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Preface

This thesis consists of studies of different aspects of Majorana neutrinos.

Chapter 2 “Neutrinoless Double Beta Decay and Neutrino Oscillations” is a continu-
ation of work presented in [1] and the result of a study performed together with Dr. C.
Penia—Garay, which is new and not yet published. Part of the chapter bases on [1]

e W. Rodejohann, Cancellations in Neutrinoless Double Beta Decay and the Neutrino
Mass Matriz, Nucl. Phys. B 597, 110 (2001) [Section 2.3.3].

The second Chapter “Analogues of 0v33 I: Production of heavy Majorana Neutrinos
at Colliders” has emerged from collaborations with Dr. M. Flanz and Priv. Doz. K. Zuber
[2-5]:

e M. Flanz, W. Rodejohann, and K. Zuber, Trimuon production in vIN scattering as
a probe of massive neutrinos, Eur. Phys. J. C 16, 453 (2000) [Section 3.2].

e W. Rodejohann, K. Zuber, "Neutrinoless Double Beta Decay” at a Neutrino Factory,
Phys. Rev. D 63, 054031 (2001) [Section 3.3].

e M. Flanz, W. Rodejohann, and K. Zuber, Bounds on effective Majorana neutrino
masses at HERA, Phys. Lett. B 473, 324 (2000), erratum ibid. 480, 418 (2000)
[Section 3.4].

e W. Rodejohann, K. Zuber, Signatures of heavy Majorana neutrinos and HERA’s
isolated lepton events, Phys. Rev. D 62, 094017 (2000) [Section 3.5].

Chapter 4, “Analogues of Ovj3p II: Effects of m,s and m—aﬂ” is also based on the

publications given above as well as on a more detailed analysis as the one presented in
[6]. The work in Section 4.4 is new and has not been published yet. The remaining part
of the Chapter bases on [6]

e W. Rodejohann, Neutrino oscillation experiments and limits on lepton number and
lepton flavor violating processes, Phys. Rev. D 62, 013011 (2000) [Sections 4.1, 4.2
and 4.3].






Chapter 1

Introduction

This thesis is devoted to observable effects of light and heavy Majorana neutrinos. Since
the strong evidence in favor of neutrino oscillations found by the SuperKamiokande
collaboration, neutrino physics has become one of the most exciting and active fields of
particle physics. The experimental observation of a significant reduction of neutrino flux
from the atmosphere and the Sun finds its simplest explanation by means of neutrino
oscillations. This in turn requires the neutrinos to be massive. Thus, for the first time,
we are provided with evidence for physics beyond the Standard Model, which in the past
has been confirmed to a high degree of precision over and over again. Neutrino mass
and mixing can now be considered as established physical objects. Though it is possible
to modify the Standard Model in a trivial manner by adding right-handed neutrinos
to its particle content and thus producing a conventional Dirac mass term, the implied
smallness of the neutrino masses remains puzzling. The next heaviest fermion, the
electron, is at least five orders of magnitude heavier, the heaviest known particle, the top
quark, at least eleven orders of magnitude. Certainly, a way to produce neutrino masses,
different from the Standard Model Higgs mechanism, would be more than welcome.
In fact, the see—saw mechanism can explain tiny neutrino masses due to their inverse
proportionality to a heavy scale, the mass of additional heavy neutrinos.

The other important prediction of the see-saw mechanism is the Majorana nature of
the light and heavy neutrinos. This introduces lepton number violation to the theory, a
property after which is intensively searched. Since neutrino oscillation implies that lepton
flavor is not conserved, it is natural to ask if lepton number itself is also not conserved.
This is expected in Grand Unified Theories, when leptons and quarks are members of
the same multiplet. In the search for lepton number violation, neutrinoless double beta
decay (0Ov(3/3) stands out as the most important low energy process. In the present thesis
this process and several other aspects of lepton number violation mediated by Majorana
neutrinos are studied. The range of the Majorana mass matrix and observable effects of
its entries are analyzed.

e In Chapter 2 an analysis of the connection between neutrino oscillation and
OvBp will be performed. After studying the dependence of the effective electron
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neutrino Majorana mass on the oscillation parameters, a detailed analysis of the
dependence on the smallest mass eigenstate is performed. In a degenerate scheme,
limits on the neutrino mass in various situations are obtained. The C'P conserving
and violating cases are studied and ways to distinguish these two cases experimen-
tally are proposed. It is commented on the consequences of the “dark side” of the
parameter space.

In Chapter 3 production of heavy Majorana neutrinos at colliders is studied. The
diagram of Ovf[ is applied to neutrino—nucleon and positron—proton scattering.
For the former case, past fixed target as well as future neutrino factory experiments
are considered. Then, for positron—proton scattering a possible explanation of an
anomaly in the HERA experiment H1 is given.

In Chapter 4 we turn to analogues of O3 and their observable effects. For this
study, the allowed range of the neutrino mixing matrix as well as the Majorana
mass matrix is analyzed. This is applied to a variety of lepton number violating
processes. The predicted rates and signals are compared with current experimental
bounds on these quantities. A similar analysis is performed for effects of heavy
Majorana neutrinos.

Finally, in Chapter 5 the main results of this thesis are summarized. Some useful
formulas e.g. for the mass matrix elements or the matrix elements for production of
Majorana neutrinos at colliders are relegated to the Appendix.



1.1 Historical introduction

1.1 Historical introduction

Neutrinos were “invented “ in 1930 by Wolfgang Pauli in a desperate attempt to explain
the continuous [J-spectrum. In a legendary letter [7] to a conference in Tiibingen,
he proposed new light neutral spin 1/2 particles called “neutrons”, which exist in
nuclei. Later, they were christened by Fermi to their now familiar name neutrinos,
meaning “little neutrons” in Italian. It was not before 1956 that Cowans and Reines [8]
observed the electron antineutrino in reactor experiments. Pontecorvo proposed neutrino
oscillations in 1957 [9] and Goldhaber found that neutrinos are emitted only left-handed
in 1958 [10]. In 1962 Lederman, Schwartz and Steinberger discovered that there is a
different kind of neutrino, namely the one that is predominately produced in 7 decays
[11]. In the same year the theory of neutrino mixing was studied by Maki, Nakagawa
and Sakata [12], actually predating the proposal of quark mixing by one year. Seven
years later Gribov and Pontecorvo [13] proposed the first phenomenological theory of
neutrino mixing and oscillations. In 1978 Wolfenstein as well as Mikhehev and Smirnov
[14] studied neutrino mixing in the presence of a medium.

The theoretical explanation in favor of neutrino masses and mixing is based on models
beyond the Standard Model (SM). In such models (see, for example, [15]) the fields of
quarks, charged leptons and neutrinos are grouped within the same multiplets and the
generation of the masses of quarks and charged leptons through the Higgs mechanism
provides also masses for the neutrinos.

The see-saw mechanism for the generation of neutrino masses was proposed in
1979 [16]. This mechanism connects the smallness of neutrino masses with the pos-
sible violation of lepton number at a very large scale. The mechanism also predicts
Majorana neutrinos, whose properties have been studied by Majorana already in 1937 [17].

The total number of light active neutrinos was inferred from the invisible part of
the Zy—width to be approximately three in 1992 by the LEP experiments [18]. Finally,
the year 2000 saw the discovery of the tau neutrino, found by the DONUT experiment [19].

At present the effects of neutrino masses and mixings are investigated in many different
experiments. There are three types of experiments in which the effects of small neutrino
masses (of the order of 1 eV or smaller) and mixing can be revealed:

1. Neutrino oscillation experiments
2. Experiments on the search for neutrinoless double beta decay
3. Experiments on the measurement of the electron neutrino mass

Three indications in favor of neutrino masses and mixing have been found so far,
obtained in the following experiments:
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1. Solar neutrino experiments (Homestake [20], Kamiokande [21], GALLEX [22], SAGE
[23], GNO [24], SuperKamiokande [25] and SNO [26])

2. Atmospheric neutrino experiments (IMB [27], Soudan [28], MACRO [29],
Kamiokande [30] and SuperKamiokande [31])

3. The accelerator LSND experiment [32]

Many other neutrino oscillation experiments from reactor and accelerators did not find
any evidence for neutrino oscillations. In the experiments on the search for neutrinoless
double beta decay no indications for non—zero neutrino mass were found (see Chapter
2). The present upper bound for the electron neutrino mass obtained in the Mainz
experiment [33] is 2.2 eV. The upper limits on the masses of the v, and v, are 170 keV
[34] and 18.2 MeV [35], respectively.

Only a small part of the recent developments in neutrino physics can be given in this
introduction, for more extensive reviews see [36]. In Section 1.2, we will now introduce the
see—saw mechanism and discuss some properties of Majorana neutrinos. The diagonaliza-
tion of a mass matrix is identified as the reason for neutrino mixing. The phenomenology
of neutrino mixing and the resulting oscillation as well as the results of neutrino exper-
iments are summarized in Section 1.3. It is also discussed to which mass and mixing
schemes the experiments lead.



1.2 Neutrino masses and the see—saw mechanism

1.2 Neutrino masses and the see-saw mechanism

1.2.1 Neutrino masses

In the SM masses for quarks and leptons were introduced through Yukawa couplings to
the Higgs doublet. The neutrino was massless because it was assumed that the right—
handed neutrino did not exist. This may be a conservative assumption because for all
other particles right—handed components were introduced. Once one accepts the presence
of right—handed neutrinos Ny, one observes that they are singlets under SU(2). The
representation content for the electron sector is

\IIL = ( v ) y NR and ER. (].].)
¢ L

A mass term of the form
Lp =mprr Np+ h.c. (12)

is possible. It is generated from the Yukawa coupling
v =3 fapUFONp + hc. (1.3)

where ® is the standard Higgs doublet with
. 1) — D,
b = ind* = ( _q:I;L ) breaking ( q)OSL” ) , (1.4)

and f,p is the Yukawa coupling matrix. This is the conventional Dirac mass term. The
formalism is similar to that of quarks and charged leptons. However, the observed ex-
treme smallness of neutrino masses seems to require a special treatment. In addition, this
smallness can in a very elegant way be related to a high scale, the mass of heavy neutrinos.
Lepton number can be conserved by applying a global symmetry via ¢ — 1e’’. A Dirac
mass term is invariant under this symmetry and L can be identified as the lepton number.

In a Dirac mass term v, annihilates a left-handed neutrino and creates a right—handed
antineutrino. Correspondingly, the field 77, creates a left-handed neutrino and annihilates
a right-handed antineutrino. Left-handed neutrinos vy and right-handed antineutrinos
vr = vy, are indeed the only observed states in nature. Thus, in principle one can assume
that right—handed neutrinos vz and left—-handed antineutrinos 7;, = 7x do not exist at all.

If L is violated, there is no quantum number that makes the neutral v and 7 different
and a new kind of mass term is possible. For a massive neutrino, the positive helicity state
that Lorentz invariance demands to be associated with the state vy, of given momentum
can be 7. If neutrinos and antineutrinos are no distinct particles, both Lorentz and C'PT
invariance are satisfied by just allowing v;, and 7g. If L is violated a so—called Majorana
mass term

,CL = (Z/L)Cle/L = l/ngLl/L (15)



Introduction

is allowed, where C' = iy is the charge conjugation matrix in Dirac space. It has the

properties
—C=CT=C"'=0c*=Ct

C~1y,C = —75 ,C7lnC = ~1 (1.6)

pe=0p gt =470
Clearly, in the mass term (1.5) lepton number is violated by two units, AL = 2. In

the SM vy, transforms as a weak isospin doublet, thus the mass term transforms as a
component of an isospin triplet.

If L is violated and in addition vy exists, then a second type of Majorana mass is

allowed,
,CR == (Z/R)CMRZ/R == VECMRVR . (17)

Also this mass term has AL = 2 but since vg is a gauge singlet, (1.7) is invariant under
the SM gauge group.

In conclusion, if v does not exist, we can only have a Majorana mass term Ly if L
is violated. If vp exists and L is violated, both Dirac £Lp and Majorana masses Ly r are
allowed. As already mentioned, since oscillation experiments show that lepton flavor L,
is not a conserved quantum number, it is natural to expect that also the lepton number
L is violated.

1.2.2 See—saw mechanism

The most general mass term is a combination of Dirac and Majorana terms [16]. It is a
symmetric matrix and reads

—L = (7, (vr)") ( mL M > ( ()0 > + he. (1.8)

mp MR VR

This is obviously a Majorana mass term. The mass term has the form y®my with x¢ = ¥,
which is the definition of a Majorana particle. Diagonalizing this symmetric matrix leads
to eigenvalues m, o,

ml,g = 5 mL+MRj:\/(mL—MR)2+4m%] . (19)
The mixing angle is
2mD
tan 20 = 1.10
an MR — my, ( )

The eigenfields are

x=<2>:fﬁ<(Z/V;)C>+I7T<(’;ZC>, (1.11)
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which are again Majorana particles. Now assume that Mg > my, mp. Then,

2

mi X my — %—}2
me >~ Mpg (1.12)

~ 2mp ~ 0~ Mp
tan 20 ~ e = cosf ~ 1 and smH_M .

It is interesting to note that

cos? 0 my + sin® 0 my = my, . (1.13)

If in addition mp > my, then the mixing between the light and heavy states is a function
of my/ma,
2
my = "D and sin? ~ L (1.14)
R ma
The sum in Eq. (1.13) vanishes now. It is therefore always the left-handed triplet entry

of the mass term Eq. (1.8). The eigenfields in Eq. (1.11) simplify to

n=v~v,+ (v)° (115)
VQENZVR‘*‘(VR)C. .

The result is thus a light Majorana neutrino v with mass m% /Mg and a heavy Majorana
neutrino N. Identifying v with the standard model neutrinos explains their lightness by
the heavy scale Mg. This is the see—saw mechanism. It follows a hierarchical mass scheme
for the neutrinos and m, ~ 1072 eV leads to Mgz ~ 10'® GeV for a Dirac scale of 1 GeV.
Since this is a typical Grand Unified Theory (GUT) scale, the model is very popular and
appealing. However, the masses Mg, my, mp and thus their mixing can assume arbitrary
values and are a priori constrained only by experiment. Chapter 3 and part of Chapter 4
will be devoted to look for observable effects of these intermediate Majorana neutrinos.

1.2.3 Diagonalization of Majorana neutrino mass matrices

A Majorana neutrino mass matrix is always symmetric: since vy = —vIC lyy =
V/BT(C’*I)TVOA = —V/BTC’*II/Q = V§l,, it follows that vimasvs = Vimasla = Vimpavs. In
general, my, is a 3 X 3, whereas mp can be a 3 X s and My a s X s matrix, where s is an
arbitrary natural number. Neglecting my, the 3 X 3 neutrino mass matrix reads

m = —mpMp'mJ, . (1.16)

Now m has to be further diagonalized in order to get from the non—diagonal flavor basis
to the diagonal mass basis. In case of C'P invariance m is real and can be diagonalized
by an orthogonal matrix O,

O m O = diag(nymy, nyma, n3ms) , (1.17)
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with 7; = £1 and m; > 0, where 7 = 1,2, 3. At the cost of a complex O the C'P parities
can also be absorbed in the mixing matrix via the identity

n; = em/2mi=1) (1.18)

For complex m and thus C'P violation the diagonalization of the mass term is done by an
unitary matrix,
U mU = diag(my, my, m3) . (1.19)

Appropriate choice of U can always make m; > 0. Conventionally one chooses
mg > mg > my . (1.20)
With the help of Eq. (1.18) the matrices U and O are connected via
Upi = Ogie’™ 101 (1.21)
Note that since n; = £1 for the mixing matrix elements holds
Uri = Uy - (1.22)
The mixing matrix is thus always complex and the neutrinos get transformed via
Vo = Ui . (1.23)

This is exactly the equation needed to produce neutrino oscillations, the neutrino mixing
is thus produced by the diagonalization of the neutrino mass matrix. U is denoted
Maki-Nakagawa—Sakata (MNS) matrix.

The Majorana mass term has the form v”v. For this reason, there are two additional
phases in the parametrisation of the MNS matrix U. A very convenient form of U is

U= UCKM P= UCKM diag(l, eia, ei(ﬁ+5))

clc S1C S5€710
1C3 1C3 3 (1.24)

= | —s1cp — c15953€°  ciey — 5185953€  socs | diag(1, e, '),
_ i _ i6
S1S2 C1C2S53€ C159 S1C9S53€ CoC3
where ¢; = cosf; and s; = sin#);. The two additional phases a and 3, which do not
appear in the quark mixing parametrisation are included in the diagonal matrix P. It is

seen that the ee element of m in Eq. (1.19) is only depending on the three masses m;,
two angles 6, #3 and these two extra phases.

A parametrisation of U for two flavors reads

cosf sin fe'®
U= . : (1.25)
—sinfe ™  cosf
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where ¢ is the Majorana phase, which would not appear for Dirac neutrinos.

For C'P invariance it can be shown that 7; is connected to the intrinsic C'P parity
of the Majorana neutrino. First we show that the C'P parity of Majorana neutrinos is
complex. In general, the C'P property of a neutrino is given by

UorvUgp = neprov('), (1.26)

where Ugp is the C'P conjugation operator, ncp the C'P parity and 2’ = (¢, —). Since
Y% C = —Cyp one finds

UcpvUsp = —ngpror(z)) . (1.27)
Due to the Majorana condition v¢ = v it follows
UcrrUzh = —nisprov(a’) (1.28)
which means that
nep = i (1.29)

for Majorana neutrinos. Therefore, for a Majorana neutrino holds
UcpvaUgp = ioVa(1'). (1.30)

From this equation we will show that ncp(v;) = in;. Starting with

one gets
(') = Usors(a). (1.32)
On the other hand, from Eq. (1.30) it is found that
UcpviUgp = ivoUkve (') . (1.33)

Inserting now (1.32) into (1.33) and taking (1.22) into account, one finds
Ucpvi(z)Ugp = iULUS~ov5 (3") = inivi (2, (1.34)
which gives the desired result that
nep(v;) = in; . (1.35)

Within the parametrisation of U given in Eq. (1.24) and with the help of identity (1.18)
it is easy to show that the C'P conserving cases correspond to special cases of the phases,
to be precise

m=m=mp=+1 < a=pf=1 (+++)
=—mp=—m=+4+1 & a=p=7/2 4+ - —

T Up 13 / ( ) (1.36)
m=-m=m=-1 < a=§/2=1/2 (—+-)
’)’]1:’)72:—’)73:—1 < 0522/8:71' (__+)
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The (£ 4 £) denote the sign of the three mass eigenvalues. In conventional C'P violation
the phase 7 is not distinguishable from the C'P conserving case. For processes involving
Majorana neutrinos also /2 is such a special value.

In conclusion, the neutrino mixing matrix U is derived by diagonalizing the Majorana
mass term in the Lagrangian:

—Linass = V_gmag vg + h.c. (137)
The Majorana mass matrix can be written as

Mag = (UTdiag(m1, ma, mg)U)aﬁ = Zmi Uai Ug; . (1.38)

Chapter 2 will be devoted to the ee element of this matrix and part of Chapter 4 will deal
with the other entries of m.
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1.3 Neutrino mixing and experimental evidence

1.3.1 Oscillation

The probability for a flavor state v, to oscillate into vg is denoted P,p and reads

Pag = 0ap =2 Re Y- UnilUg;UsiUsi (L — expily) (1.39)
Jj>i

where in practical units

A”:Am?jL: 4£Am?jGeV
" 2F "“km eV? F

(1.40)

and Am?j =m?— m?. This formula defines the sensitivity for any given experiment, since
Am?jL

should not be much smaller than one. As a function of baseline, the maximum of
oscillation occurs at L ~ 2E/Am?j. It is easy to show that the two extra phases o and
B do not influence the oscillation probability. Only the third phases ¢ is responsible for
C'P violating effects [37] in oscillations.

For two neutrino families, the probability simplifies to

Pao =1 —5in?20sin% A}»/2
(1.41)
Pog =1— P(va = 1)

A mono-energetic neutrino beam thus oscillates with amplitude sin? 26 and wave number
Am?/4E. Oscillation only measures the difference of two squared masses, leaving the
smallest mass eigenstate as a free parameter, whose range goes from zero to 2.2 eV. In
Chapter 2 a way to bound this smallest mass value is presented.

1.3.2 Experiments and their results

The three experiments with evidence for neutrino oscillation can each be successfully
analyzed in simple two-flavor frameworks, though at least one more flavor exists. The
reason is that the equations for the probability decouple, as will be shown below. In the
following, we will ignore the result of the LSND experiment, since it is not independently
confirmed by other experiments. In addition, its result together with the ones from the
solar and atmospheric experiments requires the introduction of a light fourth, sterile
neutrino. Atmospheric experiments are explained by large mixing, tan? 6 ~ 1, and a mass
scale of Am3 ~ 3-107% eV2. For solar experiments, three distinct areas in the parameter
space are identified:

e The large mixing Mikheyev—Smirnov—Wolfenstein (MSW) solution (LMA) with
large mixing and a mass scale of Am% ~ (107°...107%) eV?. A typical best-fit
point is tan?#; = 1 and Am2 =5-107° eV
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e The small mixing MSW solution (SMA) with small mixing tan?# ~ 10~* and a mass
scale of AmZ ~ (107%...107°) eV%. A typical best—fit point is tan?f; = 5-10*
and Am?2 =5-107% eV

e The quasi-vacuum solution (QVO) with large mixing and a mass scale of Am2 ~
(10719...1077) eV2. A typical best—fit point is tan®#; = 1 and Am2 = 107% eV2.

Reactor and accelerator neutrino experiment find no evidence for oscillation. With the
relation
Am?2 < Am3 (1.42)

and identifying Am3, = Am2 < Ami = Amj, ~ Am3, we have for a short baseline
reactor experiment such as CHOOZ [38]
PITOO% =1 — 4|Us)*(1 — |Ues|*) sin® Agy /2. (1.43)

The negative results mean that |Ues| is either small or close to one. The survival proba-
bility for solar neutrinos is

Uat|2|Ues|? .
e 2|231n2A21/2>+|U63|4. (1.44)

P® = (1—|U. 22(1—4—
( | 3|) (1_|Ue3|2)

Experimentally, P is significantly lower than one and also energy dependent, therefore
U3 < 1 and
Pe% = 1—4|U81|2|U62|28in2A21/2. (145)

Finally, atmospheric neutrinos oscillate with
P = 4|Us " |Urs|* sin® Ay /2 . (1.46)

The relation between the two Am? (1.42) and the smallness of |U.3| allows the simple
two—flavor description of the experiments. Roughly, one can assume |Us| ~ 0, maxi-
mal atmospheric mixing and maximal (QVO or LMA) or vanishing (SMA) solar mixing.
Ignoring the phases one finds for the MNS matrix

( 1 0 0
0 1/vV2 1/V2 SMA
0 —1/vV2 1/V2

U~ V2 13 0 : (1.47)
—1/2 1/2 1/V2 QVO or LMA
/2 —1/2 1/V2

\

These two special matrices go under the name single maximal and bimaximal mixing,
respectively. There exists a third special matrix, denoted trimaximal mixing, which is
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basically ruled out and given for historical reasons,

1/v/3 1/V3 1/v/3
U~ | —1/204+1/V/3) 1/2(1-1/V3) 1/V3 |. (1.48)
1/20—1/v3) —1/2(1+1/v3) 1/V/3

These simple forms of U have been discussed extensively in the literature and may be
summarized as follows:

e Single maximal [39]
Maximal atmospheric mixing and a vanishing angle in solar and the CHOOZ ex-
periment, resulting in |Ug | = 1.

e Bimaximal [40]
Both solar and atmospheric mixing is maximal, |U,3| is zero. Then |Ue| = |Ues| =
Us| = |Uns| = 1/V/2.

e Trimaximal [41]
All U,; and U, have the same magnitude and |Upi| = |Uws| = |Ues| = 1/v/3. The
model gives a very poor fit to the oscillation data and is given only for the sake of
completeness.

All three of these special cases will be of later use when estimates of the entries of the
mass matrix are made. More precise values of the entries in U will be given in Section
4.1. Since at the moment large mixing seems to be favored [42], a simple picture emerges:
the atmospheric muon neutrinos oscillate into tau neutrinos and the solar electron
neutrinos into 1/v/2(v, + v,). Within the parameterization (1.24) one can identify 0, as
the solar angle, Ay as the atmospheric angle and 03 as CHOOZ’s angle. The phase ¢ is
at the moment not bounded, since C'P violating effects are suppressed when one uses
the currently available neutrino sources. Different upcoming experiments can probe C'P
violation [37]. In Chapter 2 another way to detect leptonic C'P violation is presented.

Global three-flavor fits are necessary to calculate the allowed ranges of the oscillation
parameters. For most of the analyses in this thesis the results by one group [42] are
used, the approximate values of the 99% C.L. areas are given in Tables 1.1 and 1.2.
The analysis does not include the recent SNO data, which will however not affect any
of the results significantly. For LMA and QVO the angle can lie in the “dark side” [43]
tan?f, > 1. For the atmospheric parameters, matter effects play no significantly role,
that is why the parameter space is symmetric with respect to the maximal mixing line
tan? @, = 1. The CHOOZ angle sin?f; is indeed very small and, depending on the solar
solution, is bounded by 0.06 to 0.08. The three different solar solutions can be measured
in upcoming experiments such as KAMLAND [44], BOREXINO [45] or detailed SNO
measurements [46]. In Chapter 2 another way to distinguish the different solar solutions
will be presented.
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| 53 | 2 [ Am3 [107° eV?] |
0...0.02 [04...3 1...6
0.03...0.04 | 0.5...3 1...4
0.05 05...3 1...3
0.05...0.07 | 0.6...3 2...3
Table 1.1: Approximate 99 % C.L. values of the atmospheric oscillation

parameters. We defined #32 = tan®6,.

TMA Vo
53 t2 | Am2 [eV?] g ] Amd [eVY]
0...002] 01...3 |(02...6)-10 | 0.1...5] (0.005...3)-10 *
003 | 02...1 |(02...4)-10 7| 0.1...5 | (0.005...3)-10
004 |02...07](02...4)-10 "] 05...5 | (0.005...2)-10 7
0.05 0.2...05 | (0.2...1)-107* | 0.5...2 | (0.4...1)-107"
006 | 02...05|(02. . .1)-107"] — -
007 |03..05] 3..5)-10° | _ -
SMA
53 t2 | Am2 [eVY]
0...002](02...3)-10°|(04...1)-10°
0.03 | (02...3)-10° ] (04...1)-10°
004 | (03...2)-10° ] (06...1)-10°
0.05 | (03...1)-10°](06...1)-10°
006 | (5..8 10" | (5..9).10°

Table 1.2: Approximate 99 % C.L. values of the solar oscillation
parameters. We defined #? = tan?0),.

In calculating the mixing matrix it was assumed that Am3, = Am? < Amj =
Am3, ~ Am3,. This is denoted “normal scheme”. The second possibility would be
Am3, = Am2 < Amj = Am3, ~ Amj,, for which the name “inverse scheme” has been
chosen. Due to this fact, the small element in U is now U,; and not anymore U,3. In this
second scheme one should therefore introduce a parameterization different than (1.24) in
order to identify one angle with one experiment. One can avoid that by changing the
order of the mass eigenstates in the condition (1.20), i.e. in the inverse scheme holds

mi > Mo > M3 . (149)

Then the oscillation probabilities are the same as in Eqs. (1.43,1.45,1.46) but the identi-
fication of the mass squared differences changes. To be precise, Am3, = Am2 < Am3j =
Am3, ~ Am3; changes to Am?j, = Am2 < Am3 = Am3; ~ Amf,. One can summarize
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Figure 1.1: The normal and inverse mass scheme.

the two schemes as follows:

NORMAL INVERSE

mz = /Am3 + m? my = /AmA + m3 (1.50)
my = JAmZ +m}  me=./—AmZ +mi .

m;=0...2.2eV msz=0...2.2eV

The value of the lightest mass state governs the precise shape of the scheme. A thorough
study of the possibilities will be presented in Section 2.2.3. A sketch of the two schemes
can be seen in Fig. 1.1. They can be distinguished in future oscillation experiments due
to matter effects [47]. In Chapter 2 another way to distinguish both possibilities will be
presented.

To sum up, neutrino oscillations provide evidence for neutrino masses, with the fol-
lowing remaining still as open problems: the selection of the solar solution, the value
of the absolute mass scale, the mass scheme and the presence of leptonic C'P violation.
Moreover, the implied smallness of the neutrino masses finds a simple explanation through
the see-saw mechanism, whose important prediction is the Majorana nature of light and
heavy neutrinos. In the next Chapter it will be shown that Ov33 can provide answers
to all of the open problems mentioned above. Chapters 3 and 4 are then devoted to the
search for processes analogue to Ov33, which may be able to provide information about
all entries of the light and heavy Majorana mass matrices.






Chapter 2

Neutrinoless Double Beta Decay and
Neutrino Oscillations

In this chapter the connection of neutrinoless double beta decay and neutrino oscillation
is studied. After presenting the general formalism, some introductory examples of
the dependence of (m) on the oscillation parameters are given. Then an analysis
of the allowed range of (m) will be presented, using a global three—flavor fit from C.
Pena—Garay et al. [42]. We concentrate on the dependence on the smallest neutrino mass.

Oscillation experiments measure the differences of the squares of neutrino masses,
therefore one has to make assumptions concerning the mass values and the spectrum
in order to determine (m). Consequently, any limit or value of (m) may rule out or
constrain schemes and mass values. The situation is complicated by the fact that
oscillation experiments are not sensitive to the two extra phases that appear in the
MNS matrix for Majorana particles. These phases might cause cancellations among the
contributions to (m). Even for the case of C'P conservation the mass eigenvalues may
have different signs and thus also cause cancellations. We illustrate this fact with several
examples.

Many recent works dealt with these facts [48]. The point that justifies this analysis is
the fact that for the first time the oscillation parameters from a full three—flavor fit are
used, which includes very recent data. This complete five-dimensional parameter space
takes automatically the high correlation of the data into account, which was ignored in
most previous works. It is commented on the so—called “dark side” [43] of the parameter
space, tan?#; > 1, and the consequences of its inclusion on (m) are discussed.

The chapter is organized as follows. In Section 2.1 the experimental and theoretical
basic aspects of (m) and Ovj3j are described, followed in Section 2.2 by a summary of
the form of (m) in different mass schemes. Introductory examples are given in Section
2.3. Then the results on the range of (m) as a function of the smallest mass are given in
Section 2.4. Finally, Section 2.5 summarizes our conclusions.
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2.1 Basics, experiments and uncertainty

Neutrinoless double beta decay has been first discussed by Furry [49] in 1939. The diagram
is shown in Fig. 2.1. It is a process of second order in Fermi interaction and given by [50]

(Z,A) = (Z+2,A) +2¢ . (2.1)

The emission of two W bosons by the nuclei is described by nuclear physics. The sub-
sequent production of the electron pair via exchange of a neutrino mass eigenstate v; is
given by particle physics. Obviously, lepton number is violated by two units, AL = 2.
We will calculate a similar process in Chapter 3, here only some hand-waving arguments
are given to show the dependence on the neutrino properties. The Majorana condition
v° = v can be used to write (see also Eq. (1.15))

v=uv+ (1), (2.2)

since (1) = (v°)r. Therefore, the left— and right-handed components of Majorana
neutrinos are connected. This is not the case for Dirac neutrinos. The neutrino, which
is emitted at the first vertex W — e~ v is right-handed, whereas the one at the second
vertex vW — e~ is left-handed. Thus, the process is only possible for Majorana
neutrinos. The amplitude for the emission of a left—handed neutrino and the absorption
of a right—handed one is of order m;/E, where E is its energy. If neutrinos are massless
and/or Dirac particles, the amplitude vanishes.

In addition, for every vertex of the neutrino state v; and the electron a factor U,;
appears. Also the neutrino propagator has to be taken into account. The complete
amplitude of neutrinoless double beta decay is therefore proportional to

M(Ov36) o< 3 U S (2.3)

Z

where ¢ is the momentum of the Majorana neutrino. This can be estimated by 1/r ~
(10...100) MeV, where r ~ (107'2...107!3) c¢m is the average distance between the
two decaying nuclei. Thus, for neutrinos with mass of order eV there remains no mass
dependence in the denominator and the matrix element is proportional to

M(0vpp) o Z i = (m) . (2.4)

Comparing this with Eq. (1.38) shows that this is just the ee element of the Majorana
neutrino mass matrix. The inverse half-life can be written as

(Ti)s) = Alm)[* (2:5)

where A includes the highly nontrivial nuclear matrix element, whose calculation is
treated in the next section.
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Figure 2.1: Diagram of neutrinoless double beta decay.

Different calculations using different techniques yield values for A that vary within
a factor of ten. Consequently, the limits on (m) obtained from limits on half-lives vary
within a factor of 2 — 3. The best limit on Ov33 comes from the Heidelberg—Moscow
experiment, whose half-life limit on the neutrinoless double beta decay of "®Ge is [51]

T >1.9-10%y. (2.6)

From this, using the nuclear matrix element calculation from [52] the collaboration quotes
a limit on (m) of
(m) < 0.35eV (2.7)

at 90 % C.L. and 0.26 eV at 68 % C.L. Several experiments running or being planned will
try to improve this limit. Among them are CUORE [53], MOON [54], NEMO [55] and
GENIUS [56], which typically aim at limits of 0.1 or 0.01 eV. The 10t option of GENIUS,
using ten tons of enriched Germanium, may even probe values down to 2 - 1073 eV.

There is also the possibility that heavy left-handed neutrinos (i.e. heavier than about
1 GeV) trigger neutrinoless double beta decay. Then the propagator in Eq. (2.3) simplifies
to m;/(¢*> — m?) ~ —1/m; and the inverse half-life can now be written as

2

(T7) ' = A (2.8)

1
2 —_
; Uei m;

Here A’ is different from A in Eq. (2.5) and U,; is now the coupling of the heavy neutrino
to the electron. With the same half-life limit a bound can be set on the combination of
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-—_

Figure 2.2: Connection between Majorana mass term of 1, and the existence of

Ovpp.
the coupling U and m;, the result is [51]

1
() =Y U2 — < L1107 GeV. (2.9)

Extensive use of these two bounds on (m) and (%) will be made in this and the following
chapters.

It is possible that other new physics processes (e.g. supersymmetry or right-handed
currents) are responsible for 0v 33, which can be used to set limits on the particular sector
of new physics. We refer to Refs. [57] for a summary of such possibilities. Here we just
mention that in gauge theories the detection of O3/ alone is enough to show the existence
of a Majorana neutrino mass term for the electron neutrino, as was shown by Schechter
and Valle [58]. In Fig. 2.2 the mechanism that governs Ovj3/ is denoted “black box”.
It triggers the process uu — dde”e”. Therefore, crossing permits 0 — dudue”e”. By
coupling a W to each emitted du and electron, a Majorana mass for the v, is produced.
A generalization of this argument is presented in Chapter 3. Actually, this loop—induced
mass is exceedingly small. Thus, it is clear that any information on (m) that can be
obtained from oscillation data could help to reveal the true mechanism of OvS3[.
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2.1.1 Calculation of the nuclear matrix elements

In order to obtain a limit on (m) from a limit on TIO/”Q, the nuclear matrix elements
describing the transition between the two nuclei have to be evaluated. Reviews of this
particular area of nuclear physics can be found in [59], here we try to summarize the
main points.

In general, the half-life of Ov33 mediated by light Majorana neutrinos can be written

as
(T{f) "t = Gou(Eo, 2)| Moy [*(m)”, (2.10)

where Gy, (Ey, Z) is a phase space function and My, the nuclear matrix element (NME).
The available final state energy is denoted Ey. The quantity Go,(Ep, Z) can be calculated
accurately, whereas the NMEs are the source of the mentioned uncertainty of the limit
on (m). The matrix element is the sum of Fermi and Gamov-Teller operators [60],

My, = MET — M. (2.11)

The two contributions involve spin—spin and isospin—isospin correlations within the nuclei
and are hard to calculate. They can be written as

MOGVT =2 <0}r||t7mt7nH(r)aman”O;r>
’ ) (2.12)
M, = (OF t-mt—nH ()07} (5%)

with £_ as the isospin ladder operator converting a neutron into a proton, ¢ the spin
operator, r = |7, — 7,| and H(r) the neutrino potential, representing the exchange of
the neutrino between the two nucleons. The vector and axial-vector weak interaction
coupling constants are denoted gy and g4, respectively. Transitions to excited states are
suppressed. The neutrino potential H(r) stems from integrating the neutrino propagator
over a denominator, whose form is given by perturbation theory. It is proportional to
1/r for light neutrinos (m; < 10 MeV) and has the form of a Yukawa potential for heavy
neutrinos. The factors (07|t t nH(r)|[0]) and (07 ||t mt nH(r)omo,]0;) have to
be computed within a nuclear model for the initial and final wave functions [|0;") and [|07).

These various models, like Quasiparticle Random Phase Approximation (QPRA),
Operator Expansion Method (OEM) or the Shell Model (ShM), result in values of
TIO/”Q, which vary within the mentioned factor of up to ten. Table 2.1 shows for three
isotopes values of Tl%(m>2, evaluated within several models and variants of the respec-

tive models. The calculation from [52] is used to get the limit (2.7) on (m). Using
all the values from the table results in range of (0.30...0.98) eV for the upper limit on (m).
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‘ model ‘ 6Ge ‘ 130T ‘ 136X e ‘
ShM [61] | 1.67 | 401 |
ShM [62] | 175 | | 12.1

QPRA [63 2.15 | 0.52 1.51

QPRA [52] | 2.3 | 049 | 22
QPRA [65] | 184 | 2.1 | 238
OEM [66] | 2.75 | 0.723 | 4.29

]

QPRA [64] | 14 | 0.66 | 3.3
]
]

Table  2.1: Representative values for TIO/”Q(m>2 in 10* y eV? for three
isotopes, calculated within several nuclear models.

We remark that the respective calculations can have a sizable intrinsic uncertainty
due to the unknown particle-particle coupling, whose magnitude can be (within a certain
range) inferred from single § decay. In this thesis (m) < 0.35 eV will be used most of
the times. When we consider in the following limits on the neutrino mass, these bounds
roughly scale with the (m) limit.
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2.2 Formalism

2.2.1 General considerations

With the parameterization from Eq. (1.24) the ee element of m reads
Mee = (M) = C3 [c‘fm% + sim3 + tym3
(2.13)
242 2 2 2 1/2
+2(m2m351t302(a_5) + c¢tmy(s{caams + t3025m3))] ,

where 3 = tanfs, ¢, = cos2a and so on. It is instructive to consider the two—flavor
scenario. In this case, using Eq. (1.25), the C'P conserving and violating cases read

(m) = (2.14)

|my cos? § + mye?@sin?@|  C'P violation
|my cos? 0 4+ mymne sin? @] C'P invariance

Hence, a single C'P parity has no physical meaning, only relative values are significant.

Note though that the case mm, = —1 (opposite parities) and ¢ = 7/2 (“maximal” vi-
olation) can not be distinguished. This can be also seen from the choice of the mixing
matrix S,;, which diagonalizes the mass matrix. The case 7, = —1 and S, = O, is

equivalent to n; = +1 and S,; = e""/20,; = —iO,,. This means that opposite parities
with a real mixing matrix are equivalent to equal parities with a complex mixing matrix
for a maximal phase. Hence, for “maximal” phases we can not tell from Ov3f alone if
there is C'P violation in the lepton sector and the answer if there is one at all has to
come from long-baseline experiments [37]. This is similar to the statement by Pal and
Wolfenstein [67] for the decay vs — v17: for equal (opposite) parities magnetic (electric)
dipole radiation occurs. Opposite parities are equivalent to complex mixing matrix ele-
ments but do not imply C'P violation. This would be suggested only by the presence of
both kinds of radiation. For a degenerate scheme with masses discussed in the following
sections however, the life time of such a process is about 7 & 10%® s.

2.2.2 Special cases
2.2.2.1 Single, bi— and trimaximal mixing

Simple forms of (m) can be obtained for several special cases. First, one can insert the
three special mixing matrices from Section 1.3.2 and finds:

my single maximal
m) = Lm? +m3 4+ 2my my coy bimaximal
2 1 2
é\/m% + m3 + m3 + 2(mae m3 ca(a_p) + M1 (M2 C2a + M3 23)) trimaximal
(2.15)

Note that though for bimaximal mixing only two flavors are present, there is still C'P
violation induced by the phase . This fact reflects the Majorana nature of the neutrinos.
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The single maximal case is effectively a one flavor problem and thus no C'P violating effects
are present. The four special C'P conserving parity configurations read for bimaximal
mixing

(mg +my) for (+ ++) and (— —+)

(m) = 3 { (2.16)

(my —my) for (+ ——) and (— + —)

and for trimaximal

(mg 4+ my + my) for (++ +)
1| (ms+my—my) for (+—-)

m) = 3 (mg — mgy + my) for (—+ —) . (2.17)
(m3 — my — my) for (— —+)

2.2.2.2 Hierarchical masses

It is often useful to neglect the lightest mass eigenstate m;. For (m) follows:

(m) = cg\/mg ST+ m3 13 + 2momg Co(a—p) ST13 . (2.18)

Again, we have a two flavor scenario and still C'P violation due to the Majorana nature.
The three special cases for U yield

0 single maximal
(m) = %mQ bimaximal | (2.19)
é\/mg +m3 + 2myms C2(a—B) trimaximal

For bimaximal (single maximal) mixing there is one (no) flavor present, consequently
there is no C'P violation for these cases. For trimaximal mixing the four special cases
read

1 [ (m3+my) for (+++) and (+——)
(m) == (2.20)
3 { (m3 —my) for (—+ —) and (— — +)
2.2.2.3 Inverse Hierarchy
If mg is the lightest mass eigenstate and in addition m; ~ my = m4 then
(m) =ma cg\/c‘{+s‘f+20% 52Coq - (2.21)
The three special mixing matrices give
1  single maximal
(m) =mas cq bimaximal ) (2.22)

2Cqo trimaximal
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Applying the C'P conserving cases to bimaximal mixing gives
my for (+++) and (— —+)
(m) = (2.23)
0 for(+——) and (—+ —)

and 2/3 times these value for trimaximal mixing.

2.2.2.4 Degenerate neutrinos

For degenerate masses the mass difference can be neglected with respect to the total mass,
i.e. my = my >~ my =~ m3. The total mass scale mg is bounded by measurements of the
tritium spectrum, which limits [33]

> |UeiPm? =m < (2.2eV)>. (2.24)

The effective neutrino mass reads now

(m) =mgc3 \/0‘11 + st + t5 + 2(sT 13 co(a—p) + €1 (5T Coa + 13 C28)) - (2.25)

The four C'P conserving configurations yield

1 (+++)
1-2ci¢] (+--)

m = m = c3(mct + mest +m3ty) = : (2.26)
o 1-2sici| (—+-)
cos20;  (——+)

where we defined an “average mass” m which lies in the range from zero to one. Note
that for the (— — +) case (m) is independent on the solar solution. The three special
mixing matrices give

1 single maximal

m = Ca bimaximal (2.27)

%\/3 + 2(coa + C28 + C2(a—p)) trimaximal
Applying the three special matrices to this gives for bimaximal

) { 1 for (+++) and (— —+) (2.28)

m =
0 for (+——) and (—+ —)
and for trimaximal
1 for (+++)
=1 (2.29)
;5 for (+——), (—+—) and (— —+)
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2.2.2.5 Vanishing mixing with one state

Global analyses as well as reactor data imply that the mixing of the electron neutrino
with the mass state mg is very small. Thus, setting in (2.13) 63 = 0 yields

(m) = \/(ml et +my s?)2 —4mymycf 57 s2. (2.30)
Setting then m; to zero corresponds to a strong hierarchy as in Section 2.2.2.2 and gives
(m) = my s?. (2.31)

For inverse hierarchy and degeneracy one has m; = my, = m and therefore

(m) = my/1 —4s? 2 s2. (2.32)

For the three special mixing matrices (i.e. s = 0, 1) and the special values of the mixing
matrix one obtains again the formulas (2.15) from (2.30), (2.19,2.20) from (2.31) and
(2.21-2.23) as well as (2.27-2.29) from (2.32).

2.2.3 Maximal values for different schemes

As shown in Chapter 1, two main mass schemes exist, the normal and the inverse. Since
the lightest mass state is an unknown parameter, its value can be used to further distin-
guish the schemes. This may be done also by the maximal value that a scheme gives for
(m). Depending on the magnitude of the smallest mass eigenstate m; (ms3), the other two
masses are obtained with the two Am? from Eq. (1.50). For the following estimates and
the sake of simplicity, Am3 > Am2 is assumed. For LMA and QVO we take ¢ = s3, for
SMA s? = 0.

e A Normal scheme

1. Hierarchical scheme
This occurs for my < /AmZ < 107 eV. Then my ~ /Ami > my ~

VAm2 > my ~ 0. The maximal value of (m) reads

s3 \/JAm3 SMA
st JAmZ +s3/Ami LMA,QVO

The LMA solution delivers the highest (m) in the hierarchical scheme. This
scheme corresponds to the special case in Section 2.2.2.2.

(m) 5 (2.33)

2. Partial hierarchical scheme
This occurs when m; ~ /Am% ~ 0.05 eV. It follows ms ~ v2\/Am3 >
mo ~ my. The maximal value is therefore independent on the solar solution,

(m) < JAm% (1+v2s2). (2.34)

This maximum is higher than the one for the hierarchical scheme.
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e B Inverse scheme

1. Inverse hierarchical scheme
As in the hierarchical scheme, the smallest mass eigenstate is much lighter than
the other two, i.e. mg < /AmZ <107 eV. Then, m; ~ my =~ /Ami >
ms ~ 0. For the maximal effective mass holds

(m) <\JAm3 (2.35)

which is independent on the solar solution and s3. This scheme corresponds to
the one given in Section 2.2.2.3.

2. Partial inverse hierarchical scheme
Apart from having a terrible name, the smallest mass has to be around the

atmospheric scale, mz ~ /Am% =~ 0.05 eV. The masses are m; ~ my ~
V2y/Am% > ms. The maximal value of (m) is again independent on the solar

solution,
(m)y S \JAm% (V2 + 52), (2.36)

and is higher than the one for the inverse hierarchical scheme.

e C Degenerate scheme
The form of (m) in this case has been given in 2.2.2.4. In this case, m3 = m? ~ m3 ~
m?2 > Am3. A common mass higher than 0.3 eV has implications on cosmology
and can be probed in next generation direct mass searches [68]. Due to unitarity,
(m) < my. This means that a measurement of my > (m) would mean that Ov3/ is
caused by another mechanism, i.e. not via light left-handed Majorana neutrino
exchange. A value of mg > (m) will prove the existence of cancellations of terms.

Therefore, we can order the schemes with respect to their maximal value for (m), it holds
degenerate > partial inverse > partial > inverse > normal . (2.37)

Next, the dependence on the parameters for the three extreme schemes, A1, B1 and C
will be analyzed, inserting typical numerical values.

To sum up, several simple forms of (m) have been obtained, using the two different
schemes, the form of the mixing matrix and the value of the smallest mass state. All of
these possibilities represent the open problems of neutrino physics as mentioned in the
introduction. The given idealizations are a useful compilation of formulas and will be
very helpful when we in the next sections analyze (m) in different situations and study
the resulting consequences.
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2.3 Dependence on the parameters

2.3.1 Hierarchical scheme

The form of (m) neglecting m; but including terms proportional to s3 reads

(m) = \/Amé st+ Amy s3+2/AmZ Am3 ¢z 57 53, (2.38)

where ¢ = a — . For the SMA solution one has

(m) = \/Am3 s552-107"eV, (2.39)
which will not be accessible in currently planned experiments. For LMA and small s3 the
first term in Eq. (2.38) dominates, for larger s3 the third term can cancel the first two
when ¢ = 7/2. For QVO the second term dominates in Eq. (2.38) and (m) is proportional
to s3. This can be seen in Fig. 2.3, where (m) is shown as a function of ¢, for the LMA and
QVO case, different s2 and 7. It will be very difficult to measure (m) in the hierarchical
scheme when QVO is the solar solution. In order to give an accessible (m), s3 has to be
very close to its current limit. For the LMA solution, (m) can lie above 2 - 1072 eV even
for vanishing s3. If the two phases conspire to fulfill @ ~ 7© + 3 then cancellation occurs
and (m) can vanish. This happens also for the (— — +) configuration. For (m) 2 0.01
eV the hierarchical scheme with a small Am?D as in the plot will be ruled out. With the
extreme values of the parameters from Table 1.2 one can obtain (m) as high as 0.02 eV.

2.3.2 Inverse hierarchical scheme

Here (m) reads (see Eq. (2.21)),

\AmA
(m):\/Ami \/1—43%0%332 A \/(1+t%)2—4t% s2. (2.40)

1+t

Note that it is not a function of AmZ2. It allows complete cancellation only for ¢7 > 1.

For SMA it simplifies to
(m) ~/Am% <6-107%eV, (2.41)

which is accessible in the GENIUS 10t experiment. Fig. 2.4 shows (m) as a function of «
for different #7. For non-maximal mixing (m) can be probed regardless of the phase and
complete cancellation is only possible for t2 = 1. If (m) 2 0.1 eV, the inverse hierarchical
scheme will be ruled out. The case @ = 7/2 corresponds also to the (+ — —) and the
(— + —) configurations. From Eq. (2.40), a can be calculated for a given 3, Am3 and

(m):

242 (1- (m)” \ oy m)’ (2.42)
@ ! Am3 ) Am3 '
where the last approximation holds for #3 ~ 1. If e.g. (m) = 0.01 then s2 ~ 0.97 for
Am% =3-10"? eVZ If one replaces Am% with mZ then the last equation holds also for
a degenerate scheme with s2 = 0, see Section 2.3.3.2.



2.3 Dependence on the parameters 31

. 007 r r r . 004 r T T
tan26; = 1004 — tan20; = 104 e
''''' ", tan?f; = 103 w"l . 0035} tan®fs = 1073w
. 006} "z‘%‘ t an? 93 = 1(}:‘2 ,,,,,,,, 1 t an2 63 = 102w
tan26 = 003 mm - 003t tan20; = 0. 03 w1
. 005} tan26; =0. 07 wums - tan20; = 0. 07 e
S S ¢ 50025 :
o K A )
004} { T 002} QVO tan? 6,=0.7
g | g
0015¢
V003 v
.001¢t
.002F LMA, tan? 0,=0%% &
Q00 ;
001 - . 0
0 W4 (pZ 34 ! 0 W4 chz 34 I
. 008 r r r . 004 r T T
tan2; = 1074 == tan20; = 1074 mem |
. 007 pr, tan?6; = 10°% o . 0035} tan28; = 103w
", tan20; = 10:% % tan28; = 10°2 wum
- 006} *, tan2f; = 0503w { - 003 tan2@; = 0. 03 wwm 1
00 , ‘r"‘,‘/ tanz 93 ?‘0 07 - | t anZ 63 = O 07 .......
S005fe %, -] 0025 -
o o
004 . 002f QO tan? 6;=1.0
%003 3 %0015 L
. 002 .001¢t
0 ; s : 0
0 W4 TT/(pZ 34 T 0 W4 chz 34 I
. 009 . . . . 004 .
tan?f; = 104 = | oo, tan? 6y = 10.1.zwm.
. 008 pree, tan2; = 103 wex 0035} tanZ0; = 10°3 ween
007} tan? 6y = 10°% tan20; = 102
' tan26; = §.03. - 003} tan26; = 0. 03 w1
. 006 [" tan26; 3 0. tan20; = 0.07 wewn
S 0025 _
©005F (0]
— — 002} QU0 tan? 6,=2.0
004}
0015}
V003 v
002 001}
001t L0005 F s ——————— 1
0 ) . A
0 W4 TV(pZ 3m4 s

Figure 2.3: (m) in the hierarchical scheme as a function of ¢ for different
s2 and t?. The smallest mass is m; = 107 eV, Am3 = 3.2-107%eV?. For
LMA (QV0) we took Am?Z =5-107°(10"%) eV?.
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Figure 2.4: (m) in the inverse hierarchical scheme as a function of « for
different t?. The smallest mass is ms = 1070 eV, Am% = 3.2 107%eV?,
AmZ =5-10"eV?, s3=0.01 and 3 =0.

2.3.3 Degenerate scheme

In this section we are interested in bounds on myg in a degenerate scheme [1]. The most
definite statements can be made with a (m) value, which corresponds to a certain scheme.
Therefore, with the current limit of 0.35 eV, the degenerate scheme is of interest. If in
the following the limit on my approaches 0.1 eV, then the bound applies for the smallest
mass in an intermediate mass scheme, i.e. the partial hierarchies. All limits on my are
proportional to {m) and can thus be easily tuned when new data appears.

2.3.3.1 CP conservation

We shall start with the C'P conserving case, m = (m)/my is given in Eq. (2.26). When
the (+ + +) configuration holds, (m) = my and the bounds on both quantities are the
same. For the (— — +) case, m is independent on the solar angle ;. Fig. 2.5 shows the
allowed area in the s3-mg space in this situation. Due to the smallness of 63, the value of
(m) corresponds approximately to the value of myg in this scenario. A limit of (m) < 0.1
eV would start to jeopardize this scenario.

Figs. 2.6 and 2.7 show for (m) = 0.35 eV the maximal allowed my as a function of
s2 for the (+ — —) and (— + —) cases, respectively. For the (+ — —) configuration the
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Figure 2.5: s2-mg space for the (— — +) signature of the C'P parities for
different (m). Allowed is the range below the s3 = 0.07 line and the two
curves belonging to the respective (m) value.

bound on my,
(m) 142
my< ——5—=5=(m) 5—————
‘=1-2a¢ < >t%+25‘%—1’

explodes when the denominator approaches zero. Since mgy < 2.2 €V, certain values of s3
and t; can be ruled out when (m) is known. From Fig. 2.6 it can be seen that ¢? = 0.9
and maximal mixing are ruled out for the (+ — —) case. Also, for s3 < 0.02, t2 = 0.8 is
forbidden. For the SMA solution one arrives again at the (— — +) case.

(2.43)

In the (— 4+ —) scenario the bound on mg reads

(m)

1+
mOS 9 9 !
1—2s7c3

1+£2(2s2—1)°

= (m)

(2.44)

and explodes for t2 = (2¢2 — 1)~', which lies between 1 and 1.16. As can be seen from
Fig. 2.7, maximal mixing is ruled out. For s3 < 0.04, t2 = 0.9 is forbidden. When the
value on (m) decreases, these values are allowed. For small ¢, i.e. the SMA solution, one
arrives again at the (+ + +) configuration.
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Figure 2.8: m for trimaximal mixing as a function of one C'P violating
phase for different values of the second phase.
For s3 = 0 the (—+ —) and (+ — —) cases give the same result. When a measure-

ment of my has been made, (m) can be predicted for a given ¢3. For example, when
2 = 0.8(1,1.2), then (m) will be around 0.11(0,0.09)mg. The (+ — —) and (— + —) cases
are connected, because if one replaces #; — 7/2 — 6y then ¢; — s;. Therefore, e.g.
t? = 0.5 in the (+ — —) case is identical to the case t7 = 2.0 in the (— + —) configuration.
For ¢ =1 the (+ — —) and (— + —) cases show no difference since ¢} = s?.

In Reference [69] plots of the allowed ¢? and s3 were given for my = 1.7 eV, (m) < 0.5
eV and all three nontrivial parity configurations. Their conclusion that small s3 requires
near-maximal (i.e. not the SMA solution) mixing for the (—+ —) and (+ — —) case is
consistent with our formalism, since (m) ~ my for the SMA case, which contradicts the
assumed mg value. However, in their approach they consider all (+ 4 +) configurations
and varied the phases at the same time, which is incorrect. Reference [70] also plots c?
against s2 for different situations resulting in similar conclusions as ours. Our plots are
thus different projections of the five—dimensional parameter space giving complementary
and additional information. Both mentioned works use cosmological arguments to set
mo between 1.7 and 4 eV, whereas our approach using m allows to investigate different
situations like positive results on (m) and/or my.
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Figure 2.9: m as a function of one phase « for different values of

the second phase [ and different #?. Displayed are the ‘‘light side’’
tan?#; < 1 (left) and the ‘‘dark side’’ tan®#; > 1 (right). It is assumed
that |Uzl? = 0.03.

2.3.3.2 (CP violation

Looking back at Eq. (2.27) it is seen that for exact single maximal mixing, no C'P violation
exists. For bimaximal mixing, the phase « is given by

(o= L. (2.45)

For mp = 2 (1) eV and the current (m) limit it holds a < 79.9° (69.5°). For trimaximal
mixing Fig. 2.8 shows the dependence of m on « for different 3. Note the constant value
for g =7/2.

Returning to the general case, in Fig. 2.9 we plot m as a function of « for different
values of tan?6#; and 8 whilst assuming |Ug3|? = 0.03. Maximal mixing allows almost
complete cancellation, whereas for other values a non—vanishing minimal m is achieved.
If (m) is much smaller than my then o ~ 7/2. For (m) ~ mg the phase « has to be
very small or close to m. The dependence on the second phase is rather small which
can be explained by the smallness of |U,3|. Note that in the trimaximal case (Fig. 2.8)
the dependence on the second phase is rather strong. For smaller values of |U,| the
dependence on (3 is almost non existing, consequences of this fact will be studied in
Chapter 4. As an extreme example we show in Fig. 2.10 the “iso—m” lines in a—f space
for a specific set of parameters. A broad range of values for the two phases, especially for
3, is allowed. This is of course explained by the fact that only one observable is used to
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2.2

Figure 2.10: ’’Iso-m’’ lines in the a-f space for 2 = 0.6 and |[Us]*? =
0.1. For m = 0.1205 a precision of 5 % is assumed, the other values are
for an exact measurement.

constrain two parameters. See [70,71] for a detailed analysis of the range of the phases
in different scenarios.

In Fig. 2.11 we show for (m) = 0.35 eV, 3 = 7/2 and different |U.3|? the allowed area
in the my—« space for different tan?@;. For very small s3 and large mixing, (m), my and
« are connected via Eq. (2.42),

20 Ly <1 - <m22> ~ - <m22 , (2.46)

where the approximation holds again for ¢7 ~ 1. If (m) is close to mg then a >~ 0 or 7.
Fig. 2.11 shows that large my requires o ~ /2 and ¢? close to one. Since the bound on
mg decreases with (m), a has to be the closer to 7/2 the smaller (m) is.

When one considers m, the following situations can occur:

e If an upper limit (m) and on my exists, nothing specific can be said.

e An upper limit on (m) and a value for my results in an upper limit on 7.
e An upper limit on mg and a value for (m) results in a lower limit on m.
e A value for (m) and myg results in a value for m.

Obviously, the last case would be the most welcome one. As an example, consider
the value 0.7 in Fig. 2.9. For large mixing, a value of m = (<,>)0.7 corresponds to
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Figure 2.11: a-my space for [ = m/2, different |Ug;|® and tan?6;. Allowed is
the area under the respective curve. We assumed (m) = 0.35 eV.

a ~ (S,2)7/4, largely independent on 3 and tan®#6;. Values of m smaller than 0.2 are
able to rule out certain solar angles, e.g. m < 0.15 rules out tan?6; < 0.7 or tan?6; 2 1.5,
respectively.

It is possible to verify C'P violation in the lepton sector through neutrinoless double
beta decay. If one calculates for a given #? the value or range of m, then plots like Fig.
2.12 are produced. From the figures, one can easily analyze some specific configurations:
For example, for m < 0.6 the (— — +) configuration is ruled out and for m > 0.6 the
(+ — —) and (— + —) cases, independent on the solar solution and the value of |Ug|. In
general, the difference between the C'P conserving curve and the C'P violating area is
larger for small s2. This key value of 0.6 would prove that there is C'P violation in the
lepton sector. In principle, every value of m between one and 2-1073/2.2 ~ 910 % is
possible, so that this remarkable experimental verification of C'P violation is possible.
The general case of C'P violation in all schemes, i.e. with arbitrary m; (msg), is studied
in the next section.
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There is a small possibility to calculate the phase S in the SMA solution. Since

s? ~ 0, the phase a does hardly contribute to (m). If in Eq. (2.25) ¢; ~ 1 then one gets
m? >~ 1 4 s3cyp and thus

1 2

~—(m°—1). 2.47

eap = 57 (0 =1 (2.47)

If e.g. (m) = 0.35 eV, mo = 0.37 eV and s3 = 0.06 then cy5 ~ —0.88. A much larger m,

is not possible, in the next section it will in fact be shown that for SMA holds my < 0.39

eV. Therefore, this situation seems unlikey, since all parameters have to be close to their

current limit and in addition my must be close to the lowest experimentally accessible

value.

2.3.4 Summary

In the normal hierarchy a sizable (m) can only be expected for the LMA solution, unless
¢ = a— [ ~m/2. The larger s3, the larger is the maximal (m) as a function of ¢. The
dependence on ¢ vanishes for small s3. For QVO, (m) is approximately proportional to
s2 and only for values of s3 close to its current bound a measurable (m) can be expected.
Not much dependence on the phases exists. In case of the SMA solution, the value of
(m) is one order of magnitude below the sensivity of currenty planned experiments and
insensitive on the phases.
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In the inverse hierarchy, (m) is basically independent on Am2 and measurable even
for the SMA solution. For large mixing, (m) is larger and the results are depending on
the phase «, which can cause cancellation if its value is around 7/2. It can be related to
2, (m) and Am3, thus providing a possibility to measure it.

With the parameters used in this section, (m) 2 0.01 eV would rule out the normal
hierarchy. If (m) 2 0.1 eV would be measured, then also the inverse hierarchy would be
ruled out. In the next section the complete allowed data set will be used, which slightly
modifies these values.

To sum up our results for the degenerate scheme, for the (+ + +) configuration
holds (m) = mg and a limit on (m) smaller than 0.1 eV will jeopardize this scenario.
For the (— — +4) case, which yields results independent on the solar solution, the same
holds for very small s2. For larger s2 only a small parameter space remains. For the
(+ — —) and (— + —) configurations, maximal mixing is ruled out when (m) is close to
its current limit. Regarding C'P violation, large mg and small (m) requires near-maximal
mixing and « ~ 7/2. Consequently, large mg, maximal mixing and « ~ 7/2 is ruled
out when (m) is close to its current bound. For the SMA solution it holds (m) ~ mq,
unless s3 is close to its current bound. The phase S can then be calculated via Eq.
(2.47). In general, § will not be strongly constrained due to the smallness of s3. The
“average mass” m is used to study the degenerate scheme and consequences of measure-
ments of (m) and /or my are discussed. The presence of C'P violation can be shown,
especially when s is small. For large mixing, the phase o can be obtained from Eq. (2.46).
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2.4 An analysis of (m) as a function of the smallest
mass state

We present in this section an analysis on the allowed values of (m) as a function of the
smallest mass eigenstate. The used data sets of the oscillation parameters are provided
by Carlos Pena—Garay [42]. They include the five oscillation parameters tan? f;, tan? 6y,
tan® 03, Am?2 and Am3. The data was obtained by fitting the parameters to the rates
of the Homestake, SAGE, GALLEX and GNO experiments and to 1117 days of SK data
including the recoil energy spectrum. For the atmospheric data the analysis uses the
contained events and the upward-going v—induced muon fluxes, including the previous
data samples of Frejus, IMB, Nusex, and Kamioka experiments as well as the full 71
kton—yr (1144 days) SK data set, the recent 5.1 kton—yr contained events of Soudan2 and
the results on up—going muons from the MACRO detector. The reactor data comes from
the CHOOZ experiment, see [42] for details. The size of the files is some ten thousand
to some hundred thousand lines.

For the analysis, the smallest mass is varied between 1075 eV and the maximal allowed
value. For every mass value the files are read and for every quintet of parameters the
phases « and (3 are varied between zero and 7 to find the minimum of (m). The maximum
is the sum of the absolute values of the three terms in (m). It is obtained for o = g = 7.
For the C'P conserving parity configurations, o and (3 are fixed to the values given in Eq.
(1.36). Both cases, C'P violation and conservation, are analyzed separately.

2.4.1 Best—fit values

For the sake of simplicity we start with the best—fit points of the combined analysis of all
data, which are given in Table 2.2. Fig. 2.13 shows for the two hierarchies and the three
solar solutions the allowed range of (m) as a function of the smallest mass eigenvalue. In
this and all following figures we include a (m)-limit of 0.2 eV and some limits achievable
by several planned or proposed experiments, 0.1, 3-1072, 2-1072 and 2- 1073 eV. For
the SMA case the minimum lies at (s? ~ 0)

ngg

myp ~ 2ot~ simy o~ sh/Am3 ~2.7-10 eV,
‘1
as long as m; and mg have different signs, i.e. for the (+ — —) and the (— — +) cases.

For the inverse hierarchy, one has

(m) ~ \JAm% +my s3 ~\/Am? |

so that the different parities have not much influence on the minimal or maximal value
of (m). The different cases are indistinguishable in the logarithmic plot.
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| solar region | tan®03 | tan®6; | Am3, [eV?] | Am3, [eV7] |

LMA 0.005 0.36 3.3-107° 3.1-1073
QVO 0.005 0.58 9.6-108 3.1-1073
SMA 0.005 | 6.8-107*| 5.1-107° 3.1-1073

Table 2.2: Best-fit points for the combined analysis of atmospheric, solar
and reactor neutrino data.

For the LMA and QVO solutions in the normal hierarchy the situation is slightly
different. Now that the three contributions to (m) are comparable, it is possible that
phases a, 3 # m/2, 7 exist, which also result in a vanishing (m). This leads to a broader
minimum. One notes that for LMA and QVO the C'P conserving cases two minima exist,
the position of which differs but the gap between them is about the same. These minima

occur in the (+ — —) and (— + —) case for LMA (QVO) at

JAm2 2.4-1073(6.2-10"%) eV for (+ — —)
my = tan® 6 \/Am2 =+ y A tan? 05 ~
cos” f 1.7-10%(26-10 %) eV  for (— —+)

The difference is independent on Am?2 and reads

2
AmX

cos? 0,

2 tan2f; ~8-10"% eV .

As mentioned before, for small m; the highest (m) is obtained in the LMA solution.

In the inverse hierarchical scheme, one finds from Eq. (2.21) that (m) lies between

VAmM3 cos26; S (m) S \JAmL

where the upper limit is about 0.06 eV and the lower one 0.026 (0.015) for LMA (QVO).
The lower limit occurs when the first and second mass have opposite signs, i.e. in the
(+ — —) and (— 4+ —) cases. As discussed in the last section, for small mg the maximal
value of (m) is independent on the solar solution.

2.4.2 Results for the complete data set

We turn now to the general case of allowed values in the five-dimensional parameter
space, treating the C'P conserving and violating cases separately.

Figs. 2.14 to 2.16 show the range of (m) as a function of the smallest mass eigenstate
for the three solar solutions and both hierarchies. Due to the smallness of tan? 6, there
is not much difference with respect to the best—fit plot for the SMA solution (Fig. 2.14).
Regarding LMA and QVO, the broad range of oscillation parameters results in a broader
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SMA LMA QVO
light dark light dark light
(m)M | (1.9-2.0) - 1073 | (2.6-4.9) - 10~* | (5.0-8.6)-10~* | (3.8-9.7)-10~* | (1.0-1.7) - 1073
(m)® | (0.5-6.2) - 1076 | (0.2-1.8) - 1072 | (0.05-1.4) - 1072 | (1.0-1.6) - 1073 | (0.3-1.0) - 1073
(m)® | (0-2.7)-1073 0 (0-3.5)-1073 | (0-2.7)-107% | (0-2.7)-1073
Table  2.3: Ranges of the three contributions to (m) in eV using the

99 % C.L. data set of the respective region and assuming normal mass

hierarchy.

The value for the smallest mass eigenvalue is 2-107% (107?) eV
for SMA and QVO (LMA).

SMA LMA QVO
light dark light dark light
(mYM | (3.6-7.6)- 1072 | (1.4-3.4) - 1072 | (2.1-6.5) - 1072 | (0.9-3.7) - 1072 | (1.8-5.6) - 102
(m)® | (0.07-1.3) - 107* | (1.9-4.4) - 1072 | (0.7-3.5) - 1072 | (2.0-5.4) - 1072 | (0.8-3.8) - 1072
(m)® | (0-1.0) - 10~* 0 (0-8.0)-10=> | (0-1.0)-10=* | (0-1.0)-10~*
Table 2.4: Ranges of the three contributions to (m) in eV using the 99

% C.L. data set of the respective region and assuming inverse mass
hierarchy. The value for the smallest mass eigenvalue is 2 1073 (1073)
eV for SMA and QVO (LMA).

minimum as a function of the smallest mass state. Curves which are far below the ones
for the maximal values do not appear in the respective plots. Furthermore, these curves
often show a “chaotic” behavior, as can be also seen in the best-fit QVO plot of Fig.
2.13.

Tables 2.3 and 2.4 show for a specific my (mj3) the ranges of the three terms of (m),
which are denoted .
(m)® = |Usilmi .
The range is given for the hierarchical schemes and the light and dark side of the param-

eter space. The tables show e.g. that for the SMA case with inverse hierarchy and the
(— —+) as well as the (+ — —) case cancellation is possible, because (m)®") and (m)®
can have the same size. For the inverse scheme no cancellation is possible because (m>(1)
is at least two orders of magnitude higher than (m)® and (m)®. Regarding LMA, in the
normal hierarchical scheme complete cancellation is possible when the first and second
(m)™ have opposite sign. For the QVO solution all (m)® are of comparable size for all

my in the normal hierarchical scheme. When (m)™" and (m)® have the same sign, (m)®
can cancel them only for m; ~ 2-107% eV. In the inverse scheme, <m>(3)
small and (m) vanishes if (m)") and (m)® have opposite sign.

is again very
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Fig. 2.17 is the master plot of this chapter. Several key scales of (m) and the smallest
mass state can be identified and their consequences described. In addition, when one solar
solution and/or a hierarchy will be identified, important statements can be made. Some
of them have already been made in the examples given above and are now confirmed by
the detailed analysis. For instance:

e If (m) < 0.03 eV is measured. . .
...then the inverse scheme with the SMA solution is ruled out. This means that
when for these (m) values SMA is verified, the mass scheme has to be the normal
one. On the other hand, when the inverse scheme is verified, SMA can not be the
solar solution. If however SMA and the inverse scheme are measured, neutrinos are
Dirac particles.

o If my 2 0.4 eV is measured. . .
...then the SMA is ruled out in both schemes. If SMA is verified then neutrinos are
Dirac particles.

e If SMA is ruled out and (m) < 0.1 eV is measured. ..
...then my (mg3) has to be smaller than 0.09 (0.07) eV for the normal (inverse)
scheme. This limit is one order of magnitude better than the ones expected from
the next generation *H experiments. The scheme is then not degenerate. If a larger
mass is measured, neutrinos are Dirac particles.

e If QVO is verified and (m) < 0.01 eV is measured. ..
...then m; has to be smaller than 0.006 eV for the normal scheme. This limit is
two order of magnitude better than the ones expected from the next generation
SH experiments. The scheme is then hierarchical. If a larger mass is measured,
neutrinos are Dirac particles.

The maximal value of mg for the SMA solution is 0.39 eV (which roughly scales with the
limit on (m)) and 2.2 eV for the LMA and QVO case. Since for SMA (m) =~ my(1+s3e*¥),
such a high my requires sz close to its current limit and 8 ~ 7/2, see Eq. (2.47) and the
discussion thereafter. Regarding large mixing, it was shown in Section 2.3.3.2 that high
mg and (m) close to its current limit forbids o ~ 7/2. For (m) > my unitarity is violated
and some “new physics” process causes neutrinoless double beta decay.

Limits depending on the parity configuration can also be derived. Some of them are

e If (m) < 0.02 eV is measured. . .
...then the normal and inverse scheme together with the LMA solution are ruled
out when the (+ — —) or (— — +) configurations are realized.

e If (m) 2 0.1 eV and my 2 0.5 eV is measured. ..
...then the case inverse scheme, LMA (QVO), (++ +) and (+ — —) are ruled out.
Also the (+ + +) case for LMA (QVO) and the normal scheme are not possible.
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hierarchies for the 90 % C.L. region of the LMA solution in the general
CP violating case.

This means that Ov33 can give complementary information about the solar solution
and the mass hierarchy, in addition to that given by direct mass searches and oscillation
experiments. For certain cases limits on the smallest mass eigenstate better by two
orders of magnitude can be set. Some statements, namely the character of the neutrino
and the values of the phases or parities, can only be given by Ovf33. The key scales to
make such powerful statements are (m) ~ 0.1,0.01,0.03 eV and mgy ~ 0.4 eV. In contrast
to recent claims, (m) < 0.01 eV does not disfavor the LMA solution in the inverse scheme.

One can use the value m;(m3) < 107 eV to define the normal (inverse) hierarchical
scheme. Then, Fig. 2.17 shows that a value of (m) 2 0.004(0.02,0.004) eV rules out the
normal hierarchical scheme for the SMA (LMA, QVO) solution. The inverse hierarchical
scheme would be ruled out for (m) 2 0.08 eV.

In Fig. 2.18 we show (m) as a function of the smallest mass eigenstate for both hier-
archies. When both schemes give the same value of (m), then the scheme is degenerate.
This happens for a mass of about 0.2 eV, which is of the order of the current limit on (m).
Therefore, at present one can not distinguish the normal from the inverse scheme in Ov 3.

The existence of C'P violation might be probed. Taking the 90 % C.L. data set we
plot in Fig. 2.19 the maximal values of (m) for C'P violation and the C'P conserving
parity configurations. The area below the “CPV” line and the next (£ 4 %) line is only
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mass eigenvalue for the LMA and QVO solution and the 90 % C.L. data set.
The area below the ‘‘CPV’’ line and the next (+++) line is only possible

for C'P violation.
One sees that this will be easiest to verify for the inverse

possible for C'P violation.
hierarchy. If (m) is between 0.07 and 0.04 eV and ms is below 0.01 eV, then CP
violation takes place. However, these small values of {(m) and mg can not be probed.
When the scheme becomes degenerate, the difference between the C'P violating and
conserving curves becomes very small and the other solar parameters have to be known
in good precision, not to mention the uncertainty in the calculation of the nuclear
matrix elements has to be fixed. See Fig. 2.9 for the situation in the degenerate scheme.
In general, the “C'P violating” area is larger in the inverse scheme than in the normal one.

In general, for the normal scheme the distinction of the two cases takes place at values

of (m) and m; typically one order of magnitude smaller than in the inverse scheme. Also,
the C'P violating area is larger in the inverse scheme. For SMA the difference is negligible.
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Figure 2.20: (m) as a function of the smallest mass eigenvalue in the normal
(left) and inverse (right) hierarchy for a special choice of parameters
from the LMA region. Shown is the minimal and maximal value for two
values of 0.

2.4.3 Implications from the dark side

The importance of taking also the dark side into account is shown in Fig. 2.20, where
for a choice of parameters from the LMA region the minimal and maximal values are
plotted. The minimum is found only for the angle from the light side. However, this
difference shows up only for the normal hierarchy as can be seen in Fig. 2.20, where the
difference between the two choices for #; is hard to see. For more typical, lower values of
tan® 03 and Am2 the difference is even harder to see. In Fig. 2.21 the difference between
light and dark side is shown for the complete 99 % LMA parameter range and a special
phase configuration. If (m) < 0.01 eV would be measured then a limit of m; < 1 eV
is obtained using only the dark side whereas m; < 2.2 eV is the bound from the light
side. Tables 2.3 and 2.4 give the ranges of the three contributions to (m) using the 99
% C.L. data set of the respective region. The nontrivial correlation of the five oscillation
parameters has been taken into account to obtain the given values. The fact that only
the light side gives cancellation for LMA — for all parity configurations — is confirmed
by the numbers. For QVO however, both parts of the parameter space can give (m)® of
similar magnitude and cancellation can occur for both parts of the parameter space.
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the normal hierarchy for the LMA solution and the (+ — —) case. Shown
are the minimal and maximal values for the dark and light side of the
parameter space.

Another interesting conclusion follows from the fact that for QVO the solar mass scale
tends to be lower on the dark side. Therefore in the normal hierarchy, where (m)® o

v Am? | it follows that (m) is smaller for tan?6; > 1.



94

Neutrinoless Double Beta Decay and Neutrino Oscillations

2.5 Summary and final remarks

Neutrinoless double beta decay can provide unique information about the character of
the neutrino and the value of the C'P phases or parities. Complementary statements
about the solar solution, mass scheme and the presence of leptonic C'P violation can be
given. Limits on the mass eigenstates can be obtained, which are up to two orders of
magnitude better than from direct searches.

The formalism of the connection of neutrino oscillation and Ov3/ has been reviewed
and many special cases have been given. The dependence of (m) on the parameters has
been analyzed in specific mass hierarchies. An analysis of (m) as a function of the smallest
mass eigenstate has been presented, which includes for the first time the correlation of
the different angles and Am?2. Using this, a limit on mg of 0.39 eV for the SMA solution
could be given. This would only be possible for § ~ /2 and large s3. For the other
solutions the tritium limit of 2.2 eV applies. However, when the (m) limit decreases
to, say, 1072 eV, such a high mg requires close-to-maximal mixing and o ~ 7/2. The
normal and inverse scheme give the same result for (m) when the smallest mass state is
about 0.2 eV. Independent on the solar solution, the normal (inverse) hierarchical scheme
is ruled out for (m) 2 0.02 (0.1) eV. There are C'P violating areas in the parameter
space, which are in general larger for the inverse scheme than for the normal one. It
will however be very difficult to verify C'P violation, given that all parameters have to
be known to a good precision and that the largest difference between C'P conservation
and violation occurs for very small neutrino masses. It has been commented on the
implications from the dark side of the solar parameter space. It was found that for
LMA only the light side can give complete cancellation. The QVO tends to have a
lower (m) on the dark side and different limits on mq are obtained for data from both sides.

The connection of the C'P conserving and violating case through the parities of the
mass eigenstate has been stressed. Since [ is always connected to the small quantity ss,
a derivation of this phase remains doubtful. In fact, a large range for g will be allowed.
However, for degenerate or inverse schemes, which may deliver a sizable (m), the phase
« might be inferred via Eqs. (2.42) or (2.46), respectively. When s; is sizable, (m) has
some dependence on 3. However, then only one observable exists to constrain the two
phases. Only for the SMA solution, large s; and mg larger than the (m) limit, § ~ /2
could be inferred through Eq. (2.47). In the normal hierarchical scheme the derivation of
the phases will be very difficult because (m) is very small in this case.

Apart from just being parameters of a theory, the C'P violating phases have important
consequences in cosmology. The baryon asymmetry of the universe can be created through
leptogenesis [72], which denotes the C'P and L violating out—of-equilibrium decay of
heavy Majorana neutrinos in the early universe. By solving equation (1.16) for Mg and
diagonalizing this matrix one knows the right-handed heavy Majorana masses and can
calculate the baryon asymmetry, which therefore depends also on the phases in U. A
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particularly simple connection is possible in left—right symmetric models, where one can
show that for the LMA or QVO solution holds [73]

2s3¢5 2

2
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where m is the largest entry in mp. Once the phases are known, a better understanding of
leptogenesis will be possible and different models might be distinguished [74]. Moreover,
the right-handed neutrinos required for leptogenesis are too heavy to be produced at
colliders. Therefore, the verification of leptonic C'P violation and the Majorana nature
of neutrinos is perhaps the only possibility to validate leptogenesis. Neutrinoless double
beta decay might just show both of these properties.

In Chapters 3 and 4 examples on analogue processes are given, which will quantify
that Ov3/3 is the only process capable to directly probe mqg.






Chapter 3

Analogues of 033 I: Production of
heavy Majorana Neutrinos at
Colliders

High energy analogues of Ovf3/ can give information on the Majorana sector in a very
different mass range. The slope of a typical cross section as a function of the Majorana
mass m; is easily understood from the two extreme limits of (compare with Eq. (2.3))

5 m?  for m? < ¢

, 3.1
7 for m? > ¢ (3.1

where ¢ is the momentum of the Majorana neutrino. The highest signal is thus expected
for an intermediate mass, the precise value depends on the energy scale of the experiment.

As in Ov(f3, the Majorana nature shows up in final states with two leptons of the
same charge, like—sign dileptons (LSD). Since this production in analogy to Ov/3/ has
been studied in great detail in the past for hadron-hadron collisions [75-77], we shall
focus here on yet unstudied neutrino-nucleon and positron—proton scattering. Due to
the higher available energy at colliders, it is now possible that the two LSD have different
flavor.

First, in Section 3.1, the simplest example for a collider process involving Majorana
neutrinos is discussed. It is the process e”e™ — W ~W ™, which has been studied in
various ways in recent years [78,79]. Most properties of analogue AL = 2 processes are
understood in this simple reaction and can be derived analytically. Several limits on
mass and mixing of the neutrinos have to be obeyed, constraining the signal significantly.
Especially the limit (2.9) from Ov35 on heavy Majorana neutrinos strongly suppresses
final states with electrons, as will be illustrated also for the other processes in this chapter.
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In Sections 3.2 and 3.3 a similar process for neutrino—nucleon scattering is analyzed.
We consider both, past fixed target experiments as well as future high—energy neutrino
factories. Section 3.4 sees the discussion of a similar process in the form of positron—
proton scattering at HERA. In Section 3.5 an example for a phenomenological effect of
heavy Majorana neutrinos is given: a possible explanation of the events with an isolated
lepton and large missing transverse momentum found by the H1 collaboration at HERA.
Though two like—sign dileptons are produced, the experimental cuts tend to ignore one of
them. Therefore one observes only one isolated lepton together with missing transverse
momentum. Finally, this chapter is summarized in Section 3.6.
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3.1 Calculation of inverse neutrinoless double beta
decay

The process e"e- — W~W~ allows to study the property of Majorana neutrino
production in a simple manner. Since the diagram is in fact the central part of the
Ov(3p diagram, it is of general interest and is known as “inverse neutrinoless double beta
decay”. The proposed next generation e*e™ colliders, such as TESLA [80], may be also
run in an e~ e~ mode, which would provide the opportunity to search for this process.
There also exist other (mostly new physics) applications, which make the e“e™ mode
an interesting alternative [81]. Among them are production of Z' bosons, dileptons,
leptoquarks, doubly charged Higgs bosons, supersymmetric particles and so on. Some
of them can provide complementary information to those gathered in the eTe™ mode,
others are solely possible in the e”e™ mode. Here we shall however focus on the exchange
of Majorana neutrinos in the ¢ and u channel, updating the discussion performed in [82].

At the beginning there is the SM Lagrangian for the coupling of a neutrino v, with a
charged lepton a,

g _ _
L= ﬁUaiVﬂ,ﬂ_aW“ ) (3.2)

The notation of the diagram is given in Fig. 3.1, the matrix element reads

. 2
- . 3 — — UV * Uk
—iM = —i(M; + My) = (—g> U [Zvu—eviy’v—eae™ ey + (< )], (3.3)

V2

with the obvious notation e; = e(p;) and ¢; = €(k;). Starting with M; one may use the
identity!

ViYuy-e1 = —e{YuY+V; - (3.4)
Since v; = v¢ and v;7; = —i(ff — m;) "', where ¢ is the momentum of the neutrino, M;
reads
. 292 2 1 - W* Ux
—iM, = 7Ueimeﬁlﬁ+(ﬁ+ m;i)Y,7Y_ex€] €y . (3.5)

)

Here s, t and u denote the usual Mandelstam variables. It is trivial to show that v (4 +
mi)Y,Y— = miyi7Yy. For the expansion in terms of spinors and creation/annihilation
operators the following relations are valid [83]:

uocfu+7+v

. (3.6)
e ox fu+ fu

- oY c\e c — ~eT c —T -C c

Tiy-er = W) yuy-(€9)° = —W)TC - Cef = ()T (nuy)Tef’ = —efvurvi. The last
sign comes from the interchange of two fermion fields. We used the definition of charge conjugation from
Eq. (1.6).
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Figure 3.1: Feynman diagram for e e = W W~ . M, is given in (a) and the
crossed diagram is described by (b).
Here f annihilates a particle and 7+ creates an antiparticle. Therefore,

2
—q 1
M1 = 9 Ufzmlt —

STTY-Vu Yo lo€l " es™ (3.7)
m;
and the crossed diagram is now obtained by also replacing ¢ with v in addition to 7y, <+ 7,.
Note that — in contrast to the usual Feynman rules — one 7_ is now a v, and 77 instead
of u; is used for an incoming electron. Averaging over the spin of the two initial electrons,
we find
|M|2 = i8 G%‘ mg;my; UZ-U2

el ej

1
(t=m)(t =)

(4mfy — (t+u) (P +dmiyy) +2mi t(t+2u)) + (L u)  (3.8)

2 6 —tu(dm?, —s))|.
Ry (e~ tu Gy »]

The cross section in the center—of-mass system is obtained by

do 1 1 4m¥,
dcos® 2327s S

(M. (3.9)
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The factor 1/2 is due to fact that there are two identical particles in the final state.

It is an excellent approximation to neglect the mass of the W with respect to /s.
Then, neglecting all terms proportional to myy,

do G%? t U 2
=L Im U, : 3.10
dcosf 327r{m e’ (t—m?+u—m2>} ( )

2

Two interesting special cases exist, corresponding to very light (heavy) neutrinos, i.e.
m? < s (m? > s). Inserting this in the last equation gives
2
Gr

2
T5 (m; U2)> =42 (%—@) 10718 fb s> m?

2
Gz L, (U . 2
67 (W) =1 (10—2%2\/—1 <Tes\/2> 107D s < mp

For light neutrinos, the proportionality to (m>2 is the same as in Ov5. In the last chapter,
hand-waving arguments for this fact were given, the calculation in this section confirms
the result. As a function of the neutrino mass, the extreme limits from Eq. (3.1) are
obtained. Clearly, both cases are unobservable when we use the bounds from Eqs. (2.7)
and (2.9). The cross sections for light and heavy neutrinos are 5.2-107" fb and 1.3-10™*
fb for \/s = 1 TeV, respectively.

(3.11)

3.1.1 Unitarity

In the limit s — oo the cross section reads

o= G—%| > Uz m|? (3.12)
47 “ ’

i.e. it tends towards a constant and, since the matrix element grows with /s, violates
unitarity. Two easy ways out of this misery exist, both are related to the mechanism,
which provides neutrinos with mass. First, a left-handed Higgs triplet can be intro-
duced, which includes a doubly charged Higgs boson. This participates in the reaction
e"e” — W~W~ via s channel production and restores unitarity. This was already noted
in the first publications devoted to the process [78].

Second, if the left—-handed triplet is absent, the usual see-saw mechanism might be
active. In the simple two—dimensional scenario of Section 1.2 the sum in Eq. (3.12) is

m2 m2
my, cosf + Mp sinez—ﬁf;-HMRE'%:o (3.13)

and the problem solves itself. Actually, Mg is a right-handed neutrino whose inclusion
may result in a different cross section. However, it turns out to be described by the same
cross section and the interference terms between the left— and right—handed contributions
cancel. For a proper treatment of e"e™ — W~W™ in left-right symmetric models, see
[84]. We shall return to these unitarity considerations in Section 4.5.2.
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3.1.2 Limits on heavy neutrinos and properties of the cross sec-
tion

As shown, using the bounds on the very light and very heavy neutrinos from OvSf yields
unobservable cross sections. However, we may vary the mass of the Majorana and look
for observable effects of neutrinos with intermediate mass. The result for the case of one
mass m; and U,; = 1 is shown in Fig. 3.2a. As an integrated luminosity for TESLA one
usually assumes £ = 80 s/TeV? fb~!. Asking for five events, this corresponds to masses
between 0.1 and 6.4 - 10° GeV for /s = 0.5 TeV. For \/s = 2 TeV masses between 0.03
and 4.3 - 10" GeV can be probed. The values for different center-of-mass energies are
given in Table 3.1 in the “no limits” column.

However, the mixing parameter of electrons with heavy neutrinos, U,;, is not a free
parameter. Various observables, such as spectra of meson decays, limit |U,;| for various
m;. For a summary of these limits we refer to the Particle Data Group (PDG) [85]. The
limit we will use the most applies especially to heavy neutrinos. The three known light
neutrinos v, are expressed as mixtures of light and heavy particles, this can be written as

Vo — €COS Oy Vq + sin B, N, (3.14)

in the (unmixed) Lagrangian for each family. For the sake of simplicity we take N, = N.
The Lagrangian now reads:

—L = %WM_ {COS 0aUay"y_ly + sin gaﬁfyu,yila}
— _ (3.15)
3 cog O Zn {(3052 OaTay"y Vo + sin 20a Ny va — % sin” 9aN’yu’y5N} + h.c.

Note that there is no vector current between the heavy Majoranas N and N due to their
Majorana nature®. The last equation as a function of sin?f, can now be fitted to weak
interaction processes such as muon decay or neutrino nucleon scattering, and a limit on
the mixing angle can be set. If v, mixes with more than one heavy neutrino, sin® 6, has
to be replaced with 32, |Uy;|*>. The obtained limits read [86]

Y |U42<6.6-1073
Y |UuP <6.0-107° . (3.16)
S |Un? <1.8-1072

These bounds are essentially independent of the SU(2); transformation properties of
the neutrino with which the v, mixes. For later use we remark that they therefore also
apply to mixture with heavy right-handed neutrinos. In addition, the limit is quite
conservative — it allows for the possibility that the other charged fermions also mix with
new charged particles. If one assumes that the only new particles are neutrinos, then the

2N+, N = Ney,N¢ = —NTC~19,0N" = NTATN' = Ny, N.
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| /s [TeV] | no limits | limits | Ovf 3 limits
0.5 0.1...6.4-10° 70...3.6-10° —
1 0.05...5.3-10° 70...3.0-10% —
2 0.03...4.3-10" 70...2.4-10° —
4 0.01...3.5-108 70...2.1-10% | 1.8-10%...2.0-10°
10 5-107%...5.4-10° | 70...3.3-107 | 9.2-10%...3.1-10"

Table 3.1:  The Majorana neutrino masses in GeV that can be probed in the
reaction e"e” — WT™W™ at various center-of-mass energies. Five events
are required. Shown are the results for applying no limits, the limits
on mixing from various experiments and these limits together with the one
from Ovjp.

above limit improves somewhat.

In Fig. 3.2b the result of these limits on the cross section is seen. From m; ~ 70 GeV
on, only the limits from (3.16) exist so that the accessible mass range starts with this
value. The mass range that may be probed now is given in the “limits” column of Table
3.1. The upper mass is now reduced by two orders of magnitude.

Now the result from Ov3/ comes into play. If there is only one heavy mass eigenstate
m;, then Eq. (2.9) sets a strong limit on the mixing, namely

my;

GeV ’

U> <1.1-1078 (3.17)
This limit is stronger than the one from Eq. (3.16) up to masses of m; < 6 - 10° GeV.
In Fig. 3.2c the consequences of imposing this limit on the cross section are seen. From
the figure and the “Ov3f limits” column in Table 3.1 one finds that the process renders

unobservable at e~e~ colliders with /s < 2 TeV. For an energy of 3 TeV, masses
between 5 and 750 TeV may be probed.

The situation improves when one considers =y~ — W=W~ or e p~ — W-W~.
For the former case, Fig. 3.2b and the “limits” column of Table 3.1 apply, the latter
might allow detection of the process from about 1 TeV on. These utopian possibilities
will however not be considered here.

The current limits on Majorana neutrino masses lie below the values that may be
probed in inverse neutrinoless double beta decay. Searches for so—called “Heavy Neutral
Leptons” have extensively been performed at the LEP collider. The best limits come
from the L3 experiment using an integrated luminosity of 506 pb~! and center—of-mass
energies from 133 to 208 GeV. Due to different detection techniques and efficiencies the
bounds are different for different final states. Assuming no universality of coupling the
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limits read [87]
m; > 89.5 GeV coupling to e

m; > 90.7 GeV  coupling to p . (3.18)

m; > 80.5 GeV coupling to T

These limits together with the bounds on 3 |Uy;|? from Eq. (3.16) will be used in the this
and the following Chapter.

3.1.3 Evading the limits

It is possible to evade some of the statements regarding the observability of
e"e” — W~W~ [82]. These cases do however require construction of contrived
models. Assume that there is a neutrino of m; = 2 TeV with U2 = 5-10"*. In order
to fulfill the constraints in Egs. (2.9,3.16) another neutrino with e.g. my = 400 GeV
and U% = —1-1073 has to be introduced. This would at /s = 2 TeV result in a cross
section of about 31.1 fb and will be observable. However, neutrinos with m; < /s will
be detected directly in the reaction e*e™ — v, N [88]. Then the presence of the heavier
one can be inferred from Eq. (2.9). An exclusive discovery may be realized via m; = 2
TeV with U2 = 6-10"* and m; = 10 TeV with U2, = —2.9-107*. The cross section at
Vs = 2 TeV will be 0.16 fb, again observable. Here, the heavier neutrino possesses a

larger mixing with the electron, something usually considered as unnatural.

There is also the possibility that the heavy neutrinos are degenerate, i.e. m; = my = M
Then the mixing is given by S U2 < 1.1-107® M/GeV. The largest cross section that
one can obtain in this scenario is the limit m? > s from Eq. (3.11).

All these examples get the more baroque and unlikely the more additional heavy
neutrinos one introduces. Therefore, from here on it will be assumed that there is no
fine-tuning in order to evade the Ov(3f3 constraint on heavy neutrino mixing. This is
identical to the case that the processes under study are governed by only one neutrino.

The limit on heavy neutrinos from Ov(f3 does strictly speaking only hold for left—
handed neutrinos. We can however assume that effects of right-handed neutrinos will be
of the same order of magnitude. Thus, also the bound Eq. (2.9) applies, at least order—
of-magnitude wise. Eq. (3.16) also holds for right—-handed neutrinos, and therefore our
considerations about the observability of e"e™ — W~W ™ will not change for heavy right—
handed neutrinos. In the following we will mostly discuss processes involving left-handed
Majorana neutrinos. An explicit example for right—handed neutrinos is given in Section
3.3.
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Figure 3.2: Cross section of e"e” — W~W™ against mass of the intermediate
Majorana neutrino for (a) no limit on the mixing, (b) limits from various
experiments and (c) these limits together with the one from neutrinoless
double beta decay.
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3.2 Neutrino—nucleon scattering

A high—energy analogue of Ov3 can be realized e.g. in neutrino—nucleon scatterings such
as v, N — p~ppt X or positron-proton scattering etp — 7, p* ™ X. The core diagram
W~=W~= — e~ e~ has been calculated in Section 3.1. In order to calculate a process with
an intermediate Majorana neutrino, the matrix element has to be changed: If the W
couples to a weak interaction vertex, the polarization tensor just has to be replaced with
the usual charged current (CC) term.

3.2.1 Calculation
As a first example, we study trimuon production in neutrino-nucleon scattering [2],
v N = ptptX . (3.19)

The diagram, which also defines the kinematics, is given in Fig. 3.3. Using the trick from
Eq. (3.4) one obtains for the matrix element:

My o Uy 1157 Y= Vili Ve Y+ 13

m;

= Up? [ulk2)vp7- (i + mi)vaysv(ks)] s L (3.20)

= U;z2mz [H(kZ)’YprffYnU(l%)] q; _1m2

i

In the crossed diagram, described by M., ¢- is replaced by ¢, and ko by k3. Finally, the
interference term is given by

— MMy o U(k3) v+ vuu(ke)u(ks)vav-vpv (k2) - (3.21)

It has a relative sign with respect to M; due to the interchange of two identical fermion
lines. Using the identities 7 = —u”C~! and u = C?' this can be written in a form
suitable for using the completeness relations for the spinors:

T(ks) Vo v+ vpu(ke) = —u” (k3) O~ 717,007 (ks)

. (3.22)
= —u" (k3) (Vuv70)” T (ko) = T(ka) vy vou(ks) -

Putting all the couplings and propagators together, the matrix element for one interme-
diate Majorana and scattering with a quark can be written as (using the Feynman—gauge
for the W propagator)
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[MP? = [Mi? + [Mz[? + 2Re (M]My)

1 1)

@ — My, ¢3 — M,
Ty v pv? (b +my) b vy (B + mo)ver (hy + mg)

|

- (U;;i%ni)2 64 G4, ME,

2
TY{vw—vu(kg — mpu)Yav+78 (Fy + mu)}

4 — mj
2
" G —m} Tr{%ﬂ’f%(/% — )Y+ 78 (ks + m”)} (3.23)
(2
1
—2 > Tryvs7+7a (ks 4+ mp) Yuy="u( —m)]
q%—m?q%—m? {6 a/% w) Y sz u}

2

1 1 212 (py - p2)

¢ — Miy ¢35 — My
2
(ko - ka) (k1 - k3)

2
= (U2mi)” G M,
2
(ky - ko) (ks - ka) +

21 2
75

2 m>

2
g — My

|

¢ —lm2 G —lm2 ‘ (k2 - k3)(ky - ka) — (k2 - ka) (k1 - k3) = (ki - k2) (ks - k4))} '

Here are m, and my the masses of the scattered initial and final state partons, respec-
tively. Coupling to an antiquark is identical to replacing k4 with p;. The formulas for
anti—neutrino scattering and intermediate right—handed neutrinos are given in Appendix
B. The two short traces describe the SM V' — A vertices, the ones inside the square
brackets the Ov[[3-like core process. Averaging over the parton spin adds an additional
factor 1/2. The long traces were computed with the MATHEMATICA [89] package
TRACER, [90].

2

As can be seen, in the low mass regime the matrix element is proportional to mg,

For heavy neutrinos the dependence goes as (U3;/m;)?.

3.2.2 Results of the Monte Carlo

For the evaluation of the total and differential cross sections a Monte Carlo program call-
ing the phase space routine GENBOD [91] was written. The chosen parton distributions
are GRV 98 (MS) NLO [92] at Q* = s = (p1 + p2)* = 2> M + 2e M, E,. Here M, denotes
the proton mass, F, the energy of the incoming neutrino and x the Bjorken variable. We
set Q% = Q2. whenever Q> went under the minimal allowed value of 0.8 GeV?2. To get
the averaged neutrino—nucleon cross section we assumed an isoscalar target and replaced
up and down quarks to get the parton distributions for the neutron.

Before presenting the results we estimate the ratio with respect to the total neutrino—
nucleon cross section. As mentioned, the typical suppression factor one encounters when
dealing with Majorana instead of Dirac neutrinos is m;/E in the matrix elements with
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Figure 3.3: Feynman diagram for trimuon production in neutrino-nucleon
scattering. It is ¢o = ¢ — ko = p1 — ki — k2. For the crossed diagram
ko and k3 are exchanged and the corresponding momentum of the Majorana
neutrino is denoted with ¢o = ¢ — k3 = p; — ki — k3. For the W momenta

holds: ¢ =pi1 — k1 and ¢q3 = kg — po.

m; being the Majorana mass and F its energy. For the ratio R of the cross sections we
have therefore:

, 1072 for m; = 0.35 eV
) GZMy, ~<{ 10713 for m; =170 keV | (3.24)
107*  for m; =5 GeV

R =

o(vuN — p~pt ptX) (mi
“ —_
o(v,N = p=X) E

where we took as a typical value F = 30 GeV. For heavy neutrinos the behavior changes
significantly: Instead of m;/E we have now m; % and the ratio goes as
G% M, M?

—L ~ 1077 for m; = 100 GeV . (3.25)

my;

These ratios will of course be further suppressed by a very small phase space factor,
which rises slightly with energy and turns out to be about 10~7. In addition, small
factors arising from bounds on the mixing with heavy neutrinos apply.

As expected, the cross section is tiny: If we use for the mass of the Majorana neutrino
the current limit from the direct muon neutrino mass search, m; = 170 keV [34], we
find that the cross section for energies in the range (5...500) GeV is of the order
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Figure 3.4: Total cross section for a left-handed Majorana neutrino as a

function of its mass for different neutrino beam energies.

o(3u) ~ (1...10%) - 1073 b, being 20 orders of magnitude lower than the total neutrino
nucleon CC cross section of occ =~ (1...10%) - 1071* b for the same energy range. See
Chapter 4 for an interesting way to still do something useful with these small numbers,
namely setting (admittedly not very physical) limits on light and heavy neutrinos.

Despite the small values, the ratio of the trimuon process described here is significantly
more sensitive on m,,, than previously discussed processes: Abad et al. [93] obtain for the
decay K+ — 7~ p"u™ a branching ratio of 2- 10722 while Missimer et al. [94] estimate the
ratio of (1~ p™)—conversion via capture in *Ti with respect to a normal CC reaction to
be 4 -107%, both for a few hundred keV Majorana neutrino. Thus the process discussed
here is therefore about two orders of magnitude closer to the relevant standard model
process than previously discussed Majorana induced muon—number violating processes.

In Fig. 3.4 we show the cross section as a function of m; for different neutrino energies.
The cross section is too small to be observed. Differential cross sections of the momenta
of the three muons are presented in Fig. 3.5.
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energies and Majorana masses.
5 GeV and FE, =
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Differential cross sections of the muon momenta for different

(a) m; = 170 keV and E, = 25 GeV, (b) m;

No limit on



3.2 Neutrino—nucleon scattering

71

3.2.3 Experimental considerations

Though one can not expect a signal of trimuon production from processes with a
Majorana neutrino in intermediate states, some words from the experimental point of
view are appropriate. Several experiments reported the observation of trimuon events
[95-97]. The observed ratio of trimuon events (having a lepton number conserving
(— — +) signature of the muon charges) with respect to single charged current events
is of the order 107°. First thought to provide evidence for physics beyond the SM, the
explanation was soon given in terms of CC reactions with dimuon production via meson
decay, radiative processes or direct muon pair production from subsequent hadronic
interactions [98-100]. An acceptance cut on muon momenta to be larger than about 5
GeV was applied by all experiments to reduce the background.

To extract a (— + +) signature several background processes occurring in typical
wide band neutrino beams have to be considered. Among them, the most severe are
lepton pair creation due to antineutrino contaminations of the beam (also having a
(— 4+ +) signature) and charm production with an associated pion or kaon decay as
well as overlaying events with beam muons. Furthermore, going to high momenta some
misidentification in the charge might lead to additional background.

A complete listing of all relevant distributions is not our aim, however, for the sake of
completeness, the distributions of the muon momenta, which might be used to identify
the process, are given. From Fig. 3.5 it can be seen, that for light m; the two p* have
relatively low energy, while the p~ from the upper V' — A vertex has a broad spectrum
with significantly higher energy. This is no longer valid for a heavy Majorana where
the difference of the muon momenta is less clear, but is becoming larger with increasing
neutrino energy. However, the like—sign muons have typically the same momentum
distributions, which is an important experimental signature. It is a general feature that
the momentum difference gets bigger when the energy F, is significantly higher than the
mass of the intermediate Majorana. For mass and energy being equal the distributions
are more or less identical.

The developed strategies as described here could be of some use when one searches for
similar processes triggered by non SM effects, such as supersymmetry. As will be argued
in Section 3.3, one may expect a sizable signal from these sector.
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3.3 High energy neutrino factory

The physics potential of a muon storage ring is rich and exciting. Especially the option
of using the neutrinos from the p decay has received large attention [101]. Typically
the main focus lies in long baseline oscillation experiments [47] with source-detector
distances from 730 up to 10000 km and muon energies of 10 to 50 GeV. This development
is driven by the urge to find out about oscillation phenomena in more detail and to gain
additional information, be it about CP violation, the mass scheme, the size of |U.s| or
the existence of sterile neutrinos.

An additional option is the installation of a detector directly at the storage ring site
together with a very large muon energy. This will probably be done in the form of a ™
collider, whose primary goal will be to do precision Higgs physics. Neutrino interactions
of up to 10'®/y provide also the possibility of high precision experiments regarding CKM
matrix elements, structure functions, electroweak parameters, charm physics or other
phenomena, see [102] for some possibilities. As in any other new experiment, new physics
may lurk in the results.

The process under study in this section is [5]

(;35 N — 6Ta*B*X, where 6 =e,ppand o, =€, 1,7 . (3.26)

In the Monte Carlo program, outlined in the last section, an integration over the neutrino
spectrum is included. A simple phase space calculation (see Appendix C) for the p —
evev, decay gives for the normalized distribution in the lab frame:

I w) = L2 (3-28)

1 w
3.27
dE, (ve) = _El?; v _E” .

The maximal neutrino energy is E,, and the mean valueis (E,) = 7/10 (3/5) E, for v, (v,).

For a p~p"—collider or a muon storage ring four different signals are possible, corre-
sponding to incoming v, v., 7, or 7.. In Fig. 3.6 we plot for all four possibilities the cross
section for the production of two muons, including the limits on heavy neutrino mixing
as given in Eq. (3.16). The figure shows that the muon neutrino from the p~ decay gives
the highest cross section.

We will also consider now the case when the two leptons from the intermediate
“WW — af” diagram are not of the same flavor. An interesting statistical effect occurs
when one considers the relative difference between, say, the pu and the pe final state
(mass effects play no role for e and p): first, there is no phase space factor % for the latter
case, since two different particles are now in the final state. Then, there is the possibility
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Figure 3.6: Total cross section for yyN — IlupuX for v,, v., U, and 7, as a
function of the Majorana mass for a p energy of 50 GeV. The limits on U,
are applied.

that an electron is produced at the (“upper”) viW vertex or at the (“lower”) qq'W
vertex. Both diagrams are topologically distinct and thus have to be treated separately.
This means, four diagrams lead to the pe final state, whereas only two lead to the uu
final state. We see that there is a relative factor 4 between the two cases. Note though
that now the interference terms are added to the two squared amplitudes since there is
no relative sign between the two diagrams. This reduces the relative factor to about 3.
However, effects of kinematical cuts and the limits of Eq. (3.16) wash out this phenomenon.

In Fig. 3.8 the total cross section for the reaction v, N — p~a®fTX with the ppu,
ut and 77 final states for three different muon energies is shown. For the statistical
arguments to be valid, the mass of the final state leptons has to be negligible. This is the
case for muon energies higher than about 3 TeV: the ur final state is the leading signal
for £, = 4 TeV.

Finally, we give in Fig. 3.9 the cross section for v, N — p~p*p™X with two possible
other realizations, namely via an intermediate right-handed Majorana neutrino and via
right—-handed interactions with a Wr—mass of 720 GeV, the current lower bound [103].
See Appendix B for the relevant formulas. It can be seen that a left-handed heavy
neutrino gives the highest contribution. As argued before, effects of left— and right-handed
neutrinos are of similar magnitude. Of course it is possible that all these realizations
contribute and thus interfere.
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Figure 3.7: Connection between Majorana mass term of 1, and v3 and the
existence of process v,N — u atfTX.

We checked the dependence of the results on oscillation parameters by integrating
over simple two-flavor formulas. Even for E, = 50 GeV, a detector-source distance
of 1 km and LSND-like values of Am? (~ 0.1 eV?) and sin?20 (~ 1073) the relative
suppression of the signal was not more than O(107°%). Inserting typical parameters of
atmospheric or solar experiments has an even smaller effect.

The question arises if one can conclude that a Majorana mass term is present if a
process like Eq. (3.26) is measured. Here, a simple generalization of the Schechter and
Valle [58] arguments from Section 2.1 for Ov/35 applies. Assuming we found convincing
evidence for v, — p~ oS¢, then crossing permits the process 0 — 7,u~ a8 ¢'g,
realized by the “black box” in Fig. 3.7. Any reasonable gauge theory will have W’s
couple to quarks and leptons, so that a Majorana mass term for v, and vg is produced by
coupling one W to the av, = and one W to the 37¢'g vertex. Since we do not know
which two quarks participate and which neutrino couples to the quark this theorem is a
straightforward generalization of the Schechter and Valle argument.
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76

Analogues of OvBB I: Production of heavy Majorana Neutrinos at Colliders

lell

E, = 50 GeV N —

le- I =170 0T T TO0  1ed  1eb  ITes
m [ GeV]

Figure 3.9: Total cross section for v»,N — p putp™X as a function of
the Majorana mass for a y energy of 50 GeV and different possible
realizations of the process. N is a left-handed, Np a right-handed
Majorana and Wy denotes the process with a right-handed I boson and a
left-handed Majorana. No limits on U, are applied.

3.3.1 Properties of neutrino factories

Several proposals for a muon storage ring have been discussed, the number of expected

neutrino interactions differs. The formula used for the luminosity in units of ecm=2 s7! is

[104]
L' = NofN,l, (3.28)

where Ny is the Avogadro number, N, the number of muons injected in the ring per
second, f the fraction of the collider ring occupied by the production straight section and
[ the mass depth of the target in g cm 2. Typical numbers are f = 0.02, [ = 1000 g
cm~? and N, = (10'%...10™) s™'. Let us be optimistic and assume N, = 10 s™' with a
“year” of 107 s running time. With this parameter set one gets £ = 10*® cm~2 integrated
luminosity. The neutrinos from the p—decay will all end inside the detector since their
opening angle is just § ~ 1/, = m,/E,. Typical distances between detector and muon
ring are 10?2 to 10® m, discussed energies go up to 10° GeV. A complete scope of all
possible options is not our aim. If definite plans for experiments and machines are made,
our results can easily be rescaled with the help of relation (3.28).
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3.3.2 Experimental considerations

Because of the smallness of the cross section of the process discussed here, one
might ask if SM processes exist, which fake the signal. A discussion of this kind has
already been done for trimuon production in conventional v, N scattering in Section 3.2.3.

The “normal” trimuon production in v, N scattering has a (— + +) signature.
Due to the principle creation of conventional neutrino beams by using pion— and
kaon-decays, there is always a “T,—pollution” in the beam which can give a (— + +)
signal through muon pair production, be it radiatively or in the hadronic final state via
e.g. vector meson production. These effects exist on the level of maximally 10~ of the
total observed charged current events. Kinematical cuts to suppress this background,
e.g. using the invariant mass or angular isolation have been developed. For previous
experiments however, it was found that for trimuon production via Majorana neutrinos
the signal-to—background ratio is far too small.

Nevertheless, for a muon storage ring we know exactly what neutrino flavor is in the
initial state and thus in the case of p~—decay there is no SM process to give a (— + +)
event. The only exception is v, N — p~ et X which might be faked by a 7, CC event
with p*p~ production in the jet or via bremsstrahlung. However, as shown, final states
with electrons cannot be expected due to the severe limits from Ov33. Because of the
VU, OF UV, structure of the beam, ratios between observed types of events (coming from
each neutrino species) could be used to establish a signal. Also polarization of the muon
beam could be useful because it allows to change the neutrino spectra and therefore the
event ratios in a predictable way. Possible channels involving 7 leptons in the final state
might be investigated by topological and kinematical methods as used by CHORUS and
NOMAD.

Up to now we ignored in this section effects of neutrino oscillations. An incoming
7, could oscillate into a 7, and create via the aforementioned processes a (— + +) signal.
The relevant oscillation parameters are now given by atmospheric (Am? ~ 1072 eV?) and
CHOOZ (sin? 20 < 0.2) data. Integrating the CC cross section of the 7, over a two—flavor
formula and taking also into account the trimuon suppression factor 1075, yields numbers
smaller than the ratio of process (3.26) with the (CC + NC) cross section by at least
two orders of magnitude, even for a L = 1 km and E,, = 50 GeV option of the experiment.

For the other final states there is no SM background: Typical events with additional
leptons are production of gauge bosons, which however are always accompanied with
neutrinos or extra jets and thus in principle distinguishable.
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g Opur TT
Eu UCC’lfNC O_C’ClerC’ UC%JrNC NCC+NC
50 1-1020 [ 7-102 [ 7-102 ] 4-10°
100 [1-10®[1-10 [ 7-1020 ] 8-10°
200 | 7-1009 [ 2-10°® [ 2.-10718 | 2-101°
300 [ 3-107® [ 7.107"® | 1-107"" | 2-10'
400 | 7-1078 1 2-1077 [ 4-1077 | 4-10'°
500 | 1-1077 [ 4-1077 [ 7-1077 | 4-10'0
103 | 7-10717 [ 4-107% [ 7-1076 | 8-10'0
2.1 7-1006 [ 3-100® [ 7-107 [ 1-10
4-10 | 5-100% [ 2-10™ [ 5.-107% | 2-10!
100 [4-10% ] 2-102 [5.-1008 | 5.10"
10° [2-1072 [ 1-107" [ 2-107"F | 3-10'2
100 [ 4-107" | 8-1070 [ 4.-1071° | 8-10"2

Table 3.2: Maximal ratio of v, N — p atf*tX and sum of CC and NC for
v, for different final states and muon energies in GeV. Indirect bounds
on mixing matrix elements are applied. The last column displays the
expected number of (CC + NC) events from v, with the parameter set given
in Section 3.3.1.

3.3.3 Is it observable?

Unfortunately, the bounds on neutrinos and their mixing severely restrict the prospects
of detecting a signal from B — L violating mass terms at the discussed experiments. For
example, let us consider a 4 TeV muon source and the pp channel. The maximum cross
section is achieved for a mass eigenstate of about 10 GeV, o, (m; ~ 10 GeV) ~ 1072° b.
A few years of running with an integrated luminosity of £ ~ 10 cm™2 per year could
establish an observation. However, for the minimal allowed mass of 90.7 GeV, the cross
section reduces to 0,,(m; = 90.7 GeV) ~ 1.7-10"2' b, which is then further suppressed
by the U,; limit to 6.3 - 10726 b.

Roughly the same numbers hold for the ee channel, and for the ey channel about
three times this number. However, for these channels the value from Eq. (2.9) comes
into play: Assuming one mass eigenstate of 89.5 GeV one gets U2 < 9.9 - 1077, resulting
in o..(m; = 89.5 GeV) ~ 10~** b. The cross section stays constant till m; = 6 - 10> GeV
and scales with m;? for larger masses. For the ey and er channel the cross sections
are o, ~ 21073 b/m;[GeV] and 0., ~ 8- 107%' b/m;[GeV], respectively. Again it
was shown that electron final states of processes like (3.26) provide no real chance for
observation.

Now we investigate possible event numbers: to be independent on the concrete
values of the experimental parameters we calculate the ratio of our process with the
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usual charged and neutral current (NC) cross sections. The well known formulas for
deep inelastic neutrino—nucleon scattering (see, e.g. [105]) are integrated over the energy
spectrum (3.27) with the GRV 92 and 98 [92,106] parton distributions including ¢
and b quark contributions. The maximal value of the Majorana neutrino process is
obtained with the minimal allowed value of m; from Eq. (3.18) and the maximal value
of |Uyil?* from Eq. (3.16). With this we give the maximal ratio, shown in Table 3.2. We
considered only the muonic and tauonic final states and took for the pu7 channel the
value m; = 90.7 GeV. The last column gives the number of v, (CC + NC) events with
the parameter set given after Eq. (3.28). Only the highest discussed energies, more than
E, = 10" TeV, provide a chance for observation. However, the realization of this kind of
machine remains doubtful, but might be realized in a form of a new high—energy physics
laboratory [107]. In addition, the masses that may be probed (maximally a few 100 GeV)
lie below the ones that are accessible in linear colliders, i.e. there will be information on
this mass range before such a high—energy muon storage ring is build.

Though the numbers are no reason to be overoptimistic, the same final state we dis-
cussed might have contributions from other channels as the ones plotted in Fig. 3.9. For
Ov/3 many limits on beyond—SM parameters were derived, see [57] for a review. A simple
estimation shows the power of such a neutrino factory: For a 4 TeV energy and a 100 keV
neutrino, the cross section is about 1072 b. Other contributions might not need a helicity
flip and are thus larger by roughly a factor of (E/m;)? ~ 10'3, where E is the energy of
the Majorana neutrino. With the mentioned 10%® ¢cm ™2 s~! luminosity we would have 10°
events per year, a “new—physics factory”. The process considered here is then a relevant
background signal.
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3.4 Positron—proton scattering at HERA
The HERA collider can produce intermediate Majorana neutrinos via the reaction [3]
e*p =7, o FHX, with (0, 8) = (,7), (1,7), (myp) and (r,7),  (3.29)

where the electron and proton energies are E, = 27.5 GeV and E, = 820 GeV,
respectively. We demand the taus to decay into muons to take advantage of the like—sign
lepton signature, which is more unique for muons than electrons. It is evident that such
a process has a spectacular signature with large missing transverse momentum (p,) and
two like—sign leptons, isolated from the hadronic remnants.

Direct production of heavy Majoranas N at HERA has been studied before [108] with
the process e p — XN — XW*aT — Xvp*aT resulting in two leptons with opposite
charge. A discovery limit of about 160 GeV was derived, as long as the Majorana decays
into et W™, giving an isolated lepton with different charge than the incoming one. One
might argue that this direct Majorana production is more likely to occur since the cross
section is larger’. However, due to its unique signature we believe that the process
under study deserves some attention. In addition, the limit (2.9) from Ov(S has not
been applied to the analysis in [108] and a general analysis of all channels (N — vZ,
N — pW, ...) remains still to be done. It might be interesting to compare the results of

such an analysis with ours in the future.

Until that is done, we also think that process (3.29) is worth considering, inasmuch
as we have no restriction to the flavor of the final state lepton and because of its unique
signature. The connection of the observation of the signal under study with a Majorana
mass term is depicted in Fig. 3.10.

3.4.1 Analysis and results

One should pay more attention to the experimental reality, therefore we include some
cuts on the observables, namely | x| < 2.0 and [p;| > 10 GeV. Here |p,| =

Z\/(Zp;)Z + (X py)? is the total missing transverse momentum, with the sum going

over all neutrinos, i.e. one neutrino for the (upu), three for the (er) and (u7) and five for
the (77) case. The pseudorapidity of the charged lepton [ and the hadronic final state X
is m.x = —Intan(f, x/2), where 6, x is the polar angle in a system where the z-axis is
parallel to the proton direction. In addition, we want the charged leptons to be isolated
from the hadrons and demand AR = \/(¢z — ¢x)?+ (m —nx)? > 0.5 with ¢ being the
azimuthal angle.

30nly one coupling U,; is needed in the matrix element.
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In Fig. 3.11 the total cross section as a function of one mass eigenvalue is shown for
all combinations of final state charged leptons, without applying the above mentioned
U,; limits. The condition that the tau decays into a muon is included. The masses of
the final state leptons have almost no effect (less than 5 %), so that the only numerical
difference comes from the branching ratios, the U,; limits from Eq. (3.16) and the above
mentioned statistical factor for the (er) and (u7) cases.

These limits combined with the tau branching ratio (BR(r — pv,v;) = 0.1732
[85]) lead to a maximal cross section of about 10723 b in the (up) case for a neutrino
mass of 80 GeV. It is about 12 orders of magnitude smaller than the SM charged
current e*p cross section of oca(etp, Q2 > 200GeV?) ~ 30 pb [109] (it was checked
that the @? condition is not significantly violated for the applied cuts). Nevertheless
the above cross section is some orders of magnitude closer to the relevant SM CC
process than most other exotic Majorana neutrino induced AL = 2 processes such as
Kt — 7 ptpt [93,110] or u~p*—conversion via muon-capture in **Ti [94]. These
have ratios with respect to the relevant SM CC process of at most 1072°. According to
Section 3.2, for trimuon production v, N — p~ pTp™X a ratio of 10717 for a 500 GeV
neutrino beam was achieved, so the process described here results in an improvement
of another five orders of magnitude. The other cases, like (77), have ratios with re-
spect to the SM CC process maximally one order of magnitude smaller than the (pu) case.
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Figure 3.11: Total cross section for e'p — 7, a*fTX as a function
of one eigenvalue m;. No limits on U,; are applied, the branching

ratio for taus into muons is included. The (er) and (u7) cases are
indistinguishable in this plot.

As an example for differential cross sections we plot in Fig. 3.12 for m; = 80 GeV
the distribution of the missing transverse momentum for the (up), (u7) and (77) case.
The limits on |U,;|* from Eq. (3.16) are applied. Note that all these cases have two
like—sign muons in the final state. The mean values are (p,) ~ 28.3, 37.0 and 37.3 GeV,
respectively. The shape is different for each case, despite the similar mean value of missing
transverse momentum. To distinguish, say, (u7) from (77) events, one should consider
other distributions, e.g. the invariant mass of the two muons, m(2u), as displayed in Fig.
3.13. Whether a muon comes directly from the Majorana vertex or from the tau—decay
decreases its energy and momentum fraction of the total available energy and alters also its
invariant mass. Here the mean values are (m(2u)) ~ 66.8, 28.1 and 16.1 GeV, for (pupu),
(ur) and (77), respectively. Unfortunately, this procedure requires high statistics. On an
event—by—event analysis detailed kinematic reconstruction as well as angular distributions
might be more useful, see the next section.
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3.4.2 Experimental considerations

Because of its lepton number violating character the discussed process should be
background free from SM processes. On the other hand, misidentification of the muon
charge might create some like—sign dimuon events. The charge of the LSD corresponds
to the one of the incoming lepton. Processes producing opposite sign muon pairs are pair
production of heavy quarks, photon—photon interactions, Z—boson production, Drell-Yan
pairs from resolved photon—proton interactions, pion punchthrough associated with a
single muon event and beam related background.

However, the identification of two like—sign, isolated muons with large pr in addition
to a large missing transverse momentum should indeed be an outstanding signature. At
present, no such signal has been observed yet. The observation of such a signature would
imply a Majorana mass term, as shown in Fig. 3.10. For the (er) channel, which has
a like-sign ey signature, single W production [111] is a severe background. However,
channels with electrons in the final state will not be observable anyway. Because of this
we shall assume zero background. In case of observation a detailed analysis has to be done
anyway in order to rule out any of the Standard Model processes as the ones described
above. In the next section such an analysis will be performed for a different final state,
using realistic cuts and observables.
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3.5 HERA'’s isolated leptons and heavy Majorana
neutrinos

One of the anomalies in current high—energy data is the existence of high p; isolated
leptons together with large missing transverse momentum (f,) at HERA. Since the first
event [112] was discovered by H1, five more were found [113] and at least three of them
can probably not be explained by W production or other SM processes. To be precise,
these five events (found by using 36.5 pb™! integrated luminosity) are now accompanied
by four more. However, regarding these four new events, only a conference report is
available [114], without many details, so that only the first four will be used in the
following analysis. In contrast to H1, ZEUS sees no excess in these events [115], however,
at the present statistical level, there is no contradiction [116].

In the last section the process
e'p -7, a"BTX witha, B=¢, u, T (3.30)

was examined and possible signals of this LSD and high p. final state were discussed.
However, it turns out that when the kinematical cuts used in H1’s search for isolated
leptons are applied to our process (3.30), they tend to ignore one of the two leptons [4].
Especially the requirement of pr > 10 GeV is often too much for both charged leptons
to fulfill. The LSD signal of Eq. (3.30) is thus reduced to one isolated lepton with high .

This possibility can be checked by looking for an additional isolated low p; and/or
high pseudorapidity lepton. In addition, it is possible that a produced 7 decays
hadronically, resulting also in single lepton final states. More than one isolated jet would
be a signal for this kind of event. Since process (3.30) gives LSD with the same sign as
the incoming lepton we concentrate on H1’s positive charged muon events, since there
are no positron events found. This fact might be explained if one incorporates also the
limit Eq. (2.9) on mixing of heavy neutrinos, as derived from OvS3. With this constraint
the expected e signal is smaller than the p signal.

A few words on finite width effects: Eq. (3.15) can be applied to calculate the width
of the Majorana, which is dominated by the two-body decays N — Wa and N — Zv,,
one finds

GF SiIl2 ga
[(N) =S =2 7
() Xa: 8mV2 My

+cos” 0 [ (MY — M) + My (M — Mj)| (M, — M3)}

{[(MN — My) + My, (My — MW)] (My — My) (3.31)

where sin? 6, = ¥ |Uy;|?. Finite (W and N) width effects were included in the program
and found to be negligible.
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The statistical peculiarity mentioned in Section 3.3 is refined when different tau
decays are considered. For example, consider the 77 case and let the taus decay into
different particles (e.g. evv and pvv). There is no way to tell into what the “upper” or
“lower” tau decays, so one has to include both cases. This means that alone from the
71 state, four diagrams contribute the pe signal. The cross section from this case has
to be added to the “pure” pe final state, the et case when the tau decays into x4 and so on.

In contrast to the signal in neutrinoless double beta decay experiments (two electrons
with constant sum in energy) the identification of this process will be very difficult and
deciding which af final state was originally produced remains a hard task. In addition,
the number of expected events turns out to be far less than one. Nevertheless, the
analysis represents a nice explanation of a yet not understood anomaly and is worthwhile
considering.

3.5.1 Two become one

The same cuts as H1 in their search for isolated leptons were applied:

Imbalance in transverse momentum p, > 25 GeV

Transverse momentum of lepton py > 10 GeV

Pseudorapidity of lepton |n| < 2.436

Distance between charged lepton and closest jet in n—¢ space, AR > 1.5 where ¢ is
the azimuthal angle*

Angle of the hadronic jet(s) 4° < % < 178°

This has to be compared with the cuts in Section 3.4, p, > 10 GeV, |n| < 2.0 for
all measured particles and AR > 0.5 between the charged leptons and the hadronic
remnants. It turns out that both sets of cuts deliver cross sections in the same ballpark.

There are now two possibilities for the original LLSD signal to appear as one single
lepton:

1. One lepton can have high pseudorapidity and/or low py. This lepton then also
contributes to the missing transverse momentum.

2. If one tau is produced it might decay hadronically, adding one neutrino to the
imbalance in pr and also additional hadronic jets.

4Actually H1’s value is 1.0 or 0.5, depending on the way they define jets for their respective analysis.
We use a general value of 1.5 to account for hadronization effects.
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Figure 3.14: Cross section of the expected isolated lepton signal from
all possible final states as a function of the Majorana mass m;. Part

(a) shows the composition before, part (b) after applying the limit from
Ovf3f on heavy neutrinos.

A detailed analysis of the LLSD signal might be done if one finds such events.

Collecting all possibilities for the «/f final states and the 7 decays results in Fig.
3.14a. We denote with “hadronic” the signal coming from final states which also have
additional hadronic activity from a 7 decay. Signals are “leptonic” when they stem
from events in which two final state leptons are produced from which one escapes the
identification criteria. Those include therefore most channels, namely all of them except
the ones with hadronic tau decay. One can see that muon events have a smaller cross
section than the e signal, coming from the fact that their mixing with the heavy neutrino
has the biggest constraint. Mass effects play no significant role.
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Figure 3.15: Contribution of the different final states to the cross section
of the muon signal as a function of the Majorana mass m;.

If the H1 anomaly is indeed explained by heavy Majorana neutrinos, one might ask
why only muon events are detected. A possible reason for that might lie in the fact that
the constraint from Ov/3f on mixing with a heavy Majorana neutrino which reads®

m;
GeV'’

Incorporating this in Fig. 3.14a gives Fig. 3.14b. Now the electron signal is far below
the muon signal. In Fig. 3.15 we plot how the cross section for the production of a y is
composed. The biggest contribution comes from the p7 channel, which has its reason
in the mentioned factor ~ 3 relative to the aa channels and the high hadronic tau
branching ratio, BR(r — v, hadrons) ~ %. An additional reason why the T channels
deliver a large contribution is that when the tau decays it distributes its momentum to
three particles, i.e. the pr is in general lower and it can therefore escape the pr > 10 GeV
cut more easily and thus has a higher cross section. Admittedly, the process gives only
a tiny signal: Multiplying the cross section with the 36.5 pb~! luminosity H1 analyzed,

gives 1078...1077,

U.<5-107°

(3.32)

One sees that many LSD signals produce the same single lepton signature. In the next
section possibilities to distinguish different original final states from the measured ones
are discussed.

>The analysis done in [4] and repeated here was performed with this weaker limit for (%) This
however only strengthens our conclusions.
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Figure 3.16: Scatter plot of pp of the measured lepton against Mp for the
channels etp — 7, p"ptX (a) and e'p — 7, 7777X (b) with one tau
decaying hadronically.

3.5.2 Signals and observables

Some kinematic quantities of H1’s positive muon events are given in Table 3.3. In the H1
analysis [113] using 36.5 &+ 1.1 pb™! luminosity at E, = 820 GeV and E, = 27.5 GeV, 6
events were found (0 e*, 1 e, 2 u™, 2 = and 1 p of undetermined charge), where about
2 e and 1 p are expected from SM processes. From those, the most important ones are
W production, NC events (for e* events) and photon—photon interactions (u*). We also
include the event with undetermined charge. The e~ and one pu~ events (the latter also
includes a e*) are very likely to stem from W production [112].

In the following we will plot all distributions for m; = 200 GeV since the qualitative
conclusions we draw remain valid for all masses considered. In the analysis it turned out
that — with the kinematics from Table 3.3 — scatter plots of pr, p and the transverse
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Figure 3.17: Scatter plot of p. against My for the channels e¢™p — 7, prputX
(a) and e*p > v, pt7"X (b) with the tau decaying hadronically.

mass My = \/(ﬁr + pr)? — (P + pr)? are most useful. We stress again that for different
final states the composition of the missing transverse momentum can be made of two (for
pp or ee final states) to six (1 lepton and five neutrinos, 77 channel with two leptonic
decays) particles, thus changing the area in which events populate, say, the Mp—py space.

The transverse momentum is also very sensitive to the original final state since 7
decays share the initial momentum to three particles, thereby reducing the average pr.
This is displayed in Fig. 3.16 for the (pup) and (77, one hadronic decay) case. If both
taus decay leptonically the distribution looks similar to the one in Fig. 3.16a. Obviously,
the 77 case has in general low pr and My, whereas the uu case displays an uniform
distribution with a slight band in the center region indicated.
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Figure 3.18: Scatter plot of p; against J for the channels e™p — 7, pfutX
(a) and e'p — 7, p"7tX (b) with the tau decaying hadronically. Note
that the p7 range is half as wide in part (b).

Turning now to p, we see in Fig. 3.17 for the () and (p7, hadronic decay) case that
the situation is not as clear in the “mixed” channels, i.e. channels with two different final
state charged leptons. Though the population in p,.—My space is different (lower values
in the latter case), the difference is not as obvious as for the (pup)/(77) case. In all figures
event 1, seems to be disfavored due to its low M7, however, no definite statement can
be made.

Now we consider the quantities connected with the hadronic remnants. We found that
the muon signal is composed of roughly 1/3 purely leptonic final states and 2/3 events
with additional jets. An interesting quantity is 6 = 3 E;(1 — cos#;), where the sum goes
over all measured final state particles. In Fig. 3.18 one sees that the presence of three jets
keeps ¢ in more or less the same area whereas the transverse momentum of the hadronic
system p2 is shifted towards lower values. Also in these plots i lies in a less crowded area.
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Figure 3.19: Scatter plot of pr of the escaping charged lepton against its
pseudorapidity for the channels e¢'p — 7, ptptX (a) and etp — 7, 7777 X
(b) with the tau decaying hadronically. The sharp edge is due to the
applied cuts.

What are now the signals of the escaping charged lepton (if there is one)? In Fig. 3.19
we plot the pseudorapidity n of the undetected lepton against its transverse momentum.
Again, the pp and the 77 case can be distinguished since the latter has lower py. The
T boosts its decay products more or less in its forward direction so that n does not alter
much. Therefore, one would expect rather a low py than a high n lepton. The problem
one might encounter is that the escaping lepton is hiding in the hadronic jet. Demanding
a distance of AR > 1.5 reduces the cross section by 10 to 15 % but does not change the
distributions in Fig. 3.19.
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‘ ‘ H1 ‘ M2 ‘ Hs ‘
P | 234713 [ 28.07%7 > 44
pr | 189555 | 43.2%%; > 18
Myr | 3.0755 22.8707 > 54
18.9%35 | 171772 > 22
pp | 422+£3.8 | 67.44+5.4 | 30.043.0

Table 3.3: Kinematical quantities of H1’s candidates for positively charged
muon events. Note that the charge for pus; is undetermined. All values in
GeV, taken from [113]. The limits for us; correspond to 95 % C.L.

We mimicked the hadronic 7 decay via two quark jets and ignored effects of modes
like 7 — 7’s v,.. Thus, due to the boost of the 7, two of the three jets of events with a
hadronically decaying tau will be very close together. Fig. 3.20 displays the normalized
distribution of the distance in n—¢ space. We denote with R; this distance ordered with
ascending value. One distance is centered significantly below one, therefore probably
two jets instead of three will be measured. However, the 7 identification is hard to do
and Fig. 3.20 serves only as an indication of how things might work. Information on
the jet multiplicity is not given in Ref. [113], though u; and ps seem to have additional
separated tracks in their event displays as can be seen in Fig. 2 of Ref. [113].

To sum up, if there is a LSD signal, one lepton can escape the identification criteria
by either having low transverse momentum and/or high pseudorapidity or (if it is a
7) via hadronic decay. All of H1’s positive muon events lie in the regions typically
populated by the “double beta” process, though p; is always in a less crowded area.
Due to its high errors pys is mostly in the favored region (but for the same reason always
in the region populated by SM processes [113]). Therefore, if the explanation in this
section is correct, event py seems to be the candidate. Since only one hadronic event is
observed in ps [113], some leptonic channel is perhaps the source of event pp. From these
leptonic channels, the (u7) and (77) channel have the highest cross sections, producing, as
Fig. 3.19 indicates, a low pr lepton, whose pseudorapidity should not be higher than three.

To confirm our hypothesis, direct production of heavy Majorana neutrinos will be the
only possibility since cross sections or branching ratios of other Ov33-like processes are
probably too small to be detected, see Chapter 4.
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Figure 3.20: Distance of the three jets in 7-¢ space with R; ordered with
ascending value for the process e'p — U777 X with one 7 decaying
hadronically.

Other proposed explanations [112] for the events were flavor changing neutral currents
interactions (topologically identical to leptoquark production) or high pr jets from which
one fakes a muon signal. Production of supersymmetric particles was suggested in [117]
to explain the results. A definite answer regarding all detector/identification issues can
only be given by the collaboration itself. From the “new physics” side we believe that
— given the overwhelming results on oscillation — massive neutrinos provide one of the
most natural possibilities, despite the expected smallness of the signal.
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3.6 Summary and final remarks

The production of heavy Majorana neutrinos can be realized in processes analogue to
Ovf33. An extensive study for the Large Hadron Collider (LHC) was recently performed
[76], resulting in a discovery limit for the mass of about 250 GeV. Here, as an example
for the procedure and calculation of these processes, inverse neutrinoless double beta
decay (e e — W W) was studied and the results from [82] rederived. The process
renders unobservable for center—of-mass energies below 2 TeV. It was shown for this and
the other processes that final states containing electrons are strongly suppressed with
respect to the other ones, once one incorporates the bound for heavy neutrinos from Ov 4.

Two novel analogues of Ovf3f were presented, neutrino—nucleon scattering [2,5]
and positron-proton scattering at HERA [2,4]. If compared to previously discussed
processes, the obtained cross sections have ratios to the relevant SM processes better
by at least two orders of magnitude. Nevertheless, the maximal cross sections are far
below experimental access, except for extremely high energies at a neutrino factory. The
neutrino masses that may be probed there, will however be investigated experimentally
before the construction of such a neutrino factory.

A new phenomenological aspect of positron—proton scattering was discussed, namely
the explanation of H1’s events which contain one isolated lepton and large missing
transverse momentum. One of the LSD from the Ov35-like process tends to escape the
detection criteria and thus produces the observed signature. No positron events were
observed, which is explained by the Ov3/ limit on heavy neutrino mixing. In spite of
predicting a tiny event number, the kinematics of the muon events ps and ps seem to be
consistent with the proposed explanation, whereas event j; seems to be disfavored. Our
proposed signal consists mostly of original (u7) and (77) states. A low pr lepton may
thus validate our hypothesis.

We end this chapter with remarks on the production of Majorana neutrinos in different
reactions. Regarding the next linear collider, the pair production ete~ — NN produces
very few event numbers [118]. Recently it was shown in [119] that for \/s 2 500 GeV
the “indirect” process e*e™ — veTWT might probe Majorana masses up to the center of
mass energy. The same holds for the ey option of future colliders via e*pT — vITWT
[120] where also Majorana neutrino pair production will be observable [121]. Processes
such as €™y — vea” W™ [82] with a, 8 =, T or e"e™ — p~p~ [122] might also evade
the Ovf( constraint but require center—of—mass energies in the same region as the ones
discussed here. Though these high—energy processes do not suffer from the uncertainty
due the calculation of nuclear matrix elements, the signal is in general very small and
limited to a small mass range.






Chapter 4

Analogues of 0r33 11: Effects of
maﬁ and ——

ma[g

In the present Chapter the ranges of the remaining five elements of m,s are considered.
First, in Section 4.1, we estimate the range of the mixing matrix U from fits of atmo-
spheric, solar and reactor data. In Section 4.2 we then study the range of the complete
mass matrix mqg. We apply in Section 4.3 the highest allowed values of m,g to some
processes, which depend on elements of mqs just as Ov33 depends on (m). Branching
ratios or cross sections for these processes are predicted. The fact that only Ov33 supplies
information and/or restrictions for the two Majorana phases results in an uncertainty for
the other elements of m,s of one order of magnitude.

We define direct limits, which are obtained just by using experimental information
of a given process and indirect limits, which are obtained through oscillation data. A
novel collider ansatz for direct limits on the tau sector of m,gs is presented, which is at
present the only way to get information about these elements. The difference of direct
and indirect limits is quantified and discussed.

1
) m—aﬁ’
introduced and direct and indirect limits on it are defined and compared. Its form is
given by the fact that processes with heavy Majorana neutrinos have a different behavior

as a function of the mass, as was shown before. Processes depending on elements of
1

Tag A€ found and the expected cross sections or branching ratios are estimated. As for
1

m

Then, in Section 4.4 an analogue of m,s for heavy Majorana neutrinos is

Mags, no effects of mLaﬁ (except for (7)), of course) can be expected.

Finally, in Section 4.4.4 we discuss direct limits to be obtained in the future. Some
model dependent and unitarity limits on heavy Majorana neutrinos are discussed in Sec-
tion 4.5. As always, the chapter is summarized and adorned with some final remarks in
Section 4.6.
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4.1 The entries of the mixing matrix

As can be seen from Eq. (1.24), the phases o and 8 do not influence the absolute values
of the entries of U. The only phase governing the magnitude is therefore § so that we
consider both cases, d =0 and 0 # 0.

As mentioned already, the fitted data on the mixing angles and the mass squared
stems purely from oscillation and are thus independent on the value of the lowest mass
eigenvalue, which is bounded to be smaller than 2.2 eV. The additional information one
has to include is the limit from Ov33, which further restricts the angles. For masses
bigger than 0.35 eV all mixing angles are not allowed, thus the magnitude of U,; is a
function of the lowest mass eigenvalue. To be consistent, we have to treat each of the
four C'P conserving signatures when we consider C'P conservation. However, no big
difference is found, with the exception that the (+ + +) and the (— — +) cases are not
allowed for high masses, see Chapter 2. The other two signatures give similar values for U.

We use again the data from a pre-SNO analysis and read the 99 % C.L. range of
the solar and atmospheric parameters from plots displayed in [42] and given in Tables
1.1 and 1.2. A random scan over the allowed ranges of the angles, the mass squared
differences and § is performed, including o and 3 to obtain (m) whenever necessary, i.e.
when the smallest mass eigenstate is larger than 0.35 eV. The inclusion of the SNO data
is not expected to change our general conclusions. We give the numerical values with
three decimals in order to show more clearly the difference of the various cases under
consideration.

4.1.1 CP violating case, § # 0

The following ranges of the mixing matrix elements are found for m; = 107° eV, i.e. when
no constraint from Or(3f is included:

(( 0.969...1.000 0.014...0.055 0...0.245
0.007...0.226 0.492...0.848 0.529...0.866 SMA
0.004...0.211 0.528...0.870 0.485...0.845

0.495...0.954 0.299...0.866  0...0.265
0.016...0.765 0.146...0.823 0.529...0.866 | LMA (41
0.057...0.783 0.169...0.843 0.482...0.845

Ul

12

0.400...0.953 0.297...0.912  0...0.224
0.016...0.800 0.049...0.821 0.529...0.866 QVO
0.063...0.830 0.093...0.846 0.487...0.845
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Note that the departure from exactly maximal mixing for U,3 and U3 can be more than
40 %. The reason is that ¢, can be as low as 0.5 for the allowed t2 = 3. For sizable s,
which itself causes corrections of order 10 %, this value is even further reduced. For SMA
the values that should be zero if single maximal mixing was true can in fact be very
small, of order 0.01. However, since |Ues| can be as large as 0.25, the maximal values of
these entries can be quite sizable.

Now we take the highest possible mass eigenvalue, which is 0.39 eV for the SMA
solution and 2.2 eV for the other two. The ranges are
(/ 0.9691...0.9693 0.022...0.027 0.245
0.129...0.226  0.495...0.794 0.594...0.840 SMA
0.099...0.210 0.608...0.869 0.485...0.767

0.634...0.761 0.617...0.761  0...0.200
0.188...0.690 0.238...0.681 0.529...0.866 LMA (4.2)
0.268...0.698 0.298...0.723 0.493...0.845

Ul

12

0.609...0.761 0.611...0.761 0...0.224
0.189...0.710 0.180...0.704 0.530...0.866 QVO
0.261...0.733 0.231...0.727 0.487...0.845

\

The first thing one notices is that for SMA only s2 = 0.06 is allowed. Due to this fact, the
ranges of the other entries are significantly reduced with respect to the case of m; = 107°
eV, up to 25 %. The reason for the high s3 is that for (m) ~ my(1 + s2¢%#) < 0.35 eV
the second term has to compensate the first term. Also for the other solar solutions the
ranges are smaller, however the difference is not as severe as for the SMA case. The
normal and inverse scheme have not to be treated separately, since for smallest mass
larger than 0.35 eV the scheme is degenerate.

It is also instructive to calculate the rephasing invariant Jarlskog invariant Jeop [123],
which reads

1
Jop = 3 sin 26, sin 26, sin 203 cos 65 sin § (4.3)

in the parametrisation (1.24). For SMA the maximal value is 0.0046 for m; = 107> eV
and lies between 0.0022 and 0.0033 for m; = 0.39 eV. For the LMA solution, Jop < 0.058
(0.047) for m; = 107° (2.2) eV. In case of the QVO solution no dependence on the scheme
is found, Jeop < 0.053 for all my. Such large values of Jop may be probed in neutrino
factory experiments, provided the solar solution is LMA and Am2 is not too low. We
note that our values for U display a broader range than the ones in [124]. The reason is
that we use the 99 % C.L. values of the fit from [42]. Because of this, our maximal value
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of Jop exceeds the one from [124] by 50 %. The dependence of U and Jep on my has to
our best knowledge not been stressed before.

4.1.2 C(CP conserving case, § =0

For m; = 107° eV the range is

( 0.969. ..
—0.226. ..
—0.180...

0.495 ..

U ~ ~0.769.. ..
0.050 ..

0.400..
—0.802...
0.044 ..

\

1.000
—0.007
— 0.047

.0.954

—0.152

.0.750
.0.953

—0.152

.0.790

0.014..
0.491 ..
—0.870. ..

0.299..
0.144 ..
—0.846 . ..

0.297 ..
0.046 . .
—0.851...

.0.055
.0.845

—0.534

.0.866
.0.804

—0.268

.0.913
.0.801

—0.219

0...0.245
0.529...0.866
0.485...0.845

0...0.265
0.529...0.866
0.482...0.845

0...0.224
0.529...0.866
0.487...0.845

SMA

QVO

For SMA, three entries are smaller than zero and two entries for the other solutions. The
absolute values are similar to the ones for § # 0.

For the highest allowed m; and a = = 7/2 the entries read:

( 0.9691 ...
—0.226. ..
—0.180...

0.648 ..
U ~ ~0.686.. .
0.238...

0.648 ..
—0.695. ..
0.220..

0.9693
—0.168
—0.098

.0.761

—0.325

.0.639
.0.761

—0.324

.0.659

0.022...
0.494 ..
—0.869. ..

0.617 ..
0.236 ..
—0.736 . ..

0.607 ..
0.189..
—0.746 . ..

0.027

.0.787

—0.618

.0.761
.0.642

—0.348

.0.761
.0.641

— 0.347

0.245
0.594...0.840
0.485...0.767

0...0.200
0.529...0.866
0.490...0.845

0...0.224
0.529...0.866
0.487...0.845

SMA

LMA

QVO

(4.5)
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Comparing this equation with the previous three shows that the ranges are the
more restricted the more constraints are active. The smallest range appears for this
last case, when C'P is conserved and the limit for (m) has to be respected due to a high m;.

The idealized case of single maximal mixing is not possible for sizable m; since U,
has to be sizable too in this case. For the same reason, U,; and U;; can be very low for
the case 9 # 0 and hierarchical scheme, whereas they are at least of the order 0.1 for
large m,. U,y is always of the order 1072, Exact bimaximal mixing is possible for all m.
The values of U are closer to the exact bimaximal mixing case when more constraints are
applied.
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4.2 The other entries of the mass matrix

It is interesting to compare the behavior of (m) with the one of the other five independent
entries in my5. The formulas of these parameters can be found in Appendix A. Since, as
we will see, the hopes to measure these quantities are rather low, it is not necessary to
analyze them in such details as (m) has been. Therefore we do not include all (+ £ +)
signatures of the mass states and also do not use the full correlated data set from [42].
It takes far less time to do a random scan of the allowed parameters, similar to the one
performed for U in the last section. For later use we denote the limits obtained in this
section indirect limits.

In addition to that analysis, both mass hierarchies have now to be considered. In the
program, m; (m3) and s2 are run. The remaining seven parameters (2 masses, 2 angles
and 3 phases) are generated within their allowed range by a random number generator.
We take 10° parameter sets for each mass m; (m3) and s3 and calculate the minimal and
maximal value for each of the five m,s. As a constraint we demand that (m) is not larger
than 0.35 eV. The result can be seen for some cases in Fig. 4.1. All properties of the
remaining entries of m,p can be seen in these examples.

4.2.1 Properties of the plots

The extreme cases of the plots in Fig. 4.1 can be easily explained. For example, for large
my (m3) a sharp decrease of the minimal m,g is observed, regardless of the solar solution.
It occurs when the smallest mass is greater than 0.35 eV, i.e. in the degenerate scheme.

First, consider the SMA case and m,, as an example. In order to have a my heavier
than 0.35 eV, large s and a tuned f3 is required. This restricts the values for the other
Mag significantly: it can be seen from Eq. (1.24) that for tan®?6; ~ 0, ¢3 ~ 1 and the
degenerate scheme

Mey 2 My S3 \/535 ) (4.6)

With the same simplifications we get for (m) from Eq. (2.47)

(m)>~mg\/1+253co5 . (4.7)

For my = 0.37 eV, nonzero s2 is required to obtain (m) < 0.35 eV. In fact, only the
maximal s3 = 0.06 is allowed. With this value one finds that the phase j3 is restricted to
c25 S —0.88. Thus, sz is close to one and therefore me, ~ 0.1 eV, as confirmed by Fig.
4.1a.

Similar considerations can be done for the maximal mixing case. For m,, and exactly
bimaximal mixing one finds

myo
Mer >~ —= Sq - 4.8
7 (438)
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However, for the same mixing matrix we find from Eq. (2.28) that (m) = mgc,. If we
take my = 1 eV then it follows ¢, < 0.35 which translates into 0.66 eV < m,, < 0.71
eV, as confirmed by Fig. 4.1b.

If we consider now my, and the SMA case in the extreme hierarchical case m; = 0

then
1
My 5\/Ami +2\/Ami AmZ ¢, (4.9)

with ¢ = 2(a — 3 — 0). Inserting the maximal and minimal values of the mass scales for
s2 = 0 from Tables 1.1 and 1.2 gives values between 0.01 and 0.04 eV, as confirmed in
Fig. 4.1c. Calculating the same element for the bimaximal case yields

1
My 5\/Ami +/Am3 Am2 ¢, (4.10)

which is about $,/Amj for low Am2 and can vanish for the case of more sizable
Am? as for the LMA case. In Fig. 4.1d it is seen that the element can indeed become

very small for this solution. For the QVO solution, a lower limit of about 0.01 eV is found.

Going now to the inverse hierarchy, it is of course noticed that the considerations for
my (m3) larger than 0.35 eV apply for this scheme as well. For the SMA solution m,,, is
estimated to be

5 V1 =283 esasy (4.11)

which lies between 0.01 and 0.04 eV. This is again confirmed by Fig. 4.1e. For exact
bimaximal mixing one finds

v Am3
27\/5\/1 ¥ Con (4.12)

~Y
My

which is smaller than 0.04 eV and allows for complete cancellation, as can be seen in
Fig. 4.1f. Similar to (m), the maximal values for the inverse hierarchical scheme are not
depending on the solar solution.

The constraint that (m) should be smaller than 0.35 eV has consequences on the range
of the other elements. In Fig. 4.2 the difference of m,, is shown for the LMA case in
the normal hierarchy. Constraining (m) decreases the maximal value and increases the
minimal value. The difference can be up to 20 %.
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Figure 4.2: m,, as a function of the smallest mass eigenvalue m; in the
normal hierarchy for the LMA case. Shown are the minimal and maximal
ranges for scanning the allowed parameters demanding the (m) to be within
its experimental value and without constraining it.

4.2.2 Summary of the allowed range of mg

We summarize the derived indirect limits. For the hierarchical scheme we find in the
normal hierarchy (setting values smaller than 107 eV to zero and taking m; = 1075 eV)
( 0...26-10°3 0...1.2-10°2 0...1.1-10°2
74-10%...59-1072 1.2-10%2...41-10°2 |eV SMA
5.5-107%...5.6-10 2
0...1.8:1072 1.6-1075...1.8-1072 0...1.8-1072
1.1-107%...6.4-1072 8.4-107%...5.0-10"2 |eV LMA
0...6.1-1072

Mapg =

0...2.7-10°3 0...1.2-10°2 0...1.1-10°2
9.0-10°%...58-102 1.3-102...3.9-10°2 |eV QVO
75-1073...5.5-102

(4.13)
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For the inverse scheme we find

([ 3.6-1072%...76-102 0...1.4-10°2 0...1.3-102

6.5-107%...56-1072 1.3-1072...3.9-1072 |[eV SMA
8.7-107%...5.8-1072

...6.6-1072

...3.9-1072 [eV LMA

0...81-1072 0...6.3-1072 0
0
0...58-1072
0
0
0

Moy = 0...5.4-1072

0...76-1072 0...6.4-102 ..6.6-1072
0...55-1072 .3.9-107% |eV QVO
..5.8-107?
‘ (4.14)
For degenerate schemes the ranges are
((0.31...0.35 6.4-1072...0.17 4.7-1072...0.16
1.3-1073...0.39 7.4-107%...0.38 | eV SMA
7.7-107%...0.39
0...0.35 0.69...2.00 0.87...2.06
Map =~ 0.25...1.99 0.61...1.27 |eV LMA (4.15)

0.08...1.86

1.7-107*...0.35 0.56...2.04 0.78...2.11
0.17...2.08 0.47...1.27 |eV QVO
0.03...1.96
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4.3 Direct and indirect limits on and from m,g

4.3.1 Analogues of neutrinoless double beta decay

The dependence of neutrinoless double beta decay on (m) has been studied extensively
in Chapter 2. However, there are other processes, which depend on the other elements of
Magp just as O35 depends on (m).

One of the first analogues of neutrinoless double beta decay studied was the decay
K™ — 7 ptpt, sometimes denoted “neutrinoless double muon decay”. In Fig. 4.3
we show the Feynman diagram for the process. Lately, two groups recalculated the
branching ratio as a function of the intermediate Majorana mass [125,126]. Some
consequences of a new experimental limit [127] were studied in [128,129]. Reference
[125] focused on an enhancement effect: When the Majorana mass is of the order of
the kaon mass, its propagator displays a resonance. Applying the usual replacement
m; — m; — %Fi where T'; is the decay width of the Majorana with mass m;, allowed to set
stringent limits on the mixing parameter U,; in the mass region between 245 and 389 MeV.

In [126] only the extreme cases of very light and very massive neutrinos were studied,
but many other channels of BT and K+ decays were discussed, including all possible
lepton pairs in the final state. Another process under study was (u,et) conversion.
A recent calculation for the case of light neutrinos for the process *Ti(u~,e™)*®Ca
was performed in [130]. A rough estimate of (1, ™) conversion on *Ti was made in [94].

Assuming now that the branching ratio is proportional to miﬁ one can use the ex-
perimental limit on the branching ratio to obtain a limit on m,g. The bound derived by
this approach is denoted direct limit, which has to be compared with the indirect limits
as obtained from oscillation data. A drawback of these considerations is the fact that no
experimental limit on the 7 sector of m,s can be calculated due to the lack of experimen-
tal limits on processes like BT — 7 7771, Here, the “collider approach” introduced in
[2] and generalized in [3] is of help. Especially the process

e'p =7, atfTX

at HERA allowed to set for the first time limits on these quantities. The highest cross
section and some phenomenological aspects were studied in Chapter 3.

In Table 4.1 we show the results of this program. Some remarks are required.
Two processes for each element of m,s are given. The column “experiment” gives the
experimental information on this process, which is the half life TIU/”2 for OvBpB (using
the calculation of [52]) and the BR for the K and B decays. For the conversion
BTi(pu, e")*Ca the ratio R with respect to muon capture *Ti(u~, v,)*Sc is given. For
the scattering processes at HERA the integrated luminosity, collected in searches for
isolated leptons (cf. with Section 3.5) is used, where no LSD event was found. The BR
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(@) (b)

Figure 4.3: The Feynman diagram for K™ — m pu*u®™. The tree diagram (a)
dominates over the loop diagram (b). Taken from [125].

of the produced taus into muons is included in the limit, because the dimuon channel is
expected to be much more free from background than the dielectron channels [2, 3].

Two numbers for K — 7~ ™ are available, stemming from two calculations [125]
and [126], which agree within a factor of two. We take the number from the calculation
of [126] to be consistent with the other elements. In addition, since the resulting
BRs are way beyond experimental access, a precise treatment is not that necessary.
Furthermore, for the B decays a range within a factor of six is given in [126], without
specifying why this comes about. The highest value is taken. Due to the smallness of
the resulting BRs, the uncertainty of the hadronic matrix elements can be safely neglected.

B decays may yield similar limits on m,, as the ones from the HERA processes if
BRs of order 107? are available. Currently, the BR, for BT — 7 eTe™ is 3.9 x 1073 [85].
Using this value as an example leads to limits in the order of 10* TeV, much worse than
the one stemming from HERA data. Using the BR of 9.1 x 1073 for Bt — 7= u't [85]
leads again to limits of the same order. For identical experimental limits on the BRs,
limits on m,ps are more stringent when taken from K decays than from B decays.

As one sees, there is a spread of fourteen orders of magnitude from the ee to the 77
element. The kaon decay gives the second best limit, namely about 89 GeV on m,,.
Comparing the collider limit with the kaon decay limit shows that both bounds are

comparable for m,,. As already mentioned, the tau sector is currently only accessible
through the HERA data.

Of course, the limits are unphysical. Since we assumed the neutrinos to be light, we
can assume U,; = O(1) and thus apply the limit on m,s directly on the plots of the cross
section against m;. For the decay of a K a Majorana neutrino of almost 90 GeV is
certainly not a “light” neutrino. For these masses, the BR is proportional to m; ? and
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| element | process | experiment | direct limit [TeV] |

() 035 Tj > 19 107y 0.35-10" 2
Kt w71 efte" BR < 6.4-1071° 0.11
BTi(pu~, eT)*®Ca R <4.3-107" 2.9
Mep K+ = metpt BR < 5.0 - 10~1° 0.09
m Bt — metrt — —
er etp >, ettt X L£L=8pb! 3.0
N KT St BR <3.0-10° 0.46
e etp =7, ptutX L£L=282pb! 0.85
BY St — —
M etp =7, ptrtX L£L=82pb! 3.1
m Bt — m rtrt — —
7 etp > 7, 7Tt X L£=82pb™! 14.6

Table 4.1: Element of the Majorana mass matrix m,p, two processes which are
sensitive on the respective element, the experimental information on the
process and the direct limit obtained from it.

not to m? as assumed to get the limit. In order to get a limit of order MeV on m,, one
would need a limit on the BR of 107?°, a limit comparable to the one from Ov3/3 on (m)
requires even 1032, certainly a sophisticated if not impossible task.

4.3.2 Limits on lepton number violating processes from indirect
limits on mqg

Now we estimate the BRs and ratios on lepton number and flavor violating processes
when the indirect limits from Section 4.2 are inserted. Some previous work on this topic
can be found in [6], here the analysis is more detailed.

As we have seen, the bounds are a function of the smallest mass eigenstate, the scheme
and the solar solution. The results are given in Tables 4.2 to 4.6. The column “max [eV]”
shows the maximal value of m,gs for the given solar solution and scheme, “ratio (max)”
displays the BR, ratio or half-life of the process when this maximal value of mygz is
inserted. In “indirect/direct” the quotient of the indirect limit with the direct limit from
Table 4.1 is given. As in Table 4.1, two processes per element of m,s are presented,
taken from the same references. For the HERA scattering, R denotes the ratio of the
cross section with the usual CC cross section of o(etp — 7, X, Q? > 200 GeV?) ~ 30.3
pb [109]. Table 4.2 gives the values for the SMA solution in the normal hierarchy for
m; = 107° eV. The maximal values of mqp for the inverse scheme are similar.

Table 4.3 shows the values for the LMA solution, which has very similar values as the
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| element | max [eV] | process | ratio (max) | indirect/direct |
) 0w 3B % =35-100y | 7.3.10°3
. 3 1/2
(m) 2:6-10 Kt w71 efe" BR =3.3-107% 2.3.-10° 1
19.10-2 BTi(u™,eT)*®Ca R=73-10"" 4.1-107"
Mep ' K+ — netut BR = 8.9- 10736 1.3-10713
11-10-2 BT — nmmetrt BR =2.9-10=% —
Mer ' etp =T, etrt X R=5.4-10"33 3.6.1071
o.102| KT muw BR=13-10% 21-10° 7
Mhup ' etp = T ptutX R=20-10"% 7.0- 1074
BT — Tt BR = 3.8-107% —
C10-2
M 4.0-10 etp > v, ptrtX R=6.7-10"% 1.3-10° 1
- 5 6. 102 Bt —» qgortrt BR =3.0-107% —
o ' etp - v, 777X R=59-10% 3.8-10°1°

Table 4.2: Maximal indirect limit of m,g for the SMA solution in the normal
hierarchy for m; = 107" eV.

QVO case. Table 4.4 gives the numbers for the inverse hierarchy and the QVO solution,
for ms = 107° eV. These values are similar to the ones obtained for the LMA inverse
case. Finally, Tables 4.5 and 4.6 give the numbers for the highest allowed mass of the
lightest eigenstate, for the LMA (the same as for the QVO case) and the SMA case,
respectively.

The square of the value in the “indirect/direct” column is the factor, which an
experimental limit on a BR or ratio would have to be improved in order to be comparable
to the indirect limits on mg,p. Ignoring Ovf3S for the moment (it has extensively been
discussed before), this number is between 10?* and 10?° for hierarchical schemes and
between 10%* and 10%" for degenerate schemes. The same statement is that the indirect
limits are more stringent than the direct ones by 12 to 14 (hierarchical scheme) or 12 to
13 (degenerate) orders of magnitude.

The element m,, is “closest” to experiment, typically two orders of magnitude better
than the 77 element, which is always the most poorly known one. The reason is the low
limit on the BR for Kt — 7~ pu*e™ and the tiny cross section for e*p — 7, 7777 X.

Tables similar to the ones given here have also been presented in [126], using however
inconsistent values for the elements of m,s. In that reference a limit on (m) of 0.35 eV
was assumed together with a bound of about 3 eV on the total mass from the tritium
spectrum. With these values they use a limit of 9 eV on the other five m,g, which is

obviously not possible if one believes in unitarity. The same mistake has been made in
[125].
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| element | max [eV] | process | ratio (max) | indirect/direct |
_ 0vBp % =71-10%y | 5210 °
. 10-2 1/2
(m) 1.8-10 Kt — 1 efe" BR=2.0-10% 1.8-10713
a.10-2 | TG, eT)FCa R=17-10 0 62-10 1
Mep ' K+ — netpt BR = 2.0-10~% 2.0-10713
18-10-2 Bt — rmetrt BR=78-10"% —
Mer ' etp =7, etrt X R=1.4-10"% 6.0- 1015
1102| K omatat BR=15-10 92-10 1
Mhup ' etp =T, ptutX R=23-10"% 7.6- 101
BT —waputrt BR =6.0-10"% —
. 10-2
Mz o010 etp = v, ptrtX R=1.0-10"3 1.6-1071
6.1.10-2 Bt — rortrt BR = 3.6-107% —
M ' etp T, HrtX R=7.0-10"3 4.2.10"15
Table 4.3: Same as previous table for the LMA solution.
| element | max [eV] | process | ratio (max) | indirect/direct |
- 0vpp 0% = 4.0-100 y 0.22
. 2 1/2
(m) 7.6-10 Kt —netet BR =2.9-107% 6.8 1013
1 102| CTi(p,eT)BCa R=21-10"% 22101
Mep ' K+ — aetut BR = 2.5-10"3 7.1-10713
- 6.6 10-2 Bt —» n-efrt BR =1.0-107%" —
er ' etp - v, ettt X R=19-103% 2.2-1071
s 10z| Kioman BR=1.1-10"" 1.9-10-7
Mhap ' etp = T ptutX R=1.7-10"% 1.8-10714
BT — ottt BR =3.7-107% —
10-2
M 3:9-10 etp > v, ptrtX R=6.3-10"% 1.3-10°1
m 5 8. 10-2 Bt - rtrt BR =32-10"% —
TT ' etp - v, 777X R=64-10% 4.0-10°%
Table 4.4: Same as previous table for the inverse hierarchy with mz = 107°

eV and the QVO solution.
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| element | max [eV] | process | ratio (max) | indirect/direct |
T% =1.9-10%

(m) 055 Kt z/iﬁ—ﬁﬁ BR —6.2. 10—33y 3.1 -10—12

- oo | Ti( e)™Ca | R=20-10% 6.9-10 7

e ' Kt —netput BR =2.5-1073! 2.2-1071
Bt — metrt BR=1.0-107% —

Mer 2061 ) S et X | R=1.9.10-%8 6.8-10-'3

- 200 KT 5ot | BR=15-107 70-10°1

s ' etp v, ity X | R=22-107% 2.4-10712
- L7 BT — ot BR =3.9-10=% —

KT ' etp - v, ptrtX R=6.7-10"% 4.1-10713
- 1.86 Bt — g rtrt BR =3.3-107% —

TT ' etp -7, 7Tt X R=6.6-10"% 1.3-10718

Table 4.5: Same as

previous Table for the LMA solution and my = 2.2 eV.

| element | max [eV] | process ratio (max) | indirect/direct |
T% =1.9-10%

(m) 055 Kt z/iﬁ—ﬁﬁ BR — 6.2 10—33y 3.1 -10—12

BTi(,e")®Ca | R=15-10% 5.0-10

My 0.17 K+—r eyt | BR=18-10"% | 1.9.10-12
Bt — metrt BR =5.4-10"% —

Mer 015 1 i) 5o et X | R=1.0.10-% 5.0- 1014

KT Sao it BR=151-105 1.3-10° 7

M 0.37 etp = T, ptutX R=77-10"% 4.4-10713
BT — ot BR = 3.3-1073% —

Mz 0.37 etp - v, ptrtX R=5.7-107% 1.2-10713
Bt — g rtrt BR =1.4-10"% —

M 0.38 etp = 7, THrt X R=27-10"3 2.6-10-14

Table 4.6: Same as

previous figure for the SMA solution and mg = 0.39 eV.
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Finally we note that decays like  — ey are also sensitive on neutrino masses. However,
the branching ratio is depending on the quantity [15]

2 — * . 2
mg, = Z Um Uei m;

and reads o,
3o —— m?
BR(pp — ey) ~ ———— m2, ~5-10°% [ =&
(= e7) = g3 0 e <ev2>
This is much smaller than the processes considered here, since m—gﬂ is maximally of the
order of Am%. In fact, for bimaximal mixing it holds

. - 1 -
2 2 2

m2 = -—m2 ~Am

H er 21 2\/5 T

and for ¢; ~ 1:

— — S3 — 1

m2, =m2, ~ Amglﬁe“ﬁ and m2_~ —Ams3,

Inserting the experimental limit of BR(u — ey) < 1.2-107'° [131] yields \/m2, S 1 GeV
being more than 12 orders of magnitude higher than the value from oscillation.

However, the process is obviously also possible for the case of Dirac neutrinos, since
only lepton flavor and not lepton number is violated. Also the fact that mzﬂ depends
only on § and the Am? shows that Dirac neutrinos are sufficient to trigger these decays.
Similar arguments hold for decays like p — 3e.

To sum up this section, direct limits on m,s are physically not meaningful and except
for O3 no observable effect of m,s can be expected. However, the situation for lepton
flavor violating modes like p — ey is even worse. The fact that only Ovgj provides
knowledge about the Majorana mass matrix is somewhat not surprising because using
some 10 kg of ®Ge for a OvfSf experiment correspond to about 10% atoms. It is not
possible to generate the same number of kaons or CC interactions.
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Figure 4.4: my,, as a function of the CKM phase ¢ for two different values
of s3. The other parameters are t{ =t5 = 0.7, Ami =3-107° eV?, AmZ =
5-107° eV?, m; = 0.6 eV and (m) =0.2 eV.

4.3.3 More on the influence of (m) on m,z

As shown, no observable effect of an element of mg,s other than (m) can be expected.
Therefore, information about the phases  and 8 can only come from Org33. In Section
2.3.3.2 it was shown that even if all masses and mixing angles are exactly known, a
large range in (o, 8)-space can give the same (m). Especially the phase /3, which in our
parametrisation is always connected with the small quantity s3, may be known to a bad
precision. For the SMA solution the situation will be even worse because then o will be
also connected with a small quantity, s;.

However, in m,, the dependence on 3 goes with |U,3|? = s3¢3 ~ 1/2 and this fact
will result in a large uncertainty. This is quantified in Fig. 4.4, where for two parameter
sets the range of m,, is given as a function of the third phase d. For large s3 the allowed
range can be up to a factor 25. This is however a rather extreme value, normally the
relative difference does not exceed a factor of order one. Nevertheless, this factor is of the
same order of magnitude as the one stemming from the uncertainty in the calculation of
the nuclear matrix elements.
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Mmap

4.4 Effective heavy Majorana masses:

We study now the experimental information on “the inverse effective Majorana neutrino
mass”, defined as

1 1 1
Wl’ WQ’ WS’ . )UT)aﬁ|

L — (U diag(

Map

) (4.16)
= | Ul

my

1 .
< Z E|U(MU52| with aaﬁ =€ WU, T

The sum over ¢ is not the same as in mgqg: For mgg it goes over all “light” mass
eigenstates and in % over all “heavy” states. The attribute “light” or “heavy”
depends on the energy scale of the process one considers to obtain information about the
respective element. For example, a heavy neutrino is heavier than 1 GeV for Ovf35 and
heavier than 100 GeV for collider processes. Note that we indicated that the sum goes
up to a number greater than three. It is however also possible that only one additional
very heavy neutrino exists. Apart from theoretical prejudices, a priori we do not know

how many there are.

The form of the matrix (4.16) might seem somewhat artificial; its form comes from
the fact that — as we have seen — heavy Majorana neutrinos force cross sections or
branching ratios (typically processes analogous to 0v33) to have mass™ dependence, see
Eq. (3.1).

. . . 1
4.4.1 Direct limits on Mias

Reference [126] has given also the BRs of K and B decays for heavy Majorana neutrinos.
We can use their numbers to set direct limits on the elements of %w’ along the same

lines as in the previous section for m,s. For the tau sector we apply again the collider
approach from [3], including the BR of taus into muons. The result is shown in Table
4.7.

Here there is a spread of “only” eight orders of magnitude, six orders of magnitude
less then for mg,s. The reason for this is that the high-energy processes at HERA
are better suited for effects of very massive particles. This can be seen also when one

compares the limit on mL from HERA data and the kaon BR. The high—energy value

o

is three orders of magnitude better and therefore the BR would have to be improved

by a factor of 10° to get a comparable limit. The same holds for BRs of the rare

B decays, which must be of the order of 107! in order to compete with the HERA

limits. The limit on m, from kaon decay and the collider process is of similar magnitude.
1 1

Again, the limits on Tias except for (%) are unphysical, i.e. for Ties of order 1 GeV~!
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| element | process | experiment | direct limit [GeV '] |
(L 0v33 T, >1.9-10%y 1.1-1078
m Kt w71 efe" BR < 6.4-1071° 852.8
1 K™ = metu* BR < 5.0-10710 762.5
Mep etp =T, et putX L=8pb! 0.73
1 Bt — metrt — —
Mer etp - v, ettt X L=82pb! 1.3
1 KT St BR<3.0-10° 35-10°
My etp =T, ptutX L =82pb™" 0.98
1 BY S n et — —
Myr etp = v, ptrtX L£=82pb™! 1.3
1 BT —» rrtrt — —
Merr etp > v, 7Tt X L=8pb! 5.7
Table 4.7: Element of the Majorana mass matrix mLaﬁ, two processes, which

are sensitive on the respective element, the experimental information on
the process and the direct limit obtained from it.

the neutrino is light, not heavy. The same holds for mL ~ 10® GeV !, which corresponds
to a MeV neutrino, whose mass is “light” in a collider process.

1

Mo

4.4.2 Indirect limits on

We recall the limits on heavy neutrinos, assuming no universality of coupling they read
S |U? <6.6-1073, m; > 89.5 GeV,
S U2 <6.0-107%, m; > 90.7 GeV, (4.17)
S |U? < 1.8-1072, m; > 80.5 GeV.

With these numbers the maximal values of %ﬁ can be calculated, again assuming that

there are no baroque models,

7.4-107° 6.9-107° 1.2-107*
gy S 6.6-1075 1.1-10~* | GeV 1, (4.18)
2,210
Here we used the heavier limit on m; for the mixed terms, i.e. 90.7 GeV for mie“

If one assumes universality, a common bound of 90.7 GeV on all m; applies. However,

the limits do not change, except for (%> and %ﬂ, which are now 7.3-107° and 2.0-10~*
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| element | max [GeV '] | process | ratio (max) | indirect/direct |
() 1.1-10°% 0vBB3 T, =19-10%y 1
m ' Kt —nefe® BR=1.1-10"% 1.3-1071!
1 o5 107 K¥ Sretut BR=62-10" 11-107
Mep ' e'p =T, et utX R=5.5-10"16 1.2-1076
1 15.10-6 Bt — metrt BR=1.4-10"% —
Mer ' etp = v, et X R=56-10"16 1.2-10°°¢
1 66 107 KY =t BR=14-10"2 21-10°°
Myup ' etp =T, ptutX R=18-10"1 6.8-107°
1 11-10-4 Bt — aptrt BR=75-10"* —
Myt ' etp =T, ptrtX R=3.0-10"1 8.7-107°
1 9010~ Bt — o rtrt BR =4.8-107% —
Mrr : etp -7, 77X R=50-10"% 3.5-107°
Table 4.8: Element of the Majorana mass matrix %w’ maximal indirect limit

on it, two processes, which are sensitive on the respective element and

the quotient of this indirect limit with the direct limit from Table 4.7.

GeV~!, respectively.

If we include the limit from neutrinoless double beta decay the values of U,; are

significantly constrained. One finds

Two orders of magnitude are gained for the electron sector of the matrix. Assuming now
again universality we find

These are the values used in the following. They are denoted indirect limits.
remark that in [126] a lower limit on heavy neutrinos of 84.1 GeV was used and

< (84.1 GeV)™! for all elements except (

1
mag

ma5

mag

A

A

1.1-10°8

1.1-1078

851077
6.6-107°

8.5-1077
6.6-107°

1

m

1.5-10°6
1.1-10°*
2.2-10*

1.5-1076
1.1-10°*
2.0-10*

since the mixing with these neutrinos has to be included.

GeV L.

GeV L.

) was taken. This is a too high value

(4.19)

(4.20)

We
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4.4.3 Limits on lepton number violating processes from indirect

limits of mlag

We can use the indirect limits on mLaﬂ, as displayed in Eq. (4.20), to predict the BRs

and ratios of lepton number and flavor violating processes. The result is seen in Table
4.8. Comparing the “indirect/direct” column with its analogues for m,s shows that for
heavy neutrinos the situation is much better than for light ones. The reason lies in the
already mentioned fact that high—energy processes are much better suited for effects of
heavy particles. Furthermore, the bounds on heavy neutrinos are not comparable to
the ones for light neutrinos. For them, much information from oscillation, neutrinoless
double beta decay and the tritium spectrum exists.
1

To sum up this section, direct limits on elements of mLaﬁ other than () are physically

not meaningful. Indirect limits can not produce observable effects. The situation is
however much better than for effects of light neutrinos.

4.4.4 An example for future limits: high energy Neutrino fac-
tory

In this subsection the achievable limits on m,s and mLaﬁ are given, when one considers

the process
(=)

vs N — 6Ta*f*X, where § =e,pand a, B =€, 1, T (4.21)
at a neutrino factory [5]. For the luminosity we use the same parameters as in Section
3.3. As has been shown there, the cross section is highest when the incoming neutrino
is a v,. Table 4.9 shows what direct limits could be achieved for luminosity per year
given by the parameter set after Eq. (3.28) in Section 3.3.1. The improvement would be
tremendous.

Since the direct limits are proportional to the inverse of the square root of the inte-
grated luminosity, we expect for a given /s a limit better by a factor of

Lv factory 1046 cm?2 A
\/ FHERA \/ 83 pbT ~ 10%. (4.22)
In fact, HERA’s center-of-mass energy corresponds to E, ~ 10* GeV and for this energy
the limit on my,, is 0.3 GeV. This value is — as expected from Eq. (4.22) — four orders
of magnitude better than the one from HERA, which is about 800 GeV. The same holds

.. 1
for the limits on Tias"

Even for E, = 20 GeV the direct limit on m,, is comparable to the one from kaon
decay. Comparing the limits on m,s for £, = 50 GeV with the plot of the cross section
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B, My Myr Marr mLW mlm mlTT
20 86.7 1.4-10% | 1.9-107 54.7 7.0-10° —

50 38.3 7.8-10% | 3.1-10* 9.3 32.6 6.4 - 10?
100 19.9 2.5-10% | 3.4-10% 2.5 55.5 3.5+ 102
200 10.3 91.1 7.2-10? 0.6 11.0 46.7
300 7.0 52.8 3.5+ 102 0.3 4.5 16.9
400 5.3 37.2 2.2-10? 0.2 2.4 8.6
500 4.3 28.5 1.6 - 10° 0.1 1.5 5.2
10° 2.2 12.7 60.6 2.9-1072 0.4 1.2
2103 1.1 6.0 26.2 79-10°19.5-10 2 0.3
4.103 0.6 3.0 12.2 22-10%125-1072 | 74-107?
10* 0.3 1.2 4.8 46-107%]46-103 ] 1.4-1072
10° 9.6-1073 0.1 0.4 1.6-107° | 1.1-107* | 3.6-10~*
10° 3.2-107*{1.3-1073 [ 9.9-107* | 7.9-1077 | 4.3-107% | 2.0-107°

(in GeV and GeV™') for

My, =~ 1/3  me, and

Table 4.9: Obtainable direct limits for m,s and mLaﬁ
different muon energies in GeV. It holds (m) =~

| | . . . )
e 1/3 & Mo For the luminosity the parameter set given in
Section 3.3.1 is used. The branching ratio of 7 — p has been applied.

For mL and F, =20 GeV the program could not handle the small numbers.
TT

in Fig. 3.8 one sees that the limit is however unphysical, since the cross section is
proportional to m; 2 for these masses. At HERA however, such masses would be “light”
ones, as can be seen in Fig. 3.11. Physically meaningful limits can be achieved for muon
energies higher than 500 GeV: Looking at Fig. 3.8 one sees that for the limit on m,, of
4 GeV the cross section is still rising with m?.

Going now to heavy Majoranas the situation turns out to be different. The HERA
limit on L of 1 GeV~! is obtained for a muon energy of 200 GeV, showing again that

om
for effects of heavy particles high center-of-mass energies are required. However, even
the limit for F,, = 20 GeV is already better than the one from kaon decay. For F,, = 500

GeV the limit on L reads 0.1 GeV~!, which together with |U,;|* < 6-1072 corresponds

My
to m; > 0.06 GeV, certainly not a heavy neutrino. Only from energies higher than 10
TeV one finds m; corresponding to heavy neutrinos. However, all of them are lower than
the limit from the L3 experiment, 90.7 GeV. Regarding the p and 7 sector of mLa/B, it

is seen that for extreme high muon energies (10> GeV and higher) the direct limits are
better than the indirect ones.

Some words on future limits for Majorana neutrinos. Production of Majorana neu-
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trinos is also possible for hadron—hadron colliders, such as LHC [75,76]. Regarding the

direct limits on mg,g and %m it was found that the cross section for pp — 2 jets ata™

is about 1072 (1072?°) pb for Majorana masses of 1 eV (10 GeV) [132]. Assuming 100
fb~! luminosity per year results in limits of 1 TeV (1072 GeV~!) for mg, and %,
respectively. These are again unphysical values, since 1 TeV is clearly not a light neutrino
and L ~ 1072 GeV~! corresponds to m; ~ 1 GeV, which is not a heavy neutrino.
Slmllar arguments hols for production at the TeVatron.

Lately it was argued [76] that Majorana masses up to about 250 GeV may be probed

by the LHC machine. These values will improve the indirect bounds on mLaﬁ In addition,

linear colliders will probe Majorana neutrinos of maximally /s [88], i.e. in the foreseeable

future at most 1 TeV. The indirect bounds on %ﬁ will therefore not be improved by
[
more than one or two orders of magnitude. Regarding future limits, we note that it has

been shown [2] that the direct bounds from HERA can not be expected to be improved

by more than one order of magnitude. The direct limits on (m) and (%) can be improved
by the GENIUS experiment by two orders of magnitude.
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4.5 Model dependent considerations for heavy neu-
trinos

The bounds discussed so far are all for left—-handed Majorana neutrinos but were largely
model independent. Now we discuss some more model dependent cases, concentrating on
see—saw inspired heavy Majorana neutrinos.

4.5.1 Right—handed Majorana neutrinos and see—saw models

As we have seen in Chapter 3, the cross sections for left— and right—handed Majorana
neutrinos are comparable and therefore the limits on the right—handed mLaﬂ can be
assumed to be comparable.

According to the PDG, the limit on a right—-handed neutrino is [85]

Mg > 1.2 Gr , (4.23)
Gr
where G is the usual Fermi constant and G its analogue for the right-handed sector.
Assuming that the coupling constant of the left— and right—handed sectors are identical,
Gr/Gr is equal to (My,/My)* where My, is the right-handed W boson. Using
the lower bound of 720 GeV on its mass [103], we find that Mz 2 96 GeV. This is
interestingly of the same order of magnitude as the bound on left-handed Majorana
neutrinos from the LEP experiments. Recall that the limits on the mixing U,; with heavy
neutrinos also apply to right—handed ones. Thus our derived indirect limits on %m also
apply to right—handed neutrinos.

In the most simple see-saw models one expects U,; ~ mp/Mpg and Mg ~ mZD/m,,
which, for mp ~ GeV and m, ~ meV results in Lﬁ ~ 10736 GeV~!. Then the BR for

Mmq,
K+ — 7= ptpt will be about 107°2,

Less severe reduction is expected from the following argument: the see—saw model
predicts in general (see Section 1.2)

UziMRi =my — (m> 5 (424)

where my, is the Majorana mass from the left-handed Higgs triplet and Mg; the masses of
the right-handed neutrinos. If the left-handed triplet is absent one finds for one neutrino
Mg

Ual_ {m) _

R (m) Mp — M2

3.8-107" GeV 1, (4.25)

which is five orders of magnitude more stringent than the (%> limit from Ovgp. In

natural left-right symmetric models (see e.g. [73]) one expects my to be of the order
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of mqp so that the same holds true for the case of non-vanishing m;. In these models,

Mp, of order 10" GeV or more is expected so that again (<) will be very small, much

m
smaller than our indirect limits.

One can avoid the extreme heaviness of the neutrinos. A simple example has been
presented in [133]: if the neutrino mass matrix is given by

my; Mp
m = (4.26)
mp MR
and m; Mg = m% accidently or due to some symmetry, one finds the exact result
my = 0

me =my+ Mg (4.27)

_ [mg
tan @ My

The symmetry can be broken' and give a non—vanishing neutrino mass m;. Unlike the
usual see-saw models, the mixing angle is not a function of the ratio m;/ms and can be
large. Experimentally, sin?# < 6.6 - 103, which corresponds to

1

150 my, S Mg . (4.28)

With this constraint, it is possible to evade the very small U,; and the large Mp predicted
by the usual see—saw model and get values of mLaﬂ as low as our indirect limits.

4.5.2 Unitarity revisited

Unitarity allows to set an upper limit on the mass scale of the new physics responsible for
neutrino mass [134]. As shown in Section 3.1, for light neutrinos and /s > m; the high
energy limit of the cross section for ee™ — W~W ™ is

_ Gk

T4

(m)* . (4.29)

o
As already mentioned there, this violates unitarity since the amplitude grows with /s.

The following argument is analogue to the one which shows that Fermi theory breaks
down at about 300 GeV energy. The inelastic cross section can be bounded if one uses
partial wave expansion and the optical theorem:

114
O < 75— (2 +1)(1— ), (4.30)
42 s ;

In fact, when m Mg = m%(1 + €) then one finds for € < 1 that m; ~ emyMg/(m + Mg) ~
emr /Mg, ma ~myp + Mg and tan @ ~ \/mp/Mpg.
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where [ is the angular momentum and 7, is the inelasticity parameter, which is smaller
than one. The factors 1/4 and 1/2 are due to spin averaging and two identical particles
in the final state, respectively. The value of y/s that corresponds to this limit of oy, can
be identified with Anrajorana, the scale of new physics. For [ = 0 one finds

Var 1 u eV
G ~3.8-10 <<m>> GeV. (4.31)

We can identify this scale with U%M;, where M; is a heavy neutrino. Therefore,

AMajorana =~

3.8-10" [/ eV
) <

Mg\ (m)

With M; 2 100 GeV one obtains the lower bound on the BR of K — 7w~ eTe™ of about
107 (1072, 1071°) for (m) = 0.01 (0.35, 2.2) eV. Similar arguments hold of course for
the other entries of myg. If we identify Ayrajorana With (%fl then the lower bound on the
BR of K — m~ete' increases 4 orders of magnitude.

) GeV™!. (4.32)

Sl

(
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4.6 Summary and final remarks

The allowed ranges of the elements of the MNS matrix U are derived. It is found that
— if one incorporates the bound on (m) — this range is a function of the smallest
mass eigenstate, though it does not influence the oscillations. This effect is quantified
for the first time. The cases of C'P violation and conservation are considered and their
differences are discussed.

Regarding the range of m,g, some analytical examples are given, which explain the
properties of the allowed values found in a numerical analysis. Branching ratios, cross
sections and similar observables depending on elements of m,g are estimated. Because
of their smallness, no measurable effect of an element of m,s can be expected. Therefore
only (m) can give information about m,z. Even worse, provided one knows all neutrino
parameters except the three phases exactly, the other elements of mgg still have an
uncertainty within one order of magnitude. This is an uncertainty in addition to the one
from the calculation of the nuclear matrix elements for Ov /4.

1

maﬂ
sector a collider approach is introduced, which gives currently the only limits on these
entries. It is found that indirect limits on m,s are more stringent by up to 14 orders of

Direct and indirect limits on m,s and are defined and estimated. For the 7

magnitude. Setting direct limits on the elements — other than (m) and (%) — makes
no sense: no physically meaningful values can be obtained. Expecting signals from light
neutrinos participating in oscillation experiments makes also no sense: the ratios with
the relevant SM processes are extremely tiny, at most 10723,

The current information on heavy neutrinos can be used to set indirect limits on mLaﬁ
For low energy processes such as meson decays, the ratios are again tiny, for high energy
analogues they can be up to 1072, which is however still not accessible in experiments.
There is not much information on heavy Majorana neutrinos so that the difference of
direct and indirect limits is less severe, in fact six orders of magnitude less than for light
neutrinos. The direct limits on mLaﬁ from the collider approach are better than the ones
from BRs because high—energy processes are better suited for effects of heavy particles.

Model dependent bounds can be derived for heavy right-handed neutrinos, which are
expected to produce very similar BRs as heavy left-handed ones. For simple see—saw
models the resulting limits are tens of orders of magnitude more stringent than the
indirect ones. Unitarity gives an upper bound on the heavy Majorana neutrinos, which
is inverse proportional to (m), thus connecting the light and heavy sector in a model
independent way.

A simple model is presented, which can produce mixing parameters and masses close
to their current experimental limits. However, as shown in this Chapter, even when one
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inserts the current bounds for Majorana neutrinos and their mixing, mqg or mLaﬁ do not

produce sizable effects outside Ov3/3. Therefore, if (typically LSD) signals of the processes
considered here are found, it will mean that other “new physics” is responsible.






Chapter 5

Summary

It was the main goal of this thesis to look for observable effects of Majorana neutrinos.
The implied lepton number violation is the key signature of their Majorana character
and some consequences in low— and high—energy processes have been studied. In any
gauge theory, the observation of processes considered in this thesis implies a Majorana
mass term, regardless of the mechanism causing it. This loop-induced mass will however
be exceedingly small and therefore any information on mg,g or %ﬁ from oscillation or

high—energy data can help to reveal the true mechanism of lepton number violation.

In Chapter 2 the connection of neutrinoless double beta decay and neutrino oscillation
was studied. The form of (m) in all relevant schemes was given and the dependence
on the oscillation parameters presented. In a degenerate scheme several limits on the
common mass scale were given, where both the C'P conserving and violating cases were
analyzed. For large mixing in the inverse (Eq. (2.42)) and degenerate (Eq. (2.45)) scheme
it may be possible to infer the value of the phase «, whereas the second phase [ will be
hard to measure since s3 is small. In a special situation for the SMA solution however
(Eq. (2.47)), 8 may be accessible.

For the first time a correlated data set was used and an analysis of the range of (m)
as a function of the smallest mass state was presented. For the SMA solution, a limit
on 0.39 eV for the smallest neutrino mass was obtained, which is possible for s3 close to
its upper bound and the phase /5 to be around /2. For the other solar solutions, the
tritium limit of 2.2 eV applies, which however requires the phase o to be the closer to
7/2 the smaller the (m) limit is. Independent on the solar solution, the normal (inverse)
hierarchical scheme is ruled out for (m) 2 0.02 (0.1) eV. When the value of the smallest
mass state is approximately 0.2 eV, the normal and inverse scheme merge into each
other.

It was distinguished between C'P conservation and violation and the area in which
the distinction between this two cases is possible was identified. This area is in general
larger for the inverse scheme. In addition, the difference occurs at larger values of
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(m) and the neutrino mass for the inverse scheme. It was emphasized that in certain
situations Ov 3/ can provide complementary information about the solar solution and the
mass scheme. Moreover, limits on the smallest mass eigenstate better by two orders of
magnitude than from direct searches are possible. For the first time, aspects of the “dark
side” of the parameter space were discussed, which showed the different consequences of
both sectors for (m).

In Chapter 3 the production of heavy Majorana neutrinos in different reactions was
studied, focusing on diagrams analogous to Ov/3(. First, inverse neutrinoless double beta
decay (e"e” — W~ W) was analyzed, where all relevant properties of the reaction are
easily derived and the existing limits on mass and mixing show their effect most clearly.
The process renders unobservable for center—of-mass energies below 2 TeV.

Then, for the first time, the Ov33 diagram was applied to neutrino-nucleon scattering
(conventional experiments and future neutrino factories) and electron—proton scattering.
The general case with two like—sign dileptons of arbitrary flavor in the final state was
considered, applying realistic experimental cuts and including 7 leptons with their decay.

Though the expected signal is very small, a possible explanation of an anomaly in the
H1 experiment was discussed. In this experiment, several events containing one isolated
lepton and missing transverse momentum were found. The original like—sign dilepton
signal of the process analogous to Ovf33 has the property that one of the leptons can
escape the experimental cuts and thus is observed as only one isolated lepton. In all of
the processes under study it has been shown that final states with electrons are strongly
suppressed due to the limit (2.9) on heavy neutrino mixing from Ovjp.

Finally, in Chapter 4 we analyzed the complete range of the Majorana mass matrix
Mmag. After estimating the range of the MNS matrix, showing that it is a function of the
smallest mass state, the range of m,s was given for all hierarchies and solar solutions
(“indirect limits”). Then, for the first time, “direct limits” on all elements of m,s were
obtained, using existing limits on BRs and similar ratios of lepton number and flavor
violating processes. These are depending on elements of m,s just as Ovj3f3 depends
on (m). For the 7 sector of m,g a collider approach was proposed, which gives better
limits on the respective elements, unless the BR limit on e.g. BT — 7~ 777" is lower
than 1071°. The obtained limits on mgg are unphysical, which means that their values
correspond to heavy, not light neutrinos. However they were quantified for the first time.
The values of m,s obtained from the oscillation data are used to predict the rates for
lepton number and flavor violating processes. These indirect limits are (with the no-
table exception of Ov33) up to 14 orders of magnitude more stringent than the direct ones.

A similar analysis was also performed for effects of heavy Majorana neutrinos. A
matrix analogous to m,s was defined, which has a form suitable to take into account
the mass™2 dependence of processes involving heavy particles. The limits are again
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unphysical, which means that their values correspond to light, not heavy neutrinos.
The situation is better than for light neutrinos, where the direct and indirect limits
differ by “only” eight orders of magnitude. This happens because the information about
oscillations and light neutrino masses is not comparable to the one about heavy neutrinos.
It was found that for heavy Majorana neutrinos the collider approach gives better lim-
its than BRs because high—energy processes are better suited for effects of heavy particles.

Another novel aspect presented in this thesis was the influence of a measurement of
(m) on the magnitude of the other elements of m,s. Since only one observable is used,
which depends on two phases (from which one is connected to the small quantity s3),
a large area in a—f3 space is allowed. This results for the other elements of m,g in an
uncertainty of the same order as the one stemming from the calculation of nuclear matrix
elements for the limit on (m).

To conclude, the detection of lepton number violation induced by Majorana neutrinos
and the derivation of the light and heavy mass matrices is a big challenge. Probably only
neutrinoless double beta decay will be capable of providing information on this sector of
particle physics. Effects of analogues of Ov 3/ for light and heavy neutrinos are extremely
small relative to the relevant processes of the Standard Model. Production at colliders
does not involve the uncertainty due to the calculation of nuclear matrix elements in Ov 343,
but predicts extremely small cross sections or is limited to a small mass range. However, a
measurement of Ov3 can give additional and unique information on a variety of neutrino
parameters and deserves future attention.






Appendix A

Mass matrix elements

We give now — in our paramterisation (1.24) the form of all entries of m,s3 as needed for
the estimates in Chapter 4. The by far most important element (m) is depending on two
phases, the other five elements depend on all three phases.

(m)? = ¢ (c‘llm% + sim3 + t3m3 + 2(mamssit3caa—p)+ A1)

cimy (s3caama + thcagms)) )

m?, = c3 ( ((my — My Cog) €1 Co 81 + My C5 €3 59 83+

(= (M3 copis) + Mo Canis 57) So 33)2 + (Mg ¢ € S9q 51 — My CF S5 59 53+ (A.2)

(m3 2845 — M2 S2a44 8%) S2 83)2)

m?_ =c3 (= ((my —mycan) €181 82) +my s C2 ey 83+
Co (— (M3 Cag1s) + M2 Conrs 53) 53)2 + (Mg €1 Soa 81 82 + My €2 ¢y S5 53+ (A.3)
¢3 (= (3 $2345) + M3 53015 57) 53)°)
m2, = (e ( . 9 P 2 2 .2
o= (c1 (M1 55 — My Soayis) 5125200 53+ 85 (M3 €3 Sa(845) + M2 Sa(ats) 51 53) +

2 2 2 .2\\2 2 .2
¢ (Mo ¢ Son + My S25 55 53)) + (m3 Ca(B-+9) C3 55+
2 My S2q S5 51 S2 53 (€1 Co — 551 82 83) +

my (— (c? 552 52 52) + (c2 81 + C5¢1 59 33)2) +

2
M9 Con (— (552 5% 5252) + (c1 €2 — 5 51 52 33)2))
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2 2 2 9 9
mm — (_ (mQ Coq C1 Co 82) + ms CQ(5+5) Co C3 So — My C2 §7 S2 +micscq 5 S1 83—

2 2
M2 Con+6 C1 C5 5153 — M CsCp1 S155S3 + Mg Cont6
2 2 2 2. 2)?
C1 51 55 53 - My Ca5 € €2 52 55 + Mo Co(ats) C2 57 52 83) + (A.5)
2 .2 2 2
(c1 (5 — s3) (M S5 — My Saars) , 5153+ €] 289 (— (Mg Saa) + My Sog 53) +

2
2 2 .2
Co So (m3 3 So(8+6) T M2 S2(ats) S7 83))

sz = (m3 62(5_1_5) C% Cg -2 Mo Co S9n S§ S1 S3 (01 S92 + Cs Ca St 83) +
my (— (c2 3 552 53) + (5182 — 5 ¢1 €2 83)2) + Mg can (— (3 852 5% 53) +
2
(¢1 82+ ¢5¢9 51 83)2)) + (m3 €5 C3 So(g+5) + 2my €1 C2 S5 83 (— (81 52) (A.6)

+C5 €1 Co 83) + 2 Mg Cog C2 S5 51 83 (C1 S2 + €5 C2 81 83) +

2
M9 S90 (— (c2 552 52 52) + (1 89+ c5 ¢ 51 83)2))



Appendix B

The matrix element

B.1 Left-handed Majorana neutrino

The calculation for the process v, ¢ — p~ p™ ™ ¢’ has been outlined in Chapter 3. To
analyze the Qv diagram at various other collider and accelerator types and for right—
handed neutrinos and/or interactions, the derivation has to be modified. This can be
done via the exchange of v_ <+ v, before the computation of the traces. In the following,
we skip the prefactor

2

2 1 1
UQimi G4 M3 212( )
(Ulam) G M2\ g

and start with the basic diagram

MP(vug = p=ptptg) = M JP =

(p1 - o) [ﬁ(k k) - ) + ot - k) ) (B.1)

1 : k) — (k- : : :
@ — ) (@ —mD) {(kg - k3)(ky - ka) — (k1 - k) (K2 - ka) + (k- o) (ks - ka) }| -

The upper index denotes the incoming particle and the two lower ones correspond to v4
at the respective vertex. Scattering with an antiquark yields

M1, @ — p " i q) = ML = IMZ_[*(p2 < k) (B.2)
and the respective processes with an antineutrino read
IMPE@aq = 1t ™ i) = MY = M (B.3)

and
IMP@g— " ) = ML P =M P, (B.4)
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respectively. Applying the procedure to HERA results in
(MP(et g = Tept ptq') = M =M _P(p1 < Fa)
(Mt q = Tep™ p* 7)) = ML = [ME_P(p1 > ki, p2 < Ka)
(B.5)
MP(em g = vep p¢') = [ME_JP = M

MPP(e”q = vep pm @) = IMELPP = M

B.2 Right—handed Majorana neutrino

Also for a right-handed Majorana neutrino simple exchanges of v, with v_ have to be
performed. One finds

IME(Wpg = p ptptq) = MY [ = MY _P(k < pr,pe < k)

M (G = ™t pt ) = MY L[ = MY _P(pr 4 k)

(B.6)
IMPE@uq— ptp p ) = (ML =M
IME@. = ptp p ) = ML R=IM_|;
For HERA:
IM%(eTq = e pt pt ) = IM_[% = |IMY_(p2 4 k)
IM(e™ T = Tept p7) = M = IMY_P
(B.7)

M|4(emq = vep~ pq) = M5 = |M"_|?
Mz 7= vep p~7) = |M6+|R (M %

For purely right-handed currents, one replaces v_ <+ 7, everywhere and the results stays
the same.



Appendix C

Derivation of the neutrino spectrum
from muon decay

In order to calculate the event numbers for a given process at a neutrino factory, it is
necessary to integrate over the energy spectrum of the incoming neutrinos. One starts
from the matrix element for the process p(p) — v, (k1) e(ks) ve(ks) multiplied with the
phase space,

d® ky d3ky dPks
2E, 2Ey 2E;3

AN o< |MJ? d®(p; kv, ka, ks) o< (p - ks) (k1 - k2) 5 ((p —ky — k2)2) . (C)

In the rest system of the muon with mass m it holds

(p - ks) (k1 - o) = %mZ By (m—2E), (C.2)

so that after integrating out ko one gets:

dN o E3 (m — 2 E3)Ey 6 (m? — 2m(E; + E3) + 2 By E3(1 — cos61)) dEy dEs d cos,
(C.3)
where 0 is the polar angle between the electron neutrino and the muon neutrino, which
is introduced via

33211 3322 — 272 By E5dE, dE5 d cos?. (C.4)
One integrates now over cos fl. Due to
/ab dr8(z — ¢) = (b — ¢) 0(c — a) (C.5)
one has two conditions, comming from the two Heavyside functions:
% — Ey < By and B < % (C.6)

Therefore,
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Figure C.1: Energy spectrum of neutrinos from muon decay. In (a) the

spectrum for different muon energies is shown and in (b) the normalized
spectrum with = =2E,/m.

m/2 m/2
AN o / dE, / dEy By (m — 2 By) (C.7)
0 m/2—E‘1
and from this IN A

Introducing the dimensionless variable x; = 2 E;/m which lies between zero and one, and
normalizing of the spectrum gives finally

dN
. =227 (3—21). (C.9)

Using m/2 — F3 < FE; instead of the condition in Eq. (C.6) gives

m/2 m/2
dN o / dE;s / dE, By (m — 2 By) (C.10)
0 m/27E3
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and in similar manner as before

dN

e 1225 (1 — x3), (C.11)
where x3 = 2 E3/m. Rewriting the two spectra (C.9,C.11) in terms of E; and Es, respec-
tively, gives the formulas in Eq. (3.27) as written in Section 3.3. Their functional form is
displayed in Fig. C.1.
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