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Introduction

This thesis is devoted to the analysis of a viscous two-field gradient damage model.
The particular feature thereof is that it contains two damage variables, which are con-
nected through a penalty term in the free energy functional. While one damage variable
provides a local character and carries the time evolution, the other one accounts for
nonlocal effects, cf. [12].

The problem under consideration describes the evolution of damage in an elastic body
under the influence of an external loading. It is inspired by the model presented in [12],
which is widely used in computational mechanics. From a mathematical perspective,
the damage model in [I2] provides two main drawbacks. Firstly, the coupling between
the damage evolution and balance of momentum equation is realized via the less regular
one of the two damage variables. To guarantee satisfying solvability results, we slightly
modify the original problem, by coupling these equations through the more regular
damage variable. This enables the use of compact embeddings, which are essential for
establishing solvability results. It turns out that this modification has only little influence
in practice, as we later obtain that both damage variables coincide when the penalty term
becomes oo. Secondly, [12] deals with a rate-independent model where the corresponding
dissipation functional is unbounded. In this situation, the existence of classical solutions
(also known as differential solutions, see [52]) has been proven under smoothness and
convexity assumptions on the reduced energy functional, see [59] (uniform convexity)
and [44] (quadratic case), whereas uniqueness results can be found in [59], as well as in
[8, 53] (generalization of the result in [59] under restrictive assumptions). On the other
hand, in the nonconvex case, solutions may often be discontinuous is time, and thus,
weak solvability concepts are required, such as global energetic solutions, see [52, Section
3.3] for the abstract main existence result. Another popular approach in this context
consists of performing a viscous regularization. Weak solutions for the rate-independent
model are then found via a vanishing viscosity analysis. For references and more details,
see the introduction of Chapter[l} Since after modifying the original model as mentioned
above, our reduced energy functional is not necessarily convex, we follow this standard
procedure, namely, we add a viscosity term to the damage evolution, which turns the
rate-independent model into a rate-dependent one.

For the viscous penalized damage model under consideration, see below, we
establish in this thesis the following main results:

e The well-posedness from a mathematical point of view. We prove the unique



solvability of , make statements about the regularity of the unique solution
and derive a system of differential equations which characterizes it (Chapter [1)).
These results can be also found in [49];

e The viability of the penalty approach. We show that the two damage variables
become equal when the penalty term tends to infinity. It turns out that the limit
damage variable satisfies a version of a classical viscous damage model analyzed
by [41]. We derive conditions for the data under which both penalized damage
variables and their limit are almost everywhere bounded by a desired positive
value (Chapter [2)). These results can be also found in [51];

e An optimality system for a class of optimal control problems governed by (]ED,
where the external load acts as control. We prove the existence and directional
differentiability of the associated control-to-state operator. We derive necessary
optimality conditions in primal form and show that these are equivalent to an
optimality system, if strict complementarity is fulfilled (Chapter [3)).

To the best of our knowledge, a damage model containing two damage variables has
never been investigated so far with regard to a rigorous mathematical analysis, although
these models are frequently used for numerical simulations cf. e.g. [67, [76], [46], (64, 83].
This concerns the existence and regularity of solutions, let alone the behaviour as the
penalty term tends to oo and the optimal control thereof.

Motivation

The problem analyzed throughout this thesis was inspired by a damage model pro-
posed in [I2]. Therein two damage variables are introduced, which the authors call
‘local’ and ‘nonlocal’ damage. Time-dependent volume and boundary forces, denoted
by £, are applied during the process upon an elastic body which has a part of its boundary
clamped. The body is described by the domain ¢ RY, N € {2, 3}, on which we impose
mild smoothness assumptions, see Assumption below. The load induces a certain
displacement w : [0, 7] x © — RY as well as local and nonlocal damage. The latter one
is denoted by ¢ : [0,7] x 2 — R, while the local damage is called d : [0, 7] x Q@ — R. Its
values measure the degree of the material rigidity loss. Therefore, d(t,z) = 0 means that
the body is completely sound, while d(¢, ) = co means that the body is fully damaged.

In [12] the free energy function is enhanced by including a gradient term and a term
which penalizes the difference between local and nonlocal damage. To be precise, the
energy functional £ : [0,T] x V x H'(Q) x L?(Q) — R according to [12, (4) and (5)] is
given by

4 1

Etounpd) = [ o@Ce(w): ew) do — (6(0) wy + SVl + 51— I

where V is an appropriate Sobolev space and e(u) = 4(Vu + Vu') is the linearized
strain tensor. Note that the prefactor v; from [12] is entirely numerically motivated



and thus, not considered here. The function g cf. [12, (2)] is supposed to be smooth
and it measures the influence of the damage on the elastic behaviour of the body, see
Assumption [0.6] below. C is the elasticity tensor, which is assumed to be coercive and
bounded, see Assumption below. The parameters o, 8 > 0 are weighting parameters
for the gradient regularization and for the penalization, respectively, see [12, Section 2]
for more details.

The model in [I2] can be formulated as follows. At (almost) all time points, the
displacement and the nonlocal damage are supposed to minimize the stored energy, i.e.,

(w(t),p(t)) € argmin  E(t,u,p,d(t)) faa. te(0,T). (1)
(u,0)EV X HL(Q)

Further, the evolution of the local damage is modeled by the differential inclusion
— 04t u(t), o(t), d(t)) € OR(d())  faa. te (0,T), )
where the function Ry denotes the dissipated energy. This is given by

Definition 0.1 (Dissipation functional). The dissipation Ry : L?(2) — [0, 00| is defined
as

00 otherwise,

rlondr ifn>0 ae in ),
Rin) :={ Jo

where r > 0 stands for the fracture toughness of the material.

Due to the positive homogeneity of Ri, the considered model is rate-independent,
which means that the values of the damage do not depend on the rate with which ¢
changes in time. As a consequence, one ignores inertial effects and assumes a slow
external process. Definition [0.1] also tells us that the damage can only increase in time,
in view of . Thus, we deal with an irreversible damage process, i.e., healing is not
allowed.

We observe that in one solves (at almost all time points) a convex optimization
problem. Thus, the global minimum is (at almost all time points) characterized via the
necessary and sufficient conditions. An easy computation shows that these are in fact
given by [12, (6) and (7)]. On the other hand, is equivalent to [12, (18) combined
with (19) and (20)]. To see this, we refer to Subsection where a similar result is
proven by employing the positive homogeneity of Ri. Altogether, we remark that the
system — describes indeed the damage model introduced in [12].

The mathematical model

Because of theoretical reasons, we modify the energy functional & such that the
function ¢ depends on the nonlocal damage ¢ instead of the local damage d. This
modification is motivated by the fact that the local damage possesses less regularity, so
that working further with the functional & would lead to undesirable solvability results.
Instead, we consider the energy functional



Definition 0.2 (Energy functional). The stored energy € : [0, T] xV x HY(Q) x L3(Q) —
R is given by

1 @ B
(t i d) = 5 | gICelw) :o(u) do = (E(0) )y + IV + o - I
Remark 0.3. As the penalty approach aims to minimize the deviation between ¢ and d,
we expect the two models to yield similar results, at least for large values of 8. This is
confirmed by the limit analysis for 8 — oo in Chapter[3, which shows that both damage
variables equal in the limit.

We will also work with a different dissipation functional, namely a viscous regu-
larization of the functional from Definition [0.I] Although weak solvability results for
rate-independent damage processes with nonconvex energy functional as in our case
may be proven, one can neither expect the solutions to be unique nor smooth in time,
see [52] for more details. To overcome this issue, we add an L2-viscosity term in the
dissipation functional, which leads to a rate-dependent process, since the dissipation
loses its positive homogeneity.

Definition 0.4 (Viscous dissipation functional). We define R : L*(Q) — [0, 00] as

rJondr+ S0l ifn >0 ae inQ,
00 otherwise,

Rs(n) = {

where § > 0 denotes the viscosity parameter.

Note that replacing R by Rs corresponds to smoothing the indicator functional in
the dual formulation of the damage evolution by means of the Moreau-Yosida regular-
ization, see Remark below for more details.

To summarize, the viscous damage model with penalty arising from the above con-
siderations reads:

(u(t),p(t)) € argmin  E(t,u,p,d(t)),
(u,p)EVXHL(Q) (P)
0 € ORs(d(t)) 4+ BgE(t, u(t), o(t),d(t)) faa. te (0,T),

with the initial condition d(0) = dp a.e. in Q.

Notation

In all what follows, T > 0 is fixed and Q € R" is a bounded domain, where N € {2,3}
denotes the spatial dimension. By bold-face case letters we denote vector-valued vari-
ables and vector-valued spaces. The Frobenius norm on RY*V ' as well as the euclidean
norm on RY are denoted by | - |, whereas the inducing scalar product in R¥*¥ is rep-
resented by (- :-). Let X and Y be Banach spaces. The open ball in X around x € X
with radius R > 0 is denoted by Bx(x, R). The space of linear and bounded operators
from X to Y is called £(X,Y) and if X =Y, it is called £(X). The dual of the space



X will be denoted by X* and for the dual pairing between X and X* we write (.,.)x.

If X is compactly embedded in Y, we write X —<— Y and X i> Y means that X is
dense in Y. Let s € [1,00] and s’ be the conjugate exponent of s, i.e., 1/s+1/s = 1.
By || - ||s we abbreviate the notation for the L*(€)-norm and by (-, )2, the L?(2)-scalar
product. For frequently used function spaces we introduce the following abbreviations:

W2 () i= {v € W*(Q) : o] = 0},

W (Q) = W (Q),
Wi'(Q) = W (),
V= W5(Q),
W‘LS(Q = WBS/(Q)
W,°(0,T; X

= {ze Wh¥(0,T; X) : 2(0) = 0},
={ze W (0,T;X) : 2(T) = 0},
%%wx%

W0, T; X
H}(0,T; X

where f, I'p and T stand for a part of the boundary, the Dirichlet boundary and the
entire boundary of ), respectively. For the precise assumption on I'p see Assumption [0.5]
below. By div : L*(; Rgan) — W' (Q)* we denote the distributional vector-valued
divergence, i.e.,

(dive,v) := —/ o:e(v)de Yve WhH (Q)
Q

and A : WH3(Q) — W' (Q)* is the distributional Laplace operator, i.e.,

(Ag, ) / VoVide Yo e W (Q).

Throughout the thesis, ¢ and C' denote generic positive constants, which depend only on
the given data, unless otherwise specified. Time derivatives are frequently denoted by
a dot. R and NT represent the sets of positive real and natural numbers, respectively.
By Xj; we denote the characteristic function associated to the set M. For a,b € R we
write @ L b if ab = 0. For f : [0,7] x 2 — RU{oo} and a € R the abbreviation
f > a means that f(t,z) > a fa.a. (t,z) € (0,T) x Q. Given A : X — Y, the symbol
A~y stands for the inverse at a fixed point y € Y and does not necessarily mean that
A: X — Y is invertible. For a mapping A : X — LY(0,T;Y) and U C Y we say that
A(M)(t) € U if and only if A(x)(t) € U for all x € M C X, where t € [0,T]. Finally,
we point out that the notation is not strictly consistent, but it is always clear from the
context. To improve the readability, we sometimes neglect the subscripts when working
with dual pairings, norms, scalar products and variables as long as it is clear from the
context which one is meant. Nevertheless, to emphasize the dependency on the penalty
term B and on the load ¢, respectively, the problem (]ED is renamed in Chapter

and in Chapter .



General assumptions

Assumption 0.5. The domain Q@ C RN, N € {2,3}, is a bounded Lipschitz domain,
see [22, Chap. 1.2]. Its boundary is denoted by ' and consists of two disjoint measurable
parts 'y and I'p such that T' = Ty UT'p. While I'y is an open subset, I'p is a closed
subset of I'. Moreover, I'p is assumed to have positive measure.

In addition, the set QU Ty is reqular in the sense of Groger, cf. [23, Definition 2/.
That is, for every point € T', there exists an open neighborhood Uy C RN of = and
a bi-Lipschitz map (a Lipschitz continuous and bijective map with Lipschitz continuous
inverse) Wy : Uy, — RY such that Uy(x) =0 € RY and U, (Z/{fc NQU FN)) equals one
of the following sets:

E, = {yERN:|y\<1, yn < 0},

Ey:={yeR" : |yl <1, yy <0},
Es:={y€ Ey:yn <0ory >0}.

A detailed characterization of Groger regular sets in two and three spatial dimensions
is given in [24], Section 5|.

Assumption 0.6. The function g : R — [e, 1], where € € (0,1], satisfies
g€ CY(R). (3)

With a little abuse of notation, the Nemytskii operators associated to g and g', considered
with different domains and ranges, will be denoted by the same symbol.

The coefficient function g measures how the elastic properties of the body are pre-
served depending on the value of the damage. Since with increasing damage, the material
becomes weaker, it would make sense to impose that g is monotonically decreasing. This
property of g is needed e.g. if one aims to show that the nonlocal damage variable ad-
mits just non-negative values, as the local damage variable does. For this, it suffices in
fact that g decreases only on its negative domain, cf. Remark on page 92| below.
However, since we do not need this result in our analysis, we do not require here that g
has this property.

Letting the smoothness assumption aside, we shortly compare the assumptions we
made on g with those in [12], (2)]. Firstly, we observe that in [12] it holds g(0) = 1, i.e.,
the elastic properties of the body are not affected at all (pure elastic behaviour) when
no damage is present. This precise condition is however not needed for the upcoming
analysis and from a mathematical point of view, it would have actually sufficed to impose
that ¢g(-) < €; (instead of g(-) < 1) with some arbitrary (but fixed) e; > €. Secondly,
limy o0 g(¢) = 0 is assumed in |12, (2)], which means that complete material rigidity
loss occures in the case of complete damage. By contrast, we impose the condition
g(-) > e > 0. This is essential for the solvability of or to be more precise, for the
coercivity of the bilinear form associated with the balance of momentum equation ,
see also proof of Lemma below. Thus, as in the most mathematical literature, we
investigate a partial damage model. For methods for dealing with complete desintegration



we refer here to [27, Chapter 6|, see also [68] for rate-dependent complete damage systems
in thermoviscoelastic materials.

Assumption 0.7. The fourth-order tensor C € LOO(Q;[,(RQ{,;N)) is symmetric and
uniformly coercive, i.e., there is a constant vc > 0 such that

C(z)o : 0 > clo* Voc Rg,ran and f.a.a. x € Q. (4)

Assumption 0.8. The load ¢ is a mapping from [0,T] to V*. The initial damage is
supposed to satisfy do € L?(£2).

For convenience of the reader, the often used notations are collected in the following
table:

Variables, functionals, (solution) operators, integrability expo-
nents and sets

‘ Symbol ‘ Meaning ‘ Definition
Ri1 Dissipation functional Definition (0.1 p.|3
& Stored energy functional Definition [0.2| p.4
Rs Viscous dissipation functional Definition (0.4| p.4
A, Linear elliptic operator in (|1.25a) Definition [1.2| p.|12
W}:gp Q) Space regularity of the optimal displacement Lemma Ilg[p.@
U Solution operator of (L.25a) Definition [1.8] p.[15
B Linear part in (1.25b) Definition |1.15 p.[18
F Nonlinear part in (1.25b) Definition [1.15] p.[18
P Solution operator of (1.25b) Definition [1.24| p.[24
wha(Q) Space regularity of the optimal nonlocal damage Theorem |1.37 p-31
z Reduced energy functional Definition |2.1 p-155
£ Energy functional without penalty ©47), p.[70
T Reduced energy functional without penalty Definition |2.1§[p.|70|
Ri1 Dissipation functional after passing to the limit 5 — oo 76) p.|78|
Rs Viscous dissipation functional after passing to the limit 5 — oo Definition 2.21—rp. 71
B Set of admissible loads (time-independent case) Definition [3.3] p.|103
B Set of admissible loads (time-dependent case) Definition |3.21| p.[118
S Control-to-state operator Definition [3.22| p.|119
£ Control set Assumption [3.29| p.[128
J Objective functional Assumption [3.33] p.[129
u Displacement
® Nonlocal damage
d Local damage




Chapter 1

Analysis of the damage model with
penalty

In this chapter we show that the problem admits a unique solution, and thus,
that the modified damage model with penalty is well posed from a mathematical point of
view. Moreover, we investigate the regularity of the unique solution on different levels.
We also derive an equivalent formulation of @, which consists of an elliptic system for
the displacement field and the nonlocal damage and an operator differential equation for
the local damage. The problem under consideration is analyzed throughout this chapter
in the context of a smooth given load and a fixed penalization parameter. The herein
achieved results constitute the basis for the rest of the thesis. In Chapter [2] we employ
in particular a final existence result for @, see Theorem below, as well as various
intermediate results. Concerning Chapter [3| we mention Sections [3.1] and which rely
on arguments similar to the proofs given in the present chapter.

Let us put our work into perspective. Numerous damage models have been addressed
by many authors under different aspects. In [4l [5, [6, [16], 26] various viscous damage
models are analyzed regarding existence of solutions. The concept of viscosity plays an
important role in the mathematical treatment of rate-independent damage models, as the
vanishing viscosity approach is a prominent method to find solutions for rate-independent
problems, such as balanced viscosity (BV) solutions, see [55, 56|, and parametrized
solutions, see [13], [41), 42, 61]. These are obtained by considering a viscous dissipation
in the initial model, which becomes rate-dependent, and by then letting the viscosity
parameter tend to zero. We further refer here to [Il, 39, [43] [45] [47, 48] [54) [78] and the
references therein. There are also other solution concepts for evolutionary equations in
the context of rate-independent damage modelling. An overview thereof can be found in
[52], in the framework of generalized gradient systems. A particular attention is given in
the literature to discontinuous solutions, such as energetic solutions and BV solutions,
which were introduced in [58, [60] and [54) 55], respectively.

Unlike in the above contributions, we deal with a viscous damage model containing
two damage variables. To the best of our knowledge, such a model has not been inves-
tigated so far with regard to a rigorous mathematical analysis, although these models



are frequently used for numerical simulations, cf. e.g. [46, [64, [67, [76], [83]. We approach
the problem (]ED in this chapter mostly by classical arguments, such as elements of cal-
culus of variations, a contraction argument, boot strapping and the implicit function
theorem. An essential tool in the context of proving the unique solvability of (]ED is the
WhP_theory with p > 2 from [29].

Outline of the chapter

The chapter is organized as follows. In Section [I.I] we first address the existence and
uniqueness of solutions for the minimization problem in (]E[) and show that it is equivalent
to an elliptic system. Based on these results, we then deal with the complete model
including the evolutionary equation for the local damage. This turns out to be equivalent
to an operator differential equation and the unique solvability of (]E) follows by standard
arguments. Sections and are devoted to improve the regularity of the solution.
In Section we show a higher spatial regularity result for the nonlocal damage, as
well as a corresponding Lipschitz continuity condition. In Section we prove that the
solution operators of the elliptic system are continuously Fréchet-differentiable. This
finally allows us to establish that the overall solution of (]ED is continuously differentiable
in appropriate spaces, as a mapping in time.

1.1 Existence and uniqueness of solutions

In this section we mainly focus on finding unique solutions u, ¢, d to the problem (]ED
for a given load ¢. For this purpose, we first show that the optimization problem in
admits solutions for fixed ¢ and d. However, the existence cannot be demonstrated by
the direct method of the calculus of variations, since in the first place the displacement
u and the nonlocal damage ¢ do not provide sufficient regularity, see also Definition [0.2)
and Lemma [5.2] Therefore we proceed as follows. Starting from

(u7¢)er¥1/1xr1H1(Q) E(t,u,p,d) = ¢er1r11rllr(19) min E(t,u, p,d), (1.1)
we first show that, for every ¢ € H'(Q), the problem minycy E(t,u, p,d) admits a
unique solution, denoted by U(t, ¢), which possesses improved regularity. In the second
part of Subsection [I.1.1] this allows us to show existence of solutions for the outer op-
timization problem on the right-hand side in , see also Remark below. Such
solutions will turn out to satisfy (together with the corresponding optimal displacement)
the elliptic system below, as necessary optimality condition. As this system is
uniquely solvable under suitable assumptions, we obtain the unique solvability of the
optimization problem in (]E[), with solutions characterized by . After concluding
the uniqueness, the Lipschitz continuity of the resulting solution maps is proven. Fi-
nally, by means of the latter ones, the problem can be reduced to an evolutionary
equation, which is in fact an ordinary differential equation in Banach space. This as-
pect is addressed in Subsection [I.1.2] where one establishes the unique solvability of the
reduced problem (]ED The section ends with a first existence and uniqueness result for
(]ED, which will be improved in the upcoming sections.



1.1.1 The elliptic system

Throughout this section we work with a fixed (t,d) € [0, 7] x L?(Q) and deal with
the optimization problem

i 1.2
o o) J(u, ), (1.2)

where J : V x HY(Q) — R is defined as
j(u7 SO) = g(t7 u7 SO7 d)7 (1.3)
This means in view of Definition |0.2] that for all (u,) € V x H'(Q) it holds

1

T(up) =5 [ a(e)Ce(w)  e(w) do — (60) wly + FIVelf + 5o — dlf

Displacement

As indicated above, we first fix p € H'({2) and investigate the problem

min J (u, ). (1.4)
ueV

The unique solvability of (1.4)) can be followed by very standard arguments, while
proving the improved regularity of the optimal displacement requires some preparatory
work. The key tool therefor is the next result, which is based on Assumption

Lemma 1.1. [29, Theorem 1.1, Proposition 1.2] Let {b,} be a family of nonlinearities,
so that each b,: Q x RNXN s RNXN gqtisfies

Sym sym

bL('7O) € LOO(Q7R£;I>1<1N)7 (153“)
b,(-, ) is measurable, (1.5b)
(bu(2,0) — bu(,)) : (0 — §) > mlor — s, (15¢)
|b,(z,0) — b,(z,¢)| < m|o — ] (1.5d)

fa.a. € Q and all 0,6 € Ré\{,élN with constants m,m > 0 independent of .. Further-
more, let By, WBP(Q) — WLP(Q) be defined as

(Bp,(u),v) := /be(-,z—:(u)) re(v) dr Vv e W}j’p/(Q).

Then there exists p > 2 such that for all p € [2,p], all operators By, are continuously
inwvertible. Moreover, their inverses are globally Lipschitz continuous and share a uniform
Lipschitz constant independent of p € [2,p) and ¢.

The above result will be applied in the upcoming lemma for the following operator(s):

10



Definition 1.2. Given ¢ € L'(Q), we define the linearity Ay, : V — V* as

(Apu,v)y = / g(p)Ce(u) : e(v) de Vv eV.
Q

The operator A, considered with different domains and ranges will be denoted by the

same symbol for the sake of convenience. Note that A, is well defined in view of Hélder’s

inequality combined with Assumptz'on and C € L>®(Q; LRNXNY), cf. Assumption .

Sym

Lemma 1.3. There exists p > 2 such that, for all p € [2,p] and all ¢ € LY(Q), the
operator A, : WBP(Q) — WLP(Q) is continuously invertible. Moreover, there exists a
constant ¢ > 0, independent of ¢ and p € [2,p), such that

1AZ llgyrio oy < cllbllw-17) Vhe WHP(Q) (1.6)

holds for all ¢ € L' () and p € [2,p)].

Proof. The result follows by applying Lemma, To this end, we define the family of
functions {by},eri(q): by : @ X RYXN — RN XN by

sym sym
by(z,0) := g(p(x))C(z)o (1.7)
and verify (1.5 therefor. The condition (1.5al) is obviously fulfilled as C(z) € L’(Rg,anN )

fa.a. z € Q, and thus, C(-)0 = 0, while follows by Assumptionsand From
the latter ones we also deduce the uniform coercivity, i.e., and boundedness, i.e.,
(L.5d), with m = ey¢ > 0 and m = ||C||o0, respectively. Since these constants are inde-
pendent of ¢, we can now apply Lemma which yields the existence of a p > 2 such
that, for all p € [2,p] and all p € L1(), the operator A, : W})’p(Q) — W~P(Q) is con-
tinuously invertible, as a result of (1.7). Note that since A, € E(Wgﬁ(Q), wW—P(Q)),
the global Lipschitz continuity of its inverse holds true anyway. However, Lemma [1.1
gives us the additional information that the norm of AZ! e LW~LP(Q), W}D’ﬁ (Q)) can
be estimated independently of ¢ and p € [2,p). This finalizes the proof. O

Remark 1.4. In view of Deﬁnition the operator A, € E(W}D’C(Q), WL4(Q)) is the
adjoint of A, € E(WBC/(Q), WLE(Q)) for any ¢ € (1,00) and any ¢ € LY(Q). This
follows by the definition of the adjoint, where one employs the reflexivity of WBC(Q),
Therefore, in view of Lemman Ay WBC(Q) — WL(Q) is continuously invertible
forp' < (¢ <2 as well, and

<c

)

-1 _ 1 4-1
14 e —reowicn = e 1o @wie @)
where ¢ > 0 is independent of ¢ and ¢’ € [2,p), and thus of ¢ € (p',2].

In the rest of the thesis, p > 2 stands for the exponent given by Lemma[l.3

We can now state the assumption for the load, which is supposed to hold throughout
this entire chapter and the next one. This reads as follows:
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Assumption 1.5. For the applied volume and boundary load we require
e C¥((0, T, WP (),
see also Assumptions and below.

We point out that the choice of the space for the load is not random at all, as
explained in Remark below.

The next lemma covers some differentiability properties of the energy functional £.
These will be in particular needed when deriving optimality conditions for the optimal
displacement and optimal nonlocal damage.

Lemma 1.6. Then the functional £ is partially Fréchet-differentiable w.r.t. w and d on
[0,T] x V x HY(Q) x L?(Q), and the partial derivatives are given by

Ou€(t,u,p,d) = Apu—L(t) in V", (1.8)
DaE (t,u,p,d) = B(d — ) in L*(Q). (1.9)

Furthermore, if considered as a mapping on [0,T] x WBT(Q) x HY(Q) x L2(Q) with r > 2
for N =2 and r > 12/5 for N = 3, then £ is also partially Fréchet-differentiable w.r.t.
. The partial derivative reads

0.t w0, d)(6¢) = 5 [ o (@ICew) s cwdp da
“ (1.10)
+ /Q aVy - Vép + B(p — d)dp dz Yoo € HY(Q).

Proof. Let (t,p,d) € [0,T] x H'(Q) x L?(2) be arbitrary, but fixed. To prove the partial
Fréchet-differentiability w.r.t. u we first observe that the mapping

u ;/Qg(go)(CE(u) ce(u) dx

is Fréchet-differentiable on V' by means of product rule. Keep in mind that g maps
HY(Q) to L>(Q), cf. Lemma and ¢ € L(V; L2(Q; RV*N)). In view of Definition
and since ((t) € V*, cf. Assumption we get (L.8).

The partial Fréchet-differentiability w.r.t. d follows immediately from the Fréchet-
differentiability of || - [|3 on L?(Q).

Let now (t,u,d) € [0,T] x W 5 (Q) x L2(2) be arbitrary, but fixed. On account of
Holder’s inequality with (r — 2)/r 4+ 2/r = 1 we deduce that the linear functional

r 1
L—=2(Q)>w— 2/ wCe(u) : e(u) dr € R
Q

is bounded and thus an element of L™/("=2)(Q)*. Moreover, the conditions on r and
Sobolev embeddings imply H'(Q2) < L*(Q) with some s > r/(r — 2) so that, in view of
Lemma g is Fréchet-differentiable from H'(Q) to L™/("=2)(Q). The identity
then follows from chain rule, in combination with the Fréchet-differentiability of ||V - |3

and || - |3 on HY(Q). O
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We are now finally in the position to state the unique solvability of (1.4, as well as
the (improved) regularity of the optimal solution:

Proposition 1.7 (Existence and uniqueness of the optimal displacement). Let Assump-
tion hold. Then, for every ¢ € HY(Q), the optimization problem (1.4) is convexr and
admits a unique solution u € WBP(Q), which is characterized by

(A, v) Vo e W' (Q). (1.11)

WBPI(Q) = <£(t)? ,U>WBPI(Q)
Proof. Let ¢ € HY(Q) be arbitrary, but fixed and define the functional
fo:Vou— J(u,p) €R,

which is just the objective in (1.4). First we establish that f, is strictly convex, by
checking if

fo(ur) = fo(ug) > f:a('U,Q)('U,]_ —u2) Yui,uz €V, u; # ug, (1.12)

holds true. In view of (1.3]) and (1.8]), (L.12]) is equivalent to
/ 9(p)Cle(ur) — e(u2)] : [e(u1) —e(ug)] de >0, VYui,uz €V, us #uz, (1.13)
Q

where we also employed Definitions and Since (|1.13) can be deduced from
Assumptions and we obtain that f, is indeed strictly convex. Thus, if existent,
the solution @ of (|1.4) is unique and, since we optimize on V', @ is characterized by

Ay =((t) inV*, (1.14)

in view of (1.8]). Lemma now gives the (unique) solvability as well as the improved

d /
regularity of @, which is guaranteed by Assumption In light of V' — ng (©) and
1.14]) combined with Definition the unique solution @ is (also) characterized by
1.11f). This completes the proof. O

The unique solvability of (1.11)) leads to the following

Definition 1.8 (Solution operator of (1.11))). Under Assumption we define the
operator U : [0, T] x H(Q) — W})’p(Q) by

U(t,p) == AZM(t).
As an immediate consequence of Lemma [I.3] one obtains the following

Corollary 1.9. If Assumption [I.5 holds true, then there exists a constant ¢ > 0, inde-
pendent of t and ¢ such that

Ut D)oy < ¢ ¥ () € [0.7) x H'(Q).

We also observe that c is independent of 8, which will be crucial in Chapter[3
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The constant ¢ depends on the given data, and in particular on [[€]| o, r1,w12(q))-
In Chapter (3] this will play an essential role, as therein the load is no longer fixed, but a
variable. A special attention to this situation is given in Section [3.I where counterpart
results (of the ones in this chapter) are derived. For example, the estimate corresponding
to the one in Corollary is given by , see page below. We refer here also to
Section As in this chapter and in the next one, ¢ remains the whole time fixed, any
dependence of the upcoming constants on the load is not of concern.

We now address the continuity properties of the solution operator ¢. We begin with
the Lipschitz continuity.

Proposition 1.10 (Lipschitz continuity of U). Suppose that Assumption 1s fulfilled
and let r € [2p/(p —2), oo] be given. Then there exists L > 0 such that for all 1,2 €
HY(Q) N L™(Q) and all t1,ty € [0,T] it holds

LAt 1) = Ult2, 02) [ wim ) < Lller = @2l +[t1 = t2), (1.15)

where 1/m=1/p+1/r € [1/p,1/2].

Proof. The proof follows the lines of the proof of [41, Lemma 2.5|. For simplicity, we
abbreviate in what follows w; := U(t;, i), @ = 1,2. The idea is to write down an
equation of the type ([1.11)) which characterizes u; — uy and apply (1.6) therefor. This

is done by subtracting the equations associated with w;, ¢ = 1,2, which yields
Atpl (u1 — UQ) = (A¢2 — Awl)UQ + f(tl) — E(tz) in W_l’p(Q). (1.16)

Let us first notice that for given p, p,7 > 1 such that 1/u = 1/p+1/7, Holder’s inequality
and Assumption [0.7] imply

ICe(w) : e(w)l < Cllullyrpg lwlyrrg Yo e WEQ),Yw e W (@), (1.17)

We now apply Holder’s inequality with 1/r + 1/p + 1/’ = 1 to the first term on the
right-hand side in (1.16)). This gives together with Lemma (1.17)), and Corollary

the following estimate

[(Aps = Ap U2l 1) < Cllg(er) = g(@2)llr [[u2llyyie o)

(1.18)
< Clle1 — 2llr-

Since 0 < 1/r < (p—2)/(2p), by assumption, it holds 7 € [2,p]. Thus, we are allowed to
apply estimate (1.6 to A,, when considered as an operator from WBW(Q) to W~1T(Q).
Therewith we deduce by means of (1.16)) and (|1.18) the estimate

[ur = w2l ) < L (llpr = p2llr + [t —t2),

where we used £ € C%1([0, T]; W=17(Q)), as a result of Assumption . Note that the
constant L > 0 is independent of (t;, ¢;), i = 1,2. This completes the proof. O
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We finish the discussion concerning the optimal displacement with a result which is
essential for proving the existence of minimizers for (|1.2)).

Lemma 1.11 (Continuity of ). Suppose that Assumption holds. Let {(tn,¢n)} C
[0, T)x H () and (t, @) € [0, T]x HY(Q) be given such that (tn, on) — (t,¢) in RxL(Q)
asn — 0o. Then U(ty, pn) = UL, p) in W};S(Q) as n — oo for every s € [2,p).

Proof. We again abbreviate w := U(t,p) and u, = U(t,,¢n), where n € N. By
subtracting the equations associated with w and u,, we obtain for all n € N

Ap(u —uy) = (Ay, — Ap)un +£(t) — £(t,) in WHP(Q). (1.19)
Completely analogously to (1.18)), one derives for all n € N the estimate
||(A¢n — Aw)unHW—LS(Q) < Cllg(en) — g(gp)”QHunHWg?’(Q)’ (1.20)

with ¢ € [1,00) such that 1/0+1/p+1/s’ = 1. Notice that the existence of g is due to

1/s' € [1/2,1/p'). Lemmal5.2] Corollary [1.9] (L.20) and Assumption [L.5] now lead to

[(Ag, — Ap)un + £(t) — U(ty) w15 () — 0 as n — oo.

In view of ([1.19)), applying (|1.6) to A, : WBS(Q) — W1%(Q) then gives the assertion.
O

Nonlocal damage

We now turn our attention to the outer optimization problem on the right-hand side

of (1.1)), i.e., we investigate
min  J(U(L, ), p). 1.21
L Ut »),9) (1.21)
For convenience of the reader we recall that J : V x H'(Q) — R is given by

T(up) =5 [ o@)Ce(u)  ew) da = (60 w)v + FIVeIE + Sllo — dl.

2
Note that ¢ — J(U(t,¢), ) is not necessarily convex, and thus, we cannot directly
derive a characterization of a (possible existent) solution of . As we will see, even
deriving necessary optimality conditions is without further ado not possible. The next
result covers only the solvability of . As already mentioned at the beginning of this
section, the uniqueness can be first deduced after writing down the necessary optimality
conditions.

Proposition 1.12 (Existence of the optimal nonlocal damage). Suppose that Assump-
tion holds. Then, the optimization problem ([L.21)) admits at least one solution, and
therefore ([1.2)) possesses a solution as well.
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Proof. By means of Definitions and the objective in ([1.21]) can be rewritten as

Q) SR f(9) = TUE),9) = S {0.UL D) + SITelE + 2 o~ dl3
The existence of solutions for follows by classical arguments of the direct method
of variational calculus. To this end, notice that f is radially unbounded because of
Corollary Moreover, it is weakly lower semicontinuous. To see this, consider a
sequence {p,} C HY(Q) with ¢, — ¢ in H(Q) as n — co. The compact embedding
HY(Q) << L(Q) and Lemma then imply

U(t,pn) > U, p) InV  asn — 0.

This together with the weak lower semicontinuity of ||V - ||3 and || - |3 on H*(Q) gives
that f is indeed weakly lower semicontinuous. Since H'(f2) is a reflexive Banach space,
a standard argument yields now that ([1.21]) admits solutions. In consequence, so does

(1.2), as the set of solutions for (1.2)) is given by {(U(t,¢),¢) : ¢ solves (1.21)}, which

is straight forward to see. O

Remark 1.13. We point out that the continuity of the operator U(t,-) in Lemmam
is crucial for proving the existence of solutions for . One should however notice
that, if we assume that the optimal displacement has only V -regularity, then the result
i Lemma holds true for any s € [p/,2), see the proof thereof and Remark .
Since by assumption £(t) € W IP(Q) — (WBS(Q))*, Proposition can still be
concluded in the exact same way. Note that this alternative proof does not (directly) use
the improved regularity of the optimal displacement. However, it uses Lemma (in
form of Remark and Assumption which were the tools needed for establishing
the improved regularity in Proposition[I.7]. Hence, these are the essential ingredients for
proving the existence of the optimal nonlocal damage.

As the upcoming analysis shows, the W}D’p (Q)-regularity of the optimal displacement
s also crucial for deriving mecessary optimality conditions, and thus, for proving the

uniqueness of solutions for (1.21]).

Next we concentrate on deriving necessary optimality conditions for the optimal
nonlocal damage. For this purpose one has to differentiate the function J w.r.t. ¢ at
(U(t, @), p), where ¢ is a solution of (L.21). This can be done in view of Lemma [1.6|and
Definition [I.§ only under the following additional

Assumption 1.14. From now on we assume that, in case of N = 3, the assertion in
Lemma holds with p > 12/5.

The existence of p in Assumption [I.14] is ensured by further conditions on the data,
which are stated in Remark below. We emphasize that one can go without this
additional assumption, if one replaces the H'-seminorm in the energy functional in

Definition by the H3/2-seminorm, see Remark below for more details.
The following definition will be useful in the sequel:
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Definition 1.15 (The linear and nonlinear part of (1.25b))). Suppose that Assumptions

and are fulfilled. Then we define the mappings B : H'(Q) — HY(Q)* and
F:[0,T] x HY(Q) — HY(Q)* by

(Bo, ) i) = /Qano -V + ey de Vo € HY(Q), (1.22)
(Plto)W)mo = 5 [ (U ) ctp)pde Vo e BN, (123

We emphasize that F is well defined. To see this, first note that the Sobolev embedding
HY(Q) < LP/*=2)(Q) holds true, since p > 2 for N = 2 and since, thanks to Assumption
p > 12/5 in case of N = 3. Then, by Assumptions and and in view of
Definition[1.8, applying Holder’s inequality with 1/(p/2) + 1/(p/(p — 2)) = 1 yields that
F has range in LP/®=2(Q)* and thus, in H'(Q)*. On account of 1 < p/(p — 2) < oo,
we can identify F(t,o) with the term 1/2 g'(0)Ce(U(t, @) : e(U(t, @) € LP/2(Q) for all
(t,p) €[0,T] x HY(Q).

With o little abuse of notation, the operators B and F considered with different
domains and ranges will be denoted by the same symbol.

Now we can state the necessary optimality conditions as follows:

Proposition 1.16. Under Assumptions and every local minimizer (w,p) of
(L2 fulfills @ = U(t, ) € WEP(Q) and

Bg+ F(t,p) = Bd in HY(Q), (1.24)
which is equivalent to the following optimality system:
—div g(@)Ce(m) = £(t) in W IP(Q), (1.25a)

—aAG+ B P+ %g’(@)@s(ﬁ) ce(@)=pd  in HY(Q)". (1.25b)

Proof. The local optimality of (@, ) in particular implies that @ is a local minimizer of

. w. o
min 7 (u, ¢),
which is a convex problem according to Proposition Therefore, u is a global mini-
mizer of this problem, and Proposition yields w = U(t, p).
Similarly, the local optimality of (u, ¢) also implies that ¢ is a local minimizer of

i i, ). 1.26
wergllr(lmj(u ©) (1.26)

Thanks to the improved regularity of @ by Proposition [[.7] and thanks to Assumption
, one can differentiate J w.r.t. ¢ at (u,®) by means of Lemma Thus, we can
write 0,7 (u,®) = 0 as necessary optimality condition for a local minimizer of .
In view of (L.10), Definition and w = U(t,p), this is equivalent to (1.24). The
equivalence to follows directly from the definitions of Az, B, and F. O
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From Propositions and we know that ([1.24]) has at least one solution. In
the following we aim for showing that this solution is unique, which will give in turn

the unique solvability of . Unfortunately, Assumption does not suffice to prove
the uniqueness of solutions to (1.25). In order to show strong monotonicity of the
operator on the left-hand side of (1.24), we additionally need that H'(Q) < L"(Q) with
r > 2p/(p—2), see proof of Lemma [1.20] below for more details. This motivates the first
part of the following

Assumption 1.17. From now on we require:
1. The assertion of Lemma holds for some p > N.

2. The penalization parameter B is sufficiently large, depending only on the given
data, see (1.36), (1.102), (2-38) and (3.17) on page[106 below, as well as Remark
[1.23 and Remark[3.9, p.[107, for Chapters[1], [3 and for Chapter|3, respectively.

Note that Assumption [[.I7][T]is automatically fulfilled if N = 2, see Lemma[I.3] For
N = 3 this is guaranteed by imposing additional conditions on the data, see Remark
[1.27 below for more details. Moreover, as in case of Assumption [I.14] one does not
need Assumption , if one replaces the H'-seminorm in the energy functional by
the H3/2-seminorm, see Remark below.

Assumption [[.I7]2]is not restrictive at all, since § is a penalization parameter, which
is supposed to be large anyway and will be send to co in the next chapter. Of course,
the dependency of 3 on the given data, and in particular on the load, cf. Remark [T.22]
does not affect the analysis in this chapter or in Chapter [2, while in Chapter [3| the
dependency on the load asks for a new threshold, namely on page below, see
Remark [1.22] for more details.

We can now start the discussion of the uniqueness of the optimal nonlocal damage.
The main idea is to show the strong monotonicity of the operator on the left-hand side
in , by making use of the fact that j is large, which allows us to absorb (possible
bounded) terms. We begin with the Lipschitz continuity of the mapping F'. For later
purposes, we prove a slightly more general result.

Lemma 1.18. Let v > 2p/(p — 2) and define s via 1/s +2/p + 1/r = 1. Under

Assumptions and we have for all ty,ta € [0,T], p1,02 € H(Q) N L"(Q) and
Y € L*(Q) the following estimate

[(F(t1, 1) = F(ta, p2), )| < C(llpr = wallr + [t = L)) [[9ls,

with a constant C > 0 depending only on the given data.

Proof. We again abbreviate u; := U(t;,p;) for i = 1,2. First thing to notice is that
s € [p/(p—2),2p/(p — 2)], by definition. Hence v € L3(Q) — LP/P=2)(Q). Now, the
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definition of F' in (1.23)) implies
[(F'(t1, ¢1) F(h#ﬂz) V)

L/‘\ (1) = 9'(92))Ce(wr) : ()| da (1.27)
—|—/ |9 (¢2)[Ce(ur) : e(ur) — Ce(us) : e(uz)]y| da.
Q

We discuss the two terms on the right-hand side of (1.27)) separately:
(i) In view of (1.17) and Corollary [1.9) we have

|Ce(uy) : 6(u1)||% <eg, (1.28)

where ¢ > 0 is a constant independent of (¢1, 1). In addition, the function ¢’ : L"(2) —
L"(Q) is Lipschitz continuous according to Lemma . Thus, applying Holder’s in-
equality with 1/r + 2/p + 1/s = 1 for the first term on the right-hand side in (1.27))
gives

/Q (' (1) — 9/ (92))Ce(u) : e(un)p| de < Callor — pall [€]er (1.29)

where C7 > 0 depends only on the given data.
(ii) Define 7 and w through 1/m = 1/p+ 1/r and 1/w = 1/p + 1/7, respectively.
Then ((1.17)), Corollary and Proposition result in

[Ce(ur) : e(ur) — Ce(uz) : e(uz)llw = [|Cle(ur) + e(u2)] : [e(u1) — e(u2)]l
< Coflur +usl gy ) lur — wallyyir gy (1.30)

< Co( o1 — @2lr + [t1 — t2).

Now, in light of Assumption Holder’s inequality with 1/w + 1/s =1 yields

|19/ Cetus) - ) =€) - )] da
< Colller — p2llr + [t — 2D ]s-

Notice that Co > 0 depends only on the given data. Inserting (|1.29) and (1.31]) in
finally gives the assertion.

(1.31)

We observe that, if p > N, then

2p 2N
=L e (2,2=) 1.32
" p—2€< N_2 (1.32)

so that Sobolev embeddings give in turn H'(Q) < L"(Q2). Since by construction, r
satisfies 2/r + 2/p = 1, Lemma is applicable with s = r, which results in the
following
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Corollary 1.19. Under Assumptions and [T.17[] it holds

P (11, 1) = Flt2,02), 03] < C (o1 = @all 2, + 112 = t2]) ]2
Vi1, to € [0,T], V1, 92,9 € H(Q),
where C' > 0 depends only on the given data.
The following lemma is an essential tool for proving the unique solvability of .
Lemma 1.20. Let m > 0 be given. Then, under Assumption it holds

mHgo||227p2 < kllel3 +2k) ol @ Ve € H'(Q) and Yk >0,
=

where ¢ : RT — R is a function depending on m, p and N, which satisfies ¢(k) \, 0 as

Proof. For convenience we again set r := 2p/(p—2). First note that, because of Assump-
tion [L.17][1} there is an index g such that r € (2, 0) and H(Q) < L°(Q). For instance,
take o = (2p+1)/(p—2) for N =2 and o = 6 if N = 3, see also (1.32). Therefore, there
exists 6 € (0,1) such that 1/r = 6/2 + (1 — 0)/p, whence by Lyapunov’s inequality we
have

mllellF < mlielPllelly > < mCllellleltie, Yee HY(Q). (1.33)

Note that C' is the embedding constant, and thus, it depends on ¢ and N, or to be
more precise, on p and N. Thanks to the generalized Young inequality, (1.33]) can be
continued as

(Uk)lfwmwcw

mllgll? < kol + Il Yk >0, Vo€ HY(Q),

where v := 1/0 and w := 1/(1 — #). We remark that v and w depend on p and N, as
well. Note that the mapping

(,Uk)l—wmwcw

w

¢C:RY 3k e Rt

satisfies ¢(k) \, 0 as k oo, since k — k=% does so, in view of w > 1. The proof is
now complete. O

We are now finally in the position to state the ‘strong monotonicity’ of B + F', from
which the uniqueness of the optimal nonlocal damage will follow easily.

Lemma 1.21. Let Assumptions and be satisfied. Then, for all t1,ty € [0,T)
and all 1,y € HY(Q), 01 # o, it holds

(B(p1 — p2) + F(t1, 1) — F(ta, v2), 01 — ¥2)
o1 — w2l 1)

HY(Q
© > a2~ eallme) — Clta — tal,
where C' > 0 depends only on the given data.
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Proof. Let (ti,i)i—12 € [0,T] x H*(Q) be arbitrary, but fixed with ¢ # ¢2. Then,
Corollary and Lemma, yield

[(F(t1, 1) = F(t2, 02), 01 — p2) | < kllr — wall3 + E(k)ller — wallin g

(1.34)
+ C'lt1 — to| o1 — 2llpr@) VE >0,

with ¢ as in Lemma m Note that we also employed that H'(Q) < L?*/#=2(Q), in
view of Assumption Using the definition of B in (1.22) we further infer from
(1.34) that for all £ > 0 it holds

(B(p1 — p2) + F(t1,01) — F(ta, p2), 01 — ¥2)
1 — w2ll ()

> (o — (k)1 — p2llar ) — Cltr — t2|

+(5—Oé—k‘) H§01_§02”% ]
o1 — <P2HH1(Q)
(1.35)
Keeping in mind the properties of ¢, we can choose k& > 0 (large enough) such that
a —¢(k) > /2. Furthermore, if
B>a+k, (1.36)

cf. Assumption then (|1.35)) gives the assertion. O

Remark 1.22. Note that in the above proof, Lemma[I.20 is applied with m = C, where
C > 0 is the constant from Corollary [1.19. An inspection of the proof of Lemma
shows that this depends on the (supremum) norm of the load, see e.g. (1.28) and Corollary
[1.9. Hence, the function ¢ depends, cf. Lemma[1.20 and cf. Remark[1.27 below, only on
the given data, and in particular on the load, which implies in view of that B does
so as well.

This becomes a central concern in Chapter[3, where the load is no longer fized, but
a variable. Roughly speaking, this is the reason why in Section below, the (time-
independent) variable loads have to be uniformly bounded to guarantee unique solvability
of the time-independent version of the minimization problem in (]E) The threshold
1s then replaced by (see page below), where M is the (given) constant which
uniformly bounds the variable loads. We refer here also to Section[5.3 below, where one
deals with the same problem in the time-dependent case.

The unique solvability of the minimization problem in (]E[) is covered by the following

Theorem 1.23 (Unique solvability of (1.2)). Under Assumptions and the
optimization problem (1.2) admits a unique solution, which is characterized by ([1.25]).

Consequently, the unique optimal nonlocal damage is characterized by (|1.24)).

Proof. We focus on showing a Lipschitz estimate for solutions of , as this will be
also needed for later purposes. Then, the desired assertion follows immediately. To this
end, let ¢; denote solutions of associated with given (t;,d;) € [0,T] x L?(£2),
i = 1,2. Note that the existence thereof is ensured by Propositions [[.12] and [[.16] By
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assuming @1 # 2, we obtain from Lemma [[.21] and Cauchy-Schwarz inequality the
estimate

1 — p2llm1 (o)
B(py — F(t —F(t -
2 (e~ P i i |
a le1 = @2l o) (1.37)
2 di —d — |
:7< (dq 2, P1 ¢2)2+C\t1—t2|>
a ||%01 —%02||H1(Q)

< C(||dy = dall2 + [t1 — t2]).

Note that the estimate holds trivially also for @1 = @o. If we set t; = t9 and
dy = do, then implies uniqueness for , and thus the unique solvability of
, cf. Proposition As this system constitutes the necessary optimality condition
for , which admits global solutions by Proposition , we deduce that is
uniquely solvable too, and that every local minimizer must be the global minimizer.
This completes the proof. O

The unique solvability of (1.24)) leads to

Definition 1.24 (Solution operator of (1.24)). Let Assumptions[1.5 and[1.17 be fulfilled.
We define the operator ® : [0,T] x L*(Q) — HY(Q) as

-1
As a result of (1.37]) we have the following
Corollary 1.25 (Lipschitz continuity of ®). Under Assumptions and there

erists a constant L > 0 such that
[®(t1,d1) — ®(t2, d2)|| () < L(||d1 — dall2 + [t1 — t2]) (1.38)
holds true for all t1,ty € [0,T] and all dy,ds € L*(Q).

To summarize our results so far, we have proven that, under Assumptions [I.5] and
[I.17 the optimization problem

i E(t d
() eV X H (@) (t, 2 ¢, d)

is uniquely solvable for any (¢

,d) € [0,T] x L?(©2). The optimal displacement is given
by U(t, @) € W (Q), where ¢ =

®(t,d) € H(Q) is the optimal nonlocal damage.

We conclude this subsection with some remarks concerning the assumptions we made
on the load and on p, respectively.
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Remark 1.26. We point out that it was necessary in Assumption to impose that £
has range in WYP(Q), in order to obtain the improved regularity of the optimal dis-
placement, or better said, mazimal regularity therefor, see Definition [I.8 and Lemma
. Since the threshold for 8 depends on |[¢||c o, r.w—1v () Cf- Remark it makes
sense to work with a space for the load so that the ‘maximal value’ of ¢ is independent of
the variable t (at least almost everywhere). For example, in Section below one finds
L®(0,T; W=YP(Q)) as a proper (more general) choice for the space for the load. As we
are interested in solution operators which are smooth w.r.t. time, and later even contin-
wously differentiable, we require in Assumption that the load is (for the beginning)
Lipschitz continuous.

Remark 1.27. We emphasize that by the results of [29], the mazimal value of p depends
only on the domain, the partition of its boundary, and the boundedness and monotonicity
constants of the stress-strain relation, which in our case is depicted via . Roughly
speaking, a sufficiently smooth domain, no mized boundary conditions and a smaller
difference between the above mentioned constants account for larger values for p. We
refer here to the proof of Lemma in [29]. Thus, from the proofs of Lemmata
and we infer that p depends on eyc, ||Clleo, and the domain. We moreover infer
that the existence of a p fulfilling Assumption[I.11] is ensured provided that the values
m = evyc and M = ||Cl||s are close enough to each other and if the domain is smooth
enough (C*-boundary) with T'p as entire boundary.

Recall that, in the two-dimensional case, Assumption is automatically fulfilled.

Remark 1.28. Alternatively to Assumption one can proceed as in [41] and use
in case of N = 3 the Sobolev-Slobodeckij space H3'%(Q) for the nonlocal damage. To this
end, one replaces the gradient term in the energy functional by the seminorm generated
by [41, (2.4b)] so that the radial unboundedness in the proof of Proposition is still
ensured, and thus, the existence of the optimal nonlocal damage. Note that the rest of
the proof remains unaffected, as H*/?(Q) (endowed with the same norm as in [{1]) is a
reflexive Banach space.

The advantage thereof is that the embedding H3?(Q) — L"(Q) holds for every r €
[1,00) in the three-dimensional case, which means that there is no longer need for making
extra assumptions on p if N = 3. This is shown by a closer inspection of the preceding
analysis, which reveals that the embedding H'(Q) — L"(Q) for all v € [1,00) in case of
N = 2 is the key ingredient to prove unique solvability for without any additional
assumptions on the integrability exponent p. Thus, working with H/ 2(Q) instead of
HY(Q) in three dimensions allows to do the same in case of N = 3, so that no extra
assumptions on p are required. However, we chose not to work with H3/2(Q), as the
bilinear form associated with the H3/?(Q)-seminorm is difficult to realize in numerical
computations.

1.1.2 The evolution equation

This subsection is devoted to prove existence and uniqueness for the complete damage
model . We suppose that Assumptions and hold true in what follows. Then,
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with the results from Subsection at hand, the problem can be reformulated as
— 0g€(t,u(t), o(t),d(t)) € 8R5(d(t)) faa.te (0,7), d(0)=dyp, (1.39)

where u = U(-, () and ¢ = ®(-,d(+)), while d : [0,T] — L*(Q) is the local damage.
Moreover, due to (|1.9)), the evolutionary equation ([1.39) reads

— Bld(t) — p(t)) € IRs(d(t)) faa. te (0,T), d(0)=do. (1.40)

We approach the reduced problem by showing that (1.40) is equivalent to the fol-
lowing operator differential equation, which can then be solved by standard arguments.

Theorem 1.29 (Operator differential equation). Let Assumptions and hold
true. Then, the evolution equation (1.40) is equivalent to
1

d(t) = 5 max (=B(d(t) —¢(t)) —r) fa.a. te€(0,T), d(0)=do, (1.41)

where ¢ = ®(-,d(-)).

Proof. First we note that Ry is the sum of two convex functionals, namely R; and
g|| -||3. As the latter one is Fréchet-differentiable, we can apply the sum rule for convex
subdifferentials, so that

ORs(n) = OR1(n) + dn  for all n € L*(Q).

Further, since R is positively homogeneous, we have for all &, € L?(Q) with > 0 the
equivalence

(57 7])2 =R (77)7

(&, v)2 < Ri(v) Vo e L(Q). (1.42)

§€IRI(n) {

This can be easily seen by writing down the definition of the subdifferential and testing
therein with 0 and 27, respectively.
In view of the above, we can now rewrite the evolution in (1.40) as

(=B(d(t) — (1)) — dd(t),d(t))2 = Ra(d(t)), (1.43a)
(—B(d(t) — @(t)) — dd(t),v)s < Ri(v) Yve L3(Q) (1.43b)
for almost all ¢ € (0,7). Note that from we know that d(t) € dom(Ry), i.e.,

d(t) > 0 faa. t € (0,7). As a result of Definition and fundamental lemma of the
calculus of variations we further obtain

[T430) <= —B(d(t) — () —dd(t) —r <0 ae. inQ, faa. te (0,T).
By employing again Definition [0.1} we also get

[[43a) <= (=B(d(t) —¢(t)) —6d(t) —r,d(t) ), =0 faa.te(0,T).
<0 \>’(r
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Therefore, the system (1.43)) and thus, the evolution in (1.40)), is equivalent to the
following complementarity system

0 < dd(t) L —B(d(t) — p(t)) —r —dd(t) <0 ae. inQ, faa te (0,T),  (1.44)

where we used § > 0 for the left inequality. Since the max-function is a well known
complementarity function, (1.44)) gives the assertion. O

Remark 1.30. There are multiple equivalent formulations of the penalized damage model
in reduced form. An overview thereof is given in Proposition [2.7 on page[59 below. The
operator differential equation is certainly one of the most significant, as it has var-
ious advantages. Firstly, it may provide a useful starting point for a numerical solution
of (]ED, as one could solve (the discretized version of) by means of a semi-smooth
Newton algorithm, see also on page below. Moreover, it facilitates deriving
necessary optimality conditions in Chapter(3, due to the directional differentiability of the
operator max, cf. Lemma [5.6, Besides, by describing the evolution of the local damage
via , the unique solvability of , and thus of , follows easily by Picard-
Lindeldf’s theorem, as we will next see. Furthermore, (]1__4_1[) will be the starting point
for performing a time-discretization for in Subsection below, which will lead to
finding an L*°-bound for the local damage. However, @ does not help us when it
comes to passing to the limit 3 — oo in Chapter [3, as explained at the beginning of
Section [2.1] below. For this reason, one derives therein a new equivalent formulation for
, i.e., the energy identity, by means of which the passage to the limit is possible.

Remark 1.31. The result in Theorem can be as well proven by employing the
dual formulation of , see (a.e. in (0,T)), p, below, and by showing that
the conjugate functional R} equals the 0-Moreau-Yosida reqularization of the indicator
functional associated to the set {v € L*(Q) : v < r}. According to [28, Lemma 4.1(a)],
the latter one is Fréchet-differentiable. Moreover, its derivative can be expressed by means
of the max-function, so that (a.e. in (0,T)), p.[59 becomes (1.41).

One could also prove Theorem by rewriting as a mimimization problem, see
[2-14), p, below. As this is conver, d(t) can be described a.e. in (0,T) by the necessary
and sufficient optimality condition, which is nothing else as the complementarity system
(TA), i.c., (TAT).

The unique solvability of the problem (]ED in reduced form is covered by the following

Theorem 1.32 (Existence and uniqueness for the evolution equation). Under Assump-
tions and|1.1 j there exists a unique function d € C11([0,T]; L?(2)) satisfying (1.39),
and thus, (1.40) and (1.41), for all t € [0,T].

Proof. Theorem tells us that ((1.39) and (1.40]) are equivalent to the operator differ-
ential equation given by (|1.41). We intend to solve the latter one by means of Picard-
Lindel6f’s theorem. For this purpose, we define the mapping f : [0, T] x L?(2) — L?(Q)
as

F(td) = %max(—ﬂ(d Bt d)) — 7). (1.45)
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Of course, f is well defined in view of Lemma [5.6](i). Due to the Lipschitz continuity of
max : L%(Q) — L?(Q), cf. Lemma (z), and ([1.38]), it holds for all (t1,dy), (t2,dz2) €
[0,T] x L*(Q)

1f(t1,d1) — f(ta,da)ll2 < = ([19(t1, dr) — B(t2, do)|l () + lldi — dall2)

B
5

(1.46)

o™

S*(L—i-l) ”dl—d2”2+ L|t1—t2|,

(e

where L is the Lipschitz constant of ®. Therefore, f is globally Lipschitz continuous, and
we can conclude with [I4, Theorem 7.2.6] that there exists a unique d € C*([0, T]; L?(£2))
satisfying

d(t) = f(t,d(t)) Vtel[0,T], d(0)=do. (1.47)

In particular, it holds d € C%*([0, T]; L3(£2)), which in view of (1.46) means that t
f(t,d(t)) € CO([0,T]; L*(Q)) as well, and thus, d € CY1([0,T]; L?(2)), on account of
(1.47). This together with (1.45) finally gives the assertion. O]

Remark 1.33 (Improved space regularity for the local damage). An inspection of the
above proof shows the following: If we assume that the initial datum is more regular,
in the sense that dy € LP(SY), where p € (2,00], and if ® : [0,T] x L?(Q) — LP(Q) is
Lipschitz continuous, then d € CH1([0,T]; LP(Q)). Note that this is due to the fact that
max : LP(Q2) — LP(Q) is well defined and Lipschitz continuous, as a consequence of the
Lipschitz continuity of max : R — R.

Hence, if dy € L"(QQ), then the local damage belongs to CL1([0,T]; L™(2)), where
r<ooandr =06 for N =2 and N = 3, respectively, as a result of the embedding
HY(Q) < L"(Q). As in the nest section the Lipschitz continuity of the nonlocal damage
improves, the same holds for the space regularity of d, see Remark[1.76] below.

Let us point out that the Lipschitz continuity of the local damage d readily transfers
to ¢ = ®(-,d(-)) and w = U(-,(-)), as explained in the sequel. First of all,
and the Lipschitz continuity of d imply the Lipschitz continuity of ¢. Further, in view
of HY(Q) — L"(Q) with r € [2p/(p — 2),00) and r € [2p/(p — 2),6] for N = 2 and
N = 3, respectively, we obtain from Proposition that w € C%([0, TY; WB”(Q)),
with 7w € [2,p) for N =2 and 7 € [2,6p/(p+6)] in case of N = 3. Note that the intervals
[2p/(p —2),00) and [2p/(p — 2),6] are not empty thanks to p > 2 for N =2 and p > 3
for N = 3, respectively.

We observe that as long as £ € C%1([0, T]; W ~1?(Q)), one cannot expect more time
regularity for u and ¢, see also Remark on page below. The time regularity
thereof can be however further improved, provided that the load is more regular in time,
as we will see in Section below, in the case of a continuously differentiable load.

To summarize our results so far, we have proven that, under Assumptions [I.5] and
, there exists a unique solution (u,p,d) for the penalized damage model (]E[) sat-
isfying u € C’O’l([O,T];WBF(Q)) with 7 as above, u(t) € WBP(Q) for all ¢t € [0,T],
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¢ € C%L([0,T]; HY(Q)) and d € CH1([0,T]; L*(2)), and the following system of differ-
ential equations:

—div g(p(t))Ce(u(t)) = £(t) in W LP(Q), (1.48a)

~adp(t) + Bp(t) + 5 9 (p(D)Ce(ul) < e(u(n) = fd(t) in H'(@),  (1.48D)
d(t) — %max(—ﬁ(d(t) — o) —1)=0,  d(0)=do (1.48¢)

for all ¢ € [0, 7.

1.2 Improved regularity and Lipschitz continuity of the non-
local damage

In this section we show that the optimal nonlocal damage possesses higher regularity
and satisfies a corresponding Lipschitz condition. The key tool therefor is a known
result of W14-theory, with ¢ > 2, of which we can make use mainly thanks to the space
regularity of the nonlinearity in ([1.48bf). These new findings can be used to improve
many results throughout this work, see Remarks [1.46] [T.61] [1.63] [3.12] and [3.23] below.
Of course, Assumptions and are supposed to hold throughout this section.

1.2.1 Improved regularity

The starting point for proving the improved regularity is the equation , which
characterizes the optimal nonlocal damage, cf. Theorem Applying a classical boot
strapping argument therefor will then easily give the result. However, we first need to
do a little preparatory work, of which we also make use in the upcoming subsection. For
convenience, we introduce

Definition 1.34. We define the operator —A + I : H(2) — HY(Q)* by

(A + Dw, $) o :—/QVw-Vw—i-um/J dr Vi € HY(Q).

The operator —A + I considered with different domains and ranges will be denoted by
the same symbol for the sake of simplicity.

The key result mentioned at the beginning of the section is covered by the following

Lemma 1.35. [23, Theorem 3, Lemma 1, Definition 4, Remark 6] Let fN C T be given
so that QUT n is reqular in the sense of Grager cf. [23, Definition 2/, see also Assumption
. Then there exists ¢ > 2 such that for allv € [2, q| the operator —A+1I : WIl,\'% Q) —
N
WI}’\’%/ (Q)* is continuously invertible. The norms of their inverses are bounded by a
N
constant depending only on q, the domain Q and 'y at most.
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In the remaining of the subsection we work with an arbitrary, but fixed (¢,d) €
[0, T] x L?(2) and use for simplicity the notations % := ®(¢,d) and

f=pd=¢)+ap—F(t ) (1.49)

We consider the equation
1
(~A+DNw = ~f i HY(Q), (1.50)

which is solved by ¢, in view of ([1.49) and Definition Then, taking advantage of
the fact that f possesses higher regularity than H'(Q)*, we show by means of Lemma

that @ € W19(Q), where ¢ > 2.
The regularity of the linear form on the right-hand side in ((1.50) is given by the
following

Lemma 1.36. Under Assumptions and it holds f € Wh¢' (Q)*, where

1
—=maxq— — —, - — — —. 1.51
0 max{p N’ 2 N}<N (151)

Proof. From (L.49) and Sobolev embeddings we infer that f € L%(Q) N LZ() (see
Definition [1.15)), which implies f € L"(Q2), where r := min{2,p/2}. Thus, the idea of
the proof is to find p € (2,00) (as large as possible) so that

L7 () — Whe' (Q)*. (1.52)

To this end, we employ Sobolev embeddings, which tell us in view of ¢’ € (1,2) that
/ No' Ne_ , /
Whe' (Q) s L¥-7 (Q), whence L¥42(Q) < W' (Q)*, as 2, € [1,00). The embed-

N—¢
ding (1.52)) is then guaranteed if
No
r> ,
N +o

which is equivalent to

1 1 1

>

o~ r N

In light of the definition of r, this gives the identity in (1.51]), as we searched for the
largest value for p. From Assumption and N < 4 we finally deduce o > N. O

We can now conclude the main result of this subsection:

Theorem 1.37 (Improved regularity of the nonlocal damage). Suppose that Assump-
tions and hold true. Then, there exists a ¢ > 2 such that ®(t,d) € W14(Q) for
every (t,d) € [0,T] x L*(Q).
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Proof. In view of Lemma we want to apply Lemma for I'y = I, which means
that we first have to verify that Q is regular in the sense of Groger. Thanks to [24]
Theorem 5.2, 5.4, this is indeed the case, since  is a bounded Lipschitz domain, cf.
Assumption [0.5] Thus, by virtue of Lemma [I.35] there exists go > 2 such that for
all v € [2,qq] the operator —A + I : W (Q) — W' (Q)* is continuously invertible.
Hence, in view of Lemma admits a unique solution ¢ € W14(Q), where

q := min{qq, 0} > 2, with o given by (1.51). Since ¢ solves (1.50) as well, we obtain
» = @, which completes the proof. O

1.2.2 TImproved Lipschitz continuity

As a consequence of the higher regularity of the solution of , one expects that
® satisfies a corresponding Lipschitz condition. For this reason, we investigate in what
follows the W14(Q)-Lipschitz continuity of the solution map of . Throughout this
subsection, ¢, go and p stand for the numbers given by Theorem [I.37, Lemma [I.35]
where I'y := I, and Lemma respectively. We work with (¢;,d;) € [0,T] x L*(Q)
arbitrary, but fixed and define o; := ®(¢;,d;) € WH4(Q), where i = 1,2. In addition, we
abbreviate

v= (Bldi —do) — (B = o)1 — 92) — (Fltn, 01) — Flia,2)). (153)

Note that ¢ € W¢'(Q)*, on account of Lemma [1.36, Moreover, notice that, by con-
struction, (1 — @9 solves
(—A+DHw=1.

Thus, according to Lemma applied for Ty = T, the following estimate holds true

o1 = pallwrnie) < ellellyprm e V2 < p < g=min{go, o}- (1.54)

Unfortunately, the desired Lipschitz continuity condition cannot be directly proven
by setting p = ¢ in , as one cannot directly derive an estimate of the form
lellra @y < L(lldy = dal|2 + [t1 — t2]). However, by applying a finite number of boot
strapping steps, it is possible to prove the result, as we will next see. The starting point
therefor is the Lipschitz estimate .

The main idea in each step is to search for v € [2, g] as large as possible such that
el () < C(lldr = dall2 + [t1 — t2[) holds. Such an estimate will be established by
using the Lipschitz continuity result for the solution map ®, which was proven in the
previous boot strapping step. Then, applying with g = min{qq, v} leads to an
improved Lipschitz continuity result, as we will later see.

In the proof of Theorem below we establish that the number of boot strapping
steps, which we hereafter call m, is finite, see ((1.67]). Therein we also show that, starting
from the H'(Q)-Lipschitz continuity of ®, the arising sequence of Lipschitz exponents
reads

{2 = Vo(p), "'7mel(p)vmin{QQ>Vm(p)} = Q}a
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with vj(p);=o,...,m as in Definition below. As confirmed by Lemma below, the
result improves in each step. Now, assuming that the W1¥»(®)(Q)-Lipschitz continuity
of ® has already been proven, the n + 1-st boot strapping step consists of

(i) showing the estimate

lellyprvmsr v e < CUler = P2llwrmmi @) + i = dalla + [t —t2f),  (1.55)
see Lemma below,
(ii) using the Wh¥»(P)(Q)-Lipschitz continuity of ® in (T.55)),

(iit) applying (T.54) for g = v,41(p) < ¢, which yields the W1¥n+1(P)(Q)-Lipschitz
continuity.

We point out that the number of steps m, depends on p, N and qq, in view of
and . The formula is in particular essential in three dimensions and gives,
in light of , the maximal number of required steps. Thus, in the two-dimensional
case, the W14(Q)—Lipschitz continuity is established in maximal two steps, cf. .
From Lemma below we further deduce that small values of p account for small
values of v,(p). Thus, the closer p is to N, the more difficult it is to come closer to ¢,
which is also confirmed by , since n* is larger for smaller values of p.

The subsection is structured as follows. First we lay the foundations for proving

(1.55) by introducing the sequence {vy,(p)}n (Definitions|1.3841.39) and by enumerating
some useful properties thereof (Lemmata 1.42)). Afterwards, we proceed towards

showing the main result by first deriving an estimate of the type (1.55)) in a more general
form (Lemma [1.43)), of which we make use to establish Lemma|1.44] The subsection ends
with the statement of the desired result (Thereom [1.45) and some comments regarding

its consequences (Remark |1.46]).

Definition 1.38. We define the sequence {ap},en+ as

4Nn

SN+

Note that {ay},en+ is strictly decreasing in three dimensions and that it satisfies

ap =2 for N =2,
(1.56)

4=a1>a,>3 for N=3.
for all n € NT. This can be easily shown by straight forward computation.
In the next definition we give a general formula for v,(p), by means of which the

Lipschitz exponent achieved in the n-th step can be exactly specified, see the proof of
Theorem [L.45] below.

30



Definition 1.39. Let Assumption [I.17[1] hold true. Given n € N,n > 2, we define

2Np
' N, an,_
ANn — (4n — N)p i p €N, an-),
wnlp) = e(N.o) ip=an,

o ifpé€ (ap_1,0).

Further, define vo(p) := 2 and

~_JeW,0 ifpe (N4 B
Gp .
vi(p):=<¢ 12—p #pe®.6) , for N = 3.

o ifpe6,00)
The notation “=€ (N, )’ stands for “= k, where k € (N, 0) is given’.

Observe that for n > 2 and N = 2 it holds v, (p) = g, due to and p > 2. We
have chosen however to define v, (p), n > 2, by a formula which can be used for both
space dimensions, in order to distinguish as least as possible between the cases N = 2
and N = 3 in the upcoming analysis.

The following lemma has a key role when making the connection between the Lips-
chitz exponents in Lemma below.

Lemma 1.40. Under Assumption it holds for all m € N*

2<Vn(p)<N ifPG(Naan)a
vn(p) =N if p=an, (1.57)
N <wvu(p) <o ifpe(an,00).

Consequently, the embedding W) (Q) < L5®)(Q) is true, where

Nvy(p) .
m if p € (N, ay),

Sn(p) = (1.58)

K if p=an,

oo if p € (an, 00),
with any k € [1,00).

Proof. We only focus on proving , as the last statement is just a result of Sobolev
embeddings. For n = 1 and N = 2, (1.57) is immediately given by and Definition
[[.39] since p > 2. In case of n = 1 and N = 3, we observe that straight forward
computation leads to the fact that (3,6) > p — 1265 € (2,6) is strictly increasing, which
ensures in view of a; = 4 and Definition Note that v4(p) > 2 is ensured
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by p > 3, cf. Assumption [L.I7[I] Let now n € N, n > 2 be arbitrary, but fixed. For
N = 2 the system is then automatically fulfilled, due to . In fact, v,(p) = 0
by Definition [1.39] Let now N = 3. Again, we see that v,(p) > 2, as a result of
Assumption [1.17}1} From Definition |1.39 we further deduce v}, (p) = % >0
for p € (N, an—1), and thus, v, is strictly increasing on (N, a,—1). Recall that for N =3
we have a,_1 > an, > N. With v,(a,) = 88%2: = N and by means of Definition we
then conclude . This completes the proof. O

The next result confirms that the Lipschitz continuity of ® improves in each boot
strapping step.

Lemma 1.41. Under Assumption it holds vy (p) > vn—1(p) for alln € Nt. The
equality is satisfied only if vp,—1(p) = o.

Proof. One can easily see that v1(p) > vo(p) in view of Definition Note that in the
two-dimensional case it holds v,(p) = 0 > vp—1(p) for all n € Nyn > 2, since p > 2. In
the three-dimensional case we further obtain

bp _ 6p .
24_5p—V2(p)>V1(p)—12_p if p € (3,4),
(3,0) 2 va(p) > vi(p) =3 if p=a; =4,
0 =12(p) > vi(p) if p € (4,00).

Let now n € N,n > 3, be arbitrary, but fixed and N = 3. With a,,—1 < a,—2 and (1.57))

we conclude

6p 6p :
= Un n— = f 37 n—1),
on—an—a)p W >l = o T Ty, fre @)
(3) Q) > Vn(p) > Vn—l(p) =3 if p=an-1,
0= vp(p) = vn-1(p) if p € (an—1,00).
This gives the desired assertion. O

An inspection of the proof of Theorem [I.45] below shows that, if gq is small enough,
the number of steps m can be considerably reduced in the three dimensional case, while
in the two-dimensional case we have m < 2 anyway. We refer here to and ,
respectively. The situation is far more challenging in case of N = 3 and ¢ > o. Here a,
plays an important role, as it tells us for given p and n, if one should expect W4(€2)-
Lipschitz continuity in the near future, see Lemma[I.40] Moreover, it facilitates treating
different situations separately. One sees in Lemma that the smaller p, the smaller
the improvement of the Lipschitz-exponent in the n-th step. However, since {a,} is
strictly decreasing, the interval (3, a,) becomes smaller with each step and regardless of
how small the difference between p and 3 is, one can achieve ¢ after a finite number of
boot strapping steps, in light of Definition[I.39] This result is stated for both dimensions
in the following
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Lemma 1.42. Under Assumption it holds vy« (p) = o, where

. ZMV+%—4N}
=|——— +1 1.59
[ 4(p—N) ( )
Proof. First note that % > 1< p(N—2)>0. Thus, n* > 2. On account of
Definition [1.38 we have
AN (n* —1)
Qpr ] = ———— .
T g — N =2

By using ((1.59)) in the above identity we then obtain
Apx—1 < P.
This leads in view of Definition to vp«(p) = o, whence the desired assertion. O

We can now proceed towards proving (|1.55)). Prior to this, it is useful to derive a
more general estimate, of which we make use in the proof of Lemma below.

Lemma 1.43. Let Assumptions hold and let r € [z%,oo] be given such that
01,92 € L"(). Then the following estimate holds true

el @y < Llller — @2llr + [ldi — dafl2 + [t — t2]), (1.60)
where L > 0 and
1 {1 N 2 11 1 } (1.61)
—=max{—+ - — —, - — — b, )
e P p N2 N

Proof. The idea of the proof is to search for the largest v € (2, g] such that (|1.60) is

fulfilled. Since v/ < 2 < N, Sobolev embeddings imply W' () < LJ\]’V*VV’ (©). Then,
by applying Lemma and Holder’s inequality, we have in view of ([1.53|) for all
Y e W' (Q)

(& DY < Clller = @allr + [t1 = taf + [ldr — dall2 + ller — @224

< L(llpr = @2llr + [ld1 — dall2 + [t — t2D[[¥]ly1r ()

Nv/
N—v/

provided that
N-vi 21
N/ p r
1 + N-v 1
2 Nv — 7
Note that the second inequality in follows from r > 2p/(p—2) > 2, or alternatively,

from ([1.38)). The system ((1.63]) is further equivalent to

(1.63)

1121 12 11
vV N r— e Jr p N — v’
[N RN
2 v N~ 2 N v

33



By taking the definition of the || - |]W1,V/(Q)*—norm into account and by keeping in mind
that we search for v as large as possible, we now deduce that (1.60|) holds true for v as

in (T.61). O

The next lemma is the essential tool for proving the W19(Q)-Lipschitz continuity,
as it connects the Lipschitz exponents of ® achieved in consecutive boot strapping steps

by (59).

Lemma 1.44. Let Assumptions (1.8, [1.17 hold and let n € N be given with v, (p) < g.
Then there exists L > 0 such that

el iaor gy < Lller = 2llwrine @) +[1di = dall2 + [t = t2]).

Proof. The idea of the whole proof is to find r > 2p/(p—2) as large as possible such that
Whvn)(Q) < L7(Q) and then use (1.61)) in order to obtain v for which the estimate

el @y SLler = @2llr + ldi — da[2 + [t1 — t2])

(1.64)
L(l[e1 = p2llwrime ) + ldi = dall2 + |t1 — t2])

Wl’””(p)(ﬂ), by assumption. Thus, when applying Lemma|1.43|in what follows, we only
check that » > 2p/(p—2). In view of Lemma we treat the cases n =0 and n € N*
separately.

(i)n=0.

If N = 2, the embedding H*(Q)) — L" () is satisfied for any r € [2p/(p — 2),00) and
therefore holds in view of Lemma when

is true. Note that once r is found, it holds ¢1, 2 € L’”(Qi7 since @1, o € WH(Q) —

1 1 2 1
f:max{f—i—f—f,
v r p 2

o} Vr e [2p/(p — 2), 00).

We now search for r € [2p/(p — 2),00) so that v = vy (p). If p < 4, we havel—i—2 3>

%—l>()inwhichcase1—}—2—%—l>l *—*by-InVIGWOfN> we
then choose r as large as possible such that —~ ~ > 1 = > E If p > 4, we have 2 5 5 < 0, SO
that o = co by - In view of the definition of v1(p) we choose r large enough such
that % + % - % <0= é, which leads to v = co = p. Altogether, it follows from the
above that v = 11(p), in light of Definition [1.39}
In three dimensions we obtain 7 =6 > 2p/(p — 2) and ( reads

[T

1 1 2 11 1
Z‘max{6+§_§’§_§}
B 2 11
_max{g_é’é}

If p < 6, we arrive at v = v1(p), since % — 1> 1. In case of p > 6 we obtain from (L.5I))

that % =5= %, which gives the assertion in view of Definition
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(i) n € N arbitrary, but fixed.

On account of Lemma we set 7 := S, (p) and first check that » > 2p/(p — 2). To
this end, note that, if N = 3, z — Na/(N — z) is strictly increasing on [2, N), which
in view of v,(p) € (2, N) leads to S,(p) > 2N/(N —2) > 2p/(p—2) if p € (N, ay), see
also (1.32). Note further that, due to p > N, the interval [2p/(p — 2), 00) is not empty,
so that, in light of we have r > 2p/(p — 2) in both dimensions. Now Lemmam
ensures that holds for

B 1 2 11 1
v maX{Sn(p) g_ﬁ’i_ﬁ}
N-v,(p) 2 1 1 1
i { Nv,(p) HBW’TN} e (1.65)
1 2 11 1y |
= max{ 4 - Gg -y Hp=on
max{i—i—g—i}—i} if p € (an,o0)
L oo p N'2 N e

where k£ < 0o can be chosen large enough. We distinguish between

e p € (N,ay): This situation can occur only in three dimensions, see In view

ofandwehave (p)+f——>N+f—%:%—N>%—%_
1

—1 - N =5 — 7 This 1mphes

1 1,2 2 9Np
_ = — —_—— — =V = 5
v wv(p) p N AN(n+1)— (4n+4—N)p

in view of the definition of v,(p) and by keeping in mind that a; = 4 < 6 if
n =1 and a, < an_1 in case of n > 2. Thus, by Definition we now have

v = Vnt1(p)-

e p = a,: This can take place only in the three-dimensional case, in view of ((1.56)),
which also yields % > % This means that

1 1 2 1
=4 — - — with 1.66
v kK a, N T s 00, (1.66)

and é = ]% — %, on account of (L.65) and (T.51)), respectively. Since r < oo, we
have % > %. Moreover, due to ([1.56)), it holds % — al > 0 and thus, it is possible
to choose x (large enough) such that 1 € (0 5 — —) Then, 1 + 2 — L < &

and hence, in view of (1.66)), we get v > N. Summarizing, we have v E (N ) Q) and
Definition combined with (|1.64)) finally give the desired estimate.

e p € (ap,00): In this case, the assertion is immediately given by (1.65]), (1.51) and
Definition .39

O
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We are now in the position to establish the main result of this subsection:

Theorem 1.45 (Improved Lipschitz continuity of ®). Let Assumptions and
hold. Then, there exists L > 0 such that the estimate

[®(t1,d1) — (t2, d2)l[wra) < L(|ldr — da2fl2 + [t1 — t2)

holds true for all t1,to € [0,T] and all dy,dy € L*(SY), where q > 2 is given by Theorem
L3772

Proof. Throughout this proof, (t;,d;) € [0,T] x L?(Q) is arbitrary, but fixed and ¢;
denotes ®(t;,d;) for i = 1,2. We show that after executing a finite number of boot
strapping steps starting from the Wl’VO(p)(Q)*LipSChitZ continuity of ®, one obtains
the W14(Q)—Lipschitz continuity thereof. As it will turn out, the number of steps is
given by

1 if min ,0F = =4q),
oo d T {40, 0} = qa(=q) (1.67)
n if min{qq, 0} = o(= q),
where
e N = min{n eN: un(p) > QQ}7
e n* asin (|1.59)), i.e., vp+(p) = 0.
We remark that

since n* > 7 if go < p. Moreover, note that {n € N : v,(p) > ga} # 0 if g0 < o.
Otherwise, we have v,(p) < gq < p for all n € N, which is in contradiction with Lemma
1.42, Additionally, the latter one yields on account of (|1.67)

vm(p) = va(p) = g0 if min{go, o} = ga(= q),
{ Vm(p) = vn+(p) = ¢ if min{gq, 0} = o(=1q), (169
whence
min{vy,(p),¢a} = ¢q. (1.70)

With Lemma (1.69) and from the definition of 7 we further imply
vi(p) <q forje{0,..,m—1},

which allows us to make use of Lemma in what follows. Let us assume that m > 2.
Then, after applying j € [1, m — 1] times Lemma and ([1.54)), we have the improved
Lipschitz condition
||801 - (p2HW1’Vj(p)(Q) < CHLHWLV]'(P)/(Q)*
< Lller = @2l 10 gy + lldi = dzl2 + [t1 = t2])
< L(ller = @2llwrmow ) + lldi — dall2 + [t1 — t2])
< L(lldy = dall2 + [t — t2]),

(1.71)
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where in the last inequality we used the already known H'(Q)-Lipschitz continuity of ®,

cf. (1.38). We set j :=m — 1 in (1.71]) and apply one last time Lemma and ((1.54)).

This gives in turn

ler = p2llwra) < cllellyra )
< CHLHWLVM(P)/(Q)*
< Lller = eallyrvm-10 ) + ldi = dall2 + [t1 = t2])
< L(|ldy — dall2 + [t1 — t2]),

where we also employed (|1.70]). Note that the above estimate holds true in case of m =1
as well. This completes the proof. O

Remark 1.46. The results in Theorems [1.57 and [1.77] lead to an improvement of the
existence result at the end of Section [1.1| in both space dimensions, and especially if
N = 2, as in this case we have WH(Q) < L*(Q), thanks to ¢ > 2. To be more
precise, one can now state that the solution (u,p,d) of the damage model (]ED satisfies
u € C’O’l([O,T];ng(Q)), o € COL([0, T); WHe(Q)) and d € CHL([0,T); L3(R)) in two
dimensions. The improved result for the displacement is due to the fact that U : [0,T] x
whi(Q) — WBP(Q) 1s Lipschitz continuous, in view of Proposition applied for
r = 00.

Moreover, as a result ofRemark it holds d € CHL([0,T]; L>(2)), if, in addition,
do € L*°(Q2). This means that if N =2 and dy € L*°(Q2), then there exists ¢ > 0 so that
the local and nonlocal damage fulfill d(t, z), p(t,x) < c a.e. in (0,T)x€Q, as a consequence
of CHL([0,T); L>=(£2)), COL([0, T); WH4(Q)) — L>((0,T) x ). However, the constant
¢ depends on B. This is no longer the case in Subsection below, where the same
estimate holds true in both dimensions and with ¢ independent of [ (under additional
nonrestrictive assumptions). Furthermore, as explained in Remark below, the results
in this section yield in two dimensions the best differentiability result one can expect for
U, as well as for @, in the sense that both operators can be differentiated without norm

gap.

1.3 Fréchet-differentiability of the elliptic system

This section is dedicated to studying the differentiability properties of the solution
operators Y and @, which were already introduced in Definitions [I.§] and To be
more specific, we aim to show that ¢ and ® are continuously Fréchet-differentiable. This
is essential for deriving the results in the next chapter, in particular Lemmata [2.2] and
2:20] which will be needed when applying chain rule, see Sections 2.1 and 2.3 below. As
we will see at the end of this section, these new findings also ensure the continuously
differentiability in time of the optimal displacement and optimal nonlocal damage, which
leads to an improved existence result for (]E[)

We begin by observing that in light of the time dependency of U and & is due

only to the time dependency of £. Moreover, an inspection thereof shows that, within
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our scope of proving the continuously differentiability (with respect to time) of & and
® it is necessary to impose the following additional assumption

Assumption 1.47. From now on we assume that the applied volume and boundary load
satisfies

(e CY([0,T); W—P(2)),

see also Assumptions and [2:29 below.
Assumptions [I.5] and [I.17] are supposed to hold throughout this section as well.

1.3.1 Differentiability of U

By relying on standard arguments, we establish in the sequel that U possesses con-
tinuous partial derivatives, which then gives in turn the main result of this subsection.

Lemma 1.48 (Partial differentiability of & w.r.t. time). Under Assumption the
operator U is partially differentiable w.r.t. time. Its partial derivative O belongs to
C([0,T) x HY(Q); V) and satisfies the equation

A (BiU(t, ) = E(t)  for all (t,9) € [0,T) x HY(S). (1.72)

Proof. Let ¢ € H'() be arbitrary, but fixed. From Definition and Lemma
we know that Aj Le c(w=tr(Q), WBP (©)) and therefore, it is continuously Fréchet-
differentiable. By employing Definition Assumption and chain rule, we thus
obtain that U(-,¢) : [0,T] — WBP (Q) is differentiable and the derivative fulfills (1.72]).
Completely analogously to the proof of Lemma [I.11] one deduces in view of Assumption

[.47 that

O (tn, on) — OU(t, ) inV, (1.73)
for any sequence {(t,,¢n)} C [0,T] x HY(Q) which converges towards (¢, ¢) € [0,7] x
H'() as n — co. This completes the proof. O

Note that as a consequence of ([1.6)) and ((1.72]), one obtains on account of Assumption
the following estimate

10Ut @)l < ¢ V(tg) € [0.T) x H'(), (1.74)

where ¢ > 0 is independent of ¢ and .

For a better overview, the partial differentiability w.r.t. ¢ and the continuity of the
partial derivative are proven separately.

Lemma 1.49 (Partial differentiability of U w.r.t. ). Let Assumptions and
be fulfilled. Then there exists an index v € (2,p) such that, for every t € [0,T], the map
Ut,-) : H4(Q) — WBV(Q) is Fréchet-differentiable. Moreover, for all t € [0,T] and all
0,00 € HY(Q) it holds

Ay (D U(E, ) (3)) = div (¢'(9) () CeU(t,9))) in WIV(Q).  (1.75)
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Proof. We first investigate by showing the existence of the solution operator W in
below, which will be the candidate for the partial derivative of & w.r.t. ¢. Prior to
this, it is useful to define some integrability exponents, of which we make use throughout
this proof. We set r := 2p/(p — 2) and recall that Assumption guarantees the
existence of an index p such that r € (2,0) and H'(Q2) — L2(Q), as shown at the
beginning of the proof of Lemma Since o > r, there exists another index x with
r <k <op,say kK= (r+ 0)/2. Then one defines v through

Sty (1.76)

Notice that in view of k € (r,00) we have
€(2,p). (1.77)

Let now t € [0, T] and ¢, §p € H(Q) be arbitrary, but fixed. For the right-hand side
in ((1.75)), Holder’s inequality with 1/0/+1/k+1/p = 1, in combination with Assumption
H'(Q) — L%(2) and Corollary [1.9]imply

Idiv (g’ () (0p)Ce@(t, 0))) w1 () < 9" () lloollOllxl[C@(t, )l

(1.78)
< Cljo¢[s-

Due to , Lemma is applicable with the exponent v, which gives in turn that
the operator

W HY(Q) 3 6p — A  div (g (9)(59)Ce(U(t, ¢))) € W5 () (1.79)

is well defined. Moreover, it is linear and bounded, on account of and , ie.,

W e L(HNQ), W5()). (1.80)

This operator is the candidate for the partial derivative of U w.r.t. ¢ at the point (¢, ).
For this reason, we now consider the remainder term

Ry (6p) :==U(t, 0+ 6p) —U(t, 0) = W(dp) (1.81)

and show an appropriate estimate therefor, which will ultimately give the claim. By

employing Definitions and ((1.79) we obtain
Ap(Ry(69)) = Ap (Ut 0 + dp)) — £(t) — Ap(W(Sp))

= Ap(U(t, 0 +09)) — Aprsp (UL, o + 9))
— div (¢'(9)(3p)Ce(U(t, ¢ + 6¢))) + div (¢ () (00)CeU(t, ¢ + d)))
~ div (¢'(9) B C=(U(t, )
= div ((g(e +p) — g(p) — ¢'(9)(09) )Ce(U(t, ¢ + 59)))
@(&P)

+div (¢'(¢ )(6@)@5(2/{(&904-5@)—Z/{(t,cp))).
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Let us now define s via 1/s = 1/v — 1/p. Relying on (1.76)), (1.77) and ¢ > x, we infer
that 1/2 >1/s > 1/v —1/k = 1/p, whence

2 <s<p.

Applying Holder’s inequality with 1/v = 1/k + 1/p = 1/p + 1/s, in combination with
Corollary Assumption [0.6{and H(Q) < L2(2) then gives

144 (B (00)) llw—10(0) < Clire (09)[|slU(E, 0 +00) [y 10
+ Cllg" (D)ool U (E, 0 + 00) = UL, @)llyy1ss
< C(llrp (80)lln + 100l a1 (@ 1U(E, 0+ 80) = Ut D) e )
Together with , this further implies

1Ro(60) iy < C o (30) s+ 15l rs o At 0 + 80) — Ut @) |y gy)- (182)

Moreover, we recall that H(Q) < L2(Q) with ¢ > &, which allows us to deduce from
Lemma that g : HY(Q) — L%() is Fréchet-differentiable. Together with Lemma

and , one concludes
IR0 lwiye o) _ o(lretbo)l
6 (o) N 166l m1(0)

+ UL, o + 0p) — UL, w)”wgsm)) —0
as |6l 1) — 0.

As a result of (1.80) and (1.81)), this yields the Fréchet-differentiability of U(t,-) :
HY(Q) — WBV(Q) and O ,U(t,) = W. In view of (1.79), the proof is now com-
plete. O

Let us now derive an estimate which will be needed in the next subsection, in the

proof of Lemma below. We observe that analogously to ((1.78]), Holder’s inequality
with 1/2+ 1/p+ 1/r = 1, where again r = 2p/(p — 2), leads to

1div (¢'(9)(0)Ce(U(t, ))) v+ < Clidellr Yt €[0,T], Yo,dp € H'(Q).

Here we used that H'(Q) < L"(€2), by Assumption 1. Therefore, we deduce from
(1.75)) and (|1.6|) the following

Lemma 1.50. Under Assumptions[1.5 and there exists C > 0 so that
18,U(t, 0)0p)llv < Clldpll, VYt e[0,T), ¥p,bp € H(S),
where r = 2p/(p — 2).

To prove the continuously Fréchet-differentiability of U, we also have to establish

Lemma 1.51 (Continuity of d,U). Under Assumptions and the operator
OU [0, T) x HY(Q2) — L(HY(Q),V) is continuous.
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Proof. Let (t;,p;)i=12 € [0,T] x HY(Q) and §p € H'(Q) be arbitrary, but fixed with
d¢ # 0. Further, let us abbreviate u} := O,U (t;, pi)dp and w; = U(t;, ¢;) for i = 1,2.
Moreover, define fi := Ay, uh — Ay uy € VF and fo := Ay u) — Ap,ub € V* such that

Apy (u] —u3) = fi + fo. (1.83)

Our purpose is to find an appropriate estimate for f; and fo, respectively, which will
then give the assertion in view of .

Thanks to Lemma there is an index v € (2,p) such that U(ta,-) : HY(Q) —
WB”(Q) is Fréchet-differentiable. We set p = 2v/(v — 2) € [1,00). From Definition
and Holder’s inequality with 1/p+ 1/v 4+ 1/2 = 1 we then have

1fillve < Cillg(e2) = g(eD)llplluallwry o) < Cillglez) — glen)llo 190l (),

where for the last inequality we used (1.75)), (1.78)) and (1.6) applied for v. Due to
Lemma[5.2] this gives

[ f1l[v+ S
sup ———— =0 as @1 — @ in H (Q).
spert(@) 100l r @) (1.84)
dp#0

It remains to find an estimate for fy, which will lead to a similar result. From the
definitions of u; and w; it follows that

Agu; = div (¢' (i) (6p)Ce(uw;))  for i =1,2,
in view of equation (|1.75)). This allows us to rewrite fo as
fo = div (¢'(1)(69)Ce (1)) — div (¢'(¢1)(69)Ce(uz))
+div (g'(1)(09)Ce(uz)) — div (¢'(2)(39)Ce(uz)).

We again abbreviate r := 2p/(p—2) and as at the beginning of the proof of Lemmam7
we infer that there is an index g such that r € (2, 0) and H'(Q) — L2(2). Moreover,
we define s via 1/s = 1/2 — 1/p and observe that s € (2,p), as a result of r > p
and 1/2 — 1/r = 1/p. By applying Holder’s inequality with 1/0+ 1/s 4+ 1/2 = 1 and
1/r+1/p+1/2 =1, one then arrives at

1f2

ve < Collg (1) (00)llollwr — wallype g
+11(9'(p2) — 9" (1)) (60) [l l[uallyyrr o
< Colldll e (lur = w2llyis ) + 119'(02) = 9" (V) @), ())-

Note that for the second inequality we used Assumption the embedding H'(Q) —
LO(2) — L"(2), the fact that g : H'(Q) — L"(Q) is Fréchet-differentiable, cf. Lemma

and Corollary[1.9} Lemma and the continuity of ¢’ : H'(Q) — L(H(Q), L™(Q)),
according to Lemma [5.3] now ensure that

[ f2llv+ . .
sup ———— =0 as (t1,¢1) = (t2,92) in R x H ().
SpeH(Q) 10l 1) (1.85)
§p#0
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Altogether, it follows from ([1.83)), (1.84), (1.85) and ([1.6|) that

. .
sup |ui — uslly <C s Ifi + folbv-

spcmi(@) 100llH (@) spcmi(@) 100l H1 (@)
dp7#0 dp7#0

for (t1,01) — (t2,2) in R x HY(Q). In light of the definitions of u} and w, this
completes the proof. O

Remark 1.52. We point out that it was crucial that the partial derivative of U w.r.t.
¢ (at any point, in any direction) has higher regularity than V', in order to obtain the
continuity of O,U : [0,T] x HX(Q) — L(HY(),V). This norm gap arises in the es-
timate for || fi||lv+ in the proof of Lemma and is a result of the fact that g is not
necessarily continuous from H'(Q) to L>(2), but to LP(SY), where p € [1,00). However,
by choosing p large enough, one can show that there is an index & € (2,v), i.e., & defined
via 1/§€ = 1/p+1/v € (1/v,1/2), so that || fillv+ can be replaced by | fily-1eq) in
, Note that v € (2,p) denotes here the index from Lemma . With the exact
same arguments as in the proof of Lemma one then estimates || f2|ly-1.¢(q) corre-

spondingly, which gives in turn that d,U is continuous as a mapping from [0, T x HY(Q)
to L(H (), WBE(Q)), with € (2,v), where v is the index from Lemma|l.49,

We are now in the position to state the main result of this subsection.

Proposition 1.53 (Fréchet-differentiability of the operator U). Under Assumptions

and [1.47 it holds U € C*([0,T] x H'(Q); V).

Proof. From Lemma we know that U € C([0,7] x HY(Q);V), while Lemmata
[1.48) [1.49] and |[1.51] tell us that U possesses partial derivatives with o4 € C([0,T] x
HY(Q);V) and 9,U € C([0,T] x H'(Q); L(H*(Q),V)), respectively. Hence, we can
apply [9, Theorem 3.7.1], which gives U € C1((0,T) x H*(Q); V). Note that, for every
¢ € HY(Q), the derivative of U can be continuously extended to (0, ) and (T, ), due
to the continuity of ;4 and d,U at (0,¢) and (T, ¢), respectively. O

Remark 1.54. The result in Proposition [1.53 is not optimal, since actually it holds
U e CH0,T) x HY(Q); ng(ﬂ)) with an index € € (2,v), where v is given by Lemma
. To see this, first note that U : [0,T] x H'(Q) — WBP(Q) is differentiable w.r.t.
time, see proof of Lemma . Moreover, the convergence holds true in WBV(Q)
as well, by Lemma since v € (2,p). Hence, O € C([0,T] x H(Q); WBV(Q)) In
addition, cf. Remark oU : [0,T] x HY(Q) — E(HI(Q),W%)@(Q)) is continuous,
and thus, by the same arguments as in the proof of Proposition[1.53, we deduce that U
belongs indeed to C*([0,T] x HY(Q); W}f(Q))

Working with these integrability exponents would lead to a lack of overview in the
upcoming analysis. As Proposition proves to be sufficient for differentiating ®
(without norm gap), we do not employ in what follows the above mentioned improved
differentiability results.
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1.3.2 Differentiability of ¢

Although it is possible to differentiate the operator ® by means of the same stan-
dard arguments used for differentiating I/, we choose not to do so, in view of the more
complicated structure of the equation for the nonlocal damage, see ([1.24)) and ((1.25b)).
Instead, we employ the implicit function theorem, see e.g. [84, Theorem 4.B(d)].

For this purpose, we introduce the following

Definition 1.55. Let Assumptions and be fulfilled. We define the mapping
U [0,T] x L2(Q) x HY(Q) = HY(Q)* by U(t,d, ) := By + F(t, ) — Bd. Note that B
and F are given by Definition [1.15,

By construction, it holds W(t,d, ®(t,d)) = 0 for all (t,d) € [0,T] x L?(Q2), in light
of Definition [[.24] Our goal is to prove that W satisfies all the premises of the implicit
function theorem. First we focus on showing its continuously Fréchet-differentiability.
To this end, we have to differentiate the Nemytskii operator ¢’, in view of Definition
[I.55] Therefor we need the following

Assumption 1.56. In addition to Assumptz’on we require that g € C%(R).

The differentiability of the nonlinear part of ¥ is covered by

Lemma 1.57 (Fréchet-differentiability of F). Let Assumptions [1.17[1] [1.47 and [1.56
hold. Then the function F : [0, T)x H () — HY(Q)* is continuously Fréchet-differentiable.
Its derivative at (t, ) € [0,T] x HY(Q) in direction (6t,d¢) € R x HY(Q) is given by

1

(P'(t.)(0t,5¢), ey = 5 [ 9" (Q)EACU(E ) : cU(t,9)2 do
@ (1.86)

+/Qg/(90)C€(L{(t,<p)) : E(Ll'(t, ©)(dt, 5@))2 dr Vze HY(Q).

Proof. We begin by writing F' as a product, where one of the factors is a product as
well. We then prove the result in two steps, by applying Lemma for these. For this
purpose, one defines

H:(0,T) x H'(Q) = LP/2(Q), H(t, @) := Ce(U(t, ) : e(U(t, ©)) (1.87)
and
Py L®(Q) x LP2(Q) — HY(Q)*,
(Pr(y1,92), 2) () == ;/ﬂyl yp-zdr Vze HY(Q), (55)
such that
F:(t,0) = Pi(d (), Ht, ). (1.89)

With a little abuse of notation, the mapping P; considered with different domains will
be denoted by the same symbol. Notice that Holder’s inequality ensures that H and Py
are indeed well defined, on account of Definition and since H'(Q) — L?/(P=2)(Q)

by Assumption [I.I7|[T] respectively.
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One now proves the assertion by first applying the product rule from Lemma [5.4] to
H in form (1.92), see below (step (i)), and then to F' in form (1.89) (step (ii)).

(i) We first show that # is continuous as an operator with range in L¥(2) and
continuously Fréchet-differentiable, if considered as an operator with range in L2((2).
Here w and p are defined through

1 1 1 1 1 1
L N (1.90)
w p s o 2 s

where s € (2,p) is arbitrary, but fixed. Notice that due to the latter one, there holds
1 < o < w < p/2. Concerning the continuity, we estimate similarly to ((1.30) by using

(1.90), which gives for all (¢;,p;)i=12 € (0,T) x H()
[H (1 1) =H(t2, p2) |l < C Ut @) U2, 92) [ yie o) 1U (Ers 1) —U (2, 92) [y -

Lemma [[.11] in combination with Corollary [I.9] then imply the desired continuity of H.
To prove the differentiability, consider the mapping

P WBS(Q) xV = L(Q), Py(u,v):=Ce(u):e(v), (1.91)

such that
With (1.90) and (1.17) we infer that P» is a well defined product. In light of Lemma
[b.4] we set

U:=(0,T)x H(Q), X:=RxHYQ), W:=LQ),
P:=P, fi=U Yi=WJFQ), Z:=V, i=12

From Lemma and Proposition we know that U : (0,7) x H(Q) — WBS(Q)
is continuous and U : (0,T) x H*(Q2) — V is continuously Fréchet-differentiable, respec-
tively. Hence, we can apply Lemmato giving in turn that # : (0, T) x H' () —
L9(Q) is continuously Fréchet-differentiable with

H'(t,0)(5t,0p) = 2Ce(U(t, p)) : 6(1/{’(75, ©)(dt, &p)) (1.93)

for all (¢,¢) € (0,T) x H*(Q) and all (6t,0¢) € R x H*(Q).
(ii) The result from the previous step allows us now to prove the continuously Fréchet-
differentiability of F'. We again apply the product rule from Lemma this time to

(1.89). To fix the setting, let K > 2p/(p — 2) satisfy
HY(Q) — L"), (1.94)

eg. let k:=(2p+1)/(p—2) for N =2 and x := 6 if N = 3, see also the beginning of

the proof of Lemma |1.20} Since the interval (1/p,1/2 — 1/k) is not empty, the number

s € (2,p) from step (i) can be chosen such that
1 1 1

1
—<-<-—=<
K

5<5 <3 : (1.95)

N |
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which is assumed in the following. Given s and x, we then define p and 7 via

1 1 1 1 1
p =5 L and =5 > respectively. (1.96)
Because of (1.95)), these indices satisfy
1<p<oo and 1<7 <k (1.97)

In view of Lemma [5.4] we then set

U:=(0,T)x H(Q), X:=RxHYQ), W:=H(Q)?
P=P, fi:=g¢, Y1:=10(Q), Z:=L"(Q),
fo:=H, Yo:=L¥(Q), Zy:=L%Q),

where we considered ¢’ with domain U, with a little abuse of notation. From step (i) we
already know that fo = H fulfills the required continuity and differentiability conditions.
Moreover, due to and , Assumption together with Lemmata and
yields that f; = ¢’ is continuous from H'(Q) to LP(2) and continuously Fréchet-
differentiable from H'() to L7(£2). Further, the mapping P; from considered
with domains L7(Q) x L«(Q) and L*(Q) x L2(Q) is well defined, in view of Holder’s
inequality applied with 1/7+1/w+1/k < 1and 1/p+1/0+1/k = 1, respectively. Note
that therefor we used , and combined with , as well as .

As a byproduct, the bilinear form P; satisfies

121 (y1, 92) | ) < Cllyll-lly2lle ¥V (y1,92) € L7(Q) x L¥(Q),

1P (v, y2) [l ) < Cllyllpllyzlle ¥ (y1,y2) € LP(Q2) x L2(9),
and is therefore continuous on the required spaces. Thus, Lemmal5.4]gives the continuous
Fréchet-differentiability of F': (0,T) x HY(Q) — H'(92)* and (1.86)), as a result of (1.88),

(1.87) and (1.93). Note that the derivative of F' can be extended continuously to (0, )
and (T, ¢) for every ¢ € H'(Q) due to Lemmata , and Proposition m

The proof is now complete. O

With Lemma [1.57] at hand, the continuously Fréchet-differentiability of ¥ follows
immediately from Definition by keeping in mind that B € L(H*(Q), HY(Q)*).

Corollary 1.58 (Fréchet-differentiability of W). Under Assumptions and
it holds U e C([0,T] x L3(Q) x H'(Q); H'(Q)*).

The last result required for the application of the implicit function theorem is the
following

Lemma 1.59. Under Assumptions and the operator 0,V (t,d, ) : H(Q) —
HY(Q)* is bijective for all (t,d, ) € [0,T] x L*(2) x H(Q).
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Proof. Throughout this proof let (¢,d,¢) € [0,7] x L*(Q) x H(Q) be arbitrary, but
fixed. On account of Definition we have to show that for every h € H(Q)* the
equation

Bép + 0,F (t, )0 = h (1.98)

admits a unique solution §¢ € H'(€2). Clearly, when deriving ¥ w.r.t. ¢, one does not
need Assumption [[.47] as this was above necessary only when employing the differen-
tiability of U with respect to time. We prove the unique solvability of by means
of Lax-Milgram’s lemma. Thanks to B, d,F(t,¢) € L(H'(2), H(£2)*) one obtains

(Bow + 0pF (¢, ¢)(09), 2) ()| < Clloell a2l Vop.z € H(Q),  (1.99)

whence the boundedness of the bilinear form B+d,F (t,¢) : H'(Q) x H'(Q2) — R. Note
that (at first glance) C' > 0 depends on (¢, ¢), which in this context is not problematic.
Anyway, an estimate similar to below shows that C actually depends only on
the given data. In order to prove the coercivity of B + 0,F(t, ), we follow the ideas of

the proof of Lemma From ((1.86) we read

1

O (1022 = 5 [ o(0)2CU(t. ) s et )= da

+/Qg/(<,0)(C€(U(t, ©)) 1 (Ut ) (2))zdx Vze H(Q).

As frequently mentioned before, Assumption guarantees that H'(Q) — L"()
with 7 := 2p/(p — 2), see also (1.32)). Thus, Holder’s inequality with 1/r+2/p+1/r =1
and 1/p+1/2+ 1/r = 1, respectively, leads to
(O F (¢, 0)2, 2) (o] < CIlg" (@) oo ll2llrICe (2, 0)) - e@(E, )z 12l
+ 19" (@)l le @ (t, ) plle(@tt (£, ) (2)) [2l|2l)  (1.100)
< C|z||?> forall z € HY(RQ),

where for the first estimate we also used Lemma 5.1l Notice that the second estimate
follows from ¢, ¢"” € L>®(R), cf. Assumptions and respectively, Corollary
and Lemma[1.50} By Lemma (1.100]) can be continued as follows

[(OpF(t,0)2,2) gi(oy| < Kllzl3 + k) |12ll5) V2 € H'(Q) and VE >0,  (1.101)

where ¢ : Rt — R™ depends on C from (1.100)), p, and N, and satisfies ¢(k) \, 0 as
k  oco. Note that due to Remark ¢ depends only on the given data. Further,

(1.101)) and the definition of B in imply for all £ > 0 that
(B + 0,F (92 2) ey > (0 — ARz 0y + (B—a— 23 ¥z e HYQ).

Taking into account the characteristics of ¢, we can choose k > 0 sufficiently large such
that o — ¢(k) > «/2. Moreover, if we require

B>a+k, (1.102)
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cf. Assumption we finally arrive at
(Bz + 0,F(t,0)2, 2) g () = a/QHZH%p(Q) Vze HY(Q), (1.103)

i.e., the coercivity of B+0,F(t, ). In view of (1.99) and (1.103), Lax-Milgram’s lemma
now gives the unique solvability of (1.98)), whence the desired assertion. O

We now have all the necessary tools to state the main result of this subsection.

Proposition 1.60 (Fréchet-differentiability of the operator ®). Let Assumptions
and hold true. Then ® € C([0,T] x L3(2); H(Y)) and its derivative at
(t,d) € [0,T] x L?(Q) in direction (6t,6d) € R x L*(Q) satisfies

B®'(t,d)(6t,6d) + F'(t, ) (6t, @' (¢, d)(6t,0d)) = Bdd, (1.104)
where we abbreviate ¢ := ®(t,d).

Proof. Let (t,d) € (0,T) x L?(2) be arbitrary, but fixed and ¢ := ®(¢,d). We apply the
implicit function theorem to ¥ given by Definition cf. e.g. [84, Theorem 4.B(d)].
Due to Corollary and Lemma m U (0,7) x L2(Q) x HY(Q) — HYQ)* is
continuously Fréchet-differentiable and 9,¥(t,d,p) : HY(Q) — HY(Q)* is bijective.
Thus, the implicit function theorem is applicable. This implies that ® is continuously
Fréchet-differentiable from (0,T) x L?(Q) to H(£2). Moreover, its derivative is given by

@' (t,d)(6t,0d) = —[0,%(t, d, )] 'Oy ¥(t, d, ) (5t,6d) ¥ (5t,6d) € R x L*(1),

which is equivalent to (L.104) in view of Definition [L.55]

It remains to prove that the derivative can be continuously extended to (0,d) and
(T, d) for any d € L*(Q). From Corollary we know that 9, o)W and Jd,V¥ can be
continuously extended to (0,d,¢), where ¢ denotes ®(0,d) in the rest of the proof.
Furthermore, in light of Lemma [1.59] we are allowed to define

®'(0,d)(6t,0d) == —[0,V(0,d, 0)] ' 01.a)¥(0,d,)(5t,6d) V¥ (6t,6d) € R x L*(R),

which is equivalent to in case of t = 0. Note that the inversion A — A~! is
continuous from the set of isomorphisms in L(H'(Q), H(Q)*) to L(H'(Q)*, H'()),
see e.g. [74, Ch. IIL.8|, which now yields the continuity of ®" at (0,d), in view of the
continuity of 9, 4V, 9,V at (0,d, ) and of ® at (0, d), cf. . The continuity of @’
at (T, d) can then be shown in the exact same way. O

Remark 1.61. We point out that in two dimensions one can show, by proceeding as in
Subsection thatU € CL([0,T] x W14(Q); WBP(Q)), with ¢ > 2 given by Theorem
1.57. This is mainly due to the Sobolev embedding W14(Q) — L>(Q), the continuously
Fréchet-differentiability of g : Wh4(Q) — L>®(Q), as a result of Lemma Assumption
and [21, Theorem 7], combined with the fact that U : [0,T] x W14(Q) — W}j’p(Q) is
Lipschitz continuous, see Remark [1.46]
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If in addition to Assumption it holds g" € CYY(R), then ® € C([0,T] x
L2(Q); Wh4(Q)), in case of N = 2. To see this, one follows the lines of the above proofs,
with the goal to apply the implicit function theorem to W : [0,T] x L*(Q) x WhH4(Q) —
Wl’q/(Q)*. By arguing as in the proof of Lemma one can show that actually ¥
maps [0,T] x L2(Q) x Wh4(Q) to WH¢(Q)*, and thus it is well defined, as o0 > q,
see proof of Theorem[I.37. A closer inspection of the proof of Lemma [I.57 then shows
that F e CY([0,T] x Wh4(Q); Wh' (Q)*), due to H e C([0,T] x WhHe(Q); LP/2(Q))
and since g' : WH4(Q) — L*(Q) is continuously Fréchet-differentiable, by assumption
and [21, Theorem 7]. Thus, ¥ € C([0,T] x L*(Q) x Whi(Q); Whe' (Q)*), as B €
LWL(Q), WH' (Q)*) and L*(Q) — WLe'(Q)F — WhT(Q)*, see (L.52). Further,
we know from Lemma that 0,0 (t,d, ) : HY(Q) — W' (Q)* is bijective for all
(t,d, ) € [0,T] x L*(Q) x WH9(Q). Now, to ensure that d,¥(t,d, ©)~" maps W (Q)*
to WH4(Q), we rely again on a boot strapping argument similar to Subsection|1.2.4. In
each boot strapping step, the regularity of the solution of (with right-hand side
m Wl’q,(ﬂ)*) improves, and as in Subsection the desired reqularity is achieved in
mazimal two steps. With all these results at hand, one can prove Proposition [1.60] in
this new setting completely analogously.

We end this chapter with a final theorem on the regularity of the solution of the
viscous penalized damage model:

Theorem 1.62. Let Assumptions [1.17, [1.77 and [1.56 be fulfilled. Then there exists
a unique solution (u,p,d) of the problem (P), satisfying d € CH1([0,T]; L*(Q)), ¢ €
COL([0, T Wha(9)) 1 CL(0, T) HY(®), w € C([0,T]; W(9) 0 CL(0, T} V), with
q > 2 giwen by Theorem and s € (2,p). Moreover, this satisfies the system of
differential equations (|1.48)).

Proof. At the end of Section we already established that the unique solution of
satisfies , as well as a first regularity result, and in particular the regularity of the
local damage d, see also Theorem[1.32] We recall that the optimal nonlocal damage and
the optimal displacement are given by ¢ = ®(-,d(-)) and w = U(-, (-)), respectively.
The additional regularity for ¢ follows from Theorem [1.45] the regularity of d and
Proposition [I.60] combined with chain rule, while for w we employ Lemma the fact
that ¢ € C([0,T]; HY(Q)) N C1((0,T); H*(R)), and Proposition as well as chain
rule. The resulting derivatives can be continuously extended tot = 0 and t = T, as d
does so, and in view of the continuity of d, ¢, and Propositions Therewith
all the desired assertions are proven. O

Remark 1.63. From Remark[1.61] and with arguments similar to the proof of Theorem
we infer that, in case of N = 2, the unique solution (u,p,d) of the problem (]ED
satisfies d € CHL([0,T); L2(Q)), ¢ € CL([0,T); WH4(RQ)), with ¢ > 2 given by Theorem
and w € C([0, T); WP (), provided that ¢ € CO*(R) holds true.
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Chapter 2

Penalization limit

In this chapter we establish the viability of the penalty approach. To be more precise,
we study the behaviour of the penalized damage model for 5 approaching oo and show
that in the limit both damage variables coincide. Moreover, we prove that the resulting
limit model is in accordance with a class of classical damage models introduced in [17].
For convenience of the reader, we recall here the damage model with penalty

(u(t),p(t)) € argmin  E(t, u, ¢, d(t)),
(u,p)EVXHL(Q) (Pﬁ)

0€ 8R5(d(t)) + 8d5(t’ u(t)v @(t)v d(t))v d(O) = do

for all ¢ € [0,7]. This was investigated regarding its unique solvability in the previous
chapter, in the context where the penalization parameter was fixed. To emphasize the
dependency on the penalty term of its unique solution, we denote this throughout this
chapter by (ug, g, dg), unless otherwise specified.

The passage to the limit 8 — oo is performed by means of an equivalent reformulation
of in terms of an energy identity. The latter one plays an essential role in the present
chapter, as it not only ensures the convergence of the penalized solutions, but it is also
crucial for deriving the energy inequality which characterizes the limit damage variable.
In combination with well known convex analysis results, this allows for deriving a single-
field gradient damage model, that can be ultimately transformed into a classical partial
damage model. To make sure that these two viscous damage models are compatible
with each other, we also show, by employing a time-discretization technique for ,
that the limit damage variable is bounded a.e. in (0,7") x Q.

The energy inequality, often met in the form of an identity, plays a crucial role in the
context of rate-independent damage models, as various notions of solutions are based on
it, such as for example energetic and local solutions, see [57] for an overview. It is also an
essential tool for the vanishing viscosity limit analysis as performed in [4I]. The energy
inequality turns out to be very useful also in the context of rate-dependent damage
models when it comes to proving existence of viscous solutions. We mention here the
contributions of [41] (classical viscous solutions for a gradient damage model), [42] (weak
viscous solutions) and [26] (weak viscous solutions for Cahn-Larché systems coupled
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with damage). In all these contributions, the existence of viscous solutions is shown
by passing to the limit in a time-discretization scheme coupled with (a discrete version
of) the energy inequality. An alternative approach consists of regularizing the viscous
damage model, see [40]. The resulting (weak) solutions are then described in terms of
an energy inequality. Our final result shows that the existence of viscous solutions may
also be obtained via penalization. In other words, we show the existence of solutions
(for a version of the viscous model in [41I]) by following a similar approach, but unlike
in the above mentioned contributions, we do not regularize nor discretize in time, but
penalize.

Outline of the chapter

Within our scope of passing to the limit 8 — oo in , we derive in Section an
equivalent formulation of the evolution in , namely the energy identity. This will
be the starting point for the limit analysis, which is performed in Section [2.2] in two
steps. We first prove that the solution of is bounded by a constant independent
of B in suitable spaces, which ensures the existence of the limit variables. We then
pass to the limit in the elliptic system which characterizes the minimization problem in
, whence we deduce that the local damage equals the nonlocal damage for 8 = cc.
We also pass to the limit in the energy tdentity, which results in an energy inequality
that describes the evolution of the single limit damage variable. Based on these results,
Section deals with deriving a single-field gradient damage model in terms of an
evolutionary equation and addresses the unique solvability thereof. In Section [2.4] we
prove, under rather nonrestrictive assumptions, that the limit damage variable belongs
to L*°((0,7) x Q). By means thereof, we establish in Section that the single-field
gradient damage model is a version of a viscous damage model analyzed in [4I]. Note
that throughout this chapter, Assumptions [1.17] [T.47] and [1.56] are supposed to hold
true, in order to guarantee the unique solvability of and the C'-regularity in time
of the solution, cf. Theorem [1.62]

2.1 Energy identity

The purpose of this section is to derive a characterization of the optimal local damage,
which allows us to pass to the limit in as 8 — oo. In Subsection we have
already seen that the evolutionary equation ([1.39) can be equivalently expressed as
an operator differential equation. There are also other various equivalent formulations
thereof. These are collected in Proposition below, where one sees that, excepting
, they all feature the term 5(dg — ). This provides a significant disadvantage,
as B(dg — ¢g) is not necessarily uniformly bounded w.r.t. 3 in suitable spaces. Hence,
in the presence thereof, a passage to the limit 8 — oo in the penalized damage model is
not to be expected.

By contrast, the formulation , also known as energy identity, has the advantage
of not containing the above mentioned problematic term. This is eliminated in the

process of deriving ([2.13)), via a convex analysis result and chain rule, see (2.2b)), (2.7]) and
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below. Thereby one obtains an alternative description of the evolution , cf.
Proposition 2.5]and Remark 2.6 below. As it will turn out, all the addends therein, and in
particular those involving dg, are uniformly bounded w.r.t. the penalization parameter,
which is essential for the upcoming analysis. We refer here to the proof of Lemma [2.11
in Section [2:2] below. For this reason, the energy identity constitutes the starting point
for proving the uniform boundedness w.r.t. 8 of the overall solution of in the next
section. Moreover, it is the fundamental tool for studying the limit behaviour § — oo
of the local damage dg, see Subsection [2.2.3] below.

We show the energy identity by following the lines of the proof of [41, Proposition
3.2]. This consists of two main steps: rewriting the differential inclusion, in our case
1.40)), as a Fenchel identity and using chain rule to substitute the left-hand side in
1.40). For the latter one, we first need to introduce the reduced energy functional
and investigate its differentiability properties. We recall that, for a fixed pair (¢,d) €
[0, T] x L?(£2), the functional £ admits a unique global minimizer on V x H'(Q), namely
U(t, ®(t,d)), ®(t,d)), cf. Theorem This gives rise to the following

Definition 2.1 (Reduced energy functional). Let Assumptz’ons cmd hold. Then
the reduced energy functional T : [0,T] x L?(2) — R is given by

I(t, d) = E(LUt, B(t, d)), D(t, d), d).

On account of Definitions and we can rewrite the reduced energy func-
tional at all (t,d) € [0,T] x L*(Q) as

I(tv d) = %<A<I>(t,d) (U(t, é(ta d))) ) Z/[(t, (I)(t> d)))V - (f(t),Z/f(t, <I)(t, d))>V

+ Qv a3+ 2@ d) - di (2.)
1
= LU0, () + SV )3+ (e d) — d,

which will come in handy in the sequel. In particular, this reformulation allows us to
establish

Lemma 2.2 (Fréchet-differentiability of 7). Under Assumptions|1.17,|1.47 and|1.56, it
holds T € C*([0,T] x L?(Q)) with

NI(t,d) = —(L(t),U(t, D(t,d)))v, (2.2a)
O4Z(t,d) = B(d — ®(t,d)) (2.2b)
at all (t,d) € [0,T] x L*().
Proof. First note that the mapping
Fl0,T] = LX) = R, f(t,d) == (£(t),U(t, D(¢,d)))v

can be seen as product of the functions [0,T] > ¢ ~— £(t) € V* and [0,T] x L?(Q) >
(t,d) — U(t,®(t,d)) € V. The latter one is continuously Fréchet-differentiable, thanks
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to Propositions and Together with Assumption we obtain f € C*([0,T] x

L?(R)), as a result of product rule. From the continuous Fréchet-differentiability of
|- 13 : L?() = R and V : HY(Q) — L2(;RY), combined with Proposition we
can now deduce in view of that Z € C*([0,T) x L?(9)). Notice that the derivative
of Z can be continuously extended to (0,d) and (T, d) for any d € L?(f2), as ® does so
and since U’ can be continuously extended to (0, ) and (T, ) for any ¢ € H'(), cf.
Proposition [1.53

To prove (2.2), let (¢,d) € [0,T] x L*(Q) be arbitrary, but fixed. By product and
chain rule we obtain from for all (6t,6d) € R x L*(Q)

T(t, d)(6t, 6d) — —%(é(t)dt,l/l(t, B(t, d)))y %(z@),u'(t, B(t,d))(5t,60))y
+ a(V®(t,d), Vp)s + B(®(t,d) — d, 5 — §d)a,

(2.3)

where we abbreviate dp = ®'(t,d)(0t, dd). In view of ([1.72)) tested with U (¢, (¢, d)) and
Definitions [[.2] and [[.§ we have

w(t)vu(t’ (I)(t7d))>V = <A¢.(t7d)8tU(t,‘I)(t,d)),U(t,q)(t,d)»V = <€(t)7atu(ta (I)(t’ d))>V)

whence
1 . 1 .

- §<€(t)7u(t7 CD(tﬂ d))>V - §<€(t),at1/{(t,q)(t,d))>v = —<£(t),U(t,(I)(t, d)))V (2‘4>

Relying on Definition and (1.75) tested with U(¢, ®(t,d)) € V, we further obtain

_ %M(t), DU, B(t,d))5)y + a(VO(t, ), Vop)s + B(@(t, d) — d, 5 — 5d)s

—%<div (¢ (B(t, d))(52)C=U(t, B(t, ) U(E B(t, d)))y + (VB (t, d), Vo)

+ B((P(tv d) - dv 590 - 5d)2
= <F(t7 (I)(tv d))v&ao)Hl(Q) + <B(I)(t)d)v 590>H1(Q) - /B(d7 590)2 + /B(d - (I)(tv d)7 5d)2

= f(d — ®(t,d),éd)s Vdd e L*(RQ),
(2.5)
where for the last two equalities we used Definitions and [1.24] respectively. Inserting

(2.4) and (2.5) in (2.3)) finally leads to
T'(t,d)(6t,6d) = —(£(t)5t,U(t, D(t,d)))v + B(d — ®(t,d),dd)y V(6t,6d) € R x L*(Q),
which gives the desired assertion. O

As an immediate consequence of Lemma 2.2 we have

Corollary 2.3 (Differentiability of Z(-,d(-))). Let d € C1([0,T]; L*(Q)) be given. Un-
der Assumptions |1.17, |1.47 and |1.56, the map [0,T] > t — Z(t,d(t)) is continuously
differentiable and it holds

d .

ZL(td(1) = Z(E, (1) + (DZ(t (1), ()2 ¥t € [0,T].
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Proof. The result follows easily by chain rule, Lemma [2.2| and since the map h : [0,7] >
t > (t,d(t)) € [0, T]x L?() is continuously differentiable, in light of d € C*([0, T]; L?(£2)).
From h(t) = (1,d(t)) for all t € [0,T] we deduce the desired identity, which completes
the proof. O

Note that in view of (2.2b)) and Theorem the optimal local damage d can also
be characterized by

—94Z(t,d(t)) € ORs(d(t)) Vte[0,T], d(0) = do. (2.6)

The evolutionary equation ([2.6)) and Corollarywill be essential for proving the energy
identity in Proposition below. Prior to this, we state a last auxiliary result.

Lemma 2.4. Let Assumptions and hold true. Then, for any t € [0,T],

we have

R6(_ 8dI(t7 d(t))) = QHd(t)H?v
where d is the unique solution of (2.6)).

Proof. Note that here we can go without Assumption since this is not needed for
the existence of the derivative of Z w.r.t. d, see also proof of Lemmal[2.2l We also observe
that, due to the characterization of d via (1.41]), it holds d(t) > 0 for all t € [0, T]. Since
Rs is convex and proper, see Definition we obtain from by means of e.g. [69]
Theorem 23.5| the following Fenchel identity

Rs(d(t)) + Ry (— 0aZ(t,d(t)) = (—04Z(t,d(t)),d(t))2 Vi€ [0,T]. (2.7)
Using Definitions , and in leads to
R (= 04Z(t, d(t))) = (=B(d(t) — (1)), d(t))2 = Ra(d(t)) - gl!d(t)llg Vi e[0,T], (2.8)

where we abbreviate ¢ = ®(-,d(+)). Finally, we deduce from ([1.43a]) that (2.8)) can be
continued as

. . 5.
R (— QZ(t,d(1))) = Sld(0)3 ~ 2 1d0) ] ¥t e [0,7],
which gives the assertion. O

The main result of this section reads as follows:

Proposition 2.5 (The energy identity). Under Assumptions|1.17, |1.47 and|1.50, the

unique solution d of (2.6), and thus of (1.39), fulfills for all0 < s <t < T the energy
identity

/ Rs(d(r))dr + / Ri(— 04Z(r,d(r)))dr + (¢, d(t)) = I(s, d(s))+ / OZ(r,d(r))dr
(2.9)

and the initial datum condition d(0) = dy.
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Proof. First we recall that, cf. Theorem d belongs to CH1([0, T]; L3(R)), so that
Corollary yields the continuity of %I(-, d(-)). In combination with (2.7]), this also
gives the identity

. d
Rs(d(1)) + Ry (— 0aZ(7,d(7))) = OZ(7,d(T)) — %I(T’ d(r)) Vrel0,T]. (2.10)
Since d > 0, as a result of (T.41)), we obtain by Definition (0.4 and d € C([0,T]; L2()),
that the map [0,7] > 7 — Rs(d(7)) € R is continuous. From Lemma [2.4] and Corollary
ﬂ we deduce the continuity in time of the other terms in (2.10]), and therefore, the
integrability thereof. From ([2.10) we now arrive at

/ Re(d(r))dr + / R (= 04Z(r,d(r)))dr + T(t,d(t)) = (s, d(s)) + / 0L (r, d(r))dr

for all 0 < s < t < T, which completes the proof, as the initial datum condition is
automatically fulfilled. O

Remark 2.6. We point out that the energy identity is just another equivalent formulation
of the evolution in . To be more precise, one can show as in the proof of [/,
Proposition 3.2/, that if d € C1([0,T]; L*(Q)) satisfies and d(0) = dy, then d is the
unique solution of . This follows by C’omllary combined with the definition of
the Fenchel conjugate, i.e. R5(€) = sup,ep2(o)(&,v)2 — Rs(v) VE € L*(Q), which give in
turn

R (= 0uZ(t,d(t))) > (—04Z(t,d(1)), d(t))2 — Rs(d(t))

d (2.11)
= OZ(t,d(t) — ZL(t,d(t) - Rs(d()) Vte [0,T].

Using (2.9) for s =0 and t =T then leads to equality in (2.11)) at almost allt € (0,T),
which by convex analysis (see e.g. [6Y, Theorem 23.5]) is equivalent to the evolutionary
equation in (2.6) fa.a. t € (0,T). The latter one holds however for any t € [0,T], in

view of the reqularity of d and the equivalency of (2.6) (f.a.a. t € (0,T)) with (1.41)),
cf. Theorem [1.29. Since throughout this chapter we need only the implication stated in

Proposition we do not go here into more detauls.

We end this section with a result which collects the various equivalent formulations

of the reduced problem , namely ((1.39).

Proposition 2.7. Suppose that Assumptions [1.17, [1.47 and [1.56 hold true. Let d €
CH([0,T); L*(2)) and denote ®(-,d(-)) by ¢. Then , the following are equivalent:

(i) d solves the reduced problem in primal form, i.e.,

—B(d(t) — ¢(t)) € IRs(d(1)) & —IuZ(t, d(t)) € IRs(d(t)) Vit € [0,T];

(11) d solves the reduced problem in dual form, i.e.,
d(t) € R} (= B(d(t) — p(t)) Ve [0, T]; (2.12)
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(iii) d solves the operator differential equation

d(t) = < max (~5(d() — o(0) ~ ) ¥t € [0,T]

(iv) d satisfies the following complementarity system at all t € [0,T]

0 <d(t) L —B(d(t) —p(t)) —r—dd(t) <0 ae. in;

(v) d fulfills for all 0 < s <t <T the energy identity

/R(j(d(T))dT + /R:;(— 04L(T, d(T)))dT +Z(t,d(t)) = I(S,d(S))+/8tI(T,d(T))dT;

s

(2.13)
(vi) for allt € [0,T], d(t) is the unique solution of the minimization problem
min Rs(v) + (B(d(t) — ¢(t)),v)2 ; (2.14)
veL?(Q)
v>0

(vii) d satisfies for all t € [0,T] the variational inequality of first and second kind

(5/Qd(t)( dx—ir/ﬁ () (v — d(t)) da

+Ri(v) = R1(d(t) >0 YveL*(Q):v>0 ae inQ.
(2.15)

Proof. The equivalence in (7) is due to , as already mentioned above. The equiva-
lence (i) < (i4) follows by convex analysis, see e.g. [69, Corollary 23.5.1], as R is convex,
lower semicontinuous and proper. Note that the lower semicontinuity is implied by the
continuity of the norms, see Definition Moreover, we have (i) < (iii) < (iv) < (v),
as a result of Theorem the proof thereof, and Proposition combined with Re-
mark

Further the implication (7) = (vii) is a consequence of the equivalence of
with at any t € [0,T7], see the proof of Theorem On the other hand, from
(vii) one deduces by Definition [0.1] that d > 0. Testlng at all t € [0,7] with 0
and 2d( ), respectively, yields (L , whence we have , and thus, at all
t € [0,T]. Note that therefor we used again the deﬁnition of R1, as well as its positive
homogenity. Thus, it holds (i) < (vii). We observe that is a VI of first and
second kind, as R restricted on its domain has linear behaviour.

It remains to prove (i) < (vi). The fact that d(t) solves the minimization problem
for all ¢ € [0,T] is equivalent with (7), in light of the definition of the subdiffer-
ential. Regarding the unique solvability of for all ¢ € [0,T7], we rely on Definition
[0:4] which tells us that the objective functional is strictly convex. The proof is now
complete. O
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2.2 Limit analysis

This section proves the viability of the penalty approach, that is, it shows that one
can pass to the limit 5 — oo in and obtain a damage model that features only one
damage variable. The latter one is nothing else as the limit of the local and nonlocal
damage, respectively, as 8 — 0o. In the next section we will see that the damage model
without penalty is equivalent to a version of a classical viscous partial damage model
which was analyzed by [41].

In the first part of the present section we entirely focus on finding bounds inde-
pendent of 3, in suitable spaces, for the local and nonlocal damage. Note that for the
displacement such a bound is already given by Corollary [[.9) Altogether, Subsection
allows us to find weakly convergent subsequences. The limiting behaviour thereof,
as [ approaches oo, is studied in Subsections [2.2.2] and [2.2.3] As it will turn out, the

limit problem reduces to an energy inequality, which is in fact an energy identity, cf.
Remark [2.27] below.

2.2.1 Uniform boundedness

Throughout this subsection (u, ¢, d) denotes the unique solution of the problem ,
that is,

u(t) = Ut p(t) = At ) (2.16a)
o(t) = ®(t,d(t)) = (B+ F(t,-)) " \( (2.16b)
d(t) = + max (~B(d() — o() — r), d(0) = do (2.160)

o

for all t € [0,T], cf. Theorem see also the definitions of the operators ¢ and @, as
well as Definitions [1.2] and [1.15] - For later purposes, it is sufficient to recall here that
(u,p,d) € C’l([O,T],V) x CH([0,T); HY(Q)) x CH1([0,T); L*(R2)). The starting point
for deriving the upcoming results is the energy identity in Proposition To make
use thereof, we need the following additional assumption, which is rather self-evident in
many practical applications.

Assumption 2.8. In the rest of this chapter we assume that at the beginning of the
process the body is completely sound, i.e., dy = 0 and that there is no load acting upon
the body at the initial time, i.e., £(0) = 0.

Remark 2.9 (Active damage process). To ensure the dynamic of the system, i.e., d Z0
on [0,T], one can impose various assumptions on the coefficient function g and on the
load. For example, one can show by way of contradiction that d % 0, if there is a
time point t for which £(t) # 0 and if g is monotonically decreasing on (—o00,0) and
in addition, satisfies ¢'(x) < —C Vx € [0,7/8], where C > 0 is a constant which can
be computed depending on the given data. Let us mention that the larger the value of
[ellc(o,m;v+), the smaller the constant C', and thus, a mild assumption on g is guaranteed
when one requires that the mazximal value of the load is large. We also observe that with
increasing B the assumption on g becomes less restrictive. Recall that the monotonicity
assumption is in any case reasonable from a practical point of view.
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Remark 2.10 (Inactive damage process). We remark that if ¢'(0) = 0 is allowed,
then the solution of is given by (U(t,0),0,0) at any time point t € [0,T), which in
particular means that even if we assume that |’£HC([O,T];V*) 1s very large, the body remains
sound the whole time.

As a first consequence of Assumption we obtain in view of (2.16]), by employing
the linearity of A;(IO), as well as (|1.22) and ([1.23]), that

u(0) = p(0) =0, (2.17a)
d(0) = 0. (2.17b)

This allows us to establish

Lemma 2.11 (Boundedness of the local damage). Let Assumptions |1.17, |1.477, [1.56]
and [2.8 hold. Then there exists a constant C > 0 independent of 3, such that

ldll &1 (0,;220)) < C,
where d is the optimal local damage associated to (Pg)).

Proof. The result follows mainly from Proposition In order to see this, we first set
s:=0and ¢t := T in (2.9) and employ the fact that d > 0, Definition Lemma

(2.1) and (2.2a)), as well as Assumption and (2.17al). These yield the following
identity
T T 2 1 - o B 2
" ld()|lx dT + 4 ; ld(7)lz dr =5 (UT), w(T)v+ S IVe(D)lz + S lle(T) — d(T)I2
>0 >0 20 20

T -
_ /O (—0(F), () dr.
(2.18)

Besides, thanks to Corollary [T.9] and Assumption [T.47], one has

T 1 T 1
/(-5(7),U(7)>Vd7+ ST, u(T))v S/ 1) Iv-llw(m)llv dr + SIET) v+ [lw(T) v
0 0

2
<C,
(2.19)
with C' > 0 independent of 5. Inserting in leads now to
T
/ |d(7)|13 dr < C, (2.20)
0

where C' > 0 is a constant independent of 5. From ([2.20)) and d(0) = 0, by assump-
tion, we infer the desired assertion from Poincaré-Friedrich’s inequality, see (5.39)). This
completes the proof. O
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In the rest of this subsection we focus on finding a constant C > 0 independent of
such that the estimate

H(p||%—[1(07T;H1(Q)) <C (2.21)

holds true. In view of (2.17al) and Poincaré-Friedrich’s inequality, see (5.39)), we only
need to show that there is C' > 0 independent of 8 such that

T T
A / I3 dr + / V()3 dr < C. (2.22)

The starting point herefor is the equation which characterizes the time derivative of the
nonlocal damage, see (2.23) and (2.24) below. By means thereof, we first bound the
second addend in by [[@llz2(0,7522(0)), see Lemma below. Relying again on
([2-24)), one then finds C' > 0 independent of 3 such that <pH2L2(07T; 120 < C holds,
see Lemma below. This will then have as immediate consequence , and thus
@21).

Since ¢ = ®(-,d(-)), we get by Proposition and chain rule that the (time)
derivative of ¢ satisfies at all ¢ € [0, 7]

d

dt
Testing ([2.23]) with ¢(t), integrating over [0, T, and using ((1.22)) lead to

Bo(t) + —F(t,o(t)) = Bd(t) in HY(Q)*. (2.23)

T T T
| alvemBar=5 [ ) - orpme dr = [ (GFE e, 60 dr.

" " " (2.24)
Note that it is indeed possible to integrate over time, since all the above integrands are
continuous, in light of ¢ € C([0,T); H'(Q)), d € C([0,T]; L*(R2)) and Lemmagm

The next two results yield suitable estimates for the first and second term on the
right-hand side in ([2.24)), respectively, which will then allow us to deduce Lemma .

Lemma 2.12. Under Assumptions[1.17, [I.47, [1.50 and[2-8, it holds

T .
/0 (d(r) — $(r), p(r))2 dr < 0.

Proof. The proof follows mainly by the arguments employed for the proof of [40, (4.14)].
From Theorem we recall that d, d and ¢ are Lipschitz continuous from [0, 7] to
L*(9). Hence, the mapping f : [0,T] — L?(f2) defined as

F(t) = 6d(t) + B(d(t) — (1)) +7 (2.25)

belongs to W°°(0, T'; L?(f2)), in view of [T7, Proposition 2.28b)|, and thus, it is almost
everywhere differentiable, cf. [81, Theorem 3.1.40|. Let now ¢t € (0,T') be arbitrary, but
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fixed and h small enough such that ¢t +h € (0,7"). From Proposition (1) = (), we
deduce

(f(t+h),d(t))2 > 0, (2.268)

(f(t),d(t))2 =0, (2.26b)

where for the above inequality we used d(t) > 0. Relying on (2.26]) one arrives at

{

Passing to the limits A\, 0 and h " 0, respectively, and keeping in mind the fact that
f is almost everywhere differentiable further implies

(f(t+h)— f(t),d(t))2 >0 for h >0,
(f(t+h) _f(t)ad(t))Q <0 forh<O.

= =

(f(),d(t))2 =0 faa.te (0,T). (2.27)

With (2.25) we rewrite (2.27)) as

8(d(t), d(t))2 + (B(d(t) — (1)), d(t))2 =0,
which can be continued as

od

_ A3 + Bld(E) — o) + Bld() — $(8), &(0)2 = 0 (2:29)

for almost all ¢ € (0,7), see also [81, Lemma 3.1.43]. Due to f e L®(0,T; L*(Q)) and
d € C([0,T]; L%(Q)) we can integrate (2.27), i.e., (2.28)), over [0, T]. This finally yields

. . T . T .
ST = SHO)E +5 [ 1d(r) = I dr +5 [ (dlr) = 7). gt dr =0,

which on account of (2.17b|) gives the assertion. 0l

Lemma 2.13. Let Assumptions|1.17, |1.47 and|1.560 hold true. Then, for all t € [0,T],
it holds

d
_<£

where ¢ : RT — R is a function independent of 3, which satisfies ¢(k) \, 0 as k / o0,
and C' > 0 is a constant independent of 3.

F(t,o(t), o) o) < B9l () + Elle@®)]3 + Ck Yk >0,

Proof. Let t € [0,T] be arbitrary, but fixed. From Lemma we know that F €
CY([0,T] x HY(Q); H'(£2)*), so that chain rule gives
d , . . .
(G E 6 0(), o) ) = (OF (1, (1), $(1)) (@) + (Ot 0(8)) (), () i1 (0,
(2.29)
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in view of p € C([0,7]; H(2)). From we read
(OF (L, (1)), o(t)) = —{div (g'((t))2(t)Ce(u(t))), 0U(t, (1)) v

Due to p > N, by Assumption we have H'(Q) < L%(Q), see (1.32). Now
Holder’s inequality with (p —2)/2p+1/p+1/2 =1 and yield
[(OF (t, 0(1)), () (| < ||g’(¢(t))\|oo!\sb(t)||%HU(t)llw}jp(g)ll@tU(tso(t))llv
< Clle@) e ()
with €' > 0 independent of 3. Note that for the last estimate we used Corollary and
(1.74), where the constant depends only on the norm of A;l (see (1.6)) and ¢, and it is

thus independent of . On account of the generalized Young inequality, (2.30) can be
continued as follows

(2.30)

. L.
(O F(t, (1)), 2(1)) i1 (o] < @H@(ﬂ”%{l(ﬂ) +Ck VEk>0. (2.31)
For the second term in (2.29), one obtains from ((1.101]) the estimate
(O F (t, 0()@(t), o) (] < klle@)I3 + a1(k)le®) 7o) YE>0,  (2.32)

where ¢1 : Rt — R satisfies ¢1(k) \, 0 as k& oo and depends on the constant C' from
(1.100), p and N. A close inspection of the proof of (1.100) and in particular of the
proof of Lemma shows that ¢ is a function independent of 8. By inserting (2.31))

and (2.32) in (2.29) we get

‘%F(t’ p(1)), 2(6) o) < (ﬁ + (0 12(0) 31y + KIS +Ck Yk >0,
=:¢(k)

This gives the assertion, in view of the properties of ¢; and since C was independent of

3. 0
As a result of Lemmata and [2.13] we obtain

Lemma 2.14 (Boundedness of the gradient). Let Assumptions[1.17,[1.47, [1.5¢ and[2.§
hold. Then there exist constants C,Co > 0 independent of B such that

T T
[ 1weniar <o [Clemigar+ o
Proof. Applying Lemmata and for the right-hand side in (2.24)) leads to

T T T
| alVenlg ar <) [ 16 o drek [ 1ol aeck Vi >0, (23
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with ¢ as in Lemma[2.13]and C' > 0 independent of 3. We employ the propertles of ¢ and
set k (large enough) such that ¢(k) < « holds. Subtracting the term ¢(k fo V()3 dr
on both sides in (2.33)) then gives

T T
(o — (k) / IVo(r)3 dr < (@(k) + k) / |6(r)|12 dr + C.
~—— Jo 0

>0

Since the (above fixed) value of k depends only on ¢ and «a, and since ¢ is independent
of 8 cf. Lemma and C as well, the proof is now complete. O

Lemma 2.15 (Boundedness of the L?-component). Let Assumptions |1.17, |1.47, |1.56]
and[2.8 hold. Then there exists a constant C > 0 independent of 8 such that

T
/0 lp(r) 3 dr < C.

Proof. We begin with dividing (2.24)) by 5 and bringing the term f(;‘r |&(7)]|3 d on the
left-hand side. This results in

T T T
e »(1)||3 dr »(1)|13 dr = I(7), o(T T
6/0 Vo3 d +/0 lo(r)I3 d /O<d< ) ()2 d

N T
! -5 | GFrem) e dn
whence the estimate
T T T
| 1emiar< [Cd@ g dr— 5 [LGREe). e an 230

Using generalized Young inequality for the first term on the right-hand side in ([2.34))
further yields

T, T . T
/O (d(), ¢(r))2 dr < j /0 Hd(T)H%dT+41j /0 le(Edr ¥i>0.  (235)

In order to estimate the second term on the right-hand side in ([2.34)), we apply Lemma
for some fixed k > 0. Thanks to Lemma we then arrive at

T C
; (S F(r,o(), <¢>>dfs51/ IVe(r |2d7+/ lo(r ||2df+*
C Cs
sg(@/ I3 ar +05) + % [ ez ar + %
5 C
<3 Hso( DI dr+ 5,
(2.36)
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where we abbreviate C' := CiCy + Cy and C := C1C5 + (5. Note that C' and C are
independent of 5 on account of Lemmata and Further, inserting ([2.35)) and
[2:36) in (2:37) implies

T T . 1 O\ ([T C
| 1e@Bar<i [Cli@Bar+ (5+5) [ Ie@Bar+ G vis o @an

Now, we set j > 1/2 and impose that [ satisfies
8> 2C, (2.38)

cf. Assumption such that 1/4j + C/f < 1, which in view of (2.37) gives in turn

T T
Léwmﬁmsméwwwm+&,

where K1, Ko > 0 are constants independent of 5. Due to Lemma the desired
estimate is now proven. O

As a result of Lemmata [2.14] and and by relying on Poincaré-Friedrich’s in-
equality and ([2.17a)), see also (5.39)), we can now conclude

Corollary 2.16 (Boundedness of the nonlocal damage). Under Assumptz'ons
and [2.8, there exists a constant C > 0 independent of 8 such that

lell o, (@)) < C,
where @ is the optimal nonlocal damage associated to (Pgl).

2.2.2 Passage to the limit in the elliptic system

We begin studying the behaviour of the penalized model (P3)) as S approaches oo

with the elliptic system given by ([2.16a)-(2.16b)). In order to emphasize the presence
of the penalty term, we denote from now on by (ug, pg,dg) the unique solution of the

problem .

Proposition 2.17 (Passage to the limit in (2.16a)). Let Assumptions[1.17[1},[1.47, [1.56
and hold. Then, for every sequence [3, — 0o asn — 0o, there exists a (not relabeled)
subsequence {pg, tnen and ¢ € HY(0,T; H*(Q)) such that the following converges hold

pp, =~ in H'(0,T; H'()), (2.39)

ug, > UG, o(-)) =u inC(0,T];V) (2.40)

as n — oo, where ug, and g, stand for the optimal displacement and optimal nonlocal
damage, respectively, associated to the problem (Pg,).
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Proof. Since H(0,T; H'(€2)) is a reflexive Banach space, see e.g. [81, Theorem 3.1.36],
there exists in view of Corollary a (not relabeled) weakly convergent subsequence of
{©8, }n>m, i-e., there exists p € H(0,T; H'(£2)) such that holds. Here m € N de-
notes an index so that 3, fulfills Assumption for all n > m. Let us now abbreviate
r:=2p/(p — 2) such that 1/2 =1/p + 1/r holds. Note that due to Assumption
see ([1.32)), we have the compact embedding H'(Q) << L"(£2), which by [81], Corollary
3.1.42] implies the compact embedding H'(0,T; H(Q)) << C([0,T]; L"(2)). There-
with we deduce from the convergence

v, = ¢ in C([0,T];L"(Q2)) asn — oo. (2.41)
Additionally, as a result of Proposition we have at all ¢ € [0, 7] the estimate

Ut 0, (8)) = UL, () lv < Ligg, (t) — @)l VneN, (2.42)

where L > 0 is a constant independent of n, since 8 does not appear in the equation asso-
ciated to the solution operator U, i.e., equation (|1.48al), see also the proof of Proposition

1.10| Since ug, = U(-, ¢35,()), (2.40) follows now from (2.41) and (2.42). O

Proposition 2.18 (Passage to the limit in (2.16b))). Under Assumptions
and [2.8 it holds

dg, — ¢ in H'(0,T; L*(Q)) asn — oo,

where {Bn}nen denotes the subsequence from Pmposition and ¢ the corresponding
limit, while dg, stands for the optimal local damage associated to the problem (Pg,).
This implies in particular that the local and nonlocal damage coincide in the limit.

Proof. Let n € N and ¢ € [0,T] be arbitrary, but fixed. We start by showing a con-
vergence result for the sequence given by &g, := dg, — ¢p, € C*([0,T]; L*(2)). From

we know that
@z/ £s, (L)1) do = / aVg, (VY dz + (F(t, s, (1)) Vi € HL(Q).  (2.43)
Q Q

Moreover, in view of Assumption we have H(Q)) < LP%?(Q), which combined
with Holder’s inequality and (|1.23)) gives in turn

Bn

[ aVea 096 daf + S|Pt 02, 0) 0)mia
< - (alI Ve, (0 + 519/(0a, () o Celuts, (1)) : s, () ) 16

C
< 7||¢||H1<m vy e HY(Q),
(2.44)
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where C' > 0 is independent of n. Note that for the last inequality we used the embedding
HY0,T; HY(Q)) — C([0,T); H'(2)) combined with Corollary as well as and
Corollary [1.9] Now (2.43) and (2.44) lead to

C
15, () V) (| < EWHHI(Q) Vo e H'(Q),
whence
s, — 0 in C([0,T; H{(Q)*) asn — oco. (2.45)

By employing and L#/(?=2)(Q) — L*(Q) — H'(Q)* we further obtain
w5, — ¢ in C([0,T]; HY(Q)*) asn — oo,
which together with now gives
ds, — ¢ inC(0,T); H(Q)*) asn— . (2.46)

On the other hand, as a result of Lemma there exists a subsequence of {dg, }nen
and d € H(0,T; L?(2)) such that

dg, —din H'(0,T;L*(Q)) as k — oo.

Thus, by the embedding H'(0,T; L%(Q)) — C([0,T]; H'(2)*) and (2.46)) we arrive at
d = . Arguing as above, one can show that any weakly convergent subsequence of
{dg, }nen possesses the same limit ¢. This completes the proof. O

Let us conclude this subsection by pointing out the herein achieved results. It was
established that after passing to the limit f — oo in , ie., , one obtains
in light of the same equation for the coupling between displacement and nonlocal
damage. Further, it turns out that the equation for the nonlocal damage, i.e.,
, reduces to the identity d = ¢, where d and ¢ stand for the local and nonlocal
damage after passing to the limit, respectively. Thus, both damage variables become
equal when 8 — oo, which shows that the penalty approach makes sense from a math-
ematical point of view. Keep in mind that (at this point), the limit model depends on
the chosen subsequence in Proposition In the next section we will see that under
special conditions, no matter what subsequence one chooses, the limit is the same and
consequently the whole sequences {¢g, } (and thus, {dg,}) and {ug,} converge for any
Bn — 00 as n — 00.

2.2.3 Passage to the limit in the energy identity

After we exploited the behaviour of the elliptic system when § — oo, we now turn
our attention to the dynamical component of the penalized damage model, i.e., .
However, as already indicated at the beginning of Section [2.I] we do not possess any
useful information about the boundedness of the term 3(dg — ¢g). That is why we again
make use of the characterization of the local damage by means of the energy identity, see

64



, which has the advantage of not including this term. Passing to the limit therein
will result in an energy inequality, where the original functionals slightly change, see
Definitions [2.19] and [2.21] below. Moreover, as we will see in Section [2.3] below, this is
equivalent to an evolutionary equation. Besides, the resulting energy inequality is in fact
an enerqgy identity as well, where, as in , one integrates over an arbitrary interval
[s,t] C [0,T], see Remark below.

We begin by introducing the functionals that will arise after passing to the limit. We
first define the energy functional without penalty &€ : [0,7] x V x H'(2) — R by

1 o
E(tup) = 5 [ a(e)Cetw) s cluw) da = (6(0) wly + S, (247
which has rather the purpose of motivating Definition below. By comparing Def-
inition and (2.47) it is easy to see that at all (t,p,d) € [0,T] x H(Q) x L*(Q) it
holds B
argmin &£(t, u, ) = argmin (¢, u, v, d).
ucV ueV

Hence, for a given pair (t,¢) € [0,T] x H'(Q), the functional & reaches its minimum
with respect to the variable uw at U(t, ¢), see also Proposition and Definition
Therefore, after minimizing one obtains

Definition 2.19 (Reduced energy functional without penalty). We define the functional
Z:00,T) x H'(Q) - R as

I(t,p) = meigg(t, u, ) = E(t, UL, ), ).

Note that Assumption is not needed in order to define 7 , as &£, and thus £ , has
an unique minimum w.r.t. w in V' characterized by also when ¢ maps only to V*.
This is shown by a short inspection of the proof of Proposition . The only difference
is that the solution operator ¢ does no longer have range in W *(Q), but only in V.

On account of (2.47)) and Definitions and we can rewrite the reduced energy
functional without penalty at all (¢,¢) € [0,T] x H*(Q) as

Tlt,0) = 5 (A1) Ut 9))v — LU D + 5 T3

1

= — (0@ Ut @)y + %IIWH%

(2.48)

Lemma 2.20 (Fréchet-differentiability of f) Under Assumptions and it
holds T € C1([0,T] x H*(Q)) and at all (t,) € [0,T] x H () we have

OL(t, ) = —(£(t), UL, ), (2.49)
O, L(t, 0) = —alp + F(t, ). (2.49D)
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Proof. The proof is very similar to the proof of Lemma [2.2] We apply product rule
for the mapping f : [0,T] x HY(Q) > (t,p) — —1/2(f(t),U(t,¢))v € R, which yields
f € CH[0,T]x HY(Q)), in view of Assumptionand Proposition The derivative
thereof at all (t,¢) € [0,7] x H'(Q) reads

(6, 0)(5t,5) = (U056 UE @)y — 51,1 (1 9) (0, B

— (05U Py + (F(t ), b)Y (51, 69) € R x H'(Q).
(2.50)
Note that the last equality from above follows by the arguments used for deriving @
and (2.5), ie., (L.72), (L.75) and (1.23)), as well as Definitions and From (2.50)
combined with and ||V - |3 € CY(H(Q2)) we can now deduce that Z € C*([0, 7] x
H(Q)) and that its derivative at all (t,¢) € [0,T] x HY(Q) is given by

I,(t7 50)(5157 54,0) = _<£(t)6t7u(t’ 90)>V + <F(ta 90)7 5SO>H1(Q)
+a(Vp,Vop)y Y (6t,dp) € R x HY(Q).

This completes the proof. O

Next we introduce the viscous dissipation functional corresponding to the situation
without penalty.

Definition 2.21 (Viscous dissipation functional). We define the functional 755 cHY(Q) —
[0, 00] by
~ r de+8|nl2 ifn>0 ae inQ,
s} otherwise,
that iS, 75,5 = R5|H1(Q)

We now begin to analyze the behaviour of the terms in as  — oo. In the
sequel we again denote by (ug, pg,dg) the unique solution of the problem . Recall
that, cf. Propositions [2.17] and there exists a sequence 3, — oo as n — oo and
@ € HY(0,T; H*(£2)) such that the following converges hold

©vg, — ¢ in Hl((), T; Hl(Q)), (2.51a)
dg, = ¢ in HY0,T; L*()), (2.51D)
ug, = U ¢(1) in C([0,T]; V) (2.51c)

as n — oo, provided that Assumptions[I.17)[1] [I.47] [1.56] and [2.8| are satisfied. In the rest
of the section we denote by {3, }nen such a fixed sequence and by ¢ the corresponding
limit.

Lemma 2.22. Under Assumptions [I. 171, [1.77, [1.56 and [2-§ it holds

/ Rs(¢(7)) dr < lim inf / Rs(dg, (7)) dr
0 0

n—o0

for all t € [0,T].
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Proof. Let t € [0,T] be arbitrary, but fixed. First note that (2.51b|) implies

ds, — ¢ in L*(0,; L*(Q2)), (2.52)
which further leads to ‘

dg, — ¢ in L'(0,t; L1(Q)) (2.53)

asn — 0o. Note that here we also employed the fact that the operator H'(0,T; L?(Q)) >
¢+ Clogy € HY(0,t; L3(£2)) is linear and continuous. Now, since || - 210,421 (02)) and
I| - ||%2(0,t;L2(Q)) are weakly lower semicontinuous, we infer from (2.52)) and ([2.53))

t ) 5 t ) o t 5 t
r e dr+ 5 [ leidr <tmintr [ ds, (0l dr+ 5 [ ds, 0l dr
0 2.Jo n=oo - Jo 2.Jo
_ (2.54)
Further, recall that from (2.16c) one reads dg, > 0 for all n € N. Since the set {f €
L2(0,t; L*(2)) : f > 0} is weakly closed, one deduces from (2.52)) that ¢[j, > 0. Now
(2.54) gives in view of Definitions and the assertion. O]

Lemma 2.23. Let Assumptions[1.171] [1.47, [1.56 and[2.§ hold. Then for all t € [0,T)]
we have the convergence

AL (t,dg, (1)) — O L(t, o(t)) in HY(Q)* asn — oco.

Proof. Let n € N and t € [0,T] be arbitrary, but fixed. From (2.43) we know in view of
(2.2b)) and ([2.49b|) that

AL (t,ds, (1)) = ,L(t, g, (1)) in H(Q)*. (2.55)

2
As a result of Assumption we have H!(Q) <> LPTPQ(Q), see (1.32), so that by
the convergence (2.51a)) and Lemma we get

pp, (1) =+ p(t) in Li2(9), (2.56)
Vs, (t) = Ve(t) in L2(Q;RY) (2.56b)

as n — oo. Employing again (2.49bf) we obtain by means of Lemma for all v €
H!(Q) the estimate

(0,23, (1)) = 0,2 0(0)), v oy < Cli, (1) = @Ol 2 0] 22
+al(Vos, (1) — V(t), Vo)l

(2.57)

where the constant C' is independent of n, since 8 does not appear in the definition of

F, see ([1.23). We also refer to the proof of Lemma for more details. From ([2.57))
we can now conclude with (2.56a)), (2.56b|) and (2.55) the desired assertion. O
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Lemma 2.24. Under Assumptions[I. 171, [1.47, [1.56 and [2.8 it holds

/ Ry (— 0,Z(1, (7)) dr < lim inf / Ry (— 04Z(r,dg, (1)) dr.
0 0

n—oo

for all t € [0,T].

Proof. Recall that Rs = Rs| 1 (q), which by the definition of the Fenchel conjugate gives
in turn

R5€) = sup (E(v) —Rs(v)) < sup (£(v) — Rs(v)) = RE(E). (2.58)
veHL(Q) veL?(Q)

for any & € L?(2). Let now again t € [0,T] be arbitrary, but fixed. Since 753 :
HY(Q)* — (—00,00] is convex and lower semicontinuous, cf. e.g. [69, Theorem 12.2],
and thus, weakly lower semicontinuous, Lemma [2:23] leads to

Rj (= 0,Z(r, ¢(r))) < liminf Rf(~ QaZ(r,ds, (7)) ¥ € [0,1].

By setting & := —0gZ(7,dg, (7)) in (2.58), where 7 € [0,¢], the above estimate can be
continued as

Ri(— 0,Z(r, (7)) < lim inf R (— 84Z(r, dg, (7)) V7 € [0,4). (2.59)

Further, one observes in view of Lemma , that for all n € N the map [0,t] >
T = R3(—=04Z(7,dg, (1)) = 6/2||dg, ()||2 is non-negative and continuous, as dg, €
C([0,T); L*(2)). Moreover, sup,,cy HdﬁnHL2(0’t;L2(Q)) < 00, due to (2.51b)). Hence, we
are allowed to apply Fatou’s lemma, cf. e.g. [7, Lemma 4.1], which tells us that

t t
/0 linnii;.}ng(— 04L(1,dg, (1)) dr < lim inf /0 Rj(— 04Z(,dg, (7)) dr.  (2.60)
We also notice that pr (,(+)) is continuous, thanks to Proposition and the em-
bedding H'(0,T; H'(Q)) — C([0,T]; H'(£2)). Since 73,3 is lower semicontinuous, one
concludes that the mapping [0,¢] > 7 — ﬁ;(—@wf(ﬂ ©(7))) € R is lower semicontin-
uous as well, and therefore, measurable. Note that ﬁ;(—8¢f(-,cp(-))) is real-valued,
since R is proper and in view of ([2-59), sup,en ”d‘ﬁnHL2(07t;L2(Q)) < 00, and Lemma
Now we can integrate over (0,t), which combined with finally gives the

assertion. O

We are now in the position to state the main result of this subsection.

Proposition 2.25 (The energy inequality without penalty). Let Assumptions .

1.452, and hold. Then the limit function p € HY(0,T; H*(Q)) from Proposition
2.17 fulfills for all t € [0,T) the estimate

/ Rs(o(7)) dr + / R (= 0,Z(7, (7)) dr +Z(t, (t)) < Z(0,0(0)) + / AZ(r, (1)) dr
" " " (2.61)
and at the initial time point it holds ¢(0) = 0.
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Proof. Let t € [0,T) be arbitrary, but fixed. Setting s := 0 in (2.9)) yields the following
identity

/ R(s(dﬁn(T)) dT—i—/Rg(— (9dI(7', dﬁn(T))) dT—l—I(t,dﬁn(t))
0 0 (2.62)

7(0,dg, (0 /atz ds, (1) dr VneN,

where we next pass to the limit n — oo. In view of Lemmata [2:22] and [2:24] we only
need to discuss the last three terms in . To this end, we first notice that due

, (2.51c) combined with Lemma m and the weak lower semicontinuity of
H | LZ(Q) — R we have

S, UCE D)y + SIVR()IE < lmin 2 (6(0), ws, (D) + 5 [Vipa, ()3

M\H

R ﬁn 2
+ hnrggéf ?H@Bn (t) —dg, (D)3,

>0

which in light of (2.1 and ([2.48) reads

It o) < lim inf Z(t, g, (1)). (2.63)

For the right-hand side in (2.62)) we obtain by employing (2.1) and (2.2a)), as well as
Assumption and (| m ) the equality

(0, dg, (0 / OI(r,ds, (7)) dr _/ (—0(F),ug, (7)) dr YneN.  (2.64)

On the other side, from (2.17a)) and (2.51a)) together with Lemma one deduces
©(0) = 0. By relying again on Assumption we infer by (2.48)) and (2.49a)) that

+ /0 0 (. (7)) dr = /0 (—0(r), U(r, p(7)) dr. (2.65)

As a consequence of / € C ([0,T]; V*), by assumption, and (2.51c)) one arrives at

t
/0 (U(7),up, (1) =U(T, (7)) dT < |l co,rvlws, —UC ) ooy — 0

as n — 0o, which on account of (2.64)) and (2.65) gives in turn

nh_}rI;oI (0,dg, (0 / O I(t,dg, (7)) dr = / OZ(r, p(7)) dr.  (2.66)
By using Lemmata [2.22) u m 2.24| and the convergences -, -, we ultimately obtain
(2.61)) from ([2.62)). The claim is now proven. O

In the next sections we employ the energy inequality to show that the limit in
— satisfies a system of equations, namely below, which is equivalent
to a classical viscous partial damage model containing only one damage variable, cf.
Section below. As a secondary result, we will also deduce that is in fact
equivalent to an energy identity, see Remark [2.27] below.
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2.3 A single-field gradient damage model

The main purpose of this section is to show that the limit function ¢ from Proposition
satisfies an evolutionary equation, i.e., below. This will then allow us to write
our single-field limit damage model as a PDE system, which as it will turn out in Section
below, falls into the category of models analyzed in [41]. The section ends with the
discussion of the unique solvability thereof.

By mainly following the lines of the proof of |41l Proposition 3.2|, it can be shown that
the energy inequality is equivalent to the above mentioned evolutionary equation:

Proposition 2.26 (Evolution without penalty). Let Assumptions and hold
true. Then, any ¢ € H(0,T; HY () which fulfills for all t € [0,T] the energy inequality
(2.61) satisfies B B

—0,Z(t,¢(t)) € ORs(¢(t)) fa.a. t e (0,T). (2.67)

The reverse assertion is true as well.

Proof. The proof is based on the same arguments as the proof of Proposition 2.5] We
begin by proving two auxiliary results that will be needed for both implications. To this
end, let o € HY(0,T; H*()) be arbitrary, but fixed. Since Rs is convex and proper, a
well known convex analysis result, see e.g. [69, Theorem 23.5], leads to
Rs(p(t) + R (—0,L(t, ¢(1))) = —(9pL(t, (1)), &(8)) i1 ()
= (2.68)
—0,Z(t,p(t)) € ORs((1))
fa.a. t € (0,7). Further, note that by (2.49), Assumption and Corollary , in
combination with (1.23)) and (3)), we have
‘ati-(ta ¢)|7 H&Pi(ta ¢)HH1(Q)* < CHngHl(Q) +c V(t7 (b) € [OvT] X Hl(Q)v

where C, ¢ > 0 are independent of (¢, ¢). We observe that this implies ([5.4)) for 7. Thus,
in view of Lemma [2.20] we can apply Lemma [5.5] which gives in turn that the function

[0,7) 3 ¢ — Z(t, o(t)) € R belongs to H'(0,T). Moreover, the derivative thereof is given
by

%i(t,«p(t))zﬁtf(t,w(t))+(8@f(t,cp(t)),gb(t)>H1(Q) faa. te(0,7).  (2.69)

Let us now assume that ¢ fulfills for all ¢ € [0,T). Due to Z(-, (-)) € H(0,T),
the energy inequality reads for t =T as follows

T _ T _ _ T g _
| Ratetonar + [ Ri-0,Ztr o) dr < = [ LT plr) ~ 0T (7))

which in light of (2.69) has as consequence

T _ T _ - T
/ Rs(6(7)) dT+/ R5(=0,Z(1,¢(7))) d < —/ (Op,Z(7, (7)), &(7)) 1102y dT-
’ ° ° (2.70)
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On the other side, one deduces from the definition of the Fenchel conjugate the estimate

Rs(@(1) + Ry (=0,Z(t, (1)) = —(0,Z(t, (1), () () Faa. t € (0,T). (2.71)

Combining (2.70)) and (2.71) now yields

Ra(p(t) + Ri(—0.Z(t, (1)) = —(0,Z(t, (1)), 2())p(q)  Faa. t € (0,T)
and with we arrive at
—0,Z(t, (1)) € IR5(p(t)) fa.a. t e (0,T).

The reverse assertion can be concluded by following the lines of the proof of Proposition

2.5] To this end, assume that ¢ satisfies (2.67). From (2.68) and (2.69) we then obtain

Rs(p(t)) + R5(—0,Z(t, (1)) = —%I(t, o(t)) + Z(t,p(t)) faa. te(0,T). (2.72)
Note that any ¢ which fulfills satisfies automatically ¢(t) > 0 f.a.a. t € (0,7), in
view of Definition . The latter one also accounts for the integrability of Rs((+)),
as ¢ € L%(0,T; L*(9Q)). For the terms on the right-hand side in we have due to
Lemma the embedding H'(0,T; H'(Q)) — C([0,T]; H*(2)) and since Z(-, ¢(-)) €
HY(0,T) that &,Z(-,¢(-)) € C[0,T] and %f(-,gp(-)) € L%(0,T), respectively. Thus, we
are allowed to integrate in time, which now implies for all ¢ € [0, T the following

¢ t -
/ Ra(p(r)) dr + / RE(—0,Z(r, o)) dr
0 0 _

= (0, 0(0)) — Z(t, (1)) + /0 O (r, p(r)) dr.

This gives the desired assertion. O

Remark 2.27. An inspection of the proof of Proposition shows that, in order to
prove , it suffices that holds only at t = T. In addition, at the end of the
proof it can be seen that leads to an energy equality where one can actually integrate
over an arbitrary interval [s,t] C [0,T]. Altogether, this means that the energy inequality
fort =T s equivalent to the evolution , which is further equivalent to the
corresponding energy identity on some arbitrary interval [s,t] C [0,T]. We refer here
also to [{1, Proposition 3.2/, where a very similar result is proven.

Thus, the passage to the limit f — oo in preserves the structure of the energy
identity with penalty, in light of Proposition[2.25 and the above comments.

We summarize our results so far in the following

Theorem 2.28 (Single-field gradient damage model). Let Assumptions
and hold and {By}nen be a sequence with 5, — 0o as n — oo. Then there
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is a subsequence (denoted by the same symbol) and a pair (u,p) € C([0,T];V) x
HY(0,T; H(Q)) such that

ug, —u in C([0,T];V),

. 1 1 . 1 9 (2.73)
©p, = in H (0, T;H(Q)), dg, — ¢ in H(0,T;L*()),

as n — oo, where (ug, , g, ,dg,) is the unique solution of the problem (Pg,). Moreover,
every limit of such a sequence satisfies w =U(-, p(-)) and

alp(t) — F(t,o(t)) — 6¢(t) € OR1(4(t))  fa.a te (0,T), ©0)=0, (2.74)
which is equivalent to the following PDE system:
—divg(p(t))Ce(u(t)) = £(t) in WIP(Q) Vite|0,T),
alp(t) - %g’(sO(t))C e(u(t)) : e(u(t)) — 6p(t) € IR1(&(t)  faa. t€(0,T), 0 (275)
©(0) =0,

with the (non-viscous) dissipation functional Ry : H*(Q) — [0, 00| defined by

751(77) . rfﬂn dr ifn>0 ae. in§, (2.76)
00 otherwise.

Proof. The first assertion, as well as u = U(+, p(+)), were already proven in Propositions

and while Propositions and [2.26 combined with (2.49b) yield
alp(t) — F(t, o(t)) € ORs(p(t))  faa. t e (0,T), ©(0)=0. (2.77)

The above mentioned results also show that for any given sequence with , the limit
satisfies . In view of the sum rule for convex subdifferentials, Definition and
the Fréchet-differentiability of || - ||3 : L2(Q) — R, is (2.74). The equivalence with
follows by the definitions of U and F', see Definition and , respectively.

O

The above theorem shows that admits at least one solution. Of course, it
would be desirable to prove its uniqueness too, since this guarantees in particular that,
no matter which subsequence one chooses in Theorem [2:28] the limit function is the
same, whence the (weak) convergence of the whole sequence. Unfortunately, for this
purpose, we have to impose an additional assumption on the index p, which is rather
restrictive. We underline that this is only needed to show the unique solvability of
, while the rest of the analysis remains unaffected. For proving uniqueness for the

2
evolution equation (2.74)), it is necessary that the Sobolev embedding H!(£2) < L1 Q)
holds true, as a closer inspection of the proof of Proposition 2.31] below shows. This is
ensured if
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Assumption 2.29. In the rest of the section we require that the assertion in Lemma
on page holds for some p > 4 in the two-dimensional case and p > 6 in the
three-dimensional case.

Remark 2.30. Although restrictive, Assumption is fulfilled cf. Remark on
page provided that the domain possesses Cr-boundary, no mized boundary conditions
are present, and the difference between the boundedness and monotonicity constants of
the stress-strain relation 1s sufficiently small. Adapted to our situation, this means
that the values eyc and ||C|lo have to be close enough to each other, which is clearly
rather restrictive (beside the assumptions on the domain). We refer here again to [29]
for more details.

These assumptions on the data can be weakened, if one proceeds as in [41, Section
2.4] and uses the Sobolev-Slobodeckij space H* () with s € (N/2,2), instead of H* (), as
space for the nonlocal damage in the penalized model . To this end, one replaces the
gradient term in the energy functional given in Definition[0.9 by the seminorm generated
by [41), (2.4b)], see also Remark on page . Note that this tells us that the additional
assumptions on p in Chapter[1] are no longer needed. A close inspection of the preceding
analysis then shows that analogous results to the throughout this chapter proven results
can be reached for the modified damage model. In particular, the limit function ¢ will then
belong to the space H'(0,T; H*(Q)). The advantage thereof is that H*(Q) — C%¢(Q)
for some ¢ € (0,1] in both space dimensions, see e.g. [T9]. In this case, it suffices to
impose that p = 4 in both dimensions instead of Assumption|2.29. This new assumption
is fulfilled e.g. by imposing smoothness assumptions on the domain and on C and if no
mized boundary conditions are present, see [41, (2.40) and (2.43)]. One then obtains
by [20, Theorem 10.17] and a classical density argument that for any o € [2,00), the
operator A, - W(l)’g(Q) — Wé’gl(ﬂ)* is continuously invertible for any t € [0,T].
However, unlike in Lemma ||A;(1t)|| is now bounded by the term c ||| g1 0,715 ()
(for allt € [0,T]), where ¢ > 0 is a constant depending only on the given data. This is
due to the fact that HA;(lt)H is bounded by c||g(¢(t))l|coc(q) and thus by cllo(t)]| g (),
in view of the Lipschitz continuity of g and H*(Q) — C%<(Q). This implies that the
constant C' in below depends on ||pill g1 o, 1;m2(0)), @ = 1,2. An inspection of the
proof of Proposition below shows however that this does not affect the uniqueness
result for . We also refer here to [{1], Sections 2.4 and 3.2/, where one deals with a
very similar situation. Since the bilinear form associated with H*(S2) is harder to realize
i numerical practice, we do not follow this approach.

Proposition 2.31 (Unique solvability of (2.75))). Suppose that Assumptions
and hold true. Then, the evolutionary equation (2.67) admits a unique solution

¢ € H(0,T; HY(Q)) and thus, [2.75)) is uniquely solvable.

Proof. The proof is similar to the proof of [41, Proposition 3.6.]. We notice that it suffices
to show that is uniquely solvable. This is due to its equivalence with
supplemented with ¢(0) = 0 and since is just written in compact from.
To this end, let ¢1,¢p2 € H'(0,T; H'(2)) be two solutions of (2.74). Note that their
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existence is given by Theorem Therefore, it holds R (¢(t)) # 0 f.a.a. t € (0,T),
whence ¢;(t) > 0 fa.a. t € (0,7), for any ¢ = 1,2 . By testing (2.74) for i = 1 with ¢
and vice versa, we arrive at

(@Ap1(t) = F(t,p1(t) — 601(1), p2(t) — P1(8)) () < r/ngz(t) —¢1(t) dx

(@A pa(t) — F(t,p2(t) — 6p2(t), 1(t) — 2(t)) () < T/stl(t) — pa(t) dx

fa.a. t € (0,7). Adding the above estimates and then inserting the term a(y1(t) —
w2(t), 1(t) — 2(t))2 on both sides leads to
3llpr1(t) = G2(B)13 + aler(t) — 2(t), @1(t) — ¢2(t)) (@)
<A(F(t, pa(t) — F(t,01(t)), p1(t) — @2(t)) 11 () (2.78)
+a(pi(t) = pa(t), g1(t) — ¢2(t)2  faa te(0,7).

Thanks to Assumption 2:29] we can apply to the first term on the right-hand side in

(2.78) Lemma with 7 := 2p/(p — 4), so that s = 2. By Cauchy-Schwarz inequality
and the embeddings H'(2) < L"(2) and H*(Q) < L?(2) we then find f.a.a. t € (0,T)

the following
8llp1(t) — Ba(t)[I3+a(er(t) — @a(t), @1(t) — ¢2(t) (o)
< Cllp1(t) = 2Ol @)l ®) — P22 (2.79)
C . ,

< Ll = o203 + Cellén(t) - ()1 Ve >0,
where the last estimate follows from the generalized Young inequality. Note that C' > 0
denotes a constant independent of ¢, 1 and ¢, in view of Lemma[T.18] Further, we set
¢ (small enough) in (2.79)) such that Ce < ¢ holds, e.g. £ :=¢/(2C'), which now gives in
turn

2
alr(t)—pa(t), 1 (1)~ 2 iy < Seller D) —ea(O)nqy  fan t€ (0.7). (280)

On the other side, by e.g. [81, Lemma 3.1.43], we have for all ¢ € [0, 7]

[er@=ea(0). er(m)=alrin @y dr = 3l (D=2 (Ol oy =5 110 =20)

and due to ¢1(0) = 2(0), we arrive after integrating (2.80) at

a C2 t
Slert) —e2()lipn o) < 55 [ ler(m) = 2Dt dr Ve e[0,T].  (2.81)
2 ( 20 Jo (
In light of H'(0,75H'(Q)) — C([0,T]; H'()), the map ¢ = [p1(t) — 2(t)l|71 g 1s
continuous and applying Gronwall’s lemma for (2.81)) leads to
lor(t) — 2Oy <0 VEe[0,T],
whence @1 = @s. This completes the proof. O
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As an immediate consequence of Proposition [2.31] combined with Theorem [2.28] we
infer

Corollary 2.32. If in addition to Assumptions[1.]7, [1.50 and[2.8, Assumption[2.29 is
fulfilled, then the convergence in (2.73)) is not only valid for a subsequence, but for the
whole sequence {(ug,, ¢g.,ds, )}

2.4 L*-bound for the limit damage variable

The last essential step before proving that the damage model without penalty is
equivalent to a version of the model analyzed by [41] consists of showing that the limit
function ¢ in belongs to L>((0,7) x ). This is needed to perform the transfor-
mation of one model into the other in the upcoming section.

To this end, we turn back to the problem and show that, under mild assump-
tions, the local and nonlocal damage are bounded a.e. in (0,7") x Q by a constant
independent of 5. The convergence will then ensure that at least one of the so-
lutions of is essentially bounded. For the optimal damage variables associated to
, the existence of L°°-bounds was indeed already established in case of N = 2, see
Remark but we emphasize that these are dependent on §. To show the desired
boundedness, we mostly follow the ideas of [41], where the authors derive a similar result
in two dimensions under comparative assumptions, see [41, Proposition 4.5]. We prove
the claim via a time-discretization procedure, by passing to the limit in a suitable time-
discretization scheme for the problem and by showing that the discrete local and
nonlocal damage variables possess (a.e. in (0,7) x §2) a uniform (w.r.t. 5 and time-step
size) bound, see Lemma below. As it will turn out, the value of the bound can be
ultimately read from the properties of the function g.

In the sequel, 8 is fixed and large enough cf. Assumption [[.17)2] We omit for the
sake of convenience the symbol for the dependence on the penalty term of the solution
of and of the associated discrete solutions. We only highlight the dependence of
the latter ones on the different time-step sizes.

Recall that, by Proposition 2.7, the damage model with penalty reduces to the

operator differential equation

d(t) = %max (- B(A(t) — o(t) —7) Vte[0,T], d(0)=do, (2.82)
where d and ¢ = ®(-,d(-)) stand for the local and nonlocal damage, respectively. This
notation and the upcoming ones are valid throughout this section.

Starting from we introduce the following time-discrete incremental problem:
Given the number of time-steps n € N, we set 7 := T'/n and denote by {t] = k7}r—0,_.»
the corresponding partition of the time interval [0, T']. Further we define, beginning with

0 := do, the approximation of the local damage at time point t_, k € {0,...,n — 1},
as the unique solution of the fixed-point equation

T T T T T T sT
dpp1 = dj, + 3 max (= Bdfyy — P(thyr, diyy)) — 7). (Pkﬁ )
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Note that the unique solvability of 1} can be easily concluded for any k € {0,...,n—1}
from Banach fixed-point theorem. To see this, we observe that

g“ max(— B(z1 — (tpp1,21)) — 7’) — max (— B(z2 — (thy1,22)) — 7“) H2
| = B(z1 — @(tpsq,21)) + B(22 — D(th41,22)) 12

(B4 BL)||z1 — 22]l2 Vz1,22 € LQ(Q),

IA
oﬂ R

by the Lipschitz continuity of max and ® (with constant L), cf. Lemman and -,
respectively. Hence, if 7 < 6/(8 + BL), then the function L*(2) 3 z — df + % max (—

B(z — ®(t],,2)) —r) € L*() is a contraction. This is also well deﬁned, and thus,
admits an unique solution dj_ , € L?(S2), provided that 7 is small enough. The

latter one is supposed to hold throughout this section, as we however aim to pass to the
limit 7\, 0.

2.4.1 Passage to the limit in the time-discrete problem

Let the number of steps n be fixed and large enough. Before we proceed with
analyzing the behaviour of the time-discrete solutions as 7\, 0, we introduce, similarly
to [41], Section 4], the notations

tr(t) =ty for t € (¢, th 1), t.(t) ==t} forte [ty ti 1), ke{0,..,n—1},

(0) := 0 and ¢t (T) := T. We define the piecewise constant interpolation functions

d :[0.7] — L¥(Q) by

H(t) == dpyy for t € (1], 15,4], d.(t) :==d} fort€ [t} t7 1), k€ {0,..,n—1},

o~
SN

d-(0) := dop and d.(T) := d,, as well as the piecewise linear interpolation function
d; : [0,T] = L*(Q) as
T t— tT T T 4T
dT() _dk+ ( k+1_dk) forte[ k‘+1]7 k‘E{O,,n—l}

Notice that d, is differentiable on [0, 7]\ {to, t1, ..., tn} with

T

: dr. ., —d
do(t) = "k for t € (t7,17,1), k€ {0,.n—1}, (2.83)

T

which implies in view of 1} that for t € [0,7]\ {to,t1,-..,t,} it holds

. 1 - _ -
d.(t) = 5 max (= B(d-(t) — @(t-(t),d- (1)) — 7). (2.84)
To prove convergence in the above time-discretization scheme, we need the following

Lemma 2.33. Let Assumptions and hold true and suppose that T < §/(S+ L)
is small enough, depending only on the given data. Then, there exists a constant C' > 0,
independent of T, such that for all t € [0,T]\ {to,t1,...,tn} it holds

ld-(®)]l2 < C.
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Proof. The proof is inspired by the proof of [4Il, Proposition 4.2]. We aim to estimate
ld-(t)]|3 in such a way that (the discrete version of) Gronwall’s lemma can be applied.
Let k € {1,...,n — 1} be arbitrary, but fixed, where n denotes the number of time steps.
Then by testing for fixed t € (17,1} ;) and fixed s € (¢]_,,}) with d,(t) we have

I ()15 = = (max (— 8(de (1) — (E (1), (1)) 1), (1))
5 (max (= B () ~ B(Fr (), d2(5))) — 7). d (1))
By subtracting the second identity from the first one and by using

ld-(8)]13 = lldr(s)113 < 2dr(£)]I5 — 2(dr(s), dr(t))2,
we arrive at

5/2(1ld- (D13 — 1ds (5)3)
< (max (= B(dr(8) = B (1), dr (1)) — 1) — max (= B(dy(s) — DEr(s), dr(s))) — 1), dr (1)),
< (Blld- () - &<Mh+ﬁLv+H&<> d-(3)2)) lld- (£)
= (er + Clldr(t) — dr(s)[l2) d: (1)
(2.85)

where ¢ = BL and C' = (L + 1) are constants independent of 7. Note that for the last
inequality we used the Lipschitz continuity of max and &, cf. Lemma (z) and ,
respectively, as well as ¢, () —t-(s) = 7. Relying on (2.83), d-(t) = d, , and d.(s) = dJ,
can be continued as

8/2(ld- ()13 = lldr()13) < (er + Crlld-(t)l]2) ldr (1) ]2

7 2 T 4T T T (286>
< Cr 4 Crlde)} Yt € (), Vs € (Fy, 1)

where for the last estimate we employed Young’s inequality. Further, notice that as a
consequence of (2.83)), we can write

1T+ 17,

dT(p):dT< > ) Vp e (E, 8 11)j=0.m1- (2.87)

Now let t € [t1,T]\{t1,...,tn} be arbitrary, but fixed, which implies that there exists
some m € {1,...,n — 1} such that ¢t € (tm,tm+1). By adding (2.86) for £ = 1,...,m we

arrive at
RS A 2
L(EEE e

in view of (2.87)). From the estimate (2.88]) we want to conclude with the discrete version
of Gronwall’s lemma the assertion. Therefor, we need to find an independent of 7 bound

I (8)]3 < |d-

T\ |2 -
(§)H2+’WLCT+CT 2
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for HdT(%) To this end, we test (2.84)) at time point 7/2 with d,(7/2) and deduce

I

ld-(r/2)13
= (max (- B(d:(r/2) — ®(Fr(7/2),d:(7/2))) ), do(7/2),
= %(max (= B(dr(7/2) = ®(t-(7/2),d-(7/2))) — r) — max (— B(do — ¢0) — ’I”),dT(T/Q))Q
+ 2 (max(~8(dy — ¢o) — 1), d-(7/2),,

where g := ®(0,dp). By relying on the same arguments used for deriving (2.85)) and
(2.86)), as well as Cauchy-Schwarz inequality, we then infer

ldr(m/2)[13 < er + Crlld- (7/2)[13 + Cl|B(do — o) + rl2lldr(7/2)]12

. ) (2.89)
< er + C7lldr (7/2)])3,

with ¢, C > 0 independent of 7. Note that for the last estimate we employed again
Young’s inequality. Since 7 \, 0 later anyway, we may choose 7 < % in (2.89)). This
leads to ||d,(7/2)]|3 < 2¢r < ¢/C, which we insert in (2.88), giving in turn

7 2 - 7 tz +t;€—+l 2
ld- ()3 <c+Cry ‘ dT(T) H2 for ¢ € (o, tysi),
k=1

where we used m < n — 1 and 7 = T/n. Since d.(t) = d, (%), cf. (2.87), and

T < %, we further have

with the convention 22:1 = 0. Note that (2.90) holds for any m € {1,...,n — 1}, since
t € [t1,T] \ {t1,...,tn} was arbitrary. Thus, the discrete version of Gronwall’s lemma

. t‘r tT 2
d, (%) H now tells us that
2

(T e

~1
s (tm +tm+1 2 <
d7<72 )H2§20+2C7'k21’

applied for the sequence {wy} with wy, := ‘

in view of 7 = T'/n. We observe that the constant on the right-hand side is independent
of 7. Thanks to (2.87)), this means that

dT (tm +2tm+1

)Hz < cexp (ijC’T) <cexp(CT) Vme{l,..,n—1},

ld,(0)||2 <C  forall t e [ty,T]\ {t1,....tn},
which together with ||d,(7/2)||3 < ¢/C (see above), gives the assertion. O

The main result in this subsection is given by
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Proposition 2.34 (Convergence of the time-discretization). Suppose that Assumptions

and[1.17 are fulfilled and let d be the unique solution of ([2.82) and ¢ := ®(-,d(-)).

Then, the following convergence holds true
dr —d in WH(0,T; L*(Q)) as 7\, 0.
Moreover,
dr —d in L0, T; L*(Q)) and @, — ¢ in L=(0,T; H()) as 7\, 0, (2.91)
where @-(t) := ®(t,(t),d-(t)) for all t € [0,T).

Proof. Let 7 < 0/(8 + BL) be arbitrary, but fixed. To make sure that the desired con-
vergences make sense, let us first investigate the regularity of d;, dr and @,. Clearly,
d; : [0,T] — L*(Q) and @, : [0,T] — H'() are Bochner simple functions, and thus,
they belong to L°(0,T; L?(2)) and L>(0,T; H()), respectively. Since L?(f2) is re-
flexive Banach space and d, is almost everywhere differentiable with d, = 1/7(d, — d.)
a.e. in (0,7T), we obtain that d, € W1>(0,T; L*(Q)), see e.g. [81, p. 58]. Note that
here we used that d, — d, € L>=(0,T; L*(9)) as difference of Bochner simple functions.
Thereby, we deduce that indeed

d, € W0, T; L*(Q)), d, € L=(0,T;L*(Q)) and @, € L=(0,T; H*()). (2.92)

We begin by deriving an estimate which will be very useful in what follows. First
note that for all ¢t € [0,7] we have

4,0 - &0 = (1- =D @) - &)

T

Hence, due to “=t2® € [0, 1] for all ¢ € [0, T] and (2-83) it holds

T

1d(8) = dr(@)ll2 < [|d(t) = dr(B)llz + [ldr(2) = dr(2)]]2
< aft) ~ dr Oz + 14:0) ~ D) o
= [1d(t) = dr ()2 + 7lld-()]l2
< ||d(t) —d;(t)||2 +7C fa.a. t e (0,T),

where C' > 0 is the constant from Lemma [2.33
Now, subtracting (2.84]) from (2.82)) yields f.a.a. t € (0,7T)

d(t)—d,(t) = %(max CB8(d(t)—p(t))—r)—max (B(d, (t) =D (. (t),d- () —7)). (2.94)

By making again use of the Lipschitz continuity of max and ® we obtain from (2.94))
and (2.93) the estimate

ld(t) — d-()]]2 < %(Bl\d(t) — Ao ()]|2 + BL(E — £ (8)] + [[d(t) — dr(t)]]2))
< B(L +1)/5||d(t) — dr(t) |2 + TBL/ (2.95)
<c|d(t) — d-(t)|a +7c faa. te(0,T),
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where ¢ > 0 is independent of 7. Note that for the second inequality we employed the
definition of ;. Since d(0) = d,(0) and d — d, € WH*(0,T; L?*(2)), we can apply
Lemma for (2.95)), which results in

|d — dr|lw.ee0,m;22(0)) < K(c, T)er,
whence the convergence
dr —d in WH°(0,T;L*(Q)) as 7 \, 0.
From we then conclude
d. — d in L>®(0,T; L*(Q)) as 7 \, 0.
The Lipschitz continuity of ®, see , leads to
16-(t) — @ (¢, d(t) | () < L(7 + lldr — dl|pooo.r22(02)))  faa. t € (0,7T),
and thus, @, — ¢ in L>(0,T; H(Q)) as 7 \, 0. This completes the proof. O]

2.4.2 Uniform estimates for the discrete damage variables

In this subsection we focus on proving that the piecewise constant interpolation
function d, is bounded a.e. in (0,7) x Q by a constant independent of 3 and of 7. This
constant can be a priori chosen by imposing corresponding assumptions on the data,
from which one can read its precise value. As already mentioned above, this will also
bound (a.e. in (0,7") x Q) the limit function ¢ in (2.75)), which is our final goal in this
section.

To prove the result, we follow the ideas of the proof of [41, Proposition 4.5], that
is, we show by induction on the index k£ that the solution of , Le., dj_ ,, satisfies
the desired boundedness condition for any k € {0,...,n — 1}, see proof of Lemma
below. Therefor we first need to rewrite @ as an equivalent (uniquely solvable)
minimization problem: '

Lemma 2.35. Suppose that Assumptions[1.5, [I.17 and[1.56 are fulfilled. Let the number
of time-steps n be large enough, fized and let k € {0, ...,n—1} be given. Then, the solution

of |D is the unique minimizer of

v —dl.
min  Z(t1,1,0) + TR (J) 2.96
i T+ Ry (2.90)
v>dy

Proof. (i) We begin by addressing the existence of solutions for (2.96]). To this end, we
define for simplicity f :C — R as

5 _dT 2
F@) = T(t711,0) —i—r/ o df dw s S0 = RIS

2.97
Q 2 T ( )
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where C := {v € L?(Q) : v > d} a.e. in Q}. Note that f coincides with the objective in
(2.96) on C, as a result of Definition We also observe that

1 T T T o T p T
flv) = —§<£( 1) Uty 1, R(tey 1, v)))v + §HV‘I’( e V)]I3 + 5”‘1’( 1 v) — 0|3
(5 —dr 2
—i—r/v—d; dac—i—fM for all v € C,
Q 2 T

(2.98)
in view of . The existence of solutions for follows by classical arguments
of the direct method of variational calculus. We begin by noticing that C is convex
and closed, and thus, weakly closed, while f is radially unbounded, in light of
combined with Corollary [I.9] Moreover, it is weakly lower semicontinuous, as we will
next establish.

To see this, we first prove that ®(¢] 1 -) is weakly continuous. We consider a se-
quence {v;} C C and v € C such that v; — v in L?(Q) as j — oo and we abbreviate
@j = ®(t]_,v;) for the sake of convenience. Since {v;} is bounded by a constant in-
dependent of j and since ® is Lipschitz continuous, see , we get by the reflexivity
of H'(Q) that there exists a subsequence of {¢;}, denoted by the same symbol, and
@ € HY(Q), with

0, — @ in H'(Q) asj — oo. (2.99)

Due to Assumption the compact embedding H' () << L*/®=2)(Q) holds true,
cf. (1.32). Then, we obtain in view of Lemma that

[ F(ths1s 25) — Ftiir, D) < Cllej — Pllapyp—2) = 0 as j — oo,

whence
Beoj+ F(t]y 1, ;) = Bg+ F(tf1,%) in H'(Q)* as j — oo,

where we also used (1.22) and (2.99). Further, the definition of ¢; and Definition [1.24]
imply that Sv; = By;+ F(t] ., ®;), while the uniqueness of the above weak limit yields
Bv = B+ F(t]_,9), since v; = v in L*(2) by assumption. However, by Definition

1.24] this leads to ¢ = ®(t] ;,v). From (2.99) we now have
D(thy1,v5) = P(thyg,v) in HY(Q) asj — . (2.100)

Note that holds for the entire sequence, as the limit ®(t7 ,, v) is independent of
the chosen subsequence. Hence, L*(Q) 5 v — ®(t}, ,v) € H(2) is weakly continuous,
as claimed.

To ultimately conclude the weak lower semicontinuity of f we rely in view of
on combined with the arguments used in the proof of Proposition and the
weak lower semicontinuity of the norm. As L2(Q) is reflexive Banach space, we finally
have all the necessary tools for applying the direct method of variational calculus, from
which we deduce that admits solutions.

(ii) We now turn our attention to the unique solvability of (2.96). To this end, let
z be an arbitrary, but fixed, solution thereof. By taking a look at , one sees in

81



view of Lemma that f is Fréchet-differentiable at z € C. Notice that here we need
Assumption to be fulfilled, as this guarantees the existence of the derivative of
®, and thus of Z, w.r.t. the L?-variable, as shown by a short inspection of Subsection
and the proof of Lemma respectively. Thus, since C is convex, z satisfies the
following necessary optimality condition

f(z3v—2)>0 VYveC,

which in view of (2.2b)) and ([2.97)) reads

(B2 = B(t40,2) + 7+ 2z —d)v—2), 20 forall v e C. (2.101)
T

Observe that 2z — d, di, € C and by testing (2.101)) therewith, one has
)
(B(z = By 2)) + 7+ (= — df), 2 — df), = 0. (2.102)

Now let w € L?(Q) with w > 0 be arbitrary, but fixed and test (2.101)) by w + z € C.
Then, fundamental lemma of the calculus of variations yields

Bz — ®(thyq,2)) +r+ é(z —di,) >0 ae. in{,
T

which together with (2.102)) and z > dj, gives

0< g(z —dg) L B(z — (tf41,2)) + 7+ g(z —dp) >0 ae. in .

Since the max-function is a well known complementarity function, we infer that z solves
1) and since the latter one is uniquely solvable, the claim is now proven. O

In order to obtain the desired boundedness result, we impose the following
Assumption 2.36. There exists M > 0 such that g(x) > g(M) for all x > M.

Recall that the function g : R — [¢, 1] shows in what measure the elastic properties
of the body are preserved under the influence of the damage. Thus, Assumption [2.36]
says that whenever the damage is larger than M, the material rigidity of the body is
at least g(M). Note that from a mechanical point of view, it makes sense to impose
(in addition to g monotonically decreasing, see page @ that if the damage surpasses the
value M, then the body preserves the degree of material rigidity g(M), i.e., ¢'(x) =0
for all x > M, which is just a special case of Assumption [2.36]

By taking a look at below, which shows how the coefficient function ¢ is
connected to its counterpart in [41I], we see that Assumption corresponds to the
assumption made on the analogous function in [41, Proposition 4.5], where one shows a
similar boundedness result.

The following lemma plays a key role for proving the main result in this section.
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Lemma 2.37. Under Assumptions[1.5, [1.17 and[2.36, we have
T(t,min(z, M)) < Z(t,z) Y (t z) € [0,T] x L*(Q).

Moreover, if there exists z € L?(§) with min(z, M) = z, then min(®(t,z), M) = ®(t, 2)
for any t € [0,T]. Here min(-, M) stands for the Nemytskii operator associated to
min{-, M} : R — R.

Proof. Let us first notice that the operator min(-, M) maps L?(Q) to L?(Q) and is
Lipschitz continuous with Lipschitz constant 1. This follows from the identity

min{a, M} = —max{M —a,0} + M Va eR (2.103)

and the properties of the max-operator, see Lemma (z) Moreover, in view of [38]
Theorem A.1] and (2.103), min(-, M) maps H'(Q2) to H(Q) and it holds for all ¢ €
HY(Q)

Vo ae in{zecQ:¢(r) <M},

vmin(¢,M)=—VmaX(M_¢):{ 0 ae in{reQ:d(x)>M}

whence
IV min(¢, M)||3 < [|V¢]3. (2.104)

Let now (,z) € [0,7] x L?(2) be arbitrary, but fixed and let us for simplicity abbre-
viate ¢ := ®(t, z) in what follows. By Theorem and Definition one establishes
that

Z(t,min(z, M)) < , @), min(@, M), min(z, M))

(U
;/ g(min(@, M))Ce(U(t, &) : c(U(t, 3)) dz — (L), Ut 3))v

+ %HV min(g, M)||3 + *ll min(@, M) — min(z, M)|J3,

(2.105)
where for the equality we employed Definition By Assumption [2.36] we further
have g(min(g, M)) < g(¢) a.e. in Q. Thanks to (4), (2.104), and since the function
min(-, M) : L*(Q) — L%(Q) is Lipschitz continuous with Lipschitz constant 1,
can be continued as

—_

Z(t, min(z, M)) < / 9(@)Ce(U(t, ) : e(U(t, p)) dx — (£(1),U(t, p))v

N |

_ B _ 2.106
+ 219el3 + Dlig - =13 (2:106)

= I(t, 2),
in view of Definitions [0.2] and 2.1} Therewith the first assertion is proven.

Now, if z satisfies min(z, M) = z, then (2.106) holds as an equality and thus, the

inequality in (2.105)) is an equality. Since the minimization problem in (Pg|) is uniquely
solvable, cf. Theorem it holds min(p, M) = ®(t,min(z, M)) = P(¢,z), which
completes the proof. O
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The next result states that the damage variables in the time-discrete problem are
bounded a.e. in (0,7) x Q by a constant independent of 5 and of 7, which is just the
constant M from Assumption [2:36] provided that this is fulfilled.

Lemma 2.38 (Uniform estimates for the discrete local and nonlocal damage). Suppose
that Assumptions 1.17, [1.56] and[2.36 hold true. Moreover, let the number of time-
steps in the discrete problem be large enough. If do € L*°(Q) with ||dol|pe) < M,
then

d;(t,z) <M, @, (t,x) <M a.e. in, Vtec[0,T)].
Here @, stands again for ®(t:(-),d.(-)).

Proof. Let n denote again the number of time-steps. We first address the discrete local
damage by following the lines of the proof of |41, Proposition 4.5|, that is, we show
that d, < M for all k € {0,...,n} by induction on the index k. Note that for £ = 0 the
assertion is fulfilled, since dy(x) < M a.e. in €, by assumption. Now let k € {0, ...,n—1}
be fixed and assume that

di(x) <M ae. in Q. (2.107)
The idea of the proof is to show that (dj, )~ := min(d}_ ;, M) solves the problem (2.96)),

which will give in turn dj  , = rnln(al,er17 M), in view of Lemma From 1) it
is clear that dj  ; > dj, and as a result of (2.107) we thus have (dj )~ > dj. With

Definition we then obtain
Ré((d;c——&-l)_ - d;) _ 7'/ (di1)” — d; H dk+1 —dy H2
T Q T 2 2
< T/ dfyy — d% H Ft1 d% H2 (2.108)
- Q T 2 2
_ R6<d£+1 - dk)
T )

where for the inequality we used 0 < (dj, )~ — dj < dj,, — dj,. From Lemma we
further deduce

I(terl:( £+1)_) S I( £+17 d;c—+1)7
which added to (2.108]) multiplied by 7 leads to

o (d7, )" —df dr, | —d
Z(ths1s (djyr) )+TR6<H1—) < I(thsas k+1)+7—R5(%)'

T

On the other side, Lemma tells us that d_, , is the unique solution of and as
(dj.,1)” is in the admissible set of (2.96), we conclude from the above inequality that
(df, +1)7 = dj,; must hold. Hence, dj | < M, which ends the induction step. Therefore,
we have

dr(t,z) <M ae. in Q, Vt € [0,T].

Furthermore, according to Lemma it also holds @, (t,z) = ®(t,(t),d-(t))(z) < M
a.e. in €, for all ¢t € [0, T]. The proof is now complete. O
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With the above results at hand, one can easily show that the local and the nonlocal
damage associated to (P3|, as well as their limit as § — oo, are a.e. in (0,7") x © bounded
by the constant M from Assumption [2:36] This is covered by the following

Theorem 2.39 (L*°-bound for the limit damage variable). Suppose that Assumptions

117, [I47, [1.56, [2-§ and [2.30 are satisfied. Then, the optimal local and the optimal
nonlocal damage associated to fulfill the estimates

0<dg(t,x) <M, ¢p(t,z) <M a.e in(0,T)xKQ. (2.109)
Moreover, (2.74) admits at least one solution ¢ in L>((0,T) x ) with
0<o(t,x) <M ae in(0,T)x Q. (2.110)

Proof. By (1.40) and Proposition (1) & (7i7), we know that

ds(t) = do +(15/0 max (—B(ds(s) — a(s)) —r) ds ¥t € [0,T).

Thus, the first inequality for the local damage in is a result of Assumption In
addition, we observe that the sets {f € L°°(0,T; L?(2)) : f(t,x) < M a.e. in (0,T)xQ}
and {f € L>®(0,T; HY(Q)) : f(t,x) < M a.e. in (0,T) x Q} are closed. The estimate
now follows from ([2.91)) and Lemma in view of Assumption
Furthermore, Theorem tells us that admits at least one solution ¢ €
HY(0,T; H'(Q)) and that there is a sequence {3,} with 8, — oo as n — oo so that

dg, — ¢ in H'(0,T;L*(Q)) asn — oo, (2.111)

where dg, is the optimal local damage associated to (Pg,). The estimates in
are thus a consequence of , the estimate for the local damage in and the
fact that the set {f € H'(0,T;L*(Q)) : 0 < f(t,x) < M a.e. in (0,T) x Q} is convex
and closed, and thus, weakly closed. Of course, ¢ belongs to L>((0,T) x ), as it is
measurable and satisfies . This completes the proof. O

Remark 2.40 (Non-negative values for the nonlocal damage). To make sure that the
nonlocal damage has only non-negative values, as the local damage does, one has to
impose, in addition to Assumptions|[1.5, and dg = 0, that g decreases on the interval
(—00,0), i.e., ¢'(x) <0 for all x < 0. Recall that this assumption on g is in fact very
reasonable from a practical point of view. Then, by testing with min{pg(t),0}
at all t € [0,T], one obtains in a non-negative and a non-positive term on the
left-hand side and right-hand side, respectively. Therefrom one concludes that ¢z > 0
indeed holds true.
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2.5 Comparison to classical partial damage models

In this section we show that the single-field gradient damage model given by
falls into the category of classical partial damage models. To be more specific, we prove
that in the two-dimensional case is equivalent to a version of the viscous damage
model studied in [41] for which the body is sound at the beginning of the process. In
this situation, the viscous problem in [41] reads

—0.I(t, (1)) € OR5(:(t)) faa. te(0,T), 2(0)=1. (2.112)

To see a first similarity with our damage model, recall that is in fact equivalent to
suplemmented with the initial condition, as shown by the proof of Theorem

In order to distinguish between the two models, we add in what follows the symbol
~ to the notations used for the data, functionals and operators in [4I], in case that the
therein used notations coincide with ours or if we already used them for data or global
operators in the present work. In the sequel, N = 2 and Assumptions [I.47} [1.56] [2.§]
and are supposed to be satisfied the whole time. Observe that Assumption [[.I7][T]is
automatically fulfilled, in view of Lemma Moreover, ¢ € H(0,T; H'(2)) denotes
from now on a solution of with

0<oe(t,x) <M ae. in(0,T) x £,

where M is the constant from Assumption[2.36] Note that such a solution exists, thanks
to Theorem see also the proof thereof.

The main difference between (2.74) and (2.112)) consists in the definition of the
dissipation functional. To see this, compare Definition to [41} (1.3) and (1.9)], which
tells us that the viscous dissipation Rj : H(Q) — [0, 00] is given by R5 = R1 + %II |13,
where

_ K [ |n| dx, ifn<0ae. in ),
Ra(n) 5:{ ol

0, otherwise.

Here k > 0 and 6 > 0 denote the fracture toughness and the viscosity parameter,
respectively. Therefore, unlike in our situation, the therein considered damage variable,
which is denoted by z, can only decrease in time. This is due to the fact that in [41]
the damage variable z : [0,7] x 2 — R measures the soundness of the material, not
the degree of the material rigidity loss, as in our case. This means that, the larger
the values of z, the sounder the body. Moreover, in the designed model, this takes
values only in the interval [0, 1], so that z(¢,z) = 0 and z(¢,2) = 1 when the system is
fully damaged and completely sound, respectively. We refer here also to [I7], where the
gradient damage model which serves as basis for [41] was introduced. In [41], Proposition
4.5] it is shown under additional assumptions that one has z(t,z) € [0, 1] throughout
the whole process, for at least one of the solutions of , thus proving the viability
of the mathematical model in this regard. As shown by the computations below, see
([2.117), these assumptions, in particular [41], (4.26)], correspond to those required to

show ([2.110)).
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The above motivates the following transformation
—1_ 7 1 .l
z:=1 7 e H'(0,T; H (). (2.113)

The case z = 0 corresponds to ¢ = M (maximal damage), while z = 1 corresponds
to ¢ = 0 (complete soundness), so that is a very reasonable starting point for
showing the equivalence between the two models.

The function spaces and the assumptions on the data for (2.112)) are introduced
in [41l Sections 2.1 and 2.2|. We observe that the setting coincides mostly with ours,
excepting the following:

e the energy functional & associated to , see , does not include a coun-
terpart for the term featuring the nonlinearity f in [41} (1.1)]. For this reason, we
consider in the following just the case f = 0. Although the condition [4I] (2.8)]
does not allow the function f to be the zero function, this is here not problematic,
as explained in Remark below;

e in the energy functional in [41], see [4I], Section 2.2|, the degree of gradient reg-
ularization is 1. As in (2.47)), this can be however replaced by some parameter
a > 0, which does not affect the analysis in [41] at all;

e since in our model the Dirichlet boundary remains fixed during the damage process,
we consider the special case up = 0 in [41], see [41], (2.16)].

Under the above considerations, the energy functional £ : [0, 7] x V x HY(Q) — R cf.
[41l (1.1)], is given by

Eltu, 2) = ;/Qg(z)@s(u) () do— (E(t), )y + 5 V23, (2.114)

which now corresponds entirely to the definition of the energy functional £ in .

We can now proceed towards our goal, which is to show that the function z defined
in satisfies the considered version of the viscous model . To this end, we
have to transform the function g and resize «, the viscosity parameter § and the fracture
toughness r, see (2.115)) and (2.117) below.

In view of (2.113)), we define g: R — R by
g(z) == g(M(1 - x)), (2.115)

such that the following holds true

g(z(t)) = g(e(t)) Vtel[0,T]. (2.116)

Note that g satisfies condition [41, (2.10)] due to Assumptions and Moreover,
we observe that this transformation is reversible, in the sense that, given g, one can
reobtain g via g(z) := g(1 — z/M) Yx € R. Note that the properties of g transfer
to g as well. Recall that the coefficient function g assesses the degree of the material
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elasticity loss (under the influence of damage). That is why, in practical applications,
this is considered to be monotonically decreasing, unlike g, which should monotonically
increase cf. |41, Remark 4.6.]. Note that this aspect is also confirmed by .

In order to obtain we still need to resize the following data:

a:=aM? (2.117a)
§:=6 M2, (2.117b)
k:=rM. (2.117c)

Observe that the transformations in are reversible and that the positivity is
preserved.

Since it is interesting to see how both models behave with respect to each other
under the influence of the same external load, we impose

=1 (2.118)

We now have all the necessary tools for proving that the limit model (2.74]) can be
transformed into a version of (2.112)) and vice versa.

Proposition 2.41. Let N = 2 and suppose that Assumptions and are
satisfied.  Moreover, let ¢ be a solution of (2.74) and M > 0 be given. Then, the

function z :== 1 — @/M solves the problem ED with f = 0,up = 0 and parameters
g,a,0,k and £, given by (2.115), [2.117a), [2.1170), [@2.117d) and , respectively.
If ¢ is obtained via (2.73)) and Assumption |2.36| is fulfilled, then z(t,xz) € [0,1] f.a.a.
(t,z) € (0,T) x Q.

Proof. We begin by enumerating some results which will be very useful in what follows.
Firstly, as a consequence of (2.113)), we have

o(t)=M(1—2(t)) Vtelo,T], (2.119a)
o(t) = —M 2(t) fa.a. t e (0,7T), (2.119Db)
Vo) = —MV=(t)  Ytelo,T]. (2.119¢)

Secondly, since in the two-dimensional case the operator g : H'(Q) — L™(Q2) is con-
tinuously Fréchet-differentiable for 7 € [1,00), see Lemma the same holds for the
operator g, as this preserves the properties of g. Thus, on account of (2.115]) and (2.119al)
it holds

g (2(t)) = —Mg'(p(t)) Vtel[0,T]. (2.120)
Further, notice that [41) (2.28)] (adapted to the here considered situation) reads

0.Z(t,2(t)) = —alz(t) + %g’(z(t))(le(ﬁ(t)) ce(u(t)) Vtelo,T], (2.121)

where u(t) solves at ¢ € [0, 7] the balance of momentum equation

—div (g(2())Ce(u(t))) = £(t) in W HP(Q). (2.122)
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To see this, we first recall that ¢ and g have the same properties, and thus, Proposition
tells us that for given (¢,z) € [0,T] x H'(f), the functional £(¢, -, z) is minimized on
V by the unique solution u of

—div (g(2)Ce(u)) = £(t) in W HP(Q), (2.123)

in view of . Analogously to Definitions and we introduce the solution
operator U : [0,T] x HY(Q) > (t,2) = u € WHP(Q) associated with and the
reduced energy functional Z : [0, 7] x HY(Q) 3 (t,2) — E(t,U(t, 2), 2), respectively. We
refer here also to [41, Lemma 2.4]. Following the lines of Lemma one then shows
that 7 is Fréchet-differentiable w.r.t. z and the identity @ can be deduced in the
exact same way as . Observe that by relying on @ and , gives

in turn

a(t) =U(t,o(t)) Ytelo,T] (2.124)
on account of Definition [[.8] With (2.117a)), (2.119¢)), (2.120) and (2.124), the identity

(2.121)) then becomes

OI(t,2(t) = M (alyp(t) — %g’(w(t))CE(U(t, p(t)) - e(U(t, ¢(1)))),

ie.,

8.Z(t,2(t) = —M ,Z(t, o(t)) Vte[0,T). (2.125)

Note that (2.125)) is a result of (2.49b)) and (|1.23|). Further, by comparing (2.76) and
[41, (1.3)], we find in view of (2.119b) f.a.a. t € (0,7T) the following

¢ € ORa($(t))
= (§v— @) < Ri(v) — 751( p(t) = r/K(R1(~v) = Ri(=4(1)))
= (—&v— M2(t)) <r/k(Ri(v) — Ri(M2(t)) Yve H'(Q)
— —k&/r e IR(M ( )) — —ME € OR1(4(1)),

where for the last equivalence we used (2.117c) and the positive homogeneity of R;.

Thus, we have
OR1(:(t)) = —M OR1(4(t)) fa.a. t e (0,T). (2.126)

Now, by means of (2.125)), (2.119b)), (2.117b)), (2.126)) and (2.113)), (2.74) can be rewritten
as

1/M(0,Z(t,2(t)) + 62(t)) € —1/MORy((t)) faa. te (0,T), =2(0)=1,
where we kept (2.49b)) in mind. Thereby we deduce that z solves
—0.Z(t,2(t)) € OR1(2(t)) + 02(t) faa. t€(0,T), =z(0)=1

and by applying sum rule for convex subdifferentials we ultimately obtain , in
view of the definition of the viscous dissipation functional in [41, (1.9)].

The proof of Theorem shows that if ¢ is obtained via and Assumption
is fulfilled, then z(¢,z) € [0,1] f.a.a. (t,x) € (0,T) x £, as a result of (2.113)). The
proof is now complete. O
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A short inspection of the proof of Propositionm (in particular, (2.125)) and (2.126]))
shows that (2.74)) can be deduced from (2.112)) as well:

Corollary 2.42. Let N = 2 and suppose that [41, (2.10), (2.16)] are satisfied. Moreover,
let M > 0 be given. If with f = 0, & > 0 and up = 0 admits a solution
z € HY0,T; HY()), then ¢ := M(1 — 2) solves with parameters g(-) = g(1 —
M), = a/M?,6 =5/M?,r =r/M and £ = (.

Remark 2.43. Note that if one replaces the initial condition in by 2(0) = 2z
a.e. in ), where zy is a positive constant function, then and are still
equivalent in the sense of Proposition [2.41] and Corollary via the transformation
z = zo(l — %) Of course, this calls for redefining g in accordingly. However,
if zo £ 1, then the models are no longer compatible from a practical point of view, as the
soundness of the body (p(t,x) = 0) would correspond to z(t,x) = zy # 1.

Remark 2.44. Proposition tells us that, by means of the penalization approach,
the existence of viscous solutions for the here considered version of the model in [{1] can
also be established when f =0 in the energy given by [41, (1.1)]. Note that this case is
excluded in [{1)] because of the growth condition in [41, (2.8)].

Anyway, the nonlinearity f can be easily incorporated in the problem as a func-
tion acting on the nonlocal damage. A closer inspection of the preceding analysis then
shows that [41, (2.8)] is indeed needed to prove the essential results leading to Theorem
. The result in Proposition m then holds true with f(-) = f(M(1 —-)). We
however decided not to consider this additional term and to rely on the energy from [12]
instead, as this serves as basis for our penalized damage model. Note that if we include
f in our investigations, the transformed system , i.e., , s just a special
case of [41, (1.8)] in two dimensions. Thus, the crucial result in [{1] concerning the
vanishing viscosity analysis can be applied to our viscous limit model.
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Chapter 3

Optimal control of the damage
model with penalty

In this chapter we turn our attention to the damage model with penalty, this time
in the context of optimal control. Recall that this reads as follows

(u(t),p(t)) € argmin (L, u,p,d(t)),
(u,p)EV XHL(Q) (Pé)

0 € ORs(d(t)) + Ba (L, ult), p(t),d(t), d(0) = do

for almost all ¢ € (0,T"). Moreover, recall that describes in terms of the displacement
u, the nonlocal damage ¢ and the local damage d the effect of a force ¢ on an elastic
body. For more details, see the introduction of the thesis. In many practical applications
it is of interest to gain information about those loads which (locally) minimize a given
cost functional, e.g. one may be interested to minimize the damage or/and the distance
to a desired displacement. This motivates our goal in this chapter: to derive necessary
optimality conditions for an optimal control problem governed by the damage model
with penalty, where the load is used as control. The throughout this chapter studied
optimization problem is given by

i d. 0
min T (u,p,d,?)

s.t.  (u,¢,d) solves with right-hand side ¢,

where the assumptions on the objective J and the control set £ are to be introduced
and motivated in Section [3.4] below.

Recall that in Chapter [I] we already studied the damage model with penalty for
a fixed, smooth in time /. It turned out that is uniquely solvable and that the
continuous differentiability in time of the load transfers to the unique solution (u, ¢, d),
see Theorem p.p2l This was ultimately essential for the limit analysis § — oo
in the previous chapter, e.g. as we employed the chain rule identity. By contrast, in
this chapter we work with wvariable, nonsmooth in time loads, which calls for a careful
reinvestigation of the constraint in . The reason is two-fold:
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(I) as the natural way to approach (P is to define the control-to-state operator,
we have to ask the question if the main results in Chapter [I| remain unaffected
by the fact that ¢ variates. The answer is negative, as we will see in Section [3.1
below;

(IT) we will not restrict only on smooth loads, but we choose the admissible set as
general as possible (so that unique solvability of is still guaranteed), see also
Remark[I.26] p.[25] In this case, the unique solution possesses much less regularity,
insufficient for performing the limit analysis in Chapter |2l We refer here to Section
below.

As we will see, the arguments employed to establish unique solvability for in this
new context are very similar to those in Chapter [I] and that is why we will not entirely
repeat them. However, because of the reasons enumerated above, an accurate inspection
of from this new perspective cannot be omitted.

The problem falls into the class of optimal control problems governed by time-
dependent VIs. To be more precise, can be formulated (under suitable assumptions)
as a time-dependent VI of first and second kind, namely , see Proposition on
page 591 While the optimal control of time-dependent VIs of second kind was very little
investigated, there are many contributions in the field of time-dependent VIs of first
kind. We mention [2, 3], 15, 18, 25] 34 35], which focus on the optimal control of the
parabolic obstacle problem. In [81] the optimal control problem of quasistatic plasticity
is analyzed, while [15] and [33] deal with the optimal control of the Allen-Cahn and
Cahn-Hilliard VIs, respectively. In all these contributions nonsmooth constraints are
considered, and thus, the standard method of deriving necessary optimality conditions
in the form of Karush-Kuhn-Tucker conditions is not applicable. As we will see, this is
also the case when it comes to the optimal control of the damage model with penalty.

Deriving necessary optimality conditions is a challenging issue even in the finite di-
mensional case, where a special attention is given to MPECs (mathematical programs
with equilibrium constraints). We refer here only to [37, 65 [66, [72] and the references
therein. In [72] a detailed overview of various optimality conditions of different strength
was introduced for a special class of MPECs, namely MPCCs (mathematical programs
with complementarity constraints). In the spirit thereof, stationarity concepts for the
infinite dimensional case are defined in [32]. The most rigorous stationarity concept is
strong stationarity. Roughly speaking, the strong stationarity conditions involve an op-
timality system, which is equivalent to the purely primal conditions. Other stationarity
concepts such as Clarke (C) stationarity are less rigorous compared to strong stationar-
ity. The weakest concept is weak stationarity, which involves the existence of multipliers,
but no sign conditions for the multipliers at all.

The most common way to overcome the lack of differentiability of the control-to-
state operator consists of employing regularization and relaxation techniques, see [2, [3]
151 18], 25], [33] 134} 135, [81]. The thereby derived optimality systems are in the best case of
intermediate strength such as C stationarity, see e.g. [33] (time-dependent) and [30), 34]
(time-independent). For the optimal control of the parabolic obstacle problem a strong
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stationarity system can be found in [62], but no rigorous proof is given there. Recently,
an optimality system of strong stationary type was derived in [50] for an optimal control
problem governed by a nonsmooth parabolic PDE. This was possible due to the presence
of so-called ‘ample controls’, which are in most of the existing contributions necessary
for deriving strong stationarity, see e.g. [10, BI], 63] (elliptic VIs). To the best of our
knowledge, [82] is the only paper where a strong stationary optimality system is derived
in the absence thereof. We refer here to Remark below for more details. Hence, it
is not surprising, that without regularizing, additional assumptions are needed in order
to derive an optimality system for . Therefor we also make use of the special
structure of the constraint in . To be more precise, we employ the fact that (P))
can be reduced to an ordinary differential equation in Banach space (see Theorem m

on page 26{and ([3.38) below).
Outline of the chapter

The chapter is organized as follows. Section focuses on reanalyzing the minimiza-
tion problem in in the context where £ is a (at first time-independent) variable. In
Section [3.2] we introduce the control-to-state operator by carefully choosing its domain
of definition, while in Section [3.3| we investigate its differentiability, as a preparatory step
for deriving first order necessary optimality conditions for . These are established
in Section [3.4] where our focus lies on deriving an optimality system in a rather straight
forward way. As already mentioned above, this can be done only under additional as-
sumptions. As always, Assumption on page is supposed to hold throughout
this chapter.

3.1 The dependence of the elliptic system on the load

The purpose of this section is to gain information about the dependence of the dis-
placement w and of the nonlocal damage ¢ on the load ¢. Recall that, in Subsection [I.1.]]
we approached the minimization problem in in the following way. We investigated

i &t d 3.1
o) o) (t,u, ¢,d) (3.1)

for fixed (¢,d) € [0, 7] x L?(£2) and showed that it admits a unique solution characterized
by on page provided that Assumptions p-[13land p. hold. We refer
here to Theorem[I.23] p.23] This allowed us to define the solution operators U and @, see
Definitions[1.8] p.[I5and[I.24] p.[24] respectively. The optimal displacement and optimal
nonlocal damage for were then ultimately given by (U(-, (-, d(-))), ®(-,d(-))) where
d denotes the unique solution of the evolutionary equation in ([FP]).

In this section we present an alternative approach, which has the advantage of high-
lighting how the minimizer of is related to the load. We begin by considering the
following optimization problem

i g d 3.2
o) o) (4, u, @, d), (3.2)
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where (£,d) € W~1P(Q) x L?(Q) is fixed. The functional £ : WEP(Q) x V x HY(Q) x
L?(2) — R is just a slight modification of the energy functional £ on page [4 and it is
given by

1 Q B
E(l,u,p,d) = o /Qg(w)CE(U) ve(w) dz — (L u)y + 2| Vell3 + Dl — dIf3.
In view of Definition 0.2} p.[4/one sees that at all (,u, ¢,d) € [0,T] x V x H'(Q) x L*(Q)
it holds -

E(U(t),u, p,d) = E(t, u, ¢, d) (3:3)

for some given £ : [0,T] — W 1P(Q). Since we know that for a fixed (t,d) € [0,T] x
L2(), admits a unique solution, it is clear in view of that is uniquely
solvable for a fixed pair (¢,d) € W~1P(Q) x L*(Q). Moreover, we can deduce from
Theorem p. that the minimizer (u, @) of is characterized by

—divg(@)Ce(m) =¢  in W LP(Q) (3.4a)
—alp+ B o+ %g'(cﬁ)@e('&) ce(w) = Bd in HY(Q)", (3.4b)

This can be seen by imposing that the load in Assumption p.[[3 has at any time
point the same value £ € W~1P(Q). Of course, the above statements are true as long
as Assumption on page is satisfied (with the threshold for 8 depending on
1]l —1(q): cf. Remark , p..

The above discussion calls for redefining the solution operators ¢ and ®, by dropping
the time dependence and replacing it with dependence on some (time-independent) load.
Although the domain changes (from [0, 7] x L?(Q) to W~1P(Q) x L?(Q)), we choose for
convenience to remain by the same notations. Most of the properties of the new solution
operators, such as continuity, boundedness, can be easily transferred from Subsection
by readapting the corresponding estimates. By using arguments analogous to those
employed in Section [I.3] Fréchet-differentiability of the new solution operators is proven
in the sequel as well. This serves as important tool in the upcoming section. However,
one has to keep in mind that in all the previous sections the load was a smooth in
time given data, whereas in what follows the load ¢ is a time-independent variable.
Therefore, not all results in Sections and can be readily transferred for the whole
space W~ 1P(Q). As it will turn out, it is sometimes required that one works with loads
from a bounded subset thereof.

We begin by defining the new solution operators and replacing the needed properties
from Subsection [I.I.T] accordingly.

Definition 3.1 (Solution operator of (3.4a))). We define the operator U : W~1P(Q) x
HY(Q) — WBP(Q) as

Ul ) =AM,
where Ay, is given by Definition on page . We emphasize that U is well defined in
view of Lemma[1.3, p.[13
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Lemma [I-3] also gives immediately
(D)l iy < clllllw-10@) V(L) € WTHP(Q) x H(Q), (3.5)

where ¢ > 0 is independent of £ and ¢.
The next result follows by using the exact same arguments as in the proof of Lemma

[L.11} p.[I6]

Lemma 3.2 (Continuity of (¢,¢) — U, ¢)). Let {(n,pn)} C WIP(Q) x HY(Q) and
(4, ) € WLP(Q) x HY(Q) be given such that (£y,0n) — (£, @) in WIP(Q) x L1(Q) as
n — oo. Then it holds U(Ly, pn) — UL, @) in WBS(Q) as m — oo for every s € [2,p).

As for the Lipschitz continuity of U/, we are interested in an estimate of the type
, p., for r := 2p/(p — 2). This will ultimately lead to an estimate for all
01,02 € HY(Q), as a consequence of the Sobolev embedding H!(2) — L"(f2). Note
that the latter one is guaranteed in the two-dimensional case thanks to p > 2, and
since throughout this section Assumption on page [19] is supposed to hold, the
embedding holds true in the three-dimensional case as well. By taking a closer look at
the proof of Proposition [I.10]on page[I5] we see that all the arguments employed therein
can be readily transferred. However, due to and H'(Q) < L"(2), the estimate

(1.18)), p.[16] is now replaced by

1(Apy = Ap JU(L2, p2)[lv+ < Cllg(er) = g(@2) - 14 (L2, p2) [y 10 )

< Cller = e2llma) 12llw-10(0)
V(&, (pi)izl’g S Wﬁl’p(Q) X Hl(Q)

(3.6)
Note that the constant C' > 0 is independent of (¢;,¢;)i=12. We point out that the
modified estimates hold true for the same integrability exponents as in the proof of
Proposition which in particular means that 7 = 2, if r = 2p/(p — 2) (see page [L6).
By further using the exact same arguments as in the proof of Proposition [I.10} p.[I5]
together with W—1P(Q) < V* yields in the end for all (¢;, p;) € W1P(Q)x H(Q)

(1, 01) = U(La, 2)llv < L1y = Lallyy—r(0) + L2l w100 1 = p2llr)

< L([|tr = Lallw—10(q) + ollw-10@) 91 = 2/l ()
(3.7)
where r = 2p/(p — 2) and L > 0 is a constant which depends only on the given data.
Although U(-,¢) and U(¢,-) are globally Lipschitz continuous for any fixed (¢,¢) €
WLP(Q) x H'(£), the same holds no longer for & : W~1P(Q) x HY(Q) — V. In view
of , we introduce

Definition 3.3 (Time-independent admissible loads). For a given M > 0 we define the

open ball
BM = BW—I,p(Q)(O, M)
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Remark 3.4. For the moment we deliberately choose to work with open (bounded) sub-
sets of WEP(Q), instead of closed ones, since in the upcoming section this turns out to
be more convenient, see for example the proof of Lemma[3.2 on page[121]

Based on the available control space, an appropriate value for the constant M will be
determined in Section[3.7] below. Until then, M is allowed to take any positive value.

The estimate (3.7) now results in

Lemma 3.5 (Lipschitz continuity of (¢, ) — U(?,¢)). Let Assumption on page
hold. Then, for every M > 0, there exists a constant L(M) > 0 so that for all
01,05 € By and all 1,2 € HY(Q) it holds

[U(l1, p1) = UL, p2)lv < LIM)([[€1 = Lollw-100) T [[01 — @2llm1(02))-

Remark 3.6. Notice that the operators in Definitions (page and both map
to WBP(Q). Further, notice that the solution operator U in Definition is bounded
and satisfies continuity and Lipschitz continuity with the same integrability exponents
as its corresponding solution operator in Subsection[I.1.1], see Corollary[1-9 on page[I3,
Proposition on page [15 and Lemma [I.11] on page [16l This means that replacing
estimates which feature U with domain [0, T] x HY(Q), by estimates which feature U con-
sidered with domain WP (Q) x H'(Q), does not affect any of the integrability exponents
1mvolved.

We now turn our attention to (3.4b)). Similarly to (1.23), p.[L§| we introduce the

following useful

Definition 3.7 (The nonlinear part of (3.4b))). Suppose that Assumption on page
is fulfilled. Then we define the mapping F : W1P(Q) x HY(Q) — HY(Q)* by

1

(P W) = 5 [ 9 (OCUER) : cUE R dr Vo € (@),

Notice that F is well defined for the same reasons why the nonlinearity in Definition
[1-13, p.[1§ is well defined. We recall here for convenience that this follows from Holder’s
inequality combined with , Assumption Deﬁm’tion and the Sobolev embedding
HY(Q) — LP/*=2)(Q). Observe that the latter one is guaranteed by Assumption m

In view of Definitions and the elliptic system (3.4) can now be written,
similarly to ([1.24]), p. in the compact form

Bg + F((,¢) = Bd, (3.8)

where (£,d) € W=EP(Q) x L?(Q) is fixed, B is given by on page |18/ and ¢ is the
second component of the unique minimizer of . At the beginning of the section,
we argued that is uniquely solvable under Assumption , p. (where this time
the threshold for 8 depends on [|€[|y-15(g)). Hence, is uniquely solvable as well.

Thus, the operator B + F(¢,-) is invertible, however for fixed £ € W~1P(Q). This can
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also be seen by taking a look at the proofs of Propositions and Lemma m (see
pages|17| and , which ultimately led to the unique solvability of , p.

Further, note that the reduced functional in the proof of Proposition [I.12] is now
replaced by

@) SR J(g) =~ (GUEe) + SIVlE+ Dl —dl3

where (¢,d) € WIP(Q) x L*(Q). One sees that working with an arbitrary ¢ does
not affect the radially unboundedness and the weakly lower semicontinuity of f, which
are crucial for proving existence of solutions for mingcp1(q) f(¢) and thus, for .
Notice that the latter one is the necessary optimality condition for a local optimum
of the above minimizing problem. We refer here to the proof of Proposition [1.16| on
page [I9] Thus, as the proof of Proposition [I.12] shows, the existence of solutions for
(3.8)) remains unaffected when ¢ is a variable. That is no longer the case when it comes
to the uniqueness thereof. The latter one was established in Section [[.I.I] by means
of Lemma [1.21] p.22, where Assumption on page [20] played an essential role,
since it guaranteed that 8 exceeds a given threshold. However, as already stated at the
beginning of the present section on page (see also Remark p., the threshold
for 8 depends on the load ¢, which implies that the strong monotonicity of B + F(¢, ),
see Lemma p. is no longer ensured when ¢ is a variable in W~1P(Q). This is
shown by the following

Lemma 3.8. Suppose that Assumption on page holds true. Then, for all
l,45 € W_l’p(Q) and all 1,y € HY(Q), 01 # @2 we have

(B(p1 — w2) + F(l1,01) — Fl2,02), 01 — 02) ()
1 — w2l ()
> (a = k) L(t1,62)*) o1 — pallmiy — C Ll bo) 64 — 2 (3.9)

2
Y1 — P2
R Ol s il L)

where we use the notation || - || for the W1P(Q)-norm and abbreviate L({1,0s) =
161|] + [[¢2]|. In the above estimate, ¢ : RT — R is a function which depends only on
the given data and which satisfies ¢(k) 0 as k / oo.

Proof. We address the properties of the function F considered with domain W~17(Q) x
H'(Q), by going through the properties of its corresponding function in Lemmata m
and (see pages [20] and . We do so by writing down only those estimates which
are directly affected by the new definition of the solution operator of . We point
out that all the integrability exponents in the proofs of Lemmata and remain
unchanged in view of Remark [3.6]

Let 41,05 € W_l’p(Q) and ¢1,2 € H'(Q) be arbitrary, but fixed. We define
w; = U(L;, ;) for i = 1,2 and set r := 2p/(p — 2) such that H*(Q) < L"(£2) holds true,
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in view of Assumption 1.17LI We begin by noticing that the estimate (|1.28)), p. is
replaced in view of by

ICe(u1) : e(u)llz < Clla]*. (3.10)

Instead of the estimate (1.30), p.221} we have due to triangle inequality, (3.5]) and (3.7)
the following

[Ce(ur) : e(ur) = Celug) < euz)lw < Cllur +uzllyie g llur — w2l

< OL(by, L) ([12] oy — @2llr + (162 = £L2]]),
(3.11)
where w = 2p/(p+ 2), so that Holder’s inequality with 1/w = 1/p+ 1/2 can be applied.
By further following the lines of the proof of Lemma we deduce that and

(B.11) lead to modifying the estimates (1.29), p.21] and (1.31)), p.21} such that in the
end it holds for all ¢ € H(Q)

[(F(1, 1) = F (b2, 02),9)| < CL(ty, ) (2l 11 — o2l + 1161 — L]} [¥]],
+CllalPller = w2l
< O(L(l1,£2)* o1 — pallr + Ly, £2) |2 — Lal]) |14
(3.12)
Notice that for r = 2p/(p — 2) we have s = 2p/(p — 2) in Lemma in view of
1/s+2/p+1/r =1 (see page 20). From (3.12) we infer by Lemma on page

[(F(€1,01) — F(l2,02), 01 — ©2)| < L(t1,£2)* (k|1 — all3 + c(k)|l¢1 — @2’\%11(9))

+ C L(ly, L2) [[61 — L2l lo1 — @2llgr) VK> 0.
(3.13)
Note that, in view of Lemma ¢: R — RT depends on the constant C' from (3.12),
on p, and on N, and thus, only on the given data, see also Remark p.25l Now, the

definition of B in ([1.22)), p.[18 and (3.13) finally give the assertion. O

Let us now take a look at B 4+ F(¢,) regarding its strong monotonicity for some
arbitrary £ € W—1P(Q). By setting ¢; = £ = £ in (3.9) we obtain for all ¢y, 0o € H'(Q)

(B(p1 = @2) + F(L,01) = F(L, 0a), 01 — 2) > (a — 42(R)[1€]%) lr — pall7 0
+ (8= —4kllP) g1 — eal3 V>0,
(3.14)
where ¢ : Rt — R* has the same properties as in Lemma We use for convenience
again the notation || - || for the W~17(Q)-norm. From the estimate we read that,
in order to ensure the strong monotonicity of B+ F(¢,-), we must firstly choose k large
enough such that Cy := o — 4¢(k)||¢]|> > 0. As in the proof of Lemma p.ﬁ, we
again choose k such that C; > a/2, i.e., such that 4¢(k)||¢||*> < /2 holds. Note that
such a k exists in view of the properties of ¢ and it depends on the given data and ||£||.

Further, it is crucial that
B> a+ 4k, (3.15)
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which in view of would give in turn the strong monotonicity of B + F(¢,-). Of
course, is fulfilled for a fixed load, if 8 is chosen sufficiently large, but, if the
loads vary, as in case of optimal control problems, one cannot guarantee with a
fixed value of 3 when we allow the loads to be arbitrary functions in W~1(Q). The
situation changes however, if we turn to sets of admissible controls that are bounded in
WLP(Q), as we will next see. Observe that for ¢ € By, k can be chosen independent
of £, such that in view of the properties of the function ¢, it holds

)2 > 4¢(k)M? > 4¢(k)||€)|*. (3.16)
Then, if additionally,

B> a+4kM? > o+ 4k|)? (3.17)
holds true by Assumption p.[20] the estimate ([3.14)) can be continued in view of
B10) as

(B(p1 = p2) + F(l,01) = F(£,02), 01 — p2) 1 (a) = /201 — 902”%{1(9) (3.18)
for all @1, 2 € HY(Q) and all £ € Byy.

Remark 3.9. We point out that the threshold for B in depends now only on the
given data, and in particular on M, instead of the (variable) load, see also and
Lemma[3-8 The constant M, although fized, may take different values depending on the
context. That is why we will sometimes emphasize the dependency of 8 on M by writing

B = B(M), which basically means that B satisfies the first inequality in (3.17)), where k
is given by the first inequality in (3.16]).

Since we already established above that (3.8)) admits solutions for (¢,d) € WP x
L?(2), (3.18) together with Cauchy-Schwarz inequality yields now, similarly to Theorem
on page [23], the existence of the solution operator

Definition 3.10 (Solution operator of (3.8))). Let Assumption on page hold
and let M > 0 be given. Moreover, let f = S(M). Then we define the operator ® :
By x L2(Q2) — HY(Q) as

o(¢,d) = (B+F(£,-)) " (8d),

where B is given by (1.22)) on page |18 .

Lemma 3.11 (Lipschitz continuity of (¢,d) — ®(¢,d)). Let Assumption on page
hold. Moreover, let M > 0 be given and 5 = S(M). Then, there exists a constant
L(M) > 0 so that for all £1,0s € By and all dy,ds € L*(Q) it holds

[ (€1, d1) — (Lo, do) | ;1) < LIM)([[e1—Lllyy-10(0) + [ld1 — dal|2)-

Proof. Let M > 0 and (¢;,d;) € Byr x L?(Q), i = 1,2, be arbitrary, but fixed. Further,
let us abbreviate p; := ®(¢;,d;), i = 1,2. Note that the existence of the solution operator
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® is guaranteed by assumption. We suppose that ¢ # @9, by keeping in mind that,
otherwise, the Lipschitz continuity of ® is trivial. We prove the result by using the exact
same arguments as in the proof of Theorem [I.23] p.23] To this end, we first have to
derive an estimate similar to the one in Lemma p-22 Since Assumption
p.[20| is fulfilled with 8 = B(M), we know in view of Remark that 8 > a + 4kM?,
where k is computed such that a/2 > 4¢(k)M? holds. Since £1, o € By, we have

/2 > (k)L(l,02)?, B> o+ kL(ly,0ly)2

Here, the symbols ¢ and L(¢1,¢3) have the same meaning as in Lemma from which
we now obtain

B(p1 — + F (¢4, — F(la,p2), 01 —
< (()01 ()02) ( 1 901) ( 2 @2) ¥1 902> > 04/2”901 _(pQHHl(Q)
le1 = w2l 1) (3.19)
— CL(ty, b) ||ty — Lol 10 ()

where C' > 0 depends only on the given data. The rest of the proof is entirely analogous
to the proof of Theorem p. where instead of (1.37) we now have, in view of
(3.19), Definition and Cauchy-Schwarz inequality, the estimate

a/2lp1 = p2)H ) < (Blpr = 92) + F(l, 1) = F(la,92), 01 — 92) (@)
+ C Ly, £2) |1 = Lol w100 o1 — @2l ()
= B(d1 — d2, 01 — p2)2 + C L(l1, L) |61 — Lo y—10 ) ll01 — 2/l
< (Blldr = dall2 + C L(t1, £2) [1 — Lallyyr—10c)) |01 — 2]l 111 (2)-

Dividing by [|¢1 — @2l g1 () finally gives the assertion with L(M) := 2/a max{3,2CM}.
O

Remark 3.12. Actually, the solution operator ® maps Byy x L(2) to WH(Q), where
M > 0 is fivred and q > 2 is given by Theorem on page[31. Moreover, ® satisfies the
corresponding Lipschitz continuity condition. This is due to the fact that all the results
in Section[1.3, p.[29, can be readily transferred for the operator in Definition[3.10,

Remark 3.13. So far, we have seen that, if (¢,d) € By x L*(Q), where M > 0 is
fized, then the dependence on (¢,d) of the optimal displacement and optimal nonlocal
damage in can be expressed under Assumptzon 1 @ (where B =p(M)), via
the mapping By x L2(2) > (£,d) — (U, ®(¢,d)), P ) x HY(Q). In other
words, the latter one is the solution operator of the system

The rest of the section is devoted to proving that, as their corresponding opera-
tors in Subsection p.[I1} the new solution operators U and ® are also Fréchet-
differentiable. This is an essential tool in the upcoming section. We begin with the
differentiability result for the operator i, which is covered by the following

Lemma 3.14 (Fréchet-differentiability of (¢, ¢) — U(¢, ¢)). Under Assumption
on page it holds U € CY(W~LP(Q) x HY(Q); V).
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Proof. We proceed as in Subsection [I.3.1] p.[I] that is, we show that U/ is partially
continuously Fréchet-differentiable, which in view of [9, Theorem 3.7.1] will give the
assertion. To this end, first notice that the operator U : W~1P(Q) x H1(Q) — WBP(Q)
is partially Fréchet-differentiable with respect to . This is a consequence of Definition
combined with Lemma p. which tells us that A;l € L(W~LP(Q), WBP(Q))

for every p € H*(Q). Therefrom we also deduce
UL, ) = A" V(L) e WHP(Q) x H'(Q). (3.20)

Now let {¢,} € HY(Q) and ¢ € H(Q) be given such that ¢, — ¢ in H'(Q2) as n — oc.

Since Assumption on page is supposed to hold, we can apply (3.7, which
together with Definition [3.1] leads to

1AG £ = A v < Ll llon — @l ¥Ee WHP(Q), VneN,

whence 1 1
1A4g, — Aol cow-1r)v) < Lllen — @llai@) — 0 as n — oc.

Thus, in view of (3.:20), ¢« : W~12(Q) x H'(Q) — V is partially continuously Fréchet-
differentiable with respect to £.

By comparing Definition [I.§ on page [I5 with Definition [3.1] one sees that the partial
Fréchet-differentiability with respect to ¢ of the operator ¢ in Definition [3.1]is also given
by Lemma on page To be more precise, the latter one guarantees that U(¢,-) :
HY(Q) — W3/ (Q) is Fréchet-differentiable for every £ € W~1P(Q) for some v € (2,p)
(see (1.76)), p.. Moreover, the partial derivative at (£,) € W5P(Q) x H'(Q) in
direction 6 € H(Q) fulfills

A, (0,U(0,9)(652)) = div (¢ (9)(60)CeU(L 9))) in W(Q).  (3:21)

Let us now derive from the above identity an estimate which will be useful later in the
ongoing proof. To this end, let ¢ and k be the indices defined in the proof of Lemma[I.49]
p. Note that, due to H'(2) < L?(Q) and x < p, the embedding H'(Q) — L%(Q)

holds true. From Lemma p., an estimate similar to ((1.78) on page and ((3.5)

we then infer

10U 230y 1y < C 1 div (6 (D) ELICUE ) w10
< Clllllw-1p@lloells
< C 1oy lldellmy Ve WIP(Q), Vo, bp € H'(Q),
(3.22)
In order to prove the continuity of d,U : WHP(Q) x HY(Q) — L(HY(Q),V), we
follow the lines of the proof of Lemma[I.51] p.[44] We emphasize that the arguments are
exactly the same and, in view of Remark there is no need to discuss the integrability
exponents. These readily transfer and are denoted here by the same symbols as in the
proof of Lemma p.@ Let (45, ¢i)i=12 € WP(Q) x HY(Q) and 69 € H(Q) be
arbitrary, but fixed with d¢ # 0. Further, let us abbreviate u] := 9,U (¢;, ¢;)dp and
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w; = U, @;) for i = 1,2. Moreover, we define the linear forms f; := Ag,uh — Ay uh €
V* and fy := Ay u) — Ag,uhy € V¥, which we now intend to estimate by relying on the
arguments used in the proof of Lemma [I.51], p.[4] Hence, the estimate for fi is, in view

of (B:22), given by
11l

ve < Cillg(e2) — g(eD)llplluallwry q)
< Cillg(p2) = g(ei)llp 1l —10 @100l 10,

while, due to (3.5)), the estimate for fy reads
I fallv- < Callg' (1) (69 lallur — el ) + 16 (02) = o (e (30 izl
< Colldgl ey (lur = w2l s ) + 119" (02) = 9/ (D)l (), 2llw-10(@)) -
By employing Lemmata [5.2] [3.2] and the new estimates for fi and fo then give

sup ”leV* + Hf2| v — 0 as (617801) — (£27 S02) n W_Lp(Q) X Hl(Q)

speH () 0020 0Pl H1 ()

This allows us, in the exact same way as at the end of the proof of Lemma[1.51| on page
to conclude that O,U : W HP(Q) x HY(Q) — L(H(2), V) is continuous. The above
results now give the assertion in view of [9, Theorem 3.7.1]. O

Notice that U can be differentiated on the whole space WP (Q) x H(Q), because
the Lipschitz continuity thereof (see Lemma is not needed in the above proof. This
is of course no longer the case when it comes to ®, as this is not even defined on
WP (Q) x HY(Q).

Before addressing the differentiability thereof, we deduce by means of the arguments

used for deriving Lemma on page (44| and (3.5)) that
10U (£, 9)(80) v < C llllw-10@llopl: V€ WTHP(Q), Vo,0p € H(Q), (3.23)
where r = 2p/(p — 2). This estimate turns out to be useful for proving the following

Lemma 3.15 (Fréchet-differentiability of (¢,d) — ®(¢,d)). Let M > 0 be given and
suppose that Assumptions p. (with 5 = B(M)) and p. hold. Then
® € CH(By x L2(Q); HY(Y)). Moreover, its derivative satisfies at all (£,d) € Bpy x L*(2)
and all (6¢,6d) € WHP(Q) x L?(Q)
1
a6+ 556 + 50" (B0, d)0ST(U(L, DL, ) : <U(L, B(1,d))
— B6d — g/ (B(0, d)Ce(U(t, B(L, ) : e(6w) in HY(Q)",

(3.24)

where 6¢ and du stand for ®'(£,d)(6¢,0d) and U' (L, ®(¢,d))(6¢,0¢), respectively.
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Proof. In order to differentiate the operator ® with domain By x L?(2) we carefully
follow the lines of the proofs on pages which, by the implicit function theorem, ul-
timately led to the continuously Fréchet-differentiability of the operator from Definition
.24 p.24. When transferring the results, we use for the sake of convenience the same
notations for the involved functions, by keeping in mind that the time dependence is
now replaced by the dependence on £. In view of Remark and since the new solution
operator ® has values in the same space as its corresponding operator in Chapter |1 (cf.
Definitions and , there is no need to discuss the integrability exponents. These
will be in the following denoted by the same symbols as in the proofs from which they
readily transfer. When readapting the results from Subsection (pages we
go into detail only when it comes to results which are affected by the fact that &4 and ®
are now considered with other domains as in Subsection [LT.1]

The ongoing proof is structured as follows. In the first part we establish the contin-
uously Fréchet-differentiability of the mapping

T W hP(Q) x L2(Q) x HY(Q) — HY(Q)*, WL, d,p):= B+ F(l,p) — Bd, (3.25)

where B and F' are given by , p. and Definition respectively. For purposes
of comparison we refer here to Definition Lemma and Corollary (pages
. In the second part we show that 9,¥((,d,¢) : H'(Q) — H'(Q)* is bijective
for all (¢,d, ) € By x L*(Q) x H'(Q), compare with Lemma on page As in
Proposition [1.60] p.[51} these two results will finally give the assertion.

(I) Next we focus on proving that ¥ € CH (W IP(Q)x L2(Q)x HY(Q); HY(Q)*). Asin
Subsection the challenging part is to show that F : W~1P(Q) x HY(Q) — H'(Q)*
is continuously Fréchet-differentiable. To differentiate F', we proceed as in the proof of
Lemma [I.57] p.[A7] i.e., we reformulate F' by means of two products and apply Lemma
for these. To this end, we introduce

H: W P(Q) x HY(Q) — LP2(Q), H,p) :=CeU(l, ) : eUL,p))

such that
F:(l0)— Pi(d(9), H(L p)), (3.26)

where P is the product defined in ([1.88]) on page . By doing so, we see that the
domain of H changes in the proof of Lemma [I.57] p.7. We now intend to show that
the therein made statements about H still hold true, when this is considered with domain
WLP(Q) x H'(Q). In other words, we verify that # : W=1P(Q) x HY(Q) — LP/2(Q)
is well defined, continuous and continuously Fréchet-differentiable when considered as
operator with ranges in the same spaces as in the proof of Lemma p-[A7

(i) In view of Holder’s inequality and Definition the operator H : W~ 1P(Q) x
HY(Q) — LP/?(Q) is well defined.

(ii) Regarding the continuity of H : W~1P(Q) x H' () — L¥(Q), we estimate again
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similarly to (1.30]), p. by using ([1.90)), p. which yields
[P0 01) = Hla, 2l < O U1, 01) + Ul 02) ey U1, 01) — Ul 02) e

< C (Iallw-10() + 1allw 1000 ) 1U (1, 01) = UL2, 02) 3105
VY (i, pi)i—12 € WHP(Q) x HY(Q).

Note that for the last inequality we used . Lemma then gives the desired
continuity of H, since s € (2,p) in the proof of Lemma , p..

(iii) Let us now check if H : W=1P(Q) x H(Q) — L2() is continuously Fréchet-
differentiable. For this purpose, we write H as

H: () = Pa(UL, ), UL, 0)), (3.27)

where P, is the product defined in (1.91)) on page As in the proof of Lemma [L.57]
p.[A7, we then fix the setting in Lemma [5.4] accordingly. That is, we define

U:=X:=W1P(Q) x H{(Q), W :=LQ),
P:=Py, fi=U Yi:=WQ), Z:=V, i=12

From Lemmata andwe know that U : W~1P(Q) x H(Q) — WBS(Q) is continu-
ous and U : W~P(Q) x H' (Q2) — V is continuously Fréchet-differentiable, respectively.
Hence, we can apply Lemma to (3-27), giving in turn that H : W~1P(Q) x H(Q) —
L2(Q) is continuously Fréchet-differentiable with

H'(€,0)(00,6p) :=2Ce(U(L,¢)) : e(U'(€, ) (6L, 50)) (3.28)

for all (£, ) € W™1P(Q) x HY(Q) and all (6¢,5¢) € W 1P(Q) x HY(Q).

Altogether, we have shown that H with domain W~1P(Q) x H'(Q) has the same
properties as H with domain (0,7) x H(Q) in Lemma p. This brings us to
the second step therein, where the product rule from Lemma is this time applied to
(3:26). But since ¢’ does not depend on £ and since H with domain W~1P(Q) x H(Q)
maintains the same properties with the exact same integrability exponents, all the results
in the second step readily transfer. Of course, when fixing the setting in Lemma [5.4]
one defines this time U := X := W~ 1P(Q) x H' (), which does not affect the final
result at all. All this being said, we can now conclude that F : W1P(Q) x HY(Q) —
H'()* is continuously Fréchet-differentiable and thus, in view of (3.25)), it holds ¥ €
CY W =LP(Q) x L2(Q) x HY(Q); H'(Q)*).

(IT) By readapting the proof of Lemma on page |49, we prove in what follows that
0,V (L, d, o) : H(Q) — H(Q)* is bijective for every (¢,d, o) € By x L*(2) x H' (). We
point out that this is not expected to hold for all (£,d, ) € W1P(Q) x L2(Q) x H'(£).
This is due to the fact that, for the coercivity of 9, ¥ (¢, d, ), and thus for its invertibility,
it is crucial that 3 exceeds a given threshold, which depends on ||¢ qu,p(m, see (3.31])
below. On the other side, the value of g is fixed, and thus, it may only depend on the
given data. As in a previous situation (see (3.17))), 8 fulfills these two conditions when
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{ € By, as we will next see in . This is not surprising at all, since the unique
solvability of can be alternatively followed from the implicit function theorem
applied for the exact same setting as in the present proof.

On account of , we intend to show that for every h € H'(Q)*, the equation

Bép + 0,F (L, p)0p = h (3.29)

admits a unique solution d¢ € H1(S2), where (¢,¢) € By x HY(Q). First notice that,
as a result of (3.26]), (1.88) (see page and (3.28)), it can be deduced in view of ([5.1),
that the partial derivative of F at (£, ) € W~1P(Q) x H*(Q) in direction §p € H(Q)
reads

1

(0,F (L, 9)(00), 2) () = 2/9”(@(5@)@6(“(& ©)) 1 eUl, p))z dx
@ (3.30)

+/Qg'(<,0)(C€(L{(€, ©)) : 5(8¢L{(€, go)(&p))z dr Vze HY(Q).

In order to solve ([3.29) we employ again Lax-Milgram’s lemma. The boundedness of
B + 0,F (L, ) is guaranteed for any (£,¢) € W 1P(Q) x H(Q), by the exact same
arguments as in the proof of Lemma p. Further, the estimate (1.100) on page

is in view of (3.30)) replaced by

[0, F (4, 0)2,2) (o] < Cllg" (@) llosl2ll-[CeU(l, ) : U, )2 2]l

119 @l l@E ) @2 (L ) D2l21l)
< Oy 1212 ¥ (L) € WHP(Q) x HA(Q), ¥z € HY(9),

where for the last inequality we used (3.5) and (3.23)). In the exact same way as in the
proof of Lemma p.[A9, we then arrive for all k£ > 0 at

(B2 + 0,F(t,0)2,2) = (= TR 112y 12y + (B — 0 = KEIZy—s 213

V(4 ) e WHP(Q) x HY(Q), V2 € HY(Q).

(3.31)

where ¢ : RT — R* depends only on the given data and satisfies ¢(k) \, 0 as k * cc.

This brings us to a situation similar to , where the uniformly boundedness of the

loads was essential for the coercivity. Hence, from now on, let (£, ) € By x HY(Q) be

arbitrary, but fixed. Since £ € Bjs and since Assumption p-[20] holds true with
B = B(M), we have in view of Remark that

B> a+4kM? > o+ kM? > o+ k||| Loy (3.32)
where k is large enough such that a/2 > 4¢(k)M? > ¢(k)M? > ’cv(k:)\|€||%y,1,p(m. In
view of (3.31)) and (3.32) we finally have

(Bz+0,F(4,0)2,2) ) > a/2|2l3p ) V2 € HY(Q), (3.33)

105



i.e., the coercivity of B+9,F({, ) for any (¢, ¢) € By x H'(£2). Due to the boundedness
thereof, we obtain by Lax-Milgram’s lemma that 9,9 ((,d,¢) : H'(Q) — H'(Q)* is
bijective for all (¢,d,¢) € Byy x L?(2) x HY(Q).

The continuously Fréchet-differentiability of ® : By x L2(2) — H*(Q) is ultimately
given, as in Proposition p.p1} by applying the implicit function theorem, this time
for U in (3.25)). Therefor we need the results shown in steps (I) and (II) above, as well

as Definition [3.10, The identity (3.24]) is proven in the same manner as ((1.104]), p.

From e.g. [84), Section 4.7] we know that
(I)/(f, d) = _[8¢\Ij(£’ d, (I)(Ev d))]ila(f,d)\ll(& d, (P(E, d)) v (65 d) € By x L2(Q)7
which, due to (3.25)), can be continued as

OV (L,d, ®(¢,d))

' (0,d) = —[B+0,F(¢,®(¢,d))] (adg,(g, d, ®(¢,d))

> V(¢,d) € By x L*(Q). (3.34)

In order to write down the equation which characterizes d¢ it remains us to determine
the derivative of ¥ with respect to £. To this end, notice that in view of (3.25)) we have

OV (0,d, p) =0 F (L, ) Y(l,d,o) € WIP(Q) x L?(Q) x HY(Q).

Thanks to ([3.26)), the product rule (5.1)) together with (3.28)) then gives for all (¢,d, ¢) €
WLP(Q) x L2(Q) x HY(Q)

OV (€, d,0) = Pi(g' (0), 1L, ©)(-)) = P19 (), 2CeU(L,)) : € (DU (L, 0)(-))), (3.35)

where P; is the product defined in ([1.88)) on page Using (3.35) in (3.34) and taking
(3.30)) into account then yields that d¢ is the unique solution of (3.24). Note that since

By x L%(9) is an open set, we entirely skip the end of the proof of Proposition m
p-B1 O

We finalize the discussion of the elliptic system (3.4)) by pointing out that, given
M > 0, we have for all (¢,p,d) € Byy x H(Q) x L?(€) the estimates

1A, o) cow 1o () < LMD, (1970, D)l w100 x 12(02) 10 () < LM,
(3.36)
where L(M) is the maximum of the Lipschitz constants of & and ®. These estimates are
given by Lemma where we employed Lemmata and respectively
(provided that Assumptions p.[19] (with 3 = B(M)) and p.[46] hold).

3.2 The control-to-state operator S

In this section we turn our attention to the constraint in , i.e., the problem
(P/). Recall that the unique solvability thereof was already established in Chapter
under Assumption p. in the context where £ € C%1([0,T]; W~1P(Q)) was
fixed. We refer here to the end of Section [I.I] and Theorem [I.62] on page [52] where
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¢ € CY([0,T]); W~1P(Q)). In the previous chapters it was reasonable to focus on the
time dependence of the solution operators, not on the dependence on the load, which was
just one of the given data. In particular, we were interested in the differentiability with
respect to time of the solution operators, see Section [I.3] which in combination with
the smoothness in time of the load played an essential role when deriving the energy
identity. We refer here to Lemma However, for the sole purpose of showing unique
solvability of it suffices to consider some fixed load in L>(0,T; W~5P(Q)), as the
next results show. The situation changes when we want to control the load in the context
of analyzing the problem . As we will see, this calls for working with (variable)
loads in a bounded subset of L>(0,T; W ~1?(Q)), see Definition below.

The aim of this section is to introduce the control-to-state operator, that is, the
solution operator associated to the constraint in , where nonsmooth in time loads
are allowed. To this end, we first discuss the transition from smooth to nonsmooth
(fixed) loads. We end the section by addressing the transition from fixed to variable
(nonsmooth) loads.

Unique solvability of for a nonsmooth load

From Remark we deduce: given £ : [0,T] — W~1P(Q) and d : [0,T] — L?(Q),
the minimization problem in has a unique solution (@, @), which satisfies

I~

() = UL(), (1)), @(t) = BL(t),d(t)) faa. te (0,T), (3.37)

provided that there exists M > 0 so that £(t) € By f.a.a. t € (0,7 and Assumption[1.17]
p. with g = (M) is satisfied. In view thereof, we work in what follows with a load
in L>(0,T; W~1?(Q)) and impose that 8 = B(||¢|| + 1) in Assumption , p. [20| (see
also Remark in order to ensure that ¢(¢), and consequently, w(t), exist for almost all
t € (0,T). Note that we have to set M > [[€|[ oo (o 7y ww—1(02)) (= [1€() [ r—10(0r) fa20. t €
(0,7)) in Definition only because @ is defined on an open ball. Due to the char-
acterization of the optimal displacement and optimal nonlocal damage in ,
reduces to

d(t) = %max (= B(d(t) — ®(L(t),d(t)) —r) faa. te(0,T), d(0)=dy, (3.38)

in view of Theorem on page Recall that the unique solvability of (3.38)) was
already addressed in Theorem on page , however for £ € C%1([0, T]; W~1P(Q)).

As nonsmooth loads are now allowed, we have to readdress , this time by employing
Picard-Lindel6f’s theorem in abstract function spaces (Lemma . Prior to this, let
us give some comments on the expected time regularity of (w, ), which will be useful
when formulating Lemma below.

Remark 3.16 (Expected time regularity). Since (w(t), ¢(t)) solves the elliptic system
with right-hand side (£(t),d(t)) for almost allt € (0,T'), one does not expect w and
@ to possess more time reqularity than £ does, regardless of how much time regularity
d will turn out to have. One sees that w and @ are differentiable in some sense with
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respect to time, if £ does so. This was the case in Section [1.4, where ¢ belonged to
CH([0,T]; W=LP(Q)). So, before having any information about the time regularity of
the local damage, it is sufficient to investigate the time reqularity of the solutions of the
minimization problem in for d € L*(0,T; L?(%)).

Lemma 3.17. Suppose that Assumptionm on page 1s satisfied, with 8 = B(Hf”—i—l),
where £ € L0, T; W=1P(Q)) is fized. Then the solution (@, @) of the optimization
problem in belongs to L>(0,T; WBS(Q)) x L*(0,T; HY(Y)), for any s € [2,p),
provided that d € L>(0,T; L?(Q2)).

Proof. As already mentioned at the beginning of the present section, the unique so-
lution of the minimization problem in satisfies (3.37) for almost all ¢ € (0,T)
(if Assumption [1.17] ' p. l with § = B(||€H +1) holds) Slnce ¢ and d are Bochner
measurable by assumption, the mapping ¢ +— (£(t),d(t)) is Bochner measurable as
well. Thanks to £ € L>®(0,T; W~1P(Q)), it holds £(t) € By 100 (0,]1¢] +1) faa.

€ (0,7, so that we can combine Lemma with Lemma where we set f = @,
U = By-1s(0) (0,]14] + 1) x L*(Q) and Y = H*(2). This yields the Bochner measura-
bility of @ : [0, T] — H'(£2). Hence, t — (£(t), #(t)) is Bochner measurable. By applying
Lemmaﬁ again, this time for f = U, X = W1P(Q) x HY(Q) and Y = WBS(Q),
where we take Lemma into account, we obtain the Bochner measurability of @ :
[0,7] — WBS(Q). Further, gives immediately that w € L*°(0, T} W}DS(Q)) From
the Lipschitz continuity of the operator @ : By, -15(g) (0,]14] + 1) x L*(Q) — HY(Q), cf.
Lemma one deduces that f.a.a. t € (0,7) it holds

1@(E(t), d() 1 () < LA+ D@ w10 ) + [1d@)]12) + 20, 0) | 71(2)-

The fact that (¢,d) € L>®(0,T; W~1P(Q) x L?(Q)) ensures that @ € L>®(0,T; H(Q)),
which completes the proof. O

Remark 3.18. Note that one cannot expect in Lemma[3.17 that @ belongs to the space
L (O ;W (). In view of Deﬁmtwn one needs for the Bochner measurability of

[0, 7] = WP(Q) that t — A_( y € LW YP(Q), W P(Q)) is Bochner measurable.
Since @ € L>=(0,T; H'(Q)), this asks for the continuity of H*(2) > ¢ A;l, for which
a norm gap is needed, on account of Lemma[5.2 In order to see this, observe that one
can deduce as in Lemmall.11] on page that

||A;i - Agl”g(wfl»p(g)ngs(g)) < Cllg(en) — g(@)”g Vn €N, (3.39)

with ¢ € [1,00) such that 1/o+1/p+1/s' = 1, where the sequence {p,} C H'(Q) and
© € HY(Q) are arbitrary. Thus, by (3.39) and Lemma the operator

HY Q) 3 o A;l € LWIP(Q), W}:JS(Q)) is continuous

only when s < p, which ultimately highlights why @ : [0,T] — WBP (Q) is not necessarily
Bochner measurable.
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The unique solvability of the evolutionary equation in (for nonsmooth in time
loads) is given by the next

Theorem 3.19. Let ¢ € L>®(0,T; W~1P(Q)) be fized. Under Assumption p.
where B = B(||¢|| + 1), there exists a unique function d € W1>(0,T; L*(Q)) satisfying
B.33).

Proof. As in Section on page we intend to solve (3.38) by means of Picard-
Lindel6f’s theorem, except that this time we need to apply the version for Bochner-
Sobolev spaces, i.e., Lemma To this end, we rewrite (3.38]) as

d(t) = f(t,d(t)) faa. te(0,T), d(0)=do, (3.40)

where f: (0,T) x L%(Q) — L?(Q) is defined as

Ftd) = %max (= B(d - B(L(t), d)) — ). (3.41)

Note that for any d € L?(Q), the value ®(¢(t),d) € H'(Q) exists f.a.a. t € (0,7T),
by assumption (see also Definition . Since max maps L?(Q) to L*() in view of
Lemma (1), the value f(t,d) € L*(Q) is well defined f.a.a. t € (0,T) and for any
d € L*(Q). Let us now check if the other two assumptions on f in Lemma are
satisfied. Lemma tells us that for d € L>(0,T; L*()) the mapping d — ®(4(-), d(-))
belongs to L>(0,T; L?(Q)), so that from Lemma (zz) we deduce

f(,d(+) € L>(0,T; L3(Q)) for d € L>=(0,T; L*(Q2)),

on account of (3.41). Thereby the second assumption on f in Lemma is fulfilled.
From Lemma (i) we know that the operator max : L?(2) — L2(Q2) is Lipschitz
continuous with Lipschitz constant 1, which in combination with Lemma [3.11] yields the
estimate

Hf(tv dl) - f(ta d2)H2

< %H max (— ﬂ(dl - @(ﬁ(t),dl)) - 7‘) — max (— B(dg — @(E(t),dg)) — 7“)H2
< 2l = dolls + 1 0(e(0), ) — B(e(0), ) )
< ?(L+ 1) ||dy —dsll2 Vdi,do € L*(Q), faa. te (0,T),

where L = L(]|¢|| + 1) > 0 is independent of time. Therewith all the assumptions in
Lemma, are verified. Now we can conclude the unique solvability of (3.40]), and thus
of (3.38]), as well as the desired regularity of d. O]

Notice that Theorem basically covers the unique solvability of the problem
(for a nonsmooth load), since as already mentioned above, (3.38)) is just the reduced
form thereof. In view of (3.37), the unique solution of the problem is given by
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UL(-), @(€(-),d(-))), ®(£(-),d(-)),d), where d solves (3.38). The regularity of the op-
timal displacement and optimal nonlocal damage can be read from Lemma [3.17] and

Theorem [3.19] see also Remark [3.16] In light of Definitions [3.1] and [3.10, we can formu-

late the new solvability result as follows

Theorem 3.20. Let £ € L=(0,T; W~YP(Q)) be fized. Moreover, let Assumption
on page[19 hold true with 8 = B(||¢|+1). Then the problem admits a unique solution
(u, p,d), satisfying u € L>(0,T; WBS(Q)), for every s € [2,p), ¢ € L=(0,T; H(Q)),
d € WH(0,T; L3(Q)) and the system of differential equations f.a.a. t € (0,T)

— divg(p(D)Ce(u(t) = (1) in WHH(Q),

—alp(t) + Bo(t) + %g’(@(t))C e(u(t)) : e(u(t)) = Bd(t) in H'(Q)",

dt) — %max (- Bd(t) — o(t) — 1) =0,  d(0) = dy.

The solution operator S

Within our scope of analyzing , we are interested in defining the control-to-
state operator associated to (FP]), i.e., the solution operator that maps ¢ to (u,p,d).
This means that the load can no longer be seen as given data, but as variable. On
the other side, as already pointed out above, is uniquely solvable provided that
B = B(J|4]| + 1), see also Theorem and Remark [3.9] Since 3 is fixed and may only
depend on the given data, we introduce, as in Section on page the following

Definition 3.21 (Time-dependent admissible loads). For a given M > 0 we define
By = Brooo w12 (0, M).
Note that this implies By C {£ € L0, T; WLP(Q)) : £(t) € Byy fa.a. t € (0,T)}.

Thus, given M > 0 and some variable £ € 9B ,/, we need to require that § = S(M +1)
in Assumption p. [[9 Then, 8 depends only on the given data and the unique
solvability of is ensured, since for all £ € B, we have

B> a+4k(M +1)* > a + 4k (|[€]l poo o w10 () + 1 (3.43)
where k is chosen (large enough, depending only on M, «, p and N) such that

/2 > 4E(R)(M + 1) > 46(k) (6] e o 13-y + 1
Note that § satisfying (3.43|) surpasses the threshold needed in Theorem so that

we can introduce

Definition 3.22 (Control-to-state operator associated to (Pg)). Let M > 0 be given
and suppose that Assumption p@ with 8 = B(M + 1) holds true. Then we define
S: By — L0, T; W5(Q)) x L=(0,T; HY(Q)) x Wh>2(0,T; L2(Q)), with s € [2,p),
as

S() = (u, p,d),
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where (u, @, d) is the unique solution of (P)), i.e., it satisfies f.a.a. t € (0,T) the system

u(t) = UL(R), p(t), »(t) = 2(L(t),d(t)),

. 1
d(t) = 5 max(=5(d(t) — ¢(t)) — ), d(0) = do,
with right-hand side £ € Byy.
For i € {1,2,3} we denote by S; the operator which associates to any £ € By the
i-th component of S(¢).

(3.44)

Remark 3.23. Note that in the two-dimensional case the control-to-state operator S
has actually range in L>°(0, T W})’p(ﬂ)) x L*(0, T; WHa(Q)) x WHeo(0,T; L3()), with
q > 2 given by Theorem[I.37, p.[31 In order to see this, observe that in view of Remark
one can show that ¢ € L>(0,T; Wh4(Q)) in Lemma by using the exact same
arguments. On the other side, in the two-dimensional case the embedding W1H9(Q) —
L>(Q) holds true, and thanks to Lemma one obtains as in Remark that

Whi(Q) 5 g At € LW HP(Q), W P(0)) is continuous.

Consequently, t +— A;(lt) € L'(W_l’p(Q),W})’p(Q)) is Bochner measurable, which ac-

counts for the Bochner measurability of w : [0,T] — ng(Q) in Lemma . For more
details, we refer to Remark[5.18. Altogether, the improved regularity results in Lemma
yield in combination with Theorem that, in two dimensions, the unique so-
lution of belongs to L>(0,T; WBP(Q)) x L2°(0,T; WH4(Q)) x Wo(0,T; L?()),
with g > 2 given by Theorem [I.57, p.[31]

Remark 3.24 (Lipschitz continuity of S). It is easy to see that the right-hand side in
the operator differential equation in is Lipschitz continuous w.r.t. (£(t),d(t)) €
By x L2(Q) fa.a. t € (0,T), where M > 0 is given. This follows from the Lipschitz
continuity of max : L?(Q) — L%*(Q) and ® : By x L*(Q) — H'(Q), see Lemmata
5.0.(1) and respectively. In light of Lemma it can then be shown that Ss :
B — WH*(0,T; L%(Q)) is Lipschitz continuous, which as a result of the Lipschitz
continuity of U and @ ( Lemmata and gives in turn the Lipschitz continuity of
S: By — L0, T;V) x L>(0,T; HL () x WL°(0,T; L3(Q)).

3.3 The directional differentiability of S

Since in the next section we derive necessary optimality conditions in primal form for
(Ppin)), we address in what follows the differentiability of the control-to-state operator
S. Notice that this is not expected to be Gateaux-differentiable, since in the
evolution of the local damage d is described via the max-function, which is not Gateaux-
differentiable at 0 (see also in Chapter |5)).

For the sake of convenience we work in the rest of the section with a fixed pair
(€,60) € By x L2(0,T; W—LP(Q)), where M > 0 is given. Throughout this section
Assumptions , p. {19 with 8 = (M + 1) and p. are supposed to hold. We
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prove the directional differentiability of S at ¢ in direction §¢ in a standard manner, by
S8-S0 _ g4 50)

deriving estimates for the components of ‘ ‘, which will ultimately

converge towards 0 as 7 \, 0. Of course, in this context &'(¢;¢) does not denote the
derivative, but the candidate therefor. Note that this can be provided by ‘linearizing’
at £ in direction §¢. In order to have a better overview of the upcoming results,
we use in what follows the abbreviations

lr =0+ 16, (w0, d) = S(0),  (ur,pr,dr) = f(g ) (3.45)

Su = U (1(), 9() (56(),30(), o := @' (£(),d()) (8¢("), 6d()),

where §d € L>(0,T; L*(Q)) is arbitrary, but fixed and 7 > 0 is small enough such that
L € Bjs. Notice that such a 7 exists, since B, is open, and all the operators in (3.45))
are well defined. In particular, we remark that d¢ is a.e. in (0,7") well defined, in view
of Definition [3.21] and Lemma [3.15]

Before we proceed with the first estimates, we establish the time-integrability of du
and dp. We know that ' € C(W1P(Q) x HY(Q); LW~ 1P(Q) x H(Q);V)) and
@' € C(Bar x L*(); LW~ HP(Q) x L2(Q); H'(2))), from Lemmata and re-
spectively. Thus, with Lemma we can deduce the measurability of U’ (E(-), gp())
and ®'(£(-),d(-)). Moreover, in view of (3.36), it is clear that U’(¢(-),¢(-)) belongs
to L(0,T; L(W1P(Q) x H'(Q);V)) and @ (¢(-),d(:)) € L*®(0,T;L(W 1P(Q) x
L2(Q); HY(Q))). Since (6¢,5d) € L>=(0,T; W~HP(Q) x L*(Q)), we establish as in [81]
Lemma 3.1.19] that

S € L°(0,T; H'()). (3.46)

Thereby we have (6, 6¢) € L>=(0,T; W~1P(Q) x H(Q)) and as in [8T, Lemma 3.1.19)
we also obtain
du e L=(0,T; V). (3.47)

Lemma 3.25. Let (£,6) € By x L0, T; WLP(Q)), where M > 0 is given and let
Assumptions p. with 8= (M + 1) cmd p. hold true. Then, there exist
constants C,c > 0, so that for the quantities defined in , we have for almost all
t € (0,T) the estimates

[~ suin], <

| or(t) — o)

dT (t) B d(t)

. 6d(t)H2 + cRo(t,7) + Ry(t,7), (3.48a)

< c‘
HL(Q)

_ &p(t)‘ - 5d(t)H2 + Re(t,7),  (3.48D)

where 7 > 0 is small enough, independent of t, and Ry, Rg : (0,T) x (0,1) — [0,00) are
mappings which satisfy

Ru(-,7), Ro(-,7) — 0 in L&(0,T)  as 7\, 0, (3.49)

for any o € [1,00).
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Proof. We intend to prove both estimates by making use of Lemma [5.12] In order to
apply it for deriving ([3.48al), we set

X =W12Q), Y :=W1PQ)x H'(Q), Z:=V,
=By, U= By x H(Q),
§:=(8()), F:=U,
x:={, 0x:= 0L, dy = (0¢,9¢).

Note that {l is open in L°(0, T; W ~1P(Q)) in view of Definition 3.21} On account of Def-
inition [3.3] U is a product of open sets, and thus, it is open as well. In view of Definition
, F maps By to By, x L2(0,T; H(Q)) € L2(0,T; WP (Q) x H()). As a result
of Lemmata and U : By x HY(Q) — V is Lipschitz continuous and directionally
differentiable. Due to £ € 9B, and Definition [3.21] €1 > 0 may be chosen small enough
such that for any z € Bpe (o r.w-10(0)) (¢, 81|](5€HLOO(07T;W71,;)(Q))) C By it holds z(t) €

By faa. t e (O,T). Thus, g(BLOO(O,T;X)(& 81H(%HLOO(QT;Wfl,p(Q))))(t) C Bas x Hl(Q)

fa.a. t € (0,7). Further, thanks to (3.46), it holds (6¢,8p) € L>(0,T; W-LP(Q) x

H(Q)). In view of Definition there exists ¢ > 0, independent of ¢, such that

1) lw-10(q) < M—cfaa.t € (0,T). Then, by choosing €3 := &/ (2|6 o (o 7.1 (2))
(provided that 6 # 0) we have f.a.a. t € (0,7)

Byt (ay ((€0), S2(0)(1)), 21150, 60) | oo maw 1oyt () © Bar x H'(9),

while for 6¢ = 0 the above inclusion holds for any £o > 0. Let now 7 € (0, min{e1,e2})
be arbitrary, but fixed. We point out that 7 is independent of ¢, since €; and €2 do so.
Since above we covered all the assumptions in Lemma [5.12], we are now in the position

to apply the latter one, which in view of (3.45)) yields

[ s
_ HU(ET(t)7 @T(t)) - Z/{(g(t), (,O(t)) . Z/{’(é(t), (,D(t)) (5€(t), 5(p(t)) HV

- (3.50)
] O g,

_ LUHM _ 5¢(t)]‘H1(Q) + Ry(t,7) faa. te(0,7T),

where Ly > 0 and Ry : (0,7) x (0,1) — [0, 00) satisfies
Ry(-,7) = 0in L9(0,T) as 7 \,0,

for any o € [1, 00).
We now proceed in the exact same way in order to derive ([3.48b]), that is, we begin
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by fixing the setting in Lemma [5.12}
X =W r(Q), Y =W Q) x L*Q), Z:= H(Q),
Ui=By, U:=By x L*(Q),
§:=(,830)), F:=9,

x =L, dx:= 0L, oy := (64, 0d).
We verify if the above setting fulfills the assumptions in Lemma by addressing only
those which haven’t been already checked in the first part of the proof. From Definition
3.22| we know that § maps B, to L=(0,T; W 1P(Q) x L?(Q2)). Due to Lemmata
3.11| and [3.15) @ : By x L2(Q) — HY(Q) is Lipschitz continuous and directionally
differentiable. Note that we can choose the exact same value for ;1 > 0 as in the first

part of the proof. Further, the value of 2 > 0 can be again chosen independent of ¢, so
that f.a.a. t € (0,7) we have

By 1o xr2(0) (), S3(0) (1)), €2[1 (34, 8d) || oo (o 7w 10y x 12(02))) © Bar X L ().

Hence, for 7 € (0, min{ey, e2}), independent of ¢, we can now apply Lemma which
in view of (3.45) allows us to finally deduce

H er(t) —p(t)

B 590(75)”}11(9)
_ Hq’(gr(t%dr(t)) — ®(L(t),d(t))

— @ (6(0),d(0) (3¢(0),04(0))

T HY(Q) (3.51)
< L OO ) s

- 5d(t)”2 + Ro(t,r) faa. te(0,T),
where Ly > 0 and Rg : (0,7) x (0,1) — [0, 00) fulfills
Ry(-,7) — 01in L2(0,T) as 7 \,0,

for any p € [1,00). Inserting estimate (3.51)) in (3.50|) now gives (3.48a)). Since (3.51) is
(13.48Db)), the proof is now complete. O

In view of the operator differential equation in (3.44)), the next lemma provides the
candidate for the derivative of S3 at ¢ in direction §¢.

Lemma 3.26. Let (£,00) € By x L0, T; WLP(Q)), where M > 0 is given. Suppose
that Assumptions p. with 8 = (M + 1) and p. hold true. Then the

equation

0(t) = 5 max’ (= B(d(t) — (1)) = 5 =B(n(t) — &'(£(1),d(1)) (5(1), (1))
faa te 1), ( (3:52)
n(0) =0
admits a unique solution 1 € Wol’OO(O, T; L*(Q)), where d = S3(£) and ¢ = Sa(¥).
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Proof. We solve the operator differential equation by means of Lemma [5.7] In view of

(3-52)), we define f : (0,7 x L2(Q) — L?(Q) as
(k) = Fmax’ (- Bd(E) ~ o(0) — s ~B(n — @ (600, d(0)) (3(1).m))). (359

Note that for any € L?(Q), the value f(¢,1) € L?*(Q) is well defined f.a.a. t € (0,T), as
a consequence of Lemmata [5.6] (i) and Let us now check if the other assumptions
on f in Lemma are satisfied. Definition tells us that d — ¢ € L>(0,T; L*(Q))
and for n € L>(0, T; L*(Q)) we deduce from (3.45) and (3.46)) that

=@ (£(-),d()) (6¢(-),n(-)) € L=(0,T; L*(9)).

Now Lemma.(ii) gives max’(—B(d(-)—¢(-))—r; = B(n(-)—®' (€(-),d(-)) (6¢(-),n()))) €
L>(0,T; L*(9)), and hence

F(m()) € L%(0,T; L*(Q)) for n € L(0, T3 L*(12)).
Let now 7; € L?(2) be arbitrary, but fixed and let us abbreviate
d; == @' (L(-),d(-))(64(-),m;) a.e. in (0,T)

for i = 1,2. From Lemma (z) we know that for any y € L?(Q) the operator
max’(y;-) : L?(Q) — L?(Q) is Lipschitz continuous with Lipschitz constant 1 and in

view of ([3.53)) we have as a consequence of ([3.36) the estimate

1£m) = £l < 51 = Bl — 51(8)) + (2 — Sa(t))
B

< = (llm = malle + (97 (E@), dO) | cow—1 () x L2 () I — m2]]2)

< (L + 1) H771 — 7]2”2 faa. te (O,T),

| @ >

where L = L(M) > 0 depends only on the given data. Therewith all the assumptions
in Lemma are verified. Now we can conclude the unique solvability of (3.52)), as well
as the desired regularity of n. O

With the candidate for the derivative of S3 at hand, we can now prove its directional
differentiability at £ in direction §¢, which is covered by the following

Lemma 3.27 (Directional differentiability of Ss). Let o € [1,00) and (¢,5¢) € By %
L0, T;W=P(Q)), where M > 0 is given. Under Assumptions p. where
B=p(M+1), cmd p. the following convergence holds true

S(C+ 780) — S5(0)

T

—n in Wh(0,T; L*(Q))  as 7\, 0,

where n € Wol’oo((], T; L*(Q)) is the unique solution of (3.52).
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Proof. For simplicity we use again the notations d; = S3(¢ + 70¢) and d = S3(¢), where

7 > 0 is small enough such that £ + 76¢ € B ;. The result is proven in two steps. We

dT (t)_d(t) _ n(t) ’
T

first derive estimates for the term ‘ ’ a.e. in (0,7"), by employing Lemma

5.12, This will lead to an estimate of the type (5.38) and Lemma will ultimately
give the assertion.

(i) In view of (3.45) and (3.52)) we fix the following setting in Lemma

X =W r(Q), Y :=2:=1L%Q),
U= By, U:=L3(Q),
§ = —B(S3() — S2(1)) — 7, F:=max,
x:=/{, dx:= 0L, Sy := —5(77 — CID'(E(-),d(-)) (55(),77()))

Clearly, 4l and U are open. In view of Definition T maps By to L>=(0,T; L(Q)),
and according to Lemma [5.6](i), max : L?(Q) — L*(Q) is Lipschitz continuous and
directionally differentiable. Moreover, in view of Lemma [3.26] and (3.46) it holds dy €
L>(0,T; L*(€2)). Since U = L*(12), the assumptions on &1 and e3 in Lemma [5.12] are
automatically fulfilled. Hence, for 7 > 0 small enough, depending on ¢ and ¢/, Lemma
together with the operator differential equation in and now gives

- Hmax (F(Lr)(t)) — max (F(O)(t))
2 T

< HS(&)U) —3(O)()

d’T (t) — d(t)

T

d

()| — max/ (§(0)(0);3y(1) |,

- 5y(t))H2 ¥ Ruax(t,7) faa. te(0,7T),
(3.54)
where Rpyax : (0,77) x (0,1) — [0, 00) satisfies

Rmax(-,7) = 0in L2(0,T) as 7\, 0.

Further, in view of the definition of § and dy, the estimate (3.54)) can be continued, for
7 > 0 small enough, as follows

Oy
< | TO=O )| 4 I ), ) (500 0(0) | + Runae(t.7)
< 24 M (1), + BRa(t,7) + Ruaxlt,r) faa £ € (0,7),

(3.55)
where the last inequality is ensured by and the embedding H'(Q) — L?(Q).
Note that R(-,7) := BRs(-,7) + Rmax(-,7) > 0 faa.a. t € (0,7) and R(-,7) — 0 in
Le(0,T) as 7 \, 0.
(ii) Furthermore, in view of Definition and Lemma

deed _ ) e W0, T; L2(Q)) — We(0,T; LA(Q)).

T
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Thanks to the properties of R and (3.55)) we can now apply Lemma which gives in

turn

whence the desired convergence. Note that the constant C' > 0 depends only on 3,4, 0
and 7', in view of Lemma [5.10} O

]
T Mwreor22())

< CHR(’;T)”LQ(()J’) —0as7\,0,

We now have all the necessary tools in order to conclude the main result of this
section.

Proposition 3.28 (Directional differentiability of the control-to-state operator). Let
M >0 and o € [1,00) be given. Under Assumptions[1.17, p.[19, where 8 = B(M+1), and
[1.56, p.[46, the operator S : By — L2(0,T;V) x Le(0, T; H' () x Wh2(0,T; L*(Q)) is
directionally differentiable. The derivative at ¢ € B s in direction 6¢ € L>(0,T; W_l’p(Q)),
which we denote by S'(¢;50) := (du, I, 6d), belongs to L>=(0,T; V) x L>=(0,T; H(Q)) x
WOI’OO(O,T; L?()). Moreover, this satisfies f.a.a. t € (0,T) the following system

Su(t) = U'(£(t), p(1))(06(t), 6p(t)),
(

Siplt) = B (¢(0), (1) (6(0), 50,
. 3.56
Fi(t) = S max (= B(dl1) = plt) — 73 ~Bod(1) — (1), (350
5a(0) =0,

where we abbreviate ¢ := Sa(¢) and d := S3().

Proof. Let £ € B and 6¢ € L°(0,T; W~1P(Q)) be arbitrary, but fixed. From Lemma
- we know that Sz : By — WHe(0,T; L*(Q)) is directionally differentiable and
S; (E 56) € W(} °(0,T; L*(Q)) is the unique solution of the operator differential equation
in . Hence, it remains to address the directional differentiability of S1 and Ss, for
Which we employ Lemma [3.25] Recall that throughout this section, dd denoted some
arbitrary element in L>(0,T; L?(€)), which we now set 6d := S(¢; () for the rest of
this proof. By building L¢(0,T)-norms in , we obtain the estimates

Ur —
_ < T . . 0
‘ 5”‘ Le(0,T;V) CH 5d‘ Le(0,T;L2(2)) +lleRa (-, 7) + Ru(-7)lle (0,T)>
(3.57a)
pr—p dr—d _ ‘ .
H T 0 ‘ Le(0.T;HY(Q) — ’ . od LeTiL2@) T I1Be ()l eor),

(3.57b)

where 7 > 0 is small enough, Ry, Re fulfill (3.49) and C,c¢ > 0 are the constants from
Lemma Note that the abbreviations in (3.57) have the same meaning as in (3.45)),
where one sets dd := S4(¢;6¢). Moreover, note that the fact that 7 is independent of

t in Lemma is crucial for deriving (3.57), and that, due to Definition (3.47))
and (3.46)), the norms in (3.57)) are well defined. In view of Lemma combined with
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Whe(0,T; L2(Q)) — L2(0,T;L*()) and (3.49), we finally deduce from (3.57) that
S1: By — L0, T;V) and Sy : By — Le(0,T; H'(Q)) are directionally differentiable
with

81(6:50) = du = U (¢0), 0()) (56(), () € L=(0,T; V),
S3(6:50) = 50 = @ (¢(), d(-)) (5(-), 6d(-)) € L*(0,T; H' (),

where we relied on (3.45)). Note that the regularity thereof is given by (83.47)) and (3.46)).
This completes the proof. O

We point out that S : By, — L>(0,T; V) x L=(0,T; H () x WH(0,T; L*(Q)) is
not expected to be directionally differentiable without norm gap. In order to see this, we
first take a look at the last estimate in the proof of Lemma [3.27] Therein one observes
that the convergence of M —S84(¢;80) in Whe(0, T; L2(9)) is ultimately given
by the convergence in L9(0,T) of Ry and Rpyax, where o < oo. We refer here also to
the proof of Lemma Nevertheless, one could make use of W2(0,T; L?(Q)) —
L>(0,T; L*(Q)) in order to deduce from convergence in L>-spaces, but this is
not the case, since Ry and Rg do not necessarily converge in L>°(0,7T"). Therefore, the
norm gap is altogether caused by the fact that the convergence of Ry, Re and Rpax
was shown only in L2(0,7) with ¢ < oco. Recall that each of these convergences was
deduced in Lemma by means of Lebesgue’s dominated convergence theorem, which
does not hold true for L*°-spaces, whence the norm gap.

3.4 Optimality system

The last part of this chapter is entirely concerned with deriving necessary optimality
conditions for the optimal control problem governed by the damage model with penalty.
For convenience let us recall that this reads as follows

i d,l
min  J(u, ¢, d,¢) (Pos)
st. (u,p,d) solves (P,

where £ denotes the set of admissible loads and J is the objective functional. In this
section we rely on the fact that can be reduced to an ordinary differential equation
in Banach space. This was also earlier employed, in the context of defining and differen-
tiating the control-to-state operator. With the results from Section [3.3] at hand, we shall
first derive a purely primal optimality condition for , which is given by be-
low. At the beginning of the last section we already mentioned that the control-to-state
operator is not expected to be Gateaux-differentiable, while Proposition [3.28|states only
its directional differentiability. Indeed, as it will turn out, the Gateaux-differentiability
may be violated, if the strict complementarity condition (see Assumption below)
is not fulfilled. Therefore, the standard adjoint calculus for the derivation of optimality
conditions from below is without further ado not applicable. By means of Assump-
tion [3.38] one ultimately obtains an optimality system equivalent to the classical purely
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primal optimality condition. The section ends with a short discussion regarding the exis-
tence of solutions for (P,,) and with some remarks concerning strict complementarity.

We begin by fixing the assumptions on the optimal control problem. We choose to
work with a very general setting, in the sense that, in view of practical applications, it
would suffice for example that the objective is smoother as in Assumption below.

Assumption 3.29 (The control set). £ is a nonempty, convex and bounded subset of
L>®(0,T; W=1P(Q)).

Remark 3.30. Note that the boundedness assumption on the control set implies that
there exists some M > 0 so that £ C Bys. Hence, the results in Section ensure that
the control-to-state operator associated to 1s defined and directionally differentiable
on £ (provided that f = B(M + 1)). Notice that a reasonable choice for the set of
admissible loads is

L= {0 L>0,T; W~1P(Q)) : [ lw-1p@) <b faa te(0,T)},
where b > 0 is a given bound.

Of course, throughout this section Assumptions [I.17} p.[I9) and p.[46] are sup-
posed to further hold. Given the set £, the value of 3 in Assumption p-20] is
supposed to satisfy from now on f = (M +1) (see Remark, where M > 0 is chosen
so that £ C By,.

The assumption on the objective J features the notion of Hadamard-differentiability,
which is a concept of differentiability often found in the literature (see e.g. [75], [73])
and will be useful when applying chain rule in the proof of Lemma below. For the
convenience of the reader we give here the definition thereof, as well as an appropriate
chain rule.

Definition 3.31 (Hadamard (directional) differentiability). [73, Definition 3.1.1] Let
X and Y be normed vector spaces. A function f : X — Y is said to be Hadamard
directionally differentiable at x € X, if the following limit exists

Voxr € X.

In this situation, fi;(x;-) is called Hadamard directional derivative of f at x. If fi;(z;-)
is linear, then f is called Hadamard-differentiable at x, in view of [73, Lemma 3.1.8
and Proposition 3.2.4 (ii)]. If existent, the Hadamard derivative of f at x is denoted
by fi(z) and belongs to L(X,Y), as a result of [73, Lemma 5.1.3]. Note that any
Hadamard-differentiable function is Gateauz-differentiable.

Lemma 3.32 (Chain rule for Hadamard directionally differentiable functions). [75,
Proposition 3.6 (i)] Let X, Y and Z be normed vector spaces and let f1 : X =Y, fa:
Y — Z be some mappings. Assume that fi is directionally differentiable at x € X and
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f2 is Hadamard directionally differentiable at fi(x) € Y. Then the composite mapping
foo fi1: X — Z is directionally differentiable at x € X and the following chain rule holds

(fao 1) (m;6x) = fo(fi(x); (fi(z;6z))) Véx e X.
Now we can state the assumption on the functional J:

Assumption 3.33 (The objective functional). 7 : L%(0, T} WBV(Q))XLQ(O, T; HY(Q))x
L%(0,T; L*(Q)) x L*(0,T; W=1P(Q)) — R is Hadamard-differentiable, where v € (1,2)
1S glven.

The Hadamard-differentiability in Assumption [3.33|is self-evident in practice, since
most of the objectives are even continuously Fréchet-differentiable, and hence Hadamard-
differentiable, in view of [73 Proposition 3.4.2].

An example therefor is the functional Jo, : L?(0,T;L*(Q)) x L?(0,T;L*(Q)) x
L?(0,T;V*) given by

1 o (6%)
Tea(u,d, 0) := 5 |lu — wdllZ20.1.02(5)) + 7||dH%2(o,T;L2(Q)) + 7”5”%2(01;\/*)7

where ug € L%(0,T; L?*(R)) is a desired displacement and ay,as > 0. Note that Je,
fulfills Assumption for v € (1,2) and v € [6/5, 2) in the two-dimensional and three-
dimensional case, respectively. This is due to W})’” () = L*(Q) (see e.g. [80, Theorem
7.1]) and W—1P(Q) < V*. Moreover note that 7 is continuously Fréchet-differentiable.

Remark 3.34. Although it might seem more reasonable to consider in Assumption|3.3
the Hilbert space L(0,T;V) for the displacement instead of L*(0,T; W})’V(Q)), where
v € (1,2), we choose to work with the latter one in order to obtain L?(0,T;V )-regularity
in both dimensions for the adjoint state w in Lemma[3.40 below. Otherwise, the adjoint
state belongs to L*(0,T; WEC(Q)), where ( < 2, in the three-dimensional case, while
in the two-dimensional case it belongs to L*(0,T;V). For the sake of convenience we
choose not to make this distinction. We point out that the condition for v in Assump-
tion is essential only for the Bochner measurability of w : [0,T] — V. For the
desired integrability of the latter one it suffices to work with L*(0,T;V) as space for the
displacement. This is due to the estimate in the proof of Lemma below.

We explain in what follows why the choice of v in Assumption [3.33 is crucial for
the Bochner measurability of w : [0,T] — V. Assuming that the space for the dis-
placement is L?(0,T; W})’V(Q)), where v € (1,p) is to be determined, we have in view
of the Hadamard-differentiability of J and [1], Theorem 7.1.23 (vi)] that 0, J(-) €
L2(0,T; W= (Q)). Hence, t — 0, T (-)(t) € W= (Q) is Bochner measurable. Note
that here () denotes a point in the domain of J. In view of (3.64) below, one needs
for the Bochner measurability of w : [0,T] — V that t — Al € LW (Q),V)
is Bochner measurable, where ¢ € L>(0,T; H(Q)) and v' € [2,p]. This asks for the
continuity of H'(Q) 3 ¢ A;l e LW~ (Q), V), for which a norm gap is needed, on
account of Lemma[5.3 We point out that this is very similar to the situation described
in Remark[3.18 Thus,

HY(Q) 3 o A;l e LW~ (Q),V) is continuous (3.58)
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only when v/ > 2, which ultimately motivates the assumption on J. Similarly, it can be
deduced that, working with v = 2 in Assumption leads to w € L*(0,T; WBC(Q)),
where ¢ < 2. For this, one also needs Remark[1.4] on page[13.

As mentioned above, in the two-dimensional case it actually suffices to work with
L?(0,T;V) as space for the displacement in order to obtain the Bochner measurability
of w:[0,T] = V. This is due to the fact that, in Lemma[3.40 below, o = S»({), where
¢ € £ and ¢f Remark[3.23, there exists ¢ > 2 so that ¢ € L>(0,T; Wh4(Q)). The
Bochner measurability of w : [0,T] — V follows then by the arguments employed in
Remark [3.23

With the properties of £ and J at hand, we can now derive

Lemma 3.35 (Purely primal necessary optimality conditions). Let Assumptions

p-[19 and [1.56, p.[£0 hold. Moreover, suppose that Assumptions[3.29 and[3.39 are ful-
filled. Then, any local solution £ of the problem (Ppn)) satisfies

Doty T (S(0),0)(S'(B:56 — ) + 8, T (S(0), )56 —0) >0 Véleg (VD)

Proof. The proof is standard. In view of Definition and Remark the optimal
control problem (P,,;,)) can be rewritten as

leg

where f : £ — J(S(¢),£) is the reduced objective. Due to Proposition and As-
sumption [3.33] we can apply Lemma for f. This gives in turn that f is directionally
differentiable at £ € £ with

;60 —10) = J'(SW),0)(S'(£;6¢ — £),6¢ — 1) V6L € L>0,T; W~Lr(Q)).

Note that the Hadamard derivative of J coincides with its Gateaux derivative. From
the convexity of £ we then deduce that any local minimizer of (P,|) satisfies (VI)),
which completes the proof. O

It is easy to see, in view of the Hadamard-differentiability of 7 and , that, if
S3 is Gateaux-differentiable at £, then all the terms in are linear in 6¢ — ¢. Since,
within our scope of deriving an optimality system, we want to write the left-hand side in
as a linear form in §¢ — ¢, we investigate in the following under which conditions the

nonlinearity of S5(¢;-) can be overcome. Therefor, a closer inspection of the operator
differential equation in (3.56) is required.
Prior to this, let us define for simplicity

Definition 3.36. For a given ¢ € £ we define at t € (0,T) the following sets:
o O i={xeQ:-Bdt,z) —¢(t,z)) —r >0},
o = {reQ:—pd(t,2) — gt ) — 1 =0},
o O ={xeQ:-pdt,x)—p(tx)—r<0},
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where we abbreviate ¢ := Sa(¢) and d := S3(¢). Note that, for almost allt € (0,T), each
of the above subsets of Q is uniquely specified up to a set of measure zero (in ). We
emphasize that the above defined sets ultimately depend on ¢ and the given data.

Let now £ € £ and §¢ € L°(0,T; W~1P(Q)) be arbitrary, but fixed. In view of
Proposition and (5.17) combined with Definition [3.36} dd := S5(¢; §¢) is character-

ized as the unique solution of the operator differential equation

_§(6d<t) —6p(t)) ae. in QF
Jd(t)= max (~ ?(&l(t) “Sp(t))  ae. in QF fa.a. t € (0,7), dd(0)=0. (3.59)

0 ae. in )
Here we use again the notations d¢ := ®'(¢(-),d(-))(64(-),dd(-)) and d := S3(¥).

Remark 3.37. From we read, in view of the nonlinearity of max{-,0}, that as
long as there exist 0 < t; < to < T such that u(QY) > 0 f.a.a. t € (t1,t2), the operator
S3 is not necessarily Gateaux-differentiable at £. This is also shown by straight forward
computation.

Indeed, as we will next see, the linearity of S5(¢;-) is ensured if

Assumption 3.38 (Strict complementarity). The set QY associated to £ € £ has mea-
sure zero for almost all t € (0,T), i.e.,

p( Q) =0 faa te(0,7).
To prove that S(¢;-) is linear under Assumption note that reads
od(t) = fi(5(t),8d(t)) faa. te (0,T), 6d(0)=0, (3.60)
where f; : W™IP(Q) x L2(Q) — L%(Q) is given by

£,(50, 5d) = _gxw (6d — @/ (6(2), d(1)) (5¢, 5d)).

Observe that, since ® is Gateaux-differentiable at (¢(t),d(t)), f: is linear for almost all
t € (0,T). Now let 641,00, € L=(0,T;W~1P(Q)) and a,b € R. With the notation
dd; := S5(¢;6¢;), where i = 1,2, (3.60)) leads to

addy(t) + boda(t) = afi(501(t),0dy () + bfi(52(t), 6da(t))
= ft(a (551@) + b(%z(t), aédl(t) + bédg(t)) faa. te (O,T)

and add(0)+bdd2(0) = 0. Hence, a ddy+bdds is the unique solution of (3.60|) associated
to adly + bola, that is, a S5(4;601) + bS5(¢;6¢2) = S5(¢;a0¢1 + bdly).

At the end of this chapter we make a few more comments on the strict complemen-
tarity assumption, including possible alternative approaches, such as regularization, see
Remark [3.46] below.
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Remark 3.39. We emphasize that the above discussion concerning the linearity of the
derivative has the sole purpose of giving an idea under which conditions one should expect
an optimality system. The linearity result is rather indirectly used, e.g. by replacing the
operator differential equation in by the linear equation , for constructing an
‘artificial adjoint operator’, see Lemma and Remark below. By [73, Lemma
8.1.2(b)] we infer from Remark(3.24) and Proposition[3.28 that S is Hadamard direction-
ally differentiable, and hence, Hadamard differentiable, provided that Assumption
1s satisfied. Howewver, the standard approach of deducing that the solution operator of
the adjoint equation is S'(£)* cannot be employed here. That is so because, in view of
Proposition [3.28, if existent, the adjoint operator

S'(6)* : L2(0,T; V))* x L2(0,T; H(Q))* x Whe(0,T; L*(Q))* — L>(0,T; W 1P(Q))*

with o € [1,00), gives in turn one adjoint state instead of three. This problem may be
overcome by considering three controls instead of one, in which case the adjoint operator
has range in L=(0,T; WEP(Q))* x X*xY*, where X andY are the spaces for the auil-
tary controls. However, in this situation, a system of the type (3.61) cannot be fulfilled by
the adjoint states, as long as the first adjoint state does not possess higher reqularity. This
is due to the mere fact that L>(0,T; W~1P(Q))* cannot be identified with a Bochner-
Lebesgue space. Altogether it does not make sense to adjoint S'({), but rather to derive,
for example via the formal Lagrange method, a candidate for the adjoint system. The
latter one is a system with right-hand side (0uJ(S(¢),£),0,T(S(¥),£),0aT (S(¢),?)),
which is uniquely solved by what will turn out to be the adjoint states associated to £ in

Theorem [3.77 below.

The following result is an essential tool for deriving the main result of this chapter,
as it provides the candidates for the adjoint states associated to £ € £.

Lemma 3.40 (Adjoint equation). Let Assumptions p. p. and
hold. Moreover, let £ € £ be given and define (u, @,d) := S(¢). Then there exists a

unique (w,v,€) € L*(0,T;V) x L*(0,T; H(2)) x W%’2(O,T; L2(2)) which fulfills f.a.a.
t € (0,T) the following system of equations
—div (g(¢(t))Ce(w(t)) + ¢'(p(t))v(t)Ce(u(t)) = 0uT()(t) in V", (3.61a)

—adu(t) + B(u(t) — %ngf(t)) +9'(p(t))Ce(u(t)) : e(w(?))

. (3.61b)
+ 59" () E)C(w(t))  e(u(t) = 0T ()(t) in H'(Q)",

~E(t) = B(olt) — X E(0) + 2aT()(0) in LX),
€)= 0,
where (-) stands for (S(¢),£).

(3.61c)
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Proof. We begin by noticing that (3.61)) has a similar structure to (1.48) on page
as well as to its ‘linearized’ counterpart. Thus, well-known arguments are expected to

be encountered throughout this proof. We approach the system as in Section
in the sense that we first solve the elliptic system —. Notice that this
features the quantities w and ¢, which are not well defined at any ¢ € [0, T], but only a.e.
in (0,7) (see Definitions [3.22} |3.21] and [3.10)). Hence, its solvability is addressed f.a.a.
t € (0,T) and for any ¢ € L?(f2). Then, with the resulting ‘solution operators’ at hand,
we rewrite the operator differential equation in as depending only on £. The latter
one is then solved by using Lemma [5.7, which practically yields the unique solvability of
. The time regularity of £ ultimately gives the time regularity of w and v. For the
sake of convenience we will denote the ‘solution operators’ involved in the elliptic system
also by w and v. Before we begin to discuss the solvability of , let us mention
here that, since WBV(Q), HY(Q) and L?(2) are reflexive Banach spaces, the partial
derivatives 9,7 (+), 0,7 (-) and 947 (+) belong to L(0, T’ wW—L(Q)), L2(0,T; H (Q)*)
and L?(0,T; L*(9)), respectively, see e.g. [I4, Theorem 7.1.23 (vi)]. Note that, due to
V' > 2, we have W' (Q) < V*, whence 8,7 (-) € L2(0,T; V*).

(i) Solvability of (B.61a)). We search f.a.a. t € (0,T) and for any v € H'(Q) for w
such that

—div (g(¢(t))Ce(w)) = 0T (-)(t) + div (¢'(p(t))vCe(u(t))) in V*. (3.62)

The first thing to observe is that the right-hand side belongs to V*. This follows from
Assumption and Holder’s inequality with (p — 2)/2p + 1/p = 1/2, combined with
Lemma Definition and the embedding H'(Q) — L?/P=2)(Q). Recall that the
latter one is a consequence of Assumption p. Moreover, f.a.a. t € (0,7) and
for any v € H'() it holds

ldiv (g (o()wCe(u(t) v < Clollap ) IUED. (0 iy < Cllvllan .
(3.63)
Note that the last inequality was deduced from and that C' > 0 depends only
on the given data, including the constant M from Remark [3.30] Further, in view of

Definition , Lemma on page [12] tells us that (3.62]) is uniquely solvable at almost
all t € (0,T) and for any v € H'(Q) with

w(t,v) = A;(lt) (OuT () (t) + div (¢ (¢(t))vCe(u(t))) € V. (3.64)
We now apply estimate (1.6 to A,;) and in view of (3.63) we get

lw(t,v)llv < C[0uT (YO)lv+ + [Vl faa. t€(0,T), Yoe H(Q), (3.65)

where again C > 0 depends only on the given data.

We now show that the Nemytskii operator associated to w maps L?(0,T; H*(Q)) to
L?(0,T;V). This result will be useful at the end of the proof, after the time regularity
of the solution of the operator differential equation is established. Let v €
L2(0,T; H*(Q)) be arbitrary, but fixed. In view of Remark see also and
, it is necessary for the Bochner measurability of ¢ — w(t,v(t)) € V that
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t = 0uJ()(t) + div (¢'(0(t))v(t)Ce(u(t)))

is Bochner measurable as a function mapping to W~17(Q), with some p > 2. Hence,
we prove next that there exists p > 2 such that at almost all ¢ € (0,7") it holds

div (g (p(1))0(H)Ce(u(t))) € W2(9).

To see this, recall that in view of Assumption there exists k > 2p/(p — 2) so that
the embedding H*(Q) < L%(2) holds true. By choosing ¢ < co and s € [2,p) large
enough such that 1/p+1/k +1/s < (p —2)/2p + 1/p = 1/2, we can then define the
index p > 2 via

1/p:=1/o+1/k+1/s < 1/2.
Holder’s inequality with 1/0 + 1/k + 1/s = 1/p now gives the desired regularity and
from the boundedness of the operator div : LP(; RV*N) — W~12(Q) we deduce

I div (g (£ () v(O)Ce(u(t)) w-10() < g (@) llellv@®lllICe(u(t)lls — (3.66)

for almost all ¢ € (0, T). Further, we know from Lemmata [5.2]and that the mapping
t — ¢'(p(t)) € L(Q) is Bochner measurable, while t — Ce(u(t)) € L*(Q;RY*V) is
Bochner measurable as well, as a result of Definition [3.22] Thus, on account of the
definition of the Bochner measurability and , we obtain the Bochner measurability
of

£ div (g (p())0(D)Ce(u(t))) € W2(Q),

where we also employed that v : [0,7] — L®(€Q) is Bochner measurable, by assump-
tion. Besides, ¢t — 9,7 (-)(t) € W1 (Q) is Bochner measurable as well, in view of
Assumption [3.33], whence we conclude that

t = 0T (-)(t) + div (¢ (@(t))v(t)Ce(u(t))) € W(Q)

is Bochner measurable, where w := min{p,2'} > 2. From (3.58)) and (3.64) we now
deduce the Bochner measurability of ¢t — w(t,v(t)) € V. Assumption together

with (3.65]) ultimately yields
w(-,v(-)) € L*(0,T;V) for v € L*(0,T; H'(Q)). (3.67)

(ii) Solvability of (3.61b)). For almost all ¢ € (0,7') and for any ¢ € L?(Q), we now
search for v € H(Q) that solves

Bu + g'(p(t))Ce(u(t)) : e(wl(t, U))Jr%g”@(t))v(cdu(t)) se(u(t))
= 0700 + DXgee i ()

(3.68)

Recall that the linearity B is given by (1.22)) on page Let us begin by rewriting
(3.68) in a compact form. To this end, notice that in view of (3.64]) and (3.21)) it holds

w(t,v) = A 0uT (1) + OUL(D), (1)) (v) Ffaa.te(0,T), Voe H(Q),
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where we relied on the linearity of A;(lt). By taking a look at (3.30) one sees now that
(3.68) is equivalent to

Bu+ 9,F(U(t), o(t))v = o(t,€) in H Q)"

where the mapping ¢ : (0,T) x L?(Q2) — H(Q)* is given by

1,6) = 0T (1) + DX — o (1) Celult)) (A} (BuT (VD). (3:69)

In order to see that «(t,&) is well defined f.a.a. t € (0,T) and all £ € L?(f2) we argue
as follows. From part (i) we recall that A;(lt) (0uT ()(t)) € V, since A;(lt) e LV, V),
fa.a. t € (0,7). Then, on account of Lemma Definition and the embedding
HY(Q) — L2P/P=2)(Q), we can apply Holder’s inequality with 1/p+1/2+(p—2)/2p = 1
for the last term on the right-hand side in (3.69), which gives in turn the H'(£2)*-
regularity thereof. Additionally, by employing again and , we deduce here

9/ (e ()Ce(ult) = £ (Al (BT HO)) |11y < ClT D)

v+ fa.a. te(0,7),

(3.70)
which is needed only later in the proof. Note that C' > 0 depends only on the given data,
including the constant M from RemarkéS._ﬂl As XQ;L € L>*(Q)fa.a. t e (0,T), wefinally
conclude with Assumption and LZ(Q) < H(Q)* that (¢, &) is well defined f.a.a.
t € (0,T) and all £ € L?(£2). On the other side, B+0,F (£(t), ¢(t)) € L(HY(Q), H'(2)*)
is fa.a. t € (0,T) continuously invertible with

(B + a%,F(z(t),w(t)))‘l||£(H1(Q)*,H1(Q)) <2/a faa.te(0,T). (3.71)

We refer here to page where the unique solvability of (3.29) is shown. Note that the
estimate (3.71)) follows from (3.33]). Hence, (3.68]) is uniquely solvable f.a.a. t € (0,7T)
and for any & € L?(Q) with

u(t,€) = (B + 0,F(€(t), 0(1))) "ult, &) € H (). (3.72)

Moreover, due to (3.72), (3.71) and (3.69) we have f.a.a. t € (0,7) and for all &,&; €

L?(9) the estimate

2 2
lo(t,€1) — vt &)l < Clle(t &) = o, &)l o) < £|l§1 — &2 (3.73)

In preparation for the next part of the proof, we prove in the following that v belongs
to L2(0,T; HY(Q)) if £ € L?(0,T; L*(Q)). Note that the above time regularity of v does
not improve, even when ¢ turns out to have higher regularity than L?(0,T; L?(12)).

This can be seen by taking a look at (3.72), (3.71) and (3.69), while keeping in mind
that 9,7 () € L?(0,T; H'(2)*). We do not go here into any more details and refer to

Remark [3.16] where a similar observation was made in the context of establishing the
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time regularity of the solutions of the minimization problem in (7). Firstly, we want to
prove that

(B+0,F(U(t), (1)) € L= (0, T3 L(H' ()", H' (). (3.74)

To this end, recall that 9,F : W 1P(Q) x HY(Q) — L(HY(Q), H'(Q)*) is continuous.
This is stated at the end of part (I) of the proof of Lemma [3.15] Since t — (£(t), (1)) €
WLP(Q) x HY(Q) is Bochner measurable, Lemma yields the Bochner measura-
bility of ¢t — B + 9,F(L(t),p(t)) € LHY(Q), HY(Q)*). Cf. eg. [74, Ch. IIL8|, the
inversion A — A~! is continuous from the set of isomorphisms in L£(H(Q), H'(9)*)
to L(HY(Q)*, H(Q)). This together with the definition of Bochner measurability then
gives the measurability of the mapping in (3.74]). The desired Bochner integrability
thereof follows now from estimate . Secondly, it holds

(-, €()) € L20,T; HY(Q)*)  for € € L*(0,T; L*(Q)). (3.75)

To see this, we address the time regularity of each term in (3.69|) separately. We already
know that 9,7 (-) € L?(0,T; H'(2)*), in view of Assumption [3.33, Further, Definition
[3.36] allows us to write

Xﬂj (x)€(t)(x) = (Xg, &) (t,x) for almost all (t,x) € (0,T) x €,

where Q1 = {(t,x) € (0,T)xQ: —B(d(t,z) —p(t,z))—r > 0} and £ € L?(0,T; L*(Q2)).
Note that Q@+ depends only on ¢ and it is well defined up to a set of measure zero in
(0,T) x Q. Since Xg, € L=((0,T) x ) and L*((0,T) x Q) = L*(0,T; L*()), see e.g.
[14, Theorem 7.1.24], we have X, & € L?((0,7T) x §), whence

t = X+ &(t) € L*(0,T5 L*(Q)) for € € L*(0, T L*(Q2)). (3.76)

Furthermore, recall that in view of Assumption , there exists k > 2p/(p — 2) so
that HY(Q) < L*(Q). In light of 1/2 +1/k < 1 — 1/p, we find s € [2,p) and o < o0
large enough, so that

1/o+1/s+1/2+1/k=1. (3.77)

The mapping t — ¢'(¢(t)) € L2(Q) is Bochner measurable thanks to Lemmata [5.2
and while ¢ + Ce(u(t)) € L¥(Q;RY*Y) is Bochner measurable as well, as a
result of Definition Arguing as at the end of part (i), it follows further that
t— E(A;(lt) (0uT()(1))) € LA RN*N) is also Bochner measurable. Altogether we
deduce from the above that

t g (p())C(ut)) : £(AZL (0uT (V1)) € H' (@)

is Bochner measurable, on account of Holder’s inequality with (3.77)) and the definition
of Bochner measurability. From (3.70]) we then obtain

t— ¢ (¢(t))Ce(u(t)) : E(A;(lt) (8uj(-)(t))) € L*(0,T; HY(Q)*).
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Therewith we addressed all the terms in (3.69)), and thus, we can now infer (3.75)). By
means of (3.74)) and (3.75) one can finally establish as in [81, Lemma 3.1.19] that

v(-,&(-)) € L3(0,T; HY(Q)) for € € L*(0,T; L*()), (3.78)

where we relied on ([3.72)).
(iii) Solvability of (3.61c). By means of the ‘solution operator’ (¢,&) — v(t,§) of the

elliptic system, reduces to
~E() = B0l E(0) — $XopE(0) + AT (O)(D) Eaa 1€ (0,T),
§(T) = 0,

We intend to solve (3.79) by employing again Lemma For this purpose, note first
that via the (at this point informal) transformation

(3.79)

£()=€&T -,
(3.79) is equivalent to
£(t) = f(LE(L) taa te(0,T), £0) =0, (3.80)
where f: (0,T) x L?(Q) — L*(Q) is given by
F(.8) = B(o(T ~ 1.8) = $Xou &) + AT (NT 1) (381)

Note that for any & € L2(€2), the value f(t, &) € L2(Q) is well defined f.a.a. t € (0,T), as a

consequence of (3.72)), Definition and Assumption Let now € € L2(0,T; L% ()
be arbitrary, but fixed. It is easy to see that this implies ¢ — (T —t) € L*(0,T; L*()).

According to (3.78), we then have v(-,&(T — -)) € L%(0,T; H'(2)), which in particular
means that _
to(T —t,£(t)) € L*(0,T; H(Q)). (3.82)

With (3.76)) we establish that ¢ — Xﬂjf(T —t) € L*(0,T; L?(f2)), and consequently
te X (1) € L2(0,T5 L2 (). (3.83)

From Assumption we infer t — 9,7 (-)(T —t) € L?(0,T; L*(Q2)), which combined
with (3.82)) and (3.83) now yields
F(4€() € X0, T; LX(Q))  for & € L(0,T; L*(12)),
in view of (3.81). Therewith the second assumption on f in Lemma is satisfied. As
(3.81)) and (3.73) imply
I£(t,€1) = £(t,&)ll2 < Bllv(T —t,&) — v(T — ,&)ll2 + B/5]1€1 — &l
S LG —&ll2 V1,6 € LP(Q), faa te(0,T),

the third assumption on f in Lemma is satisfied as well. Note that L > 0 depends
only on «, 8 and §. Lemma now tells us that (3.80)) is uniquely solvable with £ €
I/VO1 2 (0,T; L?(£2)), whence the unique solvability of (3.79) with
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ts E(t) = E(T —t) € Wp2(0,T; L2()).
Note that the time regularity of ¢ is due to ¢ — E(T—t) € L2(0,T; L2(Q)) and ¢ > £(t) =

—&(T —t) € L*(0,T; L?(£2)). This gives the unique solvability of (3.61)) with the desired
regularity of solutions, in view of (3.67)) and (3.78)). The proof is now complete. O

Remark 3.41. Clearly, given £ € £, the system admits a unique solution (with
the exact same regularity) for an arbitrary right-hand side h € L2(0,T; W17 (Q)) x
L2(0,T; HY(Q)*) x L*(0,T; L*(Q)) (instead of Oupd) I (S(),£)), where v € (1,2) is
given. The thereby induced solution operator, which we here call T, can be interpreted
as an ‘artificial adjoint operator’ of S'(£), provided that Assumptz’on holds true for
L. This can be seen by linearizing the state equation below at £ in some arbitrary
direction 6¢ € L>(0,T; W~1P(Q)) and by arguing as in the proof of Theorem, below,
where we replace the partial derivatives of J in by h as above. Then, one has
instead of below, the equality

T 3 T
/0 S (ha(t), SUO650) (1)) di = /0 (BE(), T 1 () (1)) dt,
=1

i.€.,

<h’8/<€)((%)>L2(O,T;W}D’”(Q)><H1(Q)XLZ(Q)) - <T1h75€>L2(07T;W*1’P(Q))

for any h € L2(0,T; W1 (Q) x HY(Q)* x L2(Q)) and any 6¢ € L>(0,T; W~1P(Q)).
Here Y1 stands for the first component of the operator Y.

We point out that Y1 is the classical adjoint operator of S'(£) : L=°(0,T; W 1P(Q)) —
L%*(0,T; W})’V(Q) x HY(Q) x L*(Q)), as a result of the above identity and as it maps as
follows

L2(0,T; W= (Q) x HY(Q)* x L2(Q)) % L2(0,T; V) C L®(0, T; WEP(Q))*,
in view of Lemma and L>(0,T; W~EP(Q)) < L2(0,T;V*).
The main result of this chapter is covered by the following

Theorem 3.42 (Optimal_ity system). Let Assumptions p. p. and
hold. Moreover, let £ be a local solution of (Ppin)) with associated states

(@, 3,d) = S(0) € L=(0,T; W' () x L=(0,T; HY(Q)) x Whe(0,T; L*(Q)),
where s € [2,p), and suppose that Assumption is fulfilled for €. Then there exist

unique adjoint states

(w,v,€) € L*(0,T; V) x L2(0,T; H'(Q)) x W,2(0,T; L*(Q2))
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so that the following optimality system is f.a.a. t € (0,T) satisfied:

~divg(p(H)C(a(1) = (1) in WP(),  (384a)
~alp(t) + B o(t) + 5 o (PCE(@)) - c(a(r) = fdle) in H'(Q),  (3:8b)
(t) = 5 max(~5(d(t) ~ ¢(t)~r), d(0) = do (3810
~div (4(p(0)Co(aw(®)) + ¢/ (P)L(OC(B() = DT (VD) in V", (3:850)
—adhu(t) + B(0(t) — $XgaE(1)) + 9/ (P(0)Cel@lt)) : <(w(1)) -
+ 59" (@) (CE(@) : c@lt) = 9,7 () in B ()",
—E(1) = B(olt) — X E(0) +0uT()(1) in 13(9), 5550
&) =0,
(w+ 0T (-),60 = O) 2o row—1w()) =0 Vol e L, (3.86)

where (-) denotes (S(£),£).

Proof. The state equation (3.84)) is automatically fulfilled in view of Definition
combined with Definitions and while from Lemma we know that (3.85))
admits a unique solution (w,v,{) with the desired regularity. Hence, it remains to
prove the gradient inequality , for which we employ standard arguments. Roughly
speaking, we test the linearized counterpart of with the adjoint states and show
that the (integrated over time) sum of the resulting equations is the (integrated over
time) sum of the equations in tested with the directional derivatives of §. Using
this in will ultimately give the claim. For a better overview, we split the rest of
the proof in two parts: in the first one we derive a linearization for the state equation,
while in the second one we test as depicted above and finalize the proof.

(i) Let 6¢ € L>(0,T; W~12(Q)) be arbitrary, but fixed. In view of Assumptionm,
can be linearized, such that the resulting system is uniquely solved by &'(£; 6¢—£).
For the sake of simplicity we denote the latter one by (du,dp,dd) in what follows. To
be more precise, Proposition and Assumption ensure that (du, dp, dd) satisfies
fa.a. t € (0,7) the system

du(t) =U'((), P()(0L() — (1), 0p(1)), (3.87a)
Sip(t) = D' (£(t), d(1))(66(t) — £(t), 6d(t)), (3.87b)
6d(t) = fgxgj (6d(t) — dp(t)), d(0) = 0. (3.87¢)

From the differentiability results in Section [3.1] we can deduce the equations which
characterize du(t) and d¢(t) fa.a. t € (0,7). Firstly, from (3.20) and (3.21) we infer
that

su(t) = A, (80(t) = I(t) + div (¢ (5(1)0p()C= U(I(E), (1)) ) taa. te (0,T),
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on account of (3.87al). By Definition on page (12| we then obtain that du(t) is the
unique solution of

— div (g(@(t)Ce(du(t)) = d6(t) — (t) + div (¢ (3(1))dp(t)Ce(a(t))) in V* (3.88)

fa.a.t € (0,T). Secondly, using (3.87b) in ([3.24]) yields that dp(t) is the unique solution
of

—alAdp(t) + B3p(t) + 3 (P(1)6p(1)Ce(a(t)) - (u(t) } 550
= Bod(t) - g/ (@()Ce(@(t) : (Bult)  in H'(Q)”

fa.a. te(0,7).

To summarize, the linearized counterpart of (at £ in direction 6¢— /) consists of
(3.88), (3.89) and (3.87c]). Let us recall here that (du, dp, dd) belongs to L>°(0,T; V') x
L0, T; HY(Q)) x Wy™(0,T; L*(R)), cf. Proposition

(ii) We test (3.88), (3-89) and (3.87d) with w(t) € V, v(t) € HY(Q) and £(¢) € L2(Q),
respectively, at almost all ¢ € (0,7'). For the sake of convenience, we bring all the
resulting terms containing du and dp together, by abbreviating

u(t) = —{div (g(@(t))Ce(du(t)) + g'(4(1))dp(t)Ce(u(t))), w(t))v

+ (—aldp(t) + Bop(t) + %9”(@(15))5@(15)(36(11(75)) re(u(t), v(t) (o)

+(g'(@(t))Ce(a(t)) : e(du(t), v(t) (o) — ?(Xgﬁw(t),f(t))z fa.a. te(0,7).

Thereby, the sum of the above tested equations reads f.a.a. t € (0,7) as follows

() + (3d(t),£(t))2 = B(3d(t), v(1))2 — g"gﬁd(t%f(t)h +(00(t) — £(t), w(t))v.
(3.90)
Furthermore, as a result of and , combined with Definition we

observe that
L(t) = (OuT (-)(t), 0u(t))y + (0.T (-)(t), (5g0(t)>H1(Q) fa.a. t € (0,7), (3.91)

while testing (3.85c|) with dd(t) gives in turn

(02T (-)(t), 0d(t))2 = —(S(t%5d(t))2—ﬁ(v(t)a5d(t))2+§(xgt+§(t),5d(t))2 faa. te(0,7).

Assumption and the regularity of dd, see Proposition [3.28] imply further that t —
(04T (-)(t),6d(t))2 € L*(0,T). Hence, we can integrate the above identity over time,
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which results in

T T T B
[ @ o.sa0) e = [ E@.oane de— [ Bt saes - 50 60.0d0). di
0 0 0

T
= (E(T),6d(T))2 + (£(0), 6(0))s + / (6d(t), £(t)):

0

/ Al ?(Xms(t),ad(t»z dt

= [ Gaw, s - / Bu(t), 6d(1))e — 2 (Xgp (1), 6a(0))

0
(3.92)
where we employed § € W%’z(O,T; L3(Q)), dd € WOI’OO(O,T; L?(2)) and integrated by
parts cf. [81, Lemma 3.1.43|. Moreover, note that the terms on the right-hand side in
3.91) are integrable over time, by Assumption and Proposition [3.28] Inserting

3.91)) and in leads to
T
/O (OuT ()(0), But))y + (0pT (1), 8ip(8)) s (0 +(BaT ()(8). 5d(1)) dit

T
= [ (6t - 2 wv)y at.
0
(3.93)
On the other side, by Assumption 3.33] we are allowed to write

Ouip,) T (S(£), 0) (S (£;.6¢ — 1))
— <8un7()7 5U/>L2(O,T;V) + <8¢j()7 6§0>L2(0,T;H1(Q)) —+ <adj()’ 6d>L2(07T;L2(Q))

T
:/0 (OuT () (), 0ut))v + (9pT ()(1), 09 (8)) () + (02T (-)(1), 0d(1))2 dt,

(3.94)
due to the reflexivity of V, H1(Q) and L?(Q2), see e.g. [I4, Theorem 7.1.23(vi)]. As £ is
a local minimizer of , it satisfies the variational inequality in Lemma which

in light of (3.93), (3.94) and Assumption now reads

T
| ot = 2. we)y de+ @7 (SE.0.60= Dz w10y
= <w,(5£ _Z>L2(0,T;W71’p(Q) <8[j( (_) ) 6€ €>L2(OTW lp( )) Z 0 V(Sf S 2,

(3.95)
where we employed the reflexivity of V, the embedding V' < W~1P(Q)*, as well as the
regularity of w. Since (3.95) is (3.86)), the proof is now complete. O

With the next result we can conclude that the optimality system (3.84))-(3.86) is in
fact equivalent to the first order necessary optimality condition in Lemma provided
that the strict complementarity assumption is fulfilled:
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Proposition 3.43. Suppose that Assumptions p.[19, [1.56, p.[{4, [5.29 and [3.39
hold true. Moreover, let Assumption be fulfilled for some £ € £. Then, if £ together

with its states

(@, @, d) € L=(0,T; W (Q)) x L0, T; HY(Q)) x Wh>(0, T; L*(Q2)),
where s € [2,p), and adjoint states
w, v, &) € L*(0,T; V) x L0, T; HY(Q)) x W*(0,T; L*(Q)),
satisfies the optimality system —, it also satisfies the variational inequality
()
Proof. In view of , it suffices to show

Since in the proof of Theorem [3.42one derives and regardless of the (therein
imposed) local optimality assumption on ¢, these two equalities can be used here to
infer @ . Note that therefor we employ again the reflexivity of V', the embedding
V s WIP(Q)* as well as the regularity of w. Moreover, note that it is essential that
the strict complementarity assumption on ¢ is fulfilled in order to conclude , see
the proof of Theorem [3.42] for more details. The proof is now complete. O

Remark 3.44. Notice that (3.86) holds as an equality on £ if the local optimum ¢ is
an inner point of £, and in particular, if £ is an open set. To be more precise, (3.86) is
then replaced by

<'LU + 8@j(), 5€>L2(O,T;W71‘p(ﬂ)) == 0 V(% 6 2 (397)

In order to see this, we arque as follows. Since { € int(£), there exists T > 0 small

enough such that { £ 760 € £ for all 6¢ € £. Testing in (3.86) then yields
('w + aej(), i76£>L2(0,T;W_1’p(Q)) Z 0 V(% € ,87
whence (3.97]).

Let us now make some comments regarding the existence of solutions for (). To
be more precise, we derive a setting so that the direct method of variational calculus
can be applied for (P,)). To this end, let us recall that the latter one can be written
as

Il%i}:l o), (3.98)

where f : ¢ — J(S(¢),?) is the reduced objective functional. The first thing to observe is
that the direct method of variational calculus cannot be applied to solve ([3.98)) without
further ado. The control set £ is indeed a bounded subset of the reflexive Banach space
L?(0,T; V*), in light of L>(0,T; W~1P(Q)) < L?(0,T;V*). Since cf. Assumption
£ is convex, it would suffice to impose that it is also closed in L?(0,7;V*), in order to
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obtain its weak compactness (in L?(0,T;V*)). However, f : £ C L*(0,T;V*) — R is
not necessarily weakly lower semicontinuous. This would be the case if S were (at least)
weakly continuous, which is not to be expected due to the structure of , see also
Theorem As cf. Remark S is Lipschitz continuous, it makes sense to require
that the control set is first of all a (bounded) subset of a (reflexive Banach) space which
compactly embeds in L°(0,T; W~1P(Q)). An example for such a control set, which as
we will see, satisfies all the conditions needed for showing existence of solutions, is

€ := {0 € Hy(0,T; L (G RY)) : [1€]| 20,1002y < b}, (3.99)

where b > 0 is a given bound. Clearly, £ satisfies Assumption and although for
the sole purpose of finding global minimizers for , weaker assumptions for the
functional J would suffice, we let Assumption [3.33] further hold, such that all the results
proven in this section still apply.

We now prove that for £ given by (and J as in Assumption the optimal
control problem admits solutions. We begin by noticing that £ is a nonempty,
convex, closed and bounded subset of the reflexive Banach space H'(0,T; LP(Q;RY)),
which in particular means that £ is weakly compact. Moreover, f : £ — R is weakly
lower semicontinuous. To see this, consider a sequence {¢,} C £ with ¢, — / in
HY(0,T; LP(Q;RY)) as n — oo. Due to WBPI(Q) ey LV (Q; RY) and Schauder’s the-
orem we have the compact embedding H'(0,T; LP(Q;RY)) < L®(0,T; W 1P (Q)),
see e.g. [R1] Corollary 3.1.42]. With Remark we then infer

S(lp) = S() in L=(0,T;V) x L®(0,T; HY(Q)) x Wh*(0,T; L*(Q2))
as n — 0o. As a Hadamard-differentiable function, the objective J is continuous on
L?(0,T; WIDV(Q)) x L2(0,T; HY(Q)) x L?(0,T;L*(Q)) x L*(0,T; W~tP(Q)), cf. [73),
Proposition 3.2.5]. This together with the above convergence gives that f is indeed

weakly lower semicontinuous. Finally, a standard argument yields that (3.98)) admits
solutions and as an immediate consequence, so does ((Ppin))-

We end this chapter with some remarks related with Assumption [3:38 We first
point out that one can reformulate (P,y) as an MPCC, provided that the set £ is
chosen accordingly.

Remark 3.45 ((P,in) as MPCC). In view of Theorem and since the max{-,0}-
function is a complementarity function, the unique solution (u, p,d) of the problem
with right-hand side ¢ € £ is characterized by

~ div g (p(6)) Ce(uu(r)) = (1) in Wr(0),
—adp(t) + B p(t) + 5 (p()Ceult)) - e(ult) = B(?) n H'(9),
0 < d(t) L B(d(t) — o)) + 7+ 8d(t) >0 ace. inQ, d(0)=do

fra.a. t € (0,T), see also (1.44), p.|27 Thus, if the control set can be described e.g. only
by inequalities, e.g. £ = By, then the problem (Pl falls into the class of MPCCs,
see [T2] for the definition thereof in the finite-dimensional case.
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Remark 3.46 (Strict complementarity). In contrast to our approach, the most au-
thors dealing with time-dependent MPCCs make use of regqularization and penalization
techniques, see e.g. [2, [35] (parabolic obstacle problem), [81] (quasistatic plasticity) and
[15, [33] (Allen-Cahn and Cahn-Hilliard Vis). In [81] the complementarity condition is
relazed by regularizing, so that the biactive set, i.e., the set where both inequalities in
the complementarity condition hold with equality, vanishes. As already mentioned in the
introduction of this chapter, the optimality systems obtained by applying the above men-
tioned methods are in the best case of intermediate strength. This is not surprising at all,
since one always loses information when passing to the limit (in the reqularized/penalized
problem). Hence, an optimality system of strong stationary type is not to be expected
when applying this technique.

Recall that, cf. Remark[3.39, the operator S is Hadamard-differentiable in those points
for which Assumption is fulfilled. Thus, conditions for Gateaux-differentiability
are in our situation simpler described as in the above contributions, since therein the
complementarity conditions feature dual variables, see e.g. [81, (4.18)] and [15, (2.1)-
(2.5)] (Allen-Cahn VIs).

Remark 3.47 (‘Ample controls’). When it comes to the optimal control of nonsmooth
problems, strong stationary optimality systems have been mostly derived in the presence
of ‘ample controls’, i.e., (distributed) controls that are not restricted by additional con-
straints. The literature here is rather scarce. We refer to [10, [31, [63] (elliptic VIs) and
to [50] (nonsmooth parabolic equations). In [31)] a modified version of the static plasticity
problem is considered, in the context of distributed controls without control constraints.
After deriving the strong stationarity conditions for the optimal control thereof, the au-
thors state a strong stationary optimality system for the original problem (without proving
its necessity).

Until recently, it was an open question whether such a system can be derived in
the absence of ‘ample controls’, see also [63, Section 4]. It turns out, that indeed, the
necessity of strong stationarity can be proven for the obstacle problem with pointwise con-
straints on the control. This was shown in [82], however by requiring that the (unknown)
optimizer satisfies certain assumptions (constraint qualifications). There one obtains a
strong stationary optimality system, which is a generalization of the optimality system
for the optimal control of the obstacle problem derived by [63] in the more restrictive case
of ‘ample controls’.
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Chapter 4

Conclusions and outlook

In the present thesis we obtained satisfying results regarding the viability of the
damage model with penalty . This is two-fold. Firstly, we proved the well-posedness
of the problem from a mathematical point of view. Secondly, we showed that the penalty
approach makes sense, as both damage variables become equal in the limiting case
B8 — 00, whereas the limit model turns out to be a classical viscous damage model.
Finally, we derived an optimality system for an optimal control problem governed by
(]ED. Unfortunately, this was possible only under an additional assumption.

In Chapter [1| we saw that admits an unique solution, which is characterized by
a system consisting of two elliptic PDEs and an operator differential equation. This
was shown under nonrestrictive assumptions in two dimensions, whereas for the unique
solvability of the minimization problem in (]ED in case of N = 3, additional assumptions
on the data are required. Without imposing further assumptions, we established that the
H(Q)-regularity of the nonlocal damage can be improved, which is useful especially in
two dimensions, as it leads to significantly better differentiability results for the solution
operators, and thus for the entire solution of (]ED All in all, we stated different regularity
results for the latter one, which take many forms, depending on the space regularity of
dp, the smoothness of the coefficient function g and the smoothness in time of the load.
We recall here also the findings in Chapter[3], see Section[3.2] where the unique solvability
of (]ED was addressed in a more general setting.

A noteworthy result in Chapter [I] was the equivalence of the evolution equation
in (]E[) with an ordinary differential equation in Banach space. This is particularly
advantageous from a numerical point of view, as well as from a theoretical point of
view e.g. for performing the time-discretization in Chapter [2| or for investigating the
differentiability of the control-to-state operator in Chapter 8] We saw that, in fact,
the evolution of the local damage can be expressed by means of various equivalent
formulations. Here we recall the energy identity which was essential for proving the
viability of the penalty approach. In this context, we established the following. The two
damage variables are equal when § — oo and the resulting single-field gradient damage
model is just a version of a viscous damage model analyzed in [41]. Of course, this is
the case only in two dimensions, as in three dimensions the designated space for the
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damage variable in [41] no longer coincides with H'(2). In particular, we deduced that
the vanishing viscosity analysis from [41] may be transferred to our limit model, so that
there is no need to analyze the behaviour of the non-penalized problem as o \ 0.
An interesting question arises here: what happens to the penalized model when
the viscosity vanishes, i.e., § \, 07 This is of particular interest, since the non-viscous
damage model with penalty forms the basis for mechanical applications, see [12].

In Chapter [3] we considered an optimal control problem governed by the penalized
damage model, where we used the load as control. A reinvestigation of the constraint
in (Pin)) was necessary, which among others led us to a general suitable admissible set
for the loads. The control-to-state operator associated to turned out to be only
(Hadamard) directionally differentiable. Therefore, standard adjoint calculus could not
be applied for the derivation of necessary optimality conditions in form of an optimality
system. This was however possible under the strict complementarity assumption. Un-
fortunately, the latter one cannot be a priori verified, as it depends on the searched local
optimum. Anyway, this type of assumption is not surprising at all, if we take a look at
the existing results in the literature. Roughly speaking, it is the price one has to pay
for not regularizing, and thus for obtaining a stronger optimality system as in the case
of regularizing. In what concerns the existence of global solutions for (P, we saw
that this is guaranteed if the control set is a (bounded) subset of a space which com-
pactly embeds in L>(0,T; W~1P(Q)). It remains an open question if (P,,,)) possesses
solutions in the original control set.
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Chapter 5

Auxiliary results

5.1 Nemytskii operators g and ¢’

In this section we establish some useful results on the Nemytskii operators associated
to the function g and its derivatives, see Assumption The latter one is supposed to
hold throughout this section.

Lemma 5.1. For all p € [1,00], the Nemytskii operators g : LP(Q) — L*°() and
g LP(Q2) — L>®(Q) are well defined and Lipschitz continuous from LP(Q) to LP(Q)). If
in addition, g € C%(R), then the operator g" : LP(Q) — L>(Q) is well defined as well.

Proof. We prove the result just for the function ¢’. The results for g and ¢” follow com-
pletely analogously. The first thing to notice is that ¢’ transforms measurable functions
into measurable functions, since ¢’ is continuous in view of . Moreover, ¢ € L= (R)
and hence, ¢’ : LP(2) — L*>°(Q) is well defined for all p € [1,00]. The Lipschitz
continuity from LP(£2) to LP(Q) is a direct consequence of the Lipschitz continuity of
J:R—R. O

Lemma 5.2. The Nemytskii operators g,g' : L*(Q) — LP(Q) are continuous for all
p € [1,00).

Proof. The functions g and ¢’ are continuous on account of and the associated
Nemytskii operators g, ¢’ : L'(Q2) — L>(Q) are well defined by means of Lemma
Thus, the assumptions in [21, Theorem 4] are fulfilled, which gives the assertion. O

Lemma 5.3. The operator g : LP(Q) — L7 (Q) is continuously Fréchet-differentiable for
1 <7< p<oo. Ifweassume that the map g satisfies g € C*(R), then the operator
g : LP(Q) — L™(2) is continuously Fréchet-differentiable as well.

Proof. We prove the continuously Fréchet-differentiability by means of [21, Theorem 7].
We address just the second part of the statement, since the first one follows with the
exactly same arguments. From Lemma [5.2 and by employing [21, Theorem 4|, we obtain
that ¢” is continuous from LP(Q) to L(Q) for 1 <7 < p < oo. Since ¢’ € C1(R), all
the assumptions in [21, Theorem 7] are fulfilled. This completes the proof. O
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5.2 Product and chain rule

This section consists of a generalization of the product rule in Banach spaces and a
generalization of the chain rule, where the inner function is only weakly differentiable.

Lemma 5.4 (Product rule). Let X, W and Y;, Z;, i = 1,2, be Banach spaces. More-
over, let U C X be an open set and f; : U — Y;, i = 1,2, be continuous mappings,
which are continuously Fréchet-differentiable, when considered as mappings from U to
Z;. Additionally, let P . Z1 x Yo — W be a product, i.e., a continuous bilinear map-
ping, and assume that P possesses the same properties, when considered as a mapping
from Y1 x Zy to W. Then, the map h : x € U — P(fi(x), fa(z)) € W is continuously
Fréchet-differentiable with

W (x)(0x) = P(f1(2)(6z), f2(x)) + P(fi(z), f5(2)(dz)) Ve eU VizeX. (5.1)

Proof. Let x € U be arbitrary, but fixed and dx € X with ||dz|x # 0 small enough such
that x + dz € U. Straight forward computation yields

[R(dz)[lw :=
= ||h(z + 0z) — h(z) — P(f{(2)(d2), fa(2)) = P(fi(2), f3(2)(0x))llw
< |P(fi(z + 0z), f2(x)) — P(f1(z), f2(z)) — P( 1(z)(02), f2(2))llw
+ | P(fi(z + dz), fa(z + 62)) — P(f1(z + 62), fo(z)) — P(fi(z + dz), f3(2)(62))||lw
+ | P(fi(z + dz), f3(2)(62)) — P(fi(z), f3(x)(62))|w-
Since P: Zy x Yo — W, P:Y] X Zo — W are continuous bilinear mappings, we obtain

in view of the Fréchet-differentiability of f; : U — Z; for every i € {1,2}, combined with
the continuity of f; : U — Y7 that

[R(0x)[lw SC(I!Rfl(éﬂff')Hzl
162l x 162 x

Ry, (0
@l + L oy sy

[1f5()(62)]| z,

Sl ) =0, as [oa]lx =0,

+ Az +0x) = fi(@)Ivy
where Ry, (0z) = fi(x + dx) — fi(x) — f/(x)(dz) for every i € {1,2}. Therefore, h is
Fréchet-differentiable at « € U, with derivative given by .

In order to show the continuity thereof, let {z,,} C U with x,, 272 2in X be given.
By employing the properties of P we obtain for all dx € X

1P(f1(2n)(02), fa(an)) — P(fi(z)(0x), f2(2))llw

< [P(fi(zn)(62) = fi(x)(0x), fa(zn)) lw + | P(f1(x)(0x), f2(zn) — fa(x))lw
< C(Ifi(n)(02) = fi(2)(02) | 2 | fo(@n) v + [f1(2)(62) |2, | fo(m) — Fa(2)]lv2)
< C(Ifi(zn) = fi@)lex,z0) 02l x | f2(@n) | v

HIA@ e,z 102l x| f2(@n) = f2(2)v2)-
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The continuity of f{ : U — L(X,Z1) and fa : U — Y3 thus implies
sup [|P(fi(zn)(62), fo(zn)) — P(f1(x)(62), fo())llw

[0z]| x=1
< O£ @n) = A@) | o zoll fol@n)llva (5-2)
+ 1 f1@)l zx,z0 I fo(n) = fo(2)lly,) = 0 asn— oco.

Completely analogously we obtain

sup [ P(fi(en), f3(n) (52)) = PU(2), fo@)Go))lw 0 asn—b oo (5

[0z x =1

Finally, (5.1)), (5.2) and (5.3 result in

sup ||h(zn)(0x) — B/ (z)(6x)|lw — 0 as n — oo,
ll6z]| x =1

which completes the proof. O

Lemma 5.5 (Chain rule). Let § € C1([0,T] x H'(Q)). Assume that for any K > 0
there is Cg > 0 such that

10:5 (- @D 20,15 1028 (5 #()) | oo 0,151 (%) < Ok (5.4)
for all p € HY(0,T; HY(Q)) with 9l &1 0,751 () < K. Then, for z € HY(0,T; HY(Q)),
the map t — F(t, 2(t)) belongs to H'(0,T) with weak derivative given by

93(1,2(1)) = (1, 2(0)) +{0:3(02(0), Ay faa 1€ (0.7).

Proof. We intend to prove the assertion by employing a density argument, as well as the
fact that chain rule holds true for C'-functions. First, we observe that a short inspection
of the proof of [70, Lemma 7.2] shows that

([0, T]; HY(Q)) <% HY(0,T; H'(Q)).
In view thereof, there exists a sequence {z,} C C*([0,T]; H'(£2)) such that
Zn — z in HY(0,T; H'(Q)) as n — oo. (5.5)
By HY(0,T; H'(R2)) — C([0,T]; H'()), cf. [81, Theorem 3.1.41], this leads to
2o(t) = z(t) in HY(Q) YVt €[0,T] asn — oo. (5.6)

Moreover, as a result of chain rule, it holds for all n € N

t

Bt 2n(t)) = §(0,20(0) + [ 535 20(9)ds
0

= 5(0, 2,(0)) —I—/O O (s,2n(8)) + (0:8(8, 2n(5)), 2n(8)) pr(yds Vit €[0,T7.
(5.7)
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We now focus on passing to the limit in ((5.7). The continuity of § combined with ([5.6)
yields

(ts 2n(t) = §(0,24(0) =3 F(t, (1) — §(0,2(0))  for all ¢ € [0,77, (5-8)

so that it remains to show the convergence of the last term on the right-hand side in
(5.7). Let us first abbreviate for simplicity

fn =08, 2 () + (0285 20(1)s 20 () i) V€N,
fi= 080, 2()) +(9:8(2()), 2()) (-
We observe that due to it holds
b — 2 in L2(0,T; HY(Q)) as n — oo. (5.9)
Thus, there exists a subsequence {z,, } so that
Zn () = 2(t)  in HY(Q) faa. t€ (0,T) ask — oo. (5.10)
Since § € C([0,T] x HY(Q)), one further deduces from the convergences

T (t, zn(t)) =3 9,5 (t, z(t)) for all t € [0,T],

n—qo (5.11)
0.5t 2 (1) =3 0.5(t, 2(t)) in HY(Q)* for all t € [0,T).
Now, (5.10) and (5.11]) give in turn
[ (t) = f(t) faa. te(0,T) ask — oo. (5.12)

Further, for every n € N, Holder’s inequality leads to

[fnlle20,m) S N0 (s 20 (D l20,r) + 1028, 20 (D)l oo 0,mm1 (@) 120l 20,751 (2)) -

(5.13)
In view of ((5.5) and (5.9) there exists K > 0, independent of n, so that
20 ll &1 0,51 ()5 120l L2 (0,1 (0)) < K for all n € N.
Thanks to (5.4)), the estimate (5.13)) can be continued as
an”L2(O,T) < C forallne N, (514)

where C' > 0 is independent of n. Since L?(0,T) is a reflexive Banach space, we deduce
from (5.14)) that {f,,, } possesses a weakly convergent subsequence, denoted by the same
symbol, which together with (5.12)) gives in turn

fa, — fin L*(0,T) as k — co. (5.15)

In particular, we have for all ¢ € [0, T] the convergence

t t
/ Jng(s) ds — / f(s)ds as k — oo, (5.16)
0 0
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since the integral operator is linear and continuous. Passing to the limit in (5.7)), where

we rely on and , gives in turn
t
(8 2(0)) = 5(0.20) + | 0(s.2(3)) + (035, 2(5). 2 meds Ve € 0.7]

Since f € L2(0,T), cf. (5.15), we now deduce that §(-, 2(-)) € H'(0,T) with £F(-, z(-))
f, see e.g. [81 Lemma 3.1.37|. The proof is now complete.

O

5.3 Properties of the max-operator

Lemma 5.6.

(i) The Nemytskii operator associated to max : R — R, max(-) := max{-,0}, maps
L2(Q) to L*(Q). Moreover, max : L?(Q) — L?(Q) is Lipschitz continuous with Lipschitz
constant 1 and directionally differentiable. For any y,h € L*(SY), the derivative satisfies

h(z) ify(x) >0
max’(y; h)(z) = max'(y(x); h(z)) = { max{h(z),0} ify(zx)=0 fa.a z€.
0 ify(z)<0

(5.17)
In addition, at any y € L*(Q), the operator max'(y;-) : L*(Q) — L2(Q) is Lipschitz
continuous with Lipschitz constant 1.
(ii) The Nemytskii operator associated to max : L*(Q) — L%(Q) maps L®°(0,T; L*())
to L>=(0,T; L?*()). Moreover, max : L>(0,T; L*(Q)) — L>(0,T; L*(Q)) is Lipschitz
continuous with constant 1. The operator max : L>=(0,T; L*(Q)) — L°(0,T; L*(Q)) is
directionally differentiable for any o € [1,00), with max’(:;+) € L°>(0,T; L*(2)). For
any y, h € L>®(0,T; L?()) the derivative is given by

max’(y; h)(t, x) = max’(y(t); h(t))(z) = max ( (t,x); h(t, z))
h(t,x) ify(t,z) >
=< max{h(t,x),0} ify(t,z)=0 fa.a (t,x) € (0,T) x Q.
0 dfy(t,z) <

Proof. (i) The first thing to notice is that R 3 v — max{v,0} € R is globally Lipschitz
continuous with constant 1 and satisfies | max{v,0}| < |v| for all v € R. As a continuous
function, max maps measurable functions into measurable functions, and from the above
estimate we deduce that the Nemytskii operator max : L?(Q) — L?(Q) is well defined.
In particular,

(5.18)

lmax(y)l2 < [lyll2 ¥y € L*(%). (5.19)

The desired Lipschitz continuity of max : L?(2) — L?(2) is an immediate consequence
of the Lipschitz continuity of max : R — R.
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Furthermore, straight forward computation shows that max : R — R is directionally
differentiable with

ov ifv>0
max’(v; dv) = { max{dv,0} fv=0 Vov,dveR. (5.20)
0 ifv<O

As a consequence thereof (or by employing Lemma , we deduce that
| max’(v; dv)| < |dv| Vo,év € R. (5.21)

With the above results at hand we next show by Lebesgue’s dominated convergence the-
orem that the Nemytskii operator max : L?(Q) — L?(Q) is directionally differentiable,
too. To this end, let y, h € L%(Q) be arbitrary, but fixed. The directional differentiability
of max : R — R yields

—max'(y(z); h(z))| =80 faa ze Q.

’maX(y(fL‘) + Th(z)) — max(y(x))

Note that 2 3 z — max(y(z) + 7h(z)) — max(y(x)) € R is measurable for any 7 € R
and, as a.e. limit of measurable functions, Q 3 x — max’(y(z); h(x)) € R is measurable
as well. On the other side, the global Lipschitz continuity of max : R — R with constant
1 together with implies for 7 # 0 that

‘max(y(ac) + 7h(z)) — max(y(zx))

. — max’(y(x); h(q:))‘ <2|h(z)| faa ze Q.

Now, Lebesgue’s dominated convergence theorem gives that max : L%(Q) — L?(9Q) is
directionally differentiable with directional derivative given by , in view of .

It now remains to show that at any y € L%(Q), the operator max'(y;-) : L*(Q) —
L?(9) is Lipschitz continuous with Lipschitz constant 1. This follows immediately from
the definition of the directional derivative and the Lipschitz continuity of the operator
max, which imply that

hi) — h
| max’(y; h1) — max’(y; he)ll2 = lim H max(y + Th) — max(y + Ths) H
N0 T 2

< |\h1 = halla YV hy, by € L*().

(ii) The desired results follow by very similar arguments to those used in part (i).
From the global Lipschitz continuity with constant 1 of max : L?(Q) — L?(2) and
from (5.19), we infer that max : L>°(0, T; L*(Q2)) — L*>°(0,T’; L*(2)) is well defined and
Lipschitz continuous with constant 1. We now prove the directional differentiability at
y € L>=(0,T; L?(Q)) in direction h € L>=(0,T; L?(Q2)). We proceed as in part (i). From
the directional differentiability of max : L2(£2) — L?(£2) we obtain the convergence

— max’(y(t); h(t))”2 00 faate(0,7). (5.22)

H max(y(t) + Th(t)) — max(y(t))
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On the other side, by employing e.g. (5.17) and (5.21]), we arrive at

| max/(y(t); h(t))[|, < [A(E)]|2 f.aa. te (0,T). (5.23)

This leads for any 7 # 0 to

|max(u(0)-+ 7h(0) = mx(y(0)

- — max’(y(t); h(t))H2 < 2||h(t)||2 faa.te (0,T),

(5.24)
where we also used the Lipschitz continuity with constant 1 of max : L2(Q) — L?(f).
The measurability of

. H max(y(O+Th(O)=max(ut) _ o /(4 (£): h(E)) H2

T

for any 7 # 0 follows with the exactly same arguments from part (i), in combination with
e.g. [71, Lemma 1.7]. In view of and , Lebesgue’s dominated convergence
theorem yields now that, for any o € [1,00), max : L>(0,T; L*(Q)) — L2(0,T; L*(Q))
is directionally differentiable. The directional derivative is given by

max’(y; h) = max'(y(-); h(-)) a.e. in (0,T). (5.25)

and from (5.23) we deduce that t — max’(y; h)(t) € L>(0,T;L*(Q)), in view of h €
L>(0,T; L*(2)). Finally, we notice that ([5.18) follows from (5.25)) and (5.17)). The proof

is now complete. O

5.4 Picard-Lindel6f’s theorem in abstract function spaces

Lemma 5.7. Let r € [1,00] be given. Moreover, let X be a Banach space and zy € X.
Suppose that the map f:(0,T) x X — X satisfies

(1) for any z € X, the value f(t,z) € X is well defined f.a.a. t € (0,T),
(ii) the Nemytskii operator associated to f maps L™(0,T;X) to L"(0,T; X),

(iii) f(t,-) is globally Lipschitz continuous f.a.a. t € (0,T), with constant Ly > 0
independent of t.

Then, the initial value problem
2(t) = f(t,2(t)) fa.a t€(0,T), =2(0)==z (5.26)
admits a unique global solution z € W1 (0,T; X).

Proof. We intend to find (at first) local solutions for by using similar arguments to
those used for proving [14, Theorem 7.2.3]. That is, we solve by Banach fixed-point
theorem, which provides the existence of a unique local solution z € Wb (0,t; X) —
C(]0,t]; X), where t may be less than T". However, by considering on (t,T) with
initial value z(t), one finds a new local solution. One proceeds in this way until a
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local solution on an interval containing the point T is achieved. The global solution is
then obtained from the local ones. The time regularity of the local solutions ultimately
transfers to the global solution of .

(I) Existence of local solutions

We begin by searching for fixed points for the mapping L"(0,¢; X) 3 z — F(z) :
[0,t] — X, given by

F(2)(1):=20+ /OT f(s,2(s))ds YT €l0,t], (5.27)

where ¢t € (0,7] is to be determined so that the assumptions in Banach fixed-point
theorem are satisfied. As it will turn out, a fixed point of F on L"(0,¢; X) solves ([5.26])
on (0,1).

We first show that F maps L"(0,; X) to W17 (0,¢; X) for some arbitrary, but fixed
t € (0,7]. For z € L"(0,t; X) we have, as a consequence of (i7), that f(-,z(-)) €
L7(0,¢; X). In view of (5.27)), we obtain from [81, Lemma 3.1.37| that 7 — F(2)(1) €
Whr(0,t; X). Hence, F : L"(0,t; X) — WL7(0,¢; X) is indeed well defined. Note that
due to WL (0,t; X) — C([0,t]; X), see e.g. [81, Theorem 3.1.41], F(z) is well defined in
each 7 € [0,t]. Moreover, as a result of [81, Lemma 3.1.37|, it holds

d

%./—"(Z)(T) = f(r,2(1)) fa.a. 7€(0,1). (5.28)
We now search for t > 0 such that the function F : L"(0,¢; X) — L"(0,t; X) is a

contraction, i.e., Lipschitz continuous with constant K < 1. Thanks to (5.27) and (i)

we have for all 21,29 € L"(0,¢; X) the estimate

[F(z20)(7) = F(22)(7)llx < Ly /OT Iz1(8) — 22(s)|x ds

< Lf”zl - Z2”L1(0,t;X)
< Lptt V) — 2| rro4x)  forall 7€ [0,1],

whence
| F(21) = F(22)llzr04x) < Ly tllz1 — 22l r(0,6,x)- (5.29)

Notice that for the above estimate we employed the definition of the L"(0,¢; X)-norm.
From (5.29) we read that F : L"(0,¢; X) — L"(0,t; X) is a contraction provided that
K := Lyt < 1. That is why we choose to define

(5.30)

. T, if LfT<1,
- | 1/(2Ly), otherwise.

Now, by Banach fixed-point theorem, we can finally conclude that, for ¢ as in (5.30)),
the equation
z = F(z) (5.31)



admits a unique solution in L"(0,¢; X), which, for later purposes, we denote by z;.
Since F has range in W17 (0,¢; X), we obtain as an immediate consequence of (5.31)

that z; € WL (0,t; X). Moreover, (5.28) in combination with (5.31)), and ([5.27) yield
21(1) = f(r,z1(7)) fa.a. 7€ (0,t), 2(0)=z. (5.32)

Hence, we have proven that, indeed, the fix point of F on L"(0,¢; X) solves on
(0,), where ¢ is given by (5.30). Relying on [81) Corollary 3.1.39] we obtain that any
solution in W17 (0,¢; X) of solves , which in particular means that is
uniquely solvable. Altogether, we have shown that admits a unique local solution
in W (0,¢; X), where t is given by .

Thus, if Ly T < 1, this solution is in fact global and the proof is now complete.
Otherwise, we further search for local solutions, this time for the initial value problem

2(1) = f(r,2(r)) faa. 7e(t,T), =z(t)==z(t). (5.33)

We proceed in the exact same way as above and find a unique zo € W7 (¢, 2t; X) which
solves z = F(z), where F : L"(t,2t; X) — W17 (¢,2t; X) must be accordingly redefined
as

F(2)(1) :=2z1(t) + /tTf(s,z(s)) ds YT €t 2t].

Then, we deduce as above that ([5.33]) admits a unique local solution zo € W17 (¢, 2t; X).
In the end, one finds for each j = 1,...,n + 1, where n = |27 L¢], a unique z; €
WL ((5 — 1)t, jt; X), which satisfies

(1) = f(7,2j(7)) faa 7e((—Dtjt), z((G—1)t)=2z-1(0—-11). (534)

Here we use the conventions z¢(0) = zp and (n + 1)t = T. Of course, the number of
initial value problems one has to solve, i.e., n + 1, can be reduced by setting ¢ larger in
(5-30) (such that Lyt < 1).

(IT) Existence of global solutions

In [14, Theorem 7.2.6| the global solvability of is shown by constructing a (to
| - lle(o,r):x)) equivalent norm such that F is a contraction on the space C([0,T]; X)
endowed with the new norm. The latter one allows for deriving pointwise in time es-
timates, which combined with the Lipschitz continuity of f lead to a sharper estimate
of the type . As we work with Lebesgue spaces, we cannot derive pointwise in
time estimates in a similar way. That is why we construct a global solution of by
concatenating the local solutions found in the previous step. That is, we show that the
global solution is the function z : [0,7] — X given by

n+1
2(r) =Y Z(r) Vre[0,T], (5.35)
j=1
where
~ Zj on [(] - 1)t7]t)a . ~ Zn+1  On [’I’Lt,T],
Zj = for j =1,...,n, Zn4l 1=
0 elsewhere, 0 elsewhere.
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We first prove that z € W17 (0,T; X). To this end, let 7 € [0, 7] be arbitrary, but fixed.
This means that there exists k € {1,...,n 4+ 1} so that 7 € [(k — 1)¢, kt]. From (5.35))
and [81], Corollary 3.1.39] applied for z; € W7 ((j — 1)t,jt; X), j = k, ..., 1, we have

2(7) = zi(7) = 2k ((k — 1)) + /(l:l)t Zk(s) ds

T

= zk_1((k — 1)t) +/ Zk(s) ds

(k—1)t
k—1 gt T
—Z()+Z/ Z;(s) ds—l—/ Zk(s) ds
PR RS (k—1)t

=2zo+ / y(S) dS,
0

where y = Z; a.e. in ((j — 1)t, jt) for any j = 1,...,n+ 1. Since 2; € L"((j — 1)t, jt; X),
the mapping 7 +— y(7) belongs to L"(0,7T"; X). This follows for example by defining y as
the sum of the extensions of Z; on (0,T") by zero, which means that y is sum of functions
in L"(0,T; X). Now, [81, Lemma 3.1.37| in combination with the above identity ensures
that z € W7 (0,T; X) with 2 =y a.e. in (0,T). With we then infer

(1) =% = f(r,2i(1)) ae in ((j— 1t jt), j=1,...,n+1,

o Hr) = f(na(r) ae in (0.7),

where we used . Therefrom, we also get z2(0) = z9. In other words, z given by
is a global solution of . In order to prove the uniqueness thereof, we argue as
follows. Any global solution Z of solves (5.32), i.e., Zlog =2 € Wbtr(0,t; X). In
particular, Z(t) = z1(¢). Additionally, Z satisfies (5.33) on (t,2t), and thus, z|; 0 = 22 €
WLr(t,2t; X). By further arguing in this way, we obtain ZliG—1)g = 2 € whr((j —
1)t,jt; X) for all j = 1,...,n + 1 and the uniqueness of the local solutions yields the
uniqueness of the global one. The proof is now complete. O

5.5 Miscellaneous

This section collects various general results, of which we often make use in the thesis.

Lemma 5.8. Let X,Y, Z be Banach spaces and let U C X be an open set. Moreover, let
f:U XY — Z be directionally differentiable and Lipschitz continuous, i.e., there exists
Ly >0 so that

1f(@) = fWllz < Lylle —yllxxy Va,yeUxY.

Then, for anyy € U X Y, we have

If'(y;h)|lz < Ly ||hl|xxy YheXxY.
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Proof. Let y € U XY and h € X XY be arbitrary, but fixed. Since U XY is open, there
exists 7 > 0 small enough such that y + 7h € U x Y. By assumption, we then have

1f(y+7h) = FW)llz < LylImhlxxy- (5.36)
Dividing by 7 > 0 and passing to the limit 7\, 0 in (5.36|) gives the claim. O

Lemma 5.9. Let X be a Banach space. For any t € [0,T], we define the operator
O WHH0,T; X) — X as

O:(¢) == ((t).
Then, ©; € L(WYL(0,T;X),X) and there exists C > 0, independent of t, so that
1Ol cowrr0,1,x),x) < C for all t € [0,T7].

Proof. Let t € [0,T] be arbitrary, but fixed. We notice that ©; is well defined, as a
result of
W0, T; X) < C([0,T]; X), (5.37)

see e.g. [81, Theorem 3.1.41]. We only address its boundedness, as the linearity is
obvious. This follows easily, since from ([5.37) we have for all ¢ € W1(0,T; X)

19:(Ollx = [I<®Ix < [[Klleqomx) < CliCwrior:x)s

where C' > 0 is the embedding constant, which depends only on T', see [81], (3.30)] for
more details. Moreover, note that ||©¢|zuw11(0,7,x),x) < C for all t € [0,T]. This
completes the proof. O

Lemma 5.10. Let r € [1,00| and z € W&’T(O,T; X) be given, where X is a Banach
space. If there exists a non-negative function y € L"(0,T) and a constant ¢ > 0 such
that

1Z®)llx < cllz()lx +y(t) fa.a te(0,T), (5.38)

then
lzllwrrorx) < Kllyllro,r)

with a positive constant K = K(c,r,T) if r < oo and K = K(¢,T) if r = co0. As a
consequence, Poincaré-Friedrich’s inequality in abstract function spaces holds true, i.e.,

lzllrorx) < K2l rorx)y Vz€ Wy (0,T; X), (5.39)
where K = K(r,T) > 0 is a constant (independent of r if r = 00).

Proof. By integrating ([5.38) we arrive at

l=®)lx < /0 15() 1 ds < ¢ /0 () 1 x ds + /0 y(s)ds Vtel0,T],
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where for the first inequality we employed [81, Corollary 3.1.39], z(0) = 0 and the
embedding W17 (0,T; X) < C([0,T]; X). Since z € C([0,T]; X) and [0,T] > t ~
fot y(s) ds € [0,00) is nondecreasing, Gronwall’s lemma yields

t
12(®)llx < exp(ct)/0 y(s) ds < Cllyllrory VE€[0,T].

In particular, ||z|zrorx) < Cllyllzror)- Notice that C' = exp(c¢T)TU=1/7) | whence
C =exp(cT)T if r = co. By means of (5.38)) we now have

12l o0,7:x) < ellzlloro,rx) + 1Wllr o) < K(e, Oyl o,1)

which gives the first claim. Poincaré-Friedrich’s inequality follows immediately by con-
sidering the special case y := ||2(+)||x and by setting ¢ := 0 in ([5.38). The proof is now
complete. m

Lemma 5.11. Let X,Y be Banach spaces and let U be a nonempty open set in X.
Moreover, let x : [0,T] — X be a Bochner measurable function, such that x(t) € U
fa.a. t € (0,T) and let f : U — Y be a continuous function. Then, the mapping
t+— f(x(t)) € Y is Bochner measurable.

Proof. In view of the Bochner measurability of z, there exists a sequence of simple
functions {z,} such that

xn(t) = z(t) faa.te (0,T) asn — oco.

Since U is open and z(t) € U f.a.a. t € (0,T), there exists at almost all ¢ € (0,7) some
m = m(t) € N large enough such that

zn(t) € U for all n > m(t). (5.40)
Applying the continuity of f : U — Y gives in turn
f(zn(t)) = f(z(t)) faa.te(0,T) asn— oco. (5.41)

Let now n € N be arbitrary, but fixed. Since x,, is a simple function, it holds
aa(t) = S0 Xp, () zny; faa.t e (0,T),

with Lebesgue measurable subsets By, ; C [0,7] and z,,; € X, i =1,...,k,. W.lo.g. we
assume that {By;}; is a disjoint partition of [0,7]. Since U # 0, we can fix u € U.
Then, the function f, : [0,7] — Y given by

Fult) =30 Xp, () F(2n,),

where F : X — Y satisfies F(z) = f(z) if z € U and F(z) = f(u) otherwise, is well
defined and a simple function as well. In particular,

fu(t) = f(zn(t) if n > m(t), faa. te (0,7),

149



in view of (5.40). Note that here it was crucial that {B,;}; is a disjoint partition of
[0,T]. We can now deduce from ([5.41]) the Bochner measurability of f : [0,7] — Y. The
proof is now complete. [l

Lemma 5.12. Let X,Y, Z be Banach spaces and $4 C L*>°(0,T; X), U CY be open sets.
Moreover, let § : 4 — L*°(0,T7;Y) and F : U — Z be two given mappings. Suppose
that F 1is Lipschitz continuous and directionally differentiable. Further, let x € 3, dx €
L>(0,T; X) be given and choose €1 > 0 such that Bre(o,r.x)(x,€1/[62| 10 0.1:x)) C L.
Assume that

5(BL00(0,T;X)($751”533||L°<>(0,T;X)))(t) €U faa te(0,T).

Moreover, let 6y € L>=(0,T;Y") be given and assume that there exists e2 > 0, independent
of t, such that By (§F(x)(t), 2|0yl e (0,7;v)) C U foa.a. t € (0,T). Then, for any 7 €
(0, min{e1,e2}), we have

Hf@m+mmw»—f@uw»
x + 1x)(t) — §F(x)(¢)

T

- F (5@ 0:090)]|

féy(t)HYwLR}-(t,T) fa.a. t€(0,7),

< LIHS(

where Ly > 0 is the Lipschitz constant of F and R : (0,T) x (0,1) — RT satisfies
Rr(-,7) = 0in L°(0,T) as7\,0,

for any o € [1,00).

Proof. First notice that due to 7 € (0, min{e,e2}) we have

T+ 17éx € BLOO((),T;X)(:Ea51||5x‘|Lw(07T§X)) cu

and from §(Bree(o,r:x) (@, €162 L 0.1:x))) (t) € U fa.a. t € (0,T) we deduce F(x +
76x)(t),§(x)(t) € U faa.a. t € (0,7). Moreover, the assumption on €2 ensures that
F(x)(t) + 7oy(t) € U fa.a. t € (0,T). Therefore, all the quantities we deal with in the
next estimate are well defined. Notice that the fact that 5 > 0 is independent of ¢
implies that 7 does not depend on ¢, which is crucial for proving the convergence in the
second part of the proof. Now, from the Lipschitz continuity of F we obtain for almost
all t € (0,7") the estimate

| ZEC+o00) = FEDO) _ 2150yt 59007) |

< H .F(S(l‘ + Téx)(t)) — F(S(:c)(t) + 7'5y(t))

. I,

| ZEO LT 0) Z FEDO) _ 150y a1y
< 1| SO ZFDO )|+ Rt

T
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where Rx(t,-) : (0,1) — RT is given by
H}'(S(w)(t)%—ﬂy(t))—f(g(w)(t)) _F (S(x)(t), 5y(t))‘

T

Ry(t.r) . 4> if 7 € (0,min{eq, e2}),
0, otherwise,
at almost all t € (0,7).
It now remains to prove the convergence of Rx. This is shown by means of Lebesgue’s
dominated convergence theorem. To this end, first note that the mapping
t iy ZE@M+76y(1) - FE@)V) ¢ 5

T

is Bochner measurable at all 7 € (0, min{ey,e2}), in view of Lemma As pointwise
(a.e. in (0,7)) limit of Bochner measurable functions, the directional derivative ¢t —
F'(§(x)(t); 6y(t)) € Z is Bochner measurable as well, cf. [8T, Corollary 3.1.5]. Hence,
as a result of e.g. [T1, Lemma 1.7|, Rz(-,7) is measurable for all 7 € (0,1). Further, the
directional differentiability of F gives in turn

Rr(t,7) > 0 as 7,0 faa. te(0,7).

By employing the Lipschitz continuity of F and by applying Lemmafor f:Ux{0} —
Z, f(-,0):=F, we arrive at

Rr(t,7) < 2Lf|0y(t)|ly faa.te (0,T), Ve (0,1).

Since oy € L*>(0,T;Y), Lebesgue’s dominated convergence theorem implies that
Rr(-,7) = 0in L(0,T) as T N\,0,

for any ¢ € [1,00). This completes the proof. O
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