of this section).

We have the following result which so far is only known in the case § = 2 by Proposition
4.4 in [9).
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Lemma 3.7.6. Let s € C, § > 1. For Re(s) > —1/0 the dynamic (3.7.1) has the
B-Hua-Pickrell measure with parameter s as its unique invariant measure.

Proof. The Gibbs measure p is the unique invariant probability measure of the dynamic
(3.7.7), see e.g. the discussion at the beginning of Section 2 of the survey [75|. The claim
follows after applying the coordinate change x; — sinh(z;), i € {1,..., N}, as above. [

Remark 3.7.7. In contrast to the setting considered in Lemma 3.6.6, the potential V/
defined in (3.7.8) is not convex. This can be seen by calculating the Hessian H of V and
noting that H;; does not have constant sign for N > 2.

3.7.0.1 Minor correction to paper [52]

As pointed out in Remark 3.1.3, there is a minor error in paper [52] which affects the
formulas (4.3) and (4.6) therein. This subtlety is relevant to our treatment of Hua-Pickrell
diffusions since we used results of the referenced paper in the proof of Lemma 3.7.1. We
here state the necessary correction in terms of the notation of the referenced paper. In
what follows, all references to equations and Propositions are always meant w.r.t. the
paper [52]. Let x € RY. Then e,(x) := >, ..o <y Tiy - - - Ty, is the n-th elementary
symmetric polynomial in N variables; in the notation of Section 2.2 this would be e (x).
Moreover, we use the convention ¢y = 1, e_; = 0. Now, for distinct jy,...,jr € {1,..., N}

we write
Zjyeni () 3 :
€En (I) = Tiy - T s

1<i1 < <in <Nt 4y#jm ¥V I,m

in the notation of Section 2.2 this would be el *(z(1, _ Np(r. i)

Now, for p € N consider a stochastic process ((A1(t),..., A, (t)))i>0 with values in {z €
RP: 2y < --- < z,}. Denote the corresponding squared differences by a; ;(t) := (A\i(t) —
Ai(1))?, 1 <i < j <p, and form the vector

A(t) = (al,g(t), RN 7(117])(75), Cl273(t), RN ,Clgyp(t), e ,ap,l,p(t)) € Rp(p—l)/Z .

Finally set V,,(t) := e,(A(t)), t >0, n € {1,...,p(p—1)/2}. In the following, we suppress
the dependence of stochastic processes on the time parameter ¢ in our notation.

Now, in the setting of Section 4 in [52] the stochastic process V,, is a continuous semi-
martingale whose martingale part is denoted by M,, and whose bounded variation part
is denoted by f(f D, (s)ds. M, and D, can be written in terms of the \; and some con-
tinuous functions o;: R = R, b;: R = R, H;;: R? = [0,00), 4,7 € {1,...,p}, j # i; see
equations (4.1) and (4.2) in the referenced paper. Moreover, it is assumed that one has
the symmetry property H,;(x,y) = H;i(y,z) for all z,y € R.

We will use the same shorthands for summation ranges as in the referenced paper, i.e.

i<j 2 1<i<j<p and i#j#k = 1<ijk<pi#jzk#i.
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alkei” QaZk (A) +e

be written as:
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Note that, using e, (A) =

%@k ( 4), the left hand side of formula (4.3) in the referenced paper can

sz()\u Ak) aij au a;
> - M)y enta(A) = D = A = A Hie (A, A)en 5™ (A)
ik ok ik
Ik<)\17)\k) aij,ﬁi
+ ) (= ﬁen—l (4).
i#£j#k
The second term on the r.h.s. can be simplified in the following way:
Hi /\i7 A Q;j,a;
Z ()‘i - Aj) ;(_ Y k>enli,1 " (A)
itk Lok
zk )\za )\k Gij,0ik G0k
S D (0= At de = et (4) = (= A el (4)
VY
i<k j#i,j#k
@ii,a )\ - )\ Qa;ij,Q; Ak ki
—Z Z zk >\7,a)\k: ( v Zk )\k_ )\J <€ni,1 k<A) - enlfl * (A)>)
i<k j#i,j#k ! F
=Y > Halh ) (e% T = k= A)2en?3 ™™ — (A = A (A — Aj)ezié@k’am)
i<k j#i,j#k
=57 ST HO ) (2T (A) — O = M) = AR ()
i<k j#i,j#k

where we used

el (A) —e

n—1

and

Qkj,0ki (A) _

n—1

(a’kj - aij)efziigikﬁkj (A) = ()\k -\ )()\k - )\ + N =\ ) a” alk kj (A)
w1 = ke, 2y (A) + €2 (A).

Thus, equation (4.3) in [52]| needs to be replaced by:

> (- /\j)—HikO\i’ X

—_

e (A) =37 (i = X)) (A — ) Hin(Ai, A en?s™ (A)

Ai = A i#jk
- Z Z Hip (i, A )en? 0 (A)
i<k j#i,j#k
=30 DT e = A = A Hinh M ™ (4).
i<k j#i,j#k

(4.3))

Now, we also need to check where in the referenced paper equation (4.3) is used again.
The first instance is in the statement of Proposition 4.2. But when going through the
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corresponding proof one sees that equation (4.3) is not applied therein. The second
instance of application of equation (4.3) is in the the proof of Proposition 4.3 in the
context of equation (4.6). There, one considers the case that the stopping time 7,, =
inf{t > 0: V,,(¢t) > 0} is positive with positive probability. For all w € {7,, > 0} one then
has that the finite variation part fot D, (w, s)ds of V,(w,t) must vanish for all t < 7, (w).
Hence, one also has D, (w,t) = 0 for all ¢ < 7,,(w). By equation (4.2) in the referenced
paper and equation (4.3) above, one thus has, instead of equation (4.6):

Z M) Y et (A) + 4 Hip(A A)en (A)+2) 0 T Hig(A, ey ™" (A)
=1

Jij#i 1<j i<k j#i,j#k

(4.6")

where we used that V,, = 0 implies that for all j # ¢ # k the following terms are equal to
0:

A= Aen? 1 (A), (M= A= Aens™ (A) (M= Ap) (N = A\ Har (A, M )en 5™ (A) .

One can readily check that the line of proof of Proposition 4.3 still goes through with this
modification to equation (4.6).
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Chapter 4

Convergence of empirical measures of
non-colliding #-Pearson diffusions for
large dimensions

In random matrix theory, one of the central questions is, if the empirical measures of the
spectra of a series of random matrices growing in size converges to a limit, and, in case
of existence, how this limit can be described. As mentioned in the introduction, the most
famous answer to this kind of question was given by the pioneering work of Eugene Wigner
(J111, 112]). It states that the sequence of empirical measures of the spectrum of sym-
metric matrices whose entries are random variables with normalized variance converges to
the semicircular law when the matrix dimension goes to infinity. Over the years more and
more limit points for random matrix models have been found, e.g. the circular law for
random matrices all of whose entries are independent and have normalized variance (][50,
101]), the Marchenko-Pastur distributions for the singular values of rectangular Gaussian
matrices (|74]), or the Haar measure on the torus for Haar distributed random matrices
in the unitary group ([38]).

As we have seen in Chapter 3, some non-colliding §-Pearson diffusions describe the dy-
namic of the eigenvalues of certain time-dependent random matrices in the case 5 € {1, 2}.
Thus, it is natural to ask, whether the empirical measures of §-Pearson diffusions converge
to some non-trivial limit, if the dimension of the state space goes to infinity. The aim
of this section is to give an affirmative answer to this question and a characterization of
the limits. While the existence of such limits and the weak convergence in probability of
the empirical measures to these limits can be deduced from the results in [73], we give a
proof which is mostly self contained and improves the convergence in probability to almost
sure convergence. The method of proof is hereby inspired by the calculations carried out
in [103] Section 3 and has previously been used by the present author and coauthors in
the case of Jacobi processes of compact and non-compact type ([13|) and non-colliding
geometric Brownian motions ([12]). The non-colliding §-Pearson diffusions are a natural
class of processes to extend this method of proof to, yielding Theorem 4.2.2 which is new
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in its stated generality.

We will rely on the method of moments, i.e. we aim to show the weak convergence of
empirical measures by showing convergence of the corresponding moments. This method
is very well tested in random matrix theory and still proves effective today. As we are
considering time dependent random variables, we will use a time-parameter variant of the
moment convergence theorem to prove our results.

4.1 A moment convergence theorem for families of prob-
ability measures depending continuously on a pa-
rameter

First, we recall the following definition regarding the topology of weak convergence in

MY (R):

Definition 4.1.1. Let A C R. We set

A ={r eR: Jaec A:d(z,a) < €}.
The Lévy-Prokhorov metric dpp: M*(R) x M'(R) — [0, 1] is given by
dip(p,v) :=1inf {e > 0: u(A) < v(A°) +¢€ and v(A) < pu(A°)+e forall A€ BR)} .

The importance of the Lévy-Prokhorov metric stems from the fact that it metrizes the
topology of weak convergence on M'(R), see e.g. Theorem 11.3.3 in [41].

Definition 4.1.2. We say that u € M'(R) has moments of all orders if all integrals
Jp @™ dp(z), n € N, exist and are finite.

We say that u € MY(R) is determined by its moments if the following two conditions
hold:

(i) p has moments of all orders.
(i) If i € M'(R) has moments of all orders and [ z" dfi(x) = [ 2" du(z) for all n € N,
then 1 = p.

The question whether a given probability measure is determined by its moments is
referred to as the moment problem. More specifically, for probability measures on R this
problem is called the Hamburger moment problem and for probability measures on [0, co)
this is called the Stieltjes moment problem. For a concise overview over this topic see the
survey [72]. We recall one important practical criterion for moment determinacy:

Lemma 4.1.3 (Carleman condition). Let € MY(R) have moments (my)nen of all
orders. If

Z my /%" = o0, (4.1.1)
n=1

then u 1s determined by its moments.
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This criterion is especially useful in conjunction with the following theorem, which is
the cornerstone of the method of moments, i.e. the method of proving weak convergence
by showing convergence of the respective moments:

Theorem 4.1.4 (Moment convergence theorem [49]) Let (u™ )NGN C MY (R) be a se-
quence of probability measures hcwmg moments m’Y fo duN(z), n € N, of all orders
for each N. If all limits limpy_ mn m, €R exzst then there exists a |1 € MI(R) and

a subsequence (u™N*)ren such that (my,)nen s the moment sequence of u and p™* koo, 1
weakly.

If, in addition, u is determined by its moments, then p Ao, o weakly.

We want to extend this theorem to sequences of families of measures of the form
(tt)t>0 where t — p; is weakly continuous. More precisely, for 77 > 0 and £ C R Borel
measurable we set

C([0,T), MY (E)) := {(te)sejor) C M'(E): t = i, is weakly continuous} .

We equip this space with the topology of uniform convergence, i.e.

N—oo
(Nz{V)tE[O,T] ST (Mt)te[o,T] & lim sup di. P(:u’t i) = 0.
N—=00tei0,1)

One can easily show that this is equivalent to the condition

[ £ = [ rau
Further we set

C([0,00), M (E)) := {(11t)r=0 C M (E): t = p; is weakly continuous}

lim sup
N—=004e0,7]

=0 forall fe Cy(R).

and equip this space with the topology of convergence on compacta, i.e.

(1) i>0 Moo, (te)s0 & lim sup dpp(u, ) =0 forall T >0.
N—=00 teio,1]
It holds the following extension of the moment convergence theorem to measure valued
processes; cf. [103] Theorem A.1 for a similar statement:

Lemma 4.1.5. Let T > 0. Let (u} )i € C([0,T), M*(R)), N € N, such that p}’
has moments of all orders for all N € N;t € [0,T]. Assume there exist functions m,, €
C([0,T],R) such that

lim sup
N—=00 4e0,7]

/ " dul (z) — mu(t)| =0 for all n € N.

Then there exists a family of measures (fu)ico,r) © M'(R) such that m,(t) = [, ™ dp(z)
for allt € 0,T), n € N. If, in addition, p, is determined by its moments for all t € [0,T],
then (pu)ieppm € C([0,T), M*(R)) and

N—oo

(Miv)te[o,T} — (Mt)te[o,T] in C([OJTLMl(R))'
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Proof. The first part of the Lemma is a direct consequence of the moment convergence
theorem 4.1.4. So now assume that pu; is determined by its moment sequence (m,(t))nen

for each t € [0,T]. Then, by the continuity of m,, and the moment convergence theorem,
N—oo

(te)ecpm € C([0,T], M*(R)). We show (ufv)te[o,ﬂ —— (tt)tepo,m by contradiction.
Assume there is f € Cy(R) such that

/ f d,uiv - / fdp

R R

Then there exist € > 0 and sequences (Ny)ren C N, (tx)ren C [0,T] with Ny 1 00, k — o0,

such that
[raii = [ rau,
R R

By going to a subsequence we can enforce that ¢, converges for k — oo to some t, € [0, 7.
By abuse of notation we still denote the resulting subsequences by (N)ken, (tx)ren. Let
n € N. Then it holds by assumption that

[ i@ = [ o due o)
[t = [ du )| +| [ 2" (o)~ [ a7 dpy (o)

As 4, is uniquely determined by its moments, we have /L,;]Z’“ LN iy, weakly by the
moment convergence theorem. But now we get a contradiction since

Af@%—éfw%
[ £ = [ gaw)+ | [ £~ [ s,

> 0.

limsup sup
N—oo te[0,T)

>¢€ forall £keN.

k—o0

+ — 0.

€<

< + LmiNy B

O

4.2 Application of the moment convergence theorem
to empirical measures of non-colliding [-Pearson
diffusions

As motivated in the introduction to this chapter, now, we are going to study the conver-
gence of sequences of empirical measures of non-colliding [-Pearson diffusions. Through-
out this section we assume the following setting:

Let (a))nen, (ad)nen, (a))nen be sequences of real numbers such that the sets {z €
R: a™(x) > 0} have non-empty interior where

aV(z) = ad2? +ala 4 a)) .
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Let I,y C {z € R: a"¥(z) > 0} be connected with non-empty interior. Let (bY)yen,
(b)) ven C R, and set bY (x) := bz + bY’. For each N € N let (X}V);>0 be a non-colliding
solution to

1
dX)\ = \/2aN(XN)dBi, + 8 | 56N (Xiy) + ™ (X]Y) D v | A (42)
jig#i b b
and let (z¥);>o be a non-colliding solution to
Lo =¥ + 207 Y
dt ’ el

i€{l,...,N}, XY =xzl =2/ € C{4 N (I,~)"; see Chapter 3 for conditions under which
such solutions exist. We will denote the corresponding empirical measures and empirical
moments by

1 — n
MNt = N 5XN s SNt = N Z (XZ]\D = /Rx” dun (),

N

9

i=1 i=1
N 1 N

S o Svae=y )" = [ dide),

N € N, n € Ny, t > 0. The first key observation is that the dynamic of the empirical
moments has the following recursive structure:

N 1
UNt = N

Proposition 4.2.1. For n, N € N the empirical moment (Snn.t)i>0 satisfies the SDE
dSN,n,t

:dMN,n,t +n 9

(éw —a¥(n+ 1))+ (n — 1)a) ) Snme

+ (ﬁ(béV —adn)+ (n - 1al ) SNn-1t+ <1 = é) ad (n —1)Snn_a4

2 2
BN n—2
+T< ZSthSNn ki ay ;SthSNn 1kt ag ;%SthSNn 2 kt)] dt,
(4.2.2)

with the L*-martingale

N t
My s = N; /0 (xN) 2a(XN)dB;.
Moreover, there is some ¢(N,n,3) > 0 such that:

E[SNna2nt] < (Snano + ¢(N,n, ) exp (¢(N,n, 5)t) .
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For n, N € N the empirical moment (S’Nm,t)tzo satisfies the ODE

d ~
dt SNnt

= (bN—CL2 (n+1))§Nnt+(bN— N )gNn_lt—aéV(n—l)gNn 2t

n—1 n—2
+N<CLQ ZSthSNn kit Ty ZSthSNn 1-kt T ag ZSthSNn 2 kt) :

k=0 k=0 k=0
(4.2.3)
Proof. By 1t6’s formula we have
N
ASN s = Z (X" axh + v =1 (XM a[xM],
i=1 =1
)V i (o) ()" + 8 (x2)" ™)
s oN p 1 7,0 0 7,0
B > 1 1 1
n—+ n n—
53 (o (X8)™" ol (X" + 0l (X2 )gﬁ

=1

N
P (o O G ()

We can simplify the appearing double sums using the following formula, where [ € Nj:

€T. Z; .Q?
DR S = o
S~ mp— @y A T —

4,5 1#75 k=0

!
:ZfoZxé_k—(qul)Zmﬁ.
k=0 i j i

Applying this formula yields
dSN,n,t - dMN,n,t
=n [é ((b]lVSN,n,t + béVSN,n,l,t) + ad (N Z SN kSN -kt — (0 + 1)SN,n,t>

2
k=0

n—1
N
+ ay (N E SN ELONn—1—kt — nSN,nl,t)

k=0

n—2
+ad (N Z SNktSNn—2—kt — (N — 1)SN,n2,t)>

k=0

+ (n — 1) ((léVSNm,’t + CL]1VSN7n_17t + a/éVSN,n_QJ)] dt.
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Rearranging the terms shows (4.2.2), and virtually the same calculations also show (4.2.3).
Next, we are going to show that the positive random variable Sy o, is in L! for all N, n,t.
To do so, we define the stopping times

Tonl += inf{t Z 0: SN,2n,t Z SN,Qn,O + l}, l e N.

AT is a bounded random variable, and so My 2nirr,,, 1S an L*-
martingale for all € N. Furthermore, by the triangle and Jensen’s inequality, we have
for x € RN, k,m € N with & < m:

L L k/m L
NZ:cf < (NZ‘MWL) < 1+Nz|xi|m'
i=1 i=1 i=1

Thus, we can bound all of the following terms by 1 + Sy 254

Clearly, every X2V

|SN,2n—1,t|> SN,Q(nA),t? |SN,k,tSN,2n—k,t|a |SN,k,t5N,2n—1—k,t| and |SN,k,tSN,2(n71)fk,t|-

Combining the fact that My 2, a7, , is a martingale and these inequalities, we can deduce
the following bound from equation (4.2.2):

t
E [SN,2n,t/\Tn,l] SSN,2n,O + C(N,Tl,ﬁ) (1 +/ E [SN,2n,s/\Tn,J d5> 9
0

where
c¢(N,n, ) :=2n (‘6 (b —ad (2n +1)) + (2n — 1)ad

AN
2

‘6 (b —al2n) + (2n — 1)ad

B
12
H- 5

0 @n— 1)+ 2 6] 20+ 1) + o)) 20+ || 20 — 1>>)

Hence, Gronwall’s lemma implies the bound

E [SN,Qn,t/\Tn,J S (SN,2n,O + C<N7 n, 6)) exp (C(N7 n, /B)t> .

As the right hand side is independent of [, we see by monotone convergence that Sy o, ¢ is
in L' and its L'-norm can be bound from above by the same right hand side. In particular,
as the quadratic variation of My, is given by

(M), _2 Z/ M2 () (XN + af XN+a0>d
(4.2.4)

—2—/ y SN2n5+CL1 SN 2n- 1s+aoSN2n 1), )ds

we know by Tt0’s isometry that (My,,)i>0 is an L?-martingale for all n, N. O
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The preceding Lemma in conjunction with the moment convergence Theorem 4.1.5
enables us to prove the following general result about weak convergence of u and ¥ for
large N:

Theorem 4.2.2. Assume that the limits a; = limy_,oo Na and Bj = limpy_oo bé-v, 1€
{0,1,2},5 € {0,1}, emist. Let (2 )nen be a sequence of starting vectors such that the
limits my, = limy_o0 [o 2" dulY (z) exist for all n € N. Assume there exists p € M'(R)
with moments of all orders, and that m, = [, x" du(x). Further assume that there exists
some v > 0 such that the moments satisfy the bound

|mn| < (yn)", n € N. (4.2.5)
Then, for N — oo, (un4)iso converges in C([0,00), M*(R)) a.s. to some deterministic

(e)e>0-  (pt)i>0 4s uniquely determined by the following ODEFEs for its time-dependent
moments my(t) == [p " dy, t > 0:

d nB |- A e
%mn(t) = 75 bymy, (t) 4+ bomy,_1(t) + as kz:; Mg ()M, k(1)
L L (4.2.6)
+ar Y mp(O)mao1k(t) +ao Y mr(t)ma_ak(t)| |
k=0 k=0

mnp(0) = my, n € N.
Moreover, if i = ug is compactly supported, then (u)i>o is locally uniformly compactly
supported, 1i.e.

sup sup{|z|: z € supp(u)} < oo for all T > 0.
0<t<T

All statements above remain true if one replaces (u )0 by (i) )is0, and sets B = 2 in
(4.2.6).

Proof. To show the claimed convergence, it suffices by Lemma 4.1.5 to show that Sn .
converges locally uniformly in ¢ to m,,(t) a.s. for all n € N. The first step in that direction
is to show that My, converges locally uniformly in ¢ to 0 a.s. for all n € N. To see
this, fix some T, ¢ > 0. Using the Markov- and Burkholder-Davis-Gundy inequalities and
equation (4.2.4), there exists a positive constant ¢ which is independent of N such that

1
P < sup |Mynt| > e) <—F

=2
te[0,T €

C
sup \MN,n,t\2] < S E [[Mynlr)
t€[0,7] €

2cn?
— Ne?

T
/ (aéVE[SN,Qn,S] + aiVE[SN,anLs] + aévE[SN,Q(n—n,sD ds.
0
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Now, let C(N,n, ) be as in the proof of Proposition 4.2.1. Then we have

2cn? T
P( sup [Myoil 2 ) < 5 (el + jad |+ 103D (1+ [ B (Svan ds
0

t€[0,T] €

2cn?
<
— Ne?

T
( aév| + |a11v| + |aév|) (1 + (Sn2no + c(N,n,ﬂ))/ exp (¢(N,n, 3)s) d3> )
0

By our assumptions on (a," ) yen, (b)) ven and (Sy,2n0)ven this upper bound is in O(N~?)
for N — oco. As € > 0 was arbitrary, the Borel-Cantelli Lemma implies

sup | My n M2 0 as. forall neN.
te[0,7]

In a next step, we will show that this implies the convergence of the empirical moments
SNt 10 my(t). We will make use of the following fact: Let f, g, h: [0,00) — R satisfy

£(t) — £(0) = / (\F(s) + g(s)) ds + ()

for some A € R. Then it holds

F(t) = e ( £(0) + /0 t e (g(s) + /\h(s))ds) + ().

Thus, by Proposition 4.2.1 we have

SNnt_e (SNn0+MNnt

t
+/ ¢S ()\nMNm,S +n
0

N
+ (1 — g) aév(n— 1)SNn-—2s+ B— ( ZSNksSNn k,s

(§<bév —an) + (n - 1)a] ) Syt
(4.2.7)

2

n—1 n—2
+a]1\] Z SN ksONn—1—ks T @év Z SN,k,sSN,an,s> ] ) dS) )

where

A= A(N, B) i=n (g (b + (2N — (n+1))a)) + (n — 1)a§V> .

As all empirical moments appearing on the right hand side of (4.2.7) are of lower order
than n, we can deduce by induction that there exist some functions m, € C([0,00),R)
such that

sup |Snnt — Mn(t)] N2 ) as. forall neN.
te[0,T]
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Further, these functions satisfy

k=t (4.2.8)

where \, := limy_,o0 (N, B) = % (51 + 2&2>. Taking the derivative with respect to t,

we see that m,, solves the ODE (4.2.6). As m,,(0) = m,(0), m,, and m,, must agree.

We next verify that for each ¢ > 0 the sequence (m,,(t)),en satisfies the Carleman con-
dition. If this is shown, the existence of (u;);>0 as claimed follows by Lemma 4.1.5. We
show that the condition |m,,(0)| < (yn)", n € N, implies a similar upper bound for |m,,(t)|
at positive times ¢. In the following we let w.l.o.g. 8 = 2. Further, we set ¢; := by + 205,

Gy 1= max (1, %y, 2 (|z30| 4 20| + 2)ao| + 4 (s] + 1| + |a0|)>> . ey = max(0, 1 + ).

Note the immediate inequalities 7" < ¢§/2 and ¢3 — ¢; > ¢ > 0. Now, we show by
induction that

M, (t)] < (nege®)” (4.2.9)

for all n € N. The induction start holds since

t
Imy ()] =e" |my(0) —i—/ e ¥(by + a1)ds
0

t
< e (34 (ol + i) [ e as)
0

SECIt <7+ |b0‘ + ‘CALlle(CgCl)t) S 603t02 .
C3 — C1

In the induction step, we will apply the estimate

ikk(n — k;)”_k = 2(n — 1)”_1 + i[{;k(n — k)n—k < (2 +4 (Z : i) . ) (n — 1)"—1

<(2+4/e)n—-1)""1<4(n—1)""",

where we used kf(n — k)" % < 4(n —2)"2 for all k € {2,...,n — 2}. In the induction
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step, we thus have for n > 2:
| (t))]

t
<ert (G [ (il + 2Dl ()] + 20l ()]

o] S e (i (8)] + ) S Ima(8)masa(s)] + ldol Zrmk<s>mn”<s>\) ds)

k=1

¢
<Lenert ((vn)” + n/ e nas <(|b0\ + 2|a1| + 2]aol)((n — 1)cpe®®)™ 1
0

n—1
+(|az| + |a1| + |ao|) (c2e™*)" Z E*(n — k;)"_k> ds)
k=1
é@nclt ((,yn)n

t

+n(\30]+2|d1|+2\&0|+4(]d2|+]&1|—|—|d0|)) cg(n—w-l/ e"<03-01>8ds)
0

Senclt ((,.yn)n + ’b0| + 2|CL1‘ + 2’CLO| + 4<|a2| + |CL1‘ + |a1‘)c§(n _ 1)n1€n(03cl)t>
C3 —C1

§6"03tc§n" .

This concludes the induction. Next, we prove the statement about the uniform compact-
ness of the support of (1;)i>0. So assume that p is compactly supported. As before, we
assume w.l.o.g. =2 and set ¢; := by + 2G5. We show that (1t)¢>0 1s locally uniformly
compactly supported by proving that there exists co, c3 > 0 such that

1
Im(t)| < — et (4.2.10)
n

for all n € N and ¢t > 0. To construct such constants ¢y, c3 we first verify the following:
There exists ¢ > 4 such that for all n > 2:

1 1 < 1
— ¢
~k(n—k)? " (n+2)
This follows from the bound
—1 1 2 /”—1 11 2 2 ("ff__f) +2log(n — 1))
— < - ———dr = +
k2 (n—k)> —(n—1)2 1 2?2 (n—1)? (n—1)2 n3

where we used

d (i( 1 _l>+%(log(x)—log(n—$))) Zm, z € (0,n).

dr \n2\n—z =z

Y
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Moreover, since p is compactly supported, there exists r > 0 such that |m,,(0)| < r". Also
set ¢ :=sup,53n?/(n —2)> = 9. Now, we choose

Co ‘= max <1, TSU_p(Qn?)l/n’ 2 (é(ﬁ)@’ -+ 2|€L1| + 2|d0|) + 5(’&2| + |€L1| + |€L0|>>> s
neN

and c3 := max(0, ¢; +¢3). Note that this choice entails r™ < ¢ /(2n?) and c3—c¢; > ¢ > 0.
We show (4.2.10) by induction. The induction start holds since

t t
Imy ()] =e* {my(0) + (bo + a1) s ds| < et (T + (|bo| + \dll)/ glea—er)s ds)
0 0
<et [ 2 4 = < e%ley
2 2(03 — Cl> -

In the induction step, we distinguish the cases n = 2 and n > 3. For n = 2 we have

t
Ima ()] =€t |ma(0) + 2 / 2018 <<b0+2d1) () + Gam?(s )+a0> ds
0
et (TZ + 2 2<03—Cl)5cg (|150| + 2a1| + |ag| + |a0|) ds)

\bo! +2/a| + [a] + o]
201t ,r _I_ 62 62(C3_Cl)t

3 — (1

<c®3! (38 + c3 (Jbol + 2Jar| + |aal + lao] ) ) < e'cB/4,
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where we used min(¢, ¢) > 4 in the last inequality. Similarly, we have for n > 3:
[ (1))

t n—1
<enert ( +n / <(|bo| + 2] |)mn—1(5)| + 2léol[mn—a(s)| + a2 > Imy(s)ma_i(s)|
0 k=1

] S a8 ()] + 1ol Smk(s)mn_g_k(s)\) ds)

k=1

! . 1 1
< pneit n —nci1s b 24 n—1_(n—1)c3s 21 n—2 _(n—2)css
<e (7" —|—n/0 e <(] o] + \al\)—(n_ 1>2c2 e + ]ao]—(n_ 2)202 e

[\

— 1
k2(n—1—k)?

n—1
1
tas| ey k2(n — k)2 + Jay |y e tess
k=1

n—3
~ n— n— Cc3S 1
FHlaole ey 5 k)2> ds)
k=1

1/, . . i . . b tean
<ert (7"" + - (c(|b0\ + 2|a1| + 2|aol) + ¢ (|as| + |a1| + |a0])> cg‘/ enlca=en)s ds)
0

B
Il

1

S 6nclt <rn + %é(|b0| + 2‘&1’ + 2|d0|) + 6(|d2| + |d1‘ + |d0|>cgen(cgc1)t> < %Cgencﬁ )
n €3 —C1

This finishes the proof of the statements concerning (117 );>0 and its limit. The proof of the
convergence of (fin):>o follows by virtually the same proof as above with simplifications
due to the non-random setting. 0

Remark 4.2.3.

(i) In the previous proof, we used the condition |m,(0)] < (yn)", n € N, to infer
moment determinacy for the limit measure for all times ¢ > 0. In the literature
one often encounters a, at first glance, seemingly different condition for moment
determinacy, namely

|m.,(0)] < "nl,

for some ¢ > 0. This latter condition is in turn clearly equivalent to the existence of
the moment generating function around the origin. One can show that both moment
conditions are actually equivalent (see [72] Theorem 1).

(i) We will see in Section 5 that in many cases the limit measures p;, ¢ > 0, in the
preceding theorem can be identified as the distributions of free It6 processes (see
Section 2.5 for this notion). In these cases, the statement about locally uniform com-
pactness of the limit measures is then a direct consequence of the norm-continuity
of free Ito6 processes.
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The following Lemma, which asserts that the limit measure in Theorem 4.2.2 satisfies
a space-time integral equation, is known in the cases § € {1,2} by |[73] Theorem 1.
However, the method of proof used in that paper readily applies also to non-colliding
[B-Pearson diffusions for general 3, whence we do not replicate the proof here:

Lemma 4.2.4. Let (1:)i>0 be the limit of empirical measures of non-colliding [3-Pearson
distributions as in Theorem 4.2.2, and let a;,b;, 8 > 1 be the respective constants such

that (4.2.6) holds. Then for f € CZ(R) it holds

= é t b 4o )z + b a) f'(z x)ds
/Rfdut—/RfduwQ/O/R((bﬁzQ) by + i) (2) dpa(2)d
()~ F(w)

dus(z)dps(y)ds, t>0,
(4.2.11)

w5 [ [ s a2+ a

with the convention (f'(x) — f'(y))/(x —y) := f"(x) for z =y.

We finish this section by relating Lemma 4.2.4 to the Cauchy transform. This gives a
characterization of the limit distribution (u4);>o appearing in Theorem 4.2.2 in the case
that g is compactly supported.

Corollary 4.2.5. Let (u)i>0 be the limit of empirical measures of non-colliding 5-Pearson

diffusions as in Theorem 4.2.2, and let a;, l;j, B > 1 be the respective constants such that
(4.2.6) holds. Then the Cauchy transform G(t,z) = [p == du,(x) satisfies the PDE

atG(t, Z) = —gaz [(612 + Bo) G(t, Z) + (d222 + dlz + do) G2(t, Z)} (4212)

for all z€ C\R, t > 0.
Moreover, if there are (u})i>o0, (12)i>0 € C([0,00), M (R)) such that

(i) o= 1,

(i) (p})i>0 is locally uniformly compactly supported, i.e. supy<,<p sup{|z|: = € supp(u})} <
oo for all T >0, i € {1,2}, and

(iii) G'(t,2) := Gi(2) satisfies (4.2.12) fori € {1,2}.
Then pu}t = p? for all t > 0.

Proof. The proof partially follows the calculations in Section 4.4 of [73]. Fix z € C\ R
and set f(z) := (z —x)~!. Then we have

f@-fy_ ot 1
v=y oG- Goor-y)
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By Lemma 4.2.4 we thus have

2,G(t, =)
:g /R((él + 2&2)1’ + 60 + &1>(Z——1$)2 d/lt(x)

o — ) dpa(w)dpe(y)

(z —2)*(z = y)

—y)

+5 [yt st o2+ ao) (=i

Note that since Re( ) # 0, we can exchange integral and partial derivative to infer
—0.G(t,2) = [y == =7 e (x); see proof of Lemma 2 in Section 3.1 of |77] for the precise
argument. This also gives

/R x(—12 dpa(z) = /R T E h(e) = —Glt, 2) — 20.G(t, 2) = —0.(2C(t, 2))

z—x) (z —x)?

By symmetry in the integrand, we moreover have

/R2 Y ((2 — a:)tz —y)? + (z — x)i(z — y)) dpe()dpe(y)

— —rtz y—z+z o A (1 .
=2 [ T ) [ SR duly) = 2(-G(2) = 20.0(4,2)) (-1 + 268 2)

= — 0.(22G%(t, 2)) + 20.(2G(t, 2)) .

Similarly, we have

o 1 . = 2) — 2G%(t, 2
/Rg 2 ((z_x)(z_y)ﬁ(z_$)2<2_y))dut(w)dut(y) 0. (G(t,z) — 2G*(t,2))

1 1 )
A ((z e A EE e y>) dpe(2)da(y) = ~0.G2(1,2) .

Combining these calculations proves (4.2.12). Now, let (11} )i>0, (1412 )i>0 € C([0, 00), M (R))
satisfy (i)-(iii). Denote the respective moments by mi(t) = [, " duj(z). Let T > 0.
Then there exists R > 0 such that supp(ui) C [—-R, R] for all t € [0,T], i € {1,2}. Hence,
for all z € C such that |z| > R and ¢ < T it holds the well known relation between
moments and Cauchy-transform:

W= [ () e =i,

k:>0 k>0

By the uniform convergence of this series in z, we can deduce that we can exchange
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derivatives and summation in (4.2.12):

S 2 (i () — mi(0)) = G(t, 2) — GH(0, 2)

k>0
Bt , " . .
=-3 (bl > 2 E mi(s) = (biz +bo) > (k + 1)z~ FFmy(s)
0 k>0 k>0

— 2(G92% + a12 + @) Z 2Dt (s) Z(l + 1)2_(l+2)mf(s)> ds.

k>0 1>0

Using the Cauchy product formula and comparing coefficients of the series in 2z of both
sides of the equation (see e.g. Section 2 of [13] for similar calculations), we see that m,
solves (the integral version of) (4.2.6) for both i € {1,2}. As we have m}.(0) = m3(0) for
all k € N, we get mj.(t) = mi(t) for all t < T by the uniqueness of solutions to the linear
ODEs (4.2.6). As pi is compactly supported it thus holds pu; = p? for all t < T. This
finishes the proof as T' > 0 was arbitrary. O
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Chapter 5

Description of limits of empirical
measures of non-colliding S-Pearson
diffusions via free probability

In this chapter, we will use free probability theory to identify the large N limits of em-
pirical measures of non-colliding S-Pearson diffusions (X}¥);>¢ which appear in Theorem
4.2.2. Recall that N denotes the dimension of the state space of the processes (X}¥)>o.
Throughout we will assume

B>1

as this condition appears in all of the existence and uniqueness results for non-colliding
solutions to (3.1.1) in Chapter 3. We will first consider the limits arising in the ‘nat-
ural’ scaling of the six classes of non-colliding [-Pearson diffusions which we discussed
in Chapter 3. This scaling always has the structure that one starts with a sequence of
non-colliding [-Pearson diffusions whose coefficients of the respective diffusion parts are
constant in IV, and then rescales the N-th process in time by the factor 1/N. These types
of limits are very well studied in the case of Dyson Brownian motions, squared Bessel pro-
cesses, Jacobi processes and non-colliding geometric Brownian motions. We recapitulate
these results in Sections 5.1-5.4. Further, in Section 5.3 a new limit result for non-colliding
inhomogeneous Brownian motions is obtained in the case that the parameter 130 appear-
ing in Theorem 5.3.4 is positive. In the latter case, we also state new results regarding
an explicit solution to a related free SDE and the identification of stationary measures.
Moreover, the limits for non-compact Jacobi/Fisher-Snedecor processes and Hua-Pickrell
diffusions have not been considered in the literature before, i.e. all statements in Sections
5.5 & 5.6 are new. We will see that, for some parameters, there is a direct connection
between the latter two limits, and, in one special case, a further connection to the limit
of non-colliding geometric Brownian motions.

Later, in Section 5.7, we will show that Theorem 4.2.2 also applies to more general space-
time scalings of non-colliding (-Pearson diffusions. We will focus on the Jacobi and
non-compact Jacobi cases but it will be clear that the technique used also applies to other
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types of S-Pearson diffusions as well. Results in this direction have previously been pub-
lished by the present author and coauthors in [13].

For the sake of being concise, throughout this section we will state convergence results
only for non-frozen [-Pearson diffusions, i.e. we exclude the case § = oco. The reader
will have no difficulty to deduce the corresponding statements for the frozen counterparts
using Theorem 4.2.2. For definitions and notation concerning probability measures, free
probability theory and free stochastic calculus see Sections 2.1, 2.4 & 2.5.

5.1 Global limit of (Ornstein-Uhlenbeck) Dyson Brow-
nian motions

We start with considering the easiest case of non-colliding 3-Pearson diffusions, i.e. the
(OU) Dyson Brownian motions which are rescaled in time by 1/N. More specifically, we
consider sequences a) = a = b) =0, a) = 1/(2N), b € R, 2} € C{, N € N, such

that the limits
N

1 N
. N_‘ — 00
N N
i—1

exist for some A\ € R, u € M'([0,00)), where the latter convergence is in moments and
the moments (m,,),en of p satisty the bounds (4.2.5) for some v > 0. The SDE (4.2.1) in
this setting reads

1

1 3 1
XN - XN

dXZ.]X:\/NdBi,tJr— XN+ =Y

5 N dt, ie{l,...,N},

JiJ#i

XY = 2}'. The limit of the corresponding empirical measures uy, = & S~ | dxx can be
described in the following way:

Theorem 5.1.1. If A =0, then

N—oo

(,UN,%/ﬁ)tZO — (,u Eﬂsc,2ﬁ>t20 in C ([0,00)7M1(R)) a.s.
If X #0, then

N—o0

(MN,Qt/ﬁ)tZO — <De>\t<,u) B usg\/m)tm in C ([0,00), M'(R)) a.s.
In either case the limit measure is determined by its moments (my(t))nen, which satisfy

d 1=
2 n(t) = [Amn(t) +3 > mk(t)mn—z—k(t>] :
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Proof. The existence of the limit ()50 of (pn.¢)i>0 in C([0, 00), M*(R)) and the validity
of the ODE for the moments follows from Theorem 4.2.2. Now, denote the Cauchy
transform of the limit measure by G(t,2) := G, (2). Since we are rescaling time by the
factor 2/, we know by Corollary 4.2.5

0,G(t,z) = -0, (AzG(t, z) + %Ga(t, z)) =—(A\2+G(t,2))0,G(t, z) — AG(t, z). (5.1.1)

In the case A = 0 the statement follows from a combination of Proposition 4.3.10 &
Corollary 4.3.11 in [3] and Theorem 4 in Section 4.2 of [77].

Now let A # 0 and set f(t) := e and g(t) := (1 — e 2M)/(2)). Let (fir)i>0 be the family
of limit measures from above for the case A\ = 0, i.e. iy = & pg 545 We are going to
show that i, = Dy (figr)). One way to see this is to use the space-time transformation
for Dyson Brownian motions as indicated in (3.2.2), and to use equation (5.1.2) below.
We give a another short proof using the Cauchy-transforms of the limit measures. Set

e 1= D\/m (:U’gfl(t)) ) G(t7 Z) = Gﬁt(z) )

where g7'(t) = —35 log(1 — 2At). Here the range of ¢ is [0,00) if A < 0 and [0,1/(2))) if
A > 0. We will employ the short hands h(t, z) := 9;h(t, 2) and h,(t,z) := 0,h(t, z) for
differentiable functions h. Using (5.1.1), we have:

Gi(t,z) =M1 = 2X) LG (L, 2) + (1 — 2X) 722Gy (971 (1), 2/V/1 — 2X1)
+ Az(1 = 2X) 2GL (g7 (t), 2/V/1 — 2)¢t)
A1 — 207Gt 2) — AL — 20) 732G (gL (1), 2/ VI — 201)
—(1—2xt)73 (AZ/M+ G (), Z/M)) G.(g7M(t), 2/v/1 — 27P)

+ Az(1 = 2X)2GL (g (1), 2/V1 — 2)t)
=—G(t,2)G.(t,2).

Moreover, G(0,z) = G,(z). By the first part of the proof we thus know that
fie = fie = o B pige 5 7 -
Further, we observe
pe = Dy (D, [T2a(0) (Ng<g-1<t>>)> = Do) (tgn) = Dy (ig(e)) -
The claim now follows from:

Doy (Rgtry) =Dty (1) B Dy (pse.ar)) = Doy (1) B pise pwygry = Dexe () B, sz
(5.1.2)

]
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Remark 5.1.2. The assumption on the convergence of the moments of the initial empir-
ical measure Zf\il dzv can be considerably weakened, see Proposition 4.3.10 in [3].

Note that, in the case that u is compactly supported, the limit distribution @B pg. 5,4
in Theorem 5.1.1 coincides with the distribution of a + x; where (x;);>¢ is a semi-circular
Brownian motion and a is a self-adjoint operator which is freely independent from (z;):>o
and has distribution p, = . In the following sections, we will see that the distributions
of more complicated free Itd processes can be used to describe the limits of empirical
measures of other types of non-colliding -Pearson diffusions.

5.2 Global limit of squared (Ornstein-Uhlenbeck) Bessel
processes

We apply Theorem 4.2.2 to the case of a sequence of squared (OU) Bessel processes
rescaled in time by the factor 1/N, i.e. we consider sequences a) = aY =0, al¥ = 1/N,
W eR, b)Y >0,z eCB={xeRYN:0< 2, <---<zyn}, N €N, such that the limits
| XN
. N .7 . N .3 L N—o00
L PO
exist for some by € R, by > 0, 1 € M'([0,00)), where the latter convergence is in moments
and the moments (m,,),en of p satisty the bounds (4.2.5) for some v > 0. The SDE (4.2.1)

here now reads (written in the symmetric form as in (3.1.3))

o4
dXin = /2XN/NdB;; + 5

i€{l,...,N}, XY = &o. Non-colliding solutions exist by our choice of parameters by
Lemma 3.3.1 for each N € N.

To state the limit result in this setting, we employ the following notation: For pu €
M*([0,00)) we denote by \/zi_ . the unique even probability measure on R such that its
image measure under the map = — 22 equals . The limit of the empirical measures
UNt = % Zf;l 5X1Nt can be described in the following way:

N -1 1 XN+ XN
VXN + ——— 4l + = S A
1 t 0 Z XN—X%

dt
N N —~ X} ’
Jog#Fi b

Theorem 5.2.1. Let by = 0, then

N—oo

(MN,Qt/B)tEO — <(\/'Eeven H MSC,Q\/Z)Q H MMP,%,t)

in C([0,00), M'(R)) a.s.
For by # 0 it holds

t>0

N—o0

2
(,U/N,2t/ﬁ)t20 ((l)ei’l’f/2 (\/ﬁeven) B 'U’SC721 /(e’;lt—l)/i;l) B /’LMP,EO,(eglt—l)/l}l)

t>0
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in C([0,00), M'(R)) a.s.
In either case, the limit measure is determined by its moments (my,(t))nen which satisfy

d R ) n—1
o a(t) = n [blmn(t) + bom_1 () + ) mk(t)mnlk(t)] :
Proof. As mentioned above, the existence of the limits and the ODEs for the corresponding

moments are a consequence of Theorem 4.2.2. By Corollary 4.2.5, the Cauchy transforms
G(t, z) := G, (2) of the limit measures satisfy the PDE

0,G(t,2) = — 0, ((Blz + 130) G(t, 2) + 2G2(t, z))

S : (5.2.1)
__ (blz + by + 2:G(1, z)) G.(t,2) = biG(t, 2) — G*(t, ).

In the case by = 0, the identification of (p¢)1>0 now follows by Proposition 4.7 (2) &
Theorem 4.8 in [109]. In the case b; # 0, we will use the same space-time transformation

as in Proposition 3.3.2. To this end let f(¢) := eb* and g(t) := (1 — e~")/by, so that

%ﬁNZ —Elﬁ and Lg(t) = ﬁ Let (fit)i>0 be the limit measure from above for the

case by = 0, i.e.

2
e = (\/ﬁeven e Msc,zﬂ) B fprp o -
We claim that

te = Dy (ger)) -

One way to show this is via the PDEs for the Cauchy transforms of the measures (1u)i>0
and (/I;)¢>0, similarly to the line of proof of Theorem 5.1.1. However, Proposition 3.3.2 tells
us that this space-time relation between p; and ji; is already valid for the corresponding
empirical measures of (OU) squared Bessel processes which approximate (f);>0, respec-
tively (fi¢):>0- In turn, the relation also holds after taking the limit N — oco. Hence the
claim follows from

2
Df(t) (ﬁg(t)) = <Dei’1t/2 (\/ﬁeven) H Z)el;lt/2 <MSC724 /(1_6—13115)/[,1>> H Deglt <#MP,B0,(176*EU)/51>
2
- <Dei’1t/2 (\/ﬁeven) H 'uscg (egltfl)/in) a8 MI\/IP,IA)O,(egltfl)/lA)l :
O
We can describe the limit measures in Theorem 5.2.1 by the spectral distribution of a

free Ito process as well: The free Wishart process (R;);>o with parameter A > 1 has been
introduced in [25]. Tt is defined as the unique solution to the free SDE

th =\ Rt dCt + dcff \ Rt + Al dt, RQ =To, (522)
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where ry is some positive operator, A > 1, and (¢;)i>0 is a (one-dimensional) circular
Brownian motion. Let us quickly check that the spectral distribution of R; actually
coincides with

2
(VHeven B Hsenz)” B pnap a1t (5.2.3)

where p is the spectral distribution of ry. By the traced 1t6 formula 2.5.11, we have for
n e N:

%T(Rn) —r(RAR™Y) —i—nz ® 7°P) ((@@1) . (RE® Rp>7H) . (\/E@@l))

n—2
=n (Ar(Ry7Y) + Y r(RE (R
L k=0
B n—1
=n |(A = Dr(R;) + ) (B
L k=0

Our claim now follows from a comparison of these ODEs with the ODEs for the moments
of the measure in (5.2.3), see Theorem 5.2.1.

Furthermore, an explicit solution to (5.2.2) is given in the following sense (|25] Proposition
3.1):

Lemma 5.2.2. Let (A, (At)i>0,7) be a filtered W*-probability space. Let X > 1 and let
P € Ay be a projection with 7(P) = 1/\. Let Sy € Ay be a positive operator such
that ker Sy = {0}, and let (¢;)i>0 be a circular Brownian motion adapted to (A;)i>o. Let
Sy = AP(cF + v/ So) (e + \/?0)]3. Then +/S; belongs to the compressed algebra PAP.
Further, there exists a circular Brownian motion (¢)r>o adapted to (PA;P)i>o such that

(St)i>0 solves the free SDE

Sy = /Sy dé, + dé \/S; + \1dt, Sy = APS,P
where 1 denotes the unit element in PAP.

Clearly, the idea for the construction of this solution comes from the Wishart matrix
models and their property to solve certain matrix SDEs; c¢f. the introduction in [24] and
references therein. The key conceptual step being done here is to mirror the structure
of truncated random matrices by projections of operators in a free probability space in
the large N limit. As we will see below, this technique also proves fruitful in describing
the limit of empirical measures for two other classes of S-Pearson diffusions: Namely the
Jacobi and non-compact Jacobi/Fisher-Snedecor processes.

5.3 Global limit of non-colliding (inhomogeneous) geo-
metric Brownian motions

In this section, we apply Theorem 4.2.2 to a sequence of non-colliding geometric Brownian
motions, possibly inhomogeneous, which are rescaled in time by the factor 1/N, i.e. the
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SDE (4.2.1) (written in the symmetric form as in (3.1.3)) here specializes to

XN s N -1 1 XX
dXN = it ap 2 (N ) XN N ST Ay (531
2,0 \/N ,t _I_ 2 ( 1 + N ) 2,0 + 0 + N ];Z XL]’\I{/ _ XJ]’\{% ’ ( )

i€ {l,...,N}, X}V = 2. The corresponding parameters appearing in Theorem 4.2.2
are here given by aly = all =0, a) =1/2N), oY e R, b)Y > 0,2 e CB={x e RY:0<
21 < --- < xzy}. We assume that it holds &) > 0 in the case b) = 0, N € N, and we
assume that the limits

N
: 7 . 7 1 N—oo
hm b]lV = b17 hm bév =: b07 N g 63%7{\7,0 ;> I,
i=1

N—o0 N—o0

exist for some by € R, by > 0, 1 € M'([0,00)), where the latter convergence is in moments
and the moments (m,,)nen of u satisfy the bounds (4.2.5) for some v > 0. Note that unique
non-colliding solutions to (5.3.1) exist by our choice of parameters by Lemma 3.4.1 for
each V.

To describe the limit of the empirical measures py;: = %ZZ]\; 6Xizvf, we introduce the
following free It6 processes: )

Definition 5.3.1. Let (¢;);>0 be a (one-dimensional) circular Brownian motion in a fil-
tered W*-probability space (A, (A;)i>0,7), and let go € A be freely independent of (¢;);>o.
We call the solution (g;):>o of the free SDE

dgr = grdcer , go = Go (5.3.2)

(left) free multiplicative Brownian motion (driven by (ci)i>o) with start in go. Moreover,
we call the process (h; = gt/gg:/Q)tZO free positive multiplicative Brownian motion with

start in iLO = G0 -

Existence and uniqueness of the free SDE (5.3.2) can be shown by standard techniques
as in the proof of Proposition A.1 in [25]. The term ‘multiplicative’ in the definitions above
stems from the fact that these processes are free multiplicative Lévy processes, i.e. these
processes have stationary and freely independent increments w.r.t. multiplication, see |20,
21]. A description of the density of the distribution 14 of the free positive multiplicative
Brownian motion with start in 1 at time ¢ can be found in [21] Section 4.2. An explicit
formula for the corresponding moments has been proven in [19], see equation (6.0.3) in
Chapter 6. Moreover, in Chapter 6, we prove a generalization of the latter result, i.e.
an explicit formula for the integrals f(o,oo) x*dyy, a € C, see Corollary 6.0.7. Further
properties of the family of measures (14);>¢ can be found in [115], [55].

The following basic fact shows that the free positive multiplicative Brownian motion is
the natural free analogue of (matrix) geometric Brownian motions.
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Proposition 5.3.2. Let (hy)i>o be a free positive multiplicative Brownian motion. Then
there ezists a semicircular Brownian motion (z:)i>o such that

1
dhy = \/hy day /Dy + Shedt. (5.3.3)

1
dh;' = —y/h;day /bt + §ht‘1dt.

Proof. Setting ¢; := ﬂct/g one can easily check, using Theorem 2.5.4, that (¢):>o is a
circular Brownian motion (for the filtration (A;/2)i>0). Moreover, by the construction of
the free Ito integral, one has

t/2 t 1 t
gm—goz/ gsdcsz/gszdcsz:—/gszdés.
/ 0 0 / / V2 Jo /

Moreover, it holds

Hence, we get

1
dh; = gt/zTQt/g + éht dt .

Note that ((¢; + ¢)/2)i>0 is a semicircular Brownian motion. Denote by u,; the unitary
operator in the polar decomposition \/h; = utg;‘/Q, t > 0. Setting

t ~ ~k
xt::/usd<08+—cs> u,, t>0,
0 V2

we have, again using Theorem 2.5.4, that (z;);>0 is a semicircular Brownian motion as
well (see e.g. the proof of [30] Lemma 1 in Section 3 for the precise argument). This
yields

d&t + dét*
V2
Finally, the validity of the equation for dh; ' can be easily checked by using the free Ito
product rule 2.5.10. O

* * * 1 / / 1
dht = Gt/2U; Uy Uy utgt/Q + §ht dt = ht dﬂft ht + iht dt.

We can characterize the distribution of a free positive multiplicative Brownian motion
by its moments and by free multiplicative convolution as follows:

Lemma 5.3.3. Let (hi)i>o be a free positive multiplicative Brownian motion with start in
hg.
(a) The moments my(t) := 7(h}) satisfy

d n - pn
%mn(t) =5 <—mn(t) + gmk(t)mn_k(t)> , myp(0) =7(hg), n€N.
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(b) The distribution pp, is given by i, vy where vy is the distribution of a free positive
multiplicative Brownian motion with start in 1. The S-transform of v, is given by
Sy, (z) = exp (—(1 + 22)t/2). Moreover, it holds the formula

v = exp(,usc,gﬁ 2] Unif[_t/gﬂg/g]) ) (5.3.4)

Proof. All statements except for the formula (5.3.4) are known by the results in Section
4.2 in [21] and by [115]. Also see the proof of Theorem 5.3.4 below for a derivation of the
S-transform from the moment ODEs. The equation (5.3.4) was shown in [12]. We will
give a self contained proof by different methods in Chapter 6. O]

We now can describe the limit of empirical measures of the non-colliding (inhomoge-
neous) geometric Brownian motions in (5.3.1) as follows:

Theorem 5.3.4. There exists (,ugjegl t) € C(]0,00), M*(]0,00))) such that
b1t/ >0

N—o0 eo :
(MN,Qt/B)tzO ;> (Mg)’817t>t>0 mn C([O> OO)>M1([0700))) a.s.

The moments my(t) :== [ 2" duS®  satisfy

1;0,51,?5
D omat) =1 | bma®) + bomas + 23 i Omas(®)] . meN (5.3.5)
dtmn =n 1My 0Mn—1 9 i Mp(t)Mp—k y N . <J-
Moreover:

_ ,,Geo ; ; Geo Geo
(a) If u = [y o 08 compactly supported, so is Iy for allt > 0, and Moo o equals

the distribution of

~ A t 7
= el g (iﬁo + 250/ e~ Bt g g ol ds) g, t20,
0

where (g¢)i>0 15 a free multiplicative Brownian motion driven by a circular Brownian
motion (c¢i)i>o and with start in go = 1, and o is a non-negative operator with
distribution p which is free from (g¢)i>0. (T¢)i>0 is solution to the free SDE

dry = dc} xy + xpdey + [(22)1 + Dz + (2?)0 + T(J,’t))]_] dt . (5.3.6)

(b) In the case by = 0 we have

Hose s = Doaserie (B V) = D jpsiye (0B exp (pyoys B UNIfp4/2)) 5 20,

where v, is the distribution of a free positive multiplicative Brownian motion with
start in 1 at time t.
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(¢) In the case by > 0 and by < —1 it holds lim;_, MBG;gl,t = f(iatp—a(b11) 1.1 /(2b0))

where f(z) = x7'. If additionally p = “BG;gl,O = [(Bap —a(by+1)11.1/(2b)) then t —

Geo
Hi ot 18 constant.

Proof. The statement about convergence of the empirical measures and the formula for

the limit moments follow from Theorem 4.2.2. To see (a), first note that for some circular
Brownian motion (¢;)¢>o we have

d( (Bl+1/2)tg) _ e(131+1/2)tg dey + (?)1 +1/2) (131+1/2)tgtdt’
d(e (b1+1/2)tg* = de; 6(b1+1/2)t -+ (b1 +1/2)e b1+1/2)tg;‘dt.

Applying the free It6 product rule 2.5.10 yields (5.3.6). Using the traced It6 formula
2.5.11, we get

() =n [(281 1)) + (2 + (@) ()

3

+ (z:®@1)- (27 @2} > (1, ® 1))
k:O

=n | (2b1 + 1)7(a7) + (2bo + 7(x))7 (27" +if )T k)]

L k=0

=n | 2by7(2}) + 2by7(z ) + Z (a1 ]

As 7(25) = [ 2" duo(x) = m,(0) for all n € Ny, we have shown that 7(z}) = m,(2t) for
all t > 0, n € N. This implies ‘Ehe claim in (a).

To show (b), we now assume by = 0. We simplify our notation by writing Geo

= Mbo b1, t’
t > 0. Note that in the case that u = o is compactly supported, the identity pu; =

De(1/2+51)t(ﬂ X v;) can be deduced from (a) and Lemma 5.3.3 (a) since g;g; and g/ g, have
the same distribution. For general py we can argue as follows: First note that we can
assume w.l.o.g. that o € M*([0,00)) \ {do}. Now fix some T > 0. Set G(t, z) := G, (2).
Then by Corollary 4.2.5 we have

QG(t,z) = —by (G(t, 2) + 20,G(t, 2)) — 2G2(t, 2) — 22G(t, 2)8.G(L, 2) . (5.3.7)
We will transform the PDE (5.3.7) into a PDE for the corresponding S-transforms. To
this end set (¢, 2) := 1, (2) = 27'G(t,27) — 1. Then, using 9,¢(t, 2) = —22G(t, 2 !) —
2730,G,(t,y)|y=a1, We get

up(t, z) =21 9,G(t, 27 1) = 2(1 4 by + Y(t, 2))D.b(t, 2) . (5.3.8)
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Now we will relate this equation to the S-transform S(¢,z) := S,,(z). Using the identity
z=S(t,(t, 2)v(t, 2) /(1 +(t, 2)), we can deduce

. 1 + ¢(t’ Z) 8t¢(ta Z)

S Bt vt )SE ).

aiS(t, (1, 2)) =

Using m1(t) = @12, (0), we see that dy is not an element of the set {u,: ¢t € [0,T]}.
Moreover, the latter set is closed in the topology of weak convergence. Thus, by the proof
of Proposition 6.5 in [16], there exists a common domain 2 C C where the functions
S(t,-), t € [0,T7], are defined. Using the univalence of ¢, |;c+, we get 8;S(t,z) = —(1 +
by + 2)S(t, z) for all t € [0,T], z € Q. Tt follows that

S(t,2) = S(0, z)e~(Hbrta)t — Su(2)S5,) (2)90,(2) = Sp, () (2) , t€[0,T], z€Q,

where we set f(t) := (/2! and used Ss;0)(2) = 1/ f(t) as well as S,,(z) = e~ (1H22)/2
(see Lemma 5.3.3 (c)). Using analytic continuation and the fact that the i-transform,
and hence also the S-transform, uniquely determine a probability measure, we deduce
te = D o4y (n X 1), The second equality in the centered formula of (b) is just an
application of equation (5.3.4).

It remains to show (c). So assume that by < —1 and by > 0. For each N let 2V € O be
the stationary solution to the system of ODEs (cf. Lemma 3.4.3):

d v ([~ N-=1\ 5, . 1 A
axi,t = <b1 —I—T) xi,t+b0+ N Zm, 1€ {1,,N} (539)
jig#h o
By the referenced Lemma, we know that ((z¥)7%, ..., (21¥)™1) equals the vector of or-

dered zeros of the rescaled Laguerre polynomial x — LEQ(Q(NEﬁN_I)H))(2(30Nx). By [37]
Theorem 3.1, it thus holds

N

1 N—o0

NZ%? —f (Dl/(QBO) <“MP,72(81+1)+1,1>> = (MMP,72(51+1)+1,1/(280)) ’
i=1

where f(z) = 27!, On the other hand, by applying Theorem 4.2.2 to the sequence of sta-
tionary solutions (z)yen to (5.3.9), we see that the moments of f (,uMP Co(bi1)41 1/(280)>

are the stationary solution to (5.3.5). To rephrase this, so far we have shown that

Geo : Geo _ N R Geo
b g is constant if oo = J(Barp, —a(iy41)11,1/(260))- Now, for general 1y 5 o We can

inductively show, using (5.3.5), that lim; ., m,(t) exists and does not depend on m,,(0).
Hence this limit must coincide with the constant solution which is the n-th moment of

I (pyp b 1)41 1/(250)). As the latter measure is compactly supported and thus deter-

mined by its moments, we have lim;_, “BG:IE;O,t = f(“MP,—2(131+1)+1,1/(2130)) by the moment

convergence theorem. O
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Remark 5.3.5. The statement in Theorem 5.3.4 (a) is the free probability version of
Lemma 22 in [88|. As Itd’s formulas for free and matrix stochastic calculus are structurally
the same (see e.g. [80]), it is not surprising that this result carries over to the large N
limit. In [88] a matrix generalization of the Dufresne identity is proven, which in turn
inspired the paper |7] which states a matrix generalization of Bougerol’s identity. For the
free probability version of this latter result see Section 5.5.

5.4 Global limit of (compact) Jacobi processes

Let py,qv > N — 1, N € N, and assume that the limits limy_,o, py/N = p and
limy_ oo gqv/N = ¢ exist. We aim to apply Theorem 4.2.2 to the case of a sequence
of Jacobi processes rescaled in time by the factor 1/N which thus arise as non-colliding
solutions to

AX7) =\/2X05(1 - X)) /N dB,

3 N XN+ XN - 2xNxN (5.4.1)
I o X ) ) ) ) dt
JiJ# ' '
i€ {l,...,N}, X}V =2 € CBC. For our choice of parameters there exist such non-

colliding solutions by Lemma 3.5.2. The corresponding parameters appearing in Theorem
4.2.2 are here given by alf =0, a¥ =1/N, a) = —1/N, bY = —(py +qn — 2(N —1))/N,
by = (py — (N = 1))/N.

Further, we assume that the limit SV Oz, N2 ) exists for some p € M*([0, 1)),
where the convergence is in moments. As p is compactly supported, clearly the moments
(M )nen of p satisty the bounds (4.2.5) for v = 1.

For § = 2, and hence by Theorem 4.2.2 for all 5§ > 1, the limit of empirical measures in
this setting has been described in [30]. We give a concise overview of this description as
some aspects carry over to the non-compact Jacobi setting, see Section 5.6.

Definition 5.4.1. Let (A, (A;)i>0,7) be a filtered W*-probability space.

(i) Let (x4)s>0 be an (A;);>¢ semi-circular Brownian motion and let 4o € A be a unitary
operator which is free from (z;);>o. We call the unique solution (u;);>o to the free
SDE

1
dut = idxtut — §Utdt7 Uy = ’LALO
free unitary Brownian motion with start in tg (here i denotes the imaginary unit).
(ii) Let (u¢)i>0 be a unitary Brownian motion with start in dy. Let § € (0,1) and

0 < A<1/6. Let P,@ € A be two projections such that {P, Q} is free from (uy)i>0
and it holds

P, A<1,

7(Q) =6, 7(P) = A0 and PQ:QP:{C% Ao 1,
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We call the process
jt = PUtQU:P, t Z O,

free Jacobi process with parameters (X, 0) and start in PuoQujP.

Let p,q > 1. The Wachter distribution jiy p 4 is the probability measure on (z_, x4 )
with density

(p+ o)V (e —2)(e —z-) dr where zy = (ﬂi p(p+q_1)>2 € 0,1].

2nx(1l — x) P+q

Remark 5.4.2. (i) To our knowledge the free unitary Brownian motion as a solution

to a free SDE has been first considered in [19]. Its moments are a transformation
of the corresponding moments of the free positive multiplicative Brownian motion
under the parameter change t — —t, see [57] appendix A and [20] Section 4.2.
Moreover, in the case of start in 1, a description of the density of its distribution
can be found in the latter reference.

The free Jacobi process has been introduced in [30] as a free analogue of the matrix
Jacobi process, which in turn first appeared in [39]. The free Jacobi process was
further studied in the papers |35, 36, 32, 34, 54].

In the special case p = ¢, the Wachter distribution is the image measure under
the map = — (1 + z/(2p))/2 of a probability measure known as Kesten-McKay
distribution with parameter 2p, see [40]. Further specializing to p = ¢ = 1 one gets
the arcsine distribution on (0, 1).

Let un: = % Zf\; ox~ where (Xﬁ)tzo is as at the beginning of this section. Then it
holds: .

Theorem 5.4.3. There exists (j1:)i>0 € C([1,00), M'(R)) such that

(1v21/8) im0~ ()= in C((0,00), M ([0, 1])) as.

For all n € N, the moments m,,(t) = [ «" du(x) satisfy

— My (t)

n n—1

=n | =(p+ 4 — 2)ma(t) + (p = Dmr(t) = D (&) mi(t) + Y mi(t)mp—1-i(t)

k=0 k=0

It holds limy_,o0 1 = piw p.g- If 1 = pow g, then t— py is constant.
If one assumes that there exists a free Jacobi process (ji)i>o0 with parameters A = 1/p and
0 = p/(p+ q) such that jo has distribution p, then . piq equals the distribution of j,
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viewed in the compressed space (PAP, - )T(-)).
Ifp=q=1, then

,ut:f(ﬁgyﬁ); tZOa

where

(1) vy is the distribution of the free unitary Brownian motion with start in 1 at time t,

(ii) f: T —[0,1], 2 — 2(Re(z) + 1),

(iii) [i 1s the unique element of M'(T) which is invariant under the map z — Z and
whose image measure under [ equals .

Proof. The statement about convergence of the empirical measures and the ODEs for the
limit moments follows from Theorem 4.2.2. All other statements, except for the p = ¢ =1
case, are known by [30]. The statement concerning the p = ¢ = 1 case follows directly
from [35] Corollary 2. O

We point out that, in the § = 2 case, one can improve the type of convergence
considered in the preceding theorem. As mentioned in Section 3.5, for § = 2 there
exist matrix models (M} );>o such that the respective eigenvalues form N-dimensional
Jacobi processes. In |28] Section 5, the convergence in operator norm of non-commutative
polynomials P of Mtjy, ceey ng to the respective evaluation of P at the time marginals of
the free Jacobi process is shown.

5.5 Global limit of Hua-Pickrell diffusions

Let (sV)yen C C such that limy_, sV /N =: § € C exists. We apply Theorem 4.2.2 to
the case of a sequence of Hua-Pickrell diffusions rescaled in time by the factor 1/N, which
thus arise as solutions to

XZNXN +1
dxh = \/2(1+(X5§)2)/Nd3,,t+% Im(s™) — Re(s"™) X[} + Z : XUoXT dt
J: J#z
(5.5.1)
i€{l,....,N}, X}V =3} € C4. The corresponding parameters appearing in Theorem

4.2.2 are here thus given by a)Y = 1/N, al¥ =0, o} = 1/N bN —2(Re(s)+(N—-1))/N,
bY = 2Im(sV)/N. We assume that the limit & S~

M*(R), where the convergence is in moments and the moments (m,),en of p satisfy
the bounds (4.2.5) for some 7 > 0. To describe the limit of the empirical measures
UNt = % Zi\; 5X_Nt, we introduce the following free Itd process:

N Ao, 1 exists for some p €

11:17

Definition 5.5.1. Let s € C. Let (¢;)i>0 be a circular Brownian motion on a W*-
probability space (A, 7T) as in Section 2.5, and let gy € A be some self-adjoint bounded
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operator freely independent of (¢;)s>0. We call a solution to the free stochastic differential
equation

dy; = deg /1 + 42 + /1 +1y2dct + [(—1 — 2Re(s))ye + (2Im(s) + 7(1))1] dt , 3o = o ,
(5.5.2)
free Hua-Pickrell process with parameter s (driven by (ct)i>0) (see Section 7 of [9] for the
matrix version).
Let s € C with Re(s) > 0. We call the measure on R with density

Re(s)\/(z—z_)(z4+—2)
) —dr, z€(r_,zy),

MffP,Re(S)VIm(S) (dl’) = 7T(1+1‘2
0, else ,

equilibrium Hua-Pickrell measure with parameter s where

1
" = eGP (—Im(s)(Re(s) +1) £ /(2Re(s) + 1)(Re(s)? + Im(3)2)> .
Remark 5.5.2. The measures JUP Re(s),Tm(s) L€ known to be the weak large N limit of
empirical measures of the zeros of Pseudo-Jacobi polynomials ([61] Theorem 2.2) and

empirical measures of Hua-Pickrell /Cauchy ensembles (|48] Section 3.2.2).

Lemma 5.5.3. Let s € C, let (¢;)i>0 be a circular Brownian motion, and let gy be a
self adjoint bounded operator free from (ct)i>0. Then the free SDE (5.5.2) has a unique
solution.

Proof. This essentially follows from [25] Proposition A.1. Here, we use that x — /1 4 22
and affine linear maps are in C*(R) and hence locally operator Lipschitz (see [22] Section
2.3). Further, for self-adjoint z € A we have 1 + 2* < (1 + |z])®2. Hence, by [9§]
Theorem 3.1.12, it holds 1+ 22 < 1 + |z|. This in turn implies the growth bound
I[v1 + 22[|> < 2(1 + ||=|[*). Lastly, note that the map A — A, A — 7(A)1 does not
match the assumption of the cited Proposition in the strict sense. However, it is clear
from the corresponding proof that it suffices to show

I7(A)1 — 7(B)1]| < ||A — BJ| and [|7(A)1][> <1+ ||A|? forall 4, B € A.

These inequalities directly follow from the general von Neumann algebra estimate for
tracial states |7(A)| < [|A]| for all A € A (see e.g. [97] Lemma 2.1.3). O

Proposition 5.5.4. Let (y;)i>0 be a free Hua-Pickrell process with parameter s € C.
Then the moments m,(t) := 7(y}") satisfy the recurrence

d
d_tmn(t)
=n | —2(Re(s) + 1)my, + 2Im(s)mn_1(t) + Y mi(t)ma_i(t) + > mp(t)mn_o_k(t)

(5.5.3)
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Proof. By the traced It6 formula 2.5.11, we have

dr(yy) =n | — (1+2Re(s))7(y;") + (2Im(s) + 7(y)7(y; )

-2

> e ((1e Vi) ey (1evie yf))] dt

k=0

3

| — (14 Re(s))r (o) + (2Tm(s) + 7(u)r (5
3w (P ) | .
The claim follows from
S ) = S ) — ) — T Y.

O

Now, we can describe the limit of empirical measures of the Hua-Pickrell diffusions in
(5.5.1) as follows:

Theorem 5.5.5. There exists (i )i=0 € C([0,00), M'(R)) such that
N—r00 .
(p“Nv?t/ﬁ)tZ() D (M?,f)tzo in C ([07 OO), MI(R» a.s.

For all n € N, the moments my(t) = [ 2" dul} (z) satisfy (5.5.3) for parameter s := 3.
Moreover:

(i) If Re(3) > 0, then piy EmiaN [P Re(s) m(s) Weakly. If, additionally p = ey =
HP

TVEP Re(3),Im(3) then t — pg, is constant.

(i1) If = ,ugop 18 compactly supported, M?f 15 equal to the compactly supported measure
[y, , where (Yi)i>o 15 a free Hua-Pickrell diffusion with parameter § and start in an
operator Yo with fig, = L.

Proof. As mentioned above, the statement about convergence of the empirical measures
and the ODEs for the limit moments follows from Theorem 4.2.2. As solutions to (5.5.3)
with the same initial condition agree, point (ii) is also clear by Proposition 5.5.4.

Next, we show (i), so assume Re(s) > 0. If u = [5ip Re(s).1m(z): then by the proof of
Theorem 2.2 in [61] its Cauchy transform satisfies

(2% + 1)G2(2) — 2((Re(8) + 1)z — Im(3))Gyu(2) — (2Re(3) +1) = 0.
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Hence, (t,2) — G,(2) is a solution to the PDE
0,G(t,z) = =0, [(—2(Re(8) + 1)z + 2Im(8)) G(t, 2) + (2° + 1) G*(t, 2)] . (5.5.4)

On the other hand, by Corollary 4.2.5, G(t, 2) := G ur(z) also is solution to this PDE.
Thus, we have ;[ = fiyip po(a) (s for all ¢ > 0 in this case. It remains to discuss the

weak convergence of ,u?f for t — oo for arbitrary starting conditions. Note that by (5.5.3)
we have

t n—1
My, (1) =e2nRe(d)t (mn(O) + / e Re(d)r (2 Im(8)my,_1(r) + Z M ()M (1)
0 k=1

+ z_: mk(r)mn_k(r)> dr) .
k=0

Using induction on n, one sees that lim,_,., m,,(t) exists and that this limit does not depend
on m,(0). Hence, the limit must agree with the n-th moment of figp go(s) 1m(s) Which is
the constant solution. The claim follows from the moment convergence theorem. O

In the remainder of this section, we give further descriptions of free Hua-Pickrell dif-
fusions and their distributions. We will see that the free positive multiplicative Brownian
motion, which was introduced in Section 5.3, plays a crucial role. We start with the free
analogue of Proposition 2.3 in [7], which states that the solution of the matrix version of
equation (5.5.2) can be constructed from matrix geometric Brownian motions. As previ-
ously mentioned, the It6 formulas for matrix processes and free processes are structurally
the same (see e.g. [22, 80]). Hence, it is not surprising that the referenced Proposition
carries over to the free probability setting.

Theorem 5.5.6. Let a,b € R. Let (¢; = (c14,¢24))t>0 be a two-dimensional circular
Brownian motion as in Section 2.5. Let §y € A be freely independent of (ct)i>o. Let
(g1)i>0 be a free multiplicative Brownian motion driven by (ci4)i>0 with start in 1, and

set g\ := edtg,, t > 0. Then

-1 t N —x
Y = (g,f“)) [3)0 +/ 9V d (cas + 63+ bs1) (g1V) ] (gt(a)>  t20,
0

is a free Hua-Pickrell diffusion driven by (¢i)i>0 with start in gy and parameter a — 1/2 +
ib/2 where ¢, = — [ dey g yo(1+y2) V24 [T dea s (1+y2) V2, t > 0, is a circular Brownian
motion.

Proof. Note that as dg; = g, dc,; and dg; ' = —dcy ¢ g; ' we have

—1 -1 -1
dg” = g dery+ag®dt, d (") = —der (o) —a (o) .
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Using the free Ttd6 product rule 2.5.10 twice, we get

dys = — dey gy + degy + dey, — ypdey , + [—2ay, + (b + 7(y,))1] dt
=dc, \/1 +yi + \/1 +y; dé; + [2ay, + (b + 7(y,))1] dt .

Thus, it remains to show that (¢);>¢ is a circular Brownian motion. For this recall that
(¢t)i>0 is a circular Brownian motion if (2; = (214, 22.4))t>0 With 214 1= (& + &)/v/2 and
2oy 1= (& — &)/(iV2), t > 0, is a two-dimensional semi-circular Brownian motion. In
turn, it suffices to verify the conditions of the free Lévy characterization Theorem 2.5.4
for (z¢)¢>0. That each component of z; is a bounded operator and a free martingale with
zjo = 0, j € {1,2}, is clear as it is the sum of free stochastic integrals w.r.t. circular
Brownian motions. Next, we show condition (ii) in Theorem 2.5.4. Note that, as (2;);>0
is a free martingale, it suffices to verify

T(A(zj — 2s) B2kt — 21s)) = T(A)T(B)Lj=k - (t — 5), (5.5.5)
forall 0 < s <t, A, B € Asand j, k € {1,2}. Solet A, B € A, then
T (A(Zl,t - Zl,s)B(Zl,t - Zl,s))

t t
=57 {(/ A(—deyyyy +deay) (14 yr2>—1/2 + / AL+ 2 (~y, dci , + dc;T))
t t
- ( [ Bderytdea) )+ [ B, + dc;,»)]

:5 (/ (T(A)T(yr(l + y?)_l/QB(l + yz)_l/QyT) + T(A)T((l + yz)—l/QB(l + yz)_l/z)

(AL +7) Py (L 4+ y?) "V T(B) + (AL + y7) " )7(B)) d?“)

=7(A)T(B)(t —s).
(5.5.6)

One analogously shows the other cases in (5.5.5). Lastly, we show condition (i) in Theorem
2.5.4, i.e. the bound 7((z;; — 2;5)*) < K(t —s)* for all 0 < s < ¢, j € {1,2}, and some
positive K. For this fix s > 0 and set

i 0, t<s /f]1 r)d
24 = = s ooy ()21,
b 214 — 215, U>S 0 [5:29) :

I _ - ‘
:_E/ Lisoo)(r) (devy o (1 +57) 72 + (14 47) " Py def )
0

1 - —1/2
b5 [ M) (deas (1272 (g2 )
0
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Now, by the traced It6 formula 2.5.11, we have
T(z%t)
t
- Z/ (r@ ™) (-1e A +y) " Py) - (3, @ 4,0)  (m1ey (1 +4)) ")

s 00)(r) dr

+2 Z/ (ro7r?) (1o @ +y?) V) (2, @28 (10 (1 +32) ) L (r) dr

—22/ (2, s 00) (r) dr .

Note that the & = 1 term vanishes as 7(21;) = 0. Now let ¢t > s. By setting A = B =1,
we know by (5.5.6) that 7(27,) =t — s. Plugging this in, we get

T((214 — 21,5)4) = 4/ (r — s)dr = 2(t — 5)*.

Similarly, one also sees that 7((22, — 224)*) = 2(¢ — s)?. This finishes the proof. O

By the previous Theorem, it seems unlikely that one can describe the measures ugf
appearing in Theorem 5.5.5 in a simple way using free convolutions for general § € C.
However, in the case that we have § = —1 and pl{ is an even measure, we have such a
description via the free positive multiplicative free Brownian motion:

Theorem 5.5.7. Let v € M'((0,00)) be invariant under the map v — x~ ' and be
determined by its moments. Let f: (0,00) — R, f(x) := (2'/? — 27'/2) /2. Then it holds

pt = Ruy) =f (V X exp(,uscA\/ﬂ H Unif[_4t,4t})) forall t >0,

where vy 1s the distribution of the free positive multiplicative Brownian motion with start
in 1 at time t (see Definition 5.3.1), and p! M is the limit of empim'cal measures of non-
colliding Hua-Pickrell diffusions as in Theorem 5.5.5 in the case pty o= fv).

For the proof we will use the following result:
Proposition 5.5.8. Let f(z) = 1 (21/2 — 271/2).

(a) f understood as a map from {v € M'((0,00)): v is invariant under v +— 1/x} to
{u e MY(R): p is invariant under x — —x} is a bijection.

(b) Let v e M*((0,00)) and let p € M*(R) be even. Then it holds: = f(v) iff

0 (2) = % (%(ZW LG (—f(2) — 1) forallz € C\[0,00),  (5.5.7)
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where /2 denotes the branch of the square root cut along the positive real azis

which maps —1 to i; here ¥, and G,, denote the V- and Cauchy-transform of v and
1, respectively; see Sections 2.4.1 € 2.4.2.

Proof. f: (0,00) — Ris bijective since it is strictly monotone increasing with lim, o f(z) =
—oo and lim,4o, = co. This and the identity f(1/x) = —f(x) show (a).

Let 2 € C\ [0,00). Then we have —f(z) € C \ R since, by writing z = re® for r > 0
and ¢ € (—m,0) U (0, 7], we have Im(—f(z)) = —2rsin(¢/2) # 0. Thus, —f(2) is in the
domain of G, so the r.h.s. of (5.5.7) is defined. To show (b), first assume that p = f(v).
Then

LG, (—f(2) ~1) = 2 [ e df ) () — 1
(2 ) 2(/]1@1 20212 — 2 )

/mpo) T s e 1)

22 + (22)Y2 — (2/z)'/?
o) L= (@2)V2 4 (2/2)1/2 — 2

(22! —(z/x)'
/(Ooo) 1— (z2)1/2 (dz) + /(0700) 1+ (z/x)1/2 dv( ))

)

(z2)1/? d —(x2)'/? o
/(0,00) 1- (xz)l/Q (d )+/(0,oo) 1+($Z)1/2 (d )>
xz)'/? 22)2) — (z2)Y2(1 = (22)Y/?
[ ) P ) gy

1—2zz

VRS

dv(x)

=

/N 7 N

= N = N = N= N = N e

where we used the invariance of v under inversion in the fifth equality.
To prove the inverse implication in (b), assume it holds (5.5.7). By the first part of the
proof, we hence have

Gty (~1(2)) = G (~f(2)) for all =€ C\[0,00).

Replacing z by its square, in particular we thus have

] 22 |- 22
GM( 2;>:GM( 2;) forall z€ C\R.

We show that the range of the map g: C\R — C, g(z) = (1—2?)/(2z), includes C\R. So
let y € C\R. Then 25 := —y 4 (1 +y?)'/? satisfies g(2;) = y for j € {1,2}. Now, it must
hold that Im(z;) # 0 or Im(z2) # 0 as otherwise 0 = Im(2; + 23) = —2Im(y) # 0. Thus
we have shown Gy.y(2) = G,(z) for all z € C\ R. This concludes the proof since the
Cauchy transform uniquely characterizes a probability measure (see Theorem 2.4.7). [

Proof of Theorem 5.5.7. The second equality in the centered formula in the Lemma holds
by Theorem 6.0.1. To proof the first one, set G(l, 2) := G ur (2). Then, by (5.5.4), we
have 7

B,G(t,2) = —2G(t, 2)(2G(t, 2) + (1 + 22)D.G(t, 2)) .
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Now, set p, := f~!(u"'],). Note that We have py = v. By the proof of Theorem 5.6.4
below, we know that the fact that p}, is even implies that p'}, is even for all ¢ > 0.
Thus, by Proposition 5.5.8 it holds

0(t:2)i= 0 (2) = 5 (24 60 -1 - 1)

This gives

1 _ I
0.0(t,2) =32 ()G ~1(2) = 71+ PEDAEED]— s
Differentiating with respect to t gives

atw(ta Z)

=-—%@U2+2_”5Gﬁs—f®D[—f@OG@,—f@D-%U-+f%ZD@ﬂ%tyNw:ﬂa}

=4(1 + 2¢(t, 2))20.9(t, z) .

By the calculations in the proof of Theorem 5.3.4 (¢,x,,(2) solves (5.3.8) in the case
by = —1/2), we thus know that p; = v K vy, for all ¢ > 0. H

5.6 Global limit of non-compact Jacobi processes

Now, we consider the final remaining subclass of non-colliding (-Pearson diffusions in
the ‘natural’ scaling. Let py € R, gy > N — 1, N € N, and assume that the limits
limy oo pn/N = p and limy_, qv /N = § exist. We apply Theorem 4.2.2 to the case of a
sequence of non-compact Jacobi processes rescaled in time by the factor 1/N, which thus
arise as solutions to

dxX _\/2)(;5 —1)/NdB;,
2XNXN — Xi]\é XN
toN pN+(pN+QN)Xz]Vt+Z 7 )?.N—XN dt,
jii#i N
i€ {l,....,N}, X =2} € CR°*. For our choice of parameters there exist such non-

colliding solutions by Lemma 3.6.1. The corresponding parameters appearing in Theorem
4.2.2 are here given by a)’ =0, ai¥ = —1/N, a = 1/N, by = (py + qv — 2(N — 1))/N,
by =—(px — (N —1))/N.

Further, we assume that the limit 3 Z
where the convergence is in moments and the moments (m,,),en of o satisfy the bounds
(4.2.5) for some v > 0. Under these assumptions we obtain the following limit of the
empirical measures py; = % Zfil OxnN

N Noee, ) exists for some p € MY([1,00)),

zlw
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Theorem 5.6.1. There exists (3% )0 € C([0,00), M'([1,00))) such that (% = 1 and

N—oo ( neJ

<’LLN’2t/5)tZO—> :uﬁ,q,t)tzo i C<[07 OO),Ml([l,OO))) a.s.

For all n € N, the moments m,(t) = [ «™ dul%,(x) satisfy

D45t
d
—My, t
M (t)
n—1
(P + G —2)ma(t) — (b — L)mp—a( +ka Mii(t) = D my(H)mn 1 (t)
k=0

If p+q < 0 then it holds lim;_, ;qut fpwi—p—qq) where f(x) = a~, and where p ...
denotes the Wachter distribution as in Definition 5.4.1. If additionally pn = f(pw1—p—g.4);

then t — p2%, is constant.

Proof. The claim concerning the convergence of empirical measures and the validity of
the ODEs (5.6.1) follows from Theorem 4.2.2. For the rest of the proof assume p+ ¢ < 0.
Let (an)nen, (Bn)nen C (—1,00) such that a := limy_,oo an/N and b := limy_,o /N
exist. Let (z1y,...,2nn) be the vector of ordered zeros of the Jacobi polynomial PﬁN’BN.
Then, by [37] Corollary 2.3, we have

| XN
—25 Nooo, tap Weakly,

where 11,5 has density

2+a+by/(zy —x)(x—2_)

s 1 —22

b —a®+4y/(a+ 1)( b+1)(a+b—|—1)
]l(x77$+)('r>7 Ty = (2+a—i—b)

Let g(z) := (1 + x)/2, then a short computation shows ¢(tap) = pwpt1.a+1- Pick gy >
N — 1 and ﬁN < —q~N such that limN%ooﬁN/N = ]3 and limpy_ oo q~N/N = (j Then,
combining the above facts with Lemma 3.6.2, we know that the empirical measures of
stationary frozen non-compact Jacobi processes with parameters py, ¢y converge to the
image measure of fiw 154 under x — x~ ! for all t > 0. This shows t — Ugfq{t is constant
if u2%y = f(uwi-p-qq). Now, for general 42% ) we can inductively show, using 5.6.1,
that lim;_, ., m,(t) exists and does not depend on m,(0). Hence, this limit must coincide
with the n-th moment of the constant solution f(pw1-p—54). As the latter measure
is compactly supported and thus determined by its moments, we have lim; ygfq{t =

(1w 1-p—q) by the moment convergence theorem.

In contrast to the Hua-Pickrell case, we cannot easily describe the limit measure
(Mgﬁj{t)tzo appearing in the theorem above by the distribution of the solution of some free



117

stochastic differential equation. E.g. if (¢;);>0 is a circular Brownian motion, a solution
to

dy: = \/yr — Ldeg /yr + \/yi dc 1+ [—pl+ (p+q)y dt

would give the right moments. However, as z — \/ x — 1 is not Lipschitz in 1, we cannot
use known results about existence of solutions as e.g. Proposition A.1 in [25]. Never-
theless, we have other ways of describing (Mgfq{t)tzo for the special cases p =1 or ¢ = 1.
In particular, the intersection of these special cases, i.e. the case p = ¢ = 1, permits an
explicit description via free convolutions, see Corollary 5.6.5 below.

We start with the case p = 1 which corresponds to the free version of Theorem 3.6.9:

Theorem 5.6.2. Let (hy)i>o be a free positive mulitplicative Brownian motion. Let P be
a pm]ectzon which is free from {hy,h; "t > 0} and satisfies o := 7(P) € (0,1/2]. Set
7(1) = T(P) 7(+). Then the dzstrzbutzon of PhyPh;'P, t > 0, viewed in the compressed
space (PAP,T), equals MI11,C1J/Q71,at where ”?,Ci]/aq,- is the limit of empirical measures of
non-compact Jacobi processes as in Theorem 5.6.1 with urll,clJ/afl,O = [phyphsp-
Proof. Set j, := PhyPh;'P, t > 0. By Proposition 5.3.2 and the free It6 product rule
2.5.10, we have for some semi-circular Brownian motion (z;)¢>o:

dj, = Phy'* dz, hy/* Ph; ' P — PhyPh;*? dzy by P + [j, — 7(P) P)dt .
By the traced 1t6 formula 2.5.11 we get

Sy =n [Tw) —7(P)r(Pj )

n—2
1 - —
+§ T ® 7°P) (( 1/2Pht_lp 2 Phi/Q s 12p PhyPh; 1/2)
k::O
(g ®ar ) (Ph1/2®h1/2Ph P — Ph,Ph 2 @ by 1/2P))

=n |7(j") — T(P)T(Pj™")

3
l\')

+ (QT(PJ'““) (Pjp= ') = 7(Pji e (P2 7%) — (P T (P ’“))]

B
Il

0

1

2
n n—1

[ (1=27(P)7(j) + Y m(Pi)7(P ZT (Pj)r (P~ ’“)] :
k=0

Set m,,(t) :== 7(j7*) and my(t) := 1. Then m,(t) is the n—th moment of the distribution of
Jt Viewed as an element of (PAP,7), Moreover, we have:

%mn(t) =n [(1 —2a)m,(t) + aka Ymy,_k(t) — agmk(t)mn_l_k(t)] . (5.6.2)
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On the other hand, let m,(t) be the n-th moment of Mffl‘]/a_lm, then by (5.6.1) we know
that also (M, )nen solves the ODEs (5.6.2). As by assumption m,(0) = m,(0), we hence
have m,(t) = m,(t) for all t > 0. As all appearing measures are determined by their

moments, the proof is finished. n
We readily get the analogue of [54] Section 2.2 Corollary 1:

Corollary 5.6.3. Let k € N, k > 2. On the same W*-probability space let (hit)i>0, © €
{1,...,k}, be free positive multiplicative Brownian motions such that pp, , = -+ = .
and such that the families {hy 4, hfj: t >0}, ..., {hes, h,;}: t > 0} are freely independent.
Then the distribution of

, 1 < 1<~
Jt = (Elzlhz(t)> ) (Ejzlhj (ﬂ) .

equals urllf,il’t/k where p}5_, . is the limit of empirical measures of non-compact Jacobi

processes as in Theorem 5.6.1 with p}S | o = i,

Proof. Let P and (h;):>o be as in Theorem 5.6.2 in the case 7(P) = 1/k. Then, by Propo-
sition 2.4.14, the joint distribution (see Section 2.4.3 for this notlon) of PhtP Ph; 1P
viewed as elements of (PAP,k7(+)), and the joint distribution of ZZ Lhiy ¢ Z; L J

agree. Thus also the distributions of Ph,PPh;'P = Ph,Ph;' P and ZZ 1 hzk Z] 1 j
agree. The claim follows from Theorem 5.6.2.

Now, we turn to the case ¢ = 1. Here a close connection to the limit of empirical
measures of Hua-Pickrell diffusions which we discussed in the previous section holds:

Theorem 5.6.4. Let u?f be the distribution of the limit of empirical measures of Hua-
Pickrell diffusions as in Theorem 5.5.5 wzth the additional constraint that piy is even
and § € R. Let f(x) = 1+ 2% Let (131 )e=0 be the limit of empirical measures of
non-compact Jacobi processes as in Theorem 5.6.1 in the case S 110 = f(ugop). Then

it holds f(ui}y) = ("5 _11.9, for all t > 0.
Proof. Let my(t) be the n-th moment of ;. By (5.5.3) it satisfies the ODE

d

%mn(t) =n [ 2(5+ )ymy,(t) + ka My (t) + ka(t)mn—Q—k(t)

Since iy is even, we can deduce by induction that ma,_1(t) = 0 for all n € N, i.e. puiy
is even, t > 0. NOW set mp(t) == mzn(t). Note that (m,(t))n,en are the moments of the
image measure of u P under z — 22. Further, we have

%mn(t) =2n [—2(3 + 1)m,(t) + Z g ()M —k(t) + i mk(t)mn_l_k(t)] :
k=0 k=0
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On the other hand, we can derive the moment ODEs for the measure ugfé{t x0_1 as follows

(here * denotes the usual convolution of real probability measures): Let X/ be as in the
beginning of this section and consider (Y;¥ := (X1, —=1,..., Xy, 1)), N € N. We
can apply Theorem 4.2.2 to this sequence of processes, where the parameters now are
@ = a¥ = 1/N, a) =0, b = (py +ay —2(N = 1))/N, b = (qx — (N = 1))/N. Letting
N — oo, we get the following ODEs for the moments m,,(t) of limy_, % Zfil 5Y,L-{\,§ =

Hpiga ¥ 0-1:
d _
2 a(t)
=n [ (p+ G = 2)ma(t) + (4 = Vmp-a(8) + D (&) p () + Y g ()14 (t)

Choosing p = —25 — 1 and ¢ = 1, we see that m,(t) = m,(2t) for alln € Nand ¢t > 0
since f(uily) = 1% 110 by assumption. As p"3;  ,, is uniquely characterized by its

moments, the proof is finished. O

Note that, by the previous theorem, whenever M;,Ci],o is compactly supported, the mea-

sures (Mgfﬂt)tzo in Theorem 5.6.1 are equal to the distribution of the free It6 process
(1+ yf/2)t20, where (y;)i>0 is as in Theorem 5.5.6 for a = —p/2, b = 0, and even .
Moreover, at the intersection of the special cases p = 1, ¢ = 1, we can describe ,ugfit using
the image measure of the distribution of a free positive multiplicative Brownian motion

under a suitable map; compare the p = ¢ = 1 case in Theorem 5.4.3.

Corollary 5.6.5. Let v; be the distribution of a free positive multiplicative Brownian
motion with start in 1 at time t. Let f(x) = 2+ x+27')/4. Let v € M'((0,00)) be
invariant under the map x — x~' and determined by its moments. Let (M?fl‘],t)tzo be the

limit of empirical measures of non-compact Jacobi processes as in Theorem 5.6.1 with
fv) = Nrf,ci],o- Then

ulffl‘{t =f(wuy)=f (1/ X exp(MSCA\/; 55 Unif[,gt,gt])) forall t > 0.
Proof. This is a direct consequence of Theorem 5.5.7 and Theorem 5.6.4 since
(s 14220 (am (22 —272)/2) = f.
[

Remark 5.6.6. In the case v = ¢§; the corollary can also directly be deduced from
Theorem 4.2 in [12] using the change of measure under z — 3(1 + cosh(z)).
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5.7 Global limits of S-Pearson diffusions for higher or-
der space-time scalings

So far, we have studied empirical measures of a sequence of -Pearson diffusions (X )¢>0)ven
for large dimension N in the ‘natural scaling’, i.e. the case that 5 > 1 is fixed, that time ¢

is linearly rescaled by 1/N, and that parameters b)Y, b} asymptotically grow linearly in N.
We have seen that, in this way, each of the six subclasses of 5-Pearson diffusions gives rise
to some limit measure in C'([0, 00), M (R)), possibly depending on up to two parameters.
In this Section, we study a slightly more general situation as before: We continue to fix

B > 1 but instead of X}V itself we are now considering the process

t— Y;N = (")/N(X{\;/TN — 6]\[)7 R 7’}/N(XN,t/TN — 5]\])) (571)

for some vy > 0, 0y € R, 7v > 0. In other words, we allow for a global affine linear
transformation of our coordinate system and an arbitrary linear rescaling of time for each
N. Note that we previously studied the case vy =1, 0y =0 and 7y = N. In particular,
these changes now enable us to investigate the global behavior of [-Pearson diffusions
for smaller time scales, i.e. for 1/7y € o(N™1), by ‘zooming in’ on the state space side,
i.e. choosing suitable vy Ty 00. Without this spatial ‘zoom’ we would simply end up
loosing dependence of the limit measure on the time variable ¢. We will see that the limits
()0 € C(]0,00), M'(R)) we obtain this way are again instances of the limits covered
in Sections 5.1-5.6, i.e. one has some form of stability of this class of limits.

As before, the existence of large N limits of empirical measures of Y,V will follow from
Theorem 4.2.2. To apply this theorem, we need to know how the parameters of the (-
Pearson diffusion (X}¥);>( change when going over to the process (Y, V);>o. So let (X¥)i>o
be a non-colliding 3-Pearson diffusion with parameters a2, al¥, al’, b1V, b)". Then one can
easily check that (Y;")i>o is a non-colliding 3-Pearson diffusion with parameters

~N aév ~N __IN N N ~N 'YJQV 2 N N N
a, =—, a; =—(26nay +ai), agp = —(0yay +dnay +a0),
TN TN 7—]\/' (5 72)
i LN ~ . 7.
pN =L Y = b + b))
N ™N

Below we will state the the main parameter choices such that the empirical measures

1 N
=1

do almost surely have a non-trivial deterministic limit (1;)>o in (C([0,00)), M*(R)) for
the cases that the processes (X}¥);>o, N € N, are either Jacobi or non-compact Jacobi
processes. However, we point out that one can also obtain non-trivial limits for higher
order scalings of all other non-colliding Pearson diffusions with the exception of the (OU)
Dyson Brownian motions.
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In the statements below, we will restrict ourselves to the main parameter choices such that
non-degenerate limits exist. We do not claim to cover all possible such choices, however.
E.g., whenever we have a limit point (u:):>0, one can easily adjust vy, dn to also get the
limit point (f(u:)):>0 whenever f is an affine linear function.

5.7.1 Jacobi processes

For the subclass of Jacobi processes we get another two non-trivial limit points except
the one considered in Theorem 5.4.3. Throughout this section let (XV)i>0, N € N, be
Jacobi processes on CE¢ with parameters py, gy > N — 1 and which are rescaled in time
by 2/, i.e. these processes satisfy

N N Ny N
Xi,t + Xj,t - 2Xz‘,th,t
N N
Xi,t - Xj,t

dxp = \/ﬂxﬁ — XN)dBiy + |px — (pv + an) XN + D dt

Ji j#i

(5.7.3)

i€ {l,...,N}, X} =2z} € CE°. Note that formally we allow for 8 = oo in this SDE

by using the convention 1/o0 = 0. In this latter case, we consider non-random frozen

Jacobi processes as in (3.5.2). Further, note that in the case 8 < oo each (X}Y);> is a
non-colliding [-Pearson diffusion with parameters

2 on— (N —1)).

2 2 2
aé\[:—— aJIV:— a(])VZO, biV:——(pN+QN_2<N_1>)7 bévzﬁ

B’ 5
In either case, set u¥ := L 3, dyn where (Y;V);50 is as in (5.7.1) for some vy, 7y > 0,
dn € R. The transformed parameters in (5.7.2) here take the form

~N 21 ~N __ 2N

CL2 :—Ba, (Zl 6TN(1—25N) 0 BTN6N<1_5N)
B = 2 oy — 2N = 1)), BY = 2V ((1 = 5 )pw — S + (265 — (N — 1)
BTN 5 ™N

(5.7.4)
In the following, we will consider three limit regimes for the parameters py, qn, Vv, 0N, TN
such that non-degenerate limits of (' );>0 exists. The following results have previously
been published in [13] where instead of (X} )i>o the process ((2X7%, —1,...,2XY, —1))i=0
is considered.

5.7.1.1 Marchenko-Pastur limit

Here we consider the following parameter asymptotics:
e Choose 7y > 0 such that limy_,., N/7y = 0.

e Choose vy > 0 such that limy_,, Nyn/7v = 1.
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e Choose py,qv > N — 1 such that the limits limy_,. py/N = p € [1,00) and
limpy o0 gv/Tn =: A € [0, 00) exist.

e Choose 6y € R such that limy_,, Onyy = 0.

Choose starting vectors & € CFC such that the limit + SN Oy (& —6) Moy e

M*(]0, 0)) exists where the convergence is in moments and the moments of y satisfy the
bounds (4.2.5). Under these conditions we have:

Corollary 5.7.1. If A =0 then

(Iuljfv)tzo N_>—Oo> ((\/ﬁeven H MSC,?\/E)z H MMP,ﬁ—l,t>t>0

in C([0,00), M*(R)) a.s.
If A > 0 then

N—oo 2
(szfv)tzo 7 ((De—/\t/Q(\/ﬁeven) EE[’[’SCQ (1,e—>\t)/)\> BHILLMP,ﬁ—l,(l—eM)/A)

in C([0,00), M'(R)) a.s.

Proof. In the chosen scaling we have the limits

2 . 2 N 2
lim Naj =0, lim Nay = = lim Nall =0, lim by = —=X, lim b)) = =(p—1).
—00 —00 —00

N—o0 6’ B N—o0 6

By Theorem 4.2.2, we thus know that one has a limit point (u)s>0 in C([0, 00), M (R)).
Moreover, p; is determined by its moments (m,,(t)),eny which satisfy

%mn(t) =n | =Amy(t) + (p — 1)mu—1(t) + i M (£) M1k (t)

A comparison with Theorem 5.2.1 shows the claim. O

5.7.1.2 Semicircle limit

We consider two parameter choices such that we get semicircle-type limits as in Theorem
0.1.1:
Parameter asymptotic (I):

e Choose 7y > 0 such that limy_,,, N/7y = 0.
e Choose 0,, € (0,1) such that the limit limy o, on =: = (0,1) exists.

e Choose vy > 0 such that limy_,o Y5 N/7n = m.
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e Choose py,qy > N — 1 such that limy_, p—N%‘_JIfVV =0.

Parameter asymptotic (II):

e Choose 7y > 0 such that limy_,,, N/7y = 0.

e Choose py,qny > N — 1 such that the limit limy_,oo(py + qn) /78 = A € [0,00)
exists and one of the two conditions limy_,o, N/ min(py, gy) = 0 or A = 0 hold.

e Set Oy := pN/(pN +QN) € (071)'

e Choose vy > 0 such that

N} 1
lim — v _PNIN

N—ooo Tn (PN +qn)? 2

In either case (I) or (II), choose starting vectors 27 € CFC such that the limit

N

1 N—oo
T 2 Fovtaty a5 € MR
i=1

exists where the convergence is in moments and the moments of p satisfy the bounds
(4.2.5).

Corollary 5.7.2. Under the conditions (I) or the conditions (II) in the case A = 0 we

have N
(/'Lz{/\[)tzo ﬂ (:u H /Lscﬂx/i)tzo

in C([0,00), M'(R)) a.s.
Under the conditions (II) in the case A > 0 we have

N N—00
(,u’t >t20 } <De*>‘t<:u) H ILLSC7 2(1_672>\t)/)\)t>0

in C([0,00), M'(R)) a.s.

Proof. For the scaling (I) set A := 0. Then, in both choices of scaling (I) and (II), we
have

lim Na) =0, lim Nal¥ =0,
— 00

|
N—o0 N—o0 N—o0 N—oo

1 ~ 2 ~
im Na)' =—, lim b{V:—BA, lim by =0.
In scaling (IT), we here used that by assumption we have

lim (px +gn)/7v =0 or lim N/min(py,qy) =0
N—oo N—oo
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which implies limy_,o Nyy/7n = 0: This follows from

1 ! Nyw\° v paaw
- = 1m - - -
2 N-ooo \ TN N (pn + qn)?

and _
T~ PNgy T~ min(pn,gn) 1 N—oo,

N (pN + QN)Q B PN tqn N 1+ min(py,qN) ’

max(pn,qN)

By Theorem 4.2.2, we thus know that one has a limit point (u)¢>0 in C([0,00), M (R)).
Moreover, p; is determined by its moments (m,,(t)),eny which satisfy

d 1 n—2
o ma(t) =n [—)\mn(t) +5 ; mk(t)mn_g_k(t)] .
A comparison with Theorem 5.1.1 shows the claim. O

5.7.2 Non-compact Jacobi processes

For the subclass of non-compact Jacobi processes we get another three non-trivial limit
points except the one considered in Theorem 5.6.1. Throughout this section let (X}Y);0,
N € N, be non-compact Jacobi processes on C¥“* with parameters py € R, gy > N — 1
and which are rescaled in time by 2/0, i.e. these processes satisfy

Xip = Xju ’

2
dXﬁ = \/%X%(X% —1)dB;+ | —p~n + (pn + QN)XZ‘]X + Z
Ji g
(5.7.5)
ie{l,...,N}, XV =2 € CBY. Note that formally we allow for 3 = oo in this SDE
by using the convention 1/0c0 = 0. In this latter case, we consider non-random frozen
non-compact Jacobi processes as in (3.6.2). In either case, set pl’ := + vazl Oyy where

(Y V)i>0 is as in (5.7.1) for some yy, 7y > 0, oy € R. Since the drift part in (5.7.5) is just
the negative of the drift part in (5.7.3), by (5.7.4) the transformed parameters in (5.7.2)
here take the form

~N 21 ~N 2N 2’712\7

== — =-—-21-2 all = =5y (1 -
a2 ﬁTN’ al BTN( 6N)7 a’O 57—N5N( 6N)
IN 21 IN 2N
bl :——(pN—i-qN—Z(N—l)), bO :———((1—5N)pN—5NC]N+(2(SN—1)(N—1)).
BTN BTN

In the following, we will consider different limit regimes for the parameters py, gy, Y, On, TN
such that non-degenerate limits of (1Y) exist. In the case that the (X});>o are frozen
non-compact Jacobi processes, some of the following results have previously been pub-
lished in [13] Section 5 where instead of (XV);> the process (2X{, —1,...,2Xy, — 1),
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t > 0, is considered. However, therein the restriction pyy > N — 1 was imposed which
by Theorem 3.6.1 can be weakened. Moreover, apart from the semicircle and Marchenko-
Pastur-type limits proven in [13], there is another limit regime which has not been con-
sidered before. We start with this latter limit point:
5.7.2.1 Free positive multiplicative Brownian motion limit
We consider the following parametrization:

e Choose 7y > 0 such that limy_,,, N/7y = 2.

e Choose vy > 0 with limy_,o, 7v = 0.

e Choose py € R, gy > N—1such that the limits limy_,.. py/N = P, limy 0 gv /N =
q exist.

e Choose 6y € R such that limy_,, yxon = 0.

Choose starting vectors 2y € CBY* such that the limit

N

1 N—o00

N Zé’w(i"f\foﬂsfv) R JIBS Ml([oa OO))
=1

exists where the convergence is in moments and the moments of p satisfy the bounds
(4.2.5). Under these conditions, we obtain the following result, which is expected in view
of Theorem 3.6.11 and Theorem 5.3.4:

Corollary 5.7.3. It holds

N—o00
(M?)go = (Dopri-verz (1 X v))ez0

= (De(ﬁ+r§—1)t/2 (M Xexp (Msc,zﬁ | Unif[—t/lt/?])))tzo

in C([0,00), M (R)) a.s. where v, is the distribution of the free positive multiplicative
Brownian motion with start in 1 at time t (see Section 5.3 for this notion).

Proof. In the chosen scaling we have the limits

. ~N . ~N . ~N __ . ~N__A ~ . NN:
M NG =g i NaE =0, i Na =0, i 0= 504 -2), i =0,

B E
By Theorem 4.2.2, we thus know that one has a limit point (u;)¢>0 in C([0,00), M (R)).
Moreover, u; is determined by its moments (m,(t)),en which satisfy

%mn(t) =n %(ﬁ +q—=2)ma(t) + % ; M (t)ma—k(t)

The claim follows from Theorem 5.3.4. O
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5.7.2.2 Marchenko-Pastur limit
In comparison to the previous scaling we now consider shorter time scales and a spatial
‘zoom in’:

e Choose 7y,vn,0n > 0 such that

lim N/7y =0, lim YwN/mnv =1 and  lim (05 — 1)yy =0.

N—o0 N—oo N—oo

e Choose gy > N — 1 and py € R such that the following two limits exist:

lim gyv/N =¢ and lim py/7n = A.
N—oo N—oo

Choose starting vectors 2y € CE* such that the limit & SN Ory e (2% —3n) Mo e

M*'(]0,00)) exists where the convergence is in moments and the moments of p satisfy the
bounds (4.2.5). Under these conditions we have:

Corollary 5.7.4. If A =0 then

N—o0

(Miv>t20 - ((\/ﬁeven a8 MSC,Z\/E)Q B MMP7Q—17t>t>0

in C([0,00), M'(R)) a.s.
If X # 0 then

N—o00 2
(Miv)tzo = <<De>‘t/2 (\/ﬁeven) H MSC72 /(ekt—l)/)\> H MMP,@—I,(eM—l)//\>

in C([0,00), M'(R)) a.s.

Proof. In the chosen scaling we have the limits

2 2 2
lim Nad =0, hm Nal —B, lim Na) =0, hm WY = B)\, lim b} = ﬂ((j—l).

N—oc0 N—o0 N—oo —00 N—o0

By Theorem 4.2.2, we thus know that one has a limit point (u)¢>0 in C([0,00), M (R)).
Moreover, p; is determined by its moments (m,,(t)),eny which satisfy

d
Emn(t) =n [ Am,(t) + (§ — )m,—1( +ka Y1k ()

A comparison with Theorem 5.2.1 shows the claim. O]
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5.7.2.3 Semicircle limit

There are many parameter choices such that we get a semicircle-type limit as in Theorem
5.1.1. We here exemplarily state two different conditions under which these limits appear,
which are analogous to the scaling considered in Corollary 5.7.2:

Parameter asymptotic (I):

e Choose 7y > 0 such that limy_,,, N/7y = 0.
e Choose 0y > 1 such that the limit limy_ .., 6y =: 0 € (1,00) exists.
e Choose vy > 0 such that limy_,. 74 N/Tn = ﬁ.

e Choose py € R, gv > N — 1 such that limy_,o ynpn /T8 = limy_ oo Yvgn /v = 0.
Parameter asymptotic (II):

e Choose 7y > 0 such that limy_,,, N/7y = 0.

e Choose gy > N — 1 and py < —qu such that the limit limy o (py + qn) /T8 =:
—\ € (—00,0] exists and one of the two conditions limy_,o N/gnv = 0 or A = 0
hold.

e Set oy :=pn/(pn +aqn) € (1,0).

. N~2
e Choose vy > 0 such that limy_,. TYVN ﬁ = % )

In either case (I) or (I), choose starting vectors &Y € CEY* such that the limit

N

1 N—oo
S o 25 e MR

=1

exists where the convergence is in moments and the moments of p satisfy the bounds
(4.2.5).

Corollary 5.7.5. Under the conditions (I) or the conditions (II) in the case A = 0 we

have
N—oo

(“iv)tzo — (nH® “sc,Qﬂ)tzo

in C([0,00), M'(R)) a.s.
Under the conditions (II) in the case A > 0 we have

N—o0
(1) g — (Dew(u) Bp, 2(1—6—2“>/A>t>0

in C([0,00), M'(R)) a.s.
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Proof. For the scaling (I) set A := 0. Then in both choices of scaling (I) and (IT) we have

1 . 2 .
lim Nay =0, lim NaY¥ =0, lim Na) =—, lim 6 =—->X, lim b} =0.
N—oo N—oo N—o0 N—oo N—oo

s B
In scaling (IT) we here used that by assumption we have
lim (py +qn)/7v =0 or lim N/gy =0
N—o00 N—o00
which implies limy_,oo Nyy/7n = 0: This follows from
2 — lim (N’YN)2 TN —PNAN
2 Noowo \ 7y N (pn +qn)?
and
TN _—PNAN N gv 1 Nooo
N (py+an)*  —(pv +an) N 1— 2 .

In particular, we thus have in scaling (II):

2N —gv\° 4 [N24% N NA? o
(NEL{V)Q: (_ YN PN C]N) _ < TN I~ PNAN )2) N—voo,

B ™~ pn+an 32 7_1%7 ™~ T~ (PN +an
and 5 N1
l;év:__V_NpN QN(N_l):_ N&f, N—oo, (-
BTN DN + qN N

By Theorem 4.2.2, we thus know that one has a limit point (u)¢>0 in C([0,00), M (R)).
Moreover, p; is determined by its moments (m,,(t))neny which satisfy

d

1 n—2
—ma(t) =n [_Amn(t) +5 ; mk<t>mn—2—k(t>] -

A comparison with Theorem 5.1.1 shows the claim. O]
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Chapter 6

The free additive sum of uniform and
semicircle distributions

In this last chapter, we provide a new proof of a formula relating the uniform distribution
on an interval, the semicircle distribution and the spectral distribution of the free positive
multiplicative Brownian motion considered in Section 5.3. Concretely, we will prove the
following:

Theorem 6.0.1. Let t > 0. Let vy be the spectral distribution of the free positive multi-
plicative Brownian motion with start in 1 at time t. Then

Vs = exp (Nsc,Q\/E 4 Unif[_t/Q’t/Q]) ) (6.0.1)

Note that we previously used this formula to describe limits of empirical measures of
non-colliding B-Pearson diffusions in Theorem 5.3.4, Theorem 5.5.7, Corollary 5.6.5 and
Corollary 5.7.3. Theorem 6.0.1 has been shown by the present author and Michael Voit
in [12] by relating the eigenvalues of matrices of hermitian Brownian motions with certain
drifts to the logarithms of eigenvalues of the Brownian motion on positive definite matri-
ces. As the corresponding empirical spectral distributions approximate the respective left
and right hand sides of (6.0.1), the authors obtained the formula above. We will give an-
other proof of this formula which does not rely on matrix approximations but on relating
the moments of the appearing distributions. As a by-product we get explicit formulas for
the moments of i, B Unifp, ), a > 0,b < ¢, and the integrals f(O,oo) x® dy; for all o € C.
To state these results we need to introduce some notation:

Definition 6.0.2. For z € C and n € Ny we denote by 2™ the n-th rising factorial of z,
ie. (W = H?:_Ol(z +14), where an empty product is interpreted as 1. In the literature z(™
is also known as Pochhammer symbol, which in certain contexts is also denoted by (z),.
We will not adopt the latter notation.

Let n € Ng. We call the coefficients s(n, k) in z + 2" = S0 (=1)""*s(n, k)2* (signed)
Stirling numbers of the first kind. For k € Z \ {1,...,n} we use the common extension
s(n,k) := 0. For a broader introduction to these numbers including their combinatorial



130

interpretation see e.g. [53] Section 6.1.
We will denote the generalized hypergeometric functions by

o () () .4
ai’ ... .ay w

aFB(ay,...;aa;b1,...,bp;2) = E ﬁfw
]:0 bl ...bB j'

where A, B € Ny and a;,0; € C,i e {1,..., A}, je{1,...,B}.
Let f(2) =Y ", a,2" be a power series. We will denote the n-th coefficient by [2"]f(z) :=
a, and call [2"] coefficient extractor.

Throughout this section, we will denote the distribution of the free positive multi-
plicative Brownian motion at time ¢ with start in 1 by v;. It turns out that showing the
equality of the moments of the respective sides in (6.0.1) is slightly more complicated than
showing the equality of moments for the equivalent identity

exp (Msc,z\/f B Unif(_y ) = Do-1/2(14) . (6.0.2)

This at fist glance might seem a bit surprising as in contrast to (6.0.1) the measure which
gets exponentiated is not even anymore. However, the moments of D, 1/2(1;) are simply
polynomials in ¢ and thus easier to handle (cf. [19] Proposition 5):

2" o)) (2 :1 W :lnil n (nt)’
A&m d(D-v2(n)) (x) = —L;, 2, (—nt) n%;(1+j> . (6.0.3)

n !

Here L;l_)l denotes the n — 1-th Laguerre Polynomial with parameter 1, see [99] Chapter
V for an introduction. For the remainder of this section we fix the notation

my(t) = /Rx"d (Hge vz B Unif_yg) (z), n € Ny, t > 0.

The main step toward showing Theorem 6.0.1 is the following explicit moment formula:

Theorem 6.0.3. For alln € Ny, t > 0 it holds:

n

t
ma(t)=nl Y  ————s(l+jn+1-7j).
| |

EAERCREL

Remark 6.0.4. Using this theorem we can calculate the moments of general free additive
convolutions of semicircle and uniform distributions as follows: Let a > 0 and b,c € R
with b < c. Then

Pse2va B Unifp g = pee2,a B Unif . o) B,

where we used that classical additive and free additive convolutions with Dirac measures
coincide. For vy € Rlet D,: R — R,z — v be the scaling map with factor . Then the



131

image measure of a free additive convolution under D, linearizes as in the classical case:

D, (1B v) = D, (1) 8 D, (v), v € M'(R). Thus

Hsc,2v/a H Unif[b,c] =Hsc,2v/a H Unif[bfc,[)] EHo.
=Da(c—b) (Mscgm) B Daye—p) (Unif(_(cp)2/0,01) B S

:Da/(c,b) ( (lusC,Q\/Z) H Unif[,t()]) |t:(c—b)2/a) & 66 ’

Using the binomial theorem we arrive at

i (c— b)2—kghk=i

gL+ 4)!

/a: d (ftsc.2/a B Unifpy, ) (z s(L+j,k+1—j).
R

J [k/2]

We will show Theorem 6.0.3 with the help of the two following Lemmas. The first
Lemma states a time inhomogeneous recursion ODE for the moments m,,:

Lemma 6.0.5. m,, is a polynomial of degree n with leading coefficient [t"]m,(t) =
(—=1)"/(14+n), n € Ng. Further, it holds for all t > 0:

Proof. By Theorem 5.1.1, we know that the moments m,,(t) of

e = Unify o) Bg. 0.7

satisfy
n R
Z(t) =5 Z M (E) My —j—o (1) -

Induction on n shows that m, is a polynomial of degree n — 1. Note that it holds
(], = m,(0) = (=1)"/(1 4+ n). Now, using Di(u1s¢) = Unifj_; g B, o5, We have
mn(t) = t"m,(1/t) for t > 0. This shows that m,, is a polynomial of degree n with
[t"Im,(t) = (—=1)"/(1 + n). Moreover, we have

d n— n—
o (t) =nt Ui (1/t) — t 2ij 1/t) 7o (1/t)
n—2

—nt~Ima(t) — g Sy (E)m—ay ().

Jj=0
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The second LLemma is a combinatorial identity involving a double sum over the product
of two Stirling numbers and three binomial coefficients, one of which is inverted. We
postpone its technical proof to the end of this chapter.

Lemma 6.0.6. For all [,m € N it holds
2ls(14+m,1+1)
k

I m-—1 _1
mr Lrm=2) 2 (my [ m (6.0.4)
Tl - 1;Z(n+k—1> <k;)<1+k>8(1+k7”)3(m—/€,l+1—n).

0

Proof of Theorem 6.0.3. Set c¢(n, k) := [t]m,(t),n € N, k € {0,...,n}. Then, by Lemma
6.0.5, we know that for all n > 1 we have ¢(n,0) = 0, ¢(n,n) = (=1)"/(1 +n) =

n! (Hn),s(l +n,n+1—n) and:
n n n n—2 J n—j—2
Z ke(n, E)th ! = nz c(n, k)t"=1 — B) c(j,Dt! cn—j—2,m)
k=1 k=1 =0 1=0 m=0

n n—2 n—2n—j—2
k-1 _ 1 m+l
Z(n —k)e(n, k)t =3 ’ Z t" (g, D)e(n —j —2,m)
k=1 1=0 j=l m=0
n n—1 k—1Il+n—1-k
=—) ¢! c(7,)en—j7—2k—1-1),
2 k=1 =0 j=l

where we set k := 1+ m + 1 and used the equivalence

0<I<nNn—2ANI<j<n=-2AN1+Il<k<n+l—-1—7
< 1<k<n-2AN0<I<k—-1ANI<j<n+l-1—-k.

Comparison of coefficients yields

e
(n—k) 5; ; Je(n—j—2,k—1-1)
1 n—k
n < .
=3 c(j+l—1Den—1—-j—1k—1-1).

=0 j5=1

Now, we show ¢(n, k) = n!ms(l +kn+1—k), ke {0,...,n}, by induction on
n € Ny. We already know that this formula holds true for ¢(n,n) and ¢(n,0), n € N.
The induction start at n = 0 holds since ¢(0,0) = 1 = s(1,1) and the induction start
at n = 1 holds by the already proven formulas for ¢(n,n) and ¢(n,0). Suppose n > 2
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and that the induction assertion has been proven for all n’ € {0,...,n —2}. Then for
ke {1,...,n— 1}, by induction assumption and Lemma 6.0.6, we have:

c(n, k)

S

—1 n—k

1
=3n 0]+l—1l cn—I1l—j—1k—1-1)

w
HOM

§Q
??‘H

j+l—1
k l1+l)'

=0 j=1

k—1 n— 1
2)! 1 . B L
2n—kk'k' <j_|_l_1) (l)(lJrl)S( +1,5)stk—ln+1—j—Fk)

=0 j=1
1 n 1 (n—1)!
2n—kklK 1+k

n—I01—j7—1)!
k-1 DIk 1)

s(1+1,7)

s(k—Iln+1—j7—k)

[\Dlr—t
<.
:v

2(n —k)s(1+k,14+n—k)=n! s(l+kn+1—-k).

KI(L+ k)]

Lastly, it holds ¢(n, k) = 0 for all k < [n/2] since we have 1 +k < n+1—k, which implies
s(L+kn+1—k) =0, O

The formula for the moments m,(¢) in Theorem 6.0.3 enables us to calculate the
corresponding moment generating function, which in turn gives the following integral
formula for the image measure of Hse2y7 B Unif[_;/5,/9) under the exponential map:

Corollary 6.0.7. For all « € C\ {0} and t > 0 it holds

1 = a N\ (at)
o _ at/2 F (1 — 2 —at at/2 .
/ z®dy(z) = e F1 (1 — a;2; —at) = - E 14+4) 5
(0700) ]:O

4!

Proof of Theorem 6.0.1 & Corollary 6.0.7. Let o € C\ {0}. Then, by Theorem 6.0.3, we
have

—~ n!
0o n 1 4
S I PR PR’
n=0 j=[n/2] (1 +j)|j‘
o0 - 14
1 (—at)?
S 11 4, ) (—a)t
)1q! Z( ’
a = (14 4)!5! P
1 ° — (J+1) —at)’
_——Z( ) oY ( ') —1F1<1 ,2, Ctt)
a‘= (1+j)! J
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In particular, it holds for n € N:

n—1 j

1 ]

nd B Unif_ z)=1Fi(1—n = - :
/Rx exXp (Msc,%/i [ t’O})( ) 1 1( n — (1+]) ]'

<.

By (6.0.3), this is the n-th moment of D, /2 (v;). This shows (6.0.2) since measures with
compact support are uniquely characterized by their moments. Now, scaling in space by
the factor e/? gives Theorem 6.0.1. In turn also Corollary 6.0.7 holds:

/ % dy, = / e d (MSC72\/5 58 Unif[_t/g’t/g]) (x) —et/? / e d (Nsc,z\/i 55 Unif[_t,o}) (x)
(0,00) R R
=2 P (1 — ;2; —at) .
O

In the remainder of this chapter we prove Lemma 6.0.6 by Egorychev’s method which
provides effective tools to show combinatorial formulas (cf. |44, 89]).

Proof of Lemma 6.0.6. We start with the easiest case m = 1, which holds true because of

2, I=1 2= [1—1
Ns(2,1 +1) = = 1L,i+1—n).
ZS( s +l) {O olse } lzl (n—l) )3( 7l+ n)

Y

Now let m > 2. Rearranging the double sum of the right hand side of (6.0.4) gives

I m-—1

lfgilzz(;*;”;:f) <k><1Tk)5(1+k,n)8(m—k,l+1—n)

n=1 k=0
I+1

—2 —1
m+1 [+m—2 m m
z+m—1;k_1 (n+k—1) (k> <1+/<:)8( n)s(m ") (6.0.5)

m(m+ 1)
ik e UL
1
::A+2m(m+ )

Tmo1tm

Now, we apply techniques of the Egorychev method, i.e. we transform a suitable generating
series of A. To this end we make use of the identities

n!
s(nk) = log (14 ), mok € Ny,
1 1 K\
/t”(l—t)kdt:—<n+) . nkeN,
0

n+k-—1 n
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see [89] Section 5 for the first identity, the second identity is a special case of the well

known beta integral. Now, we can write A in the following way:

A=(m+1)> 3 /1 A (7:) (1 T/g)

(L+ k) (m = k:;)' log™(1 + ) log™ (1 + y)

: /0 AT (l Z 1) (tlog(1 4+ 2))" (1 — t) log(1 + )™ dt
m(m—l—l)!m2 m—1 kT T mk
i ()

Using coefficient extraction for the exponential series, we can rewrite this further as

-2

A =m(m+1)! [a!*] (mk_ 1) [T [y™ ]

1

! 1+
S N =™ 2R a (1 ( ) t) dt .
= (10g (1 ) o

3

T

Now, we can apply Euler’s integral transform for Kummer’s confluent hypergeometric

function { F; which states that

T(b)

1
F (a:b: -\ ta—l 1—+¢ b—a—1 jtx dt .
o) = g, 0
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This gives
A
m(m + 1)!
m—2
—1 E—D!(m—-2—-k
= [az+1} (mk ) [x”k} [ym k] (1+y)a( ()ﬂ(;?i 5 )
k=1
14+
1F1(k,m—1,log<1+y> >
m—2 m 1 1_{_33
_ [ 0+1 _ 1+k m—k et . _1-
_[a }kzl—k(m—l—k) [m ][y }(1+y) 1F1(k,m 1,alog(1+y))
m—2
[T 1 1 14k [, m—k a o I+
_[(1/ }kzl(k+m—1—k [x }[y ](1+y) Fi | k;m —1;alog Ty .

Reversing the order of summation in one part of the sum and applying Kummer’s trans-
formation rule 1 F(a; b;x) = €*1 Fy (b — a; b; —x), we see

1 1+k —k 1+
k:lm_l_k[x | "] (L4 )1 Fy ( ksm— 15 alog Ty
m—2
1 —k7 T, 14k 1+
=2z 1" 14+ y)“ F —1—km-—1al
;k[]; }[y }( y)l 1l m m alog Ty
m—2
1 —k 1+k 1+y
= _ m 1 aF k _1 1 .
k:1k[x | [y A+ 2)* 1 Fy | kym — 1;alog i
Thus
A l+1 m— 21 1+I<: m k:| (1+ )aF k 1 1 1+z
- .m_ .ao .
m(m + 1)! k:1k Y) b | R ; alog Ty

Now, we can extend the sum over k to infinity with the following correction due to [y™*]:

s =l S B 0 (- tatos (1)

1
k=1
1
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We will calculate the three appearing terms seperately, where the main work lies in the
calculation of S;. For the latter task we aim to identify a geometric series in the summation
over k. For this we use Cauchy’s integral formula in the following way:

_ aoo k;(j)aj 1+

1 Jj=

NE
el e

k

- 1( ) / / k+2 k—(m+1)
(1 +y)"
Z’f 271 ) ey ™
ad k)i /1
> o (1) ae
3:0 m— 1))y 14y

: / / -2, —(m+1) N o’ (1t
=\ 5= " (14y)* Y ———=— log’
(27”> lyl=1/4 J|a|=1/2 Z (m —1)Wj! L+y

o .
7—1
2 : d k+j—1
. —Z
dzi—1

dxdy

Now, one can easily verify the following identity by induction over j:

j—1 j—1 J
d kpjo1  d z

dzi—1 dzi—11 — 2
k=1

—G-DH(1=7 -1), |l<1.

Plugging this in we receive

_ —2 —m+1)(1+ )
S1 Yy
(27") /|y 1/4/:p| 1/2
1+z z \’
-1
Z —1”.7 g’ (1+y> ((m—z) )dxdy

J=1

Note that, by using log(1+z) = —> 77 1 (|z] <1),forall j >2and 0 < |y| < 1/2

we have
1 1\
LG )
lz|=1/2 l+y) \z—y
/ (z+y) 21 f(1+ ’ )(1)jd 0
= T4y og ) (= r=0.
|z|=1/2 I+y
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This gives

2m
1+
/ / (x —y)~ 1y_(mﬂ)(l + y) — log <1 ) dxdy
lyl=1/4 J|z|= 1/2 +y

/ / ~mFD (] 4 gy) logj ( + :c) dxdy
wi=1/2 J|z= 1/2 L4y

]:1
= (27’(’2) (Sl,l + 5172> .

To simplify S;; we first observe

ua
- +y
__y—l/ m_llog (H_:E) dx+y—1/ (:L__y)_llog(l_'_x) dl‘
le|=1/2 1+y le|=1/2 1+y

=(2mi)y log(1 +y) +y " / 2 ' log (1 + L) dx = (2mi)y *log(1 + 7).
l2|=1/2 l+y

This gives

1 —(m o «
Si1=5— y~ M (1 +y)
270 Jiy=1/a m =
1

:m [ymﬂ} (1+y)*log ((1+y)*) (6.0.6)

: log(1 +y) dy

J+1 1 _|_1>
- ,Z Jo hs(m + 1,
I1(m+1 i

The second contribution to S; can be simplified in the following way:
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5172 = ( ) / / _2 —(m+1) 1 + y a Og < ) dl‘dy
yi=1/2 Jje|=1/2 ; — 1) 1+y

J

- [+'] 1+ya§Z —_ Z)@)mya+xﬂ—mg1+ka

= — [y (1 +y)° g (();(:—11);; log’™!(1 +y)

= — (m—=2)![y"] kf; o log" (1 + ) Z; l(m i_;)j; )]
:W g(_awlk!s(m, k:)m nz:(—l)” (m +: - 1)
:W g(_a)kﬂk!s(m, k)(m:—_—li)jl)! " +: - 2)
:_%;E%;?mm,

where we used the identity Zﬁzo(—l)"(N) = (—1)’“(N,;1) in the second last equality. This
completes the calculation of 5.
Using 1 F1(m — 1;m — 1;2) = €*, we see that Sy does not contribute:

Se=- Ll 0 (1) =0

m—1 1+y

Applying 1 Fi(m;m — 1;2) = "1 Fi(=1;m — 1; —x) = *(1 + /(m — 1)), we can simplify
the remaining sum as follows:

== b (55) (15t (155)

- % [ 1] (1 + 2)° (1 + moi T log(1 + 93))

1 =~
:——Zoﬂs(m—i-l,j)—

m(m + 1)! =

Datts(m+1,74+1).
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Combining the previous calculations we get

A :2m(m + 1)' [Clirl] (81’1 -+ 51,2 -+ SQ + 53)

—om(m + 1)! <(m_ ZJ(;H im0+ 1) = ms(m, )
—ms(m-i- Li+1)— m(m _l;;(%erl)!s(er LI+ 1))

_22(?—;11)3(m,1)+2m(l+ m ;@EZ:%; — (l+1>s(m+1,l+1)
— 2%3(77@, D) +2s(m+1,1+1).

Plugging this back into (6.0.5) shows the claim. O
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List of symbols

N
No
(Cﬁ:
T
Zfor zeC
int A
0A
Cy
Cy

BC
7™
B(E)
MY(E)
5(1
Hsc,R
HMP, o3

JIs
UI]ifA

Uy

GI(N, F)

E(X)

Set of positive integers

Set of non-negative integers

Upper/lower complex half plane

Unit circle in the complex plane

Complex conjugate

Interior of the set A

Boundary of the set A

{freRY: 2 <o <ay}
{reRYN:0< 2, < <y}
{zeRY:0< 2, < - - <ay <1}
{zeRV: 1<z, < - <y}

Rising factorial [[/—) (x4 1i), + € C, n € Ny

Borel o-algebra of topological space F

Set of probability measures on (E, B(E))

Dirac measure at point a

Semicircle distribution with radius R; see Section 2.1
Marchenko-Pastur distribution with parameters
a, B > 0; see Section 2.1

x-distribution of the operator x

Uniform distribution on A

Cauchy transform of u € M'(R); see Section 2.4.1
Y-transform of p € M*(]0,00)); see Section 2.4.2
S-transform of u € M'([0,00)) \ {do}; see Section 2.4.2
R-transform of u € M*(R); see Section 2.4.1
Image measure of p under f

Linear map = — ax

Indicator function of the set A at point x

Unit and zero element of a unital Algebra

Space of complex N x N matrices

Cone of complex positive definite N x N matrices
General linear group of degree N over the field F
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Upper left n x n block of a N x N matrix A, n € {1,...,N}

Loewner order for hermitian A, B € My(C)
Expected value of the random variable X
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Quadratic variation of the semimartingale (X;)s>0 at time ¢
Quadratic covariation of the semimartingales (Xs)s>o, (Ys)s>0
at time ¢

Free additive convolution; see Section 2.4.1

Free multiplicative convolution; see Section 2.4.2

Ceiling function evaluated at z € R
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