


Figure 2: The points (left) and weights (right) of the optimal design for estimating the slope

of the expected response in the nonlinear regression model (3.1) at the point x = 1. The

design interval is given by [0, 1], m = 2, and vector of parameters is λ = (1, b1, 1, 1)T , where

b1 varies in the interval [0.1, 4].

for estimating the slope of the expected response in the regression model (3.1) are depicted

in Figure 3. We observe that the efficiency is first decreasing to values smaller than 55%, but

for larger x the D-optimal design is rather efficient for estimating the slope of the expected

response in the regression model (3.1). It is interesting to note that the lowest efficiencies

are obtained for those values of x, where the design moves (as a function of x) from a

type one design to a type two design. Corresponding results for a fixed x = 0 and various

combinations of the nonlinear parameters (b1, b2) are shown in Table 1. We observe that the

efficiencies are approximately given by 72% and do not change substantially with (b1, b2).

4 Optimal designs for estimating the slope in rational

regression models

For the special choice (1.3) the nonlinear regression model (1.1) reduces to the rational

regression model, that is

(4.1) Y = η2(t, λ) + ε =
m∑

i=1

ai

t+ bi
+ ε,
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Figure 3: The efficiency of the D-optimal design relative to the optimal design for estimating

the slope of the expected response in the regression model (3.1) at the point x ∈ [0, 2.7].

The design interval is given by [0, 1], m = 2, and the vector of parameters is given by

λ = (1, 0.5, 1, 1).

where λ = (a1, b1, a2, b2 . . . , am, bm)T are the unknown parameters and the explanatory vari-

able varies in the interval T = [0, T1]. This model satisfies the assumptions of Theorem 2.3.

Again we consider the model of second order, i.e. m = 2, and construct locally optimal

designs for estimating the expected response using the functional approach. The design in-

terval is given by [0, 1]. The locally optimal designs are either three or four point designs,

where in the latter case observations have to be taken at the boundary of the design interval.

For the vector λ = (1, 0.5, 1, 1)T and the point x = 0 the locally optimal design for estimating

the slope of the expected response in the model (4.1) is given by

ξ∗(0) =

(
0 0.09519 0.47065 1

0.35088 0.44128 0.14785 0.05999

)
If x < 0.0574321 the optimal design is of the same structure, but for x > 0.0574321 a

three point design is optimal as long as x < 0.1973301. The weights and points of the

optimal design for estimating the slope in the rational regression model (4.1) are depicted

in Figure 4. We observe that the type of design (3 or 4 support points) is changing several

times. In particular the optimal design for estimating the slope in the expected response of

the rational regression model (4.1) is supported at 4 points, whenever x ∈ [0, 0.0574321] ∪
[0.1973301, 0.2801163] ∪ [0.69737, 3.01762] ∪ [4.478661,∞).

Next we study the sensitivity of the locally optimal design for estimating the slope on the

initial parameters b1 and b2. Similarly as in the exponential case we fix the point where the

slope has to be estimated, i.e. x = 0, and vary the parameter b1 in the interval [0.1, 4]. The

weights and support points of the optimal design for estimating the slope of the expected

15



b1/b2 0.1 0.2 0.3 0.4 0.5 1 1.5 2 5

0.1 - 0.7234 0.7235 0.7233 0.7233 0.7230 0.7223 0.7212 0.7015

0.2 0.7228 - 0.7226 0.7233 0.7232 0.7235 0.7230 0.7222 0.7049

0.3 0.7233 0.7241 - 0.7238 0.7239 0.7239 0.7238 0.7232 0.7071

0.4 0.7232 0.7233 0.7234 - 0.7220 0.7243 0.7245 0.7241 0.7102

0.5 0.7231 0.7235 0.7237 0.7261 - 0.7248 0.7251 0.7251 0.7126

1 0.7230 0.7235 0.7239 0.7244 0.7248 - 0.7282 0.7295 0.7240

1.5 0.7224 0.7230 0.7238 0.7244 0.7252 0.7281 - 0.7328 0.7287

2 0.7212 0.7222 0.7232 0.7241 0.7251 0.7295 0.7333 - 0.7163

5 0.7015 0.7049 0.7072 0.7102 0.7126 0.7240 0.7287 0.7163 -

Table 1: The efficiency of the D-optimal design relative to the optimal design for estimating

the slope of the expected response in the regression model (3.1) at the point x = 0 . The design

interval is given by [0, 1], m = 2, and various combinations of the nonlinear parameters

(b1, b2) are considered.

response in the rational regression model (4.1) are depicted in Figure 4. We observe again

that the design is rather stable with respect to the changes in the parameter b1.

Finally we consider the efficiency of the D-optimal design for estimating the slope of the

expected response in the regression model (4.1). First we fix the vector of parameters

λ = (1, 0.5, 1, 1)T and consider the efficiency of the D-optimal design for estimating the

slope in the rational regression at the point x ∈ [0, 6.2]. These efficiencies are depicted in

Figure 6. For values of x, where the design changes from type one to type two, the efficiencies

are smaller than 50%, while the largest efficiencies are approximately 80%. The efficiencies

of the D-optimal design for estimating the slope of the expected response at the point x = 0

for various values of the parameters b1 and b2 are shown in Table 2. We observe again

that there are no substantial changes in the efficiencies for different parameters (b1, b2). All

efficiencies vary between 70% and 75%.
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Figure 4: The points (left) and weights (right) of the optimal design for estimating the slope

of the expected response in the nonlinear regression model (4.1) at the point x ∈ [0, 7]. The

design interval is given by [0, 1], m = 2, and vector of parameters is λ = (1, 0.5, 1, 1)T .

Figure 5: The points (left) and weights (right) of the optimal design for estimating the slope

of the expected response in the nonlinear regression model (4.1) at the point x = 0. The

design interval is given by [0, 1], m = 2, and vector of parameters is λ = (1, b1, 1, 1)T , where

b1 varies in the interval [0.1, 4].
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Figure 6: The efficiency of the D-optimal design relative to the optimal design for estimating

the slope of the expected response in the regression model (4.1) at the point x ∈ [0, 6.2].

The design interval is given by [0, 1], m = 2, and the vector of parameters is given by

λ = (1, 0.5, 1, 1).

b1/b2 0.1 0.2 0.3 0.4 0.5 1 1.5 2 5

0.1 - 0.7422 0.7491 0.7531 0.7451 0.7243 0.7155 0.7107 0.7008

0.2 0.7422 - 0.7573 0.7502 0.7450 0.7301 0.7234 0.7196 0.7116

0.3 0.7491 0.7573 - 0.7462 0.7424 0.7313 0.7261 0.7230 0.7162

0.4 0.7531 0.7502 0.7462 - 0.7399 0.7314 0.7272 0.7246 0.7188

0.5 0.7451 0.7448 0.7425 0.7402 - 0.7311 0.7275 0.7253 0.7203

1.0 0.7244 0.7301 0.7314 0.7314 0.7311 - 0.7270 0.7260 0.7231

1.5 0.7155 0.7234 0.7261 0.7272 0.7276 0.7273 - 0.7256 0.7239

2.0 0.7107 0.7196 0.7230 0.7245 0.7253 0.7259 0.7259 - 0.7239

5.0 0.7008 0.7115 0.7162 0.7188 0.7203 0.7231 0.7239 0.7239 -

Table 2: The efficiency of the D-optimal design relative to the optimal design for estimating

the slope of the expected response in the regression model (4.1) at the point x = 0. The design

interval is given by [0, 1], m = 2, and the vector of parameters is given by λ = (1, 0.5, 1, 1).
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