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1 Introduction

In product development, e.g. food industry, it is important to adapt quality stan-
dards efficiently, taking into account the changing demands of consumers. For pro-
duction lines, it is essential to perform tests in sensory profiling in order to control
quality. Periodical tests of flavor are helpful to detect defective products of, e.g., the
daily production. Further, they adapt the sensory product quality to the changing
preferences of consumers. The application of statistical methods in sensory profiling
attracts growing interest in theory and industrial practice: Lundahl & McDaniel
(1988) discuss the panelist effect to be random rather than fixed, Nees (1991) ex-
plores the handling of individual differences between assessors, or Brockhoff (1998)
considers a special model to compare panels.

Usually, sensory experiments are organized as follows: A set of assessors, called
the panel, evaluates samples of products in several periods of time. In the language
of design, the assessors are identified as blocks or units. The samples of different
products are identified as treatments. The experiment uses a crossover design with
t treatments being observed by n units, each having a length of p periods. Crossover
designs are especially useful if there is an assumed or known variability among the
units. The comparison of treatment effects can be done on the same unit.

Many papers deal with the most common model for crossover designs which in-
clude period, unit, direct treatment and carryover effects, e.g. Stufken (1996) or
Afsarinejad & Hedayat (2002). However, as Han (2007) points out, some authors
assess the common model to be too simple in its assumptions. Matthews (1988)
suggests that unit xtreatment interaction may be of additional importance. There-
fore, special interest is paid to the interaction between products and assessors in this
thesis. The interactions represent some kind of the assessors preferences for certain
products, e.g. some may favor chocolate flavor. Thus, unitxtreatment interaction
is apparently existent in tests of preference. The carryover effects represent the

influence of adjacent period treatments on the treatment evaluation of the current
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time period. Carryover effects are caused, e.g., through lingering taste so that a
sweet apple juice seems to be bitter after a grape juice. Certainly, such a carry-
over effect affects subsequent food products. There are very few papers available
dealing with the determination of optimal crossover designs including both effects:
unit X treatment interaction and carryover effects. Thus, the focus of this thesis is
set on this aspect.

The parametric model, being discussed in chapter 2.1, is, as already mentioned,
motivated from analyzing sensory panel data. Analysis of Variance (ANOVA) is a
technique that accounts for individual differences and is frequently used for analyzing
sensory profile data. Testing hypotheses in an ANOVA is done by creating F-Ratios
that are related to the analyzed subject. In detail, this relation compares a mean
square of the interesting source of variation (between-treatment variability) with its
expected value observed within the null hypothesis (within-treatments variability).
However, there are differences in the denominator if the panelist effect is either
considered to be random or fixed, i.e., the denominator would be the mean square
of the interaction effect or the mean square of the error, respectively.

In contrast to authors like O’Mahony (1986), the problem of the denominator of
the F-Ratio is usually solved by accepting assessors as random effects. This point of
view is taken because the assessors will always represent some type of population, at
least those people who would have passed the same training as the actual assessors
in the panel. Authors as Naes & Langsrud (1998) often argue that conclusions from
a fixed model (treatments are also considered to be fixed) are only valid for the
particular set of individuals participating. In addition to random assessor effects,
the model implies no constraints concerning the interaction effects among assessors
and products.

The interest of this thesis is to obtain a structure of an optimal design for the
given model. A descriptive example may be the evaluation of ¢t = 4 different kinds
of coffee, named 1, 2, 3 and 4. A variety of n probands is supposed to evaluate p = 4
samples of coffee each. The question of optimality is, which sequence is the best
to serve the coffee samples to the probands in the four time periods. Suppose each
proband evaluates each kind of coffee once. Thus, a proband would get a sequence
of coffee samples equivalent to [1,2,3,4], i.e., there is a different sample of coffee for
each time period. Another sequence may also be a sequence like [1,2, 3, 3], in which

the last two coffee samples are identical. The advantage of direct repetition is the




unbiased estimation of the carryover effect having an influence on the evaluation of
the repeated treatment. There are plenty of possible sequences occurring in such an
experiment. But most certainly it will not be manageable to perform all possibilities
of such sequences, especially if the number of time periods p is growing in magnitude.
The statistical design of experiments is a tool to determine a maximum of significant
information with as few as possible experiments and to find the optimal parameters
for a given process. An optimal design is the best out of a set of possible designs.
Its optimality is measured by a certain criterion. There are many different such
criteria of optimality. A design that is optimal under a multitude of criteria is called
universally optimal. Kemmler (1990) presented an optimal design for the case of p =
2 periods in a model with carryover effects and random unit xtreatment interaction.
However, constructing efficient designs for larger p appears to be very demanding and
time consuming for complex models with carryover effects, if it is possible at all. A
huge improvement was provided by Kushner (1997). He introduced a method which
simplifies the construction of an optimal design through maximization of the trace
of the information matrix on the basis of quadratic, design-dependent functions.
Kunert & Martin (2000a), e.g., managed to generalize this method for interference
models. Moreover, optimal crossover designs have already been presented for a
model with self and mixed carryover effects, see Kunert & Stufken (2002). Referring
to the model with carryover and interaction effects, this thesis covers the cases of
structure analysis for optimal designs with p = 3, 4, 5, and 6 periods, as those are
the most practical sequence lengths used in experiments of sensory studies.

The method by Kushner (1997) is presented in section 2.2. It is used to examine
whether interactions among assessors and products influence the optimality of com-
mon designs. Furthermore, Kushner’s method is applied in order to evaluate how
interaction and carryover effects operate conjointly. In a traditional model with-
out assessor xproduct interaction, an optimal design is given by a combination of
sequences that have no replication in product samples at all (their proportion of
sequences in the design is [(p — 1)t — 1]/[(p — 1)t]), and sequences that repeat the
same product in the last two samples of the experiment (with proportion 1/[(p—1)t]
of sequences in the design). If the coefficient v of the variance of the interaction
effect increases, a decreasing proportion of sequences with one replicate in the last
period and an increasing proportion of sequences with no replication of treatments

would be conceivable. Of course, the coefficient v must be known. To this end, the
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dissertation of Han (2007) proposes the restricted maximum likelihood estimation
for the variance components in a model that includes unitxtreatment interaction,
among other things.

In order to obtain the desirable characteristics mentioned above, some formulas of
auxiliary functions have to be derived. The auxiliary functions and their properties
for certain parameter performances are discussed in chapter 3. Their applications for
finding an optimal design in 3-, 4-, 5- and 6- time periods experiments are described
in chapter 4. Conclusions and recommendations for possible research extending the
results derived in this thesis are given in chapter 5. A list of notations as well as

some supporting technical arguments and results are provided in the appendices.




2 The Crossover Design with
Interaction and Carryover Effects
and an Instrument for Finding

Optimal Designs

This chapter introduces the parametric model of a crossover design with interaction
between products and assessors. Furthermore, the method by Kushner (1997) is
presented and applied to the model. For a better understanding, all important

mathematical abbreviations and notations are enlisted and described in Appendix

A.

2.1 The Model and Its Information Matrix Cgy

A design is the basis of every scientific experiment. A general block design prescribes
how the treatments are to be assigned to the block plots. In sensory experiments,
it is common to compare effects in human subjects (= units) that receive several
treatments in different time periods. The attribute of one subject receiving different
treatments is what crossover designs account for. Typically, the primary goal is to
compare the treatment effects. The treatment effects are measured on the same
subject in crossover designs. Thus, they are favored amongst others, especially if
there is naturally variability among the subjects, see Cox (1958).

Let d be a design assigning treatment d(u,r) to time period r of unit u. The set
of all designs with ¢ treatments, n units and p < ¢ periods is defined as 2;,,,. For

d € Q. the response of the considered model is written as

Yu,r = Ay + 67‘ + Td(u,r) + Pd(u,r—1) + éu,r (MO)
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In this model:

ay is the (random) effect of unit u;
B is the (fixed) effect of period r;
Td(u,r) is the (fixed) direct effect of treatment d(u,r);

Pd(ur—1) 1s the (fixed) carryover (left neighbor) effect of the previous treat-
ment d(u,r — 1);

Eur is the (random) error, 1 <u <n, 1 <r <p.

As can be seen from the indices of 744, and pg,,—1), these effects are design-
dependent. The errors are assumed to be uncorrelated between different units,

2 is an unknown constant

while errors within a unit u have a covariance 2%g,. o
and Y4, is a known, non-singular p x p matrix. Its off-diagonal entries are 0 or 7,
its diagonal elements are equal to 1. A guard plot is not assumed, i.e., pgeu,0 = 0
as there is no carryover effect influencing the treatment evaluation of the first time
period. In contrast to the listed random unit effects, a, will be treated as fixed in
the variance structure of the response since its variance is extremely large.

The covariance matrix >4, i.e. the interactions between treatments and subjects,

implies the following covariance structure for v, ,:

o ri=my

Cov<yu,r1; yu,rz) = 0 , 1 7é T2 and d(u, 7"1) 7é d(u,rg) , (21)

vo? ry# 1y and d(u,ry) = d(u,rs)

in which v € (0,1).

The matrix notation of model (MO) is as follows:

Y = (Y11, Y1ps Y21, Unp].  the vector of observations;

U=1,®1, the design matrix of the unit effects;

P=1,®1I, the design matrix of the period effects;

T,=[T%,....,TF 1" the np x t design matrix of direct treatment
effects;

My =ML, . .. .MI]T the np x t design matrix of carryover effects;

E=1[C11,... €1 21,...,6np)"  the vector of errors ;

Ya=diag(Eaq1, ..., Xan) the covariance matrix of E.

The vectors for the unit-, time period-, treatment- and carryover effects are a, (3, 7,
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and p, respectively. The vector notation reshapes model (M0) to
Y =Ua+ PB+ Tyt + Myp + E.

In order to apply generalized least squares estimation, it is necessary to transform
the response vector Y with a correction matrix V. V; is dependent on the design d.
In more detail, let Cov(E) be the covariance of the error E. Then Cov(E) equals
azlnp ® Yy = 028, and is of dimension np x np. Consider V,, the np x np matrix
with the properties V3V, = Sd_l and VyS;Vy = Ip,,. Multiplying model (MO) with
V4, the resulting model

Vi = VaUa + VPR + Vilyr + ViMap + E, (M1)

has uncorrelated errors because E = V,E has expectation zero and covariance
UQVdeV;l = U2[np-
The information matrix for the least squares estimate of the treatments vector 7

occurring in model (M1) is
OMY = TTVaw (Vi P, U, My)) VT,

The information matrix of a model, which disregards the time periods effect vector
3 of model (M1), would be

Cyq = T3 Vg (V4[U, My)) VyTy, (2.2)

with C’éMl) < (C; in the Loewner-sense. Equality only holds iff
TTVywt ( V4[U, My)) V4P = 0. Notice that Tyl; is in the column space of U, which

implies that Cy has row and column sums zero, see Kunert (1991).

2.2 A Method for Finding Optimal Designs

The main objective of this doctoral thesis is to determine the structure of optimal

designs. Therefore, the term of optimality needs to be clarified at first.

2.2.1 The Universal Optimum

In order to judge a design for its optimality, several criteria have been invented.

The most common ones are the E-, D- or A- criteria. Extracting the main results
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from Kiefer (1975), a universally optimal design d* € €,,,, is, among other criteria,
optimal under the three listed optimality criteria as well. A design d* is universally
optimal iff its information matrix Cy is completely symmetric and tr Cy« is maxi-
mal over €2, ,. A matrix M is completely symmetric iff its diagonal elements are
identical and its off-diagonal elements coincide as well.

Applying Kiefer (1975) to model (M1), an optimal design d* is detected through

determination of max [tr C’éMl)] = tr Cc(li\/“). Because Cj, of equation (2.2) is an upper

bound for C’éMl), it is sufficient to determine max [tr Cy] = tr C’C(lim).

2.2.2 Maximizing the Trace of Cy

The intention of finding an optimal design d* means extensive work if all designs
d € O, have to be identified. As the formula of C; depends on the design d, it is
difficult to determine tr C,; for an arbitrary design d. Therefore, an upper bound of
tr Cy is needed.

Kushner (1997) introduced a method to convert the problem of finding an optimal
design into maximizing the minimum of a design-dependent function g4. Then, this
specific minimum of g, represents an upper bound of tr C;. In order to obtain gq,
the trace of the information matrix C,; needs to be decomposed.

As in Stufken (1996), C,; can be decomposed into
Ca = Cai1 — Ca12CpyClna,

by applying the formula w*([4, B]) = w(A4) — w(A)B {BTw(4)B} BTw"(A)
to Cg4, see Math Analogy of Appendix A. The partitions Cg;, 1 < 7,5 < 2, are
determined by X%w*(U) Xy with X4 = T and Xgo = M. As suggested by Kunert
& Martin (2000b), the Cy;;, 1 < 4,5 < 2, of Cy of equation (2.2) can be transformed
into

Cdll = Tg‘/;l*Td7

CYd12 = Tng*Md,

Cd22 - Mng*Md,
by defining V) = diag(V};,...,V},) and setting

de = V;juwl(v;iulp)‘/du = Sd_ul - (1$S(i_u11p)_1 Scl_ul]‘plzsd_u17 (23)
N———

eRr
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forallu=1,...,n.
Multiplying the centralizing matrix B, with the partitions of Cy, yields numerical
BiCan1 By BiCa2By

BCiyBr BiCan By
nonnegative definite. Using Theorem A.74 of Rao & Toutenburg (1995), the matrix

[Cdll Cd12

values cg;; = tr(B;Cy;By), for 1 < 4,5 < 2. The matrix

is nonnegative definite as well, which implies that cg11, g0 > 0 and
Cd12  Cd22

Cd11Cda2 — C35 > 0. Thus, we can define a specific design-dependent value

q; =caq1 ,for cge =0 and

* 2
qq = Cd11 — Cd12/cd22 , for cgeo > 0.

Proposition 2 of Kunert & Martin (2000a) identifies ¢ to be an upper bound for
tr Cy that applies for every design d € €, ,. Equality holds iff all partitions Cg;;,
1 <i,7 <2, are completely symmetric (and therefore Cy is completely symmetric).
Hence, a design is needed, for which this equality is valid for a maximal value of ¢;.
A design f is desirable whose partitioned matrices C';;, 1 < 7,5 < 2, are completely
symmetric and tr Cy is maximal with Cy = C}Mi). If, additionally, the proportion
of units assigned to the treatment sequences yield a maximal ¢}, then f is optimal
for all designs in €;,,. Unfortunately, there is no guarantee for such a design to
exist. But for any design d, g} can still be seen as the best reachable value.

Now, Ty = [Th,...,TL]" and My = [M},,..., M} |7 ie., Ty and My, are the
design matrices for the direct treatment and carryover effects of subject u, u =

1,...,n, respectively. Using

Cgi)l =tr (Bt(T ‘/dquu)) )
) = tr (Bi(TE Vi, May)) (2.4)
chy = tr (By(ME, Vi Ma))

and equation (2.3), cg;; can be written as Z cdlj, for 1 <4,j < 2. The cd) are

determined by the sequence of the treatments apphed to subject u.

Definition 1 (Sequence). A sequence is the prescribed order of treatment samples
given to one unit. There is one treatment sample for each time period. The length

of a sequence s p.
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Definition 2 (Equivalence of Sequences). Two sequences are said to be equiva-
lent iff one is derivable from the other, by relabelling treatments 1 through t appro-
priately.

Obviously, two units with equivalent sequences have the same values c&?])., 1 <
1,7 < 2. Hence, for a given ¢ and p, the set of all possible treatment sequences can
be grouped according to their equivalence. Define equivalence classes of sequences,
[ =1,..., K, such that all cg-?, 1 <14,5 < 2, are the same for every u receiving
a sequence from one class. For example, if p = 4, there exist K = 15 equivalence
classes, given the equivalence of sequences of Definition 2.

Let 74 be the proportion of subjects receiving sequences from the [th-class in a
given design d € Q;,,,,. Also, define ¢;;(1) = c&?]l.), in which u; is any subject receiving

a sequence from the [th class. Then

K
Cdij =N (Z WdzCijU)) , for1<4,5 <2 (2.5)
=1

Because ¢ can be calculated from the cg;;, the mg determine ¢j;. But ¢ is a non-
linear function of the proportions 7y, making maximization of ¢ through the de-
termination of optimal weights 7y difficult. According to Kunert & Martin (2000a,

Proposition 3), this problem can be linearized by using the following proposition.
Proposition 1. For any design d € €, ,, define the function qq : R — R by

qa(x) = cqi1 + 2xCq10 + T Caz0. (2.6)
Then for all x, we have q4(x) > ¢, and there is at least one x4 such that qi(zq) = q.

PROOF. Case 11 qq(x) = cqi1 + 2xCq1z + 2%Can2,  Canz > 0.

By transforming u = = + c412/cg00 Or equivalently x = u — cg12/ca22, We get

qa(z) = cann + 2ucara — 255/ Caza + (u — Cd12/0d22>2 Cd22

2 2 * 2
= Cq11 — Cd12/6d22 + U”Cgo2 = G4 + U Cgoz,

which is minimal iff ucgee = 0, i.e. u = 0. Therefore, g4(z) > ¢}

Case 2: qa(x) = cann = ¢, ca12 = 0 and cg2 = 0.
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Case 3: Qd@) = cqi1 + 2xCq12, cqi2 # 0 and cge2 = 0.

Since c¢goe = 0 and cgi1¢g90 — cfm > 0, we get cgio = 0. Thus, we have
qa(x) = cq11. 1t follows: gq(x) > ¢}
O

Addendum to Proposition 1: The derivative aqg—f) in x4 for which ¢4(z4) = ¢

must be zero, since gq(x) is a convex function of x.

For each equivalence class [ = 1,..., K, the h; function is defined as
hl(.CC) = Cll(l) + 21’012([) + .I'QCQQ(Z). (27)

Apply equations (2.7) and (2.5) to (2.6), and g4(z) can be written as a linear com-

bination of the h; functions:

qa(z) = nzﬂdlhz(x). (2.8)

k

Definition 3 (Approximate Design). Let my, Y wgy = 1, be the proportions
=1

of subjects which receive sequences from the lth sequence class in a design d. A

design d* € Qy,,, is said to be an approzimate design iff there exists a nmg ¢ N,

I=1,... k.

Taking Proposition 1 of Kunert & Stufken (2002) for the one dimensional g4

function into account, gives

Proposition 2. For a (approzimate) design d* € ., consider xg for which
Gar(Ta) = @ If nhy(xge) < Qo= (2gx) = @ for all 1 <1 < K, then trCq < . for
every d € Sy p.

PROOF. Equivalent to the proof of Proposition 4 of Kunert & Martin (2000a), just
replace (x4, yq) with (zg+). O

For the design d* of Proposition 2, we have qg+(z4+)/n = max hi(xg+), which
implies
qa+(g+) = min gz« () = nmin max hi(x). (2.9)

If no design such as d* of Proposition 2 can be found, the right-hand side of (2.9) is
still an upper bound for tr Cy, for any design d € €Y ,, ,. Figures 2.1 and 2.2 illustrate
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equations (2.6) and (2.9). The point x4 of Proposition 2, at which the min max hy
X

is being realized, lies either at the intersection of two ore more of the h;, or at the

minimum of one h; function. The function g4(x) is a linear combination of the A

forming min max h;.
T l

-+ h-functions
- - max(h)

h— functions

== max(h)
= g6 /=

_— Qd(x)/ n /

-02 0.0 02 04 06 08 10

Fig. 2.2: q4(x)

The min, max; h; is at the

. ) , . only consists of hy.
Fig. 2.1: q4(x) is a linear combination

of two h; functions. o _
minimum of the h; function.

Summarizing this chapter, the main intention and, thus, the difficulty consists
in the determination of mmin max hi(z) for a general number of treatments ¢ and
a (general) p. Although some results can be achieved, the generalization of p is
beyond the scope of this thesis. Therefore, the focus is put on the usual lengths
of time periods 3,4,5 and 6 since they are the most practical sequence lengths
used in experiments of, e.g., sensory studies. All parameters are examined with the

restriction that p < t.




3 Deriving General Formulas and

Some of Their Properties

Before any extrema of the h;(z) can be determined, the coefficients ¢;;(I) for each
equivalent class [ have to be calculated. In order to simplify equations, some defini-

tions are helpful.

3.1 Definitions of Variables

For any subject u; receiving a sequence from the [th equivalence class, the following

quantities are defined:
t the number of (different) treatments in the sequence (t; < t);

nj(l)  the number of treatment j occurring in the sequence, 1 < j < t;

nj(l)  the number of the carryover effect j occurring in the sequence, i.e., the
number of appearances of treatment j followed by any other treatment
(including itself);

ni; (1)  the number of appearances of treatment j following treatment ¢ in the
sequence, whereas 7n;;(l) is the number of appearances of treatment j

following itself (self-carryover effect);

no; (1) =1, if treatment j is in the first period; 0 otherwise.

As ¢;;(l) = c%) . BtC(S{;Lj), 1 <i,5 <2, the ¢;(1) are calculated with the help of
the design dependent matrix Sd_ul, u=1,...,n, which is

ayr bio ce blp

bo1 a

Sl — 21 Q22
bip-1)p
bpr o0 bppo1) g

13
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Matrix entries a,, € {an,q)} and by € {by,y} for j = 1,...,t. Dependent on the
treatment appearances n;(l), the numbers an; 1y and by, () are listed in Table 3.1 for
n;(l) = 1,...,6. Generally, for n;(l) > 2 and v € (0, 1), the formulas of a,, and
bn; 1) are given as
oy ) =2y 41
() = )y + 11 =)
b 1) = 7 .
7 (D) = Dy + 11 =)

Note that the parameter v is the same coefficient as in the covariance structure of

and

Yur, cf. equation (2.1). If treatments in any two or more periods r,r’ = 1,...,p
coincide, then their coefficients a,, and a,.,» are identical and their coefficients b,
and b,s, as well. The rth column sum of S d_ul equals the rth row sum of S d_ul and can

be written as
CT 8,00 (1) = Oy () + () (D) = Db, )5
in which j(r) is the treatment j in period r of sequence [. The sum of all matrix
P

entries of Sd’ul is symbolized by R, i.e., R, = Y_ crs,

r=

NOIUR

n;(1) G (1) b )
1 1 0
2 /(T +7)(1—7)) /(1 +7)(1 =7))
31 (v DM@y + DA =7) | —v/(2y+ 1)1 =)
4 12y +D/(Gy+1D(A=7) | —v/(BGy+ 1L =)
5 |Gy +D)/(4y+1D)A=9) | =v/((4y+ 11 =7))
6 | (4 +1/((Gy+1DA=7) | —v/((5y+ 1)1 —7))

Table 3.1: Matrix entries of Sgul, dependent on the number of treatment-j-

appearances n;(l).
Useful term characteristics for discussing properties of ¢;;(1), 1 < i,5 < 2, are
given by
o l=a; <ay<- - <ay;
o by <bg<---<b,<b =0

o 1l =crs;>crsy> - >crsp;
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o 1 =crs; <2crsy <--- < perspy;

e R, is increasing as the number of different treatments in sequence u increases,

i.e., R, is maximal if crs,, ) is maximal (= 1) Vj =1,...,p.

The proofs are presented in Appendix C, Lemmas 13 through 16.

3.2 Deriving Cll(l),Clg(l) and C22(1)

(ur)
dij

1 <i,5 <2, can be derived from the design matrices T; and M. Let Ty,, My, and

Using the definition of ¢;;(1) = ¢;;¥ and equations (2.4), all three coefficients ¢;;(1),
Sd_u1 be the partial matrices of the design-dependent matrices Ty, My and Sd_1 for
any unit u; of an equivalence class [ = 1,..., K. Each row of matrix Ty, contains
exactly one 1 and (p — 1) zeros. Thus, the entries of the diagonal matrix T, Ty,
equal the number of appearances of treatment j in the sequence of unit u;. The
matrices Sd_ul and Ty, are of a structure, in which each element of S(;} that is
different from 0 strikes one 1 of Ty, by multiplying Sd_ul with Ty,. The expression
1F (Tg;Sd_ul — 2 TS0 1p1$Sd_u1) equals 0, because 17T}, = 17" and R, = 175, '1,
and, therefore, multiplication with B; could have been omitted in the definition of
equations c((j11 and Cd12 of (2.4). Analyzing T'L S, 1T, we see that the entries of the

diagonal matrix T} Ty, are additionally multiplied with the corresponding row sum

of S;.!. Thus, we obtain
tr (Tdu Tdu Z n;i(l)ersn; @) = Ru, (3.1)

the summation of all entries of matrix Sd_ul, cf. equation (C.1) of the appendix as
well. Furthermore, 1, = Ty,1;, which forces TF S; 11, to be equal to T% Sy Ta, 14,

the column sums of T WS leu The matrix T duS o "7 is diagonal, therefore,

t
tr (T, S5, 1, R, ' 1S5 T ) = Ri Z (nj(l)crsnj(l))Q. (3.2)

My, is generated by deleting the last row of Ty, and adding a first row of Os.
Because of this " T,-shifting” structure, the elements of the diagonal matrix T}, M,
equal the number of appearances of the self-carryover effect j (= 7,;(1)), since Mg,

is the matrix of the carryover effects j in unit v, 7 = 1,...,t. The entries of the
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diagonal elements of matrix T, 5.1 My, are, again, multiples of the row sums of S},
such that

tr (7.7,55, Ma) Z g (l)ersn, ) (3.3)

The vector lTSd M, turns out to be lTT " S My, which are the column sums
of TF S, My,. The expression T S;'1, represents the column sums of T S, Ty,

and, furthermore,

1 t t
tr (T4 Sy 1, Ry TS My,) = T Z <nj(l)crsnj(l) Zﬁji(l)crsni(l)) (3.4)

Yoi=1 i=1
The summands of the trace of M. My, contain all n;(1), j = 1,...,t. The matrix
Sd_ul is not of the ”Ty,-shifted” structure as My,. Thus, the entries of the diagonal
matrix M7, S, Mg, are not exact multiples of the crs,, ). They depend on 7i;(1),

the number of appearances of treatment j following treatment ¢ in sequence [:

t t
tr (Mo Szt Mau) = > > " iig (1) (an, 0y + (i (1) = Lbn, ) (3.5)

i=1 j=1
Similar to Ty,, the matrix My, contains exactly one 1 in every but the first row.
Hence, 17M1 = (0,1,...,1) is a row vector with its first entry equal to 0 and
the following (p — 1) entries equal to 1. Multiplication of the matrix 1,17 with

S o ' My, leads to a trace, in which all entries of S are added except the first

row and column, i.e.,

t

tr (117 M, Syt M) = > (n(1) = 7ig; (1)) (ersn, @) — fiog(Dba,)- (3.6)

j=1
Similar to equation (3.2), and using the annotations for deriving equation (3.4), we

get
2
tr (Mg, Sy 1,R, 115, Ma,) = Z (an TSy, (l> . (3.7)

The vectors 1, and My,1; differ only in its first element. Thus, 1?M LSd_ul 1, is the
sum of all elements of the matrix S !, except the first column. However, the first
row elements of 17 M g;SJulMdult have been left out as well, cf. the derivation of

equation (3.6). Therefore,

1

. 2
tr (141 Mg, Sy 1R, 1085 My,) = i (Z (n;(l) — ﬁoj(l)crsnj(l)> . (3.8)
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Inserting equations (3.1) through (3.8) into equations (2.4), it is easy to derive
that

and

Can(l Z Z 713 (1) (an; ) + [3 (1) = 1bn, @)
=5 2 (ni(1) = g; (1)) (ersm, @) — Tiog ()b, 1))
_ Riu z; (; mj(Z)crsnj(,)> 2
+ % (il (n;(1) = ﬁOj(l))CTSnj(n) 2 :

(3.11)

Using some transformations, the second and fourth term of c99(l) above can be
simplified to - (Z N0j()ers,, (l)> : Z 70;(1)@n, 1y, which provides an equivalent

expression:

t

t
ean(l) =D > g (1) (anyy + [ (1) = 1bay0) an U (1)
=1

. 2
e (Z ﬁgj(l)crsnj(l)> .

(3.12)

t t 2
R (Z 771,1] (l)C?"Snj(l)> +
=1 \j=1

An illustration of the mentioned transformation is presented in section C.2 of Ap-

pendix C.

3.3 Some Properties of cq;(1) and cq2(1)

Some simplifications of formulas and properties, concerning n;(l)-dependent behav-

ior of the ¢;;(1) functions, are gathered in this section.
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Definition 4 (In-/ and Decreasing n;(1) of Sequence w;). Let u; and uy be two
sequences, in which all treatments except for k and j appear equally often. Suppose,
ni(l) < nk(l") and n;(1) > n;(I'). Further, assume that there is an x > 1, such that
k(') = ng(l) + = and n;(I') = n;(l) — .

The number of appearances of treatment k is said to be increasing in uy iff ng(l) >
ni(l), ng(l') < p and n;(l") > 0. Alternatively, the number of appearances of treat-
ment j is said to be decreasing in uy iff n;(l) > ng(l), n(I') < p and n;(I') > ni(1).

Ilustration of Definition 4:

sequence u: [17234kj]
n;(l) is increasing 1 1 n;(1) is decreasing
sequence uy: [1732kk4]

Notice, the number of different treatments ¢, in sequence wu; decreases iff
nj(l') \, 0 for any j = 1,...,ty and it increases iff a new treatment j is added

to sequence up such that n;(I") > 0 for any j = {1,...,t} \ {1,..., 4}

Lemma 1. In a sequence w of class I, c11(l) decreases if n;(l) increases for any

treatment 7 = 1,...,t;, in the sense of Definition 4.
Proor.
Lo 2 Lo
; nj(l)ers, o 21773
en()=R, |1 = =R, |1-—

(1) m; > 1 for all j and
2
> o< <Z m) ;. (a)
J J

Set ¢t = ¢; since n;(l) = 0 for all treatments j being not in sequence v;, such

t 4]
that > n;(l)ersn,q) = > nj(l)ersn,q). Further, write
J J

(Zm) =Zn§+222mm. (b)

i=1 j>i
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Xil n; Xil n
Using equation (b), we see that T g0 := Jt_l 5 is equal to ——=
(Em an+22 Z>jv7mg
j=1 1=1j>1%
and is in the interval (0, 1), cf. equation (a). The magnitude of x4, is deter-
t—1 t t—1 t
mined by expression 2 ) > nin;, i.e., ff 2> > mn; increases, @,q4, decreases
i=1j>i i=1j>i

and vice versa.
¢
Thus, (Z 77j> consists of £ summands 77]2 and ¢(t — 1) summands n;n;, ¢ # j,
J
ii=1,... .t
Let further be ny(l) < na(l) < -+ < m(l), then ny(1) < ma(l) < -+ < (1),
cf. the listed characteristics of section 3.1. In general, 23" > n,n; has the

i g>i
following structure

222771'%' =2mne +2mnz + ...+ 2mm+ ...
i j>i (Co)
+ 2MeMkat 2 o 20,
Without loss of generality, an arbitrary ng, 1 < k < ¢, decreases to nj, = n;—=x,
x € N, implying that ny increases to nj = n; + x. Thus, 2 Z anj becomes
i g>i
2> ) = 2nima + 2nims -+ 205+ 20 + -+ 20t
i j>i (c1)
o 20 et 20 20,
with the assumption that nj = ny —x > ny. This assumption is equivalent to
n} = ny + x < nyg, see Definition 4. The difference of (c0) and (c1) has to be
positive, i.e.,
DIPITEE) B WTER
i g>i i j>i
Sno(m —m) +n3(nhy —m) + o0t = mem + e (0 —m) + -

(= )+ (= )+ -+ (1 — e > 0
S mpr(l —y)ersy, crspy +n3x(L —y)ersn, crsy + ..o+ () — mem)+

!
+x(1 =) (g1 + -+ ) ECTSMCTSng — CTSnkCTSn;CZ >0

=(*)>0

S mr(l —y)ersy,cersy +n3w(l —y)ersn,crsy + ..+ (mn) —mem) > 0.

(d)
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Inequality (d) holds because

M~ = ©(1=) (g — 11 — @) (N y+npy+1—=7)ersn, crsn, crsy crsy, > 0,
~—————

=np—nj>0

for all z € N and v € (0, 1); and, as indicated above, (x) > 0 because ny; < ng,
Cr'Sp, > CT'Sp; and crs,, > crsp,. The reverse conclusion can be drawn for

—x € N, ie., some ny increases. Thus, equation (d) proves that, 2> > n;n;

i j>i
increases iff some ny = ng(l) increases.
Therefore, x,q4, decreases iff ny(l) decreases for any treatment k = 1,... 1.
The ratio Z,.i, approaches its minimum Z;?? < 1, iff n;(I) = 1 for all
J
7
j=1,...,1;, such that t;, = p.
(2) R, decreases as n;(l) increases, cf. Lemma 16, Appendix C.
Lemma 1 follows with properties (1) and (2). O
Lemma 2. Assuming n;(l) is fived Vj = 1,...,t, c12(l) is mazimized by ordering

treatments according to ascending n;(l) and assigning identical treatments consecu-

tively.

PROOF. Let

¢
A= Zﬁjj(l)crsnj(l) and

J=1

t t
B = Ri Z (nj(l)crsnj ) Z ﬁji(l)crsni(l)) ,
voi=1 i=1
then c13(l) = A — B. Without loss of generality, assume that ny < ng < --- < ny,
in which ¢ := ¢; is the number of different treatments in sequence u;. The purpose
is to maximize term A and minimize term B. The assumption is that the n;(l), or
crsn; ) respectively, are fixed for all j = 1,...,¢. Thus, we need to find a special

order of treatments that maximizes cj5(1).

(1) A is maximal < n;;(l) = n;(l) — 1 is maximal < identical treatments are

ordered consecutively.
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(2) The intention is to minimize B, which is equivalent to minimize R, B as R,
is fixed iff all n;(l) are fixed. The measure to evaluate if R, B decreases is the
performance of R, B after certain shifting of treatments.

Therefore, first, consider an arbitrary sequence
Spo=[ -~ a kb -+ f m - ]

with treatments a,b, f,k,m € {1,...,t} and their number of appearances are
such that n,,ny,ny < ng < ny,. The size of term R, B of sequence Spy; is
described by

{L.t}\{a.f .k} t
R, By = Z (njcrsnj Z fzjz-crsm>

j i=1
{1t )\ {k,b}
+ ngCrsp, Z NqiCTSp,; + NakCrSp, + NapCTrSp,
1
{1\ {k,m}
+ngersy, Z N fiCT Sy, + Tl CT Sy, 4 T CT Sy,
1
{L...t}\{o,m}
+ nEcrsy, Z NEiCT S, + M CT Sy, + TehCT Sy,

%

Based on the structure and assumptions of Sy, the first shifting structure of

treatments is implemented as follows:

Shifting 1: [~ akb f% 2] --ab-- fEm-.. ]

Shifting 1 modifies the magnitude of term R, By to

{1...t}\{a,f,k} t
R,B; = Z (njcrsnj Z ﬁjicrsni)

j i=1

(1t [k b}
+ NaCrsy,, Z NaiCTSn; + (Mar — 1)ersp, + (Rap + 1)crsy,
[\ [k}
+ngers,, Z NfiCrsn, + (g + 1)ersn, + (Mpm — 1)ers,,,
{1\ {bm}
+ ngersy, Z NiCrSn; + (em + 1)crsn,, + (M — 1)crsy,

i
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Analyze now the difference R, (Bg; — Bj) to evaluate the performance of R, B
when Shifting 1 is applied to an arbitrary sequence Sy;. Three cases are re-
quired:

Case 1: Treatments a # k and k is not originally placed in period p = 1.

R.(Bo1 — By) = ngcrsy, Scrsnk — crsan—l—nfcrsnf Scrsnm — crsnkz

Vv Vv
<0 as np<ng <0 as np<ng

+ nyersy, (crsy, —crsy,,) .

(. /

~
>0 as np<nm,

Define n.crs,, = max{nqcrsy,,nscrs,,} to obtain

R,(Bo1 — B1) > nucrsy, (crs,,, — crspy,) + ngcrsy, (Crsn, — crsy,,)

= (nicrs,, —naers,.)(ers, — crs,,)

N J/

TV
>0 as np>n«E{naq,nys}

> 0.

Case 2: Treatments a = k and k is not originally placed in period p = 1.
t

The partitioning of the term R, By in ngcrs,, > Naicrs,, can be omitted. The
i

same applies for summand ngers,, ngpcers,,, which is replaced by

NECT S, Nk CT Sy, Similar to R, Bpi, the same partitioned structure applies
to R,B;. It follows that

Ry(Boi — By) = ngcrsy, Ecrsnm - crsnkZ—l—nkcrsnk Ecrsnb — CTSan
Vv Vv

<0 as np<ng >0 as np<nm

> (ngCrsn, — nyersy;) (Crsy, — crsy,,)

(. AN

~~ ~~
>0 as ny<ny >0 as np<nm

> 0.

Case 3: Treatment k is originally placed in period p = 1 and, thus, k is no
successor of any treatment in the sequence.

As in Case 2, the partitioning of terms R,By and R,B; in summand
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t
NaClSp, Y NaiCTSy,, can be omitted, which causes R, (By; — Bjy) to become
5

Ry,(Boyr — B1) = nyersy, (crsp,, — crsy,) +ngcrsy, (crsy, — crsy,,)

(. i J

Vv Vv
<0 as np<nyg >0 as np<nm

> NpCrsy, Scrsnb — crsnkz
Vv

>0 as np<ng

> 0.

Hence, R,B; < R,By;. The conclusion is that term B is getting smaller
by shifting an arbitrary treatment k£ to a position such that k is followed
by a treatment that appears at least k£ times in the sequence. However, the
assumption must be that treatment k is originally placed between two treat-
ments with number of appearances less than ny. Shifting 1 leaves B unaltered

iff ny = ng, = nyy,.

The second shifting structure to be implemented is based on an arbitrary

sequence
Sp=l oa t b o ]

in which ¢ is the treatment with the largest number of appearances in the

sequence, formally, n; < n; for all j = 1,...,t — 1. Treatments a,b, f of

sequence Spy are elements of the set of treatments {1,...,¢ — 1}. Shifting 2

defines the movement of ¢ to the last period, i.e.,

Shifting 2: [---atb-.-f)]é["'Gb--~ft]-

The magnitude of the term R, B of sequence Sy, is given by

{1..t}\{a,f,t} t
R,Bos = Z (njcrsnj Z ﬁjicrsm>

j i=1

{11\ {b,t}

+ ngcrsp, Z NgiCT S, + MatCT'Sp, + NapCT'Sp,
(2

{1..t-1}

+ NpCrSy, Z N fiCTSp,; + T pCTSp,
(]

{L..t1\{o}

+ ngersy, Z N4 CT Sy, + NupCT Sy,

7




24 3 Deriving General Formulas and Some of Their Properties

After applying Shifting 2 to sequence Sy, the expression of R, By, becomes

{1.t3\{a,f,t} t
R,By = Z (njcrsn]. Z ﬁjicrsni)

j i=1
{10\ {b,t}
+ NaCrsn, Z NaiCTSn; + (Mot — 1)erspy, + (Map + 1)crsy,
{(1.t—1}
+ngersy, Z NSy, + (Mg + 1)ersy,

TNo!
+ 40T Sy, Z N4 CrSn, + (T — 1)crsy,

Let us now analyze the difference of term R, B before and after Shifting 2, i.e.,
consider R, (Bys — Bs) for the required cases:

Case 1: treatment a # t and ¢ is not originally placed in period p = 1.

R,(Bos — Bs) = ngcrsy, Scrsnt — CI'Sp,) —NfCTSp; CT8p, + NyCT 8y, CT Sy,

7 o
~~ -~

<0 as ny<n¢ >NtCTSn,

> (ngersp, — ngCrsy,) (Crsn, — crsy,)
NV ~ TV -

>0 as n¢>ng >0 as np<ng

> 0.
Case 2: treatment a =t and ¢t is not originally placed in period p = 1.
t
The partitioning of term R, Bpe in summand 1,1, Y M4Crs,, can be omit-

K2
ted. The same applies for summand n.crs,,nucrs,,, which is replaced by

NCrSp, Mt CT Sy, . Similar to R, Bye, term R, B, is readjusted, respectively. As

a result, we obtain

Ry (Bo2 — Ba) = N4Cr8,,Cr8n, — NfCISy, Crsy,

= T8y, (M4CT8y, — NgCTsy,)

J

~
>0 as ni2>2nyg

> 0.

Case 3: Treatment t is originally placed in period p = 1 and, thus, ¢ is no
successor of any treatment in the sequence.

As in Case 2, the partitioning of terms R,Byp and R,Bs in summand
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t

NaClSp, Y NgiCrsy,, can be omitted, which causes R,(Bg2 — Bs) to take the
5
value

Ry(Boz — Ba) = n4Crsp, crsp, —nsCrsny, Crsy,
——
Zntcrsnt
> nyersy, (€rsp, — crsy,)
—_— ———

>0 as np<ng

> 0.

Hence, R,Bs < R,Bys. The conclusion is that term B can be further reduced
by shifting the treatment ¢ with the largest number of appearances to the
last position in the sequence. Shifting 2 generates a constant value of B iff

Ny = Nyg = Ng.

Taking into account the definition of shifting structures 1 and 2, it is possible
to prove that sequences of the form
11,22, ... t—1-t—1¢ -1

f=n1 f=n2 f=n¢—1 ff=ny

generate the maximum possible value of ¢12(1), assuming that all n;(l), j =
1,....t, are fixed and n; < ng < --- < my_; < ny.

The initial situation consists of an arbitrary sequence S;,;, e.g. symbolized
as Sini = Sp2. The first improvement in minimizing B is done by picking
any treatment ¢ and moving it to period p, i.e., by application of Shifting 2.
The "worst” case would be if the B-values before and after the shifting are
identical. Thus, Shifting 2 is applicable in minimizing B, as it does not change
the value of B for the worse, see the definition of Shifting 2 above. The present

situation is symbolized by the sequence
Sl — [ e a b e f t ]

As t is the treatment with n;(l) <t,Vj = 1,...,t — 1, Shifting 1 guarantees
further minimization of B by applying Shifting 1 (n; — 1) times to all other
treatments t of sequence S, which are not placed in period p. This operation

converts S7 to the sequence

5’2:[ cee Lttt ]
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The number of appearances of the remaining treatments in periods 1 through
p — ng of Sy are all less or equal to n;—;. However, this implies that the
application of Shifting 1 is feasible in minimizing B further. Shifting 1 means
to move any treatment t — 1 to period p—n,. The repetition of Shifting 1, and,

thus, improvement of B, to all other n;_; — 1 treatments ¢ — 1 gives sequence

53:[ oo, =10t —1 u ],
f=ni_1 f=n
in which treatments t—1 are placed into periods p—n,; through p—n;—n;_1+1.
The number of appearances of all remaining treatments in periods 1 through
p—ns —ny_1 of sequence S3 do not exceed n;_o. Hence, in the sense of Shifting
1, the ordering of all consecutively appointed treatments ¢t — 2 as predecessor
of treatment ¢t — 1 guarantees further minimization of B, since it is equivalent
to ordering all treatments ¢ — 1 consecutively and in front of treatment t.
Furthermore, the sequencing application of Shifting 1 to all treatments ¢ — 2,
t — 3, etc., results in a stepwise minimization of B until, finally, Shifting 1
allocates treatment 1 to be placed to periods ny = p—ny —ng_q1 — -+ — ng
through 1 =p—n; —ny_1 —--- —ng —ny + 1. The final sequence yielding the

minimal value of B is

11,22 ... t—T1-t—1¢ 1]
N~ —_———
f=n1  f=n2 f=nt—1 f=ne
Properties (1) and (2) are consistent, and Lemma 2 follows. O

3.4 Special Sequence Class Functions h;

There are two equivalence class functions of sequences, which prove to be crucial for
this thesis: The first class, [ = 1, to be introduced, contains all sequences equivalent
to [1,2,...,p — 1,p|, i.e., there is a different treatment given to the unit in every
single period. The second class, | = 2, represents [1,2,...,p—1,p— 1], i.e., there is
a different treatment given to the unit in periods 1 through p — 1 and the treatment
of period p — 1 is to be evaluated in period p a second time. Applying equations
(3.9), (3.10), (3.12) to the sequence structures given above, and inserting the results

into h; of equation (2.7), the equivalence class functions h; and hy are given as

hl(x):p_1_2(p—1) e =Dt =) .
p tp
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with R; = p and
P-=2)p-3)y+p*—p-2  20p-3)y
(p—2)7+p (p—2)7+p
=332 =) =y~ (p - D4 p -1,
(p=2)7*+2y—p)t
with Ry = [p+ (p — 2)7]/(1 + 7).
The sequence class functions hy and hy intersect once at x = 1/(p — 1) if v = 0.

hg(l’) =

)

However, if v € (0, 1), there are two intersections located at

Tijo = :F\/WT_V, (3.13)
in which
W= [(—4p* + 16p> — 12p? — 8p + 4)t* + (4p* — 8p)t|y* + [(4p* — 24p® + 28p* +
16p — 8)t% + (20p — 8p?)t]v® + [(p* + 6p® — 23p* — 8p+ 4)t? + (4p* — 16p)t]y* +
[(—2p" +4p® + 6p*)1% + dpt]y + (p* — 2p° + p?)t2,
V= tpp—1)1—7)+207(1 —7)
and
Z = [(2p* —4p —2)t — 2|2 + [(2p + 2)t + 2].
The value x; is smaller than x5 because the numerator of z; contains a negative root,
whereas the root of xy is positive. The denominator is positive for all p > 3. Some

further equivalent transformations lead to the following proposition.

Proposition 3. Let v € (0,1) and t > p > 3. Then, the intersection point, in
which hy(x) = hao(x) is smallest, is located at x4 € (0,1) of equation (3.13).

Proor. (1)

v > 06 (VIT) 2 (tplp — 1)1 —7) +207(1 — 7))
Yip—2+ (—p* +4p° = 3p — D)7 + (5 — 2p + (b — 6p + 6p + 5)1)7°
+(p—4+20* -2 -2ty +1+(p+ 1t >0
=g(y) >0
Rewrite g(7) as g(v) = go+ 917+ 927>+ g37>. Then, observe that gy > 0 for all
t and p and use the assumption that v? < ~ which yields go+ ¢17 > (9o +g1)7-

Further, we have gg + ... +¢; > 0, for all 1 < ¢ < 3, and for all t > p > 3,
which implies that g(7) > (go + ...+ g3)y> >0 for all t > p > 3. v
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(2) The minimum of the h; parabola is located at x,,;, = t/(tp—t—1). The value
of x; is negative and the value of z5 is positive. Calculating the Manhattan
distance (L' norm), d(@min, T1) = Tmin + |21], While d(Zmin, To) = Tmin — T2 <
Tomin + |21] if 22 < Tpin, OF d(Tpmin, T2) = To — Tpin \legm\ Tonin + |71] if
Ty > Tmin. Hence, d(Tpin, ©1) > d(Tmin, T2). Since hy is a quadratic function,
it follows that hy(z2) < hy(x1). v

(3) The proof of x5 < 1 is given in Appendix C, Lemma 17.
O

A third equivalence class, [ = k, is introduced by the representative sequence

[1,2,2,3,3,..., 252 28] for odd p, or [1,2,3,3,..., 22 222 for even p. Dependent

on the number of periods p, the properties of h; differ as follows:

For odd p, the sequence class function hy of equation (2.7) is given as:

(p—Dp—1+2y) (p—-3)(y+p—2)

hi(z) = + -
v (v + Dy +p) (v + 1Dy +p)
(P=1)+Bp=5ty+ @ =3p+4t—p+1 ,
_I_ 2 : x )
t(1=7*)(v+p)
for which Ry =1+ (p—1)/(v+ 1). The functions h; and hy intersect twice at
vW =V
Tk k = :FT, (314)

in the interval (0, 1) of 7, in which

W= t(1=9){4p— 1)@ —p— 1t —4p(p — 1)’]7° + [4(p — 1)(2p* — 5p* + p* +
3p+ 1)t —4p(p — 1)°y* + [(2p* — 3p — 1)(2p* — 5p° + 5p® + 4p — 4)t]y° +
[(6p° — Tp* — 16p® + 17p? + 8p + 4)t + 4p(p — 1)3]72 + [p(—p° + 8p* — 13p> +
14p® — 8p — 12)t 4 4p(p — 1)y + (p* — 6p° + 13p* — 8p + 4)p*t},

V= t(1-="[2(p— 17+ (3p* —3p—2)y+ (p* = 3p+4)p]

and

Z= 29(((p—1)*t—p+ 17’ +pp—1)*t*+((2p° —3p— 1)t +p— 1)y —p(p—3)1].

For even p, the sequence class function hy of equation (2.7) is given as

() _p=Dlp—1+2y) =30 +p-2)
’ (v+ (v +p) (v+ 1D +p)
L=+ G5ty + (P = 3p )t —ptl)

t(1 —=~2)(y +p) ’
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for which Ry =2+ (p — 2)/(y + 1). Similar to equation (3.14), in which v € (0, 1),
the functions h; and h; intersect twice at

VW -V

~ (3.15)

Tk =

in which

W= t(1-y){[4(p—2)*(4p* —2p— 1)t = 8(p—2)*p]y° + [4(p— 2) (4p" — 13p* + Tp* +
Tp+2)t—4(p—2)*(p—1)ply* +[4(p* —p—1)(p* —5p* +10p* —8p—4)t +4(p—
2)%ply° + [4(p° —p" = 11p° + 14p* + 12p +4)t +4(p — 2)*(p — Dp)y* + [(—p° +
12p* —40p® +60p% — 36p—32)pt +4(p—2)*ply + (p* — 8p3 +24p® — 24p+4)p*t},

V= t1-7)2(p -2y +4(p" —2p— 1)y +p(p* — 4p + 6)]

Z= 20((p-2)2p—1)t—=p+2)7°+(p—2)(p— )pty* + ((2p* = 5p — 2)t +p —
2)y — (p— 4)pt].

Proposition 4. Let v € (0.3,1) and t > p > 5. The z-coordinate of the minimum
of the intersections of sequence class functions hy and hy, is x; € (0,1) of equation

(3.14) for odd p, or xy € (0,1) of equation (3.15) for even p, respectively.

PRrROOF. Follows from Lemmas 18 and 19 of Appendix C. [
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4 Optimal Designs

This chapter introduces optimal designs for sequences with p = 3, 4, 5 and 6 periods.
The equivalence classes representation given in the tables take the following rules
into account: All equivalence classes are grouped according to their R,. The sum
R, of all row sums of Sd’ul, and c;1(l) simply depend on the number of appearances
of each treatment 7 = 1,...,t in the sequence. The order of the treatments in the
sequence can be neglected. Thus, several equivalence classes yield the same R,,
and c11 (1) respectively, but their sequence class functions h; might be different. The
groups of equivalent c¢;(l) are arranged in descending order. Within each group,
the equivalence classes are listed in descending order of ¢15(l). The arrangement is
determined by cg9(1) for identical values of ¢11(1) and c12(l). All classes I =1,..., K
are labelled according to their generation by replacing each treatment of a period
repeated times. The starting sequence is class [1,2,...,p]. Equivalent sequences are
eliminated, following Definition 2. However, there are several equivalence classes
with identical h; functions among the K listed classes. This is because of the assumed
model of section 2.1. Therefore, some values of {1, ..., K} do not appear in the class
listings. The representative sequences of identical h; functions are listed in one group

of the corresponding h;.

Several calculations and term transformations of this thesis have been performed
using the computer algebra wxMaxima 0.7.1, which is implemented on Maxima
5.11.0.

4.1 Sequence Length p =3

Restricting the sequence length to p = 3 periods, there are 5 equivalence classes,
which are listed in Table 4.1.

31
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[: [] hl = Cll(l) +2C12(l>3§' +022(l)l’2
R,=3
1:[123] | by = 2 4y 4HED 2
R,=(+3)/(v+1)
: _ 4 2(y+2t-1) 2
2:[122] | hy = B +0 -i-m - T
. — 4 2 2(t=1) 2
LR = T cEet taee ?
3 - [121] ha — 4 6 . +2(t(2—”/)—1) .2
: 3 B+) B+7) H(1-7)(3+7)
R,=3/(2v+1)
: _ 2(t—1)
5: [111] h5 = 0 +0 +m : 1"2
Table 4.1: Equivalence classes [, their representative sequences [...| and h; functions

for sequence length p = 3.

Referring to section 3.4, the intersection point x5 of hy(x) = ho(x) is located at

V(L =[5t = 3)73 + 13t72 + (9t + 3)y + 9¢] — (1L — 7) (7 + 3)
(2t = 1)v2 + (4t + 1)y ‘

The parameter domains are v € (0,1) and ¢t > 3. Define RT,, = t(1 — v)[(5t —
3)v® + 13ty% + (9t + 3)7y + 9t]; it will be referred to as the root term of 5.

To —

(4.1)

Lemma 3. For anyt > p = 3, v € (0,1), and xs being the intersection point
of equivalence class functions hi(x) = ha(x), cf. equation (4.1), it follows that

) =, g M)

PrROOF. Look at the equivalence class functions h; of Table 4.1:

a) ho(z) > hs(x) and ho(z) > hy(x) for all x > 0, because ¢11(2) = ¢11(3) =
C11(4); 612(2) > 012(3) and C22(2) > CQQ(?)); 012(2> > 612(4) and 022(2> > C22(4)
for all v € (0,1) and ¢ > 3. The results are reproducible by considering

Lemmas 1 and 2 for the comparison of ¢11(l) and ¢15(1), respectively.

b) he(z) > hs(x) for all z > 0, because ¢;;(2) > ¢;(5), 1 <1i,7 <2, 7€ (0,1)
and ¢t > 3.

As x5 > 0, Lemma 3 follows from a) and b). O
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Lemma 4. For anyt > 16 and p = 3, the parameters 0 < 7, < 72 < 1 are given by

T/ (4t — 3) (463 — 672 + 52t — 12) + (4t — 5)t
2(2t — 1)(5t — 3) '

Y12 =

Assume vy € (71,72) exists, and observe that T, =t/(2t — 1) is the abscissa of the
)

minimum of equivalence class function hi(x), then, hy(Tmm) = max
1{l,..,5

PROOF. As T, > 0 and ho(z) > hy(z) for all I € {3,4,5} and all x > 0, it is
sufficient to verify whether Ay (znin) > ho(Zmin). Thus, calculate the expression
2[(2t — 1)(5t — 3)y* — t(4t — 5)y + 3(2t — 1))

3(2t = 1)*(1 = y)(v+3)
The solution of the quadratic equation (2t —1)(5t —3)y* —t(4t —5)y+3(2t —1) = 0
for all v € (0,1) and all ¢ > 3 implies

(ho = h1)(Tmin) =

<0 & 7v€(n,7)
(hz - hl)(l’mm) .

>0 ©7¢ (1 7)

Hence, hq(Zmin) > ho(Tmin) for all v € (71,72), and Lemma 4 follows. O

Theorem 1. For anyt > p =3 and v € (0,1), the proportion a(7y) € [0,1] is given

b
’ (1-)(y +3) [3t(y +2 — 1) — (2t = 1)/RTy,

v[(2t — 1)y + 4t + 1]/ RT,,
If, additionally, t > 16, the parameters 0 < v, < vo < 1 are given as in Lemma 4.

a(y) =

The optimal results are as follows:

For allt < 16, orift > 16 and v ¢ (71,72), an approximate design d* is optimal
iff (1 —a(y))-100% of its sequences are selected from class 1 with representative
sequence [1,2,3] and a(y) - 100% of its sequences from class 2 with representative
sequence [1,2,2]. Fort > 16 and v € (71,72), all sequences of d* are representatives

of equivalence class 1.

PROOF. Theorem 1 claims that x4 of Proposition 2 in which the min mlax hy(x) is
X
being realized, is either x5 or x,,;,, the x-coordinate of the minimum of h;. In this

manner, four points need to be verified:

1. Forallt < 16 and v € (0,1) or t > 16 and 7 ¢ (71, 72): ha(x2) > h(x2) for all
31 <5
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2. For all t < 16 and v € (0,1) or t > 16 and v ¢ (71,72): signhf(xs) #
sign h(z5).

3. Forall t > 16 and v € (71,72): hi(Zmin) > hi(Zmin) for all 2 <1 < 5.
4. The formula for a(~).

Properties 1 and 3 are proved by Lemmas 3 and 4, respectively. v
As demanded in point 4, the proportion of sequences a(vy) € (0,1) of equivalence
class 2 needs to be determined. To this end, use equation (2.8) and put a = «(vy, x),

then g4 () = anhs(x) + (1 — a)nhy(z). The formula of a(y, x) is derived by setting

COge 4 [(2—147 \ 4 (2t — 1)
0= 5; =3+7a< =) J:)—g(l—oz)—i-ll(l—a) TR
SR () ER{ e (R

(2t — D)y + 4t + 1y +t(y+3)(1—7)

Substitution of z = x5 in the formula of a(~,z) provides a(y). A graphical presen-
tation of () for different ¢ is displayed in Figure 4.1. v
Referring to statement 2, there is one major condition in order to achieve that
a € (0,1) by using equation 0 = anhb(z) + (1 — a)nh)(z) to derive proportion
a(7). The condition is given as sign b (z3) # sign hy(x2). The proportion a(y) < 0
or a(vy) > 1 iff sign b} (z9) = sign hy(x2). This is not valid for an equivalence class
proportion. Thus, to prove 2, it is sufficient to analyze if a(), or a(7, x) respectively,
is nonnegative and less or equal to 1 in the described domains of parameters ¢ and

~. For this, observe

avy,r = x9) Z 0 [(1—=2t)ze+t]=0

D12t — 1)y + 4t + 1[(2t — 1)(5t — 3)72 — t(4F — 5)y + 3(2t — 1)] = 0

<y € {n,7,—@t+1)/(2t —1),0}

The last two elements, —(4¢ + 1)/(2t — 1), and 0, are not in the domain (0, 1) of
7. The boundaries 7/, are defined for all ¢ > 16. The proportion a(y) > 0, iff
v & (71,72), since ty[(2t — 1)y + 4t + 1] > 0 for all v € (0,1) and ¢ > 0, and
[(2t — 1)(5t — 3)y® — t(4t — 5)y + 3(2t — 1)] is a convex parabola of .

In order to specify function «(y) as a proportion, we have to examine

whether a(y) < 1. For this purpose, rewrite the numerator of «(y,z) as
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t(l — )y +3) — (2t—=1)(1 —~)(y+3)x and the denominator of «(y,z) as

J

-

>0
1= (y+3)+[(2t — 1)y + 4t + 1]y z. Tt is easy to derive that a(y,z) < 1 for all

[

>0
xz,t > 0 and v € (0,1) because the numerator of (v, z) must be smaller than its
denominator. The value x = x5 is positive and it follows that () <1 for all ¢t > 3
and all v € (0,1).

The statement sign h}(x2) # sign h(x2) holds for all ¢ < 16 and v € (0,1) or t > 16

and v ¢ (71, 72), since 0 < a(y) < 1. v
Theorem 1 follows from properties 1 through 4. n
o _
o
o™
o
o
5 Q
o
<
o
o
Q
o
o

Figure 4.1: Proportions «a(v) of equivalence class 2 sequences for an approximate

optimal design with p = 3 periods.

4.2 Sequence Length p =4

In the case of 4 periods for each sequence, there are 14 different equivalence classes
for l =1,...,15. All classes are listed in Table 4.2.

The intersection point z of section 3.4, in which hy(x) = he(z), is located at

V(1 —7)[(55t — 8)y3 + (57t + 4)v2 + (4 — 4t)y + 36t] — t(1 — ) (7 + 6)
(7t = 17>+ (5t + 1)y

To =

(4.2)
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l: [] hl = CH(l) +2612(l)$ +022(l)$2
R,=14
1:[1234] hh= 3 2.y 3D g2
Group A: Ry =2(v+2)/(v+1)
) _ (6 (9t=3-2(t=1)y=(t=1)~*) = 2
2: [1233] hy = (2+7) - (217) K + 2t(y+2)(1—) v
) _ 6+ 1 (Tt=3+2y—(t=1)7*) = 2
5 [1223] hs = ) e r T P )| e B
. _ 6+ (1+v) (Tt=3—2ty—2t7*) 2
11 : [1123] hi= G&ny ~G T o
) _ 6+ 4 (9t=3-2(t=1)y=(t=1)~*) 2
3 [1232] hs = ) e r T 2t(v+2)(1—7) "
) _ (6 (4+v) (9t=3—4ty—2t7?) 2
4: [1231] hi= &) ~em ® tmeemao F
. _ 5+ 5 (Tt—3—4ty) 2
§ : [1213] hs= @) “Em® Tagmng ?
Group B: Rg =4/(v+ 1)
. _ 2 1 (7t—34(5t—1)7) 2
12 : [1122] he= G5 ‘o f traney ot
) 2 1 (Tt—3+(5t—1)7) 2
7 [1221] h7— m —m'ZB —|-4t(1—_72)7'$
. _ 2 3 (7t—3—(3t+1)7) 2
Group C: Re =2(y+2)/(2y+1)
4(1— 41— 2(17t—9—(4t—18 5t—9)v?
6 : [1222) hg= A A0, 2070 (SN EEIONT) | g2
4(1— 4(1— 2Tt—T+(t—1 —1)42
14 ¢ [1112] hig= U A0, 2T 2
4(1— 4(1— 2(17t—7—(4t41 5t—1)v2
10: [1211] 13: [1121] | hyp = *520 —2020 . L 20IT0Hn BN 2
RD = 5/(4’}/ + 1)
3(t—1
15 : [1111] his= 0 +0 + o - a?

Table 4.2: Equivalence classes [, their representative sequences [...| and h; functions

for sequence length p = 4.




4.2 Sequence Length p =4 37

The parameter domains are v € (0,1) and ¢ > 4. Let RT,, = t(1 —7)[(55t — 8)* +
(57t + 4)v% + (4 — 4t)7y + 36t] be the root term of x5 in the case of p = 4.
The equivalence classes 2,...,14 are divided into groups of identical R,. The
equivalence class [ belongs to
group A & 1€ Ly =1{2,3,4,5,8,11};
group Bl € Lg={7,9,12};
group C < 1 € Lo = {6, 10, 14}.
The intention is to determine the maximal h; functions for each defined group,

assuming = > 0. The coefficients ¢;;(l) within each group are identical.

A) If | € L4, ho(z) is maximal among the h;. This result follows from c¢15(2) >
Clz(l) and 022(2) 2 ng(l).

B) Examine group B, the maximal h; function is hiz(x) because ¢12(12) > ¢12(()
and 022(12) Z CQQ([) for all [ € LB.

C) The maximal h; of group C connected with hy5 turns out to be either hg or hyg.
This follows from ¢11(6) + 2¢12(6)x > ¢11(1) + 2c12({)x for all | € Lo U {15}.
Furthermore, c22(6) or c¢92(10) is maximal for the coo(l) of [ € Lo U {15}.
Dependent on the correlation v, the value of ¢2(10) increases rapidly, such that
its h; even exceeds hg; for all other [ € LeU{15}\ {10}, we have c2(6) > c22(1).

D) Unite groups B and C'U {15}. Then, hjo(z) = max hy(z). Observe that

1€{6,10,12}

4(x+3)y* +5r+6
9(y+1)

c11(12)4+2¢12(12)z—c11 (1) —2¢12(D)x > >0, forl=6,10.

Moreover,

(72 — 40t)y3 — (8t + 72)v* + (31t — 99)y + 53t — 9

108¢(1 — 7)(7 + 1) >0

c22(12) — €92(6) =

as well as

(8 — 40t)y* + (16 — 8t)y* + (31t + 37)y + 53t — 25 -

C22(12) — €22(10) = 108¢(1 — ) (v + 1)

The positive values can be confirmed by defining both numerators as functions

Gi(7) = go + 177 + 927* + g37° with
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Ge(y) = (72 —40t)y> — (8t + 72)y* + (31t — 99)y + 53t — 9

and

Gio(y) = (8 —40t)7* + (16 — 8t)y* + (31t + 37)7 + 53t — 25.

Since t > 4, the coefficients gy and g; are positive for both functions Gg(7)
and Gio(7y). Asgo+g1+...+¢g; >0, fori =23 ~v€(0,1), and all t > 4,
we have that G;(7) > (go+ ...+ g3)y> > 0 for [ = 6,10 and all + > 4. The
denominators of both ratios are identical and positive for v € (0,1). Thus,
c22(12) > coo(l) for I = 6,10 and all ¢ > 4.

Lemma 5. For anyt > p = 4, v € (0,1), and x5 being the intersection point
of equivalence class functions hi(z) = ho(z), cf. equation (4.2), it follows that

ho(xs) = le{g}?ﬁs} hi(xs).

PRroOF. Refer to the equivalence class functions h; of Table 4.2 and use the results
of A) through D) above. There are just two equivalence class functions, he and
hi2, which exceed all other h; functions, [ € {3,...,11,13,14,15}, for z > 0. Since

x9 > 0, ho(x2) = le{rgl?xl{)} hi(x) iff ha(xs) > hia(xs). Accordingly, analyze

YA+l P2

(Y+D(y+2) (v+D(v+2)

2t =)+ (AU =T 3t — 1)y =4t
41 =7y +1)(v+2) '

Set x = x5, and hy — his turns out to be

(hy — hig)(x) =

a(y) + b(y) v/ RT,
292(y+ D[(Tt — 1)y + 5t + 1]*

(he — hig)(w2) =

The expression a(y) := ag + a1y + ... + a5y’ is given as

a(y) = 6(5t2 + 6t — 1)7° + (212 + 111t — 8)y* + 2(103t2 + 5)73 + (17¢2 + 71t +
4)y* — 2t(29t — 35) + T2t2.

The expression b(y) := by + b1y + bay? + b3y? is a substitute for

b(y) = =12ty + (9t — 17)72 + (3t — 11)y — 12¢.

Again, use ag > 0 and ag + ... +a; > 0 for 1 < ¢ < 5. It can be concluded that

a(y) > (ag+ap + ...+ as)y° > 0.
Apply the same method to —b(7) to obtain b(y) < 0.

The denominator of (hy — hi2)(x2) is positive. Hence, in order to determine wether
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(ha—h12)(x2) is positive, it is necessary to confirm that a(y)+b(v)+/RT,, > 0. Thus,
subtract b(y)y/RT,, on both sides of the inequality and square them afterwards to

obtain

a*(y) = b*(y)RT,, > 0
S 4?7t — 1)y +5t+ 17 - g(y) >0
S gy =g+ar+..-+9° >0,

in which
g(y) = 9(5t% + 2t + 1)75 — 3(39¢% — 37t — 14)~° + (165t? — 42t + 61)y* + 2(33t> +
33t + 14)y3 — 4(26t% — 29t — 1)~* + (73t + 19)7y + 16¢>.

In order to analyze g(), observe that g, and gg are positive for all t > 4. The coef-

ficient g5 is negative, but g4v* + g57° > (g4 + g5)7° > 0, which implies that g(v) is
positive iff 23: gt > 0.

Therefore, le(f)ine Gos(7) := go+...+9g37>. The third derivative of Gos(7) is positive
because g3 > 0. G{5(y) > 0 implies that 0Go3(7)/07, the function of the slope of
Gos(y), is convex.

The curvature of Go3(7y) is the slope of G{4(y), which is given by the second deriva-

. . 2_ — .
tive of Goz(77). Gos(7) equals 0 iff v = 7 := %. The value of Gf5(70) is

1819¢4 4211723 —1365t24+334t—8
3(33t24-33t+14)

Because G{3(7) is convex, G3(70) must be the minimum of G{;(v). Hence, the slope

and positive for all t > 4.

equal to

of Gos(7) is nonnegative for all v € (0, 1).

Thus, Gos(7y) is monotonous and increasing in 7y, and the local minima of G3(7) is
given at v \, 0. The minimum Goz(y \, 0) = go = 16t? is positive. This leads to
Gos(y) being positive for all t > 4 and all v € (0,1).

It follows that g(7) is positve and the conclusion is: ho(x2) > hia(x9) for all v € (0,1)
and all ¢t > 4. ]

Lemma 6. For any t > p =4, the parameters 0 < v, < 72 < 1 are given as

/372040 — TTTAL® + 5137E2 — TAL6L + 144 + 61¢2 — 35t + 4
n/2= 2(73t2 — ATt + 8) '

Assume v € (v1,72), and observe that Ty, = t/(3t — 1) is the abscissa of the

minimum of equivalence class function hy(x). Then hy(Zpyin) = l Jgnaux }hl(:cmm).
e{l,...,15
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PROOF. As z,,;,, > 0, we can use the results of A) through D), i.e., either hy or
hiy is the maximum of all other h; functions for [ € {2,...,15} for any x > 0.
Thus, iff hl (xmm) > hg(.ﬁlﬁmm) and hl (l’mm) > hlg(iﬁmin), hl (.’L’mm) = l_max hl(xmm).

1,...,15
Proceeding this way, consider the first difference of interest

4(3t — 1) — (618 — 35t + 4)y + (73t* — 47t + 8)~?

4Bt =121 =7y +2) '
The solution of the quadratic equation 4(3t—1)—(61¢?—35t+4)y+ (73t —47t+8)~* =
0 for all v € (0,1) and all ¢t > 4 gives

(he = hy)(Tmin) =

<0 &v€ ()
(h2 - h’l)(ajmzn) b .

>0 ©7¢(7)
Hence, hi(Zmin) > ha(Tmin) for v € (71,72) and 71,2 being defined as in Lemma 6.
Analyze the expression
3(3t — 1)(11t — 4)72 — (792 — 51t + 8)y — 2(4t2 — Tt + 2)
1B — 1201 — )
Solving the quadratic equation 3(3t—1)(11¢—4)*— (791> —51t+8)y—2(4t*—Tt+2) =
0 for all v € (0,1) and all ¢t > 4 yields

(P12 — h1)(@pin) =

_ _ _ T/9409t4 —15810t34+9697t2 —2592t+2564+79t2 —51t+8
=0 S7=76= 6(3t—1)(11t—4)

(hiz = h1)(@min) { <0 & v € (75,7%)
>0 < v¢(7,7%)

The parameter 75 is negative and it follows immediately that v5 < ;. Next, consider
the parameters v, and 7 as functions of . Both functions 72(t) and ~4(t) are
increasing in ¢ as their slopes are positive for all ¢ > 4. Observe that y»(t /" c0) =
61/73 < (v/96369 + 267)/660 = ~6(t \, 4), i.e., the maximum of the function ~,(t)
is less than the minimum of the function ~4(t), ¢ > 4. Therefore, v, < 74 for all
t > 4. Now we have (y1,72) C (75, %)-

Thus, hi(Zmin) > hi2(Tmin) for v € (71,72). Hence, hi(Zmin) > hi(Tmin) for all
v € (71,7%) and all [ = 2,...,15. Lemma 6 follows. O

Theorem 2. For anyt > p =4 and v € (0,1), consider the parameters 0 < vy <
v2 < 1 as in Lemma 6. Furthermore, the proportion a(vy) € [0, 1] is given by

3(1—y)(y+2)[2t(2t72 + (3 = 5t)y + 9t — 3) — (3t — 1)/ RT,,])

a(y) = (7t — 1)y + 5t + 1)/RTy,
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iff v € (0,7] U y2.1) and a(v) =0 iff 7 € (1,72)-

The optimality results are as follows:

For all v € [0,v] 0 [v2, 1], an approzimate design d* is optimal iff (1 — a(v)) - 100%
of its sequences are selected from class 1 with representative sequence [1,2,3,4] and
a() - 100% of its sequences from class 2 with representative sequence [1,2,3,3]. Iff

v € (71,72), all sequences of d* are representatives of equivalence class 1.

PROOF. Theorem 2 indicates that x4 of Proposition 2 in which the
min mlax hi(x) is being realized, is either x5 or X, the x-coordinate of the minimum
x

of hy. In order to verify this statement, four points need to be treated:
1. For all v & (v1,72): ha(za) > hy(zy) for all 3 <1 < 15.
2. For all v & (71,72): sign b (z2) # sign hi(xs).
3. For all v € (71,72): h1(Tmin) > hi(2mn) for all 2 <1 < 15.
4. The formula of (7).

Properties 1 and 3 are proved by Lemmas 5 and 6, respectively. v

As demanded in statement 4, the proportion «(y) € (0,1) of equivalence class
2 sequences needs to be determined. To achieve this, use equation (2.8) and set
a = a(y,z). We get gs«(x) = anhs(z) + (1 — a)nhi(z). The proportion a(y) is

derived by substituting z = x5 in the formula of «(+, z) which results from

0L qq- . 3 v 33t —1)—2(t—1)y— (t — 1)72x 33t - 1)96
Cdr  \2 2+v9 t(y+2)(1—7) 2t
B 3 n 3(3t — 1)1’
2 2t
3[(1 — 3t 1— 2

ROPRINE (B VR (e CEa-

t(L—=~)(v+6)+[(7Tt = 1)y + 5t + 1]yx
A graphical presentation of a(7) for different ¢ is displayed in figure 4.2. v

As in case p = 3, the condition signh/(x2) # signhj(zs) needs to be fulfilled.
Proportion () is negative or exceeds 1 iff sign b (z5) = sign hi(x5). This, however,

is not valid for an equivalence class proportion. To prove 2, it is sufficient to analyze
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if a(v), or a(7y, x) respectively, is nonnegative and less than 1 in the related domains

of the parameters ¢t and ~. For this purpose, observe

a7,z =129) =0 [(1 =320+ =0

Sy (7t — 1)y + 5t + 1[(73t2 — 4Tt + 8)y* — (6142 — 35t + 4)y + 4(3¢ — 1)] = 0

sy €{7,7,—(5t+1)/(7t — 1),0}.

The last two elements, —(5¢+1)/(7t —1), and 0, are not in the domain of v € (0, 1).
Since ty[(7t — 1)y + 5t + 1] > 0 for all v+ > 0 and t > 0, and
[(73t* — 4Tt + 8)y* — (61t* — 35t + 4)y + 4(3t — 1)] is a convex parabola in 7,
proportion a(y) > 0 iff v & (71, 72).

It remains to verify whether a(y) < 1. Rewrite the numerator of a(vy,z) as
t(1 =) (y+6)+29t(1 —v) =3Bt = 1)(1 —v)(v + 2)z. We get a(y,z) < 1 iff

29t(1 — ) =33t = )(1 — ) (v + 2)x < [(Tt — 1)y + 5t + 1]yx
& — (t+z —to)y* 4 (t — 22 + 2tx)y — 3(3t — 1)z < 0.

Substituting z = x5 > 0 and taking into account that v € (0,1), we get —(t + x —
tr)y? 4+ (t =22 +2tx)y =33t — D)o < [~ (t+x —tx) + (t — 20+ 2tx) — 3(3t — V)a]y =
—6tzy < 0. It follows that a(y) <1 for all v € (0,1) and t > 4.

Since 0 < a(vy) < 1, sign b} (z2) # sign hfy(xq) for all v ¢ (71, 72)- v

Combining points 1 through 4 provides Theorem 2. O]

4.3 Sequence Length p=>5

In the case of 5 periods for each sequence, there exist 38 different equivalence classes
for l =1,...,52. The value of the outlined class k of section 3.4 is 19. Nine relevant
equivalence classes are listed in Table 4.3. For completeness, the set of all equivalence
classes is given in Table B.1 of Appendix B.

The intersection point x5 of section 3.4, in which hy(x) = he(z), is located at

RT;, — (1 —7)(y 4+ 10)

To = s (43)
(14t — 1)y2 4 (6t + 1)y

in which RT}, = t(1 — )[(209t — 15)7® + (141t 4 10)7* + 5(1 — 10t)7 + 100¢] is the

root term of x5. The parameter domains are v € (0,1) and t > 5.
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Figure 4.2: Proportions «a(7) of equivalence class 2 sequences for an approximate

optimal design with p = 4 periods.

Equivalence class k of section 3.4 is determined to be [ = 19. The intersection
point xyg, in which hi(x) = hig(z) is located at
RT,,, — t(1 — ) (47 + 29 + 35)

_ 4.4
197 918t — 2)73 + 40672 + (17t + 2)y — 51 (44)

in which RT,,, = t(1 — 7)[(304t — 80)7® + (2664t — 320)y* + 6511ty> + (3211t +
320)y?% + (685t + 80)~y + 1025¢] is the root term of x19. The denominator of g is
positive if the parameter domain for v is restricted to the interval (0.3,1), and ¢ > 5.
Thus, 19 € (0,1), cf. Proposition 4.
The 36 equivalence classes of [ € {2,...,51} are divided into groups of identical
R,. Equivalence class [ belongs to
group A & 1€ Ly ={2,3,5,6,10, 14, 38};
group Bl € Lg ={8,9,11,13,15,16, 19, 21, 25, 32, 39, 42};
group C &l € Lo ={7,12,17,22,31, 35,48};
group D < [ € Lp = {24,26,27,34,36,43,49};
group E & [ € Ly ={23,37,51}.
As in the case of p = 3 or p = 4, the coefficients c¢;;(l) are identical within each
group, A through E. Thus, the intention is to identify the maximal h; function of

each group by comparing all ¢15(1) and c92(l) within the group, assuming x > 0.
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[: [] hl = 011(l> +2€12(l)$ +C22(l)132
Ry =5
Group A: Ry = (3v+5)/(v+1)
. _ 6(y+3) 4 (—(4t—2)72—(4t—2)y+16t—4) 2
2 : [12344] ha = s G Y + ) ‘T
Group B: Rp = (v +5)/(v+1)
— . _ 8(v+2) 234+y) . (492 +10ty+14t—4) 2
k=19:112233] | o = gaors Toanges ® Hiaoaainees
Group C: Re = (4y+5)/(2v + 1)
. _2(29+7) 4(1—) (—(2t=2)y% 42y +14t—4) 2
7:[12333] he = T4+ T T ST [ ) R
: —_ 2(2947) 6 (=(2t=2)y*+(6t+2)y+14t—4) = 2
12+ [12322] o= T Twmw ot P e =
20 : [12232]
Group D: Rp = (7y+5)/((v+1)(2y + 1))
. _ 12 10 ((10t—=2)y+12t—4) 2
43 : [11222] h43 = Ty +m - X +W -
. _ 12 ((16t—4)y+12t—4)
27 : [12211] har = = +0 it T
44 : [11221]
Group E: Rg = (3v+5)/(3v+1)
. 8 4 ((2t+4)y+10t—4) 9
28:(12222] b= mrm Tme T Paomen
. 12 6 (4t—2)y+10t—4) 2
37 : [12111] h37 = Gr+5) —m €T +W '
47 : [11211]
50 : [11121]

Table 4.3: Some equivalence classes [, their representative sequences [...] and h; func-

tions for sequence length p = 5.

A) | € Ly: The maximal by function is hy(z), because ¢12(2) > ¢12(1), and c92(2) >
c22(1) for all [.

B) The same criteria as in A) hold for hyg, which is the maximum of all h;, [ € Lp.

C) In group C, we have c¢12(7) > c12(l) and c22(12) > c9o(l) for all I € L. The

sequences [ with coo(l) > c99(7) have smaller ¢15(1) and c99(l) than hys. Thus,
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there are two h; functions, [ = 7 and [ = 12, representing the maximum in this

group, dependent on the magnitude of ~.

D) Similar to C), the maximal h; functions within group D are given by [ = 27
and | = 43, dependent on the magnitude of . In this group, ¢12(43) > ¢12(1)
for all I € Lp and c99(43) > coo(l) for all I € Lp \ {27}.

E) Attach [ = 52 to group E. As a result, the maximal h; is again represented by
two equivalence classes: [ = 23 and [ = 37, dependent on the magnitude of ~.
This is derived from ¢11(23) > ¢11(1), ¢12(23) > c12(l) for all [ € Lp U {52}.
Additionally, ¢22(23) > ca2(l) for all I € {Lp U {52}} \ {37} yielding hs; > hos

when ~ is getting close to 1.

Lemma 7. The abscissa x19 is the intersection point of equivalence class functions
hi(z) = hio(x), c¢f. equation (4.4). For any t > p = b, define the parameter
Yaw) € (0.92,0.93) as the y-value for which ha(x19) = hig(x19).

The mazimum of all hy(x19), 1 € {2,...,52}, is hig(x19) for all v € (s, 1) and all
t>5.

Proor. Consider the equivalence class functions h; of Table 4.3 and use the re-
sults of A) through E) above. There are just eight equivalence class functions hy,
[ € {2,19,7,12,43,27,23,37}, which dominate the h; functions, | € {2,...,52}\
{2,19,7,12,43,27,23,37}, for z > 0. Since 19 > 0 for all v > 0.3, we have
hig(r19) = max }hl(xlg) iff hig(x19) > hy(xq9) for all [ € {2,7,12,43,27,23,37}

le{2,...,52
and gy < v < 1. Therefore, analyze

a)

(h1g — ho)(x) = 2B+ 1597+ 257 +5) | 2200 +159° + 24y + 15)
TGN HemEE) | G D+ 1 5)
2[(1 — 2t)y* + (1 — 14t)y® 4 (=29t — 1)y% 4 (=8t — 1)y + 5¢] 2

- =)+ ) +5)(37+5) o

Substitution of x = x19 provides

a(y) +0(v)/ R},

(3 + 5)[(8t — 2)3 + 40ty2 + (17t + 2)y — 5t]’

(h19 - h2)($19) =

with
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and

= —16(2t2+ 3t — 1)77 + 4(24t* — 65t — 4)75 + (1286t> + 175t — 16)7° +
2(109¢2 + 98t + 8)y* — 2¢(1232t + 51)~* + 8t(82¢ + 3)~? + 5t(178t +
3)y — 650t

= 8ty + (38t + 3)y3 — 2(17t + 1)72 — (24t + 1) + 20t.

The denominator of (hyg — ha)(z19) is positive for arbitrary values of v and ¢.
In order to determine the roots of a(vy) + b(y)+/R1%,,, the signs of a(y) and
b(7y) for v € (0.92,1) D (3, 1) have to be identified.

al)

a2)

The transformation v = 0.087’ + 0.92, in which 7/ € (0, 1), yields

a(y) = AL [128(26% + 3t — 1)7/0 + 16(704¢> + 3581t — 552)7" —
10(154766t2 — 269901t +23392)7"* — 52056042412 — 11815289t +
594688)73 — 5(407891082t> — 134949577t + 3542184)~2 —
(15626081286t2 — 39895338211 432802232)~ — (5742543754412 —

9922322659t — 53729472)].

Define a(y') = %&7&5[6&57’6 + ...+ a1y + ag]. It follows that a; < 0
for all 0 < 4 < 4 and t > 5. Furthermore, agy’® + as7° + ay* <
(ag + as + as)y'* < 0 for v/ € (0,1). Then we conclude that a(y) < 0, for

v € (0.92,1).

Apply the same transformation v = 0.087" + 0.92 with 1" € (0, 1) to b(7)
to get

b(v) = A [32t9"4 +6(562¢ + 25)7" + (69692 + 3925)7"2 + 3(90749¢ +

390625
7650)7" 4 435907t — 27025].

All coefficients of v, 0 < 4 < 4, are positive. Hence, b(v') is positive for
v € (0,1), such is b(y) for all v € (0.92,1) and ¢t > 5.

Subtracting a(vy) on both sides of a(v) + b(y)\/RT;,, > 0 and squaring both

sides of the inequality afterwards is equivalent to

bg(’y)Rng - CL2 (’7) >0
& 4(1 — ) (8t — 293 + 40ty* + 17ty + 2y — 5t)% - g(7) > 0
Sgy)=gp+ay+...+g7" >0,

in which
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—g(y) = —16(5t>+2t +1)7" —8(71t* —t — 2)v5 — (698t — 31)~° + 2t (1241t +

44)y* — 5H(83t + 10)7® — 5¢(303t + 8)72 + 5t(121t — 1) + 125¢%,

In order to find the roots of g(v), decompose —g(7) into Gos(7y) = —(go +

oo+ g373) and Gyr(y) == —(gav* + ... + g777). The mein purpose is to show

that Gos(7y) intercepts once in interval (0, 1), and that G47(7) is positive and

increasing in 7.

a3)

ad)

The second derivative of Gos(7y) is Gos(7) = — (292 + 6g37) < 0 for all
and all ¢ because go and g3 are positive. Gys(y) < 0 implies that Goz(7y) is
concave, i.e., the local minima of Gg3(y)are represented by the end points
of (0,1). Hence, Go3(7y) cannot have more than two roots in the interval
(0,1). But as the function values of Gys(7y) for v getting close to 0 or 1

have different signs, there is just one root possible for Gos(7).

For all t > 5, we have —gyy* > 0 and all —g;*, i = 5,6, 7, are negative.
Furthermore, 0 < — (g4 + ¢;)7' < —gay* — gy and 0 < —(gs + ... + ¢i)
for all i = 5,6,7. Thus, G47() > 0 for all ¢ and all ~.

7

The first derivative of Gy7(7) is G} (7) = — >_ig;7"~'. The coefficient
i=4
—gq4 > 0 and the other expressions —g;, i = 5,6,7, are negative. In

: 4 j

general, v~ > 4% Vi € N, and finally Y ig; > 0 for all j = 5,6,7. The
i=4

conclusion is that G’ () is positive for all ¢ > 5 and all v € (0,1). As

G, () is the slope of G47(7y), G47(7) is monotonous and increasing in .

Combine the results of a3) and a4) to conclude that there are only two roots

possible to exist for —g(y) in the interval (0, 1), because Goz(y) is monotonous

decreasing iff Gos3(7y) < 0, and Gy7(y) > 0 is increasing and positive. Iff

Gos(7y) > 0, the function —g(7y) is positive as Gg7(y) > 0 for all v € (0,1).

The function —g(v) is continuously extendible on [0,1]. Since —g(0) = 125¢2

is positive and —g(1) = —64¢* is negative, —g(7y) can only have one root vy
in the interval (0,1). Using —g(0.92) > 0 and —¢(0.93) < 0, it follows that
Yo € (0.92,0.93) and all ¢ > 5.

To summarize, (hig — ho)(x19) > 0 for all v € (yg),1). Thus, hig(z1g) >
hi(x19),1 € La.

b) through g) is treated in Appendix B, section B.1.2.
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By a) through g), it follows that hig(x19) = mlaxhl(xm) for all 2 < [ < 52 iff
Y > - O

Lemma 8. The abscissa xo is the intersection point of equivalence class functions
hi(x) = ho(z), cf. equation (4.3). Similar to Lemma 7, consider the same parameter
Yaw) € (0.92,0.93) as the y-value for which ha(x19) = hig(219), and ha(x2) = hig(x2)
as well, i.e., x9 = T19, for any t > p =5.

The mazimum of all hy(x2), 1 € {2,...,52}, is ho(xa) for all v € (0,7v51)) and all
t>5.

PRrROOF. Recall the equivalence class functions h; of Table 4.3 and use the re-
sults of A) through E) above. There are just eight equivalence class functions, Ay,
l € {2,7,12,19,43,27,23,37}, which can exceed the h; functions, | € {2,...,52}\
{2,7,12,19,43,27,23,37}, for x > 0. Since x5 > 0, hy(zy) = le{%lax hi(z) iff
hao(x2) > hy(xs) for all I € {7,12,19,43,27,23,37} and 0 < v < ). For this

purpose, analyze

a)
(hs — o) () = 237° +1592 + 25y +5)  2(29° + 1592 + 247 + 15)
L (v +1D(v+5)(3y+5) (v + 1Dy +5)(3y+5)
+2[(1 —20)y* + (1 — 14t)73 + (=29t — )72 + (=8t — 1)y + 5]

1=+ ) +5)(37+5) o

Inserting = = x5 provides

a(y) + b(y)y/R1%,

(ha — hag)(x2) = Y2(y + 1) (y + 5)(1dty — v + 6t + 1)2’

in which

a(y) = 8(12t2 + 13t — 1)° — 2(142t% + 27t — 8)y5 — 4(231¢% + 19t + 2)v* +
16t(95¢ + 3)73 — 4¢(7t + 3)7* — 10¢(78t + 1) + 400¢>

and

b(y) = —16ty* — 2(38¢ + 3)y* + 4(17¢ + 1)7* + 2(24¢ + 1)y — 40¢.

The denominator of (hg — hig)(2) is positive for all v € (0,1) and ¢t > 5. Next

we have to examine the roots of a(v) +b(v)y/RT,,. The signs of a(v) and b(7)

need to be determined for all v € (0,0.93) D (0, v3())-

6
al) Put a(y) = ag7® + ... + a1y + ap and define Az = > ay" and Ay, =
i=3

ap + a1y + asy?.
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a2)

We have ag > 0 and a5y® + asy? + azy® > (a5 + a4 + a3)y® > 0. Hence,
Asg > 0 for all v € (0,0.93) and t > 5.

One root of Ag lies in the interval (0,0.93) and is located at

565326213481+ 1—5(78t+1)
Troot = A(7t+3)

simple calculus confirms that 7., > 0.5. Thus a(v) is positive for all

v € (0,0.5].

Next, transform v = 0.5+ 0.434" such that v € (0.5,0.93) and v’ € (0, 1).

The value of

aly') = [6321363049(12¢2 + 13t — 1)/0 + 3675211075(2¢2 + 120t — 4)7/5 —
4273501250(1274¢% — 179t + 2)v" — 9938375000(798t% — 21t —
4)7% +11556250000(1202¢2 — 48¢ + 1) — 6718750000( 16062 +
171t + 4)' + 7812500000(2046¢* — 109¢ — 2)] /125000000000

with Ags > 0 for all v < 7.00t. Some

can be written as a(y') = (agy®+. .. +a}y' +ap)/125000000000. Further-
more, ajy'+ag > (@) +ap)y’ > 0, aiy* +ayy® +ayy? > (a)+aj+ap)y™ >
0, a5 > 0 and ag > 0. It follows that a(y") > 0 for all 4/ € (0,1) and,
therefore, a(y) > 0 for all v € (0.5,0.93) and ¢t > 5.

Hence, a(y) is positive for all v € (0,0.93).

The second derivative of b(y) is b () = —192t7?—12(38t+3)y+8(17t+1).
56711/ 3(6508t2 + 812t + 27) —
3(38t + 3)] such that b"(7) is positive for all v € (0,Y,00;) and negative

Its root in range (0, 1) is located at y,.oor =

otherwise. Some calculus shows ..o < 0.3. The sign of b”(vy) implies

that b() is concave on the interval (0,7,0,¢) and convex on the interval

(Vroot, 0.93). Since b(7y) is negative for v = 7,00 and v = 0.93, it follows

that b(v) is negative for all v € [0.3,0.93).

Analyze b(y) in the interval (0,0.3) by transforming v = 0.37/, such that

v € (0,0.3) and v € (0,1). Then

b(y) = [(—324ty" — 135(38t+3)7" +900(17¢ + 1)y +1500(24¢ + 1)y —
100000¢] /2500 := (byy"™* + ... + b1y + bg)/2500.

Observe that by, bz, and byy? + b1y + by < (by + by + by) are negative. It

follows that b(+') is negative for all 4" € (0,1) and v € (0,0.3).

Finally, b(v) is negative for all v € (0,0.93).
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As a consequence of al) and a2), a(y) + b(v)\/RT,, > 0 is equivalent to

GQ(V) - b2<7)RTx2 >0
S 41— )[4t = 1)y + 6t +1)° - g*(7) > 0
g (N =g+ay+...+97" >0,
in which g*(y) = —g(v) in the proof of Lemma 7 a). It is required that
g*(v) and —g(v) have the same root at s, the specific parameter, in which
T9 = T19.
Hence, (hy — hig)(x2) > 0 for all v € (0,73)), and ha(x2) > hi(z2), for all
l€Lg.

b) Knowing that hijg(z) > h(x) for all I € {7,12,23,37,43}, v € (0,1) and
x € (0,1), cf. proof of Lemma 7 properties b) through d), f) and g), and using
ha(x2) > hig(z2) for all v € (0,75x)), it follows that he(zs) > hi(z2) for all
I € {7,12,23,37,43}.

¢) The analysis of (hy — har)(z) continues in Appendix B, section B.1.2.

Finally, ho(zs) = mlaxhl(xg) for all [ € {2,7,12,19,43,27,23,37} iff v € (0,3).

Lemma & follows. O]

Lemma 9. For any t > p =5, the parameters 0 < .1 < Va2 < 1 are given by

FV/51076t% — 644283 + 28761¢2 — 55601 + 400 + 22612 — 99¢ + 10
2(246t2 — 119t + 15) '

Yal/a2 =

Let v € (71,72), and observe that ., = t/(4t — 1) is the abscissa of the minimum

of equivalence class function hi(x), then, hi(Tmin) = l {max }hl(xmm).
efl,...,52

PROOF. As Z,,;, > 0, we can use the results of A) through E) above, i.e., one
of the hy, | € {2,7,12,19,43,27,23,37} is maximal within all other h; functions,
Il € {2,...,52} \ {2,7,12,19,43,27,23,37}, for any = > 0. Using the results of

the proof of Lemma 7, i.e., hig = max (hy) for all z € (0, 1), it remains to
1€{7,12,23,37,43}

verify whether hy (i) > hy(zmin) for I € {2,19,27}, and it follows that hy(2,,) =

| max 2hl(xmm). Therefore, consider the first difference of interest:

2(2461% — 119t + 15)42 — 2(226t2 — 99t + 10)y + 10(4¢ — 1)
5(4t — 1)2(1 = v)(3y +5)

(he—h1)(Zmin) =
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The solution of the quadratic equation 2(246t% — 119t + 15)~% — 2(226t> — 99¢ +
10)y 4+ 10(4t — 1) =0 for all v € (0,1) and all ¢ > 5 yields

< 0 Ad Y € (7@177&2)

(hQ - hl)(l‘mm) .
>0 < 7¢ (Ya1;7Va2)

Hence, hi(Tmin) > ho(Tmin) for v € (Ya1, Ya2)-

Consider now

2-9(v)
5(4t — 1)%(1 —~2)(y +5)’

in which g(7) = 2(4t — 1)(19t — 5)7 + 5(84¢2 — 43t + 6)7% — (4874 — 248t +
30)y — 5(5¢2 — 9t + 2).
The denominator of (h1g — h1)(@men) is positive for all v € (0,1) and ¢. Let

(P19 = P1)(Tpmin) =

us consider the numerator 2 - g(y) of (h1g — h1)(@man). Differentiate g(y) twice
to obtain ¢”(y) = 12(4t — 1)(19t — 5)y + 10(84t* — 43t + 6) > 0 for all ¢t > 5
and v € (0,1). A positive curvature means that g() is convex and may have
up to two roots in the interval (0, 1). By the continuity of g(v), it follows that
the function has exactly one root at v,.o € (0,1) because g(v \, 0) is negative
and g(y /' 1) is positive. Thus,

<0 <7< Voot

(h19 - hl)(xmzn)
2 O -~ f)/ Z ’Yroot

Further, the value of g() at a2 is

5(ZVW —V)
2(246t2 — 119t + 15)3’

9(Va2) =

in which

Z = 3285165 — 297984t° + 75149t* + 106593 — 87902 + 1600t — 100,

W = 51076t* — 644283 + 28761t% — 5560t + 400

and

V = 746247448 — 113201004t" + 648417945 — 13812609t5 — 2042961t* +
18109902 — 4218002 + 45900t — 2000.

Remodel g(7,2) properly to get g(7.2) < 0. However, this inequality implies

that Va2 < Yroot-
Hence, hi(Tmin) > hio(Tmin) for all v € (a1, Ya2)-
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¢) The last difference to examine is

(har — ha) (Zmin)
A[T(4t — 1)(19t — 5)7% — (4t — 1)(93t — 25)y — 5(25¢2 — 14¢ + 2)]
5(4t — 1)2(1 —~)(7y +5)
Again, solving the quadratic equation 7(4t — 1)(19t — 5)y* — (4t — 1)(93t —
25)y — 5(25¢% — 14t + 2) = 0 yields

<0 & 7v€(v3,M)
>0 < v¢(374)

(har — h1)(Tmin)

with

F+/(4t — 1)(101096t3 — 81989¢2 + 22270t — 2025) + (4¢ — 1)(93t — 25)

14(4t — 1)(19t — 5) '
Some simple calculus shows that v3 < 0 and v, > 0.93. Hence, for all
Y € (Ya1,Va2) C (0,0.93), the difference (ha7 — hy)(2min) is negative which

Y3/4 =

is equivalent to hy(Zmin) > hor(Tmin) for all v € (Va1, Yaz)-

Combining a), b) and c), hi(Tmin) = max hi(min) for all v € (Ya1,Va2) and all
[ € {2,19,27}, and thus, for all 1 <[ < 52. Lemma 9 follows. O

Theorem 3. For anyt > p=7>5 and vy € (0,1), consider the parameters 0 < v,, <
Yas < Vp@) < 1 as in Lemmas 8 and 9. Furthermore, the proportion o(y) € [0, 1] is
given by

2(1 — )3y + 5)[10t(ty2 + (1 — 3t)y + 4t — 1) — (4t — 1)/ RT,,)
v[(14t — 1)y + 6t + 1]/ RT,,

a(y) =

i 7 € (0,7a1] U [Yazs v(0) and () := 0 iff ¥ € (Yar, Ya2) 07 7 € (v, 1). Another

proportion () € [0, 1] is given by

2(1 — ) (v + 5)[5t((5 — 4t)y* + (2t + 2)y + 26t — 7) — (4t — 1)/ RT,,]|
[(8t — 2)y3 4 40ty2 + (17t + 2)y — 5t]\/RT%,,

iff v € [va), 1) and B(7y) := 0 otherwise.

The optimality results are as follows:

B(y) =

a) Forally € (0,731)), an approximate design d* is optimal iff (1—a(v))-100% of
its sequences are selected from class 1 with representative sequence [1,2,3,4, 5]

and a(y) - 100% of its sequences from class 2 with representative sequence
[1,2,3,4,4].
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b) For ally € (vs@),1), an approzimate design d* is optimal iff (1 — (7)) - 100%
of its sequences are selected from class 1 and 3(7)-100% of its sequences from

class 19 with representative sequence [1,2,2,3,3].
¢) Iff v = vp), define proportion ¢ € [0,1]. An approzimate design d* is optimal
iff ¢ - 100% of the sequences are arranged as in a) and (1 — @) - 100% of the

sequences are arranged as in b).

PROOF. Theorem 3 claims that x4 of Proposition 2, in which the

min max hy(x) is realized, is either xo, x19, T3 = T19, O Zypin, the x-coordinate of
x

the minimum of h;. In order to verify this conjecture, eight properties and formulas

need to be derived:
L. For all v & (Ya1,Va2) and v < yg): ha(x2) > hy(x2) for all 3 <1 < 52.
2. For all v € (Va1,7Va2): sign ) (za) # sign bl ().
3. For all v € (Va1,Ya2): M1 (Zmin) > hi(Zmin) for all 2 <1 < 52.
4. The formula of (7).
5. For all v € (vg(1), 1): hig(x19) > hy(219) for all 2 <1 < 18 and 20 <1 < 52.
6. For all v € (v, 1): signh}(x19) # sign hig(z19).
7. The formula of 5(y).

8. For v = yau): 2% := 29 = 19 and ho(z*) = hig(2*) > hy(z*) for all 3 <1 < 18
and 20 <[ < 52.

Statements 1, 3 and 5 follow from Lemmas 8, 9 and 7, respectively. Statement 8 is

a consequence of Lemmas 7 and 8. v

As required in point 4, the proportion a(v) € (0,1) of equivalence class 2 sequences

has to be determined. For this purpose, use equation (2.8) and denote a(vy,x) as «,
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then g4 (x) = anhg(z)+ (1 —a)nhy(z). The proportion (7, z) is derived by setting

0L dqa- . <§ 4 41 —200y* +4(1—2t)y+8(4t —1)  8(4t — 1)33)

oz 5 37+5 t(1— )37 + 5) T
8 8-
5 5t

21 -4tz +1(1—)(3y+5)
@“W”j_mMMﬁ—D7+&+H+¢ﬂ—vX%+NY

Substitution of z = x5 into the formula of a(v,x) provides a(7). A graphical pre-
sentation of a(vy) for different ¢ is displayed in Figure 4.3. v

Again, as in the cases p = 3 and p = 4, it is necessary to consider the condition
sign ) (xq) # sign hy(x3). Proportion a(7) is negative or exceeds 1 iff sign h)(zs) =
sign hy(z5). Thus, for the purpose of proving property 2, it is sufficient to analyze if
a(7) or a(vy,z), respectively, is nonnegative and less or equal to 1 in the described

domains of the parameters ¢ and . In this manner, observe that

a(’y,:c::cg)£0<:>(1—4t)x2+t20

14t — 1)y + 6t + 1.

[(246t* — 119t + 15)72 — (226t* — 99t + 10)y + 5(4t — 1)] =0
&7 € {Yat1s Va2, —(6t + 1)/(14t — 1),0}.

The last two elements —(6¢+1)/(14¢t —1) and 0 are not in the required domain of .
Since ty[(14t—1)y+6t+1] > 0 for ally > 0, ¢ > 0, and [(246¢*—119t+15)7*—(2261*—
99t +10)y+5(4¢t —1)] is a convex parabola in 7, proportion a(y) = a(v,z = x3) > 0
it v & (Va1, Yo2)-

We get ay) < 1 iff its numerator A — B\/RTJ;2 is less or equal to its denominator

C+/RT,,, whereas

A= 2(1—7)3y+5)-10t(ty* + (1 —3t)y + 4t — 1),
B= 2(1-7)(3y+5)(4t—1) and

C = ~[(14t — 1)y + 6t + 1].
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All values A, B, C' are positive since v € (0,1) and ¢ > 5.

a(y) <1< A- By\/RT,, < C\/RT,,

o .. e A RT,(B+C)’<0
& 25t(1 — y)y[(14t — D)y +6t+ 1] - f(7) <0
S =FY+.. v+ fo <0

The function f(7) is defined by

f(v) = —(70t% = 59t + 15)~° — (92> — 118t + 35)y* + (3661> — 253t + 35)> +
(4362 — 404¢ + 75)7% — (6402 — 320t + 40)y — (320¢2 — 160t + 20).

As v > 41 € {0,1,2}, and fs, f4 are negative, we obtain that f(v) < f57° +

fot+ (fs+ fo+ fi+ fo)y = f57° + fay* — (15812 + 177t — 50)y < 0. Hence,

a(y) <1forallye€ (0,1) and t > 5.

Since 0 < a(y) < 1, it follows that sign b/ (xs) # sign hy(xs) for all ¥ ¢ (Ya1, Ya2)- v

The proportion 3(y) € (0,1) of equivalence class 19 sequences has to be determined
in property 7. For this purpose, use equation (2.8) and put §(v,z) = (. Then,
qa-(z) = Bnhig(z) + (1 — B)nhy(z). The proportion (v, ) is derived by setting

o+ Oqa (8 2(7+3) 4[272+5t7+7t—2]x_ 8(4t — 1)x
°= % = (5+(v+1)(7+5) t(1=~2)(v +5) 5t )
8 84t —1)
5t T ¢ 2
& By.2) = 4(t +x — 4tx)(1 —?) (v + 5)

2[(8t — 2)y3 + 40ty2 + (17t + 2)y — 5t]x + t(1 — v) (492 + 29y + 35)°

Substitution of = 19 in the formula of 5(v, ) provides (). A graphical presen-
tation of 3(vy) for different ¢ is displayed in Figure 4.3. v

The condition to achieve that 8 € (0,1) is given by signhf(z19) # signhig(x19).
Proportion () is negative or exceeds 1 iff sign ) (z19) = sign h}q(x19). However,
a value of # which is not in the interval [0, 1] is not valid for an equivalence class
proportion. Thus, to prove property 6, it is sufficient to analyze if 3(v), or G(v, )

respectively, is nonnegative and less or equal to 1 in the corresponding domains of
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the parameters ¢ and . For this purpose, observe that

|

By, =x19) > 06 (1 —4dt) 19 +1 >0
44t - b
(10 a(y) - b(v)

>0
(4t — 1)? ’
in which
a(y) = 2(4t — 1)® +40ty* + (17t + 2)y — 5t
and

b(y) = 2(4t—1)(19¢—5)v>+5(84t* —43t+6)v>— (487> — 248t +30)y—5(5¢6 — 9t +2).

Proportion () is positive iff a(y) and b(y) are both positive or both negative for

all v € (), 1)-

The function a(7) is equal to a factor of the denominator of z19, which is positive

for all v € (0.3,1), cf. Proposition 4. Since (3, 1) is a subset interval of (0.92,1),

apply the transformation 7 = 0.087' 4 0.92 to b(7y), in which " € (0, 1). This trans-

formation leads to

b(y) = [16(dt—1)(19t—5)7+4(20988¢2— 10757¢+1440)y' +34(24697¢2 — 12708 +
1860) + 2(6317¢2 + 237862t — 34540)] /15625.

Observe that all coefficients of 7" of b(v/) are positive, 0 < ¢ < 3. Thus, b(v) is

positive for all 4" € (0,1). Hence, 3(v) is positive for all v € (y50), 1).

Next to verify is whether proportion 5(7) < 1 holds. This condition is fulfilled iff

the numerator of 3(v) does not exceed the denominator of 5(v), i.e.,

B(y) <14 By,7) <1
S4(t+ 2 —4tx)(1 — ) (y +5)

< 2[(8t — 2)7° + 40ty* + (17t + 2)y — 5]z + t(1 — v)(47* + 297 + 35)
& — 20292 + 5ty + (Tt — 1)z — t(3 — 2y —4%) <0.

Since v € (0, 1), it follows that —¢(3—2v—~?) < 0. Proportion 3(v) is defined for all
v € 8wy, 1), whereas 0.3 < yg,). Hence, z = 19 > 0 and —2[29*+5ty+(7t—1)]z <
0. Consequently, 3(v) = B(y,x = x19) < 1.

Thus, sign A (x19) # sign hg(x19). v

Theorem 3 follows with statements 1. - 8. O
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Figure 4.3: Sequence proportions «(vy) and () of equivalence classes 2 and 19,

respectively, for an approximate optimal design with p = 5 periods.

4.4 Sequence Length p =6

In the case of 6 periods for each sequence, there are 112 different equivalence classes

for [ = 1,...,203. Sixteen relevant equivalence classes are listed in table 4.4. For

completeness, the set of all equivalence classes is given in Table B.2 of Appendix B.

l: [] hl = CH(Z) +2C12(Z)ZL’ —f-CQQ(l)J]Z

R, =6

X 5 5(5t—1) 9
1 : [123456] 5 iz +56D

Group A: Ry =2(2v+3)/(v+1)

. 2(3v+7) 3 ((3=9t)y2+(2—6t)y+25t—5) 9
2+ [123455] e e i R () 2T M

Group B: R =2(v+3)/(v+1)

. (72 +107+13) (4="+7) (=D’ +(5-50)y*+ (15t —1)y+23t—-5) 2
28 : [123344] (+D(+3) T oheent T 21— (1) (3)) x

Group C: Rc =6/(y+ 1)

170 : [112233]

Group D: Rp =6(y+1)/(2v+1)

8 : [123444]

4 8 (Ot=11y+21-5)
CEE) A G257 () OE 50
(2v+4)  (4y-3) T + ((4—8t)y%+(t4+1)v+23t—5)
(1) 3(y+1) 6t(1—7)(v+1)

Table 4.4 continues on the next page ...
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.. continued from the previous page.

[: [] hl - Cll(l) +2012(Z)I +CZ2(Z)132
. (2v+4) (2v+3) ((4=8t)y>+(9t+1)y+23t—5)
14 : [123433] (JH) —3(1“)1: - gt(l—v)(v:l) z?
20 : [123422]
29 : [123343]
81 : [122342]
Group E: Rp =2(v* +5v+3)/((v+ 1)(2y + 1))

. (Ty+11) (2v+7) ((t+7)y2+(20t—2)y+21t—5)
84 : [122333] (72157+3) +(72+757+3)x + 2tzl—v)(72+57v+3) i
. (7y+11) (2v+1) ((3t+7)v2+(30t—2)y+21¢—5)
38 : [123322] e N C Ftore L () L2 e R

85 : [122332]
Group F: Rp =6/(2y+ 1)
. 3 3 ((19¢=T7)y+17t-5)
194 : [111222] e temt teaaend
. 3 1 ((3Lt=T7)y+17t5)
104 : [122211] oo tE o L

175 : [112221]

Group G: Rg =6(y+1)/(3y+1)
33 : [123333] (8) Co | SO AR INS) )2

(v+1) 3(v+1) 6t(1—)(v+1)
' (v+3) 2 (—(3t=3)v*+(14t+2)vy+19t—5)
55 : [123222)] (jwrl) “30+n% + 61(177)(%17) z*
89 : [122322]
97 : [122232]
Group H: Ry = 2(57 +3)/((v + 1)(37 + 1))
‘ 8 8 ((15t—3)y+17t—5)
174 : [112222] Fry TEET tmaaei
. 8 2 ((27t=T)y+17t—5)
114 : [122111] G1e) TEe? +W i

178 : [112211]
195 : [111221]

Group I: Ry =2(2y+3)/(4y+ 1)

‘ 5 3 ((3t+5)y+13t—5) 2
100 : [122222] e et P ©

Table 4.4 continues on the next page ...
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.. continued from the previous page.

l: [] hl = Cll(l) +2012(Z)LL’ +022(Z)I2
. 5 3 ((7t—3)y+13t—5) 2
151 : [121111] 27+3) —(27+3)Q3 —FW%’
188 : [112111]
198 : [111211]
201 : [111121]
Table 4.4: Some equivalence classes [, their representative sequences |...] and h; func-

tions for sequence length p = 6.

The intersection point xs of section 3.4, in which hy(x) = ho(x), is located at
VRT,, —t(1 = 7)(y + 15)

(23t — 1)+ (Tt + 1)y
whereas RT,, = t(1 —~)[(551t — 24)v® + (277t + 18)~? + 5(6 — 153t )y + 225¢] is the
root term of x5 for p = 6. The parameter domains are v € (0,1) and t > 6.

Ty =

(4.5)

Equivalence class k of section 3.4 is determined as [ = 28. The intersection point

Tog, in which hy(x) = heg(z), is located at

. /RT,,, —t(1 —7)(27? + 237y + 27) (4.6)
27 9((11t — 1)73 + 30692 + (10t + 1)y — 3t) '

whereas RT,,, = t(1—~)[(524t —48)~° + (2672t — 120)7* + (3799t 4 24)~3 + (1171t +
120)~% + (393t + 24)y + 657¢] is the root term of xyg. According to Proposition 4,
the parameter domain for = is restricted to the interval (0.3,1), t > 6. Thus, the

denominator of xqg is positive and wzag € (0, 1).
The 110 equivalence classes of [ € {2,...,202} are divided into groups of identical

R,. The equivalence class [ belongs to

group A & lely =

group B <1l € lp

group C <l € L¢g
groupD < l€lp
group E <1l € Lg

{2,3,6,7,12,22,152}
{9,10,11,13,15, 16, 19, 21, 25, 28, 30, 31, 36, 40, 48, 49,
57,62,70,79,83,91,105,116, 132, 153, 157, 169}

{39, 42,52, 58,71, 86,170}
{8,14,26,32,47, 53,65, 74,128, 189};
{34,35,37,38,41,43, 51, 54, 56, 59, 60, 69, 72, 73, 75, 76,
84,94,96,98, 102, 108, 109, 112, 121, 129, 139, 143, 146,
158,163,164, 173,190, 191, 193};
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group F' < leLp = {104,111,113,140,194};
group G & 1l€Lg = {33,55,77,99,131,149,199};
group H < le Ly = {101,103,114,141,150, 174,200};
groupl < lel; = {100,151,202}.
The coefficients ¢q1(l) are identical within each group, A through I. The intention
is to identify the h; function which is the maximum for each group by comparing all

c12(1) and c99(1) within the group, assuming = > 0.

A) For | € L,, the maximal h; function is hy(z), because c12(2) > c¢12(l) and
622(2) 2 CQQ(Z) for all [.

B) The same criteria as in A) hold for heg which is the maximum of all h;, [ € L.

C) In group C, we have ¢12(170) > c¢15(1) and c9(170) > coo(l) for all | € Le.

Thus, hy7¢ is the maximum in this group.

D) The maximal h; functions within group D are given by | = 8 and | = 14,
dependent on the magnitude of . In this group, ¢12(8) > ¢12(l) for all [ € Lp
and cgo(14) > coo(l) for all [ € Lp. The sequences | with coo(l) > ¢92(8) have

smaller ¢15(1) and c9o(1) than hqy.
E) The same criteria as in D) hold for hgy and hss of | € L.
F) Again, as in D), hy94 and hyg4 are maximal for all h;, [ € Lp.

G) The maximal h; functions within group G are given by [ = 33 and [ = 55,
dependent on the magnitude of . In this group, ¢12(33) > ¢12(1) for all I € Lg
and cg2(55) > caa(l) for all [ € Lg. The sequences | with caa(l) > c¢22(33) have

smaller 012<l) and CQQ(Z) than h55.
H) The same criteria as in G) hold for hy74 and hy14 of | € Ly.

I) Unite group I with [ = 203. As a result, the maximal h; is, again, represented
by two equivalence classes: [ = 100 and [ = 151, dependent on the magnitude
of v. The result is derived from ¢11(100) > ¢11(1), ¢12(100) > ¢15(1) for all
[ € Ly U{203} and c9(100) > eoo(1) for I € Ly U {203} \ {151}. Furthermore,
c22(151) > c9o(l) for all I € L; U {203}, which yields hys; > higo by 7 letting
close to 1. v
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Lemma 10. The abscissa xog is the intersection point of equivalence class functions
hi(z) = hes(z), ¢f. equation (4.6). For any t > p = 6, define the parameter
Yaw) € (0.956,0.958) as the y-value of t > 5 for which hy(x2s) = hos(s).

The mazimum of all hy(zss), | € {2,...,203}, is hosg(wag) for all v € (s, 1) and
all t > 6.

Proor. Consider the equivalence class functions h; of Table 4.4 and use the re-
sults of A) through I) above. There are fifteen equivalence class functions, hy,
[ € {2,28,170,8,14,84, 38,194,104, 33,55, 174,114,100, 151}, which dominate all
other h; functions, I € {2,...,203} \ {2,28,170, 8,14, 84,38, 194, 104, 33, 55, 174,
114,100, 151}, for > 0. Since xag > 0 for all v > 0.3, hog(z2s) = le{??é(os} hy(zag) iff
hag(228) > hu(was) for all 1 € {2,170, 8,14, 84, 38,194, 104, 33, 55, 174, 114, 100, 151}

and all yg4) <~ < 1. For this purpose, analyze

a)

(has — ha)() = — (493 + 1572+ 18y +3) (73 + 1172 + 20y + 12);@
(y+ DOy +3)2v+3)  (v+ Dy +3)(2y+3)
N (7t = 1)y + (29t — 1) + (A1t + 1)v2 + (9t + 1)y + 6
2t(1—=7)(v+ (v +3)(27 +3) '

Substitution of x = xyg yields

b(fY) V Rszs B (1 B V)CL(V)

hog — h =
(has = ) (2s) 4(2y + 3)[(11t — 1) + 30ty2 + (10t + 1)y — 3t]?’

with

a(y) = —8(9t*+10t—1)7°+2¢(23t —117)~° + (1745¢* — 71t — 8)y* + 45t (41t +
1)y — t(1147¢ + 29)* — 3t(93t + 5)7y + 774t

and

b(y) = 8ty + 3(17t + 1)y* — 2(23t + 1)y* — (35t + 1)y + 30¢.

The denominator of (heg —hs)(xeg) is positive for all v and ¢ in the correspond-
ing domains. In order to determine the roots of b(y)\/RTy,, — (1 — 7)a(y),
the algebraic signs of a(vy) and b(v) need to be checked.

al) Abbreviate a(y) = ag + a1y + ... + agy®. The coefficients a;, ap and

ag are negative. We have agV® + a57° + ayy? > (ag + a5 + as)y? =

(1719t — 385)ty* > 0 for all v and all ¢ > 6.
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a2)

Now, define the cubic function of v, Ags(y) = ag + a1y + axy* + azy>.

The second derivative of Ayz(7y) equals 0 iff v = 7,5 1= %. Aops(7)

is concave for all 7 < 7;,y and convex for all v > ;5.

There is one stationary point of Ag(y) in (0,1) located at
_ \/2(1429937¢2 1036081+ 1433) + 1147t 429
Vst = 135(a1¢+1) :

that Ags(7st) is a local minimum of Ag3(), since Y5t > Yins. Some simple

The convexity of Agz(y) implies

calculus confirms that

OV —4V2W3)
 54675(41t + 1)2

AO3 (’Veztr)

is positive for all ¢ > 6. The values of V and W are given as V =
62805491539¢3+2691551589¢2+19062633t — 224953 and W = 1429937+
93608t + 1433 in the formula of Ags(Vewtr). As Aoz(Vextr) i positive, the
function Ags(y) is positive for all v € (0,1) and all ¢t > 6.

To summarize, the function a(y) = Agz(y) +asy* + as7° + ag7" is positive
for all v € (0,1) and all ¢t > 6.

In order to prove that b(y) is positive for all v € (0,1), examine the
derivative of the function.

The function b(7) has one point of inflection in the domain (0, 1) of v at
Ying = 57|V 1074782 + 1046t + 27 — 3(17¢ + 1)]. Therefore, b(y) is con-

cave for all v < 7,5 and convex, otherwise. The local minimum of the

concave part of b(7y) is either located at 0 or 7;,r. The function value of

b(y \, 0) = b is positive. Simple calculus provides that

b(Yims) = [3(189803¢3 + 305772 + 1569t +
27)/3(10747t2 + 1046t + 27) — (995988731* + 21481252t3 +
165448612 + 56484t + 729)]/147456¢3.

is positive as well. Thus, b(y) > 0 for all v € (0,7v,). Equivalence trans-

formations confirm that ~;,; > 0.2.

In order to analyze b(v) in the remaining interval of (7y;,f,1), apply the

transformation v = 0.2 + 0.8y with 7/ € (0,1) and v € (0.2,1). This

results in

b(v) = [2048t7* +64(28Tt +15)v3 — 16(337¢ + 5)7' — 8(2939¢ +90)/ +
16(843t — 10)] /625.

Abbreviate b(v') as (bp+ b1y +. ..+ bsy"*) /625 and observe that the coef-
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ficients by, b3 and b4 are positive, by and b; are negative. In order to verify

whether b(v') > 0, define Byz(v') := b(y') — bsy’*. There is one stationary

point of Byz(7') in (0,1) at v = ‘/517452”241“24(2228822:1“58)125*337”5. A point of
inflection of Bys(7’) is located at i,y = %, such that Bys(v') is

concave for all 7/ < 7;,5 because Bj;(7 < 7ing) < 0, and convex for all
Y > Ying. It is easy to derive that v;,; < 7s. Hence, Bos(vs) yields the

minimum of Byz(Y').

2(25V — VIV3)

B pr—
08 (%st) 27(287t + 15)2

in which V' = 4960727783 + 45525909t? + 604248t — 21875 and W =
5174527t + 422860t + 8125. Some simple equivalence transformations
confirm that Boz(vs) is positive for all v € (0,1) and all ¢ > 6.

As b(7') = By3(y) + bsy"* > 0 for all 4/ € (0,1), b(y) is positive for all
v €[0.2,1) U (0,0.2) and all ¢t > 6.

The results of al) and a2) lead to an equivalent transformation of b(7y)+/ RT ., —
(I —=)a(y) > 0, in which (1 —+)a(y) is added and the square is taken on both

sides of the inequality. This is equivalent to

b* (V) RT s — (1 = 7)%a*(y) > 0
& 8(1 — ) ((11t — 1)9* 4 30ty* + (10t + 1)y — 3t)* - g() > 0

Sgy)=gp+ay+...+g" >0,

in which
g(v) = 8(5t2+2t+1)7" +4(97t* — t —2)° +8t(9Tt — 4)7° — (2267t + 43)7* +
3t(135¢ + 11)y* + 9¢(161¢ + 3)y? — 3¢(217¢ — 1)y — 1082

In order to find the roots of g(7), decompose g(7v) into G_4(v) = g(v) — gav*
and g4t

Since g4 is negative, g4 is strictly monotonous and decreasing in ¢ for all
v €(0,1) and ¢t > 6.

All coefficients g;, i € {2,3,5,6, 7}, are positive. Thus, the curvature, deter-
mined by the second derivative of G_4(), is positive for all v € (0,1), and
the function G_4(7y) is convex in the entire domain of v. The convexity of

G_4(y) and different signs of the function values for the range boundaries,
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G_4(y\\0) =go <0 and G_4(y /1) = (1095t + 63)t > 0, imply that there
can only exist one root of G_4(7y) in the interval (0, 1).

It is clear that g(v) is negative iff G_4(y) is negative because g4 < 0.

In the range of G_4(7) > 0, G_4(7) is a monotonous and increasing function
of 7. The function g(7) is positive iff |g4sy*| < G_4(7), assuming G_4(y) > 0.
Iff |gsv*| > G_4(7), the function g(v) is negative again.

As g4 < 0 is strictly monotonous and G_4(y) is monotonous in the interval in
which G_4(7y) > 0, it follows that the sum g(7) of those two monotonous func-
tions can only change its algebraic signs once, most likely at the range bound-
ary v / 1. The function value of this range boundary is g(y /' 1) = 32t > 0
for all ¢ > 6. Therefore, g(7) actually can only have one root s, which is
located in the interval (0.956,0.958). The root g is the specific parameter
at which hy(wag) = hog(xas) for t > 5. Thus, g(7) is positive for all v > ).

Hence, (hag — ha)(w2s) > 0 iff v > 73,y which leads to hog(w2g) > hy(wag) for
l € Lyandy € (y0),1).

b) through o) are treated in Appendix B, section B.2.2

Finally, as x9s € (0,1), hog(xes) = max hy(29s) for all 2 < 1 < 203 iff v € (5, 1).
]

Lemma 11. The abscissa x4 is an intersection point of equivalence class functions
hi(x) = hao(x), cf. equation (4.5). Analogous to Lemma 10, consider the same
parameter vz € (0.956,0.958) as the y-value for which ha(was) = hog(wos) and
ho(z2) = hog(x2) as well, i.e., xo = x9g, for any t > p = 6.

The mazimum of hy(xz), | € {2,...,203}, is ho(x2) for all v € (0,7v5)) and all
t>6.

PrROOF. Refer to the equivalence class functions h; of Table 4.4 and use the re-
sults of A) through I) above. There are fifteen equivalence class functions Ay,
[ € {2,28,170,8, 14,84, 38,194, 104, 33, 55,174, 114,100, 151}, which dominate all
other h; functions, | € {2,...,203} \ {2,28,170,8,14,84,38,194, 104, 33,55, 174,
114,100, 151}, for > 0. Since xg > 0, ho(xg) = _nax hi(za) iff ho(xe) > hy(z2)
for all [ € {28,170,8,14, 84,38,194, 104, 33,55,174,114,100, 151} and all 0 < vy <
Ys(1)- We have to analyze
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a)

(43 + 1592 + 18y +3) (72 + 1192 + 20y + 12)
(he = has)(z) = - z
(Y+D(r+3)2y+3)  (v+ 1y +3)(2y+3)
+—(7t — )yt — (29t — 1) — (41t + 1)y? — (9t + 1)y + 6tx2

2t(1 =) (v + (v +3)(2y + 3)

Substitution of x = x5 provides

(1 —=y)aly) = b(y)\/R1%,

(hg — hag)(x2) = Y2(147)(y + 3)[(23t — 1)y + 7t + 1]2°

with

a(y) = —4(218% +22t — 1)y> + (143t2 — 29t — 4)y* + (1271t + 19)ty3 — (419t +
13)y? — 3t(151t + 3)7 + 4502

and

b(y) = 8tyt+3(17t + 1)y> — 2(23t + 1)v* — (35t + 1) + 30t.

The denominator of (hy — hag)(x2) is positive for all v and ¢ in the stated do-
mains.

In order to determine the root of (hy — hes)(2) to be located at v = gy, it is
convenient to take advantage of b(7y) being identical to b(7y) of (haog — hs)(xas)
in the proof of Lemma 10 a). Thus, b(y) is positive for all v € (0,1) and all
t > 6.

Function a(7) is positive for all v € (0,1) and all ¢ > 6 as well.

Define a(7y) = Ass(7) + Aoz(7y) and rewrite Ays(y) = asy® +asy? and Agz(y) =
aszy® + ayy? + a1y + ap. Use the fact that as7y® > asy* to get Agy(y) >
(a5 + ag)y* = (59t — 117)y* > 0 for all v € (0,1) and all ¢ > 6.

Furthermore, the second derivative of Ag(y) implies that Agz(y) is concave for

all v < vins, and convex for all v > 74y, ¢, in which 7, = %. The slope

: . . 2(9514251%+ 35516t+341)+419¢-+13
of Agz(y) is zero in interval (0,1) iff v = vy = el SRT3IE7 ) .

Compare v;,r and v to find that i, s < vs. Thus, Ags(7s) yields the mini-

mum of Ap3(7y). Some calculus ensures that

HV — 4/2W9)
(43616007¢2 + 1304046t + 9747)

A03(’Yst) =

is positive for all t > 6. The substitutes in the formula of Agz(vs) are given
as V = 17309285759t3 + 430169205t 4 971061t — 24401 and W = 951425¢% +
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35516t + 341. Tt follows that Agz(y) is positive for all v € (0,1) and all ¢ > 6.
As a(y) = Aus(y) + Aos(7), a(vy) is positive for all v € (0,1) and all £ > 6 as
well.

Therefore, (hy — hog)(x2) > 0 is equivalent to

(1—7)%a*(y) = ¥*(v)RT,, > 0
& 2(1—y)72[(23t — 1)y + Tt +1]* - g*(7) > 0
< g'(v) >0,

in which g*(7) = —g(7) of the difference (hag — hso)(z2s), cf. passage a) of proof
of Lemma 10. This symmetry implies that ¢g*(v) and g(v) have the same root
for all v € (0,1) at v = 3 € (0.956,0.958) and v is the specific parameter
in which z9 = x25.

Hence, ho(x2) > hog(z2) for all v € (0776(15))'

b) Now, compare the equivalence class functions h;(x), [ € {8,14,194,104, 33,174,
100, 151}, to ho(z). It is known, so far, that hog(x) > hy(z) for | € {8,14, 194,
104,33, 174, 100,151} and all z,v € (0,1), cf. proof of Lemma 10, state-
ments c¢), d), g), h), i), 1), n) and o); xs € (0,1), cf. Proposition 3; and
ho(z2) > hog(xz) for all v € (0,754)) C (0,1). Combining the three results,
it follows that he(z2) > hy(xq) for all | € {Lp, Lr,{33,174,203}, L;} and all
7 € (0,750))-

It remains to show whether ho(xe) > hy(z2) for all [ € {170,84, 38,55, 114}
and all v € (0,73).

c¢) through g) continues in Appendix B, section B.2.2

Summarizing statements a) through g), the conclusion is that hg(zy) = max hi(x2)
foralll € {La,Lp,Lc,Lp, L, Lr,Lg, Ly, L1,203} and, thus, for all 2 <[ < 203,
and all v € (0,73). O

Lemma 12. For any t > p = 6, the parameters 0 < v41 < Va2 < 1 are given by

/33088047 — 3172541% + 108061¢2 — 16140f + 900 + 5832 — 200t + 18
Tat/o2 = 2(6132 — 230t + 24) '

Assume v € (Ya1,Va2) and observe that X, = t/(5t — 1) is the abscissa of the

minimum of equivalence class function hy(x). Then, hy(Tpin) = l {rlna>2<03} hi(Zmin) -
e11,...,
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PROOF. Since x,,;, > 0, we may use the results of A) through I) above, i.e., one
of the hy, [ € {2,28,170,8,14,84,38,194, 104, 33, 55,174, 114,100, 151} is the maxi-
mum of all other A functions, [ € {2,...,203} \ {2,28,170,8, 14, 84, 38, 194, 104, 33,
55,174,114, 100, 151}, for any « > 0. Using the results of the proof of Lemma 10, i.e.,
hog = max hy for all x € (0,1), it remains to verify whether

1€{8,14,194,104,33,174,100,151}

hi(Zmin) > hilzmin) for | € {2,28,170,84,38,55,114}. It follows that

77777

a)

(61312 — 239¢ + 24)72 — (5831% — 209¢ + 18) + 6(5¢ — 1)
6(5t — 1)2(1 —v)(2vy + 3) '

The solution of the quadratic equation (613t? — 239t + 24)~* — (583t% — 209t +

18)y +6(5t — 1) = 0 for all v € (0,1) and all ¢ > 6 indicates

(ha — h1)(Tmin) =

<0 & Y S (’70417’7042)

>0 <7 ¢ (a1, Va2)

(ha — h1)(Tmin)

Hence, hy(Tmin) > ho(Tmin) for v € (Ya1, Ya2)-
b) through g) is treated in Appendix B, section B.2.2.

Combining properties a) through g) shows that hj(z,,:,) is the maximum of the
hi(Zmin) for all v € (Ya1,7a2) and all [ € {2,28,170, 84,38, 55,114}, and thus, for all
2 <1[<208. O

Theorem 4. For anyt > p =6 and vy € (0,1), consider the parameters 0 < 7y,, <
Yaz < Vpy < 1 as in Lemmas 12 and 11. Furthermore, proportion o(7y) € [0,1] is
given by

5(1 — ) (2y + 3)[3t(6ty* — (21t — 5)y + 5(5t — 1)) — (5t — 1)/ RT,,]
(23t — 1)y + 7t + 1]/ RT,,

iff v € (0, Ya1) U [Ya2: v80)] and a7y) :== 0 iff v € (Va1,Ya2) 07y € (V81t),1). Another
proportion B(7y) € [0,1] is given by

5(1 —42)(y + 3)[3t(4t7> + (=15t + 7)y* + 2y + 43t — 9) — (5t — 1)\/RT,,,]
2[(11¢ — 1)y3 + 30ty2 + (10t + 1)y — 3t]\/RTy,,

a(y) =

B(y) =

iff v € (s, 1) and B(y) := 0 otherwise.

The optimality results are as follows:
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a) For all v € (0,73@), an approzimate design d* is optimal iff (1 — (7)) -
100% of its sequences are selected from class 1 with representative sequence
[1,2,3,4,5,6] and a(y)-100% of its sequences from class 2 with representative
sequence [1,2,3,4,5,5].

b) For all v € (vsw), 1), an approzimate design d* is optimal iff (1 — 3(7y)) - 100%
of its sequences are selected from class 1 and (3(7y) - 100% of its sequences from

class 28 with representative sequence [1,2,3,3,4,4].

c) Iff v = vpw), define proportion ¢ € [0,1]. An approzimate design d* is optimal
iff ¢ - 100% of the sequences are arranged as in a) and (1 — ) - 100% of the

sequences are arranged as in b).

PROOF. Theorem 4 indicates that x4 of Proposition 2 in which min max hi(x) is
x

being realized, is either xy, xog, X9 = Xog, OF XTyin, the x-coordinate of the minimum

of hy. In order to verify this conjecture, eight properties and formulas need to be

derived:
1. For all v & (Va1,Ya2) and v < g ha(w2) > hy(x2) for all 3 <1 < 203.
2. For all v ¢ (a1, Ya2): sign b} (za) # sign hiy(xs).
3. For all v € (Va1,Ya2): h1(Tmin) > hi(Xmin) for all 2 <1 < 203.
4. The formula of a(7).
5. For all v € (vg(),1): hos(22s) > hi(zas) for all 2 <1 <27 and 29 <1 < 203.
6. For all v € (ys),1): sign A} (xas) # sign hig(zas).
7. The formula of (7).

8. For v = yau): ¥ := 29 = g and ho(z*) = hog(x*) > hy(z*) for all 3 <1 <27
and 29 <[ < 203.

Properties 1, 3 and 5 follow from Lemmas 11, 12 and 10, respectively. Statement 8

is proved by Lemmas 10 and 11. v
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As required in point 4, the proportion a() € (0,1) of equivalence class 2 sequences
needs to be determined. For this purpose, use equation (2.8) and write a(y,z) = a.

Then qg+(x) = anhy(z) + (1 — a)nhy(z). The proportion a(y, x) results from setting

0l 0qq- . <§ ¥y (1 —3t)y(2+ 3y) + 5(5t — 1)x 55t — 1)x)
oz 3 2v+3 t(1—~)(2y+3) 3t
5 N 5(5t — 1):13
3 3t
o aly.a) = 5[(1 = 5t)z + ¢](1 — ) (2y + 3)

y[(23t — 1)y 4+ 6t + 1] +t(1 — ) (v + 15)

Substitution of x = x5 into the formula of a(v,x) provides a(vy). A graphical pre-
sentation of a(y) for £ = p = 6 in comparison with ¢ = p = 5 is displayed in Figure
4.4. A plot of a(y) for p = 6 and different ¢ is qualitatively equivalent to Figure
4.3. It is important to consider the downsizing in the scale of the proportions and
the shifting of v,1 approaching 0, and 7,2 < 3¢ both getting closer to 1 for in-

creasing t. v

The condition to achieve that a(v) € (0,1) is sign b (z2) # sign h(xs). Proportion
a(7) is negative or exceeds 1 iff sign b (z9) = sign hi(x5). However, this is not valid
as an equivalence class proportion. In order to prove statement 2, it is sufficient to
analyze if a(y), or a(v,x) respectively, is nonnegative and less or equal to 1 in the

described domains of the parameters ¢t and . Thus, observe

a(v,x:xg)éo<:>(1—5t)x2—l—t:0

(4.5)

(23t — 1)y + Tt + 1]

-[(613t* — 239t + 24)7* — (583t — 209t + 18)y + 6(5t — 1)] = 0
<Y € {’Yal,’yag, —(7t + 1)/(23t — 1), O}

The last two elements —(7t+1)/(23t — 1) and 0 are not in the required domain of ~.
As ty[(23t — 1)y + 7t +1] > 0 for all vy > 0 and ¢ > 0, and [(613t? — 239t + 24)7? —
(583t% — 209t + 18)y + 6(5t — 1)] is a convex parabola in ~y, proportion a(y) > 0 iff
Y & (Va1 Yo2)-

Next, the proportion «(v) needs to be less or equal to 1, which is fulfilled iff the
numerator, A — B \/RTQC2 , of a(7) is less or equal to the denominator, C \/RTI2 , of
a(7v) in which
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A= 5(1—7)(2y+3)-3t[6ty* — (21t — 5)y + 5(5t — 1)],

B= 5(1-7v)2y+3)(5t—1) and

C= ~[(23t—1)y+T7t+1].

All expressions A, B, C' are positive as v € (0,1) and t > 5, i.e.,

A—- B+/RT,, <(C+\/RT,,

&A? -~ RT,,(B+C)?*<0
S27tH(1 —v)y[(23t — )y + 7t + 1] f(v) <0
<f(y) <0,

for v € (0,73 ), whereas

f(v) = —3(233t% — 143t +24)~° — 2(357t% — 295t + 57)y* + (2965t> — 1537t +
184)y3 + (23482 — 1512t +212)y* — (3650t% — 1530t + 160)y — (125012 —
500t + 50).

The value 73 is the root of function

g(y) = 8(5t2+2t +1)y" +4(97t2 —t — 2)° + 8¢(97t — 4)7° — (2267t +43)7* +
3t(135t + 11)y3 + 9t(161t + 3)7? — 3t(217t — 1)y — 108¢>

and simultaneously the value of v € (0,1) at which x5 = x9g, ¢f. Lemmas 10 and

11.

As already displayed in property a2) of proof of Lemma 10, g(y) is negative for all

v € (0,73@)- Hence, if f(vy) < g(v) for all v € (0,751)), f(7) is negative for this
described interval of v and «(v) would be less or equal to 1.

Define F(y) = f(v) —g(v) = fy" + ...+ fiv + fo, Pe,,

F(y) = =8(5t% + 2t + 1)7y7 — 4(97t? — t — 2)~° — (1475¢% — 461t + 72)7° +
(155312 + 633t — 114)y* + 2(1280t — 785t + 92)~> + (899t — 1539t +
212)7% — (2999t% — 1527t + 160)y — 2(571t% — 250t + 25).

The coefficients f7, fs, f1 and fy are negative, fs, f4, f3 and fy are positive. Thus, if

Fos() := f57° + ...+ fiy + fo is negative, the entire function F(7) is negative.

Now, analyze the second derivative of Fos(7). We have Fii(v) = 20f57% + 12f47? +

12f37 +2fo > (20f5 +12f20) ¥* + 12f37 + 2f> > (20f5 + 12fs + 12f3) v + 2fo > 0,

<0 >0
i.e., Fos(7y) is a convex function and its local maxima is either the left or right

range boundary of interval (0,754)) C (0,0.958). Observe Fys(y \, 0) = fo < 0

__ 27857412064829501¢2—2551129405924573(+35849766755040
and Fj5(0.958) = 3918856765500 < 0 for all t > 6.
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Hence, Fys(7y) is negative for all v € (0,0.958) D (0,vs¢)). Thus, F(vy) = f(v) —
g(7) <0 & f(v) <g(y) <0 for all v € (0,73)). It follows that a(y) < 1 for all
v € (0,7s@))- Hence, sign b/ (x2) # sign hy(x2) for all v ¢ (Ya1, Va2)- v

The proportion () € (0, 1) of equivalence class 28 sequences needs to be determined
in statement 7. Therefore, use equation (2.8) and write 3(v,z) = . Then, ¢4 (x) =
PBnhos(z) + (1 — B)nhy(x). The proportion 3(v,z) is calculated from setting

0 éag;* _
=3 (g - (74:1;(; fg) (1) + 53(1t(—1 tzv;j;(slizs;; L)y +23t - 5]
&by, 2) = 5[(1 — 5t)z + t](1 — 4*)(y + 3)

2[(11¢ — 1)3 + 30ty2 + (10t + 1)y — 3t]x + (1 — ) (292 + 23y + 27)

Substitution of x = xeg into the formula of (v, x) provides 3(y). A graphical pre-
sentation of 3(v) for t = p = 6 in comparison to t = p = 5 is displayed in Figure 4.4.
For p = 6 and different ¢, a plot of (), as well as a(y), is qualitatively equivalent
to Figure 4.3. v

Behaving like a(7), proportion (() is negative or exceeds 1 iff signh(zqg) =
sign hig(zag). In order to prove statement 6, it is sufficient to analyze if (), or
B(, z) respectively, is nonnegative and less or equal to 1 for ¢ > 6 and v € (1), 1).

For this purpose, observe that

! (4.6) 4t - a(y) - b(v)

By, 2 =1r98) >0 (L =5t)zps +t >0 & Gi-12 0,

whereas

a(y) = (11t — 1)~3 + 30ty* + (10t + 1)y — 3t

and

b(y) = (301£2 — 119t +12)~3 + 3(125t2 — 53t +6)7 — (610t> — 245¢ +24)y — 3(6t> —
11t + 2).

The proportion () is positive iff a(v) and b(~y) are both positive or both negative
for all v € (v, 1)-

The function a(7) is equal to a factor of the denominator of xsg, which is positive
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for all v € (0.3,1), cf. equation (4.6) and Proposition 4. As (v3),1) is a subset of

(0.952,1), apply the transformation v = 0.0487" + 0.952 to b(~y), in which " € (0, 1)
and v € (0.92,1). This transformation gives

b(v') = 6[36(301¢2 — 119f + 12)73 + 36(25722¢2 — 10393t + 1089)72 + (14412383¢2 —
5957602t + 670296)~ + (275789t + 6336034t — 709932)]/1953125.

Observe that all coefficients of 7" in the function b(v’) are positive, 0 < i < 3.

Thus, b(7') is positive for all v € (0,1). It follows that [(v,x) is positive for all

7 € (VB 1)-

Just as () needs to be less or equal to 1 for all v € (0, v3()), proportion 3(vy) must

be less or equal to 1 for all v € (y5¢),1). The function 3(v,z) does not exceed 1 if

its numerator is less or equal to its denominator,i.e.,
5[(1 = 5t)x + ¢](1 — ¥*) (v + 3)
< 2[(11¢ — 1)7* + 30ty* + (10t + 1)y — 3t + t(1 — ) (2% + 23~y + 27)
Slt—DyY+5(t—1)y* - (15t — 1)y =23t + 5]z —t(1 =) (4 —y —3*) <0

~ J

-

<0
As () = (7, = x9s) and z9g > 0 for all v € (0.3,1), proportion () < 1 for all

v € (V3(0), 1). Hence, we arrive at sign b (225) 7# sign hbg(zas). v
Properties 1. through 8. prove Theorem 4 completely. O
ats(7)
<
o
=° ats(y)
ﬂ —
S
S8 i
£ — s
t 7:‘ --- t=p=6
o i
o |
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0.00

61 02 03 04 05 06 07 08 0'9% -
ry 1 (51

o
(=)

Figure 4.4: Sequence proportions () of equivalence class 2 and 3(7) of equivalence
classes 19 and 28, respectively, for an approximate optimal design with

t=p=>5and t=p=06 periods.




5 Conclusions and Recommendations

The structure of optimal crossover designs is the main topic of this thesis. We in-
vestigate a model with carryover effects and, additionally, with interaction effects
between products and assessors. Although there are many papers dealing with
the construction of optimal designs including carryover effects, the number of au-
thors dealing with models which include additional interaction effects is limited, e.g.
Kemmler (1990).

A method by Kushner (1997) serves as a tool, in which the trace of the information
matrix of the design is maximized on the basis of design-dependent equivalence class
functions h;. The equivalence class functions h; are determined by the sequence of
treatments which is given to an assessor. Since 3-, 4-, 5-, and 6- periods experiments
are the most practical sequence lengths used in sensory studies, this thesis covers
those four cases for treatment sequences. As a result, it is possible to extract three
sequence classes [ of which either two of their h; functions or all three of them present
the minimum of the maximal equivalence class function. The three sequences are
determined by [1,2,...,p—1,p], [1,2,...,p—1,p—1] and [1,2,2,3,3,...,1%1,’%1]
for odd p, or [1,2,3,3,..., 1%2, ’%2] for even p, respectively.

Dependent on the coefficient of the variance of the interaction v € (0, 1), the pro-
portion of the three sequences in an approximate optimal design can vary tremen-

dously:

Example 1: If ¢t = 4, p = 4 and v = 0.2, the optimal design only consists of
1 2 3 4

2 4 1 3
31 4 2|
4 3 2 1

This optimal design fulfills the conditions of section 2.2.2, i.e., Cf = C’}Ml) and its

sequences of class [1,2,3, 4] and could be the following Latin square:

73
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partitioned matrices C;;, 1 < 4,7 < 2, are completely symmetric.

Example 2: If t =4, p =4 and v = 0.9, about 6.5% of the sequences of an opti-

mal design are representatives of class [1,2, 3, 3]. All other sequences of the optimal
design are to be chosen from class [1,2, 3, 4].
Unfortunately, the proportion of sequences of class [1,2,3,3] can only be realized
at 0% or 25%. Comparing the traces of the information matrix of the two possible
designs, the first has an efficiency of 99.35%, whereas the second has an efficiency
of about 94.01% if 25% of its sequences are selected from class [1,2, 3, 3].

Example 3: If t = p =5 and v = 0.95, about 2.2% of the sequences of an optimal
design are representatives of class [1,2,2,3, 3], all other sequences are representa-
tives of class [1,2, 3,4, 5].

It is not unusual that proportions of about 2.2% of sequence classes are not real-
izable, considering the rather small number of assessors in an experiment. Referring
to Example 3, there have to be n = 46 assessors in order to keep the specified pro-
portions of sequences, in which one sequence is a representative of [1, 2,2, 3, 3] and 45
sequences are representatives of class [1,2, 3,4, 5]. Efficiency calculations show, that
designs, which fulfill the advised proportions of sequences, have a higher efficiency
as designs which do not repeat treatments. Therefore, small, not realizable propor-
tions can be interpreted as an indicator for including at least one representative of
the denoted sequence class to get a better, unbiased estimator of the treatments and
their carryover effects in the specified model. However, as Example 2 shows, if the
recommended proportion of sequence is highly exceeded, a design with no repetition

of treatments performs a lot better.

As a general conclusion for sequence lengths 3 < p < 6, an approximate optimal

design is a combination of sequences of three equivalence classes: 1: [1,2,...,p —
Lp, 2:[1,2,....0 — 1,p— 1], and 3a : [1,2,2,3,3,...,’%1,1%1] for odd p, or
3b:[1,2,3,3,..., ’%2, 7%2] for even p, respectively. The proportion of sequences of

each equivalence class of an approximate optimal design is dependent on the param-
eter v. If p = 3 or p = 4 equivalence classes 2 and 3a, or 2 and 3b, are identical

since their specifications of the treatment arrangements are the same. In contrast
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to the prediction of the introduction in chapter 1, the proportion of sequences of
equivalence class 1 does not increase on the entire interval (0, 1) as the coefficient
increases. At some point of v getting close to 1, the partitioned matrix Cyoo increases
extremely, such that the stated proportion decreases again and sequences of equiva-
lence class 2 and k get more important. An explanation could be that the difference
of the two replicated observations is an estimator of the corresponding carryover
effect, with an extremely small variance if 7 is close to 1. Still, the proportion of
sequences of equivalence class 2 does not exceed its magnitude in the traditional
model with carryover effects and no unitxtreatment interaction. To summarize,
this thesis illustrates that it is important to model interaction and carryover effects
separately if unitxtreatment interaction is likely. The results for the structure of
optimal crossover designs of the assumed model with interaction and carryover ef-
fects demonstrate their difference to the optimal designs of the traditional model
without unitxtreatment interaction, even though the efficiency of optimal designs
of the traditional model is very high.

The global intention of this thesis could be the perspective of a generalization of
the optimal findings for a general number of periods p. The challenge is, however,

the proper treatment of the "nuisance” parameter ~.
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Appendix A : Notations

General Variables:

ol € (0, 1), coefficient of the variance of wy(y,r),, for iden-

tical treatments d(u,r) given to the same subjects u

u=1,...,n units/subjects of the experiment

r=1,...,p periods of the experiment

1=1,...,1 treatments of the experiment

1=1,...,t" treatments in one unit

I=1,...,K equivalence classes of sequences

Uy sequence of treatments of class [

n;(1) is the number of appearances of treatment j in the
sequence

n;(1) is the number of appearances of the carryover effect

J in the sequence (including itself)
ni; (1) number of appearances of treatment j following treat-
ment 7 in the sequence, whereas 7,;() is the number

of appearances of treatment j following itself

5 (1) = 1, if treatment 7 is in the first period; 0 otherwise
hy equivalence class function of sequence class [

Tmin location of the minimum of the h;(x) parabola

V(1) parameter function of t in which hs(x2) = hi(zx) and

Lo = T

7
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Appendix A : Notations

Math Analogy:

Bt - It — %115131
(n;()—2)y+1

n; (1) = Tny =17 +1](1—)

— 0l
i) = ~ @Dy

Crsn; ) = an0) + (15(0) — )by

Kronecker product

n-dimensional identity matrix

n-vector of ones

generalized inverse (g-inverse) of matrix A
matrix with partitions A and B

trace of matrix A: sum of A’s diagonal
elements

projection onto column space of matrix A
projection onto the orthogonal column
space of matrix A

centralizing matrix

diagonal entry of matrix !, Vn,(l) > 1
off-diagonal entry of matrix S d_ul for
n;(l) =1

off-diagonal entry of matrix S, Vn;(l) >
1

column- or row- sum of S d_ul
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Design-Dependent Objects:

Qt,n,p

d(u,r)

Sq = diag(Sar, - - ., San)
Sdu = [p + z:du

Edu

Cu,r

Wd(u,r),u

‘/d = dz‘ag(th Ce ,Vdn)

‘/;l* = deL(lep)Vd

p
R, = Z CT'Sn;(1),r
r=1

t

=> nj(l)crsnj(l)

=1

the set of all designs with t treatments, n
subjects and p < ¢ periods

treatment of design d assigned to period r of
unit u

diagonal matrix with elements Sy,
covariance factor of e, + Wagur)u
covariance matrix of the interaction effects of
unit u

(random) error, 1 < u <n,1 <r <p, in
model (MO)

(random) interaction effect between treat-
ment d(u,r) and unit u

diagonal matrix with elements Vi, and prop-
erties: V;V,; = Sd’l and VySqVy = 1,
diagonal matrix with elements V , cf. equa-
tion (2.3)

sum of all entries of S}
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Appendix B : Equivalence Classes of

Treatments

B.1 Sequence Length p =5

B.1.1 Set of all Equivalence Classes

l: [] hl = Cu(l) +2012(Z)$ +022(l)l’2
R =5
Group A: Ry = (37 +5)/(v+1)
. _ 6(y+3) 4 (—(4t—2)7y2—(4t—2)y+16t—4) 2
2+ [12344] = mwm Tmw T weeF
) _ 6(y+3) 2(y+1) (—(4t=2)7°—(2t—2)y+14t—4) = 2
6 - [12334] o= G e T T e F
18 : [12234]
38 : [11234] hag = S0t3) S22l (GOl
' 38 (3++5) (3v+5) t(1—7)(37+5)
. _  6(y+3) 2(v+5) (=(4t—2)72—(4t=2)y+16t—4) 2
3+ [12343] = e e T T w7
4 [12342]
. _ 6(y+3) 2(2y+5) (—6ty2—6ty+16t—4) 9
. _ 6(+3) 12 (—(2t—2)y2—(4t—2)y+14i—4) o
10 : [12324] ho= & T Tt e -
. _ 6(y+3) 2(v+6) (—4ty2—6ty+14t—4) 9
MM [ he= G5 Gt T e

Table B.1 continues on the next page ...
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.. continued from the previous page.

[: [] hl = 011<l) +2012(Z)I +022(Z)JI2
28 : [12134]
Group B: Rg = (v +5)/(v + 1)
— 19 - _ 8(y+2) 2(3+7) (492 +10ty+14t—4) 2
k=19:[12233] | ho = Gijees tTemes ¢ tiaoneies ©
. — 8(y+2) 2(3—y) (=224 (6t—2)y+14t—4) 2
39 : [11233] hss = Ginerm  Toreem F T werueen °
. — 8(v+2) 4 (—2t72+(8t—2)y+12t—4) 9
42 - [11223] h42 - (Y+1)(7+5) +(7+1)(7+5) -xr  + t(1—)(v+1)(v+5) "
. _ 8(v+2) 4 (4y2410ty+14t—4) 9
8 : [12332] hs = Gihem  Teee T Pieenee 7
. _ 8(7+2) 4 (=4t +(8t=2)y+14t—4) 2
9:[12331] ho = wine ~ o LT g T e o) R
40 : [11232]
. — 8(v+2) 4 (=272 +(6t—2)y+14t—4) 2
21 : [12231] e e NcE B cr=y R RV e R
29 : [12133]
) . 8(v+2) 2(y+3) (—2ty2+(8t—2)y+12t—4) 2
25 : [12213] hos = Gineem  Torne Y T weeueen
_ _ 8(7+2) 2(y+7) (=(2t—4)y>+14t—4) 9
11 : [12323] hi= e ~moes T Taaemes T
) . 8(v+2) 2(3v+7) (=2t7y2+(6t—2)y+14t—4) 2
13 : [12321] his = Ginees e Y TmeaneesF
30 : [12132]
_ - 8(7+2) 2(3y+7) (=6t7°—(2t42)y+14t—4) 2
16 : [12312] hie = e eenee Y T ameanees L
. _ 8(v+2) 2(57+7) (—2t724(6t—2)y+14t—4) 2
15 - [12313] his = Gier  “eeen f Teeines 8
) _ 8(v+2) 4(v+4) (=4t — (20427 +12t—4) 2
32 : [12123] e el s e M S G A ] G s

Table B.1 continues on the next page ...
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.. continued from the previous page.

l: [] hl = Cu(l) +2012(l)$ +022(Z)LL’2
Group C: Re = (4 +5)/(2y + 1)
) _ 2(2y+7) 4(1—) (=(2t=2)y*+2y+14t—4) 2
7:[12333] hy; = Uy +5) —}—(4%5) - x + =) (17 +5) - x
. 22947 (—(2t=2)7>+(4t+2)y+10t—4) 2
22 : [12223] hoy = (4715) +0 + t('ylf'y)(4'y+g) v
. _ 2297 4 (—4ty%2—2v+10t—4) 2
48+ [11123] hs= o5 @ty 8
. —_ 2(2v+7) 6 (=(2t=2)y*+(6t+2)y+14t-4) = 2
12 : [12322] he= 5w —@mwt P @ -
20 : [12232]
. 229+ 2(2v+3) (—4ty2+(2t—2)y+14t—4) 9
17 [12311] hir = Tar+5) ~rth) X + H(1—) (47 15) Y
41 : [11231]
. _ 2(2y+7) 10 ((2t—2)y+10t—4) 2
35 : [12113] h35 = 4y+5) s X +W - T
45 : [11213]
. _ 2(2y+7) 16 (—(2t+2)y+14t—4) 9
31 : [12131] ha = TWrm  T@mrm t toamrs
Group D: Rp = (7y+5)/((v+ 1)(2y + 1))
. _ 12 10 ((10t—2)y+12¢t—4) 2
43 : [11222] h43 = 19 +(7’Y+5) - X +W -
. _ 12 8 (10t—4)y+10t—4) 2
49 : [11122] ]’L49 = 1D +m - +W T
. _ 12 ((16t—4)y+12¢t—4) 2
27 : [12211] h27 = m +0 +W -
44 - [11221]
. _ 12 2 (12t—2)y+10t—4) 2
24 : [12221] ha = 755 T T + t(1—7)7(7fy+5) "
. _ 12 10 ((10t—2)y+12t—4) o
26 : [12212] h26 = 45 ) iy +W 4

Table B.1 continues on the next page ...
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.. continued from the previous page.

[: [] hl = 011(l> +2012(Z)I +022(Z)JI2

33 : [12122]

) _ 12 12 ((6t—4)y+10t—4)
36:[12112) 1 he= @iy Tmewt Paomew F

46 - [11212]

) _ 12 20 (—(4t+4)y+12t—4) 9
34 : [12121] hai= mrs e T e ©

Group E: R = (3v+5)/(3vy+1)

) _ 8 4 ((2t+4)y+10t—4)

. _ 12 2 ((2t—2)y+4t—4)
SR k= Gl Tmes T Taome L

. _ 12 6 ((4t—2)y+10t—4)
S e = Gl Tmewt Paome

47 ¢ [11211]

50 : [11121]
52 1 [11111] hsa = 0 +0 + g - &

Table B.1: All equivalence classes, their representative sequences |...] and h; func-

tions for sequence length p = 5.

B.1.2 Steps of Argumentation

As PROOF OF LEMMA 7. ...

b) Next to analyze is

(o — ) (2) _2(1- 7)(27* + 57 +5) N 2(293 + 1492 + 157 + 5)3j
(Y+D(r+5)y+5) (v + Dy +5)(4y +5)
2v[(t — 1)y + (6t + 1)y + (18t + 1)y + 11t — 1]332
tL =7y +1)(v + 54y +5) '
All ratios of (hig— h7) are positive because its factors are positive for v € (0, 1)

and all t > 5. It follows that hi9 > h7 for all x > 0.
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¢) Analyze
2(1 —)(29* + 5y + 5) 2(7% + 35y + 30)
G+ DG+ +5) | D+ +5)
29[(1 = t)y* —dty =4t —1] ,
ty+ 1)y +5)(4y +5)
and write (hig — hi2)(x) = deiy + degpx + degsx® to observe that deyy > 0,

(hig — hig)(x) =

deia > 0 and degy < 0. Since 22 < z for all x € (0, 1), we get dejox + degac® >
(deyg + degg)x? > 0 for all v € (0,1) and all ¢t > 5. It follows that hig > hyo
for all z € (0,1).

Notice, the conclusion of b) and c¢) is: hyg(x) > hy(x) for I € Le, v € (0,1)
and = € (0,1).

d) Furthermore,

(hao — has) () = A1 +20y +5) 4(5+ 2y —?)
(y+ Dy +5)(7y+5)  (v+ 1)y +5)(77+5)
2[(15 — 5t)y3 + (18 — t)y* + (13t + 3)y + 5¢] ,
ty-DO+ DO +5)(Ty +5)

Retype hig — has as dciy + deiaw + degsx®. The coefficients dey; and degy are

positive, dcjy is negative and for v € (0,1) and ¢ > 5. Assume z € (0, 1), and
we get dcyy + deypr > (deyy + dejg)x > 0. It follows that hig(x) > hys(z) for
all z € (0,1).

e) Next to examine is
4(119% + 207 + 5) 2(3+7)
(v+D(y+5)(Tv+5)  (v+D(v+5
2[(16 — 8t)y* + (24 — 19¢)y* + (8 — 2t)y + 5t] ,
=77+ (3 +5)(77 +5) !
Substitution of x = x19 provides

(h1g — hor)(x) =

>£C

a(y) + b(7)y/ R,

(Ty + 5)(8ty3 — 293 + 40ty2 + 17ty + 2y — 5t)%’

(hlg - h27)($19) =

in which

a(y) = 8(236t%+145t —58)~° +2(6388t% + 3981t — 208)~° +4(5093t2 + 2145t +
96)y1 +2(26971% 42524t +208) > — 10(1033t% — 450t — 8)y* — 50t (61 —
31)7y + 1750t

and

b(y) =  2(44t — 39)y3 + 4(67t — 36)72 + 10(7t — 5)y — 50¢.
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The denominator of (hig — har)(19) is positive for all v € (0,1) and ¢t > 5. In

order to determine the roots of the numerator, the signs of a(vy) and b(y) need

to be identified.

el) In order to analyze a(7y) for all v > 73, transform « by v = 0.087'4-0.92.

e2)

It follows that a(y) > 0 is equivalent to a(y’) > 0 for 4/ € (0,1) and
v € (0.92,1). We get

aly) =

STe = [32(23612 + 145t — 58)y® + 4(289972¢> + 179565t —
37216)7® + 10(6444478(2 + 3745785t — A463784)y* +
5(340472317¢% 4190747390t — 1393457673 +10(2224492503¢2 +
1332710235t  —  49288784)y2  + (1322292850632  +
100682696410t — 1129648864)y + 2(141605470551¢> +
162225704270t + 848499072)].

As all coefficients of +'* are positive, 0 < ¢ < 6, a(y') is positive for all

v € (0,1), and thus, a(y) is positive for all v € (0.92,1) as well.

Abbreviate b(y) as b3y + bay? + byy + by. The first derivative of b(7) is
V(7)) = 3b3y2+2byy+by > 0 for all v € (0,1) and ¢ > 5, since by, by and b3

are positive. A positive slope denotes that b(7y) increases monotonously

in 7. Therefore, as 0(0.92) > 1320 is positive, b(vy) is positive for all
v € (0.92,1).

Use the results of el) and e2) to find that a(y) + b(y)\/RT,,, is positive
for all v € (0.92,1). The inequality implies that hig(x19) > hor(x19) for all

Y € sy, 1)-

Notice, combining the results of d) and e), we get hig(z19) > hi(z19) for all

leLpand~ye hﬁ(t)’ 1).

Now, observe that

(h1g — ho3)(x) =

8(27* + 57 +5) 2(7% + 27 +5) .
(Y+D(r+5)Br+5)  (v+ Dy +5)3y+5)
2[(4 — )7® + 4t7? + (11t — 4)y + 10¢] 2

t(1 =) (v + 1) (v +5)(3y +5)

Write (hig — ha3)(z) = dcyy + deyar + desox®. Tt is clear to detect that depy,

dcis and degy are positive for v € (0,1) and ¢ > 5.

The positive coefficients of z and x? imply that hyg(z) > hoz(z) for all z > 0.




B.1 Sequence Length p =5 87

g) Next to analyze is

8(2y* + 57 +5) 4(3v* + 167y + 15)
(FDGF5EI 5 G5B )
2[(7 = 26)y* + (18 — 2t)y* + (6t + 11)y + 10¢]

t(1 =) (v + Dy +5)(37 +5) '
Again, as in f), all the coefficients dc;; are positive, 1 <i,j <2, for v € (0,1)
and ¢t > 5.

The conclusion is: hjg(x) > hgr(x) for all x > 0.
Notice, summing up f) and g), it follows that hig > h; for all [ € Lg U {52},
v € (0,1) and x > 0.

(h1g — har)(x) =

As PROOF OF LEMMA 8. ...

¢) Remaining

6(7v% + 20y + 5) 4ry
By +5)(7y+5)  (3y+5)"

2[7(1 — 26)73 + 6(3 — 8t)y* + (7 — 12t)y + 10¢]
" H{1 =)y + 5)(77 +5) !

(hg — har)(x) =

to be analyzed properly. Substitution of x = x5 supplies

a(y) +b(v)/ RT,,

Y2(Ty + 5)(14ty — v + 6t + 1)?’

(ho — har)(z2) =

in which

a(y) = A[L4(1262 + 13t — 1)7° — (122 — 356t + 7)y* + (12082 — 97t + 16)7° —
(274t% — 214t — 5)7? — 5t(98t — 29)7 + 200¢?]

and

b(y) = 8[—14ty3 + 3(12t — 5)72 + (17t — 7)y — 10¢].

The denominator of (hy — hay)(z2) is positive for all v € (0,1) and ¢ > 5. The

next step is the determination of the roots of a(y) +b(v)y/RT,, in the interval

(0,0.93) D (0,75 of .
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cl)

c2)

Abbreviate a(y) = a5y’ + asy* + azy® + axy? + a1y + ag and decompose
az into 48t? + (4784t* — 388t + 64). Next, define Agz(y) := ag + a1y +
agy? + (478412 — 388t + 64)y3. The first derivative of Ags(7y) is Aps(y) =
12(1196t2 — 97t +16)7? + 2asy + a1 and equals 0 iff v € (0,1) is equivalent

to
VW 4 27487 — 214t — 5

Tt 311962 — 97t + 16)
in which W = 1833196¢* — 780122t3 4 108771t — 4820t 4 25. Some simple
calculus confirms that 0.4 < 74 < 0.5. Analyzing the curvature of Ags(7),

the root of Afj;(7y) is located at some ;,; < 0.1 such that Ags((0, Yins))
is concave and Aoz ((Ving, 0.93)) convex. This, however, proves Ags(7st) is
a minimum of Agz(y). Remodel the function value of Ags(7s) properly
and it proves Agz(7st) > 0. Knowing that Agz(y \, 0) is positive, the
function Ags(7y) is positive for all v € (0,0.93). In addition to Ags(7),
as > 0 and ayy* + 48t%7® > (a4 + 48t%)y> > 0, such that a(7y) is positive
for all v € (0,0.93) and ¢t > 5.

In order to determine the range of v in which b() is nonpositive, observe
that v/(y) = —336ty? + 48(12¢t — 5)y 4+ 8(17t — 7) > 0 for v € (0,1) and
t > 5 because —336ty* + 48(12t — 5)y > 240(t — 1)7* > 0 for all ¢t > 5.
The positive slope of b(y) implies that there exists just one root in the
interval (0,1) of v, since b(y \, 0) is negative and b(y " 1) is positive.
The function value b(0.4) is positive. Thus, the true root of b(vy) is at
some 7y < 0.4 and b(7y) is positive for all v > 0.4.

A positive function value of b(y) implies that (hy — hoy)(x2) is positive. Thus,
assume b(7y) < 0 and analyze if a(y) > —b(y)+/RT:,. The inequality is equiv-

alent to
QQ(’Y) - bQ(V)RTxQ >0
& 16[(14t — 1)y + 6t + 11> g(7) > 0
Sg(y) =gp+av+...+97° >0,
in which
g(7) = 196(5t2+2t+1)75—28(19412 — 57t —21)y° 4 (10680t> — 2636t +581)y* +

2(5162+569t+105)y3 —5(1363t2 — 448t —5)v2+ 10t (53t +47)y+625¢2.
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It is sufficient to evaluate g(y) for b(y) < 0, i.e., v € (0,0.4). Thus, restrict
to interval (0,0.4) by the transformation v = 0.44/, in which 4" € (0,1). The

transformation gives

g(v) = [12544(5¢% + 2t + 1)7/0 — 4480(194¢% — 57t — 21)7/5 + 400(10680¢> —
2636t + 581)y" +2000(516t% + 569t + 105)7"> — 12500(1363t> — 448t —
5)7'2 + 62500¢(53t + 47)y' + 9765625t2]/15625.

Write g(7) = gsv® + ... + g1 + gy All g, i € {0,1,3,4,6}, are positive,

except for 1 = 2, 5. Define Goy(') := Z?:o g+ (gh + g5)y* to get Goa(y) <

S 9 < g(7'). Take the derivative of Go(7') twice and it yields G, (7') =

4(gh +95)7"° + 3957 + 207" + g1 and GG, (7') = 12(g) + g5)7" + 6957'295. The

second derivative equals 0 iff 4/ is equivalent to

25v/3W — 75(5161% + 569t + 105)
12(425362 — 9988t + 4081)

Yinf =

in which W = 116751904t* — 63577920t% + 20945057t> — 3198226t — 7735.
01(7) is negative for all v < 7;,r. Thus, Goa((0,7inys)) is concave. The
concavity implies that local minima of Ggs(7y) are represented in the range
boundaries of either v/ = 0 or 4" = 7;,,s. Since the function value of Gos (7' \
0) is positive and some simple calculus confirms that Gos(7yins) is positive as
well, it is concluded that Gos(y") > 0 for all v € (0, Yins).
Goa((Ving, 1)) is convex. The convexity implies that Gy,(7) increases on the
whole range of v € (Vins,1). G4(1) is negative, as well as Gy, for all v/ €
(Ving» 1). This denotes Goa(7y) is (monotonous) decreasing in this described
interval of 7/. Observe that Gg4(1) is positive for all ¢ > 5 and combine
the result with the former declarations, and thus, Go4(7y) is positive for all
7 € (Yings 1)
To summarize, Gos(7y) is positive for all 7' € (0,1) and all ¢ > 5. Hence, since
0 < Gu(?) < g(v), we get (ha — har)(z2) > 0.
Summing up the results of [ = 27 and | = 43, hy(x3) > hy(xs) for all [ € Lp,
v € (0,795@)] and t > 5.
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B.2 Sequence Length p =6

B.2.1 Set of all Equivalence Classes

L:]] hi =cii(l) 4+2c2(D)x +e9o(l)x?
Ry =6
1 : [123456] 5 —§$ +5(5é;1)x2
Group A: Ry =22y +3)/(v+ 1)
2 : [123455] 2((23];7)) — 5T +((379t)21(21+_(3)f(gt7)1$25t75) 22
7: [123445] 2&?3? _E;ziégx +(<3—9t)2¥(21+_(3)—(;13)1$23t—5) 22

27 : [123345]
78 : [122345]

152 : [112345] 2o G,
. 2(3v+7) 2(y+3)
3 - [123454] ol oy
4 : [123453]
5 : [123452]

12 : [123435] Asytr) Ot g
) (2v+3) (2v+3)

17 : [123425)
44 : [123245]

. 2(3v+7) 3(v+2)
6 : [123451] orme il ey

. 2(3v4+7) (2v+7)
22 : [123415] e e L

61 : [123145]
115 : [121345]

_I_

+

+

+

_I_

(—12ty%2—6ty+23t—5) 2
2t(1—v)(2v+3)

((3—9t)y2+(2—6t)y+25t—5) 22
2t(1=7)(27+3)

((3=Tt)v>+(2—6t)y+23t—5) 72

26(1—)(27+3)

(—12t%—8ty+25t—5) 2

2t(1—7)(2v+3)

(—10ty2 —8ty+23t—5) 2

2t(1—7)(2v+3)

Group B: Rg =2(v+3)/(y+1)

) (y2410v+13) (4=7%+7) (=(t=1)734+(5=56)y2+(15¢t—1)y+23t=5) 2
28 : [123344] (09 Temes® @D 13) z
. (v24+10y+13) 4 (—(t=1)3+(5—3t)y2+(13t—1)y+23t—5) 2
79 : [122344] (0t et T @D 13) z

Table B.2 continues on the next page ...
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. continued from the previous page.
l: [] hl = Cu(l) +2612(l).’13 +622<l)$2
. (y2+107413) 1 (—(t=1)v3+(5—3t)y2+(15t—1)y+21t—5) 2
83 : [122334] (VD (+3)) +(v+1)x T (2t(1=y)(v+1)(v+3)) v
) (*+107+13) (G ) (=2t7°—8ty*+(11t—3)y+23t-5) 2
163 [L12344] 1 (5nemsy  Tomee? T e Ganets)
. (v2+10v+13) (3—72) (=2t —8ty2+(13t—3)y+21t—5) 2
169 [112234] | (magey  teroe? T e Do)
. (v2+10y+13) (3—7) (—2ty3 —6ty2+(11t—3)y+21t—5) 9
157 [112334] | (ersy  Tenem?® T meGanets)
. (v3+10y+13) 1 (—(t—1)v3+(5—3t)y2+(15t—1)y+21t—5) 2
36 : [123324] (VD (+3)) CESA T (2t(1=y)(v+1)(v+3)) &
. (¥2+10y+13) 2 (=(t=1)y3+(5—5t)y2+(15t—1)y+23t—5) _ 2
10 [123442] | (e e ® + U= ()1 73)) v
80 : [122343]
. (v2410y413) 2 (=(t=1)v3+(5—3t)y>+(13t—1)y+23t—5) _ 2
30 : [123342] G0 ot + U= ()1 73)) v
45 : [123244]
. (V2+10v+13)  (y+2) (—2t73 —10ty2+(13t—3)y+23t—5) 2
11:123441] | ey e ® I 7 e e T o)
155 : [112342]
. (v2+10y+13)  (v+2) (—2ty3 —8ty2+(11t—3)y+23t—5) 9
62:[123144] | o) T Gae? @D 19)
82 : [122341]
. (v2+10y+13) 3 (—8ty2+(11t—3)y+21t—5) 2
4012331 |\ G TGt TG0
161 : [112324]
. (¥?+10y+13) 3 (—2ty3 —6ty2+(11t—3)y+21t—5) 9
91 : [122314] G0 ot @G D0+
120 : [121334]
. (v2410y+13) (P +y+2) (=(t=1)73+(5=5)y2+(15¢t—1)y+23t—=5) 2
9: [123443] (GEmycE M ey A G+ (:79) v

Table B.2 continues on the next page ...
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.. continued from the previous page.

[: [] hl = 611<l) +2612<l>l‘ +022(l)$2

. (v2+10y+13)  (49+2) (—2ty3 —8ty2+(11¢—3)y+23t—5) 9
31 : [123341] (D03 e T @61

154 : [112343]

. (v2410y+13)  (49+2) (—8ty2+(9t—3)y+23t—5) 9
16:[12134] | (e o6t T e 6en613)
. (Y2 4+10v413)  (y2+2y+3) (=273 —8ty2+(13t—3)y+21t—5) 9

105: 122134 | (5 Dem)  —omemt T e 6 619)

. (V24+10y+13) (% +37+8) (= (=D +(5=9t)y>+(3t—=1)y+23t—5) 2
13 : [123434] (D03 o E T @) (T 1) (1 43)) z

. (Y2 4+10v4+13)  (4y+8) (=(t=1)v3+(5—3t)y2>+(13t—1)y+23t—5) 2
15: [123432] (CEceEs) M easy o LS 2 TU0 ) z

18 : [123424]

46 - [123243]

. (V410y+13)  (49+8) (—(t=1)3+(5-9)v2+(3t—1)y+23t—5) 2
19 : [123423] (CEcEEs) Ml easy o L @1 (1D 18) z

. (2410y113) 3 (= 1)y (5Tt +(3L-1)y421E-5)
49 : [123234] (D03 Y + @) (T 1) (1 73)) z

. (¥2+10y+13) (2 +57+8) (—2t73 —8ty24-(11t—3)y+23t—5) 2
21 : [123421] De3) et T @aernee)

23 : [123414]

118 : [121342]

) (+107413)  (¥2+57+8) (—2t7®—14ty> 4 (t—3)y+23t—5) 2
25 : [123412] (CESY ey B e o) R S 7 T s T o et

. (v2+10y+13)  (67+8) (—2ty3 —8ty2 +(11t—3)y+23t—5) 9
16 : [123431] (003 e T @) De1I)

24 : [123413]

64 : [123142]

117 : [121343]

, (2+107+13)  (69+8) (—8t72+(9t—3)y+23t—5) 9
48 : [123241] (03 e T @G 6 )

Table B.2 continues on the next page ...
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.. continued from the previous page.

l:].]

hl = C11 (l) +2612(l)1’ +622<l)$2
63 : [123143]
) (v24+107+13) (Y2 +44+9) (—2t43—12t4> 4 (¢t—3)y+21t—5) 2
182:[121234] | (maes)  ~eane® T @iein6 )
. (v2+10y+13) (57+9) (—2ty3 —6ty2+(11t—3)y+21t—5) 9
57128214 e Tmiee® T @iene e+
66 : [123134]
124 : [121324]
. (72+107+13) (57+9) (—12t72—(t43)y+21t—5) 2
70:(123124] | Gnpe)  —miees® T @maonaenaee
Group C: Rc =6/(v+ 1)
. 4 8 ((9t—1)y+21t—5)
170 = [112233] i st st
. 4 2 ((9t—1)y+21t—5)
86 : [122331] oD Tt Tosnemoen &
106 : [122133]
159 : [112332]
. 4 4 ((9t—1)y+21t—5)
39 : [123321] D e + o L
92 : [122313]
122 : [121332]
. 4 4 (—(3t+1)v+21t—5)
42 : [123312] D e o
133 : [121233]
162 : [112323]
. 4 10 ((9t—1)y+21t—5)
58 : [123213] =D e ® + o L
68 : [123132]
125 : [121323]
. 4 10 (—(15t4+1)y+21t—5)
71 : [123123] 51 T3 + =i T

Table B.2 continues on the next page ...




94

Appendix B : Equivalence Classes of Treatments

.. continued from the previous page.

l:].]

hl = 611<l) +2612<l>l‘ +022(l)x2
. 4 10 (—(3t+1)y+21t—5) 2
52 : [123231] x0T aan” i)
Group D: Rp =6(y+1)/(2y+ 1)
. (2v+4) (4v-3) ((4=8t)y2+(t+1)y+23t=5) 9
8: [123444] 1D 307 + 6t(1—y)(v+1) x
. (2y+4) (2y-1) ((4—8t)y*+(5t+1)y+19t-5) 2
32+ [123334] SV ey KA B T e [ RS
95 : [122234]
. (2v+4) (4v-1) (=12t9%+(t—3)y+19t=5) 2
189 - [111234] CESY TCrsY I PV R
. (27+4) (2743) ((4—8t)y*+(9t+1)7+23t=5) 2
14+ [123433) GFD) TEGEDT T e e
20 : [123422]
29 : [123343]
81 : [122342]
. (2y+4) 5 (4=4t)7°+(9t+1)7+19t=5) 2
53 : [123224) S N (cF= A ¢y [ =Y
87 : [122324]
. (2v+4) (4v+3) (=12t72+(5t—3)y+23t—5) 2
26 : [123411] 61D 3D Y + 61— +1) x
156 : [112341]
. (2y+4) (29+5) (=8ty*+(5t—3)y+19t-5) 2
142 : [121134]
165 : [112314]
179 : [112134]
: (2y+4) 3 (A4t +(5t+1)7+23t—5) 2
47 : [123242] 610 T Gan? + 6t 1—7) (1)
: (2v+4) (2v+9) (=8t7>+(t=3)y+23t-5) 2
65 - [123141] G0 sorn? P waoeen  ©

119 : [121341]

Table B.2 continues on the next page ...
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. continued from the previous page.

l: [] hl = Cu(l) +2612(l).’13 +622<l)$2
. (2v+4) 11 (=3@+1)y+19t=5) 2
128 : [121314] ('7+1) — 347 + 6t(1—’y’;(’y+1) T
Group E: Rp =2(v* +57+3)/((v+ 1)(2y + 1))
. (Ty+11) (2v+7) ((t+7)y2+(20t—2)y+21t—5) 2
84 : [122333] (7215%3) +(72+75v+3)x + 2t?1*v)(72+51+3) *
. (Ty+11) (37+6) ((t+7)y2+(22t—2)y+19t—5) 9
96 : [122233] (72157-%3) +("/2157+3)x - 2tzl—7)(72+577+3) t
. (Ty+11) (—=v+7) (=272 +(14t—4)y+21t—5) 9
158 : [112333] (72157+3) +(,Y2Jl'yy+3)x + 2?(177)(72+g'y+3) X
. (Ty+11) (v+5) (—2ty2+(18t—4)y+17t—5) 2
173 : [112223] (72157+3) +(7215W+3)x + 22(1—7)(72+g7+3) &
. (Ty+11) (=y+6) (—(3t+1)y%+(14t—6)y+19t—5) 2
190+ [111233] (%15%3) +(v2+757+3)x + 2t(1777)(72+5713) v
. (Ty+11) 5 (= (3t+1)y2+(16t—6)y+17t—5) 9
193 : [111223] (72157-&-3) Tt T 275(17—”/)(72-4-5"/13) v
. (Ty+11) (2v+1) ((3t+7)72+(30t—2)y+21t—5) 9
38 : [123322] (%15%3) +(72+75v+3)x + 2t(71*7)(72+53+3) v
85 : [122332]
. (Ty+11) (—+1) (=272 +(26t—4)y+21t—5) 9
163 : [112322] (72157+3) +(72+757+3)x T 22(1—w)(72+’5yv+3)
171 : [112232]
. (Ty+11) (#+7)v2+(22t—2)y+19t—5) 9
34 : [123332] (vle%) +0 + 211—7><72+51+3> T
. (Ty+11) ((t—1)724(22t—6)y+19t—5) 2
143 : [121133] (72157+3) _(72+g,y+3)‘r + 2t’(}117'y)(72+5”yy+3)
180 : [112133]
. (Ty+11) 1 ((t—=1)72+(24t—6)y+17t—5) 2
112 : [122113] et B e T T S () e
176 : [112213]
. (7Tv+11) (2y-1) (—(3t+1)7y2+(24t—6)y+21t—5) 9
43 : [123311] (7215v+3) _(72157+3)x + 21:(17—7)(72+5713) t
160 : [112331]

Table B.2 continues on the next page ...
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L] hy=cii(l) +2ci2(l)x +c9o(1) 22

i | Gy -+
172 : [112231]

120121333 | oBEly et Ry

B:028381 | GERdy —Gramt FREs

98 : [122231] crerr B e T s e R

191+ [111232] IR LR
102 : [122213] Ay gty AR

37+ [123323] Ay e TR RN 2

50 : [123233]

) (7y+11) (57+2)

164 : [112321] cm o B e K
) (7Ty+11) 6

54 : [123223] e Bl e K

88 : [122323]

' (Ty+11) (2v+5)
108 : [122131] e B ey
123 : [121331]

‘ (7Ty+11) (4v+5)
A1 : [123313] o B vy
67 : [123133]

107 : [122132]
126 : [121322]

Table B.2 continues on the next page ...

3t4+1)y2+(24t—6)y+21t—5) 2

(=(
T 2t(1=7) (7> +57+3)

T—1)y2+(18t—2)y+19t—5) 9

«
- 2t(1—7)(v2+57+3)

(—=(t+1)y2+(22t—6)y+21t—5) 2
+ 2t(1—v) (v2+57+3) X

ty2+(26t—4)y+21t—5) 9

(-2
+ 2t(1—v) (v2+57+3)




B.2 Sequence Length p = 6

97
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l:].]

hl = C11 (l) +2612(l)1’ +622<l)$2

. (Ty+11) (4v+5) (=4t +(16t—4)y+21t—5) 9
72 [123122] CEae ) B e e L R Ty [ e

93 : [122312]

. (Ty+11) (37y+6) (2ty2+(24t—4)y+19t—5) 2
56 : [123221] e I A s

90 : [122321]

. (7y+11) (27+7) ((16t—4)y+17t—5) 2

109 [122123] (*y2-7-57+3) _(72—:574-3) +2t(1—'y)(32+57+3)x

136 : [121223]

. (Ty+11) (5v+5) (—(3t+1)7y2+(24t—6)y+21t—5) 9
60 : [123211] e B s K S € (e

. (Ty+11) (4v+6) ((t—1)7y2+(22t—6)y+19t—5) 9
75 : [123113] e R et r e L S v L T

144 : [121132]

181 : [112132]

166 : [112313]

. (Ty+11) (4v+6) (= (9t+1)7%+(14t—6)y+19t—5) 2
76 : [123112] (7215’7‘*‘3) _(72157+3)x T 2t(1’y—7)(72+5713) v

167 : [112312]

. (Ty+11) (3y+7) (=(Tt+ 1)y +(14t—6)y+17t—5) 2

146 - [121123] (72157+3) _(72157+3) + Qt(g—v)(72+5713) .

183 : [112123]

. (7Ty+11) (y+11) ((7=3t)y2+(6t—2)y+21t—5) 9
51 : [123232] (*y2-7-57+3) _(7215%3)9” + 2t(¥—7)(72+51+3) X

. (Ty+11) (4v+11) (=272 +(14t—4)y+21t—5) 9
59 : [123212] CEEe ) B oL ae e L R Ty [ e o

134 : [121232]

. (Ty+11) (5y+11) (=(3t+1)7y2+(12t—6)y+21t—5) 2
69 : [123131] (7215%3) _(7215%3) + 2t(17—v)(v2+5v13) o

127 : [121321]

Table B.2 continues on the next page ...
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l:].]

hl = 611<l) +2612<l>l‘ +022(l)$2
. (Ty+11) (5v+11) (= (7t+1)72+(10t—6)y+21t—5) 9
73 : [123121] CEEe ey S e e L B 1 [ G S B
135 : [121231]
. (Ty+11) (4y+12) (—(t+1)y2+(6t—6)y+19t—5) 2
129 - [121313] (72157-%3) _(721574-3) + 2t(17—7)(72+5§+3)
130 : [121312]
. (Ty+11) (3v+13) (= (3t+1)y24+(—2t—6)y+17t—5) 9
139 : [121213] e M L= o) a7 ) L= ) NG
Group F: Rp =6/(2y+ 1)
. 3 3 ((19t=T)y+17t—5)
194 : [111222] ot Eam @ L
. 3 1 ((31t—=T)y+17t—5) 9
104 : [122211] o et + @
175 : [112221]
: 3 1 ((BLt=T)y+17t=5) 2
113 : [122112] sy B o £ + @)
147 : [121122]
177 : [112212]
184 : [112122]
. 3 3 ((19t—T)y+17t—5) 9
111 : [122121] 2D et +W
138 : [121221]
. 3 5 (=(5t+7)y+17t=5) 2
140 : [121212] T ot + T
Group G: Rg =6(y+1)/(3v+1)
) (v+3) (—3y+4) (—(3t—3)v*+(2t+2)y+19t—5) 2
33 : [123333] oy Taeme T (D) x
. (v+3) 1 (—(3t—3)7y2+(8t+2)y+13t—5) 2
99 : [122223] o tiem? + S x
] (v+3) (3v—1) (—6ty2+(2t—4)y+13t—5) 2
199 : [111123] o) TseTD + e ¢
_ (7+3) 2 (= (3t—3)y2+(14t+2)y+19t—5) 9
55+ [123222] G Taamt P enai)

Table B.2 continues on the next page ...
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l:].]

hl = C11 (l) +2612(l)1’ +622<l)$2
89 : [122322]
97 : [122232]
. (v+3) (37+2) (—6ty2+(8t—4)y+19t—5)
77 [12311] ey Taean? P eagEn O
168 : [112311]
192 : [111231]
. (7+3) 5 ((8t—4)y+13t—5)
149 : [121113] s —seme e L
186 : [112113]
196 : [111213]
. (7+3) 8 ((8t—4)y+19t—5)
131 : [121311] e R L TG L

145 : [121131]
182 : [112131]

Group H: Ry =2(57+3)/((v +1)(3y+ 1))

174 : [112222]
200 : [111122]
114 : [122111]
178 : [112211]
195 : [111221]
101 : [122221]
103 : [122212]
104 : [122122]

137 : [121222

150 : [121112]

8 8
&) e Y
8 6
B3 TG ”
8 2
G ;Y

8
&y 0
8 4
G 3 )Y
8 6
) B o

Table B.2 continues on the next page ...

4 ((5t=3)7+17¢-5)
2t(1—7) (57+3)

4 (56T +13-5)
2t(1=7)(5v+3)

| (@Tt=T)y+17t-5)
26(1—7) (57+3)

1 ((19t=3)7+13t-5)
26(1—7) (57+3)

| ((23t=3)y+17t-5)
2t(1=7)(5v+3)

((15t—7)y+13t—5)

T =) 5y 13)

2

2

2

2

2

2
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L] hy=cii(l) +2ci2(l)x +c9o(1) 22
187 : [112112]
197 : [111212]

. 8 10 ((AU=T)y+1Tt=5) 2
141 : [121211] T +—2t(1_7;(57+3) T
148 : [121121]

185 : [112121]
Group It Ry =2(2y+3)/(4y+ 1)

. 5 3 ((3t+5)7+13t—5)
100 : [122222] o et TS e’
' 5 ((3t=3)y+5t—5) 2
202 : [111112] @ 0 + T8 ©
' 5 3 ((7t—3)y+13t—5)
151 : [121111] 13 @37t + 2t(1—~7)(27+3) z?

188 : [112111]
108 : [111211]
201 : [111121]
Roos =6/(5vy+ 1)

203 : [111111] 0 40 +65t((t;17))x2

Table B.2: All equivalence classes, their representative sequences |[...] and h; func-

tions for sequence length p = 6.

B.2.2 Steps of Argumentation

As Proor or LEMMA 10. ...

b) Further, observe the expression

(hys — hyro) () =TV HD B2 +5y+12)
28 170 (’Y + 1)(7 + 3) 3(7 + 1)(’7 + 3)
L 3= )7’ — 8Bt =2)9° — (3t =5)y +6t ,

6t(1 —v)(v+ 1)(v +3)
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Substitution of x = xyg gives

CL(’)/) B b(,}/) V Rszg

12(y + D[(11t — 1)y + 30672 + (10t + 1)y — 312’

(h28 - h170)($28) =

in which

a(y) = 60(9t2 + 10t — 1)y + 2(1465¢t + 2417t — 156)~° + 3(3117¢% + 3179t —
40)7° +2(5308t2 4 2375t + 144)y* + 12(156t% + 205¢ + 15) > — 8(44t* —
512t — 3)v? + 3t(639t + 457)y + T74t>

and

b(y) = 60ty* — 7(t — 13)73 + 6(t + 28)y* + (79t + 53)~ + 30t.

The denominator of (heg — hi7o)(xas) is positive for all v € (0,1) and t > 6.

The function a(y) = ag + a1y + ... + azy" is positive because all coeffi-

cients a;, i € {0,1,3,4,5,6, 7}, are positive and (asy? + a17y) > (as + a1)y =

(1565¢% + 5467t + 24) is positive for v € (0,1) and ¢t > 6.

Abbreviate b(7y) = by + by + ... + byy*t. All coefficients b; are positive, except

for bg. Still, b(v) is positive for v € (0,1) since (bsy® + by1y) > (b3 + b))y =

72(t 4 2)y > 0.

It follows that the numerator of (hog — hi7o)(ag) is positive iff

a*(y) = b*(7)RT 4y > 0
& 24[(11t — 1)7% + 30092 + (10t + 1)y — 3t]> - g(7) > 0
Sg(v) =g+ av+...+987° >0,

in which

g(7) = 150(5¢2 + 2t + 1)7® — 10(49¢2 — 355t — 156)77 + (3079¢2 + T001¢ +
4956)75+(5929t2 45393t +4800) > +6( 258t +887t+329)v* +4 (155> +
1153t + 90)7% + (169142 + 1393¢ + 24)72 + (6611 + 77)ty + 36¢2.

It holds that —10(49¢* — 355t — 156)~" + (3079t + 7001t + 4956)~°® > (2589¢% +

10551t + 6516)7% > 0. All other coefficients of v/, 0 < i < 5, of the function

g(7y) are positive and it follows that g(vy) is positive.
Hence, hog(xag) > hiro(2g) for all v € (0,1) and ¢ > 6.
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¢) Analyze
(1-7) , (*+129+3)
hog — h =
s = )6) =) 304 D + 9
(5t — 1)v3 + (8t + 2)v* + (19t — 1)%2
6¢(1 —)(v+ (v +3)
and rewrite hog — hg as dey; + dejox + dessx®. The coefficients deyq, deys and
degs are positive for v € (0,1) and ¢ > 6.
Hence, hog > hg for all z € (0,1).
d) Next to analyze is

(1=7) , @L4+12y -9 (=57 = (Gt +1)y 5

(hos — hua) () = (v+3) " 3(v+1)(y+3) 6t(y+1)(v+3)

Retype (hog — hi4)(x) = deyg + depaw + degs®. The coefficients depy and deys
are positive, dcys is negative for v € (0,1) and ¢ > 6. For = € (0,1) we get
deiox + degpx® > (deyy +degg)x? = [(1—T8)y* 4 (19t — 1)y +42t] /[6t (v + 1) (v +
3)] - 22 > 0 because v* < v and (1 — 7t) + (19t — 1) > 0.

Therefore, hog(x) > his(z) for all z € (0,1).

Notice, the conclusion of ¢) and d) is: hog(x) > hy(z) for [ € Lp, v € (0,1)
and z € (0,1).

Next to observe is

(s — has)() = LTSV H2T7 4307 +6) (11467 + 9+ 117 +9)
(v+D(y+3) (2 +57+3)  (v+1L(v+3)(¥2+57+3)
+—(t —1)y° — (11t = 3)y* — (37t — 1)y® — 3(7t + 1) +2(8t — 1)y + 6 5

2t(1 =)y + D(y +3)(v* + 57 + 3)

Substitution of x = x9g provides

a(y) = b(v) /BT,

4(v2 4 5y + 3)[(11t — 1)y3 + 30ty 4 (10t + 1)y — 3t]?’

(hzs - h84)(3328) =

in which

a(y) = 20(9t2+10t — 1)78 +2(397t% + 359t — 10)y7 + (4217t2 — 169t +48)~° +
2(9489¢% — 8561 + 16)7° +2(13292t% + 139t — 14)7* +2(16641> + 647 —
6)~® — 3t(1347t + 95)v* + 36t(119¢ — 9)y + 972¢*

b(7) = 2065 + (67t + 17)y4 — 2(52t — T)7® — (79t +19)7% + 12(15¢ — 1)y + 36t.
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The denominator of (hag — hgy)(weg) is positive for all v € (0,1) and ¢ > 6.

Abbreviate a(y) = ag + a1y + ... + agy®. Just the coefficient a, is negative. It

follows from asy? 4+ a;y > (ag+a1)y = 3t(81t —203)y > 0 that a(vy) is positive

for v € (0,1) and ¢t > 6.

The same approach leads to b(y) > 0. Rewrite b(y) = by + b1y + ... + bsy°.
3 3

The coefficients by and b3 are negative, but > b;y* > (> b))y = (33t — 17)7 is
i=0 i=0
positive for all v € (0,1) and t > 6.

Thus, (hog — hgs)(x2s) > 0 is equivalent to

CL2 (7) - bQ(IY)RTIQS >0
& 8[(11t — 1) + 30ty* + (10t + 1)y — 3¢]% - g(y) > 0
Sg(y)=go+ @V + ...+ g7’ >0,

in which

g(v) = 50(5t2 42t +1)y'0+10(127t2 4+ 61t + 10)~” — (431¢% — 2041t +90)~® —
2(1511#% — 1042t + 100)77 + 2(16648t* — 749t + 19)~5 + 2(37900t —
665t +42)7° +3(11275t% + 667t + 6)v* — 12¢(523¢ +121)~v3 4 36¢ (530t —
59)v% + 432t(25t — 1) + 1296t

The coefficients g3, g7 and gg are negative. With (g3v® + g27?) > (g3 + g2)7° =
12¢(1067t — 298)y% > 0 and (gsv® + 97" + 967°) > (95 + g7 + g6)7° =
(298432 + 2627t — 252)~° > 0 follows that g(v) is positive for all v € (0,1)
and ¢t > 6.

According to g(7) > 0, hog(xas) > hsa(x2g) for all v € (0,1) and all ¢t > 6.

Now, observe that

(hog — hss)(x) = (O 487 +277° +30y+6) (137 +9 37"~ 67" — ") x
Y+ +3) (2 +5y+3) (v +1D(v+3)(v2 + 5y +3)

—(t — 1)y — (13t — 3)y* — (55t — 1)y — (6Tt + 3)v* — (14t + 2)y + 6%2

26(1=7)(v + 1) (v +3)(v* + 57+ 3) '

+

Substitution of x = xeg gives

(1 —y)a(y) = b(y)\/ BT

4(y% + 5y + 3)((11t — 1)73 + 30ty% + (10t + 1)y — 3t)?’

(h28 - h38)($28) =

in which
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a(y) = —20(9t + 10t — 1)77 — 2(227t% + 483t — 20)+°® + (249t> — 1133t —
8)® — (6047t2 — 255t + 40)y* — (241232 — 241t + 12)> — 3t(8013t +
335)y% — 18t(227t + 36)y + 1944¢?

and

b(y) = 20t75+(63t+17)y* —2(151t —13)y3 — (723t +19)y> —6(35t +4)y+T72t.

The denominator of (heg — hss)(22s) is positive for all v € (0,1) and ¢ > 6.

The parameter + is restricted to the interval (0.95,1) by applying the trans-

formation vy = 0.95 + 0.057/, in which 7" € (0,1). The functions a(v) and b(y)

alter to

a(y') = [—(92+10t—1)y"— (1651t* 42296t — 173)~6 — (1150052 + 208594t —
11981)7/5 — 5(1312939¢% + 1936448t — 85093)y"* — 5(92433167t? +
50050166t — 1631767)y° — (21099339321t% + 3792553480t —
79088279)7"% — (441059980079¢% + 35707554774t — 276384127)7" —
3(1056158611135¢% + 60474582592t + 121356287)] /64000000

and

b(y') = [ty + (158t + 17)y"™ + 6(393t + 302)73 — 2(214216t — 29431)~" —
(16830847t — 548772)~" — (155543238t + 609463 )]/160000.

Since all coefficients a; of 7', 0 < i < 7, in a(y’) are negative for o/ € (0,1)

and t > 6, function a(y') is negative itself.

Rewrite b(7') = bsy®+...+b1y +bg. The coefficients bz, by and bs are positive,

such that b(7') < (bs + by + bs5)y"® + (b + by + by)y® = —1728 - 10°¢y"® < 0 for

t>6and+ € (0,1).

Both functions, a(y) and b(y), are negative for v € [0.95,1). Thus,

(hog — hss)(w2g) > 0 is equivalent to

(V) R — (1 —7)%a*(y) > 0
& 8[(11t — 1)7* + 30ty* + (10t + 1)y — 3t - g(y) > 0
< g(7) >0,

in which

g(y) = 50(5t2 4+ 2t +1)77 +10(124¢% + 47t + 15)7® — (4991¢* — 591t — 60)~" —
(317312 + 2977t + 140)~° + (8685t — 10751t — 102)~° + 3(70811¢% —
2379t — 6)y* + 6t (50151t + 1424)~> + 72¢(1537t 4 131)? — 432t (21t —
4)y — 5184t
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As a(v) and b(y) are negative for v € (0.95,1), the function g(7) needs to
be restricted to this particular interval. Therefore, apply the transformation

v = 0.95 + 0.059/, in which 4/ € (0,1). Function g(y) rearranges to

g) = [(5t% + 2t + 1)¥° + (13512 + 530t + 231)y® + 4(25111¢% +
14824t + 5649)7'T — 4(623259t> — 801280t — 306019)7
2(290528897t% — 26095866t — 20112783) — 2(7378207115¢% +
1415158086t — 410555937)~"* + 4(182179985991¢2 — 39444395060t +
2530562861)7'3  +  4(11238809719909t> — 714376954124t +
16876169151)y2 + (826994043598981¢2 — 16914338970310t +
162906812649)y" + 5099305337440679t> + 19932399226538¢ —
241396325041]/10240000000.

Abbreviate g(7') = go + g1 + . . . + go7"®. Three coefficients, g4 g5 and gg, are
negative. However, g(v') is positive because gs7'% + 957" + gu¥y™* + g7 >
(g6 + g5 + g4 + 93)7"t = 8(89172497363t2 — 20069062445t + 1373101620)7" > 0
for t > 6 and 7' € (0,1).

It follows that the numerator of (hog—hgs)(xes) is positive for all v € (0.95,1) D
[Vs(t), 1), and thus, hog(2as) > hss(zes) for all v € [y54),1) and all t > 6.

Next to analyze is

2 4+ 92+ 12y +2) (2 + 292+ 3y +5)
(hzs—h194)($) = — x
(y+DOy+3)2y+1) (v+D(r+3)(2y+1)
N —3(t — 1)y* — 2(13t — 10)73 — 3(3t — 7)y* + (29t + 4)y + o

31—+ Dy +3)(2y+1)

Define function

d(y) = dy*+ ... +diy+do= =3t — 1)yt —2(13t — 10)73 — 3(3t — 7)7? +
(29t + 4)7 + Ot.

The expression (hog — higs)(z) is a convex function in = because d(vy) >

(dy+ ...+ dy +dy)y = 48y > 0 for all v € (0,1) and t > 6. Hence, the

second derivative (haog — hig4)” () is positive.

3t(1—7) (273 +27v2+3v+5)
VBB The

function value of this stationary point must be the minimum of the function

The slope of (hog — hig4)(x) equals 0 iff z = 24 =

and is equal to

B 9(v)
(th - h194)(375t) - 4(7 + 1)(7 + 3) (2’7 + 1)d<’7)7
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k)

in which

g(v) = —12(t —2)77 — 4(103t — 94)~°® — 24(92t — 79)7° — 8(364t — 439)v* +
(871t + 2624)y3 + 3(1097t + 240)7y? + (1313t + 64)7 + 69¢.

Abbreviate g(7) as the sum of g7 +. . .+g17+go and reckon that g7, gs, g5 and

g4 are negative coefficients. But since g(y) > (g7+...+g1+g0)7> = 9216+* > 0

and d() > 0 for all v € (0,1) and ¢ > 6, (hag — hig4)(xs) is positive as well.

The conclusion of g) is: heg(z) > hygs(x) for all x > 0 because the minimum

of (hag — hyg4)(z) is positive for all v € (0,1) and all ¢ > 6.

Another expression to examine is

(s — 1 )($):2(73+972+12’y—|—2) (1457 —29%) .
A Y+ +3)2y+1)  (r+ 1)y +3)(2y+1)
+—3(t — D)yt —4(8t —5)y® — 3(11t — 7)y2 + (11t + 4)y + 975332
31—+ Dy +3)2y+1) '

Rewrite (hag — hig4)(z) = deyg + dejax + dege®. Tt is clear to detect that deyy

and dcpo are positive for v € (0,1) and t > 6. The sum deq; + deyg + degg is
equivalent to d(~)/[3t(1 —~v)(y+ 1)(v + 3)(2y + 1)], in which

d(y) = dyy*+.. 4diy+do = 3(t—1)y*=2(11t—10)y> — 21>+ (61t —4)y+6t.

It holds that d(7y) > dyy* + (ds + da + dy + do)v* = (37* +45)(t — 1)7* > 0 for
all v € (0,1) and ¢t > 6. Hence, dcyy + deyax + degor® > (deyy + degs + degy)x?
for all x € (0,1) and hag(z) > hyos(z) for all x,v € (0,1) and t > 6.

Notice, summing up g) and h), it follows that hog > h; for all [ € Lp,
z,7 € (0,1) and t > 6.

As —(2t — 1)y* + 3t > (t + 1)7?, all coefficients of %, 0 < i < 2, of

4 N 8y . 2[—(2t—1)72+(5t—1)7+3t]x2
(y+3) 3(v+1(y+3) 3t(1—7) (v + (v +3) ’

are positive for z > 0, v € (0,1) and ¢t > 6.
Thus, hog(z) > hssz(z) for all z > 0, v € (0,1) and ¢ > 6.

(hos—ha3)(x) =

Observe that

4 (18 + 5y — 372)x 2[—(5t — 1)y* — (4t + 1)y + 3t] ,
(v+3) 3(y+1)(v+3) 3t(1 =) (v +1)(v +3) '

(hos—hss)(x) =
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Substitution of x = xyg gives

a(V) - b(V) \V RTms

has — h =
(2 = hss ) (25) 2(y + 1)((11¢ — 1)73 + 30t92 4 (10t + 1)y — 3t)%’

in which

a(y) = —2t(11t—1)y"— (87t —89t+8)v5+8(179t% —2t+1)~>+ (4471t — 298t +
8)7* + (2163¢2 + 254t — 8)7 — 3TH(76t — 5)7% — 3£(395¢ + 72)7y + 648¢2

and

b(y) = (11t — 1)y* — 2(14¢ — 3)y> — (104t — 3)y* — (35t + 8) + 24t.

The denominator of (heg — hss)(22s) is positive for all v € (0,1) and ¢ > 6.

In order to determine the roots of (has — hss)(2as) for v € (ysq), 1), apply the

transformation v = 0.95 + 0.057/, in which 7/ € (0,1) and v € (0.95,1) D

[Vs(),1). As a result, functions a(y) and b(7y) alter to

a(y') = [=t(11t — 1)y'7 — (2333t% — 1023t + 80)~'® + (103829¢% + 105841t —
7520)y"® + 5(7548047t% + 712683t — 49840)y"* + 5(479321563t2 +
8965487t —681280)73 4 (61472332081 4444663429t — 13809200)~"% +
(639250046383t% + 5105401827t + 38872480)" + 3(748654390667t> —
1866187657t — 7133360)] /640000000

and

b(v') = [(11t — 1)y + 4(69t + 11)® — 2(24847t — 2937)? — 4(541371¢ —
21031)4" — (18905109¢ + 90041)]/160000.

Abbreviate a(y") = [ary"+. ..+ a1y + ag)/64000000 and b(v') = [bay* + ...+
b1y’ + bo] /160000

In order to show that a(«’) is positive, observe that all coefficients a;, 0 < i < 5,
are negative. Furthermore, (a7y'" + agy® + a57®) > (a7 + ag + as)y® =
5(20297t% + 21373t — 1520)7"° > 0. It follows that a(v’) is positive for all
v €(0,1) and t > 6.

Use the fact that by + b3y + byy* < (by + bs + b)Yy =— (49407t — 5917)~y",
bo and by are negative for 7/ € (0,1) and ¢ > 6. It follows that the function
b(~') is negative for all v € (0,1) and all ¢ > 6.

A positive function a(y’) and a negative function b(y’) lead to
a(y) = b(y)y/RT,, > 0 for all v € (0.95,1) D [y, 1).

Hence, hos(25) > hss(was) for all v € [y, 1) and all ¢ > 6.
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)

Another expression to analyze is

(s — hyna) () = (57° +459% + 63y +15)  (57° +69” + 97 +12) .
(y+ Dy +3)5v+3) (v + 1)y +3)(57 +3)
—5(t — 1)y* — (43t — 31)y® — (17t — 27)y* + (47t + 1)y + 18t ,

2t(1 =)y + (v +3) (57 + 3)

+

Rewrite (hog — hi7a)(x) = dcyy + dejaw + degx®. Tt is clear to observe that deyy

day*+..Adiv+do
2t(1—y) (v+1)(v+3)(5v+3)

is positive, because its denominator is positive and dy + di7y > (dg + dy)y >

—(dy + d3 + dy)v* > —(doy? + ds3y® + dyy?). Restrict z to interval (0,1) to get
2

deyy + dejgx > (deyy + degg)x = %x > 0 for all v € (0,1).

It follows that hog(x) > hyzs(z) for 2,7 € (0,1) and t > 6.

is positive and dcyo is negative. The coefficient dcgy :=

Next, observe the expression

(hos—hn1a)(2) = (57 + 4572 + 63 + 15) (6+157-57%)
28— /1114 (Y+1D)(v+3)57+3)  (y+1D(y+3)(57+3)

—5(t = 1)y = 5(11t = T)7° — (65t —43)7” + (11t + 13)y + 18¢

2t(1 =) (v + 1) (v + 3)(57 + 3) -

+

Substitution of x = xog gives

(h, _ )(x ) _ a(’Y) B b(ly) V RTms
2 TR 4 (5 + 3)[(11E — 1)43 4 30142 + (10 + 1)y — 3]2’

in which

a(y) = 100(9t* 4+ 10t — 1)y + 10(771¢2 + 823t — 56)~° + (35777t2 + 17071t —
320)75 + 2(28163t2 + 5552t + 244)y* + 2(5837t2 + 3449t + 210)* —
2(11585¢2 — 4073t — 36)7% — 3t(573t — 949)y + 4662t

and

b(y) = 100ty* — 5(65¢ — 37)73 — 2(380t — 163)~* — (5t — 113)7 + 174¢.

The denominator of (heg — hss)(22s) is positive for all v € (0,1) and ¢ > 6.

In order to determine the algebraic signs of a(y) and b(y) for v € [yg0),1) C

(0.95,1), apply the transformation v = 0.95 4+ 0.057/, in which 4" € (0,1) and

v € (0.95,1). Both functions are modified to
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a(y') = [(9t% + 10t — 1)/ + (2739t 4 2976t — 245)~'® + (387125t% + 331738t —
21629)y® + 5(5722371t2 + 3737808t — 185821)y™ + 5(226068607t> +
119292998t — 4181431)77 + (23381483241t% + 11235076560t —
233563919)7% + (233705284871¢% + 120293779134t — 940884655)" +
3(307133962375t + 191881485184t + 398768903)] /12800000

and

b(y') = [ty + (11t + 37)y? — (4579t — 3413)y? — (158879t — 98663)7" —
(1142154t — 896287)]/1600.

The function a(v’) is positive for v/ € (0,1), because all coefficients of ~",
0 < i <7, are positive. On the contrary, b(v') is negative for 7/ € (0,1). In
function b(y') := [byy* + ... + b1y + by)/1600, just coefficients b3 and by are
positive and, therefore, b(y") < (bo+by+...+bs)y* = —76800(17t—13)y? < 0
for all v/ € (0,1) and ¢t > 6.

Thus, (hos — h114)(22s) is positive for v € (0.95, 1), which leads to the conclu-
sion that hog(wag) > hi1a(es) for v € [y54),1) and t > 6.

The difference of heg and hygg is

20 + 9+ 187y +12) (2P +49° +7 - 3) .

(Y+DO+3)2v+3) (v +D(y+3)(2y+3)

—(t — 1)yt — 42t — 1) — (5t + )42 + (15t — 4)y + 15t ,
tL=7)(v+ (v +3)(2y+3)

and positive for all x,7 € (0,1) and ¢ > 6. Rewrite (has — higo)(z) as
dcyy + deyox + degpx®. Use the fact that ¢ > 4L for all i € N, the coef-

(h28 - hloo)(l') =

ficients dcy; and dcgy are positive. Assume z € (0,1) to get deiy + depsx >

_ (1492435v+27)
(dcll + d012)33 = mx > 0.

Hence, hog(z) > hygo(x) for all z,v € (0,1) and ¢ > 6.

The last h; function to compare to hog is [ = 151. In this manner,

272 + 992 + 18y + 12) N (21 4 237 + 292 — 293)
(y+ Dy +3)2v+3) (v + Dy +3)(27+3)

—(t — 1)yt = 2(5t — 4)73 — (13t — 15)* + (9t + 8)y + 15t .2
( .

t(L =)y + (v +3)(2y+3)

Again, use the fact that v* > ~**1 for all i« € N, and it can be seen that

(hag — hisi) () =

+

coefficients dcyy, deis and degy are positive by rewriting (hog — his1)(z) =
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dcyy + dejar + desgr®.

Thus, hog(x) > hys1(z) for all x > 0, v € (0,1) and ¢t > 6.

Notice, summing up n) and o), it follows that hog > h; for all [ € L; U {203},
x,v € (0,1) and t > 6.

As Proor orF LEMMA 11. ...

¢) In this manner, observe that

20372 +6v+1) 992+ 25y +24 .

(Y+1)(2y+3)  3(v+1)(2y+3)

L 9B -1) P (63t —17)y" — (3t = 1)y +121 ,
6t(T—7)(y + 1)(27 + 3) )

(h2 - h170)( )

Substitution of x = x5 provides

a(y) = 2b(v)/ RT,

(e =m0} (22) = 3= st — 1 + 7t T 1P

with

a(y) = 452182 +22t —1)~° — 2(55112 — 599t — 3)v* + (299312 — 620t + 33)~> +
2(160t% + 350t + 3)y* — 12¢(113t — 36)~ + 900¢>

and

b(y) = 45193 — (25t — 34)y* — 2(10t — 7)v + 30t.

The denominator of (hy — hy79)(22) is positive for all v € (0,1) and ¢ > 6.

The function a(v) is positive for v € (0,1). Just the coefficient —2(551¢* —

599t —3) of v* is negative for all ¢ > 6, but as —2(551t>— 599t —3)y* + (2993t> —

620t + 33)y > (1891¢% 4 578t + 39)y* > 0, the function a() is positive for all

t > 6.

Analyze the characteristics of b(y) by taking its derivative twice. The slope,

b'(v), reveals one stationary point in interval (0,1) at -~y =

Vot = ﬁ[\/3325t2 — 3590t + 1156 + 25t — 34]. A change in the curvature

of b(y) in interval (0,1) is located at ~;,,y = (25t — 34)/135¢. Hence, the
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function b(7y) is concave for all v < 7,,f, and convex for all v > ~;,7. Since
Vst > Ving and b(7y) is convex for all 4 > 7, Vs is the location of a minimum

of b(7y). Some simple equation transformations confirm that the function value
of

2(5¢ + 4)(140650¢2 — 58055¢ + 9826) — 21/(33251% — 3500¢ + 1156)3
b(var) = 5467512

is positive for all ¢ > 6. Thus, b(v) is positive for all v € (0,1) and ¢t > 6

because the minimum of b(y) of interval (0, 1) is positive.
Use that the function a(y) and b(y) are positive. It follows that
(he — hi7o)(z2) > 0 is equivalent to

aQ(fY) - 4b2 (P)/)RTI2 >0
& 39?23t — D)y + Tt + 1> g(y) > 0

S g(y) =97+ ...+ ar+90 >0,

in which
g(v) = 675(5t2+2t+1)75 —30(263t> — 98t —39)~> + (654712 — 2578 +687)v* +
12(2748%+152t+13)y3 —12(427t% — 142t — 1)y? + 8t (277t +20)+288¢2.

In order to show that g(v) is positive for all v € (0, 1), decompose g(7) into
Gos(7) + Gas()Y. I Goz(y) and Gyg(7) are both positive for all v € (0, 1),

the function g(7) is positive, as well.

cl) The first derivative of Gos(7y) is presented by Gis(7) = g1 + 2927y + 3937°.
For t = 6, Gij3(7) = 3884042 — 2484567 + 80736 > 0 for all v in the
interval (0,1). A positive slope Gj;(y) means that the function Goz(7)
is increasing in . Thus, Gos(y \, 0) = go > 0 is the local minimum of
Go3(7) of the interval (0,1). Since the minimum of Go3(7y) is positive for
all v € (0,1) and ¢ = 6, the function Go3(7y) is positive in the described
domains of the parameters v and .
For t > 6, stationary points of interval (0, 1) are derived from G{;() =0,
which is fulfilled iff v equals

T1/30533t% — 21643613 + 602812 — 236 + 1 + 427¢2 — 142t — 1
3(27412 + 152t + 13) ‘

Vst1/2 =

The second derivative of Gos(7y) of interval (0,1) is 0 iff v = 7y =

42712 —142¢—1

S TsorE) . Lhus, Glos(y) is concave for all v < v;nr, and Gos(7) is
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c2)

convex for all v > 7.

Compare 7,y With vg1/2 to get a1 < Viny < Vs The relation im-
plies that Gos(vs1) is a maximum and Goz(7se2) is a minimum of Gog(7y).
Therefore, iff G3(7) is positive at its local minima with locations 0 and
Yst2, the function Gos(y) is positive for all v € (0, 1).

Calculate the function values of both potential minima and observe that
Gos(y \u 0) = go is positive. Some simple equation transformations

confirm that

8[V — /(30533t* — 216436t + 60282 — 236 + 1)3]

Glos (Yar2) = ’
03(7st2) 0(2742> + 152t + 13)°

in which V' = 43695479t5 + 133282614t> — 27480582t* + 11411743 —
16716t% — 354¢ + 1 is positive for ¢ > 6. It follows that Goz() is positive
for all v € (0,1) and all ¢ > 6.

Gs(y) is a convex function of ~ because its second derivative,
G's(7) = 2gs, is positive for ¢ > 6. There exists just one stationary point
of Gug(y) at —gs/(2g6) > 1, which must be a minimum. Thus, G4(7) is
decreasing in vy in interval (0,1). Its local minima is
Gu(y /1) = 4(508t* + 428t + 633), which is positive for all ¢ > 6

and, therefore, G45(7y) is positive in the entire interval (0, 1).

We get g(7) = Goz(7) + Gas(7)y* > 0 for all v € (0,1) and ¢ > 6.
The consequence is that ho(za) > hizo(xg) for all v € (0,1) and ¢t > 6.

d) Next to analyze is

(hy — hga)(x) =

3272 + 1072 + 157+ 3) 393 + 1992 + 29y + 21

27 +3)(P+57+3)  (27+3)(3*+57+3)
+—3(3t — 1)yt — (53t — 3)y> — (75t + 3)y> + (5t — 3)y + 12t ,
2t(1 — )2y +3)(v2 + 57+ 3) '

X

Substitution of x = x5 gives

with

a(y) = 2b(v)/ RT%,
V(y? + 57 +3)[(23t — 1)y + Tt + 1]

(hy — hga)(72) =
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a(y) = 15(21#2+ 22t — 1)1 — (129¢2 + 184t — 27)y + (11692 — 432t — 9)7* +
(5735t + 348t — 3)v* — 2¢(1202t — 23)7? — 6t(31¢ + 18)v + 900¢?

and

b(y) = 15ty* + (45 + 8)y® — (85t + 4)72 + (19t — 4)v + 30t.

The denominator of (hy — hgs)(x2) is positive for all v € (0,1) and ¢ > 6.

Rewrite a(y) = agy® + ... + a1y + ap. We get a(y) > 0 for v € (0,1) and

t > 6 because azy® + ayy* > (a5 + aq)y* = 2(520t% — 308t + 9)7* > 0 and

a1y + ag > (ay + ag)y = 6(119¢ — 18)ty > 0.

Abbreviate b(y) = Bgs(y) + 15ty*. Since 15t4* > 0 for all v > 0 and

t > 6, the function b(y) is positive iff Bys(y) is positive on the interval

(0,1). Thus, differentiating Bys(y) twice, reveals that Bys(7y) is concave in

the interval (0, v;n¢), and Bos(7y) is convex in interval (Yins1), whereas v,5 =

8504 - There is just one stationary point of Bys(7) located in (0,1) at

3(45t-+8) "
_ 85t+4—2V/1165(2+191¢128 . .
Vst = 3(450+9) < Ying. Hence, Bps(ys) is a maximum of Byz(7)

and the local minimum of Bys(7) is either range boundary 0 or 1, which are
both positive, because Boz(y \, 0) = 30t and Bys(vy /' 1) = 9t.

It follows that Bos(7y) is positive, and, therefore, b(y) is positive for all v €
(0,1) and t > 6.

Since both functions a(vy) and b(y) are positive, (hy —hgs)(x2) > 0 is equivalent

to
a*(y) — 4b*(y)RT,, > 0
& 3?23t — 1)y + Tt +1]* - g(y) > 0
S g(y) =97+ ...+ g7+ 90 >0,
in which

g(v) = T5(5t% 4 2t + 1)7® + 40(36¢ + 4t — 3)y" — 2(1171¢> — 384t — 9)~° —
4(18351% 4 399t — 6)7° 4 (23935¢2 4 850t + 3)y* — 4¢(1561¢ — 87)3 —
8t(521t + 69)72 + 8t(517t — 16)~ + 1008¢2.

The coefficients gg and g; are positive for t > 6. Observe that g7 + g57° +

9935t2y* > (g6 + g5 + 9935t2)y* = (253t — 828t + 42)7* > 0 for t > 6, such

that g(v) is positive iff Gos(7) := (g4 — 9935t2)v* + g3v% + gy + g17 + g0 > 0

for all v € (0,0.35], v € (0.35,1) and t > 6.
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d1)

d2)

There is one point of inflection for Go4(7y) in the interval (0, 1) at

_ 3t(1561t — 87) + /31(36486 16315 + 4820558(2 + 263559L + 828)
Yinf = 3(14000¢2 + 850t + 3)

Goa(7) is concave for v € (0,7;,f). Thus, the local minimum of Gos(y)
is either Goa(y \, 0) = go, which is positive, or Gos(Vins). We have
Ying > 0.35 and Go4(0.35) > 85t(t — 1) > 0. Therefore, Gos(y) is positive
for all v € (0,0.35] and all ¢ > 6.

In order to analyze the performance of G4(7) for v € (0.35,1), apply the

transformation v = 0.35+0.654/, in which 7/ € (0,1). As a result, Go4(7)

converts to

Goa(7') = [28561(14000¢2 +850¢ +3)7'4 +8788(667802 + 7690t +21)/3 —
338(86840t? — 87630t — 441)y"? + 52(2649460t* — 481470t +
1029)7" + 21(14380160t% — 645670t + 343)]/160000.

Rewrite Gos(Y') = [g)7"* + ... + 917 + g4]/160000. Since v <+, we get

B+ g1y > (gh+ )y > 78y > 0 for all 4/ € (0,1) and t > 6. All

other coefficients gg, g1, g3 and g4 are positive. Thus, it is concluded that

Gos(7') is positive for ' € (0,1).

Hence, Go4(7y) is positive for all v € (0.35,1) and ¢t > 6.

Making use of the results d1) and d2), it follows that Go4(7) is positive for all
v € (0,1) and, therefore, the function g(v) is positive for all v € (0,1) and
t > 6.

We arrive at hy(x3) > hgs(ws) for all v € (0,1) and ¢ > 6.

e) Further, analyze

(hg — hag)(x) =

3272 + 1072 + 15y +3) 33+ 1992 + 17y + 3
2+ 513 3 13)
N —3(3t — 1)y* — 3(19t — 1)73 — (101t + 3)7? — (25t + 3)y + 12%2
2t(1 —v)(2y +3)(7v2 + 57 + 3) '

Substitution of x = x5 provides

(1 _ Oé)a<7) - 26(7) V RTxQ
Y2(v2 + 5y + 3)[(23t — 1)y + 7t + 1]’

(hg — hss)(w2) =

in which
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a(y) = —15(21¢2 4 22t — 1)~® +2(182t2 — 85t — 6)y* + (2055¢? + 166t — 3)y> —
(2381t + 4)7% — 6(361¢ + 33)y + 900¢2

and

b(y) = 15ty +4(11t + 2)y3 — (174 + 1)y* — 7(11¢ + 1) + 30t.

The denominator of (he — hsg)(z9) is positive for all v € (0,1) and ¢ > 6.

The following subitems el) and e2) show that the functions a(vy) and b(vy) have

both one root in interval (0,1).

el) Define a(y) = Ag2(7) + Ass(7y) and rewrite Aga(y) = ag + a1y + ay? and
Ass(v) = agy® + asy* + a5y
The first derivative of Azs(y) is Aj5(y) = 73(6046t* — 1832t + 18) > 0
for v € (0,1) and ¢t > 6. Thus, Ass5(7y) is monotonous and increasing in
7 in the interval (0, 1). Additionally, As5(7y) is positive because Azs(7y) >
(a5 + aq + az)y* = 2¢(1052t — 167)y* > 0 for all v € (0,1) and ¢ > 6.
Use the fact that a; and as are negative and observe that the first and
second derivatives of Ags(y) are negative for v € (0,1) and ¢ > 6. Thus,
function Ag(y) is monotonous and decreasing in 7 in the interval (0, 1).
The function values of the range boundaries, Ag2(y \, 0) = ag > 0 and
Ap(y /1) < =2t < 0, have different algebraic signs. As a consequence,
Ap2(y) has exactly one root in the interval (0, 1).
The sum of two monotonous functions with different algebraic signs in its
slopes and one function offering one root in the interval (0,1), can only
have two roots at most iff the function values of the range boundaries
have the same algebraic sign. Iff not, the sum of the two functions has
exactly one root. The range boundaries of a(~y) are 0 and 1 with function
values a(y \, 0) = ap > 0 and a(y /1) = —36t(109g + 15) < 0 for t > 6.
Hence, a(7y) has one root at v, in interval (0,1). In more detail, we get
Ya € (0.27,0.28).

e2) Similar to el), rewrite b(y) = Boa(y) + Bsa(y) and define Bpe(y) =
bo + byy + byy? and Bay(7y) = bsy® + byt
The coefficients b3 and by are positive. Thus, Bs4(7y) is positive, monoton-
ous and increasing in v for v € (0, 1).
Equivalent to Ags(7y), function Bpe(7) is monotonous and decreasing in

~ because the coefficients b, and by are negative. The function values of
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Boa(y \\ 0) = by > 0 and Bpa(y /1) = —(221t + 8) < 0 have different
algebraic signs. Thus, Bp(y) has one root in interval (0, 1).

Again, the function b(y) is the sum of a monotonous, increasing posi-
tive function and a monotonous, decreasing function with one root. The
function values of b(y \, 0) = by > 0 and b(y /1) = —162¢t < 0 have
different algebraic signs. Hence, b(~y) has exactly one root at 7, in interval

(0,1). More precisely, v, € (0.25,0.26).

In order to determine whether (hy — hgg)(x2) is positive, the intercept points
Ya > 7Y» conceal three cases:
1. Case: v € (0,7), which implies that b(vy) and a(vy) are positive. The

expression (hy — hsg)(x2) > 0 is equivalent to

(1-— fy)zaQ(fy) — le)z('y)RTg52 >0
& 37° (L =23t = L)y + Tt + 1J*- g(7) > 0
Sg) =g +...+ay+g9 >0.

2. Case: 7 € (Ya,1), which implies that b(vy) and a(y) are negative. The

expression (hy — hss)(z2) > 0 is equivalent to

40*(Y)RT,, — (1 —)%a*(y) > 0
& =37 (1—9)[23t =Dy + Tt + 1) - g(7) >0
& —g(v):=—(g" + ...+ g7+ g0) > 0.

3. Case: v € [V, Va), which implies that b(y) < 0 and a(y) > 0. The instant
conclusion is: (hy — hsg)(z2) > 0.

Function g(7) of Cases 1 and 2 is given as

g(y) = —=75(5t% + 2t + 1)y — 5(311¢% + 14t — 9)75 + (52952 + 170t + 27)~° +
(205032 + 1754¢ + 3)y* — 4¢(8768t — 91)73 — 4£(7095¢ + 419)7% +
8t(358t — 49)y + 1728¢2.

In order to evaluate the performance of g(7), define functions Gos(y) =

937* + 927* + 17 + go and Gur(y) = g(v) — Goz(7)-

Since both coefficients g and g3 are negative, the second derivative G{;(7) is

negative for v € (0,1) and ¢ > 6. The function values of Goz(y) at v \, 0

and v /1 are Go3(0) = go > 0 and Goz(1) = —12¢(4905¢ + 142) < 0. Thus,
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Gl3(7) has one root in interval (0, 1), because Gyz(y) is concave and the func-
tion values of the range boundaries have different algebraic signs. Recall, that
a concave function, like Gos(7), which is restricted to (0,1) and a positive
function value at the left range boundary must be monotonous and decreasing
in v for all Go3(y) < 0, regardless of an potential maximum of the function in
the interval (0, 1).

Use the fact that g77"+g67°+957° > (97 +96+95)7° = (3365t =50t —3)y > 0
and it follows that the function G47(7) is positive for all vy € (0,1) and ¢ > 6. A
similar approach leads to the conclusion that G47(7y) is increasing in v because
G () > (Tg7 + 696 + 5g5)7* + 4gay® = 20(726t% — 31t — 6)7* + 4(20503¢2 +
1754t + 3)y* > 0 for all v € (0,1) and ¢ > 6.

To summarize, the function g(vy) is the sum of a positive, monotonous increas-
ing function G47(7) and a concave function Go3(7y) with one root in the interval
(0,1). Gos(7y) is also monotonous decreasing for all Goz(y) < 0. Adding a pos-
itive increasing function to Gos(y) < 0, g(y) can have two roots at most in the
interval (0, 1) iff the function values of g(y) of the range boundaries have the
same sign. Iff not, g(y) has exactly one root.

The function values of the range boundaries are g(y N\, 0) = go > 0 and
g(y /1) = —34992t* < 0. Thus, g(v) has exactly one root. It proves that
9(0.26) > (37t —200)t is positive and g(0.27) < —t(142¢ — 211) is negative for
t > 6. It can be concluded that g(v) is positive for v € (0,0.26) and g(v) is
negative for v € (0.27,1). Hence, assuming Case 1, g(7y) is positive, assuming
Case 2, —g(7) is positive. The performance of the function g(y) implies that
(ha — hss)(x2) is positive. Thus, ho(xe) > hgs(xs) for all v € (0,1) and t > 6.

A further relation to analyze is

(4y* +11y+5)  (99*+ 13y +6)
G+ )27 +3) 37 +1)Ey+3)"
—3(7t — 1)y — 2(32t + 1)y* — (23t +5)y + 18¢
6t(1—7)(7 + 1)(27 + 3) o

(he — hs5)(z) =

) _
)

Substitution of x = x5 provides

B a(y) — b(V)\/RT@‘?
(ha — has)(x2) = 3v2(y + D[(23t — 1)y + 7t + 1]’

in which
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a(y) = 3(61t2 489t — 4)v° — 2(673t> + 76t — 12)~v* + 2(2597¢* — 277t — 6)7> +
21(389¢ + 383)72 — 3t(1153¢ + 109)7 + 1350¢2

and

b(y) = 3(31t — 1)4® — 2(74t — 13)7% — (155t + 23) + 90t.

The denominator of (he — hss)(x9) is positive for all v € (0,1) and ¢ > 6.

Once again, the algebraic signs of functions a(y) and b(y) need to be deter-

mined in order to evaluate whether (hy — hsg)(z2) is positive or not.

f1) Rewrite a(y) = a5y’ +...+a1y+ao and define Agz(y) = ap+a1y+asy*+
(a3—2194t?)~3. The function a(y) is positive iff Ag3(7) is positive because
as > 0 and agy* + 219423 > (a4 + 2194¢%)73 = 8(106¢* — 19t + 3)7> > 0
for all v € (0,1) and t > 6.
The coefficients ay and (a3 — 2194t?) are positive for ¢ > 6. Thus, the
second derivative Afs(7y) is positive for v € (0, 1) and the function Ags(7)
is convex in the entire interval (0,1). There is one stationary point of

Aps(7) in interval (0, 1), located at

\/2t(15868142¢3 — 80698112 — 40621t — 5886) — 2t(389¢ + 383)
6(1500¢% — 277t — 6)

Vst =

Since Ags(7) is a convex function, Apz(7s) is a minimum. Some simple

equation transformations confirm that

V2 — t4/2t(15868142t3 — 806981¢% — 40621t — 5886)3

Aps(vst) =
03(Vst) 27(1500¢2 — 277t — 6)?

is positive for ¢ > 6. The substitute V' of Apz(7yst) is given as V =
100412893976t* — 13346937327t3 + 823674048t% — 44746465t — 5450814.
The conclusion is: Ag3(7y) is positive for all v € (0,1) and, therefore, a(y)
is positive for all v € (0,1) and t > 6.

f2) The curvature of b(y) switches from positive to negative, i.e., the function

2(74t—13)
9(31t—1)

We have ~,,r > 0.5, such that local minima of b(+y) in the interval (0, 0.5)

b(y) is concave for all v < 75 1= and convex for all v > v;,¢.

are located in the range boundaries itself. Since b(y) is concave in the
interval (0,0.5), b(y \, 0) = 90t > 0 and b(0.5) = —(103t 4+ 43)/8 < 0,
the function b(7) has one root in interval (0, 0.5).

(
Furthermore, b(y) must be decreasing for all v € [0.5, v;,¢) and is convex
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for all v € (Yins,1). As b(y /' 1) = —120t < 0, the entire function must
be negative for all v € [0.5,1). Thus, b(y) has exactly one root in (0, 1)
at v,. Narrowing the root, we arrive at v, € (0.44,0.45), such that b(~)

is positive iff v € (0,7,), and negative otherwise.

Knowing that a(v) is positive for v € (0, 1), expression a(y) — b(y)\/RT1%,
is positive for all b(y) < 0. Thus, assume b(y) > 0. The inequality a(y) —

b(v)\/RT,, > 0 is equivalent to
a*(y) = b*(y)RTy, > 0
& 67723t — D)y + Tt + 1> g(y) > 0
< g(y) = 967"+ + @7+ 90 > 0,

in which
g(v) = 24(63t> + 1)75 — (6601t> — 455t + 48)~° + 2(2525t2 — 610t + 12)7* +
6t(1575¢ + 151)y> — 4¢(1898t — 97)y2 — ¢(2593t + 529)y + 2124¢2.

The intention is to prove that g() is positive for all v € (0,0.5), since (0, 7;)
is a subset of (0,0.5), cf. property £2). Rewrite g(v) = 7*Gus(y) + Goz(7y) to
get Gug(v) = g4 + 957 + g67° and Goz(7) := go + 17 + 927 + g37°.

The function Gye(7y) is monotonous and decreasing for all v € (0,1) be-
cause its first derivative, Gl4(7) = g5 + 2967 < g5 + g6 = —7t(511t — 65)
is negative for ¢ > 6. The local minimum of Gyg(7y) in interval (0,1) is
Gu6(0.5) = (4255t% — 1985t + 12)/2 > 0 for t > 6. Thus, Gue(y) is posi-
tive for all v € (0,0.5).

Analyze now Goz(7). Its curvature is negative and positive as well, i.e., Goz(7)

2(1898¢t—97)
9(1575t+151)

stationary point of Go3(y) in the interval (0, 1), located at

is concave iff 7 < vips2 1= and convex iff v > v;,52. There is one

\/2(655750071% + 8076766t + 794183) + 4(1898 — 97)
18(1575¢ + 151)

Vst =

Use the fact that 7,2 < 75t and v > 0.5 to get that Gos(yst) is a minimum
of Go3(y) and Gos(7y) is decreasing for v € (0,0.5). Hence, Go3(7y) is positive
for all v € (0,0.5) because Gg3(0.5) = £(443t=217)/4 > 0 for t > 6.

The conclusion is: g(v) = ¥*Gu6(7) + Gos(7) is positive for all v € (0,0.5) and,
therefore, for all v € (0,7,) as well.

We arrive at ho(za) > hss(xs) for all v € (0,1) and t > 6.
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g) The last expression to examine is

6(572+ 12y +3) 1542 +13y+6

27+ 357 +3) (27 +3)57+3)"

N —15(3t — 1)y* — 3(37t — 11)* — 4(2t — 3)y + 24tx2
2t(1 — ) (27 + 3)(5by + 3) '

(he = hi14)(x) =

) _
)

Substitution of & = x5 provides

a(y) — 2b(y)/RT%,
Y2(5y + 3)[(23t — 1)y + Tt + 1]?’

(he — hgg)(72) =

in which

a(y) = 75212 + 22t — 1)75 + 2(421¢2 + 1192t — 6)7* + (114032 — 886t +
69)77 — 2(1819¢2 — 649t — 9)72 — 6t(49Tt — 159)7 + 1800¢2

and

b(y) = 75ty — 13(16t — 5)72 — (49t — 31)7 + 60t.

The denominator of (hy — hy14)(22) is positive for all v € (0,1) and ¢ > 6.

In order to show that the function a(v) is positive for all v € (0, 1), rewrite

a(y) = asy® + ...+ ayy + ag. The coefficients a5 and ay are positive for ¢ > 6.

Thus, a(y) > 0 is equivalent to Ags(7y) := ag + a1y + axy? + azy® > 0 for all

v € (0,1).

Derive Ags(7) twice and find Afj;(y) < 0 iff v < v 1= 2(1819¢7—649¢ )

3(1140312—8861+69) °
Alg(y) > 0iff v > i, p. There is just one stationary point of Ags(7) in interval

(0,1) at

and

_ V2W +2(1819¢% — 649t — 9)
© 3(11403t% — 886t +69)

in which W = 57623141t* — 25002895¢% + 2353421t%> — 75375t 4+ 162. Since
Ying < Vst and Agg(7y) is convex for all v > 74, the value Apz(7ys) is a local

Vst

minima of the function Ags(7y). Observe that

B 4V — V23]
~ 27(11403t2 — 886t + 69)2’

Aps (%t)

whereas V' = 1277432961431t°—9755571192t°—26892004035t*4-241357614 73—
48111462t* — 2035125t + 2916. Some simple calculus confirms Agz(ys) > 0 for
t > 6. Hence, Ags(7y) is positive and, therefore, a(7y) is positive for all v € (0, 1)
and all t > 6.

The function b(7y) is monotonous and decreasing for all v € (0,1). Use the fact
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that v* < 7y to get b/ (7y) < 225ty—26(16t—5)y—(49t—31)y < —(240t—161)y <
0 for all v € (0,1) and ¢t > 6. Thus, the slope of b() is negative in interval
(0,1). The function values of the range boundaries v N\, 0 and v " 1 have
different algebraic signs. Hence, b(7) has one root in interval (0,1). Since
b(0.5) = (254 — 57t)/8 < 0 for t > 6, we conclude that b(vy) is negative for all
v €10.5,1).

Iff b(v) is negative, the numerator a(7y) — 2b(7y)/RT, is positive because a(7)
is positive for all v € (0,1). The immediate conclusion is that (hy — hss)(22)
is positive.

For all v with b(y) > 0, the numerator a(y) — 2b(v)\/RT,, S0 s equivalent

to
a2(7> - 4b2 (V)RTM >0
& 3?23t — D)y + Tt + 1> g(y) > 0
Sg(y) =9 +... g7+ g >0,
in which

g(7) = 1875(5t2+2t+1)7° — 50(1025¢2 — 304t — 87)7° + (118735¢2 — 15414¢ +
3423)7% — 4(1867¢2 — 2713t — 261)7° — 4(14440¢2 — 4463t — 27)72 +
16t(716t + 235) + 691242,

Restrict v to the interval (0,0.5). This will include all function values of
b(y) which are positive. Hence, iff g(v) is positive for v € (0,0.5), the
function g¢(7) is positive for all b(y) > 0. Use the fact that g¢ > 0 and
g57° + 51250624 > (g5 + 51250t2)y* > 0 for t > 6 and v € (0,1). It follows
that g(v) is positive iff Gos(7) := (g4 — 51250t2)y* + g37* + goav2 + g17 + go > 0
for v € (0,0.5).

For this purpose, differentiate Go4(7y) twice and observe that Gos(7y) has one

point of inflection in interval (0,0.5) which is located at

_ VZ + 1867t — 2713t — 261
Tind = 73(22495¢2 — 5138¢ + 1141)

whereas Z = 653141289t* — 359306152t3 + 83984933t — 8490928t + 6507.
Goa(7y) is concave for all v € (0,7i,s) and convex for all v € (7inys,0.5). The
alteration from concavity to convexity implies that G{,(7ins) is nonpositive.
Iff G,(0.5) <0, the function Go4(y) must be decreasing in (y;,f,0.5) as there
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is no further point of inflection located in this particular interval. Therefore,
calculate the function value of the slope Gf,(0.5) = —(36325t* — 44088t —
5205)/2 < 0 for t > 6. Hence, the local minimum of Gy4(7) in interval (0, 0.5)
is either range boundary v \, 0 or 7 , 0.5. The function values of Go4(7) at
0 and 0.5 are 6912¢% > 0 and (23749t + 107778t + 5943) /16 > 0, respectively,
for all ¢ > 6.

It follows that g(vy) is positive for all v € (0, 0.5) because Goy(7y) is positive for
all v € (0,0.5) and g(y) — Gos(7y) is positive for all v € (0,1). Add the fact
that a(7y) — 2b(y)/RT,, is positive for v € [0.5,1) and the final conclusion of
this property g) is: ha(x2) > hyia(z2) for all v € (0,1) and ¢t > 6.

As Proor or LEMMA 12. ...

b) Next to analyze is

B 9(7)
(has = hn) (Zmin) = 3(5t —1)2(1 =) (v + 1) (v +3)’

in which
g(y) = 301¢2 — 119¢ + 12)72 + 3(125¢2 — 53t + 6)7% — (6102 — 245¢ + 24)y —
3(6t* — 11t + 2).

The denominator of (hog — h1)(Zmn) is positive for all v € (0,1) and ¢ > 6.
The numerator g(y) := g37>+ 927> + 917+ go performs as follows. Differentiate
g(7y) twice and it gives ¢"(vy) > 0 for ¢ > 6 and v € (0,1) since g3 and g, are
both positive. The positive coefficients imply that g(y) is convex and can have
up to two roots in the interval (0,1). The function g() is continuous and it
follows that g() has exactly one root at v,..¢ € (0,1) because g(v \, 0) = go
is negative and g(y /' 1) = 48t? is positive for ¢ > 6. Thus,

<0 < Y < Vroot
<h28 - hl)(l'mm) e .
ZO <:>’727root
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Further, calculate

V4 ZVW
8(613t2 — 239t + 24)3’

9(Va2) = —

in which

V = 255180863548t —410488247348t" +287443352916t° — 114504471500t +
28390200837t* — 4486763522t + 441322859t% — 24691062t + 601128,

W = 339889t* — 317254¢3 4 108061¢% — 16140t + 900

7 = 380807860t° — 454733736t> + 226099812t* — 600160643 + 8983427t> —
720025t + 24180.

Remodel g(7a2) properly to get g(7.2) < 0. However, the negative output im-

plies that Va2 < Yoot

Hence, hq(Zmin) > hog(Tmn) for all v € (a1, Va2)-

¢) The next expression to examine is

(h170 - hl)<xmin)
5(5t — 1)(29t — 6)y* — (671¢* — 255t + 24)y — 2(12¢* — 17t + 3)
6(5t — 1)2(1 =) (v + 1) '

The denominator of (hi7g — h1)(Zmin) is positive for all v € (0,1) and ¢ > 6.

Abbreviate the numerator of (hi70 — h1)(Zmin) as function g(). There is just

one root of ¢g(y) in interval (0,1). This root is located at

V519841¢% — 46913083 + 15763312 — 23400 + 1296 + 6712 — 255¢ + 24
10(5¢ — 1)(29¢ — 6) ’

Yroot =

such that g(7y) is negative for all v € (0, Y00t ). Some simple equivalent equation

transformations confirm that v,2 < Vroot-

Hence, hy(Zmin) > h170(Tmin) for all v € (Va1, Yaz)-

d) Calculate

B 9(v)
(h84 - hl)(xmm) = 6(5t _ 1)2(1 _ 7)(72 + 5y + 3)’

in which
g(v) = 5(5t — 1)(29t — 6)'y3 + (1793t2 — 727t + 78)72 — 2(1070152 — 427t +
42)y — 12(21152 — 14t + 2).
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The denominator of (hgys — h1)(Zmin) is positive for all v € (0,1) and ¢ > 6.
Abbreviate g(v) := g37® + ¢27° + 917 + go- The second derivative of g(v) is
positive for all v € (0,1) because g3 and gy are positive for ¢ > 6. Thus,
g(7) is convex in the entire interval (0,1). The convexity implies that the
local maximum of g(7) is located in one of the range boundaries of interest,
which is either 741 or Ya2. Since 0 < a1 < Va2 < V8@ < 0.96, (Va1,Va2) is
a subset of [0,0.96]. Observe that g(y N\, 0) = —12(21¢? — 14¢ + 2) < 0 and
g(0.96) = —(29980507t% — 135917873t + 14857122) /2391250 < 0. Thus, g(v)
is negative in the entire interval [0,0.96] which implies that g(y) is negative

for all v € (a1, Ya2)-

To summarize, hi(Tmin) > hea(Tmin) for all 7 € (Ya1, Yaz)-

Next,

B 9(7)
(has = h1)(@min) = 6(5t — 1)2(1 — ) (2 + 5y + 3)’

whereas
g(v) = 5(5t—1)(29t —6)~3 + (1799t — 727t + 78)7? — 2(965t% — 409t + 42)y —
12(4t — 1)(9t — 2).

The denominator of (hsg — h1)(Zmn) is positive for all v € (0,1) and ¢ > 6.
Abbreviate the numerator g(7) as g3 + g27v*> + 917 + go- The second deriva-
tive of g() is positive for all v € (0,1) because g3 and gy are positive for
t > 6. Thus, g(v) is convex in the entire interval (0, 1). The convexity implies
that the local maximum of g(v) is located in one of the range boundaries,
Va1 OF Yaz2. Since 0 < Va1 < Va2 < 0.952, the interval (741,7a2) C [0,0.952].
Consequently, ¢(0) = go < 0 and ¢(0.952) = —6(128685971¢2 — 666365608t +
71054112) /57671875 < 0. Thus, g(v) is negative in the entire interval [0, 0.952]
which implies that g(7) is negative for all v € (Y41, Ya2)-

It follows that hq(zmin) > hss(Tmin) for all v € (a1, Ya2)-

Another expression to analyze is
(hss — h1)(Tmin)
2(143t% — 58t + 6)y* — (Tt — 2)(19t — 3)y — 3(46t% — 19t + 2)
3(t =12 (1 =7)(v+ 1)
The denominator of (hss — h1)(Zmin) is positive for all v € (0,1) and ¢ > 6.

Abbreviate the numerator of (hss — h1)(Zmin) as function g(vy). There is just
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one root of g(y) in the interval (0,1). This root is located at

 /T75561¢% — 1449348 + 4501312 — 6228% + 324 + (Tt — 2)(19¢ — 3)
Troot = (14312 — 58t + 6) ’

such that g(7) is negative for all v € (0, Y00t ). Some simple equivalent equation
transformations confirm v,2 < Vroot-

Hence, hi(Tmin) > hss(Tmin) for all v € (Ya1, Va2)-

Now observe the expression

(h114 - hl)(lb"mm)
25(5t — 1)(29t — 6)7* — (2629t — 1061t + 108)y — 6(144t> — 63t + 7)
6(5¢ — 1)*(1 =) (57 +3) '

The denominator of (hi14 — h1)(Zmn) is positive for all v € (0,1) and ¢ > 6.
Abbreviate the numerator of (hi14 — h1)(Zmin) as function g(y). There is just

one root of g(y) in the interval (0,1). This root is located at

VIV
+ 2629t* — 1061t + 108
Troot = TTRO(5E — 1)(20f — 6)

in which W = 19439641t* — 16157338t> + 5051185¢% — 703776t + 36864. The
function g() is negative for all v € (0, v,00t). Some simple equivalent equation
transformations confirm v,o < Yoot

Hence, hi(Zmin) > h114(Tmin) for all 4 € (Va1, Yaz)-
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Appendix C : Some more Lemmata

and Transformations

C.1 Lemmata

Lemma 13. The parameter a,,q) is increasing as n;(l) increases, j =1,...,t.

PROOF. The assumption a; = 1 < 1/(1 — %) = a, holds because v € (0,1). v

(1) < Gny(1)+1
() =2y+1 () =y +1
[(n;(1) = Dy +1J(1 —=~)  [n;(D)y +1](1 — )
& (ni()y — 2y + D(n;(D)y + 1) < (ni()y =~ +1)°
& 2n;(l)y — 2y <¥* 4+ 2(n;(1) — 1)y

s0<y? Vv
The statement follows from the assumption and the definition of a,, ). O

Lemma 14. Assuming n;(l) > 2, b, ) is increasing as n;(l) increases and is maz-

imal forn;(1)=1,j=1,...,t.

PROOF. by, 1) < bp,1)+1 < 0 = by holds, because the enumerator of b, ) is a negative

constant and the denominator is an increasing function of n;(l) Vn;(l) > 1. O

Lemma 15. The column sum crs, ) of So.Lof treatment j is decreasing as n;(l)
increases for all j = 1,...,t. On the contrary, n;(l)crs,,q) is increasing as n;(l)

mcreases.

PRrROOF. 1) We have

1
[ (1) = Uy + 17

CrSp; (1) = @ny) + [y (1) — by ) =

127
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which is an decreasing function of n;(().
2)

!
ni(l)ersn,a) < (n(l) + 1)ers,; o+

) w0l
(ni() =Dy+1  ni(D)y+1
S0<1—7,
which is true, as vy € (0, 1).
Lemma 15 follows from 1) and 2). O

Lemma 16. R, is increasing as the number of treatments t; in sequence u increases.

PROOF. R, is the sum of all matrix entries of Sd’ul, therefore, it can be written as

the sum of all row sums of Sd_ulz

p
R, = Z CT'Sn i, (1)
r=1

The sum is maximal iff every summand is maximal. Thus, R, is maximal iff every
summand equals 1, i.e., crs,;q) = 1 for every treatment j. Since crs,, decreases
as n;(l) increases, R, increases as the n;(l) decrease. R, is maximal iff all n;(l) = 1,
for every j =1,...,t. A decreasing n;(l) means that another n;.(l) increases under

the condition of n;.(l) < n;(l) and j* € {1,...,t}. Thus, iff ¢, increases, there must

be some n;(l) which decreases, j € {1,...,t;}, and any n;« increases to a value
unequal to 0, j € {1,..., ¢} \{1,... 4}
Lemma 16 follows. [
P
Note, rearranging » CTSn (1) then R, can also be written as
r=1
t
R, = an(l)crsnj(l). (C.1)
i=1

Lemma 17. The intersection of hy and hy at x5 of (3.13) is less than 1 for all
t>p>3and~vye(0,1).

PROOF.

To < 1

&/RT,, <

[(2p° — 4p — 2)t — 2]7° + [(2p + 2)t + 2y + tp(p — 1)(1 — ) + 2t7(1 — )
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Square both sides of the inequality and divide them by 4+, gives

K () :=ksy* + kay* + k1y + ko
=[—(2p* — 8p® + 3p* + 10p + 3)t* + (3p* — 6p — 4)t — 1]¥°
+[(2p* — 11p* + Tp* + 18p + 6)t* — (5p* — 12p — 8)t + 2]7*
+ [~ (p* — 6p® + 6p* + 10p + 3)t* + (3p> — 8p — 4)t — 1]y
+pt-(p* —p—2)t—p+2

<0

a) ko < 0 because —p+2<0and —(p> —p—2)<Oforallp>3. Vv

b) k1+1<0
& (%) :=pPt (6 — p) —3p*(2t — 1) — 10pt — 3t —8p—4 < 0
——
<0,p>6
Case p = )=—6t—1<0forallt>3

(
Case p=4: (x) =—11t+12<0forallt >3
(%) = —78t +31 < 0 for all t > 3
=>k+1<0=k<0Vi>p>3. V

c) kp—2>0forallp>5
& (%) == p3t? (2p — 11) +p*t(Tt — 5) + 6pt(3t + 2) + 6t> + 8t > 0
N——

>0,p>6
Case p = 3: —12t> —t <O forallt >3

(%)
Case p=4: (x) = —2t> — 24t +2 < 0 for all ¢t > 3
Case p = 5: (%) = 146t> — 57t +2 < 0 for all t > 3
=k —2>0Vp>5=k >0Vp>5. Vv

*

d) ks+1 <0 forall p>4
& (x):=2p%2 (4 — p) =3p*t(p — 1) — 2pt(3+ 5t) — (3t —4) < 0
N——

<0,p>4

Case p=3: (x) =t(21t — 68) < 0 iff t = 3, or
(%) =t(21t — 68) > 0 for all ¢t > 3
=ki+1<O0forallp>3, =k3<0Vt>p>3. VvV

Rewrite K(v) = A(y) - v + ko, A(y) is continuous expandable on v € [0,1], i.e.,
A(0) = k1 < 0 and A(1) = —pt[(p® — 3p* +2p + 2)t — p + 2] < 0 because

>3 >3
(0P =32+ 20+ 2t —p+2 > PP —3p>+p+4d'> p+4>0.
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d
1) A(v) = 2k; >) 0iff p =t = 3. Hence, A(y) is convex (parabola) and local
maxima of A(7) are given in the range boundaries v \, 0 and v ' 1. A(0) and

A(1) are negative. Since A(7) is continuous, it is negative for all v € (0,1).

v

2) A'(v) = 2k3 2 0 for all £ > p > 3, and it causes A(y) to be concave. Local
maxima of A(v) are given in its turning points, or, if those turning points are
not in the interval (0,1), in the range boundaries of A(y) as well.

A7) = 2kyy + ko = 06 7 = Yynaz = —ha/(2Ks).
Iff ko < 0 (see item ¢)), Ymax < 0 and, thus, out of range (0,1). Hence, A(7)
is monotonous and the local maxima are given by A(0) and A(1) which are
both negative.
Else, for ky > 0, Vmazr > 0 and A(Ymae) is the maximum of function A(y). It
is
A Ymaz) =1 — k3 / (4ks)
= — pt[(p — 3)(4p°® — 24p° + 31p* + 31p® — 36p* — 36p — 8)¢°
—2(p — 2)(8p* — 33p® + 13p* + 44p + 14)¢*
+5(p — 2)(35° — 6p — )t — A(p 2]
/(4" = 2p = 1)t — 1][(2p* — dp — 3)t — 1])

The denominator is positive for all t > p > 3. Next, rewrite the enumerator
as —pt - G(t) with G(t) = g3t> + got® + g1t + go.
Itis go < 0 and g; > 0. Therefore, go+git > go+g1 = 3(p—2)(5p*—10p—8) > 0
for all p > 3.
Further, go < 0 and g3 > 0. Thus, gs + gst > go + 493 = 2(p* — 2p — 2)(8p° —
56p* + 102p% + 17p% — 99p — 38) > 0 for all t > 4.
Because of the factor,—pt, of the enumerator of A(vme), the maximum of

A(7) is negative for all t > p > 4. Since A(7) is concave, it is negative for all
c(0,1). v

The function A(7) is negative (see items 1) and 2)), the coefficient kg is negative (see
a)) and v € (0,1). Hence, K(v) = A(v) - v + ko is negative. It follows, zo < 1. [

Lemma 18. The intersection of hy and hy at xy, is positive and less than 1 for all
t>p>5and~ye(03,1).
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PROOF.A) Assume p is odd and v € (0.3, 1).

The denominator of xj of equation 3.14 is increasing in v because its first derivative
is positive for all 7 in the domain (0.3,1) and all ¢ > p > 5. The outcome of the
specified denominator at y = 0.3 is [(90p® —553p? +2136p—273)t+273p—273] /500 >
0. Thus, the denominator of x is positive for all v € (0.3,1) and all t > p > 5. It

follows:

Al)

Ty ; 0<
Alp = Dpt(L =) + (= Dy +1] - [(P* = 2p + 1)t —p+ 1)y’ +
+(* =20 +p)t? + (20" = 3p— Dt +p— 1y + Bp—p*)t] > 0 &
9 =@P* =2+ Dt —p+1)7° + (p° = 2* + p)tr’+
+((2p* =3p— Dt +p—1)y+ (Bp—p*)t] > 0

Transform v by v = 0.3 + 0.79/, in which " € (0,1) and v € (0.3,1). Thus, g(v)

alters to

9() = 15343(p—1)((p—1)t = 1)7* +49(p — 1)((10p* — p—9)t — 9)7"* +7((60p* +
107p? —294p—T3)t-+73(p— 1))y + (90p° — 553p%+2136p—273)t-+273(p—1)],

which is positive for all t > p > 5 and all 7/ € (0, 1). v

A2)

—4-a(y)-b(y) <0
a(y) > 0Ab(y) >0ora(y) <OAb(y) <0

in which

a(y) = [(p*=2p+1)t—p+1]7°+(* —2p° +p)ty*+[(2p" = 3p— 1)t +p— 1y +(3p—p?)t

and

b(v) = [(2p* = 5p +3)t —p+ 17" + (2p° — 8p” + 8p)ty® + [(=2p” + 11p* — 12p —
3)t+p— 1y + (p* — 5p* + 8p)t.

Again, apply the transformation v = 0.3 + 0.74" with " € (0,1) and v € (0.3, 1).

The functions a(vy) and b(~y) alter to a(y’), being identical to g(v') of passage Al),

and
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b(y') = [343(p—1)((2p — 3)t — 1)7"3 +49((20p® — 62p*> + 35p + 27)t —9(p — 1))7* —
7((80p® — 674p? + 855p + 219)t — 73(p — 1)) + (580p> — 2366p? + 4985p —
819)t + 273p — 273]/1000,

respectively. The function a(y) is positive for all v € (0.3,1) and ¢ > p > 5 because

all coefficients of v, 0 < 7 < 3, are positive. Rewrite b(7') as b3y>+...+by. We get

b1y 4+ by > (b1 + b)Yy > 0 for all t > p > 5. The coefficients by and b are positive

for all t > p > 5 as well. Thus, b(7) is positive for all v € (0.3,1) and all t > p > 5.

v

Lemma 18 for zj, of equation (3.14) follows from combining properties A1) and A2).

B) Assume p is even and 7y € (0.3, 1).

The denominator of x; of equation 3.15 is increasing in v as the first derivative is
positive for all v in the domain (0.3,1) and all ¢ > p > 5. The function value of the
specified denominator at y = 0.3 is [(90p® —616p? +2545p — 546 )t +273p—546] /500 >
0. Thus, the denominator of xy, is positive for all v € (0.3,1) and all t > p > 5. It
follows:

B1)

zp > 0<
Ap = 2)pt(1 —y)[29° + (p— Dy + 1] - [((20° = 5p + 2)t — p +2)7°+
+(p® = 3p" + 2p)ty" + (20" = 5p = 2)t +p—2)y + (dp —p*)t] > 0 &
9(7) == 1((2p* = 5p+2)t — p+2)7° + (p* — 3p” + 2p)tr’+
+H((2p* = 5p =2t +p =2}y + (4p —p*)1] > 0

Transform ~ by v = 0.3 + 0.79/, in which 4" € (0,1) and v € (0.3,1). Thus, g(y)

alters to

9(Y) = 1os343(p—2)((2p— 1)t = 1) +49(p—2)((10p*+8p—9)t —9)7 +7((60p° +
T4p® —515p—146)t+73(p—2) )y +(90p® — 616p>+2545p— 546 )t+273p—546),

which is positive for all ¢ > p > 5 and all 7/ € (0, 1). v

B2)

$ké1<:>
—4-a(y)-b(y) <0<
a(y) > 0Ab(y)>0o0raly) <0OAD(y) <0
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in which

a(y) = [(2p" = 5p+2)t —p+2]7* + (p* = 3p* + 2p)t? + (20 — 5p — 2)t +p —
21y + (dp — p*)t

and

b(v) = [(4p* = 11p+6)t —p+2]7* + (2p® — 12p* + 18p) i~ + [(—2p® + 14p* — 23p —
6)t +p — 2]y + (p* — 6p* + 12p)t.

Again, apply the transformation v = 0.3 + 0.7 with ' € (0,1) and v € (0.3,1).

The functions a(vy) and b(7) alter to a(y’), being identical to g(') of passage B1),

and

b(7') = [343(p—2)((4p —3)t — 1)7/3 +49((20p® — 84p* + 81p+ 54)t — I(p — 2) )y —
T((80p® — T88p? + 1517p + 438)t — 73(p — 2))7' + (580p° — 2772p? + 6423p —
1638)t + 273p — 546] /1000,

respectively. The function a(v’) is positive for all v € (0.3,1) and ¢ > p > 5 because

all coefficients of 7/, 0 < i < 3, are positive. Rewrite b(7) as b3y®+...+by. We get

b1y 4+ by > (b1 + b)Y > 0 for all ¢ > p > 5. The coefficients by and bs are positive

for all t > p > 5 as well. Thus, b(v) is positive for all v € (0.3,1) and all t > p > 5.

v

Lemma 18 for zj of equation (3.15) follows from combining properties B1) and

B2). O

Lemma 19. The minimum of hy = hy, is located at xy for all v € (0.3,1).

PROOF. As pointed out in Lemma 18, the denominator of xj is positive for all
v € (0.3,1) as is the denominator of z_j. Thus, it follows that the abscissa z_j is
negative because the enumerator of x_ is negative. The enumerator of x_j consists
of a negative root term and a positive subtrahend for all ¢ > p > 5, c¢f. equations
(3.14) and (3.15).

The rest of the proof is equivalent to property (2) of the proof of Proposition 3, just

replace x1 by x_;, and x5 by z, respectively. O
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C.2 Term Transformations

The transformation of terms of cg5(1): Multiplying terms 2 and 4 of equation (3.11)

with tR,, is equivalent to
(Z (nj — ﬁoj)crsn]) — R, Z — Ng;)crsn, + Ry, Z — M5 )T0;bn,
J

= (Z (nj — ﬁoj)crsnj> (Z (n; — fgj)crs,,; — ) +R, Z — Tg; ) N;bn,

J J

Vv Vv
=Ru—3_; TlpjCrsn, ==> TlojCrsn;

2
= ( E ’flojC’f’Snj> - Ru E ﬁOjCTSn]. + Ru E nj’flojb E nOg nj
J J J

_nOJ

Lemma 15

2
Proof of ~ ~
= g no;Crsn; | — Ry E N0 Q-
J J

This results into equation (3.12) of section 3.3.
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