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1 Introduction

This thesis is devoted to the mathematical analysis of a spatially coupled Reaction-
Diffusion System for Signaling Networks in Biological Cells. Biological cells consist of a
phospholipid bilayer membrane surrounding the cytoplasma and thereby seperating the
cell from the ambient environment. Cells receive and process signals from the nearby
environment and respond adequatly; these complex mechanism are entitled as Signaling
Networks. As a key player in membrane trafficking, signal transduction or cytoskele-
ton organization, GTP-binding proteins (GTPase) have been identified. These protein
families were detected on the cell membrane, on the membrane of inner compartments,
the so-called endosomes, and in the cytoplasma. All have in common that they shuttle
between an active and inactive state. In addition, these proteins diffuse in the cytosol
and with lateral diffusion on the cell membrane. A mathematical model that describes
the relative density of these proteins either in their active or inactive state, led to an
evolution system of partial differential equations of this type in [RR12]. The goal of this
thesis is the analysis of a generalized system in order to prove that this mathematical
model is well-posed. This generalized model accounts for additional biological obser-
vations, such as generalized reaction rates and position dependent diffusion on the cell
membrane but still covers the system from [RR12].

The main challenges and difficulties of this thesis are the interaction of processes in
the three-dimensionsal bulk (the cytoplasma) and the two-dimensional boundary surface
(cell membrane), the particular coupling in the form of an outflow boundary condition
for the volume equation and a source term in the membrane equation and the structure
of the nonlinearities. Some authors in the field of mathematical biology consider local
membrane processes by assuming a locally flat boundary. Global three-dimensional ap-
proaches assume spherical symmetries and other simplifications without coupling effects.
In contrast to that, we assume a global approach establishing a rather general domain in
R3 as a model of a cell or an endosome. According to a survey of M. Pierre, see [Piel0],
the choice of the nonlinear growth rates is crucial to prove global in time existence results
in the field of Reaction-Diffusion Systems. Throughout this thesis we focus on sublinear
growth rates, since it covers a major part of common model approaches in mathematical
biology and allows to obtain the well-posedness of the system.

In this thesis we consider spatially coupled systems of the following type: A spatially
coupled system of three species with specific regularity assumptions on the given bulk
will be denoted by (FCRD). It includes surface operators as well as nonlinearities that
allow for classical solutions. A generalized version with position dependent diffusion
operators in divergence form is denoted by (GFCRD). Afterwards, we assume that the
cytosolic diffusion constant of (GFCRD) tends to infinity. Then, the given system



1 Introduction

formally converges to a reduction, given by a two variable system on the membrane,
but including a nonlocal contribution that is a remnant of the spatial coupling. Such
a reduced sytem is similar to the so-called Shadow Systems in the analysis of a two
variable system in a flat domain, see [Nill; Kee78].

This thesis is structured as follows. We begin our deductions with an introduction of
Signaling Networks and G-proteins. Afterwards, we specify constitutive assumptions for
our spatially coupled Reaction-Diffusion Systems and introduce the formal reduction in
form of a system similar to Shadow Systems to state the main results of this thesis. Next,
we give a survey of the relevant literature and introduce some notation. In Chapter
we prove the existence of classical solutions of (FCRD) with a maximum principle and
Schauder techniques. In Chapter 8] we show the well-posedness of (GFCRD). We apply
these results in Chapter @ to prove that (GFCRD) converges to a Shadow System.
Chapter B will contain the summary of this thesis, in the Appendix we list auxiliary
results and background material.

Signaling Networks and G-proteins One specific motivation for investigating bio-
logical cells and the behaviour of so-called Ras family G-proteins is the observation that
in 15% of all human tumors a protein of the Ras G-protein family is mutated [BRWO07].
Consisting of five principal families, i.e. Ras, Rho, Rab, Arf and Ran families [WRDO05],
these G-proteins control a huge variety of signaling, nutrient transport and formation
processes of a cell. The receptor sites of these G-proteins can be manipulated by drugs
to inhibit signal transduction processes and therefore influence propagation of deseases.
The aim of all such experiments and their corresponding biological and mathematical
models is to gain deeper insights in the complex interactions of proteins and trace in
which mechanisms defects might occur to develop new defect prevention strategies.

The spatio-temporal evolution of G-proteins is determined by diffusion effects in cor-
respondance to their local density and to reactions with other proteins and catalytic
effectors. Throughout this thesis we call these G-proteins or guanine-tri-phosphate-
binding proteins 'GTPases’. Besides the ability of a phosphate molecule to losely attach
to proteins, there exists a tight binding of GTPase to guanine-tri-phosphate (GTP) on
the cell membrane. We call the complex 'GTPase—GTP’ the active state of GTPase.
Active GTPase can for example interact with and activate so-called downstream targets
inducing a signal which triggers a cellular response, see for example [SA05]. Moreover,
activated GTPase proteins induce cell polarization effects which lead to pattern forma-
tion, see [RR14] and the references therein. In both cases, the activation-deactivation
cycle is part of a signal transduction chain; Signaling Networks occur.

Reversely, if a GTPase-GTP complex replaces GTP with guanine-di-phosphate (GDP)
it changes to its inactive state denoted by GTPase-GDP, see [Alb+08, p. 179]. Due
to observations of [GRAQ5], there is a high affinity of inactive GTPase-GDP to bind
to a GDP-dissociatior-inhibitor (GDI) inside the cell, inhibiting GTPase-GDP from
binding to the cell membrane. In fact, inactive GTPase in complex with GDI plays a
predominant role in the cytosol. How inactive GTPase attaches to the membrane is less



clear. A possible mechanism is that a GDI displacement factor (GDF) decouples GDI
and GTPase-GDP, mediating inactive GTPase to the cell membrane [Pfe03].

In general, the reaction speed on the cell membrane of the described activation and
deactivation processes is slow. Observations yield that catalysis quickens these reactions.
In particular, there exists a guanine exchange factor (GEF), catalyzing the activation
process and a GTPase activating protein (GAP) forcing hydrolysis, see |[GRG05] and
[BRWO7]. In addition, as a self-sustaining feedback loop, there exists a cytosolic GEF-
effector complex being recruited by GTPase—GTP, resulting in an amplified production
of activated GTPase, see [GONO6] and [Wed+03]. This mechanistic description was
considered in [RR12] for a representant of the G-protein family, namely Rab5-GTPase.
A schematic illustration of the GTPase cycle can be found in Figure [[T] see also [RR12].

For the fully coupled models in the latter we assume that the diffusion inside the
cytosol is constant at first. Due to observations in [Pos+04], the cytosolic diffusion
is much larger than the diffusion on the membrane, therefore the formal assumption of
infinite diffusion speed might be used in a model reduction approach. For lateral diffusion
on the membrane we observe the following: According to [SK94|, the cell membrane has
a compartmentalized structure. In those compartments the diffusion speed differs from
other compartments. The local diffusion in those compartments is constant and strictly
positive, but jumps in diffusion coefficients may occur whenever the sharp border of a
compartment will be passed.

This description is already a severe simplification of reality and shows how complex
cell biological processes are and how many key players have to be integrated to obtain
an adequate model of a signaling process in a cell.

Spatially coupled Reaction-Diffusion Systems We start our mathematical inves-
tigations by considering [ dof (0,T) for T'> 0 as a time-interval of observation and let

Q) C R? be a bounded domain describing the cell. Throughout this thesis let T 90 be
the smooth boundary of  modelling the cell membrane, and let v : I' — S? denote the
outer normal vector of ). Let corresponding time-space cylinders be denoted by

Qr ¥ x0,7) and Ty ¥ x(0,7)

and the closure of Qr be denoted by Qp. For an intermediate value t € (0,T) we set

Q4 0« (0,t), resp. T’y ) (0,t). The densities of the GTPase proteins are denoted

by (V,u,v) with unknowns V : Q@ x I — R and w,v : I' x I — R. Here, V describes
the inactive GDP-bound state inside the cytosol, v denotes the density of the inactive
GTPase—GDP state of molecules attached to the membrane and, finally, v describes the
active GTPase-GTP state on the cell membrane. All densities depend on the position
x € Q and x € I, respectively and on time ¢t € I. We write V = V(z,t), u = u(z,t) and
v =wv(z,t). In addition, we assume that nonnegative initial conditions Vj, ug, and vy
are given.

Deterministic descriptions of reaction and attachment / deattachment processes are
based on ordinary differential equations where biochemical reactions are translated into
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Figure 1.1: This figure displays a schematic Rab5-GTPase cycle. Rab5—-GTPase is
inactive in the cytosol and attaches to the membrane loosing the attached
GDI-complex and shuttles back to the inside. The GTPase—-GDP complex
on the cell membrane is also called inactive. On the membrane GTPase—
GDP is replaced by GTPase—GTP and becomes active. An additional catal-
ysed activation process is being displayed in form of a GEF-effector com-
plex.

linear and nonlinear rate laws, see [KS09]. Fundamental reaction laws are for example the
law of mass action, catalysis reactions modeled by Michaelis-Menten enzyme kinetics or
cut-off functions that model saturation phenomena called Langmuir rate law, see [KS09,
p. 1ff], [Nel0g, p. 433ff.], [Kel09, p. 8f.]. We cover these reaction effects on the cell
membrane I' in the following way: For fi, fo : Ri — R and ¢1,q2 : R%r — R we set
f:R? - R and q: R?® = R, such that

f(uv 1)) = fl(u7v)v - f2<u7 U)u7
q(u,v,V) def q1(u,v)V — ga(u,v)v

holds, where f;, g; are nonnegative and bounded. These describe activation / deactivation
contributions in the case of f and attachment / deattachment contributions in the case
of ¢, respectively. We will specify assumptions more precisely in Section [[.11

We are facing diffusion processes on the cell boundary and inside the cell. Let D > 0
denote the diffusion constant in 2. Lateral diffusion on the cell membrane will math-



ematically be described by the action of the Laplace-Beltrami operator Ar. With the
help of lateral differential operators in divergence form we describe jumps in diffusion
coefficients in dependence of the position on the membrane. Let

Ay, Ay i T = R¥3 0 A,(p), Ap(p) : T,T — T,T withpe T

be linear tangent operators on the cell boundary I' and consider the associated differential
operator Vr - A, Vr and Vr - A,Vr. The Laplace-Beltrami operator then corresponds
to the special case A, = A, =1d. A detailed introduction to differential geometrical
concepts is presented in the Appendix, see Subsection

The most general model we consider in this thesis is the generalized fully coupled
Reaction-Diffusion System (GFCRD) given by the following equations:

Ou = Vr - (A, Vru) + fi(u,v)v — fa(u,v)u onT' x I,
0w = Vr - (A, Vo) — fi(u,v)v + fa(u,v)u
+ q1(u, )V — g2(u,v)v onT x I,
(GFCRD) 0,V = DAV in Qx1I,
—DVV v = q(u,v)V — ga(u,v)v onT x I,
V(-,0) =V, in Q,
v(+,0) = vp and u(+,0) = ug on I

This initial value problem (GFCRD) covers the biological effects discussed before, in
particular, we allow for jumps in diffusion constants on the cell membrane. We notice
that (GFCRD) is given in divergence form including a Robin-boundary condition. This
sometimes called third-type boundary condition covers mass transport from the cytosol
to the membrane and back to the inside. In particular, the system introduced in [RR12]
is covered within (GFCRD). As a first consequence we find that the initial mass of the
system given by

mo déf/g%(:c)dx—k/r(uo(x)—i—vo(az))da (1.1)

is being preserved over time, i.e. the time-derivative of m(t) defined by

m(t) ‘EfAV(x,t)dH/F(u(x,t)+u(x,t))da

is zero. Well-posedness of (GFCRD) highly depends on the regularity of the given
differential operators A, and A, and the growth conditions and regularity assumptions
on the nonlinearities f and ¢. Since we assumed A, and A, to be nonsmooth to cover
jump effects in diffusion constants, classical solutions for (GFCRD) will in general not
exist. We collect sufficient conditions for the differential operators and nonlinearities
later to find weak solutions and in particular well-posedness of (GFCRD) in Theorem [[2]
in Section [I.Tl
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We now consider the case of regular data and a less general formulation that still covers
many situations of interest. In this model variant we assume A, = Id and A, = d-Id
for a diffusion constant d > 1. Then, as a modification of (GFCRD) we introduce the
fully coupled Reaction-Diffusion System (FCRD) given by

Ou = Aru + fi(u,v)v — fo(u,v)u on T x I,
Ov = dArv — fi(u,v)v + fa(u,v)u
+ q1(u, )V — g2(u, v)v onI' x I,
(FCRD) 8V = DAV in Q x 1,
—DVV v =q(u,v)V — qa(u,v)v onI'x I,
V(-,0) =V, in Q,
v(-,0) = v and u(-,0) = ug on I

Even in this case, where diffusion on I is simply given by the Laplace-Beltrami operator
Ar on I', the different diffusion constants still might lead to blow up effects in finite
time, see |Piel(]. Existence and uniqueness is again depending on the choice of the
nonlinearities. In Section [T we collect conditions such that (FCRD) admits classical
solutions, see Theorem [I.1]

In |[RR12] the authors suggest a model reduction by sending the cytosolic diffusion to
infinity, i.e. D — oco. Then, formally, the cytosolic concentration is spatially constant.
In this case the variable V' only depends on time. The equations on the boundary are no
longer spatially coupled to the equation in the cytosol. The prize for this simplification
is the appearance of a nonlocal functional on the boundary which is induced by the mass
conservation property,

Vi + o](t) = |51]|m0 - Ilﬁl /F(u +0)(t)do

The model reduction of (GFCRD) is then given by

Ow = Vr - (A, Vru) + fi(u,v)v — fa(u,v)u on I x (0,7, (1.2a)
0w =V - (A, Vo) — fi(u,v)v + fa(u,v)u
+q1(u U)VU+U]—QQ( U, V)V on T x (0,7), (1.2b)
Viu+vl(t) = ﬁmg |Q| / (u+v)(t)d for t € [0,7), (1.2¢)
v(-,0) = vg and u(-,0) = ug on I (1.2d)

We show in Theorem [[3] rigorously that for D — oo the system (GFCRD) tends to
(C2a)—(T2d). In particular, the case in [RR12] is included in this Theorem.

The introduced models contain several mathematical difficulties such as nonsmooth
differential operators in divergence form on a smooth manifold I', Reaction-Diffusion
Systems on I', mass transport via Robin-boundary condition, control of growth rates for
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nonlinearities and convergence including a nonlocal functional on the boundary I'. In
particular the coupling between bulk and surface partial differential systems keeps us
away from using standard theory to study the solvability of the particular models.

1.1 Main results

In this section we state the main results of this thesis. To improve readability, background
material considering the occuring function spaces, facts and concepts from differential
geometry are collected in the Appendix.

We begin with the notion of classical solutions of (FCRD), adequate system assump-
tions and the main result for (FCRD).

Classical solutions of (FCRD) The triplet (V,u,v) is called classical solution for
(FCRD) if V € C*Y(Qr) N CY Q2 x (0,T)) and u, v € C*'(T'7) N CY(T'r) holds while
(V,u,v) suffices (FCRD) in a pointwise sense. Here, we denote by C*! the space of
functions which are twice continuously differentiable in space and continuously differen-
tiable in time. Let C?T® denote the space of functions such that the second derivative
is a-Holder continuous. We assume sufficiently regular initial data and a compatibility
condition.

Assumption 1.1 (Initial conditions for classical solutions). The initial data is prescribed
to be essentially bounded, nonnegative and of class C*T for some 0 < a < 1, i.e.

Uug, Vg € C2+a(F), W e C2+a(§) and ug, vg, Vo > 0.
Moreover, let the compatibility condition
—DVVo(x) - v(z) = q1(uo(z), vo(2))Vo(x) — g2(uo(z), vo(x))vo(z), z €T (1.3)
hold, for v € S? being the outer normal vector of ).

A fundamental assumption to achieve long-time existence results for classical solutions
in Reaction-Diffusion Systems are growth rates for the nonlinearities. For counterexam-
ples and positive results on existence see [Piel(]. Here, motivated by the protein reaction
laws from |[RR12] we assume a sublinear regime and a specific decomposition of the rate
laws into activation / deactivation and attachment / deattachement contributions.

Assumption 1.2 (Assumption for nonlinearities in the classical solutions case). Let
f:R? =R and q:R?® = R, such that

flu,v) = fi(u,v)v — fo(u,v)u, (1.4)
q(u,v, V) = q1(u,v)V — ga(u,v)v (1.5)
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holds. Let f1,fo : R? — R and q1,q2 : R? — R be twice continuously differentiable and
nonnegative, i.e.

flv f2 ;41,42 (S 02(R2),
fi, f2, @1, g2 >0 on R?.

In addition, let Cy,Cy > 0 be constants, such that 0 < g; < Cy and 0 < f; < Cf for
7 =1,2 holds.

Let H2t®(2+2)/2 denote parabolic Holder spaces of class 2 + . These spaces consist
of functions such that the second derivative in space is still a-Hélder continuous and
the first derivative in time is a/2-Ho6lder continuous, see for example |[LSUGS|. A more
detailed description of parabolic Holder spaces is presented in the Appendix.

Well-posedness of a system of partial differential equations in the sense of Hadamard’s
definition is to show the existence of a solution, the uniqueness of solutions and the
continuous dependency on data, see [EvalQ, S. 7]. Chapter 2is devoted to the following
result for (FCRD) on well-posedness.

Theorem 1.1 (Classical solutions for (FCRD)). For T'>0 and 0 < a <1, let ini-
tial data (Vo,uo,vo) satisfy Assumption [l Moreover, let the nonlinearities of system
(FCRD) be given as in Assumption[L.4. Then, the fully coupled system (FCRD) has a
unique, nonnegative, classical solution (V,u,v) of parabolic Hélder class H2ta(2+a)/2,
Moreover, classical solutions of (FCRD) depend continuously on its initial data. There-
fore, the system (FCRD) is well-posed.

Well-posedness of (GFCRD) As the main result we find the well-posedness for weak
solutions of (GFCRD). Here, we can allow for weaker assumptions on initial data and
nonlinearities.

Assumption 1.3 (Initial conditions for weak solutions). Let initial conditions be essen-
tially bounded, nonnegative and L?-interable, i.e.

Vo € L*(R2) and wo,vo € L*(T)
with ug, vg, Vo > 0.

Assumption 1.4 (Nonlinearities in the case of weak solutions). Let the nonlinearities
f:R?2 %R and ¢ : R® — R still be decomposed as in (LA) and (LH) and let the non-
linearities f1, fo : R? = R and q1,q2 : R? — R be bounded and nonnegative, there exist
constants Cq,Cy > 0, such that 0 < gj < Cyq and 0 < f; < Cf holds for j =1,2. We
further assume that the nonlinearities f1, fa, q1, g2 are Lipschitz continuous on R?,

fi, f2,q1,q2 € C¥H(R?).
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Assumption 1.5. Let the linear differential operators A, and A, of the form
Ayw=Vr- (A, Vrw) and Ayw=Vr-(A,Vrw)

be uniformly elliptic on T'. This means that Ay, A, : T — R3*3 with A,(p), Ay(p) :
T,I' — T,I" for every p € I' satisfy the following ellipticity condition: there exist con-
stants ¢y, cy > 0, such that

£ Au(p)€ = Cu|£‘2 and & - Ay(p)§ > Cv|€’2 (1.8)

holds for every & € T,I' and every p € I'. Moreover, let A, and A, be measurable and
essentially bounded, i.e. there exist constants Cya,,Ca, > 0, such that

||AuHL°°(F,]R3><3) < CAu and HAUHLC’O(F,R3X3) < CAU (19)
holds.

We cannot expect classical solution in this context according to the fact that A,
and A, are not differentiable, i.e. no pointwise solution concept exists. The concept
of weak solutions takes the usual form for parabolic divergence form operators. For a
precise formulation see Section Bl The following result will be proven in Chapter Bl It
guarantees the well-posedness of (GFCRD) for weak solutions.

Theorem 1.2 (Well-posedness for (GFCRD) in a weak sense). For T' > 0 and given
initial conditions (Vo,up,vo) let (GFCRD) satisfy Assumptions [L3HLA.  Then, there
exists a unique solution of (GFCRD), i.e. a solution triplet (V,u,v) in L?(0,T; H*(Q)) x
(L2(0,T; HY(T')))2. Moreover, solutions are nonnegative, essentially bounded on (0,T),

depend continuously on the initial data and are L?-continuous. Therefore, the generalized
system (GFCRD) is well-posed.

Convergence to a Shadow System We have introduced a so-called Shadow System
reduction for (GFCRD) in (L2al)—(L.2d). Such systems lie in between an ODE reduction
and the fully coupled model of partial differential equations. We show in Chapter (]
rigorously that (GFCRD) tends to (L2al)—(L.2d).

Theorem 1.3 (Convergence to a Shadow System). Let Assumptions [L.3HIA hold and
let (Dg)ren be a sequence of diffusion coefficients and (Vi, uk, vg)ken be a sequence of
solutions of (GFCRD) with D replaced by Dy. Then, a subsequence of (Vi,ug, Vg)ken

converges to a weak solution (Vao, Uoo, Voo) of (LZal)—(L2d).

1.2 Survey of literature

Biological observations on cell polarization, long-term behavior and diffusion effects on
cell membranes led to a huge variety of mathematical models in the past decades. In par-
ticular Reaction-Diffusion Systems were set up to reasonably demonstrate and explain
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the observed effects, see [GP08; [Wed+03] and the references therein. The biomathemat-
ical models evolved from basic two species models in R? and basic reaction rates towards
multispecies approaches in R3 with spatially coupled, nonsmooth diffusion operators on
cell membranes, see for example [GP08; |Gie+15; MCV15; MS15]. Besides biomathemat-
ical models, several publications present a linear stability analysis or numerical simula-
tions to varify the occurance of Turing pattern formation or cell polarization properties,
see for example [RR12; |Gie+15; IMCV15]. Rigorous existence results and well-posedness
of solutions are more or less left as open questions. This thesis focusses on existence and
well-posedness results for a specific spatially coupled Reaction—Diffusion System which
is motivated by the above mentioned biological obeservations. In this survey we give
a brief overview of mathematical difficulties in Reaction—Diffusion Systems and specific
bulk-surface coupled systems and finally discuss model reductions in form of so-called
Shadow Systems.

Mathematical difficulties Whereas existence of classical solutions for short-times is
often rather easy, the development of adequate a priori estimates is the key step to find
global in time solutions of Reaction-Diffusion Systems. This will mainly be achieved by
maximum principles, invariant region approaches, abstract semigroup theory or uniform
LP-estimates, see for example [Smo83; |Alill]. We point out that these approaches are
not providing a priori estimates in every case. According to |Piel(Q], even in rather simple
systems blow-up effects may occur in finite time. Assumptions as nonnegativity and mass
conservation are also not sufficient to ensure global existence. Besides different diffusion
constants and growth rates of nonlinearities, in our particular case spatial coupling effects
and nonflat metrics determine the behavior of Reaction—Diffusion Systems and makes it
even more difficult to establish a priori estimates.

Bulk-surface coupling As a first basic example for the analysis of coupling effects
between bulk and surface processes a sample system was stated in [ER13], where a
stationary diffusion equation in the bulk was coupled to a linear stationary diffusion
equation on the cell membrane with a linear Robin boundary condition. Such an elliptic
problem can be seen as a toy problem for steady-states in parabolic initial-boundary
problems. This system allows for unique solutions of class H2(Q2) x H?(T") according to
Lax-Milgram techniques and regularity theory.

In a recent preprint a general bulk surface Reaction—Diffusion System of similar type as
(FCRD) is analyzed , cf. [MS15]. The respective Reaction-Diffusion System is defined
on a bounded domain with smooth boundary. Several species inside the bulk may
diffuse with different diffusion constants than the species attached to the boundary. The
diffusion equations are coupled via a mass transport boundary condition of Robin-type.
The authors show that if the given nonlinearities satisfy some particular polynomial
growth condition and conservation of mass, then there exists a unique componentwise
nonnegative, global classical solution, see [MS15, Theorem 3.3, p.7]. In comparison
to (FCRD), the considered Reaction—Diffusion System is generalized in the number of

10
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species, the dimension of the given domain and source/sink contributions for the bulk
equation. The assumptions in [MS15] are different from ours. Super-linear growth is
allowed in some of the variables but at the same time more restrictive assumptions on
the structure of the nonlinearities are imposed. In particular, the assumptions in [MS15]
are in general not satisfied for (FCRD). Moreover, only smooth coefficients and classical
solutions are considered.

Cell polarization has motivated many further biomathematical models with bulk sur-
face interactions in the past years, see for example [Mar+07]. Extending |[GP0§], the
authors of |Gie+15] introduced a two-dimensional model where an annulus represents
the two-dimensional section of a cell with the outer boundary part refering to the cell
membrane and the inner boundary part is an inner cell compartment like an organelle. In
a very similar manner compared to the nonsmooth diffusion operators in (GFCRD), the
authors describe a single species reaction and diffusion equation on the outer membrane
with mass transport to the cytosol. There is no flux to the inner boundary part, the
diffusion operator inside the cell is also assumed to be nonsmooth. The focus of |Gie+15]
lies more on numerical simulations for a model reduction and not on rigorous proofs on
existence and uniqueness of this particular model but it shows the recent relevance and
necessity for analyzing systems with nonsmooth differential operators.

Shadow Systems A complexity reduction for Reaction—Diffusion Systems in flat space
called Shadow Systems were first introduced in |[Kee78]. These reductions are well-
studied for the Gierer—Meinhardt system, see for example [NL09]. A Shadow System re-
duction of a Reaction—Diffusion System is a formal limit of a multiple variable Reaction—
Diffusion System where one of the diffusion coefficients is considered to be infinitely large.
To figure out the different analytical behaviour of system reductions and the appearance
of Shadow System we return to R™ models. The authors in [Mar+16] consider a system
of two coupled Reaction-Diffusion equations in a given domain with zero flux boundary
condition. This system has a unique nonnegative global-in-time solution under reason-
able initial conditions. A vanishing diffusion coefficient then implies that the solution
blows-up in finite time, so-called diffusion-driven blow-up occurs. This is an example for
the occurance of a Shadow System revealing completely different analytical properties
compared to the initial system.

We already mentioned the model proposed in [GP0§] to study cell polarization prop-
erties. The framework we consider in our fully coupled Reaction-Diffusion System
(FCRD) was motivated by the model proposed in |[RR14]. Very similar, |GP08] and
[RR14] introduce an asymptotic model reduction with a nonlocal term based on mass
conservation. The results suggests that in both cases a diffusion-driven pattern forma-
tion occurs due to the fact that bulk diffusion is much larger than lateral diffusivity.
With the results in Theorem [[L3] we find a rigorous justification of the asymptotic model
reduction in [RR14].
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1 Introduction

1.3 Notation

For the sake of improved readability, background material and auxiliary results are
collected in the Appendix. Still, it is necessary to introduce conventions on notation in
this section. Let w : @ — R. If w is integrable over {2, then we make use of the notation

/deﬁzsz/gw(x)dx:/gw.

For I' as above we denote by o the surface area measure on I'. If @ : ' — R is integrable

with respect to o, then
/w(x)da(x>:/wdg:/w
r r r

denotes integration over I'. Let w : I' x I — R, then integration over I'y =T x (0,T) for
integrable @ will be achieved by Tonelli’s Theorem for measure spaces, i.e.

/I“Tw(x’t)d(a®£l):/OT/pw(fC’t)dO(w)dﬁl(t)=/F/0dez:1da:/FT .

12



2 Existence Theory for classical
solutions

In this chapter we investigate the existence of classical solutions (V,u,v) for the fully
coupled Reaction-Diffusion system given by

0w = Aru + fi(u,v)v — fa(u,v)u onI' x (0,7),
0w = dArv — fi(u,v)v + fa(u,v)u
+ q1(u,v)V — g2(u,v)v on ' x (0,7),
(FCRD) oV = DAV in Qx (0,7),
—DVV v =q(u,v)V — ga(u,v)v onI'x (0,7),
V(,00=W in Q,
v(+,0) = v and u(-,0) = ug onT

for given T'> 0. Let Q and I' be given as in Section [[.T] and let Assumptions [[LT] and
hold as it was described in Section [[LII The main result of this Chapter is to prove
Theorem [Tl The proof is divided into four major steps, see Section ZTHSection [Z4l
First, we give a detailed outline of the proof, introduce auxiliary problems and find
a priori estimates. Then, we deduce the existence and uniqueness of solutions of a
nonlinear parabolic system on the boundary I' without spatial coupling to the bulk in
suitable spaces with estimates in parabolic Hélder norms. In Section we prove that
there exist unique solutions of an initial-boundary value problem with mass-transport
boundary condition in 2 for given input data on the boundary and obtain suitable
estimates. We finish the proof of the existence result from Theorem [I.Tlin Section [2.4]
with the help of Schauder’s Fixed-Point Theorem. Complementary, we deduce a result
on uniform L°°-bounds and continuous dependance on initial data.

13



2 Existence Theory for classical solutions

2.1 Auxiliary problems and a priori estimates

First, we introduce auxiliary problems and a priori estimates. The idea is to rescale the
system (FCRD) by multiplying the variables (V, u, v) with a time-dependent exponential
factor e, for fixed A > 0 which will be specified later. In this rescaled framework
we denote variables by (V,ﬂ,f}). We specify auxiliary problems and deduce a priori
estimates in this section. We begin with a detailed outline of the proof of Theorem [T

2.1.1 Outline of the proof

We want to show that (FCRD) has a unique classical solution (V, u,v) on a time-interval
(0,T) for a given finite T' > 0. Therefore, we multiply the variables (V,u, v) with a time-
dependent exponential factor e for fixed A > 0 that will be specified later. We consider
V:Qx[0,T] =R, a6:T x[0,7] = R with:

Vi, t) €e My (z,1) for z € U, t € [0, 7], (2.1)
a(x,t) &t e Mu(z,t) forx el te]0,T], (2.2)
o(x,t) def e Mu(x,t) forx e, t€]0,T]. (2.3)

We justify in Subsection [Z 1.2 that (FCRD) is then equivalent to

Ot = Apii 4 fi(t, @, 9)0 — folt, @, 0)a — i on T x (0,7), (2.4a)

A0 = dArT — fi(t, 0, 0)0 + folt, @, D)@
+Gi(t,@,0)V — Gt 4,0) 0 — Ao on T x (0,T), (2.4b)
OV = DAV = \V in Q x (0,7), (2.4¢)
—DVV -v =G (t,a,0)V — Go(t, @, 0)0 onT x (0,7), (2.4d)
V(-,0) =V, in 0, (2.4e)
a(+,0) = up and o(-,0) = vy onT. (2.4f)

where the nonlinearities are now explicitly time-dependent, see a corresponding definition
in (2:9)-(Z10).

We establish an updating procedure to prove that (Z4al)—(2.4f) has a unique solution
(V, @, ) of parabolic Holder class H?t(2+®)/2 Therefore, we start with a given function
V:Qx[0,T] — R with V € H?P/2(Qr) for a Holder coefficient 0 < 8 < a to be chosen
later. Here, according to Assumption [I] we assume that the initial data V(-,0) = Vj
is of class C?T*(Q). A possible choice for V would be to continue the initial profile V;
to a function which is constant in time on (0,7") and multiply it afterwards with e’

14



2.1 Auxiliary problems and a priori estimates

We consider V as input data for the following system of nonlinear partial differential
equations on the boundary

Oyt = Ardi + fi(t, @, 8)0 — fo(t, @, 8)i — Aa on T x (0,T) (2.5a)
040 = dApd — fi(t,4,0)0 + folt, @, 0)d

+G1(t, 0, 0)V — Gao(t, @, )0 — A6 on T x (0,T), (2.5b)

a(+,0) = up and o(-,0) = vg on I (2.5¢)

We show the existence of unique solutions (@, 7) of ([Z5a)—(25d) on I'x [0, T'] of parabolic
Holder class (2 4+ ). In addition, we control the solution pair (@, ) uniformly by
CY([0, T); C**7(T'))-norms for any 0 < o < 1 and by adequate parabolic Hélder norms in
dependence of the given data, see Section One central ingredient is the development
L>®-estimates. If V is essentially bounded on Q x (0,7 by a constant Ay >0, then @,
¥ are essentially bounded on T' x (0,T) by a constant Ay > 0, see Lemma 23 (i).

The next step of this updating procedure is to find unique solutions and estimates of
an updated function Vjew, see Section In the rescaled framework we multiply the
updated variable Vpew with a time-dependent exponential factor e~ for fixed A > 0 and
consider View : Q x [0,T] — R with

View(2, ) & e MV (@, t) for z€Q, tel0,T]. (2.6)

Consider ¥ and 4 as input data for a Robin-boundary problem given by

Ot Voew = DAVoow — MWoew in Q x (0,7), (2.7a)
—DVView - v = G (t, 1, 9) Vaew — G2(t,@,0)0 on T x (0,T), (2.7b)
‘N/new('y O) — Vb on ﬁ (270)

This will be done with the help of nonlinear Schauder theory described in |[LSUG6S,
Theorem 5.3, p. 320f.] and |[LSU68, Theorem 7.1, p. 478]. Besides obtaining a unique
classical solution Ve, these Theorems provide two crucial estimates: first, the parabolic
Holder norm of Vpey of order (2 + B) is estimated by the initial data and parabolic
Holder norms of @ and o of order (1 + /). Second, there exists 0 < k < 1 depending on
C0([0,T]; C*(T"))-norms of % and & such that the parabolic Holder norm of Vyey of order
x will be estimated in terms of system constants and C°([0,T]; C*(T"))-norms of @ and
0. For a suitable choice of § depending on x and « the estimates the parabolic S-Holder
norm of Vyew is only depending on given data, see Proposition for details. This
estimate in the parabolic Hélder norm of order § will be the basis to perform a fixed-
point argument for the updating procedure in the latter. The aforementioned strategy
of considering a given function V and finding an updated function Vyey is a decoupling
procedure of the given problem (ZZal)—(2.41).

In Section 2.4] we use the updating strategy to show that there is a fixed-point, such
that V = Vipew holds. According to compactness arguments in terms of Holder norms

15



2 Existence Theory for classical solutions

and Schauder’s Fixed-Point Theorem, there exists a limit object (‘7,11, ) of parabolic
Holder class . By repeating the updating structure we find that (V, @, %) solves (Z.5al)—
25d) and ([Z.7a)—(Z7d), and therefore is also a solution of (24a)—(2.4f) of parabolic
Holder class 2 + 8. In particular, we apply a bootstrapping strategy to find that the
solutions are of parabolic Holder class 2 + « as the initial data indicated. In addition,
we find that this system depends continuously on the given initial data. Consequently,
by rescaling, (V,u,v) given by (ZI)-(Z3) is then a classical solution of (FCRD). We
deduce uniqueness with the independent results of Chapter Bl

The tools and spaces we use in this Chapter are collected in Section [A.1] of the Ap-
pendix. We introduce global constants that depend on the system constants, i.e. Ay >0
will be specified later, we set

7 def def
R max{fluoll oy, ool ey} and  Cp, Pmax{Cr, 0} (28)

2.1.2 Auxiliary problems

First, we show that with the definition of the rescaled framework in (ZI)—(2Z3) we find

(FCRD) to be equivalent to (2.4al)—(2.41).
Assume that (V,u,v) is a classical solution of (FCRD) and A > 0 fixed, then the

regularity of (V,u,v) carries over to (V,,%) by (2I)(Z3) and for example the time-
derivative of @ is derived by
ot = e_’\tatu — e M
= e M (Aru+ f1(u,v)v — folu,v)u) — Ae ™

= Arii + f1(eM0, M) — fo(eMa, eNo)a — i,

where we used the first equation of (FCRD). Note that now f; and ¢; are explicitly
depending on ¢ for ¢ = 1, 2. Therefore, we define
foRxRE xRE =R, filt, @, 0p) = fz(6 Yy, M), (2.9)
G RxRE xRE R, (¢, i, ) 2 qi(eMiig, Moy, (2.10)

for i = 1,2. The corresponding equations for # and V follow in the same way. Since there
is no time-derivative included in the Robin-boundary condition, we simply multiply with

M and find equation (2.4d)). In addition, this rescaling operation leaves the initial con-
ditions untouched having (-,0) = ug, 0(-,0) = vy and f/(, 0) = W, respectively, on the
corresponding domains. Therefore, classical solutions of (FCRD) are classical solutions
of (2.4al)-2.41).

Vice versa, if (V,, 7) is a classical solution of (2.4al)-(2.4H) for fixed A > 0, then there
exists a uniquely defined triple (V,u,v) given by (ZI)—(Z3]), such that

O = Gt(e)‘tﬁ) = 2eMo + MO,
= v+ e (Ap@ — fit, @, 0)0 + fo(t, @, 0)a + Gu(t, @, 0)V — Golt, @, §)0 — /\v)
= Arv — fi(u,v)v + fa(u,v)u + q1(u,v)V + ga(u, v)v
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2.1 Auxiliary problems and a priori estimates

holds on I' x (0,7"). Here, we used the definition of the nonlinearities and that (2.4D)
holds true. With a similar calculation the other equations follow. The initial conditions
remain the same and the boundary condition follows by multiplying with e*. In sum
we find that (Z4al)—(2.4D) is a rescaled system of (FCRD) and the solution concepts
coincide for fixed A > 0. In the same fashion we find a justification for the subsystems
(25a) (Z50) and (27)-(27) from (242)-(@0).

We need to introduce another auxiliary system that yields a suitable comparison
function for the solution of the bulk system. The crucial point about maximum bounds
and a priori estimates is to control the boundary flux condition of the inner variable
f/new. Therefore, we introduce fi > 0 to be a fixed constant to be chosen later. Since
we only work in the rescaled framework we introduce the problem of a heat equation
inside 2, with constant boundary flux of amount f observed on a time-interval [0, 7]
with nonnegative initial data ¥y € C*+(Q) given by

O¥ = DAY — AT in Q x (0,7T), (2.11a)
~DVV v = —fi on T x (0,7), (2.11b)
U(-,0) =T, on Q, (2.11c)

where ¥ : Q x [0,7] — R with ¥ = ¥(x,t). We assume that the compatibility condi-
tion regarding initial data is satisfied, i.e. —DV®¥g-v = —ii holds. Then, according
to [LSU68, IV. Theorem 5.3, p. 320f.], (ZIIa)-(2IId) has a unique classical solution
U € H>B:C48)/2(Qp) for 0 < § < a. In the latter it is necessary to obtain an upper
bound for ¥ on Q x [0,T] and an explicit dependency on the diffusion constant D > 0.
Therefore, we formulate the following statement.

Lemma 2.1 (Uniform maximum bound for the auxiliary problem). Let U be the unique
solution of (ZIIa) - (ZILd) of class H*HC+tA/2(Qr). Then, there exists a constant
co = ¢o(2, D) > 0 being uniformly bounded for diffusion constants D > 1, such that

U(x,t) < sup ¥g + jeT (2.12)
Q

for any (z,t) € Q x [0,T].

Proof. We define two subproblems to split boundary and initial conditions from the
original problems. First, let

8ﬂ91 = DA191 — )\’191 in  x (O,T), (2.13&)
—DVY1-v=—[ on T x (0,T), (2.13b)
91(-,0) = ¥g —sup ¥y on O (2.13c¢)

Q
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2 Existence Theory for classical solutions

hold. Second, we investigate the behavior of

8{[92 = DA’[92 — )\292 in Q x (0, T), (2.14&)
—DViy-v=0 onI'x (0,7), (2.14Db)
95(+,0) = sup ¥y on . (2.14c¢)

Q

We notice that the initial data is in both cases compatible to the Neumann-boundary

condition. Both problems, ([2I3al)-(2I3d) and (ZIZa)-(2I4d) have unique classical

solutions.
1st step: For 0 < § < 1/alet hsg € C*°(R) be a function satisfying

T for |r| <,
hs(r) =< 26 for r > 39,
—20 for r < -39,

with a smooth monotone transition on (—36,—0) and (4, 36), respectively. Moreover,

|h5| <1 and |hg] < % holds. For I" = 092 we introduce the signed distance function
sdist : R? — R given by

sdist(z,T") et dist(z, Q) — dist(z, Q°) for z € R>.
For v > 0, let ¢ : R® — [1/2,3/2] be defined as

6(z) def | hs <sdist(x,f‘)> .

According to [GTO01, Lemma 14.16, p. 355], sdist is in particular of class C? sufficiently
close to the boundary of € since I' was assumed to be smooth. Then, by the definition
of hs and the assumptions on T, ¢ € C%(R3) for vJ sufficiently small. In particular,
¢(x) =1forz €T, 1< ¢ <3k on Q. For the gradient of ¢ we find

Vo(z) = —hj (schst(a:,ﬂ) iVsdist(:c,F)
1
=——v(x) forzel,
5 (z)

where we used that on I' the gradient of the signed distance function is given by the

outer normal vector v for €. Moreover, we set c, def v and find that there exists a
constant ¢; > 0 depending on the geometry of I' and § and ¢y > 0 depending on the
geometry of I', such that

C1 Co . C2
Vol <= and  |Ag| < Slhg| <
Y Y VCx

holds.
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2.1 Auxiliary problems and a priori estimates

2nd step: Let XA >0 be a constant to be chosen later. Let 91 : Q x [0,7] — R be
defined as

91 (z,t) & e 9, (z, ) p(2) for (z,t) € Q x [0,T].
Hence, we obtain

Vo

001 —DADG + Ny + 2DV, -
— N + e Moy — DeMpAY, — 2De MV, - Vo
— De 91 A¢ + AD; + 2De MV, - Vo + 2De”i51|v¢]2
= M1 + e M (DAY — M) — De MpAD,

— De MY Ad + NIy + 2DZ§|V¢2
~ 2 J—
= <2D ’v(;;' - Di:b — /\> : (2.15)

where we used ([ZI3a))-([ZI3d). With X\ = De1/y2  Dez/he, we find that the factor in the
brackets on the right-hand side of ([ZI7]) is strictly negative. For the boundary condition
of 91 we compute

DV -v=—De MV, - v — De M9V - v

f -1
= —e M+ Dﬁq, (2.16)

where we used the properties of ¢ from the first step.
3rd step: We set M def supg,, 9 = 5‘1(3:0, to) and find that M < 0 holds for ¢ty = 0 and
for all zyp € Q according to the given initial condition. If x5 € Q and ¢y > 0, then

= ~ -V
0< (8t791 — DAY + 2DV, - f) (xo,to) <0
if M > 0, which is a contradiction. For zy € I" and to > 0 we obtain with (210
_ 5. D
0>-DVd - V(xo,to) =—e "n+ ;ﬁl(xo,to).
Since ﬁl(xo, to) = M, we find
yiie~ Mo

i
M < < —.
- - D
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2 Existence Theory for classical solutions

Consequently, 751 < %1. We set v def D to find hat
191(1’,75) < €Xt/] < e(fl"'ﬁ)tﬁ < €Cotﬂ

holds, for a constant ¢y > 0 depending on the geometry of I' and D remaining bounded
for positive diffusion constant D > 0.
4th step: We consider (Z14al)-(2ZI4d). We use [Jos07, Satz 4.1.1, p. 80] to obtain

Py < sup ¥ = sup vy = sup Uy,
(Qx{0})Ur'y Qx{o} Q

By setting ¥ def Y1 + 92, we reassamble the auxiliary problem (Z.ITal)—(ZI1d) with max-
imum bound

U(x,t) < sup o+ el for all (z,t) € Q x [0,T]
Q

to finish the proof. O

2.1.3 Nonnegativity and a priori estimates

In the following we work in the rescaled framework considering variables V., Vaew, @, D
introduced in Subsection 2121 In this case the purpose of rescaling is the following: we
want to find a finite but large parameter A > 0, such that the values of all members of
the updating procedure remain in a nonnegative rectangular, namely [0, /NXl] x [0, AQ]Q
for Ay > 0, Ay > 0. In Lemma we prove that the updating procedure accounts for
nonnegative solutions, where in Lemma 2.3 we deduce maximum bounds for the updating
procedure.

Lemma 2.2. Let Assumptions [.IHLA hold. Assume V is nonnegative. For a constant
C=C(Q)>0 set

c(Q)C?
/\Zmax{<D)q, 2(Cf—i—Cq)}. (2.17)
Then, the updating procedure yields that Vyew, @, 0 satisfying (2.5a)-(25d) and (Z7a)~
279 are all nonnegative for all times t € (0,T).

Proof. We assumed that (View, @, 0) satisfy the given rescaled systems. Therefore, we
find that the negative parts given by

def

~ o ~— def
Vnew = ma‘x{_VHEW7O}7 u =

max{—u,0} and 0~ e max{—0,0},

are admissible test-functions for (Z5al)-(2.5d) and (Z7al)-([27d). We use —V o, —@~ and
—7~ as testfunctions and the fact that = 97 — o~ > —@~ holds, @ > —% "~ respectively.
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2.1 Auxiliary problems and a priori estimates

With the nonnegativity of V' we obtain for the sum of (Z5a)(Z5d) and (Z7Ta)(2.7d)
that

_*/ Vil - /( ~—|2+d|@—|2)

= Q(A(Vngw) +D\VVn;W| )+/F(A((ﬂ’)2+(17’)2)+|Vra’\2+d]vrﬁ*]2)

+ g (—(jl(t, 0, 0) (Vigw )2 + Go(t, 0, 0)0Voo, + Gu(t, @, 0) Vi~ — Go(t, @, @)(17—)2)

+ /. (— Lt i, 0) (57)2 + folt, @, )io )

+ [ (At e, 050 - fo(t,5,0)(@)?) (2.18)
I

holds. We estimate (ZI8) from below by
| (T2 + 01w neWP) # [(M@? + @)+ 19ra 2+ divri )
r
( Cq new -C ’D_Vn;W - Cq(a_)z)

—Cy(07)* = Cpu v~ —Cpv~u —Cy(u ))

_|_
q\

+

/—\’1\

> | (AView)® + DIVVie| ) +/ (/\(a—)2 +(07)}) + Ve ] + dyvrfrP)
Q T
[ (50T + (56025 ) (57 + 2052 (2.19)

where we applied Young’s Inequality, estimates for the negative parts and Assump-
tion [[2 which remains valid for f; and §; for i = 1,2. We apply the Trace Theorem, see
Lemma [A.5] from the Appendix with e = P/3¢c, to ﬁnd that the right-hand side of (2.19)
is estimated from below by

A(A—C(%)CQ) o)+ o /\v Vool 4 [N =20p@ ) + [ Vra?
(- Cavaen))wrs faver e

with a constant C' = C(§2) > 0. We obtain from (Z19) and ([Z:20) with A > 0 from (ZI7)

that
2 7~— i 12) <0
Va5 [ (Gl P+ SioP)

holds, therefore the solutions remain nonnegative whenever the initial values are non-
negative. O
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2 Existence Theory for classical solutions

Lemma 2.3 (A priori estimates). Let Assumptions IIHIA hold, Ay and C}, be given
as in (Z8). Let

C? 2||Voll peo(qy + 1
A > max {5’0(9),4%, o (1 + 010+ | OHLA ) ) } , (2.21)
2

such that Condition ZIT) from Lemma[Z2 is satisfied with Cy = C1(T,Q, D) >0 and
C(Q) > 0. There exists a constant Ay > 0 depending on T, D,Cy,Cq,Q, Vo, ug and vo
with the following properties:

(1) If |Vlzo(ap) < A1 and @, © solve ([ZE5al)-@5G), then ||il poerpys 0]l noe gy < Ao
and,

(i) if |@il| poo (rpys 10/l zoo(ryy < Ao and Vyew is the solution of (Z7a)~(Td), then the

updated function Viye, remains essentially bounded by A1, i.e.
||‘7newHL°°(QT) <A

uniformly in every update step.

Proof. The function (Vpew — V)4 is an admissible testfunction for the auxiliary system
(21T1a)—(2IId), with partial integration we find that

0= /Q (008 (Voo — )4 + /Q DV -V (Voo — )4

+ A/Q\i/(f/new — ), — /Fg(vnew —¥), (2.22)

holds. By testing (Z7a)-(Z7Td) with (Vaew — ¥)4 we obtain that

+ [ (= fi(t,@,9)0 + fa(t, @, 0)a)(@ — A2+, (2.24)

o:/F(atﬁ)(ﬁ—ﬁ2)++d/rvmv.vp(a—A2)++A/Fa(@_A2)+
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2.1 Auxiliary problems and a priori estimates

We drop the arguments of f; and §; for i = 1,2, substract (222) from (223) and add
this to the sum of (Z.24) and (2.:27)) to find

8 ([0 o+ - 57)
= | @1Va = 8) (Vo = D)1 + [ (@10)(5 = Ra)s + [ (@)@ = Ro)s
= =D [ 19(FVaen = 042 = [ [Vr(a— Ro)s2 = d [ [Vr(on = Ro)-
—)\/(Vnew—@)Q —A/a(a—A2)+—A/f}(@—A2)+
+/ 1v—f2u U—A2 ++/ 1v+f2u+(J1V—Q2v)(5—1~\2)+
[ (~@1 oo+ @8) (oo = 901 = i [ (T = D (2.26)
We have to control the right-hand side of (226]) appropriately. To obtain a higher

clarity we demonstrate the arising computations separately. With Cy, > 0 we find for
the following nonlinear expressions that

/ (flﬁ - fﬂ) (@ — As)
r
< / Crgd(it — Ag)y = / Crq(0 = Mg+ Ao) (i — Ag) 4
/ch ~Ry)(@— Ay) ++/ch1\2 i — Ra)s

C ~ C
g/%(ﬁ—Ag)i—i—/ qu( — As)? +/C'fq/\2 i — A, (2:27)
r r

holds, where we used Young’s Inequality. With ||V| L=(Qr) < A1 we obtain

< [ Cra (- A2 + (@ - Ar)2) + /F Crq (Ro+ A1) (8 Aoy (2:28)
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2 Existence Theory for classical solutions

The remaining nonlinear expression is defined on I' but has to be controlled by ex-
pressions defined on 2. Therefore, the Trace Theorem according to Lemma with
e =DJc;, and a constant C' = C(2) > 0 yields

[ (<01 Vaen + 20) (Vo = )4

< / ST Y S U 2+ [ Craba(Vao =)
r 2 r
Crq - % 2
< —Ja _
_I‘Q(v 2/’vnew +|
qu 02 A (T ;
4 / S () (Ve — D)% + / Croha(Vaew — ). (2.29)
r
Moreover, we notice that
*)\/ U*AQ *)\/U*AQ *)\/AQU*AQ (230)
—)\/ (5 — Koy :—A/U—Ag —)\/Agv—Ag (2.31)

holds. Then, we estimate the right-hand side of (Z26]) from above by using (2.27)—(231])
by

- C ~ -
3 [ 19— 04 + (2{§c<ﬂ> A) [ (e =92
+ (Cpq = A) /F(a - ]\2)3_ + (30fq - )\) /F(G — ]&2)1
+(Crg =N [ (0= Ra)1 + (Cpolhs +A2) = Mo) [ (5= Ra)s

+ (Croha — 1) /F(Vnew - V)4, (2.32)

where we dropped gradient expressions on I'. Here, we choose ji = quf\g and choose
Wy, such that ¥ satisfies the compatibility condition

—Dv\i/() V= —quj\g,

Vo < ¥ and H‘IIOHLOO < 2[|Vo|l g () + 1, which accounts for vanishing initial of Vp.
According to this ch01ce we apply Lemma 21 and (ZI2) to find that ¥ is essentially
bounded on Qr with a constant C; = C1(D,Q,T) > 0, i.e.

19 ooty < W0l oo () + C1CpgAa
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2.1 Auxiliary problems and a priori estimates

We extend the condition for A from (ZI7) and choose

C3, 2[Voll Lo ()41
A =2 max § F10(Q),4C ), Cpy | 14 C1Cpy + =)
2

which is solely depending on system constants. Considering

1~\1 def 2”V[}”LOO(Q) + 1+ Clchj\g,

then all coefficients of (2.32) are less or equal zero. The settings above and the estimates

from (Z220)-(232)) imply that

d

pn (H(Vnew = U)4 (D172 + Il @k — /~\2)+(t)H%2(r) + [1(0k — /~\2)+(t)H%2(F)) <0

holds for all ¢ € (0,7). We obtain with the assumptions of this lemma that

1 (Vaew=P)+ () 72y + 1(@k — A2)4 (8) 72y + 11Tk — A2)+ (O)117 2

< [IVo = Wol[72(q) + lluo — Aal|F2(ry + loo — Al 72y = 0 (2.33)
for every ¢t € (0,7). In particular, assertion (i) follows, since the boundedness for @ and
¥ just relies on the boundedness assumption for V' and is independent from calculations

for Vyew. For the rescaled functions we conclude that there exists a finite A > 0, such
that

| oo (rpys 13l oo gy < As,
”Vnew”Lw(QT) < ||\I’||L°°(QT) < 2”%” +1+ CleqA2

where we used Lemma 2l These maximum bounds are only depending on the initial
values, T" and system constants. Therefore, the second assertion holds. O
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2 Existence Theory for classical solutions

2.2 Solutions on the boundary

In this Subsection we find that there exist solutions u, v of (Z5hal)-([25d) in the parabolic
Holder space H*+#+8)/2(T7), where 0 < 8 < « if only ug, vy are of class C?+(T") and
V € HPP/2(Qr) holds. We denote the corresponding Holder norms by | - \%2:”8 ) and

| - |g;fﬂ ), respectively. A detailed description of Holder spaces is presented in the Ap-

pendix, see Section [AJl For given ¢q € (2,00) we use parabolic Sobolev spaces denoted
by qu’l(FT), see [LSUGS, p. 5] for further details. Here, let || - Hz’llﬂT denote the corre-
sponding norm. We prove the following statement:

Proposition 2.4 (Solutions on the boundary). Let Assumptions[LIHL.2 hold, let T > 0
and assume 0 < B < a. Let |V pe() < A1 for Ay >0 from Lemma [Z3, let X > 0

satisfy Conditions ZIT7), @2I) and V be of class H?P/2(Qg). Then, the following

assertions hold:
N2
(i) there exists a unique solution (,?) € <H2+5’(2+'8)/2(FT)) of (2.5al)-([2.5d),

(ii) for a constant C{¥ = C{*(T,Q, 3) > 0 the solution (@, D) satisfies the estimates

~1(2 (2 wo (15
ey, ol < 0 (IV16) + luollzeary + luollozery)

(iii) for all 0 < o <1 there exists a constant C3¥ = C§*(T,8,0) > 0, such that

a7, 1817 < C5¥ (Ar + Ao + Juollczrary + o llozeary)

(iv) for all 0 < o <1 there exists a constant CY > 0 depending on T, Ay, Ay, o,
||u0||02+a(p) and |’U0||c2+a(r), such that

%l co (o, 7,01+ () 18]l co o, 71,0140 () < C5°

Before we start with the proof of Proposition 2.4] we have to prove Lemma In the
proof we are referring to a family of local charts {4 }q to cover the smooth manifold
I'. Since I' is compact we find that there exists a finite number N € N and local charts
;Ui CR? - W; CcI'fori=1,...,N, such that I is covered. These local charts imply
a pull back metric denoted by g. This atlas will be denoted by A = (W;, ¢;)i=1,..N. A
more detailed description is presented in Subsection [A.1.3 in the Appendix.

Lemma 2.5. Let d > 1 and q € (2,00) be arbitrary. We assume that F € C°(Ts) for
given § > 0 and wg € C*(T"). Let

w e C([0,6),C*(I") N C*YT x (0,4))

be a solution of
Oyw — dArw = F on T x (0,9), (2.34a)
w(-,0) =wy onT. (2.34b)
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2.2 Solutions on the boundary

Then, for any q > 2 there exists a constant Cf > 0 depending on 4, q and I,such that

2.1 w
ors = Cf (HFHCO(FT;) + Hw0Hc2(r))

[w

holds. Moreover, for any 0 < o < 1 there exists a constant C¥ > 0 depending on d, q,
and T', such that

lllcoqocreemy + [l < C¥ (I Fllgos) + lwolle2sary)

Proof. The proof consists of three steps. First, we localize the given solution and
pull back to a family of flat domains in the plane to find an auxiliary problem. For
the auxiliary problem we establish estimates in parabolic Sobolev spaces which will be
applied to the original problem resulting in the first claim. In addition, we deduce
suitable estimates in Holder spaces of order ¢ in the third step.

1st step: In the following we choose a suitable atlas A. Let T/T/z ccW; cUl for
1 =1,..., N be compactly included subsets of I', such that

N ~
Uw:oT
i=1
holds and such that local parametrizations ¢; : B(0,2) — W; exist, such that
0 (B%0,2) =W; and i (B20,1)) =W,
holds for all i = 1,...,N. Let B2?(0,r) denote the ball of radius r with center zero in

R2. By restricting ourselves to W; on T or B?(0,2) in R?, respectively, and setting

~ def . ~ .
0; = wo (p; we obtain that w; satisfies

dyto; —d A : D*; 4+ B - Viv; = I in  B%(0,2) x (0,9), (2.35a)
Wi(,0) = di0 L wgop; in B0,2), (2.35b)

where A, B : B?(0,2) — R are uniformly bounded by a constant determined only by the
atlas and where 1?'2 = F o ;.

2nd step: We will next establish || - |](21:1£5—estimates for w; for an arbitrary fixed
g > 2. Therefore, we first assume that ;o =0 and extend @; by setting @; =0 on
B2(0,2) x (—00,0). Moreover, we set

F(,t)=0 for te (—o0,0),
to find that w; is a W2!-solution of

i —dA: D*;+B-Viy,=F; in B%*0,2) x (—00,0). (Z35ar)
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2 Existence Theory for classical solutions

It follows from the interior LP-estimates [Lie96, Theorem 7.22, p. 175] that
1D 3| £a(B2(0,1)x (0,6)) + 0c®ill £a(B2(0,1)x (0.6))
<a (||f~7i||Lq(B2(o,2)x(o,5)) + H@i||Lq(B2(o,2)x(o,5))) (2.36)
holds, where ¢; > 0 only depends on the diffusion constant d and the atlas A. Now
I1E ]| Lo(s20,2)x(06)) < 2l FllLarxqos)y and (1@l La(s20,2)x06) < csllwllparx o)

for constants cg,c3 > 0 only depending on A. Using an Ehrling-type inequality [Roul3,
p. 207] we deduce that

HwZH ,(B2(0,1)%(0,0)) < (HFHL‘?(FX(O,é)) + HwHLq(Fx(O,é))) (2'37)

for ¢4 > 0. In the case of general initial datum ;¢ we can apply this result to w; — ;o
and deduce that

szH (B201)x(06)) < (”F||L‘1(F><(O 5)) T llwll Larx0,6)) + llwoll 2 r))

for ¢5 > 0 depending on d, A and §. Using that w; = w o ¢; we find

2,1
[Jw]]

i (0.) = €6 (Il Loy + [0l Loy + lwollcr)

and, since I' C U, W; we obtain

HqurX(o 5 S (”FHL‘Z(FX(O,&)) + [Jwl| Larx (0,6)) + Hwo\|c2(r)) 7 (2.38)
where ¢; > 0 only depends on d, A and 0. Next, we observe with (Z38) that

d _
GOy = [ adl,Olwt, o

< qllovw (- 1) || Loy Jw (-, )HLq(r)

< cg (llF(wf)HLq(r) +[[w(, Ol Larx0,6)) + ||w0||c2(r)) lw(- )%

< es (w1 + (IFC Bz + lwollcxey ) w81 4aiy)

< esllw(, %oy + s (IFC O + w0l ) (2.39)

where cg = cg(q) > 0 changes from line to line and we used Holder’s and Young’s In-
equality. We apply Gronwall’s Lemma [A9]to (2:39) to find a bound for the LI-norm of
w; and in particular

lwll Larx(0,5)) < co (llFHLq(rx(o,a)) + ||w0||c2(r)) (2.40)
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2.2 Solutions on the boundary

with a constant c¢g > 0. We finally obtain from (2.40) and (2.38) that

08 < C¥ (IF s 0. + lwolleary) ) » (2.41)

where C¢” > 0 depends on 6, d, ¢ and A and therefore on the geometry of T'.

[w

3rd step: It remains to prove the estimate for the parabolic Hélder norm for \w|§? and
its first spatial derivative. In the flat case, such that I' C R? would be an open domain
with sufficiently smooth boundary, [LSU68, Lemma 3.3, p. 80] implies the following. For
any 0 <o <1, we choose ¢ € (4,00), such that ¢ > 4/(1-0) holds. Then, there exist
constants ¢1,¢ > 0 depending on ¢, ¢ and I', such that

~ ~ e 12,1 ~ ~ 1~ 12,1
|U}l|§_“? S Cl”wiHFX(O,(;) and |le|§_f;) S CQHwiHFX(O,(g)

holds. Using a suitable atlas A as above one therefore deduces the estimates claimed in
the Lemma. 0

Proof of Proposition [2.4. We divide the proof into three steps. We begin with an
existence and uniqueness result for solutions (@, v) of (Z.5al)—(2.5d) for a short-time 6 > 0
according to the results of Lamm. Afterwards, we treat the given equations separately
and find suitable estimates in parabolic Sobolev spaces and parabolic Holder spaces with
the help of Lemma According to uniform estimates of parabolic Hélder norms of
order (24 «) we deduce that the short-time solution can be continued to [0, 7] such that
assertions (i)—(iv) hold.
1st step: For convenience, we restate system (Z.5a)—(2.5d), i.e.

Oyt = Ardi + fi(t, 1, 0)0 — fa(t, @, 0)a — Ai on T x (0,T), (25a)
0 = dATD — fi(t, 0, 0)0 4 folt, @, 0)a

+ G (t, 0, 0)V — Go(t, @, 0)0 — A6 on T x (0,T), @350)

a(-,0) = up and o(+,0) = vy on T, [25d)

where V is assumed to be essentially bounded by Ay > 0 from LemmaZ3 and being in the
space H?B/2(Qr). Then, for the system (Z5a)(25d), we find with Assumption [ that
the coefficients are S-Holder continuous. Then, [Lam02, Satz 2.4.5, p. 57] in combination
with [Lam02, Bemerkung 2.4.4, p. 56] and the observation that this Theorem holds also
true for systems of strongly parabolic equations on a compact manifold I yields that there
exists a & > 0 and a unique solution (@, %) of (Z5al)—(25d) of class H>T5:(2+8)/2(Ty). We
notice that 6 > 0 depends on the Lipschitz-constants of the nonlinearities, d, |[uol|c2+a (),
ool caeery, V122,

2nd step: We treat (Z.5a)) and (2.5h]) on (0, §) separately to work with scalar parabolic
equations on I'. According to the regularity assumptions for the initial conditions ug and
vg we deduce parabolic regularity results in Sobolev spaces and Hélder spaces to find the

desired estimates afterwards. We begin with the observation that since ||V| L) < Ay
Lemma is applicable. We find that

@)l oo (rg) 191 poo(rs) < Ao
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2 Existence Theory for classical solutions

for Ay > 0 from Condition (Z8). Let functions F, G : T x (0,6) — R be given by
Fa,t) € fu(t i, ), 0 0)0(e, 1) = falt (e, 0), 0, 0) (. 1) = N, 1),
t );

Gz, t) = —fi(t,a(x,t),o(x, )0 (x, t) + falt, @z, t), 0(2, 1))z, t)
+qu(t @, 1), 0z, 1))V (2, t) = Galt, @, 1), 0(w, 1))o(x, t) — AD(x, 1),

for (z,t) € T x (0,8). Since @, © and V are known objects we obtain a pair of scalar
parabolic equations given by

t
z,t))v
)

Ot = Arii 4 F on T x (0,6), (2.43a)
o0 = dArd + G on T x (0,9), (2.43b)
a(-,0) = up and v(-,0) = vy on I (2.43c)

With the deductions above we have
|F | poo(ry) < c1ho and  [|G poo(ry) < c1(Ar + Ag) (2.44)

where ¢; > 0 is a constant depending on the system constants C'y, C; and on A. Note
that F and G are continuous on I' x [0, 6] and @ is a unique solution of (243a) and 0 is
a unique solution of (2.430) with the corresponding initial data.

Then, Lemma implies that for any g > 2 there exists constants C’g,C};’ > 0 de-
pending on é, ¢ and I, such that the following estimates for parabolic Sobolev norms
hold

lal2t, < €2 (IF ooy, + luollc2ry )
lal3t, < €5 (1G] co) + lvollezary) +

and for any 0 < o < 1 there exists ¢ > 4 satisfying ¢ > 1/(1 - ») and constants CZ, C? > 0
depending on d, ¢, o and I" such that the parabolic o-Hélder norms are estimated by

[l < C2 (1]l o) + luolloary) » (2.45)
917 < €2 (G lcos) + lvolicary) - (2.46)

In particular, this holds true for o = 5. Moreover, we obtain that with Lemma that
lalleooaycreewy < C3 (I oo, + luollcay) »
15l coo.a10r+e ryy < C (HGHCO@) + HUOHC2(F)) -

With this in hand we go back to the definition of F and G and find with the regularity
of f1, fa, G and Go and, additionally with V € HP#/2(Qr) that there exists a constant
Crac = Cra(9,T, 5) > 0 such that

B 1GI) < Cra (A + Aa + [[uollczsaqry + vollczsaqry + V15, ) -
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2.2 Solutions on the boundary

This regularity property of the right-hand sides of (2.43a)—(2.43D) gives with [Lam02,
Satz 2.4.3, p. 55] in combination with [Lam02, Bemerkung 2.4.4., p. 56] an estimate on
the Holder norms of class (2 + 3), i.e. there exists a constant Cy, = Cyyp(5,T,5) > 0
such that

[l 1815 < Cuw (A1 + A + [[uollcaeary + [vollcatary + V1))

holds on (0, ). Moreover, we deduce from (2.45]) and (2.46) that

~ Uv

lallcoqo,.cr+o )y 1Tl cogo sicraqry < Cs

where égv depends on 6, /N\l, ]\2, o and the initial data of 4 and 7 of class 2 + a.

3rd step: If 6 =T holds, then assertions (i)—(iii) follows. If § < T, then we assume
that (0,6) is the maximal interval of existence for @ and ©. Pick any € (6 —¢,d),e >0
and let 62 > 0. We introduce 4,9 : T x (0,d2) — R satisfying (Z5a)-(2.50) with initial
condition (-,0) = (-, ) and ©(-,0) = @(-,#). The second step implies that the initial
conditions have enough regularity to apply the first step. Then, (i, ?) is a solution on
(£,£ + 03) of class H>TA:CH8)/2(I x [,£ 4 5]). We notice that according to the first
step, the existence time 5 > 0 is independent of # and only depending on ||ﬂ(ﬂ||02+5 @)

||77(f)\|02+ﬁ(§), the nonlinearities and HN/|§2BT) Therefore, £ + d5 > & for (§ — 1) < 1 suffi-
ciently small. This yields that (0, ) was not maximal, a contradiction to our assumption.

Step two implies also that the claimed estimates hold on (0,7"). In sum, we find that
assertions (i)—(iv) hold. O
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2 Existence Theory for classical solutions

2.3 Solutions in the bulk

In this section we obtain that there exists a unique solution Ve, of (ZTal)-(21d) for
given @, ¥ in suitable parabolic Holder spaces of order 2 + 8. The following Proposition
is based on [LSUG68&, Theorem 5.3, p. 320] and |LSUG&, Theorem 7.1, p. 478].

Proposition 2.6 (Solutions for Robin-boundary conditions). Let 0 < 8 < a, T > 0 and
Assumptions [LTHLZ hold. Let A > 0 be given as in Conditions (ZIT) and [22I)). As-
sume 1,9 € HPCHA/2(TT) with ||| oo (rpy, 0]l 1o (rgy < A2 with constants Ay, Ay > 0
as introduced in Lemma [Z3. Then

(i) there exists a unique solution Vye, € H**PCH8)/2(Qr) of (@Ta)-(ZTd),

(1+ 1+
5)+‘ ‘( B)

(ii) for a constant C{" > 0 depending on 2 and \u!r , the solution Ve,

satisfies the estimate

(2
Vel < CY (14 [Voll o))

(iii) there exists 0 < k <1 depending on ||illcoqo, 1.0 (rp))s 10llcoqomscr ey, T Ay
and Ay and a constant CY > 0 depending on @l oo, (o)) > 12Nl coqomyscn (o)
T, A1, Ay and Vollos @y such that

Vaeulty) < O .

Proof. The proof is based on the deductions in [LSU68, p. 318ff.] obtaining Schauder
estimates of a parabolic Robin-boundary problem. We state [LSU68, problem (5.4),
p. 318ff.] and switch to the variable View t0 avoid misconceptions. Let T > 0, then we
consider for linear uniformly parabolic operators £ with smooth coefficients

LVew (2, t) (8t DAYWew(z,t) = ¢(2,t) in Qr, (2.47)

View =0 @ (2.48)

23: bi(x,t) A + b(z,t)View| = ®(z,t)onT (2.49)
pat A 85171 o ) T .

with additional compatibility conditions of order zero for x € I' in t = 0, i.e.

= ®(z,0) for all z € T, (2.50)
t=0

see Ladyzhenskaja et. al. [LSU68, p. 320f.] for further details. We specify b;, ¢, ¢, b
and @ in the latter. We restate the following Theorem.

<Zb x,t) avnew + b(z, t)VneW>
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2.3 Solutions in the bulk

Theorem 2.7 (JLSU6&, Theorem 5.3, p. 320f.], Existence and uniqueness in parabolic
Holder-spaces of order 2 + ). Let 8 € (0,1) and T' be C**P-regular, the coefficients of
the operator L shall be in the class H?P/2(Qq) and b;, b € HBOD/2(T). Then
for any ¢ € HPB2(Qr), ¢ € C*P(Q) and & € H'THO+A/2(Tr) satisfying compati-
bility condition of order zero, problem (ZAT)-(Z49) has a unique solution Vye, of class
H*BCH0/2(Qp) and there exists a constant ¢ = ¢(T',Q, £, b,b) > 0 being independent
of ¢ and ® with

2
Vneulir® < e (10l + [l corag + 1016) .

Note that we stated the result of Theorem [2.7] for the case of (2 + ()-regularity. In
particular it yields much higher regularity, if all other regularity assumptions are higher.

To prove Proposition 2.6 we show that Theorem 7] can be applied, set ) = 0 and
let $ =Vp, b =—Dv, b= ¢ (t,a,v) and we set & = Ga(t,w,0)v. Then, equations ([Z47)—
(249) are just the same as equations (2.7al)—(27d). We assumed that I' is a smooth
manifold, in particular it is C?*#-regular. The coefficients of the operator £ are of
class HP8/ 2(Qr), conditions on b are fulfilled as well as for 1. With Assumption [T}
initial conditions are of class C?T®, o > [3, moreover the compatibility conditions of
order [(1+ )/2] =0 hold, see equation (Z50) compared to equation (I3]). Assump-
tion [[2] yields that the nonlinearities f;, g;, ¢ = 1,2 are twice continuously differentiable,
in particular this holds for f; and §. This implies that for @, € H2H52+5)/ 2(I“T)
the nonlinearities b = §,(t,@,9) € HA0+A/2(Tr) as well as & € H'TAHIHH/2(Ty).
Theorem 7 yields a unique solution Vyew € H>H2+8)/2(Qr) with the estimate

(2 (1
Vaewliy” < ¢ (I8l gass + 110, )
1
<c (HVOHCM@ + lga (@, 0)0] 1)
(1 ~(1
<c(IVollgaes + e (lale™ + [o167))

(1+ (1+8)
<c([Vollgass + lali ™ + 1a167),

where ¢; > 0 depends on the system constant C; and bounds on the derivative of go.
This proves Proposition (i)—(ii). We remark that Theorem [277 assures existence of
the solution on the a priori given time-interval [0, 7).

To prove assertion (iii) we want to apply [LSU68, Theorem 7.1, p. 478]. There are

two crucial conditions to check. First, the function 6(z,¢, f/new) def —q1 (t,&,f))f/new +

Go(t, , D)0 representing the boundary condition has to satisfy the following requirements:
there exists a constant p > 0 such that

'+ Jolf

00 90
’ a‘;”HGW 6x

holds, see [LSU68, condition (7.5), p. 476]. With Lemma 23] and Assumption we
find that

<pu

|9‘ < (Al +A2 and ‘ = |—(h| < Cq.

new
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2 Existence Theory for classical solutions

Moreover, we compute

a0 oq,, . . 0q, - .. \¢

92l = ‘( 2 (t, @, 0)ly 9 (t,a, v)vx) \%4
0@, - . 0@, _ N .,
(G2 a 0+ 24008 ) 0+ Bt 0,0)5,

< 2LqA1 (|ﬂ:c‘ + ’ﬁm‘) + 2LqA2 (‘ﬂw| + |7~)x’) + quac’a
where L, > 0 denotes a local Lipschitz-constant of the nonlinearity. The appearing
spatial derivatives of @ and ¥ are controlled by ||i[|cojo,71:01 (7)) and [0l coo, ;01 (D))
Therefore, [LSU68, Condition (7.5), p. 476] is satisfied with u depending on A1, Ao,

”aHCO([O,T};C’l(FT))v ||77HCO([0,T];(71 ('r)) and given system constants.

Second, the estimate in [LSU68, Theorem 7.1, p.478] first only controls oscillations
locally in suitable subsets of the time-space cylinder Qp (adjacent to a portion of I' that
is contained in a chart of I'). For € > 0 we define

Q& {z € Q, dist(z,T") > e}.

By B(zi,2¢) we denote balls of radius 2¢ with center x; € I'. According to the compact-
ness of I' there exists a finite set of points {x;};=1.. n for N € N, such that

N
Qc U B(xz-,Zz-:) U Q..
i=1
To localize solutions on I' we introduce a family of compactly supported functions

{ni}ti=1,..~ such that n; € C°(W;) with Zi]\il ni(z) =1 for every z €I’ and W; =

I'N B(x;,4¢). We find that T def (Wi, @i, ni) is a local trivialization triplet on I'. Then,

dist(B(x;,2¢),I'\ B(zi,4¢)) > e.

In this setting [LSU68, Theorem 7.1, p.478] is applicable to

Q; d:ef Q. U B(.’IJ@, 26).

To be more precise, for p € (0,¢) we set

Q, G'l:'afB(gc, 0) X (to,to +¢°) for 2z € Qandtyc (0,7).

Then, for all @, C (£2; x (0,4)) not intersecting (I' \ W;) x (0, 6) there exists 0 < rk < 1
determined by A; and p and constants ¢; > 0 depending on Ay, p and ||Vo] ooy and
the distances of = to I' \ W; which are at least €, such that the oscillations of View are
bounded, i.e.

0se{Vaew, Qo N Q1} < ci0”.

We point out that p depends on ||i[|cojo, ;01 (rp)) and [[9]|co(o,ry:01(ry)) for arbitrary
small o > 0. With Q C U;Q; and [LSU6S, Definition (1.7), p.7] the bounds on oscilla-
tions are sufficient to control the k-Holder norm of Vjew. This finishes the proof. ]
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2.4 Classical solutions to the fully coupled model

2.4 Classical solutions to the fully coupled model

The aim of this Subsection is to find that the updating procedure introduced in Sub-
section [2Z.1.1] has a fixed-point V = Vnew. We use Schauder’s Fixed-Point Theorem to
find this particular fixed-point and conclude that (f/, 4, v) is a classical solution of the
rescaled system (2.4al)—(2.4f). We use the independent results of Chapter [3 to find that
this solution is unique. Moreover, we deduce in Proposition 2.11] that solutions depend
continuously on their initial data, also using an L?-continuity property from Chapter Bl

Proposition 2.8 (Existence and uniqueness result for classical solutions of (FCRD)).
Let Assumptions [, [I.2 hold, let T >0 be arbitrary. Then, (FCRD) has a unique
solution (V,u,v) of class H*t®(+®)/2 on the time-interval [0, T].

Before we start with the proof of Proposition 2.8 we state Schauder’s Fixed-Point
Theorem for convenience.

Theorem 2.9 ([Schl3, p.309], Schauder’s Fixed-Point Theorem). Let X be a Banach
space. Suppose M C X is non-empty, bounded and convex. Then, every continuous and
compact operator F': M — M has a fixed-point in M.

Proof of Proposition[Z.8. In this proof we follow the updating procedure introduced in
Subsection 22 T.1] For arbitrary T > 0 we set

def ~ ~ .
(Ve HP"P@r): ||[V|pea) < A1, IVIG) < AT,

for A; > 0 as introduced in Lemma 23 and A% > 0 to be specified later. Let F : M — M
describe the updating proceduce by F': Vo~ Vnew. We verify that the conditions of
Theorem are satisfied in this situation.

Let f = min{a, k} € (0,1) for given a, k € (0,1), where k was introduced in Proposi-
tion We show below that s only depends on the data, cf. (2353]). A possible choice
for an initial V' would be to continue Vy € C2T*(Q) as a constant function onto the
time-interval [0,7") an multiply it with e M, where A > 0 is already chosen, see Condi-
tion (ZZI)). Then, with an apropriate choice of A} > 0 we obtain that M is non-empty.

Consider V € M, then Vol oo (o) < Ay holds and we obtain with Lemma 2.3](i) that

@l 1o (1) 18] poo (rpy < A

Moreover, the nonnegativity result from Lemma 22l holds. Then, with Proposition [Z4] we
—\2

find a unique solution (@, v) € (H2+r3:(2+5)/2 (I‘T)) of (2.5a)—(2.5d), where the following

estimates hold for any 0 < o < 1:

[z, Bl < ot (1715 + uollgzeaqry + lvollez+er)) » (2.51)
[l 1817) < C57 (Ar+ Ra + Juollczeaqry + vl oo ) (252)
il co o, 701+ (1)) 18]l co o, 71,0140 () < €57 (2.53)
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2 Existence Theory for classical solutions

for constants C1"¥ = C1(T,Q, ) >0, C§* = C§*(T,Q,0) > 0 and C§¥ > 0 depending
on T,Aq, As, o, [uollc2+e(ry and [lvol|c2+e(r). Proposition yields that for given
(@,0) € H*2+8)/2(T7) there exists a unique solution Viey € H2T5CHA)/2(Qr) of

(27a)—(27d), such that the estimate
Vaewlir ™ < Y (IVoll goragay + lalb ™ + 18157) (2.54)
hold for a constant C} = C} (Q) > 0 and such that
Vaewliy) < €Y, (2.55)

holds, where C§ depends on ||| co(o.73.01(r))» 18]l coqo.1: ey T Ay, Ay and Volles @y
and x depends on ||i|cojo, 7,01 (r ||vHCO([OT ey, T Ay and Ay. Combining this

with ([253]) we obtain that x depends only T, A; and Ay and that there exists a constant
A7 > 0, such that

Vewlty) < A}

holds, where A} depends on T, A1, Ay and B. In addition, Lemma 23](ii) implies that
| Vaewl| L) < Ay holds. This finishes the updating procedure with a new function
View-

According to the aforementioned estimates, see Lemma [2.3] Proposition 2.4 and
Proposition we obtain that F' maps from M back to M. We study this function
F in more detail: From the above estimates we find that the image of F' satisfies
F(V) e H**BC+)/2(Q7), in particular we find with (254), @51) and (Z55) and a
constant ¢; > 0 that

o 2 (1 (1
F@)G " < Y (@) (Voll aragmy + ale,” +1810)
< o(T,9,5) (||vor|oz+a@ + luollczsary + llvollczsary + V152 )
< ea(T,9,8) (IVollgzregg + luollozrary + lvollezraqry + A7) . (2:56)

Therefore, F(V) is contained in a bounded subset of H*+#(2+%)/2(Qr) and there exists
a compact embedding into H?#/2(Qr), see for example [Alt12, Theorem 8.6, p. 321] for
the elliptic setting, for parabolic spaces this is true since {2p has compact closure and
Arzela-Ascoli’s Theorem finds application. Therefore, F' is a compact operator.

To find that F' is continuous and compact we assume a second solution (Vn(g&, 11(2), 27(2))
with same initial data generated by a different initiating function V) e H®8/2(Qy).
Then, these are solutions of (Z5al)—([Z2.5d) and (Z7Ta)—(27d). By substracting the corre-

36



2.4 Classical solutions to the fully coupled model

sponding equations we find a new difference system. The boundary equations are given
by

on I' x (0,7). The bulk equation and the corresponding boundary flux equation are
given by

O (View — V&) = DA(View — Vi) on Q x (0,7),
_Dv(Vnew - Vn(gv)v) v = le (t, fL, ﬁ)vnew - 61 (t, 'L~L(2) ﬁ( )) % (e2w

— Go(t, @, 0)0 + G (t,a?, @5 on T x (0,7),

We apply the Mean Value Theorem for the given nonlinearities in the boundary flux
condition

G (t, 0, 0) Vaew—a1 (12, 6PV 2) — Go(t, @, 0)0 + Go(t, @, 52)) 52
=qQ (t> u, ’D)( ~new - ~n(gw ((h (t7 u, f}) —q1 (ta ﬂ(Q)a ~(2)))f/—n(3w
— @t a v (—@ )

for £1,& € R2. In this case we apply [LSU68, Theorem 5.3, p. 320] to this structure to
find that

Vaew = V6 ? < ea(@) (o= a@ |0 + 15— 5@ |0 (257)

new
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2 Existence Theory for classical solutions

with co = c2(2) > 0. We exemplarily examine the second equation on the surface, in
particular the nonlinearities are of interest. We obtain

®
N/
s3]
—~
®
N/
N—
<)
—~
©
=
ol
~~
~
1 Ql
(4
SN—
@z
»Qz
/\
@4.
<
—
®
o~
S3
~
®
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\./
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+ fo(t,a,9) (@ — a®) + (falt, @, 9) — fo(t,a®, 5@))a®
+ 61 (ta 717 {])(V - ‘N/(2)) + (QI (ta ﬁ’a ,D) - 61 (t7 fL(Q), {](2)))‘7(2)
+ (0 — 0 (=Ga(t, @, 0)) + (G@(t,a?,52) — Go(t, @, 0))5?. (2.58)

Since the nonlinearities are in particular differentiable we obtain with the Mean Value
Theorem from (Z.58))

(5 —o)(- ﬁ(,y)—®@ﬂﬁ»
+f2(t’u U)( ))+(jl(tvﬂvﬁ)(f/_f/(2))

~ T
+ vfl (51 51) ' ((ﬂ@) - ﬂ)a ({)(2) - 6)) 6(2)
1252
~ T
F VR g (@), = 2)) a®
1°52
+ Vailg e - (@—a®), (5 - 5@)) 7

T
+ Vsl ey (@2 = @), (62 - 7)) 5@,

where (£1,€5) € R%,i = 1,...,4 are intermediate points and the gradient expression shall
not be effecting the time-variable of the nonlinearities. The coefficient expressions with
(@ — a?), (v - 17(2)) and (f/ V(Q)) are uniformly bounded with a uniform bound
controlled by |V| 2+5) , V@ | 2+8) and (Z56). Analogously we define ®; and find also
expressions dependlng on (o — u(2)) and (0 — 9®). If we consider these two equations

as a system on the surface, then Proposition 2-4] implies that there exists a constant
c3 = c3(T, 9, ) > 0, such that

o= a e o= 0O < e (V- VEIG), (2:59)

holds. In sum we find from (Z57) in combination (Z59) that

Vaew = V2 < ea(@) (Ja - a®|L ) + 15 — 5|0 )
<er(IV-VOR)), (2.60)

for a constant ¢4 > 0. Therefore, F' is a continuous and compact operator.
In this situation Schauder’s Fixed-Point Theorem 2.9 can be applied to F'. There exists
a fixed-point V = View in H B.B/2 (TT) We notice that this fixed-point does not have to
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2.4 Classical solutions to the fully coupled model

be unique at first sight. With Proposition 24 we find (@, 9) € H**#@+8/2(Tr) and in
turn with Proposition 26 that V is in H>*#2+8)/2(Qr). Then, (V,,) is a triplet of
class H2t5:2+5)/2 and we find that equations (Z5al)(Z5d) and (Z7a)-(2.7d) are solved.
This implies that they are no longer decoupled. Since V is of class H 2+5,(248)/ 2(Qr), it
is of class H*/2 (Qr). Then, according to Proposition 4] we find that @ and ¥ are of
parabolic Holder class (2 + ) and therefore in particular V is parabolic (2 + «)-Hélder
regular.

Since we deduced these equations by a rescaling argument from (FCRD), the rescaled
functions (V,u, v) are a solution triplet of (FCRD) of parabolic Holder class 2 + « since
the scaling factor e ** is sufficiently smooth, see also Subsection

Moreover, we find that (V,u,v) is also a weak solution of (GFCRD). Chapter B im-
plies that weak solutions of (GFCRD) are unique, therefore (V,u,v) as a solution of
(FCRD) is unique. This completes the proof. O

Proposition 2.10 (Uniform estimates for classical solutions). Let A1, Ay, Cpq, C1, Co
be given as in Lemma and

i 2||Voll ooy + 1
A 2 max {;C(Q)Ach’ Ctq (1 + C1Cyq + | OHL[\ @) >} )
2

Then, the unique classical solution (V,u,v) of (FCRD) is nonnegative and uniformly
bounded,

[l oo (rpys 0]l oo rpy < €T A,
IV ooy < €A

Proof. We consider the rescaled framework for variables (f/,ﬂ, 0) being the unique
solution of the rescaled fully coupled system (FCRD) on [0,7]. According to the proof
of Proposition 28], the set M contains the unique fixed-point V being essentially bounded
by A on Q. With Lemma [231(i) we obtain that @ and @ are essentially bounded by
Ay. With the definitions posed in (ZI)-(Z3) we find the desired estimates for V, u and
v. O

Proposition 2.11 (Continuous dependence of classical solutions on initial data). Let the
assumptions of Proposition [2Z:8 hold. Then, solutions (V,u,v) of (FCRD) depend con-

tinuously on their initial data. For (V) uM) oMY with initial data (Vo(l),u(()l), U(()l)) and
(V@ w0 with initial data (%(2),u(()2),’l}(()2)) being solutions of (FCRD) on [0,T],
then there exists a constant C' > 0, such that

v - V(2)‘(§2:a) +lu® — u(2)‘(f2T+a) +o® — U(2)|(f2T+a)

A 1 2 1 2 1 2
< C(1,9,0) (IVeY = Vil coram + 166 = uPllczeaqry + 108" = o6 lo2ear))
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2 Existence Theory for classical solutions

Proof. We work in the rescaled framework and assume that two different solutions
(VO a4 5M) and (VP 42, 53) of the rescaled system related to (FCRD) are given
with 1n1t1al data (VO( ), (()1),11(() )) in the case of (V1 @M (1)) and (1/0(2),u(()2),v[()2)) for
(V@ a4® 53). We remark that the inital data in this framework coincides with the
given initial data without rescaling. Then, we find for @) — a@(®) that

(@M —a®)y = Ap(a® —a®) + fl(t a5 )) @ — At a?, 5253
— folt, @M, 5M)a® + fr(t,a?,5@)a?  on T x (0,7)
holds, where 81 — 5 satisfies
8 (o) — @) = dAp(eW — ¥y — (¢, a <1>)
+ folt,a®, 5M)aM) — f2( Ll ’@(2) 72

[S4]
=
=

=
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For the bulk equations we find
(V) — vy = pA(v® — ) on 2 x (0,7),
—DV(VD vy .y =g, aM, sV — g ¢, a?, @)W
—QQ(t,@(l), (1)) ¢ )—|—q2(t a®, 5 )) @ onT x (0,7).
The initial data is given by
@D —a®)(,0) = ul = and  (EO = 5)(-,0) = oV — o5

on I' and

VW — vy 0) = Vo(l) _ VO(2) on Q.
With the same calculations as in the proof of Proposition we rewrite the right-hand
sides of this difference system to separate the differences @ — @, () — 52 and
V) — V) respectively. This linearization procedure now reveals the same structure
as (25al)—([25d) and ([27a)—(27d). We successively apply Proposition 24 and Proposi-
tion to the differences of the given functions in their corresponding parabolic Holder
norms of order 2 + « and find with regard to the dependencies in the given constants
that

@ — a<2>|(2+“ +|5® ~(2)‘(2+a) |f/(1) _ V(2)|g:a)
<ar(T,2,0) (VO = VO + ) — | coraqey + 10§ = o llcaary
JrHvo(l) _ V0(2)”C2+a =+ @ — g )‘(1+a +1e® (2)’(FlT+a))
< eo(T,Q2,0) (IO = VOIS + [V = Vi oy
+ luf” = u? llzraqry + 107 — o )Hc2+a(r)) (2.61)
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2.4 Classical solutions to the fully coupled model

for constants cj,co > 0. We use an Ehrling-type estimate, see for example [Roul3,
p. 207], to deduce an estimate of the remaining Hoélder-norm of order « for € > 0 and a
constant c3 > 0 that

VO VO < VO - VO 4 ey VO = VOl

holds. We absorb [V — V() g:a) to the left-hand side of (Z6I]) and find with the
continuous dependence on initial data from Chapter [ that
la® — ﬁ(Z),(FQTJra) + o — @(2),(F2T+a) + v - ‘7(2)‘g:0¢)
< ea(T, D, 0,0) (1§ = Vi Iz + I — uf ey + 1067 = o6 12y
+ V5 = Vo llgarag@y + 16 = uf? lozeamy + 10§ = w6 lgora(ry)
< O(T, D,2,0) (15" = Vi llgasagmy + g = 6 lozsaqry + 106" = 06 ooy

holds, what was asserted. O
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3 Weak Existence Theory

In this Chapter we present a proof of Theorem We show existence, uniqueness,
uniform boundedness, nonnegativity and continuous dependency on initial data for a
weak solution (V,u,v) € L2(0,T; H () x L*(0,T; HY(T)) x L?(0,T; H'(T')) for the
generalized fully coupled Reaction-Diffusion system (GFCRD) given by

Opu = Vr - (A, Vru) + fi(u,v)v — fa(u,v)u onI' x I,
0w = Vr - (A, Vo) — fi(u,v)v + fa(u,v)u
+ q1(u,v)V = g2(u,v)v onT x I,
(GFCRD) 8,V = DAV inQx 1,
—DVV v =q(u,v)V — qa(u,v)v onI x I,
V(,0) =V, in Q,
v(+,0) = vp and u(-,0) = ug on I

Here A,, A, are given as in Assumption [[.5] Assumption provides conditions on the
initial data and nonlinearities are specified in Assumption [[.4l In Section [3.1] we present
a weak formulation of (GFCRD) and deduce a time-discrete recursive approximation
scheme in Section We solve this recursive approximation scheme using the theory
of compactly perturbed monotone operators. Afterwards, we prove the nonnegativity
of these time-discrete solutions. In Section we show that there exists a limit triplet
(V,u,v) of the time-discrete approximation and that (V,u,v) solves (GFCRD). Sec-
tion B4l is devoted to the continuous dependency of solutions on the initial data which
implies uniqueness. Additionally, we find that the unique weak solution is nonnegative
and satisfies a maximum principle. On the one hand, these bounds are of interest regard-
ing numerical stability and provide on the other hand precise dependencies of maximum
bounds on system constants, which will be applied in Chapter [l
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3 Weak Existence Theory

3.1 Weak formulation of (GFCRD)

In this Section we introduce a weak formulation of (GFCRD). The triplet (V,u,v)
is called weak solution of (GFCRD), if the functions V € L?(0,T; H*(2)) and u,v €
L%(0,T; HY(T')) satisfy the equations of the fully coupled weak system (WS) given by

/ om(V —Vp) = D/ VvV .-Vm —I-/ q(V,u,v)n,
QT QT FT
(WS) Oz (u — o) 2/ AuVru -V —/ f(u,v)n2,
Ty T'r Ty
/ im3(v — o) :/ AvVFU'VFU:H-/ f(u,v)ﬁ:a—/ q(V,u,v)ns,
Ty Iy Ty Ty
for all

m € H'(0,T; L*(Q)) N L*(0,T; H'()),
n2,m3 € H'(0,T; L*(T")) N L*(0,T; H'(I)).

Here we assume vanishing final data of the testfunctions, i.e. ni(-,7) =0, n2(-,7) =0
and n3(-,7") = 0 in the trace sense.

We remark the following: If (V,u,v) is a strong solution triplet of (GFCRD), then
(V,u,v) is also a solution triplet of (WS). We exemplarily varify this claim for the bulk
equation. Let n; € H(0,T; L*(Q)) N L?(0,T; H*(Q)) with m1(T) = 0. For V being a
strong solution an integration by parts in time and space yields that

| om@-v)-p [ 9V-Va~ [ aVuom
Qr Qr I'r

T
+ D (AV)T”
0

Z—/ ﬁlat(V—‘/())+/771(V—‘/())
Qr Q Qr

-D VV-Vm—/ a(V, u,v)m
'y 'y

=~ [ mo =~ [ mC00 =)0+ D [ (@aVim
Qr Q Qp

— m (DVV -v —q(V,u,v))
I'r

= [ -0V 4 DAV)+ [ (~DVV v 4 q(Viuw) =0
Qr I'r

is satisfied for V(-,0) = V{ in Q. In the particular case of strong solutions we find the V'

lies in H(0,7T; (H*(Q))*), i.e. there exists a time-continuous representant V according

to the density of smooth functions in H'(0,T; (H'(2))*). Therefore, the initial data is

attained. The remaining equations of system (WS) are obtained in the same way.
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3.2 Time-discrete approximation

3.2 Time-discrete approximation

In this section we introduce the notion of time-discretization and compactly perturbed
monotone operators in order to show that there exists a solution to (GFCRD). At the
end of the section we show that the solutions are nonnegative if the initial data was
nonnegative.

3.2.1 A time-discretization scheme

Here we formulate an implicit Euler scheme for (WS). Let 0 < h < hg be a time-step for
0 < ho < 1 fixed. For fixed i € {1,..., L%J + 1}, and already determined

(Vici,uio1,vi-1) in L*(Q) x L*(T) x L*(I)

the aim is to find solutions (V;,u;,v;) : QxT'xT' — R3, with V; € HY(Q), u;, v; € HY(T),
such that the recursive scheme (WS)? given by

1
[ Wi=Viem +D [ WiV = [ ~q(Viui,vm, (3.1)
Q Q r
1
(WS)? E/(UZ — ui_1)772 + / AuVuZ . Vng = / f(ui,’l)i>772, (3.2)
r r r
1
E/r(w —Ui—1)773+/FAvVvi-V773 Z/F(Q(Vi,uz',vz') — f(ui,vi))ns (3.3)

is satisfied for all 7, € HY(Q), no,m3 € HY(T'). For given initial data Vp, uo and wg
according to Assumption [[.3] this recursive scheme is a time-discrete approximation of
(WS) for a given time-step h.

We obtain the recursive scheme (WS)? via integration by parts in time in (WS) and
discretizing the time-derivatives. Then, the system reduces from a parabolic system to
a recursive elliptic system.

3.2.2 Reformulation as a variational inequality
Let M! % HY(Q) x HY(T') x HY(T") with the product norm on M given by
def
[(Vyu, )l = IV L) + el gy + 1ol gy

and let M0 & L2(Q) x L*(T") x L*(T). Let (M')* be the dual space of M'. We define
the following operators

F:M' — (MY, F:M'— HY(Q)*, F, F3: M — HYD),
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3 Weak Existence Theory

where

(oW
@
-

<7717F1 V:Lauhvz

o
“
o

+ /F f(ui, vi)ns — /F (Vi s, vi)ms,

(01,72, m3), F (Vi g, 00)) = (1, Fy (Vi wiy v0)) + (2, Fa(wa, 03)) + (3, F3(Vi, wi, v;))

2

||m

(2, Fa(us, v)) Ui — Ui—1)7)2 +/Auvrui -V —/Ff(ui,vz')m,

i — Ui— 1 773+/A vsz anS

S
\*—‘?M—‘E\H

||a>

(Vi—=Viaa 7I1+/DVV Vm+/ q(Vi, wi, vi)m,
'U

<7737 FS V;; uuvz

for all (n1,m92,m3) € M' and a given previous solutions triplet (V;_1,u;_1,v;_1) € M.
Exemplarily we varify the well-posedness of F; using Assumption [[4] i.e.

/Q;L(V%—V%—l)m-i—/ DVW'Vm—i-/q(Vi,Ui,Uz‘)m
< (Wil + Wiz Im 2@ + DIVVil 2y IVl 22y
+ llg1 (uis vi) Vi — ga(ui, vi)vil| 2oy lm [ L2 oy
(4 DY Vills ey + Vil zagey) Il
CalllVll 2oy + il 2oy Culim L1
< COlm ey ((hu +D)+C,0®)) Vil

+ COlm o) (Callvill 2y + 1Vimtllz(o))

IN

Here, we applied the Trace Theorem with C(€) > 0, see Corollary [AL6] to estimate the
boundary values of 71 and V;. This yields that the operator norm of Fj is bounded for
L%-bounded v; and V; € H'(€2). According to Assumption [ the nonlinearity f(u;,v;)
can be estimated by a constant C'y > 0, u; and v;. This yields that the operator Fy, resp.
F3, is well-posed with bounded [|v;||p2(ry and [|u; | g1(r) norms, resp. bounded [|u; || z2(ry
[vill g0y and (| Vi]| g1 () norms.

Lemma 3.1 (A variational formulation). Fiz i € {1,...,[%]| 4+ 1} and assume that
(Viet,ui—1,vi-1) € M holds. If (V;,u;,v;) € M solves the variational inequality

<(‘/’L7 Us, Ui) - (7717 n2, 773)) F(‘/;) Us, UZ)) S 07 fOT’ all (7717 n2, 773) S M17 (34)
then (Vi,u;,v;) solves the time-discrete system (WS)?
Proof. Since (V;, u;,v;) is a solution of (3.4) the inequality

0> ((Vi,us, vi) — (m,m2,m3), F(Vi, ui, v;))
= (Vi =, F1(Vi, wi, v;)) + (ui — 2, Fa(ui, v;)) + (vi — n3, F5(Vi, ws, v4)), (3.5)

46



3.2 Time-discrete approximation

holds for every (n1,7m2,13) € M. We choose an arbitrary ¢ € H'(Q). Testing (3.5) with
(771) n2, 773) = (‘/’L + C? Us, Ui) and (‘/7/ - 47 Us, /Ui) ylelds

0= <<,F1(V:L',’UJ1;,U7;)>
1
= [ 30i= Ve + D [ Ve [ otV

Since ¢ € H'(Q) was arbitrary, this implies that equation (ZI) holds. Testing with
(m1sm2sm3) = (Viyws £ Cvg) and (m1,7m0,7m3) = (Viyws, vy £ €), where ¢ € HY(T), we
achieve that equations (3.2)) and (B3] hold and Lemma 3] follows. O

3.2.3 Weak solutions to the time-discretization

In order to show that there exists a weak solution to the time-discrete system (WS)? for
given h > 0 and a fixed time-step i, we represent F' as a sum of two operators. The first
part of the operator will be linear and monotone, where the second part is a compact
pertubation. We begin with the following definitions.

Let M be given as above being a separable, reflexive Banach space. Let (M')* be the
dual space of M*' and {-,-) : M x (M')* — R be the duality product. We say that the
map F : M — (M')* is bounded if F maps bounded subsets of M on bounded subsets
of (M')*. Additionally, F is coercive if

(n, F'(n))
171 a1

holds for ||n]|p;1 — oo. We say that F is a compactly perturbed monotone operator if
for L, K : M* — (MY)*, we have that F(n) = L(n) + K(n) for n € M! satisfying the
following properties:

— oo for n € M* (3.6)

- L is a monotone operator, i.e. for all n, ¢ € M! the inequality

(n—¢ Ln) = L(C)) = 0 (3.7)
holds with equality iff n = ¢ (strictness),

L is continuous on finite dimensional subspaces,
- K : (M, weak) — ((M*")*, weak-*) is continuous and
- (- K(+)) : (M, weak) — R is lower semi-continuous.

Moreover, we say that K is a completely continuous operator if for an arbitrary sequence
{¢} € M' and ¢ € M! the weak convergence (; — ¢ in M! for | — oo implies that
K(¢) — K(¢) strong in (MY)* for [ — oo, i.e. K : (M, weak) — ((M*')*,strong).

According to these definitions, we are able to formulate the following abstract result
about compactly perturbed monotone operators, see [Sch13, Corollary 17.20, p. 342]. It
yields existence of solutions to a variational identity if the respective operator satisfies
appropriate structure assumptions.
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3 Weak Existence Theory

Proposition 3.2. Let M be a separable, reflexive Banach space. Let F : M' — (M*')*
be a compactly perturbed monotone operator. Moreover, let F' be bounded and coercive.
Then there exists ¢ € M such that the variational inequality

(C=nF() <0
is satisfied for allp € M.

We now define the operators L and K and prove the necessary conditions of Propo-

sition to apply it afterwards. Let L, K : M — (M')* for n e (m1,m2,m3) € M* be
defined by

(n, L(Vi, ui, v3)) d:efD/ VV;-Vm +/Auvfui‘an2+/AvvFvi'an3
Q I I

1 1
+ = / Vim + — / (uimz + vinz), (3.8)
h Jao h Jr

(n, K(Vi, ui, vy)) dzef/r (q(Viywisvi)m — f(ui, vi)n2 + (f (i, vi) — q(Vi, ui, vi))ns3)

1
— % </ Vieim + / u;—1M2 + / Ui—1773) . (3.9)
Q r r

We remark that K = K@ is depending on the previous time-step. First, we show that
the operator L has the following properties:

Lemma 3.3. We have
() F=(L+K),
(ii) L: M — (M1Y)* is linear,

(iii) L is bounded,

(iv) L is coercive and

(v) L is monotone.

Proof.
(i) This property follows immediately.

(ii) Since the differential operators A,Vr, A,V and V are linear the claim follows.
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3.2 Time-discrete approximation

(iii) Consider ((1,(2,(3) € M. Applying Cauchy-Schwarz’ Inequality, we estimate that
(m, L(C1,C2,G)) < DIVGlze) IVmllzz) + 1AVl 2@ lImell2r
14016l ey sy + 7 10 ey I lLze oy
+ Gl Il + 7 1) 2y sl 2o
< max{ 3l s o

1
+ max {cAu, } 1Gallzra o Il oy

4 max {cAv, } G Lz oy s o
< crl[nllarn [1(¢1s G2, ¢3)llanm

holds, where we used uniform boundedness of A, and A,, see Assumption
Here, ¢; > 0 depends on h, D, C4, and Cj4,. This shows that

I1L(C15 G2, )l (arny < enll(Cry G2: C3)
holds, hence L : M! — (M')* is bounded and thereby continuous.

iv) The coercivity of L follows by testing with e M! ie
( ) y Yy g (Cla CQ? C3) )

(€1, Gov ), L(C1, Gy C3)) = D /Q Vel + /F AVrGo - Vo + /F Aty - Vs
1 1
+ﬁ/9412+ﬁ/ (¢ +3)
> DIIVGi 172 + H@HLQ + cullVréal 72y
1
+ EHC2H%2(F) + EHC?)HL?(F) + oI VrGsll2e ), (3.10)

where we used the uniform ellipticity condition (LJ]), see Assumption Then
inequality ([B.I0) yields

. 1
((¢15¢2,¢3), L(C1, G2, C3)) > min {h’D} 16111 @)
. 1 . 1
min { e Gl + min {70 b GalBsr
. 1
> min {h,D,Cva} (HCleql(Q) + ¢l Fr gy + H<3H2H1(F))
> 2)|(¢rs G )3

where we used that 0 < h < hg < 1. Here, ¢3 > 0 depends on D, ¢, and ¢,. There-
fore, L is coercive.
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3 Weak Existence Theory

(v) For two elements 7,( € M' we compute for L

(n—¢,L(n) — L) = (n— ¢, L(n — Q) > calln — ¢|3n >0,

for all n # (. Here, we used the linerarity and coercivity properties of L. Hence,
L is a strictly monotone operator.

O

We remark that the continuity of L implies the continuity on finite dimensional sub-
spaces. Now we let the operator K come into play, which covers the nonlinearities of
the system.

Lemma 3.4. We have

(i) Assume that (Vi i, u;_1,v;_1) € MY, Let ¢ = ((1,(2,(3) € B C M', where B is a
bounded subset of M!. We estimate with Cauchy-Schwarz’ Inequality to find

0. KON =| [ 461 co)om —m) + [ £(Gar ) =)

Ly _1</u. e )‘
h o i—1M h . i—1772 . i—1713

< /F (191(C2r C3)| G2 I — 73] + a2 (G, Co)] Gl [mn — ma)
+/F(|f1(42,<3)| 1Gal 113 — 2] + 1 £2(Go, G5 €l 173 — )

1
+ 5 (IViet 2oy Il 2y + luillay Inell 2y

Hlvi- 2y Insllz2qry ) - (3.11)
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3.2 Time-discrete approximation

We apply Assumption [[L4] for f and ¢ and see that with respect to the right-hand
side of (BI1]) we obtain

0K (61,6l < [ Colallm =l + [ Colallm =l (3.12)

+ [ Crléalins—ml + [ €l s = e (3.13)

1
+ 5 (Wil oI lLzzey + Tai-llay Inell oy
Hlvi-1ll 2y sl 2(ry) - (3.14)

We estimate (B.14) from above with Holder’s Inequality and the Trace Theorem
to obtain

Co(lISill 2y + 16l L2oy) Ulmll 2y + I3l 2 ry)
+ Cr(IGll 2y + Il 2y (sl 2@y + In2llz2@)
1
+ 3 lmllan (1Vimllzz) + luimllzzy + loiallza)
< C(COD Sl 1) + ISl a @) - (CE MmNl ar @) + Ins3ll a2 ry)
+ Cr(1Gl iy + 12l @) Umsll ey + 1n2ll 1))
1
5 Il (1Viet lzzgoy + il + oicallzz)
< 2C,C(D)[(C15 25 )l ar (Im | ) + I3l a1 (ry)
+2C¢[1(C1, G5 G3) Iz (Imz2ll .oy + 131l 1))
1
5 Il (1Viet lzgoy + luimtllzagry + oietllz2)

1
< Inllar 3 (1Vietllzeey + limlleey + lviea L))
+ 4llnllar (CoC(Q) + CPIICrs Ca: ) lan

holds, where C(€2) > 0 may change from line to line. Hence, K is bounded on
bounded subsets B C M.

(ii) Since L and K are bounded, F' = L + K has the same property.

(iii) K is completely continuous if for {¢'} ¢ M, ¢ € M', ¢! — ¢ implies strong con-
vergence K (¢!) — K(¢) in (M')* for [ — co. Therefore, we have to control the
operator norm of K (¢') — K(¢). The expressions from the previous time-step in
K cancel, since they are not depending on ¢ or ¢!. We define the sequence (¢); in

M as ¢H (], ¢k, ¢h) and write

¢ gt ) = did + bt = a1 (e, ) + a2, ) E, (3.15)

PP ) = b+ ik = A ) + falch G (3.16)
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52

If | K(¢") — K(C)|l a1y« should vanish for I — oo, it is sufficient to show that the
right-hand side of the expression

sup |(n, K(G) = K(O))| < sup (

||7IHMl§1 H’V]||Ml§1

/Fm(ql —Q)‘ + ‘/Fnz(f —f1

| [ = 0| +| [ mia-)])

vanishes for | — oco. Here, let ¢ and f denote the nonlinearities in dependence of
the limit objectst ({1, (2,(3) and ((2,(3), respectively. Let s € (%,2) and r be the
Holder conjugate, i.e. %—&—% =1, then r € (2,4). With this in hand, one computes
with (B15) and (8I6) and Holder’s Inequality that

[0, K(CY=K) < Imll (Hﬁd — q1Cllpsry + llg26s — qlzCzlaHLs(F))
+ Imallrry (165 = Alallisry + I1f2s — FGILr))
+ Imsllrry (1165 = Alallzsy + I1f2s — £ L))
+lmsllzrry (lanG = aicillzeqy + labeh — aaGsllzery) — (3.17)

holds. The aim is now to estimate the right-hand side of ([BI7) by the norm on
M!, therefore we want to apply Sobolev’s Embedding Theorem With the
setting of Holder conjugates above we find that the embedding H(T") < L"(T) is
compact, since 0 > —% is always satisfied. We have to treat 1, € L"(T") slightly
different, since we need the embedding H!(Q2) < L"(T') to be compact. The con-
dition for compact embeddings here is 1 — % > —%, which is satisfied since r < 4.
In the latter we use constants c1,co > 0 from Sobolev’s Embedding Theorem
Additionally, we introduce a constant cg > 0 being the maximum of the aforemen-
tioned constants. Thus, the right-hand side of inequality ([B3.I7) is estimated from
above by

eillmllmey (16 = aillzery + llasts — dbchllor)
+ callmell g (ry (”ffCé = fiGllLsy + [ f2ls — féC:laHLs(r))
+ callmall ey (1716 = ficelliom) + 1foGs = f3Gh oy )
+ callnsl a1 () (||Q1C1 — ¢ Gl ps(ry + llga¢h — Q2C3HLS(F))
< col|nllan (Hfﬁd — q1Cullzory + lla2Gs — 65831l sy + I1F1Ch — fiGallnsqry
+ |1 f2ls = f5G N neqry + I1F1¢h — FAlellpsy + 112G — f3Ch I s(r)
+Hla161 = ai¢tllory + lab¢h — axéall o))
< 2co||nllan (quﬁi — 1€l ry + lla2Cs — 6581l sr)
HIAG = Gl + 126 = BGllar) ) - (3.18)



3.2 Time-discrete approximation

Now, we focus on the expression in between the brackets of the right-hand side of
(BI8), since this is the expression that has to vanish for [ — co. We estimate using
Triangle Inequality to find
Ig1¢ — a1allnsqry + lla2¢s — gh Gl sy
+ 1A = AGllns@) + 1283 = F5CILs )
< g (¢ = COllpsry + 116(al — a)llpsqry + ¢ (a2 — @b) |l (r
+ a5 (¢s = sy + 11 (G — @) llpsry + 1 = f)llps(r)
+[1¢63(f2 = Fo)ll oy + 1£5(Cs — Dl ps(ry- (3.19)
Then, we use Assumption .4 on ¢ and f to have boundedness of qf and fl-l, 1=1,2
such that the right-hand side of (319 is estimated from above by
Coll¢t = Gllpsry + 1€(dh — an)llnsqry + 11€3(a2 — @5) | ()
+ Cylles — Gllzsry + CrlIG — Gllnsery + 1 = F)llns )
+11¢s(f2 = )l sy + CrliGs — Gl ps(ry- (3.20)

In (320) there are two cases occuring: first, terms that are linear in ¢!,¢ and
second, the convergence of nonlinearity sequences. We prove the following claims.

Claim. If (¢}, ¢h, ) = (C1, Go Go) in M, then
16 = Cull oy, 165 = Gall ooy, 165 = Call ey — 0, for 1 — oo. (3.21)

Proof. The compact version of Sobolev’s Embedding Theorem [A.7, yields that
the embedding H'(Q2) — L*(T") is compact for s < 4 and that H(T') — L*(T) is
compact for any s € [1,00). The choice of s € (3,2) guarantees that both compact
embeddings hold. After choosing a subsequence of ¢!, which we are denoting with
the same index (1), the sequence ¢! converges strongly in (L*(I'))?. That proves
the convergence in (3:21]). O

Claim. If (C{JC%vCé) - (€17C27€3) in Ml; then
161(eh = q0)ll o) 1€3(a2 = g5) | 2oy,
G = sy, 16 (f2 = f2)llsry — O (3.22)

for 1l — oo.

Proof. We use Holder’s Inequality and constants cs,cs > 0 to obtain

HCI(Qi - QI)”LS(F) < HCIHLQS(F)qul - Q1HL25(F) < C3HCIHH1(Q)qul - Q1HL25(F)7
163(a2 — g5) | vy < 11€all p2s(ry gz — bl p2sry < eallGallm a2 — dbllp2s vy
16201 = f)llLsry < NGl sy llfi = fFillrzsry < call Gl f = Fillzescry,
163(f2 = f5) ey < sl 2oyl f2 = follrzsry < eall Gl oyl fr = Fillzes (.
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where we used Sobolev’s Embedding Theorem [A. 7l with s < 2. The previous claim
implies that (¢!, ¢k, ¢4) — (¢1, 2, (3) is strongly converging in (LQ“S(I‘))3 for s < 2.
Strong convergence in LP-spaces implies pointwise, almost everywhere convergence
for a suitable subsequence. Here, we denote this subsequence by (I) again. The
nonlinearities f and ¢ are supposed to be continuous functions, see Assumption [I.4],
wherefore the pointwise almost everywhere convergence remains valid. We have
that

q1 (gév C{lﬁ) — q1 (CQ? C3)7 QQ(Céa Cil*]) — Q2(C2a C_:3) pointwise a.€.,
F1(62:€8) = [1(G2: G3), f2(G3,G5) = falCa, Gs) pointwise ae.
holds. With Assumption [[.4] we find that

1l l 1
911, |lgz] < Cy  and |f1‘7|f2|§cf

holds, hence Cy, Cy > 0 are integrable L?*-majorants. Then, by Generalized Le-
besgue Convergence Theorem [A.5l we find

@1 (¢ &) = a(e,¢), a2 &) — @2(Ce. ¢) in L**(T),
A ) = A& G)y (G, E) — fa(Ce,G3) in L(T).

Hence, the claim and the convergence in ([3:22)) is proved. O
According to (BI7)—(B.20) and the claims above we find that

sup |(n, K(¢') = K(QO) < sup  2esnllar (Collct = Gl ooy
Il a1 <1 mllpp1 <1

+ (Cr + Co)liGs = GllLs(ry + C#lI¢3 — Call Ly

+ 161 (dh = @)llzsry + 1<3(a2 — @)l sy

+ l12(Ff = Fllisry + 1a(f2 = )l oqry ) = O
for | — oo and a constant c¢5 > 0. Therefore, K is completely continuous.

Complete continuity of K implies (weak, weak-x)-continuity of K, hence the prop-
erty follows.

For ¢! — ¢ the complete continuity of K implies K (¢!) — K(¢) in (M')*, hence
(¢, K(¢)) = Jim (¢!, K(¢) = lim inf(¢", K (¢"))

holds, in particular (-, K(+)) is lower semi-continuous.



3.2 Time-discrete approximation

(vi) To prove coercivity of F' we calculate

(¢, F(Q)) = (¢ L(C) + (¢, K(Q))
= D||VGilI72(0y +/FAuVFCQ'VrCer/FAerC?,-VrCs

1
. (ucluiz + 162072y + 1Gall32r)
/ f(C2y G3)G2 + f(G2,63)¢3 — q(€)C3)

- = </ Vi_ 1{1—1-/% 1C2+/Uz 1C3) (3.23)

Since we are interested in coercivity we are focussing on finding a lower bound
with respect to norms tending quadratically to infinity for |||/, — oo. For the
nonlinearities we calculate

/Q(C)Cl = /(fh(Cz,Cs)Cl — q2(¢2,(3)(3)C1
r T
> [(al6 ) = | Gl 6l
> [0(@a)E - 56 [ ¢-56 [ & (3.24)
In the same way follows
— [ 166G = [ (~h(6 GG + ol )G
= /F_Cf\C?,\ ’C2|+/Ff2(C27C3)422
1 1
> =30 [ G356 [ G+ [ Rawd  62)
We then compute
/F(f(CQ,C:’,) —q(¢))¢s = /F(fl(C27C3)C3 — f2(2,(3)C2)¢3
+ /F(—Q1(C2,C3)C1 + q2(¢2, (3)¢3)¢3
> [ )+ 0 aNG = [ lallal- [ clalicl
> /F(f1(42743)+Q2(C2,C3))C§
1 1 1 1
- /F (2CfC22 + §CfC§ + §CqC12 + QCq<§> : (3.26)
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Inequalities (B:24)—(B26]) imply that
/F (@(O)Ct — F(Cor Ca)Ca + (F(Car Gs) — a(O))Ca)
> [0 6@+ [ Ren@G+ [(AG6) +al6)E
T I I
- [t + i+ i+ 0red)
> [ GG+ @) - [Cng+e) (3.27)

holds. These estimates hold on the boundary I'. To control {; by an appropriate
term we use

1
1611172y < C(Q)gllél\liz(g) +elValza g (3.28)

for e > 0, C(2) > 0, see Lemma We collect expressions in (; from the right-
hand side of (3:23)), set e Tlc)“q to find the following estimate for the boundary

term with (3:28])

1
D|[VGill720) + E”CIH%Q(Q) - Cq/rél2

1 1
> (D = Coo)IVGilla + (5 — G2 ) 113y
D 1 2
> VGl + (7 - CC@ %) lalde: (329

We choose hg < 20%3(9)’ i.e. let h < hg = ho(Q2, Cy, D) be sufficiently small to have
q

a positive coefficient for HQH%Q(Q). Considering the estimates from (B24)—(329)
we derive from (3.23) that

CFO) 2 [ A6 Ir6+ [ 4,906 Vg
D 1 2
+ S IVG e + (5~ RO ) Il
1 1
+ (h — Gy — Cf) <3172y + <h - Cf) I1¢2l1Z2ry

- % (/Q VieaG+ /Fu@;lCz + Ui1C3> (3.30)

holds. The boundedness of ||[Vi—1l|r2q), [[wi-1llp2ry and [|vi—1||p2(ry yields with
Cauchy-Schwarz’ Inequality, that the last term of (330) can be estimated by a
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3.2 Time-discrete approximation

constant times the norm of ¢. This will be denoted by Chin||C||5s1. Therefore, and
with uniform ellipticity for A, and A,, see Assumption [[L5, we have that

D
(¢, F(Q) Zeul VrGalliaiy + el Veslzzry + 5 1V 720
1 1 2
+(3-0r) Il + (5 - ROOF) Kl
1 ) 1
{5 Cq—Cr ) Gsllz2ry — EclinHCHMl
D
Z§||VC1H%2(Q) + el VrtallFary + el Vrésl 2o
1 1
+ton (”CIH%%Q) + G 72 ) + HC?)H%?(F)) - EclinHCHMl
>c6 (VG320 + 190G 32y + V0613 r))
1 1
+3 (HClH%Z(Q) + G2 + ||C3”%2(r)) - EclinHCHMl
holds. Here, we assumed that ﬁ > Cy + Cy and ﬁ > CgC(Q)% holds and set
ce > 0 with cg def min{cy, ¢y, %} Then, for ﬁ > cg we find
1
(¢, F(Q)) =¢s (cuscos D) [I¢I3p — 7 Clinl[Cllar- (3.31)

We fix 0 < h < hg, then for ||(|[5;1 — oo, the right-hand side of (B31) tends to
infinity. This yields coercivity for F.

O]

With the preceding results we state the main proposition of this section.

Proposition 3.5 (Existence of solutions for (WS)?) Choose hg = ho(Q2, D,Cy,Cy) >0
sufficiently small, namely

(3.32)

1 D 1 1 1
hg<min{1,4 }

(Cr+Cy)' 2C2C(Q) 2¢, 2¢,” D

Then, for any h < hg and anyi € {1,..., £ ] + 1} with V;_1 € L*(Q), u;—1,v;—1 € L*(T)
there exists a triplet (Vi,u;,v;) € HY(Q) x HY(T) x HY(T'), such that the weak, implicit
Euler scheme (WS)ZL is solved.

Proof. Lemma B.] yields that if one finds a solution (Vj,u;,v;) € M I to the variational
inequality (B.4)), then the weak, implicit Euler scheme (WS)? is solved. Proposition
provides a solution to the variational inequality under appropriate conditions on the
structure of the operator F. Let I’ be defined as in the assumptions of Proposition
and as in (B8)-(B33). Lemma (34 (ii) implies that F = L+ K : M! — (M')* is bounded,
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3 Weak Existence Theory

coercivity follows from Lemma [34] (vi) We find that F' is a compactly perturbed mono-
tone operator according to Lemma (v), (ii) and (iii) and Lemma B4 (iv) and (v).
Proposition implies then, that there exists a solution (V;,u;, v;) to the variational in-
equality (3.4). The conditions on the time-step 0 < h < hg are given in condition (3.32)).

O

3.2.4 Nonnegativity of time-discrete solutions

Proposition 3.5 yields the existence of solutions (V;, u;, v;) € M! foranyi =1,..., L%j +1
to the time-discrete system (VVS)ZZ We want to show that these solutions are nonnega-
tive.

Lemma 3.6 (Nonnegative solutions). Let solutions in a previous time-step i — 1 be
nonnegative, i.e. Vi_1,ui—1,vi—1 > 0 and 0 < h < ho(Q2,Cy¢,Cy). Then, the solution
(Vi,ui,v;) for the time-discrete system (WS);L remains nonnegative.

Proof. Let (V;,u;,v;) € M! be a solution to the weak, time-discrete system (VVS);1 The

triplet (—V;, —u; , —v; ) consists of admissible testfunctions for the time-discrete system

(WS)? according to Stampacchias Lemma, see [Schl3, Lemma 7.4, p. 146], where the
negative parts of the solution (Vj,u;,v;) are defined as
— def ef def
V.m = max{-V;,0}, v; = max{—wu;,0} and v; = max{—v;0}.
We test (WS)? with —V.7, —u; and —v; to find
1
:E/(vi—vi_l)( Vo +D/ vV - V(= +/ (Vius, 0)(=V7),  (3.33)
Q
1
i [ = we ) + [ ATw- V) - [ ), 330
/ V; — Vi—1) )+/AvVvi-V(—v;)
T h r
~ [ @i i) = F s v)) (=) (3.35)
The sum of ([B.33)—(B3.35) is then given by
1
0=— (/ (Viea = V)V~ +/(uz’71 —ui)u; + /(Uz;l - Ui)vl')
h \Ja r r

+/ D’VVi_‘Q"i‘/AuVFUi‘VFU; +/AvVFU¢-VFU;

—i—/ (Vi,ui,vi)(v; =V~ +/f wi, v;)(u; —v; ). (3.36)
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3.2 Time-discrete approximation

Since the previous solution (V;_1,u;—1,v;—1) is nonnegative. We estimate (3.36]) from

above by
1
(Lo [w?+e?)+ [ provip
h \Ja r Q
—I—/AUVF’LL@"VFu-*—I—/AvVFUz‘-VFU-*
r
+/ (‘/zau’mvz /fuuvz - ;)
r
1
>+ (] <W>2+/<u;> +@?) + [ DIOVP
h \Ja r Q
+/cu|Vpu[|2+/cv|va[|2
—I—/ (Vi, us, vi)(v; —V.7) —I—/f wi, v;)(u; —v; ). (3.37)

In (337) we used uniform ellipticity of A, and A,, see Assumption [[L5 to have nonneg-
ative gradient terms. We take a closer look at the last two terms in (B.37).

1. For the first term we have with Young’s Inequality and 0 < g1 (u;, v;), g2(us, vi) < Cy
that

/I_‘Q(Viauhvi)(vi__vi_):/(QI(U”L"W,)Vi_QQ(uiavi>'Ui)(Ui__V;_>
—/Q1 ui, v;) Vv, _/Q2(ui>vz’)vivi_
r
—q1(ui, i) ViV~ +/q2 wi, v;)v; Vi~

Z/FQ1 Uj, V; Vw[ﬂL/% wi, Vi) (

/CIl(Ui,%)( —1—/({2 ulavl)U’LV

\

1
>
> = [ i+ o). (3:33)
r

holds.
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2. For the second term we compute
[ e =) = [ (i vv = o, vow) ;= v7)
> /f1 W;, V3 U V] /f2 U, V) U V]
> = [ S+ )P i) + falus, )
> / Crl(ur)? + (v)?). (3.39)

The combination of equations (3:38)) and (3:39) with (B31) yield

(oG- o -6 )

+/h +D/WV|2 /C
oty )

T Q(}l—zcm)ff) VP [ vV (3.40)

where we applied Lemma [A.5 with € = % and C(Q2) > 0. We choose hy according to
[B32) to find that for any 0 < h < hg all summands on the right-hand side of (3.40) are
nonnegative. Thus, we see from ([B37)) using (338)—(B40), that all sets where V;, u; and
v; are negative have Lebesgue measure, resp. Hausdorff measure zero. This completes
the proof. O
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3.3 Compactness and limit equations

3.3 Compactness and limit equations

In this Section we use the time-discrete solutions we have found in Section to con-
struct piecewise constant functions and affine linear interpolations on the time-interval
(—00,T') depending on the time-step h. We introduce energy bounds uniformly in A and
appropriate convergence results for a suitable subsequence of (hg)r — 0 to find a candi-
date triplet (V,u,v) to be a solution of the weak system (WS). Then, the main result of
this section is that the triplet candidate (V,u,v) € L?(0,T; H*(Q)) x (L*(0,T; H'(I"))?
indeed satisfies the weak system (WS).

3.3.1 Formulation as step functions and affine linear interpolations

We consider initial conditions from Assumption and a given time-step 0 < h < hg
sufficiently small satisfying Condition (3.32)). Then, Proposition provides that there
exists solutions (V;, u,v;) € M of (WS)" for all i € {1,..., 1] +1}.

Piecewise constant approximations We define piecewise constant approximations

Vi (—00,T) = HYQ), @, By : (—00,T) — HY(T)

by setting
= def | Vo, fort <0,
Vh(t) = 0 . . . T
Vi, for (i—1)h<t<ih, i=1,...,[3]+1
_ def |ug, fort <0,
uh(t) = . . . T
u;, for (i—1)h<t<ih, i=1,...,[3]+1
_ def |vo, fort <0,
Uh(t) = . . . T
vi, for(i—1)h<t<ih, i=1,...,[3]+1L
We set

_odef o~ — def . _
G, = q(Vp,ap,vp) and  f, = f(un,vp).

Claim 3.1. The triplet (V},,un,vy) satisfies the system

0= / 8{thm + D/ VVh -Vm +/ qrM, (3.41)
Qr Qr I'p

02/ 3t_hﬂh772+/ Auvrﬂh-vrnz—/ fune, (3.42)
I'r I'r I'r

0= / ;"o +/ AyNVrop - Vrns + / (Frn—an)ns (3.43)
I'p T'p T'r

for allmy € L*(0,T; H'(Q)), 12,13 € L*(0,T; H'(T)).
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3 Weak Existence Theory

Proof. Choose an arbitrary 1 € L*(0,T; H'(2)), then () € H*(Q) is valid for almost
every t € (0,T). For every t € (0,T) there exists a unique i € {1,...,[£] + 1}, such
that q,(Vp, Un, 0n) = q1(ui, v:)Vi — q2(us, v;)v; (f), analogously). The expression 9; v
is uniquely given by

1

0"V, = (Vi = Vica)

almost everywhere in (2. The time-discretization scheme (VVS);z now yields that

Oz/f);thn1+D/VVh~V771+/§h771
Q Q r

pointwise almost everywhere on (0,7"). Therefore, equation (B.4I]) holds. Equations
B22) and ([B43) follow by the same arguments. O

Affine linear interpolations We introduce affine linear interpolations. For given
0 < h < hy we divide the interval [0,7] into subintervals [¢t;_1,t;] with ¢; = ih for i =
L...,[£] +1. Let tg = 0, we define

Vi : (=00, T] = HY(Q), up, vp: (=00, T] — HY(I)

by
Vo, <0,
Vi(t) d:ef{ °
wVici + (1= pw)Vi, t=ptia+ (1 —p)t;, pel0,1],
def uOy t < O,
up(t) =
pi—1 4+ (L — p)ug, t=pti_q+ (1= pw)t;, pel0,1],
, t <0,
vn(t) € {vo
pvin + (1= vy, t=ptiy+ (1= p)t;, pel0,1].

Let t € (ti—1,t;). Then, the time-derivatives of V},, u; and vy, satisfy

Vi=-Vien Vi=Vi -

Vi (t) = = =9, "V,
t h( ) tz _ tifl h t h
U — Uj—1 U; — Uj—1 —h—

Oyup(t) = — = = =0, "“uy,
hup(t) P . My,
Qo (t) = STt - BT gt

ti —ti1 h
With this and (V;,u;,v;) € MO for all i € {1,..., %] + 1} we find that

Vi, € HY0,T; HY(Q)) and up,v, € H'(0,T; HY(T))
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3.3 Compactness and limit equations

holds. Therefore, in comparison to Claim [3.1] the following equations are satisfied

T T o T
0 :/ / O Vim +D/ / VVy -V +/ /qhnl, (3.44)
o Ja 0 Jo o Jr
T T T _
0= / / Orupne + / / A, NVruy - Ve + / /(—fh)TIQ, (3.45)
o Jr o Jr 0o Jr
T T T _
0 :/ /3tvh773 +/ / ANy, - Vs +/ /(*ﬁh + fr)m3 (3.46)
o Jr o Jr o Jr

for all 1 € L*(0,T; H'(Q)), 112,m3 € L*(0, T3 H'(T)).

3.3.2 Limit functions and convergence properties

In this Subsection we identify a limit triplet (V,u,v), such that the interpolations from
Subsection [B:3.1] converge weakly in suitable spaces of type L?(0,T; X) for X = H(Q)
and X = H'(T"), respectively. We apply Lions-Aubin’s Lemma to obtain strong conver-
gence in spaces of type L?(0,T;Y) with Y = L?(Q) and Y = L?(I), respectively.

Lions-Aubin’s Lemma To pass from time-discrete to time-continuous equations one

often uses Lions-Aubin’s Lemma which we state next.

Lemma 3.7 (Lions-Aubin). Let X — Y < X* be Banach spaces with X, X* reflezive
Banach spaces. Let the embedding X — Y be compact and Y — X* be continuous.
Then, the embedding

L0, T; X) N HY(0,T; X*) < L*(0,T;Y) (3.47)

is compact. In particular, every sequence (wg)r being bounded in both spaces on the
left-hand side of embedding (BAT) has a converging subsequence in L?(0,T;Y).

Proof. The proof can be found in [Schl3, p. 206 ff.]. O]
We first identify suitable triples of type (X,Y, X™).

Claim 3.2. The triple (H'(Q), L?(T"), (H*(Q))*) satisfies the prerequisites from Lions-
Aubin Lemma [3.7

Proof. Recall that H!(Q) is compactly embedded into L?(I") by Sobolev’s Embedding
Theorem [A.7l For the operator

T:L*T) — (HYQ))* with < Tu,v >d:ef/ uv
r

we have for ¢; >0

|(Tu, v)| < lull g2y llvll L2y < ellull Loy 1ol g )
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3 Weak Existence Theory

Therefore, T is continuous. We have found a suitable triple and the claim is proved.
O

We easily find that also
(H'(Q), L2(9), (H(9))*) and (H'(T), L*(D), (H'(I))")
are suitable triples in the sense of Lions-Aubin Lemma 371

Uniform bounds, energy estimates and Convergence results For convenience
we introduce the following notation

L2M° = L2(0, T LA(9)) x L2(0,T; LA(T)) x L(0,T; LA(T)),

L2MY 120, 7y HY(Q)) x L2(0,T; HY(T)) x L2(0,T; H(I)).

Lemma 3.8 (Uniform bounds, energy estimates). Let Assumptions and[1.4) be stat-
isfied. Moreover, let (Vi,up,vp) and (Vi 0y, 0p) be given approximations according to
Subsection [T.3 1. Then, the following propositions are satisfied:

(i) There exists a constant Ay = A(T,9,Cy,Cy, D) > 0 independent of the time-step
h and uniformly bounded for D > 1, such that

essup (IV (0 o)+ 170020, + 100 )
€ )

T p—
+/0 (DHVVh(t)H%m) + 264 || Vrun ()| 72y + 20v||Vr@h(t)H%2(r)) dt
< A1 (1Vol1320) + luol32ry + llvol22cry)
holds. Therefore, (Vy,@n,0y) € L2M?.

(i) There exists a constant Ay = Ao(T,Q2,Cy,C¢, D) > 0 independent of h and uni-
formly bounded for D > 1, such that the affine linear interpolations (Vi up,vp)
are uniformly bounded in L>M?", i.e.

H(Vha Up, vh)”%ﬂMl < AQ.

(iii) The time-derivative 0;Vy is uniformly bounded in L*(0,T;(H(Q))*) and Owup,
Oy, are uniformly bounded in L?(0,T; (HY(T'))*), i.e. there exists a constant A3 =
A3(T,Q,Cq,C¢, D) > 0, such that

10:Vall L2071 (0)+) < Ass

and Ny = A5(T,9Q,Cy,Cf,Ca,,Ca,, D) > 0 uniformly bounded for D > 1, such
that

10¢unl| 20,7501 (1)) Osvnl L2 0,13 a1 (1)) ) < A
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3.3 Compactness and limit equations

Proof.

(i) We test the sum of (WS)? with (V;,u;,v;) € M' and multiply by h. Accord-
ing to the computations about coercivity of the operator F' in ([B:23)—([3.30), see
Lemma B4 (vi), we find with (1, (2, (3) = (Vi, u;, v;) that

IVl + lun 32y + llowl3aqry
+h2(DuvvuL2 )+ 2¢u Vel ey + 260 Vrvil Far)
< |Voll72(0y + HUOHL2(F) + llvollZ2r)
hz( R0y + 265l + 2(Co + CPllilaey ) (345
holds for C(2) >0. Let N = L%J + 1, then for any t € (0,7") there exists a

uniquely determined ¢ € {1,..., N} such that the piecewise constant representa-
tion (Vp, up,vp) yields with (B.48)) that

LR+ [a@E+ [ P

< IVoll72(q) + lluollZ2qry + llvollZ(r)

+/ <M/|V |2+2Cf/|uh )ds
+/ ( (C,+Cy) /yvh<s>\2> ds.

holds. Hence, Gronwall’s Lemma ([A.9]) implies for all ¢ € (0,7T) the uniform bound

L7a@f + [ Fm@r + [ o2

< (H‘/OH%%Q) + HUOH%Q(F) + ||UOH%2(F)> ec1ta

4C(Q)C?2
D

where ¢; = max{ ,2(Cq + Cf)}. We notice that ¢; is uniformly bounded

for D > 1. With this and (3:48)) we find an energy estimate for piecewise constant
approximations, i.e.

LR+ [a@E+ [ mop
[0 [ 9V + 20 [ 1Vem o) + 26, [ 19rm()P) ds

< VollZeqy + luollZ2ry + llvollZ2r
+ (HVOH%?(Q) + ”UOH%%F) + ||UO||%2(F)) ect!
< (T2, Cy, Cy, D) (Vo2 + luol 72y + lvollZ2(r )
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3 Weak Existence Theory

(iii)

66

holds for all ¢ € (0,7") which implies Lemma [B.8(i).

We find that the gradient expressions of affine linear interpolations (Vj,up,vp)
are bounded by gradient expressions of piecewise constant approximations. For
example we have

1 /7T N T
5 [ IVl @yt < B 19Vl = [ IVVa(0) eyt
i=1

where the same inequalities holds for Vruy, and Vrpup, see [Schl3, p. 213f]. The
same inequality holds when replacing VVj, by Vi, up and vy, respectively. Since
the initial data is not of class H'! we shift the time interval (0,7 by h to (h, T+ h)
and let the shifted space LM be denoted by L>M}. Then, we find

T+h
Vi) Bagy = [ (VO + lun(O)ln ey + lon(0) B ry)

hT—i—h o
<6 [ Va0 T (o). mO) 3 < o

Lemma [B.8(i) confirms the existence of a constant Ag > 0 being independent of
the time-step h and uniformly bounded for D > 1, such that the assertion follows.

For the third part we treat every time-derivative separately, i.e.

= ‘/()T/Q(atvh)m

T — PR—

/ (—/ DVVy -V +/ (-@h(ﬂh,@h)vh + %(%ﬁh)@h) 771)‘
0 Q r

< DIIVV il 200200 IVl 220,752 (02))

+Cy (Vi

T
‘/0 (0:Vism) 2 (o)

|£2(0,m;2(r)) + ||5hHL2(o,T;L2(r))) 71l 220,72 (1))
< DIIVVill 20,7200 IVl 220.7:22(0))
+ CoC(Q) (”VhHLQ(O,T;LQ(Q)) + IVVallc20.1;02(0)) + ||@h||L2(o,T;L2(r)))
-C(Q) (Imllz2rz2@) + 1Vl 20720
< DIVl g2, @y llm | 220,157 )
+ CoCONV il 20,01 ) lIm Nl 20,7512 (2
+ CoCOnll 20,7581 () Im | L2 0,755 () (3.49)



3.3 Compactness and limit equations

where we used ([B44), Cauchy-Schwarz’ Inequqality and the Trace Theorem for
C(£2) > 0 which may change from line to line. We use Lemma B.8(i) to obtain

from (B49) that

< DI[Villezo,mm ) Il 220,711 ()

T
‘/o OV, m) 12

+ (CLCOIVhll 20z, @) + CaC@M ) Il 2oz )
< Asllmll 20,01 ()5 (3.50)

where Az > 0 depends on T', 2, Cy, Cy and D, as it was claimed in Lemma 3.8 (iii).
With (345) we compute
/ (9tuh

‘/ (Oun, m2) L2(r

(—/ ANy - Vi +/ (f1(T@n, vp )y, _f2(uhavh)vh)772)
r T

< Ca IV L2o,r;e2o) | Vemell L2 o0,1;02(ry)
+ Cy (HﬂhHL2(0,T;L2(F)) + HﬁhHL2(o,T;L2(F))) M2l 220,72 (1))
< Ca,ll@nll 20,751 (o)) lIm2ll L2 (0,70 (1))

+ Cf (HﬂhHLQ(O,T;Hl(F)) + WhHL?(O,T;HI(F))) 20l 20,70 (ry)- (3.51)

We find with Lemma B8 (i) and (3:51]) that

(Ca, A1+ 2Ce A1) 2l L2 0,750 (1)) (3.52)

T
/0 (Orun, m2) L2(ry| <
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3 Weak Existence Theory

holds, where for D > 1 the constants appearing on the right-hand side of (352])
are uniformly bounded. With (3.46) and the Trace Theorem we obtain that

‘/ 8tvh7773 L2(r / 8tvh

<_/Avv1‘7)h‘v1‘n3+/ (—f1(@n, O )an + fo(Tn, Op)0h) 13
r r

+ /r (ql (Tn, Tn) Vi — %(%ﬁh)ﬁh) 773)‘
< Ca, IVronll 20,702 0) IV sl L2 0,752 (0))
+ Oy (a2 2y + 10nll 22y ) Insllaoriza)
+ Cq (th||L2(O,T;L2(F)) + |WHL2(07T;L2(F))> Im3]l L2 (0,522 (1))
< Ca, onllz20,7;m () M3l L2 0,750 (1))
+Cy (Ianll 2o, oy + 10l 2o 0 ) I8l 2oz oy

+ C4C(Q) <th”L2(O7T;H1(Q)) + Wh\\LQ(O,T;Hl(F))) M3l L2 0,7;01 (1))
(3.53)

holds. Applying the same argument as in ([3:52) to ([B.53]), we find a constant
A5 > 0 which is uniformly bounded for D > 1 depending on T', Q, Cy, Cy, D, Ca,
and Cy,, such that

max{Ca, A1 + 2CA1 + 2C,C(Q)A1, Ca, Ay +2CA} < A

holds. This finishes the proof.

With Lemma we find the following weak and strong convergence statements.

Lemma 3.9. There exists a subsequence (hy)r with hy — 0 for k — 0o and a limit object
(V,u,v) € L2M?' such that the following assertions hold:

(i)
(ii)
(iii) Vp, — V in L*(0,T; L*(T)) and
(iv)

Proof. We choose successively subsequences of h — 0 that, without relabeling, we always
denote by (hg)k, hr — 0 as k — oc.

(Vi s Uny» iy ) — (Vyu,v) weakly in L> M7,

(thauhkavhk) — (V,U,’U) mn L2MO7

(Vs Tny,, Ony,) — (Vyu,v) in L2MO and Vi, — V in L?(0,T; L*(T)).
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3.3 Compactness and limit equations

(i) The first assertion is a consequence of the uniform boundedness of (Vj, up,vp)p, in
L?M* from Lemma B8 (ii) in combination with the observation that the product
space L2M" of Bochner-type is reflexive since H!(Q2) and H*(T) are reflexive Ba-
nach spaces. Therefore, bounded sets are weakly precompact in L2M?, see [Sch13,
Theorem 4.13, p. 79], a limit object (V,u,v) € L2M*' and a subsequence (hy); with
hi — 0 for kK — oo exists such that the assertion follows.

ii) We apply Lions-Aubin’s Lemma B to (Vj, up,vy) to show Lemma [B9(ii). With
Lemma B.8(ii) we find that (Vj,, up, vy) € L2M?!. With Lemma B8 (ii) and (iii) we
obtain

Vi € HY(0,T; (H(Q))*) and up,, v, € H(0,T; (H(T))*).

For (HY(Q),L?(Q), (H'(2))*) and (HY(T), L*(T"), (H'(T"))*) we can apply Lions-
Aubin’s Lemma B.7 and find with the compactness of the embedding that there
exists a strongly convergent subsequence of (Vj, , un, , vp, )n in L?>MP°, which shows
Lemma [3291(ii).

(iii) We have that Vj, € L?(0,T; H'(Q)) and 9,V}, € L*(0,T; (H*(2))*). With the triple
(HY(Q), L3(T"), (H*(22))*) and Lions-Aubin’s Lemma [3.7] we find a subsequence of
(hg)g such that Vi, — V in L2(0,T; L*(T)). The assertion follows.

(iv) Lemma [B9(ii) and (iii) imply the strong convergence for linear interpolations
(Vi s Ungs Uy, ) — (Vou,v) in L2M© and Vj,, — V € L?(0,T; L*(T')). The compari-
son of linear affine interpolations and piecewise constant functions will be stated
in Lemma 10 where either X = L2(Q) or X = L?*(I"). Then, Lemma BI0 implies
the existence of a subsequence (hg) such that piecewise constant step-functions
(Vs Uny,» Ony,) — (Vyu,v) in L2M° and V,, — V € L2(L*(T)).

O
For the sake of completeness we state a lemma taken from [Schl3, p. 213ff].

Lemma 3.10. Let X be a Hilbert space, T >0 and h — 0, such that for every h >0
with 0 = tg, ..., ty =T the interval [0,T)] is divided into [t;—1,t;) fori=1,...,N. Let
wl € X be the evaluation in t;. Introduce Wy : [0,T] — X to be the piecewise con-
stant step functions and wy, : [0,T] — X to be piecewise affine interpolations, such that
w; = Wx(t;) = wp(t;) holds. If in this case there is a function w € L?(0,T; X) with

wy, — w in L*(0,T; X) for h — 0,
then
Wy, — w in L*(0,T; X) for h — 0.
Proof. A proof can be found in |Sch13, pp. 213ff]. O

According to Lemma we have found a triplet (V,u,v) that is a candidate for a
solution of the fully coupled weak system (WS).
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3.3.3 Solution of the fully coupled weak system

In this Subsection we find that the triplet (V, u,v) is indeed a solution of the fully coupled
weak system given in (WS).

Proposition 3.11 (Limit in the equations). The triplet (V,u,v) € L*(0,T; H*(Q)) x
(L%(0,T; Hl(lj)))2 is a solution of the fully coupled weak system (WS).

Proof. The proof is structured as follows: First, we assume to have smooth testfunctions
in (3:41)-(343). We prove that the limit process h — 0 and integration are commutable
by treating every term separately. Afterwards, we relax the smoothness assumption for
the testfunctions and show that the fully coupled weak problem (WS) has a solution.

Recall that for 0 < h < hg, with ho specified in ([B32]), the piecewise constant time-
discrete approximation satisfies

0= / O, "V + D/ VVi - Vi +/ qpm; 3.41)
QT QT FT

0 :/ 0; "y +/ AuNruy - Vrng +/ —Fuie, 3.42)
Tr Ir Lr

0= / 0; "oz + / AyNVrop - Vg + / (fn —an)ns B.43)
FT FT I‘T

for all m e L2(07 Ta Hl(Q))7 N2,7M3 € L2(07 Ta Hl(r))
First, we assume that the considered testfunctions are smooth in time with compact
support in [0,7") and of class H' in space, i.e.

m € CX([0,T); H'(Q)) and n2,n3 € C2([0,T); H(I)).

We apply a discrete partial integration to find in (341)

Oy "Vm = / O "(Vi — Vo)ym
Qr Qr

= [ ot = Vo)~ [ @ (Vo= Vo) — )
Qr Qp

-1 /_Oh/g(m(vh V) + /TT_h/Q(m(Vh ~ Vo)
_ L ih /Q O (Vo — Vo), (3.54)

where we used that the discrete time-derivative of the initial data Vj is zero. Since
Vi =V for t <0 holds, the first term on the right-hand side of (354 vanishes. Fur-
thermore, we assume h > 0 sufficiently small enough such that 7 =0 on (T — h,T)
holds. This implies that the second term of the right-hand side of ([8:54]) vanishes. With
these two arguments we shift the domain of integration from (—h,T — h) to (0,T). This
yields the equality

[ @ Vim == [ oV - o)
QT QT
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3.3 Compactness and limit equations

Lemma BJ(iv) yields that Vi, — V in L?(Q2r) holds for a subsequence hj — 0 for
k — co. With the convergence 8/*ny — (1) in C°([0,T], H()) for hy — 0 with
k — oo we find

- [ @) Vh = Vo) = = [ @)V = Vo). (359)
QT QT
In the same way we find on I'p that
- / (@) (@, — wo)(t) = — [ (Buma)(u — uo), (3.56)
I'r I'r

— [ @) @n = 00)(®) = = [ (@) =) (357)
' T'r

hold for a subsequence h; — 0 with k£ — oc.
The weak convergence statement from Lemma [3.9](i) implies that for a subsequence
hi — 0 for £ — oo we find

vahk -V — DVV -Vn, (3.58)
QT QT

AV, - Vi — / AuVa - Vi, (3.59)
I'r I'r

A,NVUy, - Vg — A,V - Vns. (3.60)
FT I‘T

The nonlinearities are treated in the following way. According to Lemma 3.9 (iv) we
find that (V,,up,,0s,) — (V,u,v) is strongly convergent in L?M° and Vj, — V is
strongly convergent in L?(0,7T; L?(T")). After possibly passing to a further subsequence
(hg)k in addition V}, — V pointwise a.e. in Qp and up, — u and U, — v pointwise
a.e. in I'p.

Since the nonlinearities are assumed to be continuous, see Assumption [[L4, we find
the following pointwise a.e. convergence statements

Qhk =q1 (ﬂhk,ﬁhk)th - q2(ﬂhkaﬁhk )Ehk — q1 (u7 U)V - QQ(Ua U)U,
fhk = fl (ﬂhk?@hk)ﬂhk - fQ(ﬂhk’@hk)@hk — fl (uv U)u - f2(u> 'U)U'
The nonlinearities g, and f,, are bounded which yields

|qhk| = ‘(ﬂ (Hhkvﬁhk )th - QQ(ﬂhwﬁhk )@hk|
< Cy|Vi, | + Cylon,| — Cy(V +v) in L*(Tr),

| Fr| = |1 (@hy,, Ony )y, — f2(Tny, Tny )hy |
< Cf‘ﬁhk‘ + Cf’ﬁhk’ — Cf(u+ v) in LQ(PT),

where we have used that Lemma B0 (iv) holds. Then, with Generalized Lebesgue The-
orem [A.10] we find strong convergence

@1 (@, Ohy, ) Vi, — G2 Ty Ohy, )0, — q1(u,0)V — g2(u,v)v in L*(T'7),

f1 (ﬂhk,@hk )ﬁhk — fQ(Hhk;Uhk )@hk — f1 (u, v)u — fg(u, 'U)U in LQ(FT).
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This strong convergence statement implies that for the subsequence chosen above

/FT %,ﬂh = /FT q(vhlﬂﬂhlwﬁhk)nl — /FT q(Vauv 0)7717 (3‘61)
/ T = / e / —Jw o (3.62)
/ (fr, — T3 = / (f @hy s Uhy) — 4V by, Thy, Ony, ) )13
I'r I'r
— . (f(U,U) - Q(V»U,U))US (363)

holds.
With the observations from (3.55)—(B.57), (B.58)—(3.60) and (B.61)—(3.63]) we conclude

that for the subsequence chosen above equations (B.41)—(B.43) result in the limit equa-
tions given by

0= —/Q (Ogm)(V = Vo) +D/Q VV -V +/F a(V,u, v\, (3.64)
0= */F (Orm2)(u = uo) +/F AuNVru - Vriy +/F —f(u,v)n2, (3.65)

0= —/F (Oim3) (v — o) +/F A,Vrov - Vs +/r (f(u,v) —q(V,u,v))ns (3.66)

for all (n1,m2,13) € C2°(10,T); H'(Q)) x (C=([0,T); H'(I')))*.

The last step in this proof is to change the assumption on the regularity in time from
being C™ to H' for the testfunctions. Consider testfunctions

(1 € H'(0,T5L*()) N L*(0,T; H'()),
(2,¢3 € H'(0,T; L*(I")) N L*(0, T; H'(I))

with vanishing final data, i.e. (;(7,-) =0 for j =1,2,3. Then, there exist sequences
(¢F)k € C2(0,T; HH(Q), (¢h)i and (¢5")m € C2(0,T; HY(T)) with

¢k — ¢ in L2(0,T; HY(Q)) N HY(0,T; L*(Q)), (3.67)
¢h — G, ¢ — G in L2(0,T; HY(T)) N HY(0,T; L*(T)) (3.68)

for k,l,m — oo according to the density property of the given spaces. Since equations
([3:64)-(B68) hold, we find for every ¢F, ¢} and ¢J* the following equations

Ozf/ﬂ (atgf)(vao)+D/Q VV~VC{“+/F q(V, u,0)(F,
0= [ @) —uw)+ [ ATru e+ [ —fw0dh
0= [ @ew-w)+ [ Ao vigp+ [ (7o) - aViw o)
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Here, we pass to the limit k, [, m — oo using ([3.67) and (3.68]). We find that
v [coo=p [ vv-va+ [ v
/FT u(C2)t + /F(CQ)OUO = /FT AuVru - Vi + /FT —f(u,v)C2,
[ ov@+ [ = [ 4006+ [ () - aViw )Gy

holds for all

¢ € L20,T; HY(Q)) n HY(0,T; L*(Q)),
(2.¢s € L(0, T; HY(I')) N H' (0, T; L*(I"))

and the assertion follows. O
Remark 3.12. We remark in accordance to [Sch13, Theorem 10.9, p. 201f.] that there
exists continuous representants V,u,v € C°([0,T]; X) for X = L*(Q) or X = L*(T),

respectively. Due to this fact the initial data V{, ug and vg is consistent to the solution
(V,u,v) for the limit ¢t — 0, see [Sch13, Bemerkung 11.5, p.215]. <
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3 Weak Existence Theory

3.4 Continuous dependence on initial data and uniqueness

In this Section we verify that solutions of (GFCRD) depend continuously on the initial
data and satisfy an L2-continuity property. As a corollary result we find that solutions
of (GFCRD) are unique.

PropositionBITyields that there exists a weak solution (V, u,v) € L2M" of (GFCRD),
in other words, the fully coupled weak system (WS) given by

/ om(V —Vy) = D/ VvV .-Vm —I-/ q(V,u,v)n,
Qp Qr T'r

(WS) Oz (u — uo) Z/ AyVru - Vg —/ fu,v)na,
I'r I'r

I'r

Om3(v — vo) 2/ Aerv'Vrﬂ3+/ f(u»?f)??:s—/ q(V,u,v)ns,
FT FT

Cp Ir

is satisfied for all
m € H'(0,T; L*(2)) N L*(0,T; H'(2)),
2,3 € H'(0,T5 L*(T)) N L*(0,T; H'(I)),

where we assume vanishing final data of the testfunctions. The crucial part concerning
the proof of Proposition is that we have to test the above system with the solution
(V,u,v) while it does not provide a time-derivative at first glance and is a priori not a
testfunction since it does not vanish in t =T

Proposition 3.13. Let T'> 0, f,q be given as described in the Assumptions in Sec-
tion[Id. Let (V,u,v) and (V, @, D) be solutions of (GFCRD) with initial data (Vo,ug, vo)
and (Vp, g, 0p). Then, there exists a constant A = A(T, D,Q,T") > 0, such that

IV = V20,0, ) + v = @llF20.2 0y + 10 = 0l F20 51 0
< A (IVo = Vall22(q) + luo — ol 3a(ry + llvo = @oll32(r)
holds.
We easily conclude from Proposition that solutions are unique.

Corollary 3.14 (Uniqueness of weak solutions). Let the assumptions of Proposition[313
hold. Then, for given initial data (Vp,ug,vo) the triplet (V,u,v) € L2M?' is a unique
solution of (GFCRD).

Proof of Proposition[Z13. The idea of this proof is the following: for two given solutions
(V,u,v) and (V,a,?), we build the difference of the given weak systems (WS). We test
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3.4 Continuous dependence on initial data and uniqueness

this system with the difference of the solutions to find that the sum is estimated from
above by the initial data. We substract the corresponding equations to obtain

0= [~ =V + [ (Vo-Voom+D [ V(V-V)-In
Qr Qr Qr
+ | (a(Vow,0) = gV, @, 9)m, (3.69)
0= - —(u —w)Ome + /FT(UO — )02 + /I‘T AuVr(u—a) - Vrne
+ (S f(wv) + £, 9))ms, (3.70)
0= - —(v—0)0ns + /FT (vo — 09)Oms + /1“T AyVr(v—10) - Vs
+ T (f(u7 ’U) - f(ﬂ7 ’D) - Q(V7 u, U) + Q(Vv ﬂ’a 6))773- (3'71)

Following the deductions in [Alt03, p. 286 ff.] we want formally to plug in testfunctions
that behave like cut-off functions in 0 < tg < T, i.e.

M = X(=o0,t0] (V' = V)y M2 = X(—o0,t0)(u — @) and 13 = X(—oo 10 (v — D),

where X (oo to] : R — {0, 1} is a characteristic function in time. As these functions do not
have enough regularity in time, in particular are not even continuous, we approximate
them with the following setting. The following computations are easily applicable to
(u—@) and (v —o). We exemplarily perform them for (V —V) in the latter. Let

0 < tg < T and 7 > 0 sufficiently small. Then, for ¢ def X(—o0,to] W€ approximate in time
by

w02 [ v - 7))

The differentiation of this parameter integral yields that

d -

U () =0 (p(V = V) € L*(0,T; L*(2))

holds. So, Y € L2(0,T; H*(Q)) N H'(0,T; L?(R)) is an admissible testfunction in equa-
tion (BISQI) Basically, this is an implication of the fact that this is a convolution of
©(V — V) with a Dirac sequence and has therefore higher regularity. Similarly, we set
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3 Weak Existence Theory

W(t) def %ft“” o(u — @) and UY(t) def %fttJrT o(v — v). For the terms in (B69)—B1)
including a time-derivative we then compute that

— | A ((V=V) = (% =Wh)) = | 90 ((u— ) — (uo — o))
Qr I'r

— [ 07 ((v—1) — (vo— o))

I
+ e =007 (=) = (w0 - )
_ /OtO </ﬂ(v ~ VOV =)+ [ (=09 (w—1)
" /F (v — )0, (v — ﬁ)) (3.72)

holds, where we used discrete partial integration in time, the fact that the characteristic

function is defined on (—oo0, %] together with (V — V)(t) e (Vo = Vp) for t < 0, u — 1,

v — ¥ analogously. We remark that if H is a Hilbert space with an inner product (-, )y,
then the following Hilbert space inequality holds:

~ 1 . 1 . .
(w,w—W)g = §<w—|—w,w—w>H—|—§<w—w,w—w>H
1 - - 1 .
> St d,w = a)y = 5 ([wlh — ol}).

where w, W are elements of H, see [Alt03, p. 273]. Then, for any function ¢t — w(t) € H
we find

(w(t), 07 Tw(t))m > 1207 [w(t) 13

76



3.4 Continuous dependence on initial data and uniqueness

for 7 > 0 as introduced above . We notice that L?(Q) is a Hilbert space, respectively
L?(T"). Then, (3.72) is estimated from below by

1 to —r > —T ~ =T D
L (OIV = Py 057 il + 057 i)

=5 (10 = D)) + = Dy + 10 = D)) s

1 ~ N -
3 (HVO — Voll72q + lluo — fol|Z2ry + llvo — UOH%Q(F)) (3.73)

Since (V — V) € L?(0,T; L*(Q)) and (u—1), (v—2) € L*(0,T; L*(T')) we find a sequence
() with 7, — 0 for k — oo such that (B73]) converges for almost every ¢y € (0,7 to

(H( V) (o)1 22y + I (w = @) (to) |72y + (v — @)(to)HZLQ(r))
~3 (HVo — Voll72(q + lluo — follZ2ry + llvo — 170”%2@)) : (3.74)

As we noticed before, the function ¥Y is defined as a convolution of ¢(V — V) €
L2(0,T; HY(Q)) and 4§, o %X[OJ], a Dirac sequence (d;), for the characteristic func-
tion x[g,1- This yields WY — (V- V) in L*(0,T; H'(Q)) which causes

D/OT/V(V—V)-V\DZ

—>D/ /Lp\v V—7) D/ IV(V = V)220 (s)dls (3.75)

as 1, — 0 for kK — oco. Similarly, we find for gradient expressions on I' that

AuVr(u—a) - Vro? —>/ /A Vr(u —1a) - Vr(u—a), (3.76)
Ir

t
[ AV Ve, —>/O/A Vr(v - 8) - V(o — ) (3.77)
T
holds as 1, — 0 for k — .

For the nonlinear terms we deduce the following: According to Lemma [B9l(iv), V and
V are in L?(0,T; L*(T")) and with Proposition Bl system (WS) is statisfied. There-
fore, for any sequence (7;)r with 7, — 0 for k — oo such that W} (t) — o(V — V) in
L?(0,T; L*(T")), we obtain
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3 Weak Existence Theory

In the same way we obtain convergence for the remaining testfunctions 7o = ¥¥ and
ns = U in the nonlinear equations, i.e.

to o _
/ (f) - f@ )W | [ - r@a -, (3.79)
[ otV + a(V.6.5) + fluv) — FG ),
%/to/ oV, u,0) + q(V, @, 5) + f(u,0) — f(i,8))(0 — 9). (3.80)

So we have found admissible testfunctions n; = ¥V 1y = W% and n3 = WY for (B.69)
B7T). We use the convergence results ([3.74)-(B.80) for 7, — 0 as k — oo to obtain
with Assumption on A, and A,

IV = V20 (o) +llw = @ll32ry (to) + [[o = 3221 (t0) + 2D[V(V = V) 22q,
+2¢4[|Vr(@ = w)| 72, ) + 200l VE(@ = V)72, )
< (Vo = Vall3a(ey + lluo — Goll3ary + oo — Fol22ry)
+2 [ @V.0,9) — a(Viuo)(v - )
+2 [ (fluyo) — f(i,0)(u— @)

2 [ (@0 - flu) + a(Vouo) ~ oV, 5,0)(w - 0). (351

The nonlinear parts f1, f2, ¢1 and g9 are Lipschitz continuous, see Assumption [[L4l Let
Cr, > 0 denote the maximal Lipschitz-constant for all nonlinearities, then we estimate
the nonlinearities of the right-hand side of (3.81]) from above by

2/F (CLlV = V(o — 8 + [V ~ V) + Culo — 8l(Jo — 8] + |V — V]))
to

+2/ (Crlu —al(ju —a| + v = 0]) + CLlv = 0[(Ju — @] + v — 0]))
t

0

<2Ft0<<CL+ )(’V V|2+|v—v\) (CL+ >(\U—’U|2+|V V| ))
+2/ ((CL+ >(U—a]2+]v—ﬁ\2)+(CL+;> (\u—ﬁ\QHv—f}y?))

< (80L+4)/F (1V = VP + ju—aP + o) (3.82)

to
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3.4 Continuous dependence on initial data and uniqueness

where we used Young’s Inequality. We set ¢; Lfgo 1, + 4 to apply Lemmal[A.5lon fl“to |1~/—
V|? with ¢ = g and a constant C'(2) > 0 to find that ([B:81]) in combination with (3.82])
yields
IV = VI72)(to) + lu = @l (t0) + llv = 072 (to)
+ DIV(V = V)22, ) + 26l Ve(@ = 0) ey + 260 — ) [ar,
< (Vo = Vo220 + lluo — oll2(ry + llvo — oll2r))
to - - Aao(Q) [t ~
er [ (= oy + o= 0la) + TG [0V =Vl (359)

Since the norm is a nonnegative function we find for almost every ¢y € (0,7) that the
pointwise evaluation in £y is less or equal the integral expression. This is related to
the fact that almost every to € (0,7) is a Lebesgue point for L!-summable functions.
Therefore, we write the left-hand side of (3.83)) in terms of corresponding H!'-norms to
obtain

1OV = V) (E0) 371y + 1 = @) o) g1y + 10 = ) o) 11y
< (Vo = Vill32(0 + lluo = oll32ry + Ilvo = Toll3(r )

to ~ N 020(9) to ~
e [ (=l ey + o = 3ln) + T [V = Vi

With Gronwall’s Lemma we find for almost every to € (0,7") and a constant ¢y > 0
depending on D, Cf, C; and €2, such that

”(V — V)(t())”%;[l(ﬂ) + H(u - a)(tO)H%Il(F) + ||(U - ,D)(tO)H%p(F)
< (IV0 = VollZeqy + lluo — dolFary + llvo — ol 3(r) ) exp (cato)

< <||Vb — Voll7zq + lluo — ol 72y + llvo — ?70||%2(r)) exp (c2T)

holds. With A = exp (c2T') the continuous dependence on initial data and an L2-continuity
property follows. O
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3 Weak Existence Theory

3.5 Uniform boundedness

In this Section we introduce a maximum principle for (GFCRD) to afterwards apply
it in Chapter @l We work in a rescaled framework: We multiply (V,u,v) with an
exponential factor in time e~* for A > 0 to be specified later, apply the technique and
auxiliary problems we already used in Section and deduce maximum bounds. For
convenience, we state the rescaling procedure once again. Moreover, in the weak regime
it is not obvious that solutions are admissible testfunctions, see Section 3.4l Therefore,
we recall the correct testfunctions and results in the proof of Proposition again.
We multiply (GFCRD) with e™*, A > 0 and find with partial integration and (21—

23) that

8t771(‘7—Vo):D/ VV-VerA/ Vm
QT QT

Qr
+/F (@t 0)V = G@o(t, @,)7) m, (3.84)
/ Ona(t — up) = / ANVt - Vrn
I'r I'r
/ 8t773("l) - UO) = / AUVFU VFTB + / ( ~1(t7 fL, 6)” - f2(t7 u, U)ﬁ’) n3
I'r I'r I'r
—/F (@, 0)V = Go(t, @,5)7 ) s + A/ s, (3.86)
T T

holds for all
m € HY0,T; L*(Q)) N L*(0,T; H*(Q)),
n2,m3 € H'(0,T; L*(T)) N L*(0, T; H'(T)).

The functions f; and §; for i = 1,2 are defined as in Section 2.1.21 In ¢t = 0 the initial
data for the rescaled functions and (V,u,v) coincide.

Remark 3.15 (Invariant Region Principle). Another canonical approach in Reaction-
Diffusion Systems is to apply an invariant region approach, see for example [Smo83,
p. 192ff.]. An invariant region is a bounded, in our case rectangular region in the phase
space such that the boundary has a repelling property. Whenever initial data lies in that
region, one can show that the evolution in time does not leave this region. In general,
for our system, this cannot be easily deduced from an invariant region principle. Instead
we use a different technique on finding L°°-a priori estimates as in Chapter 2] namely,
based on appropriate testfunctions and comparison functions. <

Proposition 3.16. Let Assumptions[I.3{1.) hold and As, Ctq be given as in (Z8)). Let

Cc? 2||Vollpoo () + 1
A > max {50(9),4%, Cta (1 Loy, + OHLA ©) ) } , (3.87)
2
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3.5 Uniform boundedness

be a fized constant, where C(Q) > 0 and C1(T, 2, D) > 0 is uniformly bounded for D > 1.
Then, any solution of (GFCRD) is nonnegative and essentially bounded, i.e.

[l o gy 0l poo gy < € As,
IVl ey < €7 (21Voll o + 1+ C1Cpha)

Proof. For both, the nonnegativity and uniform boundedness, we have to test the given
weak regime ([B:84)—(386) with testfunctions that consist basically of a solution triplet
(V, @, ) or variations of it. According to Section B4 we set ¢ def X(=o0,t]> Where X (_oo ]
R — {0,1} is a characteristic function in time for ¢ € (0,7"). Then, we have justified
that the formal choice ((pf/, i, ) as testfunction is justified with an approximation of
admissible testfunctions. At this point we avoid to repeat the proof in detail. As a result
we find for example for V that the term including the time-derivative can be estimated
in the following way:

¥ 1 2 7 2
[, (V7 =Vo) < 5 (IVol20) = 1V ®)3q))

for 7y = ¢V. For the remaining terms there are no changes except that the cut-off
functions determines the time-interval. With this observation we begin the proof and
show that weak solutions (V,u,v) of (GFCRD) are nonnegative.

We consider (V,,7) and test the corresponding rescaled equations (3.84)(3:886) for-
mally with (—@V~, —@ii~, —pt~). We find for any ¢ € (0,T) with integration over Qr
and I'r and the fact that © = o — o~ > —9~ holds, @ > —@~ respectively, that

1/ ~_ o -
5 (175 B2y + 1155 Mgy + 195 1320

1/~ o _
=5 (17O e + T OlFa) + 15~ Oll2)

> [ (AT R+ DIVER) + [ (M@ + @) + el Vra P 4 e Ve )

+ /F (—2C4(V7)? = 2C,(57)% = 2C4(57)* = 2C4(@™)?), (3.88)
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3 Weak Existence Theory

where we applied Young’s Inequality, estimates for the negative parts and Assump-
tion [[L.4] which remains valid for f; and §; for ¢ = 1,2. The Trace Theorem implies that
the right-hand side of (3.88)) is estimated from below by

c(C?\ - D -
/ Ao GG (v—)2+f/ |vv—\2+/ (A—ch)(a—)2+/ Ve |?
(o D 2 Jo, I r
+/F (A—2(0q+0f))(@—)2+/F AV |? (3.89)
t t
with a constant C'(Q2) > 0. We obtain from (B.88) and ([B.89)) for any A > 0 satisfying
02
A > max {5‘10(9),4%} :
that

(V=@ 2 + 18~ O 2y + 15~ @132y

| =

1/~ - -
< 5 <||V0 H%Q(Q) + g ||%2(r) + 1% ”%Z(F)>

holds. The initial data was assumed to be nonnegative, therefore the Lebesgue measure
and respectively Hausdorff measure of the negative parts (f/,a, 0) are zero for every
t € (0,T). By rescaling we obtain that also (V, u,v) is nonnegative for all times.

To derive a maximum principle we follow the proof of Lemma We restate an
auxiliary problem given by a heat equation with constant boundary flux to control the
Robin-boundary condition of the bulk equation we introduced in Subsection Let
U : Q% (0,T) = R be the classical solution of

0% = DAY — AT in Q x (0,7T), (Z1Ta)
—DVV -v=—} onI'x (0,7), @211D)
@(-,O) =T, on Q, 2119

where i > 0 is a constant to be specified later and U, will be chosen below satisfying
the compatibility condition

~DVVq-v = —]i. (3.91)
Lemma 2.1l implies that
U(z,t) < sup Wo + jel (3.92)
Q

where ¢y = ¢o(€2, D) > 0 is uniformly bounded for D > 1.
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3.5 Uniform boundedness

We test (Z1Ta)-(ZIId) with a testfunction 1, € H(0,T;L*(Q)) N L?(0,T; HY(Q))
that will be specified later to find

0=— 8tn1(\il—\i!o)+D/ vm.viurA/ \i:m—/ fin1. (3.93)
Qr Qp Qr I'r

We find that the difference of (8:93)) and ([B:84) is given by

0=— [ om(V- W-ﬁ/emlw—ww+D Vi - V(7 — )
T

+ (@@mmV—@maﬁ@m+A/ m(V -9+ [ m (399
FT 1—‘T

We Clairfl thgt Vo < ¥, holds. Then, with the deductions of Section [3.4] we find for
m =@V — V) from [3.94) that

1 - . . ~ -
02 ZI(V = D)4 Olfa(ay + DIV = By + i [ (V= D)y

+ g (G1(-, 0, D)V — Go(-, 0, 0)0)(V — W)y + A 5 (V—-0)2, (3.95)

since the initial values are equal. Analogously, we find for (3.85]) and ([3:86) tested with
(i — Ao)y and (7 — Ag), that

1 -
02 518~ Koo Ol ey + | AuTri Vi~ Ra)a + 4 [ (i~ Ko,

+Ix—ﬁuamﬁ+ﬁmmmmm—ﬁa% (3.96)

R
0= 5110 = A) (Ol + [ 4500 Vel = Kol 2 [ 00 = Ko
+/ Fi )0 = fol, 0, 0)it — G (i 0)V + G, 0)0) (0 — Aoy (3.97)
We drop the arguments of f; and §; for i = 1,2 and add (B95)-(B97) to find

(17 = ) (1) 32y + 11— Re) (D Faqey + 15— Ao) () 3ar)

<D [ IV =0~y [ |Vela- Ao~ [ 90— Ao
Q4 T Tt

N | =

A (-2 a(a—A2)+—A/@<5—A2)+
Q4 I'y I';

+ N (flﬁ - f271) (@ — Ag)y +
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3 Weak Existence Theory

We have to control the right-hand side of ([B.98]) appropriately. To obtain a higher clarity
we demonstrate the arising computations separately. With a constant Cr, > 0 defined
above, we basically copy the estimates from the proof of Lemma 2.3] with one exception,

S (~Fiot Bt @V - @) (5 - Ro)s
S/ < —A2)i+qu(17—/~\2)i+C;M(V—‘i’)Jr)
+ /F Ctq (]\2 + i’) (0 — /~\2)+, (3.99)

where we used Young’s Inequality. We modify (Z27), (Z29)-(Z31) by additionally
integrating over (0,t). Then, ([B.98)) is estimated from above by using the aforementioned

inequalities and (3:99]) by

-5 [ IV =D (chu A)/QW—@)&
+(ch—x)/F (a—Ag)i+(20fq—A)/ (7 - Ry)2
+(qu_)‘)]\2/

Iy

+(Craha=p) [ (V=) (3.100)

(1= Ra)s + | (Cpal ¥+ Ro) = ARa)(5 = Ra)y

where we dropped gradient expressions on I" and C(2) > 0 is a given constant. We set
= quAg and choose \ according to (B.87). We choose W, such that Vy < ¥, holds,
the compatibility condition stated in ([3.91)) is satisfied and

1ol o0 (0) < 2[[Voll oo (o) + 1

holds. Then, ¥ is determined and we set C1(T,Q, D) = e geoT being uniformly bounded
for D > 1. Let

A1 = 2H‘/E)HLOO —|—1—|—ClchA2

These choices yield that all coefficients of (B.I00]) are less or equal zero. The settings
above and the estimates from (3.98)—(BI00) imply that

> (107 = )4 Ol + 168 = Ba) e (O + 10 = Ra) 1 () aqry) <0

for t € (0,T). For the rescaled functions we conclude that there exists a finite A\ > 0,
such that

]| oo (rrys 10l Loo(rg) < As,
IVl @r) < 10 (or) < 20Vollee(o) + 1 + C1CrqAs,

84



3.5 Uniform boundedness

where we used ([3.92). In turn, we conclude for the rescaled variables that

NT %
HUHLW(FT% HUHLOO(FT) <e TA2,

IVlzoeory < €M (2HVOHL°°(Q) +1+ Clch]h) :

holds, which finishes the proof. O

Consequences for generalized nonlinearities The nonlinearities fi, fo, ¢1 and go
throughout this Chapter are assumed to be Lipschitz continuous on R? and are therefore
bounded on compact subsets of R?, see Assumption[[4l An example for fi(u,v) is given
in [RR12] by f1 : R? — R with

u
as +u’

fi(u,v) = ya1 + (a3 — ax)

being independent of v with constants a1, as,as,y > 0 satisfying as > a;. Here, as in
many other cases, the choice of constitutive functions is only derived for the biological
relevant domain of nonnegative values. In this particular case f; becomes unbounded
as u — —ag and is therefore not covered by Assumption [[4l We modify f; to find that
systems of type (GFCRD) incorporating such kind of nonlinearity are also covered by
Theorem

Let IT: R? — R2>0 be the closest-point projection. We set

def

fla,y) = F((z,y)) (3.101)

to find that f leaves f untouched on ]R2>0, while it is Lipschitz continuous on R? satisfying
Assumption [[4l Theorem yields that this modified system of type (GFCRD) has a
unique, nonnegative solution (V,u, v). The nonnegativity of u guarantees that f does not
blow up in the biological nonrelevant sector. This observation implies that Theorem
can be extended to nonlinearities f1, f2, g1 and gg only being Lipschitz-continuous on
RZ,. This corollary result weakens Assumption [l
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4 Application: A Shadow System
reduction

In this Chapter we discuss an asymptotic model reduction of our fully coupled model
(GFCRD) that in particular covers the model in [RR12]. According to the observation
that the cytosolic diffusion is typically much larger than on the membrane, the authors
assume an infinite cytoplasmic diffusion and spatially constant concentrations in €2. This
leads to a reduced system where only partial differential equations on the membrane I’
remain and the time-dependent but spatially constant concentration in € is determined
just by a mass conservation condition. On the other hand the evolution on the membrane
now includes a nonlocal contribution. The resulting system can be compared to so-called
Shadow Systems in the analysis of two variable Reaction-Diffusion equations in flat space,
see [Nill; [Kee78]. Here, we present a rigorous proof of a convergence to such a nonlocal
reduction of the system (GFCRD).

Rigouros proof of the existence of a nonlocal functional

We consider system (GFCRD), where D is replaced by Dy, k € N, where (Dy)j, is any
sequence with Dy — oco. This results in a family of systems of type (GFCRD) for every
k € N. The corresponding weak solutions (Vj,ug, vk), k € N, are characterized by

/Q om (Vi — Vo) = Dy, /Q VVi -V + /1“ (g1 (ug, vi) Vie — g2 (uk, vi)vg) m1, (4.1)
T

/r a2 (ug, — uo) :/r A, Vruy - Ve +/F (—f1(ug, vi)vg + folug, vg)ug) N2, (4.2)
T T

T
/ O3 (v, — o) = / AyVrug - Vs +/ (f1(ug, vi)vk — fa(ug, vi)ug
Ty Ty Ty
—q1 (ug, vi) Vie + g2 (uk, vi)vk) m3 (4.3)
for all

m € L2(0,T; HY(Q)) N H' (0, T; L*(2)) and
n2.73 € L*(0,T; HY(D)) N H'(0,T; L*(I))

with 7;(T") = 0 for i = 1,2, 3, compare (WS) in Section Bl
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4 Application: A Shadow System reduction

Weak solutions and uniform boundedness Theorem guarantees the existence
and uniqueness of a family of nonnegative weak solutions (Vj, ug,vy) in L2M* for every
k € N. We have to ensure that the respective bounds are uniform in k.

In Proposition have we found that the weak solutions are bounded uniformly.
According to Proposition the maximum bounds remain uniform in k. Hence, there
exist A1, As > 0 depending on T" and system constants but independent of k, such that

HukHLoo(pT), “UkHLOC(FT) < Ay and ||Vk-HLoo(QT) <Ay forall ke N. (4.4)

Moreover, by Lemma B8 we find uniform energy estimates for uy and vg, i.e. ug, vg
are of class L?(0,T; H(T')). By Lemma B.8(iii) we find that there exists a constant
Ay = A5(Q,Cy,Cf,Ca,,Ca,,T) > 0, such that

ug, vi € H'(0, T (H(1))"),

10k || L2 0,7z ()% 10evs | L2 0,y () < A (4.5)
holds for all k € N. Since (L?(0,T; H(T')))? is a reflexive Banach space we find that
bounded sets are weakly precompact in (L2(0,7; H'(I')))?, see [Sch13, Theorem 4.13,
p. 79]. This holds also true for L?(0,7T; L?(Q2)). Hence, there exists a limit object we
denote with (Vi, Uso, Voo) in L2(0,T; HY(Q)) x (L?(0,T; HY(T')))? and a subsequence
k — oo (not relabled), such that

(Viey e V) — (Voo Uoo, Uoo) for k — oo in L2(0,T; H (Q)) x (L*(0,T; HY(T')))?. (4.6)

Spatial homogeneity With the deductions in Section B4 we obtain the following
inequality that can be formally obtained by the choice n; =V in (&), i.e.

1
Dk/ Vil < 3 (IVoll32 () — V(D32
Qr

+ g (—q1 (g, vi) Vi + qa(ug, vi)vk) Vi
T

< 5 (Ml = I + 5 [, Co (@ + (A7) @)

holds, where we used Young’s Inequality and the nonnegativity of the first nonlinear
expression, see Assumption [[4 With ¢ = C—’“ in Lemma [A.5] we estimate (7)) from
above and absorb the respective gradient into “the right-hand side. Therefore

cQ)C
Dy VVillZzim < IVollZei) = IVR(DlIZ2i) + CallorllZa @y + (Dk LIVl 220

C)C,
Dy

def
< |Voll72(ay + ColTHT| AT + 1Q[|T| A3 = (4.8)

holds with a constant C(€2) > 0, according to ([£4]). Using weak lower semi-continuity
of the norm and (Z6), we find

T T [\
/ / IVVie|? < liminf/ / |VVi|? < liminf — =0,
o Jao k—oo Jo Ja k—oo Dy
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i.e. VVy =0 almost everywhere in  x (0,7). This implies that the cytosolic concen-
tration is spatially constant.

Strong convergence and a limit of Vi, With ([@3) we have found that u; and vy
are in H'(0,T; (H'(T'))*). According to Lions-Aubin’s Lemma (.7 applied to the triple
(HY(T"), L3(T"), (H*(T"))*) we find a subsequence k — 0o (not relabled), such that u and
vy, converge strongly in L2(0,T; L?(I")), i.e.

Up = Uoo and vy — Vs in L2(0,T; LA(T)). (4.9)

The strong convergence for Vj, in L2(0,T; L?(2)) cannot be shown with equation (ET]),
since the expression Dy, fQT VVi - Vi is apparently not under control for k — co. We
follow a different strategy to obtain a convergence result and claim the following.

Lemma 4.1. For the subsequence k — oo, such that [&B8) holds and the weak L?-limit
Voo we have

Vo € WH(0,T)  and / Vi(t)dz — Vo (t) || for any t € (0,7),
Q

where we have chosen a continuous representative of V.

Proof. We use spatially constant testfunctions n; = 1;(t) in equation (&I]) to find that
t— Jo Vi(z,t)dz is weakly differentiable with

d
&/ Vk(ﬂfat)dﬂF:/Q1(uk7vk)Vk+qQ(uk,Uk)vk~
Q r

In addition, by Assumption [[4 and (4.4

‘/F qi(ug(z, ), vp(z, ) Vi(z, ) — qa(uk(z, ), vi(z, ) vk (2, -))do(z)| < c1(Cq, A1, A2)T.

is uniformly bounded in L*°(0,T") and ¢; > 0. This implies that [, Vi(z,-)dz is in
Whe°(0,T) and is uniformly bounded. With Sobolev’s Embedding Theorem [A.7] we find
for every o € (0, 1) that there is a compact embedding from W1°°(0, T') into C%([0, T7).
The compactness implies that there exists a subsequence k£ — oo and

w e C%([0,T]) N WhH>(0,T),
such that

/ Vi(z,t)de — w(t) holds for any ¢ € [0,T].
Q
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4 Application: A Shadow System reduction

Here, we have to check if the limit objects w(t) and [, Vo (t)dx are the same. We use
the weak convergence Vi, — Vi, in L?(0,T; L%(Q2)) and the spatial homogeneity of Vi
to compute for every n € L%(0,T)

T
Ammwwmww

= lim / Vie(z, t)dzdt — / / (z,t)dzdt
k—00
— lim ( / n() / Vi(w, t)dadt — / () / Vk(x,t)dxdt> —
k—o00 0 O 0 Q
All together, this shows that the limits are the same. O

By similar arguments we also observe that

tr—>/uoo(x,t)dm, tr—>/voo(:v,t)dx
r r

have continuous representatives.

Mass conservation We set 1; = 1 and find by adding equations (Z1)—([Z3]) that for
every k the mass is being conserved, i.e.

/ Vie(z, t da:+/ (ug + vg)(z,t)do(x / VodI-f-/ (uog + vo)do(z) (4.10)

for almost every ¢ € (0,7). Passing to the limit & — oo in equation (@I0)), we find with
the deductions from above that

Voo (1)|Q] —I—/ (Uoo + Vo) (2, t)do (2 /Vodx+/ (uo + vo)do(z). (4.11)
holds.

The nonlocal functional We conclude from (£I1]) that

1

1
%mzmm—mﬁ%+%mmm

for every t € (0,T) for mgy being the mass stored in the system, see (I.T]). We remark
that if the initial spatial concentration Vj is constant as in [RR12], then

1 1
Vaolt) = Vot /F (10 + 0)do () ~ /F (ttso + 000 (£)do ()

holds.
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Limit in the equations We follow the deductions in Subsection3.33l The convergence
results for uy and vy according to (A3 and (4.6) imply that we are allowed to pass to
the limit in (£2) to find that (IZal) holds.

For a convergence result for (£3)) we have to control V4 on I' and have to ensure that
Vi converges to Vi.,. We consider the following estimate for w € H'(£2) with mean value
zero. A boundary type inequality holds,

1

WH“’”L?(F) < wl[zamy < e2llVwl[ 220, (4.12)

where ¢o > 0 depends on ), see Lemma [A.4] for v = 1. We apply [{I2) to Vi decreased
by its mean value to obtain

T 1 T
Wt = g [ Vi Dy at < s [ IVVC 2 Byt

A

A
SCngk%OaSk%oo,

for a constant ¢3(£2) > 0, where we used ([@.8). Then, for V; on I" we obtain

lim Vk
k—o0

1
:lim—/V:Voo
1 Jo "

T k—o00

in L2(I'7). Then, the convergence results for ug, v, and Vj imply that we are allowed to
pass to the limit in (£3), see the arguments in the proof of Proposition BI1l We obtain
that (I2D) holds and the limit function of Vi on I' is the same as in the bulk Q. This
completes the proof of Theorem [[L3]
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5 Summary

The main purpose of this thesis was the mathematical analysis of certain spatially cou-
pled Reaction-Diffusion Systems arising in the description of Signaling Networks in bi-
ological cells. The spatial coupling between a diffusion e.g. in the cytosolic bulk and
reaction and diffusion processes on the boundary surface is given by a Robin-type bound-
ary condition that introduces a source term in one of the membrane GTPase equations
given by the outflux from the bulk of cytosolic GTPase. There is a great interest in un-
derstanding the implications of such type of spatially coupled systems. Our main goal
here was to provide existence and well-posedness results for prototypes of such models,
like (FCRD) and (GFCRD), as they are not covered by standard theory. These main
results can now be used as a starting point to examine more complex spatially coupled
systems and to rigorously investigate qualitative properties. The applied methods to
prove the main results were the following:

In the second chapter we have considered regular data and classical diffusion operators
(in case of the surface equations expressed by the Laplace-Beltrami operator). The result
on existence of classical solutions for (FCRD) in Theorem [[.T] was based on an operator
splitting approach that decouples bulk and surface equations. With the help of L°-
a priori estimates, short-time existence for Reaction-Diffusion Systems on manifolds,
regularity results for scalar parabolic equations on manifolds and nonlinear theory of
parabolic initial-boundary problems we were able to obtain Schauder estimates in Holder
spaces of different orders. It turned out that the combination of such estimates was
sufficient to apply Schauder’s Fixed-Point Theorem to an updating procedure. The
uniqueness of the resulting fixed-point was independently achieved with weak theory
from Chapter B} bootstrapping arguments led to a classical solution triplet (V,u,v) of
the fully coupled Reaction-Diffusion System (FCRD) of parabolic Holder order (2 + «)
for given o € (0,1) on a given time-interval [0, 7], for T > 0. Moreover, we here obtained
that solutions depend continuously on the initial data and are essentially bounded and
nonnegative. The system (FCRD) is well-posed.

Complementary to the classical setting we have also considered possibly nonsmooth
diffusion operators that for example can model heterogeneous domains with specific
properties on the membrane. The existence and well-posedness result from Theorem
for (GFCRD) was based on an implicit discretization in time which reduced the given
nonlinear parabolic system to a sequence of nonlinear recursive elliptic problems. This
was then solved by an application of the theory of monotone perturbed operators. We
furthermore here proved continuous dependence on the initial data, an L?-continuity
property and that solutions are essentially bounded on bounded time intervals. In gen-
eral, for our system, this cannot be deduced from an invariant region principle. Instead

93



5 Summary

we use a different technique on finding L°°-a priori estimates as in Chapter 2 namely,
based on appropriate testfunctions and comparison functions.

Furthermore, in Chapter @] we applied the results from the weak theory to find that
an asymptotic model reduction for (GFCRD) can be deduced rigorously, cf. Theo-
rem [[L3l In fact, when the cytosolic diffusion constant formally tends to infinity, then
the concentration in the bulk is spatially constant. A reduced system of partial differen-
tial equations remains on the boundary incorporating a nonlocal functional; a so-called
Shadow System appears.

Let us finally point out two directions of more complex models motivated by Signal-
ing Networks in biological cells. Firstly, one could integrate directed signaling pathways
on the inside of a cell, i.e. information is being distributed along microtubulis or the
cell skeleton. In this case, drift terms occur in the bulk equations, which need fur-
ther investigation, see |[Cal+12] and the recent contribution |[AR16] for some simplified
models in that direction. Secondly, the assumption that the cell has a fixed geometry
is very restrictive and in many cases not realistic. Blood cells, human skin cells and
pancreas cells bend and stretch forced by external and internal influences. Therefore, it
becomes necessary to consider a moving membrane surface coupled to the bulk-surface
Reaction-Diffusion System. Under proper assumptions on the geometric evolution, like
a preserved regularity of the manifold, and reasonable governing equations for bending
and stretching operations, our results and methods of proof may be transferred to such
extended systems.
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Appendix: background material and
auxiliary results

In this Chapter we state and prove auxiliary results which we have referred to in the
other Chapters of this thesis.

A.1 Inequalities, notation and function spaces

A.1.1 Inequalities
For convenience, we state the following inequalities.

e For € > 0, each of the inequalities

b2 b2
2ab < ea’+ — and ab < ca’® + —
€ 4e
is called Young’s Inequality, see for example |[Eval(, B.2., p. 7T06ff.].

o Letm € Nand w; € LPi(u) fori =1,...,mwithp;, q € [1, o0] satisfying > 1", p%_ =

%, then the product wy - - - wy, is in LY (u) and Holder’s Inequality

m m
[T w: < T will 2w
i=1 lpa(u =1

holds. Here, p is an appropriate measure, for example the Lebesgue measure on {2
or the surface area measure on I', see [Alt12, p. 54ff.].

A.1.2 Function spaces on flat domains
In this subsection we introduce Hoélder spaces, parabolic Holder spaces, Sobolev and

Bochner spaces for a domain  C R™ or Q7 C R™*!, respectively.

Hoélder spaces and parabolic Holder spaces The set of continuously differentiable
functions w :  — R of order k shall be denoted by C*(€2), such that there exists a con-
tinuation on the boundary of €2 for derivatives up to order k. We define a corresponding
norm by

k
def i
||w||ck(§) = Z ||Djw||00(§)
=0
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Appendix: background material and auxiliary results

with supremum norm HWHCO(Q) =sup{|w(z)| : 2 € Q}. For0<B<land w:Q—R
let the quantity

w(z) — w(y)]

holg(w, Q) Ly p{ P

be the Hélder constant of w. The Banach space given by

CHA@Q) L {w e C*@Q) , holg(0°w, Q) < 0o, |s| = k},
S 0wl o + Y hols(0'w, Q)

ls|<k |s|=m

[0l e )

is called Hélder space of order (k+ ) for 8 € (0,1), for further details and properties
see [Alt12, p. 46]. We denote the space of Lipschitz continuous functions by C%(Q).

A function w : Q7 — R lies in the space H*t#:(*+8)/2(Qr) if the corresponding norms
we denote with |w\g€;ﬁ ) are finite. The cases where k = 0,1,2 are of interest in this
thesis. We write the norms out in full for £k =1, 2, i.e.

(1
Iw\ ) = lwllco@zy + I1Dewllco@yy + <D$w>ff)TT
() D (D) 412, (A1)
t,Qr '
(2
|w\ +8) = [Jw|| o @n T | Dz wHCO(m) + ”Dgw”co @) T HthHCO(m)
<D2 >(5) + (D, w>( ) + (D, w>(5/2)
D 1 8 w2
Ar =T
(w) A _ sup jw(z,t) — w(a’,1)]
T eoeenr  [ro el
|z—2'|<00
<w)(5)7 = sup lw(z,t) —w(z,t')|
BET ) (et €T [t =17
[t—t'|<o00

where we adopted the notation from [LSUGK, p. 7f.]. Here, gp > 0 is a fixed constant.
Remark that

w5 < C (0, B)w| G

holds.

Sobolev and Bochner spaces Consider the measure space (£, B, £3) for a o-algebra
B on .

LP(Q) ={w:Q — R, wis £ measurable and / lw[PdL? < oo},
Q
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A.1 Inequalities, notation and function spaces

where p € [1,00). For p = o0, let L>(Q2) be the set of essentially bounded and L£3-
measurable functions. For p € [1,00) let LP(§2) be the Banach space consisting of all
equivalence classes of functions w : 2 — R, such that [, |w[PdL? < oo holds . The
corresponding norm is given by

A\ 1P
ol = ([ upac)

Let L°°(2) with the norm [Jw| e (q) df sup,cq |w(x)| denote the space of essentially
bounded functions on 2. With these definitions we are able to define Sobolev spaces on
Q2. For k € N and p € [1, 00| we set

WE(Q) = {w € LX(Q) , DPw € LP(Q) for § € N°, || < K},

1/p
p
HwHWk,p(Q) = {(ngk HDBU}HLP(Q)) for 1< p < o0
> 181<k 1 DPw]| Lo @) for p = 0.

For p = 2, we write H¥(Q2) = W*2(Q) for convenience. The dual space of H*(Q2) shall
be denoted by (H¥(2))*. For further results on Sobolev spaces we refer to [Brell] or
[MS11].

For a proper formulation of time and space dependent functions it is convenient to
define Bochner spaces. Let X be a Banach space, T > 0 and p € [1,00). For strongly
measurable functions w : [0,7] — X we set the space LP(0,7;X) equipped with the
norm

def T 1/19
Wz o,r;x) = (/0 ]w(t)||§(dt> <00

to be a Banach space of Bochner-type. Here, w is a representant of an equivalence class
such that all functions in this class coincide for almost every ¢ € [0,7]. This definition
was taken from [Schl3, p. 191ff.], where further properties of Bochner spaces can be
found.

A.1.3 Definitions and properties from differential geometry

The following general definitions and properties can be found in [Aub9g|.

Smooth manifolds We assume that I' C R? is a Riemannian manifold of dimension
2 or, in a more abstract sense, is a topological Hausdorff space, such that for every
point p € T, there exists a neighbourhood homeomorphic to R%2. We assume that I is
of class C'*°, i.e. local charts parametrize smoothly, coordinate changes are smooth. We
remark that the C°°-assumption is not necessary and one could assume a less regular
Riemannian manifold. Moreover, we assume that I' is orientable, compact and closed
that is represented as boundary I' = 9 of an open domain 2 C R3. In particular, there
exist exactly two different continuous normal fields, there exists a finite atlas and I' has
no boundary.
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Appendix: background material and auxiliary results

Tangential space, Riemannian metric Let p € ', then ¢ € R? is called tangen-
tial vector at p, if there exists a Cl-curve v : (—g,e) — I for £ > 0 with v(0) = p and
4(0) = v. The space of all tangential vectors in p is denoted by T, I" and called tangential
space in p. Let ¢ : U C R?> = W C T be a local chart and zy € U, then the matrix

def
9(z0) = D" (z0) Dep(0) € R**?,

which we identify with its induced bilinear form g, (v1, v2) def v1-g(x0)v2 for vy, ve € R?,
is the pullback metric in xg. The matrix g;;(zo) is symmetric and positive definite, the
inverse shall be denoted by (¢%/)1<; <2 = ¢g”. This gives rise to the definition of the
first fundamental form on I' as a scalar product of two vectors of the tangential plane,
ie. Iy(01,02) = U1 - V2 = gu,(v1,v2) Where Dy v; = 01 and Dy va = U2. In our case
g(xo) exists for every xg € I'. Therefore, we say that (I',g) is a smooth differentiable
Riemannian manifold.

Covariant derivative and surface gradient The motivation to introduce covariant
derivatives is that one wants to measure the derivative on non-flat spaces, lateral deriva-
tives, which is different to the usual derivative in space. There are several definitions
to determine covariant derivatives, namely for functions, for vector fields, covector fields
and tensor fields on I'. We focus on the first case and begin with the following: for
w € CH(T), we define the map Drw, : T,I' = R via d(w 0 @), (v) = Dpwy(,) De(z)v for
all v € T,I" and all local charts ¢ with ¢(z) = p. Here, we demand that the usual chain
rule holds. The operator Dr on the right-hand side is called the covariant derivative
of w in p. For w € CY(I') the surface gradient Vrw(p) for p € T is given as the unique
vector Vrw(p) € TpI', such that

Vrw(p) - ¥ = Drwy,d

holds for all © € T,I.

Divergence and the Laplace-Beltrami operator Since we are interested in second
order partial differential equations, we introduce higher order surface derivatives by
inductively applying the surface gradient Vr to functions w. Analogously, higher order
covariant derivatives D{; are defined. If these derivatives of order k exist, then w € C*(I")
and the corresponding norm is given by

k
lwllcrmy =D sup [Viw(@)].
]:0 zel

For a vector field X € C1(I'; R?) the tangential divergence is defined by divp X def trvVrX.
For w € C%(T") the Laplace-Beltrami operator Arw € C°(I') is defined by

def ;.
Arw = divpViw.
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A.1 Inequalities, notation and function spaces

Integration on manifolds For the oriented manifold I" we define

dvg def Vdet g dz'da?,

where {x!, 22} is the local coordinate system corresponding to a local chart ¢. This
oriented Riemannian volume element is compatible to the surface area measure do,
the Hausdorff measure on I'. For a local chart ¢ : U — W and a continuous function
w : W — R with compact support on W, we set

/ wdo(x) = / wdo = / wdvg = / (w o @)y/det g dztda?.
rnw rnw rnw U

The map w +—— [pwdv, defines a positive Radon measure, see [Aub98, p. 29ff.]. We
remark that Gauss’ Divergence Theorem holds.

Theorem A.1 (Gauss’ Divergence Theorem). For I' compact, a tangent vector field
X € CYT',R?) and for alln € CY(T) we find

/ ndivp Xdo = — / Vi - Xdo.
I T

Function spaces on manifolds In the last paragraph we already defined spaces of
continuous differentiable functions up to order k on I'. Here, we are introducing Holder
spaces, parabolic Holder spaces and Sobolev spaces on I'. We begin with the definition
of a distance function. We define

dy(p.q) € f{L(y) | 7:[0,1] = T, 7(0) = p, +(1) = g},

with L(y) = fol g(v/(t),~'(t))dt for p,q € T. For B € (0,1) the function w is in CA(T")

is the corresponding norm

|w(p) —w(q)|
wl| s =sup|w|+sup ———— 7
lwllcsry ol ptq  (dg(p:@))?

is bounded. Then, C¥*#(T") for k € Ny consists of functions, such that the k-th derivative
is f-Holder continuous. Vice versa, parabolic Hélder spaces take the corresponding time-
derivatives and some mixed derivatives into account. In the manifold case, we denote
these spaces by H*+A( +8)/2(T ). The first number k 4+ 3 denotes the order of the
Holder norm in space, (k + [3)/2 denotes the order of time-derivatives. We denote the
supremum norm with || - [[cor). A function w: T'r — R is in H*+8.(64+5)/2(T7) if the
quantity we denote with

k
k+ r
wlty™ = lwleory +30 D IDIDR el cogry)

7=12r+s=j
+ Y (DD )P DD =7 ) (A3
t F,mw>mﬁ+ Z < t F,mw>tﬁ ( )
Ur+s=k ’ 0<k+B—2r—s<2 '
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is finite. Here, for some function @ : T x (0,7) — R we have

7) YW
@)= swp PO 0,0
et oonery (do(@,27))
dg(z,2") <00
i | (x,t) — w(z,t)]
<w>(ﬁ£) = sup :
@i @ierr  (E=11)B/2)
[t—t'|< o0

for g € (0,1), where we used the notation in |[LSU68, p. 7f]. The parameter gy > 0
is an injectivity radius which is strictly greater than zero since we are on a compact
manifold and geodesics are uniquely defined. For convenience, we used the notation
Dr, and D; standing for the covariant derivative Dr for spatial dependency on I' and
the time-derivative. These norms are quite similar to the flat case of an open domain
Qe R™

We denote by LP(I") for p € [1,00) the class of all measurable functions w on I', such
that the quantity (- \w|pd0)1/ Pis finite. Then, L?(T") is defined in the common Lebesgue

sense endowed with norm
1
p
fulleory = ( [ fuwPdv,)”

Moreover, the space L (T") shall consists of all measurable functions that are essentially
bounded with respect to the Hausdorff measure. '

Let ¢ be of class C°(I"). Let CL(T') be the space of functions, such that Vi¢ € LP for
0 < j < k. The completion of C}(I') with respect to the norm

k
pllwesmy = D IVl Lo(r)
j=0
is called Sobolev space W*P(I') on T'. For p = 2, we write H*(T").

A.2 Gagliardo-Nirenberg and boundary estimates

We aim on finding estimates for functions w :  — R, such that expressions w € LP(T)
are estimated by terms defined in €2. We begin with a variation of Gagliardo-Nirenberg
estimates which is taken from [LU6S, p. 45].

Lemma A.2 (Gagliardo-Nirenberg-type inequality). For a bounded domain 2 C R™, let
w € WE™(Q), m € N, have a mean-value of zero, i.e.

/Qw(x)daz =0,
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A.2 Gagliardo-Nirenberg and boundary estimates

then the inequality

loll oy < eIV gy Il oy

holds, whenever 3 =y + (1 =), 2 1 and vy € [0,1] for ¢ = c¢(m,p,7,n,a) > 0.

m T
Proof. The proof of this classical interpolation estimate can be found in several books,
for example in DiBenedetto [DiB02, p. 423ff.]. The ideas stem from the papers of
Gagliardo |Gagh&] and Nirenberg |Nir59].
O

As a corollary we formulate this statement for a compact, smooth 2-manifold I".

Corollary A.3. Let I' C R? be a smooth, compact 2-manifold. Let w € H'(T') have a
mean value of zero. Then there exists a constant ¢ > 0, such that

ol oy < el Vrwl Yo ol i, (A4)

where ;1) = 1_77 for v €(0,1).
Proof. See [DHV9Y]. O

The connection of boundary values and values inside a domain is described by the
following lemma.

Lemma A.4 (Multiplicative Gagliardo-Nirenberg-type inequality). Let 2 C R™ be a
bounded Lipschitz domain and T' be its boundary. Then for w € H'(Q) with mean value
zero we have

lwllzrry < el Vg lwlla, (A.5)

with v € [0,1], p = 221 and ¢ = ¢((Q),p) > 0.

Proof. This assertion follows for example with |[MS11, Corollary 2, p. 82]. In the
corresponding notation we set p = H?, the Hausdorff measure on I', k=0, [ = 1 and
s = 2. After rearranging the notation we find
1—
loll ey < cllwls o lwliay. (A.6)
where ¢ = ¢(2) > 0. Since the mean value of w was claimed to be zero, Poincaré’s
Inequality implicates the desired inequality. O

The statements above lead to an LP-boundary estimation by arbitrarily small amounts
of the L?-gradient norm and the L?-norm.

Lemma A.5 (s-estimation on the boundary). Let Q@ C R™ be a bounded domain and T’
be its Lipschitz boundary. For an arbitrary function w € H' () and 0 < ¢ < 1 we have

—B
leolZqry < el Veol2a0) + ™5 CQ) w220 (A7)

with p = 21571;[13) and € (0,1).
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Proof. A proof can be found in |Gri85, Theorem 1.5.1.10, p. 41]. O

Corollary A.6. Let Q C R3 be a bounded domain and T be its boundary being a compact,
smooth manifold. For w € H*(Q) with 0 < ¢ < 1 we have

1
<C(Q _
w2y < C() (\ﬁ”vaL?(Q) + \/EHTU’L?(Q))

with C () > 0.

A.3 Sobolev Embeddings

In this subsection we are restating Sobolev’s Embedding Theorem and in particular
results about compact embeddings. For the case of a domain with Lipschitz boundary
we have the following result.

Theorem A.7 (Sobolev’s Embedding Theorem, flat case). Let 2 C R™ be a domain and
T" be its Lipschitz boundary.

1. To embed Sobolev spaces into Holder spaces, let k € N, m € Ny and 1 < p < 0.
a) If k=2 = m+7 holds for 0 <~ <1, then Id : WHhP(Q) — C™H(Q) is a
continuous embedding, i.e. there exists ¢y def c1(Q,n,m,p, k,7y), such that for
w € WEP(Q) the inequality
[wllem+~ @) < etllwllwrr)
holds.
b) If k=2 >m+r, then Id : WkP(Q) < C™(Q) is a continuous and com-
pact embedding.
2. To embed Sobolev spaces into Sobolev spaces, let ki, ke € Ny and 1 < p1,ps < 0.
a) If k1 — p% > ko — p% with k1 > ko, then Id : Wkl’i”l(Q) — Wk2’p2(Q) is a
continuous embedding and there exists a constant co aef ca(n, Q, k1, p1, ka2, p2),

such that for w € W*P1(Q) the inequality

[wllwhzee @) < callwllyrre )

holds.
b) If ki — 3+ > ka — & with ky > ks, then 1d : WHPL(Q) s Wh2P2(Q) is a
continuous and compact embedding.
Proof. The proof is given, for example, in |[Alt12, p. 345ff.; 350ff.]. O

For functions defined on a compact 2-manifold I' we cite the following embedding theo-
rem taken from [Aub82, 2.20 Theorem, p. 44].

Theorem A.8 (Sobolev’s Embedding Theorem on compact manifolds). For compact
manifolds Sobolev’s Embeddings Theorem [A.7 holds.
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A.4 Gronwall’s Lemma

Here we restate a differential and integral formulation of Gronwall’s Lemma.

Lemma A.9 (Gronwall’s Lemma). Let w, 8 and v be nonnegative continuous functions
defined on [0,T].

(i) If w satisfies the integral inequality

w(t) < B(t) + /Ot v(s)w(s)ds  for all t€[0,T],
then

w(t) < B(t) + /Ot B(r)y(r) exp (/Tt'y(s)ds) dr for tel0,T].

(ii) If w is differentiable in (0,T) satisfying
w'(t) < B(t) +y()w(t) forall te (0,T),

then
w(t) < w(0)exp (/Ot'y(s)ds) + /Ot B(r)exp (/rt'y(s)ds> dr.

Proof. The proof for the integral form can be found for example in [Pac98, Theo-
rem 1.3.2, p. 13] and the second assertion can be found for example in [EvalQ, p.708].
O

A.5 Generalized Lebesgue Convergence Theorem

Here we restate a generalized Lebesgue Convergence Theorem. This standard result can
for example be found in [Alt12, 1.25, p.62].

Theorem A.10 (Generalized Lebesgue Convergence Theorem). Let @ C R™ be a boun-
ded domain, p € [1,00) and g, hx: Q2 =R, k€N, and g,h: Q2 —= R for k— co. If
gk — g pointwise a.e. and |gi| < hg with hy — h in LP(Q)), then

g€ LP(Q) and gr— g in LP(Q)

holds.
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