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Zusammenfassung

Die beobachtete Baryonasymmetrie des Universums findet eine elegante
Erklarung im Rahmen des Szenarios der Leptogenese. Wir analysieren ver-
schiedene Aspekte dieses Szenarios, wobei wir den Einfluss von Storungen
der Energiedichte und der Metrik der Raum—Zeit auf die Erzeugung der
Lepton- und Baryonasymmetrie mit einbeziehen. Wir betrachten ferner
die Umwandlung der Leptonasymmetrie in eine Baryonasymmetrie und un-
tersuchen die Effekte, die damit zusammenhéngen, dass die Leptonasym-
metrie von Null verschiedene chemische Potentiale der anderen Teilchen-
sorten induziert. Es wird eine Abschétzung fiir die obere Grenze der Lep-
tonasymmetrie im Standardmodell und im durch die Superstring—Theorie
inspirierten Fg—Modell gemacht, und die fiir die Leptogenese relevanten
Eigenschaften dieses Modells werden im Detail diskutiert. Das Szenario
der Leptogenese sagt von Null verschiedene Massen der Neutrinos vorher,
die in Oszillations—Experimenten gemessen worden sind. Wir berechnen die
fiir die Interpretation der experimentellen Resultate relevanten Wirkungs-
querschnitte fiir die kohérente Pionerzeugung durch Neutrinostreuung an

Kernen mittels geladener und neutraler Strome.

Abstract

The observed baryon asymmetry of the Universe is elegantly explained in
the framework of the baryogenesis via leptogenesis scenario. We analyze
various aspects of this scenario including the influence of perturbations of
the energy density and space—time metric perturbations on the generation
of the lepton and baryon asymmetries. We also consider conversion of
the lepton asymmetry into the baryon asymmetry and investigate the ef-
fects associated with the fact, that the lepton asymmetry induces nonzero
chemical potentials of the other species. We estimate upper bound on
the asymmetry in the Standard Model and in the superstring inspired Ejg
model. Properties of this model relevant for leptogenesis are discussed in
detail. The baryogenesis via leptogenesis scenario predicts nonzero masses
of the neutrinos, measured in the oscillation experiments. We calculate
cross sections of the charged and neutral current coherent pion produc-
tion by neutrino scattering off nuclei relevant for the interpretation of the

experimental results.
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Introduction

The observed baryon asymmetry of the Universe is one of the most intriguing problems of
particle physics and cosmology. The baryon—to—photon ratio Yz has been recently measured by
the Wilkinson Microwave Anisotropy Probe (WMAP) satellite to unprecedented precision. The
reported value for Yp is [1]

np

Yp=— =65"03-1071°
Ny

where np = n, — nj and n, are the number densities for the net baryon number B and for
photons at the present epoch, respectively.

As is commonly accepted, the early Universe passed through a phase of accelerating expansion
(the inflationary epoch) that was driven by a negative—pressure vacuum energy density [2, 3].
Any preexisting baryon number asymmetry was diluted to an unobservable small value during
inflation [4]. Consequently the observed asymmetry has been generated dynamically after the
inflation.

The cosmological baryon excess can be generated dynamically, provided that the three

Sakharov conditions [5] are fulfilled:
— baryon (or baryon minus lepton) number non—conservation;
— (' and CP violation;
— and deviation from thermal equilibrium.

A number of scenarios based on various models has been considered in the past. The Standard
Model itself could in principle be a good candidate, as it contains all the necessary ingredients.
However, both CP violation in the quark sector and deviation from thermal equilibrium during
the electroweak phase transition are insufficient to reproduce the observed baryon asymmetry.
In the supersymmetric extensions of the Standard Model baryon asymmetry can in principle
be generated by the Affleck-Dine mechanism [6]. In this scenario the baryon asymmetry is
generated due to coherent oscillations of flat directions around the minimum of the potential,

provided that the former ones are made of scalar quarks and carry baryon number. However,
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it is still not clear under which conditions this mechanism can generate a baryon asymmetry of

the requested magnitude.

The discovery of anomalous electroweak processes [7, 8], violating baryon (B) and lepton (L)
numbers but conserving the difference B — L, led to the widely adopted scenario of baryogenesis
via leptogenesis. According to the scenario of leptogenesis suggested by M. Fukugita and T.
Yanagida [9], lepton number asymmetry is generated at a GUT scale in the decay of heavy
Majorana neutrinos. Since the Majorana mass term violates lepton number by two units, the first
Sakharov condition is fulfilled already at classical level. Baryon number is violated at quantum
level by the anomalous electroweak processes, which are sufficiently fast at high temperature
and convert the lepton asymmetry into the baryon asymmetry. Complex couplings of the heavy
Majorana neutrino to the conventional neutrinos and the Higgs ensure, that the second Sakharov
condition is fulfilled. Technically the CP asymmetry arises due to interference of tree-level and
one-loop—vertex [9] and tree—level and one—loop—self-energy [10] diagrams. At temperatures of
the order of the Majorana neutrino mass, 7 ~ M ~ 10° — 10'!, GeV the Universe expands
rapidly, so that the slowly decaying heavy neutrinos are out of kinetic equilibrium. Thus, the

third Sakharov condition is also fulfilled in the scenario under consideration.

In this thesis several aspects of the Fukugita—Yanagida scenario are studied. In chapter 1,
the influence of the effects of general relativity on the generation of lepton and baryon asymme-
tries is investigated. In particular, we investigate how the energy density carried by the heavy
decaying particles affects the expansion rate of the Universe and, in turn, the generation of
a baryon asymmetry. As the early Universe was to a very good approximation homogeneous
and isotropic, it became a common practice to completely neglect the primeval perturbations of
energy density and metric created by quantum fluctuations in the inflaton field. These primeval
perturbations, however, were of utmost importance for the subsequent formation of large scale
structure. The quantitative parameter which determines the degree of deviation from thermal
equilibrium is the ratio of the heavy neutrino decay width to the expansion rate of the Universe.
Since the expansion rate in regions of higher or smaller energy density differs from that of the
homogeneous background, lepton and baryon asymmetries become functions of space coordi-
nates — an interesting effect that has been ignored altogether in the previous calculations. In
the regions of higher energy density the generation of lepton and baryon asymmetries has been
slightly more efficient than in the regions of lower energy density. Thus, even before structure
formation has started at a temperature T ~ 3-10* K, the seeds of the future galaxies and other

large scale structures contained higher—than—average number of baryons and leptons.

Sphaleron transitions, which are in thermal equilibrium in a wide range of temperatures,

convert the lepton asymmetry, generated in decay of the heavy neutrinos, into baryon asymmetry
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in such a way, that the sum 3B+ L is zero for left—-handed fermions. Together with the sphaleron
processes fast decay, inverse decay and scattering processes ensure, that all particle species
carry an asymmetry, which is proportional to the lepton asymmetry with the coefficients of
proportionality being determined by the particle content of the model. This usually neglected
effect leads to a modification of coefficients of individual terms in the Boltzmann equations.
The rapidness of the sphaleron transitions also implies, that the Boltzmann equations describe
evolution of the lepton number, not evolution of the B — L, as has been tacitly assumed by some

of the researches in this field.

We also solve the system of Boltzmann equations for the lepton asymmetry in the Stan-
dard Model supplemented by three generations of heavy Majorana neutrinos and compare the

numerical estimates with the experimental observations.

The Standard Model is very likely to be a part of a more fundamental theory. The exotic
interactions, which are strongly suppressed at low energies, will certainly affect the generation of
the lepton and baryon asymmetries at the scales of order of 10'9 GeV. It is therefore of interest
to consider leptogenesis in the superstring inspired Eg model, which is discussed in chapter 2.
At present, the superstring theory and its latest formulation, M—theory, is the most promising
candidate for a truly unified theory of fundamental interactions. Apart from the fact that the
model naturally follows from breaking of the superstring E3 ® Eg, it has also several features
relevant for low—energy phenomenology. In particular the model allows chiral representations,
global gauge anomalies are automatically cancelled, and its fundamental representation contains
the fifteen known fermions along with two Higgs—like doublet and a right—-handed neutrino
[11, 12, 13, 14]. We discuss in detail the particle content of the model along with possible charge
assignments, as well as constraints coming from the proton stability and the requirement of

dynamical breaking of B — L symmetry, which is a gauge symmetry in this model.

In chapter 3 we consider leptogenesis in the superstring inspired Eg model. We develop a
system of Boltzmann equations for the heavy Majorana (s)neutrinos and (s)leptons and solve
the equations numerically. Supersymmetric leptogenesis has already been considered by several
authors [15, 16]. The difference from the previous calculations arises primarily from the extended
particle content of the model under consideration. In particular, the Eg model contains three

generations of Higgs doublets and new quarks coupled to the Majorana neutrinos.

An exciting feature of baryogenesis via leptogenesis scenario is that it predicts a nonzero mass
of the conventional neutrino. After breaking of the electroweak symmetry the neutrino receives
a small Majorana mass through the see-saw mechanism. Recent SuperKamiokande [17, 18] and
SNO [19, 20, 21, 22, 23] experiments confirmed, that the conventional neutrinos indeed have

nonzero masses. High precision measurements of neutrino masses and mixing angles in the
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forthcoming experiments require good understanding of interactions of the neutrino beam with
the target material. Recent measurements of the K2K collaboration [24] revealed a discrepancy
between the theoretical predictions for the cross section of coherent scattering of low energy
neutrinos and the experimental results. Chapter 4 is devoted to a discussion of coherent pion
production by neutrinos and the calculation of the corresponding cross section using PCAC [25].
It is shown, that a reliable calculation of the cross section is possible provided that specific
kinematic cuts are introduced. The obtained results are in agreement with the experimental
measurements.

In appendix A several standard formulas for one—loop integrals are summarized. In appendix
B we introduce spinor notation and compare properties of Weyl, Dirac and Majorana neutrinos.
In appendix C we collect general formulas useful for calculation of reduced cross sections and
reaction densities of decay as well as of 2 «+» 2 and 2 < 3 scattering processes. Finally, appendix
E contains the kinematics of 2 — 3 scattering with the mass of the final lepton taken into account,

which is relevant for the calculation of coherent neutrino—nucleus scattering cross section.



Chapter 1

Leptogenesis in nonuniform Universe

According to the third Sakharov condition a successful generation of lepton and baryon asym-
metries requires a deviation from thermal equilibrium. One of the quantities parametrizing the
degree of deviation from thermal equilibrium is the ratio of the Majorana neutrino decay width
to the expansion rate of the Universe. Whereas the former is determined by the field theoretical
model used, the latter one is determined by the equations of general relativity.

As the early Universe was to a very good approximation homogeneous and isotropic, it
became a common practice to completely neglect the primeval perturbations of energy density
and metric created by quantum fluctuations in the inflaton field. These primeval perturbations,
however, were of utmost importance for the subsequent formation of large scale structure. In this
chapter we analyze the influence of the associated effects of general relativity on the generation
of lepton and baryon asymmetries.

In section 1.1 we review in some detail general features of the baryogenesis via leptogenesis
mechanism suggested by M. Fukugita and T. Yanagida [9] and specify the model. The analysis
presented in this chapter relies only on general relativity and can therefore be applied to a wide
range of models. To be specific, however, we illustrate our results using the Standard Model
supplemented by three heavy Majorana neutrinos with non-degenerate masses.

The Boltzmann equation in the inhomogeneous Universe with linear perturbations of the
space—time metric taken into account is derived in section 1.2.

In section 1.3 we derive an explicit form of the collision terms, which contribute to generation
and washout of the lepton asymmetry in the Standard Model.

The energy density carried by the heavy decaying particles affects the expansion rate of the
Universe and the time development of the scale factor, thus affecting the generation of lepton and
baryon asymmetries. The role of the associated effects in the homogeneous Universe is considered
in section 1.4. Results of this section prove to be useful for the analysis of leptogenesis in the

inhomogeneous Universe.
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Since the expansion rate of the Universe in regions of higher or smaller energy density differs
from that of the homogeneous background, lepton and baryon asymmetries become functions
of space coordinates. As is argued in section 1.5, in the regions of higher energy density the
generation of lepton and baryon asymmetries has been slightly more efficient than in the regions
of smaller energy density. Consequently, even before the structure formation began after the
onset of the matter—-dominated epoch, seeds of the future galaxies and other large scale structures
contained higher—than—average numbers of baryons and leptons.

Finally, in section (1.6) we review conversion of the lepton asymmetry into the baryon asym-
metry by sphalerons, express chemical potentials of the Standard Model species through the
chemical potential of the leptons and give numerical estimates for the theoretical upper bound

on the baryon asymmetry of the Universe.

1.1 The baryogenesis via leptogenesis scenario

In the original paper “Baryogenesis Without Grand Unification” M. Fukugita and T. Yanagida
[9] suggested a simple and elegant scenario of baryogenesis via leptogenesis reviewed in this
section.

One difficulty which arises whenever one tries to explain the observed baryon asymmetry
within the Standard Model is associated with the fact, that all the SM species apart from the
neutrino are electrically charged. A direct violation of baryon number would inevitable lead to
nonzero electric charge of the Universe in direct opposition to results of observational cosmology.
Even the neutrino cannot be used for the generation of the asymmetry: although its electric
charge is zero, the second component of the SUr(2) doublet it belongs to — the electron — is
a charged particle. Thus, despite its tremendous success in explaining results of numerous low
energy experiments, the Standard Model should be extended.

The Standard Model neutrino is a massless Weyl fermion, whereas the phenomenon of neu-
trino oscillation recently confirmed by the SNO collaboration [20] points out, that neutrinos
have small but nonzero masses. The generation of the neutrino mass through renormalizable
interactions requires an extension of the Standard Model by a right—handed neutrino — a gauge
singlet coupled to the known particles (leptons and the Higgs) only via Yukawa interactions. If
one also introduces a Majorana mass term for the right-handed neutrino, then after the sponta-
neous breaking of the electroweak symmetry the see-saw mechanism generates naturally small

Majorana masses of the conventional neutrinos. The Lagrangian of the model reads
. 1_ .
EZESM+N(L)\TH)—§NMNC+h.C. (1.1)

where L stands for the lepton doublets, H = iooH' is the charge conjugate Higgs doublet, and
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1
V2
notation. Without loss of generality the right—-handed neutrino mass matrix M can be chosen

N are components of the physical Majorana neutrino ¥ = —=(N + N¢) in the four-component
to be real and diagonal. The Yukawa coupling matrix ) has off-diagonal complex entries.

Now that the model is specified, let us discuss in some detail fulfillment of the three Sakharov
conditions and generation of the lepton and baryon asymmetries in this model. A Majorana
fermion is a truly neutral particle!, so that its lepton number is equal to zero. Therefore lepton
number is violated (by one unit) in decay of the right-handed neutrino into leptons and the

Higgs already at tree level, and the first Sakharov condition is automatically fulfilled. The

Figure 1.1: Tree—level and one-loop—level diagrams of the right—handed neutrino decay.

interference of tree-level and one-loop—vertex [9] and tree-level and one-loop-self-energy [10]
diagrams leads to generation of CP asymmetry, so that the second Sakharov condition is fulfilled
as well. Due to violation of CP rate of decay into leptons differs from the rate of decay into

antileptons, so that a nonzero net lepton number is generated. Lepton number is also violated by

H~ H L~ 7 """~ °- i
ey \\ ’ (8)

Figure 1.2: Scattering processes violating lepton number by two units.

two units in two—body scattering processes mediated by the right-handed neutrino and by one

v Q v L

T
|
|
Yoo > - - - -~ = H Tt
|
|
|

Figure 1.3: Scattering processes violating lepton number by one unit.

unit by the Higgs mediated scattering processes. The two—body scattering processes violating
lepton number tend to washout the lepton asymmetry generated in decays of the right—handed

neutrino, and in thermal equilibrium the asymmetry would be washed out completely. However,

!This means in particular, that a bare Majorana mass term can be introduced for none of the Standard Model

species as those transform nontrivially under the SUc(3) ® SUL(2) ® Uy (1) gauge group.



8 Chapter 1. Leptogenesis in nonuniform Universe

at temperatures of the order of the right—handed neutrino mass the Universe expands very
fast, so that the slowly decaying heavy neutrinos are out of kinetic equilibrium, and the third
Sakharov condition is fulfilled as well.

From the discussion so far, the following picture emerges. After inflation is over and the

2 are in equilibrium and the net lepton number is equal to zero.

Universe reheats, all the species
As the temperature decreases, the right—handed neutrinos of the heaviest generation decay and
produce an asymmetry, which is immediately washed out by scattering processes mediated by
the right-handed neutrinos of all three generations. As the temperature drops below the mass of
the lightest right—handed neutrino, the asymmetry produced in its decay is no longer completely
washed out, because the scattering processes are suppressed at low temperature. By the time
the temperature drops well below the lightest right—handed neutrino mass, almost all the heavy
particles have decayed, so that no new asymmetry is generated, and the scattering processes
are strongly suppressed, so that the asymmetry is not washed out. Thus the lepton number in
comoving volume reaches an asymptotic value.

Of course we still need a mechanism able to convert the generated lepton asymmetry into
baryon asymmetry. Although all the perturbative Standard Model processes are known to con-
serve lepton and baryon numbers, these are only “accidental” symmetries of the model and are
violated by nonperturbative anomalous electroweak processes [7]. As the anomalous processes
are induced by the nontrivial structure of the SUL(2) vacuum and do not violate the gauge
symmetry of the Standard Model, the electric charge is automatically conserved. The anoma-
lous electroweak processes are rapid at sufficiently high temperatures. Theoretical estimates [26]
show, that in the standard Big Bang scenario their rate exceeds the rate of expansion of the
Universe at temperatures 102 GeV < T < 10'2 GeV, i.e. down to the electroweak phase transi-
tion. After the phase transition the Standard Model species acquire masses. As the temperature
further decreases, fermions of the third and second generation decay and the asymmetry is trans-
ferred to the electrons and light baryons. Part of the asymmetry is carried by the light neutrinos

of all three generations. As these neutrinos are low energetic, they are very difficult to observe.

1.2 Boltzmann equation in the early Universe

Strictly speaking, a self-consistent calculation of the lepton number asymmetry generated in
the decay of the heavy Majorana requires use of the Kadanoff-Baym equation [27]. In practice,
however, solving the Kadanoff-Baym equation for a realistic system is hardly possible due to

the complexity of the task. The common approach in this situation is to approximate the

2This statement is true provided that the reheating temperature is higher than the Majorana mass. Otherwise

the right-handed neutrinos are out of equilibrium after the reheating.
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Kadanoff-Baym equation by the Boltzmann equation. This is achieved by employing a Wigner
transformation, a gradient expansion, the Kadanoff-Baym ansatz and by using the quasi—particle
approximation [28]. These approximations are motivated by equilibrium considerations, and
therefore one can safely apply the Boltzmann equations only to systems which are sufficiently
close to thermal equilibrium.

The general form of the Boltzmann equation reads [29, 30]

af -
= (12)

where A is the affine parameter along a geodesic, and C the collision operator acting on the
one—particle phase space distribution function f. As the Boltzmann equation treats particles
as on—shell states, f is a function of space—time coordinates z® and three components of the
particle momentum p;, or, alternatively, the particle kinetic energy E and the unit vector of the

momentum direction p;. Thus we can rewrite the left—hand side of (1.2) using the chain rule

of _of P' of 1LdE Of 1dp; Clf]

=L R, Sd A 1.3
920 " 9P T GEPO AN | 9pi POdN | PO (1:3)
where the definition P* = % has been used. The dynamics of the contra— and covariant
components of the four-momentum is determined by the geodesic equations [31]
dPH dP, 19gp
—— 4T pepl=0, L _pipr=g 1.4
ax e Todh 2 Oz (1.4)

Experimental observations indicate, that the early Universe was to a very good approximation
homogeneous and isotropic with an amplitude of density perturbations of order of 1074 —107° [4].
The metric for a space—time with a homogeneous and isotropic spatial section is the maximally—
symmetric Friedman—Robertson—Walker metric, which in a flat Universe can be written in the
form

ggy = diag(lv_Rza_Rza_R2)v (15)

where R is the cosmic scale factor. It depends only on time and is independent of the spatial
coordinates.

Perturbations of the metric can be decomposed into tensor, vector and scalar components.
The latter are most important because they exhibit gravitational instability and may lead to
the formation of structure in the Universe. Scalar perturbations are characterized by four scalar
functions [32] ¢, ¥, B and &

2¢ —B,;

0Guw = ’ (1.6)
' —B; 2R*(¢dij — Eij)

where >, &4 = 0. To make a comparison with the existing literature easier we will also use

the h;; = dg;; notation in what follows. A nonzero shift function B, means, that comoving
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worldlines and worldlines orthogonal to hypersurfaces of constant time are not collinear and we
are dealing with a locally nonorthogonal coordinate system [30]. This complication is avoided
here by setting go; = B,; = 0.

In this case the square of the particle kinetic energy is given by E? = P°P,, and the time
co— and contravariant components of four-momentum are related to energy by Py = E,/goo and
P'=E/ V/900- Using the equations of geodesics and the expression for the Christoffel symbols

in terms of the metric coefficients [31] we find for the derivative of energy

1 dE  Ogmn P™P™  0.\/900
i — — pP" 1.7
PO d\ 0z 2F ozn (1.7)

where summation over the indices m and n is assumed.

Let us now consider the derivative of the unit momentum vector

Ldp, 1 d (p; 1 p; (1dp; dp?
ddbi 1 dfpiy 1 ) (1.8)
POdx ~ POdx\p) T PO2p? \pZdx  da

where p; and p are the components and the absolute value of the physical momentum respectively.

In the case under consideration the components of physical momentum are related to spatial
components of four-momentum by pg = —P'P; (no summation over i). Using the geodesic

equations (1.4) once again we find

1 dp? 1 (0900 i o0 . 9900 ; 0 o99mn
— P (S0 pip0 y S90 jimp p0 _ o Z9mn im p,
POy 2\ o togmd i g0 9 L
1 O9kn pi pk pn OGkn im p. pk pn 2agmn im p. pk pn 19
2P0 \ O T gm Tk 9 (1.9)

where the summation over m, n and k is assumed. The derivative of the particle momentum
squared p? is obtained from (1.9) by summation over i. After the summation, the last three
terms in (1.9) drop out, and the first two terms become equal. Since E? = p?+m?, the resulting
expression differs from (1.7) only in an overall factor 2E.

Before substituting (1.7) and (1.8) into the Boltzmann equation (1.3) one has to express com-
ponents of four—-momentum in terms of energy and momentum direction vector. As can be easily
checked, to leading order in small perturbations the contravariant components of momentum P%

are related to the physical components of the momentum p; and energy E by [33]

S SGim
P'=E(1-¢), P'= <5¢m n 2‘3%2 ) P (1.10)

Substituting (1.10) into (1.7) and expanding components of metric we obtain

1 dE ppn | P L o
POoax <¢’" R TE [H_w+5?““p”] ’ (L11)

where H = R/R is the Hubble parameter, ¢ = 9v/92° and Gn = 0¢/0x™.
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Substituting (1.10) into the expressions for the derivatives of p? and p? and collecting all the
terms, we obtain for the derivative of the momentum unit vector

Ldii g B2t
PO dg)\ RKE

(pnf)z - 6m) - f)z(g,u - g,rmf)i) (1'12)

It is straightforward to check that this expression is consistent with the ), f)i% = 0 condition.
The isotropy and homogeneity of space—time in the FRW model of the Universe implies,
that the zero—order phase space distribution functions are independent of spatial coordinates

ggii and gfi are first order quantities. Since the

and the direction of momentum vector, so that

derivative of the momentum direction vector (1.12) is also of first order, the last term in (1.3)

can be omitted. For the same reason we can neglect first order corrections to the P factor in

B0
the second term of (1.3).

So far, we have specified only one gauge fixing condition, namely B = 0, so that the above
analysis is valid for a wide class of gauges including the widely used longitudinal and synchronous
gauges. The latter one is obtained by setting ¢ = 0. In this gauge the Boltzmann equation takes

the form?

of Of ppi  Of p? e 2\ CLf]
o o B B E (U Eat) = (1.13)

For the reasons given above, in the FRW Universe equation (1.13) simplifies to

9 29f C
of _ yp-of _Cll (1.14)
or E OF E
As we are interested only in the total number of particles, it is convenient to integrate the
Boltzmann equation (1.14) over the phase space. The integration of the first term gives the time

derivative of the particle number density

n= @iy,)/fdﬂp (1.15)

where ¢ is the number of spin degrees of freedom. The integration of the second term yields

g pZ@fd:ap:g/ or |
(27)3 | EOE 272 | 9(p?)

4

dp = —3n (1.16)

As can easily be verified, the sum of the two terms reads
1 0
V=93 0T

where g3 is the determinant of the spatial part of the metric (1.5), v/—g3 = R®. From equation

(nv=g3) = /Cg]dﬁp (1.17)

(1.17) it follows, that in the absence of interactions the particle number in a comoving volume

Y = n\/—g3, where n stands either for number density of leptons or Majoranas, remains constant.

3Let us also note, that in the longitudinal gauge, which is obtained by setting £ to zero, in the absence of

anisotropic stress ¢ = ¢ [32], and the Boltzmann equation reverts to that derived in [29].
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Although the integrand on the right—hand side of the Boltzmann equation for the lepton
asymmetry contains collision terms corresponding to all possible decay and scattering processes,
it is clear that after integration over the phase space only processes changing lepton number
remain. The dynamical explanation is as follows. Consider a small volume dV. In the FRW
Universe, the macroscopic gas velocity is zero and consequently only processes which take place
inside this volume can change the number of leptons in dV. All perturbative SM reactions
are known to conserve lepton number. Therefore these processes are only capable of changing
the phase space distribution of the SM species. At temperatures of the order of the Majorana
neutrino mass the rate of the Standard Model interactions is higher than the expansion rate of
the Universe, so that all the SM species are in kinetic equilibrium at this stage. This implies
in particular, that their dynamics is sufficiently well described by equations of hydrodynamics.
As is known, for an equilibrium system in an external static field left— and right—hand sides of
Boltzmann equations vanish. Although in the expanding Universe the right—hand side of the
Boltzmann equation does not vanish exactly, for species sufficiently close to equilibrium, as it
is the case for the SM states, the deviation from zero is negligibly small. In other words, if we
substitute the (equilibrium) distribution function determined by the fast interactions into the
right-hand side of the Boltzmann equations with all possible SM processes taken into account, it
will vanish after integration over the phase space. Due to the smallness of the Yukawa couplings
the heavy neutrino decay rate is smaller (or at least not much bigger) than the expansion rate of
the Universe. Therefore the collision terms corresponding to processes violating lepton number
by one (the decay and the Higgs mediated scattering) or two units, with the Majorana neutrino
in initial or intermediate state, do not vanish after integration over the phase space.

A similar argumentation is also valid for the Boltzmann equation for the Majorana neutrino
number density. In this case the shape of the distribution function is determined by relatively
fast elastic scattering processes of Majorana neutrinos off leptons and the Higgs. The commonly

used ansatz for the Majorana neutrino distribution function is
fu(m,B,T) = g(7) f¢'(E,T), (1.18)

where 7 is time, T is the temperature?, and F is the particle energy. After integration over
the phase space, collision terms corresponding to the fastest processes determining the phase
space distribution function vanish and only terms corresponding to relatively slow decay and

scattering processes changing number of Majoranas remain.

41t is important to note, that the introduction of macroscopic parameters like temperature and gas velocity
is possible because the Standard Model species, which carry most of the energy density of the Universe, are in
thermal equilibrium. This implies in particular, that phase space distribution of the leptons, quarks and the Higgs
is described by the corresponding equilibrium distribution functions. Note also, that the third Sakharov condition

requires time scale of variation of the macroscopic parameters to be smaller than the Majorana lifetime.
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In the nonuniform Universe the situation is more complicated. In particular, due to the
nonzero macroscopic particle flow, characterized by a macroscopic gas velocity 7, the lepton
number asymmetry in a volume element dV is no longer conserved even if the lepton number
violating reactions are frozen. The nonzero gas velocity also implies, that the single particle
distribution function f is not isotropic in the phase-space. In addition, the gravitational field
induces an anisotropy of the single particle distribution function in the coordinate space’. Let

us discuss influence of these effects on the form of the integrated Boltzmann equation. Consider

the second term on the left-hand side of (1.13). Deviation of 91 from zero is induced by the

ox*
oY
R

nonzero gravitational field, and therefore this term, which is expected to be proportional to
is a first order quantity. The integral of pff” over the phase space, which is proportional to 1,
is also of first order. Consequently the resulting product, which is proportional to (ﬁlﬁw), is
of second order and can be neglected®. Analogously, since &£ is of first order, any higher order
corrections to the integral of the last term in the brackets in (1.13) over the phase space can be
neglected, and it vanishes (recall that the zero—order distribution function is isotropic and that
> ;€4 = 0). Collecting the remaining (the first, the third and the fourth) terms we conclude
that the form of the integrated Boltzmann equation in the inhomogeneous Universe coincides
with (1.17) with the determinant of the spatial part of the space-time metric now given (to
leading order) by v/—g3 = R3(1 — 3v).

Turning from differentiation with respect to 7 to differentiation with respect to z = M; /T,
where M; is mass of the lightest Majorana, and using the definition of the particle number
density in the comoving volume, we rewrite the Boltzmann equation (1.17) in a compact form,
applicable both in the homogeneous and inhomogeneous models of the Universe, which will be

used in what follows:

g}; = \/?/Cgf]dﬁp. (1.19)

Boltzmann equations for the lepton asymmetry and the Majorana neutrino number density
should be coupled with the Einstein equations, which determine time dependence of the compo-
nents of the metric and thermodynamic quantities. In the homogeneous Universe these reduce
to one equation for time dependence of the temperature and one equation for the development
of the scale factor, which are discussed in section 1.4. In the inhomogeneous Universe one has

to solve complete set of the Einstein equations for small perturbations of the space-time metric,

temperature and the macroscopic gas velocity, which are discussed in section 1.5.

5 A well-known example of such a modification is the distribution of the atmosphere in the Earth’s gravitational

field.
5In the FRW Universe the distribution function is isotropic in both the coordinate and the phase spaces, so that

both g Tfl and the integral of f p}gi over the phase space identically vanish. It is clear that in the inhomogeneous

Universe these terms can be at most of first order in perturbations of space-time metric and the gas velocity.
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1.3 Collision terms

The set of the decay and scattering processes contributing to the generation and washout of
the lepton asymmetry in the Standard Model is presented in figures 1.1, 1.2 and 1.3. In the
Friedman—Robertson—Walker Universe the integral on the right—-hand side of the Boltzmann
equation (1.19) can be expressed through amplitudes M of these processes [4] in the following

way:
—/dﬂadﬂb...dHide(27r)454(Pf —P) [|M|§+b+._ﬁi+j+_”fafb...(1 +f)A£f). ..

— IME i magpy fifj o (L f) (£ f) . ], (1.20)

where dIl = (3371)33% is the Lorentz—invariant element of phase space, p and F are physical
momentum and energy respectively, and g is number of spin degrees of freedom. In the absence
of Bose condensation or Fermi degeneracy the blocking and stimulated emission factors can be
ignored, so that 1+ f ~ 1.

Since the collision terms in the Standard Model have been discussed in detail by a number
of researches [34, 35, 36], we will only sketch the derivation here.

Let us first consider the CP violating decay and inverse decay of the Majorana neutrino

depicted in figure 1.1. For the change of the lepton number we obtain

_/dH\I/dHLdHH(QW)454(p\I/ —pr —pu) X [folM3_rg — frfulM|] v
— folMG_p g+ fafalMIE g ] (1.21)

The one-loop vertex and self-energy diagrams induce small corrections to the tree—level decay
amplitude (denoted by My) |M|? = \Mo\Qﬁ, where the plus sign corresponds to the W — LH
and LH — W processes, whereas the minus sign to the ¥ — LH and LH — ¥ processes. The
factor of one half arises because the Majorana neutirino can decay into both the LH and LH
pairs. Since interaction rates of the Standard Model species are bigger than the expansion rate
of the Universe, they are in equilibrium at the stage under consideration. Consequently, the
out—of—equilibrium decay of the Majorana neutrino only induces nonzero chemical potentials
of the leptons (chemical potential of the left—handed leptons is denoted by ur), of the Higgs
(denoted by pfr), and of the left— and right-handed quarks (denoted by g and py respectively).
Chemical potential of the Majorana neutrino is equal to zero’. At high temperatures it is safe to

use the Maxwell-Boltzmann distribution for both the bosonic and the fermionic species, so that

"As the Majorana neutrino is a truly neutral fermion, in thermal equilibrium its chemical potential is zero.
However, due to CP violation, the decay rate of the Majorana neutrino with left helicity differs from decay rate
of the Majorana neutrino with right helicity, so that if there is a deviation from thermal equilibrium, an effective

chemical potential of the Majorana neutrino can be introduced [37]. This small effect is neglected here.
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the equilibrium distribution function reads f = exp [—(F — p)/T]. Taking into account that due
to conservation of energy Ey = Ef, + Ep (see also discussion in [4]), using the ansatz (1.18),

and keeping the terms linear in the chemical potentials we finally rewrite (1.21) in the form

U ny mr
YLH |:E <1 + nfyq> - thT:| (122)

where coppir, = pp + ppr is a sum of the chemical potentials of the leptons and the Higgs. The
decay reaction density '7%’H, which is defined in (C.1), can be expressed in terms of the tree-level
decay width I'y, of the lightest Majorana and its equilibrium number density nflf’l as

K X (/\)\]L 11
'VLH = n\Iflr‘I’lK Exi Iy, = 87T)M1’

(1.23)

where Kj(x) and Ky(z) are the modified Bessel functions.
Integrating the Maxwell-Boltzmann distribution function over the phase space we obtain for
the equilibrium number density of the lightest Majoranas

g
nyg, = 27T2T3x2K2(x), g=2 (1.24)

One can also easily calculate the sum (denoted by n7?) and the difference (denoted by np) of
the number of leptons and antileptons. Up to terms linear in the chemical potential pp,

T3 2m> 27 pL  nr
—2N< 6‘1:2N< ) rL_ L (1.25)
T "L 2 T nf

where the factor of 2N is the total number of the left—-handed leptons in the model (N generations
of two—component doublets), which arises because the asymmetry is carried by leptons of all the
three generations.
Contribution of the decay and inverse decay processes into change of the number of the heavy
neutrinos is obtained from (1.21) by an interchange of the last two signs, which yields
vy (1 - ”f;) (1.26)
Ny
Consider now the first of the two scattering processes depicted in figure 1.2. Since lepton
number is violated by two units in this process, the corresponding contribution into change of

the lepton number reads

_2/dHLdHHdHLdHH(27T) 5(Pf - ) foH‘M |LH—>LH foH’M ‘LH_JJH (1'27)

where |M'[2 = [M|>—|Mpgg|? stands for the Real Intermediate State subtracted scattering am-
plitude. Contribution of real intermediate Majorana neutrino, which has already been accounted

for by the decay and inverse decay processes, is subtracted in order to avoid double counting in
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the Boltzmann equation for the lepton number asymmetry. Expanding the distribution functions

and keeping only the terms linear in the chemical potentials we obtain
- Q/dHLdHHdHLdHH(27T)45(Pf — P) < fRfRl(IMI yrm — M m)
~ (IMrsligrg — Mrislig o) + e (\M Laopm+ Mg (1.28)

where f* = exp(—E/T). The unitarity implies [38], that the difference [M|3 - —|M[2 . .

vanishes after summation over all initial and final states. Since the &% ratio is a first order
quantity, we can neglect higher—order contributions to the RIS subtracted scattering amplitudes
n (1.28), so that |M’ 2 g+ M 20 iy ™ 2| My|?, where M, stands for the tree-level
scattering amplitude. From physical considerations it is clear, that a scattering mediated by
real intermediate state can be considered as an inverse decay followed by a decay. As has been
discussed above, contributions of the decay and inverse decay processes are proportional to 'yE’H.

Contribution of the LH — ¥ — LH process is proportional to M

, whereas contribution
of the LH — ¥ — LH process to @ (see the discussion below equation (1.21)), so that
the difference of the third and the fourth terms in (1.28), integrated over the phase space and
multiplied by the factor of two, is given by —QEVE’H. A careful calculation [34] confirms this

qualitative result. Therefore (1.27) can be rewritten in the form

KL v
—4c£h?fyZLg — 277y (1.29)

'y 1 denotes the tree-level reaction density corresponding to the RIS subtracted reduced cross

section (see equations (C.9), (C.18), (D.3) and (D.5))

Z \/W (A2, [ Z?Z) + Pitz) {z (z+a;)In <sz‘”>} (1.30)

T— {z (2 + a; 1n<z+‘“>} Z+“j1n<z+“])+2z+ai1n<z+“i>
Pi(z) a; — a; aj a; — a; a;

)

2
are dimensionless Majorana neutrino mass and decay width

where a; = (%;)2 and ¢; = (Fz
squared respectively, and z = M12 is square of dimensionless center of mass energy of the colliding
particles.

Consider now the second of the depicted in figure 1.2 processes violating lepton number by

two units. Proceeding as above we find for the contribution into change of the lepton number
2 / dILd L dl dlly (2m)*0(Pr — P) % [ = fufrl M7 + Ffol Mg
— fuful MGy + fofo M) (1.31)

Taking into account that this process is to one-loop order CP conserving (so that the four

scattering amplitudes are equal to leading order), expanding the distribution functions and
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keeping only the terms linear in the chemical potentials we rewrite (1.31) in the form

L
‘—SCZhé%Tﬁéﬁé (1.32)

where 7%1% is the tree—level reaction density corresponding to the reduced cross section

b S VTG e [ 2 (Ere)y L (et
UHH_ZZJ' i (A3 [ai_ajln< +z+ai+ajln (1.33)

a; (Z + az‘) ;a5

Consider now the depicted in figure 1.3 processes violating lepton number by one unit. These
processes are also to leading order CP conserving, so that it is sufficient to consider only the
tree-level diagrams, whose amplitudes are denoted by My in what follows. Contribution of the

UL — QU process into change of the number of the leptons is given by

—/mwmﬂ@m@mWa—BM%Hhh—MM—hh+bh] (1.34)

The fast Standard Model process H® — upg + iy, ensures, that pug = puy — tq- Expanding the
distribution functions and keeping only the terms linear in the chemical potentials, we rewrite

(3.7) in the form

BL [ Nw
_2? (nfﬁ] + CH> 'yg[l}, (1.35)

where cy = Z—’Z has been introduced.

The contribution into change of the number of the lightest Majoranas is obtained from (1.34)

by an interchange of the two last signs, which yields

e\ _vL
where vYL is the tree-level reaction density corresponding to the reduced cross section (a; = 1
QU
Tr(A )\T) (z —a1)? mp 2
~WL T u\u _
7 =3(AA =|— 1.37

The trace over the product of the quark Yukawa couplings is dominated by the top—quark

. . Tr()\u)\}:) aym?
coupling, and consequently it can be expressed through the top—quark mass —72= ~ 3 M2

(0]

where «, is related to the fine structure constant by «,, = e

Contribution of the W) — LU process into change of the Majorana neutrino number reads

—/qu/dHQdHLdHU(QW)45(Pf — P)|Mol? [fufq — frfu + fufo — fifo] (1.38)

Using the ansatz (1.18), expanding the distribution functions and keeping only the terms linear

in the chemical potentials we rewrite (1.38) in the form

ny
2 (1 - eq> T (1.39)
Ny
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Contribution of this process into change of the lepton number is obtained from (1.38) by an

interchange of the last two signs, which yields

mr ny QR
—2—= (1 +cy — CQ> VLo > (1.40)
T “ ng
where ,Y‘Ill/é) is the tree—level reaction density corresponding to the reduced cross section
)
SVQ _ g\ Tr(AyA) 2 — a1 [z —2a1 +2a,  a; —2ahl z—a +ap Ll
7Ly (A 4w z z—ai+ap * z—ay " ap, ’ (1.41)

and ¢, and cg are defined analogously to cy.
Finally, the contribution of the WU — L( process into change of the heavy neutrino number
coincides with (1.39), whereas contribution of this process into change of the lepton number is

obtained from (1.40) by the ¢, < —cq interchange. The tree-level reduced cross section &%’g is

given by the same expression as the &E’g .
Collecting all the terms and using relations (1.25) and the definition of particle number
density in the comoving volume we obtain a system of Boltzmann equations for the Majorana

and the lepton number densities in the FRW Universe

oYy vV —93 Yy T WL vQ 129
Frr 1- Y [VLH + 2750 + 270 + Q/VLQ} (1.42a)
Yy,  v/—gs w Yy YL Yy WL vQ v

or @ i |1 r;q - rizq iweq [2762(7 — 2610+ QCUVLQ} (1.42D)

Yy, / o g
_ W [C@h’ng + 4Cgh’yEL§ + 8Cgh'y§% + ZChfygLU +2(1+ cu)q/Lg +2(1 — cq)qu’g} }

Equations (1.42) are similar to those discussed in the literature [34, 35, 36] and differ mainly
in the chemical potentials of the quarks and the Higgs being taken into account. Values of the
coefficients ¢y, cp, ¢4 and ¢, in the Standard Model above the electroweak phase transition are
given by (1.110).

The reaction densities on the right—hand side of (1.42) depend on four real dimensional (the
Majorana neutrino masses and the effective mass of the Higgs) and nine complex dimensionless
(the neutrino Yukawa couplings) parameters. Reaction densities of the decay and the Higgs
mediated scattering processes can be parametrized in terms of the lightest Majorana neutrino

mass, the effective Higgs mass and the so—called effective neutrino mass
02

7 = (N
mi ( )11M17

(1.43)

where v = 174 GeV is the Higgs expectation value at zero temperature. Reaction densities of
the Majorana mediate processes depend on all the Majorana masses and the Yukawa couplings.
The effective neutrino mass should not be confused with the physical ones. In the scenario

under consideration the conventional neutrinos acquire small masses via the see-saw mechanism.
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The mass eigenstates are obtained by a unitary transformation of the neutrino mass matrix m

2
o v J— .
mij ~ — E )\ki—k)\kj . U'mU* = —diag(m1, ma, m3). (1.44)
k

Contributions of the decay and the Higgs mediated processes are proportional to number
of on—shell Majoranas, and rapidly fall off with decrease of temperature. On the contrary, the
Majorana—mediated scattering processes are not strongly suppressed at low temperatures and
play an important role in washout of the lepton number asymmetry. From equation (C.24) it
follows, that at low temperatures (i.e. at large x) the leading contribution to the corresponding
reaction densities comes from the small-z region. Expanding (1.30) and (1.33) around z = 0,
substituting them into (C.24), and using the expression for the physical neutrino masses (1.44)
we find, that contributions of these processes at low temperatures are mainly determined by the
lightest Majorana mass M; and mean square of the physical neutrino masses 3m? = m%+m%+m§,
whereas influence of the other parameters is sub-dominant (see [36] for detailes). Values of the
neutrino masses suggested by the results of the oscillation experiments (Amgol)% ~8.1073 eV
and (Amgtm)% ~5-1072 eV.

Summarizing the above we conclude, that to a first approximation the reaction densities on
the right-hand side of (1.42) are determined by only four parameters: the lightest Majorana
neutrino mass M, the effective neutrino mass m; (or, alternatively, by the ), the mean square
of the physical neutrino masses m and the parameter of CP violation €. As is argued in [36],

for the hierarchical neutrinos (that is, if ms ~ (Amgtm)% > my ~ (Am? )% > mj) an upper

sol
bound for the latter one reads

3 Ml(Am2 )% - 3\/§M1m

atm
167 v?2 T 16w w2

lel < (1.45)

where we have taken into account, that for hierarchical neutrinos leading contribution to m is
due to neutrino of the heaviest generation. For M; = 10° GeV and v/3m = 5-1072 eV the upper
bound on ¢ reaches the value ~ 10~7. For a natural set of parameters the effective neutrino
mass is expected [36] to be in the range m; < mm; < mg, which for the hierarchical neutrinos
implies, that m1 < V3.

Let us now turn to discussion of the right-hand side of (1.19) in a nonuniform model of the
Universe. We assume here, that the decay and scattering amplitudes M are not affected by per-
turbations of the metric; more precisely, we assume, that expressed in terms of physical energy
and momentum the decay and scattering amplitudes keep the same form as in the homogeneous
and isotropic Universe. Under this assumption any variation from the homogeneous case may
only appear after integration over the phase space. Expressed in terms of physical momentum

—1dPidPdPs g

and energy the invariant element of the phase space [33] dII = (—g4) o 2P0 where g4
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is determinant of the metric, takes its conventional form dIl = (5371)33%. As has been argued in
section 1.2, perturbations of the space—time metric induce a nonzero gradient of the phase space
distribution function in the coordinate space and a nonzero macroscopic gas velocity uy. In the
absence of the gradient in the coordinate space the modification of the reaction densities should
be independent of direction of #;. Consequently, as can be checked by a direct calculation in
some simple cases, the expansion of the reaction densities around @; = 0 should contain only
even powers of i1, i.e. terms of second and higher orders, which can be neglected. Modification
of the phase space distribution functions and the reaction densities in the gravitational field
requires a further investigation, and the associated effects are neglected here. In this approx-
imation the right-hand side of (1.42) keeps its form. Thus, to the same approximation, the
system of Boltzmann equations (1.42) is suitable for investigation of the generation of the lepton
asymmetry in both the homogeneous and inhomogeneous models of the Universe.

Equations (1.42) give the lepton asymmetry as a function of the inverse temperature . If one
wants to compare the time development of the asymmetry in the two models of the Universe, one
has to take into account, that time dependence of the temperature in the nonuniform Universe

differs from that in the homogeneous one. We will return to this point in the next section.

1.4 Leptogenesis in the uniform Universe

Leptogenesis in the flat homogeneous and isotropic Universe has been analyzed by a number
of researchers. We reconsider here their analysis taking into account the contribution of the
Majorana neutrinos to the energy density of the Universe, which modifies the dependence of
the expansion rate and the scale factor on temperature, thus affecting the generation of the
lepton number asymmetry. Results of this section are useful for the analysis of the efficiency of
leptogenesis in the nonuniform Universe.

The metric of the flat homogeneous and isotropic Universe is given by (1.5). To be consistent
with the symmetry of the metric, the total momentum—energy tensor must be diagonal, and by
isotropy the spatial components must be equal. The simplest realization of such a momentum-—

energy tensor is that of a perfect fluid characterized by energy density p and pressure p:

™ = wulu” —pg"”, w=p+p (1.46)
The Einstein equations then reduce to two equations for the scale factor:
3R = —47rGR(p+3p), RR+2R*=47GR*(p—p) (1.47)

Eliminating R we obtain the Friedman equation

3R? = 8tGR?%p (1.48)
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Conservation of the momentum-energy tensor, T#”., = 0, gives the third equation relating the

scale factor, energy density and pressure:
p+3H(p+p)=0. (1.49)

In the model we consider, energy density p and pressure p are sums of two terms. The first
contribution is due to the massless® species of the Standard Model. As all the Standard Model
processes, including the electroweak reactions, are fast at high temperatures, the SM species are
in thermal equilibrium and are described by either Fermi—Dirac or Bose—Einstein distribution.

Consequently,

2 2
9T 4 9T~ 4
T = T

30 ) Psm 90

In the Standard Model the effective number of massless degrees of freedom g, = 106.75.

psM = (1.50)

The second contribution is due to three generations of heavy Majorana neutrinos. The third
Sakharov condition requires the heavy neutrinos to be out of equilibrium, so that in order to
calculate their contribution to the total energy one has to solve a coupled system of the Einstein
and the Boltzmann equations. However, if the deviation from thermal equilibrium is small,
which in fact is the condition of applicability of the Boltzmann equation, then it is a sufficiently
good approximation to neglect the deviation from thermal equilibrium in the Einstein equations.

In this case

o = SIS ), par = ST (), (151)
30 — 7 90 — "
where x; = 1\% and g, = 1.75 is the effective number of “massless degrees of freedom” of a

Majorana fermion. The functions r,(z) and 7,(x) are integrals over the Fermi-Dirac distribution

defined as

( ) 120 [° \/m 22dz (1 52&)
ry(z) = =— 224z , )
P ™ Jo exp(Vz2 +22)+1

120 [° 2 2d
NPT . (5
T Jo V22 4+ x?exp(V22 +a2) + 1
and tend to unity as x approaches zero. It is convenient to introduce
9o =9s T 9: D _1p(xi),  Gp=gs 9 > rp(xs) (1.53)

7 3

At temperatures higher than the mass of the heaviest Majorana neutrino (i.e. as z — 0) all

particles can effectively be considered as massless, and both g, and g, tend to the same limit

8 Above the electroweak phase transition the vacuum expectation value of the Higgs is zero and the masses of
all the fermions and gauge bosons are zero. Furthermore, we neglect the so—called effective thermal masses, as

these are smaller than the temperature and can be safely neglected.
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Jo = gx + 395 = 112. At temperatures lower than the mass of the lightest Majorana neutrino

(i.e. as ¢ — o0) both g, and g, tend to g,.

Using equations (1.50), (1.51), (1.53) and relation % = %fa% we find for the time derivative

L4
p=ip| P2 (1.54)
9o T

where the prime denotes differentiation with respect to x = x1. Combining now equations (1.48),

of the total energy density

(1.49) and (1.54) we obtain an explicit expression for the time derivative of z:

1
H(M M? [473g,\2 3+ gpg,
p= M) pny = MO (”g) o= [l 29 (1.55)
9«4 — 9,9,

By H(M;j) we denote the value of the Hubble parameter at 7' = M; in the model with neglected
contributions of the Majorana neutrinos to the energy density of the Universe. At temperatures
lower than the mass of the lightest Majorana neutrino r; tends to unity, and the expression for &

takes its conventional form. A plot of the 7; is presented in figure 1.4.a. It is interesting to note
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Figure 1.4: Ratios of & and y/—g3 in the model with three heavy Majorana neutrinos with masses

My = /10M; and M3 = 10M; to those in the Standard Model.

X

that r;, which is bigger than unity at small x, crosses unity at a finite z and then asymptotically
approaches unity from below as z — oo.

As follows from (1.50), at sufficiently high temperatures, when all the species can be consid-
ered as massless, p = g and equation (1.49) simplifies to p = —4Hp implying the well-known
solution R = const - T~!. Therefore it is natural to represent the scale factor R as a product of

T~! and an unknown function 74(z):
R = const - T3 - ry() (1.56)

Substituting (1.56) into the Friedman equation (1.48) and using (1.55) we obtain a differential



1.4. Leptogenesis in the uniform Universe 23

equation for r4(x):

rlg(x) 34— xg;)gp_l ) .
B R (1.57)
rg(x) T | 3+ gpg,
Its solution satisfying the boundary condition r4(c0) =1 is given by
© [4—xg gt d
re(z) = exp —3/ % 1| = (1.58)
z 3+ 9p9p z

-1

and is presented in figure 1.4.b. Let us note, that, just like the function r;, the product r;ry

crosses unity from above at a finite z and then approaches unity from below as x — oc.

For computation it is convenient to rewrite the system of Boltzmann equations (1.42) in
terms of dimensionless quantities. To this end we introduce a dimensionless Hubble parameter
H(My) = H(M;)/M; and dimensionless reaction densities 4 = v/(MT?). Rewritten in terms
of these quantities the system (1.42) takes the form:

Wy () =z Yo\ Lo UL osVQ | oaUT

_ 1_ { 93¥L | o 9 } 1.59
dr  ry(w) H(My) yor ) b = Su T 2w T g (1.59)
8YL Tg(l') xr A Y\p YL Yw AU, ~AUQ AU

= — 1— —o ———[2 L2 2 } 1.59b
e ra(a) HOMY T\ T vgr) T vy [Feo TS e (1.59b)

YL, . N . . U e,
vl [Céh’)’gH + deon FH + e + 2chfy‘1Q’LU +2(1+ cu)’ng +2(1 - cq)y%g] }

In thermal equilibrium the final lepton asymmetry would be zero. The degree of deviation
from thermal equilibrium is characterized by the ratios of reaction densities of the decay and
scattering processes to the expansion rate of the Universe. In particular, if we neglect the
contribution of the heavy neutrinos to the energy density, i.e. set ry = r; = 1 in (1.59), then

the degree of deviation from equilibrium in the decay of the Majorana neutrino is parametrized

by the ratio
5
'y, ™ 8r2 L v?

= me=——g2—— ~103 eV, 1.60
H(M;) — m, 3v5% Mpy (60

As has been argued in [34], the smaller this ratio, i.e. the bigger the deviation from equilibrium
is, the more efficient leptogenesis is. Consequently, an increase of H(M;) would lead to an
increase of the efficiency. The nontrivial dependence of the rirg_l factor on x effectively modifies
the Hubble parameter. Generalization of the above statement to the case under consideration
would lead us then to the conclusion, that if 7“567“571 was bigger than unity for all z, the efficiency
of leptogenesis would increase and vice versa. However, the nontrivial dependence of r; and rg
on x results not only in the aforementioned effective modification of , but also in a modification
of the equilibrium particle number densities in the comoving volume, Y = r,(n7~3). Results of
a numerical analysis for various k are presented in figure 1.5, where we have used M; = 10° GeV
and v/3m = 5-1072 eV for evaluation. As initial conditions we have used Yy (z¢) = Yg?(zo)

and Y7,(zg) = 0, where 2o = 1073. It turns out, that for the chosen masses of the Majorana



24 Chapter 1. Leptogenesis in nonuniform Universe

07 ——

0.6

In /(n, )

0.3

02

0.1

0.01 0.1
X=M/T

Figure 1.5: Efficiency of leptogenesis for various « with (dashed lines) and without (solid lines)
contribution of the heavy neutrinos to the energy density taken into account. Initial number

density of the heavy neutrinos coincides with the equilibrium one.
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Figure 1.6: Efficiency of leptogenesis for various x with (dashed lines) and without (solid lines)
contributions of the heavy neutrinos to the energy density taken into account. Initial number

density of the heavy neutrinos is taken to be zero.
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neutrinos the change in the final asymmetry due to the deviation of r;(z) from unity is negligibly
small. On the contrary, the nontrivial dependence® of rq(z) on x results in a visible decrease of
the final % ratio. The interpretation of this somewhat unexpected result is as follows. For all
temperatures r4(z) < 1 (see figure 1.4.b), and therefore the equilibrium particle number density
in the comoving volume is always smaller than in the case of neglected contribution of the heavy
neutrinos. Consequently, at a given x the same value of Y would correspond in the former case
to a bigger degree of deviation from thermal equilibrium, which is characterized by the Y/Y ¢4
ratio. Since the washout processes tend to bring the system to equilibrium, the resulting Y (z),

as well as Y (00), is smaller compared to the case of the neglected Majorana contributions.

Note, that absolute value of the lepton asymmetry in the two models is plotted in figure
1.5 as a function of the dimensionless inverse temperature x. Since contribution of the heavy
neutrinos into the energy density changes the dependence of the temperature on time, the same
x corresponds in the two models to two different values of time. Therefore, in order to compare
the time development of the lepton asymmetry in the two models, one has to consider the
inverse temperature as a function of time. As is clear from figure 1.5, already at moderate x the
asymmetry reaches a constant asymptotic value, so that for comparison of final values of the

asymmetry in the two models the time dependence of the inverse temperature is irrelevant.

One might argue, that the difference in the asymptotic value of the asymmetry in the cases
with contribution of the Majorana neutrino to the energy density neglected and taken into
account can be explained by the smaller initial value of Y£ = Y,L;q in the latter case. It is
therefore instructive to compute the asymmetry using the Yy (x¢) = Y7(20) = 0 initial conditions.
Population of the Majorana neutrinos is created in this case by the scattering and inverse decay
processes. If the Yukawa interactions are weak (corresponds to small k), they are unable to
produce a thermal population of Majoranas, whereas if the Yukawa interactions are sufficiently
strong (corresponds to large ), the number of Majoranas almost reaches its equilibrium value.
In the latter case the asymptotic value of the lepton asymmetry is expected to be independent of
the initial conditions. The CP violating inverse decay processes produce an asymmetry, which
obviously has a sign opposite to that in the decay. The lepton asymmetry generated by the
decaying Majorana neutrinos compensates the asymmetry generated in the inverse decay at
some point, so that |Yz| turns to zero and then starts to grow.

Results of a numerical analysis with the initial number of the Majoranas taken to be zero

are presented in figure 1.6. Considerable smaller (compare, for instance, the solutions without

contribution of the heavy neutrinos into the energy density taken into account) than in figure

A multiplication of 4 (x) by any constant factor corresponds to a redefinition of the scale factor normalization

and leaves the % ratio unaltered.
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1.5 value of the asymmetry for k = 1 and k = 5 is explained by the weakness of the Yukawa
interactions, unable to produce a thermal population of the heavy Majoranas. Only for k = 10
and k = 50 the Yukawa interactions are sufficiently strong, and the asymptotic value of the
asymmetry is the same as that in figure 1.5. For all the considered values of x the asymmetry
in the case of neglected Majorana contribution is bigger than with that taken into account
(although for k = 10 and x = 50 the difference is hardly visible).

The above discussion can be summarized as follows. Consider two models of the early Uni-
verse. The first model is the FRW Universe with only the Standard Model species contributing
to the energy density. The second model can be the homogeneous Universe with contributions of
the Majorana neutrinos to the energy density taken into account or the inhomogeneous Universe
considered in the next section. If (all other parameters and dependencies being equal) the ratio
of # in the second model to that in the first one is bigger (smaller) than unity for all z, then
the final lepton asymmetry in the second model is bigger (smaller) than in the first. Similarly,
if (all other parameters and dependencies being equal) the ratio of \/—gs in the second model
to that in the first model is a monotonically growing (decaying) function, then the final lepton
asymmetry in the second model is smaller (bigger) than in the second one.

In order to better understand the numerical results above it is instructive to obtain the
analytical solution of the Boltzmann equations, which is possible in some limiting cases. We will
consider the case of K > 1. One of the reasons for that is that in the case of large « the asymptotic
asymmetry is independent of the initial conditions. To simplify the analysis we neglect the
contribution of the Higgs—mediated scattering processes. Furthermore, for moderately large x
the scattering processes mediated by the Majorana neutrinos are sub—dominant in comparison

to the inverse decay processes and are neglected as well. Equations (1.42) then simplify to

O0A %
- _ _ A 1.61
3$ ax ’%xfyD Y ( 6 a’)
0Y;
8—; = ekrYpA — kxyL Y], (1.61Db)

where the following notation has been introduced:

2 2

T 1 Ky(x Cth T
A= Y\I} — Y‘;q, Y\Eq = Tg(ﬁ)ﬁKQ(SU), YD = T-KQE'I;7 YL = E?Kl(f) (162)
x x

The solution of the system (1.61) corresponding to the initial conditions A(0) = Y7(0) = 0 reads
X x

Az) = —/ Yo (2') exp [—/ x”/vyp(x”)dx”} da’ (1.63a)
0 x’

V—en [ a@ ) e |- [

T

m"mv,;(x”)daz"} dx’ (1.63Db)

/

(see [4]). In the k> 1 regime A" ~ 0, and it then follows from (1.61a), that kzypA ~ —Y\Eq/.

Furthermore, at > 1 we obtain Y\Eq, () = —[rg(z) — r;(x)]\/% exp(—z). Substitution into
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(1.63b) yields

x/3

Y, ~ 5/ [rg(z') — ry ()] 5.3 CXP [—x' —/ x”/w,;(w")dx"} da’ (1.64)
0 & x!

For x — oo the integral for Y7, can be evaluated using the method of steepest descent. Dividing
the asymptotic value of the lepton asymmetry by the parameter of CP violation and the photon

number density in the comoving volume, Y, = %Tg, we obtain

Y, ro(zs) —rl(x 3 v
nL () ~ ™ g( f) g( f) f 7 exp [—xf—/ Kﬂf/l’yL(CC//)dﬂf//] (1.65)
If x

K eny  eYy(z) 2 re(x) —(z" kL ;

where xy is determined by xxfvyr(xy) = 1. Large x imply large x¢. In this case, approximately,

/%(gcf)al?“;i/2 exp(—zf) =1, K= (1.66)

If the contribution of the Majorana neutrinos to the energy density is neglected, then r, =
r; = 1. Let us assume for a moment, that r; = 1, whereas r, is a nontrivial function of x. As
follows from equation (1.66) and the definition of 7, the value of ¢ remains unchanged, and
the only difference from the case ry = r; = 1 is the overall factor ry(zf) — ry(zy). If g is a
monotonically growing function and reaches unity as  — oo, then r, < 1 and fr’; (x) > 0 for any
xy. Therefore their difference is smaller than unity, and the efficiency decreases. Conversely, if
r4 is a monotonically decaying function and reaches unity as  — oo, then r4 > 1 and r’g(;r) <0
for any xy. Consequently, the difference is bigger than unity, and the efficiency increases.

A deviation of r; from unity effectively modifies x and leads to a shift of xy. For moderately

large k, the solution of (1.66) is given by [4] xy ~ 4.2(In)%C. A simple calculation shows, that in

i (zy) i (xy)
T (mf) Ta'c(xf)

the zy > 1 limit —(wkyp) |, = 1+ , and f;fo rrypde ~1— . In this approximation,

substitution of x; into (1.65) yields

N 1 ro(xg) —rg(y)  ra(ay) exp <7’/z'(33f))

= 2con K(In 7)0-6 1¢(00) ' 1 4 er) ri(zy)

ri(zy)

(1.67)

It is clear from (1.67), that the account of the nonzero chemical potential of the Higgs reduces
the efficiency, and that the asymmetry is (approximately) inversely proportional to .

The numerical analysis shows (see figure 1.4), that for xy > 1 the contribution of the terms
proportional to r}(xf) is small in comparison to the contribution of the terms proportional to

06 ig a

ri(xf) and can be neglected. Since the deviation of 7; from unity is small, and (In &)
slowly varying function of K, to a good approximation the ratio of the efficiency in the model

with rg,r; # 0 to that in the model with 7y = r; = 1 (and the same &) is given by

rg(xs) —rglzy)  ra(wy) ri(zp)\ w31 rg(ay) —ry(ay)
Ty o . d ex ~ cri(zy) (1.68)
neo frpmes () r(o<) !
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In the model with the contribution of the heavy neutrinos to the energy density taken into
account r, is a monotonically growing function, which asymptotically reaches unity, and r; < 1
at large z. Consequently, both of the factors in (1.68) are smaller than unity, and the efficiency
is smaller than in the model with neglected contribution of the heavy neutrinos.

It may seem at first sight, that the ratio of the efficiencies is independent of k. However, as
follows from (1.66), an increase of x leads to an increase of . As both r, and r; asymptotically
approach unity as  — oo (see figure 1.4), the ratio (1.68) also tends to unity. This conclusion

is in perfect agreement with the results of numerical analysis, see figure 1.5.

1.5 Leptogenesis in nonuniform Universe

As is commonly accepted at present, small (of order of 107> — 10~%) primeval inhomogeneities
of the energy density induced by quantum fluctuations in the inflaton field have been created
during inflation — a period of accelerated expansion of the Universe [2, 3].

The Hubble radius Ry = H~! gives the typical size of causally connected regions of space.
A perturbation whose wavelength surpasses the Hubble radius is not affected by microscopic
physics. Since the Hubble parameter H is constant during inflation, all cosmologically interesting
scales begin sub—horizon sized, cross outside the Hubble radius during inflation, and later again
cross back inside the horizon. Larger scales cross the horizon first and reenter last. The Hubble

radius at temperature T' = M, is given by

D=

Mpy
M}

45
Ry, = H (M) ~ ( > ~ 10732 pc (1.69)

4m3g,
where we have set M; = 109 GeV for definiteness. Scales of size A > Rp, reenter the horizon
only after the generation of lepton asymmetry is over and are therefore “frozen” during inflation.
Had the perturbations of a sub-horizon scale A\ < Ry, not become non-linear, at present they

would have the size
< R(tpres)
pres ~o
R(tlept)

In the radiation dominated Universe R o< T~1. Since the transition between radiation domina-

A Ry, (1.70)

tion and matter domination at Tjyqns =~ 3 x 10* K the cosmic scale factor R has grown by slightly
more than a factor of ten thousand [4]. Consequently, the ratio of the scale factors at present to
that at the time of leptogenesis is of the order of 10%!. Therefore, had the perturbations which
were of sub—horizon size during leptogenesis not become non-linear, at present they would have
size Apres S 107! pe. Non-linear effects would make this number even smaller. This is many
orders of magnitude smaller than the typical galaxy size ~ 30 kpc. In other words, all pertur-
bations of physically interesting scale were of superhorizon size and “frozen” during the period

of leptogenesis.
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Assuming a momentum-—energy tensor of the form (1.46), one obtains the following set of

Einstein equations for small perturbations of the metric [39]:

}.ka — 2Hi”ka — QHhkk = 87TGR2(p1 + 3p1), (1.71a)
0
5 [R™2 (hiwi — hwi )] = —167GR*(p + p)ua;, (1.71b)

hijek — gk — ik + hiek,ij — B2hij + RR(hij — hugdij) + 2R (hurdij — 2ha)
= 87TGR4(,01 - pl)(sij — 87TGR2</) — p)hij, (1.71C)

where p1, p1 and u; are the perturbations of energy density, pressure and the spatial components
of the four-velocity respectively, and h;; are the perturbations of the spatial components of the
space—time metric.

To analyze the equations (1.71) we will follow the approach developed in [40]. Equation
(1.71a) can easily be rewritten in terms of hy, = >, hii/(2R?):

hp +2Hhy = 4G (p1 + %) (1.72)

We will also need the trace of the equation (1.71c). Summing over i = j and using the zero—order

Einstein equations (1.47) we obtain

hy, +6Hhy, — (hii g — hikar) = 47G(p1 — p1) (1.73)

1
3R*
Next we write the scalar mode of h;; as a Fourier integral and split it into longitudinal and

transverse parts:
hij(r, @) = 2R*(7) /d3q ¢ (0350 (1, @) = (Gds — 61 /3hr (1, 7)), T=ad (1.74)
Note that hy, and hp are used to denote longitudinal and transverse parts of the metric in both
the real space and the Fourier space.
Equation (1.72) rewritten in terms of Fourier components obviously retains the form

hp + 2Hhy, = 47G <p1 + %) (1.75)

where p; and p; denote now Fourier components of pressure and energy density. Substitution
of (1.74) into (1.73) yields
by 60+ 2 () Z el ) (1.76)
L Ltgm (|t 5 | =4 .

Considering equation (1.71c) with ¢ # j we obtain

. . q> hp
hr + 3Hhp = 72 hy + — (1.77)
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As can easily be verified by direct substitution, the solution of the system of equations (1.75),

(1.76) and (1.77) in the radiation dominated Universe is given by [40]

5:‘2:04(2;;1+y42 §;+~-->+ﬁ<2yo22g+£+m> (1.78a)
hL:a<2(“;2—(;11ny+i/2—;’72+--->+ﬁ<20;—0221ny—g+§+---) (1.78b)
hT:3a<CQ’11ny—le—gz+9y;0+...)+35<62'21ny+21y+i—i+~--> (1.78¢)
aziqgl:a<—‘301+i/;+--->+ﬁ<—202—3f—‘7§+---> (1.78d)

where y = ¢/7/v/3. The coefficients C; and Cy are constants of integration representing the
residual gauge freedom and are removed by the conventional choice C; = Co = 0. Let us discuss
this point in more detail. If C1,Cy # 0 then in the limit ¢ — 0 the leading terms in (1.78) are
those proportional to a linear combination C' = aCy + BCs of C7 and Oy, irrespective of the
value of 7.

2:2;;’ hL:;?jz’ hT:%lny (1.79)
Upon substitution into (1.76) we see, that the right-hand side and the first two terms on the
left—hand side of (1.76) increase with decrease of ¢, whereas the third term remains constant.

Consequently in the limit ¢ — 0 this term can be neglected and equation (1.76) takes the form!®

hL+6HiLL 247TG(p1 —,01) (1.80)

Equations (1.75) and (1.80) are precisely the two equations, which one obtains by introducing a
perturbation of the FRW metric R?(1) — R?(7)(1 — 2hz(7)) and substituting it into equations
(1.47). In the FRW Universe the metric of space-time is characterized by a single quantity —
the scale factor, which depends only on time and is independent of the spatial coordinates. Its
explicit time dependence is determined by the form of the momentum—energy tensor. Obviously,
the scale factor R?(7)(1 — 2hp (7)) still corresponds to a homogeneous Universe, but with the
momentum-—energy tensor different from the one determining R?(7). For instance, one could
have used equations (1.75) and (1.80), to treat contribution of the Majorana neutrinos to the
energy density, considered in the previous section. We thus conclude, that the spurious solu-
tions proportional to C7 and Cs describe the dynamics of the homogeneous background, not the
dynamics of the scalar perturbations, and should be removed by setting C; and Cs to zero.

It also instructive to compare the solutions (1.78) with those in the longitudinal gauge [41].

According to [33], the solutions of the Einstein equations for small perturbations in the longitu-

10Equivalently, after averaging over the volume of a large scale inhomogeneity, the third term on the left-hand

side of (1.73) is smaller than the first two terms.
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dinal gauge are related to those in the synchronous gauge by

1 " . R ) 1 R ,
=—|n —Ih =n———(h 1.81
) 2q2< +6n + | +6?7]>7 Y=n 2qu( +6n) (1.81)

where a prime stands for differentiation with respect to conformal time. Switching to proper
time and using the relations h = —6hp, 6n = 2h1 4 6k, which follow from the decomposition
(1.74) and comparison with the corresponding expressions in [33], we obtain
R? /. . 1 R2.

b="7 (hT v 2HhT) - =g+ 3h) = b (1.82)
It is trivial to check that the terms proportional to C' in (1.78) do not contribute to ¢ and 1,
which confirms that these are spurious solutions. Substituting terms proportional to o and g,
we obtain for ¢ and 1

. a B V3 33 a p(1 1
¢—¢——6+2<2W;+q37;>——6+2<2y+y3> (53

The solution for § = Z—(l) is related to that in the synchronous gauge by [33]

pz) h/—|—67’],
o= ————F—

5long = 5syn + a%v 2(]2 (1.84)
Expressed in terms of hy, and hAp, this transformation takes the form
b Ssyn + B o (1.85)
long = —5 hr— .
ong syn q2 20

Using the zero—order solution p = 3/(327G72), the solutions (1.78) and neglecting terms pro-

portional to ¢ and ¢2, we obtain

(Slong:§+ﬂ<_\/§+6\/§>:a+ﬂ<—;+y23> (186)

QT% q37-§ 3

It is straightforward to check, that the solutions (1.83) and (1.86) are the leading terms of the

expansion of the solutions obtained in [41], (1.87) and (1.88), in the vicinity of y = 0.
1 .
o= [—a <smy — cosy) + 4 (cosy + siny)] (1.87)
2y (0 Yy

_ 2 . . _ 2 .
0= —a [(2 2y > <Smy —cosy> — Smy] + 243 Kl 2y ) (COSy —i—siny) + Smy} (1.88)
Yy Y Yy Yy Yy 2

Our goal is to compare the efficiency of leptogenesis in the inhomogeneous Universe to that in

the homogeneous background. As has been argued in section 1.3, under certain assumptions the
system of Boltzmann equations in the inhomogeneous Universe (1.42) has to a first approxima-
tion the same form as in the uniform Universe. The difference from the homogeneous case arises

through a different than in the uniform Universe dependence of & and /—g3 functions on the
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dimensionless inverse temperature x = %, or, alternatively, through a nontrivial dependence of
the r; and ry on x. Note, that in the inhomogeneous Universe the temperature 7' is related to
the background temperature Ty by T'= Tp(1 4+ ©), where © is small.

The generalization of the momentum—energy tensor of a relativistic gas to the case of a
perturbed space-time metric is given by [33]

I _LPtP,
T = dPldPZdPB(_g) 2 PO f(IL‘ 7F)ja7-) (189)

where g is the determinant of the space—time metric. In the synchronous gauge it coincides with
the determinant of the spatial components of the metric y/—g3. The invariant integration mea-
sure can be expressed in terms of the physical momentum and solid angle, dPldPgdPg(—g)fé =
p? dp dS). In the synchronous gauge P? = Py = E. Furthermore, as has already been mentioned,
we neglect possible modifications of the phase space distribution functions induced by the grav-
itational field. In this approximation the energy density p = T(? does not contain contributions
from the gravitational field. A direct calculation shows, that in the absence of a preferred di-
rection the leading contribution to the change of the gas energy density due to a small nonzero
macroscopic velocity @ is proportional to @?, i.e. is of second order, and can be neglected. Thus,
to a first approximation the energy density of a relativistic gas in the nonuniform Universe is
proportional to T%. Consequently, there is a simple relation between perturbations of the energy
density and the temperature, namely § = 40.

The determinant of the spatial components of the perturbed space-time metric is given
by /—g3 = R3(1 — 3hy). Note that the left-hand side of this expression corresponds to the
temperature T, whereas R? on the right-hand side is calculated at Ty. Taking into account that

in the homogeneous Universe R3 = Ty 3 and using the definition rg = T3,/—g3 we obtain
rg = (14+0)*(1 —3hr) ~ 1+ 30 — 3hy (1.90)

The second quantity we are interested in is the time derivative of x. Taking into account
that in the region of perturbation & = x¢(1 + ©)~!, where x¢ is the background value of x, and

that the Hubble parameter in the FRW Universe is given by H = zox, ! we obtain

. o 1 e
x_1+@(1 H1+@>’ (1.91)

where & is calculated in the homogeneous Universe at temperature Ty. Taking additionally into

1

account that o(z) oc 7+, we find for r;

R {CRN— (1 L_© )zl—2@—@H‘1 (1.92)

ioz)  (1+02\" H1+6
Let us return to the spurious solutions of the Einstein equations at this point. From equations

(1.79) it follows that hy = % = O, so that r; = 1. Using the relation 0 = y@; = Hy@é we
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obtain from (1.79) © = —2HO, which yields r; = 1 just like in the homogeneous case (recall,
that we negelect the contribution of the right-handed neutrinos to the energy density in this
section). This analysis supports the assertion, that the spurious solutions describe the dynamics
of the homogeneous background. It also demonstrates, that relating Ay, to § by comparison of
coefficients of individual terms in the expansions is a reliable method.

At large y (i.e. for the late times or relatively small wavelengths) the leading terms in (1.78a)

and (1.78b) are those quadratic in y, so that hy = g = 0 and © = 2HO and we obtain
rg=1 ry=1-406 (1.93)

As follows from equation (1.68), in this case the efficiency of leptogenesis is smaller than in the
homogeneous background.

However, at T' ~ M; all physically relevant scales are of superhorizon size and have large
wavelengths, i.e. correspond to very small ¢ and y. At very small y, the leading terms in (1.78a)

and (1.78b) are those linear in ¥, so that hy, = § = 40 and © = HO and we obtain
rg=1-90, r;=1-30 (1.94)

We are interested only in the perturbations growing with time, in which case © is positive and
increases with time. In the radiation dominated Universe /7 o T~! o< z, and we conclude that
O x y = ax, where « is a small positive number. Since © is positive, r; is smaller than unity,
which tends to decrease the efficiency. On the other hand, since © increases with time, ry is a
decaying function of x, which tends to increase the efficiency.

For very large scale perturbations, to which we limit ourselves here, the terms proportional
to ¥? in (1.78) start to dominate over those proportional to y at a very late time, i.e. at a
very large value of the inverse temperature xj, > x ¢, where x is the inverse temperature of the
freeze—out (introduced in section 1.4) . Substituting r, = 1 — 9ax and r; = 1 — 3ax to (1.68)

we obtain for the ratios of the efficiencies at the inverse temperature x ~ xp
rp(y) = 14 3a(2.5 + 3z, — 4ay) (1.95)

Provided that x > xy, the ratio (1.95) is bigger than unity. We, thus, conclude, that the
efficiency of leptogenesis increases in the regions of higher energy density, as one would expect.
Numerical solutions of the Boltzmann equations (1.42) with r4 and r; given by (1.94) reproduce
this result for all the considered k. By the time x reaches x;, all the washout processes are frozen
and the baryon minus lepton number is effectively conserved, so that the further development
of the Universe, which is described by (1.93), does not influence this value.

Finally, let us note, that the lepton asymmetry in the physical volume, which is proportional
to the product of the efficiency and the photon number density, is also bigger than in the uniform

Universe, because the photon number density is bigger in the regions of higher energy density.
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1.6 Baryon number violation

The nontrivial vacuum structure of non-Abelian gauge theories [7, 8, 42, 43] leads in the SUL(2)
theory to an anomalous non—conservation of baryon and lepton numbers. The vacuum is usually
regarded as a classical field configuration corresponding to a minimum of potential energy. It
is common to choose only one (trivial) configuration to represent the vacuum state. The trivial
solution of the Yang-Mills equations is given (in the Ay = 0 gauge) by A =0. A Yang-Mills
field configuration phase space can be divided into gauge—equivalent subspaces, which can be
transformed one into another by a continuous gauge transformation. There are infinitely many

field configuration, which are gauge equivalent to the trivial one
A(@) = g 1 (@) Vy(T) (1.96)

where ¢ is the unitary matrix of gauge transformations. If g(Z) can be joined to the identity

through a one-parameter continuous family of transformations

9(%,1) = g(¥); g(£,0)=1 (1.97)

then these vacuum configurations are also topologically equivalent to the trivial one. However,
not all of the gauge equivalent subspaces are also topologically equivalent — in Yang—Mills
theories there is a countable infinity of classical vacuum configurations which have different

topologies. The topologically inequivalent vacua are separated by a finite potential barrier.

h.
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—O0— —e— ——o— ——o— J A
4
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Figure 1.7: Illustration to the conversion of lepton asymmetry into baryon asymmetry.

Consequently, there is a finite amplitude for tunneling between topologically inequivalent vacua.
In the course of a transition from one vacuum to a topologically inequivalent one, a fermion
energy level is shifted upwards (downwards) and takes the position of its predecessor. In other
words, new (anti)quarks and (anti)leptons are created out of the vacuum. Since all the left—
handed Standard Model fermions have the same SUp(2) properties, a single transition leads to
a creation of two left-handed leptons (an electron and a neutrino) and six left—-handed quarks

(up and down quarks of three colors) of each generation!!. Since the baryon number of a quark

1 Similar processes also take place in the SUc(3) theory. However, since the couplings of the gluons to quarks
are vectorlike, the change of baryon number carried by left-handed quarks is exactly compensated by the change

of baryon number carried by right-handed quarks.
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is one third, whereas the lepton number of a lepton is unity, the difference B — L is conserved.
At low temperatures the tunneling probability is exponentially small. At temperatures where
the leptogenesis takes place, however, the electroweak symmetry is unbroken, and the exponential
suppression of the baryon number non—conserving transitions, called sphaleron transitions [44],
disappears. The power—counting estimate of the rate per unit time and unit volume in the

unbroken phase is then [45, 46]
Ty, = const - (awT)*. (1.98)

The rate of the sphaleron transitions exceeds the expansion rate of the Universe in the standard

Big-Bang scenario in the following interval of temperatures:
10? GeV < T < 10'% GeV. (1.99)

In other words, the lepton asymmetry generated in the decay of the heavy neutrinos is instantly
converted into the baryon asymmetry.

For a species in thermal equilibrium the excess of particles over antiparticles, i.e. the asym-
metry, is parametrized in terms of its chemical potential. As the SUL(2) symmetry is unbroken
at the stage under consideration, chemical potentials of upper and lower components of leptonic
doublets, denoted by p; and p;, respectively, are equal. This implies, that the chemical poten-
tials of the W bosons are zero. The chemical potential of the B® gauge boson is zero because
it is neutral. Note, that in the absence of rapid flavor-mixing interactions in the leptonic sector
the chemical potentials of leptons of different generations are, generally speaking, not equal.

The unbroken SUL(2) symmetry also implies, that chemical potentials of top and bottom
components of quark doublets, denoted by 1, and p4, respectively, are equal. Moreover, since
the SUc(3) symmetry is exact at any temperature, the chemical potentials of the components
of color triplets are equal as well. This implies in particular, that the chemical potential of the
gluon fields is zero. In addition, rapid flavor—changing interactions assure that the chemical
potentials of quarks of a given charge and chirality are the same, so that only three chemical
potentials should be introduced: 5, = uqr, for left-handed and p,r and ugr for right—handed
quarks of a given color.

Supersymmetric, as well as GUT, extensions of the Standard Model, one of which will be
discussed in chapter 2, may contain more than one Higgs doublet. It is assumed here, that
mixing between the Higgs doublets assures equality of their chemical potentials: u_ for all
charged scalars and pg for the neutral ones.

The free—energy F of the left-handed fermions is expressed in terms of their chemical po-
tentials and the temperature as

F =2 F(u)+6NF(pur) < 2T% > p? +6T°Npl; (1.100)
i=1..3 i=1..3
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Baryon and lepton number densities are obtained by differentiating the free energy with respect

to p; and fuyr:
1 OF

- § a,UfuL

OF
Ly = Z 7~ AT?yu, By o AT?N i1, (1.101)

where pr = >, p; has been introduced. From the fact that the sphalerons conserve baryon
minus lepton quantum number separately for each generation [26] it follows, that du; = dpyr.
Minimization of the free energy yields

dF
duuL

oc 4T (3N pur, + p1) o 3B + Ly, =0 (1.102)

In other words, if sphaleron processes are in equilibrium, the sum of the lepton and thrice the
baryon number carried by the left—handed fermions is zero.
To illustrate this conclusion let us assume that the initial baryon number is zero and the

total lepton number is negative. Number and energy densities of leptons and quarks read
_ 3 3 _ 4 4
ng o< Az, ng o< 3Ay,  Epoc Ay, Eg o 3A, (1.103)

where A, (Ap) is the energy of the highest filled (lowest unfilled) quark (lepton) level.

In the course of sphaleron transitions empty negative lepton levels and filled negative quark
levels cross the zero energy level from below, so that the number of antileptons is decreased,
whereas the number of baryons is increased (see figure 1.7). While both A; and A, change, the
sum A7 4+ A, remains constant, so that

Cﬁ]ocZ%Ag—A%ocnq—ngocZ%BL—i—LL:O. (1.104)
The energy density of the system reaches its minimum when the total number of antileptons is
equal to the total number of quarks, i.e. the baryon number is equal to minus one third of the
lepton number.

Relation (1.102) can also be obtained using the fact, that for equilibrium reactions the sum of
chemical potentials of the incoming particles is equal to that of the outgoing ones. The sphaleron
processes correspond to the creation of (u;rd;re;pv;r) states [26] out of the vacuum. Therefore,

as long as the sphaleron processes are in thermal equilibrium, the following relation among the

chemical potentials is enforced:

3N (pur, + par) + (pir, + pi) =0, (1.105)
1=1..3

where the factor of three is due to the three color degrees of freedom, while the summation over
generations takes into account that fermions of all the generations are created simultaneously.

Taking into account that j,, = pq, and p; = p;, we arrive again at equation (1.102).
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The electroweak interactions, which are in thermal equilibrium down to about Tz, ~ 2 MeV,

imply additional relations between the chemical potentials [47]:

pw = p-+po (W = H +H) (1.106a)
i, = pur +pw (W™ < up +dp) (1.106b)
wir, = pi+pw W™ < +er) (1.106¢)
fur = puL+po (H < G+ ug) (1.106d)
far = fur +pw —po  (H° < dp +dg) (1.106e)
pin = pi+pw —po (H® < e+ &r) (1.106f)

Assuming a thermal distribution, the number density of fermions (bosons) is given by the

Fermi-Dirac (Bose-Einstein) distribution

B dp g
ns = [ ool ATTET (1.107)

where p is the particle chemical potential and g is the number of internal degrees of freedom
(g = 1 for massless Weyl fermions and g = 2 for massless vector bosons). Assuming that ratio
of the chemical potential to the temperature is small and neglecting the particle mass we find

for the excess of particles over antiparticles

T3 T3
ny —n_ = QT% (fermions), n4y —n_ = QT% (bosons). (1.108)

Relations (1.106) and (1.108) make it possible to express the baryon and the lepton numbers,
as well as total electric charge, in terms of just three chemical potentials. Omitting a common

overall coefficient we find

B = N(pur + pur) + N(par + par) = 4N pur, (1.109a)

L= Z (pi + pir + pir) = 3 — Npuo (1.109b)
i=1.3

Q =2Npu, — 2+ (4N + 2n)puo (1.109c¢)

where n is the number of Higgs doublets in the model. The requirement that the total electric
charge must be zero implies an additional relation between the chemical potentials.

From equations (1.109) it follows, that nonzero chemical potential of the leptons p induces
nonzero chemical potentials of quarks and the Higgs. As has been argued in section 1.3, the fact
that all matter fields carry a fraction of the asymmetry leads to a modification of the coefficients
of individual terms in the Boltzmann equations. For practical applications we need the chemical
potentials of quarks and the Higgs expressed in terms of the chemical potential of the leptons.

Assuming for simplicity that chemical potentials of leptons of different generations are equal,
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w1 = pir, = Wi, and using relations (1.106) and (1.109a), we obtain in the case of the Standard
Model

HQ = [dl = Hul = —%ﬁ = courL (1.110a)
4 Npuy Apsp
=g =—p_ = - = —= 1.11
pt = Ho s 32N +1 7 cHpL ( 0b)

2N—1%_5,ug

Mo HuR ON +1 3 21 CullL ( OC)
6N + 1y 19p4p
= = — == 1.11
fhd = HdR SN 13 57 = CdbL (1.110d)
2N + 3y e
= u;p = — == 1.110
e iR ON +13 7 CelbL ( e)

We are now in a position to relate the baryon and lepton numbers to B— L, which is conserved

by the Standard Model processes. Making use of (1.109) we obtain [47, 48]

8N +4n

B= 2T B IV~ 035(B-L 1.111
52N 1 131 )~ 035( ) (L.111a)
14N + 9n

L=—— T B VA —065(B—L 1.111b
53N T 131" ) ( ) ( )

where for the numerical evaluation we have used n = 1.

If the baryon number violating process were frozen at the epoch of leptogenesis, the lepton
asymmetry generated in the CP-violating decay of the heavy neutrino would coincide (up to a
sign) with B — L. However, since the lepton asymmetry is instantly converted into the baryon
asymmetry, this equality does not hold. Consequently, what we need is not the relation between

B and B — L, but a relation between B and L, which reads

8N + 4n
B=—————L~-054L 1.112
14N + 9n 0-5 ( )

According to the estimates performed in section 1.4, for M; = 10° GeV, v/3m = 5-10"2 eV and
m1 = 1072 eV (corresponds to k = 10) the efficiency of leptogenesis |n/(n.e)| = 6.7-1072. For
the same values of the parameters the upper bound on the CP asymmetry is given by |¢| < 1077.
Combining these estimates with (1.112) we obtain an upper bound on the baryon asymmetry
of the Universe in the Standard Model supplemented by three heavy right—-handed Majorana

neutrinos

Yp="8 <36.107° (1.113)

Ty

which is consistent with the experimental value Yg = 6.5f8:§ -1071%, The factor of five difference
from the experimental value can accounted for by a smaller value of the CP asymmetry in the

decay or by a bigger value of the effective neutrino mass, or by both of these factors.
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1.7 Conclusions

In this chapter the generation of the lepton and baryon asymmetries in the nonuniform Universe
has been investigated.

We have derived a simple and compact form of the Boltzmann equation suitable for compu-
tation of the lepton asymmetry in both the FRW and the inhomogeneous models of the Universe.
Effects associated with a nonzero macroscopic gas velocity and particle flow have been shown to
be of the second order and therefore negligible.

To understand how a modification of the Universe expansion rate and the scale factor depen-
dencies on the temperature influences the generation of the lepton asymmetry we have considered
leptogenesis in the Universe with contribution of the heavy Majorana neutrinos to the total en-
ergy density taken into account. It has turned out, that in this case the asymptotic value of
the asymmetry is smaller than that in the case of the neglected Majorana contribution. We
have also found, that if the ratio of time derivative of the dimensionless inverse temperature
x = My /T to that in the FRW Universe is bigger than unity, then the efficiency of leptogenesis
increases and vice versa. Analogously, if the ratio of the determinant of spatial components of
the space-time metric to that in the FRW Universe is a monotonically decaying function of z,
the efficiency of leptogenesis increases and vice versa. These properties of the solutions are easily
“read off” from the approximate analytical solution of the Boltzmann equations, which we have
derived in the limit x > 1. The computed theoretical upper bound on the baryon asymmetry
of the Universe is consistent with the results of experimental observations.

These results have been applied to the analysis of leptogenesis in the nonuniform Universe
in the synchronous gauge. We have related the perturbations of the space time—metric and the
time derivative of the inverse temperature to perturbations of the temperature using the known
solutions of the Einstein equations. It has been shown that for growing large scale perturbations,
which constitute seeds of the future large scale structures, leptogenesis is more efficient than in
the homogeneous background. Therefore, even before structure formation began shortly after
the onset of the matter—-dominated epoch, seeds of the future galaxies and other large scale

structures contained a higher—than—average number of baryons and leptons.
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Chapter 2

The superstring inspired Fg model

The ultimate goal of modern physics is the formulation of a unified field theory, able to unite
the two fundamental theories: quantum field theory and general relativity. At present, the most
promising hope for a truly unified and finite description of these two fundamental theories is
superstring theory and its latest formulation, M—theory [49, 50, 51, 52]. Superstrings possess
by far the largest set of gauge symmetries ever found in physics. Superstring’s symmetry in-
cludes not only the Einstein’s theory of general relativity and the Yang—Mills theory, but also
supergravity and the Grand Unified Theories as subsets.

The cancellation of anomalies places stringent constraints on which gauge groups may be
allowed by the superstring theory [53]. It turns out, that the gauge group of a supersymmetric
theory must contain exactly 496 generators, which restricts us to either SO(32) or Eg ® FEg
group. The latter one has received most attention as it leads to chiral fermions, similar to those
in the SM, whereas SO(32) does not. The ten—dimensional Eg ® Eg heterotic superstring theory
compactifies to the My ® I', where I is the Calabi-Yau manifold with SU(3) holonomy, and
yields a low—energy theory with N = 1 supersymmetry. If I' is simply connected, then the
Fs ® Eg gauge group breaks down to the Fg ® Eg subgroup

Eg@EgDSU(?))@Eﬁ@Eg.

The unbroken Eg describes a “shadow world”, which interacts with ordinary matter only grav-
itationally and which may, in principle, be responsible for the breaking of supersymmetry. For
a multiply connected manifold I' the initial gauge group breaks down to G ® Eg where G is a
subgroup of Eg [54]. In this scheme, chiral superfields N ;27 + §(27 + 27) (where for a wide class
of models § = 1) and 78 vector superfields of Eg emerge as the zero mode spectra. States in
§(27 +27) are denoted here by x and y respectively, whereas states in Ny 27 are denoted by .

Apart from having its origins in the superstring Fg ® Fg, the Fg model also has several

features relevant for low—energy phenomenology:
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— the model allows chiral representations;

— its fundamental representation contains the fifteen known fermions along with a right—

handed neutrino and two Higgs—like doublets;
— the model is automatically anomaly free.

In this chapter, I will present a detailed classification of states of the fundamental and adjoint
representations of Fg and its physically relevant subgroups using the Cartan—Weyl method,
which is briefly reviewed in section 2.1.

The issue of possible charge assignments, i.e. the correspondence between the set of weights
and physical states, is discussed in section 2.2. It is argued there, that the model allows six
charge assignments compatible with the Standard Model. Charge conservation in the processes
involving states of different generations requires that the same charge assignment be used for all
generations.

Some of the fields in the adjoint representation may lead to a rapid proton decay. Constraints
implied by the proton stability are discussed in section 2.3. In addition to the intermediate gauge
groups listed in [55] the SU(5)@U(1)®@U(1) is allowed for two charge assignments. Nevertheless,
the Yukawa interactions implied by the residual SU(5) symmetry make the rapid proton decay,
mediated by new bottom quarks, unavoidable unless if those are very heavy.

The dynamical breaking of B — L symmetry is considered in section 2.4. An interesting
feature of the model under consideration is the presence of additional (27 + 27) generations,
which contain right—handed neutrinos. Scalar components of the right—-handed neutrinos may
be used now to break the B — L symmetry spontaneously. The introduction of a simple discrete
symmetry ensures, that B — L is broken at a scale, which is sufficiently high for generating
large masses for the right—handed neutrinos, and that the right—handed scalar neutrinos of the
three known generations do not acquire a vacuum expectation value (VEV). The same symmetry
also forbids Yukawa couplings which, if present, would induce large masses for the conventional
neutrinos. The supersymmetric structure of the theory ensures, that large quantum corrections
to masses of scalars, associated with the presence of heavy gauge fields, cancel out. After the
B — L breaking, the residual gauge group is SUx(3) ® SUL(2) @ U(1) @ U(1).

Finally, in section 2.5 we derive an explicit form of the Lagrangian of the Yukawa interactions,
expressed in terms of the component fields.

Since a motivation for this work has been the construction of a model for leptogenesis, the Fg
model will be used for computation of the lepton and baryon asymmetries. This is performed in
chapter 3, where numerical estimates are also included. The difference of leptogenesis in the Fg

model from leptogenesis in the Standard Model arises mainly from its extended particle content.
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2.1 The Cartan—Weyl method

The exceptional group Eg has a rich spectrum of physically acceptable, i.e. those leading to the
SU¢(3) @ U (1) group, breaking chains [56]. The intermediate symmetry groups include those
extensively discussed in the literature, for example the Pati-Salam group [57]. The breakdown

to the Pati-Salam model can proceed, for instance, via SO(10) [58]
Eg — SO(10) @ U(1) — SUc(4) ® SUL(2) ® SUR(2) ® U(1) (2.1)

The SO(10) model itself has also attracted a lot of attention, as it naturally contains the right—
handed neutrino, whose existence is suggested by the results of neutrino oscillation experiments.
If gauge symmetry is broken by the Higgs mechanism, then the intermediate SO(10) can also
be broken down to SU(5), considered in [59], via

Es — SO(10) @ U(1) — SU(5) @ U(1) @ U(1) (2.2)

where the SU (5) contains the Standard Model gauge group. There is also an attractive possibility
of breaking the Eg to another of its maximal subgroups, a direct product of three SU(3) groups,
which further breaks down to the Standard Model gauge group supplemented by additional U (1)
or SU(2) groups, thus implying the existence of at least one extra “low—energy” gauge boson

[60]. For instance the breaking chain (2.3)
Es — SUc(3) @ SUL(3) ® SUR(3) — SUc(3) ® SUL(2) ® U(1) @ U(1) (2.3)

gives rise to a new neutral Z boson, which is mixed with the Standard Model Z boson.

In order to determine which breaking chains are consistent with the long-lived proton and
other low—energy constraints, we need to know the properties of the particle states under trans-
formations of the intermediate symmetry groups, i.e. their quantum numbers with respect to
these groups.

A systematic study of quantum numbers of states in fundamental and adjoint representations
is conveniently performed using the Cartan—Weyl method [61, 56]. In this method, each state
is represented by its weight — a vector in an [ dimensional Euclidean space, where [ is equal
to the rank of the group. An important ingredient of this method is the Cartan matrix of the
group — a matrix whose elements are the scalar products of simple roots of the algebra. Given
the highest weight of the fundamental or adjoint representation, one can deduce the rest of the

weights using the following algorithm:
— take the highest weight w = (a1, az...ay);

— define positions and values of all its positive elements a;;
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— derive new weights by sequential a;—times subtraction of the i—th row «; of the Cartan

matrix from the weight w

— repeat the second and the third steps with all the obtained weights until the lowest weight

of the representation (the weight with all nonzero elements negative) is reached.

Let us illustrate this algorithm with a simple example of a SU(2) group. It has rank one and
therefore its weight is just a single number. The highest weight of its fundamental representation
is given by w; = 1. The Cartan matrix C in this case also reduces to a single number ¢ sU(2) = 2.
Subtracting the Cartan matrix from the highest weight, we obtain a weight wy = 1 (where
1 = —1 is introduced) which is negative and therefore is the lowest weight of the fundamental
representation. In other words, the fundamental representation of SU(2) has dimension 2.
Consider now the adjoint representation. Its highest weight is wy = 2. Subtracting the Cartan
matrix, we obtain a weight ws = 0. Since the positive element of the highest weight a1 = 2,
according to the algorithm we should subtract the Cartan matrix once again, which yields the
lowest weight of the representation ws = 1. In other words, the adjoint representation of SU(2)
has dimension 3.

The analysis of fundamental and adjoint representations of SU(3) is just slightly more com-
plicated. This group has rank two and its weight is a two—dimensional vector. Correspondingly,

the Cartan matrix of SU(3) is a two-by-two matrix

1

N 2
Csu) = : (2.4)

[\

The highest weight of its fundamental representation is given by w; = (10) and has only one
positive entry a; = 1. The subtraction of the first row of the Cartan matrix a; = (2 1) gives the
second weight wy = (11), which again has only one positive element ay = 1. The subtraction
of the second row of the Cartan matrix ag = (1 2) gives the third weight (01) which does
not have positive entries and is therefore the lowest weight of the fundamental representation.
Thus, the fundamental representation of SU(3) has dimension 3. The weights of the conjugate

representation, whose highest weight is given by w; = (01), are derived analogously.

level 3 3 8

4 (11)

2 (10) (01) (12) (21)
0 (11) (11) (00) (00)
-2 (01) (10) (12) (21)
4 (11)

Consider now the adjoint representation of SU(3), whose highest weight is given by wy = (11).

Both of its elements a1 = ay = 1 are positive, so that we have to subtract the first and the
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second rows of the Cartan matrix which gives rise to two weights wy = (12) and w3 = (21). It
is readily seen that these weights coincide with the rows of the Cartan matrix, so that the next
subtraction gives two zero weights ws = ws = (00). As the positive elements of wy and w3 are
equal to two, in complete analogy with the SU(2) case we have to subtract the corresponding
rows of the Cartan matrix once again which gives wg = (12) and w7 = (21), each of which
has only one positive element. The subtraction of the corresponding rows of the Cartan matrix
yields one and the same weight wg = (11) with no positive elements. We thus obtained all the
eight weights of the adjoint representation of SU(3). Note that already in this simple case two
degenerate weights, i.e. similar weights corresponding to different states, appear. In general,
the number of degenerate weights coincides with rank of the group.

A SU(N) group has rank N, which implies N degenerate weights in the adjoint representa-
tion. The Cartan matrix is tridiagonal with diagonal entries equal to 2 and off-diagonal to 1. In
what follows we order weights according to their levels. Level of a weight is given by the scalar

products of the weight and level vector of the group. The level vector of a SU(N) group reads
Rsy(n41) = (N,2(N = 1),3(N = 2),..., (N = 1)2,N). (2.5)

Level vector of a SU(3), for instance, is given by Rgy(3) = (2,2), whereas for a SU(5) we obtain
from (2.5) Rgy(s) = (4,6,6,4).
Applying the above to a SU(5) group we obtain the system of weights of 5 (fundamental),

10 and 24 (adjoint) dimensional representations, presented in table 2.1.

level 5 10 24

8 (1001)

6 (0100) (1101) (1011)

4 (1000) (1110) (0111) (1111) (1110)

2 (1100)  (1010) (1011) (0012) (0121) (1210) (2100)
0 (0110) (1111) (100I) (0000) (0000) (0000) (0000)
2 (0011) (0i01) (1101) (001Z) (0121) (1210) (2100)
-4 (000T) (0111) (0111) (1111) (1110)

-6 (0010) (1101) (1011)

-8 (1001)

Table 2.1: Weights of 5 (fundamental), 10 and 24 (adjoint) dimensional representations of
SU(5). The level vector of SU(5) is given by Rgy(s) = (4,6,6,4).

The weights of the conjugate representations 5 and 10 of SU(5) are easily obtained from the
weights of the 5 and 10 dimensional representations presented in table 2.1 by the transformation

(ar1agazay) — (agasazaq), which leaves the level vector and the adjoint representation invariant.



2.1. The Cartan—Weyl method 45

The Cartan matrix of the orthogonal group SO(10) reads [56]

2 1 0 0 O
1 2 1 0 0
Csopp=| 0 1 2 1 1 (2.6)
0 01 2 0
0 01 0 2

Proceeding as above, we derive the weights of 10 (fundamental), 16 (spinor) and 45 (adjoint)

dimensional representations of SO(10) presented in table 2.2.

level 10 16 45

14 (01000)

12 (11100)

10 (00001) (10100) (10111)

8 (10000) (00101) (11111) (10011) (10011)

6 (11000) (01110) (01011) (11011) (11011) (10111)

4 (01100) (11010) (01010) (01111) (01111) (11111) (11100)

2 (00111) (10010) (11110)  (00102) (01211) (00120) (12100) (21000)
0 (00011) (00011) (10110) (10101)  (00000) (00000) (00000) (00000) (00000)
-2 (00111) (11101) (10001)  (00102) (01211) (00120) (12100) (21000)
-4 (01100) (01001) (110071) (01111) (01111) (11111) (11100)

-6 (11000) (01101) (01011) (11011) (17011) (T0111)

-8 (10000) (00110) (11117) (10011) (10011)

-10 (00010) (10100) (10111)

-12 (11100)

-14 (01000)

Table 2.2: Weights of 10 (fundamental), 16 (spinor) and 45 (adjoint) dimensional representa-
tions of SO(10). Level vector of SO(10) is given by Rgo(10) = (8,14,18,10,10).

In what follows we will also need weights of states of the 16 representation. From the
structure of the level vector, which has only two equal entries, it is clear, that these are obtained
from the weights of 16 by the transformation (ajagagasas) — (ajagagasays) which leaves both
the level vector and the adjoint representation invariant.

The exceptional groups, especially the E series, have received considerable attention from
model builders. One of the main motivations is that if one of the exceptional groups were part
of a complete theory, then there might be a chance of going beyond the Yang—Mills construction
and “explaining” why it is the correct choice of gauge group. Fg has rank 6 and 78 generators,
and is the only exceptional group with non—self conjugate irreps, so it is the only exceptional

group for which flavor—chiral theory is possible. The Cartan matrix of the exceptional group Fg
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is given by [56]

[\]

(\V] =

N = O
o O

o O O
o O

o o O O =
oS O O =

= O

S N

S N

N O O

(2.7)

Proceeding as above, we derive the weights of 27 (fundamental) and 78 (adjoint) dimensional

representations of Eg, which are presented in table 2.3.

level 27 78

22 (000001)

20 (001001)

18 (011100)

16 (100000) (110100) (010110)

14 (110000) (100100) (111110) (010010)

12 (011000) (101110) (101011) (111010)

10 (001101) (101010) (111011) (100011) (101111)

8 (000111) (000101) (111111) (010011) (110011) (100111) (100101)

6 (000011) (001111) (110101) (010111) (011011) (110111) (101101)

4 (0001011) (011010) (111701) (011101) (001110) (011111) (111000)

2 (01111010) (110010) 12101) (121000) (001002) (000120) (001210) (210000)
0 (010100) (110110) (100010) (OOOOO ) (000000) (000000) (000000) (000000) (000000)
2 (111100) (100110) (012101) (121000) (001002) (000120) (001210) (210000)
-4 (101001) (101100) (111101) (011101) (001110) (011111) (111000)

-6 (100001) (111001) (110101) (010111) (011011) (110111) (101101)

-8 (110001) (010001) (100101) (111111) (010011) (110011) (100111

-10 (011001) (101111) (101010) (111011) (100011)

-12 (001100) (111010) (101110) (101011)

-14 (000110) (010010) (100100) (111110)

-16 (000010) (010110) (110100)

-18 (011100)

-20 (001001)

-22 (000001)

Table 2.3: Weights of 27 (fundamental) and 78 (adjoint) dimensional representations of Fg.

The level vector of Eg is given by Rg, = (16,30, 42, 30, 16, 22).

From the structure of the level vector it is clear, that the weights of the states of the 27

representation are obtained from the weights of the 27 by the transformation (ajasasasasag) —

(asagazazayag) which leaves both the level vector and the adjoint representation invariant.
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Now that we have weights of all the groups we are interested in, we should deduce projection
matrices which take the weights of Eg to the weights of its subgroups. Let us first consider the
Es — SO(10) ® U(1) breaking chain. The commonly used convention is that the highest weight
of a representation of a group is projected onto the highest weight of its subgroup representa-
tion. For instance, the 27 dimensional fundamental representation of Eg is mapped to the 16
dimensional fundamental representation of SO(10) whereas 27 of Eg is mapped to 16 of SO(10).
Likewise, the highest weight of the adjoint of Eg is mapped to the highest weight of the adjoint
of SO(10). The resulting projection matrix is a six-by—six matrix. Its first five rows which
project a six—dimensional weight of Eg to the corresponding five-dimensional weight of SO(10)
are easily deduced from the table 2.4, where the branching rules of Eg representations are given.

The last row projects the weights of Eg to the corresponding one—dimensional weights of the

Branching rule Es SO(10)
27 =1 + 10 +16 (100000)  (00001)
27=1+10+16 (000010)  (00010)
78=1+45+16+16 (000001)  (01000)
351=10+16+16+45+120+144 (000100)  (10010)
351=10+16+16+45+120+144 (010000)  (10001)
2025=16+16+451+ 45,+120;+120,+144+210+560+945 (001000) (10100)

Table 2.4: Branching of Fg representations.

U(1) subgroup and is deduced up to an overall factor from the requirement, that all components
of the SO(10) subgroup have the same U(1) charge. As can be easily checked using table 2.4,

the explicit form of the projection matrix is

(2.8)

1
0
0
Pr,_.soq0)eu(1) 0
1

== O O O O

10
0 0
0 0
11
0 0
11

o O o o = O

1
0
1
0
0
10
Analogously, we deduce the SO(10) — SU(5) ® U(1) projection matrix. The branching rules
of SO(10) representations are presented in table 2.5. The first four rows of the resulting five—
by—five projection matrix take five-dimensional weights of the SO(10) representation to four—

dimensional weights of its SU(5) subgroup, whereas the fifth row projects weights of the SO(10)
to weights of its U(1) subgroup.
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Branching rule SO(10) SU(5)
10=5+5 (10000)  (1000)
16=1+5+10 (00001)  (0100)
45=14+10+10+24 (01000)  (1001)
120=5+5+10+10+45+ 45 (00100)  (0101)
144=5+5+10+15+24+40 +45 (10010) (1010)

Table 2.5: Branching of SO(10) representations.

As can be easily checked using table 2.5, the projection matrix reads

0
1
0 (2.9)
0

1

0
1
0
1
2

_ o = O O

1 1
0 0
Psoqo)—su@euay =1 0 0
0 1
2 0

Finally we have to derive the matrix projecting SU(5) to the Standard Model gauge group.
The branching rules of SU(5) representations are given in table 2.6. The first two rows ot the

Branching rule SU(5) SU(3)® SU(2)
5=(1,2)+(3,1) (1000) (10)(0)
5=(1,2)+(1,3) (0001) (01)(0)
10=(1,1)+(3,1)+(3,2) (0100) (10)(1)
10=(1,1)+(3,1)+(3,2) (0010) (01)(1)

Table 2.6: Branching of SU(5) representations.

four—by—four projection matrix take four—-dimensional weights of SU(5) representation to two—
dimensional weights of its SU(3) subgroup, the third row to one-dimensional weights of SU(2)

and the last row to weights of its U(1) subgroup. Explicit form of the projection matrix:

01 10
1 1 0 0
Psy(5)—-5U3)05U2)sU(1) = (2.10)
00 11
2 1 1 2

An embedding of the SO(10), SU(5) and the Standard Model gauge groups into the fundamental

and the adjoint representations of Eg is presented correspondingly in table 2.7 and table 2.8.
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Eg SO(10) eu) SUB)ev®w? SUB)® SU(2) eu@)® 1 11 i v v VI (Z,p)
27 16 10 3,2
[100000]  [00001], [0100], [10)[1] 1.1 u u u u u u  —¢
[110010]  [10010] (1010}, 1 11){1] 111 u u u u u u —e
[100001]  [01001]; [1101], 1 [01])(1] 1,11 u u u u u u —e
[000011]  [01010] [1011]; 1 [10)[1] 1.1 d d d d d d -
[010001] [I1001]; [0101], 7 1)) 1,11 d d d d d d -
[000010]  [00010], [0010]; 1 [01][1] 11,1 d d d d d d -

27 16 10 3,1

[001101] [01110]y [1110], 3 [01][0] 1,1,2 u®  u® d° D° d° D a-e¢
[011110] [10101} [1001], 1 (11][0] 17,1 w® w® d° D¢ d° D° a-c¢
[001100] [00110] [0111]; 1 [10][0] 17,1 u® w® d° D¢ d° D° a-c¢
27 16 10 1,1

[111100] [10110]y [1111), 1 [00][0] 1 1.6 e e v S ve 8 —a—¢
27 16 5 3,1

[011000]  [00101] [0001]1 3 [01][0] 1,3,2 d D¢ w w® D¢ d° fB-¢
[001011] [11110] [0110]1,3 [11][0],1,3,2 d D¢ w w® D¢ d° fB-c¢
[011001] [01101] [1000]1,3 [10][0],1,3,2 d D¢ w w® D¢ d° fB-¢
27 16 5 1,2

[000101] [11010]; [0011]1,3 [00][1] 1,33 v N v N E° E° 2—x
[100110] [10001]; [1100]; 3 [00][1] 1,33 e E e E N° N°¢ 22—~
27 16 1 1,1

[101001] [11101)1 [0000], 5 [00][0] 15,0 v© S e e S v —B-c
27 10 5 3,1

[110000]  [10000]3 [1000]3,2 [10][0] 3,2,2 D D D D D D 2
[100010]  [00011]3 [0110]3,5 (11][0] 3,2,3 D D D D D D 2
[110001]  [11000]5 [0001]3 5 [01][0] 2.2.2 D D D D D D 2

27 10 5 1,2

[001T11]  [01100]3 [1100]3,5 [00][1] 2,2, E° E° N v N v 2-a«
[101T00]  [00117]3 [0011]3 5 [00][1] 3,2, N¢ N° E e E e 2% — «
27 10 5 3,1

[000111]  [11000]5 [0001]3,2 [01][0] 5,3, D¢ d° D d° ut u® y—¢
[010100]  [00011]5 [0110]3,5 [11][0] 5,3,2 D¢ d¢° D¢ d° u® u® y—c¢
[000110]  [10000]5 [1000]3,2 [10][0] 3,3, D¢ d° D¢ d° u® u® y—c¢
27 10 5 1,2

[011010] [00111]5 [0011]3 5 [00][1] 53,3 N v E° E° v N 2-8
[117001]  [01700]3 [1100]3,5 [00][1] 3,3,3 E e N° N° e E 2-8
27 1 1 1,1

[110110]  [00000]4 [0000]4,0 [00][0],4,0,0 S v S W et e —y—¢

Table 2.7: Embedding of SO(10) and SU(5) into fundamental representation of Fg.
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Es SO(10) xu() SU(B)xvm)? SU@B)x SU(2) xum?® 1 II 11 IV V VI (Zp)
78 16 1 1,1
[011111] [11101]3 [0000)5 5 [00][0]3,5,0 veowe et e et & y—p
78 16 10 31
[111010] [00110]5 [0111]3 1 [10][0]51.2 w u§f d° d° ouf u® a+ny
[121000] [10101]3 [1001]3,7 [11][0]3,1,2 u®  uf d° d° u§ ut a+vy
[111011] [01110]3 [1110]5.1 [01][0]5,1,2 w®  wg d¢ o d° ouE ut atvy
78 16 10 3,2
[110T00]  [00010]3 [0010]5 1 [01][1]5,1,1 d dz d dz X X
[1001I11] [I1001]3 [0101]3 1 (11][1]5,1,1 d da d d X X v
[110101] [01010]5 [1011]5 1 [10][1]3,1,1 d d3 d da X X v
[010111] [01001]5 [1101]3 1 [01][1]3,1,1 v ouz ou  ouz Y Y o«
[000720]  [10010]3 [1010]3 1 [11][1]3.1.1 u uz u  uz Y Y oy
[010110]  [00001]3 [0100]5 1 [10][1]3.1.1 u uz u  uz Y Y oy
78 16 10 1,1
[001210] [10110]3 [1111]51 [00][0]3,1,6 e ef vOowvt e et v—a
78 16 5 1,2
[210000]  [10001]3 [1100]5 5 [00][1]5,5,5 e e e e e e 3
[110011] [11010]3 [0011]5 5 [00][1]3,s,3 v v v v v v 3
78 16 5 31
[101111] [01101]3 [1000]5 3 [10][0]35,3,2 e d° wt wg ut u§ By
[111101] [11110]3 [0110]5 3 [11][0]5,3,2 e d° wt wg ut u§ By
[101110] [00101]3 [0001]5 3 [01][0]35,3,2 e d° wt w ut u§ By
78 45 10 1,1
[012101] [01211]o [1111]04 [00][0]o,3,8 g e ef e v v a-f
78 45 10 32
[001001] [11100]o [0100]0 3 [10][T)o.2.1 a3 w Y Y @ uy —f
[01T011] [01111]o [1010]6 4 [11][T)o.2.1 a3 w Y Y a uy —f
[001002] [12100]o [1101]6 5 [01][T)o.2.1 a u Y Y a4 ay B
[101010]  [10T11]o [1011]o 2 [10][1]o 2.1 d; d X X d d -8
[111000]  [00102]o [0101], 5 (11)[1]o.41 d d X X d dy -8
[101011]  [T1111]o [0010]¢.2 [01][1]o,4,1 d d X X d dy -p
78 45 10 3,1
[100100]  [10011]o [1110]0 2 [01][0]0,1,4 aé  a¢ aé a® d° d° —a-—p
[110111]  [21000]o [1001]0 2 [11][0])0.3.4 aé a¢ aé a® d° d° —a-—8
[100101] [11011]o [0111]0 5 [10][0]o,3,4 aé  a¢ as a® d° d° —a-3
78 45 24 3,2
[111110]  [10100]o [1101]0,0 [01][T]o,0,5 X X dy ds
[101101]  [01111]o [1210]0,0 (11][1]o,0,5 X X dy ds

Table 2.8: Embedding of SO(10) and SU(5) into adjoint representation of Eg (beginning).
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Es SO(10) xv()  SUB)xvm?  SU(3) x SU(2) xv@)® 1 n n 1w v VI (Z,p)
[111111] [11100]o [2100]0,0 [10][1]0,0,5 X X dy d ds d o
[01T101] [11T11]o [0012]6,0 [01][1]0,0,5 Y Y uz u us u o
[001110]  [00120]o [0121]o,0 (11][1]o,0,5 Y Y uz U uz u oY
[011100]  [10111]o [101T]0,0 [10][1]o,0,5 Y Y uz U uz u aY

78 1 1 1,1

[000000]  [00000]o [0000]0,0 [00][0]0,0,0 T/ Y R L

78 45 1 1,1

[000000]  [00000]o [0000]0,0 [00][0]o,0,0 I S S R

78 45 24 1,1

[000000]  [00000]o [0000]0,0 [00][0]0,0,0 N e N N

78 45 24 8,1

[000001]  [01000]o [1001]0,0 [11][0]o,0,0 g g g g g g 0
[010011] [11011]o [0111]0,0 [12][0]0,0,0 g g g g 9 g 0
[010010] [10011]o [1110]0,0 [21][0]0,0,0 g g g g g g 0
[000000]  [00000]o [0000]o,0 [00][0]0,0,0 g g g g g g 0

78 45 24 8,1

[000000]  [00000]o [0000]o,0 [00][0]0,0,0 g g g g g g 0
[010010] [10011]o [1110]0,0 [21][0]0,0,0 g g g g g g 0
[0T0011] [1101T]o [0T11]0,0 [12][0]0,0,0 g g g g g g 0
[000001]  [01000]o [1001]0,0 [11][0]o,0,0 g g g g g g 0

78 45 24 1,3

[100011]  [0101T]o [1111]0,0 [00][2]0,0,0 w- WS WS WS WS W0
[000000]  [00000]o [0000]0.0 [00][0]0.0.0 we w° w* w° w° w° o
[100011] [01011]o [1111]0,0 [00][2]0,0,0 wt wt wt wt o wt wt o

78 45 24 3,2

[011100] [10111]o [1011]0,0 [10][1]0,0,5 )4 Y iz @ Uz a —a
[001110] [00120]o [0121]0,0 [11][1]o,0,5 Y Y Uz @ Uz @ —a
[011101] [I1111]o [0012]0,0 [01][1]0,0,5 Y Y Uz @ Uz @ —a
[111111) [11100]o [2100]0,0 [10][1]0,0,5 X X ds d ds d —
[101T01] [01111]o [1210]0,0 [11][1]o,0,5 X X dy d dy d —a
[111710] [10100]o [1101]0,0 [01][1]o,0,5 X X dy d dy d —a
78 45 10 31

[100101] [11011]o [0111]0,4 [10][0]p,4.2 ug u ug u® dc de a+p
[110111] [21000]o [1001]0,4 [11][0]p,4.2 u§ u® u§ u® d° d° a+
[100100]  [1001T]o [1110]0,4 [01]0]0,4.2 S ouwt W wt d° d° a+B
78 45 10 3,2

[101011] [11117)o [0010]0,4 [01][T]o,4,1 ds X X d f
[111000]  [00102]o [0101]0,4 (11][T])o,41 ds X X ds

Table 2.8: Embedding of SO(10) and SU(5) into adjoint representation of Eg (continuation).
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FEs SO(10) xv()y SUB)xvm? SUB) x SU2) xum® 1 I 11 IV V VI (Zp)
[101010]  [10111]o [1011]o,4 [10][T]o,4,1 ds d X X d ds 8
[001002]  [12100]o [110T]0,4 [01][1]o,4,1 us uw Y Y u  uz B
(011011 [0T111]o [1010]0.4 [11][10,4,1 s u Y Y u ouz B
[00100T]  [11100]o [0100]0,4 [10][1]0,4,1 us uw Y Y u uz B

78 45 10 1,1

[012101] [01211]o [1111]o,4 [00][0]0,4,6 e e & e v vt fB-a
78 16 5 3,1

[101110] [00101]3 [0001]5 5 [01][0]5,3,2 e d¢ @t as at ual —B-—v
[111101] [11110]5 [0110]5 3 [11][0]33.3 ¢ d¢ a® aé u® @ -B-v
[10T111] [01701]3 [1000]5 3 [10][0]3,3,3 e d¢ @t as at ul —B-—v
78 16 5 1,2

[110011] [11010]3 [0011]5 5 [00][1]3,3,3 v v v v p v -3
[210000]  [10001]3 [1100]5 3 [00][1]3,3,3 e e e & & & -3

78 16 10 1,1

[001210] [10110]5 11113, [00][0]3,1.5 e e v v o ef €€ a—nv
78 16 1 3,2

[0101T0]  [00001]5 [0100]3,1 [10])[1]5.1 1 a a; @ az Y Y =
[000120]  [10010]5 [1010]3,1 [11)[1]s,1.1 @ u; u us Y Y —y
[010111] [01001]3 [1101]3,1 [01]1]5,1 1 a s a4 1z Y Y —n
[11010I] [01010]3 [1017)3,1 (10][1]5,1,1 d d d dz X X —vy
[100111] [11001]3 [0101]5,1 [11][1]5,1,1 d dz d dz X X —v
[110100]  [00010]3 [0010]3,1 [01][1]5,1 1 d d d dz X X —v

78 16 1C 3,1

[111011] [01110]3 [1110]3,1 [01][0]3,1,4 a®  u§ d° d° u§ u® —a-—v
[121000]  [10101]3 [1001]3,1 [11][0]3,1,4 ac a§ d° d° @ a¢ —a—v
[111010]  [00110]3 [01T1]3,1 [10][0]3,1,4 ac a§ d°  d° @ a¢ —a—v
78 16 1 1,1

[011111] [11101]3 [0000]3,5 [00][0]3,5,0 ve  v¢ et ey e ef B—n

Table 2.8: Embedding of SO(10) and SU(5) into adjoint representation of Eg (continuation).

As is readily seen from table 2.7 along with one (3,2), two (3,1), one (1,2) and one (1,1)
representations of SU(3) ® SU(2) which contain respectively the left— and the right-handed
Standard Model quarks, the leptonic doublet and the right—handed electron, the fundamental
representation of Ejg also fits additional (3,1) and (3,1) representations which contain new
quarks, two additional (1,2) representations, which contain new leptons, and two additional
(1,1) representations containing the Standard Model singlets. Likewise, apart from the Standard
Model gauge fields, the adjoint of Eg contains a rich spectrum of new states including those

mediating the proton decay. This issue will be discussed in more detail in section 2.3.
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Es SU(3) SU(2),y Assignments (Z,p)
Cc L R L R R R I m m v v VI
27 3 3 1 2
[100000] [10] [10] [00] [1],14 [0l,0 [0],0 [0l,0o wu u u u u u —&
[110010] [11] [10] [00] [1],1 [0l,0 [0],0 [0],0 m u u u u u —&
[100001] [01] ([10] [00] [1],1 [0l,0 [0],0 [O],0 m u u u u u —e
[000011] [10] ([11] [00] [1]1 [0,0 [0],o [0o 4 d d d d d —€
[010001] [11] [11] [00] [1],x [0lo [0]o [0]o d d d d d d —¢
[000010] [01] [11] [00] [I: [0]o [0]o [0]0 d d d d d d -—e
27 3 3 1 1
[110000] [10] [01] [00] [0]5 [0]o [0]o [0o D D D D D D 2
[Too010] [11] [01] [00] [0]5 [0l [0]o [0o D D D D D 2
[T10001] [01] [01] [00] [0]s [0]o [0]o [0 D D D D D D 2
27 3 1 3 1
[001101] [01] [00] [10] [0],0 (I [L,g [0l,2 u® w¢ d° D d° D° —e+4a
[0111T0] [11] [00] [10] [0l [1,; [, [0]e w® w® d° D¢ d° D° —e+a
[001100] [10] [00] [10] [0l,o [1,7 [I,1 [0, w® w® d° D° d° D° —e+a
[000111] [01] [00] [01] [0],0 [0, [l [l D° d° D¢ d° w® w® —e+vy
[010100] [11] [00] [01] [0],0 [0, [l [l D° d° D¢ d° w® w® —e+vy
[000110] [10] [00] [01] [0],0 [0],2 [l [l D° d° D¢ d° w® w® —e+v
[011000] [01] [00] [11] [0],0 [1,1 [0, [1l,1 d° D° w® w® D¢ d —e+8
[001011] [11] [00] [11] [0, [, [0l [1;i d° D¢ w® w® D¢ d° —e+f
[011001] [10] [00] [11] [0l [l [0l,2 [l d° D° w® w® D d° —e+p8
27 1 3 3 2
[001111] [o0] [11] [10] [1];: [Up [Ux [0, E° E N v N v 2—a
[To1700] [00] [T0] [10] [Ix []: [1: [0,z N° N° E e E e 2-a
[o11010] [00] [11] [11] [ [Aa [0,z [Ji N v E° E° v N 2-8
[111001] [oo] [10] [11] [Il,y [, [0,z []a E e N¢ N°¢ e E 2-3
[000101] [00] [11] [01] [, [0 []: [ » N v N E° E° 2 —x
[Too110] [00] [10] [01] [1,; [0z [J: [ e E e E N° N° 2 —x
27 1 3 3 1
[111700] [00] [01] [10] [0, [1],x [1],x [0],; e e v° S S —<c—a
[101001] [00] [01] [11] [0],2 [[x [0,z [x »° S e S
[110110] [00] [01] [01] [0l,2 [0,z [1],+ [1],« S v© S v e e ——7

Table 2.9: Embedding of SU(3) ® SU(3) ® SU(3) into fundamental representation of Eg. Here
€= %(a + 68+7), & = —x. The zero root breaking SM gauge group preserving direction is given

by Z = (—¢,¢, 8,2 —v,¢,0).
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(Z,p)

Assignments

SU(2),y

SU(3)

Es

VI

111 I\Y

II

1

78

0
0
0
3e
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0

3 e
7 7
wt  wt
wo  wo

w- W~ W

v v v

e e e
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e
v
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wo

e

v
w+
wo
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0o © o 9 SRS vo <
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14
e
€
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e
€
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w

(07
(07
(07
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B

Table 2.10: Embedding of SU(3)® SU(3) ® SU(3) into adjoint representation of Eg (beginning).

Color, isospin and hypercharge (as well as B — L, unless otherwise indicated) of the states

designated like the SM states are the same as charges of their SM counterparts. If present, the

subscript is thrice the B — L charge. All charges of overlined states are opposite to those of non

overlined ones. For example, for ds: I3 =
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2.1.

(Z,p)

Assignments

SU(2),y

SU(3)

Es

v v VI

11T

1T

78

S s s N - N
T L -~ = R~ N ~ S~ S T o o s i il i e il
L e e I I B~ o B o B < A B < B < B o
S T T T R T S RS

X
Us
Uz
Uz
U

U

U

Y
Y
Y
uC
uC
uC
g
g
u
d

d

dC

R s o
| | I | I I I | |
I I I I & 3 © o
| I I | | | I | [ S i il
EIE ST SR ST S U U O ORI
s s S E O s T ol o e > 3
ok ooy W EE S F O

Table 2.10: Embedding of SU(3) ® SU(3) ® SU(3) into adjoint representation of Eg (continua-

tion).
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Es SU(3) SU(2),y Assignments (Z,p)
c L R L R R R 1 1 1 IV V VI
(orrori] [11] [11] [I] [lx [lx [0z [ ws v Y Y u  uz
[001002] [01] [11] [11] (i (s [0l [ we w Y Y u ug B
[011100] [10] [11] [10] 1,y (I, [t [0, Y Y w3z w wus u o«
[0o1110] [11] [11] [10] (1,7 [, [t [0, Y Y w3z w ws u @«
[011101] [01] [11] [10] (1], [,y @ [0, Y Y w3 u ws u «
(11o101] [10] ([10] [01] [y [0l [z [tJs d do d do X X v
[Mooi1l] [11] [10] [01] [fg [0l [ [Js d ds d dz X X -~
[110100] [01] ([10] [01] (1], [0, [l [ d dz d dz X X ~
[fo10i0] [10] [10] [11] [q [ [0l [s d2 d X X d d; B
[i11000] [11] [10] [11] (g [g [0l [s dz d X X d d; B
(toroii] [o1] [10] [1I] [Jx [x [0]2 [l d2 d X X d do f
M11111] [10] [10] [10] [[x [D: [ [0 X X di d do d «
[foit01] [11] [10] [10] ([ [ [ [0 X X di d do d «
[A1i110] [01] [10] [10] [s [ i [0 X X d d d» d a

Table 2.10: Embedding of SU(3) ® SU(3) ® SU(3) into adjoint representation of Eg (continua-

tion).

Let us now consider the Fg — SU(3) ® SU(3) ® SU(3) breaking chain. As can be easily
checked, the corresponding projection matrix is given by (2.11). The projection matrix maps
the fundamental representation of Eg into the fundamental representation of one of the SU(3)
subgroups (1,1,3), and the adjoint of Eg into the adjoint of one of the SU(3) subgroups (1,1,8).
The embedding of SU(3) ® SU(3) ® SU(3) representations into the fundamental and adjoint

representations of Fjg is presented in tables 2.9 and 2.10 respectively.

[—
e e i
S ==

—

Pp .su(3)050(3)05U(3) = (2.11)

S = O O O =
= O O O O

S N O OO
= [N} =
— =
_ o O O =

One of the SU(3) subgroups can be associated with the Standard Model SU¢(3), whereas the
other two are broken at low energies.

There is a three—fold ambiguity in projecting SU(3) to SU(2) ® U(1). The ambiguity is
associated with the fact, that any of the three states of the fundamental representation of SU(3)
can be projected to a singlet of SU(2). Since we have not yet specified the correspondence

between weights of Fg and states of the Standard Model, we are free to choose any of the three
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possible projections, given by (2.12), to project one of the SU(3) subgroups to SUL(2) of the
Standard Model. The embedding presented in tables 2.9 and 2.10 corresponds to a choice of the

P, su(3)—su(2) projection matrix.

P = ! P = b P = ! (2 12)
SU(3)—SU(2 ) SU(3)—SU(2 _ ) SU(3)—SU(2 _ :

If the last of the SU(3) groups is also broken down to SU(2), then the aforementioned projection
freedom leads to one left-right symmetric and two skew left—right symmetric models (see tables

2.9 and 2.10).

2.2 Particle content and charge assignments

As has already been mentioned, the fundamental representation of Eg contains the fifteen known
states of the Standard Model along with two Higgs doublets, a pair of new quarks and two SM
singlets. The hypercharge Y of any state is given by a scalar product of the hypercharge operator
Py and the weight of the state. Analogously the B — L charge is given by a scalar product of
the weight w of the state and the B — L operator Pp_1:

Y =(Py-w), B—L=(Pp_ w). (2.13)

The left-handed Standard Model quarks, whose hypercharge and B — L charge are known, belong
to the (3,2) representation of the SU¢(3) ® SUL(2) subgroup of Eg and correspond to the first
six weights in the tables 2.7 and 2.9. The requirement that the hypercharge and the B — L

charge of these states be the same determines four out of six elements of each operator.
. 1 - - A 1, - -
Py = g(l, 1, as, a4, 1, 0), Pp_p= g(l, 1, b3, by, 1, 0) (2.14)

The remaining elements can be determined from the embedding of the right—handed Standard
Model quarks, which belong to (3,1) of SUx(3) ® SUL(2), into the fundamental representation
of Eg. As the latter one contains three (3,1) subgroups, there are three possible hypercharge:

Py, = é(l, 1, 1,3, 1, 0), (2.15a)
Py, = %(1, 1,5, 3, 1, 0), (2.15b)
Py, = %(1, 1, 1,3 1, 0), (2.15¢)
and three possible B — L operators:
Pg_p, = %(1, 1,2 3 1,0), (2.16a)
Pg_p, = %(1, 1, 1,0, 1, 0), (2.16D)
Pp_p, = 1(1, 1,2 0 1,0). (2.16¢)
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(or, alternatively, charge assignments) which reproduce the quantum numbers of the Standard

Model states. The particle content of the model is of course independent of the particular choice

The Standard Model states New states
B-L Y I3 Qem P B-L Y I3 Qem P
1/3 1/3 1/2 2/3 wu }Q 0 1 1/2 1 E€ }H”
1/3 1/3 -1/2 -1/3 d 0 1 -1/2 0 N¢
-1 1 1/2 0 vy, 0 112 00 N,
-1 1 -1/2 -1 e 0 1 -1/2 -1 E
-1/3 -4/3 0 -2/3  wuf -2/3 -2/3 0 -1/3 D
-1/3 2/3 0 1/3  d° 2/3 2/3 0 1/3 D¢
1 2 0 1 e 1 0 0 0 ve
0 0 0 0 S

Table 2.11: Particle content of Eg — fundamental representation.

of the hypercharge and B — L operators. The charges of states in the fundamental representation
of Eg are given in table 2.11. Note that the model contains two Higgs-like doublets H* and H?
which are required in a supersymmetric model to give masses to the top and bottom components

of the Standard Model doublets.

Different assignments correspond to different embeddings of states into subgroups of Eg. Out

of nine PYi X ]53_ L combinations six are compatible with the SM:

L: (pY17 pB—L1)7 II: (pYu pB—L2)> III: (me pB—L1)
IV: (Py,, Pp_1,), V: (Py, Pp_r1,), VI: (Py,, Pp_r,)

The supersymmetric generalization of Yukawa interactions — the superpotential — is a holo-
morphic function of chiral superfields, i.e. it contains the chiral superfields, but not their complex
conjugates. A renormalizable superpotential contains gauge—invariant quadratic (i.e. products
of two chiral superfields) and cubic (i.e. products of three chiral superfields) terms. Since the
weights of the fundamental representation are non—degenerate, one can easily construct the terms
of the superpotential using the requirement that the weights of individual states add up to zero
in each term. As follows from this simple criterion, terms bilinear in the chiral superfields are
not allowed by gauge symmetry. Although all the trilinear terms can also be constructed using

the criterion above, a somewhat more refined analysis [62, 63] is needed in order to determine
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the relative signs of the individual terms of the superpotential. In the flavor basis
W = —X\9*uS(QHY) + \9%aS(Q, HY) + \9%eS(L; HY) + N8 8;(HYHY) + \9% 8, D. DS
1“1(]k+2 i Jk+3ez(]k+4 Z(] k)t A5 oDy
+ (A efu Dy + A DHQsLe) + A divs Di] + N Di(Q; Q) + Ay D]

i1k ¢ u
— A vi (L H) (2.17)

(2

In the limit of unification the coupling constants )\iljk tend to the same value. Using table 2.7
or table 2.9 one can check that the corresponding weights add up to zero at each vertex.
The form of the superpotential is independent of the charge assignment in the sense that a

change of the assignment will only result in a “permutation” of vertices. For example:

[101001] [000101] [101100]  [110110] [011010] [101T00]
I e v N°© S N N©
n s N N°© Ve v N°©
I e v E S E° E

Table 2.12: Permutation of vertices under change of charge assignment.

Along with the vertices with ¢ = j = k (i.e. states of the same generation) the superpotential
(2.17) necessarily contains terms with states of different generations in one vertex. If the charge
assignment for one of the generations differs from that for the other generations, then this will
result in a vertex where the sum of the charges differs from zero. For instance, if in the example
given above the assignment II is used for the first weight and the assignment I is used for the

second and the third weights then

v — S=v°wN°% —- SN, Y B-L=-1
S—vi=8(NN°) —-v° (NN, > B-L=1

If instead of the assignment II, the assignment III is used for the first weight, then it is a sum
of electric charges, which is nonzero. Consequently, the same charge assignment must be used

for all generations.

2.3 Gauge mediated proton decay

Since SU(5) is a subgroup of Fg, the gauge sector of the model contains the X and Y bosons,
which are known to mediate proton decay. In addition, there are also new gauge fields leading
to a rapid proton decay (see table 2.13).

To assure that the proton is long-lived, these fields must be very heavy — of the order of 10'®

GeV or more. If the only source of masses of those particles are VEVs of the neutral scalars,
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then the masses of the (us,d;) gauge bosons are determined by (7€), mass of the Y boson is of
the order of the EW symmetry breaking scale, and the X bosons remain massless even after all

neutral scalars develop a nonzero VEV.

B-L Y I3 Qum P B-L Y Iz Qem P
2/3  5/3 1/2 4/3 X -2/3  1/3 1/2 2/3 ug
2/3  5/3 -1/2 1/3 Y  -2/3 1/3 -1/2 -1/3 ds

Table 2.13: Gauge fields which mediate proton decay.

Consequently, the gauge superfields which mediate proton decay have to become massive at
the first stage of symmetry breaking. If the manifold I' is multiply connected, then the effective
Higgs mechanism [64, 65] breaks the symmetry at the compactification scale and induces large
masses of the gauge fields.

From the discussion given above it follows that after the E8®Eé breaking, the gauge group of
the model is not FEg itself, but a subgroup G of Eg. A very elaborate analysis of many possible
breaking chains has been performed in [55, 65]. It has been argued there that a gauge field
receives a mass of the order of O(10'8) GeV if (Z,p) # 0. Here Z is the zero root breaking
SUc(3) ® SUL(2) ® Uy (1) preserving direction, and p is the weight of the gauge field. Scalar
products (Z,p) for fundamental and adjoint representations of Fg are listed, respectively, in

tables 2.7, 2.9 and 2.8, 2.10.

SU(B) SUB)®SU(2),vaqy I II III IV V VI (Zp)
24 (3,2)75 X X d3 d ds d «
24 (3,2)

5 Y Y w u u; u o«

Table 2.14: (Z,p) products for (3,2)s gauge fields.

The requirement of (Z,p) # 0 for the gauge fields which mediate proton decay does not
allow G = SO(10) ® U(1). The (3,2)5 states (and their charge conjugates) are the only states
in the adjoint of SU(5) which are not automatically massless. As seen from table 2.14, the
requirement that these fields be massless (i.e. that SU(5) is unbroken) does not lead to a rapid
gauge mediated proton decay for the charge assignments IV and VI. In other words, in addition
to the intermediate gauge groups listed in [55] as allowed, also G = SU(5) ® U%(1) is allowed
for the charge assignments IV and VI. Nevertheless, in this case the residual SU(5) symmetry
implies that the couplings in (2.17) are related in the following way;

AM =X =X =Ao, A5 = A7 =X, A3 =Ag, Az = A1 (2.18)
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and the rapid proton decay mediated by heavy down-type quarks D and D¢ is unavoidable.

Apart from scenarios with an extended color group there are only two options left:

Guy = SUc(3) ® SUL(2) @ U(1) @ U(1) @ U(1), (2.19)
Gz = SUC(3) ® SUL(2) ® SUR(2) @ U(1) @ U(1). (2.20)

If the intermediate scale symmetry group is given by (2.19), then the gauge sector of the SM is
supplemented by two neutral states (the rest are superheavy), denoted by ¢” and w® (see table
2.10).

If the intermediate scale symmetry group is given by (2.20), then the gauge sector of the
SM is supplemented by one SUg(2) singlet w” and one SUR(2) triplet (¢¢, ¢°, ¢¢). There are
three possible SUR(3) — SURg(2),y projections which result in one left-right symmetric (R) and
two skew left-right symmetric (R and R") models. The SUg(2) counterparts of ¢° for different

choices of the projection and the charge assignment are given in table 2.15.

Charge assignment

I 11 11 v \Y VI

68,68 eC’ éC C 57;C Cc 7,C

=y

eg, €5 €, e

~

Ve, v

Q
Lo
@)
[+

Q)
o0
Q]
oo

Ve, v eg, ey efe

Cc

ve, v e ef

c ZC c zC
ep, €5 €€ g, €5

Table 2.15: SUR(2) counterparts of ¢°. Isospin and hypercharge (as well as B — L, unless
otherwise indicated) of the states denoted in the same way as the SM states, are the same as

the charges of their SM counterparts. If present, the subscript is thrice the B — L charge.

While SUL(2) in (2.20) coincide with that of the Standard Model, Uy, is not the SM Uy (1).
The hypercharge Y, as well as B — L, is a linear combination of Qy,, @y, and I3g. An
explicit form of the gauge interactions goAy[tpTT%9] for the first charge assignment and left—
right symmetric model can be read off from table 2.9:

% i [QQ —9DD — (HeH" + HHY) — LL + 2(é%° + vev°) + 2SS]

+g% Yr [—(JCdC + uful) + 2D¢D¢ + (HvH" + HYH?) — 2LL + (% + v°v°) — 258}

+9V2VR Wh [(dc, u€) P (de,u®) + (HY, HY i (HY, HY) 4 (e, v°) T 1€, I/C)} +... (2.21)

At the unification scale the relation among the gauge couplings is as follows:
gwr = V39v, = V3 9y, = 9B, (2.22)

Instead of Y7, Yg and W} one can use their linear combination. For instance, in the limit (2.22)

the linear combination Yg_j, = %(YL + YR) is a gauge field of Ugp_r(1). For later purposes it
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is useful to choose linear combinations wé, gbé), 'y(/) in such a way, that only one of the new fields
interacts with right—-handed neutrinos and one of the fields interacts with neither of the SM
singlets. After the Standard Model singlets develop VEVs, wé and QSE) acquire masses, while '7(,),
which corresponds to Uy (1), remains massless. Rewritten in terms of these fields, (2.21) takes

the form

9, Y% é [QQ — 4ueu® + 2ded® + 2D°D® — 2DD + 3H*H" — 3HYH® — 3LL + Gécec] (2.23)
+9,1 60 [—QQ — @eu® — 2ded® + 3D°D° + 2DD + 2H H + 3HIH® — 201 — éoe® — 55*5}
+9, wp [QQ + ueu — 2d°d® + DeD¢ — 2DD — 2H*H" + HIH® — 2L L + ee® + 4v°1° + S”S} +..

At the unification scale the gauge couplings 9,05 945 9,0 are given by
0 0 0

_ /3 _ 9B _ 9B
9, = \/;QEW 96, = 25" % = /i (2.24)

Reexpessed in terms of w(/), qb;), 7(/), the gauge interactions of neutral fields are obviously given by
(2.23) irrespective of the intermediate scale symmetry group G, the charge assignment or the

particular choice of the SUR(3) — SUg(2), y projection.

2.4 Breaking of the B — L symmetry

Since B — L is gauged, the Majorana mass of the right-handed neutrino, which is an essential
ingredient of leptogenesis, is forbidden unless B — L symmetry is broken down. Present data on
neutrino masses as well as theoretical estimates of leptogenesis in other GUT models favor the
10° — 10! GeV mass range [66, 67] for the right—handed neutrino.

There are two SM singlets whose scalar superpartners may be used to break the symmetry
down to the SM: S and the right-handed neutrino.

The former one has zero B — L charge, whereas the latter one has B — L = 1. Therefore, it is
the VEV of the scalar superpartner of the right-handed neutrino that breaks B — L symmetry.
S couples to Higgs doublets and its VEV (S) is the origin of the p—term: p = \y(S).

If the right-handed sneutrino which develops the VEV couples to states of the three known
generations, it induces huge Dirac masses for the components of L and H" doublets via the last
term in (2.17). Neglecting the possibility that one of the v superfields decouples from the other
states of the three known generations, one comes to the conclusion that all (v¢) = 0, and the
B — L symmetry is broken spontaneously by nonzero (Y.<) and (¥,) and, consequently, x,c and
Xve are zero modes.

According to [65] chiral superfields in §(27+27) can be massive through the Yukawa coupling
27-27.78. If (Z,p) # 0 for a component of 27 or 27 with weight p, the corresponding chiral

superfield gets a compactification scale mass, while Ny 27 chiral superfields remain massless.
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Table 2.9 shows, that for both discussed intermediate gauge groups Gy (1) and Ggyp(2) and
any charge assignment, it is possible to have massless x,c and X,c. In the case of Gyy(y) right—
handed neutrinos y,c and ¥,c are the only massless states in §(27 + 27).

In the case of Ggpy(2) the number of zero modes in §(27 + 27) depends on the charge
assignment and the particular choice of the SUR(3) — SUR(2) projection (2.16).

Charge assignment

I 11 11T IV Vv VI
R (ve,€%) ve, (H*,L) (v°€°) ve, (H*, L) (v%,5) (¥4, S)
R v, (H*, L) (%€ (v°, 8) ) (v°,e%) v, (H*, L)
e, 8) (v°,8) Ve, (H* L)  (v°¢€°) ve, (H*,L) (v° e

Table 2.16: States in (27 + 27) which remain massless after the compactification. States of
27 and 27 are labeled here by the same symbol. For instance, v° stands for both x,c and Y.
Components of SUr(2) doublets are put into brackets.

If supersymmetry is exact, there are no negative mass squared terms needed to break Ug_r,(1)

down spontaneously by the Higgs mechanism.

m N V2R Vs

‘2 |2 2 meksc
veigve Yo

my|Xoe|? + mi Xve 3, [mi ], e i ~ m3 (2.25)

These terms are assumed to come from the E8, sector, where supersymmetry is considered
to break down spontaneously. In the gravity-mediated supersymmetry breaking scenario the
magnitude of the soft terms in the visible sector should be roughly of the order of my,r; ~
(F)/Mp;. For the commonly accepted value mgofps ~ 103 GeV the scale of supersymmetry
breaking in the hidden sector (F' )5 is about 101! GeV. It is interesting to note that this value is
of the same order as the desired mass scale of the right-handed neutrinos. One can consider this
as a hint that at the stage when the right-handed neutrinos acquire masses, the temperature is

still high enough to produce them thermally.

SUc(3) ® SUL(2) ® U3(1) model. As is well known, the scalar potential consists of an F-
term and D-term coming from the chiral superfield trilinear couplings and the gauge interactions
respectively. The renormalizable superpotential (2.17) does not contain terms relevant for the
symmetry breaking. The scalar potential coming from gauge interactions (2.23) and soft super-

symmetry breaking is of the form
9% ,
v 7% " ~k% o~ =k = ~ ~ ek
V= 70 (0 Tw(’) Y+ QueXye Xve — CIchVchc} — [mi|XVc’2 + m%\xl,c\z} + m2. ViV (2.26)

On the one hand, the VEVs of right-handed sneutrinos of §(27 + 27) are expected to be at least

of the same order as the masses of v°, i.e. (X,¢), (Xue) > 1011 GeV; on the other hand, such a
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huge VEV should not generate large masses of scalar superpartners via the first term in (2.26).

Consequently, the symmetry breaking should occur in the D-flat direction (Y.<) = (X,c).
Combined with the requirement that all (0¢) be zero, this means that the contribution of

the first term in (2.26) vanishes. To have symmetry breaking by the Higgs mechanism in this

direction, the sum of the mass parameters in the second term should be positive:
m2 +m2 >0 (2.27)
X X :

Non-renormalizable terms arise due to the interactions with exchange of superheavy fields, which
correspond to excitations of internal degrees of freedom [68]. The general form of the non—

renormalizable superpotential is

W= Mc_l |:a21] VZ'CV;XVCXVC + ag V'L'CXVCXVCXVC + a3 Xve Xve Xve Xve
+ Mc_3 [bl Xve Xve Xve Xve Xve Xve + bZQ Vq;CXVCXZ/CXZ/CXVcXVC

+bgj VUi Xve Xve Xve Xve + bj'gk: nygyggl,cy(,,%c] + . (2.28)

Given that all (7€) are zero, only M372" (y,cX,e)" terms in (2.28) are relevant for the analysis
of symmetry breaking. These terms are invariant with respect to x,c <> X,c transformation,
whereas soft supersymmetry breaking terms in (2.26) are not, unless mi = m% If this condition
is not satisfied, then (x,c) cannot be equal to {X,c). Nevertheless, since the gauge coupling g
is of the order of unity, while mg,¢;/M,. is many orders of magnitude smaller than unity, the

deviation from the D-flat direction (X,c) = (X,c) is very small. Considering (X,c) — (X,c) as a

small perturbation in (2.31) one finds

- m2 — m?
(Xve) — (Xpe) =~ W (2.29)

This effect can be entirely neglected in the analysis of the non—renormalizable superpotential
(2.28). As for gauge interactions, such a deviation from the D-flat direction will result in the
2 2

generation of masses of scalars ~ mg — mj via the first term in (2.26) which adds to the mass

terms coming from the soft supersymmetry breaking. To simplify the analysis mi and m?( are
taken to be equal in what follows.
If the first non-vanishing terms in (2.28) are M1 (v°y,c)? + M2~ (x,cXue)", then the gen-

erated VEV and the masses of right-handed neutrinos v¢ are
- = 2n—3\ 5 n—2\ —=
<XVC> = <XVC> ~ (mSOft Mc )2n727 Ml/c ~ (msoft Mc )”71 (230)

so that M,e is of the order of 103 GeV for n = 2 and is of the order of 10'* GeV for n = 3.
Large masses of right—-handed neutrinos suggest that n = 3 and, consequently, a3 = 0 in

(2.28). Moreover, ab and b}, as well as the coefficient ¢} of the (not indicated) next similar term
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n (2.28), are zero to avoid nonzero (7€) and a Dirac-type mass for v°. The discrete symmetry
of the compactified manifold possibly accomplishes these conditions [69] as well as the absence
of bare mass terms M x,c X, and Mv®Y,c in the superpotential (2.17). There is no reason to
expect the scale M to be below the compactification scale M, so that presence of the first term
would make spontaneous breaking of B — L by x,c and ¥, impossible, while the presence of
the second one makes ¢ a component of the super heavy Dirac neutrino. Just as there are no
Mxye Xve and Mv© x,c terms, there are no soft supersymmetry breaking terms by Xye Xve and
byeg Ve Yye in (2.26). If present, the contributions of the b3 and by terms are small and will be

neglected in the following discussion. Then the classical potential is of the form

V = 4M; % u?0;0; [aliafjug + Qi@ 0n0m) + b7 M Sutv? [u? + 7] (2.31)

gqy

+6M ;4 [biai + braj;] 0i0jviu® + =2 5 [QiQi—FUQ—uﬂQ

— [m2v2 +m U } +mgcijgigj

with g; = (FF), v = (Xue), u = (Xue). For zero g; the D-flat direction is defined by u? = v? and

the minimum of the potential (2.31) corresponds to

oo = {/ME(m2 +m2)/(90br]2), MY = 2aFu3M; (2.32)

For nonzero g; the D-flat direction is defined by u? = v? + 0;0;. The set of products 0;0; being
considered as parameters, the minimizing of (2.31) with respect to v gives v as a function of
0;0j. The true vacuum corresponds to the set g;0; which minimizes V (v(g;0;), 0i0j). Expanding
in powers of g;0; in the vicinity of g;0; = 0 and having in mind that the partial derivative with

respect to v is zero:

V(v(0ioj), 0i0j) ~ V(vo,0) + (miw - m? 5”) 0i0; (2.33)

+ vg M2 [4alZ iy 6(bfallj + blaiij)ngg2 + 45b1 bivg M46% | ;0

Since the vy/M, ratio is small while v3 /M. is large, the derivative (2.33) is dominated by the first
term in square brackets which is positive definite. Therefore, p; = 0 is at least a local minimum
of the potential (2.31) for a wide range of parameters.

For large p;p; it is sufficient to keep only the first term in (2.31), and an explicit calculation
shows that V(v(0i0j), 0ioj) grows with growing ;0;, i.e. g;o; = 0 is a global minimum of the

classical potential:

*[
V(v(eioj), 0i0j) = =MZ(m2 . +m? )?(16afa;” 0i0)) ™" + (m2 .67 + myi )0y (2.34)

A discrete symmetry which allows nonzero af’, b1 and forbids nonzero ab, ag, by couplings is

essential for having large Majorana masses for right—handed neutrinos after symmetry breaking.
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Suppose that right—-handed neutrinos v, x,c, Xye acquire additional phases under transforma-

tions of the discrete symmetry:
Ve e xpe — xwe €8, Yue — e € (2.35)

Then from the requirement that a nonzero ailj and by are allowed while ab, as, b5, cb are set to
zero by the symmetry:

2
O[—i_’y:ﬂ-k? 5+’Y:?

B #mn, (a+7)+26+7)#2rq, (a+7)+3(B+7) # 2mp.

I, (a+7)+ (B+7)#2mm, (2.36)

Conditions (2.36) imply that %l is not integer and, consequently, that o — 3 # 27j:

o~ = (aty) ~ (B+7)=nlk— 21) #2mj #0 (2.37)

In other words, v and x,- have different transformation properties under the discrete symmetry.
If the last term in (2.17) which is responsible for both small neutrino masses via the see-saw
mechanism and leptogenesis is allowed by this symmetry, then the term x,<(L;H}') is necessarily
forbidden just as was assumed.

The bare mass term M x,cX,c is not invariant under transformations of the discrete symmetry
and therefore is not allowed. From equations (2.36) it also follows that o + v = wk with k —
odd, so that the bare mass term Mv¢Y,c is forbidden as well. Finally, the coefficients b3 and by
of the last two terms in (2.28) vanish for the same reasons.

After Y,e and Y,c develop nonzero VEVs, the U(1) symmetry, as well as the discrete sym-
metry (2.35), is broken down. The components of chiral (super)fields x,e, x e and the gauge
(super)field become massive. As mi = m% is assumed, the VEVs of Y,c and ¥,c are equal
and it is natural to introduce new fields hy = (x — x)/v2 and hy = (x + X)/v2. The imag-
inary component of h; is ‘eaten up’ by the vector gauge field A, which acquires a large mass
My = M = gqug ~ 10'* GeV. The real component 7 of hi acquires the same mass M, = M.

From the analysis of gauge interactions alone, it follows that two-component spinors A (super-
partner of A) and hy (superpartner of ;) form a four-component Dirac spinor M;(hiA+AThT)
with mass My = M. The non-renormalizable interactions induce a Majorana-type mass term
~ Mgoft(h1h1 + c.c.). There is also a Majorana-type mass term ~ mgo (AN + c.c.) coming from
the soft supersymmetry breaking, so that two linear combinations of A1 and A\ are Majorana
fermions with large (~ M) and close masses. The non-renormalizable interactions (2.28) also
induce masses ~ mg,; for the real component of hs and its fermionic superpartner hs.

The gauge boson A, the fermion A and the scalar 7 interact with other states in the fun-

damental representation of Eg (in particular with Higgses) so that the self-energy of scalars
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Figure 2.1: One—loop contributions to self-energy of scalars.

receives large contributions from diagrams with exchange of these heavy fields. For instance, see
the case of one loop in figure 2.1.

As has already been mentioned in the introduction, the supersymmetric structure of the
Lagrangian ensures that all large corrections, associated with the exchange of heavy fields,

cancel out and only terms proportional to the soft supersymmetry breaking parameters remain:

W0 =1gty i ) e = U [ e
SUc(3) ® SUL(2) ® SURr(2) ® U%(1) models. Tables 2.15 and 2.16 show, that it is sufficient
to consider only the case of the first charge assignment and three SU(3)r — SUR(2) projections,
the other cases being completely analogous.

In the case of the left-right symmetric (R) model, the zero modes in §(27 + 27) are the
SUR(2) doublets xg = (Xec,Xve) and Xr = (Xve,Xec). The scalar potential coming from the
gauge interactions (2.21) and soft supersymmetry breaking is of the form

1

V==
8

2
e~ = g e Ti - e Ti = \12
(02,63, + 9% 4%,) [(Vair) — (Wair)” + 2 | ({amwr) + (Vamr
2
— [m?% (XzXr) + M2 (XrXR)] (2.39)

Let v1 = (Xue), v2 = (Xee) and ug = (Xye), u2 = (Xec). The corresponding classical potential is

1
V= (9%, a3, +9v,0%,) [([o1]* + [v2l?) — (Jur|* + |uzl?)]

8
1 1
5 9l (0301 + uua] P+ 2 i [(feal” = foa) + (fua]* = )]
= [ (o + foal?) +m3 (o] + [ua]?)] (2.40)

There are symmetry breaking directions, which are D — flat. Vanishing of the first and the third
terms in (2.40) requires that |v1| = |u1| and |va| = |ug|. With these conditions being satisfied, the
second term in (2.40) vanishes if v1 = 0 or vy = 0 or arg(us) + arg(ve) — arg(uy) — arg(vy) = .

The non-renormalizable superpotential, which bounds the classical potential from below,

is similar to (2.28) with v¢, x,c and x,c replaced with SUg(2) doublets ¢vp = (e°,v°), xgr =
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(Xees Xve) and Xr = (Xue, Xec). Its explicit form is

W =M |af (VXr) (VhXa) + ah(ERXR) (rXr) + as(XrXR) (XRXR)|
+ M3 [(xrXr) (XEXR) (XRXR) + ' (V3XR) (XRXR) (XRXR)

+ 8 (R XR) (W XR) () + b (W Xr) (R XR) (WhXR) | + - (241)

The freedom of SUR(2) gauge transformations allows to rotate away a possible VEV for one of
the isospin components of one of the scalar fields, so one can take us = 0 at the minimum of
the potential. Since the classical potential under consideration reaches its minimum in one of
the D — flat directions, vs is equal to zero as well. Then the following analysis is the same as in
the case of the SUc(3) ® SUL(2) ® U3(1) model and furnishes the same result. The symmetry
is broken down to SUq(3) ® SUL(2) ® U?(1).

The second skew left—right symmetric (R”) model differs from the one above in .S instead
of e being an SUp»(2) counterpart of the right-handed neutrino: x 7 = (Xue, Xs5) and Xpr =
(Xs, Xve). The symmetry is broken down to SUq(3) ® SUL(2) ® U?(1) as well.

In the case of the first skew left—right symmetric (R/) model, the right—-handed neutrino is an
SUp(2) singlet. Massless states in §(274-27) are xpe, X = (XHw.X1) and Xpe, X = (X2, XH*)-
The classical potential coming from renormalizable and nonrenormalizable interactions is similar
to (2.31) and yields the same results. The symmetry is broken down to SUx(3) ® SUL(2) ®
SUR(2) @ U(1).

Since the Higgs doublets (xpgu,xr) and (Xr,Xmw) are contained in §(27 + 27) as zero modes,
there are directions in which the D-term potential vanishes for whatever large VEVs of these
fields, i.e., there is a risk of breaking electroweak symmetry at a very high scale. To avoid it,
the part of the classical potential which comes from the soft supersymmetry breaking should be
positive in those directions, as is the case in the MSSM.

The coexistence of all the terms in the second row of (2.17) leads to the rapid proton decay,
mediated by new D and D¢ quarks, unless those are very heavy. The VEV of S which gives
masses )\éj *(S;) to D and D¢ is also the source of the p—term )\ij<8i>. Although neither for
Gy(1) nor for Ggy,(2) the couplings )\? * and )\éj ¥ are related by symmetry, it is not natural to
expect D and D¢ to be much heavier than 1 TeV which is insufficient to suppress the proton
decay. A solution to this problem may be provided by an appropriate discrete symmetry, which
forbids some of the couplings in (2.17).

If this is a Zs symmetry, then there are only two models [70, 71] compatible with leptogenesis
and nonzero neutrino masses. In the first model L and e, v¢, D, D¢ are odd, while the rest of
the states are even, so that A\g = A\jg = 0. The second model differs from the first one in D and

D¢ being even, so that A\¢ = Ay = Ag = 0. Transformations of the discrete symmetry should
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Model R R R

d° w® H* HY* ¢ u° D¢ w® H* L e S D¢ d¢° HY L v S
1 + + 4+ o+ - - - + 4+ - - 4 - + + - -+
2 + + 4+ o+ - - + o+ 4+ - -+ + 4+ + - -+

Table 2.17: Transformation properties of components of SUg(2) doublets.

commute with transformations of the gauge symmetry. Table 2.17 shows, that this condition is
satisfied only in the case of the left—right symmetric (R) model, while in both skew left—right
symmetric models the components of SUg(2) doublets transform differently. Therefore, if proton
stability is assured by such a discrete symmetry, the only allowed gauge group after breaking of
G is Gpyqy = SUc(3) ® SUL(2) © U*(1).

As is clear from the discussion above, only the difference B — L (but not the lepton number L
and the baryon number B separately) is gauged before the symmetry breaking. Moreover both
B and L are violated at quantum level by the sphaleron processes. Consequently one can not
unambiguously assign baryon and lepton numbers to the states of the model. However it can
be done using the convention, that the Standard Model quarks have baryon number one third
and zero lepton number and the Standard Model leptons have zero baryon number and lepton
number equal to unity. Requiring that the total lepton and baryon charges of the term DQQ in
the model with Ag = 0 be zero, we find that B(D) = —% and L(D) = 0, so that D is a diquark
in this model. Requiring that the total lepton and baryon charges of the term Deu present in
the model with Ag # 0 be zero, we find that B(D) = % and L(D) =1, so that D is a leptoquark

in this model.

2.5 Superpotential and the Lagrange density

As has been argued above, after the breaking of the B — L symmetry the residual gauge group is
that of the Standard Model extended by one U (1) group: GlU(l) = SUc(3)®@SUL(2)oU(1)aU(1).
After the symmetry breaking the right-handed neutrino acquires a large Majoran mass, so that
the superpotential takes the form
W = =2 g Qi HR) + A 5 (Qi HYY) + A" et (L HYY) + N Si(H HYY) + A" D; D
+ [=A§"esus Dy + M D5 (Qs L) + N vids D] + [N Di(Q5Qn) + Ay Dfusy]

y 1 R
— NAF (L HY) + SV M5 (2.42)

where either \¢ = A7 = Ag = 0 or Ag = A1g = 0 to ensure the proton stability. In the model with
Ag = 0 the right-handed neutrino couples only to leptons and the Higgs, whereas in the model

with Ag # 0 it also couples to the new singlet quarks, which introduces new decay channels.



70 Chapter 2. The superstring inspired Eg model

In what follows we use the convention according to which the fermionic component of a chiral
superfield is denoted by the same symbol as the superfield itself, the scalar component is denoted
by the same symbol with tilde on top of it, and the auxiliary component is denoted by F with
the corresponding superscript. For instance, in the y—basis (see appendix B) the right—handed

neutrino chiral superfield is parametrized as
vy, 0) = 7°(y) + V200°(y) + 6% Fe(y) (2.43)

In Feynman diagrams we will denote all scalars by dashed lines, whereas all fermions will be
denoted by solid lines.
Excluding the auxiliary fields F', we obtain some terms of the Lagrange density £L = Lrp+ Lg

useful and relevant for the following analysis (we neglect the soft supersymmetry breaking terms).
L = NJ |PELyeH + viLyeHt + viLyelTy | = \J* |vids Dy + 57d5 Dy + vids Dy
J Ak [angeHg +uSQjeHY + qujeﬁ,g} v (2.44a)
Lo = | NANT™RoE L L gt + AT o ot + MoE o (L )|
- [Agj’ugm”’fﬁm;dﬂaﬁg + ATENEI e D DY 5T 4 MATF D dgﬁk}
[N (QuEDIE + XTI op (L, Q] + (2.44D)

Since the vacuum expectation value of S determines the value of the p—term, which is ex-
pected to be of the order of 1 TeV, it is natural to assume, that the associated U (1) symmetry
is broken at a scale much below the Majorana neutrino mass scale 10 — 10'' GeV. The mass
terms coming from soft—supersymmetry breaking are also expected to be of the order of 1 TeV,
i.e. they are much smaller than the heavy neutrino mass as well. We also neglect the so—called
thermal masses of all particles but the Higgses. For this reason, all the species but the Majorana

neutrino are treated as massless in what follows.

2.6 Conclusions

In this chapter, a “low—energy” extension of the Standard Model compatible with the baryoge-
nesis via leptogenesis scenario has been derived from the superstring inspired Fg model.

The Eg model allows six charge assignments compatible with the Standard Model. Charge
conservation in processes involving states of different generations requires that the same charge
assignment must be used for all generations.

The initial gauge symmetry is broken in a sequence of stages. The first stage is due to
Calabi—Yau compactification and the effective Higgs mechanism. The condition that the proton

is long-lived requires that the symmetry is broken either to G 1) or Gsyy(2)-
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As the temperature drops, supersymmetry breaks down spontaneously in the hidden sector.
The breaking of supersymmetry is mediated to the visible sector through gravity and manifests
itself in the soft terms.

At the next stage right—handed scalar neutrinos of the two additional (27 + 27) generations
develop a nonzero VEV, breaking the B — L symmetry. The introduction of a simple discrete
symmetry ensures, that B — L is broken at a scale, which is sufficiently high for generating large
masses for the right-handed neutrinos, and that the right—handed scalar neutrinos of the three
known generations do not acquire a VEV. The same symmetry also forbids Yukawa couplings
which, if present, would induce large masses for the conventional neutrinos. The supersymmetric
structure of the theory ensures that large quantum corrections to masses of the scalars, associated
with the presence of heavy gauge fields, cancel out. Provided that a rapid proton decay mediated
by the new quarks is forbidden by a Zs symmetry, the residual gauge symmetry after the breaking
of the B — L symmetry is given by G/U(l) =SUc(3)@SUL2)@U1)®U(1).

Apart from the additional (compared to the SM) U(1) symmetry, the characteristic feature
of this “low—energy” model is its extended particle content. In addition to the known particles
and right-handed neutrinos it contains a SM singlet S, new heavy quarks and three generations
of Higgses, as well as their superpartners. Since both the new quarks and the Higgses couple
to right-handed neutrinos, there are more B — L violating decay channels than in the SM or
its supersymmetric extension. At the same time there are more processes which washout the
generated B — L asymmetry.

The model is interesting not only from the viewpoint of successful leptogenesis, but also from
the viewpoint of “low—energy” phenomenology. More specifically, mixing of the new fermions
with the conventional ones and mixing of the additional “light” gauge boson with the Z—boson

may have interesting consequences observable at the next generation of particle colliders.
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Chapter 3

Leptogenesis in the £z model

In chapter 1 we have discussed the influence of the effects of general relativity on generation
of the lepton and baryon asymmetries. These effects are to a large extent independent of the
used quantum field model. It is clear however, that the asymptotic values of the lepton and
baryon asymmetries strongly depend on the model we use for the calculation. In particular, new
decay and scattering channels, which appear in the supersymmetric and GUT extensions of the
Standard Model, may strongly influence the generation of the lepton asymmetry.

In this chapter we consider leptogenesis in the model discussed in the previous chapter. As
far as leptogenesis is concerned, the main difference of this model, whose gauge group after the
breaking of the B — L symmetry is given by SUc(3) ® SUL(2) ® U(1) ® U(1), from the SM
is its extended particle content. Whereas in the Standard Model the right-handed neutrino
can only decay into a lepton and the Higgs, in the model under consideration the right-handed
neutrino can also decay into superpartners of the aforementioned species and, for certain values
of the parameters, into new quarks. Thus, there are more processes which generate the lepton
asymmetry, as well as more processes which wash it out. The goal of this chapter is to calculate
rates of these processes and solve the resulting system of the Boltzmann equations numerically.

The asymmetry is generated in the C'P—violating decays of the heavy neutrinos and their
superpartners, discussed in section 3.1. Technically the C'P asymmetry arises due to interference
of the corresponding tree—level and one-loop—vertex and tree-level and one-loop—self-energy
diagrams, discussed in the same section in the limit of strong hierarchy in the Majorana mass
matrix.

Scattering processes wash out the asymmetry generated in the decay of the Majorana neu-
trino. The two—body scattering processes mediated by the right—-handed neutrino, which violate
lepton number by two units, are considered in section 3.2. We also calculate CP asymmetry
in the scattering processes and check that after summation over all initial and final states the

asymmetry in scattering vanishes, as is required by the unitarity.
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Two—body scattering processes with the Majorana neutrino in the initial state, which violate
lepton number by one unit, are considered in section 3.3. These processes are to leading order
CP conserving and contribute to the Boltzmann equation for the lepton number asymmetry
only if the latter one differs from zero.

Processes discussed in section 3.4 conserve total lepton number, but reduce the number of
the heavy (s)neutrinos and redistribute the lepton asymmetry between the leptons and their
superpartners.

In section 3.5 gauge mediated processes transforming leptons into scalar leptons and vice
versa are briefly discussed. As strength of these processes is determined by gauge couplings,
which are much bigger than the Majorana Yukawa couplings, the gauge mediated scattering
processes are in equilibrium and ensure equality of chemical potentials of leptons and their
superpartners.

Relations between chemical potentials of various species are considered in section 3.6. These
relations differ from those in the Standard Model due to the fact, that the supersymmetric Eg
model contains two Higgs doublets per generation. We also derive relation between the baryon
and lepton numbers at temperatures where all Yukawa interactions, apart from the Yukawa
interactions of the right-handed neutrinos, are in equilibrium.

Finally in section 3.7 we derive an explicit form of the system of Boltzmann equations and

present numerical estimates of the lepton and baryon asymmetries.

3.1 Decay of the heavy neutrino

The CP violating and lepton number violating decay of the heavy Majorana neutrino is the
source of the lepton asymmetry in the baryogenesis via leptogenesis scenario. Lepton number
is violated by two units by the Majorana neutrino mass term, whereas the CP violation arises
due to complex couplings of the heavy neutrinos to other species in the model.

In the model we consider the heavy neutrino can decay into a lepton+Higgs pair and (if
Ag # 0) to a pair of quarks. Both processes violate lepton number (recall, that in the model
with Ag # 0 the exotic state D is a leptoquark) and violate CP, thus leading to the generation
of lepton and baryon number asymmetries. The fermion Majorana neutrino can decay either
into a lepton and a Higgs or into a slepton and a higgsino, whereas its superpartner can decay
into a slepton and a Higgs or a lepton and a higgsino (see figure 3.1). The generalization to the
case Ag # 0 is straightforward.

The decay amplitudes of the heavy neutrino and its superpartner are given at tree—level by
Tyepyie = ATF(ugvd), Toes 4 He = Aidk (pehy, Toet

v J @ X —>[~,+Ij[u

(3

= M;\* (3.1)
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Figure 3.1: Decay of the Majorana neutrinos and their superpartners into leptons at tree

one—loop level. Decays into quarks are not shown.
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The corresponding decay widths in the rest—frame of the decaying particle read (a = 11)

=1 =T =T =T —lﬁ&&M 3.2
AV T s LAY T b gLy Avt T b ug b HY T L ues Ly A T g (3.2a)
4 i i i i 167['

1 (A

§Ff’f - Ff/f—>1i+Hu - Fﬁf—uihrﬁuf =Toemprm = F9§T—>Z+Hu - s M; (3.2b)

where we have summed over components of the electroweak doublets. In the model with Ag # 0
the Majorana neutrino can also decay into a (s)quark pair. The corresponding tree-level decay
widths differ from (3.2) in A1y replaced with Ag and, since the decay is into the SUL(2) singlet
(lepto) quarks, by an overall factor of three halves.

The CP is violated in all of these processes. That is, the probabilities of a decay into a
final state and its charge conjugate are not equal. Technically, the CP asymmetry arises due to
the interference between the tree—level and the one-loop—vertex [9] and the tree-level and the
one—loop—self-energy [10] diagrams shown in figure 3.1. The Majorana neutrino is an unstable
particle, and therefore a self—consistent treatment of processes with an intermediate Majorana

requires a resummation of all the self-energy diagrams, which leads to a resummed propagator

1
q—M —X(q) (33)
with the self-energy ¥(¢). The resummation removes the divergence of the transition amplitude
in the case that the intermediate Majorana is the same as the initial one (see figure 3.1) and
predicts a resonant enhancement of the generated lepton asymmetry in the case of close Majorana
masses [72]. We consider only the case of non—resonant leptogenesis, i.e. assume that there is a
large hierarchy of the Majorana masses M < My < Ms.

Let us first discuss the v — L + H" and v° — L + H*' decays at one-loop level. The
corresponding Feynman graphs are depicted in figure 3.1. Although in many cases the application
of Feynman rules can significantly simplify calculations, one should be careful when applying
Feynman rules to processes with intermediate Majorana fermions. The reason is that contrary
to the case of Dirac particles Majorana fermions have several propagators [73, 74], listed in
section B.3. In order to avoid possible confusion, the one-loop amplitudes have been calculated
by direct integration of the corresponding elements of the S—matrix. The calculation is to a
large extent standard, and the subtleties associated with the Majorana fermions in the initial
and intermediate states are easily handled. Using this approach we obtain for amplitude of the
one-loop vertex diagram in figure 3.1

—i M6P (k- ps)red? 1
2m)t ) k2 —Mp (k—p3)? (k—ps+p1)?

Ty = =X \mRAI (507 d'k (3.4)

where p1, p2 and p3 are momenta of the initial Majorana neutrino, final lepton and final Higgs

respectively, while ﬁé and v% are chiral amplitudes of the initial and final fermions. The first
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term under the integral comes from the lepton number violating Majorana propagator (B.20c),
the second one is the propagator of a massless lepton, and the third one is the propagator of the
(nearly) massless Higgs in the loop. The appearance of the intermediate Majorana neutrino mass
M is quite natural and expected from general considerations. The reason is that processes with
intermediate Weyl fermions are known to conserve lepton number; a good example would be the
Standard Model with massless neutrino. Moreover, since in the SM with massless neutrino all
the CP violating phases can be rotated away, CP is also conserved in the leptonic sector. Since
a Majorana fermion with vanishing mass is equivalent to a Weyl fermion, the amplitude of the
CP violating processes should vanish as M; goes to zero.

The integral over k can be expressed in terms of three—point functions

1 1 (k—p3)* d*k

in? | k? — M? (k —p3)? (k — p3+ p1)?

= C,.(p3,p3, M2,0,0) — phCo(p3,p?, M?,0,0) (3.5)

As is argued in appendix A, the vector integral can be decomposed into a vector constructed
from the external momenta p; and p3. Taking additionally into account that ps = p; — p2 and
that due to the Weyl equation the contribution of the on—shell left—-handed neutrino vanishes,
we obtain

M,
1672

Tfi — A*imn)\lmk)\ljn(@i. 5_0'4,8p;1lvé)

e [Co(0, M7, M}, 0,0) 4+ C12(0, M?, M?,0,0)] (3.6)

where a summation over all intermediate states is assumed. One would also expect (for the same
reason as above) the mass of the decaying heavy neutrino M; to appear in the decay amplitude,

and this is indeed the case. Using relations (B.23) we find

(5h3Ppis) = —Mi(ufvd) (3.7)

«

which completes the calculation of the amplitude of the one-loop—vertex diagram.

In supersymmetric extensions of the Standard Model, one of which is considered here, there
is an additional one-loop vertex diagram with two scalars in the intermediate state, depicted in
figure 3.1. Proceeding as above we obtain for the amplitude of this diagram

MM,
1672

Tp; = Nrimn \lmk ylin (007 C12(0, M2, M2, 0,0) (3.8)

so that the total contribution of one—loop vertex diagrams in supersymmetric extensions of the

Standard Model is given by

M; M,
2

Tpi = —(u@vl ) \Fimn \Imk \lin T Co(0, M2, M?,0,0) (3.9)

T
A similar calculation yields for the total amplitude of the one-loop self-energy diagrams

M;M; C,Cy
M? — M7 1672

Tfi _ )\*imn)\lmk)\ljn(uzqv(])'l) Bl(MZZ,O,O) (3_10)
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where b = 8,11 and summation over indices of all the intermediate states is assumed. The
coefficient Cs = 2 takes into account that both particles and their superpartners run in the loop,
whereas the coefficient C accounts for the number of states of the multiplets in the loop: Cp = 2
in the case of a leptonic doublet and Cj, = 3 in the case of a quark color triplet. The two—point
function By (see appendix A) comes from the integration over the momenta of the particles in
the loop, whereas the term with the difference of the heavy neutrino masses in the denominator
comes from the propagator of the intermediate Majorana neutrino.

Note that the structure of flavor indices of the vertex and self-energy contributions is different
due to the presence of three Higgs generations in the model under consideration.

Combining the tree-level and one-loop amplitudes and using relation (A.11) we obtain the
one-loop Yukawa coupling k% of the Majorana neutrino to the lepton+Higgs pair and the

one-loop Yukawa coupling 27* to the antilepton-+antiHiggs pair (a = 11)

M; M,
Ty Col0, M2, MZ,0,0)

MiM; Gy Cs
M2 — M2 1672 2

hfzjk — )\Zajk’ o )\Zlmn)\gmk)\é]n

 pimn \lmn yljk By(M?,0,0) (3.11a)

ik = N N S Ly 0, M2, ME0,0)

MM, Cy Ci )
L b S By (M 11b
M2 — M2 1672 2 o(M,0,0) (3-11b)

. )\Zlmn)\émn)\éyk
The asymmetry in the decay is defined as

T
T

Vf—>L+H“ - Fuic—i_/—i—fiuf

€= (3.12)

vé— L+ Hv + Fu§—>E+HuT
If the two— and three—point functions were real, then, as follows from (3.11), one could obtain
(3.11a) from (3.11b) by complex conjugation so that the asymmetry would vanish. Therefore the
CP asymmetry in the decay is proportional to the absorptive parts of the two— and three—point
functions. Although the terms of third order in A are small compared to those linear in A and
can safely be neglected in denominator of (3.12), they give the dominant contribution to the

numerator. To leading order

e [Im(Azij’“AgimnAgmkA?") In (1 + g—;) + Tm (AR ppimn \fmn \JH) CeCb/2
a 87 (AaA])ii

€ (3.13)

2
where a; = (%;) . To obtain (3.13) we have used the expressions for the imaginary parts of

the one-loop integrals (A.6), (A.13) and (A.16). The summation in the first term is over all the
intermediate and final states, whereas in the second term [ # ¢ so as to avoid division of zero by

zero. The resummation removes the uncertainty arising in this simplified treatment.



78 Chapter 3. Leptogenesis in the Fg model

Since supersymmetry is broken only softly, and the masses of all the species are assumed to
be much smaller than the masses of the heavy neutrinos, the CP asymmetry in the decay into
a slepton—+higgsino pair is obviously given by (3.13) as well.

The same is true for the C'P asymmetry in the decay of the heavy sneutrino into two fermions.
Moreover, even the amplitudes of the one—loop vertex and one—loop self—energy diagrams coincide
with (3.9) and (3.10) respectively (the only difference is that the chiral amplitude of the initial
Majorana is replaced by the chiral amplitude of the final higgsino). Although there is only one
one—loop vertex diagram in this case, since neither the propagators of the scalar particles in
the loop nor the lepton—number violating propagator of the Majorana neutrino are proportional
to the loop four-momentum vector k*, the resulting amplitude automatically contains only
Co(0, M2, M?,0,0) (see definition of the three-point functions in appendix A). Analogously,
although there is only one one-loop self-energy diagram, so that the supersymmetry factor
Cs = 2 does not arise, as both particles in the loop are scalars, the resulting amplitude is
proportional to the two—point function By which is twice as big as Bj arising in the case above.
Let us also note, that mass of the decaying sneutrino comes in this case from the triple scalar
coupling M;N4% in (2.44D).

Though the CP asymmetry in the decay of the heavy sneutrino into two scalars is given by
(3.13), the amplitudes of the one-loop diagrams differ from those above. Since the propagators
of the two massless fermions in the one-loop vertex diagram (the second and the third terms
under the integral) are proportional to the corresponding four-momenta

T = \iimn \bn \lmk k (3.14)

) / Mz5§ (k— p2)u05a (k —p2 +p1)“55a d
@m)t ) B2—M2 (k—p2)2  (k—p2+p)?

the resulting amplitude is a combination of the two— and three—point functions

o\ %1 liny1
T — )\azmnAajnAam 3

[Bo(M},0,0) — M2C12(0, M7, M?,0,0)

+ (M7 — M} /2)Co(0, M7, M, 0,0)] (3.15)

where the overall factor of two comes from convolution of the two ¢ matrices. The structure of
(3.15) differs from that of (3.9). However, since the asymmetry is determined by the imaginary
part of this combination, which differs from that of Cj by only an overall factor (2M?)~1, the
resulting contribution to the CP asymmetry is just the same as in the decay into two fermions.

Analogously, because both lines in the loop are fermionic, the amplitude of the one-loop

self-energy diagram (3.16) is a combination of scalar and vector two—point functions.

i C, / quago‘ (¢ — pl)ya;ﬁ-

T — _A*imnAlmnAljk
o T et M- MR @ (g p)?

(3.16)
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This combination reduces to the scalar two-point function By times M?/2. The latter factor
one-half is compensated by the factor of two coming from the convolution of the o matrices.

Note that there is also an additional one-loop self-energy diagram with only scalars in the
intermediate state. It contributes to the sneutrino decay width, but does not contribute to the
CP asymmetry. The reason is that unlike (3.16) the amplitude of this diagram is proportional to
the product )\im”)\?;lm”)\fljk, so that its contribution to the CP asymmetry, which is proportional
to Im[)\éjk)\;"m“)\ém")\zlj k], vanishes after summation over intermediate and final states.

The last process we consider in this section is the decay of the heavy scalar neutrino into

three scalars at tree level (see figure 3.2). There is a number of such processes including those

7/
. L
/
7/
Pf — === === <=-==- a°
AN
AN
AN ~
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Figure 3.2: Processes determined by quartic scalar couplings.

with the new quarks or the Standard Model singlet S in the final state. The leading contribution,
however, is due to the top quark, whose Yukawa coupling is of the order of unity. The partial

width of this decay channel is given by

o 3AéS)ll,l M

where the factor of three is due to three color degrees of freedom and A(g) is defined in (D.28).

3.2 Processes mediated by the right—-handed neutrinos

Lepton number violating two—body scattering processes are responsible for washout of the lepton
number asymmetry generated in the decay of the heavy Majorana (s)neutrino. Although of
higher order than the tree level decays, these processes have to be taken into account to avoid
the generation of an asymmetry in thermal equilibrium [38].

The effects of the CP violation in the scattering processes depicted in figure 3.3 can be taken
into account by the use of the one-loop couplings (3.11). Since the intermediate heavy neutrinos
are off—shell, the Majorana masses are to be replaced by square of the momentum transfer.

Let us first consider processes with one fermion and one scalar in the initial and the final
states in the model with A\g = 0. These include the L + H* — L + Huf scattering process
present already in the Standard Model supplemented by three right—-handed neutrinos and,
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since the model under consideration is supersymmetric, also the processes L + H* — Lt + H",
L+ H" — L+ H" and L+ H* — L' + H*. The Feynman diagrams of these processes are
depicted in figure 3.3.
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Figure 3.3: Lepton number violating processes mediated by the heavy (s)neutrino.

The amplitude of the s—channel scattering L; + H® — L+ HY is given by (a = 11)

S imypnjn M,
Tj7) = ~(ufvns) W (3.18)
n

Keeping only the leading terms (i.e. those of the lowest order in \,) and replacing the mass of

the intermediate Majorana neutrino M, by the center of mass energy we obtain

1 1 . .
D D e CYAP VIO N
U kinpm "

+ NTEP™ A+ GNP+ (ATl g mAPM](3.19)
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where z = s/M? and

z

: C :
njn _ 'S E :)\*npq)\lpq)\lm B .20
ga 1672 —~ a a a \/az —a 0(37 07 0)7 (3 a)
. 1 »
n — 63 E :)\Zﬁquépn)\gq\/asco(O, s, M?,0,0) (3.20Db)

Lpg
have been introduced to shorten the notation. Coupling (3.20a) represents the one-loop self-
energy contribution, whereas (3.20b) represents the one-loop vertex contribution.

To obtain the amplitude of the charge conjugate process, apart from replacing the chiral
amplitudes with the conjugated ones we should also replace h7"™ by A" in (3.18). The resulting
amplitude, thus, differs from (3.19) by complex conjugation of all the coupling constants (but
not the two— and three—point functions) including those in (3.20).

A nonzero CP asymmetry is generated only if the corresponding one—loop integrals have
nonzero absorptive contributions. Since in the case of ¢t—channel (or u—channel) scattering the
square of the momentum transfer is negative, the imaginary parts of the scalar one-loop integrals
By and C) vanish (see appendix A). Consequently those processes are CP conserving to leading
order and the one-loop effects can be neglected. The tree-level amplitude of the ¢—channel
process is given by

Z(AZi"Aij)i\/@, y=- (3.21)

1
Tt) ;= —(ufvaj) 7 =23
; Y — ay M

M

The amplitudes of the remaining three processes differ from (3.19) and (3.21) only in the chiral
amplitudes entering the corresponding expressions: (uf,Van), (USVan) and (ufvq;) instead of
(uf'v aj)-

Denoting by oy the sum of the cross sections of all the four processes and by ag the sum of

the cross sections of the charge conjugate ones, we define the CP asymmetry in scattering as

_ C
e= 272 (3.22)
os + 0y

Using (3.19) and (3.21) and summing over components of weak isodublets we obtain for the
numerator of (3.22)

l,p.q
1 a;a . ) ‘ ‘
oy, — Ug ox 1 Z m {Im |:<)\;mm)\zn]nz _ )\ZmnAzmm In (W))

3 g _
6m o Z — agj Z = ay ap

z

y </\Zim)\2ﬁpq)\équgn i )\ZmAquAzﬁquZﬂL)} CsIm [By(s,0,0)]

z—ap

+Im [(A;;WA;"J'"Q i g gy <Z i “”))
z — CLn CLn

X <AgimA;’7puﬁf”qu + AﬁqufleA;"mAgj"ﬂ Im [sCy(0, s, M7, 0,0)] } (3.23)
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The imaginary parts of the two— and three—point functions are given by (see appendix A)

Im [Bo(s,0,0)] =, Im [sCo(0,s, M2,0,0)] = —rln <Z l’ ‘”) (3.24)
l

Unitarity requires, that in thermal equilibrium the total CP asymmetry be zero [38]. Applied to
the case under consideration this means, that summed over all initial and final states ox, should

be equal to of. Using (3.23) we find for the difference of the cross sections

2z 2z

n,7,L,p,q
1 V/aay ro.. o _ q
oy — ag x ) ~—— << Im )\me)\glmAZ’”"A?"AZW’(I}\Z"] (3.25)
Té 4 z — ag L lz—apz—aq
i,,m,m

[ emin ~ wmimm ~ Fimm .. zZ+a zZ+aq
+Im _Aam”AammAglmAa”PQAgP“AgQ_ In < ") In ( )

ap aj

_— P = .1 2z zZ+a
— Im | AT m)\Zlm)\Z"pq)\flpq/\ff" — In 1
L lz—aq ay

[ 2 (o))

Z— ay aj
It is straightforward to check, that under the permutation n < [, ¢ < p, m < ¢ the imaginary
parts of the products of the couplings change their sign, and therefore the whole sum is zero as a
convolution of symmetric and antisymmetric matrices, as is required by unitarity. This confirms
the consistency of the presented calculation.

If the intermediate Majorana neutrino is on—shell, then the scattering process can be consid-
ered as an inverse decay followed by a decay. This implies, that in this case the CP asymmetry
in the scattering is twice the asymmetry in the decay. If we consider an (almost) on-shell in-

termediate neutrino, then 7 = 7 (i.e. no summation over the intermediate states) and z — a,
(1)

ve

so that the denominator of (3.22) is given approximately by (see the reduced cross section o
) (3)

o, and o,¢ in appendix D)

A )\T)2 a?
C ( ara/nm n

~ 3.26
oy + oy 5 e an)2 ( )

For z — a, the leading terms in (3.25) are the first and the last term. Performing the redefinitions

n—i,n—k, p—m,q— n we find for the CP asymmetry (a = 11)

5B [ (e i 1+ ) (s 2 ]
- AT (AaA])is

€
(3.27)

which is twice the asymmetry in the decay (3.12). Note that for the scattering mediated by an
on-shell heavy neutrino the parameter of CP violation ¢;, given by (3.12), only arises if we sum
over a certain set of diagrams.

Since particles in the thermal bath have non—zero velocities, contribution of the discussed

above processes to washout of the lepton asymmetry is obtained by integration over the phase
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space of the incoming and outgoing particles. The integration gives the so—called reaction density
~ (see appendix C), which can be calculated using reduced cross section & of the process. Reduced
cross section of a 2 — 2 scattering can be calculated by integration of square of absolute value
of the process amplitude over the momentum transfer ¢, see (C.13). Tree-level amplitude of the

L+ H" — L + H" scattering process is given by a sum of (3.18) and (3.21).

1 . . R /CL77 . . A /an
Tpi = —(U§vag) 77 D [(NIAI™) = (ATAI™) 1 3.28
f (uzUJ)Ml ; |:(a a )x_an+(a a )y_an ( )

Note that the structure of flavor indices of the s— and t—channel contributions is different due
to the presence of the additional Higgses in the model. The contribution of on—shell s—channel
intermediate Majorana neutrino has already been taken into account as inverse decay followed
by a decay. In order to avoid double counting in the Boltzmann equations one has to subtract
the contributions of the real intermediate states (RIS), which is achieved by replacement of the
s—channel propagator by the RIS subtracted propagator of the form discussed in [35]. Taking
square of absolute value of (3.28), integrating over y = [—z..0] and making use of the RIS

subtracted propagator we obtain for the reduced cross section

Z\/W CZ nmn 22 +Z+an In Z+CL77 +Z+aﬁ1n Z+aﬁ
8mz () 2Dyp(2)  ap — ay a ap — 1 ap

+2C,Re (ii%;;) [z — (2 +az)In <Z ;%)] } (3.29)

where a = 11, Cy = 2 and A(1)4, and A (g)4, are combinations of the Majorana Yukawa couplings:

jvn j,n
A??)aa — Z(/\gzmk*mm) ()\Zjn)\*’r]jn)’ A?;?)aa _ Z(}\;ﬂm}\*mn) ()\Z]n)\*ngm) (3'30)
If there is only one generation of the Higgses, then A(2)aa = A??)aa, and the expression for the
reduced cross section reduces to that in the Standard Model.
The RIS subtracted propagator D,(2) is defined as
1 us
5 6(z —ay), n=m,
L _ ] Py vt ! (3.31)
e R R 7
Py (2) P (2)

where P, = (2 — an)2 + a; ¢y is square of absolute value of the inverse Breit—Wigner propagator
Py(z)
1 1
= - (3.32)
Py(z)  z—ay+i/ac,

The reduced cross sections of the remaining diagrams in figure 1.3 are derived analogously and

can be found in section D.1. The reduced cross sections of the additional processes present in

the model with Ag # 0 can be found there as well.
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Figure 3.4: Additional processes mediated by the heavy neutrino exchange, which contribute to

violation of the lepton number.
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Figure 3.5: Lepton number violating scattering processes mediated by the right—-handed neutrino

in the t— and u—channels.
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The diagrams in figure 3.4 also receive contributions from exchange of the real intermediate
right-handed neutrino. As there are three particles in the final state in this case, one should
use the formula (C.16) in order to calculate the corresponding reduced cross sections. The RIS
subtracted reduced cross sections of these processes can be found in section D.1.

There are also t— and u— channel scattering processes depicted in figure 3.5, which conserve
CP to leading order (the square of the corresponding momentum transfer is negative so that
the absorptive parts of the two— and three—point functions vanish, see appendix A), but violate
lepton number. Consequently, the contribution of these processes to the Boltzmann equation
for the lepton asymmetry differs from zero only if the latter one is nonzero.

Let us sketch calculation of the reduced cross section of the first of the processes in figure

3.5, which is present already in the Standard Model. Amplitude of this process reads

Ui 3y — —a ME

T = =0y g 3 [ EmAM Y g o= 3
n

where u is the standard Mandelstamm variable. Since mass of the incoming and the outgoing

particle is zero, s+t+u = 0. Taking this into account we obtain after integration over y = [—z..0]

Gn G - 1 7 1

o = Y oo, [ Ao () L (2]
g 8 ap — ap ag a7 — Qy) ay

_ 1 _

+CuRe (873, (250 gy (2% (3.34)
2aa) 5 4 ay + ag Q) ag

where a = 11. Reduced cross sections of the remaining processes in figure 3.5 can be found in
section D.1. The processes ’yg) — 7,%2) are quite important at low temperatures, as they are not

suppressed by the Boltzmann factor of the heavy neutrino.

3.3 Scattering off a top or a stop

There are also processes which conserve CP to the leading order but violate lepton number by
one unit. The simplest of such processes is the ¢ + L « Q 4 a¢ scattering, which is determined

by quartic scalar couplings.

Figure 3.6: Lepton number violating process determined by scalar quartic couplings.

In addition, there are s— and t—channel two—body scattering processes mediated by the Higgs

or its superpartner (see figure 3.7), which violate lepton number by one unit. In the model with
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Ag # 0 there are additional processes of this type which we, however, neglect assuming smallness

of the corresponding Yukawa couplings.
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Figure 3.7: Lepton number violating processes mediated by the Higgs and its superpartner.

Consider, for instance, the v + L — @Q + u® process, which present already in the Standard

Model supplemented by three right—handed neutrinos. Amplitude of this process is given by

2
1 mj,

{ ik y xknm «); = = = _t
Tri=3p > TEATF) (i) (5008 Ve (3.35)
k

z—ap

where a = 11. After integration over y = [a,) — 2..0] we obtain for the reduced cross section

2
(3) _ z—a
O = 3A7(75)11,1 < n)

zZ—ap

(3.36)

where A?5)11 , is a combination of the Yukawa couplings of the right-handed neutrinos and
quarks:
|k ) )
A?S)a,b — E Z ()\szAzmk)()\Zﬂmk)\gmk) (337)
i,m,n

Reduced cross sections of the remaining processes in figure 3.7 can be found in section D.2.
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3.4 Annihilation of the right—handed (s)neutrinos

There are also processes which conserve the lepton number but reduce number of the heavy
right—handed neutrinos. These include annihilation of two Majorana (s)neutrinos (see figures
3.8 and 3.9) and scattering of the Majorana and its supersymmetric partner (see figure 3.10).
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Figure 3.8: Neutrino pair annihilation.

Let us sketch calculation of reduced cross section of vy +vg — Li+ f/j process. Amplitude

of this process reads
in \ *Njn «@ 1 nin \ *njn o 1
Myi = MQZ [ TN (i) () vie)), — (ATTALY ) (ud )vi@)(uﬁf)vj(g))g (3.38)

As the right-handed neutrinos are on—shell, one can use relations (B.24) in order to calculate
squared absolute value of the amplitude. Since the annihilating right—-handed neutrinos are

massive, with masses M, and Mj, the Mandelstamm variables are related by s+t+u = M, 2—i—]\/[ 2.

After integration over y in the range y = [Ymin--Ymaz|, Where y,in Jmaz = a"+a" — 5 F /Ay and

Api = [ (\ﬁ Vai )2|[x — (\ﬁ + /@ )2], we obtain for the reduced cross section:
2 Ca N
o@ { A o [20/ P07 + (ay + ag)Lyg] — 2Re (A7) =0 L,m} (3.39)

8z Z— Gy — aj
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where L,; = In Zn= 0ty ) o nd A7 and A71 are combinations of the Yukawa couplings
z—an—af—-/An7 (6)aa (Maa
of the right-handed neutrino

Ao = 2OUNTIGNP, - A = SOENENGTINTT) - (3.40)
1) )

Note that the combinations (3.40) differ from A?f)aa and A?;?)aa because the summation is over

the intermediate Higgses, not over the intermediate Majoranas. Reduced cross sections of the

remaining processes in figure 3.8 can be found in section D.3.
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Figure 3.9: Sneutrino pair annihilation.

Calculation of the reduced cross sections of the depicted in figure 3.9 sneutrino pair annihi-
lation processes is to a large extent similar to the calculation above. Reduced cross sections of
these processes, as well as reduced cross section of the neutrino—sneutrino scattering processes

in figure 3.10, can also be found in section D.3.
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Figure 3.10: Neutrino—sneutrino scattering.

At low temperatures the reaction densities of all of the above processes are strongly sup-

pressed by the Boltzmann factors, and their contribution is rather small.
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3.5 Gauge mediated scattering

Apart from the processes discussed above, some of the Majorana mediated processes conserve
total lepton number, but redistribute it among leptons and their superpartners. There are also

gauge mediated scattering processes transforming leptons into sleptons and vice versa. Let us
s I L L

’ ’ N7
Yo + Yo BN

Figure 3.11: A gauge mediated processes redistributing total lepton number among leptons and

their superpartners.

consider for instance the process of annihilation of two leptons into two sleptons mediated by
the Uy (1) gauge field!, which is depicted in figure 3.11. The relevant terms of the superpotential
are contained in (2.23).

The intermediate gauge field is a Majorana fermion with mass m of the order of the soft

supersymmetry breaking scale. This process is to a large extent analogous to the Majorana

mediated scattering of two leptons considered in section 3.2, and its reduced cross section reads

4

g a.s zZ+a m s\ 2
5, = |2 Yo Yo s = (=2 3.41
U’Yo 8 z—i—a%/) +z—|—2a%/) n( a,y(/) )]7 a'Yo <M1> ( ' )

At the relevant range of temperatures = > ONPRS that the ratio of the corresponding reaction
0

density to the expansion rate of the Universe is given approximately by

~ 4
x’y% - gwé
H(Ml) 12871'5 H(Ml)

~10° > 1 (3.42)

where H(M;) and 4 are the dimensionless Hubble parameter and reaction density respectively.
As strength of this processes and the others alike is determined by gauge couplings, which
are much bigger than the Majorana Yukawa couplings, the gauge mediated scattering processes

are in equilibrium and ensure equality of chemical potentials of leptons and their superpartners.

3.6 Baryon number violation

The asymmetry generated in the decay of the heavy Majorana is immediately redistributed by

the sphaleron transitions and fast scattering processes between the Higgses and quarks, inducing

!'Note that since the SUL(2) ® Uy (1) symmetry is unbroken at this stage, it would be incorrect to talk about

scattering processes mediated by the photino, wino or zino.
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nonzero chemical potentials of these species. It is straightforward to generalize the analysis of
chemical potentials, performed in section 1.6, to the case of the supersymmetric Eg model.

In addition to the Standard Model lepton and quark doublets, this model also contains two
Higgs doublets, H* and H?, per generation, which transform nontrivially under the SUL(2)
group. Since the superfields H* and H? also contain fermions, the relation (1.102) is modified

as

3uQ + pr + ppa + pEe =0 (3.43)

After breaking of the additional U(1) group, which takes place at a scale of the order of 1 TeV,
the model under consideration is similar to the Minimal Supersymmetric Standard Model. The
U(1) symmetry is broken by a nonzero vacuum expectation value of the Standard Model singlet
S. The nonzero VEV of S induces a (presumable strong) mixing of the H* and H? states, so
that the sum of their chemical potentials turns to zero, just like it is the case in the MSSM. As
mass of the lightest right—-handed neutrino is many orders of magnitude bigger than 1 TeV, the
VEV of the S is zero in the interesting range of temperatures. Consequently, the H* and H?
are not mixed and the sum of their chemical potentials differs from zero.

As has been argued in the previous section fast gauge mediated scattering processes are in
thermal equilibrium and equalize the chemical potentials of the particles and their superpartners,
so that we only have to consider reactions determined by the Yukawa interactions. Assuming that
all the processes, apart from those involving the heavy (s)neutrino, are in thermal equilibrium,

we find the following relations between the chemical potentials in the Ag = 0 model

Pue + Q@ + prae =0, pge + p@ + prga =0, pee +pp + pga =0, pg + prpe + prga =0,

ps +pp+ppe =0, pp+pQ+pQ =0, fipe + pye + fige = 0. (3.44)

The notation is self explanatory. In the Ag # 0 model the last two equations are replaced by
fee + pye + pp =0,  ppe + pg + pr, = 0. (3.45)

According to the discussion in chapter 2, after the breaking of the B — L symmetry the
residual gauge symmetry is SUc(3) ® SUL(2) ® U(1) ® U(1), so that the chemical potentials
of the components of electroweak doublets and color triplets are equal, whereas the chemical
potentials of the corresponding gauge fields vanish. The U(1) charges of the matter fields can
be read off from equation (2.23). The requirement that the total U(1) charges be zero implies

1Q — L — 2Hue + fde + pee + piim — figa — pp + ppe =0 (3.46a)

—6pq — 3pue — 6ptge +pupe +6up + 4pge + 6piga — 4pp — pree — dps =0 (3.46b)
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where we have assumed, that the chemical potentials of states with the same quantum numbers
are equal. Note also, that unlike the Standard Model considered in section 1.6, the Eg model
contains three generations of Higgs doublets, so that the number of generations N = 3 appears
in (3.46) as an overall factor and can be omitted. In addition, each chiral superfield has the
same number of degrees of freedom, and therefore the coefficients in (3.46) are simply the U(1)
charges of the corresponding multiplets multiplied by the number of states in the multiplet.
Combining equations (3.46), (3.44) and (3.43) we obtain
Hee = HQ = fpd = LS = fluc = De = —%, HHY = flde = D = (L, (3.47)
It is straightforward to check, that relations (3.47) remain also valid in the model with \g # 0.
Using once again that the chiral superfields have the same number of degrees of freedom, we
find, that up to a common overall coefficient the lepton and the baryon numbers are given in

the Ag = 0 model by
L=NQ2up— prec), B=NQ2ug — pue — ftge — 21tp + 2ppe) (3.48)

Note, that in the model under consideration the new qarks also contribute to the baryon num-
ber. From equations (3.47) and (3.6) it follows, that above the temperature of breaking of the
additional U(1) group the baryon and lepton numbers are related by B = —%L. The scattering
processes, which violate lepton number, are frozen long before the breaking of the U(1) symme-
try. Since the B — L is conserved by all the other processes, (B — L)oo = —%Loo, where L
denotes the lepton asymmetry at T' < M, is constant all the way down to zero temperatures.
In the Ag # 0 model the new states D and D¢ are leptoquarks with baryon and lepton

numbers given respectively by :l:% and +1. We therefore obtain
L:N(2ML_MEC+ND_HDC)7 B:N(2HQ_:U’UC_MdC+MD_MDC) (349)

It is interesting to note, that substitution of (3.47) into (3.6) yields B = 0, i.e. the baryon
asymmetry carried by the leptoquarks is equal in absolute values and opposite in sign to that
carried by the Standard Model quarks.

After the breaking of the additional U(1) symmetry, the new (lepto)quarks D and D¢ and
the Higgs doublets H* and H? acquire masses. As has been discussed above, the latter implies,
that the relation between the chemical potentials of the leptons and the quarks, implied by
the sphaleron transitions, reverts to that in the Standard Model. Provided that masses of
the (lepto)quarks are considerably bigger than the temperature of the electroweak symmetry
breaking T, they decouple, as the temperature drops down to Try. The same is also true for the
superpartners of the SM states. This implies, that at T' ~ T the system of equations for the
chemical potentials (3.46) and (3.47) also reverts to that discussed in section 1.6. The sphaleron
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transitions are fast down to the temperature of the electroweak phase transition. Consequently,
at the temperature, the sphalerons freeze out, the relation between the B, L and B — L are given

by (1.111), where n = 6 in the case under consideration.

3.7 Numerical estimates

The lepton number asymmetry is generated in the decay of all three generations of the Majorana
(s)neutrino. However, since we consider the scenario of non-resonant leptogenesis here, i.e. the
case of large hierarchy in the Majorana mass matrix, the asymmetry generated at the scales
T ~ My and T ~ M3 will be almost completely washed out by the lepton number violating two—
body scattering processes, which are fast at high temperatures. Consequently the asymmetry
we observe today has been generated in the decay of the lightest Majorana neutrino. Although
the two heavier Majorana (s)neutrinos can be neglected as free particles, they give an important
contribution to the lepton number violating processes, and thus have to be taken into account
as intermediate states.

Since the fast gauge mediated scattering processes, discussed above, are in thermal equi-
librium and equalize the chemical potentials of the particles and their superpartners, lepton
numbers carried by the scalar and the fermion leptons are equal. As the temperature drops
down, the scalars decay and the scalar lepton number is converted into fermion lepton number.
It is therefore sufficient to consider only the total lepton number ny = ny, s tnr,.

Let us first consider the model with Ag = 0. In this model the Boltzmann equation for the
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The first and the second term in the Boltzmann equation for the total lepton number (3.50) rep-
(2)

resent the contributions of the fermion (4,¢) and the scalar (;

>’ ) heavy neutrinos decaying into

two—particle final states. The third term represents the contribution of the heavy scalar neutrino
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®3)

decaying into a three—particle (‘yﬂic ) final state and the contribution of the two-body scattering
process (J22,;) in figure 3.6. Scattering processes mediated by the Majorana (s)neutrino (’y,(jc))
which violate lepton number by two units, as well as scattering processes mediated by the Higgs
(’?g)), which violate lepton umber by one unit, tend to washout the lepton asymmetry. The
coefficients cg, cye and cpu are ratios of the corresponding chemical potentials to the chemical

potential of the leptons. To shorten the notation we also introduce
ci=1+chu, co =14 (cav —cye —¢Q)/2, c3=1—cye, ca=1—cq, cs =cg+cye (3.51)

The difference nz, and the sum nequ of number of fermion leptons and antileptons is given by
(1.25). The generalization to the model under consideration, which also contains scalar leptons,
obviously reads

np=nr, +np, = 20N<Z2 2;£>, nzq—nL +n7l —20]\7(23;3), (3.52)
where Cs = 2 is the supersymmetry factor.

To derive (3.50) we used, that the chemical potential of the Majorana neutrino is zero, i.e.
that number of Majorana neutrinos with right helicity is equal to the number of Majorana
neutrinos with left helicity. In a supersymmetric model two polarization states of the fermion
Majorana neutrino correspond to two degrees of freedom of the complex scalar Majorana neu-
trino. To ensure self—consistency of our analysis we should assume, that the chemical potential
of the scalar neutrino is zero as well, i.e. that nge = Mget- Taking this into account, we obtain

Boltzmann equations for the number of the Majorana neutrino and its scalar superpartner

dYye x ch 50 4450 1 45® 425 445

+Z< yeqyeq>27 +2Z<1—quyeq>27 } (3.53)

dYpe Yoe @) <> 2) (5) (6) (M) 4 48 1 959
dz _H(Ml){<1_ ff) (e’ +457 + 33, + 2307 + 2407 + 2517 417+ 2407)
2 k v 2 k
+22< )Z ()C_{_QZ( quye}]>2%ic?j;} (3.54)
i k=1 A Vj k=1

Processes which determine the evolution of the heavy neutrino number density are the Majorana
decay, the Higgs mediated scattering and the annihilation of the Majorana (s)neutrinos.

The expansion rate of the Universe is characterized by the dimensionless Hubble parameter

1
4m3g.\ 2 M
H(M;) = ( 7;59 ) M—;l Mp; =1.2-10" GeV, (3.55)
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which is proportional to square root of the effective number of massless degrees of freedom.
At temperatures T' ~ M; all species apart from the Majorana neutrinos can be considered as
massless. In the model under consideration there are 8 + 3 + 1 + 1 massless gauge fields and
N¢(27 — 1) massless chiral fields, where Ny = 3 is the number of generations. Since both
chiral and vector superfields contain two bosonic and two fermionic degrees of freedom, in the
interesting range of temperatures the effective number of massless degrees of freedom is given by
g« = 341.25. The related to it “equilibrium neutrino mass”, which is defined in (1.60), is given
in the model under consideration by m* ~ 2-1073 eV. Contribution of the heavy right-handed
neutrinos to the energy density, as has been discussed in chapter 1, are relatively small and can
be neglected to a first approximation.

As number of the heavy (s)neutrinos falls off rapidly with decrease of the temperature,
the processes with Majorana neutrino in the initial or final state (i.e. the neutrino decay and
the Higgs—mediated two—body scattering) are only important at high temperatures 7' > M;.
Contribution of the decay processes is proportional to the effective mass my, which is defined in

complete analogy with (1.43)

T - T “ (2) T Eg)

Yoo ) e 1, ny. 3.56
HMy) S Gy e <™ xm (3.:56)

Since the only Higgs—mediated two—body scattering processes we consider are those with the
lightest Majorana (s)neutrino in the initial state (i.e. i = 1), their contributions, as well as
contribution of the two—body scattering process determined by quartic couplings, are also pro-

portional to 1mq

r 3 T ) -
X my, ——A, X M. 3.57
H(Ml)'YQQZ 1 H(Ml)%’ 1 (3.57)

Contrary to the decay and the Higgs—mediated scattering processes, the Majorana—mediated
scattering processes are not strongly suppressed at low temperatures and play an important role
in washout of the lepton number asymmetry. From the definition of the dimensionless reduced
cross section (C.25) it follows, that at low temperatures (i.e. at large =) leading contribution to
the corresponding reaction densities comes from the small-z region. As has been argued in [36],
in this approximation the contribution of such processes in the case of the Standard Model is
determined by the mean square of the physical neutrino masses 3m? = m? + m3 + m% and the
lightest Majorana mass M;. The model under consideration contains three generations of the
Higgses. This implies in particular, that the reduced cross sections depend now on two different
combinations of the Yukawa couplings, see for example (D.2) or (D.15). Thus, generally speaking,
it is no longer possible to express the contributions of such processes in terms of the mean square
of the physical neutrino masses. The masses of the light neutrinos are induced by nonzero VEVs

of the scalar Higgses I:I;‘, which also give masses to the up—quarks. As has been argued in [75],
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if quarks of a given charge receive their masses through the coupling to more than one Higgs,
strong flavor—changing neutral currents appear. Since experimental observations exclude this
possibility, it is natural to assume that the Higgses of the first and the second generations do not
acquire VEVs, so that the light neutrino masses are expressed through the Yukawa couplings of
the Higgs of the first generation and the right-handed neutrino masses in the same way as in the
Standard Model. If, furthermore, the Higgses of the second and the third generations are only
weakly coupled to the heavy neutrinos and up—quarks, so that the defined in (D.2) and (D.15)
couplings A?gaa (¢ = 1..4) are mainly determined by Yukawa couplings of the Higgs of the first

generation, then contribution of the scattering processes violating lepton number by two units

can again be expressed through the mean square of the physical neutrino masses.

T L) _2
¢ o< Mym~. 3.58
H(Ml)r)/u 1 ( )

Under these simplifying assumptions also the upper bound on the C'P asymmetry in decay of the
lightest right—handed neutrino is expressed through mean square of the light neutrino masses

and mass of the lightest Majorana in the same way as in the Standard Model:

1 _
’5‘ < 3 Ml(Am?ztm)Q ~ 3\/§M1m'

~ 87 v?2 8t w?

(3.59)

Note however, that v now stands for vacuum expectation value of ﬁ}‘ and, in general, is not
equal to expectation value of the Standard Model Higgs.

The lepton asymmetry generated in the decay of the right-handed (s)neutrino reaches an
asymptotic value Lo, long before the spontaneous breaking of the additional U(1) group. As
has been argued in the previous section, at this stage B — L = —%Loo. At temperature, the

sphalerons freeze out, the baryon asymmetry is related to the B — L by (1.111). We, thus,

conclude, that the observed baryon asymmetry of the Universe is related to Lo, by

8N +4n 14 14
B=——— "I =—"1L 3.60
22N +13n 5 °~° 15 (3.60)

where we have used n = 6 for the evaluation. From the experimental value Y = (6.2—6.9)-1071°

we can infer the lepton asymmetry to be generated
Yy, = —(6.6 —7.4) - 1071° (3.61)

Typical numerical solutions of the system of Boltzmann equations (3.50), (3.53) and (3.54)

max

corresponding to the choice v/3m = 5-10"2 eV and ¢, = €' are presented in figures 3.12-3.14.
We consider two values of the effective neutrino mass 7m; = 10™% eV and m; = 1072 eV.
As is commonly accepted at present, at the final stage of inflation the inflaton field decayed

into lighter particles. The decay of the inflaton field being a strongly out—of-equilibrium process,
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Figure 3.12: Typical numerical solutions of the Boltzmann equations. The red lines are solutions
for the lepton number asymmetry with chemical potentials of all the species except for the leptons
neglected. The blue lines correspond to the case when chemical potentials of all the species are

taken into account. The solid lines correspond to the initial condition Y,c(z¢) = 0, while the
dashed lines to the initial condition Y,c(xg) =

e . . . .
Y d(xp). The Majorana mass is given in GeV,
whereas the effective neutrino mass is given in eV.

the decay products were distributed non—thermally. As the decay products thermalized, the
Universe reheated. If the Majorana neutrinos have been created directly by the inflaton field,
then as an initial condition for the Majorana number density one should use the equilibrium
one (dashed lines in figure 3.12). On the contrary, if the heavy Majoranas have been created via
scattering of the high—energetic light particles (among those are the Higgs—mediated two—body
scattering processes discussed in section 3.3), then the initial Majorana number density is zero
(solid lines in figure 3.12). The cross sections of the latter processes depend on the Yukawa
couplings of the Majorana neutrinos determining also the light neutrino mass matrix. As may
be inferred from figure 3.12, for /m; = 10~* eV the Yukawa interactions are too weak to create a
thermal population of the Majorana neutrinos, which results in the smaller upper bound on the
lepton asymmetry. Still with Y/ = 2- 1078 it is more than an order of magnitude bigger than
the experimental value. For m; = 1072 eV the Yukawa interactions are strong enough to bring
the heavy Majoranas to equilibrium, so that the resulting upper bound on the lepton asymmetry
Y =1- 1078 is independent of the initial conditions. The decrease of Y;" is a consequence

of stronger lepton asymmetry washout by the inverse decay and the Higgs—mediated scattering
processes.



3.7. Numerical estimates 97

Note also that if the initial number of the heavy Majoranas is zero, then the lepton asymmetry
crosses zero (and, thus, changes sign) for both m; = 10~% and 7y = 1072, This effect can easily
be understood. The Majorana neutrinos are created by the CP—conserving Higgs—mediated
scattering and by CP-violating inverse decay processes. The latter one obviously leads to a
generation of lepton asymmetry of opposite sign. As the temperature drops down, the decaying
Majorana neutrinos generate an asymmetry, which compensates the one generated earlier, so
that the lepton asymmetry reaches zero, and, after all the Majoranas have decayed, it reaches

its asymptotic value.

As has already been mentioned, the lepton asymmetry generated in the decay of the heavy
Majorana induces nonzero chemical potentials of the quarks, the Higgses, etc. As a consequence,
even the processes conserving CP tend to washout the lepton asymmetry. Consequently, the
resulting asymmetry is expected to be smaller than in the case if these chemical potentials are
neglected. For 7, = 10~* solutions for the lepton number asymmetry with chemical potentials
of all the species except for the leptons neglected (red curves in figure 3.14) and with chemical
potentials of all the species taken into account (blue curves in figure 3.14) lie one upon the other,
which reflects the minor role of the washout processes. For 7, = 1072 the washout processes

are stronger and the resulting upper bound is (a factor of two) smaller, as one would expect.

In figures 3.13 and 3.14 the development of the lepton asymmetry for the Majorana neutrino
masses M; = 10'0 GeV and M; = 10'' GeV is presented. The increase of the upper bound
on Y;" is mainly due to the increase of the upper bound on CP in the Majorana decay, which,

according to equation (1.45), grows linearly with the right-handed neutrino mass.

The development of the lepton asymmetry for M; = 10° GeV and the effective neutrino
masses M1 = 1072 eV and 7y = 5- 1072 eV is presented in figure 3.15. As may be inferred
from figure 3.15.a, for m; = 1073 eV the Yukawa interactions are sufficiently strong to create a
thermal population of Majorana neutrinos. The upper bound on the lepton asymmetry is more
than an order of magnitude bigger than the experimental value. For m; = 5-1072 eV on the
contrary, the theoretical upper bound is comparable the experimental bound (3.61), which, as
follows from equations (3.56) and (3.57), is a consequence of the stronger washout of the lepton

asymmetry by the inverse decay and the Higgs—mediated scattering processes.

Finally, let us briefly discuss the role of the additional processes present in the model with
Ag # 0. Additional decay channels present in this model lead to an increase of the Majorana
neutrino decay width and a decrease of deviation from thermal equilibrium, thus leading to a
decrease of the efficiency of leptogenesis. The decrease, however, is likely to be compensated by
the increase of the CP asymmetry in the decay. The reduced cross sections of the scattering

processes involving the leptoquarks coincide (up to an overall factor determined by the values
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Figure 3.13: Typical numerical solutions of the Boltzmann equations for the lepton number

asymmetry for a mass of the lightest Majorana M; = 10 GeV. The conventions are the same

as in figure 3.12.
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Figure 3.14: Typical numerical solutions of the Boltzmann equations for the lepton number

asymmetry for a mass of the lightest Majorana M; = 10'! GeV. The conventions are the same

as in figure 3.12.

of the corresponding coupling constants and the number of states in the multiplets) with those
in the model with the Majoranas coupled to the leptons only. Therefore taking these processes

into account is equivalent to a modification of parameters in the model with Ag = 0, considered
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Figure 3.15: Typical numerical solutions of the Boltzmann equations for the lepton number
asymmetry for a mass of the lightest Majorana M; = 10° GeV and the effective neutrino masses

1 = 1073 eV and 1 = 5- 1072 eV. The conventions are the same as in figure 3.12.

already. The additional processes involving both the leptons and the quarks lead a to stronger
washout of the lepton asymmetry, thus decreasing the efficiency of leptogenesis. Depending on
the values of the Yukawa couplings and CP violating phases, the interplay of the aforementioned
effects may lead to a change of the asymmetry in either direction. If the Yukawa couplings of
the leptoquarks are comparable to the Yukawa couplings of the Higgses, one can expect that the
asymptotic value of the lepton asymmetry in the model with Ag # 0 will not be considerably

different from that in the model with Ag = 0.

3.8 Conclusions

In this chapter a numerical analysis of the lepton asymmetry development in the superstring
inspired Eg model has been performed.

The asymmetry is generated in the decay of the heavy Majorana (s)neutrino into a scalar—
fermion, scalar—scalar or fermion—fermion pair. As has been shown by an explicit calculation,
since the supersymmetry is broken only softly, the associated violation of CP is the same in each
of the decay channels.

Scattering processes mediated by the Higgs or the Majorana neutrino tend to washout the
generated lepton asymmetry. The explicit calculation demonstrates, that the CP violation

induced by the latter ones vanishes after summation over all initial and final states, as is required
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by unitarity.

Scattering processes mediated by the gauge superfields conserve lepton number but redis-
tribute the lepton asymmetry between the fermions and the scalars. Since the corresponding
gauge couplings are of the order of unity, the rate of these processes exceeds the expansion rate
of the Universe, so that they are in thermal equilibrium. Consequently the fractions of the lepton
asymmetry carried by the scalars and the fermions are equal.

Fast Yukawa interactions together with the anomalous processes partially redistribute the
asymmetry between all the species in the model, thus inducing nonzero chemical potentials of
these species. The numerical analysis demonstrates, that this effect leads to a reduction of the
asymptotic value of the asymmetry.

The parameters of the model are relatively weakly constrained by the observables like the
light neutrino masses or mixing angles. One of the consequences is that the predicted upper
bound for the baryon asymmetry substantially exceeds the observed asymmetry. This is par-
tially explained by the fact, that due to the presence of new states, contributing to the total
energy density, the Universe expansion rate (characterized by the Hubble parameter) during
the period of leptogenesis is higher than that in the Standard Model; the bigger deviation from
thermal equilibrium leads, in turn, to an increase of the efficiency and larger asymptotic value
of the asymmetry. The dimensionless Hubble parameter, as well as the upper bound on the CP
asymmetry in the decay, are proportional to M, and therefore with a decrease of the lightest
Majorana mass the degree of deviation from thermal equilibrium and the CP asymmetry in
the decay are expected to decrease along with the asymptotic value of the asymmetry. The
theoretical expectations are confirmed by results of the numerical simulations.

For a small (m; < my) effective mass of the light neutrino the asymptotic lepton asymmetry
depends on the initial condition for the Majorana number density, because the Yukawa interac-
tions in this case are too weak to produce a thermal population of the heavy neutrinos. For a
large (m1 2 my) effective mass of the light neutrino, on the contrary, the Yukawa interactions
are strong and the final lepton asymmetry is independent of the initial conditions.

The numerical analysis shows, that for 7, = 51072 eV and M; = 10° the final lepton
asymmetry is independent of the initial conditions. The theoretical upper bound on the baryon
asymmetry of the Universe is comparable in this case to the observed baryon asymmetry. The
difference from the experimental value can accounted for by a smaller value of the CP asymmetry

in the decay, or by a bigger value of the effective neutrino mass, or by both of these factors.
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Coherent neutrino scattering

An exciting feature of the Fukugita—Yanagida scenario is that it predicts a nonzero mass of the
conventional neutrino. Recent K2K and SNO observations confirmed that conventional neutrinos
indeed have nonzero masses. High precision measurements of neutrino masses and mixing angles
in the forthcoming experiments require a good understanding of the interactions of the neutrino
beam with the target material.

A new measurement by the K2K group at an average neutrino energy Fq = 1.3 GeV has set
an upper bound on the coherent pion production by neutrinos, which is far below the theoretical
expectations [24]. This has raised questions on how accurately the coherent cross section can be
calculated in such a low energy region, and whether detail event distributions may be predicted.

Coherent production of pions by neutrinos has been studied by many experimental groups
and measurements have been made for neutrino energies ranging from 2 to 80 GeV [76, 77, 78, 79,
80, 81, 82, 83]. The main characteristics of such cross sections is that the energy of the recoiling
nucleus and the invariant momentum transfer to it always remain very small. A characteristic
signature of these events is a sharp peak in the low |¢| region. In addition to this, all experiments
have observed that the momentum transfer Q2 from the leptonic sector also remains very small,
sharply peaking at Q% < 0.2 GeV?, while the dependence of the cross section on the neutrino
energy appears logarithmic at high energies.

In many models one starts with the Adler relation [25] in the Q? = 0 limit and extrapolates it
to small Q2 values. In the work of Rein and Sehgal [84] the pole due to the a;(1260) resonance
is introduced together with other assumptions for estimating the pion—nucleus cross section.
In several articles, Kopeliovich et al. [85] have claimed that the pion pole term acting on the
leptonic current gives a small contribution proportional to the lepton mass, and they are led to
argue that the axial current must be dominated by heavy meson fluctuations like a1(1260) or
the pm branch point.

As is argued in section 4.1, a careful PCAC treatment determines the dominant terms in



102 Chapter 4. Coherent neutrino scattering

a unique way. We first decompose the leptonic current contribution into a spin=0 and spin=1
state with three helicity components. The inner product of the helicity zero polarization vec-
tor with the axial hadronic current leads to matrix elements which in the Q? < v? region
are determined by PCAC as f,T (7N — wN), with T being the amplitude for the coherent
pion-nucleus scattering, which is a smooth function of @2, having no pion poles. This way, a
Goldberger—Treiman—type relation is obtained, determining the dominant contribution to coher-
ent neutrino—pion production. Contributions arising from the transverse (off shell) vector and
axial states, which are estimated phenomenologically here, turn out to be very small.

Since the kinematics for the charged current (CC) cross sections obey Q2 ~ mi ~m2, all
mass terms are retained in the calculation of the density matrix of the leptonic current and the
phase space. For the neutral current (NC) reactions, the neutrino masses are of course negligible
and they are simplified.

The numerical analysis performed in section 4.2 demonstrates, that for energies of the inci-
dent neutrino of the order of a few GeV, the main contribution to the coherent neutrino—pion
production is determined by PCAC and the pion—nucleus coherent scattering data. The trans-
verse vector contribution is expressed in terms of the 7¥ coherent photoproduction data, and it
is thus reliably estimated. Estimating the axial transverse contribution is more difficult, but a
Regge analysis indicates that it should be comparable or probably smaller than the transverse
vector contribution. Contributions arising from both transverse off—shell vector and axial mesons

are very small.

4.1 The formalism

We first consider the coherent 7 production by neutrino scattering off a heavy nucleus N

vu(k1) N(p1) — p~ (k2) 7 (pr) N(p2) (4.1)

where the momenta are indicated in parentheses (see figure 4.1).

ki, v v, 0, ko
Z W
T, AL p :
™ P
i N N. p2

Figure 4.1: Neutrino scattering off a nucleus.



4.1. The formalism 103

It is convenient to choose Lorentz—invariant quantities as kinematic variables. The com-
monly used variables are the square of the center of mass energy s = (ki + p1)?, the square of
momentum-transfer in the hadronic system ¢t = (pa—p1)?, the invariant mass of the pion-nucleus
pair W2 = (p + p1)? and the square of momentum transfer to the final lepton Q% = —¢?. Here
q = k1 — ko is the momentum four—vector transferred from the leptonic current to the nucleus
N. Its energy—component v = gy = Ey — Eo (with Ey and E» being the v, and p~ laboratory
energies respectively) denotes the energy given by the current to the 7 N-pair in the laboratory
frame. Kinematic limits on these quantities are given in appendix E. In the coherent scattering
regime the nucleus spin is not flipped, and its recoil must be minimal, so that v ~ F, with E;
being the pion energy in the laboratory frame. The existing experimental data also suggest that
in the coherence regime 0 < Q% < 0.2 GeV?, and that the squared momentum-transfer in the
hadronic system ¢ is peaked at very small values.

The invariant amplitude for the process (4.1) may then be written as

GrVud _ _
Tw = — f/i d“(k'%ﬂ (1 — ’Ys)u(kbyu)(vgr - A;f) ’ (4.2)

where the first factor gives the (v, — p) — matrix element of the leptonic current, while

1 Y72 1 )
Vi = (@ NIV} +iVJIN) , AT =(x"N|A, +iA|N) , (4.3)

describe (in momentum space) the hadronic matrix elements of the charged vector and axial
currents respectively. V4 in (4.2) denotes the appropriate CKM matrix element.
Since the charged leptonic current is not conserved (m,, # 0), it contains spin=0 degrees of

freedom described by the vector

q°
e = (4.4)

as well as spin=1 degrees of freedom describing off-shell gauge bosons with the helicity polar-

ization vectors

0 a1\

o=t =5 || L epzo=— ||, (4.5)
+i V@2l o
0 qo

when ¢ is taken along the Z-axis. The A\ = %1 polarizations in (4.5) are often denoted as L(R)
respectively, the vanishing helicity vector ¢’(A = 0) is identical to €g of [86], and €’(X)g, = 0 is
of course always satisfied.

Anticipating that we later integrate over all relative angles between the (El, Eg)—leptonic

plane and the (g, py) pion production plane, the only density matrix elements needed for the
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above spin=0 and spin=1 states hitting the nucleus N are

(Lrr + Lzp)

— )2 2
5 = @ [1 + (2Elq_,zy)] - 7;5 [2v(2E, —v) —l—mi] , (4.6a)
T T 2 o _ 2
(LRR;LLL) B (QElmy) i , (4.6b)
2 N 212
o = 2 e il ot md) (160
2
Ly = 2m} (2;’;—1—1) , (4.6d)
2 2 . _ 2
by - RIOEE ) ] s

Using these and the hadronic current elements in (4.3), the square of the amplitude in (4.2),

summed over all u~ polarizations, is written as

Tl = GVl { L) $ ey
A=L,R
o nn L) o ) (B (v - A (D)
+ Lol = 4D = 0P + 51V = AN
+ %%([(V;—Abe”m)}-[(VJ—AI)q“]*)} , (1.7)

where the first two terms may be interpreted as giving the contributions from the transverse
spin=1 components of the hadronic currents, the third term gives the helicity A = 0 hadronic
contribution, the fourth term arises from the spin=0 component, and finally the last term from
the interference of the latter two.

We first concentrate on the axial current matrix elements in the last three terms of (4.7),
which turn out to give the most important contributions, for the GeV— scale kinematic region
where coherence is relevant. The pion poles contained in these terms induce a singularity at low
Q?, which must be carefully separated, before any approximation is made.

To achieve this we note that the axial hadronic element in (4.3) consists of the pion pole
contribution, and the rest, which we call R?, induced by a1(1260) and any other isovector axial
meson that might exist. It is thus written as

idf = SO
7r

where T (7t N — 7t N) is the m-nucleus invariant amplitude, fr ~ 92MeV, and R is a very

T(r™N —7"N)-R" | (4.8)

smooth function of Q? whose dependence on it may be ignored !. The usual PCAC treatment

n principle we could insert here some pole contribution from the a;(1260) axial vector boson, in order to
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then leads to

2
. + _ + + _ f7r7’n7r\/§ + +
:_Q2+m72r T(m™N —7"N)—q,R" , (4.9)
so that
"Ry =—fxV2T(x"N - 7tN) . (4.10)

Equation (4.10) reminds the classical Goldberger—Treiman treatment, where the pion pole de-
termines not only 0" A, but in fact also the complete axial current coupling [87].

Using now (4.8), and €(0),¢” = 0 implied by (4.4, 4.5), we conclude that

fav2
V@2

where in the first step the pion pole contribution vanishes identically, while the last step is due

€(0)’ Ay = —ie(0)’R, ~ i T(n*N - 7tN) | (4.11)

to the smoothness of R” and the restriction to v > /@2, which justifies the approximation

e(0) ~ —L_. (4.12)

V@Q?
In order for our treatment to be valid, the kinematics should always be chosen so that this
approximation is satisfied. In figure 4.2 we plot kinematic limits on v considered as a function of
@Q? at the incident neutrino energy F; = 1.3 GeV for neutrino scattering off Carbon nucleus in
the cases of charged and neutral current scattering. According to the condition (4.12) we should
integrate only over a relatively small part of phase space lying between the V4, and v = £ \/@
curves.

max(f\/@, Vmin) <V < Vmaz (4.13)

For the numerical evaluation we choose £ = 3. As is clear from figure 4.2 this condition auto-
matically restricts Q? to small values required by the coherence.

It might be worth emphasizing that it would be incorrect to apply the approximation (4.12)
directly on the e(O)p.A;r computation using (4.8), because that would replace the identically
vanishing expression €(0)g,/(Q? + m2) arising there, by the non-vanishing and in fact large
quantity —/Q2/(Q?* +m2) 2.

The relations (4.9) and (4.11) fully determine the axial current contribution to the last three
terms of (4.7). We also remark that these results are consistent with the Adler theorem in the

parallel lepton configuration [25], provided that we set m, = 0.

describe a possible Q? dependence in R”; but this resonance is so far away from the relevant Q? region, that such

an effort does not seem useful.
2See e. g. also at C. Itzykson and J.-B. Zuber, Quantum Field Theory, McGraw-Hill 1980, p.535, particularly

the remark immediately after equation (11-113).
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Figure 4.2: v as a function of Q% at Ey = 1.3 GeV for neutrino scattering off Carbon nucleus.

Furthermore, the vector hadronic elements in the last three terms of (4.7) give no contri-
bution, since the vector current is conserved, and the applicability of (4.12) for calculating
(N = 0)]);r is guaranteed by the absence of any low mass singularity, compare (4.3). More-
over, since in the coherence regime there is no R — L polarization sensitivity to the vector or
axial-vector boson cross sections, there will not be any contribution from the second term in
(4.7).

Thus, expressed in terms of the leptonic density matrix elements defined in (4.6) the CC

neutrino coherent pion production cross section off a nucleus N takes the form

do(vN — p~ntN) G%yvudﬁy{

dQ2dvdt ~ 2(27)2E?
f? m2 N2 - m2  1do(rTN — 7T N)
L Lyl ———— 2L B
Q2[ 00+ ”(Q 2 4 m2 + IOQQ—i-m?j dt
(Lrr + Lrp)[ 1 do(yN — 7°N)  do(ALN — 7t N)
+ 2 [271'@ dt + dt } ’ (4.14)

In deriving this expression we have integrated over all angles between the lepton- and (g, pr)—
planes, and ignored any vector—axial interference in (4.7), since it will anyway cancel out after
the t—integration we do, before comparing to the experimental data. Notice that in contrast to
(4.7), the presentation in (4.14) first gives the numerically most important terms arising from
the A = 0 and the spin=0 components of the leptonic current, and then the less important

contributions from its transverse vector and axial components.
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We next turn to the last two terms within the curly brackets in (4.14), which are induced by
the transverse components of all off-shell vector and axial vector mesons coupled to the VI and
A} matrix elements at very small Q?; compare (4.3). The vector term is directly related, (after
an isospin rotation producing a factor of 2), to 7° photoproduction for unpolarized photons. In
deriving this, it is important to realize that the isoscalar part of the electromagnetic current
does not contribute to the coherent 7° amplitude. This contribution is estimated in the next
section, using the experimental data [88].

The transverse axial term within the curly brackets

do(ALN — 7T N) _ Soerr AT eV)]?

4.15
dt 12872 M3, ’ (4.15)

is expressed in terms of the axial matrix element (4.3) and describes the cross section of 7+ —
production through “transversely polarized charged axial currents”. To calculate it, we would
need to know all possible a{r( 1260) — type mesons that couple to the axial current, their couplings
to it, and the corresponding (aj N — 7 N) off-shell cross sections, at very small Q2. We also
estimate this in the next section.

A similar procedure may be carried out for the NC coherent 7’-production, for which the

result

do(vN — vr®N) G2 {fﬁ - do(ntN — 7TN)

dQ%dvdt  4(2m)?E2 | Q2" dt
(Lrr+ Lrz) [(1 —25%)2do(yN — 7°N)  do(A5LN — 7t N)
* 2 2T dt + dt (4.16)

is found, provided the assumption
do(n*N — atN) do (7N — 7ON)
dt - dt ’

is made, which in fact is on the same footing as the isospin rotation we used in writing (4.14) in

(4.17)

terms of the 7¥ photoproduction data.

In (4.16), the leptonic density matrix elements are given by the same expressions as in (4.6),
with the obvious substitution m, — 0. Comparing the NC result (4.16), to the CC in (4.14) we
see that there is no CKM factor now, and that the axial contribution to the NC cross section is
a factor 2 smaller than the CC one. For the vector contribution though, an extra reduction by
a factor (1 — 2s%,)? appears, which is due to the fact that Z couples not only to the SUL(2) -

current, but also to the isovector part of the electromagnetic current.

4.2 Numerical estimates and results

For numerical estimates we must calculate the three cross sections appearing in equations (4.14)

and (4.16). The dominant cross section is o(7t N — 7t N) for which we use data on coherent
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scattering of pions on nuclei. This being the dominant term, we calculate it precisely and present
the results in the figures below. The other two cross sections involve coherent photoproduction
of pions and the ar}r N — 7wt N process, where the axial vector particles are transversely polarized
and give smaller contributions. We have estimated them using available data and showed that
they are very small. Thus, assigning to the latter two cross sections an uncertainty even as large
as 50%, does not affect our results.

For isoscalar targets, like C'2, O16) etc., isospin symmetry implies do (7" N) ~ do(7~ N) ~
do(m°N). In the actual calculation we use the coherent pion-Carbon scattering data [89, 90].
Additional data on other nuclei and other energies are available in [91, 92]. Plots of the differ-
ential pion—Carbon cross section at kinetic energies of the incident pion 120, 180 and 260 MeV

are presented in figure 4.3. In all cases, the energy transfer v is identified with the laboratory

2 2 2
10 T T T T T T ] 10°F T T T T T T ] 10°F T T T T T T
E,=120 MeV 4 K E, =180 MeV E I | E;7260 MeV
10t { 10| 4 10! | =
o oy ey
% % %
O] 10 10
g10° 1 510° {510° =
g 12 IE]
e 1 . 18 .
<10 1 10~ | 110" [ -
102 | 4 102 4 102 |- -
! ! ! ! ! ! E £ ! ! ! ! ! ! E £ ! ! ! ! ! ! E

0 001 002 003 004 005 006 007 0 001 002 003 0.04 005 006 007 0 001 002 003 0.04 005 0.06 0.07
It], Gev? It], Gev? It], Gev?2

Figure 4.3: Differential cross section of coherent pion—Carbon scattering at kinetic energies of
the incident pion 120, 180 and 260 MeV plotted in the logarithmic scale. Only the experimental

points right to the vertical lines have been used for computation.

pion energy and the pion-Carbon cross section % (7+C — 7+C) is integrated from the kine-

matically allowed |t|min given in (E.5), to [t/maez ~ 0.05 GeV? corresponding to the first dip of
the pion—Carbon cross section (see figure 4.3). As can be seen in figure 4.3, at very small |¢|
the differential pion—Carbon cross section has a sharp peak induced by virtual photon exchange
(the Coulomb contribution). As we consider here neutrino scattering mediated by either W or
Z boson, the Coulomb contribution should be subtracted. To this end we note that at moderate
|t| the differential cross section plotted in logarithmic scale is to a good approximation a linear
function of |t| and we extrapolate this dependence to smaller values of [¢t|. The pion-Carbon
cross section integrated over t in the range discussed above, considered as a function of v and

the momentum transfer squared Q?, introduced through the lower limit of the ¢-integration, is
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presented in figure 4.4.
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Figure 4.4: Pion-Carbon cross section integrated over ¢ in the range discussed in the text, as a

function of v, at different values of Q2.

Integrating next (4.14) and (4.16) over v in the range (4.13), we obtain the differential
cross sections do(vN — p~nTN)/dQ? and do(vN — vr'N)/dQ? of the CC and NC reactions
depicted in figure 4.5. We notice that the shapes of the CC and the NC distributions are different,
most notably because of the muon mass effects. The results in figure 4.5 correspond to £ = 3.
We also note that such shape differences as indicated in figure 4.5, must be taken into account
in the comparison with the Adler parallel configuration.

Finally, integrating over Q? in the region (E.2), we obtain the results presented in figures 4.6
and 4.7.

We next turn to the transverse vector and axial contributions supplying the terms propor-
tional to the density matrix elements Lrr + Lz, in (4.14) and (4.16). For the photon induced
reaction, there exist data on the photoproduction of mesons off nuclei [88, 94, 95]. The A-
dependence reported in [95] is A%? which indicates that the same shadowing as in 7w-nucleus
interactions takes place. Using then the data on Pb from figure 9 of [88] at E, = 200 — 350

MeV, and integrating them over the first peak, we obtain

1 [001GVE 4o (yN — 7ON) ([ 12
dt 207

2/3
~ 1.4 4.1
5o > 0mb , (4.18)

|tmin|
where the factor 1/2ra comes from the elimination of the electromagnetic coupling, and (12/207)/3

from changing the cross section from Lead to Carbon. The numerical value in (4.18) should be
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Figure 4.5: Differential cross sections of the coherent pion production by neutrinos do(vN —
p~mtN)/dQ? and do(vN — vr®N)/dQ?. Only contributions of the leading terms have been

taken into account. The curves correspond to & = 3.

compared with the uppermost curve in our figure 4.4. We note that the transverse vector cur-
rent contribution is approximately 1% of the pion contribution. In addition the ratio of their
coefficients in (4.14), (Lrg + Lzr)/2 to f2[Loo + ...]/Q? in the interesting kinematic region is
~ 0.2. We conclude therefore, that the transverse vector—current contribution to (4.14) and
(4.16) is negligible, compared to the pion contribution.

Estimates of the transverse axial current contribution at low energies are more difficult,
because of the absence of data. However, as argued below, this contribution to (4.14) and (4.16)
should be very small and in fact smaller than the transverse vector one.

A very rough estimate for (4.15) may be obtained by assuming that it receives important
contributions from the aj (1260) resonance. We need two kinds of measurements for this. The
first one is the partial decay width I'(7~ — a; v;), which determines the a; coupling to the axial

current fg,, defined through (compare (4.3))

m2

(0|, +iAZ|af) = Feplar) (4.19)
al
using
G2 m2 m3 m2 2 2m2
L(r~ —ajv :F‘“T<1— “1> (1+ “1> , 4.20
( 1 T) 167Tf31 m72_ m72_ ( )

where m,, and ep(al) are the a; mass and polarization vector, and m, is the 7 mass. The a;
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Figure 4.6: Cross section of the charged current coherent pion production by neutrinos per
Carbon nucleus. Only contributions of the leading terms have been taken into account. The
upper bound is from K2K including one standard deviation. Dotted line represents the integrated
cross section with a threshold value for the muon energy E,, > 450 MeV. The theoretical curves

correspond to & = 3.

subsequently decays into a 37 final state. Unfortunately the data for 7~ — a; v, do not show a
clear 37 resonant state.

Using as an alternative the corresponding coupling of the p-meson to the isovector current
f3 ~ 32, determined from e. g. the I(p” — e~ e™) data, and taking into account the fact that

the a;—coupling to the axial current could not be stronger [96], we expect
f2 232 . (4.21)

If in addition some data on do(7*N — afTN )/dt for transverse a; production were available,

we would estimate
do(AFN — 7T N) 2 do(mtN — af;N)
dt 2 dt ’

al

(4.22)

where the laboratory energy of the incident pion is again identified with v.

To get a feeling on the relative magnitude of the transverse axial, versus transverse vector
contribution, we compare the integrated 7~p — ajp data at E;r = 16 GeV of [97], to the
vp — 7’p data at E, = 15 GeV of [98].

The integrated diffractive cross section found in [97] at E; = 16 GeV is o(7"p — ajp) =
2504+ 50 pub. Most of this is of course helicity conserving and refers to the production of a; with
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Figure 4.7: Cross section of the neutral current coherent pion production by neutrinos per
Carbon nucleus. Only contributions of the leading terms have been taken into account. The
experimental points for NC are from: [J MiniBoone [93], A Aachen-Padova [76], { Gargamelle

[78]. The theoretical curve corresponds to £ = 3.

vanishing helicity. According to the authors estimate [97], the transverse helicity part constitutes

a fraction of 0.16 £ 0.08 of this. Substituting this in (4.22) and using (4.21) we find

/ do(App — 7 p)

7 dt < 25+1.2ub | (4.23)

which should be compared with the transverse vector contribution [98, 99]

1
z—a(fyp — %) ~5 ub (4.24)
T

at B,= 6 GeV.

In comparing (4.23) and (4.24) we should remember that the transverse vector and axial
processes in (4.14), are both determined by helicity—flip amplitudes. But in contrast to the
w—Regge trajectory which contributes uninhibitedly to the coherent vector amplitude [84], the
only established Regge singularity that can contribute to the coherent axial amplitude would
had been the Pomeron, provided the associate a;—particles had helicity zero. Since the currents
we consider are transverse though, the only possible contributions to the axial amplitude arises,
either from the small s—channel helicity violating component of the Pomeron [100, 101], or the
generally unimportant o—trajectory. On this basis we conclude that (4.23) is very likely an
overestimate. The limited amount of data forced us to use proton targets in the estimates of

(4.23) and (4.24); for coherent production on a Carbon target, these should be scaled up by a
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factor 122/3 ~ 5.2, always remaining very small compared to the pion-Carbon coherent cross

section (the uppermost curve in the figure 4.4).

To sum up, the limited amount of data forced us to use phenomenological estimates which
imply that the transverse contributions are very small in comparison to the pion term. Our
results in figures 4.4 — 4.7, based on the pion—nucleus data only, can be considered as lower

bounds, with the actual cross sections being a few percent above them.

We next turn to the implications for the oscillation experiments. Figure 4.6 shows our
results for the charged current coherent contribution to the neutrino—pion production agg(El)
forv > 5\/@ with £ = 3. We note that there is a rapid growth of the cross section up to F1 ~ 5
GeV. In fact at Fy = 2.0 GeV the cross section is almost three times bigger than at 1.0 GeV.
For E1 = 1.3 GeV and & = 3 the predicted coherent charged current cross section on a Carbon
target with the Ey = E, > 450 MeV cut applied is O'g)g =2 x 1074 c¢m?. The corresponding

experimental upper bound for coherent pion production on Carbon [24] is
0S¢ < (7.7 4 1.6 (stat) + 3.6 (syst)) - 10740 cm? (4.25)

which is consistent with our value.

Finally, we apply our work to the coherent production of 7° in neutral current reactions.
This reaction is an important background in oscillation experiments searching for the oscillation
of v,’s to v.’s. Several oscillation experiments use two detectors with a long-baseline. The far
away detector searches among other channels also for v, — e~ interactions. The 7% produced
via coherent scattering decay to two photons whose Cherenkov light mimics that of electrons.
Furthermore, when the oscillation is to other types of active neutrinos all species contribute
equally to coherent scattering, but only v.’s produce electrons through the charged current.

Thus a good understanding of coherent 7° production is very important.

The neutral current cross section is calculated from (4.16), assuming o(7°C — 7°C) ~
o(rtC — 7T C), which follows from isospin symmetry. The neutral current cross section is
approximately half as big as the charged current one. The result is shown in figure 4.7 with the
solid curve again corresponding to & = 3. We also plotted results of several experiments carried
out at three different energies and targets made of Carbon, Aluminum and Freon, respectively.
We use Carbon as our reference nucleus and scale the results for other nuclei by the A3 rule, as
we discussed earlier. Rescaling the Aachen and Gargamelle data we obtain the points in figure
4.7. The three points have large errors and are consistent with the theoretical curves. As in the
charged current case, we should mention though that the £ = 3 cut was not imposed in these

data. If this was done, the experimental cross sections would had been reduced considerably.
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4.3 Conclusions

In this chapter the coherent pion production by neutrino scattering off nuclei has been considered.
The main reason for returning to this old topic are the new data from the K2K group [24] that
has set an upper bound on the coherent pion production by neutrinos far below the theoretical
expectations.

The approach presented here is based on the decomposition of the leptonic tensor into density
matrix elements. A careful application of PCAC leads to the formulas (4.14) and (4.16) which
should be valid for small values of Q? provided that v >> \/@ Numerical estimates show,
that the dominant contribution comes from the zero helicity component of the leptonic tensor.
Contributions arising from the transverse (off shell) vector and axial states, which have been
estimated phenomenologically, turn out to be very small.

We kept the charged lepton mass in both the matrix element and the phase space of charged
current scattering. As is clear from figure 4.5 by neglecting the muon mass the integrated charged
current cross section is overestimated by a factor of two.

Finally we computed the total cross sections shown in figures (4.6) and (4.7). It should be
stressed that in the analysis presented here we integrate over a relatively small part of the phase
space where the approximations we used are applicable. Thus a comparison with experimental
data requires similar kinematic cuts on the experimental side. Of course, our results are in
agreement with the upper bound for the total cross section of coherent neutrino pion production

obtained by the K2K group.
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Conclusions

At present, the scenario of baryogenesis via leptogenesis suggested by M. Fukugita and T.
Yanagida is one of the most attractive explanations of the observed baryon asymmetry of the
Universe. The generation of the lepton and baryon asymmetries is a complex phenomenon, which
is affected by many factors. In particular, the generation of a nonzero asymmetry requires
deviation from thermal equilibrium. In a nonuniform model of the Universe the degree of
deviation from thermal equilibrium is a function of space coordinates. We have investigated
the influence of the associated effects of general relativity for superhorizon—size perturbations
and found, that the generation of the asymmetry has been slightly more efficient in the regions
of higher energy density. In other words, even before structure formation began shortly after
the onset of the matter-dominated epoch, seeds of the future galaxies and other large scale

structures contained a higher—than—average number of baryons and leptons.

The second class of the effects is associated with the fact, that the asymmetry generated in the
decay of the right—handed neutrino induces nonzero chemical potentials of quarks and the Higgs.
This effect results in a modification of coeflicients of individual terms in the Boltzmann equations
for the lepton number asymmetry and leads to a decrease of the efficiency of leptogenesis. In
addition, the fact that the lepton asymmetry is instantly converted to the baryon asymmetry by
the sphaleron processes, which are in equilibrium at this stage of the Universe history, implies,
that the Boltzmann equations describe the development of the lepton asymmetry and not the
development of the B — L number, as has been tacitly assumed by some researches. As a
consequence, the baryon asymmetry is one half, rather than one third of the solution of the

Boltzmann equation.

Numerical analysis shows, that theoretical upper bound on the baryon asymmetry of the
Universe in the Standard Model is consistent with the experimental observations. However, the
Standard Model is very likely to be a part of a more fundamental theory. The exotic interactions,
which are strongly suppressed at low energies, will certainly affect the generation of the lepton
and baryon asymmetries, which takes place at very high temperatures. Contribution of the new

decay and scattering processes constitute the third class of the effects. We have investigated
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the generation of the lepton and baryon asymmetries in the superstring inspired Eg model. The
model is likely to be of interest from the point of view of “low—energy” phenomenology and
also introduces many new decay and scattering processes, which affect the generation of the
asymmetry. The efficiency of leptogenesis turns out to be bigger than in the Standard Model.
This is partially explained by the fact, that in this model the Universe expands faster at the
temperature where most of the asymmetry is generated. A theoretical upper bound on the
baryon asymmetry, consistent with the experimental observations, can easily be obtained for
reasonable values of the parameters.

The parameters which determine the lepton and baryon asymmetry of the Universe are
related to those measured at low—energy experiments only in a model-dependent way. Never-
theless, any improvement in determination of the masses and mixing angles of the light neutrino
brings us closer to the ultimate goal of predicting the baryon asymmetry, instead of estimating
the theoretical upper bounds. High precision measurements of neutrino masses and mixing angles
in the forthcoming experiments require a good understanding of the interactions of the neutrino
beam with the target material. We have considered coherent pion production by neutrino scat-
tering off nuclei using a decomposition of the leptonic tensor into density matrix elements and
PCAC. We have computed the total cross section of the charged current scattering keeping the
charged lepton mass in both the matrix element and the phase space and the cross section of
the neutral current scattering. The numerical results are in agreement with the upper bound for

the total cross section of coherent neutrino pion production recently obtained by K2K group.
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We summarize here some standard formulas for one-loop integrals, useful for the calculation of

the CP asymmetry in the decay of the heavy right-handed neutrino. We use the notation and

conventions adopted in [102] with a flat space-time metric g, = (1,—1, -1, —1).

A.1 One—point function

In n = 4 — 2¢ dimensions the scalar one—point function reads

Ao(my) = e D Dy, (k) = k* —mi{ +ie
In the limit € — 0 it is given by
mj
Ao(ml) ml A —1In F +1 +O(TL—4)

with the UV—divergence contained in

1

A=—-—7v,+Indr
€

where 7, = 0.577216 is Euler’s constant.

A.2 Two—point functions

The scalar two—point function reads

B Dy, (k,p1) = (K —ms+i
(p17m1’m2 Z7T2 / Dm1 m2 ]{2 pl) mz( ’pl) ( +p1) my + 1€
In the limit € — 0 it is given by [102, 103]

pir? — z(p? — m%;— m3) +m3 — is) O 4)
U

1
Bo(p%,ml,mg) =A— / dx ln <
0

(A1)

(A.2)

(A.5)
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In particular, in the limit of zero my and mo the following identity emerges
2 _ - |P1|
By(p1,0,0) =A+2—1n .2 + im6(p?) (A.6)

whereas if p? and one of the masses are zero, then

L Ao(m?) (A.7)

m2

m2
By(0,m,0) = By(0,0,m) =A+1~—1In <M2> =

Lorentz covariance of the tensor integrals allows us to decompose them into tensors constructed

from the external momenta p; and the metric tensor g,,,. In the case of the vector integral

k,d"k
B A8
(pljmth 27['2 /Dm1 m2 k pl) ( )

such a decomposition is very simple
By (p},m1,ma) = p1uBi(p}, m1, ms) (A.9)

where the coefficient of decomposition B; is given by
1

27 [A(m1) = A(ma) + (m3 — mi — p?)Bo(p?, m1, ms)] (A.10)

Bl(pgvmlamQ) -
In the case of vanishing or equal masses

1
By (p?,m1,mg) = —§Bo(p%am1,m2) (A.11)

A.3 Three—point functions

The scalar three—point function reads

Co(p?, p3, m1, ma, m3) = = / d"k
i Dml (k)sz (kapl)Dmg (k,p1 +p2)

(A.12)

The explicit expression for the scalar three—point function in the limit ¢ — 0 which can be found
in [102] is rather complicated. We will need only the imaginary part of it. In the case two of the

masses are zero, it takes the form

70 2 2
wlCo(# . m,0,0)] = =2 1y (1+fj;2) (A13)
2

Decomposing the vector integral

kyd"k
Cu(pi, p3,m1, ma, ms /
( b2 ) Z7T Dm1 ) mz(k pl) mg(k7p1 +p2>

into tensors constructed from the external momenta p; and py we obtain

(A.14)

C,u(p}, p3, m1,ma, m3) = p1,,Cr1(p3, p3, M1, ma, m3) + p2,,Cr2(p, p3, m1, ma, m3)  (A.15)
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In the case of two vanishing masses and two light-like momenta p? = 0 and (p; + p2)? = 0 the

decomposition coefficients read

1
Cra(pt, p3,m, 0,0) = 5o [Bo(0,m, 0) = Bo(p, 0,0) = m*Co(pr, p2,m,0,0)] - (A.16)
Cll(p%ap%7m7070) = 2012(p%7p%am70a0> (A17)

The imaginary part of C1s is given by

i 2 2 2
D3 2 m
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Appendix B

Spinor Notation and Conventions

In this appendix we introduce the notation and summarize some standard formulas of spinor
algebra. Greek indices «, § and &, 3 run from one to two and denote the components of Weyl
spinors, while all other Greek letters denote Lorentz—indices. We follow here the conventions of

[104] with a flat space-time metric g,, = (1, —1,—1,—1).

B.1 Weyl fermions

Two—component Weyl spinors describe massless fermions with two spin degrees of freedom.
Under a Lorentz transformation M € SL(2,C) two—component spinors with upper or lower

dotted or undotted indices transform as follows:

Yo = M, Dy = M7, (B.1a)
W= M7 g = ()P (B.1b)

Spinors with dotted indices transform under the (0, %) representation of the Lorentz group, while
those with undotted indices transform under the ( %, 0) conjugate representation.

The connection between SL(2,C) and the Lorentz group is established through the Pauli

matrices
10 01 0 —¢ 1 0
o0 = , ol = R N (B.2a)
01 10 i 0 0 -1
The antisymmetric tensors €*? and €af
0 -1 5 0 1
Eaf = , g = (B.3)
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are invariant under Lorentz transformations. Spinors with upper and lower indices are related

through the antisymmetric e-tensor:

P =g, Yo = eapy? (B.4)

An analogous treatment holds for the e—tensor with dotted indices. The e—tensor may also be

used to raise the indices of the o—matrices:

gha = sdgsaﬂagﬁ. (B.5)

From the definition of the Pauli matrices it then follows that

(o"5” 4 0¥")o" = 2¢"6,° (B.6a)
(cto” + 6”0“)%; = 29“”5% (B.6Db)
Tr(ota"”) = 2¢" (B.6¢)
o ol = 25,75,° (B.6d)
Since spinors anticommute, the following spinor summation conventions are valid

YX =V Xa = —VaX® = X Vo = XV (B'7a)
WYX = Pax® = —0Na = Xa¥® = x¥ (B.7b)
()t = (x*¢a)l = Pax® = ¥ = x¢ (B.7c)

We will also need products of Weyl-spinors involving Pauli matrices which read as
xo'y = —galy, (B.8a)
(xo*)T = yorx, (B.8b)
xota’y = olaty, (B.8¢)
(xa"a" )T = pavoty. (B.8d)

B.2 Dirac fermions

Four—component Dirac spinors describe massive fermions with four spin degrees of freedom. A
Dirac spinor can be combined of two two—component spinors introduced above.

T (B.9)

&d
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In the four—-component notation the analogs of the Pauli matrices are the four Dirac matrices

~#, which satisfy the following anticommutation relations:

= 29" (B.10a)
{7°,7"} =0, 7° =ir"y'9?° (B.10b)
Py =1 (B.10c)

The explicit form of the Dirac matrices depends on the choice of representation. In the so—called

chiral representation the Dirac matrices take the form

0 o#
P = , Y= (B.11)
ot 0 0 1
In the case of vanishing mass only two of the four degrees of freedom are independent and the
four—component spinors are equivalent to two—component Weyl spinors. Even in this case one

can use the four—component notation provided that unphysical degrees of freedom are removed

by chiral projectors. In the chiral representations the chiral projectors read

5 0 O 1—75 1 0

Pg
2 0 1 2 0 0

For a Dirac spinor (B.9) and its Dirac conjugate (B.13)

Up =" = (4, %a) (B.13)

one has
PrUp =xa, Pr¥p=19, (B.14a)
UpPr, =4, VYpPr=Ya (B.14b)

For fermions the operation of charge conjugation is defined as
v§ = vl (B.15)

where the charge conjugation matrix C' is given by

€ 0
C=—iv?y0=[ " (B.16)
gab
and fulfills the following useful identities
crT=ct=c't=-0, C*=-1 (B.17)

Using (B.13) and the explicit form of the charge conjugation matrix in the spinor representation
(B.16) we obtain

Va
Xd

v§ = (B.18)
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B.3 Majorana spinors

Majorana spinors describe massive fermions with two spin degrees of freedom. A Majorana
fermion is a truly neutral particle, i.e. it is invariant with respect to charge conjugation. Equa-

tions (B.9) and (B.18) imply then

Uy =0, = zf‘? (B.19)
wa
i.e. a Majorana fermion can be described in terms of one two—component spinor.

Whereas for Weyl and Dirac fermions there is only one propagator, for Majorana neutrinos

several propagators can be introduced:
—ik(z—y)

— d*k k O‘Z-e
a5 =1 [ G (B.200)
. dik koSl o—ik(z—y)
W) =i [ G (B.200)
d*k M4, emikE=y)
o)) =i [ G e (8200

. B d4/€ M5d" —ik(z—y)
0 @i0) =1 [ i (B.200)

Violation of lepton number in scattering processes mediated by Majorana neutrino is described

by the propagators (B.20c) and (B.20d) and is associated with chirality flipping. In the limit
of vanishing Majorana mass both (B.20c) and (B.20d) vanish, which reflects the fact that for
massless particles helicity and the associated lepton number are conserved.

Although in most cases the introduction of Feynman rules leads to a great simplification of
analytical calculations, due to the aforementioned complication the direct calculation in terms
of helicity amplitudes may turn out to be simpler in the case of Majorana fermions. Using the

standard decomposition of spinor fields

P (B.21)

Z \/ﬁ ap"“pa ae” P+ apovpo o€
and the Lagrange equations of motion
iyt 0V — MWy =0, (B.22)

one can easily derive useful summation relations for on—shell Majorana fermions

pua . + Muv, =0, puuﬁagd + Mg =0 (B.23a)
Puc ﬁv — Mu, =0, puvﬁag — Mus =0 (B.23b)
“0 ug — Mv* =0, p uﬁaﬂ — Mv* =0 (B.23c)

P75+ Mt =0, pogale + Mu® =0 (B.23d)
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Analogously for products of chiral amplitudes summed over spin projections we find

Zupg avpg M2, Z Upolly, 3 = Mdg (B.24a)
Zupg ally, puaaﬁ, Z Uper pa = puohh (B.24b)
> Vpoatih, = —MdY, Zum Uy = — M8 (B.24c)
vaa aVpy j = Z Uy pa plﬁ“dﬁ (B.24d)

(e

B.4 Superfield Products

In the so—called y-basis, where y* = x* —ifc*0, a chiral superfield written in terms of its scalar,

fermion and auxiliary components has the form
O(y,0) = Aly) + V200 (y) + 6°F(y) (B.25)
By Taylor expansion in # and # we can write a chiral superfield as a function of z*, # and 6:

B(2,0,8) = Alx) — 10050, A(x) — 29252514(3;)

+V200(z) + %92(9“@(@0“@ + 0%F(z) (B.26)
Using relations (B.27)
apl 1 aff n2
0%0” = —5¢ 6 (B.27a)
1 2
Qoﬁﬁ = isaﬁe (B.Q?b)
g g 1 app2
0%9° = € 0 (B.27¢)
_ 1 -9
9@95 = —iédﬂ'e (B27d)
Oct 00070 = %020_29’“’ (B.27e)

which follow from formulas of section B.1 we obtain products of two and three superfields. Up

to a total derivative these read as

D;0; = AjA; + V200 Aj + U A) + 02 (A Fj + AjF, — 0, 0)) (B.28)
;D ®), = A;Aj AL + V20(A AU, + A0 A + T, A A
— i00t0(A; A0, A + A AgD, A+ AjALDLA)
+ 0% (A A Fy + AjARF + AjALE; — Ai0,0, — A0 0, — Ap0,05) (B.29)
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Analogously for the kinetic terms one obtains

;0 = AT A; + V2(A;00; + W,0A;) +i00"0(9,A; A — AT, A))
+2(00)(9W) + %92@%0%4; — U;0"00,AF + V2U,0F; + ALF))
i ST ST * *
- Ea%aaﬂaﬂmj + 00V, Aj — OV FF + i Aj)

0 * * Z‘* — Z T =
+ 0292(}7; Fj + OHAZ OHAJ' + 5\111-0“6“% — 58@1@0“\1@) (B.30)
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Appendix C

Kinetic theory

This appendix contains useful formulas needed for the calculation of reduced cross sections and

reaction densities of the decay as well as the 2 — 2 and 2 — 3 scattering processes.

C.1 Decay

The quantity that enters the Boltzmann equations is the so—called reaction density of the decay

defined as

1o = [ Aty (2m) '8 (Py — P) MG — V)P (CBY
where dII is the Lorentz—invariant element of phase space
d’p g
1= — C.2
(2m)3 2E’ (€-2)

and [M (i — Y)|? is the decay amplitude. We assume in what follows that f{, is given by the
Maxwell-Boltzmann distribution

fi" = exp(=E;/T) (C.3)
Multiplying and dividing by twice the decaying particle mass 2M; we rewrite the decay reaction

density as follows

p = /giW)E eq/QMdHy(Qw)464(Py —P)|M(a—Y)? (C.4)

The second integral is the decay width I';, calculated in the rest frame of the decaying particle,

which does not depend on the integration variable p. The first integral can then be written as

2 :
e exp (—va;z? + y?) = 922 22a; T3 Ky (24/az) (C.5)
Vax? + y? 27

where © = M /T, a; = M?/M?, and K; is a modified Bessel function. Introducing an equilib-

W = S /aTT

rium particle number density

9i eq 3, _ 9 2 53 ;
Neq = 2n)? /fiqd P=5 5% a;T°Ky(z+\/a;) (C.6)
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we can finally write the thermally averaged decay width in the form

’YD(x) = neqrim (07)

For the numerical analysis it is also useful to introduce a dimensionless reaction density of the

Majorana neutrino decay

. _ oy Ty 2t
@) = Faye = 3 2

K (x+/ai) (C.8)

C.2 Two—body scattering

It is convenient to split the calculation of the thermally averaged cross section of 2 — 2 and
2 — 3 processes into two steps: calculation of the reduced cross section of the process, which in
many cases can be done analytically, and computation of the corresponding reaction density.

C.2.1 Reduced cross section of 2 — 2 process

The dimensionless reduced cross section (s) is the amplitude summed over final states
5(5) = 87dy(s) / dl.dll(27m)*6*(Py — P;) x |M(ab — cd)| (C.9)
where ®y(s) is the two—body phase space for the initial state

By(s) = / 1, dIL,(27) 454 (P; — P)) = ‘Zagbw(s,mz,mg) (C.10)

s

and the triangle function w is defined as

S

w(a,b,c) = (a® + b* + ¢* — 2ab — 2ac — 2bc) (C.11)

We now multiply and divide (C.9) by the flux factor I = %w(s, m2, m?) and, using the expression

for the two—body scattering cross section

1

U:H

d.dTly(2m)*6*(Py — P;) x |M(ab — cd)| = 6% / |M(ab — cd)|%, (C.12)
7

rewrite the reduced cross section in the form convenient for actual calculations [73]

&(z):ga‘;ﬂ;g;gd/\M(abﬁcd)]dy, z:]\j,%, y:]\;12 (C.13)
C.2.2 Reduced cross section of 2 — 3 process
Generalizing equations (C.9) and (C.12) to the case of 2 — 3 scattering we obtain
a(s) = Ma(ab — cde) (C.14)

S
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where o(ab — cde) is the cross section summed over all final and initial spin states which can

be written in the form

1 |M (ab — cde)| d3p. 2 p3dQy
b de) = — 1
o(ab — cde) @) / 7 PR Y (C.15)

At temperatures of the order of the Majorana neutrino mass all other particles can approximately

be treated as massless. In this case equation (C.15) can be further simplified and a standard

calculation yields

5(z) = Ja9b9c9age M} /

M( 1
56r8 2 / dn/ Idy[ (ab — cde)| (C.16)

£

where the dimensionless variables of integration are defined as

(patpe)®  _ (petpe)®  _ (Pa—pe)? (C.17)

52 M12 y N = M12 y Y= M12

C.2.3 Reaction density

The quantity that enters the Boltzmann equations is the reaction density, which for 2 — 2

scattering is defined as
v = / A1, dIT,dIL.dIT,(27) 6% (P — P;) fE9 1,7 | M (ab — cd)|? (C.18)
Using the definition of the reduced cross section (C.9) we obtain

g = /dH Iy £ fy o Aqfsz ) (C.19)

The remaining integral can be traced back to the two—body phase space (C.10). To this purpose

we insert a factor
1= [ as [d'Q8@ - pa - p)6s(@ - ) (C.20)

so that the reduced cross section takes the form

* o(s
s :/ / o anit+ (@ s oy (15 2 )/dnadﬂb(QW)45(Q—Pa—pb) (C.21)

Smin

Assuming Maxwell-Boltzmann statistics for both incoming particles we obtain
0 o 43 E
T R A (e e e (€.22)
o 2Eq
Integrating over the angles and using |Q|d|@| = EgdEg we obtain

© E
J = 277/ Gle= T dEg = 27TV/sK, (‘f) (C.23)
N
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The reaction density takes the form

T [e.e]
- 6471-4 (ma+mb)2

_ ™
 64rd

Vs () dsv/sK; <‘f> &(s) / dzv/zK1 (Vzz) 6(2) (C.24)

where again z = s/M? and x* = M;/T. It is also useful to introduce a dimensionless reaction

density

1'2
5(e) = o = oo / d/ZK) (Vo) 6(2) (C.25)

From the derivation of (C.24) it is evident, that the same formula also holds for 2 — 3 scattering.
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Appendix D

Reduced cross sections

In this appendix we collect the reduced cross sections of the processes discussed in chapter 3.
The definition of the reduced cross section along with some useful formulas for the calculation

of reduced cross sections of 2 — 2 and 2 — 3 scattering processes can be found in appendix C.

Supersymmetric leptogenesis has been discussed by a number of authors. In particular,
reduced cross sections of various processes in the supersymmetric SO(10) model have been cal-
culated in [16]. Since the model under consideration contains three generations of Higgses, the
structure of flavor indices of the one—loop self—energy and one—loop vertex contributions is differ-
ent, which makes the expressions for the reduced cross sections more complicated. An additional
complication comes from the fact, that in the model under consideration the heavy (s)neutrino
can decay not only into a lepton and a Higgs, but also into a pair of quarks. Expressions for the
reduced cross sections obtained here differ from those in [16] due to the use of a Real Intermediate

State subtracted propagator of the form discussed in [35].

D.1 Processes mediated by the right—handed neutrinos

To begin with, let us consider Majorana (s)neutrino mediated processes depicted in figure 3.3

which violate lepton number by two units.
Since supersymmetry is broken only softly, the reduced cross sections of the L+ HY «» L+ H"
and L+ H" « L' 4+ H" processes are equal and given by
2
o161 =20 = = et [ e (o)

8mz (1)aa 2Py (2) Py (2)  ag — ay an

) ] ATl ]
z+ ag (z—i—an)] (2)aa [ (z—i—an)]}
+ In + 2C,Re z—(z+4az)n D.1
an — ag ag Py (2) (= F an) ag (B-1)
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where ¢ = 11 and
_ j7n . . . _ . _ j’” . . . .
Al gy = DTN and AT = (TN PN (D.2)

have been introduced. The coefficient C1; = 2 takes into account that the SUf(2) doublets L

and H" have two components. From the definition (D.2) it follows that the diagonal components

A?ln)aa and A?g)aa are real. It should also be noted, that if there is only one generation of Higgses
_ nmo __ AT
then m = n and A(l)aa = A(2)aa.
The dimensionless s—channel Breit—-Wigner propagator is defined as

Lo L (D.3)
Py(z)  z—ay+i/a,c,

In order to avoid double—counting in the Boltzmann equation, the contributions of an on—shell

Majorana neutrinos in the s—channel should be subtracted. This is achieved by the use of the
Real Intermediate State (RIS) subtracted propagator [35]
T

Note that | D! (z)[* only occurs in the squared amplitude pertaining to an s—channel diagram.

1D )P =P (=)~ 0(z — ap) (D.4)

n

It is thus convenient to introduce

LT s—ay) =
L) Py aey 7 (D.5)
Digls) | X |
Py(2)P7(2)’

where P, = (z — an)2 + aycy is the inverse Breit—Wigner propagator modulo squared. The RIS
subtracted propagator 1577,7(2:) and the square of the inverse Breit—Wigner propagator 7577 of the
scalar neutrino are defined analogously.

The interference terms with 1 # 77 are always small and can safely be neglected. Subtracting

the contribution of the real intermediate states we obtain

2
~(la), \ _ ~(20), N _ Gy 2AMM Z L Z+ay
=0 = T [+ o () (D6)
m 2 Oy Z+ay Qg m aner
+ 20@A(2)aa Pol2) [2 —(z+ay)In ( o >} } BEAT: g A(l)aa . 3z —ap)

In the model with Ag # 0 there are two analogous processes d+D « d°+D' and d°+D « dT+D
whose reduced cross sections differ from (D.6) in Aj; replaced with A\g and Cg = 3. There are
also s—channel processes L + H* « d°+ D, L+ H* < d" + D, L + H* < d°+ D! and
L+ H* « d° + D with reduced cross sections given by

. (1b . (2b Ay 0 22
50 (z) =6 (2) = Y V16ZTZ?7 080“1\?(7{7)117872)@(2) (D.7)
m
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Reduced cross sections of similar ¢—channel processes L + d¢ — D + H*l, H* + d¢ — D + LT,
L+ D « d°+ H" and H* + D < Lt + d°f are given by

Qs _ _ _
&](\}C)(Z) = 61(36)(2) = Z @CSCHAW? { Fa g, (z—i—an> + 2y, <z+an)}
nm

DL Y - _ _ _
M ap — an an an — ap Qg

(D.8)

The reduced cross section of the L + H* « H" + L1 process reads

Z\/anan 22 n Gy In z+ ay " Qs In z+ap
8mz ( ) 2Dyp(2)  an —ag a, ag — ay ap

n

+ 20, Re (g%;;) [z —azln (Z;a”ﬂ } (D.9)

where a = 11. Apart from the similar process D+ d® < d°+ DT (a = 8) there are also ¢t—channel

processes L + D «— H" +d° and L+ D — H" + d° with reduced cross sections given by

_ Z \/Onag CSCHA,,TH . an In z+ ay n Q In z+ aj (D.10)
- 8mz (111, aj — ay)

an — ap an ap

The reduced cross sections of the L + H* — LT + H*' (a = 11) and D + d° « D + gt

(a = 8) processes read

a 1 1 —
5'1(/4 ) Z:,/anan (1)aa I o <z+an> N In <z+a,7>
Dyn(z)  ag— ay an an — aj ap

AT )
+2C,Re [ 22 ) 1n (z i a’?) } (D.11)
Py (z) Qg

For the s—channel processes L + H" < Dt 4+ d¢t and D + d¢ — Lt + A we get

5 (z) = 3 V00 AT (D.12)
2 s M5, ()

whereas the reduced cross sections of the L + d° — H"l + DI, L + D — H"t 4+ 47, H* + d° —
L'+ Df, and H* + D « L' + df ¢ channel processes read

ZVG”G”CBCHA P S Y (e ) P WY Sl ) G OR Y
(1L, Gpy — Qg Qi)

ap — an an ]

Making use of the formula for the reduced cross section of 2 — 3 scattering (C.16) we obtain

for the reduced cross section of the L + H* — LT + ¢ + Q process

5D(2) = 3" VI ) 2y S ey (2ha) 2ty (2ta
- a”*(3)ac
n

2 = _ o _
3274z 2Dnﬁ(z) a5 — ay Q) ap — Qg a;

a0, () - o (22 D1y
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where a = 11, ¢ =1 and

q7
AT i (Anij )\*ﬁij) ()\nkqA*ﬁkQ) ()\*mnqun(j), (D 15&)
(3)ac 47 a a a a c c
1/7j7k’m’n
_ 1 q,9 — - )
Aloe = 32 ; CYERMCVADMIDIPWMELIVE) (D.15b)
7]

have been introduced to shorten the notation. The leading contribution is due to the stop whose
Yukawa coupling is of the order of unity. There are also similar processes like, for instance,
D+d¢ — Dt + g+ Q which we neglect, however, assuming smallness of the corresponding
Yukawa couplings.

Let us now consider 2 — 3 scattering processes depicted in figure 3.4. For the reduced cross

section of the Q +a¢— L+ L+ g scattering we obtain
~(6) _ 3 Qp CQAnn Z —ay ¢ Z— ay < an)
C z N + arct i D.16
g, g 642 2 { a’(3)11,1 anén arctan m arctan ‘) ( )
— 1ln ((Z _ an)g + an6n>] + C, AT} /z ng [f ] In ((Z —§— an)Q + anén)
2 an(ay + &) @l B 5 ol 1)

_ z—§&—ay ar 3C2 a, ©(z — ay)
ol T/ R _ AT D\ T %)
+ v/ anty (arctan ( ey ) arctan < &, >>] } 64 (3)11,1 & P

where ©(z — a,) = z — a, if z — a, is positive and zero otherwise. For the process Lt+ Q —

L + ¢t + H* we obtain
2 ~
& — 3 an 2 A" _11 (z = ap)® + aycy R zZ+ ay, D17
Ope 6477222{0 (3)111{ 2"\ e, 15 +an s (D.17)
n

_ — — 14/ pC
+ : aﬂ arctan : af? + arctan( n ) il
\/anCy \/ anCy \/ Cy

20, A" L ilog [ 2%
+ (4)111 B 2 —inJanty

1 z—ap+1\/a,c 1 ap + i\/anc 1 —ap +1\/anc
— —dilog 1 | 4 Zdilog | —Y L1 | 4 Zdilog | ——X 1
2 z—l—z\/m 2 —z—f—zm 2 z—i—z\/m

2 ~ 2 —
_ L (AR (Eand )| _3CE o [a O —ay) (D.18)
2 Ay aj + andy G4mOV e, &

Let us now consider the t—channel and u—channel lepton number violating processes depicted
in figure 3.5.

For the processes L + L «» H* + A"t and L 4+ L < H" + H* (a = 11) as well as for the
similar processes D + D < dt +df and D 4+ D < d° + d° (a = 8) we get

= ,,c —Z anan {02 ?n)aa[ 1 1n(z+an> + ! In <z+an)]
an — ap ap ap — an an

1 zZ+a zZ+ am
7 n 7
+ C,Re (A(2)aa) P——— [ln < a > +In ( ar >] } (D.19)
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The reduced cross sections of the L+ L « H*+ H" (¢ = 11) and D+ D « d°+d°t (a = 8)

processes are given by

Z\/W{CQA,(T)M[ 1 I <z+an>+ 1 In <z+an>]
an — ap ap ap — an an

~ CuRe (A7) b (M) g (A (D.20)
2)ac) 2 + a, + a; an a;

For the reduced cross section of the H* + QT — LT 4+ LT + @¢ process we get

51D Z 3 /anay {CiA?:?)m [z—i—a,, o (z—i—an) Loatan (z+a,—7>] (D.21)
n

99,2 _ A _
- 327 z am — ap ap — ag ag

+ﬁRe(An4 ) ptan\y (2rantan) g (2tan), (2t tay
2 @1 ar ap ap a

— dilog <a77> — dilog (aﬁ> + dilog <Z+a"> + dilog <Z+a’7>} }
Z+ay + aj Z+ ay + aj zZ+ay+aj zZ+ay+ ajy

The 2 — 3 process L + L — H" + Q + @ (a = 11) gives

0',(/1c2) Z 3 anay {CQAEm)lll [zjta77 In <z+an> n Z+ap In <z+an>]

= 6472 2 ag — ay an an — ap ap
+2C,Re (7], ) [In <z + an> In <Z+an+an> I <z +an) . <z+an+an)
’ an azﬁ aﬁ an
_ _ 2 1 2
+ dilog <Z+an+an> 4 dilog <Z+an+an> L <an) (D.22)
aﬁ an 6 2 aﬁ

D.2 Scattering off (s)top

Scattering processes mediated by the Higgs or its scalar superpartner (see figure 3.7) violate
lepton number by one unit and reduce the number of the heavy (s)neutrinos. The corresponding

reduced cross sections read

A(o) 3 22— a
ot (5)11 1 (z — ah)2 (D.23)
A(l)—SA" . an 2z —ay+ 2ay +z+2ah In zZ—ay+ap (D.24)
) zZ—ap+ap z—ay ap
5% = 3A] N (E T D.2
e i G )
A(3) Z — ay
3A?5)11 1 <_ ah) (D.26)
I G I e R R Y el i (D.27)
()11, 2 —ay+an P ar
where
|k ) )
A7(75)a,b — E Z (AglkAznzk)(Aznmk)\gmk) (D28)

,m,n
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To regularize an infrared divergence in the t—channel diagrams an effective Higgs mass was

introduced

ap, = <J\’;1>2 (D.29)

In the numerical computation the Higgs mass has been set to u = 800 GeV.

For the reduced cross sections of the similar processes involving a scalar neutrino we obtain

50 — 3/\?5)11 1 C:ZZ)Z (D.30)
e
o1 = 80y | et in () (D32)
o = 1M (D.33)
N

D.3 Neutrino pair creation and annihilation

The reduced cross sections of the processes v¢ + v° < L4 LT (a = 11) and v° + v¢ < d° + d°!
(a = 8), depicted in figure 3.8, which conserve lepton and baryon numbers but reduce the number
of the heavy neutrinos read

50 _ Ca {A’ggaa[ 20/ +an,]} ~ 2Re (A’g") )Va"aﬁ(a"Jraﬁ)Lm} (D.35)

VCVC
8z Z =y — aj

where
A?g)ab _ Z( AT\ s (AT T A?;])ab _ Z( PVLOVITOWCEOWAD) (D.36)
ij ij
and

z—ap — ag+ /Ay
i = 2 = (vay — v/an)*)[z = (Vay + Vag)*], Lnﬁ=1n< — (D.37)
Z =y — ag =/ Ay
have been introduced.
The reduced cross sections of the similar processes v¢ + v¢ «» L+ L (a = 11) and v¢ + ¢

d® + d° (a = 8) read

Cy, 2\ /0pay
o, = {A’gg oo |2/ 207 + (g + a5) Lyg | — 2Re (A3 ’”L,m} (D.38)

8z Z = ay — aj

3)

The reduced cross sections o, and al(,%) of the processes v°+1v¢ « H'+ H" and v¢+1°

I/C

D" + D' and the processes v¢ + ¢ < H" + H* and v° + ¢ < D% + D' obviously differ from
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(D.35) and (D.38) only in A replaced by A(g) and Ay replaced by A(g, where

Al = SSONTOSN), AT, = ST (D39)
ij ij

The reduced cross sections of the processes involving one neutrino and one scalar neutrino

¢+ 1% L+ L (a=11) and ¢ + ¢ « d° 4 d° (a = 8) are given by

N C, _ - Z— an+ ap
Gy = {A?g)aa(z — ay + ay)Lyy — 2Re (A?%aa) Wznn[/nﬁ} (D.40)

vere B
8z —ap — aj

whereas the reduced cross sections 69,,6 of the 7T +1¢ & H*+H" (a = 11) and 7°T 41 — D+D
(a = 8) processes differ from (D.40) only in A ) replaced with A gy and A7) replaced with A g).
For the annihilation of scalar neutrinos into two leptons ¢ + 7t «» L+ L (a = 11) or quarks

¢ + 0T e d° + d° (a = 8) one has

(1 Ca i

O'lgc)ﬁc = 87_‘_(;/\7(7(?)(1& {—2 )\77»,7 + (Z — CL»,] — aﬁ)Lm—]} (D41)
whereas the reduced cross sections 615:276 of the processes ¢ + ¢ «» H" + H" (a = 11) and
¢+ ¢ < D+ D (a = 8) differ from (D.41) only in A?g)aa replaced with A?g)aa.

Finally there are processes of annihilation of the right—handed scalar neutrinos into two scalar
leptons ¢ + °f < [+ LT (a = 11) or squarks #° + 7T < d¢ 4 d°f (a = 8), whose reduced cross

sections are given by

C, - _
o5 = e { AT /A — Re (M, ) g} (D.42)

- 4z

whereas the reduced cross sections 6;;270 of the ¢ + o<t s Hv + Fui (a =11) and ¢ + et

D + D' (a = 8) processes differ from (D.42) only in Ag) replaced with Ag) and A7y replaced
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Kinematics of 2 — 3 scattering

We consider here the kinematics of the v(k1) + N(p1) — €(k2) + N(p2) + 7(p) process, where £
stands either for the electron e (charged current scattering) or the neutrino v (neutral current
scattering). The latter one can safely be considered as massless here.

The commonly used kinematic variables are the square of the center of mass energy s =
(k1 + p1)?, the square of the momentum-transfer in the hadronic system t = (ps — p1)?, the
square of the momentum transfer to the final lepton Q% = —¢? = —(k; — k2)? and the invariant
mass of the pion—nucleus pair W2 = (p+ p;1)?. The minimal value of the latter one is obviously

just a sum of the nucleus and pion masses squared.
Wiin = (My +mz)? (E.1)

At a given value of the center of mass energy s momentum transfer square QQ varies in the range

(s — M%) 1 M?
. = N [5 +w (s,m%, W’r?@m)] - 5 WnQ@m + m? - ?N(Wn%m - m%) (E2)

min/max 2s

where my is the mass of the final lepton. In the rest frame of the initial nucleus the energy

transfer to the final lepton v = k‘l) — kg = F, — E, varies at fixed values of s and Q2 in the range

Wriin/max(Qz) + Q2 - MJQV

. = E.
Vmin/max oMy ( 3)
where W2 is defined in (E.1) whereas W2, (Q?) is given by
2 2 2
b o (MR (o)t 5@ s =)t (s R)

4s (s — MJQ\,) (Q2 + m?)

Finally for fixed values of @2 and v the kinematically allowed range for the square of the mo-

mentum transfer in the hadronic system ¢

2
(@R [wV,—@2 MR) F w(W,m2, MR)]
min/max ATV 2

(E.5)



138 Appendix E. Kinematics of 2 — 3 scattering

where according to equation (E.3) W?2 = MZQV —Q%*+ 2Mnyv.

The other two commonly used variables are y = ELI and r = 5 A%QW The kinematic range for

the former one is trivially obtained from (E.3)

) i Wriin/max(@2) + Q2 - MIQV (E 6)
Ymin/max = 5 _ MJQ\/' :

Combining equations (E.1), (E.4) and (E.2) we find for the kinematically allowed range for the

latter one 9

min/max
Lmin/maz = E7
/ : + Wiar/mzn(Qz) B MIQV ( )

min/max
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