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Zusammenfassung

Das Ziel der vorliegenden Arbeit ist es im Rahmen des Sonderforsepsbereichs TRR188
einen Modellierungsansatz auf kontinuumsmechanischer Basis zievi&rtung von Scha-
digungszust@anden zu entwickeln. Die Bewertung der Struktureerfolgt mittels Finite-
Elemente-Simulationen. Dabei kann der zugrundeliegende Schagihgismechanismus in
Abhangigkeit der aufgepragten Lastamplitude duktilen (im Kurzzitfestigkeitsbereich)
oder spreden (im Langzeitfestigkeitsbereich) Ursprungs sein.ua diesem Grund werden
in der vorliegenden Arbeit sowohl kontinuumsmechanische Materiabdelle far sprede
als auch far duktile Schadigung ausgearbeitet.

Bei der Modellierung der spr@den Schadigung ist ein Schwerpunkid im Kontext der
Finite-Elemente-Methode die Berechnung netzunabhangiger urgbmit objektiver Sim-
ulationsergebnisse. Beim Vergleich verschiedener Regularisierweg&hren wird eine
Knammungsabhangigkeit gradientenbasierter Modelle aufgezdjgdie sowohl analytisch
als auch numerisch untersucht wird. Anschlie end werden zwei Mabden zur gezielten
Kontrolle dieser Kmmmungse ekte erarbeitet.

Far eine objektive Modellierung anisotroper, duktiler Schadigungevolution wird ein
aus der Literatur bekanntes, lokales Materialmodell mikromorph @dientenerweitert.
Da der Standardansatz der mikromorphen Regularisierung sich alageeignet erweist,
wird eine Erweiterung vorgeschlagen. Anschlie end wird das Modellua Basis ex-
perimenteller Daten erweitert und kalibriert. Diese Modellerweiterugen beinhalten
uwberlagerte lineare und nicht-lineare isotrope und kinematische ¥estigung, thermo-
mechanische Kopplungse ekte sowie ein neues Kriterium zur Vorlsaige der Schadi-
gungsinitiierung unter zyklischer Belastung.



Abstract

The goal of the present work is the development of an anisotropi@aehage model suit-
able for the numerical analysis of structures undergoing cyclic load. The structures
are numerically analyzed by means of the nite-element method, wirethe underlying
damage mechanism can be ductile (in the low cycle fatigue range) oritthe (in the
high cycle fatigue range). For this reason, continuum mechanicsdel material models
suitable for both brittle and ductile damage are elaborated in the psent work.

For modeling brittle damage by means of the nite element method, @focus lies
on the calculation of mesh-independent and thus objective resultBy comparing di er-
ent regularization methods, a curvature dependence of gradidmased models is shown,
which is investigated analytically and numerically. Subsequently, two ethods are elab-
orated in order to control this e ect.

For an objective modeling approach of anisotropic, ductile damageatution, an es-
tablished local material model is gradient-enhanced in line with the smalled micromor-
phic approach. Since the standard micromorphic regularization pres to be unsuitable,
it is extended. The nal model is calibrated based on experimentalatia. 1t accounts for
superposed linear and non-linear isotropic and kinematic hardenindgpermomechanical
interactions, and a new criterion for damage initiation under cyclic la#ing.

Vi
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Notation

The notation used in this work becomes obvious from its context. Mever, the following
essential relations are collectively provided for the sake of the te's convenience.

Tensors In a three-dimensional Euclidean space spanned by the Cartesiaasis vectors
feig;i =1; 2; 3, tensors of rst, second and fourth order are expressed inrtes of their
coe cients ( ); following Einstein's summation convention, namely

u=ue ; ( rst-order tensor, i.e. vector)
S=Sje ¢ ; (second-order tensor)
T=Tiwe € e e °: (fourth-order tensor)

Here and in the following, we use non-bold letters for scalars, bolaet lower-case italic
letters for vectors, bold-face upper-case italic letters for sewborder tensors and bold-
face upper-case sans-serif letters for fourth-order tensors

Inner tensor products Inner tensor products are denoted by dots where the number
of dots characterises the number of contractions, i.e.

u v=uv ;

S u=S§ue ;

S T=5Tke e ;
S:T=§T; ;
S:T = Sju Tue g

An n-fold contraction of two nth-order tensors always results in a scalar.

Outer tensor products Outer tensor products|also referred to as dyadic products|
are represented by the classical symbol as well as by the non-standard symbols and
__using the de nitions

u V = UV € €

Xiii



Notation

=S Tue € e e ;
=SkTie € e e ;
SiTwe € e e ;

— - -
|

S

s —
S JE—
The dyadic product of two rst-order tensors, i.e. vectors, radts in second-order tensors,

whereas the dyadic products of two second-order tensors rigésn fourth-order tensors.

Identity tensors The second-order identity tensod and the fourth-order symmetric,
volumetric and deviatoric identity tensors, ™, 1" and 19V, respectively, are de ned as

= 5e ¢ ;
1. _
|sym:§[| L+1 1];
o = %[I 17
|dev — Isym Ivol :
with the Kronecker delta symbol ; = e; €.

Xiv



1 Introduction

1.1 Motivation

The analysis as well as the prediction of failure in structures is still @of the most
fundamental problems in engineering. On a macroscopic scale, faalus often accompa-
nied by the formation of cracks or shear bands which evolve in time éspace until the
ultimate collapse of the structure is observed. Failure of comporterand structures oc-
curs in various areas. Quite recent examples are the collapsed badgn Genoa (2018)
and Pittsburgh (2022). A case study of damage related accident$ airplanes and a
case study of damage related transportation accidents highlighbhe relevance even fur-
ther [149, 158]. It underlines the continuing necessity of understding and predicting
damage and failure. Although there are now numerous criteria forrgdicting service
life and failure, the estimations are often limited to monotonous loadgths and focus
on minimizing damage in general. For this reason, a naive strategy wdwe to avoid
failure and the prior material damage completely.

Within the scope of CRC/TRR 188 in Germany and similar research pregts in
other countries, a di erent approach is pursued. To be more prse, the goal is not
to minimize damage in general, but to optimize the damage distribution ithe com-
ponents in an application-speci ¢ manner. For that purpose, it is imprtant to predict
the distribution of damage within the structure through the whole lietime cycle of the
material and the structure. Both, prediction and evaluation of tle damage distribution
can be performed with damage models based on continuum mechani@mpared to
experimental evaluation, modeling is clearly more cost-e cient, althugh experiments
can certainly not be avoided completely.

Within the CRC/TRR 188 the focus lies on metals. They are often marfactured by
forming technologies. During the forming process, ductile damages., damage with ac-
companying plasticity, is often the underlying damage mechanism. bontrast, damage
can be either brittle or ductile in the case of cyclic loading { usually relewnt to the real
service conditions. At high load amplitudes, the failure mode is rathetuctile, while at
low load amplitudes, it is rather brittle.

The main objective of this thesis is the development of constitutive adels in order
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to evaluate damage distributions of extruded components with rpect to cyclic loading.
For that reason, both brittle damage and ductile damage have to beonsidered.

Independent whether ductile or brittle damage is considered, matal degradation
is usually an anisotropic process. Clearly, the models have to accotor this. Fur-
thermore, the irreversibility accompanying damage is oftentimes dcult to estimate
in experiments. One possibility to monitor the dissipation resulting frm irreversible
process is the analysis of the corresponding temperature increa8y summarizing the
aforementioned points, the rst goal of the present thesis is

" the development of an anisotropic, thermomechanically coupled (clile) damage
model suitable for the analysis of metals undergoing cyclic loading.

A special focus lies on the objective, i.e., regularized description o&tarial softening in
order to obtain nite element simulations objective with respect to he underlying spatial
discretization. Therefore, frequently applied regularization mettds are compared with
respect to their numerical feasibility and physical soundness. Remularly, the following

novel contributions are presented in this thesis:

" analysis of regularization methods based on a uni ed variational fraework

" and extension of an anisotropic, ductile damage model towards tbhéjective sim-
ulation of fatigue tests.

1.2 State of the art

1.2.1 Continuum damage mechanics

Since the prediction of cracks and shear bands in solids is one of thesmimportant
issues in engineering, several theoretical and numerical methdus/e been advocated.
If cracks are modeled as sharp evolving material interfaces (with zero thickness),
fracture mechanics represents a suitable framework, cf. [7,,68]. Because cracking
is a mathematically and numerically challenging so-called free discontityu problem,
fracture mechanics has to be combined with advanced numericalpgpaches. Two such
approaches are the so-called EXtended Finite Element Method (XEM [175]) or the
embedded Strong Discontinuity Approach (SDA [145, 167]). Alternaely, interface
elements can be embedded into the discretization between bulk eletse129]. In order
to eliminate the mesh bias induced by the initial discretization, interfee elements should
be combined with suitable adaptive schemes, cf. [111].

Cracks do not have to be necessarily modeled as sharp interfadas, they can also
be approximated in a smeared fashion with a nite thickness (or in phsjcal terms, by
means of homogenization [128, 156]). Such approximations lead totgmium damage
mechanics. In continuum damage mechanics the degrading e ect ddmage on the
elastic and plastic properties of the material is taken into accoun2$], thus the (e ective)
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sti ness of the considered material decreases. Continuum dangagiechanics is based
on the pioneering work byKachanoy who was the rst to introduce a scalar integrity
measureb in the range of 1 and O for the time to rupture under creep conditian[75].
This variable is interpreted as the remaining load carrying e ective aa, in the sense,
that b = 1 denotes fully intact material points while b = 0 corresponds to completely
broken material points. Later on, the damage variablel = 1 b was introduced and
interpreted as the loss of load carrying e ective area [144]. In a hamgenized manner,
the e ect of damage on the macroscale results in a degradation dietelastic properties,
e.g., the Young's modulus [30]. In order to incorporate this observah into continuum
damage mechanics, several principles based on the introductioraoétitious undamaged
con guration have been developed. One such principle goes backKachanov and is
called the principle of strain equivalence, also known as e ective ss® concept [75],
see Fig. 1.1 for a graphical representation. This principle statesahidentical strains

4 A 4 ™
~= =1 d
«—> | — 0
e ective strain * strain equivalence strain "
e ective stress ~ *=[1 d" stress 0
< - = . - —_—
. J/ stress equivalence \_ J
ctitious undamaged con guration damaged con guration

Figure 1.1: Schematic illustration of the homogenization principles strain energgquiva-
lence and stress energy equivalence between the damaged coragon and a ctitious
undamaged con guration.

are associated with the damaged con guration (| and with the ctitious undamaged
con guration (~), cf. [94, 121, 168]. The stresses are adjusted vie= =1 d] due to
the reduced cross-section area. An alternative principle in continm damage mechanics
is the principle of stress equivalence or e ective strain concept,.¢#i1, 168]. The stress
tensors are assumed to be identical and the strains are adjustedh “~ = [1  d]".
The emerging crack induces a discontinuity in the displacements ankus decreases the
strains in the damaged con guration. The strain tensor in the ctitious undamaged
con guration is decreased in order to take this into account. Thehird principle is the
principle of strain energy equivalence, cf. [41, 93, 99, 174], whicls@®es identical strain
energies for both con gurations, i.e., = ~. This principle can be ful lled in several
ways. One approach, in the spirit of nite strain plasticity, see [51,106], is shown in
detail in Chapter 6. The three principles mentioned are the most camon, but not the
only ones. For example, the principle of reciprocity is introduced in 7D].

Up to this point, damage was captured by a scalar variable, which ammatically
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leads to the assumption of isotropic damage and thus leads to a ndmanging Poisson's
ratio [74]. Depending on the required physical accuracy, damagencalso be modeled
in an anisotropic manner. By doing so, the anisotropy can be capea through several
scalar damage variables [103] or by means of higher order tensofbereby, the order
should be of even nature, such that the dependence on the signtled surface normal
vector cancels out [122]. Frequent choices are second-ordestes [76, 84, 123, 174] and
fourth-order tensors [33, 74, 84, 188], but also eighth-ordermage tensors can be found
in the literature [27].

Continuum damage mechanics can be further divided into the undenhg damage
mechanisms: brittle damage, ductile damage, creep, fatigue andaglamage [122]. In
the following, the modeling theory regarding brittle damage, ductile@mage and fatigue
in the framework of continuum damage mechanics is concisely introchd.

Brittle damage Brittle damage (Fig. 1.2(a)) is a material degradation without plastic
deformation. It occurs through the loss of interatomic bonding othe atomic level and
leads ultimately to the formation of cracks on the macro level. This cmage mechanism
is typically observed in brittle materials such as rocks, concrete arskramics [84] and
can often be identi ed by means of a smooth crack surface [120]. &lscommonly used
relation to determine the fracture of cracked, brittle solids datevack to Grith [62].

He states that the loss of potential bulk energy of the solid is equ#d the dissipated

energy through formation of new surfaces, i.e., cracks. From a deling point of view,

this is taken into account by coupling the evolution of the damage veable (or damage
tensor) to the energy release rate [29, 41, 56]. Alternative optieror brittle damage

evolution are strain-based evolution equations [22, 136, 168] astless-based evolution
equations [168]. A detailed overview of modeling of brittle material degdation is given

in [84].

(@) Micro cracks in dual-phase (b) Fracture surface of case-
steel DP800 hardened steel 16MnCrS5

Figure 1.2: Comparison of brittle (a) and ductile (b) fracture surfaces. Take from
CRC/TRR 188, project CO1.
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Ductile damage In contrast to brittle damage, ductile damage (Fig. 1.2(b)) occurs
in combination with plasticity. This type of damage typically occurs in datile metals
and is caused by the formation, growth and coalescence of voids. general, the void
formation is caused by the detachment of the matrix material frorhard inclusions or by
the fracture of inclusions [122]. These voids then grow due to plasteformation and
eventually coalesce in the form of micro cracks [57], which typically leaa dimpled frac-
ture surfaces [120]. In order to incorporate these observatiomso a continuum damage
mechanics model, the damage evolution is coupled to the evolution dégticity. The
rst modeling approaches reach back tdvcClintock [104] andRice [148] who proposed
the rst evolution equations for the growth of voids. Later on, a ncromechanics-based
model by Gurson [64] was proposed in order to also account for void nucleation. That
model is analyzed byTvergaard and Needlemarj181, 182], who modi ed the original
yield surface in order to obtain a better tto experiments [180]. Tle rst phenomenolog-
ical model in the spirit of continuum damage mechanics was proposiey Lemaitre [94].
In that model the damage evolution depends on the energy releaage (similar to brittle
damage), but is activated only simultaneously with the evolution of phticity. There-
fore, the energy release rate alone does not trigger inelastic defations. In contrast to
the GTN-model [180], the model in [94] also a ects the elastic propers of the material
{'in line with the proposed framework byKachanov[75]. A thorough overview of ductile
damage and modeling approaches is given in [18].

Fatigue Mechanical fatigue can be described as damage induced by applicatiof
uctuating stresses and strains [79]. The rst reported fatigue ést already dates back
to the 19th century and was performed in order to examine the faile of steel chain
ropes with respect to cyclic loading [3]. Since then there have beenaigty of stud-
ies, cf. [14, 35, 134, 147, 185] among others. A detailed historiogkrview is given
in [161, 176]. One way to categorize fatigue is by the number of cyctdkfailure into
either low cycle fatigue (LCF) or high cycle fatigue (HCF). In genetdathe change from
LCF to HCF occurs between 16[95], 1¢ [122] and 16 [79] cycles. Focusing on steels,
LCF leads to the nucleation of micro cavities as a result of irreversibfgastic deforma-
tion [122]. Therefore the underlying failure mechanism might be consigtd as ductile
damage. In contrast thereto, failure associated with HCF might beonsidered as brittle
damage, since it occurs almost without any accompanying plasticityt22]. However,
both brittle and ductile damage modes can also occur simultaneously.

From a modeling perspective, there are di erent techniques in ordéo predict the
lifetime of components subject to cyclic loading. The so-called criticalane approach is
a well established method, see [77] for a review. It is based on th@exmental obser-
vation, that fatigue life is usually dominated by crack growth along efter shear planes
or tensile planes, i.e., the critical plane. Amplitude and mean value aréén calculated
from the cyclic stresses and strains on such planes and compare@&xperimentally mea-
sured Co n-Manson-curves [169]. To proportional load caseshis method is successful.
For non-proportional load cases, i.e., paths where the orientatiarf the principal axes
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change, on the other hand, it is signi cantly less accurate, sincedhnteractions between
di erent strain components are not considered accurate enoughO0, 169].

By way of contrast, continuum damage mechanics is a suitable tool arder to con-
sider the interactions associated with non-proportional load path One of the rst
continuum damage models is the model b§ghaboche and Lesn§8], where the damage
evolution is coupled to the mean stress and to the maximum stresseazch cycle. Other
models are found in [95] and in [96], where the fatigue process is divideth a micro
crack nucleation and crack growth phase. In order to distinguishetbween both phases
from a modeling point of view, a damage initiation criterion has been pposed. FE,
cf. [160] for a review, has also been applied to fatigue simulations [49]. Furthermore,
a continuum damage mechanics theory based on an endurance atefin the stress space
has been proposed bypttosen et al.[132]. That surface may move and evolve similar
to plasticity theories and is the criterion for damage initiation. Stres states outside of
the surface are admissible and lead to the evolution of damage. Maeeently, phase
eld models for fracture [56] are applied to fatigue damage. The pbe- eld model is
combined with a durability concept, i.e., the fracture toughness ohe phase- eld model
is reduced by means of an additional cyclic damage variable [4, 162].

1.2.2 Numerical regularizations

Independent of the considered constitutive model the mathemaal problem associated
with standard time-independent local damage models becomes ill-pdsand numerical
simulations show the pathological mesh dependence, if standardita elements are em-
ployed, cf. [17, 138].

Various di erent approaches have been elaborated in the engingg community in
order to regularize this problem. All approaches share the idea otwrporating a certain
length scale into the formulation. By doing so, the width of the zonehewing localized
inelastic deformations (e.g., cracks or shear bands) is prescribetigart of the overall
model. In the following several regularization methods are brie y kgewed.

The rst one to mention is the so-called fracture energy conceptalso known as
crack-band theory), cf. [15, 151] among others. The materiahpameters are chosen in
accordance to the characteristic length of the underlying nite efeent mesh, such that
each element has the same fracture energy. Clearly, this lengthaat¥epends on the ori-
entation of the element to the cracking path which lead to the devgbonent of advanced
calculation methods of the characteristic length [126, 127]. By doimgp, the loading
behavior and the fracture energy are una ected by mesh re neemts. In contrast, the
distribution of the damage variable still localizes in only one element roand therefore
remains dependent on the underlying discretization [73].

Viscous regularization constitutes an alternative concept [50]. It spplied to a broad
range of materials, e.g., to the modeling of quasi-brittle damage [5&] softening elasto-
plasticity [44]. The key idea is the incorporation of a time dependencetinthe constitu-
tive equations. By choosing that time dependence to be su ciently lge, the softening



1.3 Structure of the thesis

behavior becomes mainly dependent on the time step and no longertbe mechanical
behavior, i.e., the strains and stresses. Hence, the mechanicalgant remains positive
de nite [89]. On the one hand, this leads to mesh-independent loaditghavior as well
as to mesh-independent distributions of the damage variable. Ondlother hand, the
results are now additionally in uenced by the loading rate, which can é heterogeneous
within the structure and which can interfere with additional time-dgoendent processes.

Non-local theories are a third option for the purpose of regularigan [17, 138]. The
relevant variables are averaged over a certain spatial domain, wihiexceeds the dimen-
sion of one individual nite element. As a result, a length scale de ninghe crack width
is introduced into the constitutive model. This also leads to mesh-ingendent results.

Based on non-local theories, the gradient regularization has beeéaveloped [136]. It
results from the non-local theory through a Taylor series expaio® up to the second
derivative [16, 138]. The key idea is to include the gradient of the sefting variable into
the constitutive framework. Penalization of these gradients hindg localization into one
element row. The neighboring elements will also show softening belwavin order to
atten the gradient. The gradient regularization hence introducs a spatial length scale
into the constitutive framework.

Alternatively, the gradient regularization might be approximated in amicromorphic
manner [48, 54]. This is often bene cial from an implementation pointfoview, since it
preserves the structure of the underlying local model. It is basenh the introduction of
an additional global eld, which is coupled to the softening variable. istead of penal-
izing the gradient of the damage variable directly, the gradient of # global additional
eld is considered. Similar to the viscous regularization, the micromphic regularization
is applied to a broad range of materials being isotropic brittle damagé§], anisotropic
brittle damage [52] crystal plasticity and phase transformation [35 isotropic ductile
damage [80, 154] and anisotropic ductile damage [88] to mention kaufew.

1.3 Structure of the thesis

The thesis starts with the fundamentals of continuum mechanics inf@pter 2. This

will set the basis for the derivation of further theories. Apart fron the kinematics and
the balance equations, it recapitulates the variational formulatiorbased on incremen-
tal energy minimization [40, 130, 140] and presents two prototgomodels suitable for
isotropic, brittle material degradation. The st one is a local, and thus ill-posed model,
and the second one is a non-local phase- eld model [56, 110]. Botiotptype models
are based on the principle of incremental energy minimization and willkebanalyzed and
extended in the following chapters.

In Chapter 3 the regularization methods fracture energy concgpviscous regular-
ization and micromorphic regularization will be analyzed in terms of the numerical
feasibility, their mutual compatibility and their distinctive limitations. S ubsequently,
the approaches are compared to each other. In particular, themparison will focus
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on the variational structure, the well-posedness and the chatacistic response (loading
behavior, damage eld, fracture energy).

Since the (micromorphic) gradient regularization turns out to be tB most promis-
ing regularization method for the chosen prototype model, it will beutther analyzed
in Chapter 4. While the incorporation of a length scale certainly regutezes the local
model, it leads to an undesired curvature dependence. This chapms at opening a
new view of this phenomenon by exploring when and how the curvatim uence a ects
the physical behavior. It approaches these goals by a dimensio@alalysis followed by
analytical and numerical examples with a focus on brittle fracture.

Building on the previous chapter, both prototype models suitable foregularized,
isotropic, brittle damage will be extended in order to control the cwature dependence
in Chapter 5. For that purpose, two methods are elaborated. Tlyeare based on a
double micromorphic approach. To be more precise, in addition to thgradient, the
Hessian is also considered within the model.

The second main part of this thesis focuses on ductile material dagation and
starts with Chapter 6. A model suitable for anisotropic, ductile darage evolution is
presented [51, 106]. Since this model is based on the principle of Galieed Standard
Materials [67, 112] and on the principle of strain energy equivalencedfl 174], those
principles are concisely reviewed rst. The prototype model is exteled to account for
non-linear isotropic and non-linear kinematic hardening and forms éhbasis for the sub-
sequent chapters.

In Chapter 7 it is shown that the standard approach of the micromphic regulariza-
tion is not suitable in order to regularize the underlying prototype mdel. Moreover, it
is shown that the micromorphic regularization in its standard form is at suitable for
ductile damage models ofLemaitre-type in general. The origin is elaborated in detalil
and an extended version of the micromorphic regularization is proped.

Chapter 8 aims at modeling LCF. For that purpose an energetic baselamage ini-
tiation criterion, cf. [96], is extended to account for di erent load anplitudes. Fur-
thermore, the underlying ductile damage model is extended towadhermomechanics.
Since temperature evolution is directly connected to the model's digation, it allows
the evaluation of the overall anisotropic damage distribution by mee of a scalar quan-
tity. By doing so, the dissipation inequality is discussed, since it is alsoegted by the
micromorphic regularization. The thermomechanical model is thenpalied to tensile
specimens subject to tensile loading and subsequently to LCF-test
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The purpose of this chapter is to concisely review the fundamentalsf contin-
uum mechanics upon which this thesis is based. Although some of tadandamentals
have been known for decades, or even centuries, they are reépéan order to clarify the
notation. This chapter includes, apart from the kinematics and thevell known balance
equations, the principle of energy minimization as a method to deriveowstitutive
models as well as two prototype models suitable for isotropic, brittldamage. These
models will serve as a basis for analyses and extensions in the subseichapters.

2.1 Kinematics

Let u(X ) be the displacement eld of all pointsX belonging to the reference con gu-
ration B.

Geometrically linearized theory Total strain tensor " is de ned as
1
":§ ru+r'u ; (2.1)

wherer is the gradient operator with respect toX . For modeling plasticity, total strain
tensor” is additively decomposed in an incompatible manner into an elastic parhd a
plastic part, i.e.,

To e (2.2)

where the superscripts e and p distinguish between the elastic, i.eeversible, strains
and the plastic, i.e., irreversible, strains.

Geometrically exact theory In the geometrically exact formulation, the deformation
gradient is de ned as

F:@:QX+U]=I+ru: (2.3)

X X
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This allows the computation of the right Cauchy-Green deformatiotensor

C=F'" F; (2.4)
from which the family of generalized strains, see [163], is computed as
8 1
2_—[C™ 1]; ifm6o
EM= %m (2.5)
: éln(C) ; else:

These generalized strains can be decomposed additively into an etaanhd a plastic part
as [61]

E=E®+EP: (2.6)

This analogy to the linearized theory allows the extension constitutesrmodels to nite
strains without changing its local structure.

Certainly, the aforementioned sketched theory is not the only tteey for modeling elasto-
plastic deformations undergoing large deformations. An alternagvapproach is based
on a multiplicative decomposition of the deformation gradient as

F=F°FP; 2.7)

which can be interpreted as the introduction of an intermediate coguration associated
with plastic deformations [93]. A second alternative is the additive demposition of the
deformation rate tensor into

d=d°+ d°; (2.8)

associated with hypo-elasto-plastic theories [179].

2.2 Balance laws

Balance laws describe the most fundamental principles in physics. Wadays, they can
be found in several textbooks, cf. [186] among others.

Balance of linear momentum The axiom of balance of linear momentum states that
the change of linear momentum in time is equal to the sum of all exteshforces acting
on the body [186]. LetL be the linear momentum of the body with respect to reference
con guration B. Then the balance of linear momentum is then expressed as

LL=FAp+Fy (2.9)

10
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where _ denotes the material time derivative. The external forces are [g@ated into
forces acting on the surfacd-, and forces acting in the volumeF , both given in
integral format as

z Z

Fa= tdA; Fy= bdV : (2.10)
@ B
Here, denotes the mass density, denotes surface tractions and b denotes forces per

volume. By considering linear momentuni as well as its time derivativel in their
integral format as

L = xdV ; L= x dV (2.112)

leads by insertion of (2.10) and (2.11) into axiom (2.9) to
Z Z z
xdvV = tdA+ bdVv (2.12)
B @ B
as the integral format of balance of linear momentum. UtilizingCauchys postulate,
resultingin  n =t with  being the stress tensor of second order amdthe outward
facing normal vector of the body with respect to reference coguration B, enables the
reformulation of balance equation (2.12) into
Z Z Z
xdV = div( )dV + bdv : (2.13)

B B B

Its local format follows as
x =div( )+ b (2.14)

known as the strong form of equilibrium.

Balance of angular momentum Analogously to the axiom of balance of linear mo-
mentum, the axiom of balance of angular momentum states that thehange of angular
momentum in time with respect to xed point in time and spacex is equal to the sum
of all moments stemming from external volume and surface forceth respect to point
Xo, See [186]. It reads

M=Ms+My; (215)

11
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with M 4, and M y being the external moments
Z Z

Ma= [X Xo] tdA; My = [Xx Xxo] bdV: (2.16)
@ B

with respect to point xo. The angular momentumM and its material time derivative

M. read
Z Z

M = [Xx xo] xdV; M = [Xx Xxo] xdV: (2.17)

B B

By inserting both eq. (2.16) and eq. (2.17) into axiom (2.15) leads tositintegral format

Z Z Z
[Xx Xo] xdV =[x Xxo tdA+ [X Xo] bdVv; (2.18)
B @ B
which is reformulated into
Z Z
[X XxXo] xdV= [x Xo] div( )+r [x Xoq] av
B ? (2.19)

+ [Xx Xo] bdV:

B

By considering balance of linear momentum (2.13) and using identity [x Xo] = |
the balance equation is reduced to
Z

| dv=0: (2.20)

B

Therefore, balance of angular momentum is ful lled in a point wise marem, if stress
tensor is symmetric.

Balance of micro forces The balance of micro forces, see [65], is a generalized balance
law. The general equation of this framework reads
Z Z
ndA+ | 11dv =0; (2.21)
@ B

where is a micro stress vector and and internal and external micro forces. This
balance equation is concerned, for instance, with non-local eld$ gradient continua.
Similar to the balance of linear momentum and the balance of angular mentum, the

12
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strong form is obtained by means of the divergence theorem ancktlocalization theorem
as

div( )+ =1: (2.22)

1st law of thermodynamics Considering continuum mechanics, a mathematical rep-
resentation of the rst law reads

E=P+0Q; (2.23)

whereE denotes the total energy of the systenk external mechanical power and) the
heat supply. The total energyE consists of kinetic energyK as well as internal energy
U given in integral format together with their corresponding time deavatives as

1Z Z

K=E X xdv ; K- = X xdVv ; (2.24)
z"® d

U= udv,; U= udV: (2.25)
B B

Considering continuum mechanics, the volume speci c internal erggru is given in terms
of the Helmholtz free energy , the temperature and the entropy s as

u= + s; u= _+ _s+ _s: (2.26)

Thus, only the external power and the heat supply remain to be spieed. Starting with
the external power, which is divided into mechanical parP ™¢¢ and part P™°¢ associated
with micro force eld ' as

Z Z
Pmec — t X_dA + b X_dV 1 (227)
& B 7
pmic = n' dA+ ' dV: (2.28)
@B B

Likewise, the heat supply consists of a surface ux terrg and a volume speci ¢ source

termr as
Z Z

Q= g N dA + rdv : (2.29)
@ B

13
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After insertion of eq. (2.24) { (2.29) into balance law (2.23), applicabn of the divergence
theorem to all surface quantities and truncation of balance of lineanomentum (2.13)
as well as balance of micro forces (2.22) leads to the strong fornbafance of energy as

—+ _s+ s= rx+ r' +1' dv(q)+ r: (2.30)

2nd law of thermodynamics The second law of thermodynamics deals with the direc-
tion of processes and the generated entropy thereof. Followin@§l, the rate of entropy
is speci ed as

Z Z Z

=% sdv+ Sg N L av: (2.31)
B @ B

In thermodynamic processes the entropy never decreases. Mahatically speaking,
S 0 has to hold for every thermodynamic process. Processes Wil O are referred

to as reversible and processes with > 0 are referred to as irreversible. By applying
the divergence theorem and multiplying with , the rate of entropy is transformed into

dissipation inequality

D= _s+div(qg) r lq r 0: (2.32)

By inserting eq. (2.26), the dissipation inequality is reformulated in tens of the
Helmholtz energy as

h i
D= :rx+ r'+!'.  _+_s —qr 0: (2.33)
For isothermal process, i.e., =const.> 0K, the dissipation inequality simpli es to
D= :rx+ r'+!'" _ 0 (2.34)

and by additionally vanishing micro forces to

D= :rx - O0: (2.35)

2.3 Variational formulation

The variational framework of incremental energy minimization can & traced back to,
at least, Petryk [140], Comi and Perego[40], Ortiz and Repetto[130] andCarstensen et
al. [26]. Since then, the topic has been strongly promoted Byancfort and Marigo [56],
Ortiz and Stainier [131], Miehe and Lambrecht[109], Petryk [141] andMosler [118],
among others. The key idea is the introduction of potential and its rate L. After

14
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adding powers due to external forces, balance and evolution etjoas follow jointly
through stationarity. In order to recall the nomenclature and stucture as briey as
necessary, the rate potential is chosen as

L= _+D; (2.36)

= P+ (e ) (2.37)
D=D"(g;q+ D"(q;q)+ D™°(; “ r r'): (2.38)
Helmholtz energy depends on linearized strain tensot, scalar internal variableq
and non-local eld ' . It is split into two parts: '° de nes solely the local model

and "°¢ accounts for non-local extensions, e.g., in terms of the micromabip gradient
regularization, cf. [48, 54]. The state dependent (dependence grand q) dissipation
function is split in a similar manner. D" de nes the rate-independent part of the model
and is homogeneous of degree onedn D™ is a rate-dependent extension in order
to include viscous e ects andD"°¢ is a non-local dissipative extension analogously to
its energetic counterpart "°¢. It allows for instance the derivation of the phase- eld
model [56] by means of the variational approach. In what followshé time-continuous
case will be speci ed rst, followed by its time-discrete counterpdr

2.3.1 Time-continuous setting

According to Petryk [141],Ortiz and Repetto[130],Carstensen et al[26] andMiehe and
Lambrecht[109], among others, a global rate potentidt-can be de ned as
Z Z Z

E= LdVv b udVv t udA; (2.39)

whereLis the local rate potential presented in eq. (2.36)) is the displacement eld,

is the density of the material and b andt are forces acting in bodyB and on its surface
@B, respectively. The choice of potential (2.39) is not mandatory. s also admissible to
apply external loads with respect to non-local eld , as it is done for instance in [153].
The stationarity condition of potential (2.39) reads

E= ,E u+ E'_+@Eq=0 (2.40)
and, thus, leads to the balance laws and the evolution equation as

wE u=0; E'_=0; @QE q=0: (2.41)

15
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Here, operator@E-denotes the subdi erential with respect tog. Starting with balance
of linear momentum, i.e., yE u =0, yields

4 4 V4
uE U= Doy dv b udv t udA=0
8 ° z @ (2.42)
, [div( )+ b] udv= [ n t] udA;
B @

where is the Cauchy stress tensor in the framework of linearized kinemagidollow-
ing from Helmholtz energy (2.37) as = @ . The weak form of balance of linear
momentum (2.42) is transformed by means of the localization theareinto its strong
form

dv( )= b inB;

n=t on @ : (2.43)

The equivalence between eq. (2.43) and (2.14) becomes obvious eglecting contribu-
tions due to inertia. Following the same line of thought the balance eqtion associated
with non-local eld ' is derived as

Z
BN o= D+ r'dv =0
i Z (2.44)
: [div( ) !] 'dv= n ' dA;
B @
which is known as the balance of micro forces, cf. [65]. Hete= @I and = @: |

follow as derivatives from Helmholtz energy (2.37) and dissipation fahon (2.38). For
the special cas®™°¢ 0,! and are fully de ned in terms of Helmholtz energy (2.37)
as! =@ and = @ . By, once again, applying the localization theorem to weak
form (2.44), the strong form of the balance of micro forces ressilin

I inB;

0O on@:

By neglecting parts associated with volume force, i.e., = 0, the equivalence between
ed. (2.45) and (2.22) becomes also apparent. The evolution equatif internal variable
g is left to be determined. It follows from stationarity of potential (239) with respect
to g, resulting in Biot's equation, cf. [21], as

Z

@ g= [ Q+@D] qdv30 (2.46)

div( )

. (2.45)

16



2.3 Variational formulation

or in its local format as
Q2@ inB: (2.47)

Q denotes the energetic dual quantity to internal variable and follows from Helmholtz
energy (2.37) asQ = @ . Evolution equation (2.47) can be recast in terms of an
elastic domain, whose boundary is characterized byl = 0 and internal variable ¢
evolves, if the boundary of the elastic domain is reached (or exceddwithin the trial
step). A further restriction to the evolution equation follows fromthe second law of
thermodynamics. The stress power associated with the model is

P= "+1'+ ' (2.48)
thus leading to dissipation inequality
@ @ @ @
D=P _= —_— " o= — =
@ - @ - @ - eq
loc loc
: @Cg_ L+ %D,_ r'+Qq O:
(2.49)

The dissipation inequality is a priori ful lled, if dissipation function (2.38) is non-
negative, convex in its rates and contains the origin. For the spetiaaseD"°¢ 0
dissipation inequality (2.49) simpliestoD = Qg 0.

2.3.2 Time-discrete setting

The time discrete formulation is not only required for the numerical irplementation but
also turns the variational framework into a minimization problem. Thetime discretiza-
tion of u; ' _and g are chosen in implicit manner as

L L (2.50)

u= , :
- t - t t

The time indexn+1 is omitted for easier readability, i.e.,u = u,4; for instance. Insert-
ing approximations (2.50) into potentials (2.36) and (2.39) and subgeently performing
a time integration leads to incremental potentials
W+1 @1
| = Ldt = n+ Ddt; (2.51)
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B+ Z Z Z
E= Edt= | dVv b [u u,]dv t [u u,]dA: (2.52)
& B B @
n= ("n;'n; ¢h) denotes the Helmholtz energy of the previous time step and where
= ("; " q) denotes the Helmholtz energy of the current time step. In cordst to
rate potential (2.36), incremental potential (2.51) depends onlgnu; '; g and no longer
on the ratesu; ' _andg. Similar to Subsection 2.3.1, the balance and evolution equations
follow jointly through stationarity of potential (2.52), i.e.,

E= ,E u+ ‘E' +@Eq=0 (2.53)
has to hold. The rst term results in balance of linear momentum
Z Z Z
JE u= Doyt dv b udVv t udA=0
z ° z @ (2.54)
, [div( )+ b] udv= [ n t] udA
B @

which is equivalent to time-continuous variation (2.42) and, thus, agvalent to (2.14).
Consequently, the local format of this balance law is equivalent to ¢hstrong form of
balance of linear momentum (2.43) at time step,+1 . A straightforward calculation of
the second expression in total variation (2.53) yields

Z
CE' = 1" o+ r'dv=0
i Z (2.55)
: [div( ) !']'dv= [ n]'dA
B @

which locally yields balance of microforces (2.45) at timg.+,. The equivalence to the
time-continuous counterpart again becomes obvious. The remaigiwariation results in
Biot's equation associated with internal variableg. It is given in its integral format as

Z 2 B+ 3

@Eq= 4 Q+@ Ddtd gdv=0 (2.56)
B
tn

and in its local format as

Z+1
Q2@ Ddt inB: (2.57)

tn
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The additional constraint due to the second law of thermodynamicis transformed in
an analogous manner into a constraint for the evolution equationt tesults in
s} P
Ddt =

+1 an+1 & +1
loc loc
@g, d + %D, dr' + Qdg O; (2.58)

th "n r'n On

which is also a priori ful lled for non-negative, convex and origin-cdaining dissipation
functions. It simpli es for D"°¢ 0 to

Zt Za
Ddt= Qdgq O: (2.59)

th On

2.3.3 Determining well-posedness for local models

Due to the time-discrete variational framework, an analysis of theonvexity properties
of the global incremental energyE is su cient to characterize the boundary value prob-
lem. Since potentialE di ers only in terms of linear expressions from potential , the
convexity properties of potentialE are identical to the convexity properties of potential
I, which allows te shift of the analysis of the convexity properties togiential 1 . Fol-
lowing Miehe and Lambrecht{109] among others, the global quantities,! and are
given as

dg _ dl
. % . _g + % 1= (2.60)
| ={Z2-}
=0
dg _ di
l:%:%+%?:d—l; (261)
| {2}
=0
di
_ —@?. = (2.62)

and hence, follow as total derivatives of the incremental energythe product @l d-q
vanishes, since@l = 0 if internal variable g evolves and otherwise dj= 0. By focusing
on local models only, i.e., by neglecting "°¢, D"°¢ and thus ' , the analysis of well-
posedness is reduced to the analysis of the convexity propertiédaxal potential | (u)
or | ("), respectively. In this case, the Hessian follows as

2 3

d2|_@|+ @l +@| +@qué dg, @ d°q_d

7”@ ‘@ed @uB,e4d° o @g?
=0

(2.63)
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Thus, the condition for well-posedness (neglecting degree of ffem ' ) reduces to

2

—get & 5o (2.64)

det g2 J

i.e., & has to be positive de nite.

2.3.4 Localized incremental step

Since the analysis in Subsec. 2.3.3 is only applicable to local models, thibsgction
shows a unied framework in order to determine the well-posedness variationally
derived constitutive models at speci ¢ time steps. The approximatio of the evolution
equations by an incremental step will later allow an analytical investagion of well-
posedness. For that reason, we simplify it further by assuming a klized variation for
a spatially homogeneous problem, e.g., for a homogeneous bar urtdesion, and focus
solely on the critical time step at which the softening process staiti.e., when@l =0is

reached for the rst time. The incremental step for a quadratic pproximation of 1 =0
then reads
= L e=0 8" (2.65)
qd =0 8¢ (2.66)
=0 8% (2.67)

where L¢,: accounts for the in uence of external loads. The rst linearizatio with
respect to time can be written as

A “+G  ~+bga=0 +0(~> ~° . (2.68)

with symbol ~ = (*; &;'~)" representing the summary of all variables. Increments are
denoted as~, the starting equilibrium con guration is denoted as and Kelvin notation

is assumed for interpretation of the products. MatrixA follows as a partial derivative
of the incremental energy as

2 3
@ 0 @ G-
A = Fih 4 @lg @lg?°: (2.69)
sym @l -
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2.4 Prototype models for isotropic, brittle damage model

Similarly, matrix G contains the partial derivatives with respect to Laplacian =
( % ~g; ~)T". Since the incremental step relies on a quadratic approximation of
matrix G follows as

N
w

0 0 O
G = @'2=4 0 05: (2.70)
sym lq

Lastly, vector by IS left to be determined. It contains external loadg ey, the variation
evaluated at the last converged time step and boundary terms of that are typically
assumed to vanish at the body's boundaries. Thus, it reads

201 O 1 0 13
@- 0

Zext
bow = 4@@A+@0A+@ 0 AS: (2.71)
a 0 g -

Linearization (2.68) shall be used to analyze, whether and how rdgtzation methods

provide well-posedness. According to the underlying variationalrsicture, all matrices

in (2.68) are de ned by means of derivatives of the potentidl. This analysis is limited

to the one-dimensional, incremental approximation of the respee¢ models for the sake
of analytical accessibility.

2.4 Prototype models for isotropic, brittle damage
model

In this section, constitutive models are introduced in order to capte isotropic and
(quasi-)brittle material degradation. First, a local model will be pesented and after-
wards a phase eld model adopted from [56, 110].

2.4.1 Local, isotropic, (quasi-)brittle damage

Following the variational formulation presented in Section 2.3, the ewstitutive equations
are derived from incremental potentiall , which consists of Helmholtz energy and
dissipation functionD. They are de ned as

= 9 ) =E() of) (2.72)
D=D"(; )= )i (2.73)

neglecting parts "°¢, D' and D"°¢. Here, , denotes the Helmholtz energy of an
undamaged elastic solid and is a degradation function. f is assumed to be strictly
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2 Fundamentals

monotonous and bounded between 1 and O, i.é.,= 1 denotes virgin material points
while f ! 0 denotes fully damaged material points. A frequently made choice is

o(") = Etr(")2+ "t = % E:" (2.74)
f()=+l olexp > (2.75)

where and are the Lane parameters,c, 0 is the lower bound of the degrada-
tion function, ¢ is the threshold value for damage initiation and where , and p are
parameters de ning the fracture energy and the softening respse of the material. In-
sertion of both Helmholtz energy (2.72) and dissipation function (23j into incremental
potential (2.51) results in

W+ A+t
l=f 4 .+ Ddi=f o ., —f%ign( 1)d : (2.76)

tn n

Since balance laws (2.54) and (2.55) are independent of the speciloice of the dissi-
pation function, only the derivation of the evolution equation remais to be of interest.
A straightforward computation of Biot's equation (2.57) leads to

(

£0 = 0 sign( n) If 6 2.77)
Ce [ 1;1] else:

By considering the second law of thermodynamics in incremental foat, i.e.,
Z+1 Z+1
Ddt = fOd 0 ) N (2.78)

tn n

the additional constraint n has to be enforced. Due to the time-discrete setting,
both equations (2.77) and (2.78) can be combined into

=max( n; C o) (2.79)

as the nal evolution equation. The de nition of Helmholtz energy (272) and dissipation
function (2.73) specify the total energy of the system as

Z Z 22 Z A
E= _+DdtdV = " dtdV + @ f%—sign() _dtdv

B B 0 B 0 | }
=0
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2.4 Prototype models for isotropic, brittle damage model

= 2t dtdv o (2.80)
B O
2.4.2 Phase- eld model for fracture

Following [56, 110] the Helmholtz energy and the dissipation functiomlso known as
surface energy density [6], are speci ed as

loc — f(' ) 0(") . (2.81)
D = D"oc = ﬁ—c e Zrtor (2.82)

o Is the Helmholtz energy adopted from eq. (2.74) and degradationction f is chosen
as

f=c+[l o]l 'J; (2.83)

where ¢; once again acts as the lower bound for the degradation function. atérial
parametersg. and |- in dissipation function (2.82) denote the Gri th-type critical energy
release rate and the internal length scale, respectively. By followgrthe variational
framework in Section 2.3, the balance equations follow as

uE u=0; E ' =0 (2.84)

where the rst equation results in balance of linear momentum (2.13Wwhile the latter
equation yields balance of micro forces associated with non-locaintege eld ' . By
dening! = @1 =f° g+ g=l"' and =@ | =gl r',itreads

Z
E' = I '+ r'dv=0
B 7 (2.85)
, [div( ) '] "dv= [ n] '_dA:
B @

Thermodynamic driving force! is frequently modi ed into

L= O H o+ (2.86)

H=max( o;Hn); H(t=0)= Hg (2.87)

where H is an additional, monotonic increasing internal variable andH, a threshold
value for damage initiation. This modi cation prevents a reduction ohon-local damage
variable' , and thus, prevents healing of the material. Similar to the previousrptotype
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2 Fundamentals

model leads the de nition of Helmholtz energy (2.81) and dissipatiorufiction (2.82) to
the system's total energy as

Z A Z A Z A
E = —+ DdtdVv = ;" dtdv + I+ r' dedv
B O B O 0
i iz b (28
Z 2
= 2t dtdv o
B O
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3 Numerical regularizations of
damage models: a comparison based
on a uni ed variational framework

In this chapter three regularization methods are applied to protgpe model 2.4.1 suit-
able for isotropic, (quasi-)brittle damage evolution and comparedtone another. The
variational derivation of material models in terms of incremental ezrgy minimization
will be used as a unifying framework for the analytical comparison dfie regularization
methods. The comparison focuses on

" highlighting how well-posedness is achieved via the respective coe gigtensors
of the incremental step,

"~ the physics predicted by the regularized models

" and their numerical feasibility.

First the ill-posedness of prototype model 2.4.1 is pointed out. Sudrpuently, the fracture
energy concept [15, 151], the viscous regularization [50] and the minorphic gradient
regularization [48, 54] will be applied to the prototype model. Numerat tests are
performed on the basis of two illustrative boundary value problems pre-cracked plate
and an L-shaped specimen.

3.1 lll-posedness of the prototype model for isotropic
(quasi-)brittle damage

Following Subsection 2.3.4, well-posedness (or the lack thereof) is illased for the
incremental approximation of an initially homogeneous bar under teion. For this
reason a one-dimensional approximation is used. In this case, Hebith energy (2.74)
simpliesto o =1=2E"?2. Stationarity for the local prototype model reads

2 3
fE fOE" IL
S T TN T L R
Ce
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3 Numerical regularizations of damage models: a compdressd on a uni ed variational
framework

The solution to this equation is obtained by inverting matrixA P as long as it is regular.
The eigenvalues read

o= 1 "0 with . (3.2)
po_ GE utp Pt GE W+pP°'* Ep 20,
12 2¢ce 2¢ce u Ce u

At the beginning, both eigenvalues are real and positive for smalland . AP™ thus
starts to be regular and the problem starts to be well-posed. A chge in sign occurs for
one eigenvalue, though, at = ¢ o =[ =2p]]*™® and de nes the onset of softening
{ rendering the model ill-posed. The other eigenvalue remains alwaymositive and
corresponds to the evolution of that remains well-de ned itself.

Alternatively, the incremental energy can be analyzed according tSubsec. 2.3.3. For
the inelastic region, the tangent follows as

d?| d 2p ,

F:F:fE 1 ]

(3.3)
Thus, as soon as > [ ,=[2p]]* the model becomes ill-posed. The ill-posedness is
highlighted numerically by a one-dimensional example in appendix A.1. €maim of the
subsequent regularization techniques is to recover well-posednes

3.2 Fracture energy concept

The fracture energy concept is not a regularization method from mathematical point
of view, since the underlying equations remain ill-posed. In contragh modifying the
governing equations, the fracture energy concept adapts thelgtion scheme to t the
physical response. More precisely, the material parameters atesen in dependence on
the underlying nite element discretization. Therefore it is preferale for the physical
properties of the model, i.e., the maximum stress and the systemgsabenergy per unit
volume, to be known beforehand. Otherwise, the calibration has tie done numerically.
For prototype model 2.4.1 the relevant properties can be derived aclosed format.

3.2.1 Fracture energy of prototype model 2.4.1

The system's total energy per unit volume is given as

2
O = S dt: (3.4)

t=0
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3.2 Fracture energy concept

By utilizing the variational structure of the prototype model, the g/stem's energy per
unit volume can be reformulated into

O = D dt; (3.5)

t=0

since identity

2 2 2
"dt+ @ _+Ddt= _+Dadt
t=0 tr0 t=0
Z

[ {z } (3.6)

2

= (t=1 t=0) + D dt
el Y29
=0 =0 t=0

holds for all dissipation functionsD being homogeneous of degree one in A subsequent
calculation leads to

A A h iy A 1
O = Ddt = —fo = —f ot —fd (3.7)

Ce Ce o Ce

t=0 1=p | —z—} =
° =9 [—{z—}
=g
and, thus, to
1 -
1 1=p .

= — : 3.8
O & O (3.8)

Expressiong?® varies in dependence of material parametgr. Therefore, it is given

in Tab. 3.1 for selected parameterp. Due to the prototype models isotropy, a one-
dimensional setting is considered for further analysis. The stresgain relation follows

then as

. 1
—exp —> E"  with =max a5 Ce E"2 (3.9)
u

wherec, = 0 has been inserted. The model behaves elastic as long as inequality<
2 ézp:[cE E] holds. By choosing material parameter , 2 op the stress decreases
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framework

P Ce O

1 u

1/2 2 o ut S

1/4 46 5+6 o 3+3 § 2+ 3

1/8 | 8 5040 8+5040 o [+2520 3 §+840 3 3
+210 § 4+42 3 §+7 § G+ § u

Table 3.1: Analytical solution of integral g? in eq. (3.7) in dependence of parameter

immediately after exceeding the elastic region. Therefore, the meum stress also
occurs at this transition point and reads

2E ., 1=2

max — 0

Ce

(3.10)

By choosing parameter , > 2 o pthe maximum stress occurs within the inelastic region
and exceeds maximum stress (3.10).

3.2.2 Adaption of the fracture energy concept to ill-posedn ess

The fracture energy concept relies on the ill-posedness of the enging local model in
the sense, that damage localizes in one element row. This is guaraatdor the present
model if inequality , < 2 op holds. Additional constraints stem from maximum
stress (3.10) (or maximum force) and from the fracture energyhe latter is connected
to the system's energy per unit volume as

G=— gadV: (3.11)

The crack surfaceA., and thus, the fracture energy is connected to the dimension dfd

elements showing dissipative behavior and to the material parametdue to g:. While

the maximum load turns out to be independent of the underlying mesfif inequality
u < 2 op holds), the fracture energyG; is reformulated into

Gt = ¢ de; (3.12)

where d. is the element's characteristic diameter. By means of a structurechesh,
the element's characteristic diameter can be approximated well byxé¢ element length
orthogonal to the crack surface, cf., e.g., [119].

In summary, the material parameters have to be chosen for eaelement separately
such that (i) immediate localization is ensured, (ii) the maximum stres§3.10) as well
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3.3 Viscous regularization

as (iii) the fracture energy (3.11) show identical values for each slent and match the
experimental observations. The problem description remains ill-ped but secondary
e ects such as unphysical behavior or mesh dependence are agdidy a calibration
between material and numerical parameters.

3.3 Viscous regularization

3.3.1 Fundamentals

The key idea of the viscous regularization is the introduction of a timdependence into
the evolution of the internal variable responsible for ill-posednesd[5 A straightforward

option for models based on an incremental energy is to activate thate dependent part
in dissipation function (2.38). By doing so Helmholtz energy (2.37) andissipation

function (2.38) are now given as

- IOC(--; ) : (3.13)
D=D"(; )+D"Y:; ): (3.14)

While '° and D" are adopted from local prototype model 2.4.1, dissipation function
Dl’d = _f 0_ 2 315
o5 - (3.15)

is appended. The quadratic rate term corresponds to the viscosit By choosing an

exponent larger than two, the viscous model is extended to powlew viscosity, cf. [131].
Insertion of eq. (3.13) and (3.14) into incremental energy (2.51)dds to

A+l @1

| [ F
| =f o Efoagn( ad o+ 0

e Tr dt:  (3.16)

n tl’]

Since the second integral cannot easily be transformed into an igtal with respect to
, the integral is approximated numerically. By means of an implicit apmximation,
the incremental energy takes the form

A+

I —f0d f ol

2
nl” .
Ce 2¢ce t

(3.17)
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The additional time dependence in (3.17) a ects the evolution equan of internal vari-
able as

o]

| f9, —f0 s ) [
@ | O o Slgn({z ) . n } 26

@L

[fo+ f %930

(3.18)

where the rst part is identical to time-continuous variation @L.3 0. Due to the
continuity of , the second part converges towards zero ift ! 0, cf. [109]. Note
that the viscosity still a ects the evolution of under this approximation. A numerical
demonstration is given in appendix A.2. Assuming su ciently small time &ps, the
guadratic part of eq. (3.18) is thus omitted in the following, so thatle evolution equation
is approximated by

@ %, —fO9 sign( n) . t” 30
2 fO[ 1:1] it = (3.19)
. f0,= &

n else:

Z _—f0 sign n) +
. gn( )

By combining (3.19) and constraint (2.78) the nal form of the evoltion equation results
in
s

tr

=max ,; with =5 —+ +—tcE o (3.20)

The total energy predicted by this model follows as

Z Z 2 Z A
E= _+Ddtdv = ;" dtdVv + [@ +{Z@_D] dtdv
; 2 B O B O =0 (321)
= 2t dtdv o
B O

3.3.2 Well-posedness of the viscous regularization

Focusing on an incremental step (see Subsec. 2.3.4), the analy$iatrices A and G

is su cient to determine the well-posedness of the constitutive eqiions. Since the
viscous regularization does not introduce a gradient dependenceeatrix G vanishes
and only stationarity condition (2.68) has to be solved.
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3.3 Viscous regularization

Clearly, the existence of a unique solution depends on the regularibf matrix A,
given for the one-dimensional case as
2 3

fE f "

vis — 4
AT= g CEif0 1+—2 (3.22)

Here, the di erence between matrixA P and A VS is highlighted in gray color rendering
the evolution equation of time-dependent. A straightforward computation of the
eigenvalues results in

vis — Nvis ;
12 =F 715 with

cc E u+pp11+_t[2 nl

/\vis:
W 20e
u 2 n 32
ﬁ 4cEE utp Pt 1+_t[2 n] (3.23)
v 2¢e
p
Ep p
PL 1+ — 2 2— P lce
L Ce t | o] . °

Again, the eigenvalue belonging to the evolution equation of remains unconditionally
positive. The sign of the eigenvalue belonging tb depends on the time step t. It
remains positive as long as

1+ 1 [2 n]
, " (3.24)

t< UZCEp Pl g 1 =0 et

By the estimate of 2 »> > " alower bound for the critical time step can thus
be specied as

terit > Tpuo E)z PP (3.25)

since e ective energy o is limited due to the boundary value problem. As a conse-
quence, the viscous regularization guarantees well-posednessheftime step is chosen
smaller than the critical one.
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Alternatively, the well-posedness is investigated according to Swdes 2.3.3. Consid-
ering inelastic loading, the tangent follows as

2 n #1_23

d? _d P o1 n t7 )
u

t
— = __=fE 41 —

t
7 +—c o 9 (3.26)

which converges for t! 0 to

Iitrlnod—" =fE> O: (3.27)
Since a lower bound for the time step is speci ed in eq. (3.25), the viats example model
is thus well-posed. Again, a detailed numerical analysis of the viscogularization on
the basis of the one-dimensional bar is given in appendix A.1. It highlitgthe numerical
evolution of eigenvalues and eigenmodes.

3.4 Micromorphic gradient regularization

3.4.1 Fundamentals

The by now classic form of a gradient-enhanced continuum is

2

— |OC("; )+ nIOC(r ); nloc — IE”r ”2 : (3.28)
where the non-local energy contribution "°¢ is appended to Helmholtz energy (2.72)
of the prototype model and wherd is a model parameter which implicitly de nes the
length of the zone showing localized material damage. To be more gise, penalization
of gradientr  hinders localization into one element row. The neighboring elementsals
show softening behavior in order to atten the gradient. This chages the structure of
the underlying material model by shifting the evolution equations téhe global/non-local
level. Alternatively, a gradient regularization can be approximated ira micromorphic
manner. By following Forest [54] and alsoDimitrijevic and Hackl [48], the non-local
Helmholtz energy contribution (3.28) is approximated as

— locyn. nloc/ . 1. vy . noc — C 2 C |2 e 2,

- (’ )+ (!’ r )! _E[ ]+T”r N (329)

Internal variable is coupled to additional global auxiliary eld' and the latter gra-

dient is penalized instead. The evolution equation for remains at the local level. If,

furthermore, penalty parameterc is chosen as su ciently large,’ converges towards
and energy (3.29) becomes a sound approximation of (3.28). Theespc choice of

prefactor ¢ 12 rendersl a physical length and allows to adjust the localization width

32



3.4 Micromorphic gradient regularization

and the penalty contribution independently.
Starting from the local prototype model, i.e.,D = D", the micromorphic extension
yields an incremental energy of the form
C c I? a4
| =f o+ = f+.7?qy'ﬂ2 . éiogmﬂ a)d : (3.30)

This extension does not alter any balance equations but the evoluticequation. It is
given by Biot's equation (2.57) as

( .
_fo[l;l] if =

fO ' =
o ¢l : Ce sign( n) else:

(3.31)

By considering the second law of thermodynamics with an associatgdess power of the

typeP = "+1"' + r ', the dissipation inequality follows as
Z+1 Z+1
Ddt = Y d 0 (3.32)
tn n
with Y = % = fO g+c [ ]. A su ciently large penalty parameter ¢ enforces
identity and, thus, dissipation inequality (3.32) is approximated by
Z+1 Z+1
Ddt = f2od O 3.33
| 2.9 (3.33)

tnh n =Y loc

This dissipation inequality is formally identical to the dissipation inequaliy of the un-
derlying local prototype model and thus constraint n has also to be complied with
for the micromorphic gradient-enhanced model. Evolution equatiof3.31) and con-
straint (3.32) are combined by means of Karush-Kuhn-Tucker-oditions with indicator
function as

= f°1 . o+c [ ] O 0 =0: (3.34)

The system's total energyE will later be evaluated during post-processing and follows
from the de nition of Helmholtz energy (3.29) and dissipation functia (2.73) as

Z A
E = —+ DdtdV
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Z A Z A Z A
= " dtdV + '+  r' dtdV+ @ f%°—sign() _dtdVv
B 0 P 0 {g p B0 | iz }
Z A
= . dt dv (3.35)
B O

3.4.2 Well-posedness of the micromorphic gradient regular ization

The coe cient matrices of the quadratically approximated incremetal potential (2.68)
read, until reaching the point of ill-posedness,

fE f= JE" 0 3
A =4 f= E" f=(ce J+Cc € O
0 C C
2O 0 0 3 2 ~3 (3.36)
G =40 0 0 5; btotaI:4 05 :
00 c I? 0

Overbars () indicate values of the starting point of the incremental step while #lde
(») indicates the incremental di erence. The di erences comparedotthe underlying
prototype model are highlighted in gray color.

A trivial solution to the micromorphic problem is exactly the solution ofthe local
prototype model, as long as\ ™ is regular. More precisely speaking, ™ = A ™c *
Pt With * = = ¢ (. For the sake of simplicity, we assume the exponept= 1
for the local prototype model. Also well-posedness of the local potype model and its
micromorphic regularization are equivalent in this case (de’\*°) 6 0 , det A™® &
0).

TBe regularization now becomes e ective at the point of ill-posedngsit appears for

= oIEce] , = ,=2. We now focus on how the micromorphic regularization
a ects the evolution of the solution. We started from an initially homa@eneous, uniaxial
problem for the sake of illustration. At the onset of ill-posednesshé system attains
"= ZfE], =1=2ccE"?and' = . Neither A™® nor G have full rank to allow
for a classic solution, though. To nd a solution, we have to split the pblem. First,
it can be shown that the upper part of the equation system applyingp " and can be
stated as

AZ3 ~+p2 1= G*%® ~=oO (3.37)

Moreover, the parameterc > 0 of the gradient extension causes ranik? 3 =
dim(btzotall) = dim(")+dim( ) = 2. Given this equation system, there is thus a lin-
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3.4 Micromorphic gradient regularization

ear reformulation such that"~= [:::]]'~and ~ = [:::]]'~ The latter can be used to
reformulate the last line of the rst variation of the equilibrium condition as

'~+ Do+ C 12 2 =0; (3.38)

where by, - denotes the third component ofbygy - Arpne-dimensional stress  re-
sults in the boundary condition term b being b = wCe E. The value of is

= & c+f ,tct E"2 , 1 *forahomogeneous state. As the state be-
comes heterogeneous once damage localization appears, extraseadd to due to the
gradients at the damage region. The role of will thus be discussed after we clari ed
the requirements for the respective solution structure.

As an intermediate result regarding well-posedness is that the inonental micro-
morphic problem can be reduced to a second-order PDE of the auxiliavariable '~.
According to the previous linear relationships, and ~can be back calculated. Finding
a solution, nevertheless, still requires further reformulations @nconsiderations. No-
tably, the problem description so far is still ill-posed as a substantiatondition is yet
missing, namely, localization. This becomes obvious by two propertie$ the mathe-
matical structure. First of all, simply inserting the parameters of he softening state
into the pure reformulation, i.e. performing the quadratic incremetal approximation
just around the softening point, yields =0 ) ~ =const. Assuming homogeneous
Neumann boundary conditions ' = 0, the solution only reaches = const. Damage
localization as observed in experiments is clearly missing, rendering tbolution unphys-
ical. A second indicator for an unphysical solution is the lack of a uniguposition for
damage localization.

To achieve a regularized localization we must further assume two tlgs, in addition
to the micromorphic regularization scheme. Firstly, an imperfectioto uniquely locate
the onset of damage localization and, secondly, a function spacegenough to describe
its shape. The imperfection can be arti cially generated by a hetegeneous initial dam-
age eld or geometry, for instance. The description by piecewiselston functions is
required mathematically, because a single function cannot solve tgeverning equation
in this example, since =0 and r ' = 0 enforce a single function to remain spatially
constant. Only a split into piecewise functions allows a localized damagegression. To
be more precise, a split allows for a combination of trigonometric wagelutions with de-
caying exponential functions and for non-zero gradients at thefransition points. This
is well explained in the example found in [137], which provides an accessifyet also
extensive) analytical solution of a simpler problem. This split into pieagise functions
can also be seen in phase- eld problems, e.g., by a discontinuity in themzero gradient
at the position of damage localization, cf. [110]. Non-academic exae typically do
not show this particular need for triggering localization. Applying theregularization
scheme su ces, because heterogeneity is usually given in more reaiproblems.

Eventually, the piecewise solution for the increment df can be split into a particular
solution and a harmonic one. The particular solution s-can simply be a constant in this
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example. The harmonic solutiorl 5 adds the regularization property. By exploiting its
harmonic nature with - ,, = 2?'-,, the incremental problem statement can be rewritten
as
2 0 130 1
0 w

0
4 p mic 4 @0
0

0 A5 @~A+py, =0 (3.39)
c |2 2 "~

~0 O O

4
A hmic

which is well-posed. This can indeed be seen as a new, convex(i edjiasonal for-

mulation of the harmonic micromorphic problem. In view of the elabotad derivations
in [137] for an even simpler study, we omit a further detailed analyticiscussion and
refer to the illustrative example given therein. The two important caditions to make
the problem nally well-posed { in addition to the micromorphic extensim { are the

introduction of an imperfection and giving up the previous assumptio of a perfectly
homogeneous problem. A detailed numerical analysis of the (harmonevolution of
the eigenvalues and eigenmodes associated to the one-dimensibaalis given in ap-
pendix A.1.

3.5 Comparison of the regularization approaches

The variational approach allows the comparison of the three regulaation concepts in a
uni ed mathematical structure, see Tab. 3.2 for a summarized juaposition. By apply-

c c I?
General Helmholtz energy =f ot 5 [ ]2 + 5 [r* r']
General dissipation function D= _f Ojj+ 2
E
| Material parameter | stress power
Local prototype =0;c =0 P= _
Fracture energy =0;c =0 P= _
Viscous regularization > 0;,¢c =0 P = _
Gradient regularization =0;c >0 P= :"+1"+ r'

Table 3.2: Generalized potential to obtain the three example models by di ereérchoices
of material parameters.

ing a general Helmholtz energy and a general dissipation functioraol regularization
concept can be derived from a speci c combination of material pargeters and c .
The local prototype model is derived by choosing viscosity= 0 and penalty parameter
c =0 {as well as the model regularized with respect to the fracturenergy. The model
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3.6 Numerical Results

becomes rate dependent by choosing penalty parameter= 0 and a viscosity > 0.
The internal variable is coupled to additional eld' by choosing penalty parametec
su ciently large. Since the gradient of' enters the constitutive behavior, the gradient
of also implicitly enters the constitutive behavior. Analogously, the welposedness of
the regularized models can be compared in terms of the localized imoental step, i.e.,
by comparing the matricesA. They are given here again for the sake of readability as

2 3 2 3
fE fOE" fE f °E "
pro — 4 5 . vis — 4 5 .
A fogr Lio A g Lo 1+—
2 e %3
fE = LE" 0
. 1
Am'°=§ f= JE" gf”c c é ; (3.40)
0 c c + cl? ?

It is clear that the example models contain the equations of the locahodels { only

the parts highlighted in gray color are dierent. They belong to deriative @ |, re-

sponsible for the evolution of internal variable . Thus, both the viscous regularization
and the micromorphic gradient regularization exclusively modify thevelution equation

associated with internal variable in order to render the model well-posed.

3.6 Numerical Results

The three regularization concepts are now examined numerically bya illustrative
boundary value problems, a pre-cracked plate and an L-shapedespnen. The prop-
erties of interest cover, among others, mesh objectivity, fraste energy, unloading be-
havior, crack shape, computation time and transferability of modgparameters to other
boundary value problems.

3.6.1 Pre-cracked plate

Boundary value problem and numerical setup The pre-cracked plate has a height
and a width of 500 mm, see Fig. 3.1. The initial crack is located on the tefide with

a length of 125mm. A linearly distributed prescribed displacemeni.x = 0:01 mm
(w=0:01mms?) is applied to the top and bottom. The assumption of plane stress is
made for each calculation, cf. appendix A.3. Starting from an initial ®sh consisting of
16 16 elements, the area of interest is re ned recursively. The two siges after three
and four re nements will be used for evaluation, Fig. 3.7. The modglarameters are
given in Tab. 3.3. The fracture energy is computed in a post-prossg step for each
element according to eq. 3.11 and summed up orthogonal to the egiag crack.
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250

250

2u

Figure 3.1: Pre-cracked plate: geometry and boundary conditions. Plane e8s conditions
are assumed. Homogeneous Neumann boundary conditions areuaesl as far as the
gradient-enhanced model is concerned.

(a) 3 re nements { 4468 elements (b) 4 re nements { 14936 elements

Figure 3.2: Pre-cracked plate: recursively re ned discretizations.

Results and discussion The material parameters of the regularized models are chosen
so that they match the same peak load and integrated fracture ergy, to make com-
parability as fair as possible. Consequently, the parameters di erdm model to model
except for the elastic parameters.

As a rst result, a simple transferability between the models is not ailable and the
regularization of a model involves a subsequent parameter adjostnt. Moreover, the
fracture energy concept requires mesh-dependent materialrpmeters. Here, only
needs to be adjusted for the selected prototype models, cf. Teéh3. This is due to the
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Name Symbol Value Value Value Unit
frac. eng. visc.  micr.
Young's Modulus E 21000 21000 21000 [MPa]
Poisson's ratio 0.2 0.2 0.2 [
damage threshold 0 0.25 0.08 0.4 [MPa]
damage slope u 0.055/0.066 0.072 1 {1
damage exponent p 0.125 0.5 1 [
energy scaling factor Ce 0.75 500 20000 [{]
viscosity | 2 | [1/s]
penalty parameter c | | 100 [MPa]
length parameter I | | 0.1 [mm]

Table 3.3: Pre-cracked plate and L-shaped specimen: material parametassociated with
the three example models.

fact that the crack emerges exclusively in the re ned area. Apaftom that, the loading

behavior of the micromorphic model (Fig. 3.4 (c)) and of the protgipe model (Fig. 3.4
(a)) agrees gqualitatively and quantitatively. Both models show a fasoftening behavior
up to a load below 2 kN, where the load-displacement diagram showsiakkand slowly

converges towards zero, as it is expected for degradation fuocts of exponential type.
In contrast to the prototype model and the micromorphic examplenodel, the viscous
model (Fig. 3.4 (b)) does not show any change in the softening befa caused by the
exponential function. All three regularization methods eventuallyield mesh-objective
load-displacement diagrams.

The crack orientation also coincides in all simulations considering thestribution of
degradation functionf, cf. Fig. 3.3. The damage distribution for the fracture energy
concept localizes into one element row. This behavior is neither obgedt for the viscous
example model (Fig. 3.4 (b)) nor for the micromorphic example modéFig. 3.4 (c)).
Both show a mesh-independent crack width. However, the viscoesample model shows
a spatially varying crack width. This is due to the dependence of themdel on the strain
rate, which varies within the structure.

The fracture energy follows from the model-speci c energy and the corresponding
fracture surfaceA. = I. T with T being the thickness as

G = —: (341)

The fracture energy concept shows a spatially constant fracteiienergy. This is expected
as the material and numerical parameters have been adjustedcaadingly. Also the mi-

cromorphic prototype model shows an (almost) constant fracta energy with deviations
below 9%. The fracture energy predicted by the viscous prototgpmodel, on the con-
trary, is far from constant. This unphysical in uence is also causkby the heterogeneous
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3 re nement steps 4 re nement steps
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(a) Fracture energy concept
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(c) Micromorphic gradient regularization

Figure 3.3: Pre-cracked plate: distribution of degradation function for the liree example
models and 3 and 4 recursive mesh re nements.
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Figure 3.4: Pre-cracked plate: load-displacement diagrams for the three emple models.

strain rates within the structure, which already in uenced the widh of the emerging
crack.

3.6.2 L-shaped plate

Boundary value problem and numerical setup The L-shaped plate is xed at the
top edge and loaded at the bottom right edge in vertical direction in @pendence on
prescribed displacementina, = 0:05mm (.= 0:05mms?), Fig. 3.6. The assumption
of plane stress has been made, cf. appendix A.3. Starting from thetial mesh with

three regions of 8 8 elements each, the area of interest is re ned recursively, seayples
in Fig. 3.7. Compared to the previous example, two further mesh reements have been
studied due to higher sensitivity regarding mesh-dependence. Theest mesh consists

of 54532 elements after six re nements. The material parametehave been adopted
from Subsection 3.6.1, cf. Tab. 3.3.

Results and discussion A major di erence is the unloading behavior of the viscous
model (Fig. 3.8 (b)). While both the micromorphic example model (Fig3.8 (¢)) and its
local counterpart (Fig. 3.8 (a)) show purely linear elastic unloadinghis is not the case
for the viscous model. This is due to the introduced time dependenoé the evolution
equation, which leads to further evolution of damage even when thitelmholtz energy
{ the mechanical driving force of internal variable , cf. (3.20) { decreases. Apart from
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Figure 3.5: Pre-cracked plate: fracture energy of the propagating craclkabed on 4 recur-
sive mesh re nements.

0G¢

y
Figure 3.6: L-shaped specimen: geometry and boundary conditions. Planeess condi-

tions are assumed. Homogeneous Neumann boundary conditions assumed as far as
the gradient-enhanced model is concerned.

0S¢

this, the ndings regarding the load-displacement diagram agree witthose observed
in the previous example. The micromorphic regularization (Fig. 3.8 (¥)agrees quali-
tatively with its local counterpart (Fig. 3.8 (a)). However, the pe& loads deviate by
approximately 18%. A larger deviation of approximately 20% of the & load is ob-
served between the viscous and the local example model. The peadlof the viscous
model is thereby strongly in uenced by external loading rateL. Although being a mod-
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(a) 3 re nements { 1587 ele-

(b) 4 re nements { 4558 ele-

(c) 5 re nements { 15081 el-

ments ments ements
Figure 3.7: L-shaped specimen: recursively re ned discretizations.
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Figure 3.8: L-shaped specimen: load-displacement diagrams for the three exde models.

est deviation compared to other in uences, it indicates the limited @nsferability of
calibrated model parameters from one boundary value problem tbe other. A possible
explanation lies in the shape of the emerging cracks that may inducdditional e ects

due to their curvature, see Fig. 3.9.

The regularization methods prove again that they can reliably proviel mesh-objective
results. Similar to the pre-cracked plate, the fracture energy noept results in a crack
band width of one element, highlighting the ill-posed equations. Furérmore, the frac-
ture energy concept yields an (almost) horizontal crack orientetn. This is in signi cant
contrast to the viscous regularization and the micromorphic regulaation. Both show

43



3 Numerical regularizations of damage models: a compdressd on a uni ed variational
framework

3 re nement steps 4 re nement steps f()H
1.0

IO:8

~0:6
- 04
0:2
0:0

(a) Fracture energy concept

f() [
1.0

|0:8

- 06
-04
0:2
0:0

(b) Viscous regularization

f() [
1.0

|0:8

- 0.6
-0:4

[0:2
0:0

(c) Micromorphic gradient regularization

Figure 3.9: L-shaped specimen: distribution of degradation function for thentree example
models and 3 and 4 recursive mesh re nements.
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a curved crack path as observed in experiments, cf. [184]. The wss model, however,
causes a varying crack thickness, indicating again the unphysicaémkndence on the
heterogeneous strain rate within the structure.

3.6.3 Implications for predictions of (quasi-)brittle dam age

In summary, all three regularization techniques provide mesh-ddgtive load-
displacement diagrams. Deviations for the presented examples ceach moderate
amounts, though, such as 20% deviation regarding the peak load.hd damage eld
is only mesh-objective for the viscous and the micromorphic reguization. Consider-
ing the fracture energy concept, the damage width is related to ¢hunderlying element
aspect discretization and requires an adaption of material paratee . Furthermore,
the fracture energy concept also shows the least reproducibility the crack path ge-
ometry as it does not accurately capture the curved crack for éhL-shape problem, see
also [119].

Further in uences can be seen in the physical properties, e.g., tliecture energy,
which is supposed to be constant for (quasi-)brittle materials. Thisnly holds for the
fracture energy concept, since the parameters are speci calljasen for that purpose.
It is also almost constant for the micromorphic example model. If fcdure energy is a
key observation to be made, the viscous regularization shows thageaccuracy. This is
explained by the spatially heterogeneous strain rate distribution. fie arti cial viscosity
moreover causes an unphysical crack width and inelastic unloadinghavior. This may
be of increased relevance when modeling fatigue.

Aiming for the least interference with the actual damage physicshé micromorphic
regularization seems to be most promising. The numerical e ort ohe micromorphic
example model, however, by far exceeds that of the other two ewple models. It is
based on an additional global eld and increases the system of etjoas by the number
of nodes. In terms of the computation time the L-shaped specimeurith four re nements
times took 25 minutes for the fracture energy concept and the viscous reggzation
and 92 minutes for the micromorphic model. The fracture energy corteand the gra-
dient model, moreover, would allow for further improvement by chaing much larger
time steps during unloading. Note that the implementation e ort of he micromorphic
approach is increased due to the implicit form of its evolution equationThe restric-
tions of the fracture energy concept and the viscous regularizan, on the other hand,
require a substantial amount of cumbersome corrections to actethe reliability of the
micromorphic approach.
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A Appendix

A.1 Numerical Analysis { One-dimensional bar

The present numerical framework highlights the damage evolutionylmonitoring the
eigenvalues and the eigenmodes of the one-dimensional problerspeetively. The one-
dimensional bar has a length of 20mm, is xed on the left side and loati®n the right
side. The material parameters are taken from Tab. 3.3 and an imgection in form of
a lowered threshold value ( is applied at coordinatex = 10 mm. The fracture energy
concept shows a change of sign in the lowest eigenvalue at the orfaamage-induced
softening, see Fig. 3.10 (a), where the eigenmode correspondiaghe negative eigen-
value changes from a continuous mode (associated to the previalastic domain) to a
discontinuous mode (Fig. 3.10 (b)). This mode leads to a change ofrsigf the displace-
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Figure 3.10: One-dimensional bar: fracture energy concept. Evolution of tHewest three
eigenvalues and corresponding eigenmodes at the onset of safigand at a fully soft-
ened state.

ment eld at the imperfection. Hence, it leads to a discontinuous didacement eld and
to a damage eld, which localizes solely in the imperfect element.

The viscous example model shows a di erent behavior. The evoluti@f the eigen-
values and the corresponding eigenmodes are shown in Fig. 3.11. dmt@ast to the
local model, no instantaneous changes of the eigenvalues and theresponding eigen-
modes is observed for the viscous example model. Furthermores #igenvalues decrease
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Figure 3.11: One-dimensional bar: viscous regularization. Evolution of the lowethree
eigenvalues and corresponding eigenmodes at the onset of safiggand at a fully soft-
ened state.

slowly towards zero (but remain positive) (Fig. 3.11 (a)), such thatven at the onset
of softening the eigenmodes (Fig. 3.11 (b)) are identical to thosesmciated to the elas-
tic region. Unfortunately, this is associated with a degradation oflaelements of the
one-dimensional bar. The eigenmodes develop a discontinuity at threperfection with
further decreasing eigenvalues. These discontinuities do not app@énstantaneously (as
for the local model), but continuously until they obtain the nal form associated with
a completely softened state, cf. Fig. 3.11 (c). At this state, almbsll elements show
identical material degradation. Only the imperfect element is softeed a little further,
where the di erence between these values is dependent on the z¢he applied imper-
fection.

The micromorphic example model shows again a di erent behavior,esé&ig. 3.12. The
eigenvalues decrease instantaneously at the onset of softeniagards zero (but remain
positive), cf. Fig. 3.12 (a). The eigenmodes associated with the dapement eld at
the onset of softening qualitatively agree with those for the elastiegion and (more
important) do not show any discontinuities (Fig. 3.12 (b)). Even at afully softened
state, Fig. 3.12 (c) does not show any discontinuities but a consistdocalization width.
Furthermore, the transition of the eigenmodes from those in Fig.B2 (b) to the ones in
Fig. 3.12 (c) takes place in a continuous manner.

Well-posedness was investigated by means of the governing coertienatrices and their
eigenvalues. Within a nite element framework based on a Bubnov-@Gakin ansatz, pos-
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Figure 3.12: One-dimensional bar. micromorphic gradient regularization. Evoluin of
the lowest three eigenvalues and corresponding eigenmodes atdhset of softening and
at a fully softened state.

itive eigenvalues of theses matrices result in positive eigenvalues lod sti ness matrix.

Hence, the transition of the smallest eigenvalue of the local modebm a positive to a
negative sign highlights again the ill-posedness of this model { in coast to the viscous
and the micromorphic relaxed models for which the eigenvalues remaiasitive.

A.2 Dierence between the time-continuous and the time-dis crete
variation

As shown in Section 3.3, the evolution equation for the time-continus case has been
further approximated. In order to quantify the di erence, both evolution equations { the
continuous one@D @_= 0 and the time discrete one@D @ = 0 { have been applied
to a one-dimensional example. The error intrinsic to this approximain is numerically
analyzed here. The material parameters have been chosen adowy to Table 3.3 and
the strain rate is set to" = 10 3s . The results are shown in terms of degradation
function f (Fig. 3.13 (a)) and in terms of the relative di erence with respect tothe
time-continuous variation (Fig. 3.13 (b)). The black graph provideghe reference and
corresponds to the time-continuous variation with a chosen timeegp of t =10 “*s. The
blue, green and red graphs belong to the time-discrete counterpand are calculated
with di erent time steps. The evolution of degradation functionf (Fig. 3.13 (a)) only
di ers marginally. According to Fig. 3.13 (b) the relative di erence dereases with a
decreasing time step. For a time step oft = 10 3s the relative di erence is below 1%
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Figure 3.13: One-dimensional bar: viscous regularization. Time-continuous dution
equation vs time-discrete evolution equation.

and for a time step of t =10 *s even below @ %. Thus, the time-discrete evolution
equation indeed converges to the time-continuous one.

A.3 Plane stress element formulation { linearized theory

Oftentimes simulations are simpli ed by utilizing symmetries of the boudary value

problems into the nite element formulation. An often made assumpon when modeling
components with large ratios between the cross-sectional areadahe thickness is the
assumption of plane stress. This means, that the stress conregttto the thickness
direction { here z { is assumed to be zero, such that the stress tensor reduces vt
dimensions. Usually the strain components,,; "xy; "yx and "y, are explicitly given on

the local level. The remaining components of the strain tensbtract as additional degrees
of freedom. To be more precise, the equation

f s, yzy zxs zys 2297 f("xz; “vzr o My "22)= 0 (3.42)
has to be solved. In general, this is connected to an additional itéi@n process on the

local level. Dependent on the strain measurement, i.e.,"ifis symmetric, eq. (3.42) may
be reduced to three unknowns as

foxzr yvor 220=F ("xzs "yzi "22) = 0 (3.43)
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If additionally the constitutive relations are isotropic, the shear sess only depends on
the co-axial shear strain. Hence, , = 0 is equivalent to " , = 0 and no longer needs to
be considered in the local optimization process. The remaining eqigat is

2= 1 ("2)=0: (3.44)

Dependent on the constitutive relation this equation may be solved inlosed format.
For instance, when hooke's law is considered as the constitutive atjon the stress
component ,, is linearly dependent on the strain component,, and the solution of
eq. (3.44) is written as

2z= tw(")+2 " ;=0 Y22 = 2 “xx IIyy] (3.45)

with and being the Lane parameter. Sinc€',, a ects at least . and .y, the
tangent for a nite element implementation { meaning d {is also a ected. It may be
computed by utilizing the chain rule as

d _@, K@ du,

: : 3.46
¢~ @ exn d (340
where the derivative d",, is given in matrix format as
0 1
d 1 00
de: - @ 1 A : (3.47)
00O

In the case that eq. (3.42) cannot be solved in closed format, theange in the tangent
can also not be given in closed format. It can be computed utilizing thetal variation
of eq. (3.42), i.e., by solving

df 25 vz 2 zys 220=0 (3.48)

and extracting the corresponding submatrix.
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4 Curvature dependence of gradient
continua

4.1 Motivation of gradient continua

Gradient models are nowadays frequently found in the literature. ®©the one hand,
gradient models are used to capture physical phenomena, on thiker hand, the gradient
is incorporated into a model for the purpose of numerical regulaation, i.e., in order to
regularize local material models showing softening behavior.

4.1.1 Gradient and curvature-dependent models for physica |
phenomena

Representative examples for the consideration of gradient-bddermulations are higher-
order strain gradient theories [114, 164], e.g., bending of bers iningorced ma-
terials [11], generalized gradient continua [5], e.g., gradient plasticity 35152], ho-
mogenization of microstructures covering rotational degrees tkedom [124] and also
topology optimization [13]. Phase-transition zones constitute anloér setting where
gradient-enhanced models are used, e.g., to capture geometriad anergies of inter-
faces [24, 69, 72], such as those between uid and solid phases [1B&hd formations in
metals [66], metallic glasses [82], granular media [20] and architectedtenals [34, 133]
often involve instabilities and bifurcation and can be described by gdéent-enhanced
approaches, too.

Moreover, a multitude of di erent physical systems shows a combation of curvature
(which can be captured by the second gradient) and gradient-rééal formulations. The
design of microstructures with tailored e ective properties can bdictated by curvature-
driven evolution [183]. Another indication for the relevance of curtare on smaller
scales is the delay of shear localization in metallic glasses [82]. A fameuosll-scale
e ect of curvature is also found for uid- uid interfaces. While surface tension induces
curved shapes, it is usually considered invariant itself with respeco tcurvature on the
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mme-scale. It nevertheless requires curvature corrections whezaching the scale of the
so-called Tolman-length [178]. This is due to a change of the energytgriial across
interfaces that deviate from a perfect plane. Further curvatue phenomena that are re-
lated to gradient-extensions or general regularization problemsvinlve surface elasticity
theories [32, 172], optimal image segmentation [78, 159] , signal ggssing [60] with
applications to bio-medical systems [43], the regularity of solutions partial di erential
equations of various physical problems [23, 49, 117, 142] and opgation in machine
learning algorithms [135].

Curvature is also relevant in continuum damage mechanics. Notch remture and
void shape can already a ect the nucleation and evolution of damadé77]. Complex
stress states and geometry change under loading and interferiédwveurved damage paths.
Fracture toughness can also depend on the sample size and shapeaa interact with a
heterogeneous microstructure [157]. Macroscopically observedvature does not neces-
sarily transfer to the microcurvature, though [125]. A curved crek path evolution can
hence be a desired physical property in such situations.

4.1.2 Gradient models for numerical regularization

Another key motivation for gradient extensions is the ill-posedness mere local mod-
els [17, 138, 167] as outlined in the previous chapter. A typical apiton of gradient-

based models in solid mechanics is the description of brittle damage. €Tlgradient
extension then allows to control the localization width { independentvith respect to

the spatial discretization as far as numerics are concerned [52, 86, 110]. A single
curved crack can be observed, depending on the load case (Fig(a))l while kinked

or intersecting straight patterns are also possible. Ductile damageith plastic defor-

mation can be captured by gradient-enhanced modeling from thepical component
size [171] down to the scale of crystal plasticity [153]. A gradientdeanced formula-
tion accordingly adds one degree of freedom together with an extmaterial parameter.
More speci cally for one spatial dimension, the potential and the gerning term in the

corresponding stationarity condition are enhanced by the gradieas for instance shown
in [48, 102], see also eq. (3.28) and (3.29):

1d gradient : 1d potential  gaq : 1d stationarity  grag :
1 |2 1 2 |2 1 1 1
r ' (scalar) Ekr ke = E(r r) E(rr ) 4.1)

The characteristic length of the gradient term,l, then typically relates to the crack
width. Many pioneering and recent works indeed use this one-dimémsal interpre-
tation and prominent analytical solutions are then given in the form bexponential
functions, see [110, 137] and Fig. 4.2 that sketches the concetidlea of this chapter.
The parameterl| clearly dictates the length of the damage zone and regularizes ill-eds
local models that would otherwise yield mesh-dependent results. iShphenomenologi-
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(a) Curved crack in a ce- (b) Ductile damage in alu- (c) Lsders band in alu-
ramic tile minum minum

Figure 4.1: Selected mechanical systems with a length scale suitable for gradiegular-
ization.

cal and illustrative approach is documented for a large class of gradt-based methods,
including micromorphic implementations based on an auxiliary variable [4&4] and
phase- eld models [56]. The typical exponential solution even motited the choice of
appropriate exponential shape functions [85]. While the one-dim&nnal analysis allows
for a convenient physical interpretation and calibration, the naiveextension to three
dimensions induces a new side e ect, namely, the in uence of curwaie. The sharp-
interface limit, as known from -convergence in phase- eld models {b], can suppress a
methodological curvature in uence but is practically limited by the reuired numerical
spatial resolution. Therefore, this often unintended side e ectral its impact on the
predicted physical behavior will be the very focus of this chapterTaking a closer look
on the responsible terms in three dimensions

3d gradient : 3d potential : 9¢ 3d stationarity : 9
12 2 2
r' = kr'kn —=kr"'Kk? — (rkr 'K) n.+—=kr'kdiv(n.) (4.2
2 2 f—{Z—} 2 —{(22—}
Mo =

shows that a new curvature in uence arises from the spatial chge of the normalized
gradient direction (n- = r '= kr ' k). More speci cally, the mean curvature is de ned by
half of its negative divergence, = div(n:)=2. The new term superposes the initially
intended regularization along the gradient direction, compare themo cases depicted in
Fig 4.2. Needless to say, that these ndings will also apply to two dimerons such as
regularized contact lines embedded into a surface.
Despite the appearance and importance of curvature in selectegpéications, it

is clearly considered an undesired methodological in uence in the pemt context of
gradient-enhanced models because of three reasons. Firstly,singradient-based reg-
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4 Curvature dependence of gradient continua

1z = .. . .
. 5 (rir i) ne+ S g div n';
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(a) One-dimensional gradient-enhancement (b) Three-dimensional gradient-enhancement

Figure 4.2: Length scales induced by one-dimensional (a) and three-dimensabr(b)
gradient-enhancement. Associated terms of the stationarity ndition are connected
by lines.

ularizations usually attempt to control only one of the two terms in 4.2). For exam-
ple, they either determine the width of a damage zone [80] or capillanyduced curva-
ture [45]. Secondly, the above mentioned physical in uences of gature usually di er
from the restricted mathematical structure provided by the tem (jjr ' jj?) or higher
orders thereof [97]. For example, curved water droplets even anigte from a more sim-
ple, constant interface energy [45, 86] and curved metallic surésccan be a ected by
more complex, anisotropic surface properties [165]. Thirdly and nmiamportantly, the
curvature in uence based on naive gradient-extension in three densions is coupled to
the same material parametet as the initial curvature-free regularization, which cannot
be granted in most cases.

In conclusion, the methodological curvature in uence that accopanies standard,
three-dimensional gradient extensions can pose an unintendedes&ect in many situa-
tions. The intention of traditional models often relies on the contrioof the curvature-free
regularization and a single length scale. The present work thus aims@ening a new
view on this phenomenon by exploring the superposed curvature trence with the fol-
lowing questions

" When does the additional curvature term have signi cant in uenc@

" How does the curvature term in uence the physical behavior?
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4.2 Dimensionless split

It approaches these questions by a dimensional analysis followedanalytical and nu-
merical examples with a focus on brittle fracture for illustration.

4.2 Dimensionless split

It may be helpful to rst split the gradient extension and cast it into a dimensionless
format to systematically address the role of the curvature termFor this reason, it is
assumed that the problem is governed by a single characteristic |&mgf the problem
geometry, Lyop. It might be a characteristic width or a diameter. For the sake of
simplicity, it is also assumed that a numerical method is characterizeay a single mesh
size L nesh and that the variable ' is already made dimensionless intb, €.g., a strain
measure or a dimensionless damage variable. One may otherwise sttedegradient-
enhanced equation by an appropriate inverse energy or the like.

The two terms of the three-dimensional gradient extension are Igpby assigning
two individual material parameters, l,¢g and l¢,, in order to highlight the curvature
in uence. They are associated with the regular, curvature-freeerm and the curvature-
related term, respectively. The gradient extension can then befoemulated as

12 split of 12
—=rr ' | P _reg (rkr ' k) n. Igurv kr ' k
2 parameters 2
2 (4.3)
dimensionless reg ., .
! format 2 (fk r'~k) n. reg split kr'~k ~

with dimensionless parameters summarized in Tab. 4.1. Note that natl dimensionless
parameters are independent of each other and are listed for camipensibility. Alterna-
tive combinations and representations are furthermore possible.

The regular, curvature-free part of the gradient extension is wghted by the dimen-
sionless number 4. It determines the width of the gradient-regularized zone with
respect to the overall specimen size. Brittle fracture models, farstance, tend to mini-
mize this value for a sharp-crack limit, while maintaining a reasonable l@wvbound for

reg= mesh fOr SU cient spatial discretization. The curvature-free part is moreover dic-
tated by the second spatial derivative of the gradient-enhancedriable, motivating the
well-known exponential solutions in one dimension as explained abovkhe curvature-
related part in the presented formulation is also weighted by ¢, and additionally by
factor ¢pit. The special case gy = 1 yields the traditional gradient extension with
equal weighting of curvature-free and curvature-related tersa The curvature in uence
moreover scales with the amplitude of the rst gradientkr—'~k, and with curvature ~
itself. The role of the rst gradient in this product becomes cleareby imagining a gra-
dient in, e.g., damage, strain or phase concentration. The couplingtlvcurvature then
implies a change of orientation, e.g., a rotating concentration gradie The combined
product (kr—'~k ~) thus particularly accounts for localized concentration and is in cles
agreement with the small-scale observations described above,if@tance, curvature de-
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4 Curvature dependence of gradient continua

pendence of kinking or surface tension on smaller scales. Curvatuxed to that format,
however, also constrains the options of controlling arbitrary cuature e ects of di erent
mathematical structure.

The dimensionless formulation lastly also reveals the restrictions ofine, three-
dimensional gradient formulations from a numerical modeling persgieve. Dimension-
less curvature ~becomes relevant as curvature approaches the length scalkyy = lieg
in standard gradient extensions. At the same time, it must not fall blow the order
of the mesh size in numerical simulations (eg= mesh > 0). Numerical control of the
curvature term is accordingly limited by this lower bound.

In conclusion, the dimensionless split anticipates a physical intergetion and re-
strictions of the curvature-related term. The mathematical stucture constrains the
curvature in uence to a xed format and couples it to the regulariation length parame-
ter leuv = lreg. The need for su cient numerical resolution poses a lower bound ffahis
parameter. The following analytical example will explore the impact divo constraints
by relaxing them, namely, eliminating the regularization length of the urvature term
and avoiding a spatial discretization.

dimensionless parameter expression comment

x X =Lprob dimensionless coordinate

r L prob I dimensionless gradient operator

'~ = dimensionless variable of choice

~ | curv dimensionless curvature

reg lreg=Lprob  curv.-free reg. length to geometry ratio

curv lecuv=Lprob ~ curv.-related reg. length to geometry ratio

split lcurv =lreg curv.-related over curvature-free reg. length
mesh Imesh=Lprob ~ Characteristic numerical mesh to geometry ratio

Table 4.1: Dimensionless variables and numbers of the gradient-enhancednter

4.3 Analytical example: quasi-brittle twisted cylinder

4.3.1 Problem statement

A twisted cylinder undergoing quasi-brittle damage will allow to quanty the in uence of
the curvature-related term analytically. The setting is based on t& bifurcation analysis
in [98], while the governing equations are adopted from [92] and [39]. dp&e some
necessary simpli cations, the analytical solution bene ts stronglyrom the fact that the
results are independent of a numerical mesh size that could a eche regularization
or the curvature resolution. A cylinder with radius R and length L is xed at one
end and twisted by angle on the other, see the sketch in Fig. 4.3. The focus lies
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4.3 Analytical example: quasi-brittle twisted cylinder

L
=
[r \ ey '/

Figure 4.3: Quasi-brittle twisted cylinder. geometry and boundary conditions.

on the role of curvature during the onset of damage without furtér in uences such as
ultimate structural failure or bifurcation. The only characteristic length of the problem
is R, because strain, stress and damage evolution will not change in dxirection.
Length L will only implicitly enter a combined coe cient of the resulting equation. The
constitutive relations are adopted from Section 3.4 and for the ppose of analytical
ease of use slightly simplied. Thus, the material is linear elastic and igsopic with
shear modulus . Quasi-brittle damage' evolves immediately and proportional to the
elastic energy o with proportionality factor cz. Degradation functionf or integrity,
respectively, declines linearly with damage. Tab. 4.2 provides an explicit summary of
the relationships and assumptions. They can be nally combined intogingle di erential
equation in terms of the damage variablé (r), reading

. @ @'1_ o 12
IrZeQ@ Igurv @I’F = cr?® with c= Ce E F, (448.)
%ﬁ 0 at boundariesr 2 f 0; Rg: (4.4b)

The curvature term becomes apparent by the factor=x and is accordingly scaled by the
rst spatial derivative of the damage variable. Note thatl,eq = lcy for a traditional gra-
dient extension while herd.y drops independently to segregate the curvature in uence.
The boundary conditions of @ also apply only to gradient-enhanced models and are
associated to their extra degree of freedom. The damage variablatself is implicitly
linked to the boundary conditions of strain or stress, respectively

4.3.2 Solution for local and gradient models with curvature
modi cation

The solution to problem (4.4) shall be discussed for unit-free stamg values ofl =
leg = lcuw = €= R = 1. For the damage model, this can be realized, for instance, by
| = lieg = leuw =1 [mm], ¢ = 10 6[Nm 4andR =1 [mm]or by | = lveg = leuv =1
[m], c =1 [Nm 4] and R = 1 [m]. The latter (more academic setting) allows omitting
units for clarity in the following results without the need for scaling beveen [mm] and
[m]. Also, this combination is a setting just between low and high sensitty regarding
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4 Curvature dependence of gradient continua

curvature in uence. As a rst variation, the three cases of the gadient-regularization
length are distinguished: the pure local model, the traditional gradnt extension and
a gradient extension with suppressed curvature in uence. Moreer, the radius of the
twisted cylinder R is varied to study the in uence of the specimen size. The analytical
solution shall not only be visualized but rst written out to allow a comparison of the
mathematical structure (omitting units):

" local model without gradient extension leg = 0,  spiit = leuv=leg = 1):

Q. (4.5)

4301(2:r3)i [ R3J(R)Yo( iR) 2R%JL(R)Vi( iR)

+ R3Jo(iR)Y2( iR)+ R3Yy( iR)I4(R)
+2iR3Y1( iR)I3(R) 4iR2%J,(IR)Yy( iR)
2iR2Jo(IR)Y1( iR) +8R?Yy( iR)I5(R)
+ R3Y,( iR)I2(R) 4RJo(iR)Yo( iR)I(R)
+8RYy( iR)I2(R)+4iR?Yi( iR)I»(R)
+2r33,(IR)Y1( ir) +2ir33,(iR)Yo( ir)ls(r)=Jo(ir) (4.6)
+4ir23;(iR)Yo( ir) +4ir2J3;1(iR)Yo( ir)la(r)=Jo(ir)
+4RJo(IR)Yo( iR) 8RJL(IR)Yi( iR)
+4RJo(IR)Yo( iR) 8iJo(iR)Y:( iR)
+8rJ1(iR)Yy( ir)+8RJI(IR)Yi( iR)Io(R)
ARJI,(IR)Y2( iR)Io(R) +2(R(R +4iJ1(iR))
430(IR))Yo( iIR)IL(R)  8ird 1(iR)Yo( ir)l(r)
+8iJo(iIR)Y1( iR)Io(R) 8rJ(IR)Y1( ir)lo(r) 1:

This solution was obtained using the computer algebra system [1]], is the Bessel
function of the rst kind, Y, is the Bessel anction of the second kind,, is the modi ed

Bessel function of the rst kind andi = 1. Also note thatr 0, the material

parameters are assumed to be strictly positive and some settingayiead to (unphysical)
imaginary parts that have been neglected in the present case.

" gradient-extension with suppressed curvature inuencelfy = 1, it =
Icurvzlreg = 0)

''=2+ r?+2R € +e’ (4.7)

1 eR
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type original reduced to brittle cylinder comments and simpli cations

kinematics "z ru+rTu =2 =", =", = @Qu=2 only circumferential u =: u
symmetry yields " = "(r)

damage variable ' o=t ((r) no healing'_ 0

local rate potential L= +D stationarity dictates L=0

Helmholtz energy

=f o+ I2jir =2

dissipation D= @f' | j=¢

linear-isotropic elasticity 0= % (tr")2+ " , Lane parameters

stresses =f og=f@ o 2 = » =f @zu rf 0=0

linear degradation f("')=1 «cg' f =1(r)2]0;1] @f =0, no damage threshold
momentum balance div()=0 uz;=0 ' 'u=nh(r)z+g(r), from 4L=0

damage evolution

' Pdiv(r )= o)

from - L=0

boundary conditions

z=01! g(r)=0

z=L! h(r)= r=L
r=R[ z=1L

r=R[ z2f0;Lg

r =0 (avoid singularity of @' )

Table 4.2: Quasi-brittle twisted cylinder: governing equations and simpli catios. The
central equation is the damage evolution, in which the simpli cationsrad (" (u(h(r))))
are combined.
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4 Curvature dependence of gradient continua
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Figure 4.4: Quasi-brittle twisted cylinder: damage distribution for di erent ratios 9
and three models.

It becomes obvious from the solution formulas that the traditionalgradient exten-
sion does not provide the exponential damage distribution as exped from the one-
dimensional, phenomenological interpretation (see eq. (4.6)). Thimderlines the intro-
ductory motivation of this work that the curvature in uence indeed breaks the convenient
physical interpretation. Only removing the curvature term allows dr the well-known ex-
ponential damage distribution (see eq. (4.7)). From a quantitativperspective, all solu-
tions are close if the ratio of regularization length to cylinder radius ismall ( g 1),
see Fig. 4.4. The local solution di ers the most from the gradient-éranced models on
the outer boundary, because it naturally does not enforce a vahiag gradient there.
The relative deviation between the traditional gradient extensionad its curvature-free
modi cation ( st = 1 VS guir = 0) is largest at the center of the cylinder (-50 %
damage without curvature in uence) and smallest at its boundaryL %). It must nev-
ertheless be noted, that the relatively large deviation in the centecorresponds to a
small absolute di erence (only twice as large as compared to the haiary).

Curvature becomes a dominant in uence as soon as the regularimat length ap-
proaches the specimen size, cf. the middle and right graph in Fig. 4 While the local
model keeps its shape with a mere scaling of the damage values, theedgent-enhanced
approaches atten out and deviate more from another. In casef equal characteristic
lengths ( g = 1), elimination of the curvature term results in less damage, -35 %t a
the center and -28 % at the boundary. This signi cant deviation caimues for smaller
radii of the quasi-brittle cylinder.
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4.4 Numerical examples

Processes with regularization gradients comparable to the geomesize, e.g. nu-
cleation processes or microstructural interaction, are hence hlg susceptible to the
observed methodological curvature in uence. Although this in uace weakens on larger
scales, it can remain relevant where accuracy is of importance, ecplibration or bi-
furcating fracture paths. Also, reaching the sometimes desirabgharp-interface limit
( reg! 0) may be restricted numerically due to higher computational costdt therefore
requires careful control, whether and how curvature shall in ugce the physical behavior
predicted by the model. Given these general theoretical nding#he numerical examples
will now continue with insights for more speci ¢ and complex geometrseand loading
conditions.

4.4 Numerical examples

The following examples assess the role of curvature by the exampleegularized quasi-
brittle damage in systems of increasing complexity. For that purpes rst the origin of
the curvature dependence in the constitutive equations of bothradient damage models
the micromorphic gradient damage model 3.4 and the phase- eld meld2.4.2 is high-
lighted.

4.4.1 Curvature dependence of gradient damage models

The starting point is the analysis of balance of micro forces (2.55)tsImathematical

structure is similar for the micromorphic and the phase- eld descripn, despite its

di erent origin in Helmholtz energy and dissipation, respectively. Bdt descriptions
show di erent prefactors, though, which will be combined by meansf generalized length
parameter | (micromorphic model: | = c¢ 12, phase-eld model: | = gl ). The

multiplicative split of into its absolute value and its direction

=lr" =1 jr"jn (4.8)
allows to reformulate the balance of micro forces as
Z h i z
I no rjjr "jp+div(n)gr " " odv I dv
_f{z__
| {j i i }
div( ) 7 (49)

= | jgr'jjn. n' dVv:
@

Accordingly, both approaches also share a similar role of the additi@nin uence of
curvature . If and how this in uence appears in speci c boundary value problemwill
be visualized and quanti ed by the subsequent examples.
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4 Curvature dependence of gradient continua

4.4.2 Radial stretch of a disc

Problem focus The radial stretch of a disc (Fig. 4.5) constitutes a valuable testingase
for the start, because damage initiates at the outer boundary. e associated curvature
is thus naturally determined by the disc radiusR. The latter is the key variation of
this example. This opens the possibility to review whether and how theharacteristic
curvature 1=R interacts with regularization lengthl , for both the micromorphic and the
phase- eld prototype model. The fracture energys is the key parameter of interest to
be extracted from the simulations. It relates the system's totalreergy E in egs. (2.88)
and (3.35) to the fracture surfaceA.. This energy used to create the fracture surface
is supposed to be a material constant but not a priori xed by the rmadel's parameters.
It will hence be processed from the simulation output and revieweditv respect to
potential curvature-related biases. For the radial-symmetric mblem with thicknesst,
the fracture energy reads

E 1 L R2 A 1 RA
G =—= —— 2" rdtd drdz= = " dtr dr: 4.10
"T AT 2Rt - R - (4.10)
0 0 0 O 0 0
u
radial symmetry
imperfection
u - u 5 ( u
A A L, |
- R

u

Figure 4.5: Radial stretch of a disc: geometry, boundary conditions and disatization.

Numerical setup The disc is loaded in radial direction along the surface and xed
at its center. The surface displacementi is increased up to @4 mm and withdrawn

thereafter. Due to the symmetry of the system, the calculationare reduced to the

one-dimensional case as shown in Fig. 4.5. The disc radiRsvaries between 15mm
and 100 mm, while the elements' length ¢ in the softening zone is xed at @05 mm for

numerical comparability. The damage threshold o of the outermost element is reduced
by 10% to trigger localization. Further material parameters are gen in Tab. 4.3 for

the micromorphic framework and in Tab. 4.4 for the phase- eld framwork.
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4.4 Numerical examples

Name Symbol Unit | Value Value
Stretched disc | L-shape
Young's Modulus E [MPa] | 21000 21000
Poisson's ratio [ 0.2 0.2
residual sti ness factor Co [ 10 7 10 7
damage threshold 0 [MPa] | 0.4 0.4
damage slope u [l 0.5 1
energy scaling factor Ce [{1 200 20000
penalty parameter c [MPa] | 100 100
regularization length I [mm] | 0.1 varying

Table 4.3: Radial stretch of a disc: material parameters associated with threicromorphic
gradient damage model.

Name Symbol Unit Value Value
Stretched disc | Pre-cracked strip

Young's Modulus E [MPa] 21000 21000

Poisson's ratio [{1 0.2 0.2

residual sti ness factor Co [{] 10 7 10 7

damage threshold Ho [MPa] 0.05 0.0

crit. energy release rate Oc [N/mm] | 0.2 0.2
regularization length [ [mm] 2 varying

Table 4.4: Radial stretch of a disc: material parameters associated with thghase- eld
model.

The solutions are determined by a nite-element implementation with liear shape
functions for both the displacement eld and the micromorphic eld. The radial symme-
try has been accounted for by an axisymmetric element formulatiaisee Appendix F.1)
and the observed snap-back behavior is captured through an demgth method [42]
(see Appendix B.1). The fracture energys; is one parameter of interest to be extracted
from the simulations by integration of the resulting stress-strainglation in each element.
The damage distribution is additionally characterized by the damageidth that is de-
ned here by a degradation cuto off < 0:95. Note that interface integrals along the
circumferential direction bene t from utilizing radial symmetry as they are determined
analytically and independent of numerical, spatial discretization.

Results and discussion The fracture energy, being a key property in quasi-brittle
damage, and the damage distribution converge for large radii, Fig.64 This behavior
matches the previous dimensionless and the analytical analysis ag tiisc size becomes
much larger than the regularization length. The maximum radius anaed is 100 mm
and compares to a regularization length scale bf = 0:1 mm (micromorphic) and 2 mm
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4 Curvature dependence of gradient continua

(phase- eld), respectively. The convergence observed for largsystems is desired, e.g.
for benchmarking, considering the role of fracture energy as a teaal constant that
is supposed to be independent of specimen size and shape. For snaalli, however,

Micromorphic Phase- eld
. 10 2
E [ T ]
= vy —1 =021 I 0:22 — 1 =1 |
z 34 —1 =0:15 —1 =15
0] | =0:2 | =2
3 31 / -
% 02 / 8
o 28| :
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§ 251 ! ] 018 ! ! ! \7
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(a) Fracture energy for varying radii
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Figure 4.6: Radial stretch of a disc: micromorphic gradient damage model andhgse- eld
model. Fracture energy and degradation function at the outernsd 10 mm.

the fracture energy and the damage distribution deviate from thelarge-scale plateau.
Reducing the disc radius from 100 mm to 15 mm, the damage width inases by more
than 10 % (116 % micromorphic, 13 % phase- eld), while maintaining the shape qual-
itatively. Turning the view towards the fracture energy, smallerized bodies are weaker
in micromorphic simulations. The back-calculated fracture energy i®duced by 58 %,
which is clearly an undesired e ect for a material parameter. Evenawvse, this in uence is
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4.4 Numerical examples

reversed in the phase- eld predictions. The same size reduction ieases the resistance
against quasi-brittle damage now by raising fracture energy by#¥%. These observations
clearly demonstrate that the in uence of the disc's curvature pneents a physically sound
interpretation once the problem size approaches the regularizatidength { or even an
order of magnitude larger. Other geometrical in uences are exdad by limitation to

a single physical length scale. Numerical comparability is moreover giv by utilizing
radial symmetry and identical meshing in the damage zone. In additip the impact is
inconsistent between the micromorphic and the phase- eld approla and thus requires
appropriate consideration when curvature e ects become relewa

4.4.3 L-Shape

Problem focus The L-Shape is a well-proven system for evaluating quasi-brittle dam
age models [184] and shall be reanalyzed for more detailed assesspfehe micromor-
phic prototype model, see Fig. 3.6. It provides three practical esthsions compared to
the disc system above. Firstly, it allows a free crack path inside theokdy. Secondly,
damage is initiated by a stress singularity at the bend. Thirdly, the s& of the L-Shape
turns the view towards macroscopic problems with higher relevanéar practical appli-
cations. For that reason, the specimen size will remain constanthike the regularization
length will be varied. The response of major interest now becomésetcurvature of the
evolving damage zone.

Numerical setup The L-shaped specimen is xed at the top and loaded in vertical
direction at the lower outer face by displacement. Plane stress conditions are assumed
and homogeneous Neumann boundary conditions are employed widspect to the mi-
cromorphic auxiliary variable. The nite element simulations have beeperformed with
linear shape functions and a monolithic solution strategy. The undiging mesh consists
of 10651 elements, which are mainly located in the damage-pronearé’he material
parameters are given in Tab. 4.3. They are closely based on the vauesed for the disc
setup and slightly modi ed to achieve immediate softening and best oyparability of
the respective parameter studies.

The parameter of interest,| , is varied, while all remaining parameters are kept
constant. The numerical results are given in terms of the distribittn of degradation
function f. More speci cally, a circle is tted to the evolving crack path and its ar-
vature is compared for di erent regularization lengths. This has kben done through an
analytical calculation of the radius and the center point in dependee on the most-left,
the central and the most-right coordinate of the crack path. Swsequently, by means of
a least-square minimization, the nal radius and the nal center pmt were calculated
with respect to all coordinates of the crack path.

Results and discussion All regularization lengths show the expected curved crack pat-
tern with di erent crack widths, Fig. 4.7 (a)-(c). The di erent reg ularization lengths
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4 Curvature dependence of gradient continua

also result in di erent peak loads, which range between 917N and BM, Fig. 4.7 (d).
This behavior is known and documented, for instance, in [80].

Upon closer examination of the new aspect, the curvatures of tlveacks also clearly
change as highlighted in Fig. 4.7 (e). As far as this prototype model igpresentative
for the micromorphic regularization, the curvature is implicitly conneted to the nu-
merical width of the emerging crack. A larger regularization length gnalizes a curved
damage evolution, which also agrees well with the mathematical foatation and the
split of the curvature-related term before. The smallest regularion length allows
for the largest curvature of the initial crack path (00042mm* for I2 = 0:005 mn¥).
The largest regularization length reduces the curvature by almo&5 % (Q003 mm * for
12 = 0:03mn?). As one result, the cracks propagate on paths that are clearlyistin-
guishable on a macroscopic basis and may be critical for sensitive ieonments that
require accurate predictions.

While this standard example clearly indicates the impact of a classic mamorphic
regularization on the crack's curvature, the in uence of the cumture term is likely su-
perposed by further in uences. The crack width itself can alter ta stress eld and
the follower load di ers due to the di erent peaks in the load-displaceaent progression.
These may be further in uences on the curvature of the crack pathat cannot be sim-
ply eliminated. Therefore, the next numerical example directly dict&s the crack path
evolution by a xed hole and constantly oriented boundary conditios.

4.4.4 Punched and precracked strip

Problem focus A punched and precracked strip connects the previous exampleg b
allowing a free damage evolution yet governing the starting and enaint of the crack,
Fig. 4.8. The strip is pulled apart (out of plane) and damage will initiate aithe tip of the
pre-crack. The crack propagates downwards and can eventuatlgviate once it interferes
with the stress eld around the punched hole. This problem is foundotbe a well-proven
benchmark for phase- eld models and adopted from [9] and [59]. Thesponse of the
present phase- eld prototype model is investigated for variousgularization lengths.

Numerical setup The two halves of the top boundary are sheared out-of-plane with
a prescribed displacement. All other boundaries are stress-freethe basis example
adopted from literature references. As the punched hole doest mdways interact with
the damage eld, depending on the numerical parameters, a sedosetup with a xed
bottom which forces the crack to deviate is investigated. Plane sss conditions are
assumed and homogeneous Neumann boundary conditions are eggtlavith respect to
the phase- eld auxiliary variable. The material parameters are givein Tab. 4.4.

The phase- eld model has been implemented based on linear shapecfion, where
the resulting system of equations has been solved in a staggerechnex.
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Figure 4.7: L-shaped specimen: micromorphic gradient damage model. Degradia func-
tion, load-displacement diagrams and central crack patch for wing length parameter
| .

Results and discussion Starting with the literature case of a free lower boundary, the
strip cracks in a straight line from top to bottom for small regularizéion lengths |-,
Fig. 4.9. The damage width is too small for interference with the puhed hole then.
Once a critical width is reached, though, the crack will snap into théole. Analyzing
only these curved paths, they tend to atten for larger regulariation lengths. They take
a shorter and more direct route a$ increases. The relationship between regularization
length and crack length is hence not monotonic. The crack length st increases due
to deviation towards the hole (from 15@ mm to 1569 mm for |- = 2mm and 3 mm).
Caused by the penalization of curvature, nevertheless, the ckatength decreases af-
terwards once the hole is intersected (from 152mm to 1431 mm for|. = 4mm and
5mm). Thus, both inuences crack width and crack curvature areobserved in this
higher-dimensional problem. Interestingly, both have opposed irapt on the nal crack
length.

Fixing the bottom allows us to further reduce the in uence of the ack width, be-
cause it forces the crack to deviate sideways independent of its WdFig. 4.10. The
focus on curvature becomes even more pronounced due to thstegnatic and signi cant
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4 Curvature dependence of gradient continua
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Figure 4.8: Punched and pre-cracked strip: geometry, boundary conditiorad discretiza-
tion.

decrease of total crack length for largek . This can be well explained by the former
insights. Larger regularization lengths allow for less curvature (e,g0:0277 mm* for
|. = 2mm compared to 00314mm* for I. = 1 mm) and the crack path must deviate
earlier to reach the hole and becomes shorter (e.g., IA8m compared to 178 mm,
respectively). Vice versa, smaller regularization lengths allow largeurvature and thus
a later and more severe turning point of the crack path. The lowegtoint of the dam-
age zone hence becomes another distinctive implication of the inh@renethodological
curvature in uence. As a result, the regularization length deternmes whether the crack
path a ects the region below the hole (up tol: 1 mm) or whether it remains free of
degradation.

Finally, it shall be emphasized that the regularization length:- remained small com-
pared to the specimen size in this example, e.d., = 2mm corresponds to 1% of the
system size. The often unintended curvature in uence of the gdéent method is hence
twofold. On the local scale, it directly a ects crack evolution such € turning points.
On the global scale, it indirectly a ects the crack length and the pason of damaged
regions. The curvature in uence thus becomes decisive for botheroscopic and macro-
scopic systems with uncertain or crucial crack paths.

4.5 Experiment: Bending of a drilled and notched plate

Problem focus An experimental test shall nally evaluate the gradient-induced ct
vature in uence on quasi-brittle damage as previously demonstratl analytically and
numerically. It involves a cooled plate of dark chocolate with a hole aralnotch similar
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Lcrack = 150 mm Lcrack - 1569 mm Lcrack - 1527 mm Lcrack - 1431 mm

Figure 4.9: Punched and precracked strip with free bottom: phase- eld modle Degra-
dation function for varying length parameterl- . The crack length L.« IS measured

without the contribution within the hole.
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Figure 4.10: Punched and precracked strip with xed bottom: phase- eld mode Degra-
dation function for varying length parameterl- . The crack length L.« IS measured
without the contribution within the hole.

to the out-of-plane shear problem, but adds signi cant bending shess. The focus of
this analysis is on the crack path and how the experiment compares tli erent regu-
larization lengths that a ect the curvature evolution in simulations.

Experimental setup The material used to capture quasi-brittle behavior is cooled dark
chocolate with 70% cocoa at 3C. It has been chosen due to its recyclability, casting
ability in 3d-printed molds and the reduction of splinters that may danage experimental
equipment. A chocolate plate of 100 mm 100 mm 5 mm was cast, drilled and notched
as shown in Fig. 4.11. One half separated by the notch has been cladpA calibrated
weight was attached by a string to the other half and lowered slowlyotinduce cracking
that occurred for forces between 5N and:FN.

Numerical setup The plate has an initial geometric crack that starts in the middle
of the top edge. The plate is xed on the right side of the crack and &med in out-of-
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4 Curvature dependence of gradient continua

(a) Experimental setup (b) Dimensions and boundary (c) Mesh with 4948 elements
conditions

Figure 4.11: Cracking experiment of cooled dark chocolate: experimental andimerical
setup.

Name Symbol Unit Value

Plate bending
Young's Modulus E [MPa] | 26.9
Poisson's ratio 1l 0.4
residual sti ness factor Co [{1 10 7
damage threshold Ho [MPa] | O
crit. energy release rate Oc [Nmm] | 0.01995
regularization length [ [mm] varying

Table 4.5: Cracking experiment of cooled dark chocolate: material parameseassociated
with the phase- eld model.

plane direction on the left side of the crack. The mesh is re ned belothe crack tip

and on the right side of the punched hole; along the expected craug path. In order

to capture the bending behavior of the experiment, the calculati@nare performed in a
three-dimensional setting with two layers of elements. The discigation in thickness

direction has been chosen as a compromise between accuracy ahcutation time. The

material parameters are given in Tab. 4.5 and the calculations are pf@med by means
of a staggered solution scheme.

Results and discussion All four specimens show a very similar, straight crack path,
Fig.4.12. The crack length is 1%97 1:687 mm. Here, indicates mean population
standard deviation.. The crack shape resembles a straight line with @e cient of
determination r3,, = 0:983. This underlines that the notch and the hole reliably govern
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4.5 Experiment: Bending of a drilled and notched plate

Figure 4.12: Cracking experiment of cooled dark chocolate: experimental sjpaens after
cracking.
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Lcrack - 24 76 mm Lcrack - 22 99 mm Lcrack - 21 78 mm Lcrack - 21 19 mm 0

Figure 4.13: Cracking experiment of cooled dark chocolate: phase- eld model.idribu-
tion of degradation function for varying regularization lengthl. .

¢

Figure 4.14: Cracking experiment of cooled dark chocolate: comparison of theack path
between simulation and experiments.

the crack evolution and yield reproducible results despite the fastr@pagation process
and inaccuracies in fabrication and boundary conditions. Note thahe relatively small
deviations result from variations in the crack paths but also from farication inaccuracies
a ecting the notch-hole distance.

The simulations approach the experimental observation with largeregularization
lengths, see Fig. 4.13. This agrees well with the fact that a largerg@arization length
penalizes curvature. Agreement between experiment and simulat®{ in terms of crack
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4 Curvature dependence of gradient continua

length { is closest for the largest regularization length involved!l.( = 1 mm) with a
relative deviation of 139 %. The deviation increased to 33 % for the smallest simulated
regularization length (- = 1 mm). This match between experiment and simulations also
applies to the overall crack shape, Fig. 4.14.

Interestingly, the sharp-interface limit evolves towards the holetdater stages of crack
progression and thus tends to poorer predictions for this problenThis is in contrast to
the observations of a sharp crack surface without apparent ptasdeformation. It must
thus be noted at this point that simplifying assumptions such as quastatic simulations,
numerical approximations and experimental inaccuracies likely prddit a perfect match
between experiment and simulation, anyway. Also, further process superpose the
curvature e ect on the crack path, e.g., the interaction betweestress localization around
the hole and the width of the regularization zone. Thus, isolation ohe mere curvature
in uence is again di cult for the experiment. Interpreting the regularization length as a
model parameter, however, shows that it nally controls the curature of the crack path
for the present setup. The experiment hence supports the séahent of a methodological,
gradient-based curvature e ect.
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B Appendix

B Appendix

B.1 Arc length method

When modeling softening materials, a so called snap-back behavior hetequilibrium
path might occur. To be more precise, the load-de ection might sk for two or three
di erent (equilibrium) loads the same de ection, see [25] among o#rs. Although that
behavior would not occur in reality (due to dynamical e ects), it is siil important form a
numerical point of view. Typically, the standard solution algorithmse.g., displacement
or load controlled Newton-types, are not able to follow the load-dection path correctly
in this case. Therefore the so called arc length or path-following ninetds have been
proposed by [42, 146, 150]. Here, neither the load nor the displa@his explicitly
prescribed. Instead, a solution is searched in a domain close to tlwdusion of the last
time step. In order to do so, the residual function is modi ed by theadditional degree
of freedom as

ro(u; )= fM™w) £ (4.11)

Furthermore the residual is enhanced by a suitable constraint fahion. Following [42]
the constraint function is given as

r(u; )=1%= 2u u" u ud+[ ST 25 (412

where is a scaling parameter for the displacements, s the actual arc length and
the variables with subscriptn belong to the last converged time step. The constraint
equation (4.12) can be interpreted as an ellipsoid around the solutiarf the last time
step. A straightforward linearization of residua (4.11) and (4.12)igld

My Kw Ky u _ 0
: + K . K = ) (4.13)

as the system of equation which has to be solved. Typically, this sgst is not solved
monolithically but with the help of partitioning, cf. [186]. Within this scheme, each
iteration starts with solving for the displacement eld in dependencef increment

as

u K UL{lz K. (4.14)

=l u

}

= K. r
|fﬁu—L}|
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4 Curvature dependence of gradient continua

Afterwards constraint equation (4.12) has to hold even for the ated degrees of free-
dom

u u+ u“+ wu (4.15)
(4.16)

Therefore updated displacement (4.15) and updated load facto4.(6) are inserted into
the constraint equation (4.12). After rearrangement, the comsint equation (4.12) can
be written as
h [
§ Cris — 2 T u + f extT f ext 2
h [
+2 2[u+ uY u)" u + N : (4.17)

T 2

SN (VIS VIR VP L (VI VR VP Y Y G
and solved in closed format. Since eq. (4.17) has usually two distinatlgions, the
suitable solution has to be chosen. They can be represented in termf generalized
vectorss as

S1 = [ul Un] X Sy, = [u2 Un] , Sh = [Un Unn] ;(4-18)

1 n 2 n n nn
where s, denotes the solution increment of the last time step. A suitable crit®n in
order to choose the intended solution is the angle criterion. Herdhe deviation between
s; and s, is compared to the deviation betweers, and s,,. The chosen solution is the
one which deviates less. Mathematically speaking, the solution whichosvs the smaller
angle ; according to

S1 S S, S

(W= feiTsed jiS2i Jj Snii (4.19)

This scheme is repeated until the residual function (4.11) ful lls thelesired tolerance.
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5 Direct control of the curvature of
gradient continua

Although curvature e ects have been studied in connection with w@ous topics,
there is hardly any literature on curvature dependence in damageadeling. Instead,
size e ects have been studied, cf. [98, 139, 187]. For instan&xerlings et al.[139]
investigated the e ect of the internal length scale compared to # structure's size, and
Zhang et al.[187] analyzed size e ects with a vanishing internal length scale. Hever,
no curved crack paths were considered in these analyses.

A rst step towards curvature dependence of gradient damage odels has been
performed by Li and Maurini [97]. They investigated anisotropic fracture surface
energies and crack kinking within a phase- eld model and thereformcorporated
the second derivative of the phase eld parameter into the fracte surface energy
density. Hence, they introduced a physically motivated curvaturén uence in order to
describe anisotropic behavior. In contrast, the focus of the ment paper lies on the
methodological curvature dependence stemming from the balanequation associated
with non-local eld ' as pointed out in the previous chapter.

5.1 Origin of the curvature e ect and control

possibilities
The origin of the curvature dependence has been traced back talénce of micro
forces (2.21), cf. Subsection 4.4.1. In order to control both thiecalization width
and the curvature simultaneously, a single length parameter is noti sient. Using the

split of div( ) (eq. (4.9)) and by introducing an additional length parametett for the
part depending on the curvature as

div € =1 n rjr "jj+ 1 div(n)jjr "jj (5.1)
both parts (absolute value and curvature) can be controlled segsely. Similar to pre-

factor | , prefactor | diers in dependence of the underlying model (micromorphic:
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5 Direct control of the curvature of gradient continua

| = c 1%, phase-eld: | = g.| ). The key idea is thus to scale length parametdr
independently of length parametet . However, in this case
Z Z Z
I 61 ) dv € 'dveée € n' dA € r ' dv (5.2)
B @B B

and the expressiongjjr ' jj and div(n:) of eq. (5.1) have to be calculated explicitly.
By starting with the rst part of eq. (5.1), which transforms into

I n. rjjr "jj=ln r?2 n : (5.3)
The second part of eq. (5.1) results analogously in

| div(n.)jir "jj=1div(r') I n r? n : (5.4)
Insertion of both eq. (5.3) and (5.4) back into eq. (5.1) leads to

div € =1 div(r')+[l I]n r? n : (5.5)

By choosingl = | the second part of eq. (5.5) cancels out and the usual form of
balance of micro forces is obtained. Using identity div(* ) =tr( r 2' ) allows to further
reformulate eq. (5.5) into

dv € =1dv(r ')+l I]ln r?® n trr?
(5.6)
=div( )+[l I]ln r?® n trr?
which yields an explicit expression for the term that relates to the cuature dependence
of the underlying gradient damage models:

n. trr? (5.7)

5.1.1 Potential-based model: consideration of a
curvature-dependent Helmholtz energy

The rst approach follows the variational formulation by appendingadditional curvature-
dependent contribution to the underlying model's Helmholtz energysa

= pro 4 CurV(r .; r 2 ) : (58)
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5.1 Origin of the curvature e ect and control possibilities

Helmholtz energy P denotes the Helmholtz energy from the underlying gradient dam-
age model, i.e., from micromorphic gradient damage model 3.4 or fronmgse- eld
model 2.4.2. A suitable choice for contribution "V is

v = Bz 2 (5.9)

wherer is precisely the curvature expression de ned in eq. (5.7).

From an implementation point of view and concerning’-continuous nite elements,
the expressionr 2 cannot be integrated correctly, sinceC’-continuous nite elements
violate the continuity requirements as pointed out in [189]. One possily is to use
Ct-continuous nite elements. Another one is to adopt the idea fromtsain gradient
elasticity, see [113, 164], and to approximate the second derivatiby means of an
additional micromorphic enhancement, cf. [48, 54]. Following the lagt, additional eld
variable is introduced. The associated balance equation then follows jointlgoin the
variational framework through stationarity as

E= E u+ E'+ E + E =0; (5.10)
vE u=0; E. =0, E =0; E =0: (5.12)
The balance equations associated with, ' and remain unaltered, such that only

the latter equation remains to be speci ed. This balance equation isssociated with
micromorphic eld and reads

Z
B _= 4+ 1 r _dv=0
d Z (5.12)
, [div( ) ] _dv= [ _ ] ndA;
B @
where = @ and = @  are the energetic dual forcesto andr . The localized

format of balance eq. (5.12) follows as

div( )= in B; (5.13)
n=0 on@: (5.14)

For the evaluation of Helmholtz energy contribution (5.9)r ' is coupled to such that
r replacesr 2 . For the sake of convenience also replaceg ' . This leads to the
micromorphic transformation of energy contribution (5.9) into

c .. ., .. L L 2
W= i JJZ+7 r TR (Y G T (5.15)
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5 Direct control of the curvature of gradient continua

wherec is an additional penalty parameter and. the parameter controlling the cur-
vature. A straightforward computation of the energetically dualquantities to r '
andr results in

:@@_Izlr'+c[r' ] (5.16)
:%:c[ rot ]+ L i gt I + T 2 tr(r )] (5.17)
= =L gt i (5.18)

5.1.2 Micro force-based model: direct modi cation of balan ce of
micro forces

Another option in order to control or eliminate the curvature depadence is to extract
the curvature dependence from the constitutive equations dirdg This is achieved
by using eq. (5.6) and replacing div() in balance equation (2.21) by div€). The
curvature-independent counterpart of balance of micro forceken reads

Z Z
[div( ) !'+[l I]r]"dv= [ n]' dA (5.19)

B @
with r being de ned in eq. (5.7). The choicd = | removesr and balance equa-

tion (5.19) simpli es to traditional balance equation (2.21). The localied format of
eq. (5.19) is obtained as
div( )+[I I]r =! inB (5.20)
n=0 on@: (5.21)
It bears emphasis that due to contributionc [I> 1?]r , the balance equation no longer

follows as a stationarity condition from a potential. By the assumptio of the existence
of such a potentialE, the stationarity condition of potential " would read

@

@ - L Qe (e r2); (5.22)
éi. =lr'; (5.23)
@@Z- =0 (5.24)
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5.1 Origin of the curvature e ect and control possibilities

which leads to a non-symmetric Hessian, i.e.,

@z _ @r __@* |
@l @ 1 - [I | ] @ 1 6 O - @ I@l 1 (5'25)
@z _ @r I C

Thus, such a potential does not exist.

Analogously to the previous model (Subsection 5.1.1) expressiorf' in r cannot
be integrated correctly with C°-continuous nite elements. By following the same line
of thought, additional eld is again introduced and coupled ta ' . By doing so,
expressions andr replacer ' andr ?' in curvature expressionr . Furthermore,
the coupling ofr ' and has to be taken into account. This leads to an additional
penalty contribution &=c [ r ']in balance eq. (5.19). Thus, balance eq. (5.19) is
modi ed to

Z
[ &g r' +[! [Jr ( ;r )] " dv=0
d Z
: div( &+[I I]r(;r ) '] dv= [ & n' dA;
B @
(5.27)

whose localized format reads

div ( &=! [ I]r inB; (5.28)
[ & n=0 on @ : (5.29)
The balance equation associated to the micromorphic eld reads
Z
& dv =0 (5.30)

B

and completes the model.
Remark 1 The potential-based method does not eliminate the curvagudependence of
the underlying gradient damage model completely. This candemonstrated by analyzing
the mathematical structure of the respective balance eqoat i.e.,

E'= ¢ ] " +r' gr?) r' +h(r'): r2.dv=0

withg(r #)=c 12l +L tr r? 1 +Lr?: (5.31)
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The functionsg(r ' ) andh(r ' ) occur due to additional Helmholtz energy contribution
¢V The middle part can be reformulated into

Z Z Z
r' gr®) r'dv= Lr' r® n '_dA div r' g(r?) 'dv;
B @ B
(5.32)
with
: 21 1 — 2 A '
div g(r <) r = F I d{\zl(l’ g
(standard gradient enhancement) (5 33)
+L div(r')?+r? :r? +div tr r? | +r? r'}: '
y4

(potential-based extra term for curvature control)

The new term proposed with the potential-based approachsfléerm in eq. (5.33)) does

add a degree of freedom to control the curvature in uence ofasmidard gradient enhance-
ments (middle term in eq.(5.33)). The former cannot compensate for the latter exactly,
though, due to the di erent orders of magnitude. This inconipte control capability can

be explained by turning the view towards the micro force-bdsapproach. The curvature
elimination of the micro force-based approach required a negymmetric Hessian (cf.

Subsection 5.1.2), which is not possible when derived fronp@tential.

5.2 Numerical results

The focus lies on the following two selected boundary value problentke stretched disc
(Fig. 4.5) and the L-shaped specimen (Fig. 3.6).

5.2.1 Radial stretch of a disc
5.2.1.1 Problem focus

the st example predetermines the crack's curvature that evoleat the disc's boundary
due to an imperfection (see Fig 4.5). This allows us to vary the crack&urvature
directly by varying the disc's radiusR. It moreover allows the analysis of the curvature
dependence of the extended models in terms of resulting fractueeergy (4.10) and
the crack width. The numerically predicted fracture energyGt is a key property of
interest. It represents the energy required to create the claper crack surface area and
is typically assumed to be a constant for brittle materials.
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5.2 Numerical results

5.2.1.2 Numerical setup

The disc is loaded in radial direction along the surface with prescribeatisplacementu.
The nal amplitude is u = 0:04 mm for the micromorphic models andi = 0:014 mm
for the extended phase- eld models. Rotational symmetry is empled and reduces
the problem to one spatial dimension in radial direction (see Appendi€.4 and F.1).
The radius varies between 15mm and 100 mm (micromorphic) and:22nm and 75 mm
(phase- eld), respectively, while the element length. in the softening zone is xed to
0:05mm. In order to trigger localization, the threshold value o (Ho in the phase- eld
model) of the outermost element is reduced by 10%. All computatienare based on
linear shape functions (eldsu;'; ) and the observed snap-back behavior is resolved
by means of an arc-length method [42], see also Appendix B.1. The evél parameters
are given in Tab. 5.1 for the micromorphic gradient damage models andTab. 5.2 for
the phase- eld models.

Name Symbol Unit Value (AP) Value (LS)
Stretched disc | L-shape
Young's Modulus E [MPa] 21000 21000
Poisson's ratio [{1 0.2 0.2
residual sti ness factor Co [{] 10 7 10 7
damage threshold 0 [MPa] 0.4 0.4
damage slope u [l 0.5 1
energy scaling factor Ce [ 200 20000
penalty parameter c [MPa] 100 100
length parameter I [mm] 0.1 0.1
penalty parameter c [MPa] 10 10
curvature parameter I [mm] varying varying
curvature parameter L [Nmm®] | varying varying

Table 5.1: Radial stretch of a disc and L-shaped specimen: material parareet associated
with curvature-enhanced micromorphic gradient damage models.

5.2.1.3 Results and discussion

The conventional gradient extensionl{ =0 or | = |, respectively) clearly yields a
fracture energy that depends on the radius and thus the curvate of the disc, see the
lower (blue) lines in Fig. 5.2 and 5.1. Although this physically undesired bavior tends
to diminish by convergence for larger disc sizes, its e ect is not neghtg for the entire
spectrum investigated.

This undesired curvature in uence can successfully be lowered byning parameter
L of the potential-based approach. See the middle (red) lines in Fig. 5®here the
uctuation reduces from 10 % to 2 % (micromorph) and from & % to 1.3 % (phase- eld).
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Name Symbol Unit Value
Stretched disc
Young's Modulus E [MPa] 21000
Poisson's ratio [ 0.2
residual sti ness factor Co [{] 10 7
damage threshold Ho [MPa] 0.05
crit. energy release rate Oc [N/mm] | 0.25
length parameter [ [mm] 2
penalty parameter c [MPa] 1
curvature parameter I [mm] varying
curvature parameter L [Nmm®] | varying

Table 5.2: Radial stretch of a disc: material parameters associated with theurvature-
enhanced phase- eld models.

A too large parameterL can even invert the curvature-induced e ect and the fracture
energies decrease with increasing radius (top (green) lines in Fig.)5.2

Curvature parameterL and radius Rnax do not only a ect the fracture energy but
also the resulting crack width, see Fig. 5.2 (bottom). This width shalbe de ned here by
a degradation cuto off < 0:95. The increase of the crack width notably coincides with
the increase of fracture energy. This behavior is observed fortbainderlying gradient
damage models the micromorphic one and the phase- eld model. Theack-width sen-
sitivity is more pronounced for the micromorph gradient model, thogh. The deviation
of the crack width between smallest and largest disc radii starts dt1:6 % for the pro-
totype modelL =0. Tuning L increases the deviation to 3% % forL = 200 (where
sensitivity for of the fracture energy is mostly eliminated) and futter up to 38 % for
L =1000.

The potential-based approach is eventually able to control and toirdinish the cur-
vature in uence on the fracture energy of both gradient-enhared models. This control
ability however also changes the width of the damage eld, which usliais an arti cial
yet numerically relevant width for sharp cracks. The potential-basd approach requires
a careful calibration of the new parameteL , and a complete elimination is usually not
possible. The micro force-based approach also allows to modify thevature in uence
and shares some qualitative characteristics of the potential-basapproach. Fig. 5.1
speci cally compares the conventional casé (= | ) with the modi cation of the micro-
forces fully activated {( = 0). In contrast to the potential-based approach, it suppresse
the undesired curvature in uence on the fracture energy evenelier for the micromor-
phic prototype model. Interestingly, it otherwise performs worsdor the phase- eld
prototype model. Turning the view towards its impact on the crack wdth, the micro
force-based approach eliminates the dependence on the disc'svature completely and
model-independently. As another result, there is no proportionalitleft between the
fracture energy and the crack width.
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5.2 Numerical results

The model-speci ¢ behavior of both approaches to curvature ctvol highlights the
complexity of the inherent curvature dependence and underlinelse need for customized
solutions that may depend on the formulation and the implementatian

micro force-based approach

micromorphic gradient damage phase- eld model for fracture
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Figure 5.1: Radial stretch of a disc: micro force-based approach. Fractuemergies (top)
and crack width (bottom) for various radii and new length paramegr L . Left and right
column show results for the micromorphic and the phase- eld modekspectively.
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Figure 5.2: Radial stretch of a disc: potential-based approach. Fracture ergies (top)
and crack width (bottom) for various radii and new length paramegr | . Left and right
column show results for the micromorphic and the phase- eld modekspectively.
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5.2.2 L-shaped specimen
5.2.2.1 Problem focus

The L-shape specimen (Fig. 3.6) constitutes a well-established blenark problem for
crack propagation [184]. The crack path develops freely in this exaie and is there-
fore ideal in order to investigate the e ect of varying curvature prameters| and L ,

respectively. While the previous example focused on a systematiaidy of both the
micromorphic and the phase- eld model, this second example will fogin more detail
only on the micromorphic implementation as the qualitative implications pply to both

models.

1
0.8
0.6
0.4
0.2
0
1:200F
1:000
= 800 ] ;
= 600 : E—
S
= 400| .
200}, .
J\
% 0.05 0.1 ~_
disp. u [mm]

Figure 5.3: L-shaped specimen: potential-based approach (micromorphic drant dam-
age): distribution of degradation function, load-displacement diagm and central crack
path.
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5.2.2.2 Numerical setup

The L-shaped specimen is xed at the top and loaded in vertical dirdon at the lower
left surface by prescribed displacement = 0:1 mm. All elds (u;'; ) are spanned by
linear shape functions and plane stress conditions are assumednidgeneous Neumann
boundary conditions are prescribed for micromorphic elds and . The underlying
mesh consists of 10651 elements, which are clustered in the arethefemerging crack.
The material parameters are given in Tab. 5.1.

1
0.8
0.6
0.4
0.2
0
1,500
—1 =0
—1 =1
| =51
=1,000 !
= ,
© /
© /
2 500 / |
% 0.05 0.1 J¥:
disp. u [mm]

Figure 5.4: L-shaped specimen: micro force-based approach (micromorphiadjent dam-
age): distribution of degradation function, load-displacement diagm and central crack
path.

5.2.2.3 Results and discussion

It can be shown for the potential-based approach that also controls the curvature
of a freely evolving crack (Fig. 5.3). For standard gradient modeld.( = 0), the crack

has a mean curvature of 2R = 0:004 31 mm?, while for L = 1000 the mean curvature
is reduced by 6 % to 1=R = 0:004 03 mm*. However, the width of the crack remains
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virtually una ected by L . Furthermore, the change of curvature does not a ect the
ultimate load for this example. To be more precise, the maximum load was by less
than 2%. Thus, the potential-based approach allows to calibrate ¢hcurvature of the
emerging crack without interfering with either the loading behavior ar the crack width.

The micro force-based approach also allows to control the cracksrvature without
interfering with the crack width (Fig. 5.4). The crack curvatures dthe presented extreme
cases show a tunability of 20%. Their values=R = 0:0044mm?* (I =0) and 1=R =
0:0035mm ! (I =51 ) enclose the case of the standard gradient approach € | ) to
show the control opportunities in both directions for this exampleHowever, the micro
force-based modi cation simultaneously a ects the observed marum load. The force
response increases by30%. Thus, the model parameters have to be re-calibrated due
to the interaction of curvature control and structural respomse to loading.
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C Appendix

C.1 Approximation of global elds u,' and

This appendix covers implementation aspects of both the potentiblased model, cf.
Subsection 5.1.1, and the micro force-based model, cf. Subsecttoh.2. Since the
underlying micromorphic prototype model (see Section 3.4) as wel ghe phase- eld
model (see Subsection 2.4.2) share the same structure, the impdemation aspects of
the respective extended models are similar.
Starting from the mapping between physical coordinateX and natural coordinates
as

Wen
X =  XANA() (5.34)

A=1

allows the computation of the Jacobian matrix]J as

Ken M
C e . (5.35)
@ @
where ne, is the number of nodes per element anN” is the shape function associ-
ated with node A. The derivatives of the shape functions with respect to the physt
coordinates are given then by

%{—M( )= %—M J (5.36)

Analogously, displacement eldu, micromorphic eld ', second micromorphic eld
and their gradients are interpolated as

Ken Ken
u=  UuN%() ) r u= u? @( ); (5.37)

A=1 A=1 @
Ken Ken @M

IO T I LYY (5.38)
A=1 A=1 @
Ken Ren @M

= ANACY ) r = A =——(): (5.39)
A=1 A=1 @
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By employing a Bubnov-Galerkin-ansatz the variations ofi, ' and yield

Ken Ken

u= uUrNAC) ) ru= u? @( ) (5.40)
A=1 A=1 @
Ken Ken @M

R Y B B (5.41)
A=1 A=1 @(
Ken Ken @M

— A NA( ) ) r = A —() (5.42)

A=1 A=1 @(

C.2 Implementation details associated with the potential- based
model

Inserting approximations (5.37) { (5.42) into balance equations (245, (2.55) and (5.12),
respectively, leads to the contribution of elemene as

Z
Wen
JE u= anN utdv ; (5.43)
A=1pge &
Z
Wen
E' = IN A+ @ "t AdV (5.44)
A=1pge &
Z
Wen
E = NA + anN Adv : (5.45)
A=1 @(
Be

Clearly, if body forces are present, the respective terms have be added. Eq. (5.43) {
(5.45) motivate residuals

. QN
REA = = " dv 5.46
u %3 @ 1 ( )
. @)
R&A = IN A = dVv : 5.47
, + e ; ( )
. @)
Re,A — NA _— dV 548
¥ @ ( )

Be
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An e cient method to solve the resulting non-linear system of equabns (after the
assembling step) is the Newton-Raphson method. It requires the diarization of resid-
uals (5.46) { (5.48). These linearizations are given as

Z

ers - QM d @N
K uu - % @( du @( dV ’ (549)
K A8 = @@(_M 3_.NB dv : (5.50)
Be
K SAB = %; (5.51)
K&AB = NA 3_' %{—de : (5.52)
7
e,AB _ A d_l B @M d @N; .
K= = N q N°® + & o & dv ; (5.53)
7
K enB = @@)TM 3_,\,8 av (5.54)
Be
K eu;AB = %; (5.55)
: d QN
Ke&AB = NA_— =—dV;: (5.56)
dar' @
z d d QN
e;AB _ A Y N\IB A =
K = ) N . N® + N ar & dv
z 5.57
+ @ d_ NB + en  d anN dv ( )
@&« d @ dr @

Be

where indicates a contraction with respect to the second index. Sti nessatri-
ces (5.49), (5.50), (5.52) and (5.53) are directly related to the lingaations of and! .
For the micromorphic prototype model, cf. Section 3.4, they are gn as

_ @ @d . @d

d = St e 2 (5.58)
_@'d . @' @!d

dl ——?d + _'+_d_' d, (559)
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where state variable is computed by solving optimization problem (3.34). The sen-
sitivities are then computed by a linearization of indicator function at a converged
state as

1 1
d = 3— % " d % d: (5.60)
| {z—} | {z—}
_d 4
S o
The linearizationof ; ; depend onthe speci c choice of curvature-related Helmholtz

energy (5.15), which can be rewritten in terms of modi ed curvatue expressiorr ~as

=S
c . 3 L . .2 2 (561)
= r + — r tr(r .
5 Y bl ( )}
=F
The thermodynamic driving forces then read
@
- - | r' + C r' X 562
@ [ ] (5.62)
@ @
= —=¢ r-']J+L r—; 5.63
@ [ ] @ (5.63)
@ @
=—=L r —; 5.64
@ @ (5.64)
where and are energetically dual to micromorphic eld andr . In order to
evaluate sti ness matrices (5.49) { (5.57) the computation of thedtal derivatives w.r.t.
r', andr arerequired. They follow as
d——[l+c]'|' (5.65)
dr ' o '
d
= | .
. cl; (5.66)
d
o cl; (5.67)
d @ @ @r
—=cCcl+L — —+% ; 5.68
d @ @ "Tee (5:69)
d @ o @r
— =L = + ¥ : 5.69
dr @ @ oo (5:69)
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(5.70)
(5.71)

These derivatives, in turn, depend on the derivatives af ~A straightforward computa-
tion yields

@

o ' + 2 tr(r ) ; (5.72)
e I (5.73)

and
@?E@ =r +r7T  2t(r )I: (5.74)
7@2: Tkt 20w (5.75)
@r _ @r (5.76)

@ i@« @@ ]ij;

where the mixed derivatives are given in index notation.

C.3 Implementation details associated with the micro force -based
model

The implementation is based on inserting approximations (5.37) { (5.42nto balance
equations (2.54), (2.55) and (5.30). The resulting non-linear systeof equation (contri-
bution due to element e) reads

Z

. N
RE&A = ———dVv 5.77
u @ ( )
z N N
R®A= INA [I I]r N” — & —— dV 5.78
S S (5.79)
Y
R&A = &N”~dV (5.79)

Be
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and its corresponding sti ness matrices follow as

dREA “ @M d  @N

K SiAB = = F T & dv : (5.80)
7
e;A
K &AB = d:uB = %(M 3—INB av ; (5.81)
Be
. dRE&A
kg = e = o (5.82)
: Z
. dR &4 d @N
e,AB _— — A .
KE® = NA 5 e dv ; (5.83)
Be
: Z
. dR&A !
K?’AB=d,78= NAZ—,NB+[I +C %(—M @é(_l\? dv ; (5.84)
Be
: Z
: drR&A
KoM= D= NA |]‘é"i|\|B %{—MNB
Be
(5.85)
da oN
A —_— —_—
+ N2 I]d & dv ;
. dRe;A
K eu,AB - duiB = g’ (586)
, dR®A
K AB = el c NA %(—de : (5.87)
Be
: Z
. dRe,A
K &AB = 75 c NAI NBadv : (5.88)

Be

The linearizations of and! are identical to those computed in eq. (5.58) { (5.60).
Hence, only the linearization of remains to be derived. It is given in closed format as

dr 1
—=—1In r +r n 2n r nnil; 5.89
d i ] (5.89)
dr
a n n I ; (5.90)

so that all residuals (5.77) { (5.79) and sti ness matrices (5.80) { (88) can be computed.
Eq. (5.90) can be interpreted as the negative unit tensor or prajgon operator onto the
(crack) interface, cf. [166, 173].
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C.4 Curvature expression r in axisymmetric coordinates

The special case of rotational symmetry in a two-dimensional spgci.e., the space
spanned by radiusR and angle , leads to a simpli cation of curvature expression (5.7).
Fromr ' = @' er follows = egr with eg being the unity vector in radial direction

and being a scalar variable. Therefora follows asn = egr andr as

@
r = @RGR er + ﬁe e (5.91)

Inserting ofn andr into curvature expression (5.7) leads to

P (5.92)

and consequently

dr_

g =0; (5.93)
dr
o - e e : (5.94)
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6 Modeling anisotropic, ductile
damage

In this chapter a prototype model suitable for anisotropic, ductiledamage is
presented. The underlying framework can be traced back teinmann and Carol[174].
It provides a basis for the modeling of anisotropic damage by using acsnd-order
damage tensor complying with the principle of strain energy equivalea. That
framework was extended to multiplicative elasto-plasticity [105] anédapted to the
geometrically linearized theory [51, 106]. The latter models are alsodeal on the
principle of Generalized Standard Materials [67, 112]. This chapter ibry recaps
the principle of Generalized Standard Materials and the principle of &tin energy
equivalence according to [174]. Afterwards, a prototype modelitable for anisotropic,
ductile damage is presented.

6.1 Fundamentals

6.1.1 Principle of Generalized Standard Materials

In what follows, isothermal constitutive models are considered. lorder to capture
irreversible e ects, the concept of internal variables is adoptedThe respective strain-
like variables are denoted ag 2 R". With these assumptions { and focusing on local

rate-independent models, Helmholtz energy is of type = ("; q). In this case, the
dissipation inequality follows as
@ @
D= " _= — I = 0; 6.1
- @ - @ ¢ (6.1)
where the superimposed dot denotes the (material) time derivative a suitable con-
traction and a stress power of typeP = " is chosen. Application of the Coleman
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6 Modeling anisotropic, ductile damage

and Noll procedure [37, 38] yields stress responsee @ as well as reduced dissipation
inequality

Dred: g_::Q a 0 (6-2)

®®

with Q := @ de ning the stress-like internal variables being dual tay.

The model is completed by suitable evolution equations governirggas well as by
proper loading/unloading conditions which are implicitly de ned throudh a yield func-
tion. To be more precise, space of admissible stresses

E =f(;Qa2R"j( ;Q:q) O0g (6.3)

is introduced which is spanned by yield function ( ; Q; q). Based on yield function
the loading/unloading conditions can be summarized as

0; 0; =0 ; (6.4)

where 0 is the plastic multiplier. It bears emphasis that parameterization =
( ; Q; q) is not standard, since usually is assumed to depend only on strefike
variables (or only on strain-like variables). By way of contrast, in &. (6.3) also
depends { in addition to stress-like variableQ { on its dual strain-like internal variable
g. However, by applying the inverse function theorem tQ = @ , both representations
are indeed equivalent, i.e., ( ;Q;q)= T ; Q).

In line with the framework of Generalized Standard Materials, evolitn equation
g is postulated as a (partial) gradient of convex and non-negative @ac potential g
(it also has to contain the origin in the sense thag(0) = 0). Plastic potential g is
not necessarily identical to yield function . For rate-dependent pasticity, i.e., visco-
plasticity, a multiplicative ansatz is given as

g=fvsh i"; (6.5)

wheref Vs denotes a suitable factor, which depends on a time scale and mighpdad
on additional internal variables, see, e.g., [31] among others. Thepeessionh i denotes
the Macaulay brackets, which excludes elastic stress states frén@ evolution law. By
assuming an associative ow rule"® = @ ) and focusing on rate-independent models,
plastic potential g is oftentimes additively decomposed according to

o ;Q;)=( ;Qa+(Q;a): (6.6)

denotes the non-associative part of the potential, which allows talter the evolution
laws of internal variables without modifying the yield criterion, cf. [8].Hence, it provides
the model with an increased exibility. Again and analogously to yield faction , g
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is parameterized in terms of (; Q; q). Having de ned g, the evolution equations are
postulated as

b= @9= @ ; (6.7)
9= @u= @+ @]: (6.8)
It is important to note that { in contrast to yield function (  ; Q; q) { parameterization

g( ; Q; q) indeed adds a certain exibility to the model. To be more precise, alttugh

application of the inverse function theorem results again ig( ; Q; q) = 9( ; Q), pa-

rameterizationg( ; Q; q) a ects the evolution equation. More explicitly speaking, the
resulting evolution equations dier, i.e., @g( ; Q;q) 6 @& ; Q). It will be shown

that this exibility allows the modeling of ductile gradient-enhanced danage evolution
by means of a single failure/yield function.

6.1.2 Principle of strain energy equivalence

The principle is based on the introduction of a ctitious undamaged aoguration which
is connected to the damaged con guration by the so-called damadeformation gradi-
ent F4. A schematic illustration is provided in Fig. 6.1. Quantities belonging to he

undamaged con g. F damaged con g.
: > ——
=t Ga (";a)2( ";q) = f (";q) O
——
g=14( ;Q;0) o ;Q;a)=g( ;Q;q) O@ng(;Q;q)

Figure 6.1: Schematic illustration of the principle of strain energy equivalence tveeen
the damaged con guration and a ctitious undamaged con guratim. The superposed
bar signals variables belonging to the ctitious undamaged con guteon. The set of
internal variables is denoted ag.

undamaged con guration are marked as. In the spirit of nite strain plasticity the
push- and pull operations for co- and contravariant tensors amngsed. Assuming" as

covariant, the transformation rule yields
I (6.9)

By way of contrast, the transformation rule for contravariant ensors, e.g. for the stress
tensor , is given by

=Fy Fq : (6.10)
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As a consequence of both transformation rules (6.9) and (6.10)etldouble contraction
of energetic dual quantities

Fg 't = o (6.11)

is independent of the con guration. This allows the principle of strairenergy equivalence
to be presented as

(";a)= (";9) = (Fa " FgFa q Fg) 8Fqg; (6.12)
9 ;Q)=9( ;Q)=9(Fs Fa';Fa Q Fq') 8Fq: (6.13)

The key idea to ful Il these equations, and thus the principle of strim energy equivalence,
is to specify Helmholtz energy and plastic potential g solely in terms of invariants in
the sense of eq. (6.11). Those invariants for covariant tensorseaor instance given
in [106] as

iy=1:"=[Fg Fuq ]:[Fa " Fg=b:"; (6.14)
ip=1:"2=[Fq' Fq ']:[Fa' " Fa?=b:[" b "]; (6.15)
ip=1:"3=[Fq' Fq '1:[Fe' " FgPP=b:[" b " b "]: (6.16)

and for contravariant tensors as

i,=1: =[Fq Fq '1:[F¢e* Fq'l=b': ; (6.17)
i,=1: 2=[Fq' Fg ']:[Fa~ Fg P=b*:[ b' 1; (6.18)
i,=1: 3=[Fg Fg ']:[Fa* Fq P=b*[ b b' ]:(6.19)

Here, tensor
T T T .
b:= Fd Fd = Fd | Fd = Fd b Fd with b= (620)

can be interpreted as a contra-variant continuity tensor. For irtance, an initially un-

damaged material (at timety) corresponds toF 4(tg) = |, i.e., the ctitious undamaged

con guration is identical to its damaged counterpart and, thusp(tg) = | . This observa-
tion is in line with b = |, since the ctitious con guration is by de nition undamaged.

By way of contrast, in the case of a fully damaged state, tenséry and likewise tensotb

show, at least, one zero eigenvalue. Focusing on a one-dimensise#ing, this property

simplies to b! 0, as required for a continuity measure.

From a di erential geometric point of view, eq. (6.20) can be intergted as a push-
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forward transformation of tensorb. This, in turn, allows the rewriting of egs. (6.14)-
(6.16) as (sinceb = 1)

it=b:"=h:"=1:" (6.21)
ib=Db:[" b"]=b:" b " =1:"2 (6.22)
in=b:[" b" b"]=b:" b" b" =1:"3: (6.23)

Analogously to covariant (strain-like) tensors, invariants are alsantroduced for con-
travariant (stress-like) second-order tensors. Again noting iaéty b = | and recalling
that the product between a contravariant (stress-like) tensoland a covariant tensor
is invariant with respect to a superposed isomorphism induced by, (see eq. (6.11)),
invariants of can be introduced according to

i,=1: =b': =b?l: (6.24)
i,=1:2=b':[ b' J=b*:[ bl ] (6.25)
i;=1:3=b' b' b’ ]=b': b' bl I (6.26)

whereb ' is a covariant identity tensor belonging to the ctitious undamaged on gu-
ration.

As an alternative, invariants (6.14)-(6.16) can also be de ned by na@s of the standard
trace operation of mixed-variant tensorly "). To be more explicit,

i=tr((b "D=Db:"=b:"=tr [b "] (6.27)
iv=tr [b " =b:[" b "]=b:" b " =tr [b "] (6.28)
io=tr o "F =b:[" b" b"]=b:" b"b" =tr [b" : (6.29

Likewise, by considering mixed-variant tensort{ * ), one obtains

i,=tr ' ]=b': =b": =tr b’ ] (6.30)
i,=tr b P =b[ b' ]

=b [ b' J=tr ' P (6:31)
i;=tr b* P =b™[ b* bl ]

=b"[ b' b' ]=tr P P (6.32)
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6 Modeling anisotropic, ductile damage

6.2 Prototype model for anisotropic, ductile damage

The constitutive framework by [51, 106] is solely formulated in termef the invariants
presented in Subsection 6.1.2. The Helmholtz energy is speci ed as

= loc— em.mp.py+ Paa;k:b): (6.33)
®= Str(b "2+ b:['®:b:"%; (6.34)
P = %b:[a b a]+ %tr(b k)? : (6.35)

€ denotes the elastic part of Helmholtz energy (6.33) depending oretibovariant invari-
ants with respect to strain tensor'¢© =" "P, The plastic part of the energy depends on
the strain-like covariant tensors"P, k and a, wherek is associated with isotropic hard-
ening anda with kinematic hardening. Considering dissipation inequality (6.1) andhe
corresponding set of state variables'f; b; a; k) as well as a stress power of the type
P= :"leadsto

D=P _= P:"P+ :a+ :k+ :b O; (6.36)

which has to hold. Consequently, the energetic dual quantities follofrom Helmholtz
energy (6.33)-(6.35). A straightforward computation results in

= %: tr(b " b+2 b "¢ b; (6.37)
P = @ tr(b "®b+2 b "¢ b; (6.38)
@
= g: Hab a b; (6.39)
= g: Hetr(b k) b; (6.40)
- o= u e g e p e

: (6.41)
Haa b a Hgtr(b k) k

where is the standard stress tensor, the drag stress tensor, the back stress tensor
and the energy release rate. Quantity P is dual to the plastic strains and provides
an increased exibility for the evolution equation of"P. It enters plastic potential (6.6)
{ instead of stress tensor { and can be utilized to incorporate a Prager-type linear
kinematic hardening rule into the constitutive framework, cf. [143]A suitable method
to guarantee the ful liment of dissipation inequality (6.36) is the pringple of General-
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ized Standard Materials, see Section 6.1.1. The evolution equatiorre aetermined by
potential (6.6), which is speci ed as

g=( " b+ (;b+ (:b+ (;b): (6.42)

Such a type of potential, where the evolution equation for the intefy tensor b, only
depends on the non-associative part is typical for ductile damageontels of Lemaitre
type, cf. [94]. Additionally, kinematic and isotropic hardening is alterg with respect to
the non-associative part. The yield function is chosen as

= P e %b .. (6.43)
3 1 2
eq — - 1. 1 - 1 .
> b ~: b > tr b ; (6.44)
- p

= (6.45)

with initial yield stress . Equivalent stress (6.44) is based on relative stresses (6.45)
and chosen as von Mises-type. Furthermore, the non-associatparts of plastic poten-
tial (6.42) are adopted as

-+ (6.46)
. ZB;ab opt (6.47)
- %b opt (6.48)
:Eltr(b )%+ Ezb:[ b 1: (6.49)

It consists of potential and which are Armstrong-Frederick-type extensions to
non-linear kinematic and non-linear isotropic hardening, cf. [8], andf @otential
which de nes the evolution of integrity tensorb. The saturation limit of the nonlinear
evolution of plastic hardening is set by the ratio8 =H and the slopes by the magnitude
of H , or respectively by the magnitude oB . Parameters ; and , allow to adjust the
degree of anisotropy. Particularly, parameter ; is responsible for an isotropic evolution
of b while parameter , leads to an anisotropic evolution. To be more precise, the second
term in potential (6.49) leads to an evolution ob depending on the orientation of . A
straightforward computation of the evolution equations leads to

"p = " b= @p ; (6.50)
_ _ @g

a= . - , (6.51)
- _ @g

k = : - Q' (6.52)
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-@ .
@
where are the corresponding update direction and the consistency parameter.
In summary, the model is based on the principle of energy equivalenand formulated
in terms of con guration-independent invariants. It is capable of radeling ductile dam-
age, i.e., damage accompanied by plasticity. Both linear and non-lineeotropic as
well as linear and non-linear kinematic hardening are included. Furth@more, the pre-
sented model automatically ful lls the second law of thermodynami¢since its evolution
equations are based on the principle of Generalized Standard Magds.

h= : (6.53)

Remark 2 Since tensor is of contravariant nature, insertion of contravariant trans-
formation rule (6.10) or equivalently insertion of contravariant invariants (6.17)-(6.19)
leads to

_ 1 2 _ 3 :
“=3 1 3r()® =S [dev():dev() (6.54)

as an alternative representation of the equivalent stre¢6.44). It can be seen, that €4
are indeed the equivalent von Mises stresses.

Remark 3 To remain consistent with the framework of material covarigce poten-
tial (6.49) has to depend only on covariant invariantg6.14)(6.16). However, in
[51, 106] it is emphasized that the inclusion of exponemt as

= ,tr(b™ )b+ ,b"  p" (6.55)

is a reasonable extension in order to t the model to experimtl data.

6.3 Prototype model for isotropic, ductile damage

Anisotropic modeling of material degradation is not always necesgar~or components
which are only loaded proportionally an isotropic model is often su ciat and more
e cient { especially for gradient-enhanced constitutive models.

Starting from evolution equation (6.53), which leads to

b= — = ,tr(b )b; (6.56)

shows that the orientation ofb.is coaxial tob. Combining this with the assumption of
an undamaged initial state, i.e.,b(t = 0) = 1, results in a spherical evolution of the
integrity tensor and thus, justi es the scalar representation

b= bl (6.57)
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6.3 Prototype model for isotropic, ductile damage

with b being the scalar { isotropic { integrity variable. Insertion of assumpon (6.57)
into Helmholtz energy (6.33) then leads to its simpli ed form as

= lc— em-vpp+ Pask: b (6.58)
e _ EbZtr.(ue)Z_l_ qule:ne; (659)
v= Mepaar D (i?: (6.60)

This, in turn, allows the computation of scalar energy release rate as

= btr("®*+2 b"e:"¢

b ") (6.61)
H.ba :a+ Hbtr (k) :

Inserting assumption (6.57) into evolution equation (6.56) leads to
b= BPtr( ); (6.62)

with  remaining tensor-valued. A comparison of scalar energy releasgéera from
ed. (6.61) with

tr( )=  btr("9® 2btr("® "% Habtr(a a) Hybtr(k)? (6.63)

of energy release rate (6.41) and utilizing that only enters the constitutive framework
with respect to the trace operator justi es the substitution of r( ) with its scalar
counterpart resulting in

h= 0 = : (6.64)
Focusing on the isotropic case, a suitable potential for is

_ 1 2.
‘Ebz : (6.65)

The scalar representation of integrityb also enables a spherical representation kf To
be more precise, analyzing evolution equation (6.52),

_ @g_ 1 Bk, 2 .
k = @ 3b|+Hkb ;

shows thatk evolves spherically if is spherical. This leads to

(6.66)

k=Kl ; (6.67)
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6 Modeling anisotropic, ductile damage

where the tensor-valued is replaced by its scalar counterpark. Insertion of assump-
tion (6.67) into already reduced plastic part of HelImholtz energy (68 leads to

p:t§&a:a+ggﬁ&ﬁ (6.68)

as the isotropic simpli ed Helmholtz energy. A straightforward comptation of back-
stress vyields

@
= —_— = OH b2 Kk : 6.69
o oH (6.69)
Comparing scalar back stress to its tensorial counterpart
tr( )= O9HKk; (6.70)

and once again utilizing that only enters the constitutive equations with respect to
the trace operator { if assumption (6.57) is made { leads to the simpled version of
evolution equation (6.66)

1 ., Bk,
= “b*+ =: ; :
k 3P b (6.71)
A suitable potential in order to achieve@g= is given by
P— 1
_ ] 1. 6.72
y 3b ! ( )
Bk, 2 2
= — X g
H, b (6.73)

Since, the remaining quantities remain tensorial the simpli cation of he associated
equations follows jointly by inserting either assumptions (6.57) or asmption (6.67).

Remark 4 Assumption (6.67) leads to a scaling of the isotropic hardening part in
Helmholtz energy(6.68) with prefactor 9. This can be avoided by either assuming
k = 1=3k| or by substituting the isotropic hardening modulus witl§, = 9 Hy.
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D Appendix

D.1 1st and 2nd derivatives of symmetric tensor functions

In this appendix a closed form solution for rst and second derivates of symmetric
tensor functions is shown. It is taken from the work byMiehe and Lambrechi108] and
its purpose is to visualize the computational algorithm.

The starting point is a symmetric second-order tensof 2 R*?® and a scalar, twice
di erentiable function f 2 C?. The eigenvalues off are real-valued and the left and
right eigenvectors are identical. The spectral decomposition allows rewrite tensor T
in terms of its eigenvalues @ and its eigenbase®  with a2 f 1; 2; 3g as

T= apa; (6.74)

a=1

The tensor functionf (T) 2 R*>® then follows by applying scalar functionf to the
eigenvalues 2 as

x3
(M= f(HP*: (6.75)

a=1

The calculation of the rst derivative @f (T ) requires both the derivative of the eigenval-
ues as well as the derivative of the eigenbases. Conside@yvester Serrirs formula, see

e.g., [107], to compute the eigenbasis in the case of three di erenterigalues 2; °; ¢
leads to
T by T €l
pPa= [ ] : (6.76)

[a b][a c]

Exploiting identity @ @ = P ? the derivatives @f (T) and @f (T) can be calculated.
For the case of multiple eigenvalues, the algorithm has to be modi edlternatively, a
perturbation of the eigenvalues according to

Cc
a a + . b b c

[L+1; 1] TSI (6.77)
can be utilized which ensures the determinant to remain unaltered. ue to the pertur-
bation, the algorithm loses accuracy, which sometimes results in digence of the sur-
rounding algorithms. An analytic computation of the rst and secowl derivatives, which
depends on the number of multiple eigenvalues, is presented in [108].[108] auxiliary
variables 2, # and with a;b;c2 f 1;2; 3g are introduced. Their calculation depends
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6 Modeling anisotropic, ductile damage

on the number of multiple eigenvalues and is summarized in Algorithm 1t ik assumed
that the eigenvalues are sorted in ascending order, i.el 2 3, thus, resulting in
four di erent combinations of multiple eigenvalues. Furthermore, lte fourth and sixth-
order tensorsG# and H3* are introduced for all combinations ofa; b; c2 f 1;2; 3g. For
the sake of readability they are given in index notation as

iéjlltzl = Py Pj? + P Pjﬁ ; (6.78)
Hifon = P P PR+ PR PR P+ PRPR PG+ PRPY PR

ijkimn
a pb pc a pb pc apb pc apb pc . (6'79)
+ Pj Pim P + P Pin Py + Pii Piy Py + Pyi Pip Pin

With that quantities at hand, the rst derivative of f(T) follows by employing the
product rule as

x3 a a X3 a
@rm=" e T.7 (9 Z
a=1 a=1
6.80
:)@ @( a)Pa Pa+1'>@ abGab: ( )
a=1 @a 2a;b=l
aéb

The derivative of the eigenbase® ® with respect to tensorT depends on the number
of multiple eigenvalues and can be expressed in closed form by inseytthe auxiliary
variable 2, see Algorithm1. In the same manner the second derivative is exgsed as

X3 a
@f(T): @f(az)Pa pa pas %" ab pyabb 4 pybab_ pybba
a=1 @ a;b:g_
= (6.81)

+ 1‘ X3 Habc.

4 .

a;b;c=1
a6 b; bé6c; c6a

Here, the auxiliary variables 2 and are inserted.

D.2 Application to tensor power series

The calculation of tensor power series, i.€T,", may be computed by a series of matrix
products as

T”=i|' Tz h (6.82)

n times
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Algorithm 1: Computation of auxiliary variables 2°, 2 and

Input: Eigenvalues 2 2 R and scalar functionf 2 C2
% Derivatives off
fa=1f(23); d2=2@.f(?3); ddF2=4@.f( ?)
% Initialization
ab — 0; ab — 0; =0
% Computation of auxiliary variables
if 16 26 3then
for a;b2f1;2;39, a6 bdo

ab_fa fb
T a b
b 1 b
ab — ° Ed:
a b
for c2f1,2,39,c6 a, c6 bdo
fa
+
2[a b][a c]
end
end
elseif 1= 26 3then
fl f3
12— 21— 1§1 13— 23— 31— 32—
2 ' a 3
13 143 31 11l
12 — 21 -1 1. 13 — 23 — 2 . 31 — 32 — 2
- _§dd’ - - 1 3 - - 3 1
= 31
elseif 16 2= 3then
23 32 1 2 3 2 3 f2 fl
—_ —_ 1 12 — 13 — 1 — 1
- _Ed’ - - - T2 1
12 ;dz 21 ;d:l
23— 32_-1 1. 12 — 13 — 2 . 21 — 31 — 2
_§dd , - - 1 2 ! - - 2 1
= 12
else
for a;b2f1;2,3g,a6 bdo
b—- 1 . b—- 1
a_zdtl’ a—gdd:l
end
- 12
end
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6 Modeling anisotropic, ductile damage

This implies that the exponentn is a natural number, which may be too restrictive
for applications. One method in order to allow real-valued exponents is given in
Appendix D.1. By de ning function (6.75) as

x3 x3
f(T)= f()P2:= [3]"=T" (6.83)

a=1 a=1

shows that exponentn is only applied to the eigenvalues. Hence, formula D.1 is appli-
cable.

D.3 Split of strain tensors in positive and negative parts

A frequently made assumption in the eld of damage mechanics is thatamage only
occurs under tensile loading states. For that purpose, the tensanvolved in the model
such as the strain or the stress tensor, are often decomposei ia tensile part denoted
asT™ and a compression part denoted a such that

T=T"+T (6.84)

holds. The tensile part is calculated according to

x3
T = H(?) 2P?; (6.85)
a=1
where
1 if
H(x) = tx 0 (6.86)
0 else

is the Heaviside function. Usually, the derivatives of *, respectivelyT are required
for implementation aspects. Since Heaviside function (6.86) is distionous at x =0, a
smooth approximation as given in [51] as

Xo

1 1
H(x) = > + —arctan (6.87)

Xy

is often used. ParameteK, allows for a horizontal transition and parametetx, controls
the slope of the transition zone atx = X,. Representation (6.85) allows to compute
derivatives by means of the methods provided in Appendix D.1. Furdrmore,

daT dT”

aT | sym a7 ; (6.88)
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T AT
dT? dT2 -’

(6.89)

D.4 Visualization of anisotropy

A change of integrity tensorb induces a certain anisotropy into the model. In order to
visualize the anisotropy of the elasticity, the directional Young's maulus can be plotted,
cf. [83]. It is calculated based on the fourth order elasticity tensdg, which is given in
terms of Helmholtz energy asE = @ . The r-directional Young's moduluskg, then
follows as

E.;= [ r]:EY:r r] *: (6.90)

Focusing on the model summarized in Section 6.2, fourth-order ®or E reads in index
notation

[E]ijk| = bjhbg+ [oeb +bbi]: (6.91)
For b = | (Fig. 6.2(a)) the elastic material behavior is isotropic. The same haddfor
E
2 3 2, 3 2, 3
10 100 100
@ b=40 1 b (b) b=40 3 0 (cob=40 1 P E=2
e 001 00 3 001
3
(53] e
0

2, 3 2, 3 2, 3
& 0 00 & 00
(db=40 1 () b=40 1 o fH b=40 I 05
0 01 0 01 0 01

Figure 6.2: Visualization of b-induced elastic anisotropy.
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6 Modeling anisotropic, ductile damage

spherical degradations ob. However, due to the quadratic dependence & on b this
e ect is non-linear.

A reduction of only one component ob leads to a degradation oE in precisely that
direction (Fig. 6.2(c) and (d)) and a degradation of two componestleaves the remaining
direction una ected (Fig. 6.2(e) and (f)).
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7/ Regularization of anisotropic,
ductile damage models

In this chapter, the local, anisotropic, ductile damage model prested in the
previous chapter is regularized by means of a micromorphic gradigormulation. Such
a regularization is indeed required, since the local model { from a niematical point
of view { results in an ill-posed equation which, in turn, leads to a patHogical mesh
dependence as far as the resulting nite element formulation is carned. Within this
chapter it will be shown, that the micromorphic formulation in its stardard form is not
suitable to regularize the underlying local model. The origin is analyzeahd, based on
this, a modi ed version of the micromorphic regularization is preseatl. That version
is applied to both the anisotropic and the isotropic prototype model.

7.1 Micromorphic gradient regularization

7.1.1 Naive micromorphic extension of the local, anisotrop ic,
ductile damage model

The softening behavior of anisotropic damage model 6.2 is determdnby the mono-
tonically decreasing second-order tensdx In order to regularize the local constitutive
model, the gradient ofb shall be incorporated into the model. Following [48, 54], the
regularization is not directly applied tob, but to an additional second-order tensot .
With this tensor, a micromorphic approximation of a standard gradiet regularization
is obtained by means of enhanced Helmholtz energy

- |OC("; "P:a; k; b)+ ”loc(b; or' ) (7.1)
loc = ems P Y+ P("P:a:k:b); (7.2)
e - Etr(b "2+ b:['® b "9 ; (7.3)
P = %b:[a b a]+ %tr(b k)? ; (7.4)
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7 Regularization of anisotropic, ductile damage models

2
o= P b B jir bj? (75)
loc denotes the Helmholtz energy of the underlying local prototype rdel and "°c
the micromorphic extension with penalty parameterc, and length parameterl,. The

energetically dual quantitiesto ;' ;r ' ; "P; a; k; b) then follow as
- @ tr(b " b+2 b "¢ b; (7.6)
@
| = == ' b 7.7
@ Co [ ] (7.7)
@ 2
= _— = lcr 7.8
@ Colp (7.8)
. @ _ tr(b " b+2 b "¢ b; (7.9)
@r ’ '
. %: Hab a b: (7.10)
- @ Lo Kb: (7.11)
@
= —= tr(b "¢ "¢ 2 "¢ p "°
@ (b "%
Haa b a Hgtr(b k)b (7.12)
to[ b
The stress power associated with the model is of type
P= "+ '+ ir'; (7.13)

where operator : denotes a triple contraction. Stress power (7.13) implies reduced
dissipation inequality

D= :"Pt+ag:a+ :k+ :b O0: (7.14)

The reduced dissipation is formally identical to reduced dissipation &) of the un-

derlying local model. However, energy release rateis a ected by the micromorphic

regularization. Forc, chosen su ciently large,’ converges toward$® and energy release
rate (7.12) converges towards its local counterpart. In this cas dissipation inequal-
ity (7.14) simpli es to dissipation inequality (6.36) of the underlying loch model and

thus, the second law of thermodynamics is indeed ful lled.
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7.1 Micromorphic gradient regularization

According to Section 2.2, the balance law associated with the micrombic eld is the

balance of micro forces. It reads
Z

o'+ ir ' dv=0: (7.15)

B

and can be transformed into Laplace-type
I2div(r ' )=[" bl (7.16)
Its insertion into energy release rate leads to

_ Q_ @Ioc @nloc B loc 2 o .
= @_|_{@} @ - 1 +Gpl2div(r ') (7.17)

local model

— loc

and, hence, the gradient extension becomes obvious.
Although the model is indeed gradient-enhanced, it does not regulee the local damage
model. Within the next section, this problem will be analyzed in detail.

7.1.2 Analysis of the model

Focusing on an isotropic damage evolution, the coupling between plagy and material
degradation was also analyzed in [80]. Within the cited paper, it is meoned that a
micromorphic enhancement of the underlying local model { similar tohie modi cation
presented in the previous paragraph { is not able to regularize thedal model. In or-
der to solve the problem, two di erent yield functions are introducd in [80]: one yield
function for plasticity and an additional yield/failure function assogated with material
damage. This modi cation certainly solves the problem. However, aare detailed anal-
ysis of the underlying problem is not given in [80]. Furthermore, classituctile damage
models are usually based on a single yield function, see e.g. [94]. A lagzation of
ductile damage models based on a single yield function is precisely on¢hef goals to
be achieved in this chapter.

In this section, the naive extension towards a micromorphic reguiaation as pre-
sented in the previous subsection is critically analyzed rst. A bar awisting ofn ( nite)
elements with one imperfect element is considered in Subsection 7.3AImore complex
boundary value problem { a plate with a hole { is investigated in Subseicn 7.3.2 and
in Subsection 7.4.1. Without anticipating all details provided in Sectiong.3 and 7.4
some of the main ndings are already reported here.

Bar with an imperfect element (see Subsection 7.3.1) If loading (such as uniaxial
tension) is increased in the bar with an imperfect element (the initialigld stress , of
the imperfect element is slightly reduced), the yield stress of the inpfect element is

113



7 Regularization of anisotropic, ductile damage models

reached rst, resulting in b6 0. This, in turn, leads through eq. (7.15) to an evolution
of global eld * . However,' does not in uence internal variableb of the remaining
nite elements. If loading is further increased, damage evolves ingimperfect element
by which ' also evolves. The stresses in the imperfect element decrease maity
due to material damage. Due to equilibrium, the stresses in the reinang elements
also decrease. However, the integrity tensor of the remaining elemts does not evolve.
Furthermore, the micromorphic extension eliminates the evolutionfd within the lo-
calized element. To be more precise, the contribution of micromorghextension tob
shows the same absolute value as that of the local contribution, ba di erent sign. As
a consequence of the aforementioned elimination, the total meceal response is not
characterized by material softening anymore.

Plate with a hole (see Subsections 7.3.2 and 7.4.1) The one-dimensional problem
discussed before shows that the naive micromorphic approach sahcapture material
softening in general. However, the results seem to be mesh-obyec In order to proof
this conjecture (mesh-objectivity) { which is in contrast to the ndings reported in [80]
{ a two-dimensional problem is also analyzed. Without going too much ta detail, the
results summarized in subsections 7.3.2 and 7.4.1 show that the resgt nite element
computations are not mesh-objective, i.e., the naive micromorphigproach does not
regularize the underlying ill-posed local constitutive model.

Finally, it is noted that the di erences between the one-dimensionaand the two-
dimensional example seem to be related to the compatibility conditionTo be more
precise, the kinematics reduced to one dimension are incompatible imetsense that
stretches orthogonal to the bar's axis are not subjected to amgonstraint. By way of
contrast, the two-dimensional nite element discretization is autmatically compatible.
This compatibility leads to a stronger coupling between the neighbomgnelements and
therefore, to a di erent damage evolution.

7.1.3 Novel micromorphic extension of the local, isotropic , ductile
damage model

According to the previous subsection, micromorphic eld , which was supposed to
regularize the local constitutive model through a gradient-enhaement, a ects the yield
function of the imperfect element only implicitly. Furthermore, it does not a ect the
non-imperfect elements. In order to obtain an in uence df on yield function for the
neighboring elements as well { and thus on their damage evolution { vable

=@ _or By G219 G 12div(r ') (7.18)
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being dual to' s utilized. Evidently, tensor ! naturally includes a gradient con-
tribution. Furthermore, ! connects the local energy release rate tensof’® and its
gradient-enhanced counterpart according to

= C41 (7.19)

With this notation, the yield function of the previous micromorphic malel is re-
placed/enhanced by

( 5! 5 b (7.20)

Precisely speaking, the dependency of oh is the key idea for the novel micromorphic
regularization of the local single yield surface-based ductile damagedel. Alternatively,
a direct incorporation ofr ' orr b would be possible as well. However, the choice!of
is favored, since a direct incorporation af * orr b would result in high implementation
e ort { as already explained in Chapter 3. Regarding the numericalxamples, the simple
choice

= lCc4f, with  f,(!)= bP:l; (7.21)

with p being an additional regularization parameter is made. However, it Bes em-
phasis that other functions ( ;! ; ; ;b) are possible as well and furthermore, the
enhancement does not need to be additively in structure. A methddr calculation of
b P for real-valued exponents as well as its rst and second derivatives is shown in
detail in Appendix D.2.

Choice (7.21) is motivated by the following facts: (i) Within the originalmodel, in
which the yield function does not depend oh , integrity tensor b does not evolve in the
elements being neighbors of the imperfect element. However, altigh b = | in these
neighboring elements, eld’" shows the correct spatial distribution. For this reasonb
should follow eld ' . This can be realized by decreasing yield limit, in yield func-
tion (6.72). In order to do so, y is replaced by y 1. Accordingly, if damage
occurs in the imperfect element, the eigenvalues bfand thus also those of decrease.
Through continuity of eld ' , the eigenvalues of also decrease in the neighboring
elements and the coupling becomes active. (ii) Factdr P increases with respect to
damage accumulation. By doing so, the implicit gradient-enhancentebecomes more
pronounced for material points undergoing localized material darga and thus, localiza-
tion within a single material point (respectively a nite element) is pentized. It bears
emphasis, that the choice gb has a major in uence on the results. Increasing parameter
p leads to a stronger coupling betweeh and b, but also to an increase in residual forces
for lower values ofb. This will be investigated in detail within Sections 7.3 and 7.4.
Clearly, the yield function of the original local model and that of themodi ed counter-
part according to eq. (7.21) are dierent{ as long a$, 60, i.e., b6 ' . The principle of
equi-presence suggests including tendoralso into the other constitutive functions such
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7 Regularization of anisotropic, ductile damage models

as the evolution equations and Helmholtz energy. However, concerning the latter, the
work-conjugacy between and the already included dependency of on ' prohibits
this modi cation. For this reason, only the evolution equations (therespective plastic
potentials) have to be modi ed.

According to the principle of equi-presence, plastic potentiay = g( ; ; ; ;b)
(see eq. (6.42)) of the original underlying local model has to be mad by g
g ;!'; ; ; ;Db). Since only the damage-related part of the local model has to be

regularized, ansatz
g=( :'; 5 5 b+ (sb+ (;b+ (1 ;b (7.22)

is made. As a consequence, isotropic hardening and kinematic handeg are not modi-
ed. In order to keep the plastic potential of the original local moeél which drives the
damage evolution, plastic potential is replaced by

S [ 1D+ gbil 11b [ 1]

1 loc 2 . loc loc
—tr b + -b: b
2 2

(7.23)

Again, it is noted that this is indeed a (suitable) constitutive assumpbn and other
choices are possible as well.

Remark 5 Within the model, the full gradient of second-order tensdr is controlled via
the micromorphic approach { in contrast to [10]. Clearly, da to numerical e ciency,
regularizing only an e ective scalar-valued variable migloe tempting. However, second-
order tensorb cannot be completely controlled in this case. For this reasat is currently
mathematically an open question, if such a scalar-valuedguarization would lead to
well-posed mathematical equations.

7.2 Micromorphic gradient regularization for isotropic,
ductile damage models

Following the same line of thoughts, prototype model 6.3 is regulariddy means of the
novel micromorphic regularization. It is presented here for the ka of completeness.
The enhanced Helmholtz energy reads

- |OC("; "p; a: k; b)+ nloc(b; ot ) (724)
loc = em: P py 4 P("P: a: k; b) (7.25)
° = Ebztr("‘3)2+ p2re:me (7.26)
_ Ha . Hy 2
p—7b2a.a+?b2k (7.27)
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7.2 Micromorphic gradient regularization for isotropicctde damage models

2
o= B g B 2 (7.28)
By considering a stress power of type (7.13) the reduced dissipatimequality takes the
form
ped= P:"P B :a k O0; (7.29)

which is a priori ful lled due to the framework of Generalized Standat Materials. Con-
sequently, the thermodynamic forces take the form

- %: b2tr("¢) | +2 b2"e; (7.30)
| = g': o[ b (7.32)
_ g—- = Gl2r (7.32)
P = %: b2tr("®) | +2 b2"e; (7.33)
= %: H.bPa; (7.34)
- %k: H P K (7.35)
= %b: btr("®® 2b"®:"® Hyba:a HybK 7.36)
+o[ b

As done for the anisotropic version, the potential associated witlhe damage evolution
is modi ed by means of penalty contribution! , reading

- _ 112 - _ locy2 .
2b2[ N sz[ I°: (7.37)
Accordingly, in potential (6.65) is replaced by '°. By doing so, the original evolution
equation is not a ected.

Finally, the yield function of the isotropic model is also given here. lestion of the
aforementioned assumptions eventually yields

= €q y ==t fi (738)

3
eq — > b? gev: dev (7.39)
- p (7.40)
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7 Regularization of anisotropic, ductile damage models

f, = bPlL (7.41)

7.3 Numerical Examples { Isotropic, ductile damage

7.3.1 Bar with an imperfection

Problem focus The imperfect bar (Fig. 7.1) is ideal in order to analyze the regulariza
tion properties of the isotropic, ductile damage model. For the retarized models, the
results, i.e., the loading behavior and the distribution of integrityb, should be indepen-
dent of the underlying element lengthd.. Therefore, the element length will be varied
and the results of the three models (local, naive micromorphic and ved micromorphic)

will be compared.

imperfection

\
N AN N N N N N N N N I

1

— .
-~} —

Figure 7.1: Bar with an imperfection: geometry and boundary conditions.

Numerical setup The truss, which is xed on the left-hand side, is loaded in tension
by prescribing the displacement at the right-hand side. The mecheral setup, the nite
element discretization by means of (21, 41, 81 and 161) linear disgaeent-driven nite
elements is summarized in Fig. 7.1. The material parameters are show Tab. 7.1.
In order to trigger localization, the element in the middle of the struire is weakened
by reducing its initial yield stress by 5%. Homogeneous Neumann-bwlary conditions
have been assumed for the micromorphic eld.

Results and discussion The mechanical responses as predicted by the three di erent
models are summarized in Fig. 7.2. Accordingly, the underlying local mel as well as
its novel micromorphic extension capture the desired softeningsmonse (Fig. 7.2 (a)
and (c)). By way of contrast, the naive micromorphic model (Fig. 2 (b)) does not, but
shows a plateau in the load-displacement diagram. This can also bersé@ethe distri-
bution of integrity variable b at the nal stage of deformation (Fig. 7.3 (b)). It bears
emphasis that the spatial distribution ofb is not constant for the naive straightforward
micromorphic model, i.e., localized damage indeed occurs within the eletnshowing
the imperfection. However, since eld$ and ' are only one-directionally coupled, in-
tegrity b does not evolve in the neighboring elements. Furthermore, the macnorphic
extension eliminates the evolution ob within the localized element such that the total
mechanical response is not characterized by material softeningyanore.
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Name Symbol Value Unit
Young's Modulus E 400 [MPa]
Initial yield stress y 1(0.95) [MPa]
Hardening modulus (kinematic) Ha 0 [MPa]
Armstrong Frederick Ba 0 [-]
Hardening modulus (isotropic) Hyg 0 [MPa]
Armstrong Frederick By 0 [-]
Damage modulus 1000 [1/MPa]
Penalty parameter (regularization) Co 5 [MPa]
Length parameter 12 20 [mn?]
Regularization exponent p 1 [-]

Table 7.1: Bar with an imperfection: material parameters associated with theegularized
anisotropic ductile damage model.

1 1 S S 1 ™
= 075 0:75/ | 10750\ |
L I AN
§e] ™
@
S 05 0511 1 05} . 8
£ | a T
g 0:25/] 0:25| | | 025 ]
0 ; : 0 ; : 0 ; :
0 5 10 2 0:1 0 05 1 0 05 1
norm. disp. u [{] norm. disp. u [{] norm. disp. u [{]
(a) local (b) naive (c) novel

Figure 7.2: Bar with an imperfection: load-displacement diagrams for the local odel,
the naive micromorphic model and the novel micromorphic model.

For the sake of completeness, mesh objectivity of the novel mddse shown in
Fig. 7.3(b). While the load-displacement diagrams associated with thiecal model
depend on the underlying nite element mesh, this pathological beklimr is neither ob-
served for the naive micromorphic nor for the novel micromorphic odel. However and
as already mentioned before, only the novel micromorphic modelptares the desired
softening response.

Finally, it is noted once again that due to the missing three-dimensioh&inematic com-
patibility of the one-dimensional model, the results obtained from # one-dimensional
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7 Regularization of anisotropic, ductile damage models
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Figure 7.3: Bar with an imperfection: load-displacement diagram and distributionof
integrity b at the nal stage of deformation for the local model, the naive mi@morphic
model and the novel micromorphic model

example have to be taken with care. For that purpose, spatially mercomplex boundary
value problems are analyzed next.

7.3.2 Plate with a centered hole

Problem focus The predictive capabilities of the novel damage model as well as the
mesh objectivity due to the micromorphic gradient regularization a& demonstrated here
for more complex boundary value problems. Furthermore { and in otrast to the one-
dimensional model { the two-dimensional models are kinematically cqatible in the
sense that lateral contraction e ects are modeled in a continuodashion.

Numerical setup A plate with a centered hole will serve as a benchmark. The geometry
and the boundary conditions are given in Fig. 7.4. The displacements the bottom of
the system are xed to zero, while the displacements at the uppedge are prescribed by
uy (vertical direction) and uy, (horizontal direction). Due to the symmetry of the system
(for vanishing horizontal displacementuy), only the blue framed area is discretized by
means of nite elements. In order to analyze mesh objectivity of thresulting models,
three di erent nite element discretizations based on bi-linear quadlateral elements
are considered. The discretizations consist of 137 elements (dedoas coarse mesh),
461 elements (denoted as medium mesh) and 991 elements (dena®dhe mesh). The
material parameters are given in Tab. 7.2. Dierent penalty paranters are chosen for
the naive and the novel micromorphic approach in order to obtain arsilar structural
response.
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7.3 Numerical Examples { Isotropic, ductile damage

10 mm

10mm

Figure 7.4: Plate with a centered hole: geometry and boundary conditions. Hageneous
Neumann boundary conditions are assumed as far as the gradiemhhanced models are
concerned.

Name Symbol local naive novel Unit
Young's Modulus E 400 400 400 [MPa]
Poisson's ratio 0.3 0.3 0.3 [-]
Initial yield stress y 1 1 1 [MPa]
Hardening modulus (kinematic) Ha 50 50 50 [MPa]
Armstrong Frederick Ba 25 25 2.5 [-]
Hardening modulus (isotropic) Hy 50 50 50 [MPa]
Armstrong Frederick Bk 25 25 2.5 [-]
Damage modulus 2000 2000 2000 [1/MPa]
Penalty parameter (regularization) Cp { 0.2 15 200 [MPaq]
Length parameter 12 { 5 1/15 1/200 [mm?]
Regularization exponent p { { 0.5 0 [-]

Table 7.2: Plate with a centered hole: material parameters associated with ehisotropic
models.

Results and discussion Fig. 7.5 shows the load-displacement diagrams for the three
di erent nite element triangulations (prescribed displacementu, versus corresponding
reaction forceF, (uy is not prescribed)). According to Fig. 7.5, the softening response
as predicted by the novel micromorphic model is indeed mesh objeet Furthermore,
the sensitivity of the softening response with respect to exportep is evident: the
smaller p, the faster the softening. In contrast to the novel model, thenderlying local
model as well as its naive micromorphic extension show a pathologioash dependence.
Concerning the naive micromorphic extension, a very ne nite eleme triangulation
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7 Regularization of anisotropic, ductile damage models
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Figure 7.5: Plate with a centered hole: load-displacement diagrams for the localodel,
the naive micromorphic model and the novel micromorphic model.

has been additionally considered (red-colored dots).

The distribution of integrity variable bis shown in Fig. 7.6 - Fig. 7.8 for the nal
displacement amplitudesu, = 0:2mm, (uy, is not prescribed). In order to highlight the
missing mesh-objectivity associated with the local and the naive mamorphic extension,
the distribution of integrity variable b predicted by the local and the naive micromorphic
model are shown in Fig. 7.6 and Fig. 7.7. Both models predict not only anying crack
thickness, but also a varying crack path. The missing interaction heeen local eld b
and non-local eld' becomes evident, since shows the expected spatial distribution,
but does not a ect the local eld.

In contrast, the novel micromorphic model (Fig. 7.8) shows the pected smeared
spatial distribution for both elds band' . For the chosen length parameter, the damage
evolution does not resemble a sharp crack anymore, which can baiaged by choosing
a smaller length parameter (and a ner discretization). Furthermee, it can be seen that
the di erence between the ne and the medium mesh is smaller than #t between the
coarse and the medium mesh, which is an indicator for mesh converge. In line with
the load-displacement diagram, the predicted distribution ob is mesh objective.

7.4 Numerical Examples { Anisotropic, ductile damage

The plate with a centered hole (Fig. 7.4) is re-analyzed with respecb tanisotropic
material degradation and two di erent load-cases.
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7.4 Numerical Examples { Anisotropic, ductile damage
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Figure 7.6: Plate with a centered hole: distribution of integrity b associated with the local
model.

Name Symbol Tension Tension and shear Unit
Young's Modulus E 400 400 [MPa]
Poisson's ratio 0.3 0.3 [-]

Initial yield stress y 1 1 [MPa]
Hardening modulus (kinematic) Ha 50 50 [MPa]
Armstrong Frederick Ba 25 25 []
Hardening modulus (isotropic) Hy 50 50 [MPa]
Armstrong Frederick Bk 25 25 []
Damage modulus (isotropic) 1 500 1000 O [1/MPa]
Damage modulus (anisotropic) 2 500 0 1000 [1/MPa]
Penalty parameter (regularization) Co 10 50 50 [MPa]
Length parameter 12 0.1 0.02 0.02 [mm]
Regularization exponent p 05 O 0 [-]

Table 7.3: Plate with a centered hole: material parameters associated witheranisotropic
models.

7.4.1 Plate with a centered hole under tension

Two di erent sets of material parameters are considered, cf. Pa7.3. In comparison to
setp=0:5andc, = 10MPa, setp =0 and ¢, = 50 MPa is characterized by faster mate-
rial softening. The structure is loaded rst by prescribing only thevertical displacement
uy. Due to the missing mesh-objectivity, results associated with thenderlying local

model as well as with its naive micromorphic extension are not presed.

Results and discussion In comparison to the isotropic case, the di erences between
the di erent load-displacement diagrams (Fig. 7.9) correspondingotthe underlying -
nite element meshes is even smaller. Furthermore, the in uence ofatarial parameter
p on the softening behavior is evident.

The distribution of the integrity is given in Fig. 7.10 as well as in Fig. 7.11.All
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7 Regularization of anisotropic, ductile damage models
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Figure 7.7: Plate with a centered hole: distribution of integrityb associated with the naive
regularized micromorphic model.

distributions correspond to the set of material parameterp = 0 and ¢, = 50 MPa. Since

integrity b is now a second-order tensor, its scalar-valued graphical remetion is

more di cult. Since loading is in line with the y-axis, the two representative coordi-
natesb,, and b, are chosen.

The distributions are analyzed for two di erent loading amplitudesu, = 0:1 mm and
uy = 0:2mm which correspond to the peak load and the nal displacement gititude.

The distributions of the b, coordinate is given in Fig. 7.10 for three di erent nite
element triangulations. Accordingly, all meshes predict the samesmonse, i.e., only
marginal di erences can be seen. As a consequence, objectivifytloe results is con-
rmed.

The distribution of the b, coordinate of the integrity tensor is shown in Fig. 7.11.
Clearly, due to the underlying anisotropic damage model, thg, coordinate is not
identical to coordinateby. As expected, the degradation in loading direction is more
advanced compared to the degradation in orthogonal direction. gain, mesh objectivity
Is observed.

7.4.2 Plate with a centered hole under tension followed by sh ear

In order to highlight the importance of considering damage evolutioas an anisotropic
process, the plate with a hole is re-analyzed. Within the re-analysisniaxial loading in
vertical direction is again applied rst. However, the loading amplitue is subsequently

124



7.4 Numerical Examples { Anisotropic, ductile damage
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Figure 7.8: Plate with a centered hole: distribution of integrity b associated with the novel
regularized isotropic model with parametep = 0 and ¢, = 200 MPa

decreased. By doing so, the evolution of the overall structuralasticity is visualized.
Finally, loading is applied in a shear mode. This allows to investigate the inence
of the previous damage evolution on a dierent direction. A summanpf the load-
ing history in terms of a normalized time is given in Fig. 7.12(a). The coesponding
material parameters are summarized in Tab. 7.3. Accordingly, = 1000 MPa ! and
» =0MPa ! de nes an isotropic damage model, while an anisotropic model is obtaih
for ,=0MPa 'and ,=1000MPa *.

Results and discussion From Fig. 7.12(b) it can be concluded that both models
(isotropic and the anisotropic model) lead to a similar damage evolutioim loading
direction, since both curves agree very well during the rst two loding stages. Clearly,
the isotropic model predicts an identical damage evolution in all diréions. By way
of contrast, the anisotropic model shows the highest damage aowlation in loading
direction. As a consequence, the structural sti ness in horizoat direction is higher for
the anisotropic model | as shown in Fig. 7.12(c). This e ect can be sen in brittle-
materials due to the anisotropy induced by micro-cracks or in ductilenaterials due to
the evolution of elongated and distorted pores.
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7 Regularization of anisotropic, ductile damage models
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Figure 7.9: Plate with a centered hole: novel regularized anisotropic model. Raibed
displacementu, versus corresponding reaction fordeé, (uy is not prescribed). Material
parameters according to Tab. 7.3.
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Figure 7.10: Plate with a centered hole: novel regularized anisotropic model. Digiutions
of componentb,, of integrity tensor b. Material parameters according to Tab. 7.3{= 0
and ¢, = 50 MPa).
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Figure 7.11: Plate with a centered hole: anisotropic damage model: distributiond oo-

ordinate b, of integrity tensor b. Material parameters according to Tab. 7.3 = 0 and
C, = 50 MPa)
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Figure 7.12: Plate with a centered hole: novel regularized anisotropic model. Msaial
parameters according to Tab. 7.3.
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7 Regularization of anisotropic, ductile damage models

E Appendix

E.1 Numerical implementation

This section deals with the e ective numerical implementation of the egularized
anisotropic ductile damage model according to Section 6.2 and 7.1.3: line with the
standard approximations of the nite element method, global eld ariablesu and
are approximated by

Ken Ken M

u= u*N* ) r u= u? —%{ (7.42)
A=1 A=1
Ken Ken M

= "ANA Yy r ' = A —@é( ; (7.43)
A=1 A=1

where N# are shape functions andu” as well as' # are nodal degrees of freedom
associated with nodeA 2 f 1; :::; neng. Accordingly, the same shape functions are used
for both elds. This choice is clearly not mandatory. Adopting a Bubwov-Galerkin-

Ansatz, test functions u and ' are spanned by the same shape functions. They read

Xen Xen M
u= urN* ) r us= uh @N (7.44)
A=1 A=1 @(
Ken Ken M
= "ANA ) r = RCLE (7.45)
A=1 A=1 @(

By inserting these approximations into balance of linear momentum (22) and balance
of micro forces (2.21), respectively, one obtains the contributioof elemente and node
A as

Z
RE&A = %(—M dv (7.46)
z z
. @N
R&A = | NAdV + ——dVv : (7.47)
Ve Ve @

Clearly, if body forces are present, the respective terms havelie added. For solving the
resulting assembled non-linear system of equations in an e cient maer, the standard
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Newton-Raphson-method is applied. Therefore, the linearizatiows residuals (7.46) and
(7.47) are required. They are given by

K 8RB = d szﬁE;A = Z @@)KM ‘;T @@)K—N?dv (7.48)

K &A% = ddF,eﬁE;A :VZ @@)KM %NB dv (7.49)
ve

K &AB ::(ﬁj—?:z NA% %(—de (7.50)
Ve

K SAB .= ddF,e'eE;A = ’ NA%NBdV+ |bZ | sym %(—M %\? av ; (7.51)
ve ve

where ™ denotes the fourth-order symmetric identity tensor.
Sti ness matricesK 8 are directly related to linearizations

@ e @ @ @
+ %;%+%;g d (7.52)
dl = %% cd"
%+%:% d (7.53)

Here, (local) state variables =["P; b; a; k; ] are computed by means of a return-
mapping scheme. The residuals corresponding to this scheme arep{ioit backward

Euler integration of evolution equations (6.50) { (6.53))

Qcy

np np

(7.54)

1
W
POOCOO) N
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1
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&
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7 Regularization of anisotropic, ductile damage models

Index ( ), in these equations signals timé,, while for time t,.; the index is omitted.
For xed global elds " and' , state variablesx are again computed by solving = 0
by employing Newton's method, i.e.,

1
kil « @ - «; (7.55)

where k denotes the current iteration and a suitable contraction. The sensitivities
of state variables are calculated through a linearization of residual at a converged
state, i.e., from linearizing @ = 0. By doing so, sensitivity
1 1
a= 2 @4 @ 0., (7.56)
@ @ @ @
is derived. This equation can nally be decomposed into derivativesdssitivities)

1
(7.57)

Q@

@
G
—_— 7.
@ (7.58)

These derivatives, in turn, allow the computation of linearizations (52) and (7.53) in
terms of global elds™ (of u) and' and therefore all sti ness matrices (7.48) - (7.51)
can be evaluated.
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8 Modeling low cycle fatigue

Fatigue in materials can be classied by the number of cycles until faite and
the respective underlying mechanisms into either low cycle fatigue bigh cycle fatigue.
A mechanism associated with low cycle fatigue is the nucleation of miccavities as a
result of irreversible plastic deformation, i.e., ductile damage [122]. €ke micro cavities
then grow and coalesce until failure of the structure. Therefordahe ductile damage
model in Chapter 7 is suitable for the modeling of this type of fatigue However, it
turns out that the behavior of the present model is not su cient in order to capture
the low cycle fatigue experiments accurately. Therefore the mddeill be extended
accordingly within this chapter.

Furthermore, the model is embedded within a thermomechanically gpled frame-
work. The change of temperature allows to assess the dissipatiosince a direct
measurement of dissipation is hardly possible [71].

8.1 Experimental data

The tests have been performed with the Walter+Bai combined ten-
sion/compression/torsion testing machine (Fig. 8.1). The experinmal data is

shown in Fig. 8.2. The specimens are manufactured from a harderstdel 16MnCrS5,
have a length of 90 mm and a diameter of2mm in the rejuvenated area. A strain ratio
of -0.5 has been chosen in order to prevent buckling of the specimeiithe displacement
has been measured by means of a tactile extensometer with a galeggth of 10 mm and
the corresponding reaction force with a force load cell. The amplitedof the prescribed
displacement has been adjusted to obtain fatigue failure below 25¢ckes. This allows
a modeling of the complete experiment without the necessity of timeomogenization
schemes, such as for instance presented in [36].

8.2 Constitutive modeling

The following section is associated with the extension of the reguleet, anisotropic,
ductile damage model as presented in Chapter 7 in order to model lamycle fatigue.
For this purpose, the elasto-plastic behavior of the model will be ®nded rst to t
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8 Modeling low cycle fatigue
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(a) Walter+Bai combined tension/compression/torsion test- (b) Technical drawing
ing machine

Figure 8.1: Cyclic tensile test: experimental setup.

the experiments better. Subsequently, a thermomechanically qued setting is adopted.
Lastly, a novel damage initiation criterion is developed to predict thenset of fatigue-
related damage.

8.2.1 Elasto-plasticity: extension to superposed linear a nd
non-linear hardening

The experimental data (Fig. 8.2) shows a combination of linear and ndinear hardening.
The non-linear part corresponds to hardening within a single cycle hile the linear part
characterizes hardening between cycles. The hardening law asatdd in Chapter 6 is of
Armstrong-Frederick type only non-linear hardening behavior. Térefore, the hardening
behavior of the anisotropic, ductile damage model has to be extesutlin order to calibrate
the material model as accurately as possible. One possibility is the rotuction of
additional internal variables that govern the linear evolution of isapic and kinematic
hardening, as done for instance in [81]. This would require at least twadditional
symmetric state tensors and thus additional 12 degrees of fremd. In order to avoid
these additional costs, an alternative method is proposed.

For that purpose, yield function (7.21) and plastic non-associativpotential (6.48)
are modi ed. To be more precise and focusing on isotropic hardenjrthe non-linearity
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Figure 8.2: Cyclic tensile test: experimental data. Strain ratio of -0.5 and amplitde of
Uamp = 0:27 mm (top row) and uzmp = 0:245 mm (bottom row).

due to Armstrong-Frederick type extension (6.48) is shifted intohe yield function.
Mathematically speaking, the yield function is modi ed into

1.

- P y %bl: 1 exp biu + f, (8.1)
and plastic potential  vanishes, i.e., 0. By doing so, material parameteBy is
replaced by parameters and , which de ne the increase of isotropic hardening and
the degree of non-linearity, respectively. Since the linear and theom-linear part are
both based on state tensor no additional degrees of freedom have to be introduced.
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8 Modeling low cycle fatigue

A Prager-type hardening law [143] will be utilized for the linear increa&sof kinematic
hardening, cf. [46] for further alternatives. The Prager-type &rdening law incorporates
no additional internal variables in the present framework, since it ibased on the plastic
strain tensor "P. From an implementation point of view, this requires the extension of
the plastic part of Helmholtz energy (7.4) as

H H H
P= 2h:[a b a]+ —tr(b k)?2+ =Pb:['P b "P]; (8.2)
2 2 2
where parameterH, is the Prager-type hardening modulus. Furthermore, it motivates

the introduction of thermodynamic driving force P, being dual to plastic strain tensor
"P. The thermodynamic driving forces are given by

— @ — " " n .
P = @ tr(b "9 b+2 b " b Hyb "P b; (8.3)
@
= == tr(b"®"e 2 " p e
@ (b "%
Hoa b a Hetr(b k)b Hp"P b "P (8.4)
+Gli [ ]

The only di erence between stress tensors and P is the last term of eq. (8.3). The
relative stress now reads

= P ; (8.5)

where P replaces stress tensor. As a consequence, dissipation inequality (7.14) is
a ected. It results in

Ded= P:"P+g:a+ :k+ :b O (8.6)

and is still a priori ful lled due to application of the principle of Generalizd Standard
Materials.

8.2.2 Thermomechanical coupling
8.2.2.1 Fundamentals

This section deals with the extension of the regularized, anisotropiductile dam-
age model to thermomechanics. On the one hand, the temperatua ects harden-
ing/softening while on the other hand, the temperature allows to ésnate the dissipa-
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8.2 Constitutive modeling

tion induced by plasticity and damage. For that reason, the caloric &imholtz energy
contribution

= 3K [ ob:"®+c o In — (8.7)
0

is appended to Helmholtz energy (7.1). Itis adopted from [12] andfoemulated in terms
of invariants (6.14). denotes the temperature, , the reference temperatureK is the
bulk modulus, o the thermal expansion coe cient andc the heat capacity. This leads
to entropy

s= %=3K b:"®*+c¢c In — (8.8)

0
h i
s= 3K bh:"¢*+Db:"® +¢c — (8.9)

being dual to temperature . The rst term in entropy (8.8) and in c aloric Helmholtz
energy (8.7) leads to a structural heating e ect, also referredbtas Gough-Joule-e ect.
Evidently, stress tensors , P and energy release rate are a ected by energy contri-
bution (8.7). They result in

= %: tr(b " b+2 b "* b 3K [ ol b; (8.10)
P = sz tr(b "9 b+2 b "° b
@ (8.11)
Hpb "P b 3K | ol b;
= %: tr(b "¢)"e 2 "e p ve
H.a b a Hctr(b k)b H,"P b "P (8.12)

+olp [ b]+3K o ol "¢

The associated balance equation is the rst law of thermodynamics.e., balance of
energy (2.30). It reads

I_+ S {2 r' ! '}_+ _s+div(gq) r =0; (8.13)

- D mec
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8 Modeling low cycle fatigue

whereD™¢ is mechanical dissipation (7.14);, the source term andj the heat ux, which
is chosen as of Fourier typgl = Kk r . By multiplying strong form (8.13) with test
function and integrating over body B leads to

Z

s D™ r + kr r dv=0 (8.14)

B

as the weak form of the balance of energy. Although dissipation inglity (7.14) is
formally identical to dissipation inequality (6.36), the micromorphic ehancement still
e ects the energy release rate , since' b= I12div(r ' ). This, in turn, a ects the
temperature distribution due to balance of energy (8.14). In orde¢o remedy this e ect,
mechanical dissipationD™° is estimated according to

D™= :"P+ :a+ :k+ :h
- (8.15a)
= "P+ ca+ ck+ 41 p
P+ a+ k+ C:p: (8.15b)
Alternatively, by choosing stress power
P= ="+ ir'; (8.16)
where only the gradient part is assumed as an energetic contributioleads to
D™¢= "P+ a+ k+ h+! '
= "P+  a+ k+ OC:ip+t o (8.17a)
<AL .
"P+ ca+ k+ C:p: (8.17b)
Since penalty expression is generally small and evolves slightly, expressidn : !_is

very small and, thus, assumption (8.17b) and consequently (8.1)5dre justi ed.

8.2.2.2 Numerical results: loading path dependence

The tensile specimen (Fig. 8.3) is ideal in order to highlight the loading gadependency.
The tensile specimen is loaded in tensile and in circumferential directioihereby, the
order of the applied deformation is varied.

Numerical setup The axisymmetric tensile specimen is xed at the bottom and loaded
at the top with the nal deformation u, = 1:2mm; u, = 45° (torsion). This deformation
is applied in three di erent orders: (i) u, and subsequentlyuy, (i) uz and subsequently
u, and (iii) u, and uy simultaneously. The model is extended to nite strains in order
to capture the large twist angle. Implementation details regardinghe modeling of
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Figure 8.3: Tensile specimen: geometry and discretization.

axisymmetric is given in Appendix F.1 and regarding the extension of ¢hmodel to nite
strains are provided in Appendix F.2. The material parameters areivgn in Tab. 8.1.

Name Symbol Value Unit
Young's modulus E 400 [MPa]
Poisson's ratio 0.3 {1

Initial yield stress y 1 [MPa]
Hardening modulus (kinematic) Ha 50 [MPa]
Armstrong Frederick (kinematic) Ba 20 [
Hardening modulus (isotropic) Hy 50 [MPa]
Hardening increment (isotropic) y 2 [MPa]
Hardening slope (isotropic) u 10 [MPa]
Damage modulus (isotropic) 1 0 [MPa 1]
Damage modulus (anisotropic) 2 4 [MPa 1]
Damage slope m -1 [{1
Damage initiation threshold Ws 0 [MPa]
Penalty parameter (regularization) Co 100 [MPa ]
Length parameter (regularization) 12 0.5 [mn?]
Reference temperature 0 293 [K]
Thermal expansion 2 105 [K Y
Heat capacity c 0.1 [MPa/K]
Thermal conductivity k 10 [W/(m K)]

Table 8.1: Loading path dependence: material parameters associated withet thermo-
mechanically coupled anisotropic, ductile damage model
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Figure 8.4: Loading path dependence: load-displacement and torque-twist diams.

Results and discussion The load-displacement diagrams and torque-twist diagrams
(Fig. 8.4) show a clear loading path dependency. The forces varytween 20N (path
() and 136:2 N (path(iii)) at the nal stage of deformation. The torque-twist diagrams
show a dierent behavior. Path (ii) shows the lowest torque withMy = 12:3Nmm
and path (i) the highest torque with My = 175:2Nmm. This leads to a factor of 6.8
associated with the axial behavior and to a factor of 14.2 associdteith the torsional
behavior. The behavior of path (i) indicates high damage in axial diréion (b,;) and low
damage in circumferential direction K. ) while path (ii) indicates the opposite behavior,
i.e., low damage in axial directionl,,) and high damage in circumferential directionlg... )
and path (iii) shows low damage in both directions. The distributions ohtegrity tensor
componentsh,, and by (Fig. 8.5) do not con rm this observation though. Therefore,
the strong softening behavior associated with path (i) and path (ii}s mainly related to
geometric e ects. Path (i) and (iii) are associated with low damage inxaal direction
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Figure 8.5: Loading path dependence: distribution of integrity tensor-compwents b,
b,,, b and distribution of temperature .
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8 Modeling low cycle fatigue

compared to path (iii). The damage patterns in circumferential diretion associated with

path (i) and (ii) are on a similar level. The highest damage occurs at theurface of the

specimen for path (i) and in the center for path (ii). Usually, the higlest damage occurs
in the center for tensile tests and on the surface for torsion test This indicates that the

rst loading stage highly in uences the position of maximum damage. fie temperature

distribution highlights the overall dissipation associated with the thee loading paths,
since all integrity tensor components enter mechanical dissipati@B.15b) and thus the

temperature increase. For the prescribed nal deformation, ph (iii) shows the smallest

amount of dissipation while path (ii) leads to the largest amount.

8.2.3 Damage initiation criterion associated with low cycl e fatigue
8.2.3.1 Fundamentals

For the modeling of low cycle fatigue, elasto-plasticity is usually asswa within the
rst loading stage. Subsequently and postponed, damage evolveghus, the onset of
damage initiation has to be captured precisely, see Fig. 8.2 and [965]L5

By following that line of thought, damage evolves in a material point asoon as the
material dependent threshold valuens is exceeded by energetic driving force®. The
driving force wP is given in terms of the plastic part of the Helmholtz energy scaled with
correction function z(k) as

Z
wP= z(Kk+ cca+[ P ]:"Pdt with z(k):%klnn:

(8.18)

This model, originally proposed in [96], is based on isotropic hardeningough. An
option in order to extend this criterion to the present anisotropicductile damage model
is the replacement of scalar variabl& by tr (k). The additional material parametersA
and n are then subject to the calibration of the damage initiation criterioraccording to
experiments.

Alternatively, initiation criterion (8.18) can be rewritten into the more general format

wP = fP("P: b) P("P:a;k;b) (8.19)

where not only the isotropic part is scaled by a correction functiorut also the complete
plastic part of the Helmholtz energy. The dependence of scaling fitron f P on plastic
strain tensor " P is motivated by the Co n-Manson-model, cf. [35, 70, 101]. Thermdy-
namic driving force (8.19) has to ful Il the properties

Pea Y gyt Py wy " (8.20)
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8.2 Constitutive modeling

since the increase of both the equivalent plastic strain and the plasenergy contribution
leads to an earlier initiation of damage. A suitable choice is

1 _ 3 1 ,
P = "peq — Znvp . np - .np
f Ci  Cymax ("Ped) with 2 [b b] > [b:"P] (8.21)

and positive parametersc; and c,. Here, functionf P only depends on the maximum
equivalent plastic strain. That dependence on the maximum plastic rstin enables the
distinction between di erent loading amplitudes. Since function (8.2lhas a singularity
at

G

max ("P9) = (8.22)
C
parameterc; and c, have to be chosen such that
max ("P°9) < % (8.23)
2

holds. In practice, this only needs to be considered for the expeent with the highest
loading amplitude, since this is (usually) the experiment with the largésamount of
plastic strain.

8.2.3.2 Calibration of the damage initiation criterion

The calibration has been done in multiple steps. First, the material pameters , H,,
Hy, Hp and B, associated with the elasto-plastic model behavior are calibrated. h&
kinematic hardening parameter$d,, H, and B, mainly control the non-linear increase in

Figure 8.6: Cyclic tensile test: discretization of the tensile specimen with 800 elents.
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8 Modeling low cycle fatigue

Name Symbol Value Unit
Young's modulus E 210000 [MPa]
Poisson's ratio 0.3 {1

Initial yield stress y 206.78  [MPa]
Hardening modulus (kinematic) Ha 177750 [MPa]
Armstrong Frederick (kinematic) Ba 13443 [{]
Hardening modulus (prager-type) Hp 3354.8 [MPa]
Hardening modulus (isotropic) Hyg 7.1154 [MPa]
Hardening increment (isotropic) y 0 [MPa]
Hardening slope (isotropic) u 1 [MPa]
Damage initiation threshold W 100 [MPa]
Damage initiation parameter C1 10.167 [{]
Damage initiation parameter ) 5608.7 [{]
Damage modulus (isotropic) 1 0.00125 [MPal]
Damage modulus (anisotropic) 2 0 [MPa 1]
Damage slope m -2.1978  [{]
Penalty parameter Co 100 [MPa]
Length parameter |g 0.1 [mm]
Reference temperature 0 293 [K]
Thermal expansion 0 K !
Heat capacity c 100 [MPa/K]
Thermal conductivity k 0 [W/(m K)]

Table 8.2: Cyclic tensile test: material parameters associated with the softeg behavior.

hardening during each cycle, and isotropic hardening parametdy controls the increase
in hardening between cycles. The goal function is chosen as

X

LCF _ sim exp 2 sim
f - Wstep I:step Fstep + Weycle F

steps cycles

Fee 2 (8.24)

max,cycle max,cycle

where Fgg) is the interpolated force at the same time a& 5. Analogously, Fo%

and F;‘g}(,cyc,e are the maximum forces of each cyclevs,, and weyqe Scale the respective
force di erences separately. The optimization is performed by mea of the Nelder-Mead
simplex-algorithm as it requires no gradients and is very robust. Thdisplacement is
measured with an extensometer with a gauge length of 10 mm at pasits 5 mm from
the center, cf. Fig. 8.3. The displacement in the simulations is predoed directly at the
measurement points of the extensometer for the sake of simplicitipue to symmetry,
only one half has been discretized based on an axisymmetric simpli cat (Fig. 8.6).
The results of the rst calibration step are given in Fig. 8.7. Accordig to the ex-

perimental data (Fig. 8.2) the softening behavior starts at 74 cyes and at 128 cycles,

142



8.2 Constitutive modeling

respectively. The calibration of the elasto-plastic model paramete considers only the
loading behavior up to these transition points and are given in Tab. 8.2

The subsequent calibration of damage initiation criterion 8.19 and thehoice of
threshold valuews = 100MPa leads to parametersc; and ¢, as ¢; = 10:167 and
c; = 5608:7. A graphical representation of the damage initiation criterion is gan
in Fig. 8.8. As soon as the energetic driving forag® exceeds the chosen threshold value
damage is activated.
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S
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1t ! ! ! ! | 1t ! ! ! T!- ]
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(a) Load-displacement diagram (b) Maximum and minimum load per cycle

Figure 8.7: Cyclic tensile test: experiment vs. simulation. Strain ratio of -0.5 andmpli-
tude Uamp = 0:27 mm (top row) and Uamp = 0:245 mm (bottom row).
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Figure 8.8: Cyclic tensile test: visualization of the damage initiation criterion.

8.2.3.3 Damage evolution

Penalty and length parameterc, and |, are chosen similar to material parameter set 8.1.
The thermal expansion coe cient and the thermal conductivity have been set to zero
(adiabatic setting). Therefore the temperature at each materigpoint is only related
to the dissipated mechanical work at that material point. Due to tle consideration of
a one-axial load path an isotropic damage evolution is su cient. Thefore, damage
modulus , has been set to zero while damage modulug and exponentm have been
identi ed by means of the calibration process.

The results are given in terms of the loading and softening behavioFi¢. 8.9) and
in terms of the distribution of integrity component b,, as well as the temperature dis-
tribution (Fig. 8.10). The softening behavior of both simulations stes similar to the
experiments at either 74 cycles (amplitude,m, = 0:27 mm) or at 128 cycles (amplitude
Uamp = 0:245mm mm). Damage starts to evolve slowly since only a few elementéten
rst. While only the central element shows damage behavior at thedginning (Fig. 8.8),
the damage behavior is activated in all elements in the lower third alorfgom the center
to the specimen surface at the end of the simulations (Fig. 8.10). tontrast to experi-
mental observation, damage does not start at the surface. In énwith the experiment,
where damage starts at the surface due to surface roughnesslight imperfection could
be used within the numerical model. This would also lead to damage initiah at the
surface.

In summary, the extended ductile damage model is suitable to modék cyclic load-
ing behavior. It covers kinematic hardening within individual cycles agell as isotropic
hardening between cycles. Furthermore, the novel damage initiah criterion appears
to be su cient in order to predict the onset of softening.
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Figure 8.9: Cyclic tensile test: experiment vs. simulation. Strain ratio of -0.5 andmpli-
tude of ugmp = 0:27 mm (top row) and uzmp = 0:245 mm (bottom row).
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Uamp = 0:27 mm Uamp = 0:245mm
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Figure 8.10: Cyclic tensile test: nal stage of deformation. Strain ratio of -0.5 ad am-
plitude of Uamp = 0:27 mm (left column) anduamp = 0:245mm (right column).
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F Appendix

F.1 Axisymmetric nite element formulation with torsional  degree
of freedom

This appendix shows implementation details for modeling of axisymmaétr problems
combined with torsional loading in a two-dimensional setting. First,lie geometrically
linearized theory will be shown and afterwards the geometrically estatheory.

Geometrically linearized theory The rotation is assumed to be small. This allows
the approximation of the rotational degree of freedom as a tangial displacement with
respect to the initial con guration. Thus, the displacement vecto takes the form

U=UuUgrer+uUzez+ U e ; (8.25)
leading tor u and ,r u given as
ru=%eR eR+%HZeR er uﬁeT e
+ %ez er + %ez ez (8.26)
+%e eR+%;e ez+uﬁRe e :
uru:%téeR er + %L;eR ez u?eR e
+ %Lé e; er+ %ez ez (8.27)
+%UQG eR+%e ez'*%e e .
The linearized strain tensor and its variation follow as
"=%ru+rTu ) u"=% Ju+ ,rfu (8.28)
Insertion ir;o the weak form of balance of linear momentum leads to
R = oy dv=0; (8.29)
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8 Modeling low cycle fatigue

where body forces and surface loads have been neglected. Byyapg Newton's method
the linearization K = d R is required. For the purpose of clarity it is given in index
notation with the subscripts being element of R; Z; g as

Z
K: = " . d pg .
1) ui pq - dr

Is

) e dV (8.30)

Geometrically exact theory The presented formulation is adopted from [2]. The po-
sition of a point X in the reference con guration and of pointx in the current con gu-
ration is given by

X =Rer+Zez; X=re +ze,: (8.31)

The vectorse are the corresponding unit vectors andR; Z; ) and (r; z; #), respec-
tively denote the polar coordinates with respect to the referenand the deformed con-
guration, i.e., R is the radius,Z the height and the angle of considered poinK . The

dependency between both sets of coordinates reads

r(R; Z2)= R+ ugr(R; 2) (8.32)
Z(R;Z2)=Z + uz(R; 2) (8.33)
#R;Z;, )= +u(R;2): (8.34)
It bears emphasis thatu is an angle. Applying the gradient operator with respect
to cylindrical coordinates and the identities@e, = e; and @e; = e, leads to the
deformation gradientF = @ x as
@r @r
F = @Rer er + @Zer ez
@z @z
t QR SRt g e (8.35)
@# @# r @#
+r@RE# eR"'r@Ze# ez*‘ﬁ@e# e .

Consequently, the rst variation of the deformation gradient with respect to the dis-
placementu = (ur; uz; u ) follows as

@ & @u @ & @u

uF = ﬁ r@?u e er+t @ r@Zu e ey
r @y @y
@u @u QHu
+ UR@{ r@?+ 1+@Q u ez egR (8.36)
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@Qu @Qu @Hu 1
+ u +r + u e es;+ Ur —€ e .
R@Z @Z @Z # Z RR #

Insertion of of eq. (8.35) { (8.36) into the weak form of linear momeéam and neglecting

again contributions due to body forces and surface loads leads todal residual vector
R as

Z

R = JF :Pdv=0:
B

(8.37)

By applying Newton's method for solving the resulting set of equatian the linearization
K =d,R is required. For the purpose of clarity it is given in index notation with he
subscripts being element of R; Z; g as

Z
. dPyq

Kij = ui Fpg : dE.. * u Frs + Ppq : uj [ u qu] dav : (8.38)
\% rs

The only new expression is the lineraization of the variation of the daimation gradient.
By making the assumption of linear shape functions, it reads

[ w[uF] u] u=

uR@Ju+r@uu+r@J u+r@ u+[l+@—t|;u u e
@R @R @R @R @
r@—u+r@uu+uR@J u+r@ u+@Hu u e ey
@Z @Z @z @Z @z
u u
RR u +?R u e e (8.39)
+ @l'h u r@u u+uR—u+ r—@u+@URU €y €Rr
@R @R R @R @R
+ 'R u r@U U+UR@U+ UR@U‘I‘@URU ey €z
z @z @Z @z @Z
r
R ues; e ;

such that residual vector (8.37) and sti ness matrix (8.39) can bevaluated.

F.2 Extension to nite strains

The starting point of the extension is a constitutive framework foa themomechanically
coupled, regularized constitutive model based on geometrically lime@ed kinematics. In
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8 Modeling low cycle fatigue

what follows, this constitutive routine will be considered as a black xo It is expressed
as a function of the type

d d d odododb o dr drdr e e
d d U dd 'd =0T A

(8.40)

The function depends on the small strain tensot, an additional global eld ' and
the temperature . Internal variables and material parameter ae stored in the array
g. The output of the routine are the dual variables , ! , and r together with their
corresponding derivatives. The linearized strain tensdr will be substituted by a large
strain tensor E belonging to the Seth-Hill family in order to extend the constitutive
framework to nite strains. This preserves the additive decompdson of the strains
into an elastic part and a plastic part asE = E°®+ EP. Logarithmic strains of the type

1
E:Emmy C=F" F (8.41)

have been chosen, which can be computed by means of algorithm lert@inly other
choices are also admissible. The logarithmic strains guarantee readishaterial behavior
even for strong compression, which is a typical disadvantage bynsidering a Helmholtz
energy of St. Venant type. SubstitutingE in black box (8.40) yields

AT dT dT | dt d d dr dr dr

-5 T —’—l r

T . . — Mat AT . .
'dE'd 'd ' 'dE’d' 'd "dE' d ' d f (E:"5 )

(8.42)

where the energetic dual variable t& is denoted as stress tensof = @ . In what
follows, balance of linear momentum is expressed in terms of the r8tola-Kirchho
stress tensoP and the deformation gradientF . The rst Piola-Kirchho stress tensor
is computed according to

_g:g@@ L= %
_@ & T @ , Pij 2Tab@q;|:,c_

The derivatives with respect toF have to be computed since the considered weak form
of equilibrium is based onP. The derivatives follow in the same spirit as the rst
Piola-Kirchho stress tensor P and read in index notation

dpy _ @B @ @k @Ea

b (8.43)

=2 T o 4 2T g T, T 8.44
@F. g “TPerag “ Tt eceq @ (8.49)
dP; dTa @R

=2 Fio 8.45
d dy @G ( )
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dp; dTa @B
= . A4
g 2 i @G Fic (8.46)
Here, identity
afy _, dTy @& = (8.47)

dFy  ~ dEs @G

is utilized. Finally, the derivatives of! andr with respect to the deformation gradient
are given according to

dy _,dy @& .
dFy ° OEw @G (8.48)
dr_ _,dr Q@ . (8.49)

dF; dE., @6
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9 Conclusion and outlook

The work of this thesis can be categorized in two major topics. Therst part,
Chapter 2 { Chapter 5 dealt with the modeling of brittle damage and tk second part,
Chapter 6 { Chapter 8 dealt with ductile damage.

9.1 Brittle damage

9.1.1 Conclusion

In Chapter 2 two prototype models suitable for isotropic, brittle danage have been de-
rived: a local model and a gradient damage model. On the basis of thacal model,
three di erent regularization methods { fracture energy concep viscous regularization
and micromorphic gradient regularization { have been compared taeh other in Chap-
ter 3. They follow jointly from the same variational framework. Unesired side e ects
of these regularization methods have been analyzed and compatedhe underlying
local model. The micromorphic gradient regularization has shown th@ost promising
results. Hence, the micromorphic gradient regularization (and alggeneral gradient con-
tinua) have been further analyzed in Chapter 4. It was pointed outhat most gradient
models are curvature-dependent. While, for many models that owature dependence
is intended, it is at least for the models in Chapter 4 an undesired sideeet. The
origin of the curvature dependence has been traced back to thalénce law associated
with the non-local damage eld. It was shown that the width of the sftening zone
and the curvature of the softening zone cannot be controlled sittaneously and hence,
independently. Therefore, two enhanced models were proposedGhapter 5 in order
to eliminate the undesired curvature dependence of gradient camia. By splitting the
gradient into its magnitude and its direction and introducing an additimal length (or
curvature parameter) to scale both the magnitude and the diremn independently, an
explicit expression associated with the curvature dependence hasen derived. Two
enhanced models were proposed on the basis of this expressiorureature-superposed
potential-based model and a non-potential model relying on a diteenodi cation of
the balance law. The rst model follows from the variational formuléion by extending
the Helmholtz energy by a curvature-dependent contribution. m an implementation
point of view the nite element formulation of both aforementioned nodels had to be
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9 Conclusion and outlook

extended since both models are explicitly dependent on the hessiantle non-local
damage eld. A second micromorphic (vector) eld has been introduced and coupled
to the non-local damage eld' for this purpose.

9.1.2 Outlook

The focus of Chapter 2 { Chapter 5 lied on the analysis of three (miaématically two)
di erent regularization methods. One may include further regulariation methods in this
comparison, e.g., a non-local regularization [17, 138]. The non-locafjularization nat-
urally contains higher derivatives, e.g., the hessian. It is interesting analyze whether
this regularization also shows a curvature dependence. Furtheone, more sophisticated
choices of Helmholtz energies in order to capture the curvature gendence shall be
investigated in future work.

9.2 Ductile damage

9.2.1 Conclusion

The second part of this thesis is associated with the modeling of diuetdamage and
starts in Chapter 6. A prototype model suitable for anisotropic, dctile material degra-
dation was taken from the literature, cf. [51, 106], in order to invéigate numerical
aspects. An isotropic version has been derived, which served asaaib to simplify the
fourthcoming analyses. It was shown that a naive micromorphic ratrization is not
suitable for ductile damage models of Lemaitre-type. This is due to ane-directional
coupling between local integrity eld b and auxiliary eld ' . In order to achieve a
stronger, two-directional coupling the yield function has been maodd. A comparison
between the underlying local model, the naive regularized model atige novel regu-
larized model on the basis of one- and two-dimensional exampleswséd that only the
novel regularized model leads to mesh-independent numericaluks

The extensions of the model to low cycle fatigue were nally discusken Chap-
ter 8. For that purpose, the evolution equations were modi ed. Tay now account
for superposed linear and non-linear isotropic and kinematic hardeg. Subsequently
a thermomechanical setting was adopted. It allowed to study di ent damage states
by means of the scalar quantity temperature. Finally, an energetidamage initiation
criterion was extended by the in uence of the plastic loading amplituel in line with the
well-known Co n-Manson-relation. The resulting model was calibragd to the underly-
ing experimental data.

9.2.2 Outlook

Up to this point the damage initiation criterion has only been calibratedo cyclic tensile
test. For this reason, its applicability to fatigue simulations has to bdurther inves-
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tigated. The anisotropy of the ductile damage model was of minor ingptance since
the fatigue experiments only involved axial loading paths. Cyclic torgsn experiments
shall be considered additionally to investigate the loading path depdence. Likewise,
the thermomechanically coupled setting has to be compared to expeents, e.g., by
spatially resolved temperature measurements. Eventually, the rdel has to be extended
to high cycle fatigue, since operating loads are more frequently inethhigh cycle fatigue
range. Due to the increased number of cycles, the explicit calculatiof each individual
cycle by means of standard time discretization is not feasible anyneor In this case,
time extrapolation algorithms, e.g., cycle extrapolation [36], the LaTl-method [87] or
nite elements in time and space might turn out bene cial and, thus,shall be linked to

the model.
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