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Abstract

Cluster analysis is a fundamental task in exploratory data mining, widely used to
uncover hidden structures within datasets across various fields. It has broad ap-
plications, from identifying subgroups in gene expression data for disease research
to segmenting customer bases in industry. Over time, a diverse range of clustering
methods has been developed to handle the complex structure of different data do-
mains. Despite these, key challenges remain, particularly in evaluating the quality
of clustering results and optimizing the performance of clustering algorithms.

This thesis presents significant advancements in clustering evaluation measures
and the development of resource-efficient clustering algorithms, with a focus on
both theoretical contributions and practical applications. Cluster analysis focuses
on identifying groups of similar samples within a dataset, with three central chal-
lenges: determining the number of clusters, finding the optimal clustering solution,
and ensuring resource efficiency. The research presents the AVERAGE MEDOID SIL-
HOUETTE (AMS), a robust approximating variant of the AVERAGE SILHOUETTE
WIDTH (ASW), which has been demonstrated to improve clustering quality in real-
world scenarios such as gene expression analysis. A novel algorithm was designed to
optimize AMS, achieving computational improvements, thus enabling medoid-based
clustering for larger datasets. Additionally, the DynMSC algorithm was developed
to simplify the process of identifying the optimal number of clusters.

For categorical data, two new measures—AVERAGE RELATIVE ENTROPY SCORE
(ARES) and MINIMUM RELATIVE ENTROPY CONTRAST (MREC)—were intro-
duced. These measures formed the basis for the CatRED algorithm, an agglom-
erative hierarchical clustering algorithm. CatRED has been successfully applied
in domains like smart services and business analytics, providing interpretable and
efficient results.

Improvements to existing clustering algorithms are also presented, such as en-
hancing the k-means-CP algorithm by reducing redundant distance computations
through the parallel axis theorem. Additionally, practical experiments in energy
grid simulations demonstrate the effectiveness of optimizing the FasterPAM ap-
proach for sparse problems.

The thesis emphasizes the intrinsic link between clustering algorithms and eval-
uation methods, clearly demonstrating how optimization strategies can significantly
enhance both resource efficiency and clustering quality. Contributions include the
development of scalable algorithms like FasterMSC and NCK-means, which are
specifically designed to effectively handle much larger datasets. On the other hand,
the thesis also presents problem-specific algorithms, such as CatRED, which focuses
on applications involving categorical data.
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CHAPTER 1

Introduction

Cluster analysis is a critical technique in data science and machine learning, provid-
ing invaluable insights across various disciplines by identifying patterns and group-
ing similar data points. This unsupervised learning method has been instrumental
in fields ranging from biology to business analytics, allowing researchers to make
sense of complex data sets and uncover hidden structures. In cluster analysis, the
user is interested in discovering previously unknown structure in the data, as op-
posed to classification, where one tries to predict the known structure (i.e., labels)
for new data points.

In single-cell transcriptomics, it helps in grouping cells with similar
transcriptomic  profiles to identify  distinct cell subpopulations and
states [KKT+15; KMA+15]. In the realm of smart services, cluster analysis is essen-
tial for creating structured classifications [FHH+20]. Cluster analysis is also used to
classify business analytics solutions, aiding in optimizing manufacturing processes
by highlighting the strengths and weaknesses of different approaches [WWW+23].
Moreover, in the generation of distribution grid models on the basis of publicly
available data [KSS+17], cluster analysis was employed to generate accurate distri-
bution grid models from public data. This application is crucial for planning and
optimizing electrical distribution networks, particularly for integrating renewable
energy sources and improving grid resilience.

Sometimes, clustering can also be interpreted as data quantization and approx-
imation, for example, in k-means, where the objective is to minimize the sum of
squared errors when approximating the data with k average vectors, spherical k-
means, where we maximize the cosine similarities to the k centers, and k-medoids,
where we minimize the sum of distances when approximating the data by k data
points. Other clustering approaches such as DBSCAN [EKS+96; SSE+17] cannot
easily be interpreted this way, but discover structure related to connected compo-
nents and density-based minimal spanning trees [SHM18; BDH+23].

The evaluation of clusterings is a challenge, as there are no labels available.
While many internal (“unsupervised”, not relying on external labels) evaluation
measures were proposed such as the Silhouette [Rou87], the Davies-Bouldin in-
dex [DBT79], the Variance-Ratio criterion [CH74], the Dunn index [Dun74], and
many more, using these indexes for evaluation suffers from inherent challenges. Ven-
dramin, Campello, and Hruschka [VCH10] survey 40 such measures and variants,
and find the Silhouette to be one of the most robust. Jaskowiak et al. [JMF+16]
combine different internal validation measures in an ensemble to improve perfor-
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mance. Bonner [Bon64] noted that “none of the many specific definitions [...] seems
best in any general sense”, and results are subjective “in the eye of the beholder”
as noted by Estivill-Castro [Est02]. While these claims refer to clustering methods,
not evaluation methods, we argue that these statements are valid for evaluation in a
similar way; each internal cluster evaluation method implies a clustering algorithm
obtained by enumeration of all candidate clusterings, keeping the best. The main
difference between clustering algorithms and internal evaluation then is whether or
not we know an efficient optimization strategy. k-means is an optimization strategy
for the sum of squares evaluation measure, while the k-medoids algorithms PARTI-
TIONING AROUND MEDOIDS (PAM), and alternating optimization [Mar63] are two
different strategies for optimizing the sum of distances from a set of k representa-
tives chosen from the data, a variant of the facility location problem. One central
problem in existing work is that often distances, evaluation measures, and cluster-
ing algorithms are developed independently of one another, instead of considering
them to be different sides of the same problem. We will develop an overarching
view of cluster quality that directly relates to a cluster similarity measures.

This thesis critically evaluates different internal cluster quality measures, pro-
viding a comprehensive analysis of their effectiveness and applicability in various
contexts. Second, the thesis focuses on the optimization of clustering algorithms,
specifically aimed at directly optimizing these internal clustering evaluation mea-
sures.

1.1 Contribution of this Work

The thesis contributions are structured into three different parts: internal eval-
uation measures, clustering algorithms, and the relationship between them. The
structure of contributions in the chapters of this thesis is summarized in Figure 1.1.
Chapter 4 introduces a variant of the PAM algorithm that includes the enhance-
ments from FasterPAM, but is also specifically optimized for handling sparse input
data. One central contribution of this thesis focuses on the development and op-
timization of clustering algorithms that directly optimize internal clustering evalu-
ation measures while ensuring resource-efficiency. In Chapter 5, we introduce the
Medoid Silhouette, along with its corresponding clustering algorithm, FasterMSC.
In Chapter 6, we discuss kNN Consistency and optimization of the clustering algo-
rithm k-means-CP. Chapter 7 presents the AVERAGE RELATIVE ENTROPY SCORE
(ARES), accompanied by a new hierarchical clustering method, CatRED.

In addition, this thesis provides a methodological analysis of the underlying clus-
tering evaluation measures and clustering algorithms. We provide run time analyses
for PAM in Chapter 3.1, to substantiate the efficiency and correctness of the al-
gorithm. In Section 5.1, we present an axiomatic characterization of the Medoid
Silhouette, affirming its validity as a CLUSTERING-QUALITY MEASURE (CQM) ac-
cording to the axiomatic approach of Ben-David and Ackerman [BAO8]. Theoretical
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Figure 1.1: Section 3.2 describes the internal clustering evaluation measures dis-
cussed in this thesis. Section 5.1 details the axiomatic characterization of the
Medoid Silhouette, while Section 7.1 introduces a novel measure based on rela-
tive entropy. The primary contributions of this thesis, including various clustering
algorithms that optimize these evaluation measures, are presented in Sections 5.2
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proofs and runtime analyses for NEIGHBOR-CONSISTENT K-MEANS (NCK-means)
are provided in Section 6.2.2, demonstrating the efficiency and correctness of the
proposed algorithm.

Finally, we demonstrate the practical applicability of all the methods presented
through comparative experiments. For the Medoid Silhouette and k-NEAREST-
NEIGHBOR (kNN) Consistency, we conduct experiments using two SINGLE-CELL
RNA SEQUENCING (scRNA-seq) data sets, exploring their performance under var-
ious parameters [KKT+15; KMA+15]. We evaluate the ARES on taxonomy con-
struction, which deals with the structuring and organization of knowledge [BMI11].
The development of the sparse variant of PAM was driven by a specific need in the
simulation of electrical grids [KSS+17], and its performance is also evaluated in this
context.

1.2 Organization of the Thesis

This thesis begins with a general introduction and motivation for the study of clus-
tering in Chapter 1, highlighting the importance of evaluating clustering quality
in the absence of labeled data. Chapter 2 presents fundamentals of cluster anal-
ysis, covering different heuristic optimization methods, an essential background of
clustering evaluation, theoretic clustering axioms, and information-theoretic funda-
mentals. A comprehensive review of related work follows in Chapter 3. It begins
with a detailed description of PAM. Next, it presents existing clustering evaluation
measures and algorithms that directly optimize these measures, which are subse-
quently analyzed and further optimized later in the thesis. Additionally, relevant
literature in the domain of clustering categorical data is critically examined. The
first of the four main chapters follows. Chapter 4 presents an optimization of PAM,
enabling efficient processing of sparse data. The subsequent Chapter 5 contains
the characterization of the Medoid Silhouette and a new clustering algorithm to
optimize it directly. Chapter 6 then presents kNN Consistency, along with an algo-
rithm designed for its direct optimization. As the last central chapter, Chapter 7
addresses clustering categorical data, introducing a novel quality measure and a
corresponding clustering algorithm that directly optimizes this measure.

1.3 Author’s Publications and Contributions

The research described in this thesis was first published through a series of peer-
reviewed publications. This section presents the specific methodologies presented in
each publication and outlines the author’s contributions to these respective works.

The sparse variant of PAM, discussed in Chapter 4, was published as part of the
foundational book Machine Learning under Resource Constraints — Fundamentals
1 in 2023 [LS23]. The author of this thesis contributed the majority of the work, in-
cluding the development of the ideas, implementation, evaluation, and writing. The
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analyses and clustering algorithms on the Medoid Silhouette, described in Chap-
ter 5, were published at Similarity Search and Applications (SISAP) in 2022 [LS22b]
and a journal version in Information Systems (IS) in 2024 [LS24] by the author of
this thesis. The author contributed the majority of the work with respect to idea,
proofs, realization, evaluation and writing. The analysis of the clustering evalua-
tion measure, kNN Consistency, together with the optimized clustering algorithm
NCK-means, as presented in Chapter 6, was published at the “Learning, Knowl-
edge, Data, Analysis” (LWDA) conference in 2023 [LSS23]. The author of this
thesis contributed the majority of the work, including the development of the idea,
formal proofs, implementation, evaluation, and writing. The clustering evaluation
measure MREC for categorical data, along with the associated clustering algorithm
CatRED presented in Chapter 7, was published at the 58th Hawaii International
Conference on System Sciences (HICSS) in 2025 [LSJ+-25]. The author of this thesis
contributed the majority of the work, including the development of the core idea,
the implementation, the evaluation, and the writing.

Below is a chronological list of publications produced by the author during his
PhD studies, which culminated in this thesis. For each publication, the author’s
contributions are detailed, along with its relevance and inclusion in this work.

[SL22] Erich Schubert and Lars Lenssen: Fast k-medoids Clustering in Rust and
Python, Journal of Open Source Software 2022. Contribution: The Author con-
tributed to realization, evaluation and writing. Mentioned: Section 3.1.1 and
Section 5.3.1.

[LS22b] Lars Lenssen and Erich Schubert: Clustering by Direct Optimization of the
Medoid Silhouette, Similarity Search and Applications 2022. Contribution: The
author contributed the majority of the work with respect to idea, proofs, realization,
evaluation, and writing. Subject of: Chapter 5.

[LS23] Lars Lenssen and Erich Schubert: Sparse Partitioning Around Medoids,
Machine Learning under Resource Constraints — Fundamentals 1, 182-196, 2023:
Contribution: The author contributed the majority of the work with respect to
the ideas, realization, evaluation and writing. Subject of: Chapter 4.

[LSS23] Lars Lenssen, Niklas Strahmann and Erich Schubert: Fast k-Nearest-
Neighbor-Consistent Clustering, Proceedings of the Conference “Learning, Knowl-
edge, Data, Analysis” 2023: Contribution: The author contributed the majority
of the work with respect to the realization, evaluation and writing. Subject of:
Chapter 6.

[LS24] Lars Lenssen and Erich Schubert: Medoid Silhouette clustering with auto-
matic cluster number selection, Information Systems 2024. Contribution: The
author contributed the majority of the work with respect to idea, proofs, realiza-
tion, evaluation and writing. Subject of: Chapter 5.
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[LSJ+25] Lars Lenssen, Philip Stahmann, Christian Janiesch and Erich Schubert:
Archetype Discovery from Tazxonomies: A Method to Cluster Small Datasets of
Categorical Data, Hawaii International Conference on System Sciences 2025, to
appear. Contribution: The author contributed the majority of the work with
respect to idea, realization, evaluation and writing. Subject of: Chapter 7.



CHAPTER 2

Cluster Analysis

Cluster analysis is an essential technique in data science and machine learning, of-
fering significant insights across a wide range of disciplines by uncovering patterns
and grouping similar data points. Unlike classification, which focuses on predicting
known labels for new data points, cluster analysis aims to discover previously un-
known structures within the data itself. Data objects within a single cluster share
similarities based on specific criteria. Numerous criteria can be employed to form
these clusters, which means that the same data set may yield different classifica-
tions depending on the chosen criteria. There are several techniques for cluster
analysis, each categorized based on the fundamental methods used in the clustering
process. Clustering algorithms that assign each object to a single, distinct cluster
are known as partition-based clustering methods. Finding the optimal partition for
a given loss function and set of objects is typically NP-hard. Thus, approximative
algorithms that find a local optimum are often the best choice.

Another important approach is HIERARCHICAL AGGLOMERATIVE CLUSTERING
(HAC). Unlike partition-based methods, which divide the data into non-overlapping
clusters in a single step, agglomerative clustering builds a hierarchy of nested clus-
ters using a bottom-up approach. Initially, each data point is treated as its own
cluster, and clusters are gradually merged based on their similarity, forming pro-
gressively larger clusters until only one cluster remains or a specified number of
clusters is achieved.

This chapter provides an essential foundation in cluster analysis, which is critical
for the contributions of this thesis. It begins with Section 2.1, an overview of various
heuristic clustering optimization methods, including key algorithms relevant to the
thesis. Following this, in Section 2.2 a detailed description of hierarchical agglom-
erative clustering is presented. The Section 2.3 then presents a general overview
of the evaluation of clusterings. Next, theoretical axioms that offer the possibility
to prove the suitability of clustering evaluation measures are introduced in Section
2.4. Finally, we summarize information-theoretic fundamentals in Section 2.5.

2.1 Optimization Methods

There are different heuristic optimization methods for clustering to optimize clus-
tering objectives. EXPECTATION-MAXIMIZATION (EM) is a probabilistic algorithm
that iteratively improves parameter estimates by maximizing the likelihood of the
observed data, making it particularly effective in models with incomplete or latent

7
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data. In contrast, Local Search is an iterative technique that improves a solution by
exploring its neighboring configurations to find a local optimum. Both approaches
are integral to the clustering techniques explored in this thesis and are described in
detail below.

Expectation-Maximization

In many machine learning and statistical models, estimating parameters using
MAaXiMIMUM LIKELIHOOD (ML) or MAXIMUM A POSTERIORI (MAP) methods is
straightforward when all relevant data is observed. However, this task becomes sub-
stantially more difficult when data is missing or certain variables are latent. One
common approach is to use a gradient-based optimizer to minimize the NEGATIVE
LoG-LiKeLIHOOD (NLL).

While this approach works, it often requires enforcing complex constraints (e.g.
ensuring covariance matrices are positive definite or handling the normalization
in von Mises-Fisher distributions), which can complicate optimization. A more
convenient, though not always faster, alternative is the EM algorithm, a simple
iterative procedure with closed-form updates that automatically enforces necessary
constraints.

The key idea of EM [Murl2, Ch 11.4] is to exploit the fact that if all data were
fully observed, the ML or MAP estimate would be easy to compute. The algorithm
alternates between two steps:

1. Expectation (E-step): Expect the missing or latent values given the model
parameters 6 and the data.

2. Maximization (M-step): Update the model parameters 6 based on the
observed data, optimizing the likelihood function.

EM iteratively refines the parameters by alternating between these steps, making
it particularly effective for models with incomplete data. Each iteration of EM
guarantees either an increase in the log-likelihood (or posterior) or stays the current
value, which ensures convergence. The EM algorithm is frequently regarded as
synonymous with GAUSSIAN MIXTURE MODELING (GMM) [DLR77]. However, it
is important to note that EM is an underlying principle that can be applied to
various statistical models beyond just GMM. Therefore, it is important to make
this distinction in the context of this thesis.

k-means

The k-means algorithm is a widely used partition-based clustering method. The un-
derlying principle of the standard algorithm for k-means is the EM algorithm [Mur12,
Ch 11.4]. It can be described as follows:

1. Initialization: Choose k cluster centers randomly to initialize the model
parameters 6.
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2. E-step: Expect latent variables (cluster labels) based on the current cluster
centers.

3. M-step: Update the cluster centers by calculating the maximum-likelihood
estimation of centrality.

4. Tteration: Repeat steps 2 and 3 until a stopping condition is met, such as
no changes in cluster assignments or the centroids.

The objective of the k-means algorithm is to minimize the sum of squares:

SSQ=>"3" " (wia— pca)’
C

d xz,€C

with clusters C, the dimension d, and the cluster centers pc q. The sum of squares
is equivalent to the squared Euclidean distance:

> (@ia— poa)’ = o — pol® -
d

This relationship indicates that each data point is assigned to the “closest” cluster
center. However, it is important to note that the k-means algorithm is limited
to using the Euclidean distance. This restriction arises from the fact that the
arithmetic mean only minimizes the sum of squares.

An important theorem is the parallel axis theorem of Konig, Huygens and
Steiner:

Yolz—al = |z —pl*+ Nja—pul*.
X X

In k-means, the centroids (u¢) can be viewed as the “center of mass” of the points
within each cluster. Since the arithmetic mean is the optimal estimator for mini-
mizing variance, updating the centroids corresponds to recalculating the center of
mass based on the current assignments of points to clusters. This is analogous
to adjusting the axis in the Parallel Axis Theorem, where the mass distribution
around the centroid dictates how the inertia (or variance, in the case of clustering)
is minimized.

Local Search

Local search is a heuristic optimization technique that begins with an initial so-
lution and iteratively explores neighboring solutions to improve an objective func-
tion. Unlike EM, which relies on probabilistic frameworks and works in two distinct
steps (Expectation and Maximization), local search directly seeks to refine solutions
through local modifications, making it more straightforward in its approach. The
local search process can be envisioned as a descent through a graph representing the
search space, where each vertex corresponds to a feasible solution and edges connect
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neighboring solutions [Tov97]. The algorithm evaluates the neighbors of the current
solution and selects the one that provides the best improvement according to the
specified objective function. This exploration continues until no neighboring solu-
tion yields a better outcome, at which point the search concludes, having reached
a local optimum.

k-medoids is a popular example of a problem where local search algorithms are
useful. The name was introduced by Leonard Kaufman and Peter J. Rousseeuw in
connection with their PAM algorithm [KR90; KR87]. Similar to k-means, it aims
at minimizing the sum of distances from a cluster center, but the cluster center in
k-medoids is one of the data points and called a medoid, and the distance function
here may be arbitrary. This increases the flexibility over k-means, which uses the
arithmetic mean as cluster center: the mean minimizes squared errors, and because
of this k-means only minimizes Bregman divergences such as the squared Euclidean
distance. Even on one-dimensional data it does not minimize the linear error, as
easily seen from the difference between the arithmetic mean and the median. While
k-means minimizes the sum-of-squared errors, k-medoids, with k representative
medoids m; minimizes the absolute error criterion:

™=y S dwem) 2.1)

where d(x., m;) is the distance between data point z. of cluster C; and medoid m;;
not necessarily the Euclidean distance, and not necessarily a metric. The difference
between the arithmetic mean, the per-axis median, the geometric median and the
medoid of a data set is exemplified in Figure 2.1. It can be seen that the medoid is
less sensitive to outliers than the arithmetic mean, and also that k-means does not
minimize Euclidean distances (but the squared distances).

It is important to note that, like k-means, the k-medoids problem is NP-
hard [KH79]. Consequently, efficient algorithms are necessary to derive approxi-
mate solutions. One widely recognized algorithm for k-medoids clustering is PAM.
PAM will be discussed in detail later in this thesis.

Euclidean (L2), Manhattan (L1) and
squared Euclidean (L3) distance sums
to the different central points.

: L, L3 I,
* . 6.909 6.330 8.674
: A per-axis median  6.761 6.530 8.267
¢ geometric median 6.712 7.008 8.431
6.726 7.391 8.526

Figure 2.1: Four different central points: the arithmetic mean m, per-axis median 4,
geometric median ¢, and the Euclidean medoid
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2.2 Hierarchical Agglomerative Clustering

HIERARCHICAL AGGLOMERATIVE CLUSTERING (HAC) is one of the earliest cluster-
ing methods [Sneb7; Sib73]. It presents a distinct approach to clustering compared
to methods such as k-means and k-medoids. Unlike these partition-based cluster-
ing algorithms, which require the number of clusters to be predetermined, HAC
operates without the need for this specification. Instead, it begins with the premise
that each object is its own cluster. The algorithm incrementally merges the most
similar clusters until only a single cluster remains. This characteristic allows for
the generation of a hierarchical structure that can reveal relationships among data
points at various levels of granularity, which is often visualized using a dendrogram.
The fundamental steps of HAC are as follows:

1. Initialization: Start with each data point as a separate cluster.
2. Cluster Merging: Identify and merge the two most similar clusters.
3. Iteration: Repeat the merging process until only one cluster remains.

4. Dendrogram Visualization: Construct a dendrogram to illustrate the hier-
archical structure of clusters, enabling the selection of meaningful subclusters.

HAC includes various methodologies that differ based on the distance or simi-
larity measures used for objects, as well as the metrics employed to assess dis-
tances between clusters after merging. Common distance measures include single-
linkage, which focuses on the minimum distance between points in different clusters;
complete-linkage, which looks at the maximum distance; average-linkage, which
considers the average distance between all pairs of points from each cluster; and
centroid-linkage, which calculates the distance between the centroids of the clusters.

2.3 Evaluation of Clusterings

After applying clustering algorithms to a data set, evaluating the quality of the
resulting clusters is essential. This evaluation can be approached in several ways,
each serving a different purpose.

Internal evaluation emphasizes the intrinsic characteristics of clusters, typically
utilizing metrics based on distance or deviation. In contrast, external evaluation
compares clustering outcomes with known labels, enabling an assessment of clus-
tering accuracy. Additionally, indirect evaluation considers the impact of clustering
on subsequent tasks, especially in supervised learning, to determine how clustering
can improve classification performance. Lastly, expert evaluation involves subjec-
tive assessments by domain specialists, offering contextually relevant insights.
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Internal Evaluation

Internal evaluation assesses the quality of clustering by analyzing the structure
of the clusters themselves, without reference to external labels. The basic idea
behind internal evaluation is that data points within the same cluster should be
more similar to each other than to points in different clusters, typically measured
by distances between points and cluster centers.

Several approaches exist to measure this internal cohesion and separation. For
example for N data points, the MEAN SQUARED DisTANCE (MSD)

MSDEC) =+ 3 3 s

calculates the average distance between data points and their cluster centroids. To
combine this with the distance to other clusters one can calculate the TOTAL SuM
OF SQUARES (TSS) for a data set X with N data points:

_ Y2 1 o 2
TSS_ZxGX(:c X) —ﬁzg&yex(x y)2.

TSS can be devided into two components: the WITHIN-CLUSTER SUM OF SQUARES
(WCSS) and the BETWEEN-CLUSTER SUM OF SQUARES (BCSS). WCSS evaluates
the compactness of clusters by measuring how closely data points are grouped within
each cluster, while BCSS assesses the separation between clusters, indicating how
distinct one cluster is from another:

1
WCSS = o ch_ vayeci (. —y)%

_ 1 2
BCSS = IN Zcﬁscj erci,yecj (2 —y)"
TSS =WCSS + BCSS.

TSS is a constant value for a given data set.

The goal is to minimize WCSS (or, equivalently, maximize BCSS), leading to
higher overall cohesion within clusters and better separation between clusters. One
common metric for this is the Explained Variance (R?), which measures the pro-
portion of variance explained by the clustering:

R? = BCSS/TSS € 0,1].

Internal evaluation is commonly used to determine the optimal number of clus-
ters in unlabeled data sets. Later in this thesis, we will explore alternative ap-
proaches that are better suited for identifying the optimal number of clusters. Ad-
ditionally, the following chapter on related work will detail the internal evaluation
measures relevant to this thesis.
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External Evaluation

External evaluation in clustering refers to the process of assessing the quality of a
clustering result by comparing it to a known ground truth, typically in the form
of pre-existing labels. Unlike internal evaluation, which assesses clusters based on
their internal characteristics (e.g., compactness or separation), external evaluation
measures the extent to which the clustering output matches the known class labels.

One of the main challenges in external evaluation is the matching problem, where
clusters are often assigned arbitrary labels, while true classes have meaningful,
predefined labels. Determining which cluster corresponds to which class is non-
trivial because clustering is not a classification task, and the number of clusters
may not match the number of classes. Additionally, clusters can contain instances
from multiple classes, or classes may be split across several clusters.

Despite these challenges, external evaluation is widely used to compare the
performance of clustering algorithms, especially when labeled data is available. It
provides a way to objectively measure how well the algorithm identifies meaningful
patterns by aligning the clusters with known classes. This type of evaluation is
essential when there are labeled subsets of the data or when specific properties can
be treated as labels, as it helps in determining which clustering solution offers the
best agreement with the reference classification.

Two popular measures for external evaluation are NORMALIZED MUTUAL IN-
FORMATION (NMI) [NEB10] and ApJuSTED RAND INDEX (ARI) [HAS85], both of
which quantify the agreement between the clustering result and the true class labels.

NMI is based on the concept of mutual information from information theory.
It measures the amount of shared information between the clustering and the true
labels. NMI is normalized, ensuring that its values range between 0 and 1, where 1
indicates perfect agreement between the clusters and the true classes, and 0 means
that the clustering result is no better than random. NMI accounts for both the
quality of the clusters and the distribution of the clusters across the true classes,
making it a robust measure when comparing different clusterings.

ARI, on the other hand, is based on counting the pairs of data points that
are either correctly clustered together or correctly placed in different clusters with
respect to the true class labels. Unlike the standard Rand Index, ARI adjusts
for chance by taking into account the likelihood of obtaining the same result by
random chance. ARI ranges from -1 to 1, with 1 indicating perfect agreement,
0 corresponding to random clustering, and negative values suggesting worse than
random results.

Both NMI and ARI are widely adopted in practice for their ability to capture
different aspects of clustering quality, and are especially useful in scenarios where
direct comparison with labeled data is necessary. These measures offer a clear way
to assess how well a clustering algorithm uncovers the underlying structure of a
data set when a ground truth is available.
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2.4 Axioms for Clustering

We present the well-known Axioms for CLUSTERING-QUALITY MEASUREs (CQMs)
by Ackermann and Ben-David [BA0S8]. They offer the possibility to prove the suit-
ability of a clustering evaluation measure on the basis of theoretical axioms. Ack-
erman and Ben-David build upon Kleinberg’s work [Kle02], which demonstrated
the impossibility of axiomatizing clustering. Kleinberg [Kle02] underscores the im-
portance of developing a clustering theory that is “independent of any particular
algorithm, objective function, or generative data model”. As a crucial step in this
direction, Kleinberg formulates a series of axioms aimed at defining the essence of
a clustering function. Despite the intuitive plausibility of these axioms, he demon-
strates that they lead to a contradiction — no single function can satisfy all three
requirements simultaneously.

Kleinberg’s Axioms

Kleinberg [Kle02] introduces three axioms for clustering functions. These axioms
aim to delineate which functions, operating on a domain set equipped with a dis-
tance function, qualify as clustering functions. Kleinberg demonstrates the incon-
sistency of this set — there are no functions that satisfy all three axioms. The first
two axioms necessitate the clustering’s invariance under certain alterations of the
input distance function.

Axiom 1 (Function Scale Invariance) A clustering function f satisfies scale
invariance if for every distance function d, and every positive A\, f(d) = f(\d).

Meaning that the output of a clustering function must be invariant to uniform
scaling of the input to be scale-invariant.

Definition 1 (Relation ~¢) For given data points X = {x1,...,x,} with a clus-
tering C' and a distance function d, we write x; ~¢c xy whenever x; and Ty are in
the same cluster of clustering C', otherwise x; 2oc x;r.

Definition 2 (C-consistent) Clustering function d' is a C-consistent variant of
d, if d'(z;, i) < d(xi,xy) for x; ~c xy, and d'(z;,xy) > d(xg, x40) for x; o 2.

Axiom 2 (Function Consistency) A clustering function f satisfies consistency
if for given a clustering C over (X, d), whenever d' is an C-consistent variant of d,

f(d) = f(d).

Meaning that if we reduce the distances within the same cluster and increase the
distances between different clusters, the quality does not decrease.

Axiom 3 (Function Richness) A clustering function f satisfies richness if for
given a clustering C' over (X, d), there ezists a distance function d over X such that

C = f(d).
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Meaning that for every possible clustering, there exists a distance for which this
solution is optimal.

The axioms are grounded in intuitive and easily understandable principles.
Take, for example, the Consistency requirement. This principle suggests that if
we bring similar points in a data set closer together while pushing dissimilar points
farther apart, the quality of the clustering should improve. In other words, clusters
should become more coherent, and our confidence in the clustering results should
increase.

While this idea is straightforward when thinking about clustering intuitively,
expressing it through clustering functions brings an additional layer of rigor and
depth to the discussion. From this perspective, Consistency asserts that if we modify
the distance function used to calculate similarities between data points—such as by
making similar points closer or dissimilar points more distant—these changes should
not lead to a new and different clustering solution. Instead, the best clustering for
the data set should remain stable, ensuring that the evaluation of clustering quality
is robust to such adjustments. This formalization helps ensure that the clustering
process behaves logically and predictably in response to changes in the underlying
distance or dissimilarity measures.

Clustering-Quality Measure

Ackermann and Ben-David [BA08] change the primitive defined by the axioms from
Kleinberg, this revised formulation is not only consistent but also met by several
natural clustering evaluation measures. Additionally, they extend the set of axioms
by introducing another axiom necessary to exclude certain measures that should
not be classified as CLUSTERING-QUALITY MEASURE (CQM). Translating the Scale
Invariance axiom into the terminology of CQMs is straightforward.

Axiom 4 (Scale Invariance) A quality measure f satisfies scale invariance if for
every clustering C' over (X,d), and every positive \, f(X,d,C) = f(X,\d,C).

There is a change in the definition of consistency. Although it effectively encapsu-
lates the intuition that consistent alterations to d should not degrade the quality of
a given partition, it leaves room for the possibility that, due to such changes, some
partitions may improve more than others.

Axiom 5 (Consistency) A quality measure f satisfies consistency if for a for
every clustering C over (X, d), whenever d' is an C-consistent variant of d, then

f(X,d.,C)> f(X,d,C).

Axiom 6 (Richness) A quality measure f satisfies richness if for every clus-
tering C' over (X,d), there exists a distance function d over X such that C' =
arg maxc f(X,d,C").
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In the following axiom, Ackermann and Ben-David parallel Puzicha et al. [PHBO0O]
permutation invariance objective function axiom, capturing the need for clustering
to remain impartial to the individual identities of the clustered elements.

Definition 3 (Clustering Isomorphism) Two clusterings C,C’ over (X,d), are
isomorphic, if there exists a distance-preserving isomorphism ¢ : X — X, such that
for all xj,zy € X, x; ~c xy if and only if ¢(x;) ~cr d(xyr).

Axiom 7 (Isomorphism Invariance) A quality measure f is isomorphism-
invariant if for every clustering C,C’ over (X,d) with distance d over X where

C and C' are isomorphic, f(X,d,C) = f(X,d,C").

Meaning that transformations (including data permutations) which preserve dis-
tances do not affect clustering quality.

Ackermann and Ben-David propose a shift from clustering functions to CQM as
a means to address Kleinberg’s impossibility result in clustering. They introduce
a set of axioms for CQMs that encompass Kleinberg’s principles while ensuring
consistency.

2.5 Information-Theoretic Fundamentals

This section summarizes some concepts from information theory as found in many
textbooks, which provides a robust framework for understanding and quantifying
the relationships between categorical variables. These principles are essential in
many domains, including machine learning, data science, and clustering, as they
allow us to measure uncertainty, divergence, and dependency between variables in
a precise and interpretable manner.

In the following subsections, we explore Entropy, Relative Entropy, and Mutual
Information. These concepts form the theoretical foundation for evaluating and
comparing clustering algorithms, especially when dealing with categorical data.

Entropy

Entropy [Murl2, Ch 2.8.1] is a fundamental concept in information theory that
quantifies the uncertainty or randomness of information. It measures the expected
amount of information contained in a message, providing insight into how much
uncertainty is present in a probability distribution. In simpler terms, entropy re-
flects how unpredictable or disordered the outcomes of a random variable are. A
higher entropy value indicates more randomness or uncertainty, while lower entropy
suggests a more predictable system with less variation in possible outcomes. Math-
ematically, for a probability distribution p over discrete indexes i, the entropy H (p)
is defined as

H(p) =~ pilogpi
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and the cross-entropy of two distributions is

q) =~ pilogg; .

Note that H(p,p) = H(p). By the rule of L’Hopital, we use p; - logp; = 0 for
p; = 0. Since p; < 1, logp; < 0 and the entropy is always non-negative, but the
cross-entropy can become infinite if ¢; = 0 and p; # 0. If we use the logarithm with
base 2, the entropy can be interpreted as average “bits” of information of p in a
hypothetical encoding optimal for q.

Relative Entropy

The Kullback-Leibler divergence [Murl2, Ch 2.8.2], also known as Relative Entropy,
is a fundamental concept in information theory and statistics. It is an asymmetric
measure that quantifies how one probability distribution p diverges from a second,
expected probability distribution ¢. Unlike standard distance metrics, KL diver-
gence is not symmetric and does not satisfy the triangle inequality, which means
it is not a true distance measure in the traditional mathematical sense. The KL
divergence for discrete probability distributions p and ¢ is formally defined as:

Dkw(p || ¢) := E;(p(ﬂf) log 24}
xe

- Z log p(:r

zeX

The Kullback-Leibler divergence is equivalent to the difference of the cross entropy
and the entropy:

DxL(p || ¢) = H(p,q) — H(p).

Intuitively it can be interpreted as the relative entropy of p given ¢ compared to
not being conditioned on q.

Mutual Information

Mutual Information [Murl2, Ch 2.8.3] is a measure of the amount of information
that “knowing” one variable provides about another. It is given by

= > > pla,y)log s

zeX yeY

where p(z,y) is the joint probability function of X and Y, and p(z) and p(y) are
the probabilities of X and Y respectively. Mutual information is the amount by
which the joint distribution of X and Y diverges from what it would be if X and Y
were independent, and mutual information-based measures are a popular choice in
supervised evaluation of clusterings, as they can be used to compare the partitions
induced by clusters and by labels.






CHAPTER 3

Related Work

In this chapter, we review relevant literature and foundational research related to
the key topics of this thesis. Section 3.1 focuses on PAM, a method that approxi-
mates a solution to the k-medoids problem. Section 3.2 discusses clustering evalu-
ation measures that are central to this thesis, including techniques for their direct
optimization. Finally, Section 3.3 explores methodologies for clustering categorical
data, addressing the challenges posed by non-numeric attributes and adaptations
developed to effectively manage this data type.

3.1 Partitioning Around Medoids

The k-medoids problem is NP-hard [KH79], hence we have to resort to approximate
solutions, using greedy and local optimization techniques. The PAM algorithm is
such an approach: its initialization (known as BUILD) is a greedy approximation
to the k-medoids problem, which afterward is refined using a local search (called
SWAP). Greedy initialization chooses k times the point that reduces the error the
most; local search then optimizes this solution by searching for the best way to swap
one of the cluster centers with a non-center. While the name k-medoids resembles
k-means, the standard PAM algorithm works differently from the standard k-means
algorithm. A k-means like strategy of alternating optimization for k-medoids has
been proposed several times [Mar63; HTF01; RRI4+06; PJ09], but was shown to
produce worse solutions than a swap-based approach such as PAM [TB68; RHR79;
SR21].

To start with a strong initial clustering—rather than employing the random
sampling strategy often used in k-means—BUILD selects k£ points that minimize
the total deviation. Initially, it picks the point with the smallest distance to all
other points and subsequently adds points that most reduce T'D. BUILD is com-
putationally intensive. The aim is to find a solid starting point to minimize the
number of swaps. Future experiments will explore the potential of randomized ini-
tialization methods as alternatives. The second part of PAM, SWAP, evaluates
all potential swaps between the current k medoids and non-medoids, resulting in
k(n — k) candidate swaps. If a swap reduces T'D, it is executed, and the process
continues until no further improvements can be made, achieving a local (but not
necessarily global) optimum. The search space for medoids guarantees convergence
through the steepest-descent method within a limited number of iterations. The
pseudocode for this original SWAP is outlined in Algorithm 1.

19
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Algorithm 1: PAM SWAP: Iterative Improvement

ATD < TD of the initial solution M
repeat
(ATD,, M,) < (0,null)
foreach m; € M = {my,...,my} do // medoids
foreach z; ¢ {mq,...,my} do // non-meds
(ATD, M') < (0, M \ {m;} U {:EJ})
foreach z, € X = {z1,...,2,} do
‘ ATD + ATD + A(X,d, M) // Total Deviation
if ATD > ATD, then (ATD,,M,)« (ATD,M’)
if ATD, > ATD then break
11 (ATD,M) < (ATD.,, M,) // perform swap
12 return (ATD, M)

© o N o ks W N
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Both the greedy initialization as well as the local search require all pairwise
distances stored in a distance matrix. Greedy initialization performs k iterations,
each of cost O(n?) to find the best medoid to add. PAM swap evaluates O(k(n—k))
potential swaps, each with a reduced effort of O(n—k) operations by computing only
the change in the loss function. Hence each swap takes O(k(n — k)?) time to find,
which already was an improvement over the naive approach in O(k?(n — k)?). The
resulting run time complexity of PAM is O(kn?i), where i is the number of iterations
until convergence for which little is known except that it usually is reasonably small,
and likely has an unfavorably high worst case just as with k-means.

3.1.1 Optimized Variants

Schubert and Rousseeuw have recently proposed improved versions of PAM named
FastPAM [SR19a] and FasterPAM [SR21], which provide a substantial speedup
over PAM by eliminating the nested loop over the k medoids. By furthermore
greedily performing the first swap that improves the loss (instead of the best swap)
and random initialization, the run time complexity decreased to O(n%i) with an
empirically much smaller i (but supposedly a similar theoretical worst case).
Because both methods use each pairwise distance several times—and the method
is in particular interesting to use with more complex and hence expensive distance
function—it is prohibitive to not use it with a pairwise distance matrix. Hence
both methods also require O(n?) memory. Another recently introduced optimized
variant of PAM is BanditPAM [TZM+20]. It employs a bandit-based approach to
make medoid selection more efficient. Rather than evaluating all possible medoid
combinations, BanditPAM utilizes a Multi-Armed Bandit model to strategically
select medoids that are likely to yield the best results. While BanditPAM claims
“almost linear run time” [TZM+20], whereas FasterPAM has quadratic run time,
BanditPAM appears to have substantial overhead, and a break-even point likely is
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beyond 500000 samples for MNIST (a size where the memory consumption of the
distance matrix makes a stored-distances approach prohibitive to use) [SL22].

3.2 Internal Evaluation Measures

Internal clustering evaluation measures allow the evaluation of clustering quality
in scenarios where labeled data is unavailable. Widely recognized internal evalu-
ation measures are the Silhouette [Rou87], the Davies-Bouldin index [DB79], the
Variance-Ratio criterion [CH74], and the Dunn index [Dun74]. These internal mea-
sures offer complementary perspectives on clustering quality, each emphasizing dif-
ferent aspects of cluster structure. While some focus on the cohesion and separation
of individual clusters, others provide a holistic view of the overall clustering config-
uration. Selecting the appropriate evaluation measure often depends on the specific
characteristics of the data and the clustering objectives. Additionally, combining
multiple evaluation metrics can provide a more comprehensive assessment, mitigat-
ing the limitations inherent in any single measure.

In the following sections, we examine specific internal evaluation measures criti-
cal to this thesis, including the Silhouette and Medoid Silhouette, CATEGORY UTIL-
ITY, and k-NEAREST-NEIGHBOR Consistency.

3.2.1 Silhouette and Medoid Silhouette

The Silhouette [Rou87] is a popular measure to evaluate clustering validity, and
performs very well in empirical studies [AGM+13; BSH+07]. For the given samples
X ={z1,...,2z,}, adissimilarity measure d : X x X — R, and the cluster labels L =
{li,...,1,} for each sample in X, the Silhouette of a single element i is calculated
based on the average distance to its own cluster a; and the smallest average distance
to another cluster b; as:

si(X,d,L) = L‘”) , where

max(a;,b;
a; = mean {d(x;, x;) | {; = 1;,1 # j}
b; = mingy;, mean {d(x;,x;) |l; =k} .

The motivation is that ideally, each point is much closer to the cluster it is as-
signed to, than to another “second closest” cluster. For b; > a;, the Silhouette
approaches 1, while for points with a; = b; we obtain a Silhouette of 0, and negative
values can arise if there is another closer cluster and hence b; < a;. If the cluster
contains only a single element, a; is undefined in this equation, and Rousseeuw
[Rou87] uses s; = 0 then. The Silhouette values s; can then be used to visualize
the cluster quality by sorting objects by label [; first, and then descending by s;,
to obtain the Silhouette plot. Figure 3.1 shows an example of the visualization for
the data set of Klein et al. [KMA+15]. However, visually inspecting the Silhouette
plot is only feasible for small data sets, and hence it is also common to aggregate
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Figure 3.1: AVERAGE SILHOUETTE WIDTH for clustering results of k-means with
k =3 to k =5 on the data set of Klein et al. [KMA+15]. Klein’s data set contains
embryonic stem cells measured at four different time points.
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the values into a single statistic, often referred to as the AVERAGE SILHOUETTE
WipTH (ASW), but also just as “Silhouette score” of a clustering:

S(X,d,L)y=15"  s(X,d,L).

n

Hence, this is a function that maps a data set, dissimilarity, and cluster labeling to
a real number, and this measure has been shown to satisfy desirable properties for
CLUSTERING-QUALITY MEASURE (CQM) by Ben-David and Ackerman [BAOS].

A key limitation of the Silhouette is its computational cost. It is easy to see
that it requires all pairwise dissimilarities, and hence takes O(N?) time to compute
— much more than popular clustering algorithms such as k-means.

For center-based clustering algorithms such as k-means and k-medoids, a simple
approximation to the Silhouette is possible by using the distance to the cluster
centers respectively medoids M = {Mjy,..., My} instead of the average distance.
For this “simplified Silhouette” (which can be computed in O(Nk) time, and which
Van der Laan, Pollard, and Bryan [VPB03] called medoid-based Silhouette) we use
the distance to the object cluster center a; and the distance to the closest other
cluster center b, to compute the score s, of each sample i:

b —a

si(X,d, M) = a7y » Where
a; = d(zi, My,)
b, = ming, d(z;, My) .

Vendramin, Campello, and Hruschka [VCH10] found the simplified Silhouette to
perform comparable to the regular Silhouette, and recommend it for large data sets
because of the lower computational requirements.

If each point is assigned to the closest cluster center (as in the standard algorithm
for k-means, and also optimal for k-medoids and the Silhouette), we further know
that a, < b, and s > 0, and hence this can further be simplified to the Medoid
Silhouette 5; of sample i:

—

~ do(i)—d1 (3 dy (i

Z

where d; is the distance to the closest and ds to the second closest center in M.
For d; (i) = da(i) = 0, we define § = 1, corresponding to adding a negligible small
value to da(i). The AVERAGE MEDOID SILHOUETTE (AMS) then is defined as

S(X,d,M)=13" 5(X,d M).

It can easily be seen that the optimum clustering is the (assignment of points to
the) optimal set of medoids M such that we minimize an “average relative loss‘“:

arg max,; S(X,d, M) = arg min,; mean; Z;E?

N

i.e., to optimize the relative contrast of the distance to the nearest and the second
nearest cluster center. For clustering around medoids, we impose the restriction
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Figure 3.2: Toy examples that violate key Silhouette assumptions, and where Sil-
houette hence prefers undesired solutions.

M C X; which has the benefit of not restricting the input data to be numerical,
and allowing non-metric dissimilarity functions d. This is a key benefit of medoids
clustering over, e.g., k-means which restricts the input to X C R? in order to
be able to compute the cluster means. On the other hand, this disallows some
optimizations particular to the least-squares optimization of k-means. We argue
that for k-means, there exist more meaningful and inexpensive evaluation measures
than the Silhouette, such as the Variance-Ratio criterion of Calinski and Harabasz
[CHT4], as discussed by Schubert [Sch23].

From the formulation of both Silhouette and the Medoid Silhouette it should
be obvious that the model assumes that each point is best assigned to its “closest”
cluster, resembling a generalized Voronoi partitioning of the data. Such approaches
work best when clusters are spherical and have the same diameter. When clusters
are non-convex, but also when clusters have very different size, this assumption may
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Algorithm 2: PAMSIL SWAP: Optimize Silhouette

1 S < Silhouette sum of the initial solution M

2 repeat

3 (S«, M) < (0,null)

4 foreach m; € M = {my,...,my} do // medoids
5 foreach z; ¢ {mq,...,my} do // non-meds
6 (S, M') <= (0, M \ {m;} U{z;})

7 foreach z, € X = {z1,...,2,} do

8 ‘ S S+ s,(X,d, M) // Silhouette
9 if S > S, then (S., M,)+ (S,M')
10 if S, > S then break
11 (S, M) « (S, M) // perform swap

12 return (S/N, M)

not hold. In such cases, Silhouette may prefer suboptimal solutions. Figure 3.2
shows some toy data sets that violate these assumptions, and where the optimum
Silhouette does not yield the desired solution. Note that similar limitations exist
in many standard clustering algorithms, in particular in k-means and k-medoids.
With k-medoids as well as Silhouette clustering it may be possible to use the density
connectivity distance of Beer et al. [BDH+23] that is underlying density-based
clustering to improve the results.

PAMSIL

Van der Laan, Pollard, and Bryan [VPB03] proposed to optimize the Silhouette by
substituting the Silhouette evaluation measure into a simplified variant of the PAM
SWAP procedure (calling this PAMSIL). In each iteration, for each of the k(N — k)
possible swaps (exchanging the roles of a medoid and a non-medoid), they compute
the full Silhouette in O(N?), instead of computing the change in the loss used by
PAM SWAP. Algorithm 2 gives a pseudocode of this procedure. The complexity of
PAMSIL hence increases to O(k(N — k)N?) per iteration, substantially worse than
PAM, which is in O(k(N — k)?). Because this yields a very slow clustering method,
they also considered the Medoid Silhouette instead (PAMMEDSIL), which reduced
the time complexity to O(k*(N — k)N) per iteration, still considerably more than
the original PAM SWAP iterations.

3.2.2 Category Utility

Most of the internal (“unsupervised”, not based on external labels) quality measures
such as the Silhouette are designed for continuous numerical data and therefore only
work to a limited extent for categorical or binary data. Gluck and Corter [GC85]
defined the CATEGORY UTILITY (CU), a measure that quantifies the difference
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between the number of attribute values within clusters and the expected number of
attribute values based on the whole data set. It is solely reliant on the partitioning
of the attributes. Given a clustering C' with k clusters on the data set D and
attributes A, CU is:

k
Ci .
CU=>)" |N| D Pa(Ci) —Pa(D), with
=1 A

PA(X) = P(l‘l =A l‘z‘xl €D,xy € D)

as the probability for the simultaneous occurrence of values of an attribute A when
drawing two samples from a set X. CU is an absolute value, allowing a comparison
with CU values obtained from other clustering results for the same number of
clusters.

3.2.3 k-Nearest-Neighbor Consistency

The kNN Consistency is motivated by kNN Classification, but it can also be used to
evaluate clustering validity, as proposed by Ding and He [DHO04]. In the following,
we only consider clustering that forms a total partitioning of the data set, encoded
as a cluster label [; for each sample i. Overlapping, hierarchical, or incomplete
clustering (e.g., noise in DBSCAN) solutions are not considered. For the given
samples X = {z1,...,x,}, and the cluster labels L = {l,...,1,}, the kNN(z;) are
the k nearest neighbors of z;. One single sample ¢ is considered to be k-nearest-
neighbor consistent if all neighbors p € kNN(x;) have the same cluster label as the
sample i:

1 if ij € kNN(CL'i) : lj =1

0 otherwise

k‘Ci(X, L) = {

To measure the kNN Consistency of a clustering where not all points are con-
sistent, Ding and He [DHO04] also use a fractional kNN Consistency

1 n
KC(X,L) = — Zizl kei (X, L).

To use the consistency as a quality measure, Handl and Knowles [HK07] developed
a connectivity-based measure out of the kNN Consistency, which gives more em-
phasis to the nearest neighbors. The definition of the kNN Consistency can also
be applied to other neighborhood concepts, for example, k-MUTUAL-NEAREST-
NEIGHBORs (kMNs) [DHO04], which symmetrizes k-Nearest-Neighbors and is de-
noted by kMN(x):

zj € kMN(z;) <= x; € kNN(x;) A z; € kNN(z;).

Mutual nearest neighbors have the benefit of being a symmetric relation, but also
being less sensitive to outliers and more likely to contain multiple components.
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Intuitively, we remove all unidirectional edges from the k-nearest-neighbor graph.
Consider a data set where we have one dense cluster and a far away outlier. The out-
lier’s neighbors will be points of the cluster, but it will not be in the nearest neigh-
bors of the cluster points. Both the kNN and the k-MUTUAL-NEAREST-NEIGHBOR
(EMN) are often used in the context of spectral clustering, which in turn is related
to DBSCAN [BDH+23].

Ding and He [DHO04] aim at enforcing kNN Consistency in their algorithms.
We can interpret this as a form of constrained clustering, where we add must-
link constraints for neighbors. Such constraints have been previously used, e.g.,
for model selection [PMC+14] and for integrating external constraints into k-
means [WCR+01; BBMO04].

ENFORCE

The ENFORCE algorithm of Ding and He [DHO04] modifies an existing clustering,
which can be created by any cluster analysis method, to improve its consistency by
reassigning neighborhoods to the most common cluster. To achieve this, ENFORCE
uses closed neighborhoods. A set S C X is a closed neighborhood if for all z €
S holds kNN(z) C S and for every two elements x;,2; € S there is a path of
elements from kNN (z;) or kNN(z;). The definition can be easily extended to any
neighborhood function such as KMN. It is easy to see that all points in a closed
neighborhood must be in the same cluster for the clustering to be consistent and
that every point can only belong to one closed neighborhood. Figure 3.3 shows the
closed neighbor sets on an example data set using mutual nearest neighbors with
k = 3. To enforce a kNN-consistent clustering, ENFORCE iterates through all sets
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Figure 3.3: Closed neighbor sets for mutual nearest neighbors with & = 3.
For neighbor-consistent clustering, these sets must be assigned to the same cluster.
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Algorithm 3: ENFORCE

1 | < cluster assignments by input clustering algorithm

2 S calculate sets of closed neighborhoods

3 N <null

4 foreach S; € S ={51,...,5,} do // closed neighborhoods
5 (N) <—null

6 foreach z; € S; do // count cluster assignments
7 ‘ Nl]. = Nl]. +1

8 0 < arg max [V

9 foreach z; € S; do [; - o // assign closed neighborhoods
10 return L // final cluster assignments

of closed neighborhoods and counts the respective cluster labels. Then it assigns
the entire set to the label that occurs most often. There is also an interesting
parallel to DBSCAN clustering here, which computes a similar transitive closure,
but with a density-based notion of the neighborhood. DBSCAN clusters are closed
neighborhoods with respect to density reachability.

3.3 Clustering Categorical Data

Within the domain of categorical data analysis, numerous distance functions, qual-
ity measures, and clustering algorithms have emerged to address the unique chal-
lenges posed by discrete data representations. We explore the most similar quality
measures and clustering algorithms to our following approach, our aim is to differ-
entiate the subtle variations among them.

3.3.1 Distance Functions

Several distance measures for categorical data exist, in particular measures devised
for binary data and sets [DD13, Ch 17.3], such as the classic Hamann similar-
ity [Ham61], the simple matching coefficient of Sokal and Michener [SM58], and the
Rand similarity [Ran71], all of which are linear transformations of the Hamming
distance, or the classic Jaccard index [Jac02]. As set distances are usually defined
only in terms of the size of the union, the intersection, the difference of these sets,
and the total data set size, they share the problem of having many tied distances.
The arithmetic mean of such binary vectors can be interpreted as a concatenation
of probability distributions, the mean is precisely the probability of a random in-
stance having a one in the attribute. For sets of points, we hence can also employ
divergence measures for (discrete) probability distributions. For individual points
(where all probabilities are either one or zero), these measures typically degenerate
to some transformation of Hamming distance, too, and hence produce many ties.
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An integral information not used by the above measures is the prevalence of
values in the entire data set. For motivation, consider Bernoulli distributed binary
variables. Sampling twice from a balanced Bernoulli distribution with probability
p = 0.5 yields a disagreement in 50% of the cases, while sampling twice from a
skewed distribution with p = 0.9 will only disagree in 18% of samples. The agree-
ment on the rare value only happens in 1% of cases, and we hence may prefer
clustering such objects together. Or as articulated by Goodall [Goo66]: “This rule
accords with the intuition of the taxonomist, who regards agreement in possessing
an uncommon value for an attribute as more convincing evidence of affinity than
agreement in having a common value.” Having different weights on attributes and
values will also help to reduce the number of ties, and hence help stabilizing ag-
glomerative clustering in particular. Goodall’s index [Goo66] assigns a similarity of
1- Zpi <o p? for an observed agreement on the value k (with probability py). Un-
fortunately, this index exhibits an undesirable form of instability and discontinuity
due to the use of a kind of “cumulative” probabilities: if the value of p; changes
only slightly, entire terms can appear or drop out of the sum. If we have values that
are distributed 49% to 51%, an agreement is weighted 0.76 and ~ 0.5, but if the
distribution is exactly 50% to 50% it becomes 0.5 for both. Boriah et al. [BCKO8§]
discuss two variants that simply use 1 — p%. The use of squared probabilities relates
this measure slightly to the Gini index. Other similar measures include the indexes
of Smirnov and Anderberg. Boriah et al. [BCKO08| survey similarity measures for
categorical data in the context of outlier detection. Sulc and Rezankova [SR19b]
explore the performance of such similarity measures for hierarchical clustering on
synthetic data, but do not consider the agglomerative procedure of the clustering
itself.

3.3.2 Clustering Algorithms

Many clustering algorithms for categorical data have been inspired by density-based
clustering, such as CACTUS [GGR99], CLICKS [ZPA+07], and CLOPE [YGY02].
Density-based clustering algorithms often require user-specified input parame-
ters, may produce too many clusters or outliers, struggle to find clusters within
clusters or subspace clusters, or are sensitive to the order of object input [KR90].
There are also partition-based clustering algorithms for categorical data, such as
the k-means variations k-modes and k-prototypes. Instead of the arithmetic mean,
these use the mode in categorical attributes as cluster center. They find applicability
in scenarios requiring a predetermined number of clusters. COOLCAT [BLC02]
is a partition-based clustering algorithm with an information-theoretic background
inspired by k-modes. It uses actual data samples as initial cluster centers, afterwards
it uses the distribution of values within each partition. It got its name from the
objective of reducing the entropy of all clusters, thereby metaphorically “cooling”
them. Entropy is often interpreted as a measure of the level of disorder within a
distribution. However, a limitation of partition-based clustering algorithms lies in
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the need for users to manually specify the desired number of clusters as an input
parameter.

An alternative approach to clustering categorical data involves hierarchical clus-
tering methods. Hierarchical clustering algorithms organize objects into a tree-like
structure called a dendrogram, where each node represents a potential cluster. For
small data sets, users often find it valuable to visually inspect this tree, and phyloge-
netic trees have been used in taxonomy for a long time. In the context of categorical
data, these methods typically employ an agglomerative strategy, gradually combin-
ing the most similar objects into clusters at different levels within the resulting tree.
Popular hierarchical clustering methods for categorical data are ROCK [GRS99],
COBWEB [Fis87], and LIMBO [ATM+04], with LIMBO being the most similar to
our approach. LIMBO utilizes entropy, similar to COOLCAT, along with the In-
formation Bottleneck (IB) framework to quantify the relevant information retained
during clustering. The algorithm employs a bottom-up agglomerative clustering
approach, optimizing the Kullback-Leibler divergence of the data distributions be-
fore and after merging the clusters. In contrast to our approach, neither LIMBO
nor COOLCAT use the overall data distribution.

One central problem in existing work is that often distances, evaluation mea-
sures, and clustering algorithms are developed independently of one another, instead
of considering them to be different sides of the same problem. We will develop an
overarching view of cluster quality for categorical data that directly relates to a
cluster similarity measure, a merging strategy for agglomerative clustering, and a
notion of cluster stability.



CHAPTER 4
Sparse Partitioning Around
Medoids

In operations research, the k-medoids problem is also known as the (discrete) facility
location problem. Several variants of this problem have been researched there. The
different variants differ mainly in the objective function to be minimized. Beside
the total deviation in k-medoids, k-center minimizes the maximum distance of all
points to their assigned cluster centers. There has been deep research in the area
of finding approximation algorithms for all these different problems.

Unfortunately, the algorithms k-medoids commonly used are not very scalable
to large problems, as we will discuss next.

4.1 Sparse Partitioning Around Medoids

As already mentioned, both greedy initialization and local search in PAM rely on
pairwise distances stored in a distance matrix. It is fairly easy to see that a large
part of these pairwise distances may be unnecessary to know exactly. It is easy to
see that given some assignment of points to medoids, and the maximum distance
7 of this assignment, we could replace all larger values in this distance matrix
with 7 and the solution would not change. Hence there is some natural “cut-off”
to distances. If our distance function satisfies the triangle inequality, we may be
able to detect and avoid some of these large distances (e.g., with the algorithm of
Newling and Fleuret [NF17]).

In this research, we want to focus on a different scenario, where the cut-off may
be given in advance (and may be different for each point), but the distance is not
necessarily metric. An example from reality for such as problem will be introduced
in Section 4.2. While we can (and, effectively, will) treat such uninteresting dis-
tances as infinite (or sufficiently large) values, using a sparse storage or the distances
only immediately reduces the memory usage, not the run time. Unfortunately, this
also easily breaks the optimization procedure, which relies on first finding a feasible
initial solution, then performing local changes that improve the solution. A greedy
strategy such as the one discussed above is usually not able to find a valid initial
solution for a small k£ (and in particular, for a very small k the problem may become
unsatisfiable with a finite loss). In such cases, the local optimization will also not
help, as neighbor solutions will often still be invalid, and hence make no progress.

31
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This is most easily seen if the data set consists of many components that are not
connected with edges of finite length.

Instead of searching directly for a solution with k centers, we can solve a second
problem of k-medoids clustering at the same time: how should we choose k? Already
with k-means clustering, choosing the “optimal” k£ has shown elusive to a general
solution, and is mostly performed by some crude heuristic such as the infamous
Elbow criterion.

If we allow the algorithm to vary k, we can much more easily find a valid initial
solution (e.g., by choosing the best unconnected vertex until everything is covered).
But of course this will usually yield a much higher number of clusters k than desired.
But if we perform a multi-criteria optimization in the refinement phase, we may be
able to reduce the number of clusters along with minimizing our main objective.

When varying k, we will obtain a Pareto front of solutions that are all optimal
in one way or another. This can be formalized as solutions not “dominated” by any
other solution in each criterion at the same time. To reduce the set of remaining
candidate solutions, it is best if we have some additional constraints to satisfy based
on the particular problem to solve.

4.2 Use Case: Simulation of Electrical Substations

We obtain networks using OSMOGrid, which implements ideas of distribution net-
work generation of Kays et al. [KSS+17] on basis of public data (OPENSTREETMAP).
The electrical grid is modeled to follow the streets, and the buildings are used to
model consumers. Power consumption is estimated based on zoning and building
size, and used to simulate the load flow in the grid. We have made some graph sim-
plifications in preparation for the problems presented below. We remove dead ends,
and move the consumers locations (i.e., buildings) to the next point in the street
network. Figure 4.1 shows the simulation based on the township Witten Stockum.

On the basis of this graph structure, there are different computational tasks in
which resource-efficient clustering models are necessary. One of these tasks is the
simulation of electrical substations within the graph. Optimal positions of substa-
tions are searched, where the loss in the network is minimized. We approximate
the loss as the distance between substations and their connected consumers, which
is weighted by the load of the consumers, based on the motivation that electric
loss increases with cable length. We describe this as a facility location problem,
which comes from urban and public service planing. The objective function FL for
facilities and demand points is

FL = ZzeDemaLnds Z m + Z]GCen‘cers ’ (4'1)

with ¢(j) as the cost of opening a facility, and d(i,m(i)) as the distance between
consumer ¢ and the assigned center m(¢). FL has strong similarities to the objective
function of k-medoids. We take the facilities as the electrical substations and the
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consumers as the demand points. Figure 4.2 shows results of clustering the con-
sumers with FAST AND EAGER PARTITIONING AROUND MEDOIDS (FasterPAM)
for k = 4 substations for the generated graph for Witten Stockum. We can observe
that cluster assignment follows the road network, and consumers are not necessarily
assigned to the closest center “as the bird flies”.

Even with the FasterPAM improvements, the run time complexity is O(n?3) for
n nodes in the graph and ¢ iterations of the optimization procedure. The underlying
OSM planet file contains about 1.2 TB of data. Even though we are only interested
in modeling smaller areas of the world, we need to achieve reduction in complexity
for solving the task for whole cities or regions in an acceptable run time, as these
will nevertheless contain several thousands of houses. We take advantage of some
properties of a typical electrical network. It is provable that for this optimization
problem, we only need to consider nodes with at least 3 outgoing edges as possible
optimal substation locations (except for disconnected points). Hence, it is beneficial
to formulate this as an asymmetric problem, where demand points and facility
locations are no longer the same set. The distance matrix then no longer has to
be calculated for all node pairs, but only for all demand points and substation
location connections. This reduces the complexity to O(nmi) for n consumers, m

Legend

* Consumer
= Gnd Simulation

Figure 4.1: Simulation of an electrical grid based on OPENSTREETMAP (OSM)
data of Witten Stockum.
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Figure 4.2: Clustering of the demand points of the generated graph structure ac-
cording to optimal substation locations with k = 4 using FasterPAM.

possible substation locations, with m < n. If we further limit the maximum distance
between a consumer and a substation (which makes sense to limit the power losses),
this distance matrix becomes sparse, i.e., we now have missing values that we can
consider as infinite values. If we do not store these missing values, and iterate using
appropriate sparse data structures, we expect to further reduce the run time to
O((e +n+m) - i) for e edges. Assuming a similar density of houses and roads
everywhere, we can expect the number of edges e to be approximately linear in the
area of the map we are processing.

4.3 Sparse k-medoids

To use k-medoids clustering for problems with asymmetric and sparse input data,
we have to adapt the objective function of k-medoids. We still want to minimize
the “total deviation” of all data points {z1,...,2,} from the current set of medoids
M C {y1,...,ym}, but these are now chosen from a different set. Furthermore, for
some points, there currently may be no closest reachable medoid m(z;), and all
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distances from this x; to all medoids m; € M are undefined. In such cases, we have
to incorporate a penalty 7(x;) into our loss function L:

n | (i) if m(z;) = undefined

Li=y { (4.2)

d(xz;,m(x;)) otherwise

Note that we allow the set M to change in size below. The penalty 7 (i) can be
used to trade the loss of not covering all possible data points against having larger
distances. We do not further consider tuning this parameter below, but we instead
use (i) = m = const — oo to enforce a complete coverage. Because such extreme
values can cause numerical problems, our implementation always uses pairs (7, d) to
store these losses (and loss changes): an integer ¢ to count the number of unassigned
points, and the sum of distances of assigned points d, such that mathematically we
have L =4 - m + d, but do not suffer from numerical problems.

Based on the objective function, we introduce DynBUILD (Dynamic Asymmet-
ric BUILD initialization) as an adaptation of the BUILD algorithm of Kaufman and
Rousseeuw [KR87; KRI0] to asymmetric sparse input data sets. The greedy BUILD
approach is supplemented by a dynamic increase of k, if after choosing k medoids
still some objects are not reachable by the current set of medoids. The algorithm
hence always choses at least k medoids and covers all consumers. As a baseline,
the Random strategy simply uses a given percentage of points as initial cluster cen-
ters, and may hence yield an initial solution where constraints are violated, but our
improved DynSWAP procedure will repair these while optimizing the assignment.
Sparse++ is an adaptation of the well-known k-means++ [AV07] method to sparse
data, where cluster centers are chosen proportionally to how many points they cover
(again, we continue choosing additional centers until all constraints are satisfied).

We introduce DynSWAP (Dynamic SWAP for asymmetric sparse data) as an
dynamic SWAP algorithm based on FasterPAM [SR19a; SR21], adapted to dy-
namically reduce k, while efficiently processing asymmetric and sparse input data.
DynSWAP differs from FasterPAMs SWAP in two ways: To dynamically change
k depending on the constraints, we check after each swap whether we can reduce
k without violating a constraint (line 30), while if the current object is not suit-
able for swapping but reduces the number of violated constraints if added as a new
medoid (line 34) then we make it an additional medoid. We deliberately chose to
only reduce k if we also performed a swap, as to alternate between optimizing the
existing medoids and learning the number of clusters k. Both checks are very ef-
ficient to implement, as we already know the removal loss change for all medoids
(AL=™ ..., AL™™* also needed by the FAST PARTITIONING AROUND MEDOIDS
(FastPAM) improvement over PAM) and we also have in ALY' the loss change
when adding a new medoid. We can remove the medoid m; without breaking any
constraint, if the 7 component is zero: AL_™¢=0, and making the current candi-
date y; a new medoid is beneficial if its AL} <0. Whenever adding, removing, or
swapping a medoid, we need to update for all data points z, the nearest medoid
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nearest(o), the distance to the nearest medoid dpearest(0), and the distance to the
second nearest medoid dgecond(0). This can be done more efficiently by updating the
previous values, exactly as in FasterPAM. Based on this information, we can also
update AL™™ ... AL7™*_ which is the loss change for removing each medoid,
efficiently: for each object, removing the nearest medoid incurs a loss change of
(0, dsecond (0) —dnearest (0)) if there is a second nearest medoid, and (7(0), —dpearest (0))
otherwise. Removing another medoid except the nearest medoid does not incur a
loss change.

When computing the loss change for adding a new candidate medoid y., we
initialize an array AL with the removal loss of each existing medoid, an optimiza-
tion from FastPAM [SR19a]. To avoid an inner loop over all medoids k, we also
incorporate an idea from FasterPAM [SR21], namely to accumulate the loss change
that apply to all medoids into the variable ALT. An interesting property of AL™
is that it is the loss change for adding a new medoid, which we use for our logic
of dynamically increasing the number of clusters, too. We benefit from sparsity in
this approach, because we do not have to consider objects that are not neighbors of
the candidate y.: the loss change by removing existing medoids has already been
accounted for, and as they are not reachable from y., there is no loss change when
adding the replacement medoid. Because of this, our loop only needs to iterate over

Algorithm 4: DynBUILD: Dynamic Asymmetric BUILD initialization
1 L, M + (00, 00),0

/* Choose the first medoid: */
2 foreach y; do // compute loss for each y;
3 L;j < (>, m(7),0) // everything is unassigned
4 foreach z, € N(y;) do // check neighbors (sparse)
s || Ly L+ (—(0), d(o,5)
6 if L; <L) then L, M < Lj, {y;} // current best
/* Choose the remaining medoids: */
7 fori=1...k—1do
8 AL* y* + (0,0),0 // storage for best solution
9 foreach y; ¢ M do
10 AL; < (0,0) // loss change accumulator
11 foreach z, € N(y;) do // check neighbors (sparse)
12 01 +— —7(0) if dpearest(0) = o0 else 0
13 od + d(-fo, yj> - dnearest(o)
14 if 67 <0 or d < 0 then AL; - AL; + (d7,0d)
15 if AL; < AL* then AL*, y* <— AL;,y; // current best
16 | LM<« L+ AL*, MU {y*} // use best new medoid
17 ifi=k—1landL,>0thenk<«+ k+1 // increase k

18 return L, {mg, ..., my}
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Algorithm 5: DynSWAP: Dynamic SWAP for asymmetric sparse data

1 Ylast < invalid

2 foreach z, do compute nearest(0), dpearest (0), dsecond (0)
3 AL7™ ... AL™" <« compute loss change removing m;
4 while still changing do

5

© ® N o

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

30
31
32
33
34
35
36
37

foreach y. ¢ {m1,...,my} do

break outer loop if y. = Y.t // no improvements found
AL + (AL™™ ... AL™™*) // removal loss
ALT <0 // accumulator (FasterPAM)
foreach z, € N(y.) do // check neighbors (sparse)
doc < d(T0,Yc) // distance to candidate
if dpearest (0) = 0o then // x, not covered yet
| ALY « ALT + (=7(0), doc)
else if dy. < dpearest(0) then // new nearest
ALT + ALT + (0, doec — dnearest (0))
if dsecond(0) = oo then // no second nearest
‘ AL][learest(o) — AI-Jnearest(o) + (_77(0)7 dnearest (O))
else
‘ A]‘-’nearest(o) A A]—-’neares‘c(o) + (Oa dnearest(o) - dsecond(o))
else if dseconq(0) = oo then // no second nearest
‘ ALnearest(o) A ALnearest(o) + (—7‘(’(0), dOC)
else if dye < dsecond(0) then // new second nearest
‘ ALnearest(o) A ALnearest(o) + (O) doc — dsecond(o))
i < argmin({AL;}) // best current medoid
AL; + AL; + ALT // add accumulator
if ATD; < (0,0) then // eager swapping (FasterPAM)
swap roles of medoid m* and non-medoid ¥y,
update nearest(0), dpearest (0), dsecond (0), AL ... AL™™k
Ylast < Ye // new stopping position
// After each swap, try to reduce k:
if min(AL;™, ..., AL;™) = 0 then // Dyn*

r < argmin({AL™"™})

remove medoid m,.

update nearest(0), dnearest (0), dsecond (0), AL™™, ... AL~

else if AL} <0 then // Dyn'
add new medoid g, as it fixes at least one constraint

update nearest(0), dpearest (0); dsecond (0), AL™™ ... AL~

Yast < Ye // new stopping position

38 return L, M
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the neighbors. For each neighbor z,, we distinguish four cases: (1) the point is cur-
rently not yet covered, hence we gain 7(0) but incur d(z,, y.) in line 12, (2) the new
medoid is closer than all existing medoids and hence we gain dpearest(0) — d(Z0, Yc)
in line 14. For the case of removing the nearest medoid, we have already included
dpearest (0), and hence we have to cancel this out (either with —m(0) or dseconda(0)). If
the new medoid is only second nearest, and there is (3) no previous second nearest,
only the loss of removing the nearest medoid needs to be updated in line 20. If
(4) a previous, but farther, second nearest exists, we also need to adjust the loss
of removing the nearest medoid by the difference between assigning to the new
medoid instead of the previous second closest in line 22. Similar case distinctions —
except for handling the case of an undefined second closest — can already be found
in FasterPAM [SR21].

It is easy to see that the two loops in lines 5 and 9 iterate over all edges, hence
the complexity of the procedure is O((e + n - k) - i), where e is the number of
edges and 7 the number of iterations. In the street network example, we can argue
that e € O(n) as we scale the approach to larger networks (as we would keep the
maximum distance constant, but increase the area). Hence, this sparse k-medoids
version scales linearly for this application. If we have a densely connected graph,
then e € O(n?) and the run time matches that of standard FasterPAM.

4.4 Experiments

In our experiments, we expect to see a speedup compared to FasterPAM. We also
want to check how the dynamic change of k works under consideration of constraints.
We have to evaluate how well the Sparse k-Medoids is able to find the smallest pos-
sible k still meeting the constraints. Hence, we analyze three initialization methods
DynBUILD, Random, and Sparse++4. Finally, we perform a qualitative evaluation
by comparing our simulations with original substation locations from OSM.

Data Sets To verify the algorithm we need sufficiently large test data sets, and
choose constraints such as to obtain sparse distance matrices. In this work, we
focus on the processing and evaluation of energy grids generated by OSMOGrid.
For quality evaluation, we choose areas where many substations are documented
in OSM. Figure 4.3 shows a cutout of the electrical grid generated by OSMOGrid
for the city of Witten, using the 127 substation locations from OSM (although this
likely is not complete, as seen in Figure 4.3). We can then compare the quality
of our calculated models to the model based on the real substations, but we need
to remember that there may be additional substations not in OSM, and that real
power networks have grown historically, have to satisfy additional constraints, and
are hence not optimal either. For the purpose of generating “realistic” networks, it
is desirable to achieve a comparable quality, without overfitting to the example data
we have. On the data set, we evaluate the dynamic methods for choosing k. The
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Legend

Tagged Substation
* Consumer
— Grid Simulation

Figure 4.3: Grid simulation and known substation locations in OSM for Witten.
The road network contains 37287 edges and 36844 nodes, n=35713 consumer and
m=1130 possible places for substations. The location of 127 substations is docu-
mented in OSM, but very likely several are missing in particular in the east.

“optimum” k depends on the constraints set, and thus on the sparsity of the distance
matrix. Figure 4.4 shows the smallest k£ to meet the constraint of a maximum cable
length in the grid. With increasing cable length, the number of missing distances
in the matrix decreases, but the best number of substations decreases much faster.

We evaluate the algorithms in the ELKI open-source toolkit [SZ19] in Java. For
comparability, we perform all computations in ELKI and use the original imple-
mentations of FasterPAM as reference. This way we avoid side effects caused by
different implementations [KSZ17]. We run 100 restarts on an AMD EPYC 7302
processor using a single thread and evaluate the average, maximum, and minimum
values.

Dynamic £ To evaluate the quality with a variable k, we compare the solutions
found by the algorithms to the best known solution of all runs. We also compare
the different initialization algorithms, and the variants of the dynamic SWAP. We
measure the solution’s k, the run time of initialization and SWAP, and whether the
result satisfies all constraints. Summarized results are shown in Table 4.1. Only
Random?® initialization without dynamic increase of k fails to satisfy constraints.
This was to be expected, because it only uses 5% of the possible substations as
medoids, but there does not appear to be a solution with just this many clusters.
Because DynBUILD is deterministic, it always produced k=93 clusters after initial-
ization. After the SWAP phase, the average k was 76.2, which is 2.2 more than the
best known k=74 (we iterate in a randomized order in SWAP to avoid dependence
on the input data order). Since the initial solution already satisfied all constraints,
and SWAP preserves this property, k can only decrease. Among the random ini-
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Figure 4.4: Sparsity of the distance matrix depending on a maximum cable length
constraint between consumer and substation for the simulation of Witten, and the
minimum number of substations k for which no constraint is broken.

tializations Random® with DynSWAP*! found the best results on average. With
k=77.9 after the SWAP phase, the number of stations is on average 3.9 larger than
the best k. Finally, the SWAP after DynBUILD needs on average 48.4% of the run
time of the SWAP after a random initialization. Due to random initialization, the
average number of medoid changes during the SWAP increases substantially from
141 to 310, showing that DynBUILD finds superior starting conditions than both
random sampling and Sparse++.

Run Time Speedup In order to evaluate the run time of the different meth-
ods, we performed experiments for different constraints and different values of k.
Figure 4.5 shows the total run time (initialization and SWAP) for DynBUILD,
Random®, Random!®, and Sparse++ initialization. We again use the Witten data
set, and choose the distance constraint such that all methods can achieve the de-
sired k. We compare the run time with the FasterPAM implementation with a
random initialization (as recommended for FasterPAM). For DynBUILD we evalu-
ate the SWAP with dynamic decrease of k (Dyn*) and for all random initialization
the SWAP with both dynamic increase and decrease of k (Dyn*"). We use a log
scale on this plot because of the huge difference: the sparsity optimized DynSWAP
over all initializations on average only uses 7% of the run time of the original Faster-



4.4. Experiments 41

Table 4.1: Comparison of k depending on initialization and swap algorithms for
generating a grid for Witten. All results are averaged over 100 restarts.

Samples  Implementation Init SWAP Init SWAP changes

Random® Dyn* 56 56 0.2 6919.2 205.3 0%
Dynt! 56 77.9 0.2 7862.3 287.9 100%
Rendom!? Dyn* 113 828 0.1 11578.8 354.9 100%
Dyn*" 113 825 0.1 11044.4 372.9 100%
Sparse-+ Dyn* 182.3 80.3 16.3  8632.2 269.2 100%
Dynt! 182.2  80.6 3.6  8640.3 268.4 100%
DynBUILD Dyn* 93  76.3 3899 4296.3 141.9 100%
Dynt" 93  76.2  394.6  4320.3 141.4 100%

Table 4.2: Comparison of the loss of the grid with 127 tagged substations with the
calculated loss for k = 127. All results are given as average values of 100 restarts.
All constraints were satisfied after the SWAP phase.

loss after SWAP x107

Algorithm ) run time in ms medoid

2 i changes
Init. SWAP d d 7 TInit SWAP &
Random®  Dyn'' 1.3155 1.3083 0 0.1 12418.6  469.6
Random!® Dyn''  1.3149 1.3085 0 0.1 10395.5  339.8

1.3083 O 16.4 10796.5 279.4
1.3092 O 525.6 9225.4  294.9

Sparse++  Dynt! 1.3149
DynBUILD Dyn* 1.3171

| O O o oA

tagged substations 1.86

PAM with random initialization, the DynBUILD and DynSWAP* combination on
average even only uses 4%. This was expected as FasterPAM has to process the
much larger dense matrix. With increasing k, we can use a more sparse matrix here,
which is the reason why the DynSWAP approaches become faster while FasterPAM
becomes slower due to the higher number of clusters. The different random initial-
izations differ only slightly in run time, but require on average about twice as long
as DynBUILD. In addition to the fast run time, DynBUILD with DyntSWAP also
produces the lowest number of excess clusters compared to the best known &k with
an average of 2.2.

Quality In order to evaluate the result quality, we compare the optimized sub-
station locations to the substations tagged in the OSM (however, these likely are
incomplete). Table 4.2 shows the results for a target k=127 compared to the loss
of the 127 tagged substations shown in Figure 4.3. Sparse++ and Random' ini-
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tialization with Dyn*"SWAP results in the lowest loss with 1.3149x107 and is 29%
lower than the loss of the tagged substations; but the quality difference between the
randomized initializations are not significant (the SWAP does a good enough job to
always reach a good solution); the main difference here is in the run times, where
the strategy to sample more centers than necessary, then decrease, seems to be supe-
rior to the others. The minimum loss over 100 restarts is obtained with Sparse++
and Random® with 1.3083x107. DynBUILD initialization with DyntSWAP find
a slightly higher loss of 1.3271x107, but yields the fastest total run time with
9551.0 ms, despite using the slowest initialization by far.

All methods found results substantially better (1.31 vs. 1.86) than the “gold
standard” solution given by the OSM tags. This had to be expected because of
supposedly missing tags, but also because the real grids were grown over time and
the substations were built one by one, and not automatically optimized. In our
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Figure 4.5: Run time of the initialization and SWAP for DynBUILD, Random?,
Random'® and Sparse++ initialization depending on the best number of k for
the simulation of the grid of Witten. For reference, the SWAP run time of the
FasterPAM implementation is included, where the k chosen is the best one we
know. The best k is controlled indirectly by the constraints set, see Figure 4.4. In
addition to the run time, the deviation from the best known k after SWAP is also
shown.
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simulation, we have complete information about the grid structure and can thus
calculate an optimal substation distribution (green field planning), that cannot be
realistically achieved in reality, where the existing power network cannot simply be
replaced.

4.5 Discussion

In the experiments, we focused on the specific use case of energy grid simulation.
Besides optimizing the FasterPAM approach for sparse problems, we also have be-
gun working on automatically finding the parameter k as part of the optimization
problem. For this we combined two losses in our loss function: one corresponding

Legend

@ Tagged Substation A
* Consumer of Substation A

Figure 4.6: Simulation of an electrical grid based on OSM data of Witten. 127 sub-
stations calculated with Sparse4++ and Dyn*"SWAP from Table 4.2. All consumers
are color-coded to their nearest sub-station.
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to the cost of poorly handled locations (which could also be outliers), and the other
part being the classic k-medoids problem. It would be easy to incorporate an ad-
ditional cost term to the opening or closing of locations, and to weight these costs
differently. In this experiment, we used a strict requirement to cover all locations
(i.e., m — 00), but using a smaller weight may yield interesting approximations.
So far, we have considered the problem of optimal substation positions without
a maximum capacity of substations. In reality, there is a maximum load that can
be served by a substation. In densely populated areas, we hence may need more
substations. This results in a capacitated facility location problem, which contains
such an additional capacity constraint, and is worth exploring in future work.



CHAPTER 5

Clustering by Direct
Optimization of the Medoid
Silhouette

In this chapter, we focus on the evaluation measure known as the Silhouette [Rou87],
more precisely, on the AVERAGE SILHOUETTE WIDTH (ASW), and discuss an
efficient algorithm to optimize a variant of this measure, inspired by the well-
known PAM algorithm [KR87; KR90] and FasterPAM [SR21; SR19a]. Vendramin,
Campello, and Hruschka [VCH10] survey 40 such measures and variants, and find
the Silhouette to be one of the most robust. Silhouette is also a popular measure
to choose the number of clusters in k-medoids or even k-means. However, classic
visual inspection of the Silhouette plot is only feasible for small data sets, and users
typically rely on the aggregate coefficient. We can choose the number of clusters
performantly even on larger data sets with our more efficient integration.

We will first perform a theoretical analysis of the properties of the Medoid
Silhouette, to show that it is worth exploring as an alternative to the original
Silhouette, then introduce the new algorithm.

5.1 Axiomatic Characterization of Medoid Clustering

To characterize the Medoid Silhouette, we follow the axiomatic approach of Ben-
David and Ackerman [BAOS8] introduced in Section 2.4, i.e., we prove the value of
the AVERAGE MEDOID SILHOUETTE (AMS) as a CLUSTERING-QUALITY MEASURE
(CQM) by proving that it satisfies some interesting properties. Kleinberg [Kle02] de-
fined three axioms for clustering functions and argued that no clustering algorithm
can satisfy these desirable properties at the same time, as they contradict. Because
of this, Ben-David and Ackerman [BAO8] weaken the original Consistency Axiom
and extract four axioms for CQMs: Scale Invariance and Richness are defined
analogously to the Kleinberg Axioms. We first redefine the CQM axioms [BAOS] to
match the notion of medoid-based clustering before we check them for the AVERAGE
MEDOID SILHOUETTE (AMS).

Definition 4 (Relation ~ps) For given data points X = {x1,...,z,} with a set
of k medoids M = {m1,...,my} and a dissimilarity d, we write x; ~)5 x; whenever
x; and xy have the same nearest medoid nearest(i) C M, otherwise x; oy Ty

45
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The ~ s relation encodes the partitioning of the data set given by the medoids M,
and is transitive and symmetric.

Definition 5 (M-consistent) Dissimilarity d’ is an M-consistent variant of d, if
d' (zi,xy) < d(xg, zq0) for x; ~pp wyr, and d(xg, 20) > d(z4, ) for x; g xy.

Meaning that a consistent variant reduces the distances within clusters and increases
the distances between clusters.

Definition 6 (Isomorphism of Medoids) Two sets of medoids M, M' C X with
a distance function d over X, are isomorphic, if there exists a distance-preserving
isomorphism ¢ : X — X, such that for oll x;,xy € X, x; ~pr xy if and only if

o(xi) ~mr P(ir).

Axiom 8 (Scale Invariance) A medoid-based quality measure f satisfies scale in-
variance if for every set of medoids M C X for d, and every positive \, f(X,d, M) =
FX,Ad, M).

This means that if we scale all distances with the same constant A > 0, the quality
does not change.

Axiom 9 (Consistency) A medoid-based quality measure f satisfies consistency
if for a set of medoids M C X for d, whenever d' is an M-consistent variant of d,
then f(X,d', M) > f(X.d, M).

This means that if we reduce the distances within the same cluster and increase the
distances between different clusters, the quality does not decrease.

Axiom 10 (Richness) A medoid-based quality measure f satisfies richness if for
each set of medoids M C X, there exists a distance function d over X such that
M = argmax,; f(X,d, M").

Meaning that for every possible set of medoids, there exists a distance for which
this solution is optimal.

Axiom 11 (Isomorphism Invariance) A medoid-based quality measure f is
isomorphism-invariant if for all sets of medoids M, M’ C X with distance d over X
where M and M’ are isomorphic, f(X,d, M) = f(X,d, M").

This means that transformations (including data permutations) that preserve dis-
tances do not affect clustering quality.

Batool and Hennig [BH21] prove that the AVERAGE SILHOUETTE WIDTH (ASW)
satisfies the original CQM axioms. We now prove the four adapted axioms for the
AMS.

Theorem 1 The AMS is a scale invariant quality measure.
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Proof: If we replace d with Ad, both d; (i) and da(7) are multiplied by A, and the
term will cancel out. Hence, §5; does not change for any i:

S(X7 )\d’ M) = % Z?:l gl(Xa Ad7 M)
_1y™m A (4)
= im 1 )\d;(z‘)
— n dy (4)
= Zim - 2o
=1y 5(X,d, M) = 8(X,d, M)

Theorem 2 The AMS is a consistent quality measure.

Proof: Let dissimilarity d be an M-consistent variant of d. By Definition 5:
d'(zi,zy) < d(wg,xy) for all x; ~y  xp, and ming.,q, d(zizy) >
MiNg, 4 ,e, (T, ). This implies for all i € N: dj(i) < di(i),dy(i) > da(i) and
it follows:

4G di) (i) 4y (3)
B zn =0 & 1-gm- (1- d;(i)) >0

which is equivalent to V; 5;(X,d’, M) > 5;(X,d, M), hence S(X,d', M) > S(X,d, M),
i.e., AMS is a consistent quality measure.

Theorem 3 The AMS is a rich quality measure.

Proof: We can simply encode the desired set of medoids M in our dissimilarity d.
We define d(z;, z;) such that it is 0 if trivially ¢ = j, or if z; or x; is the first medoid
mq and the other is not a medoid itself. Otherwise, let the distance be 1.

For M we then obtain S(X,d, M) = 1, because d; (i) = 0 for all objects, as either
x; is a medoid itself, or can be assigned to the first medoid m. This is the maximum
possible AMS. Let M’ # M be any other set of medoids. Then there exists at least
one missing x; € M \ M’'. For this object §;(X,d, M) = 0 (as its distance to all
other objects is 1, and it is not in M’), and hence S(X,d, M') < 1 = S(X,d, M).
That is, for any set of medoids (or similar, for any partitioning of the data set),
there exists a dissimilarity function that yields the desired result.

Theorem 4 The AMS is an isomorphism-invariant quality measure.

Proof: Let M, M’ C X be two sets of medoids with a distance function d over X.
If they are isomorphic, there exists a distance-preserving isomorphism ¢ : X — X,
such that for all z;,zy € X, x; ~p xy if and only if ¢(z;) ~np d(xy).

Therefore, every dj (i) is equal dy(i') and every dy(i) is equal da(i'), and hence

S(X,d, M) = S(X,d, M").
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Algorithm 6: PAMMEDSIL SWAP: Iterative improvement

1 8" + Simplified Silhouette sum of the initial solution M

2 repeat

3 (S5, M) + (0,null)

4 foreach m; € M = {my,...,my} do // medoids
5 foreach z; ¢ {mq,...,my} do // non-meds
6 (8", M") <= (0, M\ {mi} U{x;})

7 foreach z, € X = {z1,...,2,} do

8 | S S+ s (X,d, M)

9 if S’ > S/ then (S.,M,)« (S',M’)
10 if S > S’ then break
11 (S', M) « (S, M,) // perform swap

12 return (S'/N, M)

5.2 Direct Optimization of Medoid Silhouette

PAMSIL [VPBO03] is a modification of PAM [KR87; KR90] to optimize the AVERAGE
SILHOUETTE WIDTH (ASW). For PAMSIL, Van der Laan, Pollard, and Bryan
[VPBO03] adjust the SWAP phase of PAM by always performing the SWAP that
provides the best increase in the ASW. When no further improvement is found,
the algorithm terminates and a (local) maximum of the ASW has been achieved.
In contrast to k-means, this procedure does not alternate between two steps, but
every step reduces the loss function, or the algorithm stops. Given that there only
exist (f‘; ) possible states, only a finite number of improvements is possible. However,
where in the original PAM algorithm we efficiently compute only the change in its
loss (in O(N — k) time for each of (N — k)k swap candidates), PAMSIL computes
the entire ASW in O(N?) for every candidate, and hence the run time per iteration
increases to O(k(N —k)N?). For a small k, this yields a run time that is cubic in the
number of objects N, and the algorithm may need several iterations to converge.

5.2.1 Naive Medoid Silhouette Clustering

PAMMEDSIL [VPBO03] uses the AVERAGE MEDOID SILHOUETTE (AMS) instead,
which can be evaluated in only O(Nk) time. This yields a SWAP run time of
O(K*(N — k)N) (now only quadratic in N for small & < N, but for practical
applications the quadratic dependency on k is also noticeable). A pseudocode of
PAMMEDSIL shown in Algorithm 6 is almost identical to that of PAMSIL, but
using the medoid-based Silhouette scores s, instead of the classic Silhouette s,.

As Schubert and Rousseeuw [SR21; SR19a] were able to reduce the run time
of PAM to O(N?) per iteration, we will now modify the PAMMEDSIL approach
accordingly to obtain a similar improvement. We also apply the idea of eager swap-
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ping [SR21], i.e., we perform greedy first-descent optimization instead of searching
for the steepest-descent.

5.2.2 Finding the Best Swap

We first bring PAMMEDSIL up to par with regular PAM. The trick introduced
with PAM is to compute the change in loss instead of recomputing the loss, which
can be done in O(N — k) instead of O(k(N — k)) time if we store the distance to
the nearest and second centers, as the latter allows us to compute the change if the
current nearest center is removed efficiently. In the following, we omit the constant
parameters X and d for brevity. We denote the previously nearest medoid of ¢ as
nearest(s), and d;(7) is the (cached) distance to it. We similarly define second(i),
da(i), and ds(i) with respect to the second and third nearest medoid. We briefly
use d; and d}, to denote the new distances for a candidate swap. For the Medoid
Silhouette, we can compute the change when swapping medoid m; € {m1,...,my}
with non-medoid x; ¢ {m1,...,my} as follows:

AS = % ZZ:l Aéo(M, myg, .CL‘j)
ASo(M,mg, ;) = 8o(M \ {mi} U{x;}) — 5o(M)
1 d@) o di(h)
=1- 3 - (1-50)

_ di(s) _ dy(3)
= d( a0

Clearly, we only need the distances to the closest and second closest center, before
and after the swap. Instead of recomputing these values by searching, we exploit
that only one medoid can change in a swap. We can determine the new values of d
and di, using a constant set of cached values only, and hence save a factor of O(k)
on the run time over the naive approach using a loop to check all medoids.

In the PAM algorithm (where the change would be simply d} —d;), the distance
to the second nearest is cached in order to compute the loss change if the current
medoid is removed, without having to consider all kK — 1 other medoids: the point is
then either assigned to the new medoid, or its former second closest. To efficiently
compute the change in Medoid Silhouette, we have to take this one step further,
and we additionally have to cache the identity of the second closest center (denoted
second) and the distance to the third closest center (denoted ds). Because we still
only change one medoid at a time, both the closest and the second closest must be
either the new medoid, or any of the previous three closest (three in case one of
them was removed). Depending on which medoid is swapped, we need to distinguish
cases.

The change in Medoid Silhouette is then computed roughly as follows: (1) If
the new medoid is the new closest, the second closest is either the former nearest,
or the second nearest (if the first was replaced). (2) If the new medoid is the new
second closest, the closest either remains the former nearest, or the second nearest
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Algorithm 7: Change in Medoid Silhouette, AS,(M,m;, x;)

1 if m; = nearest(o) then

// Nearest medoid is replaced with xj:

2 if d(o,j) < dz(0) then return g;gzg — %(»Oj))

// Nearest removed, xj new second nearest:

: : di(o) _ da(o)
3 if d(o,j) < d3(o) then return Do) ~ dlog)
// Nearest removed, xj is farther than third:

4 else return ﬁ;gzg - Zigzg

5 else if m; = second(o) then
// Second nearest is replaced, xj closer:

6 | if d(o,j) < di(o) then return Z;EZ% - Z(lo(’g))

// Second nearest is replaced by xj:

. . d d
7 | if d(o,j) < d3(0) then return d;gzg — d(lo((;))
// Second nearest is replaced, xj far:
di(0) _ di(o)

8 else return d2(0) ~ d3(o)
9 else

// xj new closest: A
10 if d(0,7) < di(0) then return 32% — ill(f(ﬁ))

// xj new second closest:

11 if d(o,j) < da2(0) then return Zggzg — 5(10(3))

// xj replaced some far medoid:
12 else return 0

(if the first was replaced). (3) If the new medoid is neither, we may still have re-
placed the closest or second closest; in which case the distance to the third nearest
is necessary to compute the new Silhouette. Putting all the cases (and sub-cases)
into one equation becomes a bit messy, and hence we opt to use the pseudocode
in Algorithm 7 instead of an equivalent mathematical notation. Note that the first
term is always the same (the previous loss), except for the last case, where it can-
celed out via 0 = ZQEZ; — g;gzg As this is a frequent case, it is beneficial to not have
further computations here (and hence, to compute the change instead of computing
the loss). Clearly, this algorithm runs in O(1) if ni(0), n2(0), di(0), d2(0), and
d3(0) are known. We also only compute d(o, j) once. Modifying PAMMEDSIL (Al-
gorithm 2) to use an incremental computation yields a run time of O(k(N — k)N)
to find the best swap, i.e., already O(k) times faster. This integrated a key idea
of PAM into this algorithm, but we can further improve this approach with ideas

from FastPAM.
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5.2.3 Fast Medoid Silhouette Clustering

We now integrate an acceleration added to the PAM algorithm by Schubert and
Rousseeuw [SR19a; SR21], that exploits redundancy among the loop over the k
medoids to replace. For this, the loss change AS(m;, xj) is split into multiple com-
ponents: (1) the change by removing medoid m; (without choosing a replacement,
as if we assigned points to their second closest instead), (2) the change by adding x;
as an additional medoid (without replacing any of the currently selected), and (3) a
correction term if both operations occur at the same time. The first components
can be computed in O(N), the second in O(N(N — k)), and the last factor is 0
if the removed medoid is neither of the two closest, and hence is in O(N). After
performing a swap it becomes necessary to update the caches, which may involve
finding the third nearest medoid and takes O(k(N — k)) time in the worst case.
This then yields an algorithm that finds the best swap in O((N — k)(N + k)) — or
less formal in O(N?), about k times faster for small k than the previous.

First, the changes if we removed medoids m; € M, and corresponding to
lines 4 and 8 in Algorithm 7 are computed for each i as:

S—my di(o)  da(o) di(o) _ di(o)
AS™Mi= N EE-PRT D e oo (5-1)

nearest(o)=1 second(o)=1

By iterating over all points o and adding to the accumulators for nearest(o) and
second (o), we can compute these terms in O(N) for all medoids m; in one pass.

Secondly, for any non-medoid z;, we can compute the change when adding this
point, corresponding to the lines 10 and 11 in Algorithm 7, as:

o gg% - dg({;) if d(o, ) < dy(0)
ASTT =3 Do) — doq clif d(o,5) <dz(o) - (5.2)
= o otherwise

Using these two terms, we can derive the remaining correction term by only
considering the cases where nearest(o) = i or second(o) = 4, including cancel-out
terms for summands in AS™™ and AS'% where necessary:

N
AS(m;, xj) = ZAéo(M mi, Tj)
o=1

= AS™™ 4 ASH
d0d) | @lo)_diloytdlod) i 4o, j) < di(o)

(
50, o) dr(orrdlog)
+ Z d(lo,j)—’_dz(o)_ - da(0) L2 elif d(o, j) < da(o)
hlo) ~ itos elif d(o, ) < da(o)

nearest(o)=i | d3(o) d(o,3)
0 otherwise



Chapter 5. Clustering by Direct Optimization of the Medoid
52 Silhouette

Algorithm 8: FAST MEDOID SILHOUETTE CLUSTERING (FastMSC)

1 repeat

2 foreach z, do update nearest (o), second(0), d1(0), d2(0), d3(0)

3 AS™™ ... AS™™ + compute loss change removing m; using (5.1)

4 (AS*,m*, z*) + (0,null,null)

5 foreach z; ¢ {mq,...,my} do // each non-medoid
6 AS;, ..., ASg + (AST™ . AST™) // use removal loss
7 AST#i 0 // initialize shared accumulator
8 foreach z, € {z1,...,2,} do

9 doj < d(xo, x5) // distance to new medoid
10 if doj < di(0) then // new closest
11 ASTi + AST%i + dy(0)/da(0) — doj/d1(0)

12 ASnearest(o) A

ANSnearest(o) + dgj/dl(o) + dQ(O)/d?) (0) — (da (0) + dOj)/dQ(O)

13 ASsecond(o) A ASsecond(o) +di (O)/d3 (0) —d (0)/d2 (0)

14 else if d,; < dz(0) then // new first/second closest
15 AST%i < AST%i + dq (O)/dg(O) —d (0)/doj

16 ASnearest(o) —

ASneaurest(o) +di (0)/d0j + dg(O)/dg (O) - (dl (0) + doj)/dQ(O)

17 ASsecond(o) A ASsecond(o) +dy (O)/d3 (0) —d; (0)/d2(0)

18 else if d,; < d3(o) then // new second/third closest
19 ASnearest(o) A ASnearest(o) + da (O)/d3(0) —dy (O)/doj

20 ASsecon(i(o) A ASsecond(o) +di (O)/d3 (0) —d (0)/d0j
21 1 < arg max AS;

22 Agz — Agl + AS—’—%

23 if AS; > AS* then (AS*,m*,z*) « (AS,m;, z;)
24 break outer loop if AS* <0
25 swap roles of medoid m* and non-medoid z* // perform swap
26 S+ S+ AS*

27 return S, M

difo) _ dilo) ¢ (o, ) < di (o)

elif d 0, 1) < do(o
* Z gsggg Cclf(((();) ( ].) 2(0) .
. L9 elif d(o, ) < d3(0)

second(0)=i

d
0 otherwise

Computing these additional summands takes O(N) time by iterating over all
objects z,, and adding their contributions to accumulators for n1(0) and ny(0).
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Once we have identified the best swap, we apply this change and enter the next
iteration. In Line 2, the update can also be optimized to use the cached values and
only scan for the third closest if one of the closest was removed.

This then gives Algorithm 8, which computes AST®i along with the sum of
AS~™i and these correction terms in an accumulator array. To help with reimple-
menting our approach efficiently, we give the final simplified equations in the pseu-
docode, as the intuition has already been explained above. The algorithm needs
O(k) memory for the accumulators in the loop, and O(N) additional memory to
store the cached ni, ns, di, ds, and ds for each object.

This algorithm gives the same result, but FastMSC is O(k?) faster than the
naive PAMMEDSIL, as evidenced by the two main nested loops of FastMSC having
(N — k) x N executions containing only O(1) operations inside.

5.2.4 Eager Swapping and Random Initialization

We can now integrate further improvements by Schubert and Rousseeuw [SR21].
Because doing the best swap (steepest descent) does not appear to commonly find
better solutions, but requires a pass over the entire data set for each step, we
can converge to local optima much faster if we perform every swap that yields an
improvement, even though this means we may repeatedly replace the same medoid
and perform “unnecessary” swaps, because the cost for searching is substantially
higher than for performing a swap. For PAM this was called eager swapping, and
yields the variant FasterPAM. This does not improve theoretical run time (the last
iteration will always require a pass over the entire data set to detect convergence),
but empirically reduces the number of iterations substantially, while increasing the
number of swaps only slightly. It will no longer find the same results, but there
is no evidence that a steepest descent is beneficial over choosing the first descent
found. The main downside to this is, that it increases the dependency on the data
ordering, and hence is best used on shuffled data when run repeatedly. Similarly,
we will study a variant that eagerly performs the first swap that improves the AMS
as FAST AND EAGER MEDOID SILHOUETTE CLUSTERING (FasterMSC).

Similar to Schubert and Rousseeuw [SR21], where the PAM BUILD initialization
had become a bottleneck, we also choose a random initialization. A single pass
over the data set with eager swapping tends to find better solutions than the best
initialization strategies, and uniform sampling of medoids is very cheap.

5.2.5 Choosing the Number of Clusters

There are many different approaches to determine the optimal number of clusters,
yet this remains a challenging task. For k-means, the so-called Elbow method is
commonly called, but is not very well suited for this purpose, and some alterna-
tives have been surveyed and evaluated by Schubert [Sch23]. Because the primary
objective of k-means (i.e., the sum of squared deviations from the nearest mean) as
well as that of k-medoids (the sum of deviations from the nearest medoid) improves
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Algorithm 9: FAST AND EAGER MEDOID SILHOUETTE CLUSTERING
(FasterMSC): FastMSC with eager swapping

1 X)ast <—invalid
2 foreach x, do update nearest(o),second(0), d;(0), d2(0), ds(0)

3 AS™™ ... AS™™ « compute loss change removing m; using (5.1)

4 repeat

5 foreach x; ¢ {m1,...,m;} do // each non-medoid
6 break outer loop if 7; = 74

7 AS « (AS™™ .. AST™) // use removal loss
8 ASTi 0 // initialize shared accumulator
9 foreach z, € {z1,...,2,} do

10 doj < d(z0, ;) // distance to new medoid
11 if d,; < di(0) then // new closest
12 ASH®5 < ASH®5 + dy(0)/da(0) — dyj/d1(0)

13 AS earest(o) <

A carest(o) + oy /1 (0) + da(0)/d3(0) — (dh (0) + duy) /(o)

14 ASsecond(o) A ASsecond(o) +di (0)/d3 (0) —di (O)/dQ (0)

15 else if d,; < da(0) then // new first/second closest
16 ASH®5 < ASH®5  dy(0)/da(0) — dy(0)/do;

17 Agnearest(o) A

ASpearest(o) + d1(0)/doj + da(0) /d3(0) — (d1(0) + do;)/d2(0)

18 ASsecond(o) A ASsecond(o) +dy (O)/d3 (0) —di (0)/d2(0)

19 else if d,; < d3(o0) then // new second/third closest
20 A%nearest(o) — A~gnearest(o) + d2(0)/d3(0) — d2(0)/do;

21 ASsecomi(o) — ASsecond(o) +di (O)/d3 (0) —d (0)/d0j
22 i < arg max AS; // choose best medoid
23 AS; + AS; + AStHi // add accumulator
24 if AS; < 0 then // eager swapping
25 swap roles of medoid m; and non-medoid z, // perform swap
26 S+ S+ AS*

27 update AS—™1 .. AS—mi

28 Tlast < Lo

29 return S, M

as we increase the number of clusters, it is common to rely on a secondary quality
criterion, i.e., an evaluation measure, that does not have this property. One popular
such measure is indeed the Silhouette (e.g., [AGM+13; BSH+07]), which tends to
drop once clusters get too close to each other, unless they are well separated.

A repeated computation of the Silhouette is expensive on larger data sets. In-

stead of repeatedly running FAST MEDOID SILHOUETTE CLUSTERING (FastMSC)
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Algorithm 10: DynMSC: FasterMSC for dynamic k

1 k <+ maxk
2 while k£ > 2 do

3 Tlast <invalid
4 foreach x, do
5 update nearest (o), second (o), d1(0), d2(0), ds(0)
6 AS™™ ... AS™™i + compute loss change (5.1)
7 repeat
8 foreach x; ¢ {m1,...,m;} do
9 break outer loop if 7; = 74
10 AS « (AS™™ .. AST™)
11 ASHE 0
12 foreach z, € {z1,...,2,} do
// see FasterMSC
13 i+ argmax AS;
14 AS; « AS; + AST
15 if AS; <0 then
16 swap roles of m; and x,
17 S« S+ AS*
18 update AS™™1 ... AS~™i
19 Tlast < Lo
20 Sk — S
21 Mk — M
22 i < argmax AS // choose medoid to remove
23 remove medoid m; // choose k with highest AMS
24 k< k-1

25 j < argmaxS
26 return S;, M;

with a different number of clusters and keeping the best result, we present a variant
of FastMSC that does not require the number of clusters to be given. In DynMSC,
we begin with a maximum number of clusters, optimize the AVERAGE MEDOID
SILHOUETTE (AMS), then decrease the number of clusters by one, and repeat until
we have reached a minimum number of clusters. During this process, we store the
solution with the highest AMS to return later. However, we integrate this directly
with FasterMSC to save redundant computations. At the end of the FasterMSC
optimization, we already know the removal loss of each medoid (c.f., Eq. (5.1)), and
instead of removing a random medoid, we can remove the one that incurs the least
reduction in AMS, which gives us better starting conditions. We can also retain
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(a) Kolodziejczyk et al. [KKT+15] (b) Klein et al. [KMA+15]

Figure 5.1: Different kind of MOUSE EMBRYONIC STEM CELLS (mESCs). For both
data sets we have done PCA and plot the first two principal components. (a) shows
704 mESCs grown in three different conditions and (b) 2717 mESCs at the moment
of LEUKEMIA INHIBITORY FACTOR (LIF) withdrawal, 2 days after, 4 days after, and
7 days after.

some of the cached data and only need to find the nearest medoids for those, where
one of the three nearest medoids has been removed. For others, this metadata
remains valid. Removing a medoid is very similar to performing a swap, except
that there is no replacement medoid. We then can continue with the reduced k
instead of restarting from scratch. Algorithm 10 gives a pseudocode for DynMSC.
In Line 12 we omitted code of the inner loop that is identical to FasterMSC.

5.3 Experiments

We next evaluate clustering quality, to show the benefits of optimizing AMS. We
report both AMS and ASW, as well as the supervised measures ADJUSTED RAND
INDEX (ARI) and NORMALIZED MUTUAL INFORMATION (NMI) that require labeled
data. Afterward, we study the scalability to verify the empirical speedup for our
algorithms FastMSC, FasterMSC, and DynMSC.

5.3.1 Data Sets

Since it became possible to map gene expression at the single-cell level by RNA
sequencing, clustering on these has become a popular task, and Silhouette is a
popular evaluation measure there. Hie, Bryson, and Berger [HBB19] use Silhou-
ette coefficient distributions to compare 26 diverse SINGLE-CELL RNA SEQUENC-
ING (scRNA-seq) data sets under different parameters. scRNA-seq provides high-
dimensional data that requires appropriate preprocessing to extract information.
After extraction of significant genes, these marker genes are validated by clustering
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of proper cells. We explore two publicly available data sets with larger sample size
(by scRNA-seq standards; the data size is not challenging for cluster analysis) of
scRNA-seq of MOUSE EMBRYONIC STEM CELLS (mESCs). Kolodziejezyk et al.
[KKT+15] studied 704 mESCs with 38561 genes grown in three different condi-
tions (2i, a2i, and serum). Klein et al. [KMA+15] worked on the influence LIF
withdrawal on mESCs. For this, they studied a total of 2717 mESCs with 24175
genes. The data included 933 cells after LIF withdrawal, 303 cells two days after,
683 cells 4 days after, and 798 cells 7 days after. We normalize each cell by the
total counts over all genes, so that every cell has a total count equal to the median
of total counts for observations (cells) before normalization, then we perform PRIN-
c1PAL COMPONENT ANALYSIS (PCA) and use the first three principal components
for clustering. This preprocessing matches the procedure of Kolodziejczyk et al.
[KKT+15] in clustering the mESCs grown in serum, 2i, and a2i media from the
original publication.

To test the scalability of our new variants, we need larger data sets. We use the
well-known MNIST data set, with 784 features and 60000 samples (PAMSIL will
not be able to handle this size in reasonable time). We implemented our algorithms
in Rust, extending the kmedoids package [SL22], wrapped with Python, and we
make our source code available in this package. We perform all computations in
the same package, to avoid confounding factors caused by comparing two different
implementations [KSZ17]. We run 10 restarts on an AMD EPYC 7302 processor
using a single thread and evaluate the average values.

5.3.2 Clustering Quality

We evaluated all methods with PAM BUILD initialization and uniform random
initialization. To evaluate the relevancy of the AVERAGE SILHOUETTE WIDTH
(ASW) and the AVERAGE MEDOID SILHOUETTE (AMS), we compare to the true
labels using the ARI and NMI, two common external measures in clustering.
We first discuss the results for the data set from Kolodziejezyk et al. [KKT+15],
shown in Table 5.1. As expected, PAMSIL found the best result with respect to
ASW, while the Medoid Silhouette based methods found better results regarding
AMS. PAM, which optimizes the total deviation, found slightly worse results in
all measures. Regarding the known labels, the highest ARI and NMI scores are
achieved by the Medoid Silhouette methods. The different initializations produced
the same results for all methods except PAMSIL here. Because of the small & = 3,
the speedup of FastMSC over PAMMEDSIL is only small, the additional speedup
of FasterMSC is due to reducing the number of iterations. FasterMSC was able to
find the best solutions, but at a 1255x faster run time than PAMSIL, confirming
the expected improvements. Because AMS and ASW are correlated, with rather
small differences between the solutions found by the methods, we argue that AMS
is a suitable approximation for ASW, at a much reduced run time.
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Figure 5.2: Clustering results for the scRNA-seq data sets of Kolodziejczyk et al.
[KKT+15] for PAMMEDSIL and PAMSIL. All correctly predicted labels are colored
by the corresponding cluster and all errors are marked as black.

Table 5.1: Clustering results for the scRNA-seq data sets of Kolodziejczyk et al.
for PAM, PAMSIL, and all variants of PAMMEDSIL. All methods are evaluated
for BUILD and Random initialization, and true known k=3.

Algorithm Init. AMS | ASW ARI NMI | run time (ms)
PAM BUILD 0.6566 | 0.5397 | 0.6944 | 0.6549 18.26
PAM Random | 0.6566 | 0.5397 | 0.6944 | 0.6549 22.67
PAMMEDSIL | BUILD | 0.6747 | 0.5474 | 0.7174 | 0.6953 62.63
PAMMEDSIL | Random | 0.6747 | 0.5474 | 0.7174 | 0.6953 61.91
FastMSC BUILD | 0.6747 | 0.5474 | 0.7174 | 0.6953 25.09
FastMSC Random | 0.6747 | 0.5474 | 0.7174 | 0.6953 24.67
FasterMSC BUILD | 0.6747 | 0.5474 | 0.7174 | 0.6953 9.95
FasterMSC Random | 0.6747 | 0.5474 | 0.7174 | 0.6953 10.95
PAMSIL BUILD 0.6490 | 0.5507 | 0.6962 | 0.6677 12493.86
PAMSIL Random | 0.5799 | 0.5490 | 0.6652 | 0.6633 16045.47
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Table 5.2: Clustering results for the scRNA-seq data sets of Klein et al. for PAM,
PAMSIL and all variants of PAMMEDSIL. All methods are evaluated for BUILD

and Random initialization and true known k=4.

Algorithm Init. AMS | ASW ARI NMI | run time (ms)
PAM BUILD 0.7673 | 0.6825 | 0.8450 | 0.8726 355.55
PAM Random | 0.7348 | 0.6292 | 0.8343 | 0.8526 476.18
PAMMEDSIL | BUILD | 0.7748 | 0.6834 | 0.8441 | 0.8685 2076.15
PAMMEDSIL | Random | 0.7748 | 0.6834 | 0.8441 | 0.8685 3088.77
FastMSC BUILD | 0.7748 | 0.6834 | 0.8441 | 0.8685 212.01
FastMSC Random | 0.7748 | 0.6834 | 0.8441 | 0.8685 305.00
FasterMSC BUILD | 0.7748 | 0.6834 | 0.8441 | 0.8685 163.74
FasterMSC Random | 0.7748 | 0.6834 | 0.8441 | 0.8685 122.63
PAMSIL BUILD 0.7649 | 0.6838 | 0.8483 | 0.8739 2026025.10
PAMSIL Random | 0.7220 | 0.6837 | 0.8472 | 0.8724 1490354.10

Since there were no variations in the resulting medoids for the different restarts
of the experiment, we can easily compare single results visually. Figure 5.2b com-
pares the results of PAMMEDSIL /FastMSC and PAMSIL, showing in black which
points are clustered differently than in the given labels. As indicated by the similar
evaluation scores, both clusterings are very similar, with class 1 captured slightly
better in one, class 3 slightly better in the other result.

Table 5.2 shows the clustering results for the scRNA-seq data sets of Klein et al.
[KMA+15]. In contrast to Kolodziejczyk et al. data set, we here obtain a slightly
higher ARI and NMI for PAMSIL than for the AMS optimization methods. Again,
the results are very similar, with the ASW obtained from the AMS methods being
almost identical. The differences in AMS are more pronounced. Because this data
set is larger, the gap in run time becomes more pronounced. While FasterMSC
still finishes in less than a second, PAMMEDSIL now takes multiple seconds to
complete, and PAMSIL already needs half an hour to complete. Because of the
larger data set size, FasterMSC has become 16521 x faster than PAMSIL and 6x
faster than PAMMEDSIL.

5.3.3 Number of Clusters

The AMS and ASW are based on very similar ideas of cluster quality, and while
AMS is not a numerical approximation of the ASW, it usually produces a similar
ranking of clusterings. Therefore, if the ASW on a data set is a suitable heuristic
to determine the optimal number, we can assume that the AMS is also a good
heuristic for this purpose.

To evaluate how well the AMS is suited to choose the optimal number of clusters,
we perform FastMSC and PAMSIL on the Klein et al. and Kolodziejczyk et al. data
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(b) Klein et al. data set contains embryonic stem cells measured at four different
time points.

Figure 5.3: AVERAGE MEDOID SILHOUETTE and AVERAGE SILHOUETTE WIDTH
for different number of Clusters with FastMSC and PAMSIL.

sets for k = 2 to 9 clusters. Klein et al. data set contains four different groups of
data points and Kolodziejczyk et al. data set contains three different groups. As
seen in Figure 5.3, FastMSC finds the largest AMS as well as PAMSIL the largest
ASW at the correct number of clusters for both data sets.

5.3.4 Scalability

To evaluate the scalability of our methods, we use the well-known MNIST data,
which has 784 variables (28 x 28 pixels) and 60000 samples. We use the first
N = 1000 to 30000 samples and compare k = 10 and k£ = 100. Due to its high run
time, PAMSIL is not able to handle this size in a reasonable time. In addition to the
methods for direct AMS optimization, we include the FastPAM1 and FasterPAM
algorithms [SR21; SR19a]. For all methods we use random initialization. As ex-
pected, all methods scale approximately quadratic in the sample size N. FastMSC
is on average 50.66 x faster than PAMMEDSIL for £ = 10 and 10464.23 x faster for
k = 100, supporting the expected O(k?) improvement by removing the nested loop
and caching the distances to the nearest centers. For FasterMSC we achieve even
639.34x faster run time than for PAMMEDSIL for & = 10 and 78035.01x faster
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Figure 5.5: Run time and number of swaps on MNIST data for 1000 to 30000
samples. Comparing DynMSC, FasterMSC, and k-means in scikit-learn including
Silhouette score calculation. We evaluate k = 2 to k = 50, for FasterMSC single calls
with random initialization, for scikit-learn single calls with kmeans—++ initialization
with calling the Silhouette score, and DynMSC with maximum k = 50 and random
initialization.

run time for k = 100. We expect FastPAM1 and FastMSC and also FasterPAM and
FasterMSC to have similar scalability; but since MSC also needs the third nearest
neighbor, it needs to maintain more data and access more memory. We observe that
FastPAMI is 2.50x faster than FastMSC for k£ = 10 and 1.57x faster for k£ = 100,
which is larger than expected and due to more iterations necessary for convergence
in the MSC methods: FastPAMI1 needs on average 14.86 iterations while FastMSC
needs 33.48. In contrast, FasterMSC is even 1.65x faster than FasterPAM for
k =10 and 1.96x faster for £ = 100.

To evaluate the scalability of DynMSC, we test it on MNIST for 1000 to 30000
samples for a maximum k = 50. We compare it to FasterMSC with random initial-
ization run once for each k = 2 to k = 50 (keeping the best). As additional baseline,
we include a naive approach using scikit-learn (version 1.2.2) k-means for clustering,
and Silhouette only for choosing the number of clusters. We observe that DynMSC
is 1.97x faster than repeatedly running FasterMSC. This speedup is primarily due
to requiring 2.15x fewer swaps. The difference in the factor between swaps and run
time is explained by additional remove operations in DynMSC, which are similarly
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expensive as the swaps and have to be performed 48x for the range of k = 2...50.
DynMSC is on average 9.01x faster than the popular sklearn routine because of
the cost to repeatedly compute the Silhouette.

5.4 Discussion

We showed that the AVERAGE MEDOID SILHOUETTE satisfies desirable theoreti-
cal properties for CLUSTERING-QUALITY MEASURES, and as an approximation of
the AVERAGE SILHOUETTE WIDTH yields desirable results on real problems from
gene expression analysis. We propose a new algorithm for optimizing the AVERAGE
MEDOID SILHOUETTE, which provides a run time speedup of O(k?) compared to
the earlier PAMMEDSIL algorithm by caching the nearest centers and of partial
results based on FasterPAM. This makes clustering by optimizing the Medoid Sil-
houette possible on much larger data sets than before. The Medoid Silhouette can
also be used to determine the number of clusters in a data set, and the DynMSC
algorithm introduced in this article optimizes this process by avoiding redundant
computations. The ability to optimize a variant of the popular Silhouette measure
directly demonstrates the underlying property that any internal cluster evaluation
measure specifies a clustering itself, and that the proper unsupervised evaluation
of clusterings remains an unsolved problem. But since Vendramin, Campello, and
Hruschka [VCH10] found the Silhouette (and its variants) to be among the best and
most robust clustering quality criteria, direct optimization of the Medoid Silhouette
may be desirable.

Users of cluster analysis are advised to carefully choose the right evaluation
measure and clustering method for their problem rather than following a “default”
recommendation. Even though the Silhouette appears to be popular and scores high
in benchmarks [VCH10], it may not the best choice for every problem. In particular
Silhouette may perform poorly when (1) distance is not measured appropriately,
(2) data preprocessing is poor, (3) clusters have non-convex shape, (4) clusters vary
substantially in diameter, (5) clusters exist only in subspaces, or (6) a hierarchy of
clustering structures exists.






CHAPTER 6
Fast
k-Nearest-Neighbor-Consistent
Clustering

In this chapter, we are interested in a relatively unknown quality criterion called
the kNN Consistency [DHO04], which measures if the nearest neighbors of each point
belong to the same cluster. The kNN Consistency was introduced in Chapter 3.2.3.
This is closely related to the central idea of clustering that similar objects should
be in the same cluster, but also to nearest-neighbor classification, as we would
then predict the correct class. Ding and He [DHO04| also proposed two clustering
algorithms to optimize for this criterion. In this article, we propose a fast variant of
the consistency-preserving k-means algorithm, that provably yields the same results.
We first introduce clustering with consistency in Section 6.1. We then propose a
faster algorithm in Section 6.2. We show experimental evidence of the performance
benefits in Section 6.3 and conclude the paper in Section 6.4.

6.1 Clustering with Nearest Neighbor Consistency

As already mentioned, the ENFORCE algorithm modifies an existing clustering,
which can be created by any cluster analysis method, to improve its consistency by
reassigning neighborhoods to the most common cluster. In contrast to ENFORCE,
k-means-CP does not work on an existing clustering but integrates consistency into
the standard k-means procedure. k-means uses the quadratic Euclidean distance,
although there are other approaches, such as spherical k-means [DMO01; SLF21],
they will not be considered here. First, initial cluster centers M = {uy, ..., i} are
chosen with any of the standard heuristics. Then an alternating optimization as
in the standard algorithm is performed. But in order to obtain a kNN-consistent
result, k-means-CP, like ENFORCE, always assigns entire closed neighborhoods
to the same cluster. Thus, Ding and He [DHO04] define the nearest cluster center
nearest(.S;) of a closed neighborhood S; by the sum of squared euclidean distances

nearest(S;) = arg min; Z |z — MjH2 :
Z‘GSZ'

All points in the closed neighborhood S; are then assigned to this cluster. The
assignment step is alternated with a recalculation of the cluster centers. A new
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Algorithm 11: CONSISTENCY-PRESERVING K-MEANS (k-means-CP)

1 C <« initialize k cluster

2 S « calculate sets of closed neighborhoods

3 [ < dummy assignments to non-existent cluster

4 repeat

5 foreach S; € S ={51,...,S5,} do // closed neighborhoods
6 N <—null

7 foreach p1; € M = {p1,..., 3} do // determine nearest cluster
8 foreach z, € S; do

9 | Nj = Nj A+ 2w — i)

10 0 < argmin N

11 foreach z; € S; do l; - o // assign closed neighborhoods

12 if | is unchanged then break
13 M <« calculate cluster centers for C'

14 return L // final cluster assignments

cluster center p; of the cluster C; is determined as usual in k-means using the
arithmetic average of the assigned data

These steps are repeated until no point is reassigned (and hence the cluster centers
do not change anymore). Convergence guarantees of the standard algorithm still
apply. This algorithm computes exactly N - k distances in each step to determine
the nearest clusters, and these distance computations make up a major part of
the algorithm’s run time. We can also optimize the recomputation of the cluster
centers by using an incremental computation, but this has much less effect. In the
following, we discuss why many of the distance computations performed above are
unnecessary, and we can hence improve the run time of this algorithm.

6.2 Fast k-Nearest-Neighbor-Consistent Clustering

The CONSISTENCY-PRESERVING K-MEANS (k-means-CP) algorithm determines the
nearest cluster of a closed neighborhood set by the sum of the squared Euclidean
distances of all elements of a closed neighborhood set to the different cluster centers.
Using the parallel axis theorem of Konig, Huygens and Steiner, we can prove that
instead of considering the distances of all samples in a closed neighborhood set S;, it
is sufficient to consider only the mean vector 5; = ﬁ > wes; T+ We can also trivially
use the mean vector for updating the cluster centers, if we weight it by the number
of points in the closed neighborhood set. The same property has been previously
used by Lee, Kao, and Cheng [LKCO07] to reduce uncertain UK-means clustering
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Algorithm 12: NEIGHBOR-CONSISTENT K-MEANS (NCK-means)

1 C <« initialize k cluster

2 S « calculate representatives of closed neighborhood sets

3 repeat

4 foreach 3, € S = {51,...,5,} do // representatives of closed

neighborhoods

5 N <—null

6 foreach pi; € M = {p1,..., 3} do // determine nearest cluster
7 Nj = Nj + |15 — 511

8 0 < arg min NV

9 foreach z; € S; do [; +— o // assign closed neighborhoods
10 if | is unchanged then break
11 M < calculate cluster centers for C'
12 return L // final cluster assignments

to regular k-means clustering. Our improved NEIGHBOR-CONSISTENT K-MEANS
(NCK-means) hence uses the mean vectors of the closed neighborhood sets. This
yields a faster variant of consistency-preserving k-means with a substantially lower
run time and the guaranteed same result.

We will reference the set which contains all closed neighborhood sets by S.
Because all elements of a closed neighborhood set will be assigned to the same
cluster, we will reference the set that contains all closed neighborhood sets whose
elements have cluster label ¢ by C;.

6.2.1 Proof of correctness

To prove the equivalence of the results of NCK-means and k-means-CP, we show
that the substeps of the algorithm always produce the same results. We first show
that for given cluster centers, NCK-means and k-means-CP assign the same cluster
labels to a closed neighborhood set. We start by considering how the original k-
means-CP assigns cluster labels:

S; € C; <= 1 =argmin, Z 2 — il
xGS]'
NCK-means assigns its cluster labels by the equivalent optimization:
S;j € C; <= i =argmin,||s; — il
This equivalence easily follows from the following version of the parallel axis
theorem:

d lz—af=> (Jlz—X*) + Nla— X|?

zeX reX
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by using the vector form (a sum over all components) and then a = p; and X = S;:
2 12 112
DMl —pall® =3l = 501%) + 1851 - s — 55l
xESj QCGS]'
Because only the last term depends on i, we can omit the others for the minimization
over %:

argmin; 3 [lo — pi|? = arg min, 155 — il
IESj

We can prove the above version of the parallel axis theorem as follows:

§:|ac—a|2 Z‘x—7 a—X’)‘Q

rzeX zeX
=3 (@~ X) — 202~ X)(a— X) + (a - X))
zeX
=Y (@-X)?-2a-X)) (z—X)+Nla— X
zeX rzeX ~

=Y |z — X+ Nla— X?
zeX

The classic parallel axis theorem is obtained for a = 0.

We now consider the second step, updating the cluster centers. We start with
the original calculation of the cluster centers p;. k-means-CP calculates this via the
mean of the elements.

1
i = T
Haj [l =i} > @

T GX‘lj =t
Because the labels of each closed set are consistent, we can rewrite this to:

= zsecm 2 2w

S,€C; mES;

and by using 5; = ‘S—lﬂ kaesj T, we obtain

Hi = ZS cc. ’ ]‘ Z |S |S.7
S;€C;

This shows that for closed neighborhood sets with given cluster labels, NCK-
means creates the same cluster centers as k-means-CP. Because both steps of the
algorithms produce the same results, we have proven that the final result of the
algorithms is the same.

6.2.2 Expected run time improvement

The run time improvement depends on the data reduction using closed neighbor
sets. The standard k-means algorithm has a run time of O(N Kdi) where N is the
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number of points, k is the number of clusters, d is the dimensionality, and ¢ is the
number of iterations. Finding the closed neighbor sets additionally takes O(N?)
time (although indexes for similarity search may yield a considerable speedup), and
k-means-CP of Ding and He [DH04] hence has a complexity of O(N? + Nkdi).
NCK-means reduces this to O(N? + |S|Kdi) where |S| is the number of closed
neighbor sets, and we must assume |S| € O(N). In a worst-case asymptotic anal-
ysis, the improvements hence are likely negligible because the cost of finding the
closed neighbor sets dominates, but in practice, it usually offers a decent run time
improvement on the order of |S|/N in the clustering step, at only the cost of little
additional memory to store the means of each closed neighbor set. Hence, there is
no reason not to use it. As it is a best practice to run k-means several times and
keep the best outcome [Sch23], the cost to find the closed neighbor sets can also be
amortized over multiple restarts.

The choice of the neighborhood has an important effect on the run time. Finding
the nearest neighbors becomes more expensive with a larger neighborhood size, but
at the same time increasing the number of edges decreases the number of closed
neighbor sets. For NCK-means, a lower number is beneficial, and both algorithms
also benefit from an often lower number of iterations because reassignments are less
likely to happen with the additional consistency constraints.

6.2.3 Further run-time improvements

Because our proof shows that it is sufficient to use the mean of each closed neighbor
set, it is trivially possible to combine this with acceleration techniques of k-means
such as the algorithms of Elkan [Elk03], Hamerly [Ham10], or the more recent
Exponion [NF16] and Shallot [Bor20] algorithms. The weight can also be used to
build a BETULA tree [LS22a]. We have not experimentally verified these additional
speedups, as this would distract from the main objective of this paper. Furthermore,
the differences between these algorithms will often be small compared to the cost
of finding the nearest neighbors of all points to construct the closed neighborhoods
in the beginning.

6.3 Experiments

To empirically verify the run time improvements, we implemented both versions
with Java in the ELKI 0.8.0 data mining framework [Sch22]. All implementations
are within the same codebase to reduce confounding factors and improve compara-
bility [KSZ17]. We perform 10 restarts on an Intel i4690K processor using a single
thread and evaluate the average values. We analyze the run time for the MNIST
784 data set. MNIST 78/ contains grayscale pictures of handwritten digits with a
picture size of 28 x 28 pixels, which is vectorized to a vector of length 784. We com-
pared the algorithms with subsets of sizes n = 1000, 2000, ...,10000 for the kNN
and kMN neighborhood for £ = 1, 2,3 neighbors. The initial cluster centers were
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Figure 6.1: Run time of k-means-CP and NCK-means for different number of sam-
ples of MNIST, for kNN neighborhood with k£ = 1,2, 3.

chosen with k-means++[AV07]. The number of clusters is set to k = 10 because
there are ten digits in the data set.

The time measured is the time required for calculating the closed neighborhood
sets until the algorithm converges. The time to calculate the kNN of the data
set is omitted because it is required for both algorithms and is the most time-
consuming part. Therefore time variances in the calculation of the kNNs would
overshadow the actual time difference of the algorithms. The ELKI framework
automatically uses a k-d-tree or a vantage-point tree to accelerate nearest neighbor
search [Sch22], depending on data set characteristics and the distance function
used. Because of the dimensionality, ELKI chose a VP-tree automatically for this
data set. In Figure 6.5, we plot the run time of 1-MUTUAL-NEAREST-NEIGHBOR
(IMN) computation and NCK-means for different number of samples of MNIST
data. For MNIST with 784 dimensions, the kNN/kMN computation takes a large
part compared to the clustering computation. For MNIST with 784 dimensions, the
ENN/EMN computation takes a large share. We expect the kNN /kMN computation
to be much more lightly weighted for lower dimensions.

In Figure 6.1, we plot the results for asymmetric kNN. While the run time
improved in all cases, there are only noticeable differences for £ = 1, which get
larger at n = 8000. The little improvements for k = 2,3 are caused by ANN
inducing only very few closed neighborhood sets. For k = 2, the maximum amount
of six closed neighborhood sets is reached with n = 5000. For k = 3 all data sets
are covered by a single closed neighborhood set. This leads to algorithms only
needing one or two iterations until convergence. The spike for kK = 1 can also be
explained by the iterations needed for the algorithms to converge, which reaches its
clear maximum for n = 8000. In this case, the run time improves by over 34%.

In Figure 6.3, we plot the results for symmetric kMN. There are significant
differences for all values of k£ used. This is because the amount of induced closed
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Figure 6.2: Number of iterations and closed neighborhood sets on MNIST data.
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Figure 6.3: Run time of k-means-CP and NCK-means for different number of sam-
ples for kMN with £ = 1,2, 3.

neighborhood sets seems to scale approximately linearly for kMN. The spikes in
the run time differences can again be explained by the varying number of iterations
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Figure 6.5: Run time of 1-MUTUAL-NEAREST-NEIGHBOR (1MN) computation and
NCK-means for different number of samples of MNIST data.
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required for convergence. The greatest relative improvement is reached by k = 3
for n = 8000, reducing the run time by over 56%. Across all k and n, we observe
an average run time reduction of 30%.

The run time improvement per iteration would be the largest if there were
very few closed neighborhood sets because in this case, we save a lot of time by
using the representative. But if there are too few closed neighborhood sets, the
algorithm converges very fast, e.g., in the case of 3NN, where the initial clustering
is already converged. The clustering quality for very few closed neighborhood sets
is also questionable but sometimes surprisingly good. This is probably because of
the relationship to DBSCAN, which also builds closed neighborhoods, and spectral
clustering, which partitions the nearest-neighbor graph.

6.4 Discussion

We improve the k-means-CP algorithm for clustering with ANN Consistency by
avoiding unnecessary distance computations. Using the parallel axis theorem, we
prove that we can reduce all closed neighborhoods to a single representative, and
use these in clustering instead of considering all samples individually. This allows
clustering with nearest-neighbor consistency on larger data sets than before.

The technique could be integrated into further algorithms. In
COP-K-means [WCR+01] and PCK-means [BBMO04], for example, this allows us to
reduce must-link constraints into using weighted means, too. However the speedup
is only noticeable if we have many such constraints, and the typical scenario for
constrained clustering is with only a few constraints given by the user to guide the
clustering in a semi-supervised way.






CHAPTER 7
Cluster Quality of Categorical
Data

In the context of categorical data sets, clustering can be more challenging because
it is not at all obvious to quantify reliably how “similar” two samples are. Cat-
egorical data is qualitative and attributes represent distinct categories or groups.
These categories do not have a natural order or a quantifiable numerical difference.
Common distance measures such as Euclidean distance are designed for continuous
numerical data and require the feature values to have meaningful differences and
comparable scales. Categorical data, even when transformed to numbers for exam-
ple by “one hot encoding” using only ones and zeros, does not yield useful distances
with common metrics. Since every feature then is either identical or has a differ-
ence of exactly one, Euclidean distance degenerates to the square root of twice the
Hamming distance — the simplest possible distance that simply counts the number
of differences. Manhattan distance becomes exactly twice the Hamming distance.
This is problematic for distance-based clustering as there will be many “ties”, i.e.,
objects with exactly the same difference. For example in hierarchical clustering,
this leads to an unclear merge order, which may cause a high variability in possible
clusterings. Furthermore, many popular clustering methods such as k-means as-
sume that the mean is an optimal summary of the cluster and that it is desirable to
minimize the squared errors. Ward, centroid, and medoid linkage are also derived
from least squares optimization. On binary data, the mean no longer represents
an actual data point, and neither does minimize the squared deviations yield easily
interpretable semantics for further analysis.

Several distance measures devised for categorical data, binary variables, and
sets [DD13, Ch 17.3] have been proposed, such as the classic Hamann similarity,
the simple matching coefficient of Sokal and Michener [SM58], the Rand similarity,
and the classic Jaccard index [Jac02]. Because set distances are usually defined in
terms of the size of the union, the intersection, and the difference of these sets, they
share the problem of having many tied distances and offer little discrimination if we
only have few variables. An integral information not used by above measures is the
prevalence of values in the entire data set. We will discuss approaches to resolve
this, such as Goodall’s index [Goo66], below.

In this chapter, we shift the focus to the analysis of categorical data and its
challenges. We begin by examining the quality of clusters formed on categorical
data, highlighting inherent complexities. Furthermore, we propose a method to
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optimize this clustering quality through hierarchical clustering. Our study aims to
provide practical insights that reconcile theoretical advancements with pragmatic
considerations in categorical data analysis and help practitioners with clustering
qualitative data. We exemplify the method with the formation of archetypes from
taxonomies, a common theme in contemporary information systems research.

7.1 Relative Entropy

To assess the quality of clusters formed from categorical data, we propose a measure
that quantifies the divergence between the probability distribution within a cluster
and the overall data set distribution. This measure is motivated by the premise that
agreement on rare attribute values is more important than agreement on frequent
values. We propose the RELATIVE ENTROPY SCORES (RES) of a subset X C D of
a categorical data set D to simply be the sum of the Kullback-Leibler divergences
(i.e., relative entropy) of each attribute.

(X)
RES(X, D) Z ZpA ) log PA;
A icA pai(D)

= Z Dkr(Pa(X) || Pa(D))
=" (H(PA(X),PA(D)) — H(PA(X)))
=" H(PA(X),PA(D)) = > H(PA(X))

where P4 (X) denotes the distribution of values in attribute A within subset X and
pa,(X) denotes the probability of an individual value A; in attribute A within the
subset X. The last two lines demonstrate that we obtain the same result if we first

aggregate the cross-entropy.

If the value distribution in X is similar to the value distribution in the entire
data set D, the RELATIVE ENTROPY SCORES (RES) becomes small, and hence a
uniformly sampled subset of sufficient size is expected to score low. A high diver-
gence from the overall data set indicates a subset whose members hence are more
similar to each other than to the remainder of the data set, i.e., more homogeneous.
Such subsets must have characteristic values and are of interest for further analysis.

For a clustering C' into k disjoint clusters C', ..., Cy, on a data set D of N samples,
we define the AVERAGE RELATIVE ENTROPY SCORE (ARES) as the average relative
entropy, weighted by the cluster size:

ARES(C, D) = 3¢, IS RES(Cy, D) .

As the number of clusters increases, it becomes easier to make them homogeneous,
and hence the maximum possible ARES increases with k, and we should not directly
use this score to compare different k& or choose the “optimum” number of clusters.
We could look for an inflection point, but we expect this to be as problematic as
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with the “elbow” criterion for k-means [Sch23|. If we completely partition the data
set into one-elemental clusters, we obtain

1
ARES, = ZmeD + RES({z}, D)

= Loy 2y HA: PAD)) 0
=), ~pa(D)logpa (D) =) H(Pa(D))

where A(x) denotes the value of x in attribute A. This follows from H({A(z)}) =0,
H({A(z)}, Pa(D)) = —logpa,(D) and pa,(D) = P(A(X) = A;). The relative
entropy of the split data set given the full data set hence simply equals the full
entropy of the data set.

To evaluate clusterings, we instead take inspiration from the Silhouette [Rou87],
which compares the distances to the nearest and the second nearest cluster. We
define the RELATIVE ENTROPY CONTRAST (REC) of a single cluster C; as the
difference between its relative entropy and the relative entropy of the merge with
the best other cluster:

RECZ‘(C, D) = RES(CZ‘, D) — IMaXj£j RES(C,‘ U Cj, D) .

We aggregate these values into a single statistic that can serve as a CQM. Because
the measure compares the current clustering with the hypothetical best next merge,
it is more suitable as a stopping criterion for choosing the number of clusters. A high
MINIMUM RELATIVE ENTROPY CONTRAST (MREC) indicates a “stable” result.
We define the MINIMUM RELATIVE ENTROPY CONTRAST (MREC) as

MREC(C, D) = min; REC;(C, D) .

Last but not least, we also define the RELATIVE ENTROPY DISSIMILARITY
(RED) for use in hierarchical clustering and visualization, because the notion of
“distance” seems to be more intuitive for end users than “similarity”. For two dis-
joint subsets X1, Xo C D we calculate the dissimilarity (assuming base 2 logarithms
were used before) as

RED(X1, Xy, D) = 2~ RES(X1UX2.D)

This transformation resembles the inverse of a “relative perplexity”, but we have
not further analyzed its properties yet. For visualizing the clustering dendrogram,
we found it beneficial to further scale the scores with the baseline of the trivial
clustering into N clusters, ARESq:

RED,(Xl, )(27 D) — 27RES(X1UX2,D)/ARESO )

The clustering into the maximum number of clusters yields the minimum entropy of
zero, but this does not necessarily minimize the relative entropy. A result with the
same entropy as this trivial clustering scores 0.5 in the dendrogram, suggesting that
structure below this threshold is “obvious” (as it improves even over this baseline),
but the more interesting patterns are found above.
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7.2 Optimization of the Relative Entropy

There are already various clustering methods that directly optimize an intrinsic
quality measure and thus deliver a self-fulfilling result on their own. Van der
Laan [VPBO03] presented with PAMSIL a variant of PAM [KR87], that is directly
optimizing the Silhouette. Another notable recent variant is FasterMSC [LS24], a
modification of PAM that incorporates enhancements proposed by Schubert and
Rousseeuw [SR21], optimizing the Medoid Silhouette directly. To optimize for
the Relative Entropy Score, we choose an agglomerative hierarchical clustering ap-
proach. The utilization of agglomerative hierarchical clustering aligns with our ob-
jective and improves the interpretability of results, addressing a common challenge
associated with categorical data analysis, while the run time complexity of O(N?)
is not as relevant for the data set size of usually less than a thousand instances
commonly found in our application domain.

Algorithm 13, denoted as CLUSTERING FOR CATEGORICAL DATA WITH REL-
ATIVE ENTROPY DISSIMILARITY (CatRED), presents an approach for hierarchical
clustering for categorical data. The clusters are built up from the bottom up and
merged step by step, as in the standard algorithm for hierarchical clustering. In
each iteration, the two clusters with the smallest relative entropy-based distance are
merged, and we have to recompute the distances between the one merged cluster
and all other clusters. The algorithm returns a merge history in the same format as
used by other hierarchical algorithms, enabling the construction of a dendrogram
that illustrates the sequence of merges.

In contrast to k-means style algorithms, the user does not have to specify the
number of clusters beforehand, and there is no need for restarts as the initializa-
tion is deterministic. The dendrogram produced by CatRED provides an easy to
understand visualization of the cluster structure, enabling researchers to analyze

Algorithm 13: CLUSTERING FOR CATEGORICAL DATA WITH RELATIVE EN-
TROPY DISSIMILARITY (CatRED)

1 Initialize C' with each data point in D as a separate cluster

2 Compute a distance matrix M for all pairs (C;, C;) with RED(C;, C}, D)

3 Initialize an empty merge history L

4 while more than one cluster remains in C do

5 Find the pair of clusters C; # C; in M with the smallest distance

6 Merge clusters C; and C; into a new cluster Chew

7 Remove C; and C; from C

8 Add Chew to C

9 Compute distances between Chew and all remaining clusters, update M
10 Append to L the indices of C; and Cj, the distance, and the size of Cyew
11 return L
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multiple levels of granularity. Notably, compared to other hierarchical clustering
methods, CatRED better incorporates rare attribute values into cluster formation.

The main limitation of CatRED is its cubic run time complexity, which means
it can only be used for data sets of up to a few thousand instances, but larger
data sets are not common in its primary application domain. For larger data sets,
the run time can sometimes be reduced by immediately merging duplicate records.
By storing value histograms for each cluster, we can efficiently merge clusters and
update distances. In practice, our method performed well, completing in just a few
seconds on real-world data sets, so further optimization was not necessary.

The standard algorithm for HAC typically uses predefined linkage criteria, such
as single, complete, or average linkage, to define how the distance between clusters
is computed during the merging process, based on a chosen distance metric. In
CatRED we use our RED measure to evaluate the dissimilarity between clusters,
which gives a form of categorical linkage that takes into account how frequent
values are within the cluster compared to the entire data set. As in classic HAC,
CatRED always merges the clusters with the lowest RED score. Another difference
to the standard hierarchical clustering algorithms is that we do cannot employ
Lance-Williams equations to aggregate the merged distances from the current stored
distances. The asymptotic complexity does not increase substantially: in either
case we have N—1 iterations, where we need O(N?) time to find the best merge.
If we store value histograms of each cluster, we can merge clusters in O(V') where
V' denotes the number of values across all attributes, and compute the updated
distances in O(N - V). The complexity of the algorithm hence is O(N3 + N2V),
which is not substantially worse than regular hierarchical clustering’s O(N?), unless
the number of attributes V' is much larger than the number of data points N. On
the real-world datasets, the run times were within a few seconds, hence we did
not explore further optimizations. It likely is possible to reduce the complexity to
O(N?V) using the nearest-neighbor chain approach of Murtagh [Mur83], which has
successfully been used with other complex linkages such as Medoid linkage [Sch21].

We implemented our algorithm in Python, creating the categoricalclustering
package, and we make our source code available in this package. The GitHub repos-
itory includes a comprehensive guide and a link to a notebook that outlines best
practices for clustering categorical data.

7.3 Cluster Analysis in Information Systems Research

Cluster analysis stands out as frequently used in socio-technical research for identi-
fying relationships, encompassing both homogeneous and heterogeneous properties,
among diverse IT artifacts within the organizational context [BMI11].

One part of this is research related to the field of taxonomy construction, which
is concerned with the structuring and organization of knowledge [GV95]. Tax-
onomies group objects of interest in a domain based on common characteristics.
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They enable to study the relationships between concepts and enable hypothesizing
about them. Consequently, they are of explanatory, not descriptive, nature and
constitute a means to perform ex-post theory building [NVM13]. Currently, they
are a significant driver of theorizing in information systems research.

So far, researchers have relied on combinations of several agglomerative clus-
tering algorithms using different distance measures to come to a reasonable solu-
tion [WWW+23; GRR18; FHH+20; SSH+24; MWW+23]. Examples include sin-
gle linkage, complete linkage, group average linkage, centroid linkage, and Ward’s
method as well as Euclidean distance, squared Euclidean distance, Jaccard distance,
Hamming distance, Dice distance, and Yule distance. The resulting cluster repre-
sentations (e.g., dendrograms and cross-tabulation analyses) are typically reviewed
and discussed qualitatively to derive said archetypes.

In the following, we apply the proposed method for clustering of categorical data
to two information systems research taxonomies and archetypes that are somewhat
distinct in their formation to understand differences and similarities of the results.
Fischer et al. [FHH+20] form five archetypes built on 100 objects with mutually
exclusive characteristics, while the work of Wanner et al. [WWW+23] is a more
comprehensive procedure based on 854 publications with non-exclusive character-
istics resulting in six archetypes. The public availability of the coding and the
clustering results enable us to compare our method to their effort.

7.3.1 A Taxonomy and Archetypes of Smart Services for Smart
Living

Fischer et al. [FHH+20] present a comprehensive framework for structuring and
understanding smart services for smart living. They introduce a taxonomy that
classifies smart services based on the characteristics of the smart product as well as
the digital service. Additionally, they identify and describe archetypes as prototypes
of smart services, providing typical examples within each category. The goal of the
paper is to contribute to a better understanding of the diverse landscape of smart
services and to facilitate the development and deployment of innovative solutions for
smart living environments. The data set contains 100 objects that have been coded
into a taxonomy consisting of 2 meta-characteristics, 8 dimensions, and 20 mutually
exclusive characteristics.

Diverse hierarchical clustering methods are applied in the paper, and subse-
quently, one of the clustering results is selected manually. Then, they formulate
an archetype for each cluster. In our investigation, we systematically compare the
clusters from the paper with those generated by our proposed measure, providing
a comprehensive assessment of the clustering quality.

Quantitative Analysis

Figure 7.1 illustrates a comparison between the outcomes presented in the paper and
those generated by the CatRED algorithm. The relative entropy quality measure is
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Figure 7.1: Comparison of the quality of the original cluster result from Fischer et
al. [FHH+-20] with the results of CatRED. The plot shows both the relative entropy
scores of a cluster itself and of the unions with the other clusters. This makes it
possible to assess the usefulness of merging clusters.
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computed to provide a purely technical evaluation of cluster quality. It is noticeable
that with the rather small data set, small k£ provide higher MREC values. Overall,
the clusters formed correspond very closely to the clusters from the original paper
and thus confirm them. Based on the MREC, we would prefer k¥ = 4. However,
k =5 and k = 6 also provide meaningful clusters. With k = 4, the old C1 would
correspond to the new C2, the old C2 to the new C1, the old C3 to the new C4, and
the old C4 to the new C3. Only the old C5 would be almost completely included
in the new C4. With this clustering, 91% of the samples would be assigned in the
same way as in the original paper.

Qualitative Analysis

With more than three-quarters of the objects having been assigned to the same
clusters as proposed by Fischer et al. [FHH+20], this method offers a very similar
result. The key difference is the proposal of four archetypes as opposed to five
archetypes even though by a slim margin. The most different cluster is thus personal
tracker (C4), which now also comprises most trainable assistant services (formerly
C5). To some respect, this shift also makes sense from a qualitative point of view
as more than two-thirds of the old cluster C5 — chiefly smart vacuum cleaners — are
now rather being considered command ezecution (C3). On the one hand, given the
old clusters this would result in a very small prior cluster C5, which could more or
less only be justified by its potential and forward-looking nature, but not necessarily
through data at the time. On the other hand, the dismissed five-cluster proposal
of CatRED shows that C4 would be evenly distributed in two clusters necessitating
a slightly different distinction between tracker and assistant services most likely
diluting the later concept of an intelligent assistant to a servant or advisor. Other
than that, clustering differences are minimal and comprise sensibly moving some
configurable services from monitoring (C1) to diagnostics and automation (C2) and
a few enhanced, service-to-user monitoring services from C3 to C4.

7.3.2 A Taxonomy and Archetypes of Business Analytics in Smart
Manufacturing

Wanner et al. [WWW+23] present an expansive framework for structuring and
understanding business analytics in smart manufacturing. Their quadripartite tax-
onomy classifies research based on its domain, orientation, data, and technique. In
addition to their taxonomy. They derive six archetypes of prototypical business
analytics applications in smart manufacturing with the aim of providing an entry
point to the field but also serving as a reference work and a guide for one’s own
instruments. The data set contains 854 objects that have been coded into a taxon-
omy consisting of 4 meta-characteristics, 7 dimensions, and 52 in parts non-exclusive
characteristics.

They, too, apply a diverse set of hierarchical clustering methods and according to
distance measures in their paper, manually select one of the clustering results after
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considering multiple combinations, and formulate an archetype per cluster. Again,
we systematically compare the clusters from their paper with those generated by our
proposed measure, providing a comprehensive assessment of the clustering quality.

Quantitative Analysis

Figure 7.2 presents a comparative analysis between the results presented in the
paper and those obtained through the CatRED algorithm. The analysis is based
on the calculation of relative entropy, serving as a purely technical evaluation of
cluster quality. Upon examination of the original paper results, it becomes apparent
that two out of the six clusters exhibit notably lower RELATIVE ENTROPY SCORES
(RES). In contrast, two of the remaining four clusters demonstrate substantially
high RES, surpassing even the values observed in the clusters produced by the
CatRED algorithm. Based on the MREC, we would prefer k = 7. However, k = 6
and k = 8 also provide meaningful clusters. Approximately 60% of the samples
retain their assignment to the same cluster. Notably, clusters C4 and C5 from
the original assignment, characterized by the notably high relative entropy scores,
are predominantly merged with parts of cluster C6 into the new largest cluster,
denoted as C4. The newly formed cluster C6 predominantly comprises samples
from the former cluster C1, yet encompasses only 70% of the entries originally
present in cluster C1. Only the new cluster C7 cannot be clearly assigned to an
old cluster; it draws mainly from the old C1, C3, and C4, but also from the others.
Nevertheless, it has a high RES, and it should be investigated what characterizes
this cluster and whether a suitable archetype can be built for it.

Qualitative Analysis

With around 60% of the objects having been assigned to the same clusters as pro-
posed by Wanner et al. [WWW-+23], this method provides a reasonably comparable
result, but it also highlights the challenges of clustering categorical values of larger
data sets. While the formation of the original archetypes was focused very much
on the function dimensions of the data set, reinforcing a dimension that could po-
tentially be considered a dependent variable based on the other dimensions, this
result offers a more diverse perspective on the archetypes by highlighting differ-
ent aspects: The novel clusters focus on non-integrated maintenance, repair and
operations (MRO) planning and monitoring (C1) and mostly vertically integrated
MRO planning and operations (C2) that were previously largely combined. They
also highlight smaller groupings of design and sustainability aspects (C3) as well
as custom development especially for security (C5) that previously only found its
way into a more summative offline predictive maintenance and monitoring clusters.
Various aspects of predictive maintenance aspects (C4) form the largest cluster that
were previously distributed across multiple clusters also incorporating smaller sub-
jects now found in C3. Quality management (C6) remains largely unchanged and
the final cluster C7 represents non-integrated, predictive, machine analytics heavily
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makes it possible to assess the usefulness of merging clusters.
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relying on classification and deep learning, comprising approaches from recent years
that can be termed advanced quality € maintenance analytics. Together, these clus-
ters offer a slightly orthogonal perspective on the data set with less emphasis on
one dimension that would enhance the qualitative discussion of the innate struc-
turing value of the data. Using weights on the dimensions would potentially enable
discussion from the perspective of each dimension. An interactive exercise not yet
conducted in information systems research.

7.4 Discussion

We have introduced the ARES and the MINIMUM RELATIVE ENTROPY CONTRAST
(MREC), novel clustering evaluation measure specifically tailored for categorical
data. Furthermore, we have presented CatRED, a hierarchical clustering algorithm
using this measure to merge clusters. MREC can also aid in determining the op-
timal number of clusters. Our methods have been evaluated through archetype
formation from taxonomy data in two distinct domains: smart services for smart
living, and business analytics in smart manufacturing. Our approach enables the
efficient identification of meaningful clusters, eliminating the need for ensembles of
clustering algorithms. On the one hand, our approach confirmed their results, on
the other hand, it enabled taking a novel perspective that was less dominated by a
single dimension in larger data sets.

We provide a measure of cluster quality based on the premise that rare val-
ues are more important in cluster formation. The method offers a solution not
only for clustering on taxonomy data. Other areas in which categorical data must
be clustered are also relevant as applications. Through our qualitative evaluation
conducted during the creation of archetypes from taxonomies, we elucidated the
significance of attribute weighting in clustering. As categorical data are prevalent
across various domains, accurate clustering methodologies are essential for deriving
meaningful insights. The obvious addition of a feature weighting to our measure
would increase usability for many areas in which expert knowledge of the data is
essential. Similarly, it may be relevant to integrate categorical outlier detection to
avoid including unusual samples in nearby clusters.






CHAPTER 8

Conclusion and Future Work

In the following, the contributions of this thesis are summarized in Section 8.1, with
the results reviewed and discussed in Section 8.2. Finally, potential directions for
future work are outlined in Section 8.3.

8.1 Summary

This thesis has focused on the development of advanced clustering evaluation mea-
sures and resource-efficient clustering algorithms for direct optimization of these.
The contributions span theoretical proofs, algorithmic improvements, and practical
applications, all aimed at improving the quality and efficiency of clustering.

The first major contribution, introduced in Chapter 4, was the optimization
of the FasterPAM algorithm for sparse problems, demonstrated through practical
experiments on energy grid simulations. This work involved refining the algorithm
by introducing a method for automatically determining the optimal number of
clusters. To achieve this, two losses were incorporated into the objective function:
one addressing the cost of poorly managed locations, including potential outliers,
and the other representing the traditional k-medoids problem. This approach aims
to enhance the overall clustering performance for sparse data sets.

The second main contribution, introduced in Chapter 5, was the AVERAGE
MEDOID SILHOUETTE (AMS), a robust alternative to the AVERAGE SILHOUETTE
WIDTH (ASW), which was particularly effective in real-world applications such
as gene expression analysis. A novel algorithm was developed to optimize AMS
computation by leveraging partial results and cached nearest centers, leading to
significant computational speedups by a factor of O(k?). This improvement en-
abled medoid-based clustering to be applied to much larger data sets. Additionally,
the DynMSC algorithm was introduced to simplify the process of determining the
optimal number of clusters, further enhancing the clustering framework.

The third main contribution, introduced in Chapter 6, focused on improving
the k-means-CP algorithm by incorporating kNN Consistency and minimizing re-
dundant distance computations. This optimization was achieved through the appli-
cation of the parallel axis theorem. These enhancements made the algorithm more
suitable for large-scale data clustering tasks.

Finally, the thesis introduced two new measures for clustering categorical data—
AVERAGE RELATIVE ENTROPY SCORE (ARES) and MINIMUM RELATIVE EN-
TROPY CONTRAST (MREC)—in Chapter 7. To exploit these measures, the hi-
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erarchical clustering algorithm CatRED was developed, which allowed for efficient
merging of clusters and determination of the optimal number of clusters. This
approach was successfully applied in domains such as smart services and business
analytics, providing more interpretable and efficient clustering results for categor-
ical data. Together, these contributions substantially advanced the capabilities of
clustering algorithms.

8.2 Discussion of Results

The algorithms and methods presented in this thesis demonstrate not only im-
provements in efficiency and scalability but also highlight the intrinsic connection
between clustering algorithms and internal evaluation methods. Each internal clus-
ter evaluation method, such as those introduced in this work (e.g., AMS, ARES,
MREC, and kNN Consistency), inherently implies a clustering algorithm, where the
best solution is selected. The key difference between internal evaluation methods
and the clustering algorithms themselves lies in the availability of an efficient op-
timization strategy. This distinction is crucial in understanding the advancements
made by the proposed algorithms.

Internal Evaluation Measures We have analyzed the existing evaluation mea-
sures AVERAGE MEDOID SILHOUETTE (AMS) and k-NEAREST-NEIGHBOR Consis-
tency. We showed that the AMS satisfies desirable theoretical properties for cluster-
ing quality measures, and as an approximation of the ASW yields desirable results
on real problems from gene expression analysis. We have introduced MINIMUM REL-
ATIVE ENTROPY CONTRAST (MREC) and AVERAGE RELATIVE ENTROPY SCORE
(ARES), two measures for categorical data. MREC and ARES are grounded in the
premise that agreement on rare attribute values carries greater significance than
agreement on more frequent values. This premise has demonstrated its utility in
real-world applications, specifically in taxonomies used for smart services in smart
living environments, as well as in business analytics within smart manufacturing
contexts.

Clustering Algorithms This thesis contributes to the ongoing challenge of im-
proving both the measurement and optimization of clustering quality, with a strong
focus on resource efficiency. We introduced several clustering algorithms that aim
to strike a balance between computational efficiency and clustering quality. Three
of these algorithms—sparse PARTITIONING AROUND MEDOIDS, FasterMSC, and
NCK-means—have been shown to scale effectively for larger data sets, providing
resource-efficient clustering solutions while maintaining high-quality results. By of-
fering performance-optimized variants of existing algorithms, they enable the appli-
cation of these methods to much larger data sets. In addition to these performance-
optimized algorithms, we introduced CatRED, a new algorithm specifically designed
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for small categorical data sets, addressing a specialized application area. As Bon-
ner [Bon64] noted “none of the many specific definitions [...] seems best in any
general sense”, and results are subjective “in the eye of the beholder” as noted by
Estivill-Castro [Est02]. Our evaluations confirm this, demonstrating that no single
measure is universally optimal. Consequently, the criteria for an evaluation measure
must be defined based on the specific requirements of each problem or application,
underscoring the need for flexibility in selecting appropriate clustering methods.

These contributions provide a foundation for future research on the theoretical
and practical aspects of clustering and its evaluation.

8.3 Future Work

Future work should focus on the selection of clustering evaluation measures and
methods that are specifically tailored to the problem at hand, as commonly used
metrics like the Silhouette score may underperform in certain contexts. This is
particularly true when (1) distance is not measured appropriately, (2) data prepro-
cessing is poor, (3) clusters have non-convex shape, (4) clusters vary substantially
in diameter, (5) clusters exist only in subspaces, or (6) a hierarchy of clustering
structures exists. The development of alternative evaluation measures remains an
important area of research, as different problems demand different types of evalua-
tion.

This is also relevant in the domain of categorical and mixed data (numerical and
categorical), where many existing measures or algorithms are insufficient to address
the challenges posed by such data types. The cluster evaluation measure MREC
introduced in this research, which highlights the significance of rare attribute values,
offers a promising step forward but can be further enhanced. Future improvements
could include the integration of feature weighting, allowing the algorithm to give
more importance to specific attributes based on their relevance. Heumann et al.
recently presenting a guideline for clustering of taxonomy-based data [HKW-24].
Building on this, our proposed feature weighting and other preprocessing methods
could be integrated into the guideline at various stages. Additionally, implementing
and elaborating this extended guideline with a detailed application to the surveyed
data from the referenced publication would provide practical insights and validation
for our proposed evaluation measure and clustering algorithm.

Finally, numerous techniques for optimizing the performance of existing algo-
rithms were applied and demonstrated in this research. These optimization strate-
gies can also be extended to other algorithms, providing a valuable direction for
future research. For example, the parallel axis theorem, successfully utilized in
NCK-means, could be integrated into additional clustering algorithms. In COP-K-
means [WCR+-01] and PCK-means [BBM04], for example, this allows us to reduce
must-link constraints into using weighted means, too.
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