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1 Introduction

An affine connection is one of the basic objects of interest in differential geometry. It provides a
simple and invariant way of transferring information from one point of a connected manifold M to
another and, not surprisingly, enjoys lots of applications in many branches of mathematics, physics
and mechanics. Among the most informative characteristics of an affine connection is its holonomy
group which is defined as the subgroup Hol,(M) C Aut(T,M) consisting of all automorphisms of
the tangent space T,M at p € M induced by parallel translations along p-based loops.

The notion of holonomy first arose in classical mechanics at the end of the 19th century. It was
Heinrich Hertz who used the terms ‘holonomic’ and ‘non-holonomic’ constraints in his magnum
opus Die Prinzipien der Mechanik, in neuen Zusammenhdngen dargestellt (“The principles of
mechanics presented in a new form”) which appeared one year after his death in 1895. For a more
detailed exposition of the early origins of the holonomy problem, see also [21].

The notion of holonomy in the mathematical context seems to have appeared for the first time
in the work of E.Cartan ([30, 31, 33]). He considered the Levi-Civita connection of a Riemannian
manifold M, so that the holonomy group is contained in the orthogonal group. He showed that
in this case, the holonomy group is always connected if M is simply connected. Moreover, he
observed that Hol,(M) and Hol,(M) are conjugate via parallel translation along any path from p
to ¢, hence the holonomy group Hol(M) C Gl(n,R) is well defined up to conjugation.

Cartan’s interest in holonomy groups was due to his observation that for a Riemannian sym-
metric space, the holonomy group and the isotropy group coincide up to connected components,
as long as the symmetric space contains no Euclidean factor. This insight he used to classify
Riemannian symmetric spaces ([32]).

In the 1950s, the concept of holonomy groups was treated more thoroughly. In 1952, Borel
and Lichnerowicz ([14]) proved that the holonomy group of a Riemannian manifold is always a
Lie subgroup, possibly with infinitely many components. In the same year, de Rham ([37]) proved
what is nowadays called the de Rham Splitting theorem. Namely, if the holonomy of a Riemannian
manifold is reducible, then the metric must be a local product metric; if the manifold is in addition
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complete and simply connected, then it must be a Riemannian product globally. In 1954, Ambrose
and Singer proved a result relating the Lie algebra of the holonomy group and the curvature map
of the connection ([2]).

A further milestone was reached by M.Berger in his doctoral thesis ([9]). Based on the the-
orem of Ambrose and Singer, he established necessary conditions for a Lie algebra g C End(V)
to be the Lie algebra of the holonomy group of a torsion free connection, and used it to classify
all irreducible non-symmetric holonomy algebras of Riemannian metrics, i.e., such that g C so(n).
The list is remarkably short. In fact, it is included in (and almost coincides with) the list of con-
nected linear groups acting transitively on the unit sphere. This fact was proven later directly by
J.Simons ([66]) in an algebraic way. Recently, C.Olmos gave a beautiful simple argument showing
this transitivity using elementary arguments from submanifold theory only ([59]).

Together with his list of possible Riemannian holonomy groups, Berger also gave a list of
possible irreducible holonomy groups of pseudo-Riemannian manifolds, i.e., manifolds with a non-
degenerate metric which is not necessarily positive definite. Furthermore, in 1957 he generalized
Cartan’s classification of Riemannian symmetric spaces to the isotropy irreducible ones ([10]).

In the beginning, it was not clear at all if the entries on Berger’s list occur as the holonomy
group of a Riemannian manifold. In fact, it took several decades until the last remaining cases were
shown to occur by Bryant ([16]). As it turns out, the geometry of manifolds with special holonomy
groups are of utmost importance in many areas of differential geometry, algebraic geometry and
mathematical physics, in particular in string theory. It would lead to far to explain all of these
here, but rather we refer the reader to [11] for an overview of the geometric significance of these
holonomies.

In 1998, S.Merkulov and this author classified all irreducible holonomy groups of torsion free
connections ([56]). In the course of this classification, some new holonomies were discovered
which are symplectic, i.e., they are defined on a symplectic manifold such that the symplectic form
is parallel. The first such symplectic example was found by Bryant ([17]); later, in ([34, 35]) an
infinite family of such connection was given. These symplectic holonomies share some striking
rigidity properties which later were explained on a more conceptual level by M.Cahen and this
author ([26]), linking them to parabolic contact geometry.

In this article, we shall put the main emphasis on the investigation of connections on principal
bundles as all other connections can be deduced from these. This allows us to prove most of the
basic results in greater generality than they were originally stated and proven. Thus, section 2 is
devoted to the collection of the basic definitions and statements, where in most cases, sketches of
the proofs are provided. In section 3, we shall collect the known classification results where we
do not say much about the proofs, and finally, in section 4 we shall describe the link of special
symplectic connections with parabolic contact geometry.



2 Basic definitions and results

2.1 Connections on principal bundles

Let ¥ : P — M be a (right)-principal G-bundle, where M is a connected manifold and G is a Lie
group with Lie algebra g. A principal connection on P may be defined as a g- valued one-form
o € Q!(P)® g such that

1. o is G-equivariant, i.e., r;_, (w) =Adgowforall g € G,

2. o(&*)=¢ forall § € g, where §; := %h:o(p -exp(t€)) denotes the action field correspond-
ing to &.

Here, r, : P — P denotes the right action of G. Alternatively, we may define a principal connection
to be a G-invariant splitting of the tangent bundle

TP= &Y, where ¥, =ker(dm), = span({&, | § € g}) forall p € P. (1)

In this case, ¢ and 7 are called the vertical and horizontal space, respectively.

To see that these two definitions are indeed equivalent, note that for a given connection one-
form o € Q' (P) ® g, we may define /% := ker(®); conversely, given the splitting (1), we define ®
by ®|,» =0and w(£§*) =& forall £ € g; it is straightforward to verify that this establishes indeed
a one-to-one correspondence.

The curvature form of a principal connection is defined as

1
Q:=do+ ;0,0 cQ*(P)®g. (2)
For its exterior derivative we get
dQ+ [@,Q] = 0. 3)
By the Maurer-Cartan equations, it follows from (2) that
§* 1Q =0 forall § € g, and dry(Q) = Ady 0 Q. 4)

A (piecewise smooth) curve ¢ : [a,b] — P is called horizontal if ¢'(t) € A, for allt € [a,b].
Evidently, for every curve ¢ : [a,b] — M and p € 7~ '(c(a)), there is a unique horizontal curve
c? :a,b] — P, called horizontal lift of ¢, with ¢ = wocP and ¢” (a) = p. Since by the G-equivariance
of J# we have ¢’ = rqy o cP, the correspondence

I: 7 (c(a) — 7' (c(b)), pr— cP(b)

is G-equivariant and is called parallel translation along c. The holonomy at p € P is then defined
as
Hol,:={g€ G| p-g=1.(p) for ¢ : [a,b] — M with c(a) = c(b) =r(p)} CG. 3)



Evidently, Hol,, C G is a subgroup as we can concatenate and invert loops. Also, the G- equivari-
ance of 7 implies that
Hol,., = g ! Hol, g. (6)
Moreover, if we pick any path ¢ : [a,b] — M then, again by concatenating paths, we obtain for
pexn(cla)
HOZHQ(p) = HOlp. (7)

Thus, by (6) and (7) it follows that the holonomy group Hol = Hol, C G is well defined up to
conjugation in G, independent of the choice of p € P.
We define the equivalence relation ~ on P by saying that

p ~ q if p and ¢ can be joined by a horizontal path. 8)
Then definition (5) can be equivalently formulated as
Holy:={g€G|p-g~p}. ©)

Theorem 2.1 (Ambrose-Singer-Holonomy Theorem [2]) Let & : P — M be a principal G-bundle
with a connection @ € Q'(P) ® g and the corresponding horizontal distribution 7 C TP.

1. The smallest involutive distribution on P which contains € is the distribution
Ay =y D{E) | & € hol,},
where hol, C g is the Lie subalgebra generated by

hol, = ({Q(dI(v),dll:(w)) | v,w € T,P,c : [a,b] — M any path with c(a) = m(p)}). (10)

2. The identity component of (Hol,)o C G is a (possibly non-regular) Lie subgroup with Lie
algebra hol,,.

Proof. Observe first that the dimension of the right hand side of (10) is independent of p € P.
Indeed, from the definition, %%]. g = drg(e%zq), so that this dimension is independent of the point in
the fiber of P; moreover, if p ~ g and ¢ : [a,b] — M is a path with horizontal lift joining p and ¢,
then it follows from the very definition that ,}‘221 NY, =dIl. (,%%, N7¥},), and dI1, is an isomorphism.
To see that /7 is involutive, let X,Y € 2 (M) be vector fields and X,Y € 2°(P) be their

horizontal lifts. Note that the flows @, and @ relate as
P =11

.
x

where c : [0,¢] — M is a trajectory of X.

Therefore, if we let /), := {&, | & € bol,}, then the definition of hol, implies that o (1,) =Y,
where g = @ (p) and thus, [X, ¥,] C ¥, for all horizontal vector fields X, i.e., [, 7] C .
Next, by (2), [X,Y] = _ég*z(x y) mod 7 for all horizontal vector fields XY so that [, 5] C

A finally, [V, 7] C ¥ as hol, is a Lie algebra by definition.
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Thus, % C P is an involutive distribution. Conversely, the above arguments show that any
involutive distribution containing .7 also contains .77, so that .7 is minimal as asserted.
Let Py C P be a maximal leaf of .77, let py € Py and let

H:={geG|py-ge P} CG.

Since ¢ and hence 7 is G-invariant, it follows that H C G is a subgroup. In fact, H C G is a
(possibly non-regular) Lie subgroup since H = PyN 7! (7(po)). In fact, the restriction 7w : Py — M
is a principal H-bundle.

Standard arguments now show that F is indeed a single equivalence class w.r.t. ~, so that
H = Holp, 1s a Lie subgroup of G with Lie algebra hol,. See e.g. [4] for details. i

Definition 2.2 Let P — M be a principal G-bundle, and let H C G be a (possibly non-regular) Lie
subgroup of G. We call a (possibly non-regular) submanifold P’ C P an H- reduction of P if the
restriction T : P' — M is a principal H-bundle.

In particular, a maximal leaf Py C P of the distribution H from Theorem 2.1 is called a holo-
nomy reduction of P which is therefore a reduction with structure group Hol C G. We denote the
restriction of ®, Q and € to Py by the same symbols.

By the G-equivariance of the distributions . and 2 it follows that if Py, Py C P are two
holonomy reductions then P = r,(Fy) for some g € G. That is, the holonomy reduction Py C P is
unique up to the right G-action, and this allows to speak of the holonomy reduction.

The connection @ is called locally flat if Q = 0. By the above definitions, € = 0 if and only
if the horizontal distribution 7 from (1) is involutive, hence the holonomy reduction Py — M is a
regular covering with deck group Hol. It follows that the pull-back of this covering, (7|p,)*(P) =
Py x G, is the trivial bundle, and ® is simply the pull back of the Maurer-Cartan form on G under
projection onto the second factor.

This idea can be generalized as follows.

Proposition 2.3 Let w: P — M be a principal G-bundle with a connection with holonomy group
Hol C G, and let Hol® C Hol denote the identity component. Then there is a regular covering
p M — M with deck group T := Hol /Hol® such that the pull-back bundle p*(P) — M with the
connection p*(®) has holonomy group Hol.

In particular, if M is simply connected, then the holonomy group of any connection on P — M
is connected.

Proof. Let Py C P be a holonomy reduction, and let M := Py/Hol°. Then the induced map p : M —
M is a principal I'-bundle, and since I is discrete, it follows that p is a regular covering. Thus, we
have the commutative diagram of principal bundles

Py

Holol \\HOZ
~ T

HM



with the indicated structure groups, and the distribution .7# on Py induces a connection on each of
the principal bundles indicated by the vertical arrows. It follows now that Py — M is the holonomy
reduction of p*(Py) — M. i

The regular covering p : M — M yields a short exact sequence
00— m (M) L (M) T ——0,

and the map m : 7 (M) — T = Hol /Hol is called the monodromy map. It can be interpreted

geometrically as follows. The parallel translation along a contractible loop in M always lies in

Hol” since it can be joined to the identity by the parallel translations along a family of paths

which define a homotopy to the trivial loop. Thus, the parallel translation along any loop, regarded

mod Hol®, only depends on the represented homotopy class, and this yields the monodromy map.
We finish this section by mentioning the following result.

Theorem 2.4 [46] Let P — M be a principal G bundle, let H C G be a (possibly non-regular) Lie
subgroup. Moreover, let Py C P be a connected (possibly non-embedded) H-reduction of P. Then
there is a connection on P such that Py is the holonomy reduction of this connection.

In particular, there is a connection on P with holonomy group H if and only if P admits a
connected H-reduction Py C P.

Proof. Any connection on Fj can be extended to a connection on P in a unique way, using the
G-equivariance of the connection form. Thus, the problem reduces to showing that the principal
H-bundle Py — M has a connection whose holonomy equals all of H.

If we pick a “generic” (i.e., maximally non-integrable) horizontal distribution in the neigh-
borhood of some p € Py, then {Q(v,w) | v,w € J&,} =h. Thus, by Ambrose-Singer holonomy
Theorem 2.1, the holonomy reduction has the same dimension as Fy, and since P is connected, it
is the holonomy reduction, showing that H is the holonomy group. i

If H C G is a regular subgroup, then the existence of an H-reduction is equivalent to the exis-
tence of a global section of the G/H-fiber bundle P/H — M. That is, the existence of a connection
with prescribed holonomy is merely a topological property.

2.2 Connections on vector bundles

Let P — M be a principal G-bundle, and let p : G — Aut(V) be a representation on a finite dimen-
sional (real or complex) vector space. Then the associated vector bundle is the bundle

E:=PxgV —M,

where P x gV is the quotient of P x V by the free G-action g (p,v) := (p-g~!,p(g)v). Evidently,
the fibers of E are isomorphic to V. In fact, every vector bundle E — M can be described (non-
uniquely) in this way: we fix a (real or complex) vector space V isomorphic to the fibers of E, and
let

Pg :={uy : Ex — V alinear isomorphism, where x € M }

6



with the obvious projection to M. This is called the full frame bundle of E. The structure group
of Pg is Aut(V) which acts by composition from the right, and it is straightforward to verify that
Pg — M becomes a principal Aut(V)-bundle, and E = Pg X Aut(v) v with the natural action of
Aut(V)on V.
In general, if E = P XV is such a vector bundle and  is a connection on P, then the splitting
(1) of TP induces a splitting
Tip)(PXV) =0 Vp DV,

and since .7 is invariant under the diagonal action of G, it descends to a distribution 77z C TE
on E = P XV, which is transversal to the fibers of E — M. Since ker(dm) = E as a bundle in a
canonical way, the connection @ on P induces a bundle splitting

TE = #% ®E. (11)

Thus, we have an induced projection TE — E, and this defines a covariant derivative on E, i.e., a
map
V:I*(M,E) — Q' (M)®T>(M,E) as VG :=(do)g.

Let ¢ : [a,b] — M be a (piecewise smooth) path, pick a horizontal lift ¢ : [a,b] — P and some
vo€V. Weletv: [a,b] — E be defined as v(t) := (c(t),v9)/G € P xgV = E. Then v is parallel
along ¢, i.e., VQI(,)v(t) = (0. Thus, as in the case of a connection on a principal bundle, we have the
notion of parallel translation

P Eela) — Ec)

which is a linear isomorphism. Thus, the definition of the holonomy group of V is given analo-
gously as

Hol,(E — M,V) := {PQE | ¢ : [a,b] — M apath with c(a) = ¢(b) = x} C Aut(Ey).

If ¢ : [a,b] — P is a horizontal lift of some loop, then ¢(b) = ¢(a) - g for some g € G, and hence,
v(b) = g-v(a) with v(t) € E,(; as above. Therefore, we have the following

Proposition 2.5 Let P — M be a principal G-bundle and let E := P XV be an associated prin-
cipal bundle w.r.t. some representation p : G — Aut(V). Let ® € Q' (P) ® g be a connection on P
and letV :T°(M,E) — Q' (M) @™ (M,E) be the induced covariant derivative on E.

Then for p € P and x :== 1t(p) € M we have Hol,(E — M,V) = p(Hol,) C Aut(V). In partic-
ular, if Py C P is the holonomy reduction of @, then E = Py Xy, V.

Therefore, connections on vector bundles and their holonomies can be described in terms of
the holonomy on an associated principle bundle.

2.3 The Spencer complex

We shall briefly summarize the construction of the Spencer complex for a Lie subalgebra g C
End(V). For a more detailed exposition, we refer the interested reader to [18, 44, 58].



Let V be a finite dimensional vector space over R or C. We let AP4(V) := ©PV* @ ATV*. This
space can be thought of as the space of g-forms on V with values in the space of homogeneous poly-
nomials on V of degree p. Exterior differentiation thus yields a map & : AP4(V) — AP~14F1(y),
which turns A**(V) = @, ;>0A”9(V) into a bigraded complex. Likewise, &, ,>o(V @ AP4(V))
becomes a bigraded complex by the maps Oy := Idy ® 0.

Let g C End(V) = V*®V be a subalgebra. The k-th prolongation of g, denoted by g for an
integer k, is defined inductively by the formulae g =v,g® =g, and

g(k) _ 5‘/—1(9(k—1) ®V*)

That is,
g = (g VN (Ve oktv),

where we use exterior differentiation 8 : *T1V* — V* @ ©*V* to regard both g ® ®*V* and V ®
O%1V* as subspaces of V @ V* @ ©*V*. Alternatively, we can define g(¥) inductively by g(-1) =V,
g(o) = g and the exact sequence

0— gk gk Dgy* , gk=2) g A2p* (12)

For example,
gV ={aeVv'®g|akx)y=a(yxforalxyecV}.

Furthermore, we define the Spencer complex of g to be (CP*4(g),d) with
CP(g) = gP "V QAI(V*) CVREPV QAIVF =V QAPA(V).

It is not hard to see that §(CP4(g)) C CP~14+1(g), and thus, (CP4(g),§) is indeed a complex
where we denote the boundary maps by

879 CcPi(g) — Pt (). (13)

Its cohomology groups HP+4(g) are called the Spencer cohomology groups of g. The lower corner
of this bigraded complex takes the form

g g gv*
\ \
g g g v+ g @ A2v*
\ \
g geV* gRA>V* g A3V*
14 Vev: V @ AZV* V@ AV*



Table 4: LIST OF IRREDUCIBLE COMPLEX MATRIX LIE GROUPS G WITH g“) #0

group G representation V g g H'2(g)

1 SL(n,C) cr, n>2 Vo2V | (VeedVh), | ov*

2 GL(n,C) c, n>1 VeV Vo3V 0

3 GL(n,C) 2C,  n>2 v 0 0

4 GL(n,C) AC™, >5 v 0 0

5 | GL(m,C)-GL(n,C) | C"®C", m,n>2 v 0 0

6 Sp(n,C) c?, n>2 3V o 0

7 C*-Sp(n,C) c*,  n>2 o3V* o*v* 0

8 CO(n,C) cr, n>3 V¥ 0 V&

9| C*-Spin(10,C) C® v 0 0
10 C*-ES c¥ v 0 0

U denotes the space of formal Weyl curvatures (see e.g. [11]).

It is worth pointing out that all of these spaces are g-modules in an obvious way, and that all
maps are g-equivariant. Thus, the Spencer cohomology groups are g-modules as well. Also, we
define K(g) := ker 6; 2. 50 that we have the exact sequence

0— g% — gV oV —K(g) — H'"(g) —0, (14)
where the map in the middle is given by Ryee (x,y) = ¢ (x)a(y) — ¢ (y)a(x) for a @ ¢ € g @ V*.

If we assume that g C End(V) acts irreducibly, then there are only very few possibilities for
which g(! # 0. These subalgebras have been classified by Cartan ([29]) and Kobayashi and
Nagano ([53]). The result is listed in Table 4 for complex Lie algebras. The Spencer cohomolo-
gies H 1,2(9) of these Lie algebras are well-known. (See e.g. [18] and [56] who use considerably
different techniques for the calculations).

2.4 G-structures and intrinsic torsion

Consider the tangent bundle TM — M of a connected manifold M. We define the (total) coframe
bundle
Sy :={uy: TeM — V alinear isomorphism } — M,

where dimV = dimM as in section 2.2. Thus, §y — M is an Aut(V)- principal bundle. On Fy, we
define the tautological one-form

0cQ(Fy) oV, 0,(v) := u(dm(v)) for v € T,,(Fv), (15)
where 7w : TM — M denotes the canonical projection. We have the equivariance condition
r,(0)=g-6. (16)



Let G C Aut(V) be a (possibly non-regular) Lie subgroup. A G-structure on M is, by definition,
a reduction of §y with structure group G, i.e., it is a (possibly non-regular) submanifold F C §y
such that we have the commuting diagram

F(_’> v

& iAUt(V)

M

Note that if G C Aut(V) is a regular subgroup, then these reductions are in a one-to-one corre-
spondence to sections of the Aut(V)/G-bundle §y /G — M. Also, *(0) is called the tautological
one form of F, and we shall denote it by 6 instead of *(0). In fact, the existence of such a form
6 € Q'(F) ®V characterizes G-structures on M as the next result shows.

Proposition 2.6 Let w: P — M be a principal G-bundle and let V be a vector space of the same
dimension as M. If there exists one form 8 € Q' (P) @V with ker(8) = ker(dr) and a faithful
representation p : G — Aut(V) such that r;(0) = p(g) - 8 for all g € G, then there is a G-invariant
immersion 1 : P — §y such that

P——>3y

& lAut(V)

M

commutes and 0 = 1*(0), where 0 is the tautological one form on §y. In particular, 1(P) C Fy is
a G-structure on M with tautological form 6.

Proof. Since for p € P we have kerdm, = ker8,,, it follows that there is a unique isomorphism
Ip: T,T(p)M — V such that Qp =dm,o01,. Thus, 1, € Ty, so that we get a smooth map 1: P — Fy.
The equivariance of 8 implies that 1 is G-equivariant, hence ((P) C §y is a G-structure, and the
fact that 8 = 1*(0) follows immediately from definition (15). i

Note that End(V) is the Lie algebra of Aut(V), hence any connection on §y is a one form
o € Q'(Fv) ®End(V). Its torsion is defined as

O:=do+wA0 QX (Fy)RV (17)

whose derivative yields
QN0 =dO+ o NO. (18)

Then (17) implies the conditions
" 1@ =0 forall § € g, and dry (@) = g-©. (19)
Therefore, there is a Aut(V)-equivariant map Tor : §y — Hom(A?V,V) such that
®=Tor(6N0).
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The equivariance of Tor implies that its derivative takes the form
dTor+ @-Tor =VgTor,

where the multiplication on the left hand side refers to the action of g C End(V) on A’V* @V,
and where VgTor € Q! (Fy) @ (V* @ A’V* ® V). Analogously, by (4), it follows that there is a
Aut(V)-equivariant map R : §y — Hom(A?V,End(V)) such that

Q=R(O70), (20)
and (18) implies the first Bianchi identity

Z R(vi,vp)v3z = Z (Vy,Tor)(v2,v3) 4+ Tor(Tor(vi,v2),v3). (21
cycl. cycl.

Again, by the Aut(V)-equivariance of R, taking the derivative of (20) yields
dR+®-R=VyR, (22)

where the multiplication on the left hand side refers to the action of g C End(V') on A2V? ®End(V),
and where VR € Q' (Fy) @ (V* @ A>’V* @ End(V)). In fact, (3) implies that for all vi,v,,v3 € V
we have the second Bianchi identity

Z (Vy,R)(v2,v3) +R(Tor(vi,v2),v3) = 0. (23)
cycl.

As Hom(A*TM,TM) = Fv X Ay Hom(A*V,V) and Hom(A*TM,End(TM)) = Fv X Aygy)
Hom(AV,End(V)) the equivarianve of Tor and R implies that they induce sections which by abuse
of notation we denote by the same symbols, namely

Tor € T°(Hom(A*TM,TM)) and R € I™*(Hom(A*TM,End(TM)),

These sections are also called the forsion and the curvature of the connection, respectively. In
terms of the covariant derivative on TM corresponding to @ they are given by the formulas

Tor(X,Y) = VxY —VyX —[X,Y]

and
R(X,Y)Z =VxVyZ—VyVxZ—V|x y|Z.

If wr is a connection one form on the G-bundle F — M, then by Aut(V)-equivariant contin-
uation, there is a unique connection one form @ € Q!(Fy) ® End(V) such that @F = 1*(®). The
converse is not true; in fact, given a connection one form @ € Q!(Fy) ® End(V), its restriction
*(w) is a connection one form on F if and only if F' contains a holonomy reduction of ®.

Let us now consider two connections @z and a)’F on a G structure F' — §y. By definition,
op(E*) = op(§*) =& for all & € g, hence there is a G- equivariant map o : F — Hom(V,g) such
that

O = OF +000.
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This means that for the torsion two forms of @y and a)l’p we have
OF —Or = (a00) A6 =5,"(a)(6A6)
with the map 591 1 g®@V* =V ®A?V from the Spencer complex (13). That is,
Tory = Torp + 5;’1 (a).
This immediately implies the following

Theorem 2.7 Let F — §y be a G-structure for some (possibly non-regular) Lie subgroup G C
Aut(V) with Lie algebra g C End(V). Then the following hold.

1. Let wp be a connection on F, let Tor : F — A>V*®V be its torsion and [Tor] : F — H"!(g)
be the element represented by Tor in the Spencer cohomology group. Then [Tor| is indepen-
dent of the choice of connection on F, and is thus called the intrinsic torsion of F.

2. There exists a torsion free connection on F, i.e., a connection with ® = 0, if and only if the
intrinsic torsion of F vanishes.

3. If g(l) = 0, then the torsion of a connection on F uniquely determines the connection.

Let us now assume that ® is a torsion free connection on the G-structure F <— §y on M. Then
from (21) it follows that }..,; R(v1,v2)v3 = 0 which means that the image of the curvature map

R: Jv — Hom(A*V,End(V)) is contained in K(g), the kernel of the map 691 % of the Spencer
complex as defined in (14). This kernel may be describes as
K(g) = kerdy” =Hom(A%V,g)N (ker'?)
= {ReHom(A*V,g) | Y R(vi,v2)v3 =0},

cycl.

and is called the space of formal curvatures of g C End(V). Furthermore, (23) implies that for a
torsion free connection we have

VR:F —K'(g) := Hom(V,K(g))Nker(V*@A*V*@g— AV*®g)
{9 € Hom(V,K(g)) | ZZ ¢ (vi)(v2,v3) = 0}.
cycl.

These two identities for torsion free connections have some remarkable consequences. For a
Lie subalgebra g C End(V) we define the ideal

g:={R(v,w) |RcK(g), wweV}<g

If € Q'(P)® g is a torsion free connection on some G-structure P < Fy on some manifold M,
then the linear maps

A*T,P — hol,,, VAW — Q(dII.(v),dIT.(w)),
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where ¢ : [a,b] — M is any path with ¢(a) = 7(p), satisfy the first Bianchi identity and hence are el-
ements of K(hol,). Therefore, Q(dIT.(v),dI1.(w)) € Mp <1hol,,. On the other hand, the Ambrose-
Singer Holonomy Theorem 2.1 immediately implies that hol, is generated by Q(dIT.(v),dI1.(w)),
so that we must have

hol = hol,,

Furthermore, if K'(g) = 0, then evidently VR = 0, and a torsion free connection with this property
is called locally symmetric. Thus, we can deduce the following

Theorem 2.8 (Berger’s criteria [9]) Let g C End(V) be a Lie subalgebra, and define K (g), K'(g)
and g < g as above.

1. If g is the Lie algebra of the holonomy group of a torsion free connection on some manifold,
then g = g.

2. IfK'(g) =0, then any torsion free connection on some manifold whose holonomy Lie algebra
is contained in g must be locally symmetric.

Lie algebras g C End(V) satisfying g = g are called Berger subalgebras. Moreover, a Berger
algebra is called symmetric if K'(g) = 0 and non-symmetric otherwise. Thus, Theorem 2.8 says
that the Lie algebra of the holonomy group of a torsion free connection must be a Berger algebra,
and if this Berger algebra is symmetric, then any torsion free connection with this holonomy must
be locally symmetric.

We shall describe locally symmetric connections in more detail in the following section.

2.5 Symmetric connections

Let H C G be a closed Lie subgroup with Lie algebra b C g, so that M := G/H is a homogeneous
space. Furthermore, assume that the Lie algebra g of G admits an Ady- invariant decomposition

g=hodm. (24)
The Adp-invariance implies that also
[, m] C m. (25)
Let u € Q!(G) ® g be the left invariant Maurer-Cartan form of G and decompose it according to
(24) as
L=w+6, where ® € Q'(G)®hand 6 € Q' (G) @m.
Since p is left invariant, it satisfies the equivariance condition r,-1 * (1) = Adg o 1, hence the
corresponding equivariance holds for @ and 6 as well. Moreover, the action fields £* of the right
H-action on G are left invariant, hence ®(*) = u(&*) =& for all £ € b. It follows that o is a

connection one form on G — M, and by Proposition 2.6, we may regard G as an H-structure on M
and 6 as the tautological form of this H-structure. The Maurer-Cartan equation

1
du+5[u,u]=0 (26)
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implies for the torsion and the curvature of this connection
1 1
0= —5[9, O)m and Q = —5[9,9];).

Thus, @ is torsion free if and only if [m, m] C h which together with (25) implies that the involution
do:g—g, do|y = Idy, do|m = —Idny

is a Lie algebra isomorphism and hence — after passing to an appropriate covering of G — is the
differential of a Lie group involution

6:G— G, o’ =1dg.
This process can be reverted, and we obtain the following result.

Proposition 2.9 Let 6 : G — G be an involution, i.e., an isomorphism with o’ = ldg, and let
g = bh®m be the eigenspace decomposition of g w.r.t. the differential do : g — g. Let H C G be
any c-invariant subgroup with Lie algebra V). Then the following hold.

1. The principal H-bundle G — G/H =: M is an H-structure on M and carries a canonical G-
invariant torsion free connection induced by the splitting g = b @& m from (24).

2. For each p € G/H, there is a connection preserving involution 6, : G/H — G/H such that
p is an isolated fixed point of Gp.

Thus, G/H is an (affine) symmetric space. Moreover, the Lie algebra of the holonomy group of the
canonical connection is [m,m] <b.

Indeed, for p = gH and ¢ = ¢'H € G/H, the involution 0, is defined as

0,(q) :=go(g)g 'H.

The statement on the holonomy algebra follows once again from the Ambrose-Singer-Holonomy
Theorem 2.1.

From (22) and the definition of the symmetric connection it follows immediately that VR = 0.
In fact, this equation characterizes symmetric connections, at least locally.

Proposition 2.10 Let P — M be an H-structure with a torsion free connection @ such that VR = 0.
Then the connection is locally symmetric, i.e., after replacing M, P and H by appropriate covers,
there are local diffeomorphism 1: P — G and 1: M — G/H, where G is a Lie group containing H
such that G/H is a symmetric space, and so that the diagram

1

P G
Hl | |
M—~G/H

commutes. Moreover, if U = 65+ @y is the decomposition of the Maurer-Cartan form of G which
induces the symmetric connection, then 0 = 1*(0y) and ® = 1*(wy). That is, 1: M — G/H is a
connection preserving local diffeomorphism.
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Proof. We define a Lie algebra structure on g := h @&V by the conditions that
1. h C gis aLie subalgebra.
2. [h,V] CV,and ady|y € End(V) is given by the embedding hh C End(V) for i € b.
3. [V,V] C b is given by requiring the identity @ (vy,v2) = —[0(v1),0(v2)] for all vy, v, € T),P.

It is straightforward to verify that the condition VR = 0 implies that the definition of [V, V] is
independent of the choice of p € P, and that this is indeed a Lie algebra structureon g=hH S V.

Thus, we may define the form p := @ + 6 € Q!(P) ® g, and the structure equations (2) and
(17) with ® = 0 imply that u satisfies the Maurer- Cartan equation (26). Therefore, by Cartan’s
theorem, after replacing P by an appropriate cover, there is a local diffeomorphism i : P — G with
i =1"(Ug), where G is a Lie group with Lie algebra g, and u¢ is the Maurer-Cartan form on G.

The involution do : g — g which has h and V as its (+1) and (—1)-eigenspace, respectively,
integrates to an involution o : G — G, and since we assume H to be connected, it follows that
G/1(H) is a symmetric space, and after identifying H and i(H), it follows that 1 : P — G induces a

connection preserving map 1 : M — G/H. i

2.6 Splitting theorems

Let P, — M; be principal G;-bundles for i = 1,2. The product bundle P — M 1is the principal
(Gl X Gz)—bundle P:=P x P, withM := M| x M.

If w; € Q' (P,) ® g; is a connection on P, then  := pi (@) + p5 (@) € Q(P) @ (g1 ® g2) with
the canonical projections p; : P — P; is again a connection one form on P and is called the product
connection of @, and @, on P. Tt follows that the curvature Q € Q?(P) ® (g ® g2) of the product
connection is given by

Q = pi (1) + p>3(22).

For the equivalence relation ~ from (8) it now follows from the definition that
(p1,p2) ~ (q1,q92) in P if and only if p; ~ g; in P, for i = 1,2.

Thus, since by the proof of the Ambrose-Singer Holonomy Theorem 2.1 the holonomy reduction
of P — M is a single equivalence class w.r.t. ~, it follows that a holonomy reduction Py C P is of
the form Py = PO] X Poz, where Pé C P; are holonomy reductions. In particular, for the holonomy
group we have

Hol P) =Holy,, (P) x Hol,,(P,) C G| x Gy.

pl,pz)(

Similarly, if P — §y, is a G;-structure on M; and 6; € Q! (P;) ®V; is the corresponding tauto-
logical form for i = 1,2, then 0 := p}(6;) + p5(62) € Q' (P) ® (Vi @ V») satisfies the hypotheses of
Proposition 2.6, hence there is an induced (G x Gy )-structure P — Fy, ey, on M. This structure is
called the product structure of Py — §v, and P, — Fy,.
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In the following, we shall derive some conditions which imply that a connection is a prod-
uct connection. For this, let us consider a G-structure P C §y — M. If there is a G- invariant
decomposition

V=Vi®...aV, 27)

with » > 2 and V; # 0 for all j, then we call G C Aut(V) decomposable, otherwise, G C Aut(V) is

called indecomposable.

Theorem 2.11 Let M be a manifold with a torsion free connection, and suppose that the holonomy
group Hol, is connected and decomposable, i.e., there is a Hol ,-invariant splitting (27) with r > 2
and Vi #0andV = T,M. Let H; C Aut(V;), i=1,...,r, be the restriction of the action on Hol, on
Vi, and let t; C End(V;) be its Lie algebra.

Suppose further that the first prolongations of b; vanish, i.e., bgl) =0fori=1,...,r. Then the
following hold.

1. The connection is locally a product connection, i.e., each x € M has a neighborhood U =
Uy x ... x U, such that the restriction of the connection to U C M is a product of connections
on U,.

2. Hol, = H X ... x H,, where H; acts trivially on V; for i # j.

Proof. Let m: P — M be a holonomy reduction and let .7# be the horizontal distribution on P
which we decompose as

H =70 ...0 I, where .= %HG*I(V,-).
The G-equivariance implies that there are distributions &; C TM such that
TM=9\®...®%,, anddrn: 7 — ;is a pointwise linear isomorphism.
We assert that for the space of formal curvatures, we have

K(h1@--@b,)=K(h)®...aK(b,). (28)

The inclusion D is evident. For the converse, consider an element of R € K(h; @ --- @ b,). Since
R(V;,Vi)|lv. € K(b;), we may assume w.l.o.g. that R(V;,Vi)|y, = 0. Then the first Bianchi identity
for R implies

.

0= R(xi,yj)a+R(yj> 2u)xi+ Rz, %)y,

7 ev; EVJ‘

where the subscripts refer to the decomposition (27). Thus, if i, j, k are pairwise different, then all
terms vanish, so that we have R(V;, Vj)Vk = 0 in this case. Next, if i = j # k, then

R(xi,yi)zk =0 and R(Zk,y,’)x,’ —R(zk,xi)yi =0. (29)

The first equation in (29) implies that R(V;,V;)Vy = 0 for k # i, and therefore, R(V;,V;) = 0. The
second equation in (29) implies that for fixed z; € Vi, the map V; — b;, x; — R(z,x;)|v, is an
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element of hgl). Since by hypothesis hgl) =0, it follows that R(zg,x;)|y, = 0. Thus, R(V},V;) =0
for k # i and hence, R = 0 which shows (28).

This together with Theorem 2.8 implies that hol, C b ©... @b, and since the revers inclusion
is obvious, we have equality. Thus, we also have the asserted equality for the holonomy groups as
we assume these to be connected.

Let us decompose 6 := 01 +...+6,, =0+ ...+® and Q = Q| + ...+ Q, with 6; €
Q!l(P)®V; and 0;,Q; € Q*(P) ® b;, and we define the distributions

= A D{E"| & €ni}.
Then J%_| 0, =0, A ®; =0 and A Q;=0fori# j. Thus A is integrable, and

1
do;+w; AN6; =0 and Q; =dw; + E[CO,', CO,'] for all 7.

If we let P, C P be an integral leaf of 4%%, then U; := m(P;) C M is an integral leaf of &; C TM,
and the restriction 7 : P; — U; is a principal H;- bundle. Indeed, Proposition 2.6 implies that 6;
may be regarded as the tautological form of an H;-structure P, — §y, on U;, and @ is a torsion free
connection with holonomy H; on P,.

Thus, each x € M has a neighborhood U = U; X ... x U, where the U; are integral leafs of &,
and 0 induces the product structure on U with structure group H; X ... X H,, and @ is the product
connection of the ®; as asserted. |

We would like to point out that in general, the decomposability of the holonomy group alone
does not imply connection to be a direct sum connection in general. See [54, p.290] for an example.

That is, the condition hgl) = ( is essential in our argument.
As a special application of the splitting theorem, note that the prolongations of the orthogonal
Lie algebras vanish, i.e., s0(p,q)(!) = 0. Thus, Theorem 2.11 implies the following results.

Theorem 2.12 (de Rham-Wu Splitting Theorem [37, 70]) Let (M,g) be a (pseudo-)Riemannian
manifold, and suppose that the holonomy group of its Levi- Civita connection is decomposable.
Then locally, (M,g) is isometric to a product metric (R¥1,g1) x ... x (R¥ g,) with k; = dimV,
andHolg(M) =H| x...xH,withH; C O(V;,g)).

This was first shown by de Rham in the Riemannian case and later generalized by Wu to the
pseudo-Riemannian case. Note that in the Riemannian case, decomposability and irreducibility
are equivalent.

In fact, there is also a global version of these splitting theorems which we shall not prove here.
It relies on the Cartan-Ambrose-Hicks-theorem which explains the behavior of the curvature tensor
under parallel translation. For a proof, see e.g. [4].

Theorem 2.13 (Global de Rham-Wu Splitting Theorem [37, 71]) Let (M,g) be a geodesically
complete simply connected (pseudo-)Riemannian manifold, and suppose that the holonomy group
of its Levi-Civita connection is decomposable. Then (M,g) = (My,g1) X ... X (M, g,) is the Rie-
mannian product of complete (pseudo-)Riemannian manifolds (M;, g;).

By virtue of this theorem, it is generally natural to assume the holonomy to be indecomposable
as we may regard (local) product connections as “trivial” compositions.
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3 Classification results

In this section, we address the question which subgroups G C Aut(V) can occur as the holonomy
of a given principal bundle. By Theorem 2.4, this reduces to deciding for which subgroups of the
structure group there is a reduction. In particular, locally any connected subgroup G C Aut(V) can
be realized as a holonomy group.

However, if we deal with torsion free connections on some G-structure, then the answer is far
more difficult. By Theorem 2.8, for a subgroup G C Aut(V) to be the holonomy group of a torsion
free connection, it is necessary that its Lie algebra is a Berger algebra. Therefore, the problem
of classifying all holonomy groups of forsion free connections has as an algebraic subproblem the
classification of all Berger algebras g C End(V).

Surprisingly, to the authors knowledge, there is no instance known of a Berger algebra which
cannot be the Lie algebra of such a holonomy group. However, since there is no complete classifi-
cation of Berger algebras, it is not clear if this is the case in general.

We shall now collect some classification results for certain subclasses of holonomy groups and
algebras.

3.1 Irreducible Symmetric spaces

Recall from section 2.5 that a symmetric space is a manifold with an affine connection (M, V) such
that for each x € M there is a connection preserving involution o, : M — M which has x € M as an
isolated fixed point. Let G be the transvection group of M, i.e., the identity component of the group
generated by all o, x € M. Then G is a Lie group which acts transitively on M. Hence we can
write M = G/H for some closed subgroup H C G, and we call this symmetric space irreducible if
the isotropy representation of H on Ty,M is irreducible, where xy := eH € M. It follows that there
is an involution
0o :=Adg, : G — G,

and H C G is op-invariant, and its Lie algebra h C g is the (+1)- eigenspace of the differential
dop : g — g. Thus, Proposition 2.9 applies to G/H, and in fact the connection defined there
coincides with the given connection on M.

Theorem 3.1 [32] Let (M, V) be an irreducible symmetric space with transvection group G, and
let g denote its Lie algebra. Then

1. G is semi-simple.
2. If g = hdm is the symmetric decomposition, then [m, m] = b.

3. The holonomy of the connection satisfies H* C Hol C H, i.e., up to connected components,
the isotropy group and the holonomy group coincide.

We should remark here that Cartan proved Theorem 3.1 only in the case of irreducible Rieman-
nian symmetric spaces. However, his proof can be adapted to the general case immediately; see
e.g. [47].
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In fact, Cartan even succeeded in providing a classification of simply connected irreducible
Riemannian symmetric spaces ([32]), i.e., those symmetric spaces whose holonomy group is con-
tained in the orthogonal group. In this case, irreducibility and indecomposability are equivalent.

Later, M.Berger ([10]) gave a classification of simply connected affine symmetric spaces with
irreducible holonomy. These are all pseudo-Riemannian since the Killing form of g induces a
non-degenerate inner product on m which induces a pseudo-Riemannian metric.

In general, the classification of affine symmetric spaces is far from complete. In the case of
pseudo-Riemannian symmetric spaces, this classification was established for metrics of signature
(1,n) by M.Cahen and N.Wallach ([27]), and recently by I.Kath and M.Olbrich for signatures (2, 7)
([52]). They also give a general construction method for such spaces of arbitrary signature.

3.2 Holonomy of Riemannian manifolds

Let (M, g) be a Riemannian manifold. In this case, the holonomy group is contained in the orthog-
onal group O(n) or, equivalently, its identity component is compact. Moreover, indecomposability
is equivalent to irreducibility of the group. As we mentioned in section 3.1, the Riemannian sym-
metric spaces are classified by Cartan ([32]). Thus, Theorems 2.8 and 2.12 imply that it suffices to
classify all irreducible non-symmetric Berger algebras which are contained in O(n). This has been
achieved by Berger ([9]) where the below classification table was established.

Another important question is the determination of parallel spinors, i.e., parallel sections of
the spinor bundle of a spin manifold M. If we assume that the holonomy of M is connected (e.g. if
M is simply connected, cf. Proposition 2.3), then the space of parallel spinors corresponds to the
subspace of the spinor representation on which the holonomy algebra hol(M) C so(n) = spin(n)
acts trivially. These spaces have been described by M.Wang ([68]) for all entries in Berger’s list,
and we add the dimension of the space of parallel spinors for each of the holonomies in question.

Table 1:
CLASSIFICATION OF CONNECTED IRREDUCIBLE NON-SYMMETRIC HOLONOMIES
CONTAINED IN SO(n)

n H associated geometry dim. of space of parallel spinors
n>2 SO(n) generic Riemannian manifold 0
2m >4 U(m) generic Kihler manifold 0
2m >4 SU(m) special Kihler manifold 2
4m>8 | Sp(m)-Sp(1) | quaternionic Kihler manifold 0
4m > 8 Sp(m) hyper-Kéhler manifold m+1
7 Gy exceptional holonomy 1
8 Spin(7) exceptional holonomy 1

It was noted immediately that this list is contained in the list of subgroups of the orthogonal
group which act transitively on the unit sphere. This fact was later proven directly by J.Simons
([66]) in an algebraic way. Recently, C.Olmos gave a beautiful simple argument showing this
transitivity using only submanifold theory ([59]).

As it turns out, all of the groups in Table 1 do occur as holonomy of Riemannian connections.

1. SO(n) is the reduced holonomy of a “generic” Riemannian manifold.
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2. If Hol C U(m), then the metric g is called Kdhler. Kéhler metrics form a natural class of
complex manifolds, and the “generic” Kéhler manifold has holonomy equal to U (m).

3. If Hol C SU(m) then the metric is called a Calabi-Yau metric. Since SU (m) C U(m), each
Calabi-Yau metric is necessarily Kéhler. In fact, a Kdhler metric with connected holonomy
group is Calabi-Yau if and only if its Ricci curvature vanishes.

The first examples of complete Calabi-Yau metrics were given by E.Calabi ([28]). Later,
S.T.Yau’s solution to the Calabi conjecture ([72]) showed that a compact Kihler manifold
with trivial canonical line bundle or, equivalently, with vanishing first Chern class admits a
unique Calabi-Yau metric whose Kéhler form represents the same cohomology class as the
Kihler form of the original Kéhler metric. For explicit examples, we refer to the books by
A.Besse ([11]), S.Salamon ([61]) and D.Joyce ([50]).

4. Metrics with Hol = Sp(m)-Sp(1) are called quaternionic Kdhler, although this terminology
is somewhat misleading: quaternionic Kihler manifolds are not Kéhler, as Sp(1) - Sp(m) is
not contained in U(m). Quaternionic Kéhler manifolds are always Einstein, but not Ricci
flat.

Homogeneous quaternionic-Kéhler manifolds were classified by D.Aleksevskii and V.Cortés
([1], [36]). For more details on the theory of these manifolds, see [42, 43, 61, 62]. It is worth
pointing out that there are so far no known examples of closed quaternionic Kédhler manifolds
with positive scalar curvature other than quaternionic projective space.

5. Metrics with Hol C Sp(m) are called hyper-Kiihler. These metrics are Kihler as Sp(m) C
SU (2m). In fact, hyper-Kihler metrics admit a whole two-sphere worth of Kihler structures
which induce the quaternionic structure. First explicit examples were found by Calabi ([28]).
Compact examples were constructed using Yau’s proof of the Calabi conjecture, see [6] for
details.

6. The holonomy groups G, and Spin(7) are called exceptional holonomies as they only occur
in dimension 7 and 8, respectively. The existence of metrics with exceptional holonomy was
shown locally by R.Bryant ([16]). Complete examples were given by Bryant and Salamon
([22]), and compact examples were given by Joyce ([48, 49]) . See also [50] for a more
detailed exposition.

Note that in general, the holonomy group of a Riemannian manifold may be non-compact as
it may have infinitely many connected components. For example, let M := R3/T", where R? is
equipped with the standard flat connection and I is the cyclic group generated by an affine map
whose linear part is rotation around an axis with irrational rotation angle and whose translation
part is in direction of this axis. Then the holonomy of M is a cyclic group whose closure is
SO(2) C O(3). Thus, the holonomy group is non-compact. However, note that M is non-compact
either.

It remained an open question for a long time whether the holonomy of a compact Riemannian
manifold is necessarily compact (where the connection considered here is of course the Levi-Civita
connection). In fact, it was conjectured in [11] that this is the case.
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However, as it turns out, the answer is negative. In fact, B.Wilking ([69]) constructed examples
of compact Riemannian manifolds with noncompact holonomy. He also showed that any such
manifold must be finitely covered by a torus bundle over a compact manifold, where the dimension
of the torus fiber is at least four.

3.3 Holonomy groups of Pseudo-Riemannian manifolds
3.3.1 Irreducible holonomy groups

In [9], Berger also classified all connected irreducible Berger groups which are subgroups of
SO(p,q) which are therefore candidates for the holonomy group of a pseudo-Riemanian mani-
fold with a metric of signature (p,q). There were some minor omissions and errata on his list
which were corrected by Bryant ([18]). As in the case of Riemannian holonomies, one can obtain
the dimension of the space of parallel spinors in each of these cases which has been worked out by
H.Baum and I.Kath ([5]). Summarizing all these results, we obtain the following table:

Table 2: CLASSIFICATION OF CONNECTED IRREDUCIBLE NON-SYMMETRIC HOLONOMIES
CONTAINED IN SOy(r, )

n=r+s H associated geometry Dim. of space of parallel spinors
p+qg>2 SO (p,q) generic 0
2p>4 SO(p,C) generic complex 0
2(p+q) >4 U(p,q) pseudo-Kéhler 0
2(p+q) >4 SU(p,q) special pseudo-Kihler 2

4(p+q)>8 Sp(p,q) pseudo-hyper-Kéhler p+g+1

4(p+q)>8 Sp(p.q)-Sp(1) pseudo-quaternionic Kihler 0
8p=16 | Sp(p,C)-SL(2,C) 0
7 Gy 1
7 G, 1
14 GY 2
8 Spin(7) 1
8 Spin(4,3) 1
16 Spin(7,C) 1

We should also point out that all of these Berger groups do occur as the holonomy of pseudo-

Riemannian manifolds, as has been shown by Bryant ([18]).

3.3.2 Indecomposable Lorentzian holonomy groups

A Lorentzian manifold is a pseudo-Riemannian manifold of signature (n, 1). According to Berger’s
classification in Table 2, there is no proper irreducible subgroup of SOy(n, 1) which can occur as
the holonomy group of a Lorentzian manifold. In fact, there is no proper irreducible subgroup of
SOq(n,1) at all - this fact has been shown in a purely geometric manner by Di Scala and Olmos

([38D).
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Therefore, we may assume that the holonomy representation is indecomposable but not irre-
ducible. This implies that there must be a one-dimensional Hol-invariant subspace RE C R™! with
& # 0 such that (£,&) = 0. Let Z := (RE)/(RE) which is well defined as RE C (RE)*. Since
Hol leaves RE and hence its orthogonal complement invariant, it follows that there is an induced
action of Hol on E which preserves the induced positive definite inner product. (Note that this
action may fail to be irreducible).

Based on work of L.Bérard-Bergery and A.Ikemakhen ([7]), the following classification result
was established by T.Leistner.

Theorem 3.2 [55] Let H C SOy(n,1) be a connected indecomposable, but not irreducible sub-
group, and let H C SO(E) be the image of the induced representation described above. Then the
following are equivalent.

1. H is a Berger group,

2. H is a Berger group, i.e., it is either the isotropy group of an irreducible Riemannian sym-
metric space, or is one of the entries of Table 1, or the direct product of such groups.

Moreover; if a Lorentzian Spin-manifold admits a parallel spinor, then H = H x R, and the
dimension of the space of parallel spinors coincides with this dimension for a Riemannian Spin-
manifold with holonomy H.

Furthermore, each indecomposable Berger group which is contained in SOg(n, 1) does occur
as the holonomy group of a Lorentzian manifold ([40, 55]).

3.3.3 Indecomposable holonomy groups of Pseudo-Riemannian manifolds of signature
(p,q) with p.q >2

In the non-Lorentzian case, there are a number of results which we shall not describe here in
more detail. We already mentioned the partial classification of symmetric spaces ([52]); another
striking result is the classification of K¢ihlerian holonomies of complex signature (1,7) (hence of
real signature (2,2n)) by Galaev ([41]). Further results on signature (2,7) may be found e.g. in
[39, 45], and for split signature (n,n) e.g. in [8].

3.4 Special Symplectic Holonomy groups

A symplectic connection is a torsion free connection on a symplectic manifold (M, ®) such that
o is parallel or, equivalently, Hol C Sp(n,R). We say that this connection has special symplectic
holonomy if Hol acts absolutely irreducibly on the tangent space or, equivalently, if Hol acts
irreducibly and does not preserve any complex structure.

First special symplectic holonomies were given by Bryant ([17]) and by Q.-S.Chi, S.Merkulov
and the author ([34, 35]). Finally, these holonomies were classified by Merkulov and the author
([56], see also [65]), and the possible holonomies are listed in Table 3.
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Table 3: SPECIAL SYMPLECTIC HOLONOMY GROUPS

Group H ‘ Representation space H Group H Representation space
SL(2,RR) R* ~ &3R? E3 R
SL(2,C) C*~ o3C? E’ R3¢
SL(2,R)-SO(p,q) | R*P+0) ~RZQRPH, p+4q>3 EY (O
SL(2,C)-SO(n,C) Cr"~C*®C"n>3 Spin(2,10) R3?
Sp(1)-SO(n,H) H" ~R*, n>2 Spin(6,6) R*?
SL(6,R) R0 ~ A3R® Spin(6,H) R3?
SU(1,5) R0 C A3CS Spin(12,C) Cc3?
SU(3,3) R0 ¢ A3C® Sp(3,R) R4 c A’R®
SL(6,C) C20 ~ A3C® Sp(3,C) CH* C A3CS

As it turns out, all of these holonomies share striking rigidity properties which we shall explain
in more detail in section 4.

3.5 Irreducible Holonomy groups

Holonomy groups which are irreducible, but of none of the above types, i.e., which preserve neither
a (pseudo-)Riemannian nor a symplectic structure, have been investigated already by Berger ([9])
and later by Bryant ([18, 19]). A complete classification was obtained by Merkulov and the author
([56], see also [65]). We shall not deal much with the geometric content of these holonomies here,
but rather conclude this survey with the classification table, referring the interested reader to the

cited references.
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Table 4: LIST OF NON-RIEMANNIAN, NON-SYMPLECTIC HOLONOMY GROUPS

Tr denotes any connected subgroup of F*.

NOTATIONS: .
©PV denotes the symmetric tensors of V of degree p.
. restrictions
Group H Representation space V remarks
Tr-SL(n,C) {AeM,(C)|A=A"} n>3
Tw -SL(n,R)-SL(m,R) R"@R™ n>m>2,nm#+4
Tr - SL(n,H) - SL(m,H) H" @y H™ n>m>1,nm#1
Tc -SL(n,C) - SL(m,C) CreCm n>m>2,nm+#4
Tw -SL(n,R) R” n>2
Tr - SL(n,H) H" n>1
Tc - SL(n,R) c" n>?2
Tc -SL(n,C) cr n>2
U(p.q) Crta pt+q=>2
SU(p,q) Crra P+q>2, pg#1
Tc-SU(p,q) c? ptq=2
Ti - SL(n,R) A’R" n>s5s
Tc -SL(n,C) A2C" n>5
Tk - SL(n,H) {AeM,(H)|A=A"} n>3
Tr - SL(n,R) O*R" n>3
Tc -SL(n,C) oC" n>3
Tk - SL(n,H) {AeM,(H) | A=—-A"} n>2
T -SO(p,q) N p+q=>3
Tz - SO(n,C) cr n>3
Tie - Spin(5, 5) Alss)
Tr - Spin(1,9) Aag)
Tc - Spin(10,C) (ATO)C
Tg -E} R%7
Tw - B¢ R%’
Tc -ES c¥
SL(2,R)-SO(p,q) R2 @ RPH4 p+q>3
Sp(1) - SO(n, H) H" n>2
Sp(n,R) R2" n>2
R*-Sp(2,R) R*
Sp(p.q) Hp+a ptq>2
Tw -SL(2,R) ®3R?
Tr-SL(2,C) ®3C?




4 Special symplectic connections

In this section, we shall deal with the notion of a special symplectic connection in the sense of
[26]. First of all, if (M, ®) is a symplectic manifold, then a symplectic connection is defined to
be a torsion free connection such that @ is parallel or, equivalently, such that the holonomy of the
connection is contained in the symplectic group

Sp(V,w) := {g € Aut(V) | 0(gx,gy) = w(x,y) forall x,y € V},
whose Lie algebra is given as
sp(V,w) :={h € End(V) | ®(hx,y) + ©(x,hy) =0 for all x,y € V }.

A special symplectic connection is defined as a symplectic connection on a manifold of dimen-
sion at least 4 which belongs to one of the following classes.

1. Bochner-Kihler and Bochner-bi-Lagrangian connections

If the symplectic form is the Kéhler form of a (pseudo-)Kéhler metric, then its curvature
decomposes into the Ricci curvature and the Bochner curvature ([13]). If the latter vanishes,
then (the Levi-Civita connection of) this metric is called Bochner-Kihler.

Similarly, if the manifold is equipped with a bi-Lagrangian structure, i.e., two complemen-
tary Lagrangian distributions, then the curvature of a symplectic connection for which both
distributions are parallel decomposes into the Ricci curvature and the Bochner curvature.
Such a connection is called Bochner-bi-Lagrangian if its Bochner curvature vanishes.

For results on Bochner-Kihler and Bochner-bi-Lagrangian connections, see [20] and [51]
and the references cited therein.

2. Connections of Ricci type

Under the action of the symplectic group, the curvature of a symplectic connection decom-
poses into two irreducible summands, namely the Ricci curvature and a Ricci flat component.
If the latter component vanishes, then the connection is said to be of Ricci type.

Connections of Ricci type are critical points of a certain functional on the moduli space of
symplectic connections ([15]). Furthermore, the canonical almost complex structure on the
twistor space induced by a symplectic connection is integrable if and only if the connection
is of Ricci type ([57, 67]). For further properties see also [3, 23, 24, 25].

3. Connections with special symplectic holonomy

A symplectic connection is said to have special symplectic holonomy if its holonomy is
contained in a proper absolutely irreducible subgroup of the symplectic group. Thus, these
are connections whose holonomy is listed in Table 3 on page 23.

The special symplectic holonomies have been classified in [56] and further investigated in
[17, 34, 63, 64, 65].
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We can consider all of these conditions also in the complex case, i.e., for complex manifolds of
complex dimension at least 4 with a holomorphic symplectic form and a holomorphic connection.

At first, it may seem unmotivated to collect all these structures in one definition, but we shall
provide ample justification for doing so. Indeed, there is a beautiful link between special symplec-
tic connections and parabolic contact geometry.

For this, consider a simple Lie group G with Lie algebra g. We say that g is 2-gradable, if g
contains the root space of a long root. This is equivalent to saying that there is a decomposition as
a graded vector space

g=g "0y @g’@g @g’, and [¢,¢/]Cg'", (30)
with dimg™? = 1. Indeed, there is a (unique) element Hy, € [072,9%] C g° such that g’ is the
eigenspace of ad(Hg,) with eigenvalue i = —2,...,2, and any non-zero element of g*2 is a long

root vector.

Denote by p := g® @ g' @ g> < g and let P C G be the corresponding connected Lie subgroup.
It follows that the homogeneous space ¢ := G/P carries a canonical G-invariant contact structure
which is determined by the Adp-invariant distribution g~! mod p C g/p = T%. In fact, we may
regard & as the projectivisation of the adjoint orbit of a maximal root vector. That is, we view
% C P°(g) where P°(V) denotes the set of oriented lines through 0 of a vector space V, so that
P?(V) is the sphere if V is real, and P?(V) is a complex projective space if V is complex.

Each a € g induces an action field a* on ¢ with flow T, := exp(Ra) C G which hence preserves
the contact structure on €. Let 6, C % be the open subset on which a* is transversal to the contact
distribution. There is a unique contact form o € Q!(%,) such that «¢(a*) = 1. That is, a* is a Reeb
vector field of the contact form c.

We can cover %, by open sets U such that the local quotient My := Ti{’c\U , 1.e., the quotient
of U by a sufficiently small neighbourhood of the identity in T, is a manifold. Then My inherits
a canonical symplectic structure @ € Q?(My) such that 7*(®) = da for the canonical projection
n:U— My.

It is now our aim to construct a connection on My which is ‘naturally’ associated to the given
structure. For this, we let Gy C G be the connected subgroup with Lie algebra g < g. Since g < p
and hence Gq C P, it follows that we have a fibration

P/Gy — G/Gy — € =G/P. 31)

In fact, we may interpret G/Go := {(@,v) € T, ¢ X T,%¢ | p€ €, (%)) = 0,a(v) = 1}, where
2 C TE denotes the contact distribution. Thus, given a € g, then for each p € %, we may regard
the pair (0,a,) from above as a point in G/Go, i.e., we have a canonical embedding  : 6, —
G/Go.

LetT,:=7n"1(:(%,)) C G where 7 : G — G /Gy is the canonical projection. Then the restriction
n:T, — 1(€,) = 6, becomes a principal Go-bundle.

Consider the Maurer-Cartan form u := g~ 'dg € Q' (G) ® g which we decompose according to
(30)as u=Y2 ,u; with y; € Q'(G) ® g'. Then we can show the following.

Proposition 4.1 [26] Let a € g be such that 6, C € is non-empty, define the action field a* € X(€)
and the principal Gy-bundle & : T, — €, with 'y C G from above. Then we have the following.
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1. The restriction of the components [+ U_1 + U_> of the Maurer-Cartan form to 1, yields a
pointwise linear isomorphism TT, — g* @ g~ © g2

2. There is a linear map R : g° — Az(gl)* ® g° and a smooth function p : Ty — g° with the
following property. If we define the differential forms x € Q1(I',), 8 € QY(I,) ® g' and
n € QY(T,) ® g° by the equation

1
!m+uq%#L2=—2K(§&a+P)+9+n
for a fixed element 0 # e_, € g2, then the following equations hold:

di = 5(e 2,[6,6]), (32)

where (, ) refers to the Killing form of g, and

do+nne = 0,
(33)
dn+3m,ml = Rp(6A6).

Since the Maurer-Cartan form and hence k, 8 and 7 are invariant under the left action of the
subgroup T, C G, we immediately get the following

Corollary 4.2 [26] On T,\T,, there is a coframing N+ 6 € QY (T,\T',) ® (¢° @ g') satisfying the
structure equations (33) for a suitable function p : T,\I';, — g".

Thus, we could, in principle, regard 8 and 1 as the tautological and the connection 1-form,
respectively, of a connection on the principal bundle T,\I';, — T,\I';/Go whose curvature is rep-
resented by R,. However, T,\I's/Go = T,\%, will in general be neither Hausdorff nor locally
Euclidean, so the notion of a principal bundle cannot be defined globally.

The way out of this difficulty is to consider local quotients only, i.e., we restrict to sufficiently
small open subsets U C %, for which the local quotient 7./°°\U is a manifold. Clearly, €, can be
covered by such open cells.

Moreover, if we describe explicitly the curvature endomorphisms R, for p € g°, then one can
show that — depending on the choice of the 2-gradable simple Lie algebra g — the connections
constructed above satisfy one of the conditions for a special symplectic connection mentioned
before.

More precisely, we have the following

Theorem 4.3 [26] Let g be a simple 2-gradable Lie algebra with dimg > 14, and let € C P°(g) be
the projectivisation of the adjoint orbit of a maximal root vector. Let a € g be such that €, C € is
non-empty, and let T, = exp(Ra) C G. If for an open subset U C €, the local quotient My = T\ \U
is a manifold, then My carries a special symplectic connection.
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The dimension restriction on g guarantees that dimMy > 4 and rules out the Lie algebras of
type Ay, A and Bj.

The type of special symplectic connection on My is determined by the Lie algebra g. In fact,
there is a one-to-one correspondence between the various conditions for special symplectic con-
nections and simple 2-gradable Lie algebras. More specifically, if the Lie algebra g is of type A,
then the connections in Theorem 4.3 are Bochner—Kihler of signature (p,q) if g=su(p+1,9+1)
or Bochner-bi-Lagrangian if g = sl(n,R); if g is of type C,, then g = sp(n,R) and these connec-
tions are of Ricci-type; if g is a 2-gradable Lie algebra of one of the remaining types, then the
holonomy of My is contained in one of the special symplectic holonomy groups in Table 3 on
page 23. Also, for two elements a,a’ € g for which €,,,6,; C € are non-empty, the corresponding
connections from Theorem 4.3 are equivalent if and only if @’ is G-conjugate to a positive multiple
of a.

If T, = S! then T,\ %, is an orbifold which carries a special symplectic orbifold connection by
Theorem 4.3. Hence it may be viewed as the “standard orbifold model” for (the adjoint orbit of)
a € g. For example, in the case of positive definite Bochner—Ké#hler metrics, we have ¢ =2 §2n+1
and for connections of Ricci-type, we have € = RP2"+1 Thus, in both cases the orbifolds T\
are weighted projective spaces if T, = S, hence the standard orbifold models T,\%, C T,\% are
open subsets of weighted projective spaces.

Surprisingly, the connections from Theorem 4.3 exhaust all special symplectic connections, at
least locally. Namely we have the following

Theorem 4.4 [26] Let (M, ®) be a symplectic manifold with a special symplectic connection of
class C*, and let g be the Lie algebra associated to the special symplectic condition as above.

1. Then there is a principal T-bundle M — M, where T is a one dimensional Lie group which is
not necessarily connected, and this bundle carries a principal connection with curvature @.

2. Let T C T be the identity component. Then there is an a € g such that T= T, C G, and a T,-
equivariant local diffeomorphism i : M — €, which for each sufficiently small open subset
V C M induces a connection preserving diffeomorphism 1 : T°\V — TI°\U = My, where
U :=i(V) C 6, and My carries the connection from Theorem 4.3.

The situation in Theorem 4.4 can be illustrated by the following commutative diagram, where
the vertical maps are quotients by the indicated Lie groups, and T\M — M is a regular covering.

n——%, (34)

y It 2
M T\M ——= T\,

In fact, one might be tempted to summarize Theorems 4.3 and 4.4 by saying that for each
a € g, the quotient T, \ %, carries a canonical special symplectic connection, and the map 1 : T\M —
T,\%, is a connection preserving local diffeomorphism. If T,\ %, is a manifold or an orbifold, then
this is indeed correct. In general, however, T,\ %, may be neither Hausdorff nor locally Euclidean,
hence one has to formulate these results more carefully.
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As consequences, we obtain the following

Corollary 4.5 All special symplectic connections of C*-regularity are analytic, and the local mod-
uli space of these connections is finite dimensional, in the sense that the germ of the connection at
one point up to 3rd order determines the connection entirely. In fact, the generic special symplectic
connection associated to the Lie algebra g depends on (rk(g) — 1) parameters.

Moreover, the Lie algebra s of affine vector fields, i.e., vector fields on M whose flow preserves
the connection, is isomorphic to 3(a)/(Ra) with a € g from Theorem 4.4, where 3(a) = {x € g |
[x,a] = 0}. In particular, dims > rk(g) — 1 with equality implying that s is abelian.

When counting the parameters in the above corollary, we regard homothetic special symplectic
connections as equal, i.e., (M, ®,V) is considered equivalent to (M, e, V) for all 7y € R or C.

We can generalize Theorem 4.4 and Corollary 4.5 easily to orbifolds. Indeed, if M is an orbifold
with a special symplectic connection, then we can write M = T\M where M is a manifold and
T is a one dimensional Lie group acting properly and locally freely on M, and there is a local
diffeomorphism 7 : M — €, with the properties stated in Theorem 4.4.

There is a remarkable similarity between the cones €; C g;, i = 1,2, for the simple Lie algebras
g1 :=su(n+1,1) and g; := sp(n,R). Namely, 4] = S***! with the standard CR-structure, and
g1 is the Lie algebra of the group SU(n+ 1,1) of CR-isomorphisms of $2**! ([51]). On the other
hand, %, = RP?**!, regarded as the lines in R?"*2 with the projectivised action of sp(n+ 1,R) on
R2"*2_ Thus, % is the universal cover of %>, so that the local quotients T,\ %, are related. In fact,
we have the following result.

Proposition 4.6 [60] Consider the action of the 2-gradable Lie algebras g := su(n+1,1) and
g2 :=sp(n+ 1,R) on the projectivised orbits €\ and ¢», respectively. Then the following are
equivalent.

1. For a; € g; the actions of T,; C G; on €; are conjugate fori = 1,2,
2. ajeu(n+1)whereu(n+1) C g, for i = 1,2 via the two standard embeddings.
This together with the preceding results yields the following

Theorem 4.7 [60]

1. Let (M,®,V) be a symplectic manifold with a connection of Ricci type, and suppose that
the corresponding element a € sp(n+ 1,R) from Theorem 4.3 is conjugate to an element of
u(n+1) Csp(n+1,R). Then M carries a canonical Bochner—Kdihler metric whose Kdhler
form is given by .

2. Conversely, let (M, ®,J) be a Bochner-Kdhler metric such that the element a € su(n+1,1)
from Theorem 4.4 is conjugate to an element of u(n+1) C su(n+1,1). Then (M, ®) carries
a canonical connection of Ricci-type.

Note that in [20], Bochner—Kihler metrics have been locally classified. In this terminology,
the Bochner—Kiéhler metrics in the above theorem are called Bochner—Kdhler metrics of type 1. For
more details, we also refer the reader to [12].
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