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[Abstract

Due to the rise in experimental progress in several photonic facilities, theoretical
addressing the non-equilibrium behavior in driven-dissipative quantum systems
has triggered considerable interest in recent times. This thesis is devoted to
the analysis of dynamics of a dimerized spin chain model which is driven out-of-
equilibrium by the presence of a classical steady laser eld. A particular study is
given on the spin-phonon coupling e ect treated as weak-to-strong perturbations,
that the infrared-active phonon is driven by the laser. All systems in nature are
interacting with their surroundings and the e ects of the environment have to
be approximated. To begin with, we employ the quantum Markovian master
equation, which follows the construction of the dissipation path to a phononic
bath for both phonon and spin sectors in the driven coupled spin-lattice system.

We approach this thesis by exploring how the non-equilibrium steady states
(NESS) are created, controlled, and preserved by the internal and external inter-
actions. This includes a detailed study of non-equilibrium dynamics of driven-
dissipative quantum magnetic materials. First, we prepare the tools, protocols,
and approximations needed to model a dimerized spin-1/2 chain as a chain of
non-interacting triplons. The spin-phonon coupling is treated by the theoretical
framework of the mean- eld formalism. Second, we approximate the phononic
bath with constant damping for each sector to easily derive the master equations
of motion for the physical observables in the entire system. Third, we discuss the
validity of such approximative master equations by considering many physical de-
grees of freedom. These settings produce a large variety of interesting phenomena
and physical insights.

We rstly endeavor to thoroughly show that laser-driven infrared-active phonon
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and triplons reach a coherent steady-state. We present the numerical results
by implementing resonant and o -resonant levels for the driven phonon in the
triplon-band limit as well as in the weak-to-strong coupling regime. Adopting
useful arguments, we derive the analytic expressions for the average of observable
dynamics to compare them with the numerical data in the NESS; we nd some
quantitative agreement. We look at di erent regimes of the driving frequency and
consider what properties they possess; while higher driving frequencies satisfy
the description of some aspects, very low ones can create unphysical states. The
advantage of the di erent regimes is that one can better understand the model.
To control and preserve the NESS, the region of applicability of all parameters
with various regimes is considered. Moreover, a preliminary detailed analysis
suggests that the energy ows in di erent parts of the system can secure a better
understanding of the driving, coupling, and damping e ect.

We employ the same model and equations of motion to study the dynamics
in the strong coupling regime by investigating the spin system responses in and
around the triplon band to the driven phonon. We nd that the stationary
state in the strong coupling regime leads to a giant resonant self-blocking e ect
between the phonon and triplons. We introduce hybrid states representing the
frequency renormalization of both lattice and spin sectors over the strong couplings.
Understanding how the spin-phonon coupling to both leading and the next-nearest-
neighbor magnetic interactions with the same degrees of freedom responds to the
laser eld is an intriguing problem. This problem will be approached in detail for
the sake of completeness.

To characterize the dimerization of the spin system in all spin-phonon coupling
scenarios, we measure the modulation of superexchange integral in the spin
sector by the vibration. Furthermore, we analyze the predictions of spin-band
renormalization and verify them by comparison with the pump-probe protocols.
These protocols also cover another phenomenon the self-hybrid e ect (static
e ect) in the presence of very weak probe driving elds. In the nal part,
the applicability of results in possible materials in the experiment as well as the
possible extensions of the implementation are presented.
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1.1

[1. Introduction

In this chapter, we introduce the 10 years old research eld of driven-dissipative
guantum many-body systems, at the boundaries of quantum optics and condensed
matter physics. Section 1.1 simply motivates the reader with a few examples on
the changes in the states and phases of matter from equilibrium to non-equilibrium.
In Sec. 1.2, we will discuss the importance of non-equilibrium dynamics in recent
investments in di erent areas of science and engineering. A discussion on magnetic
guantum materials as the beloved materials in this thesis is included as well.
These, in turn, present the motivations to do this thesis going through the most
recent rapid theoretical and experimental developments. In Sec. 1.3, the challenge
and goal of the thesis will be presented. In Sec. 1.4, we will propose a few materials
that are emerging as proper magnetic quantum materials for the present thesis.
Finally, in Sec. 1.5, the outline of the thesis will be presented and several open
guestions will be left for the next chapters.

Motivation

In many living organisms, the interaction between essentially independent agents
can lead to astonishingly stable and regular behavior on a larger scale, that
is, macroscopic regularity emerges from microscopic complexity. For instance,
the global economy emerges from individual customers and enterprises and it is
somehow hopeless to see how every single constituent behaves, but the behavior
of the whole set can be followed using e ective laws arose from the complicated
interactions of the basic elements. Everything around us is composed of atoms
and molecules and the same procedure can be applied. Looking at the behavior of
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elements and the interaction between them individually is extremely complicated,
but we can easily study the formed macroscopic objects by them. Looking at
how the pieces that make up the material interact can teach us why the material
does what it does, and teach us about fundamental physics with materials as a
playground. So, we in this thesis intend to contribute to this puzzle in many-
body quantum systems via the fully- edged theory calledjuantum mechanics[1,

2]. This theory contains fundamental principles which help to macroscopically
understand the outcome of microscopic processes in a system comprised of atoms
and molecules.

Many processes in our everyday life experience practically undergo state and/or
phase changes, i.e. internal or external interactions change their state and initial
phase. Of these processes, we can think of two blended liquids, shattered glass
on the oor, or a melted ice-cream in a warm room. Consider the ice-cream
example; when the ice is interacting with its surrounding, the initial temperature
di erence between the ice and the environment approaches zero over time. If we
wait even longer, the cream can be evaporated. In this example, we notice that
the long-time behavior of the system to determine the nal state/phase of the
system is more important than the intermediate time steps. In other words, the
rest/relaxation mood of things in a given setting is the main aim of microscopic
processes because things will never calm down microscopically. In more technical
terms, nding a macroscopically stationary state (a fully melted ice-cream, not
an ice-cream soup) for a non-equilibrium state at some point in time is the main
aim of recent developments in real applications.

One could simply think of the common part of the world the Sun-Earth
system in which the state of the Earth is always changing due to the position and
temperature of the Sun and nally, it is driven to a new state (whatever it could
be). Thus, the world is somehow a driven-system. We nowadays know that the
total entropy of the universe is continually increasing because of di erent types of
internal and external driving e ects. This implies that there are many phenomena
in our life that undergo some changes in their equilibrium state and then achieve a
new state out-of-equilibrium. By these, it is natural to explore various phenomena
in many elds of science due to the changes in the states/phases. Thereby, in
addition to the relaxation process discussed before, external forces in practice may
a ect the behavior of systems (dynamics) in a given setup.

Non-equilibrium phenomena

From the basic principles, particles interacting with each other produce collec-
tive phenomena that arise by realizing spectacular macroscopic quantum states.
Although the thermodynamic equilibrium assumption leads to the quantum statis-
tics describing the equilibrium states of particels, it does not allow to study of
the dynamics towards equilibration. For this reason, a microscopic modeling
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such as driving is proposed for dynamical balances. This could be realized
with the invention of the laser. The rapid technological progress of laser sources
in di erent areas of the industry, science, and engineering has opened up new
research directions on the dynamical properties of systems far from equilibrium [3,
4]. Non-equilibrium physics explores various questions and aims, such as the
analysis of unconventional dynamical behaviors in di erent contexts at any time
of our history, technological advances, and the discovery of new states of matter.

In this far-reaching subject, the underlying motivation and interpretation
behind the experimental observations in the nonlinear optics and laser spectroscopy
play crucial roles in successful theoretical research [5]. On the one hand, to
compensate for losses of particles and energy in a system when coupling to the
environment, driving through external forces establishes a dynamical balance
between driving forces and losses. This, in turn, realizes a non-equilibrium
stationary state at the end. On the other hand, recent progress in quantum
information science has attracted both experimental and theoretical researchers
to create/control/preserve the quantum states of many-body systems for various
applications [6 10]. Recent developments in time-resolved laser techniques [11,
12] has provided rich progress in controlling cold atoms [10, 13, 14] and many
condensed matter systems [15, 16], which our understanding of non-equilibrium
phenomena in quantum materials can be increased with. These advances, in turn,
opened new doors to explore novel ultrafast control of material phases in quantum
mechanics and statistical physics [15, 17, 18]. Of such phases one may mention
the hidden orders [19], time crystals [20, 21], metastable state [22], photoinduced
superconductivity [23, 24], and non-equilibrium topological phases [25, 26].

The natural systems to study the non-equilibrium phases of matter are the
driven-dissipative many-body systems [27], so-called open driven quantum systems.
Of the most famous open quantum systems are atomic, optical, and solid-state
systems with coherent external driving, dissipative dynamics, nonlinearity, and
di erent interactions [28 30]. Trapped ions [31], mesoscopic quantum circuits [32,
33], cold atoms [34, 35], arrays of coupled circuit quantum electrodynamic units [36],
and spin ensembles embedded into the microwave cavities [37, 38] are examples
of these open systems providing novel dynamical properties [39 42]. In general,
light-matter systems are the proper candidates for this realm due to unavoidably
coupling to a bath and subjecting to external drives [43 47]. It is well-known that
driving and dissipation may generate topological quantum states considering a
tailored bath [48] or time-periodic (Floquet) driving [49 51].

There are many ways to design a driven-system for di erent purposes [10], e.g.
lattice shaking [52 55] and Raman-laser-assisted tunneling [56, 57] are common
ways to realize systems with arti cial gauge driving elds. Laser driving usually
a ects a material by changing the Hamiltonian, commonly referred to as Floquet
engineering [58 66] and by creating excitation [67]. The latter may excite too
many phonon modes, leading to nonlinear phononics [68 70], and then to heating
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issues. In this situation, a regime inevitably comes up in which the time variation

of the system quantities cannot be relaxed and out-of-equilibrium behaviors
emerge. Additionally, the time-periodic external eld is a central role in the study

of driving systems because periodically driven systems naturally arise in many
experimental setups, such as irradiated materials with electromagnetic waves or
when one looks at the mechanical responses to periodic deformations in a system.
However, one of the key concerns of non-equilibrium physics is the late-time
steady-state, coherent state, where the system observables no longer evolve in
time [71 73]. It is also worth noting that a weak laser driving and/or coupling to
one or several reservoirs [74 79] are well justi ed to have long coherence times.

It should be mentioned that there is no guarantee that a driven-dissipative
system will ever reach a time-independent state, so-calledn-equilibrium steady
state (NESS) because the quantum features can be lost by dissipation. Thus, the
dissipative processes should also be engineered in such a way that they generate
guantum coherent states rather than suppressing them. Coupling many external
degrees of freedom to a quantum system leads to energy transfer, while the
interaction with the principle system leads to a process called decoherence, that
is, decay of the superposition states to a large environment, thus restricting
it to certain basis states. The loss of quantum features in the decoherence
process and ordinary damping in the form of relaxation are direct consequences
of a large environment which are ubiquitous in physical applications [80 82].
These phenomena are the subject of dissipative quantum mechanics to mimic and
explain the underlying dynamics of open quantum systems and related applications.
Understanding the precise nature of both the relaxation and decoherence e ects
is important for a variety of applications.

In the past decade, various open quantum systems have become popular
to investigate non-equilibrium physical insights. The spin chain model as a
beloved toy model of magnetism is the protagonist of the present thesis due to
potential spin-based technologies in the future [83]. The rst observation of the
non-equilibrium dynamics of magnetic systems can be dedicated to the discovery
of magnetic order reduction in laser-induced subpicosecond demagnetization of
ferromagnetic Ni [84]. This observation led to more discoveries: discovery of
ultrafast coherent control of spin waves [85], all-optical magnetic switching [86 88],
and ultrafast generation of ferromagnetic order [89]. Remarkably, nontrivial exact
analytic steady-state solutions of various many-body spin chain models have
been studied [90 97]. It is well-known that quantum spin chains propose various
interesting phenomena such as spin-Peierls transition [98], the appearance of the
Haldane gap [99 102], and high-temperature superconductivity [103, 104]. In the
past decade, the discovery of very large magnetic heat-conduction [105 107] and
long nuclear magnetic relaxation times [108] have also attracted researchers to
study the magnetic transport in quantum magnetic chains. Although numerous
insights on the equilibrium physics of quantum magnets have been provided
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using integrable spin chains [109 111], it was also possible to provide numerous
novel non-equilibrium physics of these systems [112 114]. A perfect setting to
understand the role of interactions and symmetries in the non-equilibrium situation
is the XXZ spin-1/2 chain [115, 116]. It should be noted that the light-induced
picosecond spin dynamics has been mostly hitherto interpreted using the classical
methods [87, 117 121], however, it has been found that driving spins far from
the equilibrium underpins novel quantum dynamics [122]. Despite the highly
intriguing works on spin chains, theoretically studying the non-equilibrium physics
of such systems is still a frontier research topic.

Given this background, one can think of other aspects of the spin chains. It
has been found that the interplay between phonons and spins in spin chains leads
to drastic phenomena such as femtosecond magnetization control [123 126] and
spin Seebeck e ect [127, 128]. Spin-phonon coupling (SPC) is usually weak due
to the canceled contributions of the symmetric vibrations of relevant atoms from
negative and positive displacements. However, in the systems with low symmetry
or anisotropic dispersion curves, SPC can be modulated [129]. Interestingly, recent
optical techniques have provided novel insights into the coherent SPC [130 132].
The driving of coherent lattice displacements to produce resonant excitation of the
guantum spin dynamics is already getting more interesting in both quantum optics
and condensed matter physics [133]. This is covered by the magnetophononics
in which the highly frequency-specic nature of the resonant SPC is mainly
exploited [133, 134].

Even though the available theoretical tools for open quantum systems are
relatively limited, the Lindblad quantum master equation (more in the next chap-
ter) for driven-dissipative many-body systems is often employed to treat an open
guantum system coupled to a Markovian bath [27, 135]. This equation has widely
been applied to the spin lattices [136, 137], coupled quantum-electrodynamics
cavities and circuits [138 140], lattice Rydberg atoms [141 144], and nonlinear
photonic modes [145, 146]. In the Lindblad equation, the coherent evolution and
the dissipator are present to describe the dynamics of local observables by nonlin-
ear equations. The dissipator described by a set of jump operators is responsible
for dephasing and relaxation processes.

Challenge and goal

Generically, open driven quantum systems in the presence of dissipation e ects
attain a unique NESS [147 149]. However, one major challenge in non-equilibrium
physics is the study of and/or control of the long-time steady states with a

su cient degree of universality. To this end, many situations have been discussed
over the past decade [5, 97, 150 155]. With such an introduction, it is natural to

explore novel physical insights when the spin and phonon sectors in a quantum
system are externally driven by the laser and strongly coupled to each other.
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The laser continuously pumps energy into the system and then drives it out of
equilibrium. The interplay between SPC, driving parameters, and dissipative
dynamics in tuning the stability of non-equilibrium order and in exploring the
new phenomena are the overarching theme of the present thesis.

In the rst step, we establish the equations of motion for the coupled lattice
and spin sectors governing the basic physics of quantum NESS in an alternating
spin chain. Concentrating on the regime of weak SPC, we show numerically
that NESS can indeed be established in the response of the separate lattice and
spin sectors and can be tuned by the primary system parameters. A complete
investigation of the dynamical properties of the NESS in such a system will be
performed.

In the second step, we concentrate on the regime of strong SPC. In particu-
lar, the SPC can be treated as a perturbation for the spin system. The strong
SPC makes the dynamics more intricate since unexpected blocking of transfer-
ring energies in di erent frequency regimes comes into play role in signi cantly
showing a negative spin feedback e ects; so-calledyant resonant self-blocking
e ect. Thus, following the strong self-blocking e ects, phonon frequency and
spin-band frequency shifts will come up associated with extensive physics far from
equilibrium.

In both the rst and second steps, we consider two models for the SPC, but in
both cases, we work with a steady driving eld, which operates in a steady state
regime, i.e. we hope that the steady input of power gives a steady output. It is
necessary to note that it is practically impossible to 100% validate the theoretical
predictions in a controlled way for macroscopic systems consisting of roughly?310
individual atoms. However, in all these investigations, we explore the dynamics of
systems with many degrees of freedom which their results stay worth by standing
up to thorough testing to some extent.

Target materials

Since the discovery of Haldane system many spin gap systems have been found in
the low-dimensional quantum spin systems [99, 156 158]. The valence bond solid
is responsible for the explanation of the existence of the spin gap since all spins
are distributed to certain localized static bonds in these systems. Inorganic spin
chain compounds comprising dimerization of the lattice of a Heisenberg model are
of the best-known systems in low-dimensional physics. In half- lled chain CuGgO
compound [157, 159], each Cu site holds one hole with spin-1/2 and the spin-spin
interaction occurs via oxygen orbitals. On the other hand, phonons due to the
interionic distances modulate the spin-spin interactions, leading to a non-zero
SPC [160, 161]. Inorganic vanadyl pyrophosphate (VGR,0; is also another
con rmed alternating spin chain system with the spin gap 3.1 meV [162 165].
Although these two systems propose strong SPCs, Cu(N)Q [166] as a quasi-one-
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dimensional alternating spin-1/2 chain with spin gap 0.38 meV shows a weak SPC.
Furthermore, recently discovered alternating spin chains NaVOAs(J167] and
AgVOAsQ, [168] are also available. Thereby, we have great amount of appropriate
candidates for the listed purposes of the present thesis.

Outline

Once more, this thesis is devoted to the study of non-equilibrium physics of
guantum magnetic materials, particularly a driven-dissipative dimerized spin-1/2
chain. These systems represent natural platforms in present-day experiments
of modern solid-state physics to explore fundamental concepts and questions
about matter far from the equilibrium, having at the same time a potential
impact on emerging various applications in spintronics. The goal is to gure out
the dynamical phenomena determined by the interplay of internal and external
interactions, dissipation, and non-equilibrium conditions.

The outline of the thesis is organized as follows. In chapter 2 we will overview
the theoretical background and basic concepts to approach the primary prerequi-
sites of the project. Moreover, we will present some concepts of open quantum
systems and the conditions in solids at which the sample starts to melt, looking
in particular at a harmonic oscillator in the presence of additional damping and
forcing terms. In chapter 3, we will introduce the system under study and essential
approximations, as well as the system's physical observables, we need to pave the
way in the rest of the thesis. In chapter 4, we will study the dynamical properties
of a driven dissipative dimerized spin-1/2 chain in detail, characterized by NESS
in the weakly coupled spin-lattice system rather than transient and relaxation
processes and energy ows, which is mostly based on Ref. [169]. In chapter 5, we
will turn to the spin feedback e ect, giant resonant self-blocking e ect, and to the
phonon and spin-band frequency shifts caused by the strong SPC regime, which
is potentially relevant for undergoing experiments. In chapter 6, some develop-
ments towards using thel®>model (phonon coupled to the next-nearest-neighbor
magnetic interaction) will extend the SPC e ect on the dynamical properties
beyond theJ-model. As the last results, in chapter 7 some developments towards
using pump-probe protocols will extend the topic beyond the single pump driv-
ing, which is potentially useful in experiments. Most of chapter 5 and parts of
chapters 6 and 7 are based on Ref. [170]. Finally, in chapter 8, we will provide a
summary of the project and will discuss promising possible future perspectives.
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[2. Method

For the project, the required methods to be applied for the nal equations of
motions are presented in this chapter. Before going further, we would state that
reduced Planck constant- = 1 is taken throughout the thesis, except for a few
parts where we want to make contact with an experimental progress.

First, we give a short review to the key operators in quantum mechanics in
Sec. 2.1. Next, in Sec. 2.2, we brie y introduce the mean- led approximation. In
Sec. 2.3, we discuss the useful representations on which the system is modeled
based on. Section 2.4 presents the general formulation of the Heisenberg equation
of motion and Fermi's golden rule. The Magnus expansion will be introduced
in Sec. 2.5 and in Sec. 2.6 the phonons in solids are introduced. In Sec. 2.7, the
Lindblad formalism is discussed to introduce the quantum dissipation e ects. The
important Lindemann criterion is given in Sec. 2.8 and in Sec. 2.9 an example
of an open system in an environment, a damped driven harmonic oscillator, is
discussed. Finally, a conclusion of the chapter is provided in Sec. 2.10.

The basic concept: operators in quantum mechanics

Historically, one of the independent formulations of quantum mechanics is called
matrix mechanics, which was developed by Heisenberg in 1925 to describe atomic
structure starting from the observed spectral lines. He has a theory on the notion
that the only allowed values of energy exchange between microphysical systems are
those that are discrete: quanta. Expressing dynamical quantities such as energy,
position, momentum, and angular momentum in terms of matrices, he obtained
an eigenvalue problem that describes the dynamics of microscopic systems; the
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diagonalization of the Hamiltonian matrix yields the energy spectrum and the

state vectors of the system. To describe the dynamics of matter at the microscopic

scale, which is the main aim of quantum mechanics, operators come into play role.
In general, an operator as a mathematical rule that when applied to a state,

transforms it into another state follows two algebra relations: commutator and

anticommutator. The commutator of two operatorsA and B denoted by[A;B] is

de ned by

[A;B]= AB BA; (2.1)
and the anticommutator f A; B g is de ned by
fA;Bg= AB + BA: (2.2)

Two operators are said to commute if their commutator is equal to zero and hence
AB = BA.
For the fermions, the fermionic operators satisfy the relations
ffi;fjg=0,; ff'f/g=0,; ff;flg= i ; (2.3)
where the indicesi and j can be any nite set of numbers. However, for the
bosons, bosonic operators should satisfy

[b;B]=0; [W;01=0; [b:;Q]= (2.4)

For the present thesis, spins are important. The existence of spin was con rmed
experimentally by Stern and Gerlach in 1922 using silver atoms. The spin, an
intrinsic degree of freedom, is a purely quantum mechanical concept with no
classical analog. Unlike the orbital angular momentum, the spin cannot be
described by a di erential operator. A spin operator is neither of bosonic nor of
fermionic type, however, there are many ways to transform them into operators
that are at least close to being bosonic or fermionic. The simplest example of a
spin Hamiltonian is the nearest-neighbor Heisenberg modél,= J ;S S,
whereJ > 0 is the ferromagnetic case, i.e. the diagonal terms in the Hamiltonian
favorable spins aligning, and) < 0 is the antiferromagnetic case, i.e. the diagonal
terms favor antialignment.

Mean- eld approximation

In general, the physics of interacting particles in a many-body system is typically
complicated. However, it is possible to include the interactions on the average,
treating the e ect of all the other particles as a mean density leaving a soluble
single-particle problem.

For the models which can only be exactly solved in special cases, mean- eld
approximation as the rst recourse always tries to construct a simple model. This
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approximation assumes that the system's thermal uctuations are relatively small
and can therefore be neglected to a certain extent, which is helpful to treat a
system of interacting particles as a system of non-interacting particles. Thus,
it is assumed that each particle interacts with amean- eld that captures the
average behavior of the particles around it. Therefore, to decouple an interacting
many-body Hamiltonian into a simpler Hamiltonian describing a non-interacting
system, one has to resort to the mean- eld approximation.

Consider an interaction between two kinds of particles being the product of
two operatorsA and B, i.e. Hi;y = AB, with the averages (expectation values)
respectivelybhAi and hBi. The small deviations of these operators from their
average can also be respectively dened @z = A h Ai anddg = B h Bi.
Assuming that only interactions between di erent kinds of particles are relevant,
we can write

Hi = AB = (da + bAI) (dg + HBi)
da MBi + dg PAi + PAIhBi + da ds
=(A hAi)MBi+(B hBi)bAi + hAihBi
= AFBi + BMAi h AihBi;

0

(2.5)

where the last term in the second line is neglected in the mean- eld and nally
only single-particle operators are left in the interaction. This, in turn, amounts to
assume that theA and B particles are uncorrelated. Depending on the system
model, there are various ways to calculate the averages. This approximation will
be used in the spin-phonon coupling Hamiltonian of the present thesis to decouple
the operators acting on the spin and phonon sectors.

Bond-operator representation

It is well-known that the bond-operator representation is very useful in doing
calculations for the systems where a pairs of spins (dimers) act as basic units.
For quantum S = 3 spins this was pioneered by Sachdev and Bhatt as a useful
design to speci cally understand the properties of dimerized phases [171 175].
For the case of general spi®, however, Kumar derived another bond-operator
representation [176]. In this representation, the spin eigenstates of a dimer are
constructed and a distinct bosonic creation operator called bond operator is
formed. Depending on the de nition of the vacuum state, the representation
can be constructed in two di erent ways: Sachdev's representation and triplon

Figure 2.1. The singlet and triplet states of two spin-1/2 particles in a dimer.
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operator representation. In both ways, the Hamiltonian for the structurally
dimerized antiferromagnetic spin chain is transformed by expressing the two spin
operators on each dimer. Each way is useful where the calculations are needed to
be simpli ed. Let us describe each one separately in the following.

Sachdev's representation

Consider a dimer with indexi consisting of twoS = 5 spins, Sy; and Sy;. There
are four states in the Hilbert space on each dimej (i , j "#i, j#"i, and | ##i).
One can associate these with a canonical singlet stgg and the three triplet
statesjt,i, jtyi andjt,i, see Fig. 2.1. In the Sachdev's representation, the four
states of this two-spin system in the dimer is created by applying the creation

operatorss}, ty;, ty; and t}; on the some reference vacuum stajéi as [171]

jsi; = sfj0i = ps (" T ) (2.6a)
jti; = 5, jOi = %(j""l oA ) (2.6b)
jtyi, =t j0i = pLé(j""i L) (2.6¢)
jtzi, = t2,j0i = %(J"#l RN ADE (2.6d)

By these, the elements of the spin operatoiS; and S, lead to the representation

1 X
Sy =5 Sty Htis oty (2.7a)

1 X
S, 5 Sty +t s+ it (2.7b)
where is the totally antisymmetric tensor, the Levi-Civita symbol, considering
di erent avors X, Yy, and z. Note that the vacuum statejOi does not correspond
to the physical state of the spin system. The physical states always have a single
bond boson for any dimeti and so satisfy the constraint

X
sisi+  thty =1; (2.8)

so-called hard-core constraint. These new bosonic operators obey the following
commutator relations

[si;s1= i ; (2.9a)
[t ;ty;j 1= (2.9b)
[sis]=[tity 1=[sity 1=[s/it;1=0; (2.9¢)

(s = [0 1t 1= [st) 1= [t} 1=0: (2.9d)
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Triplon operator representation
In the second way, the singlet state is considered as the vacuum state

jsi; = joi = 1913(1"#ii ) (2.10)

and if one setss; = 1 in Eq. (2.6a), it leads to the same expression as above.
Furthermore, the spin operators yield the following new forms

— l y H X y .
Spi= 5 Li +4 ity (2.11a)
1 X
Spi= 5t v+ oty (2.11Db)

as well as the new hard-core constraint
X
Additionally, one simply nds the following commutator relations

tit; =t th, =0; (2.13a)

h i X

tisth =4 1 it M R (2.13b)
The latter is called the hard-core bosonic commutation relation. These representa-
tions will be applied to our model to transform the Hamiltonians and to simplify
the equations of motion. In such a way, all excitations in the dimer are described
by the triplon (singlet-triplet) excitation.

The Heisenberg equation of motion and Fermi's golden rule

One of the pictures encountered most frequently in quantum mechanics is the
Heisenberg picture, which is useful when describing phenomena with the time-
dependent Hamiltonians. In this picture, the time dependence of the state vectors
Is completely frozen, and it is obtained from the Schrodinger picture by applying
the time-evolution operator U to nally obtain the equation of motion that
regulates the time evolution of operators within the Heisenberg picture:

do(;[(t) = @UY(H)OU(t) + UY(H)O@U(t) + @O(t) = i [H; On(t)]+ @O(t) ;

(2.14)

where we have assumed that the operatd® does depend explicitly on time
(@O(t) 8 0).

Another interesting and important special case in the time-dependent per-
turbation theory is a form of Fermi's golden rule [1]. Let us consider here only
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those phenomena that are described by Hamiltonians which can be split into two
parts, a time-independent partH, and a time-dependent partV (t) that is small
compared toH:

H(t) = Ho+ V(1) (2.15)

whereH, is assumed to have exact solutions that are known. The well-known
time-evolution operator in the interaction picture U, (t;to) = € HotU(t; to)e 'Hot
for such a system produces

) - vius ) (2.16)
R
with Ui(tto) = | i Vi(tYUi(t% to)dt® We assume thatVi(t) is small and then

proceed iteratively to nd approximate solutions to this integral equation, leading
to the Dyson series. With the aid of this, one could nd the transition probability
corresponding to a transition from an initial unperturbed state ; to another
unperturbed state ¢. For instance, in the presence of a constant perturbatio¥ ,
we obtain

4jh ¢jvij iij®

12
= fi

P (t) = Sinz(! fi t=2); (2.17)
where!y = E; E; is the di erence between the initial and nal energies of
states. If we calculate the transition into acontinuum of nal states with the
number of nal states within the energy interval E; and E; +d E;, which is equal
to (Ef)dE¢ (E¢) is the density of nal states the total transition rate can
be obtained from
2 Py (1)
t
This relation is called the Fermi's golden rule It implies that, in the case of a
constant perturbation, if we wait long enough, the total transition rate becomes
constant (time-independent).

Wi = (Er)dEr =2 jh ¢jVj iij? (Ei): (2.18)

The Magnus expansion

As well-known, independent variables, functions, and derivatives of functions are
related to each other in a di erential equation and it is worth brie y mention-
ing the solution of annth-order ordinary di erential equation, which is nicely
approximated by Wilhelm Magnus [177]. For such equations, we generally have
Yqt) = A(t) Y(t) in which A(t) isann n matrix called the coe cient matrix
and Y (t) isann 1 vector of unknown functions. In the Magnus expansion, a
way to approximate the fundamental matrix of this system is provided such that
the solution is expressed as the exponential of the  n matrix function S(t),

Y(t) = eSO (2.19)
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which is subsequently constructed as a series expansion, also called the Magnus
expansion,

3
S(t) = Si(t): (2.20)
i=0
In this thesis, we skip the lemma's which are used to prove this valuable theorem
because we only need this expansion in a short part of the thesis. Finally, the rst
three symmetric terms of this series read
z

St = Adt)d; (2.21a)
t z t1
SM=5  IAM):AG]dud; (2.21b)
1 Zot Zotl Zy, h i
S0= ¢ At [A(t:); A(to)]

+ h[A(tl);A(tz)] iA(ts)i dtadt,dt, ; (2.21c)

wherein the integrals can easily be computed. It is necessary to mention that for
the dynamical systemsA(t) denotes the state matrix and can directly be replaced
with the time-dependent Hamiltonian of the system in the interaction picture.

2.5.1 Magnus expansion for two driven coupled harmonic oscillators

In this example, we consider a continuous driving perturbation such ag(t) =

Vvp cos( t ) which depends harmonically on time. Such a perturbation in this exam-
ple is encountered when two harmonic oscillators interact with an electromagnetic
eld such as light. If we label the rst and second harmonic oscillator with the
same oscillation frequency o, respectively, with {a; &} and { b; 8} operators,
the total Hamiltonian of the system in the presence of external time-dependent
perturbation eld Vy(t) is given byH(t) = Ho+ ! o+ Hy(t), where the rst and
second terms represent the free Hamiltonian of the two oscillators:

Ho="!o @a+ bb ; (2.22a)

Hp(t) = Vp(t) &b’ + ab : (2.22b)
Note that, neglecting coupling ofa¥b and b’a, the remaining coupling between the
two oscillators is generated by the external forc¥,(t) with strength v,. Now, we

employ the Magnus expansion to nd the second-order approximation of energy
of this driven system. To proceed, we st calculaté\(t) = H,(t) through

Hl(t) = eiHoth(t)e iHot — Vp(t)el Hot aywl_'_ ab e iHot;

) . (2.23)
= Vy(t) &'+ e #'o'ab :

It should be mentioned that the rst-order approximation of Magnus expansion
is not our interest here which is a function of o -diagonal operators usefulness
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for the shift of energy purposes compared to the diagonal operators. For the
second-order approximation, we need to calculate

2
[H (tl) H (tZ)] EpCOSQt l) eZi!ot1 ei(! 2l o)t2 +e (1 +21 )tz
(2.24)
e 2i ! oty eI (! +21 o)t2 +e i(! 2tz hayby, abl :

h [
where a'I’;ab = (1+ @a+ b’b). To have Sy(t) in Eq. (2.21b), we still need

the solution of the following integrals

“u [H(t); H(t2)] dt, = 4i 4|2||2 IO(1 + a’a+ b'b)cos(t ;)
[cos(2 ot;) coslt 1)]; (2.25a)
’ tzz %I () H (t2)] diadty = 41 4!3'” V(1 + @a+ b'h
41 sin[(l +21 o)t] + sinf(¢ 2 o)t]
2 1 +21, ; ! 0
; 4?sin(Z!t )5 (2.25b)

In the last relation, however, we need to average over one period of oscillations,
fT=2=T =2=0 2);T=2=( +2!pg, stemming from the sine
functions to get rid of fast oscillations, which the remaining 1=2 value of the
integral leads to

_ v2'

Sz = '272(1 + aa+ Wb) (226)

by which the second-order correction to the shift of frequendy, can be stated as

\V 2|

@y,= 9 . (2.27)

which is an order ofvg as expected from the perturbation theory.

Phonons in solids

Vibrations of the crystal lattice associated with the low energy excitations up
to 240 meV (60 THz) [178, 179] introduce phonons as elementary quanta of
these excitations. If a phonon consisting of the collective motion of positive and
negative ions along a speci ¢ eigenvector carries an electric dipole, it is called an
infrared-active (otherwise Raman active [180]) phonon that directly couples to the
electric eld of light. In linear response of an infrared-active optical phonon to a
monochromatic light eld, the phonon can be considered as a charged harmonic
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oscillator driven by the oscillating electric eld of light (Lorentz model). However,
in the nonlinear response, the intense electric elds drive the phonons to large
amplitudes. In this thesis, we stick to weak electric elds of light and accordingly,
linear response.

For small displacements @) of ions in a solid, so-called harmonic approximation,
the following energy potential

1
U= é! ok (2.28)

is felt by the ions, where! o is the phonon frequency. Therefore, a restoring
forceF = @U=@q ! 2q can be experienced by the phonon when the ions are
displaced from their equilibrium position. This nally results in the oscillation of
atoms at the resonance frequendy, described by the equation of motion

d’q

WJF 129=0: (2.29)
For the infrared-active phonons, considering the Born e ective charg@ associated
with the phonon dipole as well as the e ective masM of the phonon, the driving
eld E can be incorporated into this equation, i.e.

@, s Q.
@1 M

This is still an unphysical scenario because, in real solids, the energy can be

transferred among di erent modes and anharmonicities of the lattice potential

result in a nite lifetime of the phonon oscillations: damping e ect. Thus, we
need the following new equation of motion

@ + @q+ | gq = gE,

@1 @t M

where the damping is inversely proportional to the lifetime of the phonon mode.
For a time-dependent monochromatic electromagnetic eld with strengtli,,

we haveE(t) = Ee ' and then the solutiong(t) = e 't is obtained, where

+12q= (2.30)

(2.31)

b=QE=M ('3 12 il)isthe amplitude of the phonon oscillations. From
this amplitude, it is clear that the highest modulation amplitudes appear for the
resonance condition = !,. Having the number of unit cells per unit volume

(N) of a sample, the polarization of the sample due to a single charged oscillator
can be calculated viaP (t) = NQ q(t), which is useful for optical properties of
the sample. In the nonlinear response regime, the electric eld is strong and can
be treated asE(t) = Ey(t)e ', where the amplitude is a Gaussian pulse. In this
case, the phonon dynamics becomes highly nonlinear, and higher terms of the
energy potentialU corresponding to the anharmonic contributions must be taken
into account (out of the scope of the present thesis).
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Figure 2.2: Schematic illustration of an open quantum system and its environment
that together constitute a closed quantum system.

Open guantum systems

This thesis is focused on the phenomena which occur in open quantum systems,
that is, systems which are coupled to an external environment. No physical system
is really closed. The Schrddinger equation is not appropriate to describe an open
guantum system coupled to an uncontrolled environment because the state is a
mixed state in Hilbert space, rather than a pure one. Even though we cannot
track the dynamics of the environment, we still want to understand the e ect

it has on the system of interest. An environment is de ned as an in nite set of
degrees of freedom with a continuous spectrum to describe a true irreversible and
dissipative dynamics. However, one of the useful approaches to treat such systems
is called the Markovian (Lindblad) quantum master equation. In this approach
the memory of the environment is neglected, which is a reasonable simpli cation
in many physical scenarios.

The Lindblad master equation

Our goal in this part is to nd a more general procedure that allows us to obtain an
equation of motion for the density matrix of the system. We consider a situation
where the system isveaklycoupled to the bath. The total Hamiltonian is assumed
to have the form

H=Hs+ Hp+ Hg; (232)

where the rst term is the system Hamiltonian, the second one is the bath
Hamiltonian and the last one is the interaction Hamiltonian between the system
and bath, see Fig. 2.2. In the next step, we transform into the interaction picture,
using the unitary transformation U, (t) = exp[ i (Hs+ Hy)t]. The density matrix

of the total system, i.e. system plus bath, then evaluates in time according to
the non-Markovian equation

@ .\_ . ] -
@t(t)— i[Hi(D); (O] (2.33)
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with H(t) = U/(t)HspU (t). Formally integrating the equation above yields

z t
©= (0 i dOH(t); (2.34)
and after inserting this result into the di erential equation, we obtain
VA t
@@ft ©= iH®; O  dOH (@ H ) (O (2.35)

In the next step, we take the trace over the bath degrees of freedom and assume
that Trp[H,(t); (0)] = 0; this is true when the state of the bath and system
factorise att = 0, which we assume see below. Thus the density matrix of the
system evaluates according to
z

D= STl O1= | dCTrLlHIi M (1)) (230

Born approximation

In this approximation, it is assumed that the coupling between the system and the
bath is weak. Thus, the density matrix of the bath is only negligibly a ected by
the interaction. The total density matrix at time t may then be approximated by
a tensor product; (t) = 4(t) p. Thisyields a closed inhomogeneous di erential
equation:

@ Zt
@ts(t) =, dUTre[H (1), Hi(t9; st o]l (2.37)
Markov approximation

In this approximation, s(t9 is replaced by ¢(t), which will be justi ed by the
fact that bath correlations/excitations decay on a much shorter timescale than
that of any relevant dynamics of the system. This yields the real eld equation:

@ 21
ar® = dtOTro[H (); [H1(19; o) o]l (2.38)
0

The nal step is to perform the change of variablg®! t t%and to shift the upper
integration boundary to in nity. This is justi ed when the integrand vanishes
su ciently fast. This yields the Markovian quantum master equation:

@ “1 g
@uh= TR0 [Hi(t 9 s(t) bl (2.39)
Secular (rotating wave) approximation

Ultimately, this approximation entails an averaging over rapidly oscillating terms.
It will allow us to bring the master equation into a conventional shape, which is
called the Lindblad form. The starting point is the following general decomposition
of the system-bath interaction:

X
Heo= A B ; (2.40)
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where A (B ) is the system (bath) operator with the featuresAY = A and
BY = B . As a rst step towards the envisaged averaging procedure we introduce
the operatorsA (! )= o g=y ( E)A ( E9, where the ( E) are projectors
onto the energy eigenspaces with enerdy of Hs. They obey ( E) =1 such that

X X
Hs = (E)A (E9=  E(E); (2.41)
EOE E

P P P
and hence we havéh = o ( E)A (E9=

g o e=1 ( BE)A (E9=
r A (). We thus nd that

HaA (1= 1A (1); (2.422)
[Hg AY(1)]= + 1AY(1); (2.42b)

whereA (!') and AY(!) are the eigenoperators dfl s and as a consequence their
time-evaluation in the interaction picture is

ghsta (e 'Ht=e A (1); (2.43a)
erstAY (e Mt = e AY(1): (2.43b)

The interaction picture representation of the system-bath interaction thus
becomes

H,(t) = X e A () B(); (2.44)

whereB (1) = €"e'B e Mol It should be noted that with this decomposition
the condition Try[H,(t); (0)] =0 can be transformed as

B (t)i =Tr s M, =0: (2.45)

i.e. the average oB (t) is zero. This can be always achieved by a rede nition of
the system-bath coupling (a possible constant peak will simply be absorbed in
the system Hamiltonian). The master equation becomes, thus,

vA 1

. dit®Trp Hi(t  t9 o(t) oHi(t) H (DH it t) o(t) o
+h:c

X

=GN ) A () (DAY AY(I9A (1) 1)

I

@ _
o=
(2.46)

+h:c;

where  (1)= "3 a0 *Try BY(MB (1 19 o = & dt% " HBY(DB (t 1 is
the Fourier transform of the bath two-time correlation function. When the bath is
in a stationary state (which we assume), this correlation function does not depend
on the absolute timet, but only on the time di erences, i.e.BY(t)B (t t%i =
hBY(t9B (0)i.
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The assumption underlying the Markov approximation was that this correlation
function decays su ciently fast. When the relaxation timescale of the open system
is much larger than the intrinsic timescale, typical values off ! 9 !, we perform
the secular approximation, i.e.expfi (! ! 9t]! 1, o. In quantum optics, we
havej! !'9' 10" Hz, which leads to a decay rate of 10° Hz. Thereby,

@@ts(t>= ) A () (DAY AY(DA (1) 1) +hic: (247)

In a nal step, we decompose
(!)=; M)+is (1); (2.48)
where (1)=  (1)+ (1)=& dt%d"°BY(t)B (0)i, so-called the Kos-

sakowski matrix, refers to the decay rates. The nal result is the Lindblad-
Kossakowski master equation:

S = i <1+ D s(0); (249)

with the Lamb-shift Hamiltonian H s = P o SO (D)AY(P)A (1) and the dissi-
pator

X 1n o
D= () A OAC) 5 ATA L) o) (2.50)

Let us make one further simpli cation of the dissipator. We introduce the
eigenvalues and eigenvectors of the Kossakowski matrix

M= X (M)v (MHV(): (2.51)
This allows us to write

X 1n )
Ds®= () LO)OUC) 5 ML) (b (252

whereL (1) = P iV (1)Ai(!) are the jump operators. This makes the master
equation to the Lindblad form [135, 181, 182]

1

d Y=L ((t)= i[H; t+x i L s(t)LY
as()— s(t)y = i[H; s(t)] i Li s(HL; 5

fLILi; (g ; (253)

where H describes the total system's Hamiltonian and. is referred to as the
Liouvillian/Lindblad super-operator. The operatorsL; are referred to as Lindblad
operators and can be microscopically determined by specifying the coupling
Hamiltonian between the reduced system and bath (if it is in thermal equilibrium),
while ; takes the role of damping parameters for 2 [1;N2 1] in which Ng
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denotes the dimension of the Hilbert space of the open system. This is called the
Lindblad equation, or adjoint quantum master equation, which is the most general
time evolution equation for the density matrix of an open dissipative system.

It is well-known that an arbitrary operator Oyx(t) in the Heisenberg picture
can be transformed into the Schrodinger picture though the relation

Ou(t) = €' WO(ty) ; (2.54)

wherelL is the Liouville generator above-introduced, leading to

;OH (t) = LYOu(t): (2.55)

Thus, with the aid of the de ned generatorL in Eq. (2.53), we obtain

SO = iHoMI+ 1« 0L 5 OWiLIL, ©  (256)

Damped harmonic oscillator

Let us focus on an important special example of an open system in an environment,
a damped driven harmonic oscillator, to nd the corresponding Lindblad quantum
master equation in the presence of the dissipation e ect. In such a system, the
ordinary harmonic oscillator is the introduced reduced system. For the harmonic
oscillator system,L; operators up to the bilinear choice would také ; = a, L, = &,
Lz = @a, andL4 = a& operators. Thereby, let us label the corresponding damping
parameters with 1; ,; 3;and 4, respectively. Since the environment is supposed
to be the same for all these operators, one allows to rewrite the above damping
parameters asr 1; r o; r 3; and r 4, respectively, in whichr; refers to the arrival
rates of states after interacting with the surrounding with the same strength

. For the two rst operators, since the weak interaction with many atoms is
supposed to simulate the coupling to a thermal bath with temperaturd’, the
ratesr, andr, must be related to each other by a Maxwell-Boltzmann factor [183,
184], i.e.

2 _  1pzket - NCo)
—=e ' = — 2.57
r n(!o)+1 ( )

wheren(! o) = 1=(¢' °™sT 1) is the mean number of energy quanta in the mode
corresponding to the frequency o and kg is the Boltzmann constant. Hence, for
L, = aandL, = &, the qguantum master equation reads

S0u =i 041+ (1) +1) @Ou(ha Sa@'a0W(D) H0u(D) aa

+ n (o) aOy(t)a ;aayOH(t) ;OH(t)aay
(2.58)
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However, for the two latter choices, the states corresponding ®a and a&’
operators have the same arrival rates because they are not acting as the single
ladder operators and do not change the states when interacting. 8@,= ry4 =

n(! o) result in

9 0u(t)= i [H:04(t)]+ N(1o) @Ou()a —a’a0u(t) =Ou(t)aa
dt ) 21 2 (2.59)
+ n(!g) aOu(t) @ éaayOH(t) éOH(t) aa’

The Lindemann criterion

The mechanism of melting in the bulk of a system was rst proposed by Linde-
mann [185] to explain the melting transition via the vibration of atoms in the
simple crystals (crystals containing more complex structures exhibit a vibrational
complexity). In his theory, the melting process initiates when the atoms start to
invade the space of their nearest neighbors and disturb them, implying that the
fraction of root-mean-square amplitude and the interatomic distance become so
large at some point as the temperature is increased. In practice, the increase of
temperature leads to the increase of the average amplitude of thermal vibrations
and the certain threshold value in his theory is determined when the amplitude
reaches at leastl0% of the nearest neighbor distance. However, this critical value
of the Lindemann parameter may vary ranging fron5% to 15% depending on
the magnitude of quantum e ects, crystal structure, and nature of interparticle
interactions [186 188]. Immediately, thus, considering the lattice constarit one

is able to argue that the maximum displacement of atoms in a solid must satisfy

Xmax - 0:05:::0:15 |: (2.60)

Additionally, the threshold value for the upper limit to the (quasi) particle
density or phonon number can be obtained as an important factor in solids. The
starting point to derive the critical value of this density based on the Lindemann
criterion Xmax IS the investigation of the harmonic oscillator to a rst-order
approximation with the following Hamiltonian

1
H=1, aa+ > ; (2.61a)
r
S—
= Mo, ;P . (2.61b)
Mal o . P
= + X 2.61
a > X |ma!0 ; (2.61c)

where ! o is the oscillation frequency,@ and a are the bosonic creation and

annihilation operators, respectively. The parametem, is the atomic massx

is the position operator, andp is the momentum operator. The amplitude of

thermal vibration discussed above in the Lindemann criterion can be related to
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the maximum displacementx = Xax at which the momentum vanishes, i.ep=0.
Thus, the phonon numberha¥ai can be found as

D E

ma! o
aa = —2°x2

2 max *

(2.62)

If one simply applies the approximation! = ! 5, where! 5 ' 2 (10 10%)
rad/s is the Debye frequency, as well as considerimg,* (1 u 100 u) andl '
(0.1 0.01) nm,ha¥ai is obtained as

D E
a’a / 10; (2.63)

meaning that the total number per atom of phonons should not exceed 10 to keep
the integrity of the periodic lattice and to avoid lattice melting.

The damped driven harmonic oscillator

In this section, we focus on a damped driven harmonic oscillator to nd the critical

value of the driving eld, which is tightly connected to the lattice melting issue.

To do so, we introduce both a driving force and damping in a harmonic oscillator
system, leading to the equation

x(t)+ x(t)+18x(t) =

p—— E(t): (2.64)
The term x is the acceleration of the system! ; is the oscillation frequency,
is the damping parameter, and the terml §x is a classical restoring force that
follows Hooke's law. MeanwhileE(t) = acos(t ) is an external electric eld as
a periodic driving, with a and! being tlae amplitude and the frequency of the
driving, respectively. Also,m, and xo = 1=2m,! ¢ is the atomic mass and the
maximum displacement of the undamped harmonic oscillator, respectively.
Introducing z(t) = x(t) + i y(t), one simply solves the equation

1

ad' ; (2.65)
MaXo

z(t)+ z(t)+ ! Zz(t) =

for which only the real part of z(t) is important here. Using the simple ansatz
z(t) = zmax €', we obtain

a 1
MaXo (12 13) il

(2.66)

Zmax =

This equation can be rewritten aszmax = jZmaxj€  , resulting in the expression
z(t) = jzmaxj€ ¢ *'1). From equationz(t) = x(t)+ i y(t), we then nd the particular
solution of Eq. (2.64)

1
g
MaXo (!2 !3)24. 2] 2

X(t) = Xmax COSQt + ')} Xmax = [Zmax] = . (2.67)
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In the case of resonance conditioh = ! o, one nds Xmax = a=MyXg ! . Looking
simply at Eq. (2.62), one deduces

D E a 2
ada = — (2.68)

So, according to the Lindemann criterion, the following relation
al 33 : (2.69)

has to hold for the threshold driving eld strength a to avoid lattice melting in
the presence of damping e ects.

Chapter summary

In this chapter, we overviewed the basic concepts on the fermionic and bosonic
operators in quantum mechanics required to formulate our future model. Next,
we benchmarked the bond-operator representation to a two-spin-1/2 system.
This representation separates the singlet and triplet states and even rewrites the
reduced system's Hamiltonian in terms of singlet or triplet operators. We reviewed
the Heisenberg equation of motion and Fermi's golden rule in the absence and
presence of damping, later called the Lindblad quantum master equation in open
guantum systems. We also introduced the term including the damping e ect when
a harmonic oscillator as the reduced system is damped in an environment.

With the aid of the Lindemann criterion, we also calculated the upper limit
to the particle density in a damped driven harmonic oscillator, which is linked
to the maximum displacement of atoms in a solid. From this data, we found the
threshold driving eld to be applied to avoid lattice melting in a reduced system.
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[3. A dimerized spin-1/2 chain

As mentioned before, magnetic quantum systems are the protagonist of the
present thesis due to their potential spin-based electronics in the future [83]. In
this chapter, a simple driven well-dimerized spin-1/2 chain coupled to a phonon
system (mediator) and bath is chosen to serve as the principal model to benchmark
and test the nonequilibrium physics of such systems. The stress is on the well-
dimerized spin chains, meaning that the system does not, either at equilibrium
or in its driven state, approach a phase transition to a magnetically ordered, to a
gapless quantum disordered, or to any other di erent magnetic states. First, we
will give an overview of the model experimentally point of view in Sec. 3.1. The
model Hamiltonian is given in Sec. 3.2 to show how the system is comprised of
di erent parts. In Sec. 3.3 we will discuss the approximations applied to the model
to not be too complicated to simulate. We de ne the observables and expectation
values for both lattice and spin systems in Sec. 3.4. In Sec. 3.5 we derive the
equations of motion governing the time-dependent dissiptative observables with
the aid of the Lindblad formalism and nally the chapter ends with a summary in
Sec. 3.6.

Experimental observations

Historically, as mentioned in the introduction, the magnetic order reduction in

a magnetic system was rst devoted to the laser-induced subpicosecond demag-
netization of ferromagnetic Ni [84], leading to the ultrafast phenomena [85 89].
Quantum spin chains are valuable in this thesis [98 104]. In general, inorganic
spin chain compounds comprising dimerization of the lattice of a Heisenberg model
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Figure 3.1: (a) The octahedral crystal structure of CuGeQOs constructed of CuG;
ribbons connected to each other via GeQ tetrahedra. (b) and (¢) CuO» ribbons
projected in the a,b-c, and a-b plane, respectively. The nearest and next-nearest
neighbor exchange constant corresponds respectively to the path Cu-O2-Cu and dashed
line in (b) [202, 203].

are the best candidates in low-dimensional physics. Although there have been
found several solids as alternating spin chain systems with di erent properties,
we provide some examples here as appropriate candidates in this regard.

Let us focus on CuGe@. The space group of this structure shown in Fig. 3.1
(a) is Pbomm with the lattice parameters of the orthorhombic unit cella = 4:8
A, b=8:4A and c=2:9 A. In general, there are two di erent types of oxygen
O? ions shown in gray (O2) and blue (O1). In this structure, C& ions in
3d° con guration form antiferromagnetic spin-1/2 chains. Thus, in a half- lled
chain [157, 159], a comparably simple ansatz, each Cu site holds one hole with
spin-1/2 and the spin-spin interaction occurs via oxygen orbitals. In Fig. 3.1(b),
the Cu-O2-Cu exchange path gives rise to the leading antiferromagnetic exchange
constant, while the dashed line belongs to the next-nearest-neighbor exchange
path. Also, the distortion of the lattice in the ordered phase is shown via the
arrows in Figs. 3.1(b) and 3.1(c).

In 1993 Hase and co-workers [157] found an exponential drop in the magnetic
susceptibility of this compound below 14 K indicating the opening of a spin gap
(see below) in its magnetic spectrum. Immediately, the gap was con rmed via the
neutron scattering experiments [189] and quasi one-dimensionality of the structure
was shown via the strongly anisotropic dispersion of the magnetic excitations [190].
Moreover, it was shown both theoretically and experimentally that CuGe®can be
well described by a Heisenberg chain with next-nearest-neighbor interaction [190
201]. While the correct value of the next-nearest-neighbor (interdimer) interaction
Is still controversial, the leading magnetic exchange constant in a dimer of this
structure is approximately J = 10 meV [159]. The temperature at which the
susceptibility has a broad maximum is near 57 K, which is proportional to almost
half of J=kg ' 116K, leading to a spin gap and bandwidth of about 7 meV and
10.4 meV, respectively.

The phonon modes (due to the swinging of positive and negative ions against
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each other) involve motion of the Cu@ ribbons, and not of the magnetic (Cti?)
ions themselves, implying that the correlations between displacements may safely
be neglected, and the approximation of Einstein phonons can easily be justi ed.

Meanwhile, interionic distances (phonons) modulate the spin-spin interactions,
resulting in the spin-phonon coupling (SPC) [160, 161]. This coupling is based on
the magnetoelastic e ects between the magnetic ions and the magnetic energy
produced by the lattice deformations. To understand the main origin of SPC,
we use the relativistic e ect through the spin-orbital interaction. The phonon
modes and/or lattice displacements e ectively change the hybridization between
Cu-3d and O-2p in the CuGeQ structure via the hopping integrals. This, in
turn, changes the orbital motion of atomic electrons. On the other hand, it
is well-known that there is a coupling between the electron's spin and orbital
degrees of freedom (e.g. described by the Kugel Khomskii coupling [204, 205]).
The SPC e ect can then be understood as the tendency towards the suppressed
superexchange interaction under the structural distortion along the phonon mode.
In order to study the SPC e ect, one could compute the superexchange coupling
as functions of various phonon amplitudes. Then, the quadratic dependence of
the hopping integral on the phonon amplitudes enables us to use a quadratic
coe cient to measure the SPC strengths for the individual hopping process. So,
the number of e ectively coupled electronic hopping processes is the key to the
SPC strength.

Another con rmed alternating spin chain system with the spin gap of about 3.5
meV is the inorganic vanadyl pyrophosphate (VOP,0O; [162 165]. In addition
to these two systems with strong SPCs, Cu(N§), [166] is also a quasi-one-
dimensional alternating spin-1/2 chain with spin gap 0.38 meV and a weak
SPC. Furthermore, recently NaVOAsQ [167] and AgVOAsQ [168] have been
discovered as new alternating spin chains with the spin gap in the range of
5 meV. Another class of candidate systems is the set of metal-organic TTF
compounds [98, 206], and even purely organic TCNQ compounds [207], in which
the spin-Peierls transition has been observed and the distorted (low-temperature)
state is an alternating spin chain. In addition to these compounds, alternating
antiferromagnetic-ferromagnetic spin-1/2 chains such as Mau,SbQ; [208] and
(CH3),NH,CuCls [209] with negative next-nearest-neighbor couplings are further
category of interest in quantum magnetism.

Although many lattices can be listed here as spin chains, in this thesis, we
mostly focus on the spin chain inspired by CuGe{ The need to consider the
full quantum model comes from the fact that in most materials the phonon
frequency is of the same order of magnitude df. Thus, away from the static
limit, the properties of the system may be largely a ected by phonon dynamics.
For example, a nite SPC is needed to drive the system into a gapped (dimerized)
state. Indeed, since the phonon displacement is coupled to the dimerization
operator, a small spin-phonon perturbation gives rise to a next-nearest-neighbor
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Figure 3.2: Schematic of the system under study consisting of the spin system,
driven Einstein phonon, laser eld, and the bath. The intradimer spin-spin coupling,
interdimer spin-spin coupling, the SPC, phonon damping, and spin damping are described
respectively by J = 10 meV, J% g, on, and s. The laser continuously pumps energy
into the system and then drives it out of equilibrium. Blue ellipses display dimer singlets
and the red one a triplon excitation.

spin-spin interaction J° and it is well known that a nite J%J is needed to open
a spin gap in one dimension [210, 211]. These arguments have been con rmed
by accurate density matrix renormalization group calculations [212] and Monte
Carlo simulations [213]. In addition, including vibrations and displacements of the
lattice is important for several magnetic materials, either in magnetically ordered
phases (where phonons may a ect the magnon dispersion) or in the absence of
magnetic long-range order (where phonons stand up in the competition between
valence-bond solids and spin liquids).

The J-model Hamiltonian

With this introduction, it is then natural to explore new physical insights when
the spin and phonon sectors in an open quantum system are externally driven and
weakly/strongly coupled to each other. Thus, we intend to look at the dynamics
of the alternating spin chain shown in Fig. 3.2. We model the system as follows.
The laser driving excites an Einstein phonon that couples to the leading magnetic
exchange constant in the spin chain and the dissipation is modeled via the bath
operators in the Lindblad formalism that directly damp both the lattice and spin
sectors.

Building on the described system above, the total Hamiltonian constitutes
of four terms: (i) the dimerized spin chain HamiltonianHs, (ii) the phonon
Hamiltonian H,, (iii) the SPC term Hg,, and (iv) the coupling of laser eld and
phononH,. It should be noted that the coupling of both phonon and spin systems
to the bath is not explicitly in these terms but will be introduced via the Lindblad
formalism [27, 135]. Thus, we have
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By inspiration of the periodic boundary condition for spin operatorsS, the rst
term reads
X
Hs= JSui Sy + JOSZ;i St (3.2)
i=1
where J and J° respectively, refer to the intradimer and interdimer spin-spin
coupling strength [see Fig. 3.2]. To describe an antiferromagnetic system, in
general,J >J °> 0 has to hold. Moreover N is the number of dimers or system
size. It is necessary to mention that in real 3d transition-metal compounds,
anisotropy terms are generally weak and negligible for simplicity.
The second term, phonon Hamiltonian, can simply be described by an ordinary
harmonic oscillator through the bosonic creatiom’ and annihilation b operators.
Thereby, one writes

X
Hp= " !olfh; (3.3)
i=1
with ! o being the phonon frequency. Note that the Brillouin zone (BZ) is de ned
from to , i.e. the phonon mode contributes ta-th site of N dimer by
6=+

The third term refers to the coupling of the phonon (including real-space
bosonic operators) and leading magnetic exchange couplihign the spin system
with strength g. We include magnetoelastic e ects, by assuming that thé is
a ected linearly by lattice distortions along the chain, as [161, 214]

X D E
Hsp: ghb+ d, Sii S Sui S eq ; (3.4)
i=1
D E
in which S;; Sy e« is the equilibrium value, while(h + b') refers to the phonon
displacement. The subtraction of equilibrium value in the equation above is
needed to set the vacuum as the ground state of both phonon and spin systems.
We call the present coupling of the phonon to the leading magnetic interaction
the J-model. The linear SPC Hamiltonian can be justi ed with the fact that
the lattice distortions (stemming from the small degree of buckling) are rather
small in our target material, CuGeQ [215], and we do not expect higher-order
contributions, (b + B) 2, to play a crucial role. Also, we assume that a phonon
driven to large amplitudes by the laser eld can not signi cantly transfer energy to
other vibrational modes, meaning that the nonlinear phonon phonon coupling is
neglected. The phonon can also be coupled to the next-nearest-neighbor interaction
JC called J%model, which will be addressed in chapter 6 in detail.
The fourth term in Eq. (3.1) is the coupling of a classical oscillating electric

eld to the phonon displacement: laser-phonon coupling. Physically point of view,
this coupling stems from the time-varying electric dipole moment of phonons,
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which rst induces local electric elds during the lattice motion and then couples
to the electric eld. The coupling can be written as

H = g Et) b+ b ; (3.5)
i=1

where E(t) = acos(t ) is the pump driving eld and a (! ) describes the laser
amplitude (frequency). In this notation, the laser electric eld with strengthE,
is E(t) = Egcos(t ) and moves an ion (Oxygen ion in our target material) with
a certain mass and the displacement. On the other hand, the electric dipole
moment of Oxygen ions is ex, leading to a time-dependent potential energy
of E(t) = exEqcoq!t ) = acos(t ), wherea = exEy. So, there is a charge and
spatial dependence hidden in tha. This driving is a bulk e ect, meaning that
the Einstein phonon of every bond is stimulated. This driving is continuous and
may inevitably lead to heating and eventually to destroy the coherence of the
system, and later the system itself. Thus, we must remediate the system via a
heat sink to maintain a constant (low) system temperature despite the steady
drive. The reality of the situation in our model will be more detailed in Sec. 4.4.

Approximations

Now, it is time to simplify the terms described above by applying valid approxi-
mations to later pave the way to solve the equations of motion corresponding to
the systems' observables.

As well-known, a dimer comprising of two spins-1/2 is described by a four-
dimensional Hilbert space including a singlet state and three triplet states. These
states can be expressed by the creation operators obeying the bosonic statistics.
The elementary magnetic excitations in the magnetic insulators containing localized
spin-1/2 are triply degenerateS = 1 quasiparticles called triplons. In this case,
the bond-operator representation uses these operators/quasiparticles to de ne the
spin operators [171, 175]

1 X

Sigi = 5 ti ¥ i ity (3.6)
where is the totally antisymmetric tensor considering di erent avors X, y, and
z. Because the triplon operators are hard-core bosons, one should follow the
corresponding statics given in Sec. 2.3. However, hard-core bosons are di cult
to treat analytically, because the hard-core constraint corresponds to a strong
interaction so it is typically impossible to use the perturbation theory. On the
other hand, as it will be mentioned in the following, we work with the zero
temperature in this thesis and it is well-known that for small temperature§  J,
the bosons are so dilute and the hard-core interaction contribution is not signi cant
and can be neglected [216]. It implies that for relatively low densities and weak
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interdimer coupling J%J 0.5, we are allowed to approximate the triplons as
non-interacting bosons [173]. Of course, for further studies, larger interdimer
coupling and a unitary transformation controlled to high orders inJ®%J can be
considered instead of the standard Bogoliubov transformation [174, 217, 218].
Therefore, hereinafter we treat triplon operators as ordinary bosonic operators, i.e.
we use the commutation relationgt’; ;t; 1= j and [t ;5 1=t ;t;]1=0
throughout the thesis.

In the next step, we apply the Fourier transformation to transform the operators
into the momentum space using

t :pl:x tk;eik“; ty.i :p]-:X t{.e””‘: (37)
N ’ N o

Inserting reciprocal space version of E(3.6) into the Eq. (3.2) results in [see
Appendix A for the corresponding calculations and details]

3 Xy _
Sii S = ZN + e (3.8a)
i=1 k;
X _ 1X y y 4y :
Szi Syiva = 2 cosk) 2t t gt T4 Uy +3

k;
(3.8b)

wherein we take only bilinear terms into account, i.e. the triplet-triplet interactions
are neglected for simplicity. Thus, the spin Hamiltonian can be rewritten as

3 3..X X

He = zlJN 21JO cosk)+J  t}. ti
| fz_ X p o

Ho

(3.9)

}JOX 2t te et +tLt,

2 cosk) kU k Uk k Uk

where the termHg is a constant value and does not contribute to the system
dynamics (we ignore it where it is not needed), but it contributes to the ground

state energy of the system. To achieve the ground state of the triplon system
in equilibrium, the above Hamiltonian needs to be diagonalized. We employ a
Bogoliubov transform through [see Appendix B]

t. =t cosh(y)+ t,. sinh(k); (3.10a)

ty. =t cosh(y)+ ty sinh(); (3.10b)
to obtain

, 1 1, 1,

th e = Y Gt + > §+ 2%k O Ui +0c O (3.11)

q —
whereexp( 2 ) = 1 cosk) [ = J%J being the ratio of the magnetic
interactions] has to hold true for a diagonalized Hamiltonian. We have exchanged
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Figure 3.3: (&) One-triplon band spectrum and (b) corresponding density of states (in
arbitrary units) of a dimerized spin-1/2 chain, respectively. The triplon mode-dependent
prefactors yx and y? are presented respectively in (c) and (d).

k by k where necessary since the expression is invariant duectisk) = cos( k).
Also, we have de ned [see Appendix B]

1 cosk) .
=

= : 3.12
Y 1 cosk) ( 2
0= qﬂ - (3.12b)

1 cosk) '

After tedious calculations one deducedH|, plus a constant term given in Ap-
pendix B are neglected]

X
He= 1l t (3.13)
k;

In the above equation, the triplon dispersion energy is given by
q__
he=J 1 cosk) ; (3.14)

where we here numerically set the coupling strength of a dimer to be unity,= 1,
wishing to measure other quantities in units ofl. Also, we choose = 1=2 to
ensure that the dimerization still works for the spin chain, consistent with low
temperature estimation for the interaction ration . 1=2in a spin ladder [173].
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For = 1=2, it gives rise to a spin gap of about 7 meV, as mentioned at
the beginning of the present chapter. The plot of this dispersion is &hﬂvn in
Fig. 3.3(a) in which a)ne triply degenerate band is dispersing frot,, = 1=2J

atk=0to! = 3=2] atlg = , So-called one-triplon band. Inspired by
the relation DOS=( 1= )Im ,,5,(! +1i ') ! with the phenomenological
broadening parameter =1 meV, Fig. 3.3(b) shows the density of states of a
dimerized spin-1/2 chain. It is evident that the dominant feature is the singularity
at k = corresponding to the upper limit of the one-triplon band] .. This
dominant contribution will manifest itself in dynamic response of the systems’
observables.

Following the seminal triplon dispersion, we look at the triplon mode depen-
dency of prefactors in Eq(3.12) in Figs. 3.3(c) and 3.3(d), respectively, which
are important in the presence of SPCqg [see EQq.(3.18)]. Two points are in order

here. First is nonzeroy, =1 at k = =2 and second is negative values gf
fork > =2andk < =2 In both cases,k = 0 gives rise to the maximum
energy, whilek = =2 ( ) shows the minimum one fory, (y?). To provide

more information about these prefactors, we would mention thag, y2 = ! =J
holds valid. The above points will become important to justify the behaviors of
triplon observables and later the discrepancy between thk and J° models.

For the phonon Hamiltonian, we only take the Einstein phonon with mode
g = 0 into account since the laser-phonon interaction is generally a long-range
order and this mode is enforced by the nature of the driving photons. By these,
we mean that our Einstein optical phonon is IR-active to be driven by the laser
eld through a time-varying electric dipole moment [133]. Therefore, using the
Fourier transform Eq. (3.3) becomes

Hp =1 Ot%b): (3.15)

As for the SPC contribution, we again use the bond-operator representation and
bosonic statistics to transform the spin operators into the triplon ones. However,
we further use the mean- eld theory [see Sec. 2.2] to obtain a bilinear Hamiltonian
and to calculate the microscopic coupling constants between the lattice and the
spin chain mean- eld enables us to describe the SPC in terms of operators
acting on the spin and phonon systems separately. It should be pointed out that
the mean- eld decoupling of the driven phonon and the spin system is acceptable
because the relative size of the quantum uctuations in a phononic system, which
is macroscopically occupied, is negligible. Following the Fourier transform and
zero phonon mode, we de ne the phonon displacement

d:plﬁ o+ b (3.16)

and nally have the following expression for the SPC Hamiltonian [see Appendix A]
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2 3 *
X X D E X X D E T
Hep = ghdi 4t ty ty. ti; eq5+ g ty. ti ty. ti; . d;
k; k; k; ;
| iz b & }
Hsp;s HSP:P
(3.17)

where Hgps (Hspp) refers to the operator acting on the spin (phonon) system.
Here the product of the two expectation values (common in the mean- led theory)
IS neglected since it does not in uence the dynamics of the system at all. Plugging
Eqg. (3.11) in the above equation yields

Hsps = ghdi § Ve Bt n(ty) + ;yg U+t Uy ; (3.18)
k;
where n(! ) = [exp(~! «=ksT) 1] ! represents the Bose-Einstein statistics,
classifying the equilibrium mean number of energy quanta in the triplon mode
corresponding to the triplon frequency! .
And for the laser-phonon coupling, we immediately use the Fourier transform
and Eqg. (3.16) to obtain

Hi= N E(t)d: (3.19)

As mentioned before, the laser eld which is mainly responsible for driving the
optical phonon is treated as a classical oscillating eld, meaning that the quantum
uctuations of the laser eld are negligible relative to its expectation value.

In addition to the applied approximations above-listed, we restrict ourselves to
the zero temperature for simplicity, leading ton(! ) = 0. In our system which the
spins are localized on the sites of a lattice, the spin and lattice temperatures are
the same. However, it is not impossible to obtain electronic or spin temperatures
di erent from the lattice temperature in some systems. In such irradiated systems,
there are two ways to control the system temperature; system geometry and the
laser driving procedure. If we apply temperature gradient across a system with a
given length, the interplay between the laser eld and the temperature gradient
may tune the temperature of degrees of freedom. Or, if we apply a laser pulse as
the driving eld instead of a continuous eld, the system temperature can also be
controlled.

In a nutshell, the full Hamiltonian H in the J-model can be denoted as
H=Hs+ Hp+ Hg+ Hy with

X

k;

= ! objln; (3.20Db)
X

. 1
Hsps = ghdi Yk ti; T n('e) + éyg ﬁé; tyk; + 1t Uy ;
k;

I
°
|

(3.20c)
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H = NEt)d: (3.20d)

Observables

Now, we turn to de ne the physical observables and expectation values for both
phonon and triplon systems. These de nitions are based on the terms that
appeared in the Hamiltonians and will be included in the derivation of the
equations of motion in the next section. The common observables in a phononic
system at any timet are

q(t) = Plﬁ R+ (1); (3.21a)
p(t) = % B b (1); (3.21b)
Npn (t) = Nlt%bo (t); (3.21c)

where q(t), p(t) and npy(t) respectively is the phonon displacement, phonon
momentum and the phonon occupation. For the triplon system, we de ne

w®= 2R @ (3.222)
2= 8P O; (3.22b)

where the real variableuy(t) is the k-component of the triplon occupation, while
there is not a descriptive meaning for complex,(t); it only counts triplon mode
excitations. The complex conjugate ok (t) can be de ned as well, i.e. the
expectation value of the product of two annihilation operators, which emerges in
the SPC Hamiltonian.

Equations of motion

For an arbitrary observableO(t), applying Lindblad quantum master equation to
the prototype model of a driven dimerized spin-1/2 chain to include an additional
damping term in its equations of motions (EoMs), we provide the conditions under
which the NESS is engineered properly for the spin-lattice system via the systems'
parameters. One easily uses Eq. (2.56) to deduce

d . , _ . X '
g PO =ThH;0M)+ |_iy_o{g)_L} 5 OM;LL

[EEN

1LYo(Li+ 3LYO()L; (3.23)
1 X h [ h [
= THHOM+ 5 LY;O@) Li+ LY O(t);Li
i
whereH describes the total system's Hamiltonian given by Eq(3.20), i.e. their
nal approximated forms. The equation above contains two terms, the rst
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Heisenberg term and the second Lindblad (damping) term. As mentioned in
Sec. 2.7 are the Lindblad operators in the reduced system's Liouville space
and ; are given in terms of certain correlation functions of the environment and
play the role of relaxation rates for di erent decay modes of the system.
We start with the phonon sector, which behaves similarly as a damped harmonic
oscillator [see Sec. 2.7.2]. FdD(t) = fq(t); p(t); npn(t)g, Li = flo; g, pn1 =
oh[N(' o) + 1], and 2 = pnn(! o) one achieves [see Appendix C for details]

Sam=1op) Lq); (3.242)
Sp0= toat) 2EM+ gUM*+ VO] p): (3.24b)
Son®= [EQ+ UM+ VOIRD s+ n( o)
(3.24c)
in which
1 X
U= =7 ylu® 3000l (3.250)
le
V(t) = N AAOE (3.25b)

k

After tedious calculations given in Appendix C, nally, the time evolution of
the triplon system's observables is also obtained as

Su=2gdn P w(); (3.262)
SO= 20 gAY WD) sulD): (3.260)
D=2 11+ GUOWI W) +2 9DV U0+ 3 swall):
(3.26¢)
where
Vi(t) = Re z((t) and wi(t) = Im z(t) : (3.27)

A detailed analysis of these equations will be given in the following. Concerning
the damping terms, there is a point to be discussed here. Here similar to the
phonon sector we have considered the spin-non-conserving dissipation operators
Ly =t andLlak =ty ,ie LY, = Lok withthe corresponding damping
parameters 1. = s[n('x)+1] and . = sn(!«). In our model, the spin
damping can still be treated as weakly damped oscillators since the spins are
coupled to a phononic bath. By this consideration, the spin-conservation is easily
breakable and for this reason, one may think of the systems with nite spin-orbit
coupling as the target materials. However, for systems with weak spin-orbit
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couplings, spin conservation requires terms of the general typg,, = t. tq . In
this case, mixed wave-vector states of the triplon system come into play role in
the spin-dependent phonon scattering processes and thus lead to a signi cantly
more involved set of EoMs.

Let us concisely comment on th&-independent spin damping s. In general,
we are allowed to considek-dependence of the decay rateg(k), however, the
spin chain is a 1D system and it is coupled to a generalized 3D phononic bath,
meaning that the weak coupling between the spin sector and the phononic bath
allows us to ignore thek-dependence of the spin damping.

It should be stressed that there are no correlations between di erent modes
k and the system is totally symmetric ink, therefore,3N + 3 dimension of the
ordinary di erential equation system can simply be reduced tCBN7 + 3. Solving
Egs. (3.24) and (3.26), we provide the conditions under which the NESS is
engineered properly for the spin sector via the system's parameters. So far, we
have formulated a speci ¢ way of exciting a quantum driven-dissipative dimerized
spin-1/2 chain out of equilibrium by switching on the laser eld and changing
the entire Hamiltonian. Nevertheless, it is well-known that the entire system
should be in equilibrium at zero temperature, resulting in the initial conditions

q0) =0; p(0)=0; nen(0) =0 ; (3.28a)
uk(0) =0; w(0)=0; wy(0)=0: (3.28b)

Let us de ne two following new quantities in the spin system for consistency
with the phonon sector, as well as for providing physical meaning of the observables,
as

Ny(t) = Uk(t) ; (3.29a)

N k
1 X
V()= —  w(t); (3.29b)
N k
respectively thedressedtrilpon number per site and average behavior of the
o -diagonal component resulting from Eq.(3.26). Of course, one allows to de ne
W(t) = Ni « Wk(t). On the other hand, to connect these to the close de nitions
in Eq. (3.25), we introduce thebare triplon number per site
3 X
() = U+ VIO + o5 Dk 115 (3.30)
k
which can be understood/derived from Eq(3.11) at zero temperature. The
last term in the equation above is the equilibrium expectation value, 0.0285,
in the thermodynamic limit, referring to the quantum and/or vacuum uctua-
tions in equilibrium. Physically, these uctuations are the main origin of driven
phonon-induced modi cation of the magnetic interaction in the spin-lattice system.
However, we have used the new basis to rotate it to O to have &ibperators in
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Eqg. (3.11) as the excitations above the vacuum value of 0O, resulting in zero values
for the initial conditions of the spin sector observables given by Eq. (3.28b).

It is necessary to mention that the most of parameters in the model presented for
a dimerized spin-1/2 chainfN;J;3%g;a;!o;!; ph; <0, are variable throughout
the present thesis. However, phonon damping obviously depends on its coupling to
other phonons as well as its energy. Due to the weak coupling of a single Einstein
phonon to an ensemble of phonons (bath), we set this damping to be very small,
e.g., 2% of the phonon energy! o [~ = 1], i.e. , = 0:02!( throughout the
thesis. In the majority of our calculations in the solution of the EoMs, we will use
N = 2000 dimers to ensure that nite-size e ects can be empirically ruled out.
Also, there is no restriction for the time interval and the quantum spin NESS can
be studied fromt =0 to 1 . Additionally, we mostly consider the spin damping
smaller than p, to stress that the spins coupled to the phononic bath are in
general damped weaker than phonons coupled to the bath, i.es < , holds
in general valid. For the amelitude of the laser eld,a = eExq, considering the
maximum displacementxo = ~=mjy! ' 0:01 nm with the massm, . 1 u of the
atoms of the system and =2 c=L, [L,, being the wavelength of lasers, which
are usually of some hundred nanometers], as well as the electric eld strength
E' 2 10°V.m ![134], one ndsa' 2 meV, which for our target material with
magnetic interactionJ ' 10 meV, it is experimentally achievable.

It should be noted that the investigation of the average behavior of the
observables in the NESS is achieved by

1 2t
X (t19dt®; (3.31)
t to to

X (t) =

fort >ty whereX (t) can be each of the expectation values introduced in both
lattice and spin sectors. We use the notatioiX o for resonant! = !, (between
the laser and phonon) andX, in the case of o -resonant! 6 !, throughout this
thesis.

Letus, nally, brie y mention some general information regarding the numerical
simulations. We solve the EoMs in C++ employing the GNU Scienti ¢ Library
[219] and making use of the Runge Kutta 4 algorithm with relative maximum

el = 0, absolute maximum 4,5 = 10 © error for the algorithm, initial step size
hstat = 10 8, and absolute number of data pointdNg. = 40000 [220]. Fourier
transforms, however, were calculated utilizing the implemented Fast Fourier
Transform in Matlab [221]. Fit functions and plots were also created with Matlab.

Chapter summary

Starting with the experimental observations on the spin chains, this chapter is
devoted to a general understanding of a driven-dissipative dimerized spin-1/2 chain.
The model Hamiltonian for such a system is introduced in detail, which comprises
of the spin-spin coupling between the nearest- and next-nearest-neighbors, the
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driven phonon model, the coupling between the spins and driven phonon, and
the coupling between the laser eld and the IR-active Einstein phonon. Next, we
applied the special approximations to both lattice and spin sectors to make it
easier for both analytical and numerical calculations, but still close to the reality.
Meanwhile, the Bogoliubov transformation is applied to later calculate the triplon
dispersion energy of the spin system.

While the bilinear Hamiltonian neglecting the triplet-trilpet interactions de-
scribes the spin Hamiltonian, the mean- eld decoupling approximation resembles
the SPC to separate the operators acting on the spin and phonon systems. For
simplicity, we restrict ourselves to zero temperature and will leave the nite
temperature e ects for upcoming studies. Finally, we distinguish between the
phonon and spin system by de ning the physical observables. The dissipation
e ect which is usually dominated by the many phonons of the lattice system
is included within the Lindblad formalism at the operator level. The quantum
master equations valid at all times governing the time-evolution of this system
and for various sets of real parameters are established.






4.1

[4. Weak coupling regime: J-model

In this chapter, focusing on the regime of weak SPC, we use the adjoint quantum
master equation through the spectral representation of Lindblad formalism [27,
135] to characterize the NESS and their properties in a driven-dissipative dimerized
spin-1/2 chain. Section 4.1 focuses on the properties of the obtained NESS from
the equations of motions (EoMs) on how the systems' parameters tune this NESS.
We then turn to the transient and relaxation processes in Sec. 4.1.1. The in uence
of driving and SPC are discussed in Sec. 4.1.2. A quantitative analysis of the
convergence timescale in the spin NESS is provided in Sec. 4.1.3. The general
condition for the existence of NESS is brie y discussed in Sec. 4.1.4. Section 4.2
deals with the harmonic decompositions of the NESS in the presence of a weak
SPC. In Sec. 4.3, the energy ow of di erent parts of the system in the NESS
will be discussed, which is helpful for experimental perspectives. It is presented
in Sec. 4.4 how the applied approximations can be accepted in reality. The
experimental perspectives are given in Sec. 4.5 and, nally, a summary of the
chapter is included in Sec. 4.6.

Most of this chapter has been published as a Regular Article in Physical
Review B [169].

NESS in the phonon-driven spin system

In the beginning, we reduce the space of possible driving parameters and restrict
our considerations to resonant excitation of the Einstein phonon mode in the
presence of a weak SPC, meaning that we select the laser frequency such that
I =1, i.e. E(t) = acos( ot). This is required to nd the strongest e ects of the
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Figure 4.1: Response of the Einstein phonon to a resonant driving eld. Herd ¢=J =1,
a=J =0:004 pn =0:02! 9, and g=0. (a) phonon occupation, npy(t) the inset shows
the steady state of the driven phonon system at long times. (b) Phonon displacement,
g(t), and momentum, p(t), shown fromt =0 and (c) q(t) and p(t) at long times.

driven phonon on the spin system, i.e. whehy matches the triplon excitations.

An obvious manifestation is the fact that the typical coupling of the driven phonon

to the spin system,qg, is weak, thus, the phonon characterized by(t), p(t) and
Npn(t) can behave as a classical damped driven harmonic oscillator [see Sec. 2.9].
The basic reasoning of this weak SPC strength is founded on the inherent generic
weakly locking of the spin and lattice degrees of freedom. The initial step towards
establishing a typicality argument is to identify the decisive physical mechanisms
or characteristics determining the NESS. The standard recipe to do so is the
case of decoupled spin-lattice systeng, = 0, where the driven phonon is the
available system to arrive at a phonon NESS. Once a candidate for the relevant
properties is available, we can construct classes of coupled setups that share those
characteristics.

In Fig. 4.1(a), the phonon occupation is illustrated that is driven up to a nite
average value, and the inset that it oscillates steadily around this nite value for
all later times; this is the NESS of the laser-driven phonon system. The timescale
for which the NESS is reached i2= ,, for np,(t), which it is understandable
from Eq. (3.24) in which q(t) and p(t) serve damping pn=2, while for the phonon
occupation one should additionally calculate the damping e ect of the phonon
momentum such that+ 5* ph = ph=2 is the nal damping of nyy(t), too.

It is important to pause for a moment and nd out the average of the phonon
occupation in the decoupled situationg = 0, in the NESS. Let us characterize
this average bymn,n, following the notation introduced before in Eq.(3.31). As
mentioned before, we are allowed to investigate the phonon system as a damped
driven harmonic oscillator atg = 0. So, from the fundamental relation between
the bosonic creation and annihilation operators as well as the displacement and
momentum operators, the expectation value of the number operator is linearly
proportional to the square of maximum displacement, i.efigjni / 2., Where
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we noticed that in the resonance conditiongax / a= pn [see Sec. 2.9]. Thus the
phonon occupation is proportional to(a= p,)?, addressed by Fermi's golden rule
[the ow of energy into the system is proportional to the square of the matrix
element], where for xeda= p, = 0:2 in our case it yieldsmy,g = 0:04, which is
small but it is a macroscopic occupation for a single created and annihilated eld
excitation (phonon).

In the caseg = 0, the phonon displacement ful lls the following equation

() , pn dat)
dt? 2 dt

describing the displacement of a damped driven harmonic oscillator [222]. The
numerical solution of this equation [and the corresponding one fp(t)] is shown
in Figs. 4.1(b) and 4.1(c), respectively, at short and long times. Both quantities
oscillate with time and continuously reach a NESS with the same timescale of
2= pn. Note that, as usual, for the displacement and momentum, a relativg phase
di erence [due toi = exp( =2) dierence between Egs.(3.21a) and (3.21b)]
gives rise to the same trend fop(t). The function in the NESS, Fig. 4.1(c),
oscillates with a constant maximum amplitude2(a= ,,) and the driving frequency
I'o. But, the frequency of the oscillations in the drivemy,(t) is twice that of g(t)
and p(t) [see Eq.(3.24c)in which both the laser eld and phonon momentum with
frequency! o lead to a oscillating phonon occupation with frequencg! ¢]. From
the above interpretations, one notices that the averages gft) and p(t) in the
decoupled NESS are zero. We will only discuss the e ects of physical parameters
on the phonon occupation for the phonon sector in the following.

In most of the gures, we set the spin damping to a nite value, however, even
without a driving criterion, it is worth seeing how NESS formation is treated in both
phonon and triplon occupations. Note that the strongest responses of both phonon
and spin systems when including the SPC is dedicated Fgo_the driving 6rgquencies
within the two-triplon band, i.e. at 2! nin !0 2!'max ( 2 1 0=J 6). For
our standard parametera= p, = 0:2 and weak SPC regimg=J = 0:05, Fig. 4.2(a)
shows that for the in-band driving at! o=J = 1:5and (=J = 0:01, a NESS is
formed. However, for ;=J = 0, i.e. when the spin-freezing occurs, Fig. 4.2(b)
shows how the triplon occupation is pumped rapidly to an unstable regime, leading
to an unstable phonon occupation as well. The instability phenomena in both
occupations follow the same treatment such that ifi,(t) is not periodic, nyn(t) is
not also periodic. For! (=J = 3:0 above the two-triplon band, a NESS emerges
even without spin damping, see Fig. 4.2(c). In this case, a phonon is far from
the two-triplon band and it can not e ciently drive the spin system, hence, the
response of the spin system characterized by the occupation of triplons is weak,
while the phonon occupation remains so. It is necessary to mention that there
is a direct relationship between the damping e ect and the beating type of the
envelope function in the responses. In Fig. 4.2(c) the undampé&dcomponents of
Ny (t), i.e. ux(t), leads to such a beating form. In another selection, if the phonon

+1gan = lo T PO*2EQY ; (4.1)
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Figure 4.2: Time-dependence of the phonon occupatiompn (t), and triplon occupation,
Ny (t), shown with a= ,, = 0:2 and g=J = 0:05. (a) When ! p=J =1:5and =] =0:01,
the system converges to a NESS on a conventional timescale. (b) Whenpy=J = 1:5
and =J =0, ny(t) increases rapidly, destabilizing the phonon occupation. (c) When
I 0=J = 3:0, the driving frequency lies su ciently far above the two-triplon band that
NESS exist even when =J = 0. (d) When ! o=J = 0:75, the driving frequency lies well
below the two-triplon band but the second harmonic, 2! o, lies within it. In this case,
when =J =0 the lattice approximates a NESS, but with this near-constant driving of
the spin system a NESS cannot be formed.

frequencies locate below the lower two-triplon band edge, e.g. 'lag=J = 0:75, the
situation is somewhat more complicated since the spin system is more unstable
than other frequencies if the spin-phonon coupling is not strong enough. As can
be seen in Fig. 4.2(d), the phonon does indeed approach a NESS, but following
the weak SPC regime, this essentially steady driving does not create a spin NESS.
The di culty to determine a spin NESS in the adiabatic regime (below the band)
is inherent to the instability of the system in this regime.
Given this information, we choose six values dfy=J at xed g=J=0:1 (to get

rid of the instability e ect in the low-frequency regime, shown in Fig. 4.2(d)) and

s=J = 0:01 depending on the driven phonon frequencies below, in, and above the
two-triplon band to study the spin occupation dynamics. Figure 4.3(a) shows that
for laser driving at any driving frequency! (=J, the spin occupation is pumped
to a new average value similar to the phonon system, about which it oscillates. It
will be discussed in the next subsection 4.1.3 how this average value is determined.
It can be seen that for the frequencies far from the two-triplon band, i.e. for
o=J = 0:5 and 3.0, a very weak occupatiom,, . 0:0001is produced, while
for frequencies near the band, i.e. foro=J = 1:5 and 2.5, we nd states with
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Figure 4.3: (a) Response of the spin system, measured hyy(t), to the driving phonon

frequencies! o=J =035, 1.0, 1.5, 2.0, 2.5, and 3.0 at xeda= pp =0:2,9g=J=0:1, and
s=J = 0:01 ny(t) in the spin NESS is shown at (b)! ¢=J =0:5, (c) ! p=J =1:5, and (d)

' 0=J = 2:5, where we compare results in the time windowl160 t 1200with those

at 9960 t 10000 All blue long-time traces are shifted by a phase0 < 2 to see

whether the red and blue states can be mapped to each other as a characterization

for the true NESS.

stronger occupations:i,, ' 0:05and 0.004, respectively. As for the band center,
o= =2,0nlyng' 0:0006is observed. The weak response of the band center
originates from the momentumk = =2 [see Fig. 3.3] at which the triplet state
couples/excites to/from the driven phonon weaker than other momenta, due to
the matrix element y?, resulting in a weak response of the spin system. It is
worthwhile mentioning that the spin NESS established at frequencies far from
the two-triplon band acts as a weak perturbation for the equilibrium state if one
compares them with the value of quantum spin uctuation, i.e.nyy * 0:0285in
Eq. (3.30). By contrast, for some frequencies in and around the two-triplon band,
the quantum spin NESS is almost twice that ofi,g, which can be interpreted as
a direct consequence of the resonance conditibp= 2! y.

Moreover, the timescale over which the spin system reaches its NESS is di erent
at various frequencies, meaning that the spin feedback e ect depending on the
phonon energy is important. However, it seems that it is 4 to 5 time constants of
the spin damping1= . For ! (=J = 0:5, the convergence is associated with the
delay because, at this frequency,s is the same as p,, meaning that the same
timescale as the phonon switch-on timescale is needed for the spin system. For
other frequencies, the role of phonon damping is also important in determining the
convergence timescale due to the SPC process. Among the frequentigs) = 1:5
shows a longer process to be converged [we will come to the reason in the next
subsection].

Let us zoom in the NESS trends in a time windowl160 t 1200in
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Figure 4.4: Creation of the NESS established witha= pn = 0:2 and g=J = 0:1 for
the driving frequency ! o=J = 1:5 and spin damping s=J = 0:01; these are also the
parameters of the green line in Fig. 4.3(a). (a)npn(t), (0) nx(t), () uk=o, and (d) ux= .
Also shown is the relaxation of each variable when the driving is removed after 3000
time steps.

Figs. 4.3(b)-(d) for! o=J = 0:5, 1.5, and 2.5 and compare them with the long-
time limit 9960 t 10000to demonstrate whether each of the driven states
is a true NESS. We see that the spin NESS is proven since identical periodic
traces are obtained for arbitrarily long times. Also, it is nice to con rm the
NESS at rather short times for frequencies below and above the two-triplon band,
Figs. 4.3(b) and 4.3(d), which is important for real applications. However, the
trend is not yet a NESS for the in-band frequency, shown in Fig. 4.3(c), because
the criterion in the band is not satis ed yet by the present set of parameters, see
next subsections. In addition to the above-mentioned points, it can be seen that
the NESS at any driving frequency shows a rather complex form, with a de nite
superposition of di erent frequency harmonics. This harmonic mixing is stronger
at the low-frequency regime than other ones [see Sec. 4.2 for more details].

Switch-on and switch-o processes

In the previous sections, we discussed the convergence process of a NESS and
concluded that for the frequencies su ciently away from the band edges, the
convergence is faster than those in the band. To understand the slow convergence
process at switch-on in the band, we considép=J = 1:5, a= p, = 0:2, =J =0:01,
and g=J = 0:1 [similar to Fig. 4.3] in Fig. 4.4. Here we have added the phonon
occupations in Fig. 4.4(a) in addition to the spin observables to see what happens
to Myno at g=J 6 0. Although the driving strength is the same as beforeyy (t)
does not approach(a= p,)?, but it rst rises towards the plateau value of 0.04 in

a time dictated by 1= , and pulls down again to a new average valugy,, ' 0:02

in a timescale ofl9 s f(!o;!«; 9;a=pn)]. This is a direct consequence of the
spin feedback e ect so that it absorbs some of the input phonon energy due to
the SPC, g. In Fig. 4.4(b), the spin NESS is reached only after approximately
1200 time steps, which mean$=[ s f (! o;!«;0;a=pn)] 3= Looking at the
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Figure 4.5: The same as Fig. 4.4, but foruy,(t).

individual k-components in Figs. 4.4(c) and 4.4(d) shows th&& =0 and k =
components behave the same as the phonon occupation so that they rise rst with
the timescale ofl= s, while a phonon driving- and SPC-dependent decaying rate
is observed. However, it seems that the components at the band edges are not
signi cantly determining the nal spin NESS. Of course, it is no surprise to expect
that the resonant wave-vectork,es satisfying! o = 2 ! .. is mostly contributing

to the nal spin NESS and slow-convergence behavior. For this reason, we plot
Uk.. IN Fig. 4.5, in the same way of Fig. 4.4 to verify this expectation. It is clear
that the largest and the most slowly converging component is dedicated kq.s,
requiring a longer time constant to converge, similar to Fig. 4.4(b) in the total
triplon occupation.

Upon turning o the laser eld, we remark that the relaxation timescale
corresponding to both lattice and spin systems, which is obtained by evaluating
either 1= ,, or 1= sto their equilibrium value, 0, is satis ed with relevant relaxation
timescales, meaning that our numerical calculations satisfy the experimental
expectations very well. The process of relaxation in the Lindblad quantum master
equation is the recovery of thermal equilibrium upon turning o the drive. In
our model, the system temperature is initially set tol = 0 when the drive is 0,
and after a while, it should relax back to this state when the drive is 0 again, as
con rmed.

The in uence of driving and SPC

Having formulated the goals and laid out our model to tackle the dynamic of driven
dimerized spin-1/2 chain, we now specify more concretely the quasi-stationary
behavior of the NESS that may be amenable to our theoretical approach. To start
with, we focus on the mean phonon occupatiompn,. Figure 4.6(a) addresses the
decoupled model (in the absence of SPC) for all driving frequencies in which the
average energy in the driven phonon mode rises with the driving power, which is
proportional to the square of the normalized electric- eld amplitude to the phonon
damping. However, the spin system is driven by the pumped phonon through the
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