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Abstract: We consider the energetic description of a visco-plastic evolution
and derive an existence result. The energies are convex, but not necessarily
quadratic. Our model is a strain gradient model in which the curl of the
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time-discretization, the limit procedure relies on Helmholtz decompositions
and compensated compactness.
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1 Introduction

The quasi-stationary evolution of a visco-plastic body is analyzed in an energetic
approach. We use the framework of infinitesimal plasticity with an additive decom-
position of the strain. The equations are described with three functionals, the elastic
energy, the plastic energy, and the dissipation. The three functionals are assumed
to be convex, but not necessarily quadratic. In this sense, we study a three-fold
non-linear system.

Our interest is to include derivatives of the plastic strain p in the free energy.
We are therefore dealing with a problem in the context of strain gradient plasticity.
Of particular importance are contributions of curl(p) to the plastic energy, since
this term measures the density of dislocations. Attributing an energy to plastic
deformations means that hardening of the material is modelled. Since derivatives
of p contribute to the energy, the model introduces a length scale in the plasticity
problem; this is desirable for the explanation of some experimental results.

We treat a model that was introduced in [I6], with analysis available in [I1],
[21], and [22]. We discuss the literature below in Section [I.2] The model is entirely
based on energies and is thermodynamically consistent. Our main result regards
well-posedness of the system. We use the framework of energetic solutions to derive
an existence result.

!Technische Universitéit Dortmund, Fakultit fiir Mathematik, Vogelpothsweg 87, D-44227 Dort-
mund, Germany.



2 Strain gradient visco-plasticity

1.1 Model and main results

We denote the deformation by v and decompose the gradient into an elastic and a
plastic part, Vu = e + p. We do not use the symmetrization in the decomposition,
but note that only the symmetric part sym(e) contributes to the elastic energy.
The elastic energy W, describes the elastic response of the material and the plastic
energy W, describes hardening effects and gradient plasticity. The precise form that
we study in this contribution is given in f; in a special case (setting H, = 0,
H, =0, r =2), the two energies read

Wi(Vu,p) = / Q(sym(Vu — p)). (1.1)

W, (p) = / eurl(p)? + 8|Vp[? (1.2)

where () associates to a symmetric matrix an elastic energy, and 6 > 0 is a real
parameter. Below, we write the elastic energy density in the form W.(F,p) =
Q(sym(F — p)). The two energies are accompanied by a dissipation rate functional
R with convex dual R*. The latter is used to express the flow rule of the plastic
strain. We do not consider positively 1-homogeneous functionals R in this work; we
hence treat here a visco-plastic model and not a rate-independent model.

We use the following variables: The deformation u with the two parts e and p of
the gradient. The stress o depends on elastic deformations and is, as usual, given
by the functional derivative of the elastic energy. The gradient plasticity model uses
one additional variable, the back-stress variable Y. The back-stress X controls the
evolution of the plastic strain and is given by a functional derivative of the total free
energy W = W, + W, with respect to p. In its strong form, the plastic evolution
problem reads

—V.o=F,
o =sym VW, (Vu,p),
-3 e W (Vu,p),
O € OR*(X) .

N N N N
—_ = =
S U = W
N N N N

The variational structure of the system can be made even more apparent by writing
the two equations (1.3)—(L.4) equivalently as f € ,W(Vu,p).

In our results, we treat more general energies than those of —. The
additional term H,(p) of allows to introduce more general hardening laws.
The term H.(V*u) of allows to associate an infinite energy to deformations
with self-penetration (we emphasize that we do not introduce growth assumptions
for H, and H.).

Main results. Our main results are existence theorems for the above system of
equations. A major difficulty in the analysis is the non-linear character of the two
equations and (in combination with the flow rule , which is always
non-linear). Furthermore, the plastic energy contains the quantity curl(p); this
means that the back-stress 3 contains the contribution curl(curl(p)).
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The proofs rely on an energetic formulation, avoiding the deformation variable
u. This is possible through the use of a marginal energy, compare for example [24]
and [19]. This concept makes the gradient flow structure of the problem even more
apparent. We construct approximate solutions through a time discretization of the
problem, solving a stationary variational problem in each time step. At this point,
the explicit time dependence of the energies must be treated with care, since the time
dependence involves the deformation w. The limit procedure relies on (compensated)
compactness properties of the sequence of approximate solutions. In the case 6 =0
we need Helmholtz decompositions and the div-curl lemma in order to perform the
limit procedure. The limit functions are shown to be energetic solutions to the
system.

In our first theorem, we treat the case 6 > 0 and quite general energies. In this
case, the plastic energy provides estimates for all derivatives of p and hence com-
pactness of approximating sequences. Theorem makes the following statement
precise: Given a load f, an initial datum pg, a time horizon 7' > 0, and Q C R3,
there exists an energetic solution to system (1.3)—(L.6) on Q x (0,7).

Our second theorem treats the case that the plastic energy contains curl(p), but
not the full gradient of p (i.e.: 6 = 0). In this case, only estimates for certain
derivatives of p are at our disposal and space-time L?-compactness of approximate
solutions cannot be expected. Compensated compactness nevertheless allows to
derive our second existence result; loosely speaking, the control of curl(p) is dual to
the control of V-o. While quite general energies are treated in Theorem [2.5, we can
deal with the case § = 0 only for certain energies, essentially those of ([1.1))—(1.2).
Theorem [2.6] states the existence of solutions for § = 0.

1.2 Discussion and comparison with the literature

On the plasticity model. The importance of strain gradient models to describe
the plastic deformation of metal is well-known, we mention [9] for an early model
and the discussion of experiments with thin copper wires. For a comparison of
different approaches, see [0]. The physical basis of a strain gradient model is a
higher order contribution to the energy: Kroner’s formula uses the curl of the plastic
strain to measure the dislocation density (cp.[29] for a recent discussion). Hence
curl(p) contributes via the self-energy of dislocations to the total energy [23]. For
an analytical investigation of the energy based on single crystal plasticity we refer
to [7]. In comparison to our model we note that the energy contribution of formula
(2.4) in 7] is an L'-norm of the curl, and not a squared contribution as in (1.2)). We
regard the energy of as an approximation that regularizes the mathematically
derived (single crystal) L'-type energy.

The strain gradient model of this work appears e.g.in [16]. Writing their vari-
ables h?, o, 0¥ as p, curl(p), X, our flow rule appears as equation (12), the
subdifferential description of —¥% in (1.5 appears in Remark 2.2 of [16]. A first
mathematical discussion of the resulting system was performed in [21]. Existence
results were shown in [11] and [22] in the case of quadratic energies as in (L.I)-
. Of a more general nature is the approach of [19], which allows to treat also
non-convex energies; we give a more detailed comparison below.



4 Strain gradient visco-plasticity

In the context of finite strain elastoplasticity (i.e. with a multiplicative decom-
position of the gradient) we are only aware of models that take the full gradient
of p into account in the energy. An existence result for the single time-step in this
situation is derived in [I8]. The time continuous problem was solved in [20] for
multiplicative visco-plasticity, and in [I5] for multiplicative gradient plasticity. We
recall that the full gradient of p was used in these contributions and note that quite
restrictive growth conditions must be imposed on the energy contributions.

Let us conclude this discussion of the plasticity model with a remark concerning
the non-quadratic character of the energies (and plasticity models in general). Plas-
ticity models with an additive decomposition of the strain are sometimes criticized
for the following reason: The assumption of an infinitesimal deformation does not
fit well with the non-linear character of the plasticity system (in particular, of the
flow rule), since the non-linear character of a system becomes relevant only at finite
deformations. But the difficulty can be reconciled with a proper rescaling of the
system: In the case of small deformations we consider configurations of the form
® = id + €u, where ¢ > 0 is a small parameter and u (a quantity of order 1) is
the rescaled deformation. If, in this scaling, a non-linear function F of the physical
equations is of the form F(®) = G((V® —id)/e), then the quantity u is described
by a non-linear system that involves G—even in the limit ¢ — 0.

For the above reasons, we are convinced that non-quadratic energies should be
considered in a plasticity problem, even if the framework of infinitesimal deforma-
tions is used. For the general setting of plasticity models see [1] and [13], we also
mention [§] for critical comments concerning current finite strain plasticity models.

Methods of proof and relations to other mathematical results. We derive
existence results with the help of a time discretization. The time discrete solutions
are found with variational arguments. The energies provide a priori estimates for
the sequence of approximate solutions and we obtain easily the existence of (weak)
limits. These are our candidates for a solution. The main task is to perform the
limit procedure, i.e.to show that the weak limits provide a solution.

For the limit procedure, we work in the setting of energetic solutions [I7]. In
this approach, a weak solution is defined as a tuple of functions that satisfies two
relations: a stability property in every time instance ¢ and a (time integrated)
energy inequality (compare our conditions (S1) and (E;) in Definition 2.2)). Since
our model uses additionally the back-stress variable, we have to accompany the
solution concept with condition (F;) to relate ¥ to the other quantities. We find it
actually helpful to work with an even more condensed system of equations in which
the deformation u is not used explicitely, see conditions (F3) and (E) in Definition
2.3l The limit procedure makes use of lower semicontinuity of functionals and of
compactness properties.

We already mentioned the existence results of [I1] and [22]. These results are
also based on time discretizations of the problem. Since only quadratic energies are
studied in both [I1] and [22], the two relations and are linear in their
case. This allows for a much more direct derivation of the limit equations.

Let us compare our results once more with those of [I9]. Their system can be
related to our model by replacing their variables ®, z, I, £!, I?, 1 by our variables u,
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p, W, W,, W, R. We have less restrictive assumptions on ) (compare the square-
root growth assumption on D, W in (W3) of [19]). Another difference is that in [19]
the values of z (our p) are confined to a compact set by using an indicator function
in the energy. Furthermore, their exponent r in |Vp|”™ must be larger than the space
dimension. We finally recall that [I9] always uses the full gradient of z ~ p, while
we treat also the case 6 = 0. On the other hand: We demand the convexity of all
energies. In this point the contribution [19] treats a much more general setting.

For other results containing the full gradient (the case § > 0), we mention the
book by Roubicek [25] and note that the explicit time dependence of the energy
(that is present in our model due to the dependence of & on f) is not covered in his
result (0,f = 0 in our setting). The same remark is valid concerning the abstract
result of Colli and Visintin [0].

The remainder of this article is organized as follows. In Section [2| we state the
model in a precise way and formulate the assumptions on the data. In Section
we show a stability property of our solution concept: Under certain assumptions,
sequences of approximate solutions converge to solutions. In Section {4] we perform
the time discretization and construct approximate solutions. The stability results
of Section [3| can be applied and yield that the limit functions provide a solution to
the time-continuous model.

2 Model equations and assumptions

For a domain Q C R? and a space-time cylinder Q7 := Q x (0,7) we denote the
deformation by u : Qr — R? and the plastic strain by p : Qp — R3*3. Following
[16] and [21], we do not impose that the plastic strain is symmetric; to incorporate
rotational invariance of the energy, the elastic energy depends only on e = sym(Vu—
p). We write here R3*3 for the space of symmetric n x n matrices and denote the
projection onto symmetric matrices by sym : R¥3 — R3*3 F s %(F + FT). We
use also the notation V*u := sym Vu such that V*u = e 4+ sym(p).

Despite its importance in mechanics, for simplicity of the presentation, we do
not incorporate the decomposition into spherical and deviatoric parts in our model.

We use an energetic approach and formulate the plasticity equations with ener-
gies and dissipation rate functionals. We use an elastic energy W,, a plastic energy
W,, and the total energy W = W, +W,. The energies are based on energy density
functions. We use the following four functions:

Q:R§X3—>R,6HQ(€), R:R3X3—>R,q»—>R(q),

2.1
H,:R¥»? 5 R, Vou > H,(Viu), H,:R¥3 5 R, prs Hy(p). (2.1)

The elastic energy density W, : R3*3 x R¥3 — R is
W.(Vu,p) := Q(sym(Vu — p)) + H.(V?u) . (2.2)

We are interested in a strain gradient plasticity model. To introduce deriva-
tives of p in the energies, we use a factor 6 > 0 and an exponent r € R,
r > g. We furthermore consider the curl of p = (p; ;) ;, which we define row-wise:
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(curlp)y, := curl(pg.). With this definition, every smooth function ¢ : Q@ — R3
satisfies (curl V) = curl((Ve)i, ) = curl Vg, = 0. For functions u : Q — R3
p: Q — R33 we define the energies

W.(Tup)i= [ WilVup), (2.3
W)= [ {,(0)+ |eurl o +5191'} 2.4
R(a) = [ Rlo). (2.5
and use the two convex duals R* and R*. The total energy is
W(Vu,p) :=W.(Vu,p) + W,(p) . (2.6)

General assumptions

We next collect our assumptions on the energy functionals, on initial and boundary
conditions, and on the applied loads.

Assumption 2.1 (Energy and dissipation functional). Let Q : R3*3 — [0, 00) and

R, R* : R¥3 — [0,00) be convex and continuous, and let H, : R33 — [0, 00] and

H, : R¥3 — [0, 00] be conver, proper and lower-semicontinuous, with 0 € dom(H,).
We assume that QQ, R, R* have quadratic growth: For 0 < ¢ < C' holds

c¢]* < Q(¢) < ¢, (2.7)

for all matrices ¢ € R¥3 and

cl]* < R(€) and R(¢) < CIEf, (2.8)
cl]* < R (€) and R(¢) < ClEf, (2.9)

for all matrices & € R3*3,

Function spaces and boundary conditions. We always assume that 2 C R3
is a bounded Lipschitz-domain. In the case § = 0, we assume additionally that 2
is simply connected with connected boundary, and that 9 is of class C™! (this
assumption could be replaced by a convexity requirement). We always assume that
we are given a relatively open non-empty subset I'p C 0f).

To impose a Dirichlet boundary condition on I'p we introduce the function space
HE(S;R3) of functions in H(Q2) with vanishing trace on I'p. Its dual space is
denoted as H;'(€2;R?). For the prescribed load we assume

f e L*0,T; L*(R*)) N HY0,T; Hy (S R?)) (2.10)
For p we consider an initial condition

po € L*(Q;R*3). (2.11)
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We denote by Hy(£2,curl) the space of all p € L*(2;R3*%) that have zero tan-
gential trace p X v (where v is the exterior normal on 0f2) in the sense that

/ (p:curlp—curlp:p) =0 forall p € CH(QRY). (2.12)
Q

We equip this space with the inner product

(p, Q)HO(Q,curl) = (p, Q)LQ(Q;R3X3) + (curlp, curl Q)L2(Q;R3X3)

and the induced norm || - || gy (@,cur). Then Hy(€2, curl) is a Hilbert space and coincides
with the completion of C2°(Q; R**?) with respect to || - || gy (,curt), see [12, Theorem
2.6).

We note that Assumption [2.1implies that R, R* : L?(€; R**3) — [0, 00) and the
function Q : L2(Q; R3*3) — [0, 00) of (4.§)) are continuous.

The strong formulation. In the strong formulation, we seek functions u, o, p, 3
that satisfy the non-linear system — in a classical sense. Let us collect the
equations in the special case H, = 0, H, = 0, using e = sym(Vu — p). Equation
becomes o = sym VrQ(e), the standard equation for the stress. We note
that, strictly speaking, this formula does not need the symbol “sym”: The gradient
of () on the space of symmetric matrices is automatically a symmetric matrix. In
the same setting, becomes ¥ = VpQ(V*u — p) — V,W,(p) = 0 — Lp with the
positive differential operator L which reads Lp = 2 curl curl(p) — 04, p.

Weak formulation in the variables (u,p, X)

Definition 2.2 (Weak solution in primary variables). We call (u,p,>) a weak so-
lution of (L.3)—(1.6) (with boundary conditions) iff the following holds:

(Ry) Regularity and boundary conditions:

u € L*(0,T; Hy(Q;R?)), ¥ € L*0,T; L*(; R*?)), (2.13)

p € HY0,T; L*(;R¥3)) N L*(0, T; Hy(92, curl)), (2.14)

p € L®0,T;WH(Q) ifé>0, (2.15)
and pli—o = po.

(S1) Pointwise energy minimization: Equations (1.3)—(1.4) are satisfied in the fol-
lowing sense: for a.e. t € (0,T) there holds

/WVU /f /WVgop /f (2.16)

for every ¢ € HH(;R?).

(Fy) Back-stress variable: Instead of we demand (here, the dual is formed
with respect to the variable p, the argument Vu is fized): Almost everywhere

n (0,7) holds
W(Vu,p) + W*(Vu,—X) = (=3, p) . (2.17)
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(E1) Energy inequality: Instead of the flow rule (1.6)) we demand that for a.e. t €
(0,T) holds

WTus)p(e) = [ 50t - [ (R R0}
<- / (00 (5), u(s)) ds. (2.18)

Weak formulation in the variables (p, X))

Given an external load f € Hp'(Q;R?) we define two marginal functionals that
assign to p € L?(2; R3*3) an energy:

Ei(p; f) = inf {We(Vso,p) —(/f, 90>’ @€ HE(Q;R3)} : (2.19)
Ep; f) =& f) + Wp(p) - (2.20)

We denote by €(p, f) the set of all u € H}(Q;R?) that attain the infimum in (2.19).
This set is non-empty, see Lemma [A.T]

With the marginal functionals & and £ we can give an alternative formulation
of the equations in the variables (p,Y), avoiding u. This reduction is based on the
fact that requirement is equivalent to: For almost every ¢ € (0,7") holds the
energy minimization property

/ W.(ult / 1) & (p(t); F(1)) (2.21)

Definition 2.3 (Weak solution of the condensed system). We call (p,%) a weak
solution of (1.3)—(1.6) (with boundary conditions) iff the following holds:

(Ry) Onp and X we demand the properties of Item|(Ry )

(Fy) Back-stress variable: Almost everywhere in (0,T) holds
Ef) +E (=% f) =(-%p). (2.22)
(E>) Energy inequality: For almost all t € (0,T") holds
t
£00) £+ [ (RAO() + R (2} ds

t
S_/o ue@(lnf © <6t €L>ds.

p(s),f

(2.23)

The (negative of the) integrand on the right-hand side of corresponds to a
generalized time-derivative of the functional ¢ — W(V, p(s)) — (f(s), ¢), compare
Example 3 in the introduction in [19].

Formally, the three solution concepts are equivalent. Rigorous statements are
collected in the following proposition.
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Proposition 2.4 (Equivalence of solution concepts). The following holds:

1. Let (p, %) be a solution according to Deﬁmtion. Furthermore, let us assume
that for almost allt € (0,T) the set E(p(t), X(t)) consists of a unique element
u(t). Then u € L*(0,T; H,(;R?)) holds and the triple (u,p, ) is a solution
according to Definition [2.3.

2. Let (u,p, X)) be a weak solution according to Definition . Let Q, H,., and
H, be Fréchet-differentiable and let the solution have the regularity O;p €
L0, T; L2(Q;R3*3)), p € L*(0,T; H*(;R3*3)), u € L2(0 T; HQ(Q ]RS)), and
¥ e L*0,T; Hl(Q;R3X3)). Then, with o defined by (1.4), (u,0,p, %) is a

strong solution to ([1.3)—(L.6).

3. Let (u,0,p,%) be a strong solution according to and let Q), H,,
H, be Fréchet-differentiable. Then (u,p,X) is a weak solutzon according to

Definition [2.9

The proof of Proposition [2.4]is given in Appendix[A] We note that the assumption
on the uniqueness of the minimizer in Item 1 is only used to ensure that there exists
a measurable selection t — u(t) € E(p(t), X(t)).

Main results. We now formulate our main results concerning the existence of
energetic solutions.

Theorem 2.5 (Existence result for § > 0). Let Assumption on the energies be
satisfied and let f and py be as in (2.10)—(2.11). For 6 > 0, there ezists a weak

solution (p,>) to system (1.3))~(1.6|) in the sense of Definition .

In the case 6 = 0 we must restrict ourselfes to energies with H, = 0 and H, = 0.

Theorem 2.6 (Existence result for 6 = 0). Let Assumption on the energies and
let the assumptions on f, po, and ) be satisfied. We consider the case 6 = 0 and
the energies of (2.3) —(2.6) with H. =0 and H, = 0. There exists a weak solution

(p,X) to system (L.3)—(L.6) in the sense of Definition [2.5,

3 Stability results

This section is devoted to stability results for the plasticity system in the weak form:
We show that, for convergent sequences of approximate solutions, the limit functions
are solutions to the plasticity system f.

We work with two families of functions, one denoted with a hat and the other
denoted with an overbar. Later on, the first will be a sequence that is obtained by
a piecewise affine interpolation of a time-discrete approximate solution, the latter
will be the corresponding piecewise constant interpolant.
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3.1 Stability for 6 >0

The boundedness and the convergence properties of the sequences are summarized
in the following assumption.

Assumption 3.1 (Converigence properties, 6 > 0). We consider a sequence of
approzimate solutions (P, X)) n together with a sequence of loads (™) that satisfy

P —=p in L7(0,T; WH(Q,R*®) N Hy(9, curl)) (3.1)

P = p in L*(0,T; L*(Q,R¥?)) (3.2)

SV~ % i L2(0,T; L*(Q,R¥?)) (3.3)

o= f in L*(0,T; L*(O; RY)), (3.4)

as N — oo. We furthermore assume that there are approzimations (V)N and
NN that satisfy, as N — oo,

PN —p in HY(0,T; L*(Q,R¥>3)), (3.5)

N — p i L*(0,T; L*(Q,R¥3)) (3.6)

N = f in HY0,T; H; (Q; R?)). (3.7)

Moreover, we assume that the two sequences (p™)n and (pY)n are bounded in
the space L>®(0,T; Ho(S2, curl) N W (Q; R33)) and that (fN)y is bounded in
L>(0,T; Hy'(Q)). Regarding initial values we assume that p™¥(0) = p™V(0) = p(0) =
po and fN( 0) = f¥(0) = f(0) holds for all N € N. Finally, to avoid issues regarding
measurability, we assume that p~, f~, and 8th are simple functions for all N € N.

The next assumption expresses that the functions are approximate solutions.

Assumption 3.2 (Approximate solution properties). Let (p", SN n together with
()n and (f¥)n, (fN)n be sequences as in Assumption|3.1. We assume that these
functions are approximate solutions in the following sense:

1. Relation (2.22)) of Item is approximately satisfied: For almost every t €
(0,7) holds

E@V (0 (1) +E(=ZNW); (1) < (=2V@), 0N (1) +gn(t),  (3.8)
where the error functions gn satisfy fOT lgn(t)|dt — 0 as N — oo.

2. The energy inequality (2.23)) of Item is approximately satisfied: For almost
every t € (0,T), as N — oo, there holds

R )|+ [ RO + R} ds

t
< - inf A fN(s), @) ds + o(1) . 3.9
- /0 aNee(ﬁN<s)7fN<s)>< L7 ) > 1) (3.9)

Proposition 3.3. Let Assumptions and be satisfied. Then the pair (p,>) is
a weak solution of the original problem in the sense of Definition [2.5
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Proof. As weak limits, the functions p and X are in the appropriate function
spaces of Item [Ro)l ¥ € L2(0,T;L*(Q;R3>3)), p € HY0,T; L*(Q;R¥>?)) N
L*(0,T; Hy(2, curl)), p € L*°(0,T; W' (Q)). The properties of Items and
are proved in the subsequent lemmas. Together, |(Ro)l |(F2)l, |(E2)|imply that (p, 3)
is a weak solution. O

Lemma 3.4 (Item|(Fy)|). Let Assumptions and 3.9 be satisfied. Then Item
holds for the limit functions (p, ).

Proof. We use an arbitrary non-negative function § € C*(0,7;R) and consider
inequality (3.8) in the integrated form

T

0 2 tipint [ 0070 74 0) + € (~ SYO: P 0) + V0.5 0] e
—00 0

By the definition of the convex dual £*, for an arbitrary n € W1 (Q;R3*3) N

Hy(Q), curl), we have

T
0> linginf/ O [ (0): 7Y (1) + (=S¥ (0,0 = 5 (0) — 0 P (0) | .
< Jo

We can exploit the strong convergence of p" and fV and the Lipschitz property of
Item [6] of Lemma to conclude the convergence of the last two terms. In the
first term we use once more the Lipschitz property of £ (we exploit the bounds for
fN e L>(0,T; Hy' (Q)) and pV € L>=(0,T; L*()) to control the Lipschitz constant)
and the lower semicontinuity of W, and obtain

0= [ 00 [ 10) + (O —pe) @ fO)] . @10

In order to localize in ¢, we proceed as follows. We consider a countable dense
subset { (n;, W,(n;)) : mi € dom(W,),i € N} of graph W, |qom(w,), Which is separable
as a subset of the separable space L*(2; R3*3) x R.

Since # was arbitrary, we deduce from that there exists an exceptional set
of time instances B C (0,7") of measure zero such that, for all ¢ € (0,7") \ B and all
1 eN,

0 >E(p(t); f(1) + (=2(t),mi — () — E(nis f(2)) - (3.11)
For an arbitrary n € dom(W,) there exists a subsequence ¢ — oo (not relabeled)
such that n; — n in L*(Q;R**3) and W,(n;) — W,(n). Using the first property,
we can pass to the limit in the second term on the right hand side of (3.11)) and
also, by the 2-growth of @, in & (n;; f(t)). Using the second property yields, for all
te(0,7)\ B,
0 >&(p(t); f(t) + (=2(t),n = p(t)) — E(m; £(1)) ,

first for all n € dom(W,) and then, since £(-, f(¢)) is infinite outside dom(W,), for
all n € L*(Q; R3*3). Taking the supremum over all n € L*(Q; R3*3) yields

(=3(t),p(t)) = E(p(t); F(1) +E°( = B(1); f(1))
for all t € (0,T) \ B, and hence the claim. O
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Lemma 3.5 (Reconstruction of displacement fields). Let Assumption be satis-
fied. There exists a sequence (a™ )y in L*(0,T; H5(Q;R3)) such that

a(1) € €@ (1) F¥(D)  and
@F¥ . av W) = it (8,¥(0).a) (3.12)

ae(p™ (t),fN (1))

for every N € N and almost every t € (0,T). Furthermore, there exists a function
uw € L*(0,T; H,(;R3)) and a subsequence N — oo such that

a — w in L*(0,T; HH (4 R?))  as N — oo, (3.13)
u(t) € €(p(t); f(t))  for almost every t € (0,T). (3.14)

Proof. By Lemma , Item , and the continuity of (9, f~(¢), -) under weak conver-
gence in H}(Q;R?), for any N € N and almost every t € [0, T, there exists a function
ul(t) € €(p™(t); FN(t)) that satisfies the minimizing property (3.12)). Note that we
can choose simple functions ¢ — %" (¢); in particular, the functions are measurable.
Lemma[A.1] Ttem [4} and Assumption [3.1]imply that (@) is uniformly bounded in
L0, T; H5(9Q;R?)), hence we deduce the existence of u € L*(0,T; H}(Q2; R3)) such

that (3.13]) holds.

We next want to verify the minimizing property of the limit function u. Let
o € HL(2;R3) be arbitrary. For any non-negative 8 € C>°(0, T;R) there holds

/ /W (Vult /f
<hm1nf/ /W (V™ /fN u () )di
<hm1nf/ /W Ve, 7V (1)) —/fN(t)
/ /W Vo, p( /f

where we used convexity of W, and weak convergence of #” in the first inquality, the
minimization property of %" in the second inequality, and the strong convergence
of pV together with the 2-growth of Q in the last equality. Since § was arbitrary,
this shows, for almost every ¢ € (0,7,

/waL /f SLWQW%W@)—LNUW- (3.15)

We next argue as in the proof of Lemma[3.4] and show that the last inequality holds
for almost all t € (0,7) and all p € H,(Q;R?) (i.e.: the set of admissible ¢’s can be
chosen independent of ¢). We define the functional H, : H},(€;R?) — [0, o0],

:mewmm
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and choose a dense subset A = {(cpz-, He(goi)) . € dom(H.),i € N} of
graph Helaoma,) C Hp(;R?) x R. We deduce that there exists a set B C (0,7)
with |B| = 0 such that holds for any ¢ € {¢; : i € N} and any ¢t € (0,7) \ B.
Again by the 2-growth of @) and the density of A C graph He|dom(w.) we deduce that

(3.15) holds for any ¢ € H}(€;R?) and any ¢ € (0,7)\ B. This provides (3.14). O

Lemma 3.6 (Item ((Es)|). Let Assumptions and[3.9 be satisfied. Then ([2.23) of
Item holds for the limit functions (p, ).

Proof. We choose a sequence (aV)y with @™ (t) € €Y (t); f¥(t)) as in Lemma [3.5}
in particular, we obtain a weak limit u € L*(0,7T; H}(9; R?)) such that holds.

From (3.2) we deduce that, for almost all ¢ € (0,7, the sequence (p™(t))y is
strongly convergent in L?(Q) to the limit p(¢). We can additionally assume that the
sequence (p~ (t))y is uniformly bounded in Hy(€2, curl) N W1 (Q; R3*3). For such a
t we have the weak convergence

P (t) = p(t) in Ho(Q, curl) N W (Q; R3*?). (3.16)

The approximate solution property (3.9) and property (3.12)) of @™ (¢) yield
E(V(s); fN(s)

t
—/ (0 fN (s),u™(s)) ds+ o(1). (3.17)

0

The first term on the left-hand side is & (p™ (t); fV (¢)) +W,(p" (t)). Using the lower
semi-continuity of Lemma [A.1] Ttem [7} the convergence (3.16]), and the convexity of
W, we deduce the lower semicontinuity of this term in the limit,

Ep(s): ()| < tminf & (s); V()

s=0 N—oo

for almost all ¢ € (0 T), where we exploited that the initial Values are fixed. By

the convergences and . the growth assumptions (2.8)) and ., and the
convexity of R and R* we also have

N—oo

/tR(atp(s))—I—R*(Z( ) ds < hmmf/ RO (5)) + R* (5N (s)) ds

Finally, (3.7) and (3.13)) imply the convergence of the right-hand side of (3.17)). We
therefore obtain

e F)|_+ [ ROws) + R (5(5)) s

< liminf <5 (B~ (s); N

N—oo

/ ROV (s)) + R*(EN(s ))ds)

< - /O (Df(s),u(s)) ds < — /0 TR ORI

and have verified ([2.23)) for the limit functions. O
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3.2 Stability for 6 =0

In this section, we consider the case without gradient-term in the plastic energy,
ie. 9 = 0in W, of . We can treat this case only under further structural
assumptions on the energy: We demand H, = 0 and H, = 0. Our aim is to show a
stability result that replaces Proposition [3.3]in the case 6 = 0. The existence result
of Theorem will be a consequence of the stability property.

We proceed along the lines of the case § > 0. We start with our assumptions
on the approximate solution sequence. The main difference is that only a weak
convergence of the sequences (pV)y and (p")y can be assumed.

Assumption 3.7 (Conver_gence properties, 0 = 0). We consider a sequence of
approzimate solutions (P, ) n together with a sequence of loads () that satisfy

P — p in L*(0,T; Ho(, curl)), (3.18)

SN~ Y in L*(0,T; L*(Q,R¥3)) (3.19)

N = f in L*0,T; L* (S RY)), (3.20)
as N — co. For approzimations (pN)n and (fN)n we assume, as N — oo,

PN —p in HY(0,T; L*(Q,R¥3)), (3.21)

N = f in HY0,T; Hp (4 R%)). (3.22)

We additionally assume: (p™)y and (p)n are bounded in L>(0,T; Ho(Q, curl)),
(V- XN)n is bounded in L*(0,T; L*(Q)), (fN)n is bounded in L>=(0,T; H;'(Q)).

Finally, we impose a weak reqularity of p~ in time: We demand

_ _ 2
sg}p HpN(. +p) — pN(')HLQ(O,Tfp;LQ(Q)) —0asp—0. (3.23)

Regarding initial values we assume that p™(0) = p™(0) = p(0) = po and N0) =

fN(0) = £(0) holds for all N € N. We assume that p~, f~, and 0,f" are simple
functions for all N € N.

In the case 0 = 0 we will impose the same approximate solution properties as in
the case 0 > 0, i.e. those of Assumption [3.2] We find that the analog of Proposition
3.3 holds.

Proposition 3.8. Let Assumptions and[3.7 be satisfied. Then the limiting pair
(p, %) is a weak solution of the original problem in the sense of Definition .

Proof. Step 1: Item|(R,). As weak limits, the functions p and 3 are in the func-
tion spaces of Item (Rp)f ¥ € L*(0,T; L*(;R3*3)), p € HY(0,T; L*(; R33)) N
L*(0,T; Hy(9, curl)).

Step 2: Item |(F5). The proof of Item is analogous to the case § > 0, see

Lemma [3.4. The only difference regards the limit procedure of the product term,
leading to (3.10]): For arbitrary 6 € C2°((0,7"); R) we claim

/0 06) (SN (1), 5 (1)) dt — / 6()(S(0), p(1)) dt (3.24)
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as N — oo. This limit is a consequence of the global div-curl lemma. The global
div-curl lemma yields not only the distributional convergence of a product of weakly
convergent sequences, but also the convergence of the integral of the product. For
a global div-curl lemma, one always has to make use of boundary conditions. In
our case, we know that tangential components of " vanish on the boundary by
PV (t) € Ho(2, curl), see (2.12). For a proof of the global div-curl lemma without
t-dependence see e.g. Lemma 6.1 in [27].

For the case with t-dependence as in (3.24)), we argue as follows. We use a
small parameter p > 0 and a smooth sequence of symmetric mollifiers ¢, : R — R.
Functions that are defined on the interval (0,7") are always identified with their
trivial extension to all of R. We claim that the following modification of is
valid:

/0 6(8) (00 + 2V (8), 5V () dlt — / 0t) (00 * ) (O p(E) . (3.25)

Step 2a: Verification of . The sequence P is bounded in L>(0,T; L*(2))
and, by (3.23), pre-compact in L*(0,7; H'(Q)) [28, Theorem 1]. We therefore
have pY(t) — p(t) in H7*(Q) for almost every ¢t € (0,7). By the boundedness
assumptions, this yields pV(t) — p(¢) in L*(Q) with curl p"V(¢) bounded in L*(Q)
for almost every t.

The function ¢, * SV is of class C*([0, 7], L*(Q)) with bounds that are inde-
pendent of N. We therefore have (¢, * SV)(t) = (p, * ¥)(¢) in L*(Q) for ev-
ery t € (0,7). Furthermore, V - (¢, * ©V)(t) is bounded in L*(Q). The time-
independent global div-curl lemma can be applied to the above functions and pro-
vides 0(t) (¢, xEN) (1), pN (1)) — 0(t){(0,*X)(t), p(t)) for almost every t. Dominated
convergence implies .

Step 2b: Verification of (3.24]). Concerning the right hand sides of (3.24]) and
(3-25) we observe that ¢, * ¥ — ¥ holds in L*(0, T; L*(Q2)).
Concerning the left hand sides, we observe

/0 (SN (), 0, (05V)(t) — (05 (1)) dt
B /R/R@N(t% p(s)((0p™)(t = 5) = (0p™) (1)) ) dt ds
< [ I oo IG5 = 5) = 05" lzzomaiayeals) ds.

For a small parameter p > 0, the right-hand side is small, uniformly in N:

|ST1P 10P™) (. = 5) — 00" | 20,722 (02))
s|<p

< 20| c1(o,m) ( ‘s‘up 1P~ (.—s) — ﬁN||L2(o,T;L2(Q)) + \/EHPNHLQ(O,T;L?(Q))) .
s|<p

The smallness of the first contribution is guaranteed by the compactness property
(3-23), the second contribution is small by the factor /p. We obtain that the

convergence (3.25)) provides the convergence (13.24]).
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Step 3: Construction of displacement fields. In the case § > 0, the energy
minimizing displacement fields have been constructed in Lemma (3.5 The argument
is similar in the case 0 = 0, we sketch here how the four-line calculation in the proof
of Lemma [3.5 must be altered.

We assume that a minimizing sequence u" is already chosen. Let ¢ €
L*(0,T; H5(Q;R?)) be an arbitrary test-function. We claim that we can find a
sequence (¢™)y with o € L*(0,T; H5(Q;R3)) such that

N

oV — pin L*(0,T; H(Q)) and V" —p" — Ve —pin L*(0,T; L*(Q)). (3.26)

Step 3a: Conclusion using . Let us assume that we have a sequence (" )y
satisfying . We can calculate, using first the minimality of %", then the def-
inition of W, and H, = 0, and finally the convergence properties of the different
sequences:

e (o)
s oo o)
g [ </@sym S0 [ o) o
(s 10

In the last step we exploited (3.26)) and the 2-growth of @) from (2.7)). The rest of
the proof is as in the case d > 0.

Step 3b: Construction of ¢ satisfying (3.26). We obtain the sequence (p™)y
from the Helmholtz decomposition in space of the function

")

=Vep+p" —p. (3.27)

The Helmholtz decomposition of ¢V (t) provides a gradient-potential () and a
curl-potential U™ (t) such that

" (t) = Vo (t) 4 curl TN (t). (3.28)

Since ¢V is a matrix field Q — R3*3, we apply the usual Helmholtz decomposition
for vector fields 2 — R3 to each row of ¢¥. This yields the desired result, since the
k-th row of Vi is Vg, and the k-th row of curl ¥ is curl ¥y, .

On the potentials, we impose V- W () = 0 (for each row \IJ,]CV), and the following
boundary conditions: On I'p, we demand that the normal component of W (#)
vanishes and ¢ (¢)|r, = 0, hence ¢™(t) € H,(Q). On 92\ T'p, we demand that
tangential components of UV (¢) vanish. The existence of the two potentials together
with H'(€)-estimates is guaranteed by the Helmholtz decomposition result, see
e.g. Theorem 4.2 of [27] and, for mixed boundary conditions, [4].

By the boundedness of the potentials, we may assume the weak convergence
of N, VN UV VUV in the space L*(0,T;L*(Q2)). The weak limits of the po-
tentials provide a Helmholtz decomposition of the weak limit of ¢V, which is V.
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Uniqueness of the Helmholtz decomposition implies ¢ — ¢ and and ¥V — 0 in
L?(0,T; H(Q)). Relation (3.26]) is verified once we show ¢~ — V¢ — 0 strongly
in L?(0,T; L*(Q2)) or, equivalently,

&V = curl UV — 0 in L*(0,T; L*(Q2)). (3.29)

For the subsequent argument we observe that ¢V(t) and V™ (t) have vanish-
ing tangential components on I'p. This implies that also £V (¢) = curl ¥V () has
vanishing tangential components on I'p.

The boundedness of ¥V € L?(0,T; H'(Q)) implies the spatial regularity of this
sequence. We furthermore know that, for small |p|, p € R, differences p™ (. + p) —
p™(.) are small in L?(0,T; L?(2)), independent of N, by (3.23). The same is true
for Vo and p. Since the Helmholtz decomposition yields a continuous linear map
V() — UN(t) from L*(Q) to H'(), this implies that also the sequence ¥ has
small differences UV (. + p) — ¥N(.) in L?(0,T; H'(2)). The Fréchet-Kolmogorov
compactness criterion yields the strong convergence WV — 0 in L?(0,T; L*(9)).

We can now conclude . We first note that the sequence curl €Y = curl (¢" —
Vo) = curl (Vo + ¥ — p — V) = curl (pV — p) is bounded in L%(0,T’; L?(2)).
We can therefore calculate in the limit N — oo

T T T
/ /|§N|2:/ /fN‘CUﬂ ‘IIN:/ /curléN'\IfN—>0,
0 Ja 0 Ja 0o Jo

In this calculation, the boundary conditions for ¢V and ¥V allow the integration by
parts. We have obtained the strong convergence (|3.29)).

Step 4: Item |(Ey) The proof of Item |(Eq)| is essentially as in the case § > 0,
we only need to replace the weak convergence (3.16)) by the weak convergence in

Hy(Q, curl). O

4 The time-stepping scheme

4.1 Solutions to the discrete problem and estimates

In this section we construct time-discrete approximations of the system (1.3)—(1.6]).
With a number N € N of time steps of length 7 := % we discretize the interval
[0, 7] with

O=to<ti <...<ty=T, tp:=kr, k=0,...,N.
We use a variational scheme to obtain a familiy (pg)i1<k<y in the state space
P Wy (Q,R3*3) if § >0,
o Hy (2, curl) if6=0.

The functions py € Xj shall be approximations of the solution values p(tx). For
k = 0, we use the initial data py as the value in ty = 0. The loads are discretized
with time averages as

fr ::%/tk f(s)ds fork=2,...,N, and f;:= f; := f(0). (4.1)
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We note that (2.10) yields a constant Ay > 0, independent of N, such that

N

Je — fk 1 2
> e + i Il e + Z (S PRSEL RS
Lemma 4.1 (Existence of time-discrete approximations). For allk =1,..., N there
exists a pair (py, Xg) € X5 x L2(;R3**3) such that
Epr; o) + E (=% fr) = (—Zk,0r) (4.3)
and

E(pr; fu) + TR(%) + 7R (Xk) < E@r-15 fe-1) — (fx — fre—1,un—1) (4.4)
holds for any ux—1 € E(px_1, fr—1). Furthermore, we have

Y € c‘)R(M).

T

Proof. We define a functional R, by setting

Ro0) = [ (1) e,

and define Gy : L*(2, R**3) — R by
Gi(p) = E(p; fr) + Re(p —pr—1)  ifp e Xs, (4.5)

and Gi(p) := +oo if p € L*(,R3*3) \ X;. In order to construct approximations
(pk)k, 1 < k < N, we use the following scheme: In every time step we minimize,
given px_1 € Xy, the functional Gy.

Step 1: Existence of minimizers. We treat here the case 6 = 0, for 6 > 0 the
proof is easily adapted. By Lemma Items |1] and |§| (convexity and Lipschitz
property of £;) and Assumption (convexity and growth condition), Gy is convex

and lower semi-continuous. Using the lower bound (A.2)) for the energy together
with (4.2]) and the growth condition (2.8)) on R we find, for any p € Xy,

1
Gr(p) > _Hp”%?(Q,R?’X?’) - CA? + ;CRHP - pkle%?(Q,R?’”) :

This implies that Gy is coercive for any 7 < cg. The direct method of the Calculus
of Variations implies that a minimizer p, € Xp of G exists.

Step 2: The minimizing property of pg, the continuity of R, and subdifferential
calculus for convex functions imply that

0 € 9Gk(pe) = OE(pw; fr) + OR+(Pk — Pr—1) -
Therefore, there exists 3y € L?(Q; R3*?) with
=X € 0&(pk; i) , (4.6)
Sk € OR:(pr — 1) = an(w). (4.7)

T



Matthias Roger and Ben Schweizer 19

Subdifferential calculus provides that (4.6)) implies (4.3)). We now use (4.7)) and the
Fenchel equality, then (4.6)) and the defining property of the subdifferential. In the
last equality, we re-order terms and add a zero.

PR(BEEEL) 4 R (m) = (3, L)

T T

< E(pr-1; fr) — E(vr; fr)
= E(Pr—1; fi—1) — EWr; fr) + E@r—1; fr) — EDr—1; fu-1) -

Item |5 of Lemma yields for any ui_1 € €(pg_1, fr—1)

TR<p—’“ _pk_l) + TR (Zk) < Epr-1; fr-1) — EWw; fx) — (fr — o1, ug—1) -

-
This proves (4.4)). O

In the following lemma, we treat the case 6 = 0 and hence H, = 0 and H, = 0.
In this setting, we deduce that the divergence of ¥ is controlled. Let us provide
the idea of the argument: We have calculated in the introduction for this case
¥ = o0 — 2curl curl(p). Since the divergence of a curl vanishes, we can expect

—V-¥ = -V -0 = f, which is controlled. We use Q : L?(Q; R3*3) — R, defined by

Qfe) = /Q Qle) dz. (4.8)

Since we assume H, = 0 the elastic energy of an arbitrary deformation ¢ €
H},(9,R?) and of an arbitrary plastic contribution ¢ € L*(Q, R3*3) is given by

We(Vp,q) = Q(sym(Vy —q)) = /Q(Sym(Vso—q))de-
Q
Lemma 4.2. Assume 6 = 0 with H. =0 and H, = 0. Then, for any 1 <k < N,
there holds
-V 3 = fi. (4.9)

Proof. We analyze the distribution n := —%; — 2curlcurl(pg). From (4.3) we
know —X5 € 0&(pk; fr). Subdifferential calculus (e.g. [3, Theorem 9.5.4]) yields
n € 0&1(p; fr). The definition of the subdifferential yields

E(pe + VU5 fir) = Ei(p; f) + (0, V) (4.10)
for all » € Hj(2,R3). We can evaluate the left hand side, arguing with ¢ = ¢ — 1,
Elpr+ VUi fi) = inl(Qsym(Vi — pi = V) — (9, /i)
pEHL(Q,R3)

= it (Qeym(Ve —p) — (B fi)) — (. fi)

GEHL(QR3)
= &Eupr; fr) = (s i) -
Inserting into yields
0> (n, V) + (¥, fr)  for all v € HLH(Q,R?),

and hence —V - n + fr = 0. By definition of 7, and since the divergence of a curl
vanishes, this yields the claim of (4.9). H
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Lemma 4.3 (A priori bounds for the time-discrete solutions). Let the load f satisfy
(2.10) and let (fi)r be defined by such that 15 satisfied. Then there exists
a constant C = C(Ay, ||po|| 2 rsx3)), independent of N, such that the sequence of
time-discrete solutions satisfies the a priori estimate

Pk — Pk—1 *
max W(Vug, py) +;T{R(7) +R (zk)} <C, (4.11)
where uy, € E(pg, fr), 1 <k < N, are chosen arbitrarily. In particular, we have

) . pk_pk—l‘z 2| -
lgaé>§vl|pk|lHo(g,curl>+lg};ggv/ﬂ5lvpkl +1<Zk<:NT/S;{‘—T + 5| } <C.
(4.12)

Proof. We choose 1 < ky < N arbitrary and take the sum of (4.4) over k = 1,..., ko.
We obtain

pkoafko)+ZT{R< >+R (Zk)}
k=1

' (4.13)

ko
< &(po; fo) — up-1 - (fe = fu-1),
05, J0 ;/g;kl k k—1

where the functions ug_1 € E(pg_1, fx_1), k = 1,..., ko, are arbitrary.
We estimate the second term on the right-hand side of (4.13]). By our choice
fo = f1, using the bound (4.2)) on (fx)x, we obtain for arbitrary A > 0

‘ g/gukl : (fk - fkq)dl"

O e = fe |2 L, ko s
- 2
2

k=2
L Nkt max ||lus| X qms

4\ 1<k<k
)\T max L ||pk||%2(Q;R3><3) + C(T, )\, Af) s (414)

1<k<ko—

=

IN

IN

where we have used the estimate for u; from (A.3)) in the last step. We can now
obtain an N-independent bound for energies. We use (A.2)) in the first inequality,
then (4.13)) together with (4.14)), with the parameter A > 0 unchanged,

ko
1 — Dp—
§We(vuk07pko> + Wp(pko) + Z T {R<M> + R*<Ek)}
k=1

T

T

ko
< E(pryi fi) +ZT{R(M) +R*<zk>} + Allpr |1 + €
k=1

< E(po; fo) + MT +1) e Ipkl|Z2(@mexay + C',
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where C' = C(T, cg, A\, Q,T'p, A¢). This implies

max W(Vuy, py) +Z { (=) +R*(Ek)}

1<k<N

< 38(}90; fo) + 3)\(T + ) 12}5?]2\7 ||pk||%2(Q;R3x3) +C. (415)

Our next aim is to find bounds for (py)x. We consider an arbitrary £ < N and
start with the elementary triangle inequality
k
1Pkl 2@msxsy <D Iy = pi-1llzzms<s) + [|poll2@msxs)
j=1

Taking the square and using the coercivity (2.8]) of R, we obtain

”pkH%?(Q;Ri‘Xi‘) < QkZ 1 _pj—1||%2(Q;R3X3) + 2||p0||%2(Q;R3X3)

j=1
2kT?
< (B + 2llpoll oy
j=1
> —Pj
< (T en) Y TR(EE) 4 22 zona) (4.16)
7j=1
Hence, by choosing A > 0 sufficiently small in (4.15]), we obtain
1o Pr—p
k — Pk—1 «
L <
1r<r}€85§VW(Vuk,pk) + = 5 ZT {R( . ) +R (Ek)} < C, (4.17)

with C = C(T, cr,cg, 2 T'p, A, po), and hence (4.11)). Using (2.8) and (4.16) we
deduce (4.12)). O

4.2 The time-continuous limit

The next step in our construction is to introduce interpolations of the time-discrete
approximate solutions. For N € N, we have constructed time-discrete values p, =
py € X and ¥, = BY € L*Q,R33), see Lemma We define the piecewise
constant and left-continuous interpolation p : [0, 7] — X and the piecewise affine
and continuous interpolation pV : [0,T] — X by

P (t) = pr for t € (ty_1,tx],1 <k <N, P (0) := po
ﬁN(t) =1 — p)pr—1 +ppr  fort = (1 — )ty + pty, p€10,1,1 <k <N.

Similarly, we define ¥V and fV as the plecewise constant left-continuous interpo-
lations of (X2)x and (f{)x. The function f% is defined slightly differently, namely
with a time-shift (we set fyi1:= fn):

V@) = (= ) fr+ pfepr fort = (1 — p)te_y + puty, pe0,1,1<k<N.

By the previous results we easily obtain a priori bounds for "V, ¥V, 9,pV
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Lemma 4.4 (Estimates for the interpolations). Under Assumption there exists
C > 0 independent of N such that the piecewise constant functions satisfy

||]5N||Lo<>(0,T;HO(Q,cur1)) + ||2N||L2(O,T;L2(Q;R3X3)) + \T/g”vﬁN||L°°(0,T;LT(Q;R3X3)) <C.
(4.18)

The piecewise affine functions satisfy

||]3N||H1(0,T;L2(Q;R3x3)) + ||]5N||L°°(0,T;HO(Q,curl)) + \T/gHvﬁN”LOO(O,T;LT(Q;R?’X?’)) < C.

(4.19)
We have the time-shift property
sgfp H]iN(. +p) — pN(.)HiQ(QTip;LQ(Q;Wm)) -0 as p—0. (4.20)
Finally, in the case 6 =0, for H. =0 and H, =0, with Ay from (4.2)):
IV - S s20.rr2mey) < Ay (4.21)

Proof. Lemma provides the estimates (4.18) and (4.19) for p, XN and pV.
Lemma [4.2| provides (#.21)) for V- XV,

To prove (4.20]) we first calculate for p = 7; := j7, j € N,

T—p N—j
/0 15%(t + ) — 7 ()220 Zr Py — il

Q

;_n

k+]

ZJ:Z / — pi-1)

1= k—l—l =1 i= k+1

9 —J
< T]

pz 1 < sz’

where we used the a priori estimate in the last step.

We now consider an arbitrary shift p € (7;,7,41], 0 < j € N. For ¢ lying in an
interval (tx,t541], the number ¢ + p lies either in the interval (£, tx+;41] or in the
interval (f4j41,tkrj+2]. We hence obtain with a triangle inequality

PNt + p) =V (@) < PV (t+ Ti0) = BV (O] + [PV (E+ Ti40) — DV (B)]
The above inequalities yield (4.20) for p*. O
Lemma [4.4] implies some compactness properties.

Lemma 4.5 (Convergence of time-discrete approximations). There exists a sub-
sequence N — oo (not relabeled) and functions p € L>¥(0,T; Ho(2, curl)) N
HY0,T; L*(Q;R3*3)) and ¥ € L*(0,T; L*(; R3*3)) such that

Y Sop o in L(0,T; Hy(Q, curl)) (4.22)
PN Sp o in L0, T Hy(Q, curl)) (4.23)
op™ — Op in L*(0,T; L*(Q,R*>*?)), (4.24)
SN~ Y in L*(0,T; L*(Q,R*?)) . (4.25)
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For § > 0 we have additionally p € L>(0,T; W' (Q,R3*3)) and, for s = % > 2
and arbitrary 1 < q < 0o

PN S op i L0, T; W (Q,R¥3)) (
PN S p o in L0, T; W (Q,R¥3)) (
P — p in L0, T; L3 (Q,R3>?%)), (4.28
N = p in L0, T; L3 (Q,R3>%)). (

Moreover, we have

N = f  in L*(0,T; L*(; RY)), (4.30)
N = f  in HY0,T; H; (Q; R?)). (4.31)

Proof. The a priori estimates and (4.19)) allow to select a subsequence N — 0o
and to find limits p and ¥ as in the claim of the Lemma, such that ,
and hold. Furthermore, for a limit function p € L*(0,T"; Ho(£2, curl)), there
holds p¥ = pin L>=(0, T; Ho (€2, curl)).

The sequence p"V can be regarded as a sequence in the space L?(0,T; Hp'(€2)).
The Lions—Aubin Lemma [25, Lemma 7.7] implies that (p"™)y is pre-compact in this
space. We therefore have the strong convergence p"¥ — p in L2(0,T; H;'(2)). The
strong convergence allows to compare the two interpolations, see [14, Lemma 3.2]
or [26, Lemma 11.3]; we conclude that p™ has the same limit and converges also
strongly, P — p=p in L*(0,T; Hp' (). In particular, we find (4.22).

In case that 6 > 0 we can apply and conclude that Vp" is uniformly
bounded in L>®(0,T; L"(€;R?)). Since the only constant function in W (Q;R3) N
Hy(Q2, curl) is zero, by [2], Sec. 6.16] a Poincaré inequality holds in this space and we
deduce that pV is uniformly bounded in L>°(0,T; W1 (Q;R3)). We conclude by a
similar identification argument as above that (4.26)) and (4.27)) hold.

The estimate together with the Lions—Aubin Lemma implies the compact-
ness of the sequence (p™)y in L9(0,T; L*(£2, R3*3)) and hence (4.29). Comparison
of the two interpolations (as above, using [14] or [206]) yields (4.28).

The statements on fV and fN are elementary approximation properties for dis-
cretizations of a given function f. O

Proof of Theorem and Theorem [2.6. The discrete solution property (4.3)) yields
that almost everywhere in (0,7)

EMN MY+ (=N ) = (=N, pY). (4.32)

The energy inequality for the time-discrete approximate solutions was derived in
(4.13]). We claim that that inequality implies, for almost every t € (0,7,

G N0 + [ {R() + R} ds
o, (4.33)
< E(o: fo) — /0 inf (0, (s), @) ds + o(1)

aNee&(pN (s);fN(s))
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as N — oo.

Indeed, let uy € E(py, fr) be chosen arbitrarily. We consider first a time instance
t = tx, € TN. For such a time instance ¢, the relation coincides with (4.13)
except for the very last time interval; the difference of the right hand sides is fQ Uk, *

(fk:o-l—l - f/fo)

Let us now consider an arbitrary time instance. For ¢ € (tg,—1, tg,] the left hand
side of (4.33) is not larger than the left hand side of (4.13)), since R and R* are

non-negative. The difference of the right hand sides is

B [y (i = i) = o(0),

T Q
for almost every ¢. The smallness is a consequence of the following facts: (i) uniform
bound t—t,_y < 7, (ii) uniform (in ko, V) boundedness of u, in H},(£2), and (iii) the
continuous embedding of H'(0,7; H~1(Q)) in C%*([0, T]; H*(2)) for all 0 < v < §
and the uniform (in ko, N) estimate

a

< || flleoeqorym-1 @)™

1 tet+1
| fr1 = fellzr ) = H;/ﬁ (f(s)—f(s—T)) ds

H=1(Q)

The two relations and imply that the approximate solutions satisfy
the solution properties of Assumption 3.2

Lemma provides the convergence properties of Assumptions and in
the two cases § > 0 and 6 = 0. We emphasize that, in the case 6 = 0, with we
have verified and with we have verified the boundedness of V- XV, We
can apply the stability results of Propositions and They yield that (p,X) is

a generalized solution of the visco-plasticity system. O]

A The marginal functional
We discuss some properties of the marginal functional &;.

Lemma A.1. The functional & (+; f) : L*(;R3*3) — R from (2.19)) has the follow-

ing properties.
1. For any f € Hp' (S R3) the functional & (+; f) is convex.
2. For any p € L*(Q;R*3) and any f € Hy' (% R?) we have

Elp f) <O+ ||p||%2(Q;R3X3)) : (A1)

8. For any p € L2 R>3), f € Hy' (4 R?), u € &(p, f), and X > 0 there exist
C\ = C)\<CQ,Q,FD) >0 and C)\ = C)\(CQ, Q,FD) such that

1
£33 £) 2 SV 0) + exlluly sy — APy — CallF s gy - (A2
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4. For any p € L*(Q;R*3) and any f € Hp'(Q;R?) there exists an u € &(p, f).
Any u € €(p, f) satisfies

lull oy < C(1+ [Ipllzz@maxs) + 1l o) - (A.3)

5. For any p € L2(Q;R>3), any f,g € H;' (4 R3) and any u € €(p, g) we have
& f) = &lpg) < =(f —g.u). (A.4)

6. The map & : L*(Q;R*3) x Hp' (4 R3) — R is locally Lipschitz continuous.
More precisely, for any Ay there exists C(Ag, Q) such that

&1(p; f) — &g 9)] < C(Ao,Q)<Hp—qHL2m> + Hf—g\lH,;l(m)

for any f,g,p,q with

1l erp oms) + 19llag @msy + 1PI2@) + gl < Ao (A5)

7. For any sequence (pj, f;); and any (p, f) in L*(Q;R3>*3) x H, ' (Q;R3) with
p; — pin L*(Q;R>®) and f; — f in Hp'(Q;R?) we have

Ei(p; f) < th_l)glfgl<pj;fj)- (A.6)

Proof. In the following, for any p € L*(€; R3*3), we use the shortcut p* := sym(p).
Item [1} Let p,q € L*(Q;R**3) and 0 < A < 1 be arbitrary. From the convexity of
@ and H, we deduce

(1 =X& (P f) + Aei(g; f)
=it [ (=0T aWT) = (70 = o+ av) )]

o YeHL (R3)

> inf [/Q <Q((1 CN) (Voo — )+ A (Y — )

o peHL (R3)

+H((1— NV + W%p)) - <f, (1= N+ Ap) >]
=] / (V"6 — (L= Np* +30)) + H(V°5)) — (£. )]
=& ((1=Np+ g f).
This proves the convexity of & (-; f).

Item [9: We use u = 0 as a competitor to estimate the energy from above. The
growth assumption on ) implies

Ep f) < / (Qsym p) + H.(0) < C(Q, Ho) (1+ [pll2aey)-

Item@ In any Hilbert space and for any x> 0 holds - |lal[*~2(a, b)+(1+4)[[b]|* >

0; this inequality can be rearranged as ||a — b||? > 1+uHCLH2 — u||p||®. Applying the
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latter inequality with p = %, using the growth assumptions on () and Korn’s

inequality [26], Korollar 25.6], we deduce that for any ¢ € HL(Q2; R?)

/QQ(sym(Vs& —p)) = 2|(f, )]

> collsym(Ve = p)ll12i0) = 21z o) 19l g )

QCQ/\ CQ)\

s 2 s 2
oo FD)HfH2 -
coA s
2 Vel — 2llE@ — CCo, A T0) I gz - (AT

Now consider any u € &(p, f). The definition of & yields & (p; f) > We(Vu,p) —
(f,u) and we obtain from H, > 0 and (A.7)

1
gl(p; f) - §We(vuap)
1
> 5 [ @eym(Tu—p) - (1)
CQ)\ s 112 9 )
= g + 20 +2A)IIV ullfa@) = AllplZai@) — C(Coy A 2 To) 111 o) -

By Korn’s inequality, this yields (A.2)).
Item : We consider the functional € : H},(€;R3) — R U {+o0c}, given by

= /QWE(W,p) —{f.¢).

The properties of () and H,., in particular, their convexity, imply that & is lower

semicontinuous with respect to weak convergence in Hj(Q;R?). By (A.7 - the func-

tional € is also coercive. The direct method of the Calculus of Variations ensures

the existence of a minimizer u € Hp(€; R?) of £, hence the existence of u € &(p, f).
The estimates (A1) and (A.2)) yield (A.3).

Item [ By definition of & and by the minimization property u € &(p, g) we have

Ep: f) = Ei(p.g) < WelVu,p) = (f.u) = (Wel(Tu,p) = (g,u)
= _<f - g?“) :

Item @ We consider a bound Ay > 0 and study functions f,¢g € Hp'(Q;R?) and
p,q € L*(; R3*3) satisfying (A.5). We deduce from Item [4| that for A = C'(1 + Ag)

Eif) =  inf / Wo(Ve.p) = (f.0),

peHL (UR), ¢l <A

and accordingly for &;(q; g).
We use once more the functional Q of (4.8). By the quadratic growth assumption
[2.7) on Q, this functional is Lipschitz continuous on B(0,Ag + A) C L?(Q; R3*3)
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with some Lipschitz constant L > 0 depending only on Ag+ A, see e.g. [10, Theorem
4.47). Therefore, for any ¢ € H},(;R?) with ol 1 ey < A we have

| / Qlsym(Vee —p)) — (f,) — / Qovn(Vo — ) = {g.))|
< Lllp = qllzz) + Alf = 9l ms) -

This implies
Eip; f) — &ila; g9)

< sup /W Ve, p) <f>90> - [/QWe(V% q) — <9a 90>D

e} (UR3), ¢l <A

= s ([ Qvn(Ve =) - Quym(Ve —a) (7 ~5.5))

peHL (UR), o] <A

< Lllp— QHLQ(Q) +Allf - gHHBI(Q;]R3) J

and similarly

51(p;f)—51(CI;9)2—LHP—QHL2(Q) Allf = QHH L(R3) -

These inequalities prove the Lipschitz-continuity of &;.

Item @ The functional & (+; f) is lower semicontinuous under weak convergence in
L?(;R3) because of Lipschitz continuity and the convexity of Item . Since the
sequence (p;, f;); is uniformly bounded in L?(Q;R?) x H;'(Q;R?) we deduce from
Item [

liminf & (py: f;) > liminf & (pj; £) + limint (€ (03 1) — & (033 1))
> &ip f) - lim sup clfy - f||H51(Q;R3) = &i(p f)-

J—00
This concludes the proof of the lemma. O]
We can now show the equivalence of the solution concepts.

Proof of Proposition[2.4 Item 1: Let (p,X) be a solution according to Definition
. Our aim is to show that there exists a solution (u, p, ¥) according to Definition
22

The existence statement before yields that, for almost every s € (0,7),
there exists u(s) € €(p(s), f(s)).

We claim that the map s — u(s) is measurable. We choose sequences (p" )y,
(f¥)n of simple functions p» : (0,T) — L?(2,R3*3) and fV : (O T) — Hp'(Q,R?)
such that pV () — p(t) in L2(Q,R**%) and fN(t) — f(t) in Hp'(Q,R?) for almost
all t € (0,T). For t € (0,T) we choose an element u™(t) € E‘E(pN(t), N (t)), such
that v : (0,7) — HL(Q,R3) is a simple function. By the uniform boundedness
and lower-semicontinuity properties and we deduce that u(t) — u(t)
in H}(92,R3) for almost all ¢ € (0,T). Hence, with respect to the weak topology in
H} (9, R3), the function s — u(s) can pointwise almost everywhere be approximated

")
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by simple functions. The Pettis measurability theorem [10, Theorem 2.104] yields
that w : (0,T) — H}(Q,R?) is measurable.
The estimate (A.3) implies v € L?(0,T; H},(€;R?)), hence (u,p,) meets the

regularity requirements |[(Ry)| of Definition The stability property is a
consequence of u(t) € &(p(t), f(t)) for almost all ¢ € (0,T).

We next prove that implies . We consider arbitrary functions f €
H;HQ), p,q € L*(;R33), and minimizers u € &(p, f), v € &(q, f). By definition
of the energies and by minimality, there holds

Ep; f) —E(a; f)

= &i(p; f) — &u(q; ) + Wo(p) = W,(9)

= We(V%p) - <f7 U> - We(VU7Q) + <fa U> + Wp(p) - Wp(Q)
> We(Vu, p) = We(Vu, q) + W,(p) = Wp(q)

= W(Vu,p) — W(Vu,q) .

Hence, for arbitrary ¥ € L?(; R3*3),

EW N +E(Sif) = s (Emf)—Elg: f)+(-.0))

qEL2(;R3%3)

> s (W(Vap) - W(Vu,q) + (-3.0))

qEL2(;R3%3)

= W(Vu,p) + W*(Vu, -%).
Inserting into property |(Fy)l we find that for almost all ¢t € (0,7)

Since the opposite inequality always holds, we obtain equality and hence |(F )|
In order to conclude |(E; )| we first note that u(t) € &(p(t), f(¢)) implies

E(p(t); F(1)) = W(Vu(t), p(t)) — (f(t), ult)).
With this equality, implies|(E; )} the infimum in (2.23)) is attained by the unique-

ness assumption.

Item 2: To prove that regular weak solutions (u, p, 3) are strong solutions, we first
observe that the stability property [(S;) implies (under the additional regularity
assumptions) the Euler-Lagrange equation

0 = =V (symVeWe(Vu(t),p(t))) — f(t)

for almost all ¢ € (0,7"). Choosing o as in (1.4), this is the balance of forces (L.3).
The back-stress relation implies directly .

It remains to derive the flow rule . We write the first term on the left hand
side of as an integral over its time derivative

%(wwmﬂmm—[j@”“o
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= (0ip(s), VoW(Vu(s),p(s))) — (0, f(s),u(s))
= —(Op(s),%(s)) — (D f(s), u(s)) (A-8)

where terms containing d,u(s) cancel by balance of forces. Inserting into |[(E, )| yields

T
| (00l ~5(6)) + R(@w() + R(S(s)) ds < 0.
0
By definition of R*, the integrand is nonnegative, hence
(Op(s), =%(s)) + R(0ip(s)) + R*(3(s)) = 0

for almost all s € (0,7"). This yields (1

Item 5: We now consider a strong solution (u, o, p, %) to . By the balance
of forces (L.3) and (1.4)), u(?) is a critical point of the convex map ¢ — W(V, p(t))—
(f(t), ) for almost all ¢ 6 (O, T). It hence satisfies the minimality [(S1)} Property

(1.5) of the back-stress ¥ yields |[(F). Balance of forces (1.3 and allows to
calculate as in ((A.8). We obtain, using (|1.6)),

%(W< /f (5)) + ROw(s) + R (£(6)

—(0uf (s), u(s))
Integrating this equality implies |(E;)| O
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