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Chapter 1

Introduction

The study of limit theorems on hypergroups began in the 1960s with Haldane’s and
Kingman’s articles [I5] and [23]. They studied methods which allowed the investi-
gation of rotation-invariant random vectors and generalised them to non-integral
"dimensions”. For this purpose, a continuous series of commutative hypergroups
on [0, 00 was introduced. These hypergroups structures are closely related with
a product formula for Bessel functions and are therefore called Bessel-Kingman
hypergroup; c.f. Section 3.4 of [6]. In 1976, the mathematical structure of a
hypergroup was reintroduced, under the name of a “convo,” and systematically
studied by R.I. Jewett [19] in his article "Spaces with an Abstract Convolution of
Measures”. It is unsurprising that probability theory on this class of hypergroups
is so well developed.

Let (K, *) be a hypergroup in the sense of Jewett [I9]. The convolution x
allows the notion of random walks on (K, %) by saying that a (time-homogeneous)
Markov chain (S,),>0 is a random walk on (K, *) with law v € M!(K) if

P(Spi1 € AlS, = 2) = (6, % v)(A) (1.0.1)

for all n > 0, x € K and Borel sets A C K. A lot of research was carried out in
this setting, such as, for example, on recurrence, laws of large numbers (LLNs),
large deviation principles (LDPs), and central limit theorems (CLTs); see e.g. [5],
[23], and [38]-[43]. However, there are also many issues where the representation
of S,, as a sum of independent and identically distributed (i.i.d.) random variables
is useful. Typical examples are laws of large numbers where truncation methods
are used, see [46] and Section 7.3 of [6].

On a hypergroup, there is in general no deterministic operation corresponding



to the convolution of measures as it is in the classical case of locally compact Haus-
dorff groups. Consequently, sums of hypergroup-valued random variables cannot
be defined directly. This obstacle was overcome in a particular case by Kingman
[23]. He applied the concept of randomized addition, in such a way that, as in the
classical case, the distribution of the sum of two independent K-valued random
variables equals the convolution of the distributions of the summands. Later, this
construction was generalised by Zeuner [46] under the name of concretisation.

In the study of limit theorems, the modified moments of a random variable,
which are adapted to the hypergroup operation, were introduced to formulate
the conditions under which a particular limit theorem holds, and to calculate the
actual value of the limit. The notions of moments of the first and second order and
of dispersion were introduced for special cases by Tutubalin [37]. Later, the idea
of dispersion appeared in the work of Faraut [9] and Trimeche [36]. The modified
moment functions on Sturm-Liouville hypergroups and polynomial hypergroups
were studied by Zeuner [46] and Voit [38], respectively. A systematic study of this
subject on an arbitrary hypergroup has been carried out by Zeuner [47].

Today, there is a wide range of limit theorems for random walks on hypergroups
in general as well as for special cases available. For an overview on these results,

we refer to the monograph [6] and references cited there.

Outline of this Thesis and main Results

In this thesis, we shall investigate a special type of limit theorem for some classes
of hypergroups. To describe the common roots of these limit theorems, let us con-
sider the following example: Let v € M?(]0, 00[) be a fixed probability measure.
Then for each dimension d € N there is a unique rotation-invariant probability
measure vy € M (R?) with p4(vg) = v, where pi(x) = ||z||2 is the norm mapping.
For each d € N consider i.i.d. R-valued random variables X{, k € N, with law
vq as well as the associated radial random walks (S := "7, X )50 on R The
process (||S?||2)n>1 is a random walk on the so-called Bessel-Kingman hypergroup
([0,00[, *4) of parameter o := d/2 — 1. The aim is to find limit theorems for
the random walks (S%),>o on the Bessel-Kingman hypergroup ([0, oo, *,) for n,
a — 00 in a suitably coupled way.

More generally, let (K, *,) be a sequence of hypergroups, where the convolution
%, depends on a parameter a € I with I C R. For each “dimension” parameter «
consider a time-homogeneous Markov-chain (S%),>1 on the hypergroup (K, *,).



We now ask for limit theorems for (S%),>1 when n, @ — oo in a suitably coupled
way.

This thesis is set out in three main sections. In Chapter [2 after recalling
necessary preliminaries on hypergroups in general, we derive in Proposition
useful algebraic identities for the modified moments of randomized sums. More-
over, we establish some inequalities between moment functions of the first and
second order (see Z3.10). As an application of these inequalities, we prove a weak
LLN and the associated strong LLN for randomized sums on a general hypergroup
in an efficient manner.

In Chapter Bl we present sharp estimates and asymptotic results for moment
functions on so-called hypergroups of the Jacobi type on [0, 00| of index («, 3).
Further, we use these estimates to prove a central limit theorem for random walks
(Sl on Jacobi hypergroups ([0, 00|, *, 5) With growing parameter a — oco.
As a special case, we obtain a CLT for radial, time-homogeneous random walks
on hyperbolic spaces Hy(F) of growing dimension d over the fields F = R, C or
the quaternions H. In addition to these results, we also derive associated strong
laws of large numbers.

Chapter H is devoted to the study of rotation invariant random walks (S%),,>;
on R? which are defined as in the representative example from above. Here,
for an arbitrary sequence of dimensions d,, — oo, we investigate the asymptotic
behaviour of random variables ||S% ||, as n — oo. In this chapter we derive two
complementary CLTs for the functional ||S% ||, with normal limits under disjoint
growth conditions for d,, namely for n/d, — oo and n/d, — 0. Moreover, we
present a CLT for the case n/d, — ¢ € (0,00). Besides these results, we shall
also prove associated strong laws of large numbers. An essential ingredient for the
proofs of all limit results is an explicit formula for moments of radial distributed
random variables on R? with d — oo.

In the last chapter we deal with orthogonal invariant random walks on the
space M, ,(R) of p x ¢ matrices instead of R? for p — oo and some fixed dimension
g > 1. The main result in this chapter generalises CLTs from Chapter [ and is
presented in Theorem 5.9.1l The proof of this result relies on asymptotic formulas
for moment functions of orthogonal invariant probability measures on M, , as well
as on some identities for matrix-variate normal distributions.

Part of this thesis has been accepted by the Journal of Theoretical Probabil-
ity and is due to appear under the title "Moment Functions and Central Limit
Theorem for Jacobi Hypergroups on [0, co[”.



Chapter 2

Random walks on hypergroups

In this chapter we first give a brief introduction to the concepts of concretisation
and randomized sums, which are fundamental for the construction of random
walks on hypergroups. Although on a hypergroup is in general no deterministic
pointwise operation, these concepts enable us to construct “sums” of hypergroup
valued variables which are consistent with the underlying convolution structure.
Furthermore, we recall the concept of moment functions on hypergroups, which we
then use to study limit behaviour of partial randomized sums S,, of hypergroup-
valued random variables. In particular, we derive weak LLNs and the associated

strong LLNs for §5,, as n — oo.

2.1 Preliminaries

In this section we collect the definitions and properties of hypergroups which we
will need throughout this work. The material is mainly taken from [6]. For a
general background on hypergroups, the reader is referred to the fundamental
article [19].

For a nonvoid locally compact Hausdorff space K let M!(K) and M, (K) de-
note the set of probability measures on the Borel algebra B(K) and the set of
bounded Radon measures, respectively. The space of continuous functions on K
is denoted by C(K). Superscripts are used to declare differentiability while sub-
scripts are used to declare other properties: C¥(K) are the functions which are
k-times continuously differentiable. C,(K) resp. C.(K) are continuous functions
which are bounded resp. with compact support. The combination of upper and
lower indices is to be read as follows: C?(K) are the bounded twice continuously

differentiable functions.



Definition 2.1.1. Let K be a a nonvoid locally compact Hausdorff space and
 a bilinear, binary operation on M, (K), such that (M,(K), +, %) is an algebra.
Then (K, *) will be called a hypergoup if the following conditions are satisfied:

(H1) Given z,y € K, 4, * 6, € M*(K) and supp(d, * d,) is compact.

(H2) The mapping (z,y) + &, * d, of K x K into M*(K) is continuous with
respect to the weak topology on M*(K).

(H3) The mapping (z,y) — supp(d, *4,) is continuous from K x K into the space
of compact subsets of K provided with the Michael topology, cf. [0, Section
1.1] and [27].

(H4) There exists a neutral element e of K such that d, * 6, = 0, * 0, = J,, for all
r e K.

(H5) There exists an involution (a homeomorphism x — & of K onto itself with
the property (&)Y = z for all x € K) such that (0, * §,)” = d; * 0; for all
x,y € K where iV denotes the image of u under this involution.

(H6) For z,y € K, e € supp(d, * 9,) if and only if z = .

The operation * will be called convolution. A hypergroup K is called com-
mutative if 0, * 6, = §, * 0, for z,y € K; i.e. if (My(K),+,*) is a commutative
algebra. A hypergroup for which the involution is the identity mapping is called
hermitian. It is evident that every hermitian hypergroup is commutative, since

Op x 0y = (0, % 0y)Y = 0y * 0z = 0y % 0.

We will often write for a hypergroup (K, %) simply K when no confusion can arise.
Moreover, we will denote the n-fold convolution power of a measure v € M*(K)
with respect to the convolution x by v™. It is clear that the neutral element e and
the involution V are necessarily unique. Furthermore the convolution product of a
hypergroup is uniquely determined if 4, * ,, is known for all =,y € K. Obviously,
conditions (H4) and (H5) carry over to arbitrary bounded measures instead of the
point masses ¢, and ¢§,. Namely, for p, v € My(K) we have

kv = /K /K 0z * Oydp(x)dr(y),

see [19] Sections 2.3-2.5 for more details.



Remark 2.1.2. a) Every locally compact group G is a hypergroup with the usual
convolution structure on My(G).

b) In general, hypergroups have no algebraic structure of their own.

Definition 2.1.3. A nonzero measure wg € K is called left (resp. right) Haar
measure if 0, * wx = wk (wk * 0, = wi) holds for all x € K. A left and right Haar

measure is called Haar measure.

The following theorem ensures the existence of Haar measure for two large
classes of hypergroups.

Theorem 2.1.4. Let K be commutative or compact hypergroup. Then K admits
a Haar measure.

It is well known that a Haar measure on an arbitrary hypergroup is unique up
to a positive multiplicative constant. We remark that if K is a compact hypergroup
and wi(K) = 1 then wk * wx = wk, that is the normalized Haar measure of a

compact hypergroup is an idempotent.

Definition 2.1.5. A closed nonvoid subset H of a hypergroup K will be called a
subhypergroup if H=Hand HxH C H.

It is clear that e € H for every subhypergroup H. If 4, v € M®(H) then p, v
can be regarded as members of M®(K), and since H is closed under convolution
it follows that p* v may be regarded as a member of M°(H). With this operation
H is also a hypergroup having the same identity and involution mapping as K.

For commutative hypergroups the powerful tool of the Fourier transform is
available. As in the classical case, its enables to describe the weak convergence of
probability measures.

Definition 2.1.6. Let K be a commutative hypergroup. A continuous function
X : K — C is called multiplicative if

a) x(e) =1 and

b) x(x*y) = x(z)x(y) for all z, y € K.

If in addition y is bounded and x(Z) = x(z) for all x € K then x is called a
character. The dual K of K is the set of characters on K and endowed with the
topology of the uniform convergence on compact sets a locally compact Hausdorff
space.



Definition 2.1.7. Let K be a commutative hypergroup with Haar measure wg.

a) The Fourier transform fi of a measure u € M,(K) is defined as the complex
valued continuous function on K by

1169 :Z/Kidu, x €K

The map  — fi, My(K) — Cy(K) is known also as the Fourier transform (on

b) The Fourier transform of a function f € L*(K) is defined on K by
700 = (fr) (0 = [ frdws, x e k.

Theorem 2.1.8 (Levitan-Plancherel). Let K be a commutative hypergroup with
Haar measure wi. There exists only one possible measure g € M+(K), such

that
2 /\2
[ e = [ |7 dme
K K

for all f € LYK) N L*(K). The measure mx is referred to as the Plancherel
measure of the hypergroup K.

Definition 2.1.9. Let K be a commutative hypergroup with Haar measure wg
and Plancherel measure 7.

a) The inverse Fourier transform of o € My(K) is defined on K by
g(x) = / x(x)do(x), z=eK.
K
b) The inverse Fourier transform of a function f € L'(K) is defined on K by

/f 2)dr(y), = €K

For the rest of this section we give some concrete examples of hypergroups and
their properties, which shall be required later.

Double coset hypergroups

Let K be a hypergroup and H C K a compact subhypergroup with Haar measure
wg € M (H). The double cosets of H are just the sets H* {x} x H where x € K.



For simplicity of notation, we denote them by HxH. The collection of double
cosets of H will be denoted by K//H, i.e.

K//H:={HzH: =z€K}.

It is clear that K//H is a decomposition of K into compact subsets. The collection
K//H will be given the quotient topology with respect to the natural projection
defined by

pu: K —K//H, 2~ HzH. (2.1.1)

With this topology K//H is closed in C(K) and hence locally compact. The
projection py is open, proper and closed. Moreover, py can be extended to a
mapping

pu : My(K) = My (K//H),  p pu(p)

where py(u) is the image measure of p under py. The mapping py restricted to

the space of H-invariant bounded measures on K
MUK) i={pp e My(K):  wy*p*wy=pu}

is bijective. The inverse of this restricted mapping is the unique continuous
positive linear mapping pj; : My(K//H) — M%(K) that satisfies pj(dm.n) =
wi * 0 *wy for each z € K. A convolution structure can be defined on M, (K//H)

poxvi=pu(pu(p) *pav)), n, v e My(K//H).

With this convolution K//H is a hypergroup with identity H and involution given
by (HzH)Y = HiH. Moreover, if there exists a Haar measure wg on K then
Wi = Jx Onzndwi (z) is a Haar measure on K//H.

Sturm-Liouville hypergroups

Sturm-Liouville hypergroups represent important class of hypergroups, which
arise from Sturm-Liouville boundary value problems on the nonnegative real line.
In order to build up the Sturm-Liouville operator basic to the construction on

hypergroups one introduces the Sturm-Lioville functions.

Definition 2.1.10. a) A function A : R, — R a called Sturm-Liouville function
if A is continuous on [0, co], differentiable and strictly positive on |0, ool.

b) A Sturm-Liouville operator L 4 associated with a given Sturm-Lioville function



Ais defined for all f € C*(R%) as

A/
Laf == =2y pecim).
The differential operator I on C?(]0, 0o[?) is defined by

ul(z,y) == (La)zulz,y) — (La)yu(z,y)

for all z,y > 0 and u € C?([0,00[?), where the subscripts indicate variables
with respect to which L4 is taken.

Let A be a Sturm-Liouville function with

A'(z)
A(z)

:%+m@ (2.1.2)

for all  in a neighborhood of 0, with ag > 0 and such that

(SL1) One of the following additional conditions holds:

(SL1la) oy > 0 and a; € C*®(R) is an odd function (which implies that
A(0) = 0).
(SL1b) ap =0 and oy € C'(R,) (which implies that A(0) > 0).

(SL2) There exists a function 8 € C'(R,) such that 3(0) > 0, and AZI — [ is
nonnegative and decreasing on ]0, oo, and ¢ := % B — i B2+ 5471 [ is decreasing

on ]0, co.
(SL3) AX/ > 0 is decreasing and A is increasing with lim, ., A(x) = co.

Definition 2.1.11. A hypergroup (R, %) is said to be a Sturm-Liouville hyper-
group if there exists a Sturm-Liouville function A such that for every real-valued
function f on R, which is the restriction of an even nonnegative C*°-function on
R, the function us defined by

ug(ay)i= [ fd6.%8) @ yeR,
+
is twice differentiable and satisfies the partial differential equation

Hus =0, (ug)y(x,0) =0 for all z > 0.



In the following theorem we collect some known facts, which can be found in
[6] and [47].

Theorem 2.1.12. Let A be a Sturm-Liouville function satisfying conditions (Z1.2)
and (SL2). Then there exists a unique hypergroup operation * on Ry such that
(Ry, %) is a Sturm-Liouville hypergroup. Moreover, (R, *) has following proper-

ties
a) The neutral element is 0.
b) The hypergroup is hermitian.

c) wr, = AXgr, is a Haar measure of (R, *).

d) p:= lim ;41;(("’;)) exists with p > 0; it is called the index of (R, *). Moreover,
the growth of (Ry,*) is determined by p. If p > 0 then the hypergroup is of

exponential growth; if p = 0 then it is exponentially bounded.

e) A continuous function ¢ : Ry — C is multiplicative if and only if ¢ is a

solution of the initial value problem
Lap=sp, o(0)=1, ©'(0)=0 withse C.

A multiplicative function is a character on (R, x) if and only if the eigenvalue
s of L4 lies in Ry. The dual of (Ry,*) consists of the functions py, where
A e R, =R, Ui0,p] and @y is the unique solution of the initial value
problem

Lapr= (A +p%)er, 9a(0) =1 and ©)(0) = 0.

f) The hypergroup admits a Laplace representation, i.e. every character @y has
the following representation: For every x € R, there exists a probability

measure v, on [—x,x] such that

pa(x) = / e PN dy, (1) (2.1.3)

Furthermore, the measure 7,(t) := e P'dv,(t) is a symmetric subprobabil-
ity measure on R which depends continuously on x in the weak topology on

M(R).

Definition 2.1.13. A Sturm-Liouville hypergroup with defining Sturm-Liouville
function A which satisfies the conditions (Z1.2), (SL1la) and (SL3) will be called
Chébli-Trimeche hypergroup.

10



Let (R., ) be a Chébli-Trimeche hypergroup with defining function A. It is
proved in [7] that A — @,(z) is an analytic function for every x € R,. The
derivatives of ¢, (z) with respect to A were established as the most important tool
for defining modified moments for each probability measure on R, in a way, which
is consistent with the convolution structure (cf. Section 2.3 and [6, Section 7.2]).

Definition 2.1.14. For every A € C, x € R, and k € Ny let

ak
opa(T) == a—ukgon(x)m:O and  my(x) == @rip(x). (2.1.4)

We recapitulate from [6, Section 7.2] some facts about ¢, and my. By dif-
ferentiating the equation £y = (p* + A\?)p, with respect to A we obtain

Lavpr = (p? + A2)orr + 2ik g1 — k(k — 1)pp_a.x,
(,Ok,)\<0) = g0§€7)\(0) =0 for k Z 1.

and especially
EAmk = —Qkpmk_l - kﬁ(/{? — 1)mk_2,

(2.1.5)
mg(0) =mj(0) =0 for k>1.

For £ = 0 we have ¢;, = 1 and thus my = 1. It follows from the Laplace
representation (ZI13]) that

mi(z) = [ t*du(t) = /0 i (e 4 (~1)Fe ) dr(t) (2.1.6)

—x

forx € Ry, A € C and k > 1. In particular, mj is non-negative and in the case
p =0 1it is clear that m; = 0 if k is odd.
In the following proposition we collect some properties of functions my.

Proposition 2.1.15. Let (R, %) be a Chébli-Triméche hypergroup with defining
function A. The functions my, (k € Ny) defined by (Z-1.4) are real valued and an-
alytic on |0, 00[. Moreover, (my)ken, forms a sequence of functions with following
properties

a) [ mg(z) Ao, * d,(2) = 35 (lj) j(@)my_;(y) for all k € N and my = 1.

b) m?(z) < my(z) for all z € R,.

and in the case of subexponential growth (i.e. p =10)

11



c) mop_1 =0 forall k > 1 and lim, o mao(x)/z = 00
or in the case of exponential growth (i.e. p > 0)

d) lim, . mi(z) =1

e) my' exists and is differentiable.

f) lim, ;oo (my!) (z) =1

Proof: We only proof the properties ¢) and d); all the rest can be found in [6],
Section 7.2]. At first we prove that m/(x) > 0 for all z €]0,00[. Suppose that
m) takes values in | — 00,0]. Since m}(0) = 2p/(a+ 1) > 0 there exists £ > 0
such that m}(§) > 0, m}(§) < 0 and m}’(§) < 0. This implies that m’l% and
m/ are strictly decreasing in a neighborhood of £. But this is impossible since
mf + m’l% = 2p by (Z15). From this contradiction we conclude that m/(xz) > 0
for all x €]0, 00[. In particular, m; is strictly increasing and hence mj ' exists on
R,. From c) we get lim,_,,, m;(z) = oo and therefore lim,_, m; ! (y) = oo. By

the inverse function theorem and c¢) we obtain

P {0 P — as 00
(m; ) (y) = () Nl oasy— (2.1.7)

]

Orbital morphisms
Let (K, *k) and (J, *;) be hypergroups and ® : J — K a mapping,.

Definition 2.1.16. a) ® : J — K is called orbital mapping if it is a proper and
open continuous surjection. In this case, the compact sets ®~!(y) will be
called the ®-orbits.

b) A recomposition of an orbital mapping ® : J — K is a weakly continuous
mapping r — ¢, K — M!(J) such that supp(q,) = & (z) for all z € K.
If there exists a measure | € M, (J) such that

L= /J%(wdl(y)

then this recomposition is said to be consistent with .

12



c) A orbital mapping ® : J — K is called a generalised orbital morphism asso-
ciated with the recomposition (qz)zex if ¢.— = ¢, and (g, x5 qy) = 0y *K 0y
whenever z, y € K. If (¢;)zex is consistent with a Haar measure of J (pro-
vided this exists) then the associated generalised orbital morphism & is said
to be an orbital morphism.

Obviously, every injective generalised orbital morphism is a hypergroup iso-

morphism.

Radial random walks

Let G be a locally compact Hausdorff group, H a compact subgroup of G and =
the canonical projection from the left cosets G/H onto double cosets G//H

m:G/H—G//H, gHw— HgH (g€ Q).
Definition 2.1.17. a) A measure u € M'(G/H) is called H-radial or H-invariant
if
w(hB) = pu(B) for all h € Hand B € B(G/H).
The set of all H-radial measures will be denoted by M}, ,(G/H).

rad

b) A measure v € M'(G//H) on G//H is called radial part of u € M} ,(G/H)

i rad
n(p)(B) = v(B) forall B € B(G//H).

c) Let p € M! ,(G/H) with radial part v € M'(G//H). A stochastic process

rad

(Sn)nen on G/H with start in H (i.e. Sy = H) is called radial random walk

associated with p if
P(S,41 € HB| S, = Hr) = u(Hz 'B) = v(Hz 'BH).

Theorem 2.1.18. Let v € MY (G//H). Then there exists a unique H-radial
measure 1 € M?_,(G/H) such that v is radial part of .

rad

Proof: The proof is given in [42]. O

13



2.2 Concretization of hypergroups

The forming of sums of K-valued random variables is not directly possible, as
there is no deterministic operation on K in general. It is clear, that the convolu-
tion Py % Py of two independent random variables X and Y should be the law
of an analogy for their sum. In this section we recapitulate the construction of
the randomized sum of K-valued random variables using the concept of the con-
cretization of hypergroups (see [6, Chapter 7]). We start with the definition of an

increment process on the hypergroup K.

Definition 2.2.1. Let I # () be a totally ordered parameter set and (X;);e; a
K-valued stochastic process on (€2, 4,P) with canonical filtration (F;);c;. The
process (X;)er is said to be an increment process on (K, ) if for all s, ¢t € I with
s < t there exists 75, € M'(K) such that

P(X; € A|F,) = (st *x0x,)(A) P—a.s.

whenever A € B(K). In the case I C R, an increment process (X;)ies is called
stationary if 05, = 14— for all s < tin I.

It can be easily checked that increment processes on K have the elementary
Markov property, i.e.

P(X, € A|F,) =P(X, € A|X,) P—a.s.

whenever A € B(X) and s < t from I. The probability measures n,, € M (K)
form a so-called hemigroup, i.e. for s <t < uw € I, we have 7y; * Nty = Nsu-
Moreover, for ¢ € I, the law of X, is given by Py, * 19 as in the group case.
On the other hand, standard arguments on the construction of Markov processes
ensure that for a given initial law and a given hemigroup () s<ter C M'(K) there
always exists an associated increment process on a suitable probability space.

Definition 2.2.2. A time-homogeneous Markov process (S, )nen, is called a ran-
dom walk on the hypergroup (K, %) with law v € M*(K) if

P(Sn1 € AlS, =1z) = (6 xv)(A)

for all n € Ny, z € K, and Borel sets A C K.

Clearly, a random walk (.S,,),>1 on (K, %) is an increment process with I = N

14



and 7y, (m <n € N) is the n —m fold convolution product of some probability
measure 7 € MY (K), i.e. gy, =n""".

We next turn to the concept of concretisation on hypergroups, which makes
possible to define an analogy of a sum for K-valued random variables.

Definition 2.2.3. Let K be a hypergroup, u a probability measure on a compact
set M, and let ® : K x K x M — K be Borel-measurable. The triple (M, u, ®) is
called a concretization of K if

for all z, y € K and A € B(K).
Since 9, * 0, = 0, *x 0, = 0, for all x € K, we obviously have

Ole,z,:) =P(x,e,:) =z p—a.s. (2.2.1)

For a list of examples of concretisation we refer to [6, Section 7.1] and [46].
The following result guarantees the existence of concretization for a large class of
hypergroups.

Theorem 2.2.4. Let K be a second countable hypergroup. Then there exists a
measurable mapping ® from K x K x [0,1] into K such that ([0, 1], Ajg,1), ®) is a
concretization of K.

The proof of this theorem is given in [0, Theorem 7.1.3] and in [46, 47]. In the
sequel, let (M, i, @) be a concretization of the hypergroup (K, ).

Definition 2.2.5. For any two K-valued random variables X and Y on (9, .4, P)
and an auxiliary M-valued random variable A on (2, .4,P) such that A is inde-
pendent of the random variable (X,Y’) and has distribution £(A) =: p we define
the randomized sum of X with Y by

A
X 4V :=0(X,Y,A).

A
Obviously, X + Y is a K-valued random variable on (Q,.A4,P). As in the
classical case, one has the following relation.

Proposition 2.2.6. Let X, Y and A be as in the Definition 223 If X, Y and

A are independent, then

LX V) = £(X) = L(v). (2.2.2)
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For a proof see [6, Proposition 7.1.6] and [46].

Remark 2.2.7. a) A concretisation is not uniquely determined by the hyper-

A
group and hence the randomized sum X 4+ Y depends on the particular
choice of the underlying concretisation of K.

A
b) The joint distribution of the random variables X, Y and X + Y is independent
from the particular choice of concretisation. (see [6, Proposition 7.1.8] and
[46].)

c) In contrast to the group case the randomized sum of deterministic random
variables need not to be deterministic.

In order to define partial sums .S,, with values in K we will need the following

assumption.

Assumption 2.2.8. Let (X,,),>1 be a sequence of K-valued random variables
and (A,),>1 of M-valued random variables on (€2, A, P) such that X, Ay, X, As,
... are independent, Py, = v; and Py, = p for all j > 1.

The definition of randomized sum in 2.2.5] can now be extended to sequences
(X )n>1 of K valued random variables and (A,,),>1 of M-valued auxiliary random

variables as in the assumption above.

Definition 2.2.9. The randomized sum S, is recursively defined by Sy = e and

X4 forn =1,
S, 1= (2.2.3)
@(Snfl, Xn; Anfl) for n > 1.

Clearly, S, is a K-valued random variable on (2, 4, P) with
An—l An—2 An—l
Sn - Sn—l + Xn = (Sn—Q + Xn—l) + Xn

Ay Ao A A An_
X E X)) E X T X)) T X

We see that (S,),>1 is a (in general non homogeneous) Markov chain with tran-

sition kernels

Ny(z,A) := 8, xv,(A)  for Pg,_ -almost all x
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on (K, B(K)), which is clear from

(04 v0) (4) = [ 85 0,(Adva(y) = [ pu(@(a,y,-) € A)dv(y)
=P (@2, Xp, A1) € A) =P (S, € B|S, 1 = 7).
Remark 2.2.10. a) If the random variables X7, Xs, ... are identically distributed,

then (S, )nen is a random walk on K with law v := Py, in the sense of the
Definition 2.2.2]

b) A random walk (S5),),eny on K is a stationary increment process with 7, =
"™ for m < n where v := Py,

¢) Forming randomized sums is in general not an associative operation although
convolution of distributions obviously is.

Definition 2.2.11. Let j < n from N. The randomized sum S,(j, R) where
the j-th term X is replaced by a K-valued random variable R on (Q, A, P) is
recursively defined by

CI)(S’VL—l(ju R>7XnaAn—1) fOI‘j <n,
Sn(j7 R) = (I)(Sj_l, R, Aj_l) for j =n, (224)
Sh for j > n.
For instance, if n = 5 and 7 = 3 then

Ay

Ay Aq As As
Ss(3,R) = S8, R) + X5 = ... = (((X1 + X2) ¥ R) + X4)+ Xs.

Clearly, for R = e the randomized sum S, (j,e) coincides P-a.s. with the ran-
domized sum S, where the j-th term is omitted. It is easy to check that the
distribution of Pg,(; r) is given by

]P)Sn(j,R):Vl*--'*yj—l*]P)R*Vj—‘,-l*-~-*Vn-

For v € M'(K) and n € N we denote the n-fold convolution power of v with
respect to the convolution * by v". If X;, Xs,... are identically distributed, say
Py, = v for n > 1 then

Ps, =v" and Pg,r =1"""«Prx1"7 (j,n€N, j<n).
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2.3 Moments on hypergroups

We recapitulate the concept of moment function introduced by Zeuner; see [46, 47]
and [0, Section 7.2].

Definition 2.3.1. Define the function my(z) =1 for z € K.

a) A finite sequence (m;);—1,, of measurable and locally-bounded functions m; :

K— C(j =1,...,n) is called a sequence of moment functions of length
n € N if '
)
/K m;(2) b, * 6,(2) = (]) m;(z)m;_;(y) (2.3.1)
§=0
foralli =1,...,n and all z, y € K. Moreover, the functionm; (5 =1,...,n)

is called a moment function of j-th order (associated with the sequence

(mi)izl ..... n)

b) A sequence of moment functions (m;);—y,.
real valued for all ¢ € {1,...,n} and m?(z) < my(x) for all z € K.

» has the property (M F1) if m; are

c) For a fixed sequence (m;);=1,.., of moment functions, introduce the space

,,,,,

Ml

(K) := {p € M'(K): m; € L'(K, p) for all 0 <i <n}
of probability measures for which all moments up to the n-th exist.

.....

a) m;(e) =0 fori=1,...,n.

b) All m; are continuous

c) If my is bounded for an k € {1,...,n} then m; =0 for all i < k.

d) Let k€ {1,...,n}. Then uxv € ML(K) if and only if n, v € Mi(K).

Proof: Properties a),b) and c) are known from [28, Section 4].
Property d) will be shown by induction on & € {1,...,n}. The case k = 1 is
proven in [47, Lemma 5.9]. Assume that assertion holds when k is replaced by
k—1€{l,...,n—1}. For y € K we set

= [ 13 (Fmyommcslanto) € 0.l
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When p x v € M} (K), we obtain the inequality

[ Sty = [ [ | s, 6, du(a)dv(y)

< [ [ 1maldd, b, dpu(aydvy) = [ mgldis v < oo
K JK K

Hence, by Fubini’s theorem there exists yg € K with fi(yo) < oo. This implies

_|_

5 (4 ) mstomcs atr

=0

[ molante) < [[5° (*myomson)

< )+ 3 (4 ) s ) o)) < o

and by symmetrie, [ |my|dv < co. The reverse implication is clear. O

Here and subsequently, let (m;);—;,., be a sequence of moment functions of
length n > 2 with the Property (M1); cf. Definition 23311 b). We now turn to the
introduction of modified moments of K-valued random variables on a probability
space (2, A, P) following H. Zeuner’s notion from [47].

Definition 2.3.3. Let £ € {1,...,n} and X, Y be a K-valued random variables
on (2, A,P) such that m;(X) and m;(Y") are integrable.

a) If my(X) € LY(Q, A, P) then
E;(X) = E(my(X)) = [ m(X)dP

will be called the k-th modified moment of X (with respect to the moment
function my). We write E, (X)) for a modified moment of first order and refer
to a modified expectation.

b) X and Y are called sg-uncorrelated if and only if Py, Py € M;_,(K) and
E(m;(X)m; ;(Y)) = E{(X)E;_;(Y)

for all i, j € Ny with ¢ < 5 < k. If £ = 0, then *g-uncorrelatedness just means
that m;(X) and m;(Y") are integrable.

Obviously, if two random variables X and Y are independent and Py, Py €
M} (K) for some k € N, then they are #;-uncorrelated.
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Remark 2.3.4. In a certain sense, the concept of modified moments on hyper-
groups generalised the classical concept of moment functions. In fact, the func-
tions my(z) := 2%, k € N form a sequence of moment functions on K := R, where
MO(R) is equipped with the usual convolution.

As in the classical case, there is a binomial identity for a modified moments of

A
a randomized sum X + Y of independent random variables X, Y and A, which
has been proven in [46]. The same identity but under the weakened assumptions
of the x,-uncorrelatedness instead of the independence, is established by our next

proposition.

Proposition 2.3.5. Let X, Y and A be random variables as in the Definition

A
such that X andY are *,_q-uncorrelated for an n € N. Then m,(X +Y)

is integrable and

E(X4Y)=Y (Z)E;;(X)E;_km. (2.3.2)
In particular, E.(X —/{\— Y)=E(X)+E®Y).

A
Proof: By assumption and the Proposition 2332, m,(X + Y) is integrable.
Moreover, the independence of (X,Y) and A together with the Equation (2.3.1))
and *,,_j-uncorrelatedness of X and Y implies that

E;(X 4 Y) = E(E(m,(X § V)X, Y)) = E(/ m,d(3x *dy))

= (X () ) 0m i) = 3 (1) B COE: )

k=0 k=0
L]

Remark 2.3.6. Let y; € Mi(K) (i = 1,2,3). By a straightforward calculation
we obtain following commutativity property

(@)l gz i) @) = [ on@)Atow * o) * How) (@) (233)

for any permutation o of the set {1,2,3}.

In order to define the modified variance of a random variable X on a hyper-

group K, a function v has been introduced by Zeuner in [47, Section 6] by

v:K xR — C,v(x,€) :=my(x) — 26my () + €2

20



Definition 2.3.7. For any K-valued random variable X such that Px € M3(K)
we call

Va(X) 2= B(0(X, E.(X))) = B5(X) ~ E.(X)
the modified variance of X (associated with (mj, ms)).

Is (m;, my) a sequence of moments with Property (M F'1) (cf. the Definition
2.37)), then the function v is non negative. Moreover, for every random variable
X such that Px € M2(K) the function & — E(v(X,€)) on R takes its minimum
at £ = E.(X), this value being V,(X) > 0. Clearly, the modified variance of a
deterministic random variable is in general different from 0. This is consistent
with the fact that randomized sums of deterministic random variables need not

to be deterministic.

Remark 2.3.8. Let X, Y and A be random variables as in the Definition 2.2.9]
such that X and Y are *;-uncorrelated (w.r.t. the moment functions mp, ms).
Then, by the same arguments as in the Proposition [2.3.5 we obtain

V(X 1Y) = Va(X) + V.(Y), (2.3.4)

If m? < my on K, then the usual variance of m;(X) is upper bounded by the

modified variance of X, i.e.
Var(m; (X)) = E(m;(X)?) — E(m;(X))* < V.(X). (2.3.5)

In the remainder of this chapter let (X,,),>1 and (A,),>1 be sequences as in
the Assumption 2228 By (S,).,>1 we abbreviate the associated Markov chain
introduced in Definition 2229 The following observation will be the key for the
moment estimate in Theorem 2Z:3.10] below.

Proposition 2.3.9. Let (X,,)n>1 and (Ay,)n>1 be sequences as in Assumption[Z.2.8
such that Px, € ML(K) for all i € N and some k € N. Moreover, let S, be the
corresponding randomized sum. Then

=

B (5,)1%) =3 (§ Jm (6B (S, 6) P as
0
foralln e N, j€{l,...,n}. In particular, for k =1 we have

E(my(Sn)|X;) = mi(X;) + E(S.(j,e)) P—as.

21



Proof: For a set B € B(K) consider the truncation map

B:K_>K7 XB(x):

x for x € B,
e forx¢ B

as well as the random variable S, (j, xg(X;)). Obviously, by the definition of xp

we have

Sn(w) for w € {X; € B}

Sn(J7 XB(XJ))(W> = {Sn(ja e)((ﬂ) for w ¢ {Xj € B} .

This and the independence of X; and 5,,(j, e) clearly forces

E(Lix,emmi(Sn)) = EL(Sa (. x5(X,)) — Eix,em - mi(Sa(j,e))  (2.3.6)
— B} (Su (. x8(X;))) — B(X, ¢ B)E;(S,(j. ).

On the other side, by Remark 22210, Eq. (Z3.2) and (Z33) it follows that
B4 (S0 xe (X)) = [ m(@)d(Pyaex,) +v" ) (@) (2:3.7)
—Z()WXBX»mﬂ@M@)

Taking (Z3.6) and (Z3.7) into account we obtain

BLosemnn(50) = 3 (1) (en (X0))BE o (,:6) ~ POX € B)BL(S:..)
a=0

Since my = 1, we see at once that E{(xs(X;)) — P(X; ¢ B) = P(X; € B).
Moreover, we have 1;x,epym;(X;) = m;(xp(X;)) for all [ € N, which is due to the
fact that m;(e) = 0. This gives

E(l(x,epmi(Sn) = 3. ( >E* X8(X;))E;_o(Sn(d,€)) + P(X; € B)E[(Sn(j,€))

a=1

f: ( > (L, emyma (X)) By (Sn (5, €))-

a=0

O]
Clearly, a moment function m; of the first order is in general not linear. An upper
bound of the deviation of m;(S,) from the linearisation Y- m;(X;) in L*-sense is
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established by our next theorem.

Theorem 2.3.10. Let (my,ms) be a sequence of moment functions such that
0 <m?(x) <my(x) forallz € K. Let (X,,)n>1 and (A,)n>1 be sequences as in the
Assumption such that Px, € M3(K) for alli € N. Moreover, let (Sy,)n>1 be

the associated process of randomized sums. Then
Var(ml Z )§ Z my(X;) — my(X;)?) (2.3.8)
Proof: We define Z,, := m;(S,) — >j_; m;(X;) and calculate

72 =m, (Sn)2 —2my (S XZ: { Zml }2.

Since the random variables Xi,..., X, are independent, the property (MF1)
(m? < my) yields

E(Z}) <E -2 ZE my (S,)my (X;))+ (2.3.9)
+ ;&(xi)zr«:*(xj) + fle(m(Xm).

Using Proposition 2:3.9 and Equation ([2.3.2)) we obtain for j € {1,...,n},

E(m; (Sn)m; (X;)) = E(my (X;)E(m:(S,)]X;))
(my (X5){my (X;) + E.(Su(j,€))})

E
ie{1,...n \{j}

A;
Iterative application of (232) to Emy(S; + Xj11) (j =1,...,n — 1) leads to

E3(Sn) = E3(Sn-1) + 2E. (X5)Es(Sp-1) + E3(X5)
= E5(Sp_2) + 2B (Xp_1)E,(Sp_2) + E5(X,1)+
+ E;(Sn_l) + Q]E*(Xn)E*(Sn_l) + E;(Xn> =...=

- ZE*(XZ»)E*(X]-) + f:lE*,z(Xj)

i#]
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Therefore, we obtain from (2:3.9])

E(Zy) < D E(mp(X)) — my (X;)%).
j=1
On the other hand, by Proposition we have E.(S,) = Y, E.(X)) and
hence Var(Z,) = E(Z?). O

Remark 2.3.11. a) In the situation of the theorem above, we have for identically
distributed random variables X, j € N

Var(mi (S, Xj: ) < nE(my(X1) — my(X1)?) < nV, (X))

b) While the randomized sum S,, clearly depends on the particular choice of
the underlying concretization on K, this is not the case for the conditional
expectation in Proposition 2:3.9 and thus in the estimation (2:3.8]).

Corollary 2.3.12. Suppose that all assumptions of Theorem [Z23.10 hold. Let
(bn)nen be a sequence of positive numbers with limit oo such that Zn 1 LV,.(X,) <
oo. Then

\/1177(”11(5") _ kznj my (X)) =0 in L2

Proof: Let Zy, := |my(S,) — >} m1(X;)|/v/bn. By Theorem 2310 we obtain
5y o L1
E(Z,) < - 2 Vu(X)).

n j=1

Thus, by Kronecker’s Lemma, Z,, converges in L? to 0 as n — oo.

O
Corollary 2.3.13. Suppose that all assumptions of Theorem [Z23.10 hold and
> 5 V.(X,) <oo. Then
1 o,
—(ml(Sn) - E*(Sn)) —0 in L° and a.s.
n
Proof: By Inequality ([Z33) we get Y02 5 Var(m;(X,)) < co. Hence
1 n
= (my(Xy) — Em(Xy) =0 P—as. (2.3.10)
[y}
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by the classical law of large numbers for independent random variables. On the

other hand, according to the above corollary, we have
1 n
= (my(Sn) = Do mi(Xy)) =0 in L (2.3.11)
n —

Combining this with (2310), the corollary follows. O

If m; = 0 then the statement (Z3.8)) being empty. For this case we prove the
following theorem.

Theorem 2.3.14. Let (my )y be a sequence of moment functions such that my =0
and 0 < m2 < my. Suppose that assumptions of Proposition hold. Then

+ 25 B (X)EL(X)). (2.3.12)

Proof: Let Z, = my(S,) — X7, my(X;). Since mj < my and my = 0 we
calculate

E(22) < E(S,) — zfjlxa(mz(sn)mg(xjm

+ ZE* E5(X;) + > E(ma(X;)?). (2.3.13)

i#j j=1

In the same way as in the proof of Theorem 2.3.10 we obtain

E(my(Sp)my(X;)) = E(ma(X;)%) + Y. E3(X;)E5(X,).
{1}

A;
Iterative application of (2.3.2)) to E(m4(S;) + X;11) (j=1,...,n — 1) leads to

il
- Z(Snﬁ) + 6E§2F(anl)E;(Sn72) + EZ(anl)“‘
+ E}(Sn-1) + 6E3 (X, )E*(Sn D+HE(X,)=...=

25



Therefore, we obtain from (2.3.13]) the asserted inequality (Z3.12). O

Let (Sy)n>1 be a random walk on a hypergroup K. As in the most classical
case where K = R, one can construct martingales in a canonical way from the
random walk (S,,),>1 involving moment functions on K. Here is a result for the

first and second moment function due to [46], which can be easily checked.

Theorem 2.3.15. For any increment process (Si)ier on a hypergroup K we have
the following statements.

If E.(S;) exists for all t € I then (my(S;) — E.(S¢))er is a martingale. In
addition if I := Ry or Zy and E.(Sy,) > 0 for some tg € I then (my(St))ter
is a submartingale.

If V. (S;) exists for allt € I then (v(Sy, E.(Sy)) — Vi (Si))ier is a martingale. In
addition (v(Sy, E.(St)))er is a submartingale.

In the following proposition we derive a sufficient condition for the convergence
of submartingales.

Proposition 2.3.16. Let (Xj)ken be a nonnegative submartingale. If there exists
an o < 2 such that B(X?) = O(k%) for all k, then Xy/k converges a.s. to 0.
Moreover, for any € > 0 one has

P( sup Xi/k>¢e)=0(m*?).

m<k<oo

Proof: For an ¢ > 0 and m € N let 7,,, ;== inf{k € N: X} /k > ¢ and k > m}.
It is clear that

L | "1
2 24P — il _ 2
RS E Y MRS ol S AN
X2 n—1 1 1
< —dJP —_— X2 . dP - — XQdP]
T Jrm>m—1 m2 + kgr:n |:<k -+ 1)2 Tm >k ktl k2 Tm >k k

for m, n € N with m < n. Therefore, noting that

1 1 1
e | XidP - [ XEP < / X2 _ x2\dp
(k4 1)2 Jrsr FH1 12 S S 1) Tm>k( ) 2)
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form <k <n-—1, we get

n—1

1
eP(m <7, <) < —E( (X2)
m

(X1 — X{)dP.

k=m Tm>k

By submartingale property and assumption E(X?) = O(k%) it follows that

1 7’1—1 1
2 2 2 2
ePm <7, <n) < EE(X,”) + k; WE(XIHJ - X;)
< nf { L 1} E(X?) + —E(X2)
~ “= k2 <k+1)2 k n2 n

nlk_a

<C- ZEJF 1]E(Xz)

where C' > 0 is a positive constant independent from m, n and k. Now, as n — oo,

we obtain

O ns &
B( sup Xi/k>e) SP(m <y <00) <m0 3 oo

)

k=m

for 0 < § < 2—a. Thus, X;/k converges a.s. to zero with the claimed convergence
rate. [

Corollary 2.3.17. Suppose that assumptions of Theorem hold and X,
Xa, ... are identically distributed. Then |m;(S,) — E.(S,)|/n converges a.s. to 0.
Moreover, for any € > 0 and 6 > 0 one has

B( sup my(Sn) — E.(Sh)] > €) = O(m).

m<k<oco T

Proof: Let Z, == m;(S,) — X5, mi(X;) and Y, = 3%, my(X;) — E.(S,).
Since the random variables m;(X;), j = 1,2,... are i.i.d., we have
E(Y;) = n-E((mi(X1) — E«(X1))?) = O(n).

n

Thus, by Cauchy-Schwarz inequality and Theorem 2.3.101 we obtain

E((my(S,) — E,(S,))?) < E(Z2) 4 2y/E(Z2)E(Y2) + E(Y?) = O(n).

Now, the assertion follows by Proposition [2.3.16l O
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Chapter 3

Moment functions and limit

theorems for Jacobi hypergroups

In this chapter, we derive sharp estimates and asymptotic results for moment
functions on so-called Jacobi type hypergroups on [0, co[. Moreover, we use these
estimates to prove limit theorems for random walks on Jacobi hypergroups of index
(cv, B) where « tends to infinity. As a special case, we obtain limit results for radial,
time-homogeneous random walks on hyperbolic spaces of growing dimensions.

We first collect the necessary background information on hyperbolic spaces
and Jacobi hypergroups and indicate the connection between them. The material
is mainly taken from [25]. We also refer to [9] and [17].

3.1 Hyperbolic spaces

Let £ > 2, and F = R, C, or the skew field of the quaternions H with real
dimension d = 1, 2 or 4. We denote with U(k,F) the orthogonal, unitary or
symplectic group, respectively. Moreover, we consider

U1k, F) := {A € GL(k + 1,F) : A"[ xA = I},

with the diagonal matrix I, ;, = diag(—1,1,...,1). It is easy to see that U(1, k, F)
is a group of right linear operators on F**! which leave invariant the Hermitian
form

q(z,y) == —xoYo + 1Y1 + ... + Tk, T, Y E FFHL

The map 0 : U(1,k,F) — U(1,kF), 6(9) = (¢*)"' (¢g* denoting F-hermitian
adjoint of g) is an involutive automorphism of U(1, k,F). Let Kj be the subgroup
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of elements fixed under 0, i.e.

K, := U(1,F) x U(k,F) := { (z (y)) iz € U(L,F), y € U(k,IF)} .

The hyperbolic space of dimension k over F may be regarded as the symmetric
space

where Gy := U(1,k,F). In all cases, the double coset space Gy//Kj can be
regarded as the interval [0, co[ by identifying ¢t > 0 with the double coset

ch(t)0 ... Osh(?)
0 0
Kra K, with a; = : Iy ;
0 0
sh(t)0 ... 0ch(t)

(see [9] and [25, Ch. 3]) We define the hyperbolic distance on Hi(F) by
dist(2Ky, yK) := or(Kpy '2Ky), for z, y € Gy,

where ¢y, : KpaKy — t is the homeomorphism between Gg//Kj and [0, ool
Moreover, let 7 be the canonical projection from G /Ky = H(F) onto the double
coset space Gi//Kyg. It is clear that ¢y (m(y)) = dist(y, Ky) for all y € G /K.

Let us now fix a probability measure v € M'([0,00[). Then there exists a
unique radial (i.e. Kj-invariant) measure v, € M*(Hy(F)) with o (7 (vk)) = v
(see in a more general context [42] and references cited there). In this way, we
introduce the time-homogeneous radial random walks (S¥),,~q associated with the
vy by S¥ = K}, € Hy,(F) and

]P)(SSJA cA- Kk | Sﬁ =X - Kk) = I/k(ﬂj‘ilAKk)
forn >0, x € Gy, and A C G a Borel set. It is well known (see e.g. Lemma 4.4
of [31] or [42]) that the image process (dist(S¥,K}))n>1 is a time-homogeneous
Markov chain on [0, 00| starting at time 0 in dist(S§, Kz) = 0 with transition

probabilities

P(dist(S%, |, Ky,) € A | dist(SE,Ky) = 2) = §, #4.q v(A) (3.1.1)
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forn >0,z > 0 and A C [0, 00[ a Borel set, where *; 4 denotes the double coset
convolution on Gy //Kj ~ [0, co.

Among other results, we shall derive the following central limit theorem for
the random walk (S¥),>¢ on Hi(F) where for a fixed field IF, the dimension k and
the number of steps n tends to infinity.

Theorem 3.1.1. Let (k,)n>1 C N be an increasing sequence of dimensions with
lim,, o0 kn, = 00 and fiz F as above. Let v € M ([0, 00]) with a finite second mo-
ment. For each dimension k > 2, consider the Ky—invariant time-homogeneous
random walk (S¥),>o on Hy(F) such that for all n, k, the variables dist(SE,,, S¥)
have distribution v. Then, r; := [;°(In(ch z))/dv(x) < oo exist for j = 1,2, and

1

vn

tends in distribution for n — oo to the normal distribution N'(0,79 — r}).

(dist (S}, i) — nry)

The above theorem will be proven by considering the moments of the distri-
butions of (dist(Sﬁ, S(’f))n>0 on the spaces Gi//K =~ [0, 00[ equipped with the
associated double coset convolutions *;r. These convolutions may be regarded
as special cases of the so-called Jacobi convolution *,p on [0,00] depending on
indices a > > —1/2 which were investigated by Koornwinder in [25]. The same
result, but with some restrictions on the growth of £ = k(n) in dependence of n
was derived by M. Voit in [42], 43] by using different methods.

3.2 Jacobi functions and Jacobi hypergroups

For fixed parameters a > > —% we define the function A, 5 : Ry — R by
Ag p(x) = sh (z)**ch (2)**!, (z € Ry).
It is easily seen that A, s is a Sturm-Liouville function which satisfies the condi-

tions (ZI2)), (SL1), (SL2) and (SL3) of the Section 2l The associated Sturm-
Lioville operator L, 5 := L4, , is given by

Lopf=—1"— j:”’Zf’ =—f"- ((2a + 1)coth + (28 + 1)tanh)f' (3.2.1)

for f € C%(]0, o0[) with f’(0) = 0.
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According to the Theorem there exists a unique hypergroup operation
*q.5 00 K := [0, 0o such that (K, *,.4) is a hypergroup; c.f. [25] as well as [7], [36],
[46] in a general context of Chébli-Trimeche hypergroups. We denote (K, *, 3) and
*q.5 as the Jacobi hypergroup and the Jacobi convolution on [0, co| with parameter
(e, B), respectively.

For certain parameters o := a(k,d) and [ := (d) with

a=d-k/2—1, B=d/2-1, (3.2.2)

the operator —L, s is the radial part of the Laplace-Beltrami operator on Hy(F) =
Gy /Kg, and the Jacobi functions ¢E\a’ﬁ ) are spherical functions of the Gelfand pair
(Gg, Ki). Moreover, the double coset convolutions ;4 on Gy//Kj ~ [0, co[ for
the hyperbolic space Hy(F) are given by the Jacobi convolutions #, s with the
parameters o and (3 as in (3.2.2).

In the following proposition, we collect some known facts about Jacobi hyper-

groups which can be found in [6] and [25].

Proposition 3.2.1. Let a > 3 > —% and (K, *,5) be the Jacobi hypergroup of
index (cv, B). Then the neutral element of this hypergroup is 0, and the inversion
is the identity mapping. Moreover, (K, *,3) has the following properties:

a) The hypergroup (K, %, 5) admits a Lebesgue absolutely continuous convolution
which for Dirac measures §, and 6, with x, y € [0,00] can be represented as

1 pm .
Oz *a,p 0y(f) = /0 /0 f(arch [ch x - chy 4+ re'?sh x - sh y|)dma g(r, @)
for f € Cy([0,00[) and for the probability measure mq g with

20 (a + 1)(1 — r2)*= "L (rsin )8 - rdrde
a2 = e BTG+ 172)

(3.2.3)

fora>p > —1/2. For a > 8 = —1/2, the measure degenerates into

D(a+1)(1 —r2)e=Y2dr - d(6o + 0,) ()

dma,—l/Q(T7 30) - F(1/2)F(a + 1/2) (324)
and for o = > —1/2 into
A o, 0) — 2T (a + 1) sin®* pdg - ddg(r) (3.2.5)

T(1/2)T(a + 1/2)
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b) The index of this hypergroup is given by po s = a+ [+ 1.
c¢) The multiplicative functions are precisely the Jacobi functions
A1) = 2F1((pap — iN)/2, (pap +iN)/2: 0+ 1;—sh 2(t)), (A € C)

which are the unique solutions to the Sturm Lioville problem

a, Q, Q, a, /
Lagh™ (@) = (php + X7, G0 =1, (93™7) (0) = 0. (3.2.6)

Moreover the dual of (Ry,%*45) s given by

R, = {@E\a,ﬁ)’ AERLU i[oapa,ﬁ]}‘

d) The Jacobi function gp&a’ﬁ) admits the following Laplace representation
1 pm . .
go(f’ﬁ) (t) = / / |ch t 4 re'®sh t| s dmy, 4(r, ) (3.2.7)
0o Jo

with the probability measure m,, g introduced in (32.3), (3.2.4) and (F23),
respectively.

e) wi 1= Aapgoo 18 @ Haar measure of (K, *4).

f) Plancherel measure g associated with Haar measure wg is given by

1
5 Ak (t)

Amwt) = 1w

with Harish-Chandra’s c-function

O V2r27 (i) D (o + 1) -
Ca,p(t) 1= T (pa,g-i-it) T (Pa,6+it B B>7 (t € [0,00[).

2 2

For a fixed measure v € M!([0,00[) consider the associated random walk
(SLA)), 5o with law v on the Jacobi hypergroup of index (o, 3) (on the construc-
tion of random walks on arbitrary hypergroups cf. Section [Z2). Theorem B.I.T]
then can be regarded as a special case of the following central limit theorem:

Theorem 3.2.2. Let 3 > —1 and let (a,)nen C [B, 00| be an arbitrary increasing

sequence with lim,, . a, = 0o. Let v € M([0, 00]) with a finite second moment
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[° 2%dv(x) < co. Consider the associated Jacobi random walk (S'*%)), 5o on

0, 00| with law v. Then

tends in distribution for n — oo to N'(0,7y — r}), where r1 and ry are defined as

in Theorem [T 11l

The proof is essentially based on the general Theorem 2.3.10] as well as on some
sharp estimates and asymptotic results (for large indices «) for moment functions

on Jacobi hypergroups.

3.3 Moment functions on Jacobi hypergroups

Let (K, *4,4) be a Jacobi hypergroup on [0, 00] with defining function A, g for
parameters o > [ > —1/2. Since (K, *,.3) belongs to the general class of Chébli-
Trimeche hypergroups, the Jacobi function <p(Aa’6 ) is an analytic function of \ (see

21)). Let (my)r—o..n, (n € N) be the sequence of functions defined by

m,g A (r) = Wﬂoi(pa,frﬂ) (@)]=0,

as in Definition 2.T.T4l If no confusion is possible, we will suppress the parameters
a, [ in expressions concerning (K, *,3), i.e. we will simply write %, £, ¢y, p,
my, - - -

From Section [2Z1] we obtain the following facts about my,. For £ = 0 we have
¢ip = 1 and thus my = 1. It is easily verified that for any n € N the tuple
(mg)k=1,..n is a sequence of moment functions of the length n in the sense of
Definition [Z31l The cases n = 1 and n = 2 are proven in [47, Section 5 and 6].
By differentiating the equation (B.2.6]) with respect to A\, we obtain

Lmy = —2kpmy_y — k(k — 1)my_, m(0) = my(0) =0 (3.3.1)

for £ > 1. It follows from the Laplace integral representation for Jacobi functions

(BZ7) that

1 rr .
my(x) = /o /0 (ln |chx + 7 - €*sh $|)kdma75(r, ®) (3.3.2)
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for > 0 and k£ > 1. In particular, my is non-negative.
Next, we prove a series of statements about the moments m,,, which are needed
in the following section.

Lemma 3.3.1. For all k € N the functions my are recursively given by

Y Aa 5 Z

/‘/14 () (Rpmes(2) Kk = Dmgo(z)) dady. (333)
a,

Proof: We first notice that the integral in ([B:3.3]) exists as for 0 < z < y we

have 0 < a, (2)/aqp(y) < 1. Now let w denote the function on [0, co[ defined by

w : [0, 00[— R, w@ﬁr—AmMﬂFﬁgwdu

where b(t) := 2kpmy_1(t) + k(k — 1)my_»(t) and F(t,2) = Aap(t)/Aas(z). By
using Leibniz integral rule, it is easy to check that the function w satisfies the

differential equation
/

A
y =—=20y 1 b y(0)=0. (3.3.4)
Aas

On the other hand, we conclude from (B.3.1]) that ¢ — myj(¢) also satisfies the
initial value problem (334]). Hence, Picard-Lindelof theorem leads to w = my,.
Now, by integrating the equation above, we obtain the asserted recursion formula

for my,. O

Remark 3.3.2. Let a > > —1/2 and = > 0. By using the recursion formula
B33), we obtain for the moment function of the first order

(@8)(\ _ T Y Aap(2)
m; (55)—2/?a,5/0 /0 Aa,g(y)dZdy' (3.3.5)

Let B, g denote the function y — [V A, 3(2)dz on [0,z]. For f = 0 we check at
once that B, o(y) = sh (y)*@*V /(2a + 2) and hence

@ y
m{*(z) = aO/ A y = In(ch z). (3.3.6)

For o = f = —1/2 the identity (B:3.3]) makes it obvious that m{"/*""% = 0 and
hence m$ /%72 (2) = 22 by B33).
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Lemma 3.3.3. For all k, | € N with | > 1 we have
my(z)" < my(z) <2 for every x> 0.

In particular, my and my satisfy the growth condition (M F'1) of Definition [2Z:31.

Proof: According to the Laplace representation of m; in Theorem P.T1.12] for
every = > 0 there exists a probability measure v, on [—x,z| such that my(z) =
J7 tkdu,(t) for all k € N. Furthermore, the measure 7, with d7,(t) = e - duv,(t)

is a symmetric subprobability measure on R. Thus,

my(e) = [ (e 4 (< DfeMdn ().
0

Since the integrand ¢ — t*(ef' 4 (—1)ke=*!) is convex on [0, oo, the first inequality

follows from Jensen’s inequality. The second inequality is a consequence of the

fact that the measure v, in (ZI6]) is supported by [—z, z]. O

Lemma 3.3.4. For 3 > —1/2 there exists a positive constant cz (dependent only
on ) such that for all x >0 and all « > 41,

(1- %ﬁ)m(ch ) <m{™(2) < (1+ )m(ch z). (3.3.7)

Proof: Let x € [0,00[. Firstly, we consider the case 0 < 8 < «. By the
monotonicity of ch, we see at once that A, 5(2)/Aas(y) < Aao(z)/Aao(y) for all
0 < z < y. Hence, from ([B31) and (33.6) we deduce

( ﬁ) <2 / /yAOéOZ :2pa,6m(a,0)$ —(1+ 5 ln(ch z).
P 0 0y Ana(a) o (@) = (1+ 5 ) n(cha)

On the other hand, using ch z/ch y > sh z/sh y for 0 < z < y we have

Y Aa « (e
m{™” () > 2pa,8/ / 1 Aatpol2) dzdy = Mmg PO (2) = In(ch z). (3.3.8)
a+3,0 y Pa+8,0

We now turn to the case § € [—1/2,0]. In a similar manner as above, by using
the inequality A, 5(2)/Aas(Y) < Aaipo(2)/Aatpo(y) for 0 < z <y, we conclude

from (B3.5]) that

v A
m{*? (z) < 2Pa5/ / Aatpol2) dedy = 222 0029 (1) = In(ch ).
Aatso(y) Pat5,0
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For 0 < z < y we get (ch z/ch 3)% > 1. Hence,

s

o+

(1) > L0 () = (1+

s 1) In(ch z),

which completes the proof. O]

Lemma 3.3.5. There is a constant C' > 0 such that for all x > 0 and all «,
BeR witha > +3/2>1,

—-C < mga’ﬂ)(x) —In(chz) <C.

Proof: The inequality 0 < z — In(ch ) < In(2) and Lemma imply
m” (z) — In(ch z) < In(2).
We now turn to the second inequality. In the case § > 0, we deduce from

B3R) that m'*” (z) — In(ch z) > 0.

Finally, we consider the case § € [-1/2,0]. Let x > 0 and r € [0, 1[. Then

In(1 + rtanh(z)) > In(l+7) >0 and
In(1 — rtanh(z)) > In(1 —r) > —(e- (1 —7r))""

(a,—1/2)

Therefore, using the integral representation in [3.3.2 of m; , we obtain

I .
m§a”1/2) () — In(ch x) = /0 /0 In(|1 + re* tanh(z)|)dma,_1/2(r, @)

[+ 1) 1 -1 2\a—1/2
> ~ T T 2 /(1—7“) (1 — r2)2=1/2qy

)
F( ) 2 ! 2\a—3/2
2 T P(1/2)T(a 1 1/2) ¢ o et

After substitution 7* = u, we see that the last integral is given (up to a constant)
by the beta function B(aw—1/2,1/2) =T'(a — 1/2)T'(1/2)/T'(«). Hence, using the

functional equation for gamma function, we get
(@=1/2)/ B B B
m; () —In(chz) > —a/(e(a — 1/2)) > —2/e.

From (B.3.3]) we see at once that

8) T Y Aatpryz,-1/2(2) m{eAH/271/2)
D)2 pas [ dzdy = ().
Po Jo Anigiije—12(y)
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It follows that m!*” )( ) — In(ch ) > —1, which completes the proof. O

Lemma 3.3.6. There is a constant C > 0 such that for all x > 0 and all «,
feR witha>pB+3/2>1,

—C < (m(o"ﬁ))_l(x) —z <C.

Proof: By using Lemmas and as well as the inequality 0 < x —
In(ch z) < 1In(2), we obtain

0<z-—m*(z) < (z—1In(chz)) + (In(ch z) — m{*?(z)) < C (3.3.9)

with a suitable constant C' > 0. Since the graph of (mga’ﬂ ))_1 is obtained by

reflecting the graph of mga’ﬁ ) across the line y = x, the inequality follows imme-
diately from (3.3.9). O

Lemma 3.3.7. Let a > 3 > —1/2 with (o, 8) # (—1/2,—1/2) and x > 0. Then

m; (7)? < my(z) < my(x) + ;ml(x), (x >0). (3.3.10)

Proof: Because of Lemma [3.3.3 we have only to verify the second inequality.
From Remark B3.21 we obtain m|(z) = 2pA,s(x)/aqps(x). Hence, by Lemma
B.31] and integration by parts, we observe

) =4 / /y%ﬂz 2)dzdy + ~m ()
aaﬁy P
T A v Ay s( 1
:4p/ =g [ [ S ey 0
0 aaﬁ() ta,p(y p

<2 [ () (y)dy + ;mlm — 1y ()* + ;ml@c).

[
In order to formulate and to prove limit theorems in Section [3:4] the following
notation is useful. For j € Ny, —1/2 < 3 < a and v € M!([0, 0o[) we define

- ooln(chx>jdy(x)’ / mjaﬂ )dv(zx),

0

(
= [ adu(e) fyla) = [T i @pdv(a).
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Remark 3.3.8. a) If v € M;([0,00[) admits j-th moment, i.e. [;°2/dv(z) <
0o, then r;, 7j(a) and 7 () exist in [0, oo[, which is clear from Lemma 3.3.3]

b) From Lemmas [3:3:4] and B:377 we obtain for £ =1, 2

lim 7 (a) =71, = Jim (). (3.3.11)

a— 00
Lemma 3.3.9. Let k € Ny and a > —1/2. Then

(047_

) (2) = 27Fm,]

m D21) (x> 0). (3.3.12)

Proof: The idea of the following proof goes back to Koornwinder (see Section
5.3 of [25]). For @ > 8 > —1/2 let L(4,p) be the differential operator as in (B.2Z1]).
For a function g € C*(R,) with ¢/(0) = 0 we define a function § by §(t) := g(2t),
(t > 0). By a straightforward calculation one obtains

(Liamd)(t) = 4(Li-119)(21). (3.3.13)

For k = 0 the Formula (3312) is obviously true. Let k > 0; we set f(t) :=
m{*(¢) and h(t) := 27*m{* ¥ (2t). Since (ZLH) we have

(Lo £)(1) = =2k(20 + D (1) = k(k = Dmic5(2).
On the other hand, we calculate

(Liaah) () = (E(a,,% h)(2t)_4 2 (Lo nymi™ ) (20)
Dmi T 8) — Kk~ i .7 )

2 (-2
( 2k(a+ 5 L)k @0 (1) _ k(g — 1)252m(® 2’(15))

—2k(2a + 1)m,§_1>(t) — k(k = 1)m{*P(t).

By the uniqueness of the solution of the underlying initial value problem, we
finally conclude that f = h. O

3.4 Limit theorems for growing parameters

Let (S( ))n>0 be the time-homogeneous random walk on Jacobi hypergroup

([0, o0[, *a,5) With law v. In particular, (S(*9)), ¢ is a time-homogeneous Markov
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process on [0, oo[ starting in 0 with transition probability
P(Syiy) € A| S = x) = 6, %05 v(A) (3.4.1)

forn >0,z >0 and A C [0,00[ a Borel set.

In this section, we study the asymptotic behaviour of (S{*#), 5, for increasing
“dimension” parameter «. From this moment onwards, we will suppose that
the variables X;, X, ... are i.i.d. with finite second moment [;°z?dv(z) <
oo. It is known that for a fixed parameter f > —1/2, in the case of the finite
second moment [ z?dv(z) < oo under strong requirements on the growth of the
sequence (o, )nen C [3, 00[, namely n/,/a; — 0, the random variable

\/1% {Sff”’ﬁ) —-n- 7"1}

tends in distribution for n — oo to the normal distribution N(0, 7, —7?) (see [42]
Theorem 4.2]). In analogy with the radial limit theorems on R*" for a,, — 00 (see
[41], 42]) one might suspect that, also in our situation, the case n >> «, would
establish another limit distribution as in the case n << «,. However, we shall

prove:

Theorem 3.4.1. Fiz any f > —1/2 and let (a)nen C [B,00[ be an arbitrary
increasing sequence with lim, o a,, = oco. Let v € M ([0,00]) be a probability
measure with a finite second moment [;° x*dv(x) < oo and consider the associated

Jacobi random walks (S'*)),>o on [0, co| with law v. Then

\/1% (mﬁ““ﬁ)(sﬁf""@) — nfl(ozn)) (3.4.2)

tends in distribution for n — oo to the normal distribution N'(0,r9 — r?).

Proof: In the first step, we show that the random variables

1 Qn, e - Qn,
Z 1= —= (mi™ P (S{D) = 3 mi™ (X))

n

N =

converge to zero in the L2-sense. For this purpose, we conclude from Theorem

2.3.10 that

E(22)< E(ma(X1))—E(mi(X1)?)= falan) — ().
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Now, the claimed convergence follows by using Remark B.3.8.
Let Y,, denote the random variable in (B.422). For an o > 8 we define Z,, , by

Ena = \/1%];5]@ with &, = mga’ﬁ)(Xj) — (@)
and denote the distribution of =, , by (i, o. In the following, we write 7, 7, instead
of the normal distribution A(0,7(a) — 71()?) and N (0,7 — 7%), respectively.
Since Y,, = Z,, — E,,4, it remains to prove that for all bounded and uniformly
continuous functions f € Cf(R) on R the integral [5° fdi,.q, tends for n — oo to
the integral [;° fdr.

Let ¢ > 0 and f € C#(R). For an @« > —1/2 and an n € N we have

[ fditn, ~ [ s

<| [ i, = [ Fnaal+ (3.4.3)

+’/fdﬂn,a—/fdfa —f—‘/dea—/de

Now we show that each of the three terms on the right hand side of (3.23) become
arbitrarily small provided the involved parameters o and n are large enough. We

start with the first term. Let a and v be fixed parameters greater or equal to .
The random variables §; , and &, are independent for any ¢ # j and in the case
a = 1, they are identically distributed. Moreover, ¢;, are centered with variance
¥o(a) — #1()?. From this it follows that

0 < E((Enan — Zna)?)=E(E20, = 2Zn0,Zna +Z2,)
= [B(E,) ~ (€ 0,E10) + nE(E)}

= To(an) = P1(n)® = 2B (&1 a,&1a) + o) — F1(@)”. (3.4.4)
By using the estimate of m; in Lemma B34 we get

E(610,610) = By (X)mi™? (X)) — 1 (0n)fa ()
(1= )1 = DIE(n(ch X1)%) = f1(e) 1 (@)

Qn

v

> 1y — 71 ()1 () — Cgray/ min(au,, a), (3.4.5)

where cg and Cy are positive constants dependent only on 3. Therefore, taking
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BZ4) and (B43) into account, we obtain

0 <E((Ena, — Zna)’) (3.4.6)
< 7a(ay,) — fl(an)Q + 7o(a) — fl(oz)2 — 2ry + 271 (o )71 () + €/ min(ay,, ),

where ¢3 is a positive constant depending only on f.

For § > 0 we set As = {|Z1.0, — Enal <0}, Clearly, for an ¢ > 0 and an
f € CJ(R) there exists a § > 0 such that [, |foZ,4, — f0oEna|/dP <e. On the
other hand, by Chebyshev’s inequality we get

Ena —n,o d]P)<2 Ena _Ena2 .
f 10, = £ 0 Znal P < 2 GE(Enn, = Zna)?)

Therefore, from (B.4.6]) and (3:3.11]) we conclude that there exist ng := no(e, f)
> 0 and g := ap(e, f) > 0 such that

/ £ 0 Ena, — fOEnaldP <2 ||fll. Vo> ao, n>ng.
O\A45
Hence, we obtain the following estimation for the first term in (3:4.3))

[ Fitne, = [ Fdiin

<e(l+2|fll,) Va>ay n>ng.

From the classical CLT, we deduce the following estimation for the second term

in (343):

Vadn :=ni(a,e, f): ‘/fd,una— fdr,| <e Vn>n.

Since 7y(a) — #3(v) approaches to ro — r? as a — 00, the sequence of measures

(Ta)a converges weakly to 7, and thus we obtain for the last term in (3.4.3)])

<e Va>o.

S = anle, f) ’/fdm /de

In summary, for € > 0 and f € C}/(R) there exists ng := ng(e, f) > 0 such that

st f 1

Hence, =, o, and therefore, finally Y,,, converges to N(0, 79 — r?). O]

<e(B4+2|flly) Yn > ne.
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Corollary 3.4.2. In the situation of Theorem[3.4.1],

= (s () () 347

tends in distribution for n — oo to the normal distribution N'(0,79 — r}).

Proof: Let x, := mga”’ﬂ) (S,(f‘"’ﬁ)) and y,, := ny(ay,). Adapted from the mean
value theorem there is a £ between z,, and y,, such that

|0 = yn) = (07 (@) = M7 () |= |20 = 9|1 = (71 ()]:

Since (mfl)/(x) N 1 as ¢ — oo (see [46, proof of Lemma 5.7]) we obtain

(= gm) = (07 () = 7 )< ((07) (min{n, g} )1 ) = gl

Therefore, by the preceding theorem, the variable in (B.4.7) tends in distribution
for n — oo to the normal distribution N(0,ry — r?). O

Corollary 3.4.3. In the situation of Theorem[3.4.1],
= (smn@ _ mﬁ(an)) (3.4.8)
VAN

tends in distribution for n — oo to the normal distribution N'(0,ry — r?).

Proof: Let Y, and Z, denote the random variable in ([B.47) and (B.4J), re-
spectively. Then, using the Lemma [3.3.6] we see that

1 o
Yo = Zn = == (nri(an) = (my™ )7 (nf )))
converges to zero for n — oo. According to the Corollary B.3.6, Y,, tends in
distribution to N'(0,79 — r}), and hence so does Z,,. O

Remark 3.4.4. a) Theorem follows by combining estimate (3.3.9) with
Corollary .43l

b) Let F be the field of R, C or the quaternions H with real dimension d = 1,
2 or 4. For a dimension k € N consider the Jacobi random walk (S(®%)), 5,
with parameters « := a(k,d) and § := ((d) as in (B2Z2). Moreover, let
(S¥),.>1 be the homogeneous radial random walk on hyperbolic space Hy(F)
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of the dimension £ as it is described in Section B2l Since the double coset
convolution % 4 on Gg//Ky ~ [0, 0o[ coincides with the Jacobi convolution
*q.5, we conclude from (LT and (4T that the process (dist(S%, Sg))n>1
is also a Jacobi random walk of parameter («, /3). Therefore, Theorem B.I.1]
is a direct consequence of the Corollary B.4.3]

In the CLT above, § is fixed and «,, tends to infinity. It is natural to think
of variants of theorem B4 for o, and (3, — oo in certain coupled ways (see
[42]). Usually, such kinds of CLT no longer have a geometric interpretation.
Nevertheless, we present here a CLT for the case 3, — oo and a,, = 3, + ¢ for
some constant ¢ > 0:

Theorem 3.4.5. Let ¢ > 0 be a constant, and let (Bn)neny C [—1/2,00[ be an
arbitrary, increasing sequence of indices. Let v be a probability measure on [0, 00|
with second moment [;° z?dv(z) < oco. Then, n := [;°Inch (2z)dv(z) < co and
o? = [;° (ln ch (2x))2du(x) < oo exist, and

\}ﬁ (mgﬁn-o-c,ﬂn) (ST(LBn+C’Bn)) _nn)

tends in distribution for n — oo to N'(0,0% — n?).

Proof: By (8:31), monotonicity of sh and Lemma B39 we obtain

c C c 1 n,*l
mgﬁn"" ﬁn) (l’) S IO,BnJF ,Bn mgﬁ"’ﬁn)(if) — pﬁn+ B §m§ﬁ 2)(2ZE)
pﬁnzﬁn pﬂ’rﬁﬁn

On the other hand, by monotonicity of ch we get

C C c C c 1 n C,—l
mgﬁn‘i‘ 7[3”)(37) > pﬁn‘f’ 7/3n mgﬁn"r ,,8n+ )(ZL') o pﬁn"!‘ ,ﬁn mgﬁ + 2)(2$)

- pﬂn+cyﬂ7L+C IOﬂ7L+Caﬂn+C 2

From Lemmas [3.3.4] and [3.3.71 it follows that

lim m;
n—oo  J

(5n+07/3n)(x) _ (hl ch (2z)

5 )J for j=1,2 and z > 0.

The proof of Theorem [B.4.1] can now be transferred word by word to the setting

above, which then leads to the proof of the assertion. n
As a by-product of our previous results, we obtain the following LLN for

random walks on Jacobi type hypergroups (K, %, ) with growing dimension o.
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Theorem 3.4.6. Fix any § > —1/2 and let (a)neny C [B,00] be an increasing
sequence for which there exists an e > 0 such thatn™¢/a, — 0 asn — oo. Letv €
M([0, 00]) be a probability measure with a finite second moment [;° x*dv(x) < oo.
Then |
= [ ()~ E(m(™ I (Sen)) 50 P - as.
n
Proof: Consider the random variables Z,, := m{*" (Slem =321 m{*?(X;).
By Remark 2.3.11] and Lemma [3.3.7 we have
0< Var(lZ ) < 1(]E(m(o““ﬁ)(Xﬂ — m(a"’ﬁ)(X1)2> <
= n n) = 2 1

n =

1
n- paruﬁ

E(mga"’ﬁ) (Xl))
Therefore, by using the assumption n°/a, — 0, we conclude that
[e.e] 1 oo
0< ZVar(—Zn) <C Z n 17 <
n=1 n n=1

for some constant C' > 0. Hence Z,, — 0 P-a.s. by the Borel-Cantelli lemma. On
the other hand,

> (m{ (X)) = Em* P (X)) 50 P-as.

j=1

S|

which follows from the classical law of large numbers for i.i.d. random variables
with finite expected value. Combining this with the convergence of Z,,, the theo-
rem follows. [

Corollary 3.4.7. In the situation of the preceding theorem one has

(S(O‘”’ﬁ) —nfi(a,)) =0 P—a.s.

1
n\on

Proof: The proof is carried out using the same arguments as in the proofs of
Corollary B.4.2 and [3.4.3] combined with the preceding theorem. O]
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Chapter 4

Radial limit theorems on R? for

growing dimensions p

The results in this chapter are motivated by the following problem: Let v €
M1([0, 00[) be a fixed probability measure. Then for each dimension p € N there
is a unique rotation invariant probability measure v, € M*(R?) with ¢,(v,) = v,
where ¢,(z) := ||z||, is the norm mapping; i.e. v is radial part of 1,. For each
dimension p € N consider i.i.d. RP-valued random variables X7, X% ... with law

v, as well as the associated radial random walks

v = Xp>
( ];1 F n>0
on RP. We are interested in finding limit theorems for the [0, co[-valued random
variables ||SE||, for n,p — oo coupled in a suitable way.

In the first part of this chapter, we derive the following two associated central

limit theorems (CLTs) under disjoint growth conditions for p = p,,.

Theorem 4.0.8. Assume that v € M ([0, 00]) with v # &y admits a finite fourth
moment. Let my(v) := [° 2*dv(x), k <4 and (p,)n be a sequence of dimensions

with lim,,_,o p, = 00.

CLT I: Iflim, oo n/p, = 00, then

S

n

> —nms(v))

tends in distribution for n — oo to the normal distribution N (0,2ms(v)).
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CLT II: If lim,, o n/p, = c € [0,00][, then

jﬁ(usznui — nma(v))

tends in distribution forn — oo to the normal distribution N (0, m4(v)—2cms(v)?).

Remark 4.0.9. Parts of this theorem were derived in [41] by using completely
different methods. More precisely, CLTs above were proven for sequences (p,)n
with some strong restrictions. The first CLT with the restriction n/p3 — oo,
ie. n >> p, was identified by M. Voit as an obvious consequence of Berry-
Esseen estimates on RP with explicit constants depending on the dimension p,
which are due to Bentkus and Gotze |2, [3]. The proof of the second CLT with
the restrictions n?/p, — 0, i.e. n << p, was derived in [41] as a consequence
of asymptotic properties of so called Bessel convolutions (for a survey about the
Bessel convolutions on R, we recommend [10]).

With the approach used in [41] one is not able to get rid of the strong conditions
on the growth of p = p,,. In particular, the mixed case p,, = c¢-n for some constant
¢, which builds a bridge between the CLTs with n << p, and n >> p,,, was stated
there as an open problem.

In the second part of this chapter, we shall show that for all sequences (p,)nen
with p, — oo,

1
Sz 13 = ma(w)

in probability, provided the second moment of v exists. Moreover, we derive
associated strong laws of large numbers (LLNs) for n >> p, n << p and n ~ p
(cf. Theorem H0.22)). In the case p, >> n, with an additional very strong
restriction that the dimensions p,, grow faster than any polynomial, a strong LLN
has been proved by M. Voit and M. Résler in [30].

Remark 4.0.10. The preceding problem (c.f. the beginning of this chapter) can
be generalised as follows: For a fix dimension p € N the usual convolution on
R? induces a probability-preserving Banach-x-algebra isomorphism between the
space My 1.a(RP) of all bounded, rotation invariant Borel measures on RP and
the space M,([0,00[) of bounded Borel measures on [0, 00] via the norm map
¢ : & — |lz[[,. The space [0, 00[ together with this new convolution becomes a

commutative orbit hypergroup; see [6] and [19]. Moreover, one can easily verify
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that the convolution of point measures on [0, oo[, induced from RP?| is given by

1
O *4 0s(f) = F<1/I21)(?<Zi>1/2) /_1 F(Vr2 452 = 2rst)(1 — t2)*712dt, (4.0.1)
with o := p/2—1. The convolution on M*([0, oo]) is just given by bilinear, weakly
continuous extension.

It was observed in [I0] that equation (Z.0.1]) defines a commutative hypergroup
([0, 00[, *4) for all indices o« > —1/2, where 0 is the neutral element and the invo-
lution is the identity mapping. The characters @, of the hypergroup ([0, o], *4)
are defined by ¢, (z) := A, (A\x) for all = € [0, 0o[ where A, denotes the modified
Bessel function of order a. This type of hypergroups and associated random walks
were systematically studied by Kingman [23] and later by many others; cf. [6] and
references there. Therefore, ([0, 0], x,) is called a Bessel-Kingman hypergroup of

index a.

To get a first feeling of possible results, we begin with the well known case
where the dimension is fixed and n — oo. Let us assume that v admits a finite
second moment my(v) € (0,00). The classical CLT on R? implies that for n — oo,
the random variables S?/y/n tend in distribution to some normal distribution
N(M,%), with M = E(X]) € R? and X = Cov(X7) € RP*P. Since v, = Pxr
is rotation invariant, the covariance matrix > is invariant under all conjugations
with respect to orthogonal transformations. Therefore, ¥ = ¢,I, with identity
matrix [, and some constant c,. In particular, M = 0 € RP. As v is the radial

part of v,, we obtain
my) = [ atav(a) = [ yldv,() = p-

and hence ¥ = mQT(”)Ip. Now, the relation between standard normal distribution
on R? and the y2-distribution xg with p degrees of freedom, clearly forces that

the random variables —2— ||S2|| converge in distribution to x2. Moreover, for
2(v) 1¥n P

distribution function £, , of -t~ |S2]| and F,, of the x -distribution, one has the

following Berry-Esseen-type estimation on RP with explicit constants depending

on the dimension p
Ik
||Fn,p_Fp||oo <C- \/ﬁ

for n, p € N with a global constant C'; cf. Theorem 2 of Bentkus [2].
On the other hand, it is well known that for Xg—distributed random variables
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Z, (with E(Z,) and Var(Z,) = 2p), the random variables (Z, — p)/(2p) tend to
the standard normal distribution N (0, 1) for p — oco. A combination of the above
results implies the first CLT under an additional condition: n/p? — oo.

Before beginning our systematic study, we need some notations. Let f :
C — C be a function and z = (z1,...,%2,) € C?. We write f(z) for the tuple

(f(21),..., f(2)) € CP.

Definition 4.0.11. Let X = (x1,...,2,) be a R? valued random variable with
distribution p := Py € M!(RP).

a) We say that p (or X) admits a k-th moment (k € N) if
il = [ llalls dpe) < oo. (40.2)
RP

b) Under the condition [0.2), for an x € N™*? with |x| = k1 + ... + K, = k we
define the k-th moment of p (and also of X') by

me(p) = /Rp 2"du(z) € R.

In particular, for x € Ny and u € M'(R) one has m,(u) = [p 2"du(z), as
a usual k-th moment of p. If necessary, we may use the notation m,(X)

without risk of confusion.

c¢) For a fixed k € Ny, introduce the space
MiR?) = {p€ MR Jul, < oo}

of probability measures for which all k-moments with |x| < k exist. Moreover,

let M!,,(RP) denote the space of all radial (i.e. rotation invariant) measures

on R? and M4 (RP) := M} ,(R?) N M (RP).

rad

Here and subsequently, we consider the following geometric situation: Let v €
M([0, 0o[) be a fixed probability measure with finite second moment my(v) < co.
Moreover, let (p,),>1 C N be a sequence with lim,,_, p, = co. For each n € N
let v,, be the unique radial probability measure on RP* with radial part v, i.e.
©pn (Vp,) = v, where ¢, : RP» — [0,00[, z + ||z||2 is the norm mapping. Now,
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we consider triangular arrays of independent random variables
X = (X X)) Q — R j<n, neN,

with radial distributions X2" ~ v, , n € N as well as the associated partial sums
Shr = ?:1 X?”, n € N. If no confusion can arise we will omit the index p,. The
main object of study is the stochastic process

(En) = 15815 = nma(v)) .

Notice that the distribution of =, (v) depends only on the measure v € M1 ([0, oo]).

The proof of Theorem 0.8 will be divided into two main steps: In the first
step we prove a reduced form of Theorem [L.0.§ assuming that v has a compact
support. Along with this, we shall use the method of moments to establish the
desired convergence of the distributions /p,/n-Z,(v) and =, (v)/y/n, respectively.
In the second step, we will show how to get rid of the support condition for v.

Both steps are based on the decomposition of =, (v) via

Ea(v) =2A,(v) +B,(v) (4.0.3)
where
A, (v) = zn:Ai, with A; := || X;||> = ma(v), (4.0.4)
=1
and B,(v):= iBi, with B; := > XS)Xg). (4.0.5)
i=1 a,f=1,...,n; a#B

Next, we shall prove that the random variables 2, (v) and B,,(v), up to some
suitable normalization factors, converge in distribution to some normal distribu-
tions (see Propositions FE0.14] and ELOI6). For a measure v € M ([0, 0o[) with
compact support, we establish these convergences by the method of moments.

Theorem 4.0.12 (Method of moments). Let Y,Y],Ys, ... be real valued random
variables. Suppose that the distribution of Y is determined by its moments my(Y)
(k € N), that the Y,, have moments my(Y,,) of all orders, and that

lim my(Y,) = mg(Y)

n—oo

for k=1,2,.... Then the sequence (Yy), converges to'Y in distribution.

49



Proof: See [4][Theorem 30.2.].

By calculating the moments of ,(v) and B, (v), we shall often deal with
expressions of the form (z; +...+,)*, k € N. By using the multinomial formula
it is a simple matter to see that

K k!
k )\1 )\u
(4. +z) => ) N DR AR (4.0.6)

u=1XeC(k,u) T peW (nu)

where

C(l{?;U):{)\:(/\l,,Au)ENu |)\| :Z/\z:k};
i=1
Win,u)={p=(p1,- - pta) €{1,...on}" :puy < g <+ < o}

A generalisation of Formula (£0.6) shall be proven in Theorem B:2.11
In the following theorem, we compute the moments of a radial measure v,.

The asymptotic behaviour of these moments for p — oo shall be exploited in the
proofs of Theorems L.0.8 and E.0.22

Theorem 4.0.13. Let k = (k1,...,k,) € Nb, 1 := |k|/2, v € M'([0,00]) and
v, € MY (RP) be the corresponding radial probability measure on RP which admits
the k-th order moment. Then

" 0, if 37 Kj s odd, ( )
ma() =4 _ ' 4.0.7

where (p/2); = (p/2)(p/2 +1)---(p/2 + 1 — 1) is the usual Pochhammer symbol.
In particular,
my(vp) = O(p™") as p — . (4.0.8)

Proof: Let k = (k1,...,kp) € Ny and [ := |k|/2. If there is a j € {1,...,p}
such that x; is odd, then the x-th moment of v, is zero, which is due to the fact
that v, is a radial probability measure.

Suppose that x = (2[4, ...,2l,) with some [; € Nyg. Moreover, let U2 denote
the uniform distribution on the Euclidean sphere S?~! C R? with radius r > 0.
One can easily show that v, enables the decomposition

_ P
vp() = | Ut

(o) = [T UR()av(r) € MHRD)
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Hence, invoking Fubini’s theorem, we see that
my(vpy) = / oyt wprdyy(x) = / m,(U2)du(r). (4.0.9)
RP 0

In order to calculate the x-th moment of v,, we first compute [/J\?(y) for y € RP.
Since UP is a radial measure on R” (i.e. invariant under rotations), there is no loss
of generality in assuming y = (0,...,0,t) € RP, with ¢t > 0. By straightforward
calculation we obtain

Let J, and A, denote the usual and modified Bessel functions of the first kind
of index v, respectively i.e., A, (z) = I'(v + 1)(%)Vju(z) with R®(v) > —1/2 and
|arg z| < m. From integral representation [26, Formula 5.10.2] of J, (for v =
p/2 — 1), we see that

)p/2+1

URy) = D) ()™ T (tr) = Ay (o)

Now let D, denote the differential operator

o o

D, = .
oy Ozp?

The well known relation between moments of a probability measure and partial
derivatives of its characteristic function as well as the theorem about the inter-
changing of differentiation and summation yield

My (UP) = /R 22 dUP () = (—1)'DAe 1 (r[|2]) oo

z - 1)kq2k
= (=1)'D, (Z W Elly )\zzo
)k: 2k

r 2k
05 s (),

k=0
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By multinomial theorem we have

D),y 3 (o el )

’i1+...+ip=k

R R TR TRL VAT
N\t

where 0;, = 1 if [ = k and 0 otherwise. Thus,

2l

ma(UD) = g1z

ﬁ (257'!)! (4.0.10)

j=1

Finally, we conclude from (£0.9) that

The formula ([L0.7) yields the following covariance structure of a v, dis-

tributed random vector X = (X7y,..., X}, ):

]E(Xa) = 07 CO/U(Xa,a Xﬁ) = 504,,8 : m2(V)/pn (4011)

Now we compute the covariance structure of 2(,(v) and B, (v): Since the
random variables A; (i = 1,2,...) are independent and identically distributed, we
have

E(Ax) =0, Cov(A;, 4;) = 6 ;(ma(v) — ma(v)?). (4.0.12)

This gives Var(2,(v))/n = my(v) — ma(v)?. By the independence of random
variables Xy, k € N and (fL0.I1]), we obtain

E(By) =0, Couv(By, Bj) = 6 j————2ma(v)*. (4.0.13)

Thus, we get lim,, o pn/n? - Cov(B,(v)) = 2ma(v)%

We are now ready to establish CLTs for the random variables 2,,(v) and B,,(v),
respectively. We start with 2, (v).

Proposition 4.0.14. Assume that v € M([0,00[) has compact support. Then
the asymptotic behaviour of A, = A, (v) is given as follows:

a) If n/p, — ¢ € [0,00[ as n — o0, then A, /\/n tends in distribution to

52



N (0, my(v) — ma(v)?).
b) If n/pn — 00 as n — oo, then \/p/n - A, tends in distribution to dy.

Proof: By the method of moments A.0.12] it suffices to show that the k-th
moments of 2, /\/n and ,/p, /n-2, tend to the k-th moments of the corresponding
limiting distributions for every integer & € N. By the multinomial formula (£0.0]),

we have
k!
Y Y M T e
u=1 A\eC(k,u) )\1 >\ neW (n,u) " e
Since the random variables A;, j = 1,2,... are identically distributed, it follows

that E(A) - Aj) = E(A} - - A)v) for all tuples u = (p1, ..., ) € W(n,u).

Thus i y
B) =2 Xt () a).

u=1\eC(k,u)

For w € {1,...,k} and A = (\y,..., \,) € C(k,u) we consider
n
T(A):= | |E(A} - A)). 4.0.14
= () ) (10.14)

If \, = 1 for some a, i.c. A, appears with multiplicity one in A} - - A
then T'(\) = 0 holds because E(A,) = 0 and A;, A,, ... are independent random
variables.

Suppose that A\, > 2 for each a and A, > 2 for some «. Then k > 2u, and since
v has a compact support, we get T(\) = O(n*). This clearly forces T'()\)/n*/?
and pf/2/nk - T(X) in the cases n/p, — ¢ € [0,00[ and n/p, — oo, respectively
tend to zero as n — oc.

Now we turn to the case A = (2,...,2), in particular & = 2u. It follows that

72, 2) = P (a2) - B(42)

13 (2u ) (2u— 1) (maly) — ()

|
lim iIE(Q(Q“) = lim (2u)!

n—oo N n—oo 21 ...9|

i.e. the 2u-th moment of 2(,,/y/n converges to the 2u-th moment of N (0, my(v) —
ms(v)?). Now, by the method of moments we obtain a).

If n/p, — 0o, then p¥/2/n* - T(\) = p/n* - T()\) converges to zero as n — oo
and therefore |/pk /n2k - E(A*) does so. This completes the proof. O

93



Now we turn to the treatment of the random variable *B,,(v). First, we need

the following definition.
Definition 4.0.15. Let p € N. We say that a monomial

M:RP SR, z—a"=c-z™ 2™, (ceR, k= (k... , Ky € N)

is even if all k; are even. Moreover, we say that a polynomial P : R? — R is even,

if P is a linear combination of even monomials.

Proposition 4.0.16. Assume that v € M*(II,) has compact support. Then the

asymptotic behaviour of B, := B, (v) is given as follows:

(a) If n/p, — 0 as n — oo, then B, /\/n tends in distribution to dg.

(b) If n/p, — c €]0,00] as n — oo, then \/p,/n - B, tends in distribution to the
normal distribution N'(0,T*(v)).

Proof: As in the proof of Theorem E0.14, we show the convergence of the
corresponding moments, i.e. we prove that the k-th moments p*/2 /n* . E(B*) and
E(BF)/n*/? converge to the corresponding moments of the limiting distributions
as n — oo for any k£ € N. By the multinomial formula ([@L0.6]), we have

B> > BB
v=1 peC (k) gl gl NEW (pn )

Since the random vectors X;, X,, . .. are independent and identically distributed,

it follows immediately from the definition of B; (i = 1,...,p,) that Bil ... Bhv

L B ... Bt for all tuples n = (1, . .., 1) € W(n,v). Thus

(B =Y Y (e ).

v=1 peC (k) fi! v

Let ve{l,...,k} and pp = (p1,..., 1) € C(k,v). To investigate the product
B{* -+ B we introduce the set

Tion = { (i, jrri2, s ik Ji) € NP0 1<, o <moand i # jo ¥ ).

We see at once that

BB = [T XX = 3 81, p) (4.0.15)

=1 a#p 1€y n
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where for an I = (i1, j1, 2, J2, - - -, iks Jk) € Loy

“1 ) L p1tp2 5 5 Pty
S(Lpw) = XxOx I x2x® ... I1 XXM (4.0.16)
a=1 a=p1+1 a=p1+...+py—1+1

For an a € {1,...,n} and b € {1,...,v} let mult; y(a,b) be the number of
occurrences of X in the product S(I, \), i.e.

mult; ,(a,b) = Hl e{l,... k}: Xi(lb) = X® or Xj(lb) = Xéb)}' €1{0,..., m}.

The product S(I, \) may be regarded as a monomial in the variables X(V, ... X{®),
while the random variables coming from other indices are considered as constant,
i.e. with the notation of mult;  we have
S(1,A) = [T(GY)™ D - R =X R,
b=1

where x = (multy)(a,1),...,mult; \(a,v)) € N§ and R is the product of some
XB witha € {1,...,n}\{a}, B € {1,...,p,}. By the independence of X;, X, . ..
it is clear that ES(1, ) = E(X!) - E(R). Now, if S(/,\) = X" - R is not an even
monomial (i.e. if there exists b € N such that mult; (a, b) is odd), we obtain from
Theorem that ES(/, \) = E(Xf)E(R) = 0. Hence, defining

Jo={I€Zy,: Fa, beN: mult;,(a,b)isodd },

we observe that
ES(I,\)=0 VIeJ (4.0.17)

Let d(/) be the number of distinct elements in {I} := {i1, j1,..., %, jx} and
Jm i ={I €Ly, : d(I)=m}, (meN).

It is easy to check that d(/) € {2,...,2k} for all I € Zj,, and J,, C J° for all
m > k. Therefore,

E(B/ .. B = i ES(I,\). (4.0.18)

=2 IEJm

Since |J,,| < C'-n™ for a positive constant C', the number of terms in the last sum
is at most of the order O(n™). Moreover, according to (L0.8)), each term ES(/, u1)

55



in ([A0.IY) is of the order O(p,*). This gives

m

> ES(LN=0(%), (meN). (4.0.19)

Forve {1,...,k} and p = (u1,..., ) € C(k,v) we consider

v

T(u) = (p">E(B{“ : )

If 1, = 1 for some «, i.e. B, appears with multiplicity one in Bj"* --- B and
therefore each I € 7, from the Representation (L0.I5]) is necessarily from J°,

and hence (L0.I7) gives T'(1) = 0.
Suppose that u, > 2 for each a and p, > 2 for some «, i.e. in particular

k > 2v. From ([ELISY) and (EOI9) we conclude that T'(u) = O(n*/pF=). Thus,
n~*2T (1) and p*?n=*T(p) in the cases n/p, — ¢ € [0,00[ and n/p, — oo,

respectively tend to zero as n — oo.
Now we turn to the case p = (2,...,2), in particular £ = 2v. From (Z0IJ)

and (L£0.19) we get

k/2 k/2
lim ~"—T(p) = lim ~ ( ")E(Bf---Bg)

n—o0 71k n—oo n, vV
k/2
p Pn
:hm< ) > ES(I,p)
n—oo n, v IEJk
Since X, Xy, ... are i.i.d., we have

ZES(I,;L):@) S ES(I,p). (4.0.20)

IeJy

Let I = (i1, j1, - g i) € Jp N {1,... k}?* If there is an a € {1,...,v} with
{Z.gafl,jga,l} 7é {iga,jga}, then either mlﬂt]’)\(iga,&) =1or multI,A(jga,a) =1.
Thus, by (£0.I7) we obtain ES(I, u) = 0. Hence,

STES( ) = (Z) > ES(, ),

I1€Jy

where 3" extends over the tuples I = (i1, 1, ... ik ji) € Je N {1,..., kz}% with
{i2a-1,J2a-1} = {l2a,j2a} for all & € {1,...,v}. An easy combinatorial com-
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putation shows that the number of terms in the sum 3 is 2Ukl. Moreover, by

independence of X;,Xj, ... and Formula (£0.11), it is clear that

st = TT((K1) )= ((347)) = mator

Summarizing what has been shown before, we get

k/2 k2 gl
lim In E(%k> — lim In 7'T(M)

n—oo nk n—oo nk /h! Lo
k/2 k!
D ! D\ () k
T ] () @2 Klpy fma (1)
k!
= o 2ma()2)' =1-3-+-(2k — 1) - 2ma(v)?)”,  (4.0.21)

i.e., the k-th moment of \/p,/n - B,, converges to that of a centered normal dis-
tribution with variance 2ms(v)?2.

The proof is completed by showing that in the case n/p, — 0 the k-th moment
of %B,,/\/n tends to zero as n — oo. The case where k£ € N is odd, has already
been discussed. If k is even, (L021)) yields

1 . k/ 2 pk/ 2 .
Jim, (%)= Jim, ~o 2B (1) = 0
m
The following asymptotic uncorrelation of random variables 2{,, and 5,, shall
play a crucial role in the subsequent proof of Theorem .0.8

Proposition 4.0.17. Assume that v € M*'([0, 00[) has compact support and that

limy,, 00 n/pp, = ¢ €]0,00[. Then A, and B,, are asymptotically uncorrelated, i.e.

forall0 <1<k .

k2

(E(0) - B(BE™) — B, - B )

tends to zero as n — 0.

Proof: From multinomial Formula ([A0.6]), by using symmetry argument, we
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conclude

E(l,k) = L(E(Qﬁ) CE(BF) B %’H))

k2

JR l! n) = (k=10 (pn
:ZEEEEZ EZHAN.HAM<U>'§: ... |<U>HXW

v=1 peC(k—tu) H1° " Mo
with
HA,M = ]E(Ai‘l . Ai“) 'E(Bfl .. 'Bff”) _ E(Ai\l o 'Aiu ) Bi“ . -~B{f“)_

Let us keep the notations of Proposition EE0.I6. We have BY - - Bt = 52" S(I, 1),
where S’ extends over the tuples I = (41,1, -y Uty Jh1) € Lx—1n and S(I, p) is

defined as in ([A.0.16)).

If o =1 for some a € {1,...,v}, then each term S(/, x) in the sum above is
not an even monomial (mult;,(a,it,) = 1 for some a € N) and thus, neither is
Ao Ade - S(I, ). Therefore, Hy, = 0 by Theorem EU.T3.

Suppose that p, > 2 for each . By Eq. (£0.I8) we have

Hi= X {E(A} - AN) BS( )+

IeJaU.. . UJk

—E(AY - Ay -S(1,p)) }- (4.0.22)

For M :={1,...,u} and G:={a € M : )\, = 1} we define the following subsets
of Ik—l,n:

JMZ:{IEJQU...UJk_li {]}ﬂM?’é@},
IC(;I:{IGJQU...UJk_lI GC{[}}

It is easily checked that for the cardinalities of Jy; and K¢, we have
[Ja| < CnF~1 and  |Kg| < Cnktlel (4.0.23)

with some constant C' = C(k,1).

We consider the I-th term in the sum ([AL0.22)), which will be denoted by T'(I).
Is I ¢ Jy,ie. {I} N M = (), and thus Aq,..., A, are independent from S(I, p).
This clearly forces T'(I) = 0. Is I ¢ K¢, i.e. there exists 7 € G with 7 ¢ {[},
and therefore A, is independent from A; (i € M \ {7}) and S(I, ). Thus, we get

T(I) =0 from (Z0.12).
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Taking (A0.23) into account, we see that the number of nonzero summands

in (Z0.22) is bounded above min(n*~!=1 n*==I¢) " On the other hand, Theorem
yields that each of them is bounded above C'/pf~! where C' > 0 is a suitable
global constant. In summary, we get

[Hypl < C-min(n™", 0719, (4.0.24)

Since p € C(k — [,v) with p, > 2 for all @ € {1,--- ,v} we have k — 1 > 2v.
Moreover, since A € C(l,u) we get | > 2u — |G|. Hence, by straightforward
calculation using n/p, — ¢ €]0,00[, we conclude from ([L0.24) that for suitable
constants Cj,

|FL.(1 k)| < an’;Q > 3 (n) < n) min(n~t, n~1)

u=1v=1 AeC(lu) peC(k—lv) \&/ \'V
02 I k-l 03
<—=3 n" min(n ", n71%) < ==
2 oA AeC(lu) Vn
This completes the proof. O]

Proof of Theorem [J.0.§ for v € M (|0, 00|) with compact support: If n/p, — oo
then \/pn/n - A, % 6 and VPn/1 - By, A N(0,2m4(v)?) according to Proposi-
tions EL0.T4 and LOL.T6L This clearly forces \/pn/n - Z,(v) 4 N(0,2my(v)?) by
Slutsky’s Theorem. Suppose that n/p, — 0. Then we get as above =, (v)/y/n -5

N(0,m4(v) — ma(v)?). Tt only remains to check the convergence in the case
n/p, — ¢ €]0,00[. Let k € N. By ({0.3]) and Proposition E.0.17]

tim B((22,0)) = tm —— 3 (*)E (28
= lim ;é(’;y@(%)m(%ﬁ—l).

n—oo n,

Consider independent random variables Z; with distributions Pz, = N (0, 0?),
i =1,2. Tt is clear that Z; + Z5 is N'(0,07 + 03) distributed. Furthermore, for
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the k-th moment of Z; + Z, we have

me(N (0,07 + 03)) :i( ) E(Z5)

=0

Z( ) N(0,07))my—i(N(0,03)).

=0

Propositions [4.0.14] and [4.0.16] now lead to

lim E((£2,0))") = mu(N (0, ma(v) — ma(v)? + 2emsy(v)%)).

n— o0
[l

In order to get rid of the assumption that supp(v) is compact, we introduce
for an a > 0 the truncated RP"-valued random variables

Xp i IXE ], <,

Xifa:: k=12

3 PR

0, otherwise

Let us denote by v, the distribution of ¢, (X}%,) (which is not dependent on p,).
Obviously, the sequence X}, k € N, are i.i.d. with the radial law 1, , € M"'(RP")
which corresponds to v, € M!([0,00[). We define Z,(v,), An(va), Aju (j =
1,...,n), B,(v,) and B, (j =1,...,p,) according to (L0.3), (£0.4) and (£0.9),
respectively by taking X}", instead of X}, k € N. As it used to be, we will omit the

index p, when no confusion can arise. Clearly, we have Z,,(v,) = 2, (va) + B, (V).

In the following we show that =, (v,) is a "good” approximation of Z,(v). To
formulate this exactly, we first fix some 6 > 0 and a sequence (p,),; we then
introduce the sequence (d,), by

0 - , f - —cell
PR LA ¢ € 0,00l (4.0.25)

- ’;n, 1fp—n—>oo.

In the next lemmas we show that the events

{120 (va) — A (V)| > 6} and {[B,(va) — Bu(v)| > 0n}
have arbitrary small probabilities for a and n large enough.

Lemma 4.0.18. For all € > 0, 6 > 0 there exist ayg, ng € N such that for all
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n, a € N with a > ag and n > nyg
P (|2, (v) — Apn(va)] > 6n) < e.

Proof: Let 6 > 0 and (6,), be a sequence as in (0.25]). Since (A4; — A;q),
(1=1,2,...) are i.i.d., it follows by Chebychev inequality that

n
P (|2, (v) — An(va)| > 6n) < 5—2Var (A1 — A1) . (4.0.26)
Using triangle inequality, we obtain

sup {Aia D a€ N} < (||X1||§ + mg(u)>2 € L'(9),

Therefore, the set {A}, : a € N} is uniformly integrable. On the other hand,
since the random variable |A;| is almost surely finite, A , converges almost surely
to Ay as a — oo. Thus, we get

Al, — A} in L% (4.0.27)

By taking (4.0.26) and (£0.27) into account, the lemma follows. O

Lemma 4.0.19. For all ¢ > 0, 6 > 0 there exist ag, ng € N such that for all
n, a € N with a > ag and n > nyg

P (B, (v) — Bu(va)] > 6,) < <. (4.0.28)

Proof: Let 6 > 0 and (d,), be a sequence as in (£0.28). By Chebychev
inequality it follows that

1 Pn

P (|%n(V) - %n(Vaﬂ 2 5n) S (572 Z (COU (Bz - Bz‘,m Bj - Bj,zz) . (4029)
n ji=1
Since X, Xy, ... and X 4, Xy ,, ... are both sequences of RP*-valued i.i.d. random

variables with radial distributions v and v,, respectively, one can easily see that
Coo (X", X)) = 614+ 6,5 - Cov(x (M, X{!)) (4.0.30)
holds for all indices [, k, ¢ and j. Moreover, by (Z0.I1]) we obtain

Cov(Xfl)’X(l)) _ ma(v) _/ Xfl)Xl(l)d]P).
{IX1||>a}

1,a
Pn
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Cauchy-Schwarz inequality and Theorem lead to

C
A”X ”> }X{l)Xfl)d]P) S P(HXIH > CL) . m(470 _____ 0)(Vpn> S

Q- Pn

with a suitable constant C' := C(v) > 0. Thus, we get

Cov(Bi, Bja) = Y. Y. CO”(Xz(f) O xO) X,ﬁg)a)

las »“Yk1,a
l1#£l2 k1#ka
2
=0,;-2n(n—1)- COU(Xl(l)’ X1(1‘2>
C 2
N 51'7]' . 2n(n _ 1) . (m2(1/) . ) .

Dn Q- Pn

Hence, Equation (L0.13) yields

0 S CO’U (BZ — Bi@, Bj — Bjﬂ) = 5@',]’ . COU (Bl — Bl,aa Bl — Bl,a)
= 61',]' . (VCLT(Bl> — 2@01)(31, Bl,a) + VCLT(BLa))

< 8- 2n(n — 1);2(m2(y)2 — 2 (ma(v) - C/a)2 + ma(va)?)

< &5 2n(n — 1)i(m§(1/a) —my(v) +4Cm3(v)/a — 202/a2>‘ (4.0.31)

> 0y, 3
Dn

Taking (£0.29) and ({0.31]) into account, we obtain (L0.28]). O
Corollary 4.0.20. For all € > 0, 0 > 0 there exist ag, ng € N such that for all
n, a € N with a > ag and n > ng

P(En(y) - En(Va)| > 5n) <e.

Proof: For an 6 > 0 we observe
P (IEn(v) = En(va)| > 6a) < P12, — Ano| > (i")m(yasn — B4 > i").
- ’ 2 ’ 2
Combining this with Lemmas and [.0.19, the corollary follows. m

Proof of Theorem [{.0.8: Let us first prove the CLT I. In this case the normaliza-
tion is given by /p,/n and for the growth of p,, we have the condition n/p, — oo

as n — 0o. We set &, := /pn/n-En(v), and &, = /Pn/n - En(v,) and denote
their distributions by s, and p, ., respectively. Moreover, we write 7, instead of

62



N(0,2ms(v)). Using triangle inequality, we deduce that

[ fdun [ fan,

+ (4.0.32)

+‘ / fdr,, — / fdr,

Let ¢ > 0, f € C/(]0,00]) be a bounded uniformly continuous function on [0, 00|
and As = {|&, — &nal <0} (0 > 0). It follows that

<| [ s~ [ fdpn
+| [ fdina = [ 1,

36>0: /A 1f ok — fobnaldP<e.
5
On the other hand, by Corollary E0.20]
Jag, ng >0: /gz\A5‘fO§"_fO§"’“|dP§ 2¢||fll, YV a>ay, n>ng.
This gives us the following estimation for the first summand in (£0.32):

Jag, ng >0: ’/fd,un—/fduma <e(1+2]flly,) Ya=>ag, n>ng (4.0.33)

Since v, has a compact support, we conclude from [L.0.8 that y,, , converges weakly
to 7, (a > 0). Hence,

Va>0dny>0: ‘/fduma—/fdna <e Vn>nyg (4.0.34)
Finally, it is evident that
Jag>0: ‘/de,,a — /del, <e Va>a. (4.0.35)

Taking (£.0.33), (£0.34)) and (£0.35) into account, we obtain

Ty >0 ‘/fdpm—/fdn

<e@+20fle) ¥n=mno,

which completes the proof of CLT I in Theorem 0.8 The same proof works for
CLT II. ]

For the rest of this chapter, we devote ourselves to the laws of large numbers

for the functionals ||S?»||*. Our first result in this direction is the following weak

law of large numbers:
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Theorem 4.0.21. Let v € M ([0,00]) with finite fourth moment m4(v) < oo

and (pn)n be a sequence of dimensions with lim,, . p, = 0o. Then
1 Pn ||2
ISz — ma(v)

in probability as n — oo.

Proof: By Cauchy-Schwarz inequality, we have for any € > 0,

P(Z,0)| 2 € n) < B (Z0)).

22 .2
From (£0.12) and (£0.13) we get

E(Z.(v)?) = E(2(1)* + 22, (1)B,(v) + B,(1)?)
= n(ma(v) —ma(v)?) + 0+ 2n(n — p, 'ma(v)?,

and so the theorem follows. O

We next turn to an associated strong law of large numbers.

Theorem 4.0.22. Let v € M ([0, co[) with finite eighth moment mg(v) < oo and
(Pn)n>1 admissible sequence of dimensions. Moreover, let (a,),>1 be a sequence
in )0, oo with a, =n if n/p, — ¢ € [0,00[ and a,, = n*/p, if n/p, — o0o. Then

nlglgoE”(V)/a" =0 P—a.s

Proof: Let ¢ > 0. By Markov inequality,

€ ay

P([Za(v)] > & - an) < P(|2(v)] > Z52)+P(|Ba(v)| > =)

2
< (i)“( /Q 2, (1) dP + /Q %8, (v)'dP). (4.0.36)

Let us consider the first integral in (A0.36]). The integrand is

() = Y A AzA,A;s (4.0.37)
a,B,y,0

where the four indices range independently from 1 to n. Depending on how the
indices match up, each term in this sum reduces to one of the following five forms,
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where in each case the indices are now distinct
Af; A?A?; A?Aj; A?AjAk; A AALA;.

Since [ A;dP = 0, it follows by the independence of A, As, ... that the expected
value of the summand vanishes if there is one index different from the three
others. Therefore, we have only to consider the terms of the form Aj and A7A?.
The number of occurrences in the sum ([L0.37) of the first form is n. The number
of occurrences of the second form is 3n(n — 1).

By Holder’s inequality we get m;(v) < mg(v)”/®, (i < 8). Hence, from inequal-
ity A; < X2 = ma(v),

1Y £ 3 (o) male)' < 2o),
Thus, by Cauchy-Schwarz inequality we obtain
E(A7A?) <E(A]) < 2 mg(v).
A term by term integration of ({0.37)) therefore gives
/ A, (V)P < 2mg(v)(n + 3n(n — 1)) < Cn? (4.0.38)

with a suitable constant C>0.
We now turn to the second integral in (0.30]). In analogy with (E0.37]),

/ B, AP = 3 / BoBsB, BydP
a,B,7,0

where the four indices ranging independently from 1 to p,. By Theorem A.0.T3]
the summand [ B, BB, BsdP vanishes if there is one index different from the
three others. This leaves terms of the form [ B!dP, of which there are p,, and
terms of the form [ B} BZdP for i # j, of which there are 3p,(p, — 1). Hence, by

syminetry,
/ B, (v)1dP = p, / BLAP + 3p,(pn — 1) / B2B2dP. (4.0.39)

We proceed now with calculation of the integrals in (L.0.39). By the definition
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of B; in (£0.9),

[Blar= > > > % /HX(”X(I (4.0.40)

a17#P1 aaF#P2 as#P3 aaFPa

where the indices «;, 8; with a; # (;, in each sum ¢ = 1,2, 3,4, range from 1 to n.
Since E((X(V)) = 0 for all a and for all odd I € N, it is clear that the expected
value of the product Xal)Xél)XéQ)X( )X(l)X( )X(I)X( ) vanishes if there is one
index v € {ay, B, ..., a4, B4}, such that the number

’{Ue{a17/617"‘7a4764}:U:'Y}l S {1,,4}

is odd (i.e. Xfyl) appears in the product with odd multiplicity). Therefore, the
sum in (L040) reduces to one of the following three forms, where in each case
the indices are now distinct

Jaxyae, [ xzae o [xPxPx0x0)zap.

The number of occurrences in the sum (L0.40) of the first, the second and the
third form is bounded by C - n?, C' - n? and C - n*, respectively where C' > 0 is a
suitable constant.

By using the Theorem .0.13], we obtain that there exists a universal constant
C > 0 such that each term in the sum (£0.40) is bounded from above by C' - p, 4.

Consequently,
4

0< /B;*dIP <o (4.0.41)
p

n

for some constant C; > 0. In the same manner we can see that

4
0< / B2B2P < Ch— (4.0.42)

n

for some constant Cy > 0. Taking (L.0.41]), (£0.42)) and (£0.39) into account, we

obtain that o

0< /% v)dP < (4.0.43)
P2

for some constant C' > 0.
Combining (L0.36) with ([L0.38) and with the preceding inequality we get

P(|Ea(v)] 2 & - a,) < Ce~tay* (n? + nt/p2).
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Now, we obtain that P(|Z,(v)] > €-a,) < Cn~2¢7% And so by the Borel-
Cantelli lemma, P(|=,(v)| > € - a, i.0.) = 0 for each positive €. This completes
the proof. n
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Chapter 5

Radial random walks on p X ¢

matrices for p — oo

The main goal of this chapter is to derive a generalisation of the radial limit
theorems presented in Chapterdl The extension concerns a matrix-valued version.
We consider the following geometric situation: For p, ¢ € N we will denote by
M, , the space of p x g-matrices over the field of real numbers R. Furthermore,
let S, be the space of symmetric ¢ x g-matrices. We will denote by II, the cone of
positive semidefinite ¢ X ¢ matrices in S,. We regard M, , as a real vector space
of dimension pq, equipped with the Euclidean scalar product (x,y) := tr(z'y) and
norm ||z|| = \/tr(z'z) where 2’ is transpose of x and tr is the trace in M, := M, .
In the square case p = q, || - || is just the Frobenius norm. The orthogonal group
O, acts on M, , by left multiplication,

0, xM,, —>M,,, (0,z)— Ox. (5.0.1)

By uniqueness of the polar decomposition, two matrices x, y € M, , belong to
the same Op-orbit if and only if 2’z = y'y. Thus the space I\\/JI% of O,-orbits in

M, ; is naturally parameterized by the cone II,; via the map
Opz = Va'e = |z, Mz — T,

where for r € II,, the matrix y/r € II, denotes the unique positive semidefinite

square root of r. According to this, the map

op M, , — 1, z=— Va'x
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will be regarded as the canonical projection M, , — Mgg.

In the case ¢ = 1 we have M,; Z RP, S§; =R, II; = [0, oo[ and ¢, is the usual
norm mapping | - ||z : R? — [0, ool.

Let us now fix a parameter ¢ € N. By taking images of measures, ¢, induces
a Banach space isomorphism between the space M?” (M, ,) of all bounded radial
(i.e. O, invariant) Borel measures on M, , and the space M,(Il,) of bounded
Borel measures on the cone II,. In particular, for each measure v € M*(Il,) and
parameter p there is a unique radial probability measure v, := v,, € M'(M,,,)
with ¢,(1,) = v.

Let v € M!(TI,) be a fixed probability measure and ¢ € N. As in the case
q = 1, we now consider for each “dimension” p € N the associated radial measures
v, on M, , and the radial random walks (S := 37| X7)n>0, i.e. Xi, k € N are
independent v,-distributed random variables.

In this chapter, we are going to derive limit theorems for the II,-valued random
variable (up to a normalization)

Py (Sh) = (SR)'Sh+ Q@ — 11,

for n, p — oo coupled in a suitable way. The proofs will rely on asymptotic results
for moment functions of so called radial distributed random variables on M, , for
p — oo as well as on some identities for matrix variate normal distributions. Parts
of these limit results were derived in [38] and [41] by using very different methods
(cf. Remark A0.9]).

The organization of this chapter is as follows: In the first two sections, some
preliminaries for the proof of the main results[5.9.T]and [5.9.12 are presented. More
precisely, in Section B.1], after recalling some basic facts about relevant matrix
algebra, we derive a generalisation of so-called permutation equivalence property
for Kronecker products. In (.2 we introduce the notation of permutation on a
multiset and derive a multinomial theorem for non commutative operation. In
Sections and B.4] the background on Bessel functions on the cone II, and on
polynomials of matrix argument is provided. In the following two Sections, we
recall the notion of random matrix and give a short overview over the concept
of moments for random matrices. Then we generalise the method of moments
to matrix-variate distributions. Sections [5.7] and are devoted to the study of
matrix variate normal distributions and moments of radial measures, respectively.

In Section (.9, our main result is formulated and proven.

69



5.1 Matrix algebra

The aim of this section is to provide relevant facts about matrix algebra. The
material is mainly taken from [I8]. We start with the notion of the Kronecker
product.

Kronecker product: Let ® denote the Kronecker product over the field of
real numbers R, i.e. ® is an operation on two matrices of arbitrary size over R
resulting in a block matrix. It is the matrix of the tensor product with respect to
a standard choice of basis. With that, the Kronecker product of A = [a;;] € M, ,
and B = [b;;] € M, is the block matrix

A X B = [aijB] S Mmp,nq'

The Kronecker product is bilinear and associative but not commutative. However,
A®B and B® A are permutation equivalent, meaning that there exist permutation
matrices P and () such that

A®B=P-(B®A) Q. (5.1.1)

If A and B are square matrices, then A ® B and B ® A are even permutation
similar, meaning that we can take P = Q'. If A, B, C' and D are matrices of such
size that one can form the matrix products A - C and B - D, then

(A®B)-(C®D)=A-C®B-D. (5.1.2)

This is called the mixed-product property, because it mixes the ordinary matrix
product and the Kronecker product. If two matrices P and () are permutation,
orthogonal or positive definite matrices then it is also the Kronecker product
P®Q.

The k-th Kronecker power A®* is defined inductively for all positive integers
k by A®' = A and A®F = A ® A®F-D for k = 2,3,.... This definition implies
that for A € M., ,,, we have A®* € M, i ..

We now derive a generalisation of the permutation equivalence property, which
will be required for the proof of the Theorem [5.9.11

Lemma 5.1.1. Let A; € M, ,. (i =1,...,k), p:=p1---pr and q¢ :== q1- - Q.
Then, for each permutation o € Sym({1,...,k}) there exist permutation matrices
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P eM,, and QQ € M, such that
AO’(l)@---®Ag(k) :P<A1®®Ak)Q

Proof: Without loss of generality we can assume that k = 4, for the Kronecker
product is associative. Since (1)®@M = M = M®(1) for any matrices M, it suffices
to show that A; ® A3 ® Ay ® Ay is permutation equivalent to A; ® Ay ® Az ® Ay.
For a matrix M let I, and IM denote the identity matrices of such size that one
can form the matrix products Iy, - M and M - I*. By the property (511 there
exist permutation matrices P and @ with A3 ® Ay = P(Ay ® A3)Q. Therefore,
using (B.1.2]) we obtain by an easy computation

A @A AR A =140 P014) (A @A0A0A) IMeQalM).

Clearly, both I, ® P ® I, and I ® Q ® 1" are permutation matrices. This
completes the proof. O

Hadamard product Let A = [a;;] and B = [b;;] be two matrices of the same
dimensions, say in M, ,. The Hadamard product, also known as the entrywise
product of A and B is denoted by A o B and is defined to be the matrix

Ao B := [aijbij] € Mp,q'

The Hadamard product is commutative, associative and distributive over addition,
and is a principal submatrix of the Kronecker product. Moreover, the identity
matrix under the Hadamard multiplication of two matrices is a matrix (of the
same dimension) where all elements are equal to 1.

For a matrix M , let us denote by 1,; the 1-matrix of the same dimension as
M, ie 1y = (¢;5)i; with ¢;; = 1 for all ¢, j. We will write it simply 1 when no
confusion will arise. It is clear that

A®B=(A®1)0(1® B), (5.1.3)
BRA=(1®A)o(Bal). (5.1.4)

Let P and () be permutation matrices of such size that one can form the matrix
products P - A and A - Q. It is easy to check that

P(Ao B)Q = (PAQ) o (PBQ). (5.1.5)
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Vectorization of a matrix:  The wvectorization of a matriz is a linear
transformation which converts the matrix into a column vector. In particular, the
vectorization of a matrix X € M, ,, denoted by vec(X), is the p - ¢ x 1 vector
defined as

vee(X) = (2, ...,7;)" € R,

where x;, i = 1,...,q is the i-th column of X. The operation vec is compatible
with the inner product (,) on M, within the meaning

(A, B) = vec(A)'vec(B) = tr(vec(A")vec(B')") (5.1.6)

for all A, B € M, ,. We shall also use the vectorization together with the Kro-
necker product: for matrices A € M, ,, B € M,,, and C € M, ,,, one has

vec(ABC) = (C" ® A)vec(B) = (1, ® AB)vec(C) = (C'B' @ I,)vec(A).

Furthermore, vectorization is an algebra homomorphism from the space M, , to
RP? both equipped with the Hadamard product o, i.e.

vec(A o B) =vec(A) ovec(B), A, BeM,,.

5.2 Permutations on a multiset

In this section, we generalise the multinomial formula (£0.6]) in terms of the
Kronecker product instead of the usual multiplication. In order to do this, we
first recall the notion of the permutation on a multiset from [32, Chapter 1].

Let v € N and k € Ng. We denote by Cy(k, u) the set of all u-compositions of
k, i.e.

Colk, u) = {/\ N N =N = k}
=1

and write C'(k,u) instead of Cy(k,u) N N*. Moreover, we set M, := {1,2,...,u}.
For a A € C(k,u) a finite multiset Mult(\) on the ordered set M, is a set, where 4
is contained with the multiplicity A; for all ¢ € M,,. One regards \; as the number
of repetitions of i.

A permutation m = (myms ... m) on Mult(\) can be defined as a linear ordering
of the elements of Mult(\), i.e. an element ¢ € M appears exactly \; times
in the permutation m. The set of all permutation on Mult(\) will be denoted
by &(\). A permutation m = (mmy---m) on Mult(\) can be regarded as a
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way to place k-distinguishable balls in u distinguishable boxes such that the i-
th box contains \; balls. Indeed, if ¢ (i = 1,...,u) appears in position j €
{1,...,k} of the permutation m, then we put the "ball” 7, into the box i. For
instance let u = 3, X\ := (1,3,2) € C(k,u) be a 3-composition of k& = 6 and

=(212332)=:(m m...m) be a permutation on Mult(\) then we put my

in the first box, m, w3, g in the second box and 74, 75 in the third box. It is clear

that L N
)| = __
S (/\1,---,)\u> Al

Let m; € My, ,, (i = 1,...,u), A € C(k,u) and 7 = (my,...,m) € S(A).
We will write w(my, ..., m,) instead of m,, @ My, ® --- @ my,. In the following
theorem, which will be used in Section (.9 several times, we expand a Kronecker

power of a matrix sum in terms of powers of the terms in that sum.

Theorem 5.2.1. Let k € N and x1,...,2, € M, ,. Then

n

<; x’) Z > > Z T(Tpys ey T ), (5.2.1)

u=1 \eC(k,u) peW (n,u) r€S(A

where W(n,u) = {pu = (p1, .-, pt) € {1, .con}" sy < o < -+ < fiy }-

For p = ¢ = 1 the Kronecker product coincides with the usual multiplication
on R and therefore (5.2.1]) generalises multinomial formula (£.0.6). For indices
we {l...0k}, p=(t1,..., ) € W(n,u), A € C(k,u) and 7 € S(X) let us

consider the associated summand
T(Tpys ooy Tp) = Ty, @ . @ Ty (5.2.2)

from (L.20). It is clear that the different matrices z,,,...,z,,, the numbers
of their repetitions and their exact positions in the Kronecker product (5.2.2])
are described by p = (1,...,10) € Win,u), A = (A,..., ) € C(k,u) and
7w = (m1,...,m) € &(N), respectively.  Proof: We proceed by induction on k.
For k = 1 there is nothing to prove. Next, suppose as induction hypothesis that
(5:21)) holds with k — 1 instead of k. It gives

(sz) Z Z Z Z xu17"'axuu)®2$j
i=1 u=1XeC(k—1,u) peW(n,u) T€S(X) j=1
n k-1

=Y M S Y w(@p, ) ® @ (5.2.3)

j=lu=1X\eC(k—1,u) ueW (n,u) TeS(\)
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Consider a summand 7(z,,,...,%,,) ® z; of the sum above, i.e. j € {1,...,n},
we{l,...,k—1}, A € C(k —Lu), p € W(n,u) and 7 € &(A). If there is
B e{l,...,u} with j = pg then n(z,,,...,x,,) ® z; corresponds to a summand
in (5.21) associated with indices & = u, A = (\q, ... c A1, A5 + L Agg1, ooy Aw),
g = pand ™ = (m,...,m_1,0). In the other case, i.e. if j € (us_1,pg) for
a f € {1,...,u+ 1} with the convention py := 0 and g, 1 = oo the term
T(Tpys - -5 Tp,) ® x; corresponds to a summand in (B.2.1)) associated with indices
G=u-+1\= Ay s, gy ooy A), o= (f1y o s g1, Js gy - - -5 o) and
7= (m1,..., k1, ). As the number of summands in both (B.2.]) and (2.3 is
equal to n*, the induction step follows. [l

5.3 Bessel functions of matrix argument

In the following, we introduce S,-valued Bessel functions which generalise the
usual Bessel functions in one variable. The material is mainly taken from [29)].
For a general background on matrix Bessel functions, the reader is referred to the
fundamental article [16] and the monograph [11].

Definition 5.3.1 (Spherical polynomials on S,).

(a) A partition X = (A,..., ;) is an g-tuple (¢ € N) of non-negative integers
such that Ay > Ay--- > X\;. We write A > 0 for short.

(b) For a partition A the power function on S, is defined by
An(z) = Ag(z)M 2 A (2) 2 A ()M A () (5.3.1)

where A;(z) are the principal minors of the determinant A(x) = det(x).

(c) For a partition A the spherical polynomial on S, is defined by

() = / Ax(uzuY)du, (5.3.2)

q
where du is the normalized Haar measure on O,.

Remark 5.3.2. From the definition (5.3.1]), we immediately see that power func-
tions Ay are homogeneous of degree |A| = A\; + ... + A, (.e. Ay(tz) = tHMA,(2)
for all t € R and = € S,) and hence so are ®5. Moreover, (5.3.2]) makes it obvious
that ®, are invariant under conjugation by OQ,. For the identity matrix I,, we
have ®,(I,) = 1.
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There is a renormalization Z) = c) (P, with constants c, , depending only on
A and ¢ such that

tr(z)* = Z Zx(x) (z €S, keNy;
IN=F

see Section XI.5. of [II]. The functions Z, are called zonal polynomials. By
construction, the Z, are homogeneous polynomials, which are invariant under
conjugation by O, and thus depend only on the eigenvalues of their argument.
More precisely, for x € S, with eigenvalues £ = (&1, ...,&,) € R?, one has

Zy(x) =C{(€¢) with a=2

where the C§ are the Jack polynomials of index « in a suitable normalization (c.f.
[11],[29]). The Jack polynomials C§ are homogeneous of degree |A\| and symmetric

in their arguments.
Definition 5.3.3. [Bessel functions on S |

(a) For a partition A and a > 0 the generalised Pochhammer symbol is defined
by

where (-); denotes the usual Pochhammer symbol.

(b) For an index p € C satisfying (1) # 0 for all A > 0 the matriz Bessel function
associated with the cone 11, of index y is defined as (Fy-hypergeometric series
in terms of the Z, by

_1)IAl
Ty =y D

> 7(u)§/2’)\|!2,\(x). (5.3.3)

Remark 5.3.4. If ¢ = 1, then II, = [0, 00[ and we have J,(2*/4) = A,_1(x),
where A, = oF1(k+1; —22/4) is the usual modified Bessel function in one variable

(cf. Theorem F0.13)).

5.4 Polynomials of matrix argument

Let p, ¢ € N. For k = (k;)i; € N (a composition) we set |k := X, ki

. . K .
and R;(k) := Y9_, ki, © = 1,...,p. Moreover, we write 2% := [[, ; z;;7; 2" is a

i’j
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monomial of degree |k|. The spaces of polynomials and even-row polynomials are

defined by

P .= span{:r;“ RS Ngxq},

P, = spcm{x" : k€ NJ*1 YV i R(4) is even },
respectively.

For the proof of our main result [5.9.1]1 we need the following elementary lemma.

Lemma 5.4.1. Let r € I1,, and x € N§™?. Then
U, M,, =R, U, (2):=((2r)(2r)"

is an even polynomial of degree 2|k|.

Proof: Since the product of two even-row polynomials is also a even-row poly-

nomial, the proof follows easily by induction on n = |&|. O

5.5 Random Matrices

In this section, we introduce the notion of random matrices and the concept
of moments in this surrounding. Part of this section corresponds to standard
treatment of the univariate case and its generalisation to a multivariate one. A
good references for matrix variate distributions is the book [14], for multivariate
statistical analysis see also [1].

We begin with the notion of a random matrix.

Definition 5.5.1. A px ¢ matrix X consisting of ¢-p real valued random variables
T11,T12, - .., Ty, o0 the same probability space (€2, A,P), is called a (real) p x ¢

random matrix.

Let X = (x;;) be p x ¢ random matrix and h = (h;;) : M, , = M,,, ie.
hij :M,, —R,i=1,...,r,7=1,...,s. Then the expected value of the function
h(X) is a r x s matrix defined by

E(h(X)) = (E(hi;(X)))

1<i<r, 1<j<s

when E(h;;(X)) exists. From above it is an easy consequence that
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(i) E(A) = A, A constant matrix,

(ii) for A € M,,, and B € M,

E(Ah(X)B) = AE(h(X))B,

(iii) for A, B € M,

E(Aoh(X)oB)=AoE(h(X))o B,

(iv) for constant matrices A and B

E(A® X)® B)=AQEh(X))® B.
(v) for g = (gi;) of the same order as h, i.e. g : M, , — M, ,
E(h(X)+g(X)) = E(h(X)) +E(g(X)).
Thus, for the p x ¢ random matrix X, the mean matrix is given by

E(X) = (E(xy)) € M,

1<i,j<q

The pg x rs covariance matrix of the random matrices X = (z;;) in M, , and
Y = (y;;) in M, 5 is defined by

Cov(X,Y) := Cov(vec(X'),vec(Y")) € My s.

Let x; and y} denote the i-th and j-th rows of the matrices X and Y, respectively,

1=1,...,pand j =1,...,r. By standard calculation we obtain
Cov(x1,y1) ... Cov(xy,y,)
Cov(X,Y) = : :
Cov(xp,y1) ... Cov(x,,y,)

with Cov(x;,y;) € M, . Therefore, we consider Cov(X,Y') as a block matrix with
p row and r column partitions. Moreover, we identify the entries of Cov(X,Y") by

Cov(X,Y ) (am),(8,0) = ((Cov(xa,yg))wS = Cov(zary, Yss),
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where 1 <a<p 1 <pg<r,1<y<gand1<§<s. As a special case, we get
the covariance matrix of X as

Cov(x1,%x1) ... Couv(xy,x,)
Cov(X) =Cov(X, X) = : : €My, - (5.5.1)
Cov(xp,x1) ... Cov(x,,x,)
Since Cov(X) is symmetric, we have Cov(X)(a,),86) = Cov(X)s,6),(aqy) for all
admissible indices «, 3, v and d. Moreover, it is clear that Cov(X) is positive-
semidefinite. The familiar calculating rules for covariance matrices in multidi-

mensional case can easily be transferred to matrix variate one. For p x ¢ random
matrices X;, Xy and matrices A € M, ,, B € M,,,, C' € M, , we have

Cov(X,Y) = Cov(Y, X)'
Cov(AX +C,BY)=A®]1,-Cov(X,Y) B ®I;
Cov(X1 4+ X5,Y) = Cov(X1,Y) + Cov(Xs,Y).

By using Equation (5.1.6]) we easily calculate the following useful relation between

covariance matrices and inner product on M), ;:
tl‘(COU(Xl, X2)) =K <X1, XQ) — <E(X1), E(Xg)) . (552)

Now, we introduce the notion of the higher order moments for matrix valued

random variables.

Definition 5.5.2. Let X = (x;;) be M, , valued random matrix with distribution
pi=Px € M'(M,,). We say that u (or X) admits a k-th moment (k € N) if

ule = [ llall* dpu(a) < oo, (5.5.3)

D,q

Under the condition (5.5.3]), we define the k-th moment of u (and also of X) by

My (i) == / ®Fdp(x) € My gr.

MP#I

Moreover, for a k € N§*? with |x| = k we set

ma() = [ 2du(z) € R

P.q
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and also call m,(u) the k-th moment of p (or of X). If necessary, we may use the

notation My (X) and m,(X) without risk of confusion.

Obviously, m, (i) represents an entry of the matrix My (u). Let us now consider

a tuple I = ((i1,41),---, (ix, jx)) with i, € {1,...,p} and j, € {1,...,q} for
a € {l,...,k}. Then the I-th component My (X); of My (X) is given by

My, (X)r = E($m1 e x’ikjk)e R.

In the following, ;i denotes the characteristic function of a probability measure

pwon M, ., ie.

Aw) = [ expli (o, y)du(y)

D,q

Let k € Ny and k € N§*? with |x| = k. If 4 admits a k-th moment then we have a
well known relation between the characteristic function of g and moment m,(u),

namely
my (1) = (=) Dyfi()] =0, (5.5.4)
where D, is the differential operator 88::';11111 : ai?; e g:ggq'

5.6 Method of moments for random matrices

For some distributions, the characteristic function is unmanageable but moments
can nonetheless be calculated. In these cases, it is sometimes possible to prove
weak convergence of distributions by establishing that the moments converge.
For example, in the univariate case it is well known that a sequence of probability
measures (i,), on R converges weakly to a measure u € M!(R) if the k-th
moment of u, converges to those of u, provided all moments of w, and p exist,
and p is determined by its moments. In the literature, this approach is called the
method of moments; see [4].

The goal of this section is to generalise the method of moments to the ma-
trix variate case. For the convenience of the reader, we first repeat some basic
definitions from the classical probability theory in terms of our matrix variate

context.

Definition 5.6.1. Let S be a subset of positive bounded Borel measures on p x ¢
matrices over the field R.

(a) A real valued function g € C(M,,) is said to be uniformly integrable with
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respect to (w.r.t.) S if

lim sup/ lg(z)| du(x) = 0.
{llzll=r}

r—00 ueS

(a) S is said to be tight if the function g = 1 is uniformly integrable.

The following two lemmas, which are a slight modification of [§], Section 8.1,
Corollary 6 and Corollary 7, respectively, will be needed for the proof of the
generalised method of moments [5.6.41

Lemma 5.6.2. Let p, p, € M} (M,,) (n € N) such that p, — p vague. Let
g € C(M,,) be uniformly integrable w.r.t. {iu, : n € N}. Then g € L'(M, 4, ux) N
LY(M, 4, 1) for alln € N and

lim gdu, = / gdp.

n—oo
Mp:q P,q

Proof: Without loss of generality we can assume that g is positive-valued. Let
(fa)nen C Ce(M,,) with 0 < f, < 1 for all n € N and f, 1. It is clear that
for all £ € N the sequence (fy - in)n converges vaguely to fi - p. By dominated

convergence we obtain

0< / gdp = lim / frgdp = lim lim / Jrgdpin

< lim gdp, + lim gdp, < .

o0 Hlall<r} o0 S|l =r}

For an ¢ > 0 there exists a u. € C.(M,,,) with 0 < w. <1 and [g(1 —u.)du, <e
for all n € N. Proceeding as in the inequality chain above with the function
g(1 — u.) instead of g, we get [¢g(1 — u.)dp < e. Finally, by triangle inequality
we deduce that

[ e~ [ 9] <[ o1~ wc)am,

+ ‘/g(l — ue)d,u’ + ’/gusdun — /guadu‘ < 3e

for n large enough. O

Lemma 5.6.3. Let u, p, € Mj(M,,) (n € N) such that p, — pu vague. Let
a > 0 with sup,cy [ |2]|* dun(x) < 0o. Then for all k € N§*? with |k| < a,

lim m(pn) = mi(p).

n—o0
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Proof: Let k € N§j™? with b := |k| < a. By assumption, for an r > 0 we obtain

l=*

b

ol ) < £

[l dua() < djin(x) <
{llzll=r}

= Jlalzry O ra=b

Mpaq Ta_b

with a constant C' > 0 independent from n. We thus get g : © — 2" is uniformly
integrable w.r.t. {u,: n € N}. The lemma is now a consequence of Lemma
0.0.2 [

Now we turn to the generalisation of the (univariate) method of moments [4,
Theorem 30.2].

Theorem 5.6.4 (Method of moments). Let Y,Y1,Ys,... be M, , valued random
variables. Suppose that the distribution of Y is determined by its moments My (Y)
(k € N), that the Y,, have moments My (Y},) of all orders, and that

nh_}rgo M(Y,) = Mg(Y) (5.6.1)
for k=1,2,.... Then the sequence (Y,), converges to'Y in distribution.

Proof: Let u, and p be the distributions of Y,, and Y. Since all moments of Y,,
exist and converge, there exists a constant C' > 0 such that sup, .y E(||Y,]]) < C.
Hence, by Markov’s inequality follows that the sequence {u, : n € N} is tight.

Now let us assume that p, does not converge to p. In particularly, there
is a sub-sequence N’ C N such that for every sub-sequences N’ C N’ we have
tn = palong N”. On the other hand, every tight sequence of probability measures
contains a subsequence that converges weakly to a probability measure. Thus,
there exist a subsequence N} C N’ and a Borel measure i such that pu, — [
along N{'.

For all k € N§*? we have sup, oy [ l2]|*" dpin () < 0. Therefore, my. (i) —
my (1) along N” by Corollary 563l Hence, My (u,) — My(z) along N” for all
k € N. However, by the Assumption (5.6.1) we also have My (1) — My (1). Since
1 is determined by its moments we have ji = u, a contradiction. ]

By the application of the method of moments one has a problem to decide
whether a distribution is uniquely determined by its moments or not. This prob-
lem, known as the moment problem, is reasonably well developed and understood.
A good general work here is [24], see also the references given there.

Let us now outline one usefull condition under which a distribution is uniquely

determined by its moments.
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Theorem 5.6.5 (Cramér condition). Let X be M, ,-valued random matriz. If
the moment generating function Gx(t) = E(e*X)) is well-defined in a proper
neighborhood of zero in M, ,, then the set of moments M := {mH(X) DK E Nﬁ’xq}
1s well-defined. Moreover, the distribution of X is determined by its moments IN.

Remark 5.6.6. The distributions with compact support are determined by their

moments.

5.7 Matrix variate normal distribution

In this section, we derive some results for moments of matrix variate normal
distributions. As a preparation, a short account on the relevant notions and facts
is included in the present section. For a general background on matrix variate
distributions, the reader is referred to the monograph [14].

Let X = (#1,...,2,) have the multivariate normal distribution, denoted by
X ~ N, (p, C), with mean vector u € R™ and covariance matrix C' = (¢;;) € M, ,,.
The moment formulas m,(X), (k € Njj) are well studied in the literature (see [35]
and references cited there). The Isserli’s theorem [35] Theorem 1] allows one to
compute higher-order moments of the multivariate normal distribution in terms

of its covariance matrix.

Theorem 5.7.1 (L. Isserlis). Let X = (xy1, -+ ,x,) be a zero mean multivariate
normal random vector with covariance matriz C' = (¢;;) € M, ,,. The k-th order
moment E(x;, - - x;,), with i1,...,1; € {1,...,n} not necessarily distinct, of the

variable X is given as follows:
(a) If k is odd, E(z;, ---x;,) = 0.

(b) If k is even with k =2 -wu (u > 1), then it is

E(zi, - w4,) = ZHE(Zfz’a%ﬂ) = Z Hcia,iﬂ,

where the notation > [[ means summing over all distinct ways of partitioning

(2“_1)!)! terms in the sum.

. . . . 1 2u _
{i,, ..., T, } into pairs. This yields 5(22) = i1y

For instance, we compute the 4-order moments E(x;, z;,x;,x;,) of X, i.e. k =4,
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u = 2 and i( v ) = 3. One has the following five cases

21\2,2
E(‘Ti) = 302@ (Oé =1, =19 =13 = 14),
]E(mixg) = 3CaaCap (=11 =iy = i3, B =1y),
E $§x%) = CaaCpp + 2035 (=11 =1g, f=13=1y),
]E(q:i:ch,y) = CaaCBy + 2CapCay (=11 =1g, =13, 7=14),
E(2aTp2,%s5) = CapCys + CanCas + CasCay (v =11, [ =12, 7 =13, 0 = i4).

These equations clearly show the mechanism of the above theorem. No matter how
high the order of central moments is required, it is remarkably easy to calculate
them, as long as the covariances c;; are given. In the most classical case n = 1
, i.e. Py is a centered Gaussian distribution on R with covariance o2 > 0, the

Isserlis’ identity in [5.7.1] reduces to the well known formula

k 0, if k is odd,
E(X") = ool
s 0 itk = 2u.

Now we turn to the generalisation of the multivariate case to a matrix variate

one. We begin with the definition of matrix variate distribution.

Definition 5.7.2. The random matrix Z on M, , is said to have matrix variate

normal distribution with mean matrix M € M, , and covariance matrix ¥ € Il

if vec(Z') ~ Np.q(vec(M'), X). We shall use the notation Z ~ N, (M, ).
We now compute the moment generation function of the random matrix Z.

Lemma 5.7.3. If Z is N, (M, X)-distributed random matriz, then the moment
generation function Gz(t) := E(e“?)), t € M,,, of Z is given by

Gz(t) = exp({t, M) + ;Vec(t')’Evec(t’)), t € M,,.

Proof: We know that vec(Z’) ~ Np.,(vec(M'),3). Hence, from the moment
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generation function of a multivariate normal distribution, we get
Gy(t) = E(e<t’Z>) — E<e<ve6(t’)7ve6(2/)>)
= exp((vec(M’), vec(t')) + ;vec(t')'Evec(t'))
= exp((t, M) + ;Vec(t')’Evec(t')).
O

Remark 5.7.4. The moment generating function Gz : M, , — R, t — Gz(t) of
Z ~ N, ,(M,X) is well defined, and so the Cramér condition implies that
all moments m,(7), k € N exist and the distribution A, ,(M, ¥) is determined
by its moments.

In the following we consider a p- ¢ X p - ¢ matrix as a block matrix with p row

and ¢ column partitions, i.e.

@ nie

Y= with X8 € M., i,k € {1,...,q},
pOLCEEO N 9 CX)

and identify the entries of ¥ by
Saeo = (E) . 1<ik<q 1<jl<p.

If ¥ is symmetric, then we clearly have X ;) k1) = X,),6,) for all admissible
indices 1, 7,1 and k.

In order to generalise the Theorem [.7.1] we need some unusual notations:
Let u € N, k = 2u, I = ((i1, 1), (ix, Jx)) € ({1,...,n} x {1,....p}H)F, X =
(2,...,2) € C(k,u) and m = (my,...,m) € &(X). For a tuple v = (vq,...,v;), we
will write {v} instead of the set {vy,...,v;}. We consider the sets

w(1); :=A{(ip,5,) €{I}: mu=1} (1=1,...,u).

Obviously, 7(I); (: = 1,...,u) forms a partition of {/} with |x(I);| = 2. We
define for 7, I and a p-n X p-n positive definite and symmetric covariance matrix
)y

?
u

7'('(2)[ = H E(ai,ﬂi):(%ﬁi) where {(O‘i’ ﬁl)? (%’7 6z)} = 77([)2

i=1
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Example 5.7.5. Let u =2, T = {(2,1),(2,2),(3,2), (2, 1)}, A == (2,2) € C(4,2)
and ™ € &(A). Then

m=(1122), w(1)={(2,1),(2,2)}, 7(X)=ZTee Le2.e
m=(1212), 7)1 ={(2,1),(3,2)}, 7(X)= 21,62 Ze2.e
m=(1221), 71 ={(2,1),2,D}, 7(X)=ZTee- e2.62
T=(2112), 7(1)1={(2,2),3.2)}, 7(2)r=202,62 Sei.e
m=(2121), (1) ={(2,2),2,1D}, 7X)=ZTeoey Lene2
m=(2211), 7(1):1={3,2),2, D}, 7(X)=ZTp2.e1 - Leie

We can now formulate the generalisation of Isserlis’” Theorem G.7.11

Theorem 5.7.6. Let Z = (z;;) be p X q matriz variate normal distributed ran-
dom wvariable with mean matriz zero and covariance matriz ¥ € Il,,. The k-
th order moments My(Z); = E(zi j, - 2ipj.) with I = ((41,51), ..., (%, Jr)) €
({1,...,n} x{1,...,p})* are given as follows:

0, if k is odd,

LY 7@, ifk=2u, A=(2,...,2) € C(k,u). (5.7.1)

Proof: Let {(aa, 1), (71,01)}, .-, {(aw, Bu), (7u, 0u) } be a partition of {I} into

two pairs. It is evident, that there are u! permutations 7 € G(\) with

Z(alﬁl)»("ﬂ»él) T E(O‘uﬂu)v(')’u,au) = ﬂ-(E)I

Therefore, by B.7.1] and definition of matrix variate normal distribution, the the-

orem follows. O
For instance, we compute the I-th entry of the 4th order moments My(Z) with
1= {(2,1),(2,2),(3.2), (2, 1)} (cf. Example 53

1
Mu(2)1 = 5 Zﬂ'GG(A) (D)1

= 221),22232),21) T 221,62 222),21) T 521,21 5022),6.2)-

The following two simple observations concerning the k-th moment of normal
distributed random matrix and a sum of two independent, normal distributed

random matrices, respectively will be needed for the proof of Theorem [(.9.71
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Lemma 5.7.7. Let Z = (z;;) be N, ,(0, X)-distributed random variable and Zy, Zs, . . .

independent copies of Z. The k-order moment of Z is given by

0, if k is odd,
MdZ) =91 s Br(z... 7)), ifk=2u

where A = (2,...,2) € C(2u,u).

Proof: Let k € Nand I = ((i1,51),---, (g, Jx)) € ({1,...,n} x {1,...,p})*.
If k is odd, then it follows by (B that My(Z); = 0. Suppose that k = 2u,
(u € N). Form € 6(\), A = (2,...,2) € C(k,u) and I as above, we have
T(Z1,..., Zu)1 = (Zn, @ ... ® Zy,);. Let {(cu, Bi), (7i, )} = w(D);, i =1,...,u.
By independence, it follows

E(r(Zy,....Z.)1) =E(Zz, ® ... ® Zr,)1)

=E(Z® %) E(Z,© Z.)

(a1,81),(1.61) (cvusBu)s (Yusdu)
= 2(‘11761)’(71,61) T E(O‘uyﬂu)’('}’u,éu) = ’/T(E)I

The lemma is now a consequence of Eq. (5.7.1)). O

Lemma 5.7.8. Let Z; (i =1, 2) be independent random variables with distribu-
tions Ny 4(0,%;). Then

E ((21 + ZQ) > Z S E(n(Z,1)) 0 E(x(1, Z)). (5.7.2)
1=0 7€&((1,k—1))
Proof: By the definition of o-product and independence of Z; and Z, we have

E ((Z1+ 2:)™*) = z > E(Z, %))

1=0 76 ((1,k—1))

:Z Z E(W(Zl,]_)oﬂ'(]_,ZQ))

1=0 ne&((1,k—1))

Z (Z )E (7(Z1,1)) o E(7(1, Z3)) .
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In the situation of the above lemma, for ¢ = p = 1 it is obvious that

mk<N1(0,O'% + 0'%) = Z (?)ml(./\fl(o,af)mk_l(/\/}(o,ag).

=0
5.8 Radial measures on M, , and their moments

In this section, we study radial measures on the space M, ,. In particular, we
derive asymptotic results for their moments as p — oco. These results will play a
key role in the proof of Theorem [(£.9.11 We start with the definition of a radial

measure on M, .
Definition 5.8.1 (radial functions and measures on M, ,).

(a) A function f: M, , — C is called radial if

f(Ox) = f(x) YzeM,, OcQ,.

(b) A measure v, on M, , is called radial if it is invariant under orthogonal trans-

formation, i.e.

O, =v, YOEe€O,.

Remark 5.8.2. For the classical case ¢ = 1 the space M, , corresponds to RP.
Here a function f : RP — C is radial if and only if it is constant on each sphere
Sp=1 C RP with radius r > 0. In particular, for each F' : R, — C there exist a
unique radial function f : R? — C with f(x) = F(]|z||). Thus, there is one to one
correspondence between radial functions on R? and functions on R,.

In order to study radial measures on M, , for ¢ > 1 we need an analogue of a
sphere in our higher rank setting. For an r € II, we define a sphere of radius r as
the set

Spy={T €My Vol =r}.
Clearly, 37  is the orbit of the block matrix o, := (r 0)" € M, 4 according to the
operation of the orthogonal group @, on M, , via left multiplication (O, x) — Ox.
By the definition[5.8.1] a function f : M, , — Cis radial if and only if it is constant
on each sphere ¥  C M|, , with radius r € II,. Let us consider the map

op M, , =11, ¢,(z) =Va'z.
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By analogy to the case ¢ = 1, there is a one to one correspondence between
functions £ : II; — C and radial functions f : M, , — C via

f(x) = F(pp(r)), €M,

Accordingly, there is one to one relationship on the level of measures. Namely,
each measure v on II, corresponds to a (unique) radial measure v, on M, , via
¢, (V) = v; the measure v is called radial part of v,.

In the following, for simplicity of notation, we write ¥, , instead of Z;;{q, where
I, € R?*? denotes the identity matrix. In the case ¢ = 1 we identify X7 ; with the
Euclidean sphere of radius 7 € [0, oo[. Moreover, let us denote by UJ the uniform
distribution on a sphere ¥ .

One can easily show that a radial probability measure v, with its radial part

v € M!(II,) enables the decomposition

()= [ U dy(@) = [ Up()dv(r) € M (My,,). (5.8.1)
MP»‘Z Hq

In the sense of Jewett [19], the formula above is an example of a decomposition of
a measure (here 1,) according to so-called orbital morphism (here ¢,). More pre-
cisely, ¢, is an orbital mapping which is a proper and open continuous surjection
from M, , onto II;. The mapping r + Uy from II, to M'(M,,) is a recomposition
of ¢, which means that each U} is a probability measure on M), , with support
equal to ¢, *(r) (here = X7 ), and such that v, = i, ng(f)dyp(x).

Here and subsequently, v, denotes a radial probability measure on M, , with
the corresponding radial part v € M'(II,) and X is M, ,~valued random variable
with radial distribution v,. If v admits a k-th moment (k € N), then

ri(v) == /Hq Ide(ZL‘) = /Mp’q gop(x)kdl/p(x)

exists in II,. In this case, we call 74 (v) the k-th modified moment of v.
In the next lemmas, we explore the covariance structure of X and we compute

the asymptotic behaviour of the moments of v, for large dimensions p.

Lemma 5.8.3. Let v € MY(I1,) and v, € M'(M,,,) be the corresponding radial

probability measure on M, , which admits second moment. Moreover, let X =
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(xi;)i; be ML, j-valued random variable with distribution v,. Then
1
E(X)=0 and Cov(X)=-I,®mrv).
p

Proof: For r € R\ {0} let M;, and S;; be p x p matrices produced by
multiplying all elements of row j of the identity matrix by r and by exchanging row
¢ and row j of the identity matrix, respectively. As S; ; is a symmetric involution
on M, we have S;; € O,. For r = £1, the matrix M;, is also orthogonal. By
assumption, X and OX are identically distributed for any O € OQ,. Therefore, we
have

E (X)ij =E(M;X),;=-E (X)ij :

tj
Thus, E(x;;) = 0 for all indices ¢ and j and hence E(X) =0 € M,,,.
Choose i,k € {1,...,q} and j,l € {1,...,p}. If j # [, then we conclude from

E (zjizn) = E (M) —1.X)i(Mj 1 X)) = —E (zjim1)

that E(z;;2;,) = 0. Now, suppose that j = [. The transformation M, , — M, ,,
A= S; ;A, switches all matrix elements on row ¢ with their counterparts on row

J. Therefore, from radiality of Px = v, it follows that
E(.Z']Z.T]k) = E((Sjle)ﬂ(S%lX)jk) = E(xlixlk) for 7/-, ke {1, c. ,Q}

Let x; denote the i-th row of the matrix X, ¢ = 1,...,p. From what has already
been proven, we conclude that

p

ry(v) = X'Xdy,(z) = Y E(xx;) = p-E(x1x}) € M.
M £
P:q 2,7=1
Hence,
1
(CO’U(XZ',X]') = - (5,‘j7"2<7/) € Mq
p
for all i, j € {1,...,p}. Now, the desired formula for the covariance of X is a

consequence of the Equation (5:5.T]).
[

To derive formulas for the moments of radial distributed random variable, as
in the case ¢ = 1, we first compute the characteristic function of the uniform
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distribution on Z;’)’q for r € I1,.

Lemma 5.8.4. The characteristic function for the uniform distribution Uy on

the sphere 327 . of radius r € 11, is given by

o~

1 *
Ur(z) = T, (4(27’) (zr)) , z€eM,, (5.8.2)
where p=p/2 and J, is the Bessel function of index pu as in (3.3.3).

Proof: Let r € II;. Consider the map
T Xpg =2, Yy

Since T,.(Uje) = U7, we get by substitution formula

Ga) = [ eenauyy) = [ eemaut(y)

P.q p,q

On the other hand, according to Proposition XVI.2.3. of [I1], we have

i{y,z) I _ * _
R
for € M, ,. By taking these two identities above into account, (0.8.2) follows as
claimed. O

Remark 5.8.5. In the case ¢ = 1, we obtain from Lemma (.84 and Remark [5.3.4]
the following formula for the characteristic function of the uniform distribution
U’ € M'(RP) on the sphere S?~! C R?

Uy(z) = Agoa(r- l2]), 2 € R,

where A, is the modified Bessel function of index .

Lemma 5.8.6. Let k € N, | = |s|/2 and p = p/2. The k-th moment m,(U)

T

g 18 given as follows:

of the uniform distribution on X
(a) If Ri(k) = Y9_1 Kkyj is even for alli=1,...,p, thenl € Ny and

Loy b (@)

me(Ul) = ———
Akl AeCollg) (1) A

p

(5.8.3)

|z=0"
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(b) If Ri(k) is not even for some i =1,...,p, then m.(U}) = 0.
Proof: By the Identity (5.5.4)), the preceding lemma and (5.323)) we have

Uy =y s L @ (Geren) L 689

i I3 bt (1) .

Let A € N} and p, : 2 — Zy ((2r)*(2r)). Since Z, is a homogeneous polynomial
of degree |\|, Lemma 5. 4.1 shows that p, is a homogeneous, even-row polynomial
of degree 2|A|. Therefore, each term on the right-hand side of (.84 vanishes if
k € NE*? with R;(k) is odd for some i € {1,...,p} or if |k| # 2|A|. This proves
the assertion. ]

Unfortunately, the formula (5.83]) for ¢ > 1 can not be simplified as in the case
q =1 (cf. E£0I0). Nevertheless, we can easily indicate the asymptotic behavior of
m,(Uy) for p — oo: since each generalised Pochhammer symbol in the finite sum
(BE83) is of the order O(p™"), so is m,(U}). We now compute an upper bound for
the k-th moment of a radial distribution v, as p — 0.

Theorem 5.8.7. Let k, q, p € N with p > 2q and v, be a radial probability
measure on M, , which admits k-th moment. Then there is a constant C > 0 such
that

My ()], < C-p~2

Proof: Let k € N§*? with |k| = k. Since v, admits k-th moment, it is clear
that m,(v,) exists. By the decomposition (5.8.1]), we obtain

(1) = /H e (U7)du(r) (5.8.5)

where U7 is the uniform distribution on %7 ~and v the radial part of v,. Thus,

according to the above lemma, we have
1

1
0 Ime)| S 57 X~ [ IPAOIde),  (58.6)
UUT 2R e (p/2))

where [ = k/2 and P, are functions on II, defined by

PA(r) = Du(Za((2r)"(21))), . A€ Call,q).

|z=0

For a polynomial P on M, let Cy,.x(P) be the highest absolute value of the
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coefficients of P in its monomial expansion. It is clear that P, is homogeneous

polynomial in the variable r on II, of degree & and
Cmax(P)\> S k!Cmax(Z)\)-

Since the number of terms in the monomial expansion of Py, A € Cy(l, ¢) depends

only on ¢ and k, there exists a constant C; = C;(q, k) such that
| IPA@)av(r) < G- o,

Hence, the definition of the generalised Pochhammer symbol in (.33 and Inequal-
ity (5.8.0)) yield that for sufficiently large p,

()| < Co - p~?

with a suitable constant Co = Cy(v, ¢, k) which is independent of x and p. From
this, we finally conclude that

”Mk(’/p)Hoo = sSup ’mﬁ(’/p)l < (Cy ‘p—k/z.

KENDX T |k|=k
]

Corollary 5.8.8. Let k € N, k € NJ*? with k = |s| and v, € M'(M,,) be a
radial probability measure on M, , which admits k-th moment. Then m,(v,) exists
in R and has the following asymptotic as p — o0o:

(a) If Ri(k) is even for alli=1,...,p, then my(v,) = O (p—k/Z),
(b) If Ri(k) is not even for somei=1,...,p, then m,(v,) = 0.

Proof: (a) is clear by the Theorem (.87 The assertion (b) follows immediately
from (5:81) and Lemma (.86 O

Definition 5.8.9. Let (D,,)nen, (dy)nen be sequences of matrices from M, and
positive real numbers, respectively. We write D,, = O(d,) as n — oo, if and only
if || Dyl = O(dy) as n — oo.

Remark 5.8.10. Let (p,)ney € N with p, — oco. For an n € N we consider
radial measure v,, € M'(M,, ,) associated with v € M*(II,) and p,. Then
(My(¥p,))n>1 € Mye and by Theorem B8, we have My (v,,) = O(p,*) for n —

Q.
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5.9 Radial limit theorems on M, , for p — oo

Let v € M!(I1,) be a fixed probability measure which admits the second order
moment. In particular, the modified moment ro(v) = [, x2dv(z) exists in II,. As
we have mentioned in Section 5.8 for each dimension p € N there is a unique radial
probability measure v, € M'(M,,,) with v as its radial part, i.e., v = ¢,(v,). For
each p € N consider i.i.d. M, ,-valued random variables

Xy = (X37) keN

1<i<p, 1<j<q’

with law v, as well as the random variables

=0 (v) = ¢p(Sh)* — nra(v), (5.9.1)
where S? := >7_, Xi. Let (pn)nen C N be a sequence with lim,, o, p, = co. In
the first part of this section, we derive the following two complementary CLTs for
M,-valued random variables =, (v) := ZP*(v) under disjoint growth conditions for

the dimensions p,,.

Theorem 5.9.1. Assume that v € M'(I1,) admits finite fourth moment.

CLT I: If lim, oo n/p, = 00, then \/pn/n - Z,(v) tends in distribution to the
centered matriz variate normal distribution Ny ,(0,T(v)) on M, with covariance
matriz T(v) == T (v) + To(v) € I1 2 where

Ty(V) gy, ety = T2(V)ikr2(V) 0 and  To(v) )y = r2(v)ira (V) jin-

CLT II: If lim, ,oon/p, = ¢ € [0,00[, then E,(v)/y/n tends to the centered
matriz variate normal distribution Ny 4(0, X(v) 4 cT'(v)) on M, where X(v) € Il

is the covariance matriz of cpf,n(ypn) which is independent of p,,.

The proof will be divided into two main steps: In the first step, we prove a
reduced form of Theorem [(.9.1] assuming that v has a compact support. In the
second step, we will show how to dispense with the assumption on the support of

v. Both steps are based on the decomposition of =, (v) via

E.(v) =2A,(v)+B,(v)
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where

Anv) = D0 Ais - with Aii= gy, (K0)" = rav), (59.2)
=1
Pn n ‘

B, (v) = B;, with B:= > [X0) x|
i=1 oy’

(5.9.3)

1<j5l<q’

We compute the covariance structure of 2,(v) and 9B, (v). Since the random
variables A;, i € N are independent and identically distributed, it is easily seen
that

E(A;) =0 and Cov(A;, Aj) =6;,;5(v). (5.9.4)

This gives Cov(2,,(v)) = n - X(v). By the independence of random variables X,
k € N, using the Lemma (.83 we obtain

n(n —1)

E(By) =0 and Cov(B;, Bj) = dij——
Pn

T(v). (5.9.5)
Hence, Cov(B,(v)) = n(n—1)/p, - T(v). Corollary 5.8.8| b) yields Cov(A;, B;) =
0 for all 7 and 5. This clearly forces

n(n—1)

Cov(E,(v)) = Cov(A,(v)) + Cov(B,(v)) = nE(v) + o

T(v). (5.9.6)
In the following we will establish convergence in distribution of 2, (v) and

B,,(v) (after appropriate scaling) by the method of moments 5.6.4l

Proposition 5.9.2. Assume that v € M (I1,) has compact support. Then the

asymptotic behaviour of A, := A, (v) is given as follows:

a) If n/p, — ¢ € [0,00[ as n — oo, then ™A, /v/n tends in distribution to matriz
variate normal distribution Ny ,(0,3(v)).

b) If n/pn — 00 asn — oo, then \/py/n - A, tends in distribution to do.
Proof: If we prove that for all k € Ny, the k-th order moments

1 ; pr/?
Mi( %) = =5 BAPY) and My(¥a,) = =B (5.9.7)

tend to the k-th order moment of the corresponding limit distribution, then the
assertion follows by the method of moments[5.6.4l Therefore, we calculate (5.9.7))
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as n — oo. Since the random variables A; are identically distributed, Theorem

(.21 shows that

E(AS") zgij (,Z () S En(A, ..., Ay).

TES(N)

For uw € {1,...,k} and A € C(k,u) we consider

T(A :<u> S En(Ay,. .., A). (5.9.8)

TES(N)

If A, =1 for some «, i.e. A, appears exactly once in w(A;, ..., A,), then each
summand in (5.9.8)) vanishes, which is due to the facts that E(A,) = 0 € M, and
A; are independent.

Suppose that A\, > 2 for each a and \, > 2 for some «. Then k£ > 2u, and
since v has compact support, we get T'(\) = O(n*). This clearly forces n=*/2T())
and p¥/2n=*T()\) in the cases n/p, — ¢ € [0,00] and n/p, — oo, respectively
tend to zero as n — oc.

Now we turn to the case A = (2,...,2), in particular k = 2u. Let Zy,...,2Z,
be independent and N, ,(0, 3(v)) distributed random variables. By Lemma [5.1.7]

for any 7 € &(\) there exist permutation matrices P, and @), with
P.-En(Ay,...,A) Q:=EA41 04, ®...0 A, ® A,)

:E(Z1®Zl®®Zu®Zu):P7r]E7T(Zla7Zu)Qﬂ'

Hence En(Ay, ..., A,) = En(Zy,...,Z,) for all # € &(\). Therefore, according
to the Lemma B.7.7, we have

T (A () S Ex(Z,. .., Z)_LMk(Zl).

et (n —u)!

This proves that the moments in (5.9.7) converge to those of N ,(0,%(v)) and dg
distributions on My, respectively. O]

We proceed to state the corresponding convergence result for the random vari-
able 9B,,(v) as n — oo.

Proposition 5.9.3. Assume that v € M (I1,) has compact support. Then the
asymptotic behaviour of B, := B, (v) is given as follows:
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a) If n/p, — 0 as n — oo, then B, /\/n tends in distribution to dg.

b) If n/p, — c €]0,00] as n — oo, then \/p,/n - By, tends in distribution to the

matriz variate normal distribution Ny ,(0,T(v)).

For the proof we need a couple of simple lemmas. We first introduce some
notation. Let k, n € N and Z, the set of all 2k-tuples (i1, j1,..., %, Jk) Of
positive integers less or equal n such that i, # j, for all « = 1,..., k. For an
I €Ty, and 7 = (my,...,m) € N¥ we consider the random matrix

1.7) = Q[ x4

Jn L< <q’
=1 <a;,81<q

(5.9.9)

Each entry of S(I,m) € M is a product with k factors and corresponds to the
tuple
((ila 1, Oél), (.jla 1, ﬁl)? R (2k7 Tk, CYk), (Jka Tk, 5]@)) . (5910)

For (5.9.10) and two integers a, b we define
mult; (a,b) = [{r € {1,...,k}: (i-,7;) = (a,b) or (j,,m) = (a,b)}].

It is clear that mult; . (a,b) does not depend on the indices a. and .. Therefore,
mult; - (a, b) is the number of factors in an arbitrary entry of the matrix S(7, )
which are coming from the b-th row of X,,. Moreover, we write d(/) for the number
of distinct elements in {I}. We consider the following subsets of Zj ,,

m ={1 €Lpy: d(I)=m},
mi={l€Jn: {I}={1,...,m}}, (5.9.11)
Jo(m) ={l €Ly,,: Fa, beN: mults,(a,b)is odd}.

J
J

It is easy to check that d(I) € {2,...,2k} for all I € 7, and that the cardinality
of J,,, is at most of the order O(n™) for n — oo.

Lemma 5.9.4. Let A = (A\y,..., \,) € C(k,v), = (ft1,..., 1) € W(n,v) and
m € S(N). Then
B,) £ 7(Bi,...,By).

s Py

(B
Proof: By Theorem [G.1.1]it is sufficient to show that

BEM @ ... B¥N £ BPM @ . BEM, (5.9.12)

96



Since X, k € N are i.i.d. with radial law v, we have B, £ B, for any p €

1,...,p,}. Thus, we get (B,,,...,B £ B, ..., B,). This clearly forces
{ g 1 o y
(912 m

Lemma 5.9.5. Let A = (\y,...,\,) € C(k,v) and m € &(X). Then there is a
constant C' such that

sup [ES(1,)], < C-p,"

IGI}C,n

Proof: Let I € I, and 7 be as above. By the definition of S(I,7) and
Theorem (.87, we obtain

IES(7, 7)o < TT ||Mar, (%) < C-p3*
j=1

for some suitable constant C' > 0 which is independent of I and p. ]
Lemma 5.9.6. Let v € N, k = 2v, up = (2,...,2) € C(k,v), 7 € &(u) and
Zhy ..., Zy be independent N'(0,T(v)) distributed random variables. Then
o
En(Zy,...,2Z,) = kzi'b > ES(I, ). (5.9.13)
’ Iejk

Proof: According to the Theorem[b. T Tlthere is no loss of generality in assuming
that 7 = (1,1,...,v,v). We set

iw o= {51, iko i) € Tk o {iar ot = {ip, do} if ma = 75} .

It is easy to check that Jj, \ Jpr C J°(7). Therefore, by Eq. (5.9.10),

> ES(I,m)= > ES(,m).

[Ejk Ie']kﬂ(

For a permutation o € Sym({l,...,k}) = Sy and € = (e1,...,6,) € Z} we

consider the following functions:

Po :Jk,ﬂ' — Jk,Tra (i17j17 s 7ik7jk) = (J(i1>,0<j1), s 7U(ik)7 a(jk))

O Jpr — Jioom, (015 1y -y lhy Ji) = (1, t1y ooy Thy L),

where (r1,t1,...,7, 1) is defined as follows: for any «, 5 € M, with o < § and
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o = Tg € M, we have

(iaaja7iﬁ7jﬂ)a if Eng = 07

(Tcwtowrﬁatﬁ) =
(ia,ja,jg,ig), lf 57ra = 1

It is easily seen that ¢, and 0. are well defined. Let Iy := (1,2,1,2,3,4,3,4,..., k—
Lk k—1k) € Jpr By standard verification we obtain a one to one correspon-
dence between Sy x Z3 and Ji . via the map ¥ : (0,e) — ¢, (0-(1p)). Since
X1, Xy, ... are i.i.d., we have for all o € S,

ES(ps(1),7)=ES(I,m) VIE€E Jn. (5.9.14)
For an ¢ € Z, we consider algebraic operation

, ife=0,
e(a,b) = Z ?f X
, ife=1.

Let R(m) denote the right-hand side of Equation (5.9.13). Then, by Equation
(50.14), it follows that
ok
R(m) = /?7 > ES(¥(o,e),m)

(0,6)ESKXZLY

=1y > ES(¥(id,e), m) = p, > ES(0:(Lo), 7)

€Ly eE€Ly

o B e j,3)
Eng(M%J“mwm®h%hméﬁwﬁmﬁg

e€ly j=1

= Y ® (1), Tw)).

ezt j=1

On the other hand, by the independence of 71, ..., Z,, we see that

En(Zy,...,2Z,) = éE(Zj ® Z;) = (éT(y)

i=1

_ é(ﬂ( V1 T0) = Y Qe (T(v), T(w)).

c€zy j=1

This completes the proof. n
Proof of Proposition[5.9.3: According to the Theorem [(.6.4], it suffices to show
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that the k-th moments of B, /y/n and of |/p,/n - B, tend to the corresponding
ones of the limiting distributions as n — oo. By using very similar arguments
as in the proof of the Theorem (.83 it is easily seen that B; (i = 1,2,...) are
identically distributed. From this and Theorem [(.2.1] we conclude that

E(BS4)= Z 3 )(1;) S Er(Bi,...,B,).

v=1peC(k,v weS (1)

Forawve {1,...,k}, A € C(k,v) and 7 € &(u) we consider 7(By, ..., B,). The
definition of B, (a € {1,...,v}) in (5.93)) enables us to write

m(Bi,....B,)) =B ®...Q By, = > S(I,7), (5.9.15)

IEIkm

where each term S(I,7) with I = (i1, j1,...,%, jk) is given by (£9.9). For a
selected index ¢ € M, each entry of the k-fold Kronecker product S(7,7) may
be regarded as a monomial in the variables X, (ie. in X(*# with a € M,,,
€ M,), while the random variables coming from other indices are considered as
constant. In this view, for any I € J°(n), each entry of S(I, 7) is for some ¢ € M,
and a € M, a monomial in the variable X., which is not even in row a. Hence,
Corollary clearly forces

ES(I,7)=0 VI¢eJ(r). (5.9.16)

Therefore, since J,,, C J°(7) for m > k, we conclude from (5.9.15) that

k
Ex(By,....,B,) =Y Y ES(I,n). (5.9.17)
m=2 IEJm
By the definition of J,, in (0.I1]), it is obvious that the number of terms
in the last sum is at most of the order O(n™). Therefore, by Lemma and

Definition (5.89),

En(Bi,...,B,)= > ES(I,m)+0 (n;:> =0 (”:) . (5.9.18)

Il n Prn

For v e {1,...,k} and p € C(k,v) let us consider

T (1) :( ) > En(Bi,...,B,). (5.9.19)

TES (1)
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If 1o, = 1 for some , i.e for any m € &(u) the factor B, appears exactly once in
the product 7T<Bl, e Bv), and therefore, each I € 7, from the Representation
(9.15) Ofﬂ'(Bl, e Bv) is necessarily from J°(7). Hence, (5.9.106]) gives T'(11) = 0.

Suppose that pu, > 2 for each o and p, > 2 for some «, i.e. in partic-
ular £ > 2v. From (59.I8), we conclude that n™*/2T(u) = O( k/2 0= k) and
PP kT (1) = O (p}’fkﬂ) tend to 0 in the case (a) n/p, — 0 and case (b)
pn/n — 0, respectively as n — oo.

We now turn to the case p = (2,...,2), in particular k& = 2v. By Equation
(BO9IY), it follows in the case (a) that n="T(u) = O((n/p,)*~"). Hence, n="T(u)
converges to zero as n — 0o0. Since X1, Xy, ... are i.i.d., we have

S ES(/,7) = ()ZES

I1€]y 1€y,

Therefore, by using Equation (5.9.18),

N 1 1 =
T(u) = L Ty Z”ZES]w)+O<pkv>.

— o) (n — k) !
(pn U)(n k)'v'ﬂEG(u)pn Iely, "

Let Z1, ..., Z, beindependent and N'(0, T'(v)) distributed random variables. Lemma
and Theorem (.7.7 now lead to

JH&TT . Z Er(Z,...,2Z,) = My(Z,).
ﬂ'EG( )
The required result then follows from the method of moments £.6.41 ]

Proposition 5.9.7. Assume that v € M'(I1,) has compact support and that n/p,
tends to some positive constant ¢ asn — oo. Then 2, and B, are asymptotically
uncorrelated, that is, for all0 <1 <k and all 0 € &((I,k—1)) the random variable

1

2 B0 (An, 1) 0 EBo(1,B,) — Eo (WA, B)] (5.9.20)

tends to zero as n — 0o.

Proof: Let F(n,o) denote the expression (5.9.20). According to the Theorem
B.I.T] there is no loss of generality in assuming that o = (1,...1,2,...,2). From
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Theorem (211 by using symmetry argument, we conclude that

Flnjo) = — (E(Q{@l)@E(%@k ) — B2 @ BEE)

k)2

LEE D 3 O6) 5 5 e

AeC(lu) peC(k—1w) \U TEG(\) 7' €S (1)

with
H(ﬂ',ﬂ'l) = EW(Al, Ce 7Au) (059 Eﬂ'/(Bl, . ,Bv) - E?T(Al, c. 7Au) (%9 7T/<Bl, NN Bv)

If o = 1 for some a € {1,...,v}, then each entry of «'(By,...,B,) is not an
even polynomial and thus neither is w(Ay,..., A,) @ 7'(By, ..., B,). Therefore,
H(m,7") = 0 by Corollary 6.88] (b).

Suppose that u, > 2 for each . By Equation (.9.17]), we have

H(ma')= > {Ex(A,...,A) @ES(,7")+

I1€J2U...UJy,

— E(7(Ay,...,A) @S, 7"))}. (5.9.21)
For M :={1,...,u} and G :={a € M : A\, =1} we define

F(M):={I€Jyu...uJpy: {I}NM#0} C Ty,
JV(G> = {[ ceJoU...UJy: GC {I}} C Ik—l,n-

It is easily checked that for the cardinalities of J?(M) and J¥(G) we have
‘JH(M)‘ < Cn* 71 and ‘JV(G)‘ < Cnh-t=1el (5.9.22)

with some constant C' = C'(k,l). We consider the I-th term in the sum above,
which will be denoted by T'(I). Is I ¢ J?(M), that is {I} N M = (), and thus
Ay, ..., A, are independent from S(I,7’). This clearly forces T'(1) = 0.

Is I ¢ J'(G), ie. there exists 7 € G with 7 ¢ {I}, and therefore A, is
independent from A; (i € M \ {7}) and S(I,7’). We thus get T'(/) = 0 from
G,

Taking (5.9.22), the number of nonzero summands in (5.9.21) is bounded above
min(n®~=1, n*F=1=IG  On the other hand, Lemma yields that each of them

is bounded above C'/pF~! where C' > 0 is a suitable global constant. Summarized
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we get

|H (7, 7")||, < C-min(n~*,n 9. (5.9.23)

Since p € C(k —l,v) with pu, > 2 for all @ € {1,--- ,v} we have k — [ > 2wv.
Moreover, since A € C(l,u), we get [ > 2u — |G|. And hence, by straightforward
calculation and by using n/p, — ¢ €]0,00[, we conclude from (AL0.24]) that for
suitable constants Cj,

TXTNEELS S 3IDS (")(p">mm<n—l,n—al>

u=1v=1 AeC(lu) peC(k—tw) \&/ \'V

02 I k-l

S mp > (Tl <

S
L
<
1)
>
m
2
£
38

This completes the proof. n

proof of Theorem [5.91 for v € M*(I1,) with compact support.

If n/p, — oo then \/p,/n -2, % 0 and VPn/1 - By, % N(0,T(v)) according to
Propositions and 593 This clearly forces \/pn/n - Z,(v) 4 N(0,T(v)) by
Slutsky’s Theorem. Suppose that n/p, — oco. Then we get as above =, (v)/v/n <

N(0,3(v)). Tt remains only to check the convergence in the case n/p, — ¢ €
10, 00[. Let k € N. By Theorem [B.2.T]

k
Mi(En (1)) =E (2o +B)%) =3 > Ex(2,,B,).
1=0 7e&((1,k—1))
Therefore, by Proposition [5.9.7],
. 1 _
Jim M, (\/ﬁ:n(y)>: 1im nk/z Z > En(2,,1)0Ex(1,B,).

1=0 76 ((1,k—1))

Consider independent random variables 7, Z5 and Z with distributions ' (0, 3(v)),
N(0,¢T(v)) and N(0,3(v) + ¢T'(v)), respectively. Propositions £.9.2] 5.9.3 and
Lemma B5.7.8 now lead to

lim My (E,(v)) = ; % ))]E(w(Zl, 1)) o E (n(1, Z5)) = Mu(Z).
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To dispense with the assumption: supp(v) is compact, we introduce for an

a > 0 the truncated M, ,-valued random variables

X, if Xp)l < a,
N LA E
0, celse

Let us denote by v, the distribution of ¢,, (X;,) (which is not dependent on
pn). Obviously, the sequence Xj,, k € N, are i.i.d. with the radial law v, , €
M(M,, ,) which corresponds to v,. We define Z,,(v,), 2, (va), Aja (7 =1,...,n),
B,(v,) and Bj, (j = 1,...,p,) according to (L.91), (0.92) and (EI93), re-

spectively, by taking X, instead of X;, k& € N. Clearly, we have Z,(v,) =
A (Vo) + B, (va).

Lemma 5.9.8. For all e > 0, 6 > 0 there exist ag, ng € N such that for all
n, a € N with a > ag and n > nyg

P (|20 (v) = 2An(va)l| > 0n) <,

where 0, = dy/n if n/pp, — ¢ € [0,00[ and 8, = on/\/pp if n/pn — 0.

Proof: Let § > 0 and (d,), be a sequence with §, > 0 for all n € N. Since
(Ai — Aia), (1=1,2,...) are i.i.d., it follows by Chebychev inequality

n
P (|24 () = RAn(va) | 2 6n) < 5B (41 = Aval®) - (5.9.24)
By using triangle inequality, we obtain
2
sup |41l < ([, (X0 + ())& L),

Therefore, the set {||A14||* : a € N} is uniformly integrable. On the other hand,
since the random variable ||A;]| is almost surely finite, ||A;4]|* converges a.s. to
|A,]]* as a — oo. Thus, we get

|ALall? — [[A|]* in L. (5.9.25)

Taking (0.9.24) with 4,,, as in the assumption (i.e. d§, = d\/n or 6, = dn/\/pn)
and (5.9.20) into account, completes the proof. H

Lemma 5.9.9. For alle > 0, 6 > 0 there exist ag, ng € N such that for all
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n, a € N with a > ag and n > nyg
P(|IB,.(v) — B,(v.)]| > 0n) <e, (5.9.26)

where 6, = 6y/n if n/p, — c € [0,00[ and 6, = on/\/pn if n/Pp — 0.

Proof: Let § > 0 and (d,), be a sequence with ¢, > 0 for all n € N. By
Chebychev inequality follows
1 Pn
P(||B,(v) — B, (V)| = 0,) < 52 Z1E ((B; — Bia, Bj — Bja)) - (5.9.27)
n ji=

Using Lemma B.8.3] one can easily compute that

n(n —1)

E ((B;, Bj)) = 6;; - ro(V)1r2(V)k g + 12(V) k2 (V) ik (5.9.28)

n(n —1)

E ((Bi.a, Bja)) = dij - >
pn l’

ro(Va)iaT2(Va) kg + T2(Va) kT2 (Ve (5.9.29)

q
I 1,2:21
q
>
k=

With the notation

Fo(a;n) = (E (Xf,lc;l)Xl(Lk)»lgl,kSq’

we see at once that

q
E ((Bi, Bja)) = 0yn(n — 1) > Fala;n)yia(a; n)gr + F2(a; n) k2 (n; @)k
=1

For I, k€ {1,...,q}, we obtain

1
Fo(a;n)ip = —7a(V)ig — / XD x 9 qp, (5.9.30)
{lIX1l[>a}

n

By Cauchy-Schwarz inequality and straightforward calculation we get
o<|f o xPMx{apc L
{iIXx1l[>a} apn
with some constant ¢ > 0. From this and (5.9.30), we deduce

pnf2(a;n) =reo(v) + O (il)
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and hence
P2
Ve>0dM>0Vn>M,Va>M: OS%E(HBi—BmH)SE-
n

Finally, this and (5.9.24) lead to the claim. O

Corollary 5.9.10. For all ¢ > 0, § > 0 there exist ag, ng € N such that for all
n, a € N with a > ag and n > nyg

P(IEn(v) = En(va)ll > 0n) <e, (5.9.31)

where 6, = 6y/n if n/p, — c € [0,00[ and 6, = én/\/pn if n/pp — 0.

Proof: For an 6 > 0 we observe that
P(IZ0(0) — 2wl > 62) < P2 — el > 2)+P([B, — Byl > 2).
- ’ 2 ’ 2
Combining this with Lemmas and [5.9.9 the corollary follows. m
proof of Theorem [2.91]: Let us first prove the CLT I. In this case the normalisa-
tion is given by /p,/n and for the growth of p,, we have the condition n/p, — oo
as n — oo. We set &, 1= \/pp/n - Z,(v) and &, 0 = \/Pn/n - En(v,) and denote

their distributions by s, and g, ., respectively. Moreover, we write 7, instead of
N(0,T(v)). Using triangle inequality, we deduce that

[ fdun [ fan,

+ (5.9.32)

+‘ [ fan, ~ [ sz,

Let ¢ > 0, f € Cy(II,) be a bounded uniformly continuous function on II, and
As = {||&n — &nall <0} (0 > 0). It follows that

<| [ = [ fpna
| [ fdiina = [ 1,

36>0: /A f o0& — fonadP < e,
§
On the other hand, by Corollary (.9.10]

dag, ng > 0: /\ |fo& — folnaldP <2e|fll., Va>ay n>ng.
Q\As
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This gives us the following estimation for the first summand in (5.9.32)):

3 ag, np > 0 : ’/fdun—/fdun,a <e(1+2||fll.) Ya>ao, n>no. (5.9.33)

Since v, has a compact support, we conclude from [5.9.1lthat x,, , converges weakly
to 7, (a > 0), hence

Va>03n0>0:‘/fd,un,a—/fdﬂ,ags V' n > nyg. (5.9.34)
Finally, it is evident that
S ap> 0 ‘/fdna ~ [ran|<e Yaza (5.9.35)

Taking (5.9.33), (5.9.34) and (.9.37]) into account, we obtain
dng>0: ‘/fdpn—/fdr,,

<e@+2)|fl) Vn2n,

which completes the proof of CLT I in Theorem 5.9.11 The same proof works for
CLT 1II. O

For the rest of this chapter, we devote ourselves to the laws of large numbers
for the functionals =, (v). Our first result in this direction is the following weak

law of large numbers:

Theorem 5.9.11. Assume that v € M (I,) admits forth moment. Then the

1

random variables n~'Z,,(v) converge in probability to 0 € M, ,.

Proof: For any ¢ > 0, Cauchy-Schwarz inequality and Equation (5.5.2)) yield

- 1 - - 1 -
P([En(w)] 2z €-n) < 2 (En(v), En(v)) = mtr<C0v<:n<V))
1/1 1
<5 (ﬁtr(E(y)) + p—ntr(T(y))).
and so the theorem follows. O

Theorem 5.9.12. Assume that v € MYI1,) admits eights moment and let
(an)n>1 e a sequence in |0, 00| with a, = n if n/p, — ¢ € [0, 00 and a,, = n?/p,
if n/p, — 0o. Then a'=,(v) — 0 almost surely as n — oo.
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Proof: For any € > 0, by Markov inequality,

€ ay

PO 2 & o) < B(IR = =) +P(I%0) 2 =)

2 \4 4 4
< (—) E(||, B, . 5.9.36
< (o) BRI+ 1Ba(0)11*) (5.9.36)
In a similar way as in the proof of Theorem .0.22] it is easy to check that

E (|20, + 1Ba()]1) < C - [v]s - (n* + n*/p}) (5.9.37)
for some constant C' > 0. Combining (6.9.36) with (5.9.37) we get

P(E.()|| > € an) < Ce~ta,*(n* +n'/pl) = O(n™?).

By using the Borel-Cantelli lemma, P(|=Z,(v)| > € - a, i.0.) = 0 for each positive
€. This completes the proof. [l
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