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Part I
Introduction

1 Introduction to homogenization theory

The development of the mathematical theory of homogenization is strongly related to
the requirement to describe the behavior of composite materials.

Composite materials consist of two or more individual constituents. They are
finely mixed and look almost homogeneous from a macroscopic point of view. On a
much smaller microscopic scale, the ingredients are separated. In other words, the
heterogeneities of a composite determine a specific length scale, the microscopic scale,
which is very small compared to the global dimension of the material, which in turn
characterizes the macroscopic scale.

According to the fact that composite materials in general exhibit better properties
than their ingredients, they are widely used in industry, see for instance pavement in
roadways or superconducting multi filamentary composites in optical fibers. However,
especially from the numerical point of view the small heterogeneities are very hard to
treat. They produce a wide range of fluctuations and oscillations, which considerably
affect the global behavior of the material.

The aim of the homogenization theory is to describe the global properties of a
given composite medium. More precisely, the aim is to replace the highly oscillating
characteristics of the composite in question by constant, usually referred to as effective
quantities, which in turn correspond to a homogeneous material, called the effective
material.

In what follows we will always suppose that the heterogeneities of the composite
in question are evenly distributed, which is a perfectly appropriate assumption for a
wide range of applications. One natural way to express this assumption in a mathe-
matical model is to consider periodically inhomogeneous media, where the periodicity
length (and thus the characteristic length of the micro-scale) is represented by a small
parameter € > 0, see Fig 1.

I LN

p 000D
0000
e siee

—

y

1000

Figure 1: An e-periodic composite material occupying a domain 2. The material
consists of two ingredients.



The notion of mathematical periodic homogenization indicates the process of taking
¢ — 0 and the study of solutions u. of corresponding e-problems in this limit.

In the last 40 years several books have been devoted to the periodic and non-
periodic homogenization theory, see for instance [5, 10, 18] for a general overview. In
this introductory section we will present the most fundamental classical results and
methods in this field.

1.1 Elliptic homogenization problem

In this subsection we introduce the most elementary periodic homogenization problem
of investigating solutions u. to the elliptic problem

V- (A (g) Vua(:v)> — f(2). (1.1)

It is made more precise in Definition 1.2 below.

In fact, Eq.(1.1) is a widely studied model case. On the one hand it models thermal,
electrical and elastic properties of composites, which are encoded in the e-periodic
matrix A (E) It is thus relevant for many applications. On the other hand, already in
this relatively simple setting the main mathematical difficulties in the homogenization
process, € — 0, become obvious.

Let us first of all introduce a class of admissible matrices to guarantee the well-

posedness of problem (1.1).

Definition 1.1 (Class of admissible matrices). Let N € N and let 0 < o < . We
denote by M («, B) the set of all matrices A € RN*N such that for every A € RY there
holds

(AN ) = alA]%,
[ AN < BIA,

where (-,-) denotes the scalar product in RN and |\| is the length of \.

We are now in the position to introduce the classical elliptic homogenization prob-
lem with Dirichlet boundary conditions.

Definition 1.2 (Elliptic homogenization problem). Let 0 < o < 8 and let 2 C RY
be open and bounded. Let A(-) = (ai;(-))1<ij<n € C(Q,RY*N) be such that A(x) €
M (o, B) for every x € Q. Moreover, let A(+) be (0,1)N-periodic, A(z + e;) = A(z) for
every i = 1,..., N, where e; denotes the i-th unit vector in RY. We call u. € H'(Q) a
solution to the elliptic homogenization problem if

V. (A G) Vu€> iy in Q.
u: =0 on 0f)

(1.2)

in the weak sense for f given in H='(2), the dual space of H} ().

We remark that due to the (0,1)Y-periodicity of the matrix A(-), the coefficient
A () is (0,e)V-periodic and thus highly oscillating.
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By the Lax-Milgram theorem there exists a unique solution u. € H}(Q) to the
elliptic problem of Definition 1.2. Moreover, the following uniform (in &) estimate
holds

| fll-1(0)- (1.3)

Sl

[uell g1 <

Consequently, there exists some u € H{(f2) such that, up to a subsequence, u. con-
verges weakly to u as € goes to zero, u. — u in H}(Q).
At this point, two natural questions arise.

1. Is v uniquely determined in the sense that every subsequence of u. converges to
the same limit function u?

2. Which effective problem is solved by u?

Already in the 1970s both questions have been answered, see for instance Sanchez-
Palencia [26, 27] or Bensoussan, Lions and Papanicolaou [5]. The result, see Theorem
1.3 in the next subsection, is now standard.

1.2 Elliptic homogenization result

In this subsection we state the classical homogenization result for elliptic problems and
briefly present the three classical homogenization methods in the periodic framework:

1. Formal asymptotic expansions
2. Oscillating test functions

3. Two-scale convergence

While the first method is just a formal approach, the second and the third one are
rigorous and provide proofs of the classical homogenization result stated below.

Theorem 1.3 (Classical homogenization result for elliptic problems). Let u. be the
solution to the elliptic homogenization problem of Definition 1.2. Then

Ue — U n H(}<Q)7
T * . 2 N
A (E) Vu, = A*Vuy in (L°(Q))7,

where the limit function uy € H(Q) is the unique solution to the effective constant
coefficient problem

-V - (A*Vug) = n €,
(AVuo) = 1 " (1.4)
ug =0 on 0f).
The matriz A* = (aj;)1<ij<n 15 given through
N %,
a;; = a;i(x dﬁ—/ a(2) ==L () dx, 1.5
J /(0,1)N ]( ) (0’1)]\]; k( )0yk( ) ( )

where the functions X;(+), often referred to as correctors, are (0,1)N -periodic and solve
specific auziliary cell problems. They are defined in (1.8).
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Theorem 1.3 suggests that the whole sequence (question 1 in the previous subsec-
tion) converges to the function uy. The limit function ug solves a constant coefficient
problem of exactly the same type as the original problem (question 2).

Let us draw the readers attention to a peculiarity of the homogenization process.
Contrary to what one would expect at first sight, the effective matrix A* is not just the
mean value of the oscillating coefficient A(-). Formula (1.5) suggests that in fact the
mean value of A(+) has to be corrected by additional terms which include the gradients
of specific auxiliary functions.

In what follows we will not perform the proof of Theorem 1.3 in detail, which
can for instance be found in [10]. Instead we will briefly present the three classical
methods mentioned above. By means of asymptotic expansions we will show how
formula (1.5) can be formally justified. By means of oscillating test functions and
two-scale convergence we will sketch two quite different ways to prove Theorem 1.3.

Formal asymptotic expansions. The method is based on the existence of two
distinct scales. The macroscopic variable x describes the global position of a point in
the domain ). The microscopic variable y := £ describes the position of a point in
the rescaled periodicity cell (0,1)". The idea is to look for an asymptotic expansion
of the form

us(x) = ug (a:, f) + euq (m, f) + 2uy <x, f) + e3ug (m, f) + ... (1.6)
€ 5 € €

where u;(x,y) is (0,1)"-periodic in the second variable.

Plugging the ansatz in Eq. (1.1) and comparing power-like terms of €, one derives
an infinite system of equations. Without going into details we remark that the specific
structure of the system permits to determine the unknowns wu; successively.

The first equation of the system, the equation at order (1/e?), yields that ug is
independent of y. Hence, ug(x) is expected to be the solution to the effective problem
(1.4). The second equation in the system, the equation at order (1/¢), provides

Z gg‘; + iy (), (1.7)

where each y; is (0, 1)"-periodic and solves the following auxiliary problem

=V (A[W)Vi(y) = =V - (A(y)e;) ,
/(0 - X;(y) dy = 0. 49

The problem is well posed since the mean value (in y) of the right hand side of (1.8)
is equal to zero.

We investigate one more equation in the system, the equation at order (1). It
determines uy through

-V, - (Aly)Vyus(z,y)) = Fi(z,y), (1.9)

where F} is written in terms of ug, u; and f. Problem (1.9) is well posed if and only if
the mean value (in y) of the right hand side vanishes. It is exactly this condition which,
using (1.7), gives the effective equation (1.4) for uy and formally justifies formula (1.5).
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Before discussing the method of oscillating test functions and the concept of two-
scale convergence let us firstly demonstrate the main difficulty in the proof of Theorem
1.3.

On the one hand, the uniform bound in (1.3) yields that there exists some u €
H}(Q) such that, up to a subsequence, u. — u in H}(Q) and u. — w in L*(Q2). On
the other hand, setting & () := A (%) Vu.(x) one discovers that & is bounded in
(L*(Q))N with —V - & = f. Hence, there exists some & € (L?(Q2))" such that, again
up to a subsequence, & — & in (L?(Q))"Y. The weak limit £ satisfies —V - & = f.

We remark that the proof of Theorem 1.3 is done, if one can show that

&(z) = A"Vu(x) (1.10)

with A* as in formula (1.5). Unfortunately, the flux & = A (%) Vu, is a product of
only weakly converging sequences and thus the individual limits do not provide any
information about the weak limit of the product. In what follows we will show how
this difficulty is treated by the method of oscillating test functions and the method of
two-scale convergence.

Oscillating test functions. The method has been proposed by Tartar [35] in
the late seventies and is based on the construction of special test functions by means
of the adjoint operator —V - (A (y)V). The particular structure of the test functions
effects that all terms containing a product of only weakly converging sequences, i.e.
that terms where a direct passage to the limit is not possible, cancel out.

Let j =1,..N. Let each w! € H'(Q) be a particular solution, see (1.14) below, to
the problem

/ng(x) (AT (g) ng(x)) -Vue(x) doe + /ng(x) (AT (g) Vwﬁ(x)) -Vo(z)dr =0
(1.11)

for every ¢ € C>(2). Using wi¢ € H(Q) as a test function in —V-£. = f one obtains

/Q (A (%) Vie()) - Vul(a) o(a) do + /Q (4 (%) Vuele) - Vo) wie) da
= (f, wg(x) ¢(I)>H—1(Q),H5(Q)~ (1.12)

Due to the duality of A and AT the first terms on the left hand side of (1.11) and
(1.12) are equal. They cancel by subtraction,

/Q <A (g) Vus(x)) - Vo(z)w!(z) de — /Qus(x) (AT (:E) ng(x)) -Vo(x)dz

€
= (/, wg(x) ¢<x>>H*1(Q),Hé(Q)-

(1.13)
The goal is to pass to the limit in (1.13).
At this point, let us make the choice of w?!(x) more precise. We set
, x
wl(z) =e;-x—ey; <E> : (1.14)



where x; solves the auxiliary problem (1.8) with the adjoint matrix A”(-) instead of
A(+). With this choice of w! one can easily show that w! is a particular solution to
problem (1.11) and that

w! —e;-x in L*(Q),

At <§> Vi(z) = AT (y) (e; — Vx;(y) dy = (A")Te; in L2(Q),

£ (O,l)N

see [10] for details. We remark that the last convergence holds due to the fact that
oscillating periodic functions converge weakly to their mean value.

We are now in the position to pass to the limit in (1.13), since all terms on the
left hand side of (1.13) are products of a weakly converging and a strongly converging
sequence. The passage to the limit in the right hand side is straightforward and we
arrive at

0 (1.15)

/Q £(x) - Vola) (e; ) di — / u(@)((A")Te;) - V() da
= (f.(ej - 2) o()) ()11 ()

Finally, using —V - £ = f, we rewrite the first term on the left hand side of (1.15) as

/95(17) Vo(z) (ej - x) do = (f,(ej - 2) 9(x)) p— () m1(0) — /g}§($) -ej ¢(x) dx
and apply integration by parts in the second term. Consequently,
{(x) - e = (A"Vu(z)) - ¢

for j =1,...N and thus relation (1.10) follows.

Two-scale convergence. The concept of two-scale convergence, introduced by
Nguetseng [21] in 1989 and further developed by Allaire [1], establishes an adapted
notion of convergence, which in particular rigorously justifies the formal asymptotic
expansion presented above. Several applications and features of this powerful method
can be found in [1].

Definition 1.4 (Two-scale convergence). Let Y := (0,1)V. A sequence of functions
u. € L*(Q) is said to two-scale converge to a limit function u € L*(Q x Y) if

/Que(x)gzﬁ (%) dx—>/ﬂ/yu(x,y)¢(x,y) dy da (1.16)

for every ¢ € L*(Q; Cher(Y)). The subscript per indicates subsets of periodic functions.

We remark that the notion of two-scale convergence is equipped with the following
compactness properties, see [1] for a proof.

1. For each bounded sequence v, in L?*(2) there exists a function vy € L*(2 x Y)
such that, up to a subsequence, v. two-scale converges to vy.

2. For each bounded sequence v, in H'(Q) with v. — vy in H'() there exists
a function v; € L*(Q; HL, (Q)) such that, up to a subsequence, Vv, two-scale

per
converges to Vv + V,v.



Let u. be the solution to the elliptic homogenization problem of Definition 1.2. Our
aim is to pass to the limit in the "bad” term £, = A (g) Vu., which is a product of only
weakly converging sequences. In particular, there exists some v € H'(2) such that,
up to a subsequence, u. — v in H'(2). By the compactness result stated above, there
exists some u; € L*(€; H;ET(Q)) such that, again up to a subsequence, Vu. two-scale
converges to Vu + V,u;.

The key point in the proof of Theorem 1.3 is the specific structure of admissible
test functions in the definition of two-scale convergence. It permits to regard A (f) in
the term A (f) Vu, as part of an admissible test function and to pass to the two-scale
limit. Let us make this idea more precise.

Consider vy € C2°(2) and vy € C°(;C2.(Y)). Then vo(-) +evy (-, 2) € HJ().
Consequently,

/QA (E) Vue(x) - [Vvo(x) + V0 <5157 g) + eV (x’ E)] d (1.17)

= <f7U0(x)+5U1 (1:7 E>> )
€/ 1 H-1(Q),Hs(Q)

since u,. solves the elliptic homogenization problem of Definition 1.2.
Our aim is to pass to the limit in (1.17). Indeed, the limit procedure in the right
hand side of (1.17) is straightforward. We rewrite the left hand side of (1.17) as

/QVug(a:)-AT (g) [Vvo(m) +V, 0 <x, g)] dm—I—s/QA (f) Vue(z)-V,0 <x, g) dx.

£

Since AT (f) [Vvo(x) + V1 (x, f)} is an admissible test function in the framework
of two-scale convergence, we can directly pass to the two-scale limit in the first term.
The second term is of order £ and vanishes in the limit. We arrive at the following
effective problem with unknowns u and w4

/Q /Y (Vou(z) + Vyur (2, 9)) AT(y) (Voo(2) + Vya(z,y)) dedy
=(/, UO(CC»H*(Q),H(%(Q) (1.18)

for vy € C°(Q2) and v; € CX2(Q; C2 (Y)).

per

In [10] it is shown that (1.18) is equivalent to the effective problem of Theorem 1.3.

The classical homogenization methods presented above are very flexible and can
also be applied in the time-dependent framework. They provide analogous homoge-

nization results for parabolic (heat equation) as well as for hyperbolic (wave equation)
PDEs.

1.3 Homogenization of the wave equation

This subsection is devoted to the homogenization of the wave equation for an arbitrary
bounded domain  C RY and an arbitrary fized time 7. The homogenization result,
see Proposition 1.6 below, can be labeled as standard. It is obtained by a reduction
of the time-dependent problem to the elliptic setting. Its proof can be found in [10].
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However, the wave equation exhibits an interesting peculiarity which is not present
in the elliptic and in the parabolic framework. Brahim-Otsmane, Francfort and Mu-
rat, see Ref.[8], pointed out that the energy E. corresponding to ., solution to the
homogenization problem of Definition 1.5 below, does not in general converge to the
energy corresponding to the limit function u.

Let us first of all introduce the hyperbolic homogenization problem in divergence
form.

Definition 1.5 (Hyperbolic homogenization problem). Let A(:) be as in Definition
1.2 with A(-) = AT(-) and let ¢y € H} () and dy € L*(Q2). We call u. a solution to
the hyperbolic homogenization problem if u. € L*(0,T; H} (), dyu. € L*(0,T; L*(Q))
and

O%ic(a,7) = V- (A(Z) Vau(r, 7).
(z) (1.19)

Ue(z, co(x),
u ) = do(x).

0
O-us(z,0
By reduction to the elliptic setting the following homogenization result is obtained.

Proposition 1.6 (Hyperbolic homogenization result). Let u. be the solution to the
hyperbolic homogenization problem of Definition 1.5. Then there holds

i, — @ in L®(0,T; Hy()),

0,1 = 0,4 in L°(0,T; L*(R)),
{ N L v 2 . T2 N
A(€>Vue A*Va in (L*(0,T; L*(2)) ",

where u is the unique solution to the effective wave equation

Ou(x, 1) =V - (A'Va(z, 7)),
a(z,0) = col), (1.20)
871](35, 0) = do(ﬂf)

and A* is the effective matriz of Theorem 1.3.

The proposition suggests that in the fized time homogenization process of wave
equations the time variable 7 plays just the role of a parameter. We remark that an
analogous result is available also for the parabolic framework. Nevertheless, the wave
equation stands out due to the lack of convergence of the energy, which is discussed
in the following.

Suppose that u. is the solution to the hyperbolic homogenization problem of Def-
inition 1.5. By a testing procedure it is easily shown that . satisfies the principle of
energy conservation,

/Q [(0766)2 + <A (g) Va€> .vﬂa} (2.1) da

(1.21)
= [+ (4 (%) Veala)) - Veala) de = E (1)

11



In the same manner, the limit function @, solution to the effective wave equation (1.20),
satisfies

/Q [(0,2)* + (A*Va) - V] (z,t) do = /Q(do(az:))2 + (A*Veo(2)) - Veo(z) do =: E(a).

Since A (g) converges weakly to the mean value [, A(y) dy # A*, see Formula (1.5),
one directly concludes that the energy E.(u.) does not converge to F(u).

This phenomenon has been extensively studied by Brahim-Otsmane, Francfort and
Murat. In [8] the authors show that in fact the original solution @. can be decom-
posed into two parts, u. := u. + v.. The principal part u. solves the hyperbolic
homogenization problem with suitable initial data, which are constructed such that
E.(u.) — E(u). The remainder term v, is proved to converge weakly to zero. Never-
theless, the energy associated to v. does not vanish in the limit.

Confirmed by various numerical results, see [12, 13, 14, 15], this striking fact is one
of the reasons to expect that the long time behavior of 4. is not well described by the
effective wave equation of Proposition 1.6.

Indeed, various articles deal with the effective equation for long time intervals,
where already the titles of the papers mention dispersive effects. Nevertheless, a clear
mathematical statement concerning an effective model is not yet available.

With this thesis we want to fill this gap by providing a complete description of
the long time behavior in the one-dimensional setting. The multi-dimensional case is
investigated as well and estimates for the effective propagation speed are derived.

Acknowledgment

The author is grateful to Ben Schweizer for suggesting the interesting topic, the con-
stant support and numerous helpful discussions.
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2 Long time homogenization of waves and main re-
sults

In recent years, many approaches have been developed for the homogenization of waves
in periodic media. Powerful methods such as two-scale convergence, the method of
oscillating test-functions or compensated compactness, see Ref.[18], have been used to
prove rigorous convergence results.

By now, it is well known that the homogenization limit (¢ — 0) of

O (v, 7) =V - <A (g) Vi (x, 7')>

is a linear wave equation with a constant coefficient A*, called the effective coefficient.
In other words, the problem fits the following picture: On bounded domains and
fixed time intervals 7 € (0,7), the original solution #. coincides up to corrections of
order O(e) with a limit function @, which solves the effective wave equation 92 — V -
(A*Vu) = 0, see Proposition 1.6. Nevertheless, the limit u. — u is a weak convergence
and, in particular, the energy of the e-solutions need not converge to the energy of .

In the present work we are interested in very long time scales, i.e. observation times
of order O(1/&?). Numerical results and formal asymptotic expansions, see Ref.[12],
suggest that the shape of the propagating wave is considerably modified at long sight.
Our aim is to catch this effect with a uniformly valid dispersive model. The difficulty
is, taking into account the long time scale ¢ := 27, that we are now dealing with a
true three-scale problem whose homogenization limit is not given by the solution to
the effective wave equation.

The interest in this question is not new, see Ref.[3] for dispersive limits in the case
of large potentials and Ref.[4] in the case of high frequency initial data. Likewise,
works such as [13, 15, 16, 28] deal with the long time behavior of waves and give
formal calculations. Nevertheless, it seems that a rigorous mathematical statement on
the homogenization limit (or even an effective equation) is still missing.

2.1 Main results in the one-dimensional case

In this thesis, we propose two different dispersive models and prove that they both
approximate the original one-dimensional problem for long observation times. For the
sake of completeness, we also show the well-posedness of the models. While the first
model (weakly dispersive equation) still depends on powers of ¢, the second model
(linearized Korteweg-de-Vries equation) is e-independent. The general concept of our
homogenization proofs can be described with the following three steps. 1) We state
and solve the homogenized system. 2) We modify the solution of the homogenized
system to construct an approximate solution to the original system. 3) We show by a
testing procedure that the result of this construction is close to the original solution.
This principle is flexible and can be applied in complex applications, e.g. to another
three-scale problem,[32] or to problems with hysteresis,[31, 33, 34].

Let us start with a detailed description of the original one-dimensional problem.
We assume that the coefficient A(-) € C*°(R) is periodic and admissible in the sense
of Definition 1.1. To be more precise, we assume that there exist a, 3 > 0 such

13



that a(-) := A(-) € C®(R) with 0 < a < a(y) < f and a(y + 1) = a(y) for all
y € R. Moreover, we are dealing with smooth initial data with compact support
being perturbated at order O(e) by high frequency terms. To sum up, we consider the
following problem on the long-time interval (0,7'/¢?).

Definition 2.1 (Homogenization problem). Let T, R > 0. Denote by u.(z,T) the
unique solution to the wave equation

Ouc(w,7) = 0, (a (L) duaela 7))
Ue(z,0) = co(z) + ey (g) Opco(x) + %Ly (g) O2cy(x),

0.1, (z,0) = do(z) + eL (g) B, do ()

for (x,7) € R x (0,T/e?). We assume that the initial data are smooth and compactly
supported, cq, dy € C’So((—R, R)), and that the initial time deriwative dy has zero mean

value, LRR do(z) dz = 0.

The special functions L;(y) € C?(R) are Y-periodic and solve auxiliary cell prob-
lems. They are defined in Definition 5.1 for 1 <4 < 5. We remark that L; and Ly are
determined by classical cell problems, which are known from elliptic homogenization
theory. By contrast, the functions L3, L4, L5, which are used in the construction of the
adaption operator in section 5, do not correspond to the classical auxiliary functions.

The existence of solutions #,. is a standard result, solutions can be constructed as
weak, strong or classical solutions. We use the weak setting in the following and work
with a. € L>(0,T/e?; H*(R)) and 0,u. € L>(0,T/*; H(R)).

We are now in the position to introduce the three different long time problems and
to state our main results in the one-dimensional scalar setting. We remark that the
major part of the one-dimensional results has already been accepted for publication,
see Ref. [19].

We start with a time-scaled version of the homogenization problem. Considering
the long time variable ¢ := &7 and setting u.(z,t) := u.(z,t/?), one arrives at the
following definition.

Definition 2.2 (Time-scaled homogenization problem). Let (z,t) € Rx(0,T). Denote
by u.(x,t) the unique solution to

e'0Pu.(z,t) = 0, <a (g) (9zu€(x,t)> :
u.(z,0) = co(z) +ely (g) Opco(x) + %Ly (g) D2co(x),
Ous(z,0) = 5—12<d0(93) +el,y (g) @Udo(x)).

Let us discuss here what we expect in view of the classical homogenization results.
The effective coefficient a* := A* € R is, in the one-dimensional case, given by the

harmonic mean
1 1
a* = — dy) > 0. 2.1
(/Y a(y) 21)
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The associated homogenized wave speed is ¢* := v/a*. Classical homogenization hence
suggests that waves 4. move with asymptotic speed ¢*. Accordingly, in the time-scaled
version of Definition 2.2, we expect that waves u. propagate with an asymptotic speed
c* /&2

In the next step, we introduce a fourth-order weakly dispersive solution. A proof
of existence and uniqueness as well as energy estimates can be found in Section 4.

Definition 2.3 (Weakly dispersive problem). Denote by v.(x,t) the unique solution
to the following problem

0. (x,t) — a*OPv.(z,t) — 56%@285@5(35, t) =0,
’UE(.T, O) = CO(QZ))
1
(9t1)5(1:, 0) = ?do(.f)

for (x,t) € R x (0,T) and a’ > 0 introduced in Definition 5.1.

Finally, after a decomposition of the initial data into a right-going and a left-going
part co = cj + ¢ (strongly depending on the initial time derivative dy, see Section 3
for details), let us now define the e-independent linearized Korteweg-de-Vries (1IKdV)
equations as follows.

0.8+ E

0.6} R

0.4} E

0.2} .

|

=30 =20 =10 0 10 20 30

Figure 2: Numerical solution W to the right going 1IKdV-problem, evaluated in ¢ = 1.
It is obtained with a finite difference scheme for initial data W*(z,0) = sech(z) =
—2__ The solution W~ is obtained by symmetry.

er+e~®
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Definition 2.4 (The IKdV equations). We distinguish between a right moving and a
left moving wave. Denote by W=*(x,t) the unique solution to
OW*(z,t) + %5§Wi(x, £) =0,
c
W= (2,0) = c5 ()
for (z,t) € R x (0,T) and cg as in (3.1).

The existence and uniqueness as well as energy estimates of a solution are a direct
consequence of the results in Ref.[17], see Section 3 for more details. In fact, the
weakly dispersive problem and the IKdV problem have strong solutions, which can be
explicitly constructed by means of Fourier analysis.

We are now able to state the main one-dimensional results. The first shows that the
weakly dispersive problem of Definition 2.3, which is also known as linear Boussinesq
equation, provides a good approximation of the original problem.

Theorem 2.5. Let ¢y, dy € Cgo((—R, R)) and fiz do(x)dz = 0. Consider u. from
the time-scaled homogenization problem of Definition 2.2 and the weakly dispersive
solution v. of Definition 2.3. Then there exists an e-independent constant C' such that

e, £) — vele, 1) | @irizoe ey < C. (2.2)

We note that in (4.6), (4.7) a slightly stronger convergence is derived. We further
remark that in the original time scale, Theorem 2.5 reads as

Remark 2.6. Consider u. as in Definition 2.1 and v. the unique solution to the
rescaled weakly dispersive problem

0*v.(z,7) — a*0*v.(z,T) — 823—§872_8§175<$, T) =0,
Ue(x,0) = co(z),  O0;0.(x,0) = dp(x).
Then
[te(2, 7) = V(2 T)|| Lo 0,7/2;0 (m)) < Ce.
The weakly dispersive solution and the IKdV-solution can be compared as follows.

Theorem 2.7. Consider the weakly dispersive solution v. of Definition 2.3 and the
shifts wE of the IKdV-solutions of Definition 2.4

C*
w(x,t) =W+ <x - gt,t) : (2.3)

C*
w, (x,t) =W~ (:1: + —2t,t> . (2.4)
€
Then there exists an e-independent constant C' such that
10pve (2, 1) = 8 (wh +w?) (1) || L 022 (m)) < CE?,
10w (2, ) — O (wh + w2 ) (z,8) | L= 0.r22R)) < C.
Moreover,

H/US(.T,t) - (w: + w;)(l‘,t)”[]oo(QT;Loo(R)) S Ce. (26)
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Theorem 2.7 provides a comparison between the solution of the weakly dispersive
problem and the IKdV-solutions. This result is not surprising, see Ref.[29] in the non-
linear case. Similarly, articles such as [7, 30, 6] establish a link between Boussinesq and
KdV-equations. Nevertheless, they do not explicitly recover the setting of Theorem
2.7, which will be obtained in Section 3 with a direct argument. We include the
theorem for the sake of self-containedness and to give precise estimates. By contrast,
the proof of Theorem 2.5 requires more computationally intensive methods and is
performed in Section 4.

By applying the triangle inequality to (2.2) and (2.6) one directly obtains the
following result.

Corollary 2.8. Consider u. from the time-scaled homogenization problem and the
IKdV-solutions W*. Then there exists an e-independent constant C' such that

ue(z,t) — W+ <:c - E—Zt, t) — W~ (x - E—Zt, t) < Ce. (2.7)

L>(0,T5L>°(R))

The corollary suggests that the solution to the time-scaled homogenization problem
of Definition 2.2 is approximatively equal to two waves propagating with speed c*/e?
in opposite directions. Moreover, it shows that the shape of the right going wave is
well described by the solution W to the IKdV-problem, those of the left going wave
by W~. Similarly to Remark 2.6, this result provides also an approximation of u. in
the original time scale.

Remark 2.9. Consider . as in Definition 2.1 and the IKdV-solutions W*. Then
there exists an e-independent constant C' such that

|

2.2 Main results in an abstract framework and the multi-
dimensional case

< Ce.

Ue(x,7) — W+ (x — ', 527') - W (a: + ¢, 527> H
Le2(0,T/2;L>=(R))

Theorem 2.5 and Corollary 2.8 contain a complete description of the long time behavior
of waves in the one-dimensional case. In the multi-dimensional setting, x € R, the
situation is much more complicated and it seems that, up to now, comparable results
or even an effective equation are out of reach.

In the last part of this thesis, Sections 6-8, we will therefore study the multi-
dimensional homogenization problem in a more abstract framework. More precisely, we
define an energy density E. (&, t) and show that a weak star limit u € L>(0,T; M(RY))
exists. Based on the one-dimensional results of Sections 3-5 we prove that for N =1
the energy measure p is in fact a Dirac measure. For N > 2 the identification of
remains an open problem. In Section 8 we derive at least restrictions on the support
of u.

Let us now state the N-dimensional long time homogenization problem.

Definition 2.10 (N-dimensional homogenization problem). Let N € N, N > 2 be
arbitrary. Let T, R > 0 and let A(-) € C®(RN RY*N) be (0,1)N-periodic. More-
over, let A(y) € M(a, ) be symmetric and admissible in the sense of Definition

17



1.1 for every y € RY. Let cg,dy € C(Bg(0)). We call u.(x,7) a solution to
the N-dimensional long time homogenization problem if u. € L>(0,T/e?; H?*(RY)),
Oru. € L>(0,T/e%; HY(RY)) and

02u.(x,7) = V - (A(—)Vag(a:,r)) , (2.8)

Analogous to the one-dimensional case, see Definition 2.2, the time-scaled homog-
enization problem in N space dimensions reads as follows.

Definition 2.11 (Time-scaled homogenization problem in N space dimensions). Con-
sider the setting of Definition 2.10. We denote by u.(x,t) the unique solution to

e0Pu.(x,t) =V - (A(§> Vus(a:,t)) ;

us(z,0) = co(z),
Do, 0) = —do ()

-2
for (x,t) € RY x (0,7).

We are now in the position to introduce the N-dimensional energy measure p and
to state the main results in the abstract framework.

Definition 2.12 (Energy density and energy measure). Let N € N be arbitrary.

For N =1 let u. be the solution to the one-dimensional time-scaled homogenization
problem of Definition 2.2. For N > 2 let u. be the solution to the multi-dimensional
time-scaled homogenization problem of Definition 2.11.

1. We define the N-dimensional energy density E.(&,t) by

E.(6,1) = 82% {(A (g) Vug(-,t)>TA<é> Vue(-,t)} (g) (2.9)

2. We call p € L*=(0,T; M(RY)) an energy measure if there exists a subsequence
E., of E. such that E., = u in L>(0,T; M(R")).

The existence of a weak star limit p is shown in Section 6. It is a direct consequence
of the energy estimate for the time-scaled wave equation, which can be found in the
appendix.

Remark 2.13. In the one-dimensional case, N = 1, the energy density E. of Defini-
tion 2.12 is defined through a homogenization problem with well adapted initial data. In
this setting, we will use the fine results of Subsection 2.1 to identify the one-dimensional
energy measure i, see (2.10) below.

For non-adapted initial data we can only prove restrictions on the support of .
More precisely, the result of Theorem 2.15 below s also valid for the one-dimensional
homogenization problem with non-adapted initial data.
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In Subsection 6.1 we prove that for N = 1 the energy measure p of Definition 2.12
is in fact a Dirac measure,

plE 1) = [ 100§ o] erl) + [(@ 2100t o] 0-en®), (210)

where ¢/ is the right going part of the initial data and ¢, is the left going part,
respectively. Eq. (2.10) reflects the fact that the solution to the one-dimensional long
time homogenization problem is approximatively equal to two waves propagating with
speed ¢* in opposite directions. We observe that, unlike Theorem 2.5 and Corollary
2.8, the energy measure p doesn’t contain any information about the fine properties
of the solution.

In the multi-dimensional case, N > 2, a rigorous identification of u seems to be
out of reach. In Subsection 7.3 we introduce the notion of effective speeds. More
precisely, we define the energetic effective speed ¢ through the slope of the smallest
cone in space-time which contains the support of any energy measure p. We set

¢:=1inf{c > 0| supp u C C(c) for every energy measure j1}, (2.11)

where C/(c) denotes the cone with slope £, C(c) := {({,t) € RN x (0,T) | [¢| < ct}.

Our main result in the multi-dimensional setting is Theorem 2.15 below. It provides
an upper bound for the energetic effective speed ¢ in terms of another homogenization
problem. To be more precise, we exploit a connection between u., solution to the
multi-dimensional homogenization problem of Definition 2.11, and the Riemannian
distance ¢. according to A (g)

Definition 2.14 (Riemannian distance). Let N € N be arbitrary. Let A(-) be as in
Definition 2.10 and let xy € RY be fired. We define q.(z) as the unique viscosity
solution to the Hamilton-Jacobi equation

(VqE)T(x)A<§> Va(z) =1, q(x) >0 in RV \ {z,},
qe(zo) = 0.

(2.12)

In what follows we assume that the matrix A (g) is in fact a scalar function,
A (g) =a (g) Idy with Idy denoting the N X N unit matrix. Due to Proposition
7.7 of Subsection 7.3 the Riemannian distance g. converges uniformly on RY to the
effective distance ¢,

(o) = o = ol (2222

|z — 2]

with an effective cost function b. We define the geometric effective speed ¢ as the
maximal value of 1/b,

jal=1

¢i= (minb(az))_l. (2.13)

Let us now state the main result in the N-dimensional abstract setting. The proof of
Theorem 2.15 is given in Section 8.
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Theorem 2.15 (Upper bound for the energetic effective speed). Let N € N be arbi-
trary. Let ¢ be the energetic effective speed of (2.11) and let ¢ be the geometric effective
speed of (2.13) Then the following inequality holds

¢<e. (2.14)

The theorem provides an upper bound for the energetic effective speed ¢ in terms
of the effective distance q. However, this bound is not optimal. The non-optimality is
shown in Subsection 7.4 using the fine results of the one-dimensional case.
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Part 11
The one-dimensional case

3 Weakly dispersive equation and the IKdV-problems

This section is devoted to the proof of Theorem 2.7. We will discuss the well-posedness
of the IKdV-problem in Subsection 3.1. After some preliminaries in Subsection 3.2,
the proof of Theorem 2.7 is given in Subsection 3.3.

3.1 The IKdV-problems and their shifts

Let us start with some preliminaries concerning the left going and the right going part
of the initial data. In fact, due to classical theory, each solution to the one-dimensional

wave equation
Otu(z,t) — (¢)*0u(z,t) = 0

is given by
u(z,t) = f(x —c't) + g(z + c't).

In particular,
u(z,0) = f(z) +g(z) and Oyu(x,0) = —=c* 0, f(x) + " 0,g(x).
Consequently, the following definition is useful.

Definition 3.1 (Decomposition of the initial data). Let ¢* > 0. We define Pt(co,dp)
and P (co, dy) as solutions of

(P;:(Co, do))(ﬂf) + (

co, do)) () = co(x),
—c*0, (Pf(co, do)) () + ¢ O0x ( .

Co, do)) (.Z') = do(ZC)

In the following, we will use the abbreviations ¢ := Pt (cg, dy) and ¢y := P (co, dp)-

E(
E(

Remark 3.2. The decomposition of Definition 3.1 satisfies the following properties.
1. The projections ¢ ,c; are uniquely defined up to an additive constant.

2. In the case of smooth initial data, co,dy € COO((—R, R)), also their projections
are smooth, i.e. ¢, ¢y € C*((—R, R)).

3. In the case that ¢y, dy € CX°((—R, R)) with ffR do(z)dx = 0, there exist unique
compactly supported projections, cf,cy € C((—R, R)).

We will always work with 3. and have unique projections. In this case

1 1 (R
ch(z) = Eco(x) + oy /x do(€) d€,

() = geo@) — g [ dal€) e

Qe
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Moreover, we remark that in our case the wave speed as well as the initial data are
rescaled, i.e. we consider the wave speed ¢*/e? and initial data (cy, dy/e?). Neverthe-
less, a simple calculation shows that P Je2(Co, do/ £2) = PE(co, dp).

Next, let us discuss existence and properties of the IKdV-solution W (z,t). We
omit the analysis of left moving initial data ¢; = P (co, dp) for convenience, since it
can be handled in exactly the same way.

Proposition 3.3 (Existence of the 1KdV-solution and its shift on R). Let ¢f €
CX((—=R, R)). Consider the right going IKdV-problem of Definition 2.4. Then,

1. there exists a unique solution W and a constant C' such that

||c9t8jz’W+(:U, t)”%oo(o,T;m(R)) < CHC(JJr(x)H?{G((—R,R))u
||8t23§w+($7 t)H%oo(o,T;m(R)) < O’|Ca_(x)”§{9((—R,R))' (3.2)

2. The shifted function w} of (2.3) satisfies w!, dpwt, dfwt € L>(0,T; H*(R)).

Here, H"((—R, R)) as usually denotes the Sobolev-space H"((—R, R)) := {u(z) €
L*((—=R, R)) with 0;u(x) € L*((—R,R)) for i = 1,...,n} equipped with the norm
HuHHn((,R,R)) = ZZL:O H(?;uHLQ((_R’R)). MOI‘QOVGI", H0<<—R, R)) = L2((—R, R))

Proof. First step. In the first step we show the existence of a solution W on bounded
intervals Q = (=L, L).

Claim 1. On a fixed bounded domain Q = (=L, L) with L > R, the IKdV-problem

with boundary condition
WH(—L,t)=WT*(L,t)=9,W*(L,t)=0

has a unique classical solution W™*. Moreover, there exists an Q-independent constant
C, such that

|’ataiw+(xvt)”%oo(o,T;L?(Q)) < C“C(J{(f)”?qﬁ(g)a (3.3)
‘|at28§W+(Ivt)H%OO(O,T;L?(Q)) < C||C(J)r($)||%19(g)- (3.4)

A proof of existence and uniqueness of a classical solution can be found in Ref.[17].
Let us merely remark that fixing the spatial derivative of W at the right endpoint of
the interval is necessary to ensure the well-posedness of the boundary value problem.

We have to show the energy estimates in (3.3) and (3.4). Actually, multiplying
the IKdV-equation by W (z,t), integrating over €2 and applying integration by parts
leads to

0= SVl — 52 [ @
— %%||W+(.7t)||%2(ﬂ) 4“2 ((8 WH)2(L,t) — (@W’L)Q(—L,t))
— 5 WGty + 42 @ PH-Let
> D
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and thus for each ¢t € (0,7
W)l Z2) < W 01220 = lleg (@)l Z2(q)- (3.5)

Next, we differentiate the IKdV-equation twice with respect to ¢ arriving at

O(OEW* (2, 8)) + 220302 (1)) = 0,

2cr 7"
2 +[L’ _ ( *) 6 .+
atVV ( 70) 4( )2831 0( )

In exactly the same way as above we conclude
105 W (- D)l (@) < Clleg (@)oo

and thus, taking into account 92W* = —%&@W*, estimate (3.3) follows. To obtain
(3.4) we differentiate once more with respect to ¢ to find

||815282WJF($»t)“%oo(o,T;L?(]R)) < CHC(J)F(x)H%W(Q)

An interpolation argument provides the control of ||920*W ™ (x,t)||?

%0 (0,T;L2(R))" This
proves Claim 1.

Second step. Since the estimates in (3.3),(3.4) are independent of Q = (—L, L),
one obtains a solution W to the IKdV-problem on R by considering L — oco. Then
W satisfies the same bounds as its approximations.

The regularity of the shifted function wi(z,t) = W (z — 5¢t,t) follows directly
from the regularity of WT. O

3.2 Equation for v. in the moving frame

In what follows, we use that v. from Definition 2.3 has some regularity; a proof of
existence and regularity can be found in Subsection 4.1. To motivate the statement
of Theorem 2.7, let us firstly decompose the weakly dispersive solution v. = v + v
as in Definition 3.1. To be more precise, we solve the weakly dispersive problem of
Definition 2.3 with initial data that belong to a right going wave,

vi(x,0) =cf(x) and Ol (x,0)= —E—chg'(x). (3.6)

We remark that the analysis of the left going part v_ is analogous.

Observation 1 (Equation in the moving frame). Let vl be the weakly dispersive
solution of Definition 2.3 with initial data (3.6). Then, the shift

c't
V:_(xat) = ( +€_2at)

—2¢*9, (atv; + %aﬁ;vg) = %, (@tvj + 2%a§v;+> + 54%8385‘/; (3.7)

satisfies the equation

This is a direct consequence of the chain rule.
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Loosely speaking, Observation 1 suggests that the shift V.t satisfies the IKdV-
equation

OV (a,t) + 2V (a,8) = O()

and can therefore be compared to leading order with W*(z,¢). In order to make
the connection precise, we now start from the 1KdV-solution W (z,t) and derive a
corresponding equation for wl (x,t).

Lemma 3.4. Consider the IKdV-solution W (x,t) of Definition 2.4 and its shift

wi(z,t) = Wtz — & t). Then wt(z,t) solves the following problem

a*
0wl (,1) — a* 2w (x,t) — ° 207 02w (w, 1)
a

2

as c* 3as c*
=S 290°WH (2 — =t t |+ 2020W T (2 — St,t ],
a* g2 2c*

wy (z,0) = ¢ (x),

c* al
dwt (z,0) = —8—2850@;(3:) — 202* o3ct (z).

Proof. Analogous to Observation 1, the chain rule yields

ay
*

5 Ow?. (3.8)

€

as c*

Now, we apply the partial differential operator *d; — £2¢*9, to (3.8). Inserting the

.
term €220202w’, one arrives at
a xr e

* * *
a a a
0 =c'0fw} — a*PowS — 2207 02w! + 2700wt + 22 (£20,00w) — o)
a* a*

T e t~Yx e 20*
as as 3as;
=e'0Pwt — a*Pwt — 5202wt + S 20702W T — A 2odo,W T,
a* a* 2c*

which is the claimed result. The initial data are again a direct consequence of the
chain rule. 0

3.3 Proof of Theorem 2.7

We are now in the position to prove Theorem 2.7. The main estimate is contained
in Proposition 3.5 below for right moving initial data. We will observe later that
Theorem 2.7 can easily be derived from that proposition. In what follows, C' denotes
different e-independent constants.

Proposition 3.5. Let v be the solution to the weakly dispersive problem of Definition
2.3 with initial data (3.6). Let W be the solution to the right going IKdV-problem of
Definition 2.4 and let wr be its shift, w (x,t) = Wt (x — S, t). Then there exists an
e-independent constant C' such that

020} — Oow || oo omi22(r)) < CE?, (3.9)

”U: — w:HLoo(O’T;Lz(R)) + H@w: — 5tw:\|Loo(07T;Lz(R)) S C (310)
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Proof. Since vl solves the weakly dispersive equation, Lemma 3.4 yields that the
difference w — v satisfies

Saon (w;r — Uj)(l’, t) —a*0? (w;r — v:) (x,t) — 562—233% (w;r — Uj)(l’, t)

* *k 3 * *
= 2022w (o — St ) + 222wt (2 — Stt) . (3.11)
a* g2 2c* g2

Now, we multiply (3.11) by d;(wS — v}) and integrate over R. We then apply inte-
gration by parts to obtain

1d
2dt
+ 56%Hatamw:(at) — 3t8mvj(:t)|’%2(R))

. / 86%agaiw+ 4 84%8;38tw+ T — C_t’t (&ﬂy? — 8t?}:) (.T, t) dx
R\ 2c* e?

4 3at * 2
<— 4282 39+ ( _ C—t,t)
c L2(R)

2c* * g2
et + + 2
+ EHatws (7t) - 8tv£—: ('7t)HL2(]R)
2
LQ(R)>

- <g8 &2 g2 g2yy+ ( - C—2t,t)
a* €

4
€
+ EHatw:(‘,t) — X (-, )12 m)

<64H@tw§(-, t) = 0w (- )Ly + a”[10awl (- 1) — 0uvl (1) [y

2

_l’_
L2(R)

622 227+ ( - %t,t)
a* €

2
+ et
L2(R)

303 o5 0,1+ < - C—t,t>

2cx * g2

for almost every t € [0,T]. Next, we define

1 *
Alt) =5 (€4||3tw§(-, t) = 0t ()| L2 ) + a’llOswd () — 0uvE ()| L2(ey

a/*
X Eﬁa_inataxw;-(.’t) — 6t6xvj(-,t)|!%2(R)>-

Taking into account

(wf—vH)(2,00=0 and O (wl —v7)(z,0)=— % et ()

£

and applying the Gronwall Lemma finally leads to

2 6 % 2

4
evas

% G et (z)

a3 o3
608“(%) ¢+ -0

2c* %

gy 207 12(R)

A(t) <C (

2
+ &8

D2 g2 gyy+ (:I; -, t)
a* €

L2(0,T;L2(R))

2
L2(O,T;L2(R))>

+et

3 * *
D 930, + (x — %t, t)

2c
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2

QW (;p - §—2t,t)

2
L2 (O,T;L2(R)))

for almost every ¢t € [0,7]. Let us remark that inequality (1) is a consequence of
Proposition 3.3. This shows (3.9) and that

10w = Opv || oo 0,7 2m)) < C. (3.12)
Finally, to prove inequality (3.10), one simply writes

<c <e4||c3<x>||%4<(R,R>> tet o
L2(0,T;L2(R))

+ &t

20w (x — C—2t,t>
19

1)
<Celeg (@) o~ r.ry < O™

3 &

(wr —ovH)(x,t) = (wh —v1)(z,0) + /0 (Oywr — Ol )(x,T)dT

¢
= / (Opwt — O )(x,7)dr
0
and applies (3.12). O

In exactly the same way the analogous result can be stated for the left going weakly
dispersive solution v; and its shift w; (z,t) := W~ (z + <,t). Due to v, = v} + v
and the linearity of the weakly dispersive problem one obtains the following result.

Proposition 3.6. Let v. be the weakly dispersive solution of Definition 2.3 and let
wl,wo be as in Theorem 2.7. Then the following estimates are valid
H&cva — 896 (w: + /LUE_) ||L°°(O,T;L2(R)) S 052, (313)
H’Ug — (w: + /LUE_) HLOO(O,T;Lz(]R)) —+ Hat’l)g — at(w: =+ ’LU;) HLOO(O,T;LZ(]R)) S C (314)
We are now in the position to prove Theorem 2.7.

Proof of Theorem 2.7. Ineq. (2.5) appears in Proposition 3.6.
We have to prove (2.6), that

[ve(@,t) = (wd + w2 ) (2, 1) || e o/m;20(m)) < Ce. (3.15)

Considering the difference z.(z,t) := (va — (wf + w;)) (z,t), we firstly claim that for
every fixed yp € R

sup  sup |ze(x,t) — z(yo,t)| < Ce (3.16)
t€[0,T] |$_y°‘<%2

with C independent of € and .
Indeed, due to Jensen’s inequality and Proposition 3.6 one obtains

( / ) ds)

2

sup  sup  |ze(@,t) — z(yo,t)]* = sup  sup
te[0,T] |z—y0|<si2 t€[0,T] \$,y0|<§2

/ (Opze) (6, 1) de

Yo

< sup sup |z — ol
t€[0,T] Ja—yo|< %

1
< gHaxZaH%oo(o,T;L?(R)) < Cé?,
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which shows (3.16).

We are now in the position to prove estimate (3.15). Let ¢t € (0,T) be arbitrary
and fixed. We divide R into countably many intervals [} := (6%, %) with k& € Z. Due
to Ineq. (3.14) there exists some constant C, independent of ¢,k and ¢, such that the
following holds:

Ve >0, Yk € Z Fyi(e) € Ix such that z.(yx(e),t) < Ce. (3.17)

Indeed, in the opposite case,

|ze (2, t)|? dx > |I|C?%e* = C°.
Iy,

Choosing C' appropriately shows (3.17). Estimate (3.16) then implies
|2 (5 )| ooy < Che

with C independent of ¢, k and ¢, which was the claim (3.15).
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4 The original homogenization problem and the
weakly dispersive equation

This section is devoted to the proof of Theorem 2.5. We will study properties of
the weakly dispersive problem in Subsection 4.1. In Subsection 4.2 we introduce and
discuss the adaption operator A., which is an essential tool in our analysis. Finally,
in Subsection 4.3 the proof of Theorem 2.5 is given.

4.1 The weakly dispersive problem

In this subsection, we prove existence and uniqueness of a solution to the weakly disper-
sive problem of Definition 2.3. Besides, energy estimates and regularity properties are
discussed. As for the IKdV-problem, we firstly construct solutions on bounded intervals
) = (=L, L) and show that the corresponding energy estimates are {2-independent.

Proposition 4.1 (Existence on R and energy estimates). Let k € N and let co,dy €
C’é’o((—R, R)) Consider the weakly dispersive problem of Definition 2.3. Then there
exists a unique solution v. such that v. € L*=(0,T; H*(R)), 8. € L>(0,T; H*"}(R)),
O?v. € L2(0,T; H*"1(R)). Moreover, the following energy estimate is valid

1000e]| oo 0,751 ) + E2100e || oo (0,715 1 (m)
+ 65||8fva||Lz(07T;Hk_1(R)) S CKk(Co,do), (41)

where the constant C is independent of € and

1/2
Kk’(c()adO) = (Ha COHHk 1((=R,R)) + ||d0||Hk 1((=R,R)) +52||8 dOHHk (- RR))) .

Proof. Our aim is to apply the Rothe time discretization method. More precisely, we
discretize the time variable by introducing a finite number of time-steps ¢; and replace
the time-derivative by a difference quotient 0,v.(t;) := % In each time-step
t; we then solve an ordinary differential equation on 2 = (=L, L) and derive a priori
estimates which are independent of the domain 2. Considering L — oo provides a
solution on R in each time-step. Finally, we consider the limit At — 0 in the dis-
cretization scheme. In the following we will merely give the proof of the corresponding
a priori estimates for £ = 1 and omit the details of the method. Actually, one derives
estimates for higher order spatial derivatives by differentiating the weakly dispersive
equation with respect to x.

First energy estimates. Multiplying the weakly dispersive equation of Definition
2.3 by 0yv. and integrating over {2, one obtains

d as
(100 Dy + 07100 Ol + 100,00 D) =0

N —
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Next, we integrate over [0,¢] arriving at

* a*
e 0= (- )1 72y + @ 100ve (-, 1) 172 +56a—z||8t6xv5(-,t)||%2(9)

2 2

1
=gt gdo(x)

X as || 1
+a ||ax00($)||%2(9) + €6a—z ‘ 6—285,;(10(.%)

12(9) 12(9)
* a*
= ||d0(x)||%2((—R7R) +a ||ax00($)||2L2((—R,R)) +€2a_z||afﬂd0<x>”%2((—R,R))

< C(Ki(co, do))2

for each t € [0, T, which proves the estimates for the first two terms in (4.1).
Second energy estimates. It remains to verify the estimate for 9?v.(x,t). Actually,
e'0tv.(w,t) — sﬁgaiafvg(x,t) — a*0%v.(x,t) = 0. (4.2)

Multiplying Eq. (4.2) by 0?v.(x,t), integrating over Q2 x (0, T) and applying integration
by parts leads to

a*
84"83U€’|%2(0,T;L2(Q)) + 56@% Hatzaxve”%Z(o,T;m(Q))

T

= —/ /a*@xve(x,t) 070, v.(,t) dx dt
o Ja

< Na*8uve || 120,712 (0)) 107 0avel | L20,m522(02))

< 567”@:@?%||%2(0,T;L2(Q)) + E||a*amU6||%2(0,T;L2(Q))7
where we choose 7 € (0, 2—2) Hence,

C
€4||83U8||%2(0,T;L2(Q)) + 56||a§awv€||%2(0,T;L2(Q)) < g”aﬂsH%?(o,T;L?(Q))

IN

¢ 2
=6 (K1(co, do))
due to the first energy estimates. Consequently,
1
107 vell L2072 (02)) < ;C Ki(co, do),
which is the claimed result. O]

4.2 The adaption operator

The aim of this subsection is to adapt a function f(z,t) to the micro-structure of
the material. More precisely, our aim is to construct an operator A, such that

Oy (a(f)@m (Aa(f))> can be expanded in derivatives of f, i.e.

0. (a(2)on ()~ A(S Farer) = 43

3
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where p is a small error, m € N and a] € R. The concept of A, is related to the
classical asymptotic expansion approach, see for instance Ref.[23]. If (4.3) is satisfied,
we have a way to replace the elliptic operator with oscillating coefficients by a finite
sum of differential operators with constant coefficients.

Let us start with some preliminaries. Considering Y = (0, 1) as in the introduction,
we denote by H,,.(Y) the closure of {u(:) € C®(R)| u is Y-periodic} with respect to
the Sobolev—norm | |2 (vy. Moreover, let

(u(*))y = ,Y’/ dy—/ u(y) dy

be the mean value of u(-) and let C2,.(Y) = {L(-) € C*(R)| L(-) is Y-periodic}.
Then, formal series expansions in powers of ¢, see Ref.[23], and numerical results (see
for instance Ref.[12, 13]) suggest that the solution to the time-scaled homogenization
problem of Definition 2.2 can be approximated by functions which obey the following

general structure. We cut off the expansion after the fifth expansion term.

Definition 4.2 (Adaption operator A.). Let f(-,t) € H'(R) for each t and let
Li(5), ..., Ls(-) € C2,.(Y) be the smooth functions introduced in Definition 5.1. We

per

define the adapted function A.(f)(x,t) by

A ()@, t) = f(z, 1)+ Zg L (g) 8l f(x,1).

We now discuss the regularity of an adapted function A.(f).
Claim 2. Let f(-,t) € H(R) for each t. Then

A(f)(t) € HA(R).

Indeed, since L;(-) € C?, (Y), there exists an e-independent constant C' such that

per

HAs<f)('7t)||H2(R) = ||f(=t> + Zéi L; (g) 8;f(,t)

Our aim is to construct the auxiliary functions L;(y) such that (4.3) is satisfied. This
is possible as we show in Section 5. Actually, if the error p = O(e*) and m = 3,
the functions L;(y) and the coefficients a are uniquely determined, see Section 5 for
details. Let us point out that, except for ¢ = 1,2, the functions L; do not correspond
to the classical auxiliary functions from elliptic homogenization theory.

Next, let us make the implications of characterization (4.3) more precise. Setting
af(z) := a(%), one immediately discovers

C
< GOl

H2(R)

Observation 2. Let A, be the adaption operator of Definition 4.2. Let A. satisfy
characterization (4.3) with m = 3 and let f(x,t) solve the constant coefficient problem

R f( Z e'a; it f(w,t) = 0.
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Then the adaption of f is an approximative solution of the time-scaled homogenization
problem of Definition 2.2 in the sense that

'} <As(f)(fff,t)) — 0. (20, (A() (2,1))
:A<482 Zgza*aTﬂ )—p A(0)—p=—p

1s small.

In the light of classical homogenization theory, we can expect for the first coefficient
aj that af = a* = (¢*)?, where ¢* denotes the homogenized wave speed. This is
also shown in Section 5. In fact, it is a common procedure to modify the classical
homogenization limit by adding higher order corrector terms in order to improve the
quality of the approximation, see for instance Ref.[2].

Finally, we make the connection between the adaption operator A, of Definition
4.2 and formula (4.3) more precise. Following the construction of Section 5 we insert
A.(f) with appropriate L;(-) in the left hand side of characterization (4.3). Claim 2

suggests that the application of the differential operator 0, <a€($)8x> to A(f)(z, 1)
produces a L*(R)-function.

Lemma 4.3 (Algebraical Lemma). Let f(x,t) € H (R) for each t and let A. be the
adaption operator of Definition 4.2. Then

0. (a* ()0 A1)
=a*02f(x,t) + 2a50L f (2, 1)
tel, (ﬁ)az (a*ag Fla,t) + a0 f(z, t))
)32( 92 f (x, t))
) z, t)> + (a1 (4.4)

+ 2L f(
f(

O8O |R

+ €3L3(

P, t) =200 f(x, 1) (ay <a(.)L5(.)> (g) + af(x) (L4( ) + 9 L5(€>>>
+ %07 f(x,t)a®(x)Ls <§> :

Proof. The lemma follows from formula (5.2) and Lemmas 5.2 and 5.3 of the subse-
quent section. O

? (a*ag

with

Regarding the characterization (4.3), the Algebraical Lemma yields that
0, (aa(x)&,;Ag( fla, t)) = A(a"02f(xt) + 2a301 f(z, 1)) + O(eh)

in L*(R) independent of ¢. Observation 2, exploiting a} = 0, a} = 0, then suggests to
consider the problem

02 f(w,t) — a* 02 f (w,t) — 2al0t f(x,t) = 0. (4.5)

Remark 4.4. Keeping in mind that a5 > 0, see Lemma 5.4, we observe that Problem
(4.5) is ill-posed. However, to lowest order, one formally can replace 1 f by = 8282f
arriving at the weakly dispersive equation of Definition 2.3.
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4.3 Proof of Theorem 2.5

We are now in the position to prove Theorem 2.5. In what follows, u. denotes the
solution of the time-scaled homogenization problem of Definition 2.2 and v, the weakly
dispersive solution of Definition 2.3. Actually, in our first step we show that the
difference between u. and A.(v.) is small. In the second step the adaption A. is
omitted. Our first result is analogous to Proposition 3.6.

Proof of Theorem 2.5.
First step. The crucial point is to show

Claim 3 There exists an e-independent constant C' such that
Haxue — 0, (As(vs)) HLOO(O,T;L?(R)) < 0527
[|ue — (-Ae(vs)) ||L°°(0,T;L2(R)) + [|Orue — O (As(vs)) HLOO(O,T;L?(R)) <C.

The idea is to apply the partial differential operator £*0? — 9,(a®(2)0,) to A.(v.).
The difference between u. and A.(v.) is then controlled by standard energy estimates.

In the subsequent calculation, equality (1) holds due to the Algebraical Lemma
4.3. Using in (2) that v. solves the weakly dispersive problem of Definition 2.3,
el0?v. — a* v, = 56%@26&@5, we obtain

107 (Ave) (,1) — O, (02 ()0, (Acve) (1))

Dty (2,1) — a*0Pv.(a,1) — 2aid . (z, 1)
+ely (g)ax (£* 020 (2, t) — a*0Pv.(x, 1) — 2030 0. (x, 1))
+ 21y (2)02 (03ue(, 1) — 0" D20, 1)
+ 21y (2)08 (= 03ue(, 1) — 0" D20l 1)
+ 8L, (g)@i@fve(x, £) +°Ls (g)@g@fvg(x, )
it (,ona0) () -0 (1(2) - 02(2)
STz, t)af () Ly (g)

Dy e? (Z—iafagve - aﬁvg) (,8) + a3°Ly (5) (Z—iafagve a%e)
— et (,1) (9, (a( ) Ls()) () + @ (@) (La) +9,Ls() () )
— 565 (x) L (g) v, (z,t) + 2020 0. (, 1) (&2 Lo ( ) + L, (g))

a*

+ 202000 (x, 1) ( L, ( ) ¥ Ls (€)> (4.8)

To sum up, the effect of the wave operator on A.(v.) is characterized by
07 (Aee) (w,) = 0 (@ ()0, (Ae) (2,)) = o, 1) (4.9)
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The estimate for f. is obtained in a quite elementary way and can be found in Lemma
5.5 in the next section. It provides

| fe(@, )| L2002 (m)) < Ce™.

Now, we consider the energy estimate for the time-scaled homogenization problem of
Definition 2.2 and apply it to u. — A.(v.). We refer to the appendix for details. Let
us remark that due to classical regularity theory, Proposition 4.1 and Claim 2, u. and
A.(v.) are sufficiently regular.

Exploiting estimates for the initial data of Lemma 5.6,

[0zue (2, 0) — az(As(Us))(I70)||%2(R) < Ce,
e'|Ouc(w,0) — O (A (v.)) (2, 0)[[ 72y < Ce*

and taking into account that wu. solves the time-scaled homogenization problem, one
arrives at

|0ue — O (Ag(vs)) H%OO(O,T;LQ(R)) + 54’@ (Ue) — 0y (Ag(vg)) H%OO(O,T;LQ(R))
<C (10su-(,0) = D (Ac(v2)) (2, 0)[32(e

+ 4100 (,0) — 04 (A-(02) (&, O + 25 1 Baoizocey
<Ce*. (4.10)
Now (4.6) is a direct consequence of (4.10). Moreover, one obtains
[0yuue — OpAe(ve)| oo 0.7,02(r)) < C

and thus, writing

t
(ua — AE(UE))(I’, t) = (us — AE(’UE))(Q?, 0) +/ Oy (ua — AE(UE))(QS, T)dr,
0
inequality (4.7) follows directly.
Second step. We would like to show that
[ue (2, ) = ve(, ) || Loeqo.ri2o () < Ce.
Arguing in exactly the same way as in the proof of Theorem 2.7, Ineq. (4.6), (4.7)
yield
Jue (@, ) — Ac(v) (@, )| 2 052 m)) < Cee.

It remains to avoid the adaption operator A.. Actually, in the subsequent calcula-
tion we use in (1) that HLl(f)”Lm(R) sy [| s (f) HLOO(R) are uniformly bounded in e.

Inequality (2) is a consequence of Proposition 4.1 using once more the fundamental
theorem of calculus,

[ Ae(ve) (z,t) — v=(2, ) | oo (0,710 (R))

e “La(2)ofu(o. )|
Hng(g)ﬁxve(a:,t)—i-...—l—s L5(6)3z1)5(:l:,t) Lo (0,T: L (R))

1)
< Ce (|00, t) || Loooszoo®)) + -+ 1020 (2, ) || oo 0,710 (R)))

(2
< (Ce.

This proves Theorem 2.5. O

33



Let us point out that estimates as in Claim 3 can be obtained also on an intermedi-
ate time scale, namely time intervals of order 1/¢ instead of 1/¢%. To be more precise,
the following estimates, which are not available with standard homogenization theory,

hold.

Proposition 4.5. Let @.(z,1) = u.(, ) be the time-scaled version of the original
homogenization problem. Let O.(z,t) = v.(x, L) with v. as in Remark 2.6 and let
T > 0 be fized. Then, there exists an e-independent constant C such that

10xe — O (Ac(02)) || oo 0.7 12(m)) < CE°, (4.11)
||ﬂ€ - Ae@ﬁ)”LOO(O,T;L%R)) + ||agﬂ€ — 0 (-’48(66» ||L°0(0,f;L2(R)) < Ce. (4-12)

Proof. The proof is straightforward but lengthy, it follows the first step in the proof
of Theorem 2.5. For the sake of brevity, we skip the calculations and just state the
essential steps. Indeed, in the setting above, relation (4.8) reads as

52@2 (AD.) (z,1) — O, (as(x)ax (A0 (x, t~)) = fo(x,t)
with || /2]l 20,702 ()) < Ce*. Then,
Hal"f%_aw (‘A ( ))||2°°OTL2(R +e ”aué‘_ ( ( )) ||L°°(0TL2 (R))
<C(N0sic (2, 0) = 0, (A(52) (2, 0) [32(s

+&*[|0ric (,0) — 0p (A:(02)) (2, 0)lI72m) +
<C(e*+e* +£% < Cet.

S ry)

This is the desired estimate. O

Let us give some remarks on the higher dimensional case, z € RY with N > 1. In
principle, the adaption operator approach is not restricted to the one-dimensional case.
Under appropriate assumptions on the coefficient A (%) € MN*N namely assuming
that the material is macroscopically orthotropic, one again formally derives a linear
Boussinesq equation in multi-dimensions, see Ref.[14]. Nevertheless, rigorous results
in higher dimensions are not yet available.
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5 Construction of A. and algebraical properties

This section is devoted to the construction of A, and the derivation of algebraical
properties. The key point of the previous section, the Algebraical Lemma 4.3, is a
direct consequence of the subsequent results.

5.1 Construction of the auxiliary problems

According to characterization (4.3), in this subsection we derive the periodic boundary
problems which determine the auxiliary functions Ly (y), ..., Ls(y).
Our aim is to construct the adaption operator A, such that

o, ( ()0, A(f) (2 ) (Z Elar R f( ) +O(eh (5.1)
for every fixed smooth function f. We calculate the left hand side of (5.1) as

0. (*(2)0. (A1) (2.1)))

_0, (f(a;) (1 +0,L, (g)) 0y f(,t) + i 710 () (LH(.) + 8yLZ-(.)> (f) 91 f(z, t))
+ 0, <€5a5(x)L5 (g) 8¢ f(:z:,t)) -

=20.1(2,09,(a0) (1 +0,110))) (£) + 2f (.00’ () (10,1 (2))
+ gé—“ay (e (L) + 0y Lin () (5) 257 f ()

+ ieilas(x) (LH(.) + 8yLZ-(.)> (g) 9 f (1)
+ 9, (a(.)L5(.)) (g) 8 f(x,t) + e%af () s (g) o7 f(z,1). (5.2)

Considering terms of order (1/¢) in (5.1), one immediately derives the following equa-
tion for L, (y)

0, (aly) (1 +8,L1(y) ) = 0. (5.3)

The additional claim (L;(y))y = 0 makes the periodic boundary problem (5.3) well-
posed. Hence, a unique solution L;(y) € H! (V) exists, see Ref.[10] for details.

per
At order (1), as a pre-factor of 92 f, the following equation arises

0, (aw) (La(y) + 0, La(y) ) = ai = aly) (1+ B, L1 (y)) (5.4)

Considering the mean value

0= (9, (alw) (Ia(w) + 9, L2(v) ) ), = {at = aly) (1 + 8, L (y)))v
= aj — {aly) (1+ 9, La ()
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one directly concludes af = (a(y) (1 + 9,L1(y)))y. Demanding (Ls(y))y = 0, problem
(5.4) determines Lo(y) uniquely.
Next, considering terms of order (¢), one finds as pre-factor of 92 f

9y (a(y) (La(y) + ang(y))> = aj +ayLi(y) — a(y) (Li(y) + 9y La(y)) , (5.5)
where a} = (a(y) (L1(y) + 0,L2(y)))y, since

0= (9, (aly) (L) + 0, La(w)) ) ) = (a1 + aiLa(y) — aly) (La(y) + 0, La(w)))y
= ai = (a(y) (La(y) + O, La(y))y-

Then a unique solution to problem (5.5), with (L3(y))y = 0, exists. Let us point
out that the equation for L3 does not correspond to the classical auxiliary problem,
in which the term afL;(y) on the right hand side of (5.5) does not appear. In an
analogous manner, the equation at order (£2) is given by

0, (aw) (Ls(y) + B, La(w)) )
— a3 + @i L(y) + ajLa(y) — aly) (Lay) + O, Lay)) . (5.6)

Again, the mean value yields

0= (0, (atn (L) + 1)) ),
= (a3 + aiLi(y) + agLa(y) — aly) (La(y) + 9, Ls(y)))y
= a3 — (a(y) (La(y) + 8, Ls(y)))y

and thus a3 = (a(y) (L2(y) + 0yLs(y)))y. Problem (5.6) uniquely determines L4(y)
with (L4(y))y = 0. Following this procedure at order (), one at least arrives at
the following definition. By smoothness of a(-), the auxiliary functions are smooth,

Ll(y)7‘ ( ) S Cz%er< )

Definition 5.1 (Auxiliary problems). Denote by Li(y), ..., Ls(y) the unique solution
to the following problem

0, (a(y) (1 + 9,11 (1)) ) =0,
0, (aly) (L () + Dy La(y) ) =ai — aly) (1 + 9L (v))
0, (aly)(La(y) +0,La(y) ) =ai + aiLa(y) — aly) (Lr(y) + D, La(y))
0, (a(y) (La(y) + 0,La(y)) ) =a5 + aiLa(y) + aiLa(y) — aly) (La(y) + O, Ls(y)).
0, (a(y) (Laly) + 0,Ls(y)) ) =5 + a5Li(y) + aiLa(y) + ayLa(y)

—a(y)(Ls(y) + 0,La(y))

and
(L1(y)y = (L2(v))y = (Ls(y))y = (La(y))y = (Ls(v))y =0,
where
ag : = (a(y) (1 + 9yL1(y)))v,
a; + = (a(y) (Li(y) + 0y Lit1(y)))y
for1 <qi<3.
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5.2 Algebraical simplifications

In this subsection we derive some algebraical results which considerably simplify Def-
inition 5.1. Moreover, we show that the coefficient a} in Definition 5.1 is strictly
positive.

Lemma 5.2. The auziliary functions Ly(y), Lo(y) € C% (YY) satisfy

per

a(y)(1+9,L1(y)) =
a(y)(Li(y) + 0, La(y)) =

where a* is the effective coefficient of (2.1).

Proof. Since af = (a(y) (1 + J,L1(y)))y, one obtains

8@/ (a(y) (1 + ayLl (y))> =0 = a(y)(l + ayLl(y)) = CLS

=1+ 3yL1(y) = a?;) = <1 + 6yL1(y))y = CLEK) <$>Y .

Due to Li(y) € C2,.(Y) and thus (9,L1(y))y = 0, we conclude

per
1 *

1—a3<—> :a—g = ay=a".
a(y)/y a

Inserting (5.7) in the equation for L, it follows that a(y) (L1 (y) + ,L2(y)) = 0. This
provides a] = 0 in the next equation. O

Next, we show that the coefficient a3 vanishes.

Lemma 5.3 (The mean value a}). Consider the mean value i of Definition 5.1. Then
in fact
a3 - 0.

Proof. In what follows, equalities (1) and (3) are direct consequences of Definition
5.1 and Lemma 5.2. Equality (2) is valid, since a(y)(L1(y) 4+ 0,L2(y)) = 0 and thus
OyLa(y) = —L1(y). We calculate

0, (8, (a() (Ls() + 0,Law)) ) )
— 9, <a; +a*La(y) — a(y) (La(y) + 3yL3(y))>

2 2071, (y) 2 20, (a(y) (L2(y) + ang(y))>.

Y 4*9,La(y) — a’ L (y)

—
~

Consequently,

0, (aly) (Ls(y) + 0y La(y)) ) = ~2a(y) (La(y) + 0, La(y)) + C
for a constant C'. Considering the mean value one discovers

0=—2a5+C
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and thus
0, (ay) (Ls(y) + yLa(y)) ) = ~2a(y) (Laly) + 0, Ls(y)) + 203

= a3 +a"Ly(y) — a(y) (L2(y) + 0, Ls(y)).
The last equality is valid due to Definition 5.1. Consequently,

—a(y) (L2(y) + 0,Ls(y)) + a5 = a*La(y)
and thus

0, (a(y) (Ls(y) + 0, La(y)) ) = 20" La(y). (5.9)

Next, multiplying Eq. (5.9) by Li(y), integrating over Y and applying integration by
parts yields

— [ Aol (Eso) + 0L dy = 20 [ L)Lt dy
Y20t [ La)d,Latw)dy = —a" [ 3,(Lalw)?dy =0

where (1) again uses the fact that 0,Ls(y) = —L1(y). Moreover, taking into account
9y L1 (y) = ;i — 1, see Lemma 5.2, one concludes

0= /Y a(y)(Ls + 8, La)(y) dy — /Y 0 (Ls + B,L4)(y) dy = /Y a(y)(Ls + 0, Ls) (y) dy.

which is the claimed result. O

—~

Finally, we prove that the coefficient aj is strictly positive. We note that the posi-
tivity of aj ensures the well-posedness of the weakly dispersive problem of Definition
2.3.

Lemma 5.4 (The mean value a}). Consider the mean value i of Definition 5.1. Then
ay > 0.
Proof. As in the proof of Lemma 5.3, one multiplies the equation

0,(ay) (Lay) + ,Ls(w)) ) = " La(y)

by Li(y), integrates over Y and applies integration by parts arriving at

~ [ 0,1 () (La0) +8,La(0) ) dy = 0" La(0) a )y >
Now, we again use that 0, Ll( )= @ — 1. Consequently,
~ [ 010 () (Lalo) +0,La(0))

- / (a(y) (La(y) + 0, Ls()) dy — /y o (Lo(y) + 0, Ls(y)) dy
= /Y (a(y)(La(y) + 9yLs(y)) dy = a}

and thus the positivity of a3. O

The Algebraical Lemma 4.3 directly follows by considering Definition 5.1 and in-
serting in (5.2) the results of Lemma 5.2 and Lemma 5.3.
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5.3 Effect of the wave operator on A.(v.)

The aim of this subsection is to estimate the error generated by the application of the
wave operator 07 — 9, (a°(x)d,) to A (v.).

Lemma 5.5 (Effect of the wave operator on A.(v.)). Let
o= 102 (A (1) — B, (as(x)&v (Av.) (, t)).
Then there exists an e-independent constant C' such that
| fe(@, ) |2 0.ms22(R)) < CE™. (5.10)

Proof. Due to (4.8) we have to estimate the following expressions
1. ag e (g—iafagvg . aﬁvg) (2,1),
2. aye3Ly (2) (;—iazagvg . agvg) (1),
3. 400uc(e,0) (0" (@) (La) + 0,15() (2) + 0, (al ) Ls() (2)).
4. L5 (£) a®(x)0%v.(x, t),
5. 8( 2Ly (2) + L (2) ) 8000 (1),
6. =*( L1y (2) + Ls (2) ) 0F0u-(x.).

In what follows, we exploit that due to L;(y) € Cger(Y) there exists an e- independent
constant /' > 0 such that
L (f) o
€

| L (3)
L~ (R) €

’ Ol <§> HLOO(]R) T ‘ :

i ()] <5
g/ llLe(wr)
Concerning expression 1: Due to

<K

Lo®) —

6—482820 — v, ) (x,t) = 02 5—4(921) — 02, ) (z,t) = etas 020t (z,1)
a*txﬁ x V€ I xa*tE x Ve 9 (a*)Qt:pE7
(a*aﬁm £) + 20205, (x, t>) ,
a

e2a}

~ (a)?

9y (e*07v-(z,1)) =

one obtains

!

ase® <E(3t28§vg - 6§UE> (x,t)

e(a3)?
(a*)?

< Ce*,

L2(0,T;L2(R))

a*
—i@f@gva(x, t)
a

<

)

("0, . D20 sy +

L2(0,T;L*(R))
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where the last inequality is a consequence of Proposition 4.1.

Concerning expression 2: We observe that

*
ag

RAE

4
(Eﬁf(‘?ﬁvg — 821)5) (z,t) =&°

and thus

i z\ (&
aie’ L, (g) <Ea§a§v€ - 8§v€> (x,1)

T
<aie' 1 (3)
9

L2(0,T;L2(R))

4
(5838205 — 8;;’1)5) (z,t)

HLOO(R) H L2(0,T;L2(R))

(l* 2
< K< E; 102050 (2, 8) | 20r22cm0

< Cet
due to Proposition 4.1.

Concerning expressions 3. and 4: Taking into account a(f) < [ and applying Propo-
sition 4.1, one arrives at

S 65Kﬁ||@;vg(l’, t) ||L2(0,T;L2(R)) S 065.
L2(0,T;L?(R))

H55L5 (g) a®(z)0%v.(z, t)‘

In the same manner, exploiting that d,a(-) is bounded, we obtain

< et

L?(0,T;L*(R))

"648§vs(w,t) (af(x)(L4<.) +0,Ls(.) (g) + 0, (a()Ls(.)) (f))‘

£

Concerning expressions 5. and 6: Application of Proposition 4.1 leads to

o (00 () 50 ()t

a*

4 409204
L2(0,T;L2(R)) S Ce K||5 8t amv@(xvt)HL?(O,T;L?(R))

* a*
— C€4KHa agvs(:c,t) + 56a—f838§v€(:c,t)HLz(O,T;Lz(R)) < Ot

and

< Cet.
L2(0,T;L2(R))

(00 (2) 10 (2) #0000

a* €

[]

We conclude this section by proving an estimate for the initial data of u. — A.(v.).
The stimate has been used in the proof of Theorem 2.5.

Lemma 5.6 (Estimate for the initial data). There holds

105 te (2, 0) — 8 (Ac(v2)) (,0)||72my < Ce?, (5.11)
Y| Opue(x,0) — Oy (Ac(ve)) (2, 0) |22y < Ce™. (5.12)
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Proof. We calculate

(0: (Ac(w2)) = D12 (a1, 0)
—£20, L, (f) Beo(z) + 53(L3 (g) +0,L4 (g))a;ico(x)

Since ¢p(z) € C°((—R, R)), one directly obtains

2 TN a3 2
#0,8a(Z) ool

< K200 (2) [Baqe) < Cc*

estimating the remaining terms in an analogous way. Similarly, we derive (5.12).
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Part 111
Abstract framework and the
multi-dimensional case

6 The energy measure

Our previous considerations concerning the long time behavior of waves in hetero-
geneous media have been made rigorous only in the one-dimensional case. In this
section we want to introduce a more abstract framework, which can be used to de-
scribe the behavior of waves in the multi-dimensional setting. In what follows, we
define an energy density E.(&,t) in Definition 6.1. We show that a weak star limit u
in L>(0,T; M(RY)) exists for ¢ — 0.

In one space dimension, based on the results of Sections 3-5, the measure p turns
out to be a weighted Dirac measure. For N > 1, the identification of y remains an
open problem. We can only prove restrictions on the support of the multi-dimensional
energy measure, see Section 8 for details.

Definition 6.1 (Energy density and energy measure). Let N € N be arbitrary.

For N =1 let u. be the solution to the one-dimensional time-scaled homogenization
problem of Definition 2.2. For N > 2 let u. be the solution to the multi-dimensional
time-scaled homogenization problem of Definition 2.11.

1. We define the N-dimensional energy density E.(&,t) by

B6.0) = o (A2 vuton) A (D) vuto] (5). 6

2. The energy density E. is uniformly bounded in L>(0,T; L*(RY)). We call u €
L>(0,T; M(RY)) an energy measure if there exists a subsequence E., of E. such
that E., = u in L>=(0,T; M(RN)).

We have to prove the uniform boundedness of E.(-,t) € L'(RY).
Proof. The energy estimate for u., see Lemma A.1 in the appendix, provides
IV Foo o120y + €100 | T oo 071200 < C- (6.2)
We can therefore calculate

| e ”LOO(O,T;L1 (RN))

L&) 7 (E) a(E) v ()]

L>=(0,T)
= ‘ / (A <§> Vu(z, ))T <§> Vue(z,-)dx
RN € € Lo°(0,T)
< 52HVUEH%OO(0,T;L2(R)) <C,
which is the claimed result. O]
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6.1 Identification of i for N =1

Our aim is to translate the one-dimensional results from Sections 3-5 into the abstract
framework of energy measures. In what follows we will only investigate u_, the right
going wave in the one-dimensional homogenization problem. It corresponds to right
going initial data, see Definition 3.1. The treatment of the left going part u_ is
analogous.

We show that in the one-dimensional right going case the measure p is in fact a
Dirac measure, u(&,t) = ET 0.4(€), where the density ET is determined as ET =
(a*)ZHach*H%Q(R)-

Let us first of all recall some one-dimensional results from Sections 3-5.

Lemma 6.2 (One-dimensional results from Sections 3-5). Let ul be the right going
wave in the homogenization problem of Definition 2.2. Let W+ be the IKdV-solution
of Definition 2.4 and let v¥ be the right going part of the weakly dispersive solution of
Definition 2.5.

1. There exists an e-independent constant C' such that

|0put (z,t) — 0y (A (v)) (2, )| L 0.1:22(R)) < CE2 (6.3)

2. There exists an e-independent constant C such that
c*
||a¢v'l}:_<l',t) — 8$W+ <I’ - 8—2t,t) ”L"O(O,T;LQ(R)) S 052. (64)

Using Lemma 6.2 we derive the following result.

Lemma 6.3. Let ul and W7 be as in Lemma 6.2 . There exists an e-independent
constant C' such that

‘ Oput (z,t) — 0, <AEW+ ( — E—Zt,t)> (7)

Proof. The lemma is a consequence of Lemma 6.2 and the fact that estimate (6.4) is
also valid for higher order space derivatives. O]

< Ce

L= (0,T;L%(R))

We are now in the position to identify the energy measure y for N = 1.

Proposition 6.4 (Energy measure in one space dimension.). Let u. be the solution
to the one-dimensional homogenization problem with right going initial data, co = cj .
Let v be an energy measure as in Definition 6.1 for N = 1. Then

(&) = ET(t)0(8),
where the density E*(t) is given through

E*(t) = ()0 W (-, )| Z2my- (6.5)
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Proof. Our aim is to show that for E*(f) as in (6.5) and for every test function
® € L'(0,T;Cy(R)) there holds

// & HE gtd§dt->/ E*(t)®(c"t, t)dt  for e — 0. (6.6)

We introduce
c*
g-(x,t) := 0, <A5W+ ( — ?t,t>) ().

With this function the left hand side of (6.6) reads

/ ) / D€ 1B, ) de dt

1 § §
:/0 /R‘”g’” . (?) (00 (51) = (5))
§ § ’ £ 1 §

=:A, + B.

(6.7)

We will show that the first term on the right hand side of (6.7) converges to zero. The
second term produces in the limit the desired measure, B, — fOT ET(t)®(c*t, t) dt.
Concerning A.: We substitute z := 6% and apply Lemma 6.3 to arrive at

|Ae| =

O(e t)a ya%@o 0e (2,1)) (Opuie (2, 1) + go (2, 1)) do dt

< CH(I)HLl(O,T;Co R )Haxus - geHLoo(o,T;LQ(R)) ||arue + gs||L°°(O,T;L2(IR))
< Ce? = 0.

In the last last line we have used that ||g.||re(or2m)) and ||Opuc||rer;r2(r)) are
uniformly bounded.
Concerning B.: We calculate

)+ o B (529
ey (S (S50

I o+aL4»( )ywﬁ(ggﬁJ) (6.9)

+ &L (é) W+ (%t) }

:f@wﬁ(é””¢>+0@%

c2

44



where we have applied Lemma 5.2 in the last line and O(e) is used in the sense of the

L>(0,T; L*(R))-norm. Consequently,
T *\2 * 2
. . (a*) £—c*t
lli% B. = }:g%/o /R(I)(f,t) > 0, W™ = ,t d¢ dt

T
= lim/ / ®(?z + c*t, t)(a")? (W (:U,t))2 dx dt
o Jr

e—0

:/OT/RCD(c*t,t)(a*)2 (0, W (,1))* dwdt

- / (et 1) (a0 (1) 2o dt

T
= / ET(t)®(c*t, t) dt,
0
which is the claimed result. O

We remark that the treatment of u_, the left going wave in the one-dimensional
homogenization problem, is analogous. Hence, we directly obtain the following result.

Corollary 6.5 (Energy measure in one space dimension.). Let u be the energy measure
of Definition 6.1 for N =1. Then

(&) = ET(t)0ct(8) + B (1)0-ce(),
where the densities ET(t), E~(t) are given through
E*(t) = (@ )10:W " (-, ) 22 gy,
E=(t) = (@)’10:W (-, )| Z2g)-
We remark that the densities £ and E~ are in fact independent of ¢.
Remark 6.6. Let ET and E~ be as in Corollary 6.5. Then there holds
ET(t) = (a*)QHaxCSFH%%R) and E~(t) = (a*)QHaxCo_H%%R)
forallt € (0,7).
Proof. Let W7 be the right going IKdV-solution of Definition 2.4. Multiplying the

right going IKdV-equation by W™, integrating over R and applying integration by
parts leads to

1d 2 a; 2 3

1d ay 1 2
= ——— |0 W (-, 1)|? —2/—@ PPW t) d
thH (7 )|’L2(R)+2C* R2 ( xT ) <x7 ) £z
1d
= —§E’|3xw+('>t)”%2(m
Consequently,
10 O)lF2@y = 10T (- 0)[ 72y = 100 1I72r)

for every t € (0,7, which is the claimed result. We remark that the analysis of W~
is analogous. [
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Figure 3: Support of the one-dimensional energy measure .

6.2 Other energy densities

We have discovered that in the one-dimensional case the energy density E. converges
to the sum of two Dirac measures, E. = ET6.(&) + E~0_cy(€). However, E. of
Definition 6.1 does not correspond to the classical energy density, in which the term
Ve (-, )T A (2) Vu(-, t) appears instead of (A (2) Vu.(-, t))T (A (%) Vue(-,t)), see Eq.
(1.21).

In this subsection, we will therefore investigate a slight modification of E., which
in fact is more natural.

Definition 6.7 (Natural energy density). Let N € N be arbitrary. Let u. be as in
Definition 6.1.

1. We define the natural energy density E. by

e2

B.(e,1) = 52% (Vus(~,t)TA (g) Vu€(~,t)) (5) . (6.9)

2. We call i € L*(0,T; M(RY)) a natural energy measure if there exists a subse-
quence E., of E. such that E., = ji in L>=(0,T; M(RM)).

The existence of an energy measure ji is straightforward. It follows from the fact
that | E.| < C|E.|. Analogous to Proposition 6.4 we can derive a corresponding result
for the one-dimensional natural energy measure fi. However, we cannot give an exact
formula for the corresponding density E*(t).

Corollary 6.8 (Natural energy measure in one space dimension). Let u. be the solution

to the one-dimensional homogenization problem with right going initial data, co = cg .

Let [i be a natural energy measure as in Definition 6.7 for N = 1. Then
A1) = B (1)0e4(€)
for some density E+(t) € L=(0,T).

Proof. We consider a test function ® € L'(0,T;Cy(R)) with ®(¢,¢) = 0 if £ = ¢*t.
Then

/OT/R |D(&,t)|E(&,t) dEdt — 0 (6.10)
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due to Proposition 6.4. Consequently,

( ) EL(¢.1) dé dt

E.(&,t) dédt| =

< /0 /R |<I><§,t>\a<f—3>_1Ee(§,t> de dt

1 T
< a/0 1001 Bty ds dt =0

due to (6.10). In the second line we have used that E. is nonnegative. This is the
claimed result. O

6.3 Fine properties of solutions for N =1

We conclude the analysis of the one-dimensional case with an abstract description of
the fine properties of the solution.

According to the fact that for right going initial data E.(¢,t) — E+6.(¢) and

E.(6,1) 2 ET(t)6,(€), respectively, we follow the right going wave ul along the ray

¢ = ¢*t and consider ul in the neighborhood of z = & = L.
€ € &

Definition 6.9 (Shifted gradient). Let ul be the right going wave in the homogeniza-
tion problem of Definition 2.2. We define the shifted gradient UX (z,t) by

U (r,0) = (o (2) 22 (1) (x + %;) |

Due to the energy estimates for v} we obtain that ||[UF||1e(o,r;r2r)) < C. Hence,
after passing to a subsequence, a weak star limit U™ € L°°(0,T; L?(R)) exists. In the
subsequent proposition we identify the limit function U™ (z,¢). Moreover, we obtain
that the weak star convergence is in fact a strong convergence.

Proposition 6.10. Let US be as in Definition 6.9 and let W be the right going
IKdV-solution of Definition 2.4. Then there holds

U (2, 1) — a*axW+($7t)HLOO(O,T;L?(R)) —0 fore—0.

Proof. We recall from Lemma 6.3 the estimate
Opu (az + C—2 t) — 0y <A5W+ ( — C—2t, t)) (x + —2)
£ £ 5
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A direct calculation similar to that in (6.8) yields

(S5 o (1) o (= 5u)) (<)
00 = [ (o) (1 ()
() () an ()
bt (a2 ot (2)) (45 o )]

=UX(z,t) — a* 0, W (z,t) + O(e),

where O(g) is used in the sense of L>(0,T; L*(R)). Taking into account (6.11), we
arrive at

||U€+(.I', t) — a*ﬁmWJ“(x,t)||Loo(0’T;L2(R)) S 062 + 0(5) — 0,
which is the claimed result. O

Proposition 6.4 and Proposition 6.10 contain a complete description of the long-
time behavior of the one-dimensional wave equation.

In the multi-dimensional case the situation is much more complicated. In fact,
even a rigorous identification of the energy measure u seems not to be available, much
less a statement about the fine properties of the solution.
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7 Effective speeds and Riemannian distance

In this section we want to present a very general approach, the concept of domains of
dependence and propagation speeds. With this approach we will be able to prove at
least restrictions on the support of the N-dimensional energy measure p in Section 8.

7.1 Domains of dependence

In this subsection we introduce and discuss the concept of domains of dependence.

Suppose that L(t,z,u(z,t), du(z,t), Dyu(z,t), D?u(z,t)) = 0 is a homogeneous
system of linear partial differential equations. Suppose that cy(x) := u(z,0) is a given
initial value. Now, we select an arbitrary point py = (z¢,t9) € RY x (0,00). Our aim
is to investigate how the value of u at the point py is influenced by the initial datum
¢o. In particular, we want to decide whether the point pg lies in the support of u or
not.

It turns out that an appropriate tool to study this problem is the notion of domains
of dependence. The following definition is due to [20].

Definition 7.1 (Domain of dependence). Let py = (z¢,t9) € RY x (0,00) and p, =
(z1,t1) € RN x [0,00) be two points in space-time.

1. The point p1 = (w1,t1) is said to influence the point py if, given any spatial
neighbourhood U of x1 and any space-time neighbourhood D of pgy, there exists
a solution u to L(t,z,u(z,t), Owu(x,t), Dyu(z,t), D*u(z,t)) = 0 such that the
following holds. At time t; the solution u is zero in R™ \ U but u is nonzero
somewhere in D.

2. The domain of dependence W (po,u) of the point py is the set of all point py
influencing it.

t+ —

Figure 4: Suppose that the point p; influences the point py. Then there exists a solution
u such that at time ¢; the solution u is zero outside U but is nonzero somewhere in D.

Let us discuss a prominent example, for which the domain of dependence can be
directly determined. For the homogeneous wave equation we obtain the following
result, see [20] for more details.

Example 1 (Domain of dependence for homogeneous wave equations). Let ¢ > 0.
Consider the homogeneous wave equation O?u(x,t) — (?)Au(z,t) = 0.
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1. In the one-dimensional case, x € R, the domain of dependence of the point
po = (xo,tg) € R x (0,00) is

W(po,u) = {(z,t) € R x [0,00) ||z — x| = c(to — t)}. (7.1)

2. In the two-dimensional case, v € R?, the domain of dependence of the point
po = (o, t9) € R? x (0,00) is

W (po,u) = {(z,t) € R* x [0,00) ||z — x| < c(to — )} . (7.2)

We observe that in one space dimension the domain of dependence is just the
boundary of a cone in space-time with vertex py = (o,%o). In the case of two space
dimensions the domain of dependence also includes the interior of the cone. In par-
ticular, W (po, u) does not only depend on the respective differential equation but also
on the dimension of the space. This fact already suggests that an exact identification
of domains of dependence is in general a difficult problem. Subsection 7.2 is devoted
to the analysis of W (pg, u) in the case of the N-dimensional homogenization problem
of Definition 2.10.

With the notion of domains of dependence we are now in the position to give
restrictions on the support of a solution u. In what follows we assume that the initial
value ¢ is compactly supported, supp ¢y € Bg(0) C RV,

Corollary 7.2 (Support of u). Consider the setting of Definition 7.1. Let ¢y be
compactly supported, supp cog € Br(0) C RY. Then u(wzo,to) = 0 for all py = (x9,ty) €
RY x (0,00) satisfying the following condition

(2,0) ¢ W(pg,u) for all x € Br(0) Cc RY. (7.3)

Proof. Let py € RY x (0,00) be such that condition (7.3) is satisfied. We have to
show that no point p; = (z1,0) with x; € supp ¢y influences the point pg. Indeed,
supp ¢g € Bg(0) and thus p; ¢ W (po,u) due to condition (7.3). O

In Subsection 7.2 we will use Corollary 7.2 to give restrictions on the support of
U, solution to the N-dimensional homogenization problem of Definition 2.10.

7.2 Riemannian distance and Hamilton-Jacobi equations

In this subsection, we introduce the Riemannian distance ¢. corresponding to A (g) and
show that it localizes the domain of dependence for the N-dimensional homogenization
problem of Definition 2.10. We remark that this approach is motivated by geometric

optics, see [11, 20] for more details.

Definition 7.3 (Riemannian distance). Let A(-) be as in Definition 2.10, but not
necessarily (0,1)N -periodic, and let 1o € RN be fized. We define q.(x) as the unique
viscosity solution to the Hamilton-Jacobi equation

(VqE)T(a:)A<§>ng(x) =1, ¢.(z) >0 in RY\ {w},
q-(xg) = 0.

(7.4)
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A proof of existence and unigeness of ¢. can be found in [11].

The subsequent proposition shows that the Riemannian distance ¢. determines a
set, which at least contains the domain of dependence of u.. We emphasize that this
set need not be optimal.

Proposition 7.4 (Domain of dependence). Let 7o > 0 and let 7, € [0,7). Consider
A(+), zg and q. as in Definition 7.3. We define the Riemannian cone

Ce={(z,1) € RN x (11,70) | g-(x) < 19 — T}
and the cross section
Cei={x e RY |q.(z) <79 — 7}

Assume that q. is Lipschitz continuous and that u. is a smooth solution to the N -
dimensional e-problem (2.8) without periodicity assumption. Then there holds the
following statement on domains of dependence:

If u. = 0;u. = 0 on C% , then u. = 0 within the cone C*.

The following calculation is adapted from a calculation performed in the proof of
Theorem 8 in Chapter 7.2 of Ref.[11].

Proof. We define the energy

1

e(r) := 5 /CE(@Es)2 + (VQE)TA<§)VQE dx

for m; < 7 < 75. Our aim is to show that e(r) = 0. Since e(r3) = 0 holds by
assumption, it suffices to compute Le(7). Due to the symmetry of A(y) we obtain

d _ 9 T A (% _
%e(r) = . Oru:0:u. + (0, V) A(g)VuE dx
1 NN T A (T B 1
-5 € € Al = el 1= |
2/@@ ((&u) +(Va.) <€>Vu) o %
=:L— M.

In this formula we have used the Coarea-formula, which implies for every continuous
function f the relation

Note that due to A(y) € M(a, ) for ever y € RY and the Hamilton-Jacobi equation,
the Riemannian distance ¢. satisfies |Vg.| > %
In order to evaluate L, we integrate by parts to find

L= /Ci TR (83@8 -V (A@)Vm)) dx + /80$ TR A(f)VﬂE -vdS

- /.. 8.4, A(%) Va. - v ds,
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where v = v(7) denotes the outer unit normal of 0C:. Taking into account the
symmetry of A(y) and the fact that A(y) is nonnegative, we can apply the Cauchy-

Schwarz inequality to obtain

(2w = (v (2)ve) (a(2)e) "

Due to the definition of C%, we have v = \§ZE| and thus

(Vg)"A(2) Ve
vIA(2 ) = |vq§|2> = |v;|2’

where we used the Hamilton-Jacobi equation for ¢.. We conclude

] < / 0,1
ler
1

< [ ol ((vrra(2)va) " g as

A(g)wg-y‘ ds

€ V.|

1 T 1
< = d,1.)? i )TA(= ) Vi, ) —— dS = M.
- 2/605 (< )" + (Vi) (g)Vu) V|
Consequently,
d
— <0.
dTe(T) <0

(7.6)

Taking into account that e(73) = 0 we deduce that e(7) = 0 for each 71 < 7 < 79,

which is the claimed result.

=

(o, T0)

T T

glE)>n—-71

ge(x) <m0—7

x

]

Figure 5: Riemannian cone C¢ with cross sections C% and C7 in 2 space dimensions.

Next, we introduce the geometric cone of dependence C¢(py, @) of u. for a point

po = (20,70) € RN x (0,T/¢€?).
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Definition 7.5 (Geometric cone of dependence of @.). Let u. be the solution to the
N -dimensional homogenization problem of Definition 2.10. Let py = (z9,70) € RN x
(0,T/€?) be an arbitrary point in space time and let q. be the corresponding Riemannian
distance. We define the geometric cone of dependence C¢(pg,u.) of u. for the point pg
as follows

C*(po, u.) := {(z,7) € RY x [0,70) | ¢-(2) < 70 — T},

With the notion of cones of dependence we can now give restrictions on the domain
of dependence of ..

Observation 3. Proposition 7.4 yields the following relation for the domain of depen-
dence of u. in the point py = (29, 7To) € RY x (0,T/e?)

W(p07 ae) g Oe(poa as)- (78)

The problem of optimality in (7.8) is difficult and is treated in articles such as
[24, 25]. In [24] the authors characterize domains of dependence of @, by means of
two other approaches, namely the description via influence curves and the method of
spacelike deformations. They show that all approaches are linked by the Riemannian
distance. Furthermore, they show that the set C*(py, @) is in fact optimal.

In view of Corollary 7.2, Observation 3 in particular gives restrictions on the sup-
port of 4. in terms of the Riemannian distance ¢..

Corollary 7.6 (Suport of i.). Let supp o, supp dy C Br(0) C RN and let 7 > 0 and
19 € RN be fized. Let . be the solution to the N-dimensional homogenization problem
of Definition 2.10. Moreover, let py = (xo, 7o) satisfy the following condition:

q:(x) > 19 for all x € Br(0), (7.9)

where q. denotes the Riemannian distance corresponding to xy and A( ) Then

Z_LE(JI(),T()) = 0
Proof. Corollary 7.2 yields (o, 7) = 0 provided that (z,0) ¢ W(py,u.) for all
x € Bg(0). On the other hand, when condition (7.9) is satisfied, we obtain that

(x,0) ¢ C%(po, u.) for all x € Bg(0) and thus, using (7.8), (z,0) ¢ W(po,u.) for all
x € Bg(0). Hence the claimed result follows. O

We conclude this subsection by a brief discussion on the homogeneous wave equa-
tion, A(-) = ¢® - Idy. What we expect in view of Example 1 is that ¢.(z) = £|a — z|.
Indeed, the following holds.

Example 2 (The case of a constant A). Let N € N be arbitrary. Let A(-) = ¢* - Idy
for some ¢ > 0 with Idy denoting the N x N unit matriz. Then

1. the Riemannian distance q. of Definition 7.3 satisfies

1
V()] = .

2
2. the unique viscosity solution is q.(x) = |z — zo|.

3. the geometric cone of dependence of Definition 7.5 is
12

1
C(q,u.) = {(m,T) e RN x [0, 70] | = |z — 20| < 70— T}.
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7.3 Geometric effective cone of dependence and effective speeds

Corollary 7.6 provides a way to localize the support of u., solution to the N-dimensional
homogenization problem of Definition 2.10. In particular, it gives restrictions on the
support of the N-dimensional energy density E. of Definition 6.1.

For ¢ — 0 the N-dimensional energy measure p is the weak star limit of F.. Using
that the Riemannian distance ¢. converges uniformly to some limit function ¢, see
Proposition 7.7 below, in Section 8 we derive restrictions on the support of x4 in terms
of q.

In what follows we assume that the matrix A(:) in the N-dimensional homoge-
nization problem of Definition 2.10 is in fact a scalar function, A(-) = a(-)Idy. The
following result on periodic homogenization of Hamilton-Jacobi equations is due to
[22, 9]. Tt is a consequence of rewriting ¢. in the variational formulation

z()eWnI((

e = it el 60) s 000) = o, att) = o

_lnl
(3)

of z and z( in the Riemannian metric induced by a (g)

with cost function b.(x,p) := . In other words, ¢.(z) corresponds to the distance

Proposition 7.7 (Homogenization of Hamilton-Jacobi equations). Let zo € RY be
fized. Let q. be the Riemannian distance of Definition 7.3 corresponding to A (g) =
a (g) -Idy and xo. Then q. converges uniformly on RN to a I-homogeneous limit q,

O

|z — 20

The effective cost function b can be characterized with a variational problem,

b(p) = lim inf {/0 be(z(s),2(s))ds|x(0) =0, z(t) = p} (7.10)

e—0 x()
forp e RY, |p| = 1.

_ Analogous to Definition 7.5 we define the geometric effective cone of dependence
C(po) for the point py as follows.

Definition 7.8 (Geometric effective cone of dependence and geometric effective speed).
Let N € N be arbitrary. Let py = (7, 79) € RY x (0,T/e%) be an arbitrary point in
space time. Let q-(+) and q(-) be as in Proposition 7.7.

1. We define the geometric effective cone of dependence C(py) for the point po
through

C(po) = {(:w) e RY x [0, 7] | G(z) = | — wo|D ( — ) <1 —T}.

|z — x|

2. We define the geometric effective speed ¢ through

c= (min E@:)) 71. (7.11)

|lz|=1
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We remark that the geometric effective speed ¢ of (7.11) is well defined. Indeed,
the following holds.

Remark 7.9. Let b and ¢ be as in Definition 7.8. Then
1. the minimal value miny,—; b(z) exists.
2. the geometric effective speed ¢ is finite, ¢ < /5.

x
|z

xo
Zo|
the uniform limit of continuous functions. Hence, the minimal value min, ;=1 q(x) =

miny, 1 b(z) exists.

Proof. Concerning 1: The effective metric ¢ = |z—0|b ( — > is continuous, since it is

Concerning 2: Due to a < a(-) < 3, we obtain

|p|

a(2)

Consequently, the effective cost function b satisfies

1
> |pl—

|b:(, p)| = 75

o |8

b(p) = lim inf {/Ot bo(2(s), (s)) ds | 2(0) = 0, z(t) = p}

E—)Ox(-)
>ty int { [ 606017 ds120) = 0,210 = p} = ol
> limin i(s)|—=ds|z(0) =0, z(t) =p % = |p|—

e—0 (- 0 \/B \/B

and thus ¢ < /B. O
. po = (xo.70)
gy >mn-r71
X(2)
Clpo
L

Figure 6: Geometric effective cone of dependence C(py) in 2 space dimensions.
We conclude this subsection by introducing another notion of a speed of propa-

gation. More precisely, we introduce the energetic effective speed ¢, which is defined
through the support of the energy measure p of Definition 6.1.

95



Definition 7.10 (Energetic effective speed ¢). Let N € N be arbitrary. We define the
energetic effective speed ¢ by

¢:=inf{c > 0| suppu C C(c) for every energy measure ji}
where C(c) is a cone in space time with slope 1,
Cle) = {(&1) e RY x (0,7) [ [¢] < et}

Let us give a comment on the definition of ¢. It might be confusing at first sight
that the apexes of the enveloping cones C(c) of Definition 7.10 lie in the origin. In
fact, the particular scaling of the space variable ¢ = xe? effects that, in the limit as
e — 0, the support of the initial data co, dy € C°(Bg(0)) concentrates in & = 0.

Due to Corollary 6.5 the one-dimensional energy measure y is a Dirac measure,
(&, t) = ET0p4(€) + E~0_(§). Consequently, the energetic effective speed ¢ in one

)
space dimension, N =1, is é = ¢* = <, /[ @ dy) .

In the case of N > 2 space dimensions a rigorous identification of ¢ seems to be
out of reach. However, in Section 8 we show that ¢ < ¢. In other words, the geometric
effective speed ¢ provides at least an upper bound for the effective speed ¢.

7.4 Geometric effective speed in one space dimension

In this subsection, we determine the geometric effective speed ¢ of Definition 7.8 in
the case of one space dimension, N = 1.

It turns out that ¢ and ¢ do not coincide, ¢ > ¢. In other words, the geometric
effective speed provided by the Riemannian distance approach is not optimal in the
sense that it overestimates the energetic effective speed ¢. In Subsection 7.5 we explain
this phenomenon with a simple example.

Proposition 7.11 (Homogenization of the Riemannian distance for N = 1). Consider
g as in Definition 7.8 for N = 1. Then q. — q uniformly on R, where the limit
function q is given by

1
J(r) =|r — 29| { —— . 7.12
ila) = | |<m>y (7.12)

Proof. Due to a direct calculation one obtains

(0nge())? = %) & 0,q:(2) = t——=

a (2

and thus, using ¢.(z) > 0,

fx L_d¢ for x> x,
qg(x) = _fat 1

d¢  for x < x.

)
—
LA
~—



The periodicity of a(-) yields

sup |g.(x) — g(x)| = su ——df — (x —xg) { ——
sup g:(a) — ()] = swp | [ A >< a(,)>y

1
= sup

* 1
220 /xo \/@<m>y d¢| < Ck,

where the constant C' is independent of . An analogous calculation yields the same
result for x < z(, hence

Sup ’%(z) - q_(x)‘ S 057
zeR
which is the claimed result. O

The proposition directly provides the geometric effective cone of dependence C(py)
and the geometric effective speed ¢ in the case of one space dimension.

Remark 7.12 (Geometric effective cone of dependence and geometric effective speed
¢for N=1). Let N = 1. Let py = (79,79) € R x (0,T/€?) be an arbitrary point in
space time. Then

1. the geometric effective cone of dependence C(q) of Definition 7.8 is

C(po) = {(:17,7') € R x [0,7] | g(x) = |z — x| <\/%> <7 —7'}.

2. the geometric effective speed ¢ of Definition 7.8 is

5:< Cll(')>; . (7.13)

However, Corollary 6.5 suggests that the energetic effective speed ¢ of Definition

-1
710 is ¢ = (, / fY ﬁ dy> . A comparison between the two effective speeds yields
the following relation.

Corollary 7.13. Let N = 1. For a(-) # const the two effective wave speeds ¢ and ¢

do not coincide,
o 1 - L\ ;
c= (/Y ) dy) > ( /y_a(y) dy) =c. (7.14)

Proof. The relation is a direct consequence of Jensen’s inequality. O]

In the next subsection we will explain this phenomenon with a simple example.
The example is well known and can for instance be found in [23]. The crucial point
is that the Riemannian distance approach does not account for the amplitude of the
propagating wave.
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7.5 Analysis of ¢ by means of waves in stratified media
We want to analyze ¢ by presenting a simple one-dimensional example.

Example 3 (Waves across an interface). The one-dimensional wave equation across
one interface is

O*u(z,7) — 0, (a(x)dpu(z, 7)) = 0
with
2
a(z) = (@) Jor 2 <0, (7.15)
(c2)?  for x>0,
where ¢1,co > 0 and ¢ # cs.

Suppose that a wave ¢(-) € C'(R, R) reaches the interface of the two media (z = 0)
from the side of negative z. We decompose the solution into an incoming, reflected
and transmitted wave as

u(e,7) =

oz — co7) for x>0,
o1(x 4+ 1) + ol — 1) for = <0.

Since u(.,7) and a(.)d,u(.,7) have to be continuous across the interface x = 0, one
obtains the following system of equations

p(—am) + gi(ar) = pa(—ca7),
(@ (¢ (=am) + pi(ern)) = (@) —car).

This system can be solved by a direct calculation providing the amplitude of the
transmitted wave and the reflected wave, respectively.

(7.16)

Lemma 7.14 (Reflection and Transmission coefficients). Let ¢, 1, p2 € CH(R,R) be
as in (7.16). Then

p1(y) = o(—y),

()_ 261 C1
P2y —Cl+0290 62?/ .

In our next step, we investigate the case of e-periodic interfaces.

Example 4 (Waves in stratified media). The one-dimensional wave equation in an
e-stratified medium is

O*u.(z,7) — O, (a (—) Ot (x, 7')) =0,
where a(+) is 1-periodic with

(v) = (c1)*  for —1/2<z <0,
“ (c2)? for 0 <x<1/2.

o8



We recall that in the case of stratified media the geometric effective speed ¢ from
(7.13) is given by

—1
_ / 1 ( 11 >‘1 2¢1¢
c= —dy =(—+— = .
Y A /a(y) 201 202 C1 + Co
We recover ¢ by investigating the speed of the leading wave front, i.e. the wave which
is transmitted at each interface.

Observation 4 (Propagation speed of the leading wave front). The leading wave front
travels with average speed ¢. Indeed, the front covers the distance € during the time

i _sata
c C1 Co 201(32
and thus the average speed equals f—e = ff%cz = ¢. In other words, ¢ is obtained by

adding propagation times.

Observation 4 suggests that there actually exists a wave traveling with asymptotic
speed ¢ > ¢. However, we did not account for the amplitude of the leading wave front.
Suppose again that a wave ¢(-) reaches the interface of the two media (x = 0) from
the side of negative z. Lemma 7.14 suggests that the amplitude of the transmitted
wave corresponds to the amplitude of ¢ multiplied by 24— When the transmitted

citea”

wave crosses the next interface, * = £/2, its amplitude is multiplied by Cffcz. To

be more precise, u(z,7) = 0 p(x — ¢17) for § < x < e. The transmission coefficient

2
0 is determined as 6 := (0‘111%2)2 =1- (%) < 1. Consequently, after crossing

n = O(1/¢e) layers, the leading wave front amplitude is of order #" and thus vanishes
in the limit ¢ — 0.

The above calculations suggest that a wave of small amplitude propagates in front
of the principal wave which travels with speed ¢ = ¢*. The principal wave u, solu-
tion to the homogenized equation, is generated by many interacting reflections and
transmissions within the heterogeneous material.
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8 Estimate for the N-dimensional energy measure

In this section we prove that in the multi-dimensional case the geometric effective
speed ¢ of Definition 7.8 provides at least an upper bound for the energetic effective
speed ¢ of Definition 7.10, ¢ < ¢. We recall that in the case of one space dimension,
N =1, this bound is not optimal, ¢ < ¢.

In what follows, we assume that the matrix A(:) in the homogenization problem
of Definition 2.10 is a scalar function, A(y) = a(y) - Idy.

We are now in the position to prove the main result of this section: The geometric
effective speed ¢ provides an upper bound for the energetic effective speed ¢.

Theorem 8.1 (Upper bound for the energetic effective speed ¢). Let N € N be arbi-
trary. Let ¢ be the energetic effective speed of Definition 7.10 and let ¢ be the geometric
effective speed of Definition 7.8. Then there holds

¢<ec. (8.1)

Proof. We have to show that supp  C {(£,¢) € RY x (0,T)||¢] < ét}. More precisely,
we prove that for the energy density E. of Definition 6.1 and for every test function
® € L'(0,T; Co(RY)) with supp ® C {(£,t) e RN x (0,T)||¢] > &t} there holds

T
/)/ B¢,V E(E, 1) dEdt — 0 as e — 0, (8.2)
0 RN

First step. In our first step we give restrictions on the support of u., solution to
the N-dimensional homogenization problem of Definition 2.10 in terms of the effective
distance q.

We apply Corollary 7.6 to obtain . (zg,7) = 0 for all points (xg,79) € RY x
(0, T/g%) such that the following condition is satisfied

¢-(z) > 7 for all z € BR(0) C RY. (8.3)

-—xg
-—x0

We now use that q.(-) converges uniformly to g(-) = | - —xolb <‘ ) This implies

that there exists some positive constant () with §(¢) — 0 as € — 0 such that for all
x € RY there holds

¢e(x) > q(x) — 0(e). (8.4)

Due to ¢ = (min l_)(x))_1 we obtain for a point |z| < R

d(e) = 0(6) = ho = anls (2222 ) 600

|z — ¢
zéu—xd—a@ (8.5)
>~ (ol = B) — 6()

In particular, condition (8.3) is satisfied if
1
(|zo] = R) — 6(e) > 7. (8.6)

c
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Consequently, @.(zo, 79) = 0 holds for all (x¢, 1) satistying (8.6).
Second step. We use condition (8.6) to derive restrictions on the support of the
energy density F.. Taking into account the definition of E.,

1
E.(¢,t) = €2_Na2 (g) 'Vﬂg (5_27 é)

we obtain that F.(&y,t9) = 0 for all (&, ) € RY x (0,T) satisfying
€o to

- —5 -0

= ( —R) =) > 5

52
é (|&] — €°R) — €%4(e) > to. (8.7)

2

Y

or, equivalently,

Third step. We are now in the position to prove the convergence (8.2). We define
the set A. by

1
A = {(&],to) cRY x (0,7) |ty > - (|&%] — €°R) — 525(5)} (8.8)
and rewrite the left hand side of (8.2). Since E. vanishes outside A.,
(1B (6, 1) dédt' (&, 1) (€, 1)y, (€. 1) d&dt’
RN RN

Since suppq) C {(&,t0) e RN x (0,7) ]to < 1|&]}, there exists some g9 > 0 such that
for all € < g9 and all (§,t) € A, there holds ®(£,t) = 0. Consequently,

/OT /RN O(E, ) EL(E,t) =

for € < g9. This proves Theorem 8.1. O]

Let us give some remarks on ¢ and ¢. In fact, the two effective speeds are just
maximal values, where the maximum is taken over all directions of propagation. We
can perform a more exact analysis on the effective speed of waves in heterogeneous
media by introducing direction-dependent quantities.

Definition 8.2 (Direction-dependent effective speeds). Let b be the effective cost func-
tion of Proposition 7.7. Let ¥ € RN with |9] = 1. We define the direction-dependent
effective speeds (V) and ¢(9) by

_ =y —1

cv) = (b(v))

¢() :==1inf{c > 0| suppun{td|t € R} C C(c) for every energy measureu} ,
where C(c) is a cone in space time with slope %,

Cle) == {(&,1) € RY x (0,T) | [¢] < ct}.

Analogous to Theorem 8.1 one can show that for every direction ¥ € RY, || = 1,
there holds

¢(v) < ¢(9). (8.9)
The proof of (8.9) follows the proof of Theorem 8.1.
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Appendix

A Energy estimate for the time-scaled wave equa-
tion
Lemma A.1. Let u € L*°(0,T; H*(RY)) with

O € L=(0,T; HY(RN)),0?u € L*(0,T; L*(RY)) be the unique solution to the time-
scaled wave equation

*Ofu(x,t) -V - (A (g) Vu(x,t)) = f(x,1), (1.1)

u(z,0) = ap(x),
Owu(z,0) = by(x)

with [ € L*0,T; L*(RY)), ap € H*(RY) and by € H'(RY). Then there exists an
e-independent constant C' such that

||vu||%°°(0,T;L2(RN)) + 54”815“”%00(0,T;L2(RN))
1
< O llaollfs ey + ol + 1 s 0 rzamy )

Proof. We multiply the time-scaled wave Eq. (1.1) by d,u(x,t), integrate over R and
apply integration by parts. Then

d
£4£H8tu( HL2(RN) / Vu(z,t) ( >Vu(x t)) de =2 f(z,t)0u(z,t) dx

RN
= (QHf(-,t)HL?(RN) +54||8t“("t)”%2(w>>
(1.2)

for almost every t € (0, 7). Taking into account that A (£) € M(a,3) and integrating
over (0,t), one arrives at

e |Orul-, )72 @ny + allVul, t)l72@x)
<o) ey + Bllao@) Bynem, + 117 ey
+ [ 10 e
<< o) ey + Bllao@) Brngem, + 117 ey

t
T / 0, ) sy + @[Vl 7B, -

Application of the Gronwall lemma finally leads to the claimed result. ]
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