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A TWO-SCALE MODEL OF TWO-PHASE FLOW IN POROUS MEDIA
RANGING FROM PORESPACE TO THE MACRO SCALE

MARTIN HEIDA

ABSTRACT. We will derive two-scale models for two-phase flow in porous media, with the micro-
scale given by the porescale. The resulting system will account for balance of mass, momentum
and energy. To this aim, we will combine a generalization of Rajagopal’s and Srinivasa’s assump-
tion of maximum rate of entropy production [39, 20, 21] with formal asymptotic expansion. The
microscopic model will be based on phase fields, in particular to the full Cahn-Hilliard-Navier-
Stokes-Fourier model derived in [23] with the boundary conditions from [20]. Using a generalized
notion of characteristic functions, we will show that the solutions to the two-scale model macro-
scopically behave like classical solutions to a system of porous media flow equations. Relative
permeabilities and capillary pressure relations are outcomes of the theory and exist only for spe-
cial cases. Therefore, the two-scale model can be considered as a true generalization of classical
models providing more information on the microscale thereby making the introduction of hysteresis
superfluous.

1. INTRODUCTION

Flow in porous media is an old topic dating back to the pioneering publication by Darcy [10]
who studied single phase flow in soil concluding that the velocity v depends on pressure p and
gravitational potential g via

(1.1) v=2A(g—Vp)

where A is the permeability tensor. This relation has been investigated for a long time and has
even mathematically been proven correct using homogenization techniques [2, 3, 4, 27, 35, 43].

However, problems arise at the moment the simple case of single phase flow is replaced by flows
of at least two immiscible fluids, the root causes of these problems being capillarity effects: At the
microscopic boundaries between the constituents, in particular at the contact lines on the solid’s
surfaces, capillary forces become important as they act on the small menisci. These forces strongly
influence the evolution of microscopic geometry, which in turn has major impact on the soil’s
permeability for both fluids.

Capillary effects are usually taken into account by the following system of equations:

O (0a04) + div (040av4) =0,

(1.2) O (0wbw) + div (0wbyvy) =0,
O0p+0,=P<1,
where @ is the porosity (i.e. the volume fraction of the pore space) and 6, and 6, are the volume
fractions of air and water and g, and g, the densities, respectively. In many applications, it is
assumed that g, = const and g,, = const . In line with (1.1), the constitutive equations for v, and
vy, are assumed to be given through:
vy = Ky (...) (0wg — V) ,

(1.3) vy = Ko(...) (0ag9 — VDa) ,

Date: 15.02.2012.
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where p, and p,, are the pressures in the air and water phase. The permeability tensors K.,/
depend on several quantities such as porosity, microscopic geometry, 0,,/q, 0y /q and others, where
in most simple models, dependence of K, /, is restricted to 6y, or related quantities. For an overview
over different models, refer to [26, 31, 42].

In order to complete the system, it is usually complemented with a constitutive relation between
po and p,, of the form

(1.4) pw_pa:pC(ewv"-)v

where p. is the so called capillary pressure. In case the air phase is connected with the atmosphere,
it is commonly assumed that p, equals the atmospheric pressure patm: Pa = Patm. This assumption
leads to Richards’ equation, with air transport being neglected (as the mass of air is given by 6,,
and pgtn) and the velocity of water is given through

Vy = Kw(' . . ) (ng - vPc(ew)) .

Often, above models are incapable to describe real world phenomena, as long as they are based on
a deterministic relation (1.4) and deterministic dependencies for K,(6,) and K,,(0,,). In particular,
the last two assumptions for capillary pressure and permeabilities have been proven insufficient in
many publications, refer to [17, 24, 28, 29, 30, 36, 37| and references therein.

In particular, it turns out that K, and K, are not only depending on 6,, but they are sensitive to
the history of the system, as macroscopic permeability is not only due to water content, but also to
microscopic distribution of phases, i.e. the microscopic geometry with its distribution of interfaces
between water and air, of contact lines and contact angles.

The problem has been known for a long time and scientists tried to solve it introducing hysteresis
operators. In particular the Preisach operator proved to be successful [13]. An overview over many
classical models can be found in standard text books (for example |26, 31, 41, 42]) and in the large
literature on the subject.

A mathematical introduction to hysteresis can be found in the book by Visintin [47]. Formally,
Visintin characterizes Hysteresis as a “rate independent memory effect”. the current state and
development of a system depends on its history, in particular on all former states but not on the speed
at which these states have been passed through. This applies for example to the “classically” used
hysteresis models in porous media flow, such as the Preisach model [13]. Accordingly, measurements
for drainage and imbibition curves are usually performed by measuring a series of steady states and
in the resulting models, it is assumed that the relation p.(6) is independent on the speed of drainage
and imbibition. Indeed, this approach was successful to some extend [13].

However, such macroscopic hysteretic behavior can be expected if and only if the macroscopic
parameters like saturation and capillary pressure change slowly compared to the relaxation time on
the micro scale. Thus, the faster macroscopic drainage or imbibition progress, the less reliable are
the hysteretic models. In such cases, different approaches for the modeling of these memory effects
are needed. Remark that already Hassanizadeh and Gray [18| showed that this does not hold in
general and pointed out the limits of hysteresis approaches.

All these reflections point out that the usage of hysteresis operators or any macroscopic memory
effect, reflects a lack of knowledge about “hidden” parameters, namely the microscopic distribution
of the two phases, in particular the distribution of interfaces and contact lines on microscopic grain
boundaries.

The approach and the results of this paper differ significantly from the usual approaches: The
resulting system of equations will be defined on two scales and describe at the same time the
macroscopic and the microscopic evolution of the system. Thus, the equations contain much more
information about the system than in previous approaches. We will see further, that the resulting
model is a true generalization of (1.2) and (1.3) as averaging the solution of the two-scale model
yields macroscopic quantities that evolve according to equations of the form (1.2) and (1.3).
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This will be achieved, combining the theory from recent papers by Heida, Mélek and Rajagopal
[23] and Heida [20] with formal asymptotic expansion. Note that the results from [20, 23] are ob-
tained using a method first introduced by Rajagopal and Srinivasa [39] and generalized to boundary
conditions in [20]. Shortly speaking, the paper is about homogenization of phase field models. We
will work with a phase field model with the order parameter given in terms of concentrations but
remark that generalization to more constituents, or to the description in terms of partial densities
is obvious with respect to [23, 20]!. The two constituents will be called water and air, for simplicity.

Note that the reasons for the choice of phase field models are threefold: In contrast with sharp
interface models, phase field models allow for topological transitions in the geometry, an important
effect in porous media flow. Also note that these are physical models, based on an early observation
by Van der Waals [45, 46|, and are not to be mixed up with the heuristic levelset approach. Third,
in case of small pores, the effects due to the diffusive structure of the interface observed by Van der
Waals may no longer be negligible.

Of course, the validity of the resulting two-scale equations strongly depends on the validity of the
constitutive equations for the energy in bulk and on the microscopic boundaries. In particular, the
constitutive equations for the energy which are used below are assumed to be valid for moderate
temperatures as well as under moderate pressures. Also they only hold for a pore size which is
still large compared to the transition zone. For example, if the transition zone is of order 10nm,
the pores should be of a size of at least 1um. For simplicity, we make the additional assumption
that the two phases and the soil matrix share a common temperature field, i.e. that there are no
temperature jumps on the microscopic boundaries. Finally, note that the soil matrix is assumed to
be rigid. In particular, this implies that the medium under consideration is not deformable, which
excludes effects like swelling.

To the authors knowledge, this is the very first attempt to derive such two-scale models for
multiphase flow starting from the porescale using formal asymptotic expansion methods. A former
attempt using REV-averaging can be found in in a recent paper by Papatzacos [38], but his approach
and results differ significantly: REV averaging the way it was used in [38], is not suited to macro-
scopically resolve processes happening on a scale smaller than the poresize. Therefore, Papatzacos
is not able to resolve the transition zone as phase interface inside the pore but he is restricted to the
case when the transition zone is, in some sense, large compared to the pore diameter. Therefore he
obtains a macroscopic Cahn-Hilliard system while we aim to recover macroscopic convective mass
transport with Darcy-like constitutive equations for the velocity fields.

Concerning simulations, we mention a similar idea developed first by Gray and Hassanizadeh
[14, 15, 16] who already stated that microscopic distribution of surfaces and contact lines is crucial
for macroscopic behavior of the flow. This idea was further developed by Hassanizadeh and other
coworkers like Celia, Dahle, Joekar-Niasar, Niessner, Norbotten and others [17, 28, 29, 30, 36, 37|,
who performed numerical calculations on a periodic structure of cells and channels in order to get
macroscopic permeability depending on microscopic geometry and variation of geometry.

Hilfer [24, 25], initially also considering the microscopic distribution of interfaces as the main
cause of macroscopic memory effects, recently started a new approach in terms of volume fractions,
ending up with rate dependent pressure/saturation relations. Like for the present approach, he
states that relative permeabilities as well as capillary pressure should be an outcome of theory and
not an input.

Hassanizadeh and Gray as well as Hassanizadeh et.al. and Hilfer agree that capillary pressure is
not a static variable. Also they claim that a hysteretic dependence on saturation is not enough to
capture all dynamic phenomena. Rather they state that the capillary pressure is a dynamic variable
that depends on saturation as well as on the microscopic distribution of phase interfaces (menisci)

1Such a generalization can be found in Heida [19] for permafrost soil, a system with the constituents air, water,
ice and vapor.
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and contact lines. Once these phenomena are incorporated to the models, hysteresis is no longer in
need.

Finally, Hassanizadeh and Gray [18] state that capillary pressure can hardly be obtained from
microscopic point of view, as the pressure drop across the water/air interface strongly depends on
geometry. This is the reason why this article will abstain from providing explicit formulas for the
capillary pressure difference except for a small outlook in section 12 in case of Richards equation.
This topic is left for future investigations and for numerical experiments. Former investigations
from the theoretical point of view, also including averaging calculations, can be found in [36, 37
among which the closest to the present approach is by Norbotten et. al. [37].

The structure of the article is as follows: In section 2 we will introduce some important standard
notations that will be frequently used throughout the article. In 3 we will introduce the formal
asymptotic expansion method for the derivation of two-scale models and exemplarily derive Darcy’s
law, also for the purpose of providing better understanding of sections 8-11. After that, we will
introduce abstract equations of continuum mechanics (section 4), describe how the abstract equa-
tions can be non-dimensionalized (section 5) and how thermodynamically consistent constitutive
equations can be derived using Rajagopal’s and Srinivasa’s assumption of maximum rate of entropy
production within the generalized framework by Heida [19, 20| and Heida, Malek and Rajagopal |21]
(section 6). Then, we will finally derive the microscopic model in the porespace 7 and the two-scale
model 8.

The coupled two-scale system in itself already is a complete model for two-phase flow in porous
media. Nevertheless, we also provide calculations to estimate the effective macroscopic behavior
of the solutions and yielding that solutions to the resulting two-scale equations show the expected
(and usually observed) macroscopic behavior in sections 10-11.

The resulting macroscopic balance of energy will consist of Fourier’s law with convection (section
10). The balances of mass for water and air will be given through convection equations (section 10).
The most problematic part is the derivation of constitutive equations for the macroscopic velocities
of water and air.

It will be shown, that once a solution to the two-scale equation is found, it is possible to split
up the balance of momentum into two separate equations for the velocity fields of air and water
(section 11). The basic idea of this splitting is, that the physics in the bulk differs significantly
from the physics close to the transition zone which will also be reflected in the new system. The
separated equations will be highly coupled through the transition zone and will only decouple in
case of stationary geometry.

Note that the equations point out that macroscopic equations like the Richard’s equation cannot
be obtained but in very special cases. Nevertheless, we will shortly discuss this topic in section 12.

2. PRELIMINARIES

2.1. Geometric setting. Throughout this article, we will consider a bounded and open domain
Q C R3. Furthermore, consider Y := [0,1[3, with Y = YUY oUT such that I' := 9Y1NJYNY.
We expand Y, Y1, Y5 and I periodically to R? assuming that the periodizations of Y'; and Y5 are
both simply connected and open in R? and I := 0Y'; N dY 5. We multiply the resulting structures
by € to obtain Y] = €Y1, Y5 = €Y and I'° = ¢I'. Finally, we define the following subsets of Q:
Q] := Q@ NYY{, the pore space, and Q5 := Q NY5, the solid matrix. Wherever it will not provoke
any confusion, we equally denote I'® := 0QF N Q. The definitions are illustrated in figure 2.1. The
outer normal vector of Y'; on I will be called nr and the outer normal vector of Q7 on I'® is denoted
as nre.

One should be very careful in not mixing up the periodic cell Y with the notion of a so called
“Representative Elementary Volume” (REV) that is used in applied sciences such as soil physics. The
REV is a volume that is big compared to micro structures but small compared to the macroscopic
scale. Therefore, a single cell €Y is not suitable, neither Y. For example, Joekar-Niasar et. al.
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FIGURE 2.1. Sketch of geometrical setting and notation.

[28] found in their simulations, that an REV is at least of the size 40 x 40 x 40 periodic cells. An
introduction to the REV-averaging method can be found for example in the book by Dormieux,
Kondo and Ulm [11]; it should not be mixed up with the present method of formal asymptotic
expansion.

However, given such @, Y| and Y5, we identify €L as the parameter describing the typical size
of a pore, where w.l.o.g. Ly = 1 is the macroscopic length scale. With respect to application, ¢ is
depending on the physical size of the pores and the complexity of the geometry, which is represented
by Y, Y; and Y,. In any case, from the physical point of view, ¢ is a fixed parameter. In order to
derive two-scale models, it is important to seek for a suitable non dimensionalization of the physical
equations. This is topic of section 5.

2.2. Differential Operators on the Boundary. On I, let nr be the normal vector field and for
each arbitrary vector field @ : I' — R3, we define the normal part a,, and the tangential part a, via

an = a-nr, ar:=a—a,nr.
We define the normal derivative of a scalar quantity a through
Opa :=Va-nr
and the tangential gradient V. for such scalars through
V:a:=(Va). =Va—nroya.

For any vector field f. tangential to I', we define the divergence

div.f. =trV, . f_.
and we find:

div f =div. f + 0n(f,) -

The mean curvature of I' is defined as

kr = trace (V nr)
and we find the following important result:

Lemma 1. (See for example [6]) For any f € C*(T) holds

/FVTf=/Ffﬁrnr+/aFfV

where v* := (npq).. and v = \v*| "t v* s the unit vector tangent to T' and normal to T. Further-

more, for any tangentially differentiable field q holds

/diqu:/npq'np—F/ q-v
r r ar
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Note that the Laplace-Beltrami operator on I' is then defined by
ATTf = diVTva

and Lemma 1 yields for any continuously differentiable and tangential vector field f = f_on I’
(2.1) / div.f = 0.
r

3. ASYMPTOTIC EXPANSION AND DARCY’S Law

Asymptotic expansion, as it will be applied below, is not a mathematically rigorous but only
formal modeling tool. Given a microscopic geometry on @ by Y, Y5 and I'®, it starts from a
set of (partial) differential equations, the microscopic problem, which depends on the geometry and
on €. It is the aim of homogenization to investigate the behavior of solutions to the microscopic
problem as € — 0 and to identify approximating macroscopic or two-scale problems. In particular,
the approximating problem often is not only defined on @ but on @Q x Y although there are special
cases where a reduction to a problem on Q is possible. This will be the case for the derivation of
Darcy’s law below.

Note that there is big amount of literature on homogenization. Below, we will deal with ho-
mogenization of Cahn-Hilliard-Navier-Stokes-Fourier systems, thus we get in touch with Stokes and
Laplace operators. For former results on the homogenization of Navier-Stokes and Stokes flow, refer
to works by Allaire [1, 2, 3|, Ene and Saint Jean Paulin [12], Marusi¢-Paloka [32], Mikeli¢ |33, 35],
Sandrakov [44] and of course the pioneering work by Tartar in the appendix of [43]. For the ho-
mogenization of diffusion and diffusion with nonlinear boundary conditions, the reader is referred
to Amaziane, Goncharenko and Pankratov [5], Conca, Diaz and Timofte [9], Conca, Diaz, Linan
and Timofte [8], Heida [19], Hornung [27], Mikeli¢ and Primicerio [34] and the references therein.

Considering any e-dependent unknown ¢, the basic idea of asymptotic expansion is an ansatz

o0
=0

where the functions u§ have to be specified. Since the domain Q = Q7 U Q5 UT* is characterized
by, @and Y = YUY UT and ¢, it seems reasonable to assume that u; : [0,7] x Q x R3 — RF
with u; being Y -periodic in the third variable. In particular

uw [0, T]xQxY — RF
(t,,y) = wilt,2,y),
with
Uf(t, ) = Uy (ta K g)

and (3.1) becomes

3.2 S(t,) = it -, —).

(32 () =D ()

Additionally, the following relations for the gradient and the divergence operators hold:
1 1

(3.3) V=V,+ gvy, div = div, + gdivy .

Inserting (3.3) together with (3.2) into the particular partial differential equation, separating powers
of £, we obtain effective equations for the approximate behavior of u®(t,-) ~ wug(t,-). We will start
by considering homogenization of the Stokes equations with the scaling introduced by Allaire [4]
(see also |27, chapter 3]).
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3.1. Homogenization of the incompressible Stokes equation: Dynamic case. We start
with the incompressible Stokes fluid. Incompressibility implies that the pressure p® is an unknown,
density is constant and the velocity v has to fulfill the incompressibility condition (3.4b):

(3.4a) ovf — 2div (uVo) + Vpf = ¢g° on Q5
(3.4b) divv® = 0 on Qf
(3.4c) v = 0 on0dQj
(3.4d) v = 0 onQ5

With an additional initial condition on (0,7] x @ of the form

UE(O? ) - 60('7 g) :

We assume that g°(z) = g(z) and there is a family of functions
v [0,T]xQxY — R* 0<i<oo
(ta L, y) = vi(ta L, y)
pi:[0,T]xQxY — R*® 0<i<oo
(t,z,y) — pilt,z,y)

such that the solution v° and p® can be described by
3.5 “(t,) = it -,
(3.52) V) = et )

=0

where the functions v; and p; are periodic in Y. The first coordinate reflects the macroscopic
behavior of the solution, while the second coordinate reflects microscopic variations due to presence
of microscopic geometry. The basic Idea is to insert (3.5) together with (3.3) into (3.4a) and separate
the terms by powers of £ such that equations (3.4) take the form

e )+ +0>E) =0.

In particular, the result reads up to order 0:

(3.6a) e 1V ypo + €° (8w — divy (uV,v0) + Vapo + Vyp1 — g) + O(e) = 0
(3.6b) e tdiv, vg + div, vo + div, v1 + O(e) =0
(3.6¢) Zsivi(t,x, ) =0 on 0Y], Zaivi(t, wy) =0 ondQ

For each power of €, a new set of equations is obtained, which has to hold independently on &.
Order —1 of (3.6a) yields V,pg = 0. For order 0 of that same equation, the resulting system with
order —1 in (3.6b) reads

Orvg — divy (uVyvo) + Vaepo +Vyp1 = g
diVJ; Vo = 0
diVy Vg = 0
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This is a complete two-scale model for vy and represents as such a solution to the homogenization
problem. Thus, we can consider either

D) or vy [ vy

as an approximation of v°(-), where the quality of this approximation is measured in terms of

v*() = vl 2)|

3

pg 0 VOOl -

However, in laboratory experiments and in nature, we are interested the macroscopic behavior of
V.yrf. To obtain a macroscopic description for the evolution of v.rs, we consider u; solutions to

Oru; — divy (uVyu;) + VI, = e on]0,7] x Y,
divyu; = 0 on]0,T]xY;
u;(0,-) = 0 onY,

’U,l(,) = 0 on [O,T]x8Y1

where e; is the i-th standard basis vector of R3. We furthermore introduce © through
t
oty = [ 32100(g — Vapo), (50)] wslt — s, )ds.
0
Since
t
0(t..) = [ Y10 lg Vo), (5.0 e — s..)ds
0

+ D10 (g = Vapo); (t,2)] wi0,2,y)

)

we find due to the initial conditions on wu;:
t
91 — div, (V) =g — Vpy - V, / 7[00 (g — Vapo), (5, )] ids
0

and the velocity field can be split up into

U():’f)-i-’ﬁ

where
0,0 — divy (uVy0)+Vyqy =0  on (0,t) x Y,
divy,v =0 on (0,t) x Y
v=0 on (0,t)xT
v(0,)=a(-) onYy.
Defining

Ai,j = 8,5/ u; - ej
Y,

one may check by partial integration, the initial conditions on w; and the assumption (g — Vp) 0=
t=
0 that

Veff = /Y1 v+ /0 A(t —s) (g — Vaepo) (s)ds,

where © — 0 pointwise as ¢ — co. For a rigorous proof of this homogenization result refer to Allaire
[27, chapter 3|.
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3.2. The Stationary Case. For the stationary case in (3.4), i.e. d;v° = 0, we end up with [27]

Veff = / vo = A(g — Vazpo)
Y

Ai,j = / u; - Ej
Y.

—divy (uVyu;) +V,II; = e onY,
divyju; = 0 onY;
’U,Z‘(I, ) = 0 on 8Y1 .

where

and u; are solution to

4. CONTINUUM MECHANICS

We follow the outline of previous works by Heida, Malek and Rajagopal [23, 22| on phase field
models as well as [20], where the author introduced a new method to derive thermodynamically
consistent boundary conditions for phase field models.

4.1. The Porespace. Thus, on Qf, we assume the presence of a mixture consisting of two different
(almost) immiscible species, which we call without loss of generality water and air, having partial
densities g, and p,. Assuming mass conservation for both species and transported by partial
velocities v,,, v, we obtain mass balance equations of the form

(4.1) o + div (0jv;)) =0 i€ {a,w} .

In particular, we exclude production of air and water and chemical reactions, for simplicity. The
densities o, and o, add up to a total density p of the mixture and the momenta of air and water add
up to the total momentum pv, introducing by the same time the mean velocity v of the mixture

through:
1
0 = 0a + Ow, v ::E(Qava‘FQw’Uw)-

Therefore, we can formulate the mixture’s balance of mass as
Oro + div (pv) =0.

Defining the material derivative for scalars a and vectors f through

(4.2) a:=0a+v-Va, f=of+VHHv

we get with

and (4.1),:
oc+divy =0.

Following the approach by Heida, Malek and Rajagopal |23, 22|, we are not interested in the balance
of energy, momentum and angular momentum for each constituent but postulate that the mixture is
sufficiently described by the balance of energy, momentum and angular momentum for the mixture
as a whole. As pointed out in [23], this is useful if we are not interested in energy and momentum
exchange between the several constituents.

Thus, introducing the Cauchy stress T, the internal energy per mass u, the total energy per mass
E .= % "02} + u, the diffusive heat flux j g, external energy supply s and external body force g, we
require the validity of the following set of equations:

O (ov) +div (pu @v) —divT =g T =TT
O (oF) + div (pEv) —div (Tv + jg) = s.
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As pointed out in 23], introducing
h = T’U + ,7 E

leads to the system

(43) o+odivo=0 p0—divl=g T=T"
. o¢+divj=0 gE—divh=s.

While up to now, these equations do not account for any interaction between the two constituents
water and air, note that such information will enter due to constitutive equations on T, 57 and h
which will be derived below.

4.2. The Solid Matrix. On Q5, the solid Matrix, the velocity field is zero, the density is stationary
and we do not consider any dynamics except for energy transport. Writing Fs for the energy per
volume in Q5 and hg for the diffusive energy flux, the balance of energy reads

(44) 6tE2 — div h2 == 0,

as we assume no external (external of Q) supply of energy to the solid matrix.

4.3. The Microscopic Boundary. Following [20], we assume the presence of a surface energy
field Er on I'® and assume that it evolves due to

2]
(4.5) O Fr —divhr = F
52
where hr is some surface energy flux and E is supply of energy from the bulk to I'*. Note that Ep

is not the trace of F or Es on I'°. Indeed, E is measured in energy per mass, Fs is measured in

energy per volume and Er in energy per area. However, due to h, hy and E% , there is an exchange
of energy between Qf, Q5 and I'®, as demonstrated in section 6.1.

As will be shown in section 7 we also have to account for an additional boundary condition for ¢
which is of the form

(4.6) 00ic + ov; - Ve = c.

5. NON-DIMENSIONALIZATION

The equations of balance for g, ¢ and F in system (4.3) can be brought to a form

(5.1) Orp + div (ve) +divy, =0, ¢ €{o,¢,E}
while the balance of momentum takes the form
(5.2) O (ov) +div (v ®v) —divT =g.

We want to study the behavior of these equations with respect to the characteristic scales of the
physical setting: We assume that the characteristic scale of space is given by Lg, the characteristic
scale of time is given by o and the characteristic scales of o, ¢, E, v, j4 and T by o*, ¢*, E¥,
v, j;‘) and T™ respectively. (Note that these scales may depend on € as they may depend on the
ratio between macroscopic and microscopic length scales. Furthermore, note that v*, ji and 7™ are
scalars!) The non dimensionalized quantities are indicated by an upper index ¢, thus by ¢°, v¢, T¢,
Jo- We find
¢:¢*¢€7 'U:,U*IUE’ T:T*Taa J(j):];;.?fj)’
and insert these relations in (5.1) and (5.2), having in mind

div = Lyldive, V=Ly'V*, 9 =t,'0;,
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where div*, V* and 0] are derivatives with respect to Lio and % We find

tov* toJg,
(5.3) 0r6° + divt (v6F) + L divs =0, ¢ € {o,c E}

Ly Lyg*

t * *
(5.4) of (0°v°) + %div* (o°v° @ V%) — Too 0" div'T =g.
It is one of the most crucial steps in homogenization to identify the correct scales of the factors
tov* tOj:; 750T)k

5.5 —_ , and .
(5:5) Lo Loo* Loo*v*

In classical approaches to homogenization, these scales are identified after the constitutive equa-
tions for 7, h and T in (4.3) have been provided from theory.

However, there is one problematic issue connected with this approach: Even if constitutive equa-
tions have been derived from thermodynamic principles, it is by no means clear that the non-
dimensionalization and identification of € yields thermodynamically consistent systems of equations
for all . If the scaling of the equations would lead to a violation of the second law for small ¢, the
resulting homogenized equations would not be thermodynamically consistent and make the result
doubtable.

Therefore, we will follow a different path: We will start by identifying the reasonable scales for
(5.5). Then, we will directly derive non-dimensionalized constitutive equations for j°, h® and T¢,
using (5.3), (5.4) and the method of maximum rate of entropy production.

First note that the scaling in front of the convective term is the same for all quantities. We will
assume that convection is small on the macro scale, i.e. that infiltration rates to the porous medium
are low. Thus, it is assumed that

to’U*
Lo
Concerning LEOQ{C* in the balance equation for ¢°, note that we assume the transition zone to be

small even compared to the diameters of the pores. Since j and j° basically determine the thickness
of this transition zone, the scaling factor should be at least of order £!:
toj*
Loo*c*

Similarly, T¢ describes the interactions of the fluid inside the pores and we equally get
toT™*
Lgo*v*

The dissipative energy flux, is a far reaching effect and behaves differently. In particular, we assume

in the following that
toh*
LQQ*E*
Furthermore, for simplicity of notation, we drop the upper index * in the differential operators div*,
V* and 9; and obtain the following non dimensionalized set of equations in Q7:

O (0°¢) + ediv (o°c*v®) + ediv (§°) =0
00 +ediv (0°v°) =0
O (0°v°) + ediv (o° (v° ® v°)) — edivT® = g°
O (0°E°) + ediv (o° E°v°) —divh® = ¢g° - v°,
where it is assumed that 7 has its major impact on the porescale as well as T¢.
On Q5, we apply a similar procedure to the balance of energy (4.4) and obtain
OFE5 —divh; =0.

=1.

(5.6)
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Finally, on I'*, we obtain for balance of ET and c¢ the non dimensionalized equations
@6
O Epr —edivht = E
&
050 + ep°vs - Vit = ¢ .
Finally, remark that due to above non dimensionalization, also the material derivative becomes a
scaled operator and one obtains the following important relations:

(5.7) a = 0ia+ev°-Va  for scalars a,
(5.8) a=0a+¢e(Va)v® for vectors a,
. <
(5.9) o°Ves = Ve (ediv §5) — 0 (V)T (eVoF) — div [(edivj5)T] ,

&

where V£ denotes the material derivative of V€ and will be used in section 7.

6. THE ASSUMPTION OF MAXIMUM RATE OF ENTROPY PRODUCTION

Following Callen [7], Heida, Malek and Rajagopal [23| and Heida [20], we assume the existence
of entropy fields 7°, n5 and np having the following properties:
L4 776 = ﬁ(E€7U€7 Q€7 CE, VC€)7 775 = ﬁQ(E§)7 771‘2 = ﬁF(EizV CE: VTCE)
e Keeping all other parameters fixed, 7, 72 and 7jr are strictly monotone increasing in E¢,
ES and Ef respectively. Thus, 7(-, v, o, ¢, Vc), 72(+) and 7r(-, ¢, V-c) are invertible for fixed
parameters and we can assume

(6.1)  ET=E(,v,0°,¢,Ve"),  Ej=Ex(n;) and  Ef = Er(nf, ¢, Ve

. OE° ._ 95

o (< = W,ogﬁg = 87752

respectively, where we will assume for simplicity, that all three quantities coincide on I'. In
particular, for the traces of ¥° and 95 on I'* holds

(62) 19€|I‘s = 19§|1‘5 = ?9‘12 on FE .

and 0 <9t = g% are strictly increasing with £, E5 or Ef
N

Thus, we denote all three quantities by ¢ and call this quantity the temperature field of the
system.

Having in mind (6.1), we calculate the material derivative of E and time derivatives of Fy and Er
through:

. oE*® oE*® oE* ors ——
EEE — of95re € L€ € € € . c €
Y v+ 0 9o° v+ 095Q+6cec +0(V05) Ve on QF,
(63) atE§ = 19‘5@773 on Q;,
- e o OFE° OFE* - c
8tEF = 19 8t77]_‘* —+ 7805 8,56 + 78 (V,T_CE) . 8t (VTC ) on F .

Inserting (4.3), (4.4), (4.5), (4.6) and (5.9) into (6.3) yields new balance equations for 1, 72 and nr
of the form:

8‘5——diq—€+§ on Qf

Q 77 - V195 198 1>
. g5 &5

8tn§:dlvﬁ—§+ﬁfi on Q5,
£ €

omp = diVTZ—I; + % on I'?,

where q; and & will be provided below in section 7.
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6.1. Global Balance of Energy and Entropy. For simplicity, we assume that Q is perfectly
isolated, which means that any flux of mass, energy or entropy through 0Q is excluded. Let npg
be the outer normal vector of @, we thus obtain the following conditions on 0Q:

he'naQ:O h%-’naQ:O h%"naQ:O
(6.4) q°-noq =0 a5 mog =0 qr - mag =0
Ji-mog =0 v=20

Furthermore, it will be assumed that there is no net mass flux through the boundary I'®, nor any
chemical reaction at the boundary, i.e.

(6.5) v° -npe =0 and  j;-mps=0 on I'*.

The total energy £° and total entropy S¢ of the system are given as the integral of the respective
fields on QF, Q5 and I'®:

(6.6) &= / 0°E° + E5+¢ | Ep,
Q

: @ re
(6.7) 5 = /
Q

95775+/ 77§+6/ Uik
Qs re

where the boundary integrals are assumed to enter of order € since

lims/ 1dx:/ /ldxdy.
e—0 Te Q T

Note that this can be realized by choosing appropriate scales for Ef and 7. Global changes of
energy are assumed to be only due to work done by body forces. In particular, the global balance
of energy reads:

d .
Ozdtss—/ ge‘vgz/ ok + | OE5+¢ 3tE§—/ g v
Qs Qs Qs I Q1
1 o
(6.8) = 6/F€ (6 (h® — hj) - npe + ediv,hy + E ) .

Due to (6.4) and lemma 1 holds

/ divq—h%Z/ ht -napg =0,
e aQnre

and due to the reasons pointed out in [20], equation (6.8) implies the local energy conservation?
1 ®F
The time derivative of global entropy with respect to time yields:

— d £ 3 / 1 S

—e . % ce _ S S2 € _ gf) . mpe 4 2L

= =@ /Qa 5 g 07 T Jp \Gge (@ T @) et
1 2

€ € (2
(6.10) - / & 8. 5“’;"’5,
Qi oyt Jre W

€
1

2We shortly repeat the original argumentation with slightly modified formulas: As pointed out in [20], “the reason

why div ht does not appear in (6.9) is twofold: First, due to lemma 1, it is possible to add fr ediv: . of any

tangential vector field f_ in (6.8) without violating the equality. In particular, we could equally derive a condition
£

@
%(hs —h3) -nre + E + rediv,ht = 0 for any r € R. Second, it is reasonable to assume that absorption is a local

@8
process, i.e. that the energy supply h® - nre is first absorbed by T'° through E and then dissipated through hf., instead
of being directly dissipated through ht.”
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where the second law of thermodynamics requires
(6.11) =5 >0.
Note that # (¢° — g5) - nre, the exchange of entropy between QF, Q5 and I'®, contributes to the

production of entropy, itself.

6.2. The Assumption of Maximum Rate of Entropy Production. It was the idea of Ra-
jagopal and Srinivasa [39] to make use of £° in order to derive constitutive equations in the bulk
using an assumption of maximum rate of entropy production. This idea was generalized by the
author to &f [19, 20] and Heida, Malek and Rajagopal [21], i.e. to lower dimensional structures.

Being aware of the loss of generality, it is assumed that (6.11) can be split up into the local
conditions

& >0 pointwise in Q7 ¢ >0 pointwise in Q5 ,
4ot > 0 pointwise on I'*.

The local rates of entropy production £°, &5 and ¢ will be assumed to have the form

€ = Y I falA9)

& = > J5- fs(A3)
B

& = Y Jr fr(A7)
Y

where J{ are the thermodynamical fluxes on QF, Q5 or I'® respectively and A®, A5 and Af are the
relevant thermodynamical affinities. In our context, the thermodynamical fluxes are given through
T¢, %, h®, ¢° and similar quantities on Q5 and I'®, while the affinities are the unknowns of the
system, such as ¢°, ¢, v° and ¥°. For a more detailed explanation of thermodynamical fluxes and
affinities, refer to 20, 23|.

In what follows, we assume that the rates of entropy production on Qf, Q5 and I'® are locally
given by &°, 55 and £~1€ In particular, &, 5; and 512 depend on the fluxes via:

E=EUR),  6=8(Fa),) &= (Usr)) -
We then maximize 55 , é’g and éli with respect to the local constraints

(6.12) & =) Ji-fiA), &= J5, f5.(A5) and =D Jir- fir(AF).
« [0} ﬁ

According to the theory of Lagrange multipliers, the last problem is equivalent with finding A such
that

oEe oEe 14 X5 9¢°
1 € — FE(AS _ S(AE) = ‘
and similarly we find A5 on Qf with
855 € 855 € € _ 5 e\ __ 1+ A% aég
aJia + >\2 <8J2€7a fZ,Oz(AQ) =0 g f2,a(A2) - )\5 8<]2€7a Va

and Ar for the boundary problem:

0% 0 14X Ok
(6.14) A | 5o — fir(AD) | =0 & fir(AD) = — 5 VB
o5 T\oassp AT AT X 05
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In the present work, only the simple quadratic case for é and g} will be studied

FE( TE 1 € FE( TE 1 e |2 FE( TE 1 e |2
g (']a) = ; 'Y: ‘Ja’27 52(‘]2,01) = g % |J2,a‘ ) €F(JIB,F) = ; % ‘Jﬁ,l—“

which yields together with (6.13) and (6.14)
(6.15) Jo=%fa (A7) e =7al30(43),  Jir =7rfr(Ar).

Note that similar to [20] we can also immediately pass to ¢, 55 and 515 being quadratic positive
definite bilinear forms.

7. THE COMPLETE MICROSCOPIC MODEL

7.1. Physical assumptions. We will now derive the microscopic model for two constituent flow in
porous media. As already mentioned in the introduction, we assume for simplicity, that the fluids
under consideration are water and air and that the transition zone is thin compared to the pore
diameter. Note that the considerations below will not consider phase transitions like evaporation,
condensation, freezing or thawing. We also do not account for any deformation of the solid matrix,
in particular we exclude swelling processes, such that the domains Q7 as well as Q5 are not changing
with time.

7.2. The pore space. We directly start from system (5.6), assuming that the energy is given
through

1 - .
Ef = E(v®, 0°,n°, ", V) = 5 [V°)? + E(nf, o5, &) + E(o5, V),
(7.1) R 1 )
with E(o°, V) = —&%0 |V|” .
20°
Note that the characteristic scale of energy E* and velocity v* are connected with each other,
through
1 (U*)Z 2
ES = 21 |48 o
() _
on g = 1.

The scaling €2 in E reflects the assumption that the interfacial energy €20 and the resulting
diffusive smoothing of the interface have their major impact on a scale which is much smaller than
the macro scale and the scale of energy.

Starting from (6.3), using (5.6) and (7.1) and introducing the notations

OFE* oFE® )
= (6°)° ci= 0,E° = .
P (e) 00° a oce ‘ (Vo)

we obtain for the local balance of entropy in Qf

implying the assumption

£

o — div S = €7

where, following |20, 23|, the rate of entropy production £° and the heat flux g° can be identified as

&

(7.2) € = &(T°+T¢) Dof + % VO 4 pPedivet — efS V(1 + 1F)
(7.3) q° = e(pg+p°)Ji+e0,Efdivj] + h® — T,

with

(7.4) pi = —div (0, E°) — 0,E° Ve and TS := (0e°V* ® V°) .

QE
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Finally, define m® := %tr (T + T%) and S° := T¢ 4+ T — m®I to obtain

qE
F.

Now, in order to apply the assumption of maximum rate of entropy production, let £ be given
through

~ X 1
&=, m*+0°).4%,51) = 5°* +

& =S - Dot + VY + (m® +p°)edive® —ej] -V (ud +p°) .

1

(mf + p°)? + X

1
€12 12
Ve + 3¢ " + - 951

Then, maximizing £ with respect to

~ 151
£ = eS5° - Dot + % VY + (mf +p°) edivo® — 5 - V(1 + 41°)

leads to the resulting set of constitutive equations:
T¢ = —ev*Dv® — eXodiv ol + p°l + 02V @ V£,
Ji=—eJ° (Vs - EQJVACE) ,
h® = kIVYI° — e (ug + p°) 31 — 0. F [ediv 3§] 4 €T 0,
and the full system in Qf reads:

O (0°¢°) + ediv (o°cFv°) — 2 J5div (Vs — EQO'VACE) =0
0r0° + ediv (p°v°) =0
(75) Or (0°v°) + ediv (¢F (v ® v°)) — e2div (V*Dvf) + eV (p° — eX°div v°)
+ediv (0£?Ve ® Ve°) = g°
O (0°E°) + ediv (¢ E°v®) — div (k1 VY — e (uS + 1) 55)

—div (=0, F [ediv j5] 4+ eT*v®) = ¢g° - v°.

Note that the parameters v°, \*, J¢ or k] may depend on the variables ¢%, ¢, or ¥°. This will be
important for the asymptotic expansion of xf, while for the other constants, this is not of importance
in the formal calculations.

7.3. A remark on scaling of pressure. Comparing with former papers by Allaire on derivation
of Darcy’s law from Stokes equation [4, 27], we could expect Vp® to appear of order ¥ instead of
el. However, note that in [4, 27], p® is an unknown, due to incompressibility, and corresponds to
%tr']l‘E . Thus, incompressibility replaces thermodynamical pressure p* by the Lagrange multiplier
%tr']l‘E . For the present approach holds: fixing dive® = 0, no %trTE becomes unknown. In case no
apriori condition is imposed on div v¢, we find

e (m® +p°) = divo©

where p® is thermodynamical pressure and thus a derived quantity.

7.4. The soil matrix. Since the soil matrix is a rigid body, we drop the balances of mass and
momentum and focus on the balance of energy, which reads

(7.6) O Fs —divhs =0 on Q5,

where E5 is the energy per volume in Q5 and hj is the corresponding heat flux. If the constitutive
assumption for E5 takes the form

E5 = E5(15)
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with 75 the entropy per volume in @5, and if it is assumed that ¥° = %%5, we easily find
qE v,ﬂt’;‘
O — div 2 =5+ ——,
where
(77) q2 == = KQV'&g

In order to connect the balance of energy on Ql and Q5 we need to take a closer look on the
boundary I'®.

7.5. Boundary conditions. Following [20], we start from the following abstract boundary condi-
tions® on I'®:
050 + epvs - Vet = &
(7.8) oc
8tE1€ — EdiVTh% =F

where ¢° and ¢© are the traces on I'® of the corresponding fields in Qf, vZ is the tangential part of

v® on I'®, Ef is the surface energy on I'®, i.e. energy per area of I', hf is the surface heat flux and
@E
E is the rate of energy exchange between I'® and Q7, respectively Q5.

In order to proceed, consider the following constitutive assumption on the local surface energy
density Ef:

1
(7.9) Ef = Ef o(1f) + Fr(c) + 5eor [V

2
where FT is assumed to be independent on ¢ with

i = 0cFr ()

and make use of the fact that

OEf OE%
O, EE = 959,12 1"8 € I‘a €
i Lop VI T e O gz i
using assumption (6.2), we follow [20] and obtain
1 V9 ef e . qs
(7.10) onp = 5 (sqr 5 +E —vr- [~ i, Vo] — Mfﬂg% ) + ediv, <191;>

gt = ht — cor V¢ O,
where
i1
M%Q = <QI; - EE2UFATTCE

The total rate of entropy production then reads:

do £ 3 /
dtS'_ o <19 —i—dlvq)—i—/g(ﬂ +d1vq2>+5 Onp -

Using partial integration as well as (7.3), (7.7), (6.5) and (7.10), the last equality can be rewritten

as
eV, 3 e
/ 5 /5 \/8\].—‘l 19& |: i 8 f— . (Ti + M;F) - ILL%7CC } ’

3In [20], the author also suggests different approaches to boundary conditions. However, the approach chosen in
the present calculations is most easy to handle and calculations for different abstract form of boundary conditions
may be performed similarly, following the presented outline.
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where T¢ := (Tnre)_ is the tangential part of the surface stress T*nps and

(7.11) P = —0 Hp 2EVrC° pi e = (upo + 0:40° - npe)

These equations yield the final constitutive equations

T™E € 5
TT = —arV; — Uy

€
0°0;c® + g0V - Vicf = %e = Br <(;1;62A7—Ca — % —eoVc - npe>
(7.12) o ]
gr = kreVv;9
@ 1
E"‘g(hg—hg)nps :0

8. FORMAL ASYMPTOTIC EXPANSION

We will now perform a formal asymptotic expansion of system (7.5) and (7.6) together with
boundary conditions (7.12). To this aim, we expand n°, 75, 1%, 0°, ¢, v°, ¥° and p° according to
(3.2) by

as(t,) = Zz:%e’ai(t, 52)
and define for any ¢ € C1([0,T] x Q X Y)
DY = 8p+v0-Vyp or DY = dp+evg- Vap +vo- Vyo.
Formal asymptotic expansion yields for any such ¢ with ¢°(t,-) := ¢(t, -, 2):

(8.1) ¢¢ =DMy as e—0.

However, it is desirable to have macroscopic convective fluxes in the limit equations. Thus, we keep
the terms evg - V¢ and replace DY by DY* in a sense that we replace (8.1) in the asymptotic
expansion by
gﬁawD?’m% as €—0.

This approach is further justified by improved formal error estimates, as shown in appendix B.

Note that in all experiments, a macroscopic pressure gradient is found either balancing macro-
scopic gravitational forces or causing a net macroscopic mass transport. Thus, for similar reason
as for the conservation of macroscopic flow field, it is reasonable to keep the macroscopic pressure
gradient eV ,pg in the limit equations. As stated in section 7, the parameters v, A, J or k1 may
depend on the variables ¢°, ¢®, or ¥°. Thus, we would formally also have to use an expansion for
these parameters. However, except for k1, only the first order of the expanded coefficient is relevant
for the limit equations. For 1, we will need the expansion up to order 2:

R‘i =K1 t+Ekr11 + 821%172 + 0(83)

and similarly also for x5.
The zero order approximating system then reads

D?’zygg + oodivy vg + 0pdiv, vg = 0
00D ey — divy (Vo — 0VyAyyco) =0
Qng’xyvo —divy, (vDyvo) + Vy (po — Adivy vg) + eVepo + divy (6Vyco ® Vyco) = gg
00D} Eg + div, ((pe + 1) 31,0 + 0-Eo [divy 31 o] — Tovo)
—divy (k1 V00 + K1Vt + k1,1 Vo)
—divy (k1 V01 + k1 VU2 + k11 Vyth + k1,1 Ve + k12Vy00) —go - vo =0,

(8.2)
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where we assumed k1 = const for simplicity. Here, the homogenized stress tensor Ty, and the other
quantities Ey, po, J1pand po are given through

Ty = —vDyvo + (po + Adivy, vo) I+ oVyco ® Ve,
1 o

E = Eo(no, 00, o) + = |vol* + =— |Vycol’
2 2@0

and

(8.3) fo = %f;)7 J10 == (Vypo = oVyAyyco) and  po = @325?

Additionally, we find the following equations of order e ! and e72 on Q x Y:
divy (k1 V) =0

divy (k1 V00 + K1Vt + k11 Vo) + divy (k1 Vy) =0.

The microscopic boundary conditions finally read

(8.4)

@

6tE1"’0 - diVT’y hr’o =F

(%)
000¢co + 00V Vryco = Co

with a constitutive equation
or
Ero = Er(iro) + Fr(co) + = [Vrycol”

and the resulting two-scale constitutive equations.

~ g C
TT,O = —arvr — 00 <QZATT’yyCO _ fF( 0)> v7-7yCO
% = Bt <JFATT,yyco _ fr(e) oVyco - nr>
(8.5) 0 @
) V9
arp = 2K 2; = hro—orV,ycoOco -

[S2]
EF=— (ho — (/ﬂ — Hg) Vm’lgl - (/il - HQ) vy’lgg) snr
+ ((I‘il’l — 5271) (Vyﬁl + Vm’ﬁo) + (/ﬁl,g — /412,2) vy’ﬁo) ‘nr

where

T7-70 = (Tonp>7_ = ((Z/]D)yvo — vaCO & VyCO) nr)T
is the tangential part of the surface stress vector and
ho = (pe + 1) g1 0+ 0-F [divy g, o] — Tovg.

The first equation of (8.5) is but some generalized Navier-Slip condition on the microscale and the
second equation is the dynamic boundary condition for Cahn-Hilliard fluids.
The boundary conditions of order e~! and =2 which stem from (7.12)4 read

(k1VyPo — kaVyig) -mp =0,

(k1 — k2) VU1 + (k1 — K2) Voo + (k1,1 — K2,1) Vo) -np = 0.
On @Q, x Y, the balance of energy splits up into

OrEo — divy (k2Vado + kaVydi + k2,1 Vylo

—divy (kaVz01 + K2V + k2 1Vt + k21 Vo + K22Vl

divy (k2Vydo

divy (ko V00 + k2 V1 + k21 Vo) + divy (k2 Vil

(8.6)

)
)
(8.7) ) =0
)=20

)
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where )
Ey = Es(n2,0)

9. SOME IMPORTANT REMARKS ON EFFECTIVE MACROSCOPIC EQUATIONS

The two-scale model as such already is the solution we were searching for. Therefore, before
going into the details of the derivation of effective macroscopic equations, remark that it is not the
aim of the following two sections to derive explicit macroscopic equations that replace the obtained
two-scale model. It is also not possible to calculate the macroscopic permeabilities without knowing
the solutions of the two-scale model. Rather, it is the aim of the following calculations to investigate
the macroscopic behavior of the solutions of the two-scale model.

Thus, in all calculations below in sections 10 and 11, it will be assumed that there is a solution

(00, co, vo, Eo, U9, V1, U2)

that solves the two-scale problem (8.2) with the corresponding constitutive assumptions from section
8. Then, the macroscopic behavior of this solution will be derived by averaging the equations over
Y.

10. MACROSCOPIC BALANCE EQUATIONS OF MASS AND ENERGY

10.1. Mass balance equations. We will extract the information on the macroscopic transport of
air and water from the mixture’s velocity field using the total momenta and total masses of both
constituents in the pore space. With regard to section 4.1, water is characterized by ¢y = 1 and air
by cg = 0. Then, macroscopic partial density g,, and macroscopic velocity v,, of water are given
through

_ _ 1 .
(10.1a) Ow = / (co0o) Vw = — [ (co0ovo + jeco)
Y Ow JY
Since the diffusive flux j is restricted to the thin transition zone, it has no major effect on the
total water flux on the macro scale. Thus, we assume

B 1
(10.1Db) Uy = / (cooovo)
Ow Y
Analogously, one obtains for the velocity v, and density g, of air:
3 1
(10.2) 2= [ (1= B0 =~ [ (1= co)oove)
Y Oa JY

Since the abstract mass balance equations read according to (8.2) and (8.3)
0 (00co) + divy (00covo) + edivy (0ocovo) + divy jo =0
¢ (00 (1 — co)) + divy (20 (1 — co) vo) + edive (0o (1 — o) vo) — divy jo =0,

integrating these equations in the periodic coordinate over Y; will cause all terms div, (...) to
vanish and we obtain:

(10.3a) 00w + divy (0wUy) =0
(10.3b) Ot0a + £divy (8,04) = 0.
Taking a look on section 3.1,we hope to find representations
V0 i= CoUQ = Uy + Uy Va0 = (1 — o) vg = Vg + U4

with ©U; given through

o= [ 3 [ta— Ve, (5] e — s.0)ds.
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This will be topic of section 11.
10.2. Macroscopic balance of energy. Having a look on (8.4), (8.6) and (8.7)2,3, we find
divy (k1Vydp) =0 on Q x Y,
divy (k2Vydo) =0 on Q x Y,
(k1Vyto — kaVydo) -mr =0 on Q x T,
and thus VyUg = 0. Therefore, equations (8.4)2, (8.6)2 and (8.7)3 yield

(10.4&) divy (Hlvgﬂgo + mvyﬁl) =0 onQ xY,
(10.4b) divy (@Vmﬁo + Rgvyﬁl) =0 onQ xYo,
(10.4c) (k1 — K2) VyO1 + (k1 — k2) Vo) -mr =0 on Q x T,

which holds in case s
v = Z $:0;99
i=1

where the ¢; are solutions to a decoupled cell problem:
divy (k1Vy¢p; + k1€e;) = 0 onY; forall x
(10.5) divy (k2Vy¢; + koe;)) = 0 on Y for all =
(k1 (Vyopi +e€;) — ko (Vypi+e€)) - nr = 0 onl forall x
In line with (6.6), the macroscopic energy per volume is defined as
&= ool + E2,0+/EF-
Y. Yo r
Then, equations (8.2)4 and (8.7); together with (8.5)4 integrated over Y simply yield
O€ + ediv, / (voooF) — div, (mhomviﬁ()) :/ g-vy onQ
Y, Y,
where the properties of ¢; as solutions of (10.5) yield:

pom ;= / (Vydi + €i) - (k1 (Vyo; + €5)) +/ (Vyoi + ei) - (k2 (Vyo; + €5)) -

Yl Y2
If it is assumed that g is the gravitational force

K

9 =900,
with the gravitational acceleration constant g and using the notations introduced above in (10.1)
and (10.2), the macroscopic balance of energy simply reads

8,58 + EdiVm /

(voooE) — div, (nhomvmﬁo) = 0w - Uy + 049 Vs on Q.
Y,

11. DECOUPLING OF PHASES: MACROSCOPIC PERMEABILITY TENSORS

As stated in section 9, the two-scale system, which was obtained in section 8 as such already is
a solution of the homogenization problem, meaning that it is a first order approximation, which
accounts for all important microscopic and macroscopic effects. However, since the common ap-
proach to two-phase flow in porous media is based on macroscopic transport equations (10.3) with
constitutive equations

Uy = Aw(pwg - va)
Vg = Aa(pag - vpa) s

we will demonstrate that such equations can be obtained from the two-scale model in section 8.
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Therefore, in what follows, the two scale equation (8.2) with boundary condition (8.5); will
be separated into two macroscopic equations for the water and air velocities. The result will yield
approximate formulas for the dependence of macroscopic permeabilities on the microscopic geometry
and the dynamic changing of this geometry. However, note that we will not discuss the existence
of a capillary pressure, nor its dependence on saturation. For a very short and rough treatment
of capillary pressure, refer to the next section 12. Since the calculations are formal and we use
heuristic approximations, it is possible that numerical simulations will show that more effects have
to be taken into account.

Clearly, physics at the transition zone is different from physics outside of the transition zone. In
particular, capillary effects have their major impact on the flow field close to the transition zone.
Thus we will develop a formalism to split up the two-scale model into equations at the transition zone
and equations in the pure water and air regions. This will help to find effective permeability tensors
for both fluids. The resulting permeability tensors will then account for microscopic geometry and
its evolution.

11.1. Assumptions on the geometry. Note that the phase field model does not explicitly sep-
arate water and air transport, while sharp interface models and classical macroscopic models do.
Thus, in order to proceed, it is necessary to split the cell Y'; and the microscopic domain Q7 into the
regions that are occupied by air and water respectively. Since we also have to capture interactions
between air and water, we also have to introduce an “interfacial region”, which is related to the
transition zone. Note that the geometry is given by a smooth phase field and it therefore makes no
sense to characterize air, water and interface by classical characteristic functions attaining only the
values 0 and 1. Instead, smoothed characteristic functions for air, water and the interface will be
constructed.
To be more concrete assume that there are constants

O<agp<a; <by <by<1

and smooth functions w,, w,, w; with

1 for ¢ < ag 1 for ¢ > by
_ _ (a0—0)® _ _(h—0)?
w,(c) =} exp ( (Cial)Q) for ¢ € [ag,a1] , ww(c) =< exp ( (CibO)Q) for ¢ € [by, by]
0 for ¢ > a 0 for ¢ < by

as well as

wi(c) =1 = (@a(c) + @u(c)) -
Then, the characteristic function of the air phase, the water phase and the interfacial region are
defined by

Xa(7) = wa(c"(2)),  Xou(@)

I
g
S
—~
@)
™
—~~
8
=
=
~
—
&
I
g
~
—~~
)
m
8
N

and we find

Xw +Xa T X7 =1
The formal asymptotic expansions of these functions read

Xi(@) = waleo(w, ) + eeo(w, D) ealw, 2) + O for s = a,w, 1,
€ € €
or, equivalently:
x x
X5 () = x«0(z, g) + exs1(z, g) + O(e?) for * = a,w, I,

where the definition of the x.; are given implicitly by comparison and we note that

(11.1) Xw,0 + Xa,0 + X1,0=1.



HOMOGENIZATION OF TWO-PHASE FLOW IN POROUS MEDIA 23

Based on these smoothed characteristic functions, the three regions Y,, Y., and Y are intro-
duced through:

Y.(z)={y €Y1 : x«0(z,y) >0} for x = a,w, I,

which are the regions that are mostly occupied by air or water and the interfacial region Y1 in the
cell Y.

Note that Y1 = Y, UY,UY;and Y, NY, =0 but Y, NY; # 0 and Y, NY [ # 0.
Furthermore, for any € > 0, we can introduce the sets @, Q;, and Q7 through

Qi(x) ={y € @ : Xi(x) >0}  forx=a,w,1,,

11.2. Assumptions on the coefficients p°, g° and ¢°. We will restart from the microscopic
balance of momentum (7.5)3. We assume that the densities of of water p,, and air p, do not vary
much over the porescale, such that for these two density fields and an interfacial residual density o
such that we find:

(11.2a) 0% (x) = xa (%) pa(z) + x5 (z) pw (x) + x5 (2) 0(z, ¢ (2)) + O(e)
as well as
(11.2b) 00(2,y) = Xa(,Y)pa(®) + Xw(z,y)pw () + x1(2,y)0(2, co(2,Y))

for the limit two-scale density field gy. Here, p4 and py are some functions

PA, PW : Q — R>0
with pa < pw, representing the macroscopic density fields of air and water and
é: QX[071}6R>0
(CC,C) = @($,C) € [,OA(eT),pW(CC)]

is the c-dependent density distribution in Y or Q§4. The body force is assumed to be due to
gravitation and therefore reads

g =0yg.
Since the pressure is given through (compare for (8.3))

€ £\2 : 2
— spectivel - =
b (Q ) ) R respectively  po (QO) 990 3

assumption (11.2) suggests to split p¢ into

P° = Do+ Do + P71
eVD® = Xa(2)eV (B + P7) + X (@)eV (By, + 57) + X376V (07 + Pa + Do)

where

Dy = Xap°, Dy = xop° and  pri= x7p°.

4Clearly, these assumptions on g imply a kind of “incompressibility” in y, which enters the system aposteriori.
However, the way this assumption enters, it is no limitation to the two-scale model but simplifies the present calcu-
lations. An a-priori assumption on incompressibility of water and air would have made it necessary to work within
the framework of quasi-incompressible mixtures, see [23].
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Using a formal asymptotic expansion ansatz
> x
Pa() = Pa(®) + 3 e, )
i=1
R x
(11.3) Bo(w) = Pu (@) + Y ehui(w, )
i=1

oo
e - X . x
= y € i\ Ly — )
i) = prle, D)+ 3 eprate, )

i=1
the resulting two-scale model would read according to section 8:
(11.4) gD} vy — divy (VDyvo) — Vyy (Adivy v0) + XaeVa (Ba + B1) + XweVa (pw + Br)
+ X1 Vy (B1 + €Pa,1 + €Puw,1) + divy (9Vyco @ Vyeo) + O(e?) = goo -
In particular, p,, pw, Pr and pg are related by
P0 = Pa + Pw + D1 -
In what follows, for simplicity of notation, we introduce

PE = €ﬁk and Pki = Eﬁk’i Vk € {a, w} .

11.3. The relations between p, and 9, and between p,, and g,,. Comparing the quantities
pa and g, and pw and 0, we see that p, and p,, are the physical densities of water and air at point
x € @ while the quantities g, and g,, are the physical densities multiplied by the volume fractions
which are occupied by air and water respectively. Thus, since ., = ¢p and x, =~ (1 — ¢g) except for
the transition zone, we find with

the relations

Oa = / Xapa = Papa Ow = / Xwpw = Pupw
Y. Y,

11.4. Formal decoupling. Equations (7.5)s, respectively (11.4) describe the evolution of the ve-
locity field of the whole mixture. However, as stated above, we are interested in separating air and
water transport and thus in those parts of the velocity field vy which belong to ¢y &~ 1 and ¢y ~ 0.

This is achieved splitting up the velocity field vg into the velocities vg 4 of air, of water vg,, and
of the interface vg s:

(11.5) V0,4 i= XaV0, V0w = XwVo and wvgr:= Xsv0,
with

V0,a + Vo,w + Vo,1 = Vo -
Also, we multiply each of the terms

at(QO’UO), diVy (Vvy'vo)a Vy ()\divy 'UO)a divy (Tco)a 009
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with (11.1) and reorganize the equation in terms of xu.0, Xa,0, and X7 to obtain

(11.6)  xa0 (8,5(@0'007(1) —divy (vVyvo,a) — Vy (Mdivy voq) + Vypa,1 + Vapa — pag)
+ Xao (lovwn ) — divy ("Vyw01) = ¥y (Adivy vo,1) + divy (Teo))
+ Xw,0 (Bt(govo,w) —divy (¥Vyvo,u) — Vy (Adivy vow) + VyDuw,1 + Vapw — pwg>
+ Xw,0 <8t(govo,1) —divy (vVywvo,1) — Vy (Adivy vg 1) + divy (’H‘Co)>
+ x1.0(B(00v0.) = divy (v7,v0,) = Ty (Adivy vo,0))
+ X710 (815(@01)07@) —divy (¥Vyvo,4) — Vy (Adivy voe) — 0(z, co)g)
+ 1.0 (Bo0vo1) = divy (Wyw0,1) = Vy (Adivy o) + Vypy + divy (Teo)) =0

For the boundary conditions, we may proceed in the same way with (8.5);introducing the notation

fr(co)> ’

00

o
S =00 <FATT,yyCO -
Q0
and using (11.1) and (11.5):

(11.7) Xa [(VDy (Vo0 +v0,1) — Teo) nr), + ar (Vo +vo,1), + T Vryco]
+ Xw [(UDy (Vo + vo,1) — Teo) mr),. + ar (Vow + vo1), +F Vryco]
Xa [(VDy (V0,0 + vo,1 + Vow) — Teo) mr), + ar (Vo,a + Vo1 + Vo), + T Vryco] =0
11.5. The separated two-scale problems. We rewrite equation (11.6) as
Xafa + Xwfw + x1fr =0
and boundary condition (11.7) as
XaBa + XwBw + x1Br =0

with obvious implicit definition of fq . 1 and By, ;. Then, due to the definition of x4, Xw, X1,
equation (11.6) can hold only if

(11.8) fa=0on Yl\(YwUY[) , fwu=0on Yl\ (YQUY[) , fr=0on Yl\(YwUYa) .

The last condition is necessary for (11.6) to hold, but not sufficient. As a sufficient condition, we
assume for simplicity that

fa=0o0nY,(x), fw=0o0nY,(x) and fr=0o0nY(z),

which in turn is much stronger than the necessary condition (11.8). Similarly, the boundary condi-
tion (11.7) is split up into

B,=00onTNdY,(z), By=00onTNJY ,(z) and B;r=0onT'NIJY(z).
Additionally, we have to account for

Voo =00n Y \Y,(2), vow=00nY1\Y,(z) and wvo;=0o0n Y \Y(x).
Then, the equation on Y ,(x) reads

(11.9a)  O¢(0ovo,q) — divy (¥Vyv0,4) — Vy (Adivy voq) + Vypa1 + Vaba — pag
+ 875(@)'0071) — divy (Vvva) — Vy ()\divy ’1)071) + divy (Tco) =0
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with the boundary conditions
(11.9b) vy, =0 ondY ,(x)\I'
(11.9¢)  ((¥Dy (vo,a +vo,1) — Teo) nr), + ar (Vo +vor), +F Vryco =0 on dY . (z)NT.

The equation on Y, (x) reads

(11.10a)  9¢(0ovo,w) — divy (¥Vyvo,w) — Vy (Adivy vo,w) + Vw1 + Vapw — pug
+ 0 (0ovo,1) — divy (¥Vyvo 1) — Vy (Adivy vg 1) + divy (Teg) =0
with the boundary conditions
(11.10b) Vo, =0 on Y ,(x)\I'
(11.10c)  ((¥Dy (vow +vo,1) — Teo) nr). + ar (Vow +vor1), +F Vryco =0 on dY ,(xz)NT.
And finally, the equation on Y j(x) reads

(11.11a)  9¢(0ovo,r) — divy (¢¥Vyvo 1) — Vy (Adivy vo.1) + Vypr — 00g
+ 01 (00v0,w) — divy (¥Vyvo.w) — Vy (Adivy vo ) + divy (Teo)
+ 0 (00v0,a) — divy (¥Vyvo4) — Vy (Adivy vo,q) =0
with the boundary conditions
(11.11b) vor =0 ondY(z)\I'
(11.11c)
(vDy (vo,w + vo,a +vo,1) — Teo) nr). + ar (Vow +vVo,a +vo1), +§Vriyco =0 ondY(z)NT

11.6. The stationary phase filed and stationary geometry problem. We will now derive
effective macroscopic permeability tensors using above splitting of (11.6). In a first approach, we
consider stationary phase fields i.e. dicy = 0. Due to the definition of 7, we expect that

(11.12) (1 —x1)Vyco=0.

Thus, in Y, (x) and Y, (), capillarity plays a minor role for the evolution of the velocity field. Also,
since we are interested in the stationary geometry case, vg is assumed to vanish in the transition
zone, since otherwise the transition zone could move. The mathematical implication is

(11.13) Vo,1 = XIVo ~0
as well as
(11.14) Vo = XwVo &~ Uy on'Yy, and V0,0 = XaV0 = (1 —cp)vg onY,.

Using these approximations in (11.9)-(11.11) yields:
_divy (ny(UO,G)) - vy ()‘dlvy (COUO,a)) + Vypw 4+ Vipa = Pag oON Y.
—divy (uVy(vow)) — Vy (Adivy (covow)) + Vypiw + Vabw = pwg on Y,
with the boundary conditions
V0,0 = 0 on 8Ya\F
vow =0 on dY ,\I'
as well as
(¥Dy (vo,a)) mr), + ar (voa), =0 onl,
((vDy (vo,w))mr), +ar (Vow), =0 onT.



HOMOGENIZATION OF TWO-PHASE FLOW IN POROUS MEDIA

Following section 3.1, we look for u; , and w; ,, satisfying
—div, (uVytie) — Vy (Mdivy uiq) + VIl o = €; onY,
(11.15) divy (oouiq) =0 onY,
Ujq =0 on (Yyu(z)UY(x))
and
—divy (uVytiw) — Vy (Adivy wi ) + VIl = €; onY,(x
(11.16) divy (gouiw) =0 onY,(x
Wi =0 on (Ye(z)UY(x))
with the boundary conditions
Uiqo =0 ondY,\I'
Uiy =0 on dY ,\T
as well as
(vDy (uia))nr), +or (wie), =0 onT,
(vDy (wiw)) )+ ar (Wiw), =0 onT.
Comparing with section 3.1, we see that

(1—co)vo ~ Vo0 =) Uia(Pag — Vapa);

7

CoVo =~ Vo,w = Z Wi w (ng - V:L’pw)i

7

which yields with (10.1b) and (10.2):

Vw & 1 Z [(pag — Vapw); (z)] / 00w (Y)dy = Aw (pag — Vapw)

b v
_ 1
Vo N — > l(pwg — Vapa); ()] | @0ia(y)dy = Aa (pwg = Vapa)
a 1
with pa and py taken from (11.2), where
1 1
(Aw)iJ‘ = Quw,ij = — QOUz',w(y) c €5 ds, (Aa)m' = Qqij = — QOUi,a(y) 1 €5 ds.

Q'LU Y. Qa Y,

27

Note that above formulas for A, and A, only have approximate character and are not to be
taken for exact formulas. However, if the neglected terms are small, the above approximation is

close to the true macroscopic behavior.

11.7. The quasi stationary flow. In contrast to 11.6, we will now consider the case that v s is
not negligible but still 9;(ggvg) &~ 0. This turns out to be the mathematically most complex case.
Note once more, that we start from vg, vo,q, V0o, and vg ; and we seek for a representation of the

macroscopic permeability tensor in terms of these microscopic quantities.
Having a look on the stationary problem of (11.9a)

— div, (Vvy'l)()ﬂ) -V, ()\divy 'Uo,a) + Vypa1 + Vaba — pag

—divy (vVyvo,1) — Vy (Adivyvg 1) + divy (Teg) =0

and comparing with section 3.1, one could get the idea that the resulting problems for u; , read

(1118) —diVy (,uVyui,a) - Vy ()\divy ’ui@) + VyHZ + Giei =€;,
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where

1
Gi= ———— [—div, (VV,ves) — V, (Adi divy (Teo)] - €: -
(g — Vopa); | (Vo) = Vy (Adivy wo1) vy (Too)] -

However, note that we would run into serious troubles if (p,g — Vaps)i = 0, in particular, if the
system approaches the case of zero air flux.
Thus, we seek for another ansatz: Remembering

Vo,a/Xa = Vo = vo1/X1 onY,(z)NY(z),

and using this formula in (11.9a), assuming Vyco(z,y) = 0 on Y ,(x), leads to

—divy (I/vy <’U0,a (1 + ;?))) - vy (Adivy <U0,a (1 + f))) + vypoz,l + Vapa — pag = 0.

We perform a transformation of variables

(11.19) Do = Vo (1 n XI)
Xa

and obtain
—div, (vVyoq) — Vy (Adivy 0o.a) + VyPa,1 + Ve — pag =0
together with the boundary condition (11.9b) replaced by
(11.20) Vo,a = vo,1(x,y0) on OY \I'.
Then, the cell problems on Y ,(z) read
—div, (uvyum)
—Vy (Mdivyuig) + VI, = e; on Y, ()
divy [ooUia] =0 on Y ,(x)

with the boundary conditions

(11.21) (vDyuiq) nr), +or (uie). =0 onT

and on 0Y 4(x)\I" we prescribe in case vg r(z,y0) - €; # 0:
e N TAE

(11.22) Wi = .(Pag vmii)?;(:c,yo)ei) . on Y  \I',
limg o ~——F—~¢€; if (Pag — Viupa)i =0

for a choice § < "UO}](IJ,?/O) . ei‘.

The cell problem on Y ,,(x) can be constructed similarly. The macroscopic velocity fields v,, and
U, defined in (10.1b) and (10.2) can then be obtained using

CoUg ~ C()(’U(],w + Uo,[) and (1 — Co) Vo ~ (1 — Co) (Uo,a + UOJ) .

Since vg s is restricted to the small transition zone, it has only minor impact on the macroscopic
quantities v, and v,,. Therefore, we are not interested in cell solutions of (11.11). According to
the above calculations, v, and vg, are approximately given through

Vo,a = Z (1 + XI/Xa)_1 Ui,a(PAg - va:pa)i

1

Vo,w = Z (1+x1/x) ™ Ui (pwg — Vepuw)i -

i
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Then, the resulting constitutive equations for v,, and v, read according to (10.1b) and (10.2):

Uy = — (1 + X1/xw)” (QOCO Z [(pwg — Vabuw);] Wiw + QOCO'UO,I)
i

/ (1 +x1/xa)” (Qo(l —c0) > _[(pag — Vapa);] Wi + 00(1 — CO)UM) :

i

Since the transition zone is thin, even on the pore scale, it can be assumed that

/ |oovo,r| = 0
Y

and the resulting equations for v, and v,, read

Uy = Aw (pr - prw)
Vg = Aq (pAg - v:r:pa) .
with

(Aw,ij) / +X1/x0) " (coooUin - €j)  and  (Agij) / (1+x1/xa) " (1 = co)ootia - €5) -

Even though the moving of the microscopic interface seems to have no influence on the macroscopic
equations, note that this is not the case: due to the microscopic boundary conditions for u;, and
U; 0, these functions strongly depend on the velocity field vg ; and therefore also the permeabilities.

11.8. The dynamic case. In case 9; (gpvo) ~ 0 is no longer justified, the above calculations in
11.7 could be repeated with (pag — Vupa) and (pwg — Vapw), replaced by 0¢(pag — Vipa) and
Oi(pwg — Vapw). Using (11.19) and (11.20), the function u;, has to solve the non-stationary
problem

O (pa (wia)) — divy (uVy (Uia))
—Vy (Adivy (u4)) + VIl o = € onY,(x)
divy [ooUia] =0 on Y, (z)
ui,a(t = 0, ) =0 on Y1
with boundary conditions (11.21) and (11.22). Additionally, we would need a function ¥ as a
solution of
O (000) — divy (vVy0) + Vyp1 =0 on (0,t) x Y
divy (000) = 000 on (0,t) x Y
’lf)(o, ) = ’IA)()() on Y1
where ©g is the initial value of vg:
volt = 0,) = Bo(-).

Then, following section 3 and the above calculations, we obtain

1 . t !
Vy R — (COQOU + CO.QO/ Z [0t (pwg — Vipw); (s, )] <1 + XI) Ui (t — s, y)d8> :
Y 0

Xw

Xa

-1
Barm o | ((1 —0)oo® + (1 — o QO/ > 10t (pag = Vapa); (s,2)] (1 + XI) Wit — S,y)d8> :
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12. CAPILLARY PRESSURE AND RICHARD’S EQUATION

If the air is assumed to move freely in the porous medium and is always at atmospheric pressure,
it is often possible to neglect air transport and to focus on water transport only. Water transport
is then described by the velocity field

(12'1) Uy = Ac(pr - vPc) >
with
Pc ‘= Pw = Pa -
Equation (12.1) is called Buckimham-Darcy law and p. is known as capillary pressure. The
Buckingham-Darcy law inserted into (10.3a) yields the so called Richards equation|[40]:

010w + edivy (0wAc(pwg — Vpe)) = 0.

This system usually is complemented by a relation p. = p.(gy). The author agrees with Hilfer
[25], who states that capillary pressure should be an outcome of theory, not an input, appearing only
in special cases. We assume that such a case is given by only slowly varying microscopic geometry in
the Richards setting. However, the question remains how the capillary pressure p. can be calculated
from above two-scale model.

Classically, p. is assumed to be related to the pressure jump across the microscopic interfaces.
Since the phase field model does not contain interfaces but only a transition zone, there is also no
pressure jump but only a pressure gradient.

For any pressure field p and any two points z1, 22 € R3, the pressure difference between these
two points is given by

1
p(x1) — p(xe) = /0 Vp(zy + s(za — x1)) - (x2 — x1) ds.

Comparing with above approach in section 11, we get the approximation

pe() = </Y[(ac) IVypeo ) / (/Y[(x) :

Here, pco is the mean normal stress across the transition zone:

1
De,0 = €po + §"tr (Vyco @ Vyeo)

where one should be aware of the fact, that pg itself depends on Vcp.

13. OUTLOOK

We discussed the homogenization of porous media twophase flow combining the assumption of
maximum rate of entropy production with formal asymptotic expansion. The calculations are rather
simple and can be easily performed, modified and adapted to much more general situations.

The approach as well as the resulting model are new and look different from any previously
published model. At a second glance, under some assumption on the evolution of geometry, one
can show that the model leads to the expected macroscopic behavior as well as to the classical
macroscopic models. Thus, the two-scale model is a true generalization of existing macroscopic
models.

The author believes that theoretical considerations on the basis of the above methods might help
to find new and efficient algorithms for numerical simulations. Such simulations may complement
and enrich existing approaches as they allow for implementation and quantification of interactions
between micro and macro scale.

As the assumption of maximum rate of entropy production can be formulated on a very general
level, further development can be expected for multiphase systems (see also Heida [19]), to erosion
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or to swelling. However, note that the entropy method used in this paper is not yet at a level of
generality to treat such problems and some effort also has to be put onto this subject.

APPENDIX A. ASYMPTOTIC EXPANSION OF THE BALANCE OF ENTROPY

In order to obtain two-scale entropy balance equations, we use a Taylor expansion in

1 1 1 1 :
5 = g0 g E0 )+ g e+ 2200)° O
¢ =c'q_1+qyteq
with
~c qE —lq 1 q9-1 il 91 42
q 9e g 290 +190+ 192 +5<190 792 1+ 193 )JrO( )
and define

- q_1 ~ do ~ q 2
= — = = —19 = | = - —19 —19
q_, , gy 90 + 192 1 qq (290 192 + 193 )

Then, one obtains

9t (00mo) + divy (0omovo) + dive (eonmovo) + dive (gg) + divy (q4) = ,g(())a

with

& = (T +Tep) Dyvo +qo - (Valo+ Vyth) + @, - Vyio

+q_1 - (Va1 + Vyla) + podivy vo — J10 - Vy (e + 1)

(A1) qo = kK1 Va9 + K1V + k1,1 Vo,

q; = K1V + k1Vyla + k11 VU1 + k11 V00 + K12V 00

q_1 = k1Vylo

and we find additionally
(A.2a) divy (g_1) =q_; - Vydo
(A.2b) divy (qo) +dive (1) = q_1 - (Voo + Vyh) + qo - (Vo)

On Q X Y,, we find with the notations

- q 1921 920 921 4920 2 2
5= — = : Ly = — Ly @) ,
L= = Ty, +190+ 192 1re <190 92 193 1) 0
- q2 1 ~ 20 42,1 ~ d21 429 d2,-1 49
= = 4 =9 = = — 2= + 1
d2 1 9% BN o 19(2) 1 421 <190 19(2) 1 193 1>

the local balance of entropy

€20
Jo

where the coefficients are given in a similar way to (A.1), except for the missing terms due to v =0
and o = const, and we find additionally

(A.3a) div, (712,—1) =qy_1-Vylo
(A.3Db) divy (@2,0) +dive (@2,-1) = @2,—1 - (Voo + Vyth) + @a - (Vyo) -
On @Q x I' holds:

1 Veylo @ . drpo
Omro = N (qno : Tﬁi]) + E —wvor - [—oopr2Vryco] — Mm%) +divyy ( 90

QF,O = ”FovT,yﬁO 9

Ot (0om2,0) + divy (00m2,0v0) + dive (00m2,0v0) + dive (qg) + divy (q1) =
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Note that V. 0 = 0 since V1o = 0.
Interestingly, the lower order balance of entropy equations (A.2) and (A.3) are identical with
(10.4).
APPENDIX B. FORMAL ERROR ESTIMATES

We will compare formal error estimates for vanishing and non-vanishing macroscopic convection
in order to give more justification for the approach in section 8.

B.1. Vanishing macroscopic convection. We consider the system
0r0° + ediv (p°vg) =0
O1(0°¢%) + ediv (o°Fvg) — 2Ac® =0

where v (t, z) := vo(t, z, £) with a given vo with bounded divergence:

(B.1)

|dive vol| foe + [|divy Vol oo < Cop < 00
and zero flux boundary condition
vorv = 0 ondQ XY
vornr = 0 on@Q xT.
The homogenized system for the first order approximations g9 and ¢y reads
Or00 + divy (0ovo) = 0
0(00co) + divy (e0covo) — Ayyco =0
We use ) )
V=V,+ gvy and div =div, + gdivy
and find for gf(z) := go(z, Z) and cj(x) := co(z, T):
Orog + (ediv — edivy ) (0gvg) = 0
Oc(05¢g) + (ediv — edivy ) (ggegvg) — (ediv — edivy ) (e (V — V) ) =0.
Assuming that all functions posses enough regularity the difference of (B.1); and (B.2); reads:
Ou(eh — o) + ediv (g5 — o) v) = ediva (g5
which yields by testing with (of — ¢0°) and partial integration
;/ A (05 — &)%) + 6/ i %UE V(e &)) = 6/ dive (g5v5) (6§ — o)
Q1 Q1 Q

€
1

(B.2)

and finally
d . .
g, (e =0+ [ (6h o edive < 2 v (a5vlEacan) + 1k~ ¢ aan
1 1
The last equation can be brought into the form
d

i o (€= € S PCLE (10 6h -~ ¢ laan
1

such that Gronwall’s inequality yields

(B.3) 165(5) — o (1) 22(e) < =2C2¢ + [105(0) — 6(0) [ 22qe) exb (1 +2Co) 1)
Now, build the difference of equations (B.1)y and (B.2)y to obtain
000% (cg — ) + (05 — 0°) O™ + gugV (cg — ) + ¢ (05 — ©F) v Vo

— e0fUEVauch — 2 A (c§ — ) — e2div, Ve — 2div Ve — e2Ag,ch = 0
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which yields after testing with (c¢f — ¢°):

DN | =

d
G|t — R [ edivigin) - 2
Qi Qi
+ [ (a0 +evh V) (66— )~ [ cao- Ve (65 - )
Q5 Qf
+ / 2|V (5 — ) + 2/ 2V ,ch - V (¢ — ) — / €2 A2 - (c5 — ) = 0.
Qi Q1 Q1

The best estimates can be obtained if it is assumed that gy, vg, Vzcg and A, pco are essentially
bounded. In this case, using (B.1)2, Holder’s inequality and ||cf — CEHL?(QT) <, we get

1d 2, 1 2 2
Ba) 55 [ dG-crey [ EviG-e)
2dt Jos 2 Jas

with
- 2
(B.4b) Cy =& /Qe <|Q(€]U(€] Vach|? + 2 (Va5 + (eA0ach)? + <Q5AC€ (06 — Q€)> )
1
(B.4c) Cy = 1 + |edivy (0gvp)| + |divy (0gvg)| -

Since e2Ac® and (g§ — ¢°) is of order O(¢) (due to (B.3)), C; formally is of order O(g): C1 = O(e)
and Co = O(1).

B.2. Macroscopic convection in the limit equations. We consider the same system of equa-
tions but keep a convective term £*div, (govg) in the limit equations. The approximating system
for the first order approximations gy and ¢y then reads

droo + £7divg (00vo) + divy (00vo) = 0
O¢(0oco) + €*divy (0ocovo) + divy (00covo) — Ayyco =0
For suitable boundary conditions, we find
0r0p + (ediv — edivy ) (0gvg) =0
Oc(05¢q) + €divy (0ocovo) + (ediv — edivy ) (ggcgvg) — (ediv — edivy ) (e (V — Vi) ) =0

We assume that all functions possess enough regularity and start by comparing the convective
equations:

9y(05 — &) +ediv (05 — %) vp) = (¢ — ") dive (g5vp)
which yields by testing with (of — ¢°) and partial integration

d . ¥ .
5 [ (=67 [ g5 - oPedive < (e - ) vy (ghop)lEe + I~ o°I
or
d & £\2 *\2 : e, (12 . € 5 £112
(65— ) < (e — ) diva (afof)l3 + (1 + fedives) 105 — 712

which is for € = €* the optimal estimate:
1o5(t) — &* (D)1 2(2) < 105(0) — 07 (0)172(s) exp (1 +£Ch) ) = 0,
if 05(0) — 0°(0) = 0.
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Now, build the difference of the diffusion equations to obtain
200 (5 — ) + (€5 — €°) ec” + e0gupV (g — ) + e (e — ¢7) vV
— e0iUEV el + e* 0fUE Vauch — 2 A (c§ — ) — e2div, Ve — 2div Ve — e2Au.ch = 0
which yields after testing with (¢ — ¢©) and in case ¢ = €™
d
G [ -r+ [ (G- )0 + 059 (65— )

+/§wwﬁwm%a/¥m@wu@—@+/€wﬁ3vA@—@:o

DN |

which yields again much better estimates since the convective errors have disappeared. In particular,
(B.4) reads:

1d 9 1 9 9
(B.5) / & (5 — &) +/ 21V (& — )|

£
1

g/9m$%¥+q+@/(@%¥
Qs

Qi
with
(B.6) C, = / (282\V$cg|2+(52AM06)2>
i
(B.7) Cy =1

Note that the error is of the same order as for the first approach but the sources of errors are less.
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