(Go-orbifolds with ADE-singularities

HABILITATIONSSCHRIFT

Der Fakultat fur Mathematik
der Technischen Universitat Dortmund
vorgelegt von

Dr. Frank Reidegeld

Dortmund, April 2017



Contents

1 Introduction
2 The ADE-classification

3 K3 surfaces
3.1 Introduction to lattices . . . . . . . . . ... .
3.2 Basic facts about K3 surfaces . . . . . .. ... ... L.
3.3 Moduli spaces of K3 surfaces . . . . . . .. ... .. ... .. ........
3.4 Singular K3 surfaces . . . . . . . .. o

3.5 Non-symplectic automorphisms . . . . . . . ... ... L.

4 Introduction to GGo-manifolds
4.1 Basic facts about Go-manifolds . . . . . ... ...
4.2 Introduction to orbifolds . . . . . . ... ..
4.3 Joyce’s construction of Go-manifolds . . . . .. ... ... L.
4.4 Twisted connected sums . . . . . . . ..o L o

4.5 Gy-orbifolds and physics . . . . . . ... oo o

5 Gs-orbifolds with ADE-singularities
5.1 Quotients of the product of a K3 surface and torus . . . . ... ... ...
5.2 Twisted connected sums with ADE-singularities . . . . . .. ... ... ..

5.3 Torus quotients and their resolutions . . . . . . . ... ... ... ... ..



5.3.1 Basicfacts . . . . . . . 74

5.3.2 Known examples . . . ... ... ... L 76
5.3.3 Choice of the group action on 77 . . . . . . . ... ... ... ... 79
5.3.4 Explicit examples . . . . . ... 85
5.3.5  More complicated examples . . . . . .. ... 103
6 Conclusion and Outlook 112



Chapter 1

Introduction

A Go-structure is a 3-form ¢ on a 7-dimensional manifold M that satisfies certain algebraic
conditions. On a manifold with a Go-structure there exists a natural metric that is induced
by ¢. If ¢ is parallel with respect to the Levi-Civita connection, the holonomy is a subgroup
of the exceptional Lie group G5. If the holonomy acts irreducibly on the tangent space, we
call (M, ¢) a Gy-manifold.

The group G2 was one of the last groups on Berger’s list of possible holonomy groups,
for which it was unknown if metrics with these holonomy groups actually exist. The first
local examples of metrics with holonomy Gs have been constructed by Bryant [12], the
first complete but non-compact ones by Bryant and Salamon [13] and the first compact
examples by Joyce [36]. The idea of Joyce for the construction of G5-manifolds was to
divide a torus T7 that carries a flat Gy-structure by a finite group I' that preserves the
G-structure. The singularities of 77 /T" can be resolved and it is possible to show by several
steps the existence of a metric with holonomy G5 on the resolved manifold.

Another idea for the construction of Go-manifolds has been proposed by Donaldson and
was carried out in detail by Kovalev [43]. The starting point of this construction are two
asymptotically cylindrical (ACyl) Calabi-Yau manifolds W; with ¢ = 1,2 that approach
D; x S x (0,00) at infinity, where the D; are K3 surfaces. W; x S' and Wy x S* can be
glued together after cutting off the cylindrical ends. The glueing map interchanges the circle
factors of the ends and acts as an isometry with certain properties on the D;. The manifold
that we obtain by this method is called a twisted connected sum and carries a metric
with holonomy G5. By the twisted connected sum method several authors [17, 43, 44|
constructed a large number of GGo-manifolds.

Most of the known examples of compact Go-manifolds are smooth. In this thesis, we study
Gs-orbifolds with a certain kind of singularities, namely ADE-singularities. This means
that at the singular points the orbifolds are locally diffeomorphic to R?* x C*/A, where A
is a finite subgroup of SU(2), which can be embedded in to G3. The finite subgroups of
SU(2) have been classified by Klein [41]. For any finite subgroup A of SU(2) there exists



an associated affine Dynkin diagram. This relation is called the McKay correspondence. By
deleting one node we obtain a Dynkin diagram of a simple finite-dimensional Lie algebra.
The diagrams that can be obtained this way are exactly the A-, D- and FE-series from the
classification of the simple finite-dimensional Lie algebras, which is the reason why one of
the names for singularities of type C?/A is ADE-singularities. There are two motivations
to study Gs-orbifolds with ADE-singularities. One of them is mathematical and the other
one is physical.

An important object in the theory of Go-manifolds is the moduli space M of parallel G-
structures on a fixed manifold M. Joyce [36] has proven that this moduli space is a smooth
manifold of dimension v*(M). Beside this fact very little is known about the geometry of
M. Tt is conjectured that the boundary of M consists of singular GGo-manifolds. More
explicitly, Karigiannis [39] conjectures that the moduli space of parallel Gy-structures with
a conical singularity is a boundary component of the moduli space of parallel Ga-structures
on a desingularized manifold. Halverson and Morrison [32] conjecture that the boundary
components of M correspond to Go-manifolds whose singular sets are of codimension
4, 6 and 7. This conjecture implies that for any parallel Ga-structure ¢ on an orbifold
with ADE-singularities there exists a one-parameter family of smooth Gs-structures that
converges in a suitable sense to ¢. A proof of the conjecture from [32] and even of the
weaker conjecture on the G-structures converging to an ADE-singularity is probably very
hard. For example, a resolution of an ADE-singularity in the above sense is a step in
the proposed construction of Ge-manifolds in the unpublished paper [40]. Although the
conjectures on the moduli space of G-structures are not yet proven, constructing examples
of Gs-orbifolds with ADE-singularities is an important step to better understand the shape
of M.

G>-manifolds do not only play a role in pure mathematics but also in theoretical physics.
In M-theory, spacetime is often modeled as R x M7, where M7 is a G-manifold that is
too small to be observed at low energies. If M” is smooth, the quantum field theory on
the 4-dimensional Minkowski space that we can observe does not fit to our observations.
More precisely, we obtain a field theory with gauge group U (1)b2(M ) in the low-energy
limit, but the weak and the strong interaction are described by Yang-Mills theories with a
non-abelian gauge group. Moreover, the existence of chiral fermions cannot be explained
by this hypothesis. If M7 is not smooth but has conical singularities, the existence of chiral
fermions can be shown [3, 4, 9]. Moreover, M-theory compactified on a Gy-orbifold with
ADE-singularities yields, at least if some topological conditions on the singular locus are
satisfied, a four-dimensional quantum field theory whose gauge group is determined by the
Dynkin diagram that is associated to the singularity by the McKay correspondence.

Up to now, there are only few examples of Ga-orbifolds with ADE-singularities known.
In [3], the author considers a class of non-compact Gy-orbifolds that can be obtained by
dividing a complete Go-manifold of cohomogeneity one by a subgroup of SU(2). Moreover,
Joyce [36] constructs a torus quotient with Aj-singularities along 12 three-tori which is
the starting point for the construction of a smooth Gs-manifold. Further examples of



torus quotients with A,-singularities can be found in [10]. In this thesis, we construct
several examples of compact Ga-orbifolds of ADE-singularities. One of our priorities is to
construct Go-orbifolds with as many as possible types of ADE-singularities. Our results
can be summed up as follows.

Let S be a K3 surface with a hyper-Kahler metric and let T be a flat torus. Since the
holonomy of S x T3 is Sp(1), which can be embedded into Gy, S x T? carries a parallel
Go-structure ¢. If T is a group that acts freely on S x T and preserves ¢, (S x T%)/T
carries a parallel Gao-structure, too. If we allow S to have singularities or I" to act non-freely,
we obtain Gs-orbifolds with ADE-singularities. We find examples of such quotients that
have Eg-singularities along 2 submanifolds of type T3/Z3 and A;-singularities along 3
submanifolds of type T%/Z3. Let G4,...,G, be a set of connected Dynkin diagrams that
can be obtained by deleting some nodes from the union of 2 diagrams of type Fs and 3 of
type A;. There exist further quotients of type (S x T?)/T" whose singular locus consists of
n submanifolds that are isometric to the flat manifold T /Z32 with singularities of type G;
along them.

Another class of examples is constructed with help of twisted connected sums. Kovalev and
Lee [44] find many examples of smooth Gy-manifolds by applying the twisted connected
sum construction to a pair of suitable ACyl Calabi-Yau manifolds W; and W5. At least
one of them is constructed by a procedure that is described in [44] from of a K3 surface S
that admits a non-symplectic involution. We modify this construction such that S is a K3
surface with singularities. We obtain a series of GGy-orbifolds that have singularities along
one or several three-spheres. The number and type of the singularities is described by two
copies of an arbitrary subdiagram of Fj.

Finally, we consider quotients of a torus with a flat Gs-structure by a finite group with
ADE-singularities. A simple algebraic criterion restricts the possible ADE-singularities
of a torus quotient to Ay, Ay, As, As, Dy, D5 and Eg. We construct examples with all
possible ADE-singularities. The singular locus consists of three-tori 7% or quotients of T
by a finite group. We resolve the orbifold singularities by the methods of Joyce [36] and
obtain smooth Gs-manifolds. At the end of this thesis, we modify our construction and
obtain torus quotients that have ADE-singularities but also more complicated singularities
of type R x C3/A, where A is a discrete subgroup of SU(3). We resolve the singularities
of a particular torus quotient of that type and obtain a smooth G-manifold with Betti
numbers (b', 0%, %) = (0,22, 45). Since no other Go-manifolds with these Betti numbers can
be found in the literature, our example is new.

This thesis is organized as follows. In Chapter 2 we discuss the finite subgroups of SU(2) and
the corresponding singularities. The following chapter is about K3 surfaces. We introduce
the various moduli spaces of K3 surfaces and sum up the most important facts about
non-symplectic involutions. For our construction of Gs-orbifolds we need K3 surfaces with
ADE-singularities that admit a non-symplectic involution. There is not much information
in the literature about this specialized topic. Therefore, we prove some results, especially



Theorem 3.5.10 and Corollary 3.5.11 that cannot be found in the literature. In Chapter 4,
we introduce the reader to Go-manifolds, their construction and their relation to physics.
Since Joyce’s method involves torus quotients with singularities as an intermediate step
and the understanding of the twisted connected sum construction requires some knowledge
about K3 surfaces, we place this chapter after our introduction to K3 surfaces. In Chapter
5 we construct our examples of Gy-orbifolds with ADE-singularities. Section 5.1 deals with
quotients of a K3 surface and a torus by a finite group. In Section 5.2, we study twisted
connected sums and Section 5.3 is about the torus quotients. Moreover, it contains the
smooth G-manifolds that we obtain by the resolution of the singularities. At the end of
the thesis, we provide a short outlook on possible subjects of future research.



Chapter 2

The ADE-classification

We require the Go-orbifolds that we study in this thesis to have a certain kind of singularities,
namely ADE-singularities. Moreover, M-theory compactified on a Gy-orbifold yields a four-
dimensional quantum field theory with a certain gauge group as its low-energy limit. The
type of the singularities and the gauge group are related by the McKay correspondence.
Therefore, we introduce the most important facts on the ADE-classification and related
concepts in this section. Our starting point is the classification of finite subgroups of SU(2).

Theorem 2.0.1. (Feliz Klein [{1]) Let T be a finite subgroup of SU(2) and let T : SU(2) —
SO(3) be the standard double cover. Then T' is conjugate either to a cyclic group that is

generated by
exp (%) 0
0 exp (—2)

with n € N or it is up to conjugation the preimage of the dihedral, tetrahedal, octahedral or
icosahedral subgroup of SO(3) with respect to T.

Remark 2.0.2. 1. In fact, Felix Klein classified the finite subgroups of SL(2,C). Since
for any finite I' C SL(2,C) there exists a [-invariant Hermitian form on C?, both
problems are equivalent.

2. We supplement the name of any of the subgroups of SO(3) with the word ”binary”
when we consider its preimage with respect to 7, e.g. the preimage of the dihedral
group is called the binary dihedral group.

The above groups have the following presentations:



’ Group \ Presentation \ Order ‘

Cyclic group (x]z"™ = 1) n
Binary dihedral group (r,ylz* =1,2" = y* y lay =271 | 4n
Binary tetrahedral group | (z,y|(zy)* = 23 = %) 24
Binary octahedral group | (z,y|(zy)* = 23 = ¢y*) 48
Binary icosahedral group | (z,y|(zy)* = 23 = °) 120

Since we will need to do many explicit calculations that involve the finite subgroups of
SU(2), we will describe each of them in terms of unit quaternions, complex 2 x 2-matrices
and real 4 x 4-matrices. We identify ¢, j, k € H with the matrices

(o 2)(Fa) e (757)

As real matrices, i, 7 and k can therefore be written as

0 -1 0 0 0 0 0 —1 00 -1 0
1 0 0 0 00 1 0 00 0 -1
o0 o0 1 ]'lo=10 o0 and 10 0 0 (2.1)
0 0 —1 0 1 0 0 0 01 0 0

2mi
n

The cyclic group of order n is generated by exp (
be written as

) € H. Equivalently, the generator can

CoS (27”) —sin (27“) 0 0

exp (%) 0 sin (27” Cos (27”) 0 0
0 exp (—%) or 0 0 cos (2—”) sin (27”)
0 0 —sin (l%”) cos (27”)

(2.2)

v

The binary dihedral group with 4n elements is generated by exp (;) and j. The corre-
sponding 2 x 2- and 4 X 4-matrices can be found in (2.1) and (2.2). Since exp (=) is of
order 2n, it is easy to see that those matrices generate indeed a group with 4n elements.
The binary tetrahedral group consists of all quaternions

+1, 44, 47, £k, J(E1£itj+k)

where all sign combinations are allowed. A family of generators is for example (g,h) =
(5(0+i+j+k),5(1+i+j—Fk)). These elements can be written as



L 140 —1+i IRV ARETAREY
ol 144 1-i and o\ 14 14

or

1 -1 -1 —1 1 -1 1 -1
111 1 =1 11 1 1 1
ol 1 -1 1 1 and o

1 1 -1 1 1 -1 -1 1

By playing around with the above matrices we see that the binary tetrahedral group consists
of the following elements:

g'.g'h,g'hg, g'hg? (2.3)

where | € {0,...,5}. The binary octahedral group consists of all elements of the binary
tetrahedral group together with

1
—(:l:El + 62) 5

V2

where €; # €5 are taken from the set {1,4, j,k} and all sign combinations are allowed. A
set of generators is given by %(1 +i+j+k)and \%(1 +4) and the second generator can be
written as

1 -1 0 0

1 (140 0 111 00
E(()l—i)orﬁ 00 1 1
0 0 —11

Let (eg, €1, €2, €3) be an even permutation of (1,4, j, k). The binary icosahedral group consist
of all elements of the binary tetrahedral group together with all unit quaternions of type

1
§(O'€0i1'€1i¢71‘62i¢'63)

where ¢ = %(\/5 + 1) is the golden ratio and all sign combinations are allowed. A set of
generators is given by (1 + i+ j+ k) and £(¢ + ¢~ + j). The second generator can be
written as



¢ —ot 0 -1
1/ ¢+0¢l i L o7t ¢ L0
5( U ¢—¢‘12> ol 0 -1 ¢ ¢t
1 0 —¢' ¢

Good references for the generating matrices and the presentations of the finite subgroups
of SU(2) are [4], [15], [18].

Remark 2.0.3. Go has a subgroup that is isomorphic to SU(2) and acts irreducibly on the
subspace span(eq, €5, €6, €7) of the irreducible representation R of G5. Later on, we will
embed Gy into GL(7,R) in such a way that we can identify span(eq, €5, €5, e7) with C? by
the map aey + bes + ceg + dey — (a + bi, c + di).

There is a relationship between the above groups and a certain kind of Dynkin diagrams
which is known as the McKay correspondence [49, 50]. Let G be a finite subgroup of
SU(2) and V be its representation on C? that is induced by the embedding G C SU(2) C
GL(2,C). Moreover, let Vi, ...,V be the set of all non-trivial finite-dimensional irreducible
representations of G. The tensor product decomposition

VeV = @mUVg
j=1

defines non-negative integers m;;. For each G we define a directed multi-graph. Its nodes
are Vq,...,V, and there shall be m;; edges from V; to V. It is called the McKay quiver
of G. Now, let g be a finite-dimensional complex simple Lie algebra. We define an
infinite-dimensional Lie algebra g. The underlying vector space of g shall be

(g@C[t,t™"]) ® Cc

with the Lie bracket that is defined by

[I’ ® tn7y & tm] = [Ia y] & tn+m + ’{<xay)n5n+m,0 - C, [ZE, C] =0

where z,y € g, n,m € Z and k is the Killing form on g. A Lie algebra of this kind is
called an affine Lie algebra. 1t is a special type of a Kac-Moody algebra. We can assign
to any affine Lie-algebra a Cartan matrix and a Dynkin diagram in the usual way. These
diagrams are called affine Dynkin diagrams. We denote the affine Dynkin diagram of g by
the Dynkin diagram of g with a tilde. It turns out that the Dynkin diagram of g is the
Dynkin diagram of g together with an additional node and edges that connect the node to
the Dynkin diagram of g. We refer the reader to [37] for further details. An (affine) Dynkin
diagram is called simply laced if between two nodes there is either no vertex or only one in

10



each direction. The simply laced affine Dynkin diagrams are precisely En, ﬁn, Eg, E7 and
Eg. The statement of the McKay correspondence is as follows:

Theorem 2.0.4. (see [49, 50])The McKay quiver of any finite subgroup of SU(2) is a
simply laced affine Dynkin diagram. Moreover, this correspondence defines a bijection
between the finite subgroups of SU(2) and the set of all simply laced affine Dynkin diagrams.
In detail, we have

’ Group \ Dynkin diagram ‘
Cyclic group of order n A,
Binary dihedral group with 4n elements | Dyio
Binary tetrahedral group Eg
Binary octahedral group E;
Binary icosahedral group Es

Convention 2.0.5. For reasons of simplicity we often refer to the finite subgroups of SU(2)
by the Dynkin diagram that we obtain by deleting the additional node from the affine
Dynkin diagram. For example, we denote the binary tetrahedral group by Ejg as long as it
is clear from the context that we talk about a discrete group instead of a Lie group.

There is a further link between the finite subgroups of SU(2) and the simply laced Dynkin
diagrams that involves isolated singularities of complex surfaces. Let GG be a finite subgroup
of SU(2). The quotient C?/G has a singularity at the origin and is smooth elsewhere.
Isolated singularities of complex surfaces with a neighborhood that can be identified with a
ball around the origin of C?/G are called du Val singularities or ADE-singularities. The
spaces C?/G are actually isomorphic to zero sets of certain polynomials that can be found
in the table below.

A, |2 +y*+ 2" =0
D, | 2*+y?2+2""1=0
E¢ |2 +y>+2=0
E; x2+y3+y2320
Eg |22 +9y3+2°=0

We search for crepant resolutions of these singularities, i.e. for resolutions 7 : X — C?/G
such that 7*Kcz2,¢ = Kx(= Ox) where K denotes the canonical bundle. C?/G has a
unique crepant resolution that can be described as the composition of several blow-ups. Its
exceptional divisor is the union of several CP's with self-intersection —2. More precisely,
the number of CP's is the same as the rank & of the finite-dimensional simple Lie algebra g
that is associated to G by the McKay correspondence. H?(X,Z) is spanned by the k copies
of CP' that form the exceptional divisor and the intersection form on H?(X,Z) is given by
the Cartan matrix of g.

11



In Section 4.5 we will see that the correspondence between the ADE-singularities and the
simply laced Dynkin diagrams also appears in M-theory. The gauge group that we obtain
from M-theory compactified on a Gs-orbifold with a singularity of type A,,, D, or E, is a
compact Lie group with the corresponding Dynkin diagram.

The complex manifold X that we obtain by resolving C?/G carries a family of hyper-Kéhler
metrics. Since those metrics will be important for the description of the moduli space of
K3 surfaces and Joyce’s construction of Gy-manifolds, we introduce the most important
facts on this topic. First of all, we recall what a hyper-Kéahler metric is.

Definition 2.0.6. A hyper-Kdhler manifold is a 4n-dimensional Riemannian manifold
(M, g) together with three linearly independent complex structures I, J and K such that
1. the complex structures satisfy the quaternion multiplication relation IJK = —1,

2. ¢ is a Hermititan metric with respect to I, J and K and

3. the 2-forms wy, w; and wk defined by w;(X,Y) = g(I(X),Y) etc. are Kéhler forms.

The data (g,wr,ws,wk) on M are called the hyper-Kdhler structure.

Remark 2.0.7. 1. The holonomy of the metric on a 4n-dimensional hyper-Kahler manifold
is a subgroup of Sp(n). Conversely, any Riemannian manifold whose holonomy is
a subgroup of Sp(n) carries a hyper-Kéhler structure. Since Sp(1) = SU(2), any
Calabi-Yau manifold of complex dimension 2 is also hyper-Kahler.

2. The set of all parallel complex structures on a hyper-Kéahler manifold whose holonomy
equals Sp(n) is a 2-sphere
{arl +ayJ +agK|ad + o +af = 1}

A metric with holonomy Sp(n) determines a hyper-Kéhler structure that is unique
up to an action of an element of SO(3) on the triple (I, J, K).

Moreover, we need the following definitions.

Definition 2.0.8. Let G be a finite subgroup of SU(2) and let (ly, Jo, Ko, go) be the hyper-

Kihler structure on C?/G that is induced by left-multiplication with 4, j and k on H = C?

and the Hermitian metric |2|? 4 |22]2. We define a radial coordinate r : C?/G — [0, )
1

by r := (|z1]* + |22*)2. Let (M, I, J,K,g) be a complete hyper-Kahler manifold of real
dimension 4 such that there exists a compact subset K C M, an R € [0,00) and a
diffeomorphism 7 : M \ K — {z € C*/G|r(z) > R} such that

Vi(m(9) = g0) = O(r~"*) “and - Vi(m(L) — Lo) = O(r~**)

12



where V is the Levi-Civita connection of gg, k € Ny is arbitrary, L € {I, J, K} is a complex
structure on M and Ljg is the corresponding complex structure on C?/G. In this situation,
(M, I,J, K,g)is called an Asymptotically Locally Euclidean (ALE) hyper-Kdhler J-manifold.

For each finite subgroup G C SU(2) there exists an ALE hyper-Kéhler metric on the
crepant resolution X of C?/G and the moduli space of these metrics is known. In the case
G = Z,, that metric has a particularly simple description. Let 7 : X — C?/Z, denote
the crepant resolution. It can be shown that X is biholomorphic to T*CP'. We define a
function f: X \ 771(0) — R by

f(r(z)) =vr*+1+2In(r) —In (\/7"4+ 1+ 1)

wr = 100 f is a Kahler form on X \ 7~1(0) with respect to the complex structure I. It
can be smoothly extended to all of X and the metric g(X,Y) = —w;(1(X),Y) is an ALE
hyper-Kihler metric on T*CP'. (X, g) is called the Eguchi-Hanson space. It is named
after Eguchi and Hanson [23] who found the metric, but it is also a special case of Calabi’s
construction of a hyper-Kahler metric on 7*CP" [14] that was discovered in parallel. We
can easily construct further ALE hyper-Kéhler metrics on T*CP' either by rescaling the
metric or by choosing a different complex structure on C?/Z, in the definition of the Kahler
form. The set of all ALE hyper-Kahler metrics that we obtain this way can be identified
with R3\ {0}. The point 0 € R? can be identified with the hyper-Kéhler orbifold C?/Z,. It
can be shown that any ALE hyper-Kéhler metric that is asymptotic to C?/Z, is isometric
to one of the members of this 3-parameter family.

The above statements have been generalized to the other cyclic subgroups of SU(2) [25, 34].
The final result that deals with all finite subgroups of SU(2) has been proven by Kronheimer
[46, 47] and can also be found in [36, Theorem 7.2.3]. We present the theorem without
proof below.

Theorem 2.0.9. Let G be a non-trivial finite subgroup of SU(2) and let A be the Dynkin
diagram of the simple finite-dimensional Lie algebra g that is associated to G. We define a
real vector space V- whose basis are the non-trivial finite-dimensional irreducible representa-
tions of G. Due to the McKay correspondence, V' can be identified with a real subspace of
mazimal dimension of a Cartan subalgebra of g. Let 2 be the set of roots of g. We define a
set

U:={(a1,00,03) € VORI € T : §(cv1)* + 6(r2)” + 6(c3)” # 0} .
There exists a continuous family of ALE hyper-Kdahler manifolds or orbifolds that are

asymptotic to C*/G. This family can be identified with V @ R3. The hyper-Kahler space
X, with a = (aq, g, a3) € V@ R3 has the following properties.

13



1. Ifa e U, X, is an ALE hyper-Kdhler manifold that is diffeomorphic to the crepant
resolution of C*/G.

2. Ifa ¢ U, X, is an ALE hyper-Kdahler orbifold.

3. LetY be an ALE hyper-Kdhler manifold or orbifold that is asymptotic to C*/G. Then
there exists an o € V @ R? such that Y is isometric to X,.

Remark 2.0.10. If a ¢ U, the singular set of X, can be described explicitly. The set of
all § € ¥ with §(a;) = 0 for ¢ = 1,2,3 is a root system. The connected components of
its Dynkin diagram describe the type of the singular points. We assume for example that
G is of type Fy and that the smaller Dynkin diagram has two connected components of
type Ds and As. This can happen if all «; are in the kernel of suitable ¢ € ¥, but not in
the kernel of any other simple root. In this situation, X, has exactly two singular points.
One of them has a Ds-singularity and the other one has an As-singularity. The reason

behind this correspondence is that the volume of any CP* that spans H?(X,,Z) is given
1

by (Z?:1 (5(%)2)5. If §(c;) = 0 for i = 1,2, 3, the sphere shrinks to a point and we obtain
an ADE-singularity. As a special case, the space Xj is isometric to C?/G.

14



Chapter 3

K3 surfaces

3.1 Introduction to lattices

The second cohomology H?(S,Z) of a K3 surface S together with the intersection form is
a lattice. Since we have to work with H?(S,Z) and its various sublattices, we need some
concepts from lattice theory. The content of this section can be found in any reference on
this subject, for example in [22], in [11, Chapter 1.2] or in [19].

Definition 3.1.1. 1. A lattice is a free abelian group L of finite rank together with a
symmetric bilinear form - : L x L — Z. We write 22 for x - z. The rank of a lattice is
the same as the rank of the underlying abelian group. L is called even if 22 € 27Z for
all z € L. Let (e, ...,e,) be a basis of L. The n x n-matrix with coefficients e; - e; is
called the Gram matriz of L. L is called unimodular if there exists a basis (e1, ..., €n)
of L with |det (ei . ej)i,j:l 77777 n| =

2. The tensor product L ®z R is a real vector space. The bilinear form on L can be
extended to an R-bilinear form on L ®z R. Terms as non-degenerate lattice and
signature of a lattice will always be defined with respect to the extended form.

3. Let L and L’ be lattices and let -5 and -5, be the corresponding bilinear forms.
A lattice isomorphism of L and L' is a bijective Z-linear map ¢ : L — L’ with
xpy=o¢(x) oy for all z,y € L. If L = L', ¢ is called an automorphism. We
denote the group of all automorphisms of L by Aut(L).

4. The direct sum L& L' of L and L' is the direct sum of the underlying groups together
with the bilinear form

(21,%2) ‘Lor (Y1, y2) =21 L1 + T2 10 Y2 -

Remark 3.1.2. The number | det (e; - €;); j=1
of the choice of the basis (e1,...,e,).

»| from the above definition is independent

.....
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Later, when we consider non-symplectic involutions of K3 surfaces, we will need the notion
of a primitive sublattice.

Definition 3.1.3. 1. An element z of a lattice L is called primitive if there exists no
natural number £ > 1 and y € L such that v =k - y.

2. A sublattice K C L is called primitive if the quotient L/K has no torsion.

3. A lattice N is primitively embedded in L if L has a primitive sublattice that is
isomorphic to N.

In particular, z € L is primitive if and only if the sublattice that is generated by x is a
primitive sublattice. The dual of a lattice L is defined as

L*:={¢: L — Z|¢ is Z-linear} .

From now on, we assume that L is a non-degenerate lattice. Let (ey,...,e,) be a basis of
L. We denote the matrix (e; - €;); j=1,..» by A and the dual basis of L* by (e}, ..., e}). The
dual bilinear form on L* is given by (e; - €3); j=1,.n = A~ Tt takes its values in Q but not
necessarily in Z. The map 2 : L — L* that is defined by «(z)(y) := x - y is an injection. The
quotient group L*/u(L) is called the discriminant group of L.

Lemma 3.1.4. Let L be a lattice and (ey, ..., e,) be a basis of L. The discriminant group
of L is a finite group of order |det (e; - €;); j=1,..n|. The minimal number ¢(L) of generators
of the discriminant group satisfies ¢(L) < rank L.

The invariant ¢(L) allows us to formulate a theorem on primitive embeddings of lattices that
can be found in [19] or [54]. Kovalev and Lee [44] use this theorem for their construction of
compact Go-manifolds by twisted connected sums. Since the theorem will be important for
us, too, we include it in this section.

Theorem 3.1.5. Let K be an even non-degenerate lattice of signature (ky,k_) and L be
an even unimodular lattice of signature (Iy,1_). We assume that ky <1, and k_ <I_ and
that

1. 2 rank(K) < rank(L) or
2. rank(K) + ((K) < rank(L).

Then there exists a primitive embedding i : K — L. If in addition ky <l and k_ <1_ and
one of the following conditions holds

1. 2-rank(K) < rank(L) — 2,
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2. rank(K) + ((K) < rank(L) — 2,
the embedding i is unique up to an automorphism of L.

Finally, we remark that there exists a canonical bilinear form on the discriminant group
that is defined by

(x+oLl) - (y+u(l)) =z-y+Z

and takes its values in Q/Z.

3.2 Basic facts about K3 surfaces

In this section, we introduce some topological facts on K3 surfaces that we will need later
on. The results of this and the following two sections are well-known. We refer the reader
to [11, Chapter VIII], [36, Chapter 7.3] and references therein for a more detailed account.

Definition 3.2.1. A K& surface is a compact, simply connected, complex surface with

trivial canonical bundle.

In this section, we consider only smooth K3 surfaces. Later on, we allow ADE-singularities,
too. The underlying manifold of any K3 surface is of a fixed diffeomorphism type. Therefore,
the Hodge diamond and the intersection form on the second cohomology are the same for
any K3 surface.

Theorem 3.2.2. Let S be a K3 surface.

1. The Hodge numbers of S are determined by h%°(S) = h*°(S) =1, h1(S) = 0 and
hb(S) = 20.

2. The second integral cohomology H?*(S,Z) together with the intersection form is an
even unimodular lattice of signature (3,19). Up to isometries, the only lattice with
these properties is

L:=3H & 2(—FEs)

where H 1s the hyperbolic plane lattice with the bilinear form

( - ) (3.1)

and — Eg is the root lattice of Eg together with the negative of the usual bilinear form.
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These facts motivate the following definitions.
Definition 3.2.3. 1. The lattice L from the above theorem is called the K3 lattice.

2. A K3 surface S together with a lattice isometry ¢ : H*(S,Z) — L is called a marked
K3 surface.

3. Two marked K3 surfaces (S,¢) and (57, ¢') are called isomorphic if there exists a
biholomorphic map f : S — S’ such that ¢o f* = ¢/, where f* : H*(S",Z) — H*(S,Z)
is the pull-back.

The first Chern class is a bijective map between the Picard group of holomorphic line
bundles on a K3 surface S and H“!(S) N H?(S,Z). Therefore, we introduce the following
notions:

Definition 3.2.4. The lattice H"1(S) N H?(S,Z) is called the Picard lattice and its rank
is called the Picard number. The orthogonal complement of the Picard lattice in H?(S,Z)
is called the transcendental lattice.

In Section 5.1 and 5.2 we construct (GGa-orbifolds with help of certain K3 surfaces with
ADE-singularities. These constructions are easier to carry out if the Picard number is large.
Since H?°(S) and H%?(S) are one-dimensional, the maximal value of the Picard number is
20. An example of a K3 surface with Picard number 20 is the Fermat quartic:

{[x:y:2:w] € CP*|lz* + y* + 2* +w* =0} .

Convention 3.2.5. In the literature, a K3 surface with maximal Picard number is often
called singular and a compact, simply connected, complex surface with trivial canonical
bundle that may admit ADE-singularities is often called a Gorenstein K3 surface. In this
thesis, we use a different convention and call K3 surfaces with ADE-singularities singular.

Any K3 surface S admits a Kahler metric. Since S has trivial canonical bundle, there
exists a unique Ricci-flat Kéhler metric in each Kéhler class. The holonomy group SU(2)
is isomorphic to Sp(1). Therefore, the Ricci-flat K&hler metrics are in fact hyper-Kéhler.
When we talk about isomorphisms between K3 surfaces we usually mean biholomorphic
maps with respect to fixed complex structures on the K3 surfaces. Another natural class of
maps between K3 surfaces are isometries between K3 surfaces with hyper-Kéhler metrics.
It should be noted that there are isometries between K3 surfaces that are not holomorphic.
For example, a matching between two K3 surfaces as it is defined on page 53 is not a
holomorphic map with respect to the complex structures I; and Is.
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3.3 Moduli spaces of K3 surfaces

There exist several related moduli spaces whose points represent K3 surfaces with an extra
structure. We denote them all by £ 3 with an appropriate index. The first of them is
the moduli space of marked K3 surfaces 3™ that is defined as the set of all marked K3
surfaces modulo isomorphisms. We describe £ 3™ in more detail below.

On any K3 surface S, there exists a global holomorphic (2,0)-form that we denote by
wy + iwg, where w; and wg are 2-forms with real values. We denote the real and the
imaginary part by the subscripts J and K since w; and wy are Kéhler forms with respect to
the additional complex structures that make S a hyper-Kihler manifold. Since h2%(S) =1,
the holomorphic form is unique up to multiplication with a complex constant. This fact
motivates the following definition.

Definition 3.3.1. Let (S, ¢) be a marked K3 surface. Moreover, let K € {R,C}, Lk :=
L ®z K and ¢g : H*(S,K) — Lx be the K-linear extension of ¢. The complex line that is
spanned by ¢¢([wy + iwk]), where the square brackets denote the cohomology class, defines
a point p(S, ¢) € P(Lc), where P(L¢) is the projective space of all complex lines in Lc.
p(S, ¢) is called the period point of (S, ¢). This assignment defines a map p : #3™ — P(L¢),
which is called the period map for K3 surfaces.

Since w; and wg are Kéahler forms, they are positive and we have

lwy + iwk] - [wy +iwg] =0  and [wy + iwk] - [wy — twk] >0,

where the dot denotes the extension of the intersection form to H?(S,C). We consider the
set of all points in P(L¢) with these properties.

Definition 3.3.2. We denote the complex line that is spanned by z € L¢ by £,. The set
Q:={l, e P(Le)|zr-z=0,2-7T >0}
is called the period domain.

We reduce the target set of the period map such that from now on p : #3™ — Q. An
important theorem that yields some information on the structure of J£3™ is the following.

Theorem 3.3.3. The period map for K3 surfaces is surjective.

Our aim to describe £ 3™ is linked to the so called Torelli problem for K3 surfaces: What
does the period point of a marked K3 surface tells us about the complex structure of S7
Answers to this question are called Torelli theorems. The first of them is:
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Theorem 3.3.4. (Local Torelli theorem) The period map is a local isomorphism of complex
manifolds.

The deformation theory of Kodaira and Spencer tells us that J£3™ is a complex analytic
space. It follows from the above theorem that locally £ 3™ is in addition a complex
manifold of dimension 20. Unfortunately, £ 3™ is not Hausdorff. Later on, we introduce a
different moduli space that is Hausdorff. We proceed to the next Torelli theorem.

Theorem 3.3.5. (Weak Torelli theorem) Let (S, ¢) and (S, ¢') be two marked K3 surfaces
with the same period point. Then there exists a biholomorphic map f: S — S’.

We cannot conclude that the period domain and £ 3™ are isomorphic since the weak Torelli
theorem does not state that ¢ o f* = ¢'. In fact, this is not true in general and #3™ and
Q) are not isomorphic. In order to solve the Torelli problem and describe £ 3™ explicitly,
we need some further definitions.

Definition 3.3.6. 1. Let S and S’ be K3 surfaces. A lattice isometry v : H*(S,Z) —
H?(S",7Z) is called a Hodge-isometry if its C-linear extension preserves the Hodge
decomposition H?(S,C) = H*'(S) & H"'(S) & H*?(9).

2. A class x € H?(S,Z) is called effective if there exists an effective divisor D of S with
c1(Og(D)) = z. An effective class x is called nodal if z -z = —2.

3. The connected component of the set {x € HY'(S,R)|z - > 0} which contains a
Kahler class is called the positive cone of S.

4. A Hodge-isometry v : H*(S,Z) — H?*(S',Z) is called effective if it maps the positive
cone of S to the positive cone of S’ and effective classes in H?(S,Z) to effective classes
in H*(S',Z).
Remark 3.3.7. Since H»'(S) = HY(S), HY(S) is a complex vector space. We denote
its real part HY'(S) N H2(S,R) by H“!(S,R). The restriction of the intersection form to
HY'(S,R) has signature (1,19). The set {x € H"'(S,R)|z -z > 0} thus has exactly two
connected components. Exactly one of them contains a Kahler class and the definition of
the positive cone therefore makes sense.

The following lemma will be helpful later on.

Lemma 3.3.8. (See [11, p. 315]) Let S and S’ be K3 surfaces and ) : H*(S,Z) — H*(S',Z)
be a Hodge-isometry. If 1 maps at least one Kdhler class of S to a Kdhler class of S’, then
P 1is effective.

With help of the terms that we have defined above, the weak Torelli theorem can be
reformulated.
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Theorem 3.3.9. Let S and S’ be two unmarked K3 surfaces. If there exists a Hodge-
isometry ¢ : H*(S',Z) — H*(S,Z), S and S’ are isomorphic.
Furthermore, we are able to explain how the Torelli problem can be solved.

Theorem 3.3.10. (Torelli theorem) Let S and S’ be two unmarked K3 surfaces. If there
exists an effective Hodge-isometry v : H*(S',Z) — H*(S,Z), v is the pull-back of a unique
biholomorphic map f: S — S’.

The converse of the above theorem is also true. If f: S — S is a biholomorphic map, its
pull-back is a Hodge-isometry. Moreover, if g is a Kéhler metric on S’ f*g is a Kéhler metric
on S. Therefore, we can conclude with help of Lemma 3.3.8 that f* : H*(S’,Z) — H*(S,Z)
is an effective Hodge-isometry. Therefore, we have a one-to-one correspondence between
biholomorphic maps f : S — S’ and effective Hodge-isometries ¢ : H*(S',Z) — H*(S,Z).
With help of an explicit description of the Kéahler cone we are therefore able to describe

3™,

Theorem 3.3.11. Let S be a K3 surface and let Cs C HV'(S,R) be its Kdihler cone, i.e.
the set of all cohomology classes representing a Kdhler form. Then we have

Cs={r e H"'(S,R)|z-2 >0 and z-d > 0 for all effective classes d}

This description can be simplified to

Cs={xc H"'(S,R)|xz-2>0 and x-d >0 for all nodal classes d}

We introduce further terms that allow us to describe the Kéahler cone more algebraically.

Definition 3.3.12. 1. Let ¢, € P(Lc). We define the root system of {, as

Ny ={delLld-d=-2,z-d=0}.
2. We define the Kdhler chambers of £, as the connected components of

{z€lg|lz-2>0,z-2=0,z-d#0Vd e A, }.

Theorem 3.3.13. The subgroup of Aut(L) that preserves £, acts transitively on the set of
all Kdhler chambers of L. The image ¢r(Cs) of the Kdhler cone of a marked K3 surface
(S, @) with period point x is one of the Kdhler chambers of £,.
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Definition 3.3.14. We define the augmented period domain as

Q={l,, ), € Q, C C Ly is a Kéhler chamber of ¢,}

and the augmented period map p: 3™ — Q by

ﬁ(Sa ¢) = (p(S7 ¢)7 QbR(CS)) :
Theorem 3.3.15. The augmented period map p : H 3™ — Q is bijective.

Remark 3.3.16. The automorphism group Aut(L) acts naturally on . This action can be
lifted to an action on €2. The moduli space of unmarked K3 surfaces is diffeomorphic to the
quotient 2/Aut(L). It is a complex 20-dimensional complex orbifold which is Hausdorff.

Later on, when we search for matchings between K3 surfaces, we need to specify a Kahler
class and not only the complex structure. Therefore, we need a further moduli space that
takes this additional information into account.

Definition 3.3.17. 1. A marked pair is a pair of a marked K3 surface (5,¢) and a
Kébhler class y € H(S,R). We usually write a marked pair as (S, ¢, ).

2. Two marked pairs (S, ¢,y) and (5, ¢',y') are called isomorphic if there exists a
biholomorphic map f : S — S’ that satisfies ¢ o f* = ¢ and f*y = y.

3. The moduli space of marked pairs £ 3™ is the set of all marked pairs modulo
isomorphisms.

Moreover, we define the following two sets:

KQ = {(ly,y) € QUx Lglx-y=0,y-y >0}
(KQ)° = {(ly,y) € KQy-d#0Vd € L with &> =-2,2-d =0}

and the refined period map

pl A3 — QO x Ly (3.2)
p'(5,¢,y) = (p(S7¢)7¢R<y)) (33)

Theorem 3.3.18. p’ takes its values in (KQ)°. Moreover, it is a bijection between & 3™
and (KQ)°. As a consequence, 3™ is a real analytic Hausdorff manifold of dimension

60.

Finally, we describe the moduli space of all hyper-Kahler metrics on K3 surfaces. The
following lemma shows that 3™ is closely related to that moduli space.
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Lemma 3.3.19. We denote the underlying 4-dimensional real manifold of a K3 surface by
M. There is a one-to-one correspondence between the hyper-Kahler metrics on M together
with a choice of a parallel complex structure and a marking on the one hand and marked
pairs on the other hand.

Proof. Let (S, ¢,y) be a marked pair. We define w; as the unique Kéhler form in the
cohomology class y whose associated metric g is Ricci-flat, w; as the real part of the
holomorphic volume form and wg as its imaginary part. (g,wr,wy, wk) defines a hyper-
Kahler structure on M. Conversely, a hyper-Kéahler metric together with the additional
data from the lemma yields a marked pair in a canonical way. If we start with a marked
pair, the normalized holomorphic volume form can be chosen as any element from the
family e*(wy + iwg) with ¢ € R. We therefore obtain a family of hyper-Kéhler structures
that is parametrized by U(1) instead of a unique hyper-Kéhler structure. Conversely, if we
start with a hyper-Kahler structure with a fixed parallel complex structure, we are free to
choose the normalized holomorphic volume form from the same family. This proves that
our correspondence is well-defined and bijective. ]

Moreover, there is a useful lemma on the isometries of a K3 surface that should be mentioned.

Lemma 3.3.20. Let S; with j € {1,2} be K3 surfaces together with hyper-Kdhler metrics
g; and Kahler forms wy), wf,]) and wg). Moreover, let V; C H*(S;,R) be the subspace that
is spanned by [wy)], [wf,])] and [wg)].

1. Let f: Sy — Sy be an isometry. The pull-back f* : H*(Sy,Z) — H*(S1,7Z) is a lattice
1sometry. Its R-linear extension maps Vo to V.

2. Let v : H*(Sy,Z) — H*(Sa,7Z) be a lattice isometry such that ¥r(Vy) = V. Moreover,
Yr shall map the positive cone of Sy to the positive cone of Sy. Then there exists an
isometry f : Sy — Sy such that f* =1).

3. Let f: S — S be an isometry that acts as the identity on H*(S,Z). Then, f itself is
the identity map. As a consequence, the isometry from 2. is unique.

The first claim is obvious and the second is a consequence of the Torelli theorem and Lemma
3.3.19. The last claim follows from Proposition 11.3 in Chapter VIII in [11]. The Lemma
4.4.6 on matchings of K3 surfaces is a direct consequence of the above lemma.

Remark 3.3.21. If we had omitted the condition that 1r preserves the positive cone, the
second part of our lemma would have been slightly more complicated. In that situation
Y := —Idg2(sz) would satisfy all conditions from the lemma. The corresponding isometry
f S — S would be the identity map, but it would have to be interpreted as an anti-
holomorphic map between (S, ) and (S, —I). The sign is necessary to map the Kéahler
form wr to —wry.
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Finally, we describe the moduli space #3"* of all marked hyper-Kihler structures (S, g, wy,
Wy, wk,®). As a consequence of Theorem 3.3.18 and Lemma 3.3.20 we see that J#3"* is
diffeomorphic to the hyper-Kdhler period domain

QF =L,y 2) e L3|a? =y* =22 >0, 2-y=a-2=y-2=0,
Adec L with d*>= -2 and v-d=y-d=2z-d=0},

see for example [36, p. 161]. SO(3) acts from the left on the positive subspace of Lg that is
spanned by z, y and z. —Id;, acts as —1 on that space and transforms S to a K3 surface
with the same metric and the opposite complex structure. Let ¢ : H*(S,Z) — L be a
marking and ¢ : L — L be a lattice isomorphism. Since ¢ o v is a marking, too, Aut(L)
acts from the right on Q". The moduli space of all unmarked hyper-Kéhler metrics is thus
diffeomorphic to the biquotient

Aut(L)\Q"™/0(3) .

Replacing the triple (z,y, z) by (Az, Ay, Az) with A > 0 yields a hyper-Ké&hler metric that
is rescaled by the factor \. If we want to restrict ourselves to hyper-Kahler metrics with
volume 1, we have to replace O(3) by O(3) x R>? in the above formula.

3.4 Singular K3 surfaces

We discuss singular K3 surfaces and how they are related to the smooth ones. The results
that we present in this section were originally proven in [6, 7, 42]. A short overview can
also be found in [36, p.161 - 162]. As we will see, the theory of singular K3 surfaces is
similar to the theory of ALE hyper-Kéhler orbifolds.

Let (S, ¢) be a marked K3 surface and let d € L be a lattice element with d*> = —2 that
represents an effective divisor. d can be interpreted as the cohomology class of a certain
2-cycle Z in S with self-intersection —2. We assume that S carries a hyper-Kahler structure
(9,wr,wys,wg). It can be shown that Z is a sphere S? that is minimal with respect to g. Its
area A is given by

A2 = (¢(lwi]) - &) + ($([wil) - d)° + (é([wi]) - d)°

If we move within the moduli space Q" towards a point (z,vy, 2) € L} with

r-d=y-d=z-d=0,
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the volume of the sphere shrinks to zero. In other words, we obtain a singularity. This
is in fact the geometric meaning of the condition in the definition of Q" that there shall
benodée L withd>=-2andz-d=y-d=2-d=0. We assume that there is exactly
one d € L with this property. In this situation, we obtain the singularity by collapsing a
single sphere with self-intersection —2 to a point. Since this is the reversal of blowing up
an Aj-singularity, the K3 surface has an A;-singularity at a single point. Next, we assume
that there exists an arbitrary number of ds with d> = —2 and z-d =y-d=2-d =0. We
define the set

Q%= {(z,y,2) e La® =?=22>0,0-y=x-2=y-2=0}

and for any a = (z,y,2) € QM we define

Do={d€Lld®=-2,x-d=y-d=z-d=0}. (3.4)

Let the cardinality of D, be greater than 1. By joining di,ds € D, with dy # dy by d; - ds
edges, we obtain a graph G. G is the disjoint union of simply laced Dynkin diagrams. As
we approach «, a set of 2-spheres whose intersection numbers are given by d; - d; collapses,
which means that the Dynkin diagrams describe the type of the singularities. For example,
if G consists of one Dynkin diagram of type Eg and 2 isolated nodes, the singularities of
the K3 surface are at 3 different points. At one of them we have a singularity of type FEg
and at the other ones we have A;-singularities.

We see that the singular and the smooth K3 surfaces can be combined into a larger moduli
space. The moduli space J# 3" of all possibly singular hyper-Kéhler structures on marked
K3 surfaces is in fact diffeomorphic to Q. Since the intersection form has signature (3,19)
there is a natural action of O(3,19) on that moduli space. We forget our particular choice
of the complex structures I, J and K from the 2-sphere of all parallel complex structures
and consider the moduli space of hyper-Kahler metrics instead of hyper-Kéhler structures.
We see that this space can in fact be identified with the non-compact symmetric space

0(3,19)/(0(3) x O(19))
or equivalently

S0(3,19)/(SO(3) x SO(19)) ,

where the subscript 70" denotes the identity component. The moduli space of hyper-Kahler
metrics on unmarked K3 surfaces is the biquotient

Aut(L)\SOy(3,19)/(SO(3) x SO(19)) .
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In some cases, it is actually possible to describe how the metric changes as we approach
a point in the moduli space that describes a singular K3 surface. We illustrate this by
the Kummer construction. Let A C C? be a lattice of rank 4 with a basis (vy,ve, V3, v4).
The quotient C?/A is a torus. The map v — —v transforms lattice vectors to other lattice
vectors. Therefore, we have a well-defined action of Zy on T*. The quotient 7% /Z, is simply
connected and has trivial canonical bundle. It has 16 A;-singularities at the points

4
Z%Eivi + A with ¢ € {0,1}.

=1

After blowing up the singularities, we obtain a smooth K3 surface S. This is the so called
Kummer construction of K3 surfaces. The blown up points become 16 rational curves with
self-intersection —2. We denote the cohomology class of the exceptional divisor of a blow-up
of a point Z?Zl %ewi + A with i := (e1,...,¢4) € {0,1}* by e;. The e; span a sublattice of
H?*(S,Z) with e; - e; = —26;;. In fact, the intersection of H?(S,Z) with spang(e;)cr is a
more complicated lattice K with a discriminant group of order 64 that can be embedded

into L by a non-obvious map. For more details, we refer the reader to [52].

The hyper-Kéhler metric on T%/Z, is simply the flat metric. Let (gx)ren be a sequence
of smooth hyper-Kihler metrics that converge to the flat metric on T%/Z,. Informally
speaking, the metrics g converge to the flat metric far away from the singularities and near
the singularities the g approach the Eguchi-Hanson metric. The precise statement and its
proof can be found in [48].

3.5 Non-symplectic automorphisms

The Gs-orbifolds in Section 5.1 and 5.2 will be constructed by means of non-symplectic
involutions of K3 surfaces. In this section, we introduce the most important facts about
this issue. The results that we present are proven by Nikulin [53, 54, 55]. Good summaries
of these papers can be found in [8, 44]. Finally, we show some results on non-symplectic
involutions of singular K3 surfaces that cannot be found in the literature.

Definition 3.5.1. Let S be a K3 surface. A non-symplectic automorphism of order n is a
biholomorphic map p : S — S such that

1. p =1d, but pF #1Id for all k € {1,...,n —1}.

2. The pull-back p* : H*°(S) — H*Y(S) is not the identity map.

A non-symplectic automorphism is called purely non-symplectic if p** # id for all k €
{1,...,n—=1}. If n = 2, pis called a non-symplectic involution.
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Remark 3.5.2. Since H*°(S) is spanned by w; +iwg, a purely non-symplectic automorphism
of order n can be defined by the relation p*(w; + iwk) = (,(ws + iwgk) where ¢, is an nth
root of unity.

A non-symplectic automorphism of prime order p is automatically purely non-symplectic.
In this situation, we have p € {2,3,...,19}. The classification of the non-symplectic
automorphisms of prime order can be found in [8]. In this section, we restrict ourselves
to the classification of non-symplectic involutions since only these will be used for our
constructions of Gs-orbifolds. From now on, let S be a K3 surface and p : S — S be a
non-symplectic involution. We define the fized lattice of p by

Lf = {x € H*S,Z)|p*r = z} .

L’ is a primitive sublattice of H?(S,Z). Since p* acts as —1 on H*°(S) and H>*(S), L* is
a sublattice of the Picard lattice H"!(S) N H?(S,Z). A K3 surface with a non-symplectic
automorphism admits an integral Kéhler class x € H"!(S) and is thus algebraic by the
Kodaira embedding theorem. Moreover, it admits even an integral p-invariant Kahler class
since z 4 p*x is p-invariant.

We choose a marking ¢ : H*(S,Z) — L and abbreviate ¢(L”) by Lf. It can be shown that
L” is a primitive non-degenerate sublattice of L with signature (1,¢). A lattice with that
kind of signature is called hyperbolic. We define an invariant r» of L” by r = 1+4+t. L is
2-elementary which means that L*/L? is isomorphic to a group of type Z$. The number
a € N20 is a second invariant of LP. We define a third invariant by

0 ifxz?2eZforall x € LP
1 otherwise

Theorem 3.5.3. (Theorem 4.3.2 in [55]) For each triple (r,a,d) € Ng x N x {0, 1} there is
up to isometries at most one even, hyperbolic, 2-elementary lattice with invariants (r,a,?).

We denote the lattice with invariants (r,a,d) by L(r,a,0). Let N be a non-degenerate
lattice with signature (1,7 — 1) such that there exists a primitive embedding of N into
L. We assume that N*/N is 2-elementary and that N C L contains a Kéhler class. Then
there exists a unique involution py of L with fixed lattice N. py acts as —1 on N+ and
N+ contains a positive plane P with an orthonormal basis (z,y). The Torelli theorem and
the surjectivity of the period map guarantee that there exists a K3 surface S together with
a non-symplectic involution p such that p* = py and H?(S,R) N (H*°(S) @ H**(S)) = P.
The period point of that K3 surface is the complex line that is spanned by x + 7.

It follows that the deformation classes of K3 surfaces with a non-symplectic involution can
be classified in terms of triples (r, a,d). Nikulin [55] has shown that there exist 75 possible
triples that satisfy
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1<r<20, 0<a<1l and r—a>0.

A figure with a graphical representation of all possible values of (r,a,d) can be found in
[55] and in [44]. We present a theorem that yields further information on the structure of
L?. In order to do this, we need some notation.

e Let L be a lattice with bilinear form -;. The lattice with the same underlying abelian
group and the bilinear form (x,y) — —x -1 y is denoted by —L and the lattice with
the form (x,y) — k(x -1 y), where k € N, is denoted by L(k).

e The lattice that is generated by a single element = with 22 = 1 is denoted by 1.

e The root lattice of a Dynkin diagram of a simple Lie algebra will be denoted by the
same name as the Dynkin diagram itself.

Theorem 3.5.4. (cf. [{4, 55]) The fized lattice of a non-symplectic involution with r > 1
15 always isometric to a direct sum Ly @& Lo where

o [y e{H H(2),1(2) & 1(—2)} and

e Lo is a direct sum @?:1 K; with i € Ng where the K; are isometric to —Ay, —Day,
with k € N, —E7, —Eg, or —E8(2)

In order to make the above results more tangible, we describe some explicit examples of
involutions of L that are induced by non-symplectic automorphisms of a K3 surface. We
write

L = H1 D H2 D H3 D (_Es)l S%) (_E8)2

in order to distinguish between the different summands. We choose a basis (vi, v3) of each
H; such that

Moreover, we introduce involutions p! with i € {1,...,4} of (—Eg); & (—Fs)2. Let
x1 € (—FEg); and x5 € (—Eg)s. We define

1Y (371,%2) = (131,33‘2) ) p%(xhx?) = (—$1,1’2> 5
(%;Iz) = (—xl, —$2> ) P4£(9517$2) = (xz,l‘l) .

The isomorphism type and the invariants (r,a,d) of the fixed lattices of p} can be found in
the table below.
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1 | Fixed lattice | » | a | ¢
1 2(—Ey) 16[01]0
2 —Fjg 8 |00
3 0 0 |00
4 —FEs(2) 8 |80

We introduce further involutions p% with j = 1,2,3 of H; & Hy ® Hj that are defined as
follows.

1. pd(xq, 29, 23) = (21, —To, —x3) for all z; € H;.

2. p3(x1, w9, w3) = (T2, 71, —x3) for all z; € H,.

3. p%(”%) = U%v p%@é) = ,U%? p%(v%) = _U§7 pg(”%) = _0%7 p%(v3> = _Ui))a pg(’U3) = _Ug)'

The fixed lattices and invariants of the pJ, are given by:

7 ‘ Fixed lattice ‘ r
1 H 2
2 H(2) 2
3112)@1(-2) |2

_ O Ol

a
0
2
2

Let p% @ p, with 1 <4 <4 and 1 < j < 3 be an arbitrary combination of the above
involutions. The orthogonal complement of the fixed lattice always contains a positive
plane. Let (z,y) be an orthonormal basis of that plane. It follows from the surjectivity of
the period map and the Torelli theorem that there exist a K3 surface with period point
ly+iqy and that ph @ pi is the pull-back of a non-symplectic involution of that K3 surface.

We thus have constructed 12 types of non-symplectic involutions. Let K = K; & ... @ K|
be a direct sum of even 2-elementary lattices. The rank r of K simply is Zi:l rank(K;).
The order of the discriminant group K*/K is the same as | det G(K)| where G(K) is the
Gram matrix of K. Since K is 2-elementary, we have |det G(K)| = 2*. G(K) is a diagonal
block matrix

G(Ky)

G
and thus we have a = Zi’:l log, | det G(K;)|. Our observation shows that the invariants
r and a are additive. The Gram matrix of K* is G(K)™'. We determine the quadratic

form on the K; and check if it only takes integer values. The invariant ¢ of K is 0 if
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all of these quadratic forms are integral and it is 1 otherwise. In other words, we have
d = max{dy,..., 0}, where §; denotes the invariant of the lattice K;. Therefore, we obtain
the following triples (r,a,d) for the 12 involutions:

(i,5) | (r,a,0) (i,4) | (r,a,0)
(1,1) | (18,0,0)  (3,1) ] (2,0,0)
(1,2) | (18,2,0)  (3,2) | (2,2,0)
(1,3) | (18,2,1)  (3,3) | (2,2,1)
(2,1) | (10,0,0)  (4,1) | (10,8,0)
(2,3) | (10,2,1)  (4,3) | (10,10,1)

By similar but more complicated methods it would be possible to describe all 75 types
of non-symplectic involutions and their fixed lattices. Since we do not need that explicit
description, we do not carry out this program. Next, we describe the moduli space of all
K3 surfaces with a non-symplectic involution whose fixed lattice is of a given isomorphism
type. In order to do this, we need the following concept.

Definition 3.5.5. (cf. Dolgachev [20]) Let N be a hyperbolic lattice and let ¢ : N — L be
a primitive embedding. We denote i(IN) by N, too.

1. A marked ample N-polarized K3 surface is a K3 surface S together with a marking
¢ : H*(S,Z) — L such that ¢~'(N) is a sublattice of the Picard lattice. Moreover,
¢ 1(N) shall contain an integral ample class, which is since S is a compact Kéahler
manifold, the same as an integral Kahler class.

2. Two marked ample N-polarized K3 surfaces (5, ¢) and (5, ¢') are called isomorphic
if there exists a biholomorphic map f : S — S such that ¢/ = ¢ o f*.

3. We denote the moduli space that consists of all marked ample N-polarized K3 surfaces
modulo isomorphisms by #3™(N).

The moduli space of all marked K3 surfaces with a non-symplectic involution whose fixed
lattice is isomorphic to L(r,a,d) is the same as £ 3™ (L(r,a,d)), which we abbreviate by
8™ (r,a,d). There is a nice explicit description of that moduli space.

Theorem 3.5.6. (Corollary 3.2 in [20]) Let N be a hyperbolic lattice that can be primitively
embedded into L. We denote the orthogonal complement of N in L by M and define the
following sets:

Qy = {l, eP(Mc)|lz-z=0,2-T >0}
AM) = {de M|& = -2}
Hy = {l,eP(Mc)|z-d=0}

Qy = Qn\ UdeA(M)(Hd NQy)
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H3™(N) is isomorphic to 2, and the isomorphism is given by the period map. We define
the group

I(N) ={o € Aut(L)|o(x) =2z VYx € N}

The moduli space of all unmarked ample N -polarized K3 surfaces is isomorphic to ¥, /T'(N).

Remark 3.5.7. 1. J#3™(N) is a projective complex variety of dimension 20 — rk(N). If
the orthogonal complement M contains a sublattice that is isomorphic to H, #3™(N)
is irreducible.

2. By assumption, the sublattice N contains a Kéhler class. Therefore, M N ¢(H1(S))
cannot contain a d with d> = —2. This is the reason why we have to remove the set

Udean(Ha N Qy) from Q.

The topology of the fixed locus S” of a non-symplectic involution p : S — S can be described
in terms of the invariants r and a.

Theorem 3.5.8. (c¢f. [44, 55]) Let p : S — S be a non-symplectic involution of a K3
surface and let (r,a,d) be the invariants of the fized lattice that we have defined above. The
fixed locus of S? of p is a disjoint union of complex curves.

1. If (r,a,0) = (10,10,0), S” is empty.

2. If (rya,d) = (10,8,0), S” is the disjoint union of two elliptic curves.

3. In the remaining cases, we have

SP =C,UE U...UE},

where Cy is a curve of genus g = 22_% and the E; are k = 5% curves that are

biholomorphic to CP', i.e. they are rational curves.

Remark 3.5.9. 1. In the case (r,a,0) = (10, 10,0), the action of p on L can be identified
with the map p3 @ p] that interchanges H; and Hy as well as (—Fg); and (—Fjg), and
acts as —1 on Hs. If S is smooth, the quotient S/p is a smooth complex manifold
that is called an Enriques surface.

2. In the case (r,a,0) = (10,8,0), the action of p on L can be identified with the map
ps @ pl that interchanges (—Fg); and (—Fg)s, acts as the identity on H; and as —1
on Hy and Hs.
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3. For any p € S” there exists a complex basis of 7),S such that (dp), has the matrix
representation
1 0
0 —1 '

In Section 5.1 and 5.2, we need singular K3 surfaces that admit a non-symplectic involution.
At the end of this chapter, we therefore study which kinds of ADE-singularities such a K3
surface may have. Let (S, ¢) be a marked K3 surface with a hyper-Kéhler metric and a
distinguished complex structure. Moreover, let ,;, be its period point and let z be the
image of the Kahler class with respect to ¢. We assume that S admits a non-symplectic
involution p with invariants (r, a,d) that leaves the metric invariant. This happens if and
only if p*z = z. We recall that the set

D:={del|ld®=-2,2-d=y-d=2z-d=0}

is a root system that determines the number and type of the singular points. We try to
choose z, y and z in such a way that D is as large as possible. The embedding of L
into L determines the action of p on L. Since p is non-symplectic, x and y have to be
positive elements in the orthogonal complement of L”. Our description of the moduli space
H3™(r,a,d) guarantees that any choice of z,y € L+ with 22 = 3?> > 0 and z - y = 0 yields
a period point of a (possibly singular) K3 surface with a non-symplectic involution with
invariants (r,a,d). Moreover, we can choose z as an arbitrary element of L* with 2% = z?
and z-x=z2-y=0.

According to Theorem 3.5.4, L” decomposes as a direct sum Ly @ Ly where Ly is isomorphic
to H, H(2) or 1(2) & 1(—2). Since the rank of L; is only 2, Theorem 3.1.5 guarantees that
the embedding of L; into L is unique up to an automorphism of L. We assume that L; is
isomorphic to H. In this situation, L; can be embedded as H; into L. L; can be embedded
into L as the lattice that is generated by w; := v{ 4+ v? and wy := vj 4 v3 if it is isomorphic
to H(2). If L; is isomorphic to 1(2) @ 1(—2), it can be embedded as the lattice that is
generated by wy := v} + vi and w, := v} — v3. The Kahler class z has to be an element
of L” ®7 R. We label z with a subscript that depends on the isomorphism type of L; and

choose

o 2 :=v] +ujif L1 ® H,
o 2 =] vy +vi+03if [, = H(2),

o z3:=v] +uyif L1 21(2) §1(-2).

Since 2? = 2, 22 = 4 and 2% = 2, z is positive. We choose z; and y; as:
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o vy =0+ viand y; ;=0 +0dif [, 2 H,
o Ty :=v] + vl —vi—0v3and yy :=2(v} +03) if L; = H(2),

o z3:=vi+vZand yz:=v} +vsif [, 2 1(2) ®1(-2).

By a short calculation, we see that 25 = y? = 27 and that z;, y; and z; are pairwise
orthogonal. The orthogonal complement of spany(x;,y;, z;) is in all three cases

spang (v) — vy, v — V3,07 — vy) @ (—Ei)1 & (—Es)a -

A K3 surface S with a hyper-Kéhler structure that is determined by x;, y; and z; thus has
3 singular points of type A; and 2 singular points of type Eg. Its Picard lattice is the direct
sum of the above lattice and spany(z;) and S therefore has maximal Picard number.

We have to show that S admits a non-symplectic involution p that acts on z;, y; and z; as
desired and whose fixed lattice has the prescribed value of the invariants (r, a,d). Since we
have chosen z; as an element of L; C L”, we only have to show that the lattice L; ® Lo
can be primitively embedded into L such that x;,y; L Ly ® Lo. If this is the case, we can
define p* as the identity on L; & L, and as minus the identity on (L; @ Lo)*. z; and y; are
in the (—1)-eigenspace of p* and the period point x; + iy; defines a K3 surface that admits
a non-symplectic involution with fixed lattice L” = L; & Ly. We have already chosen a
primitive embedding of L; into L and defined z; and y; in such a way that x;,y; L L.
The final step therefore is to embed L in such a way into L that it is a sublattice of
N := (spang(z;,y,;) ® Ly)". N is isomorphic to

1(—2) ® 1(—2) @ 2(—E)

if 7 =1 or 7 =3 and it is isomorphic to

1(—4) ® 1(—2) @ 2(—E)

if j = 2. Lo is a direct sum of k copies of —A; = 1(—2) and larger summands that are
isomorphic to — Dy, —E7, —Eg, or —FEg(2). Since by assumption the invariants (r, a,d) of
Ly & Ly are chosen from the allowed list of triples, there exists a primitive embedding of
Lo into L. Any summand K of Ly that is not isometric to —A; is either embedded into
2(—Ej3) or there exists a w € K with w ¢ 2(—Eg). First, we assume that K is isomorphic
to —Dg;, —FE7 or —FEg. These lattices have a canonical basis (wy, . ..,w,) that consists of
vectors with square —2. The matrix representation of the bilinear form with respect to this
basis is the negative of the Cartan matrix of Dy, E7 or Eg. If a w € K with w ¢ 2(—FEy)
exists, there has to exist a basis element w; with w; ¢ 2(—Eg), too. Therefore, we assume
that there exists an ¢ with w = w;. If w was transversely embedded into the direct sum
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3H @ 2(—Ey), it would split as w = w’ + w” with w’ € 3H and w” € 2(—Es). Since both
3H and 2(—E3) are even, we would have w? < —4 which contradicts our assumption that
w? = —2. Therefore, we necessarily have w € 3H. Since the signature of 3H is (3,3),
there exist at most 3 basis elements w; € 3H. If such w; existed, they would span a
sublattice K’ of K such that K can be written as an orthogonal sum K’ @ K”. A brief
look at the Cartan matrices shows us that such a splitting does not exist. Therefore, any

K € {—Da, —E7, —Eg} has to be embedded into 2(—Es).

Next, we assume that K is isomorphic to —Fg(2). Theorem 3.1.5 guarantees that the
embedding of —Fjg(2) into L is unique up to an automorphism of L. The diagonal sublattice
{(v,v) € 2(—Es)|lv € (—FEg)} defines a particular embedding ¢+ : —FEg(2) — L. Let
v : L — L be an automorphism such that the actual embedding of K is given by v o .
We assume that ¢(:(—Fs(2))) € 2(—FEs). In this situation, we have ¢(2(—FEg)) € 2(—Es),
too, since 1(—Eg(2)) C 2(—Eg). This can only happen if there exists an ¢ € {1,2} with
((—Es)i) € 2(—FEg) where (—Eg); and (—Eg)s are the two summands of 2(—Fs) C L.
In other words, (—Es); is embedded by 1 in such a way into L that it is not contained
in 2(—FEg). Since we have excluded this possibility already in the previous paragraph, we
again have K C 2(—Ej).

Finally, we take a look at the summands of L, that are isomorphic to —A;. —A; is
generated by a single v with v2 = —2. For the same reasons as before, v cannot be
embedded transversely into 3H @ 2(—FEjg). Therefore, v is either an element of 2(—FEjg) or
of 3H. By a short calculation, we see that the only elements of 3H with square —2 are
+(vi — v4) with ¢ = 1,2,3. All in all, we have shown that L, is necessarily primitively
embedded into

K' := spany (v — vy, v} — v3, v} — v3) ® 2(—Fg) . (3.5)

Since L1 @® Ly can be primitively embedded into L, Ly can even be embedded into (Ll)L NK'.
We describe this lattice for all values of j:

il (L) nK
T spang (o —Z, o — 1) 8 2(— )
2 | spang(vi — vy — v} + 03,07 — v3) B 2(—Ey)

3 | spang (v — vd, v} — v3) ® 2(—Fg)

We see that for all j € {1,2,3} z; and y; are orthogonal to (L;)* NK’. Since Ly is embedded
into (L;)* N K, x; and y; are orthogonal to Ly, too, and L, is a primitive sublattice of

(spang (25, y;) & L1)™
Theorem 3.5.10. Let (r,a,6) € N x Ny x {0,1} be a triple such that there ezists a K3

surface with a non-symplectic involution with invariants (r,a,0). Then there exists a
K3 surface which has 3 singular points with A;-singularities and 2 singular points with

. All in all, we have proven the following theorem.
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Es-singularities and carries a hyper-Kdahler metric that is invariant with respect to a
non-symplectic involution with the same invariants.

Let G be a Dynkin diagram that can be obtained by deleting some nodes from the union
of three Dynkin diagrams of type A; and two of type Fs. We investigate if there exists a
K3 surface with a non-symplectic involution whose singularities are described by G. Let
(r,a,0) be an arbitrary triple of invariants of a non-symplectic involution. Moreover, let S
be the singular K3 surface with a non-symplectic involution p with invariants (r, a,d) that
we have constructed in the proof of the above theorem. As usual, we denote the images of
the cohomology classes of the 3 Kéahler forms with respect to a marking by x,vy, 2z € L. The
orthogonal complement of span(z,y, z) is the lattice K’ from equation (3.5). We choose
a basis (wi,...,wy) of K’ such that for j € {1,2,3} we have w; = v{ — v}. Moreover,
(wyq, ..., wy1) and (wya,. .., wy9) shall span (—Eg); and (—FEg)s such that the bilinear form
on (—Eg); with i = 1,2 has the standard form

-2 0 1 0 0 0 0 O
o -2 0 1 0 0 0 O
1 0 -2 1 0 0 0 O
o 1 1 -2 1 0 0 O
o o0 o 1 -2 1 0 O
o o0 o o 1 -2 1 0
o o0 o0 o0 0 1 -2 1
o 0 0 0 0 1 =2

There are 3 possibilities how the pull-back of p could act on a w;:

1. w;j is an element of the 1-eigenspace of p*.
2. wj is an element of the (—1)-eigenspace of p*.

3. wj is not contained in any of the eigenspaces. In this situation, w; is mapped by p*
to another class such that (w;, p*w;) is linearly independent. Since p is an involution
we have p*2w; = w,.

There exist ki, ko, ks € Ny with ky + ko + 2k3 = 19 and disjoint subfamilies (wj,, ... ,wjkl),

(Wi rs e e e s Wi i) AN (W) oy Wiy ) of (wi, .. wig) such that
: : .
L. wjy, ..., wj are in the l-eigenspace of p*,
: . .
2. wj s Wy, L, are in the (—1)-eigenspace of p*,
3. (Wi yryams P Wiy 5 4) 18 linearly independent for all m € {1,...,ks} and
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4. the union of all pairs from 3. spans the orthogonal complement of span(w,, ..., wj, ,, ).

).

We choose arbitrary ky, ky and kz with 0 < k; < k; and arbitrary subfamilies (wj;, ..., wy ) C
k
1
(w]N 7w]k1)7 <w71’c’1+1’ J J,;/ﬁké) = (wjk1+17 ’w]k1+k2) and (wjllcll+k12+1’ 7w],'€/1+k,2+ké) =
(wjk1+k2+17 Wi o). Moreover, let (1, sap), (Biy.- ., Bry) and (71,..., ) be
families of real numbers such that (1, aq, ... s O By By Y1y a%g) is Q-linearly inde-
pendent. We replace z by
ro_
2=z Oélei + ...+ ak/lellc’l . (36)
Moreover, we replace x by
/ >k *
r =2 w,r W W, —p Wy W, —p Wi
+h Jk’1+1+ +5k2 Thn 4kl +n( Tkt 4k 1 P Jk’1+k’2+1)+ +7k3( Tt 4k + i p Jk’1+k’2+k’3)
(3.7)
and y by
/ * *
= Wiy A B ws Wy —p w; ey (W —p W
Y y+6 ]k’1+1+ +ﬁk2 Tkt k), +n( Tkt k41 P ]k’1+k’2+1>+ +fy]€3( Tkn 1kl k) P Tk vkt
(3.8)

a2 and 3/ are still in the (—1)-eigenspace of p* and 2’ is p*-invariant. If the «y, 5 and ~; are
sufficiently small, 2/, 3y and 2’ are positive. We have

k1 ky ks ky ks
2 2 2 2 2 2 2 2 2 2 2
x:x—2§ozl, yzy—25ﬂ1—4§ M 222—25@_45 N
=1 =1 =1 =1 =1

since x, y and z are orthogonal to K’. Since it is possible to choose oy, §; and 7; such that

K, K, K,

2 2 2
E o) = § B +2 § Vi
=1 =1 =1

we can assume that 2> = y? = 2. If k| = 0 or k) + k4 = 0, we can define 2/ = Az or
(2',y') = p(x,y) for appropriate A, u € R such that 2’? = y? = 2%, 2/ + iy/ therefore is an
element of the period domain and 2z’ is an element of the Kéhler cone if the «; are sufficiently
small. The triple (2,7, 2’) thus defines a new hyper-Kéhler structure on S. Since 2’ and 3/
remain in the (—1)-eigenspace of p*, S admits an involution with fixed lattice L(r,a,d) that
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is non-symplectic with respect to the complex structure that is associated to the period
point £, ;. Since 2’ is p*-invariant, p* is the pull-back of an isometry with respect to the
new hyper-Kéahler metric. The set

D :={del|ld=-22"d=y -d=2"d=0}

is a root system that describes the number and type of the singular points of the new
hyper-Kéhler metric. By choosing the w;; appropriately, we can produce a large number
of different singularities. Unfortunately, it is hard to describe D’ in the general situation.
Therefore, we prove a corollary for the case k3 = 0 and give an example for the case k3 > 0.
If k3 = 0, which means that any w; is contained in an eigenspace of p*, D’ is spanned by

the complement of {w. ... wy in {wq,...,wig}. This follows from the fact that an
J1 Tt 1kt y
1 2

d € L with d> = —2 has integer coefficients with respect to the basis (z,y, 2, w1, ..., wi)
and that the family that consists of the a; and ; is Q-linearly independent. The Dynkin
diagram of D’ is obtained from the union of three A; and two Ey by deleting the nodes
with numbers ji, ..., j,;,l e All in all; we have proven the following corollary for the case
kg = 0.

Corollary 3.5.11. Let (r,a,0) € N x Ny x {0,1} be a triple such that there exists a K3
surface with a non-symplectic involution with invariants (r,a,d). Moreover, let S be the
K3 surface with 3 points with Ai-singularities and 2 points with Eg-singularities that we
have constructed in Theorem 3.5.10 and let p be the non-symplectic involution from the
same theorem. We assume that p acts either as 1 or as —1 on the elements of the standard
basis (wy, ..., wyg) of the lattice K’ that is defined by equation (3.5). Let Dy, ..., Dy be a
set of connected Dynkin diagrams that can be obtained by deleting nodes from the union of
three Dynkin diagrams of type Ay and two of type Es. Then there exists a K3 surface with
a hyper-Kdahler metric that admits an isometric non-symplectic involution with the same
wwvariants and has k singular points of type Dy, ..., Dy.

Ezample 3.5.12. Let p* be defined as p32 @ p]. We recall that this choice of p makes S/p an
Enriques surface. We have
prwy =wy, pwy=wi, pwy=-—ws, pPW=Wks, P Wkis= W

for all £ € {4,...,11}. The elements wy, wy and wy,..., w9 are not contained in an
eigenspace of p*, and therefore we have k3 = 18, but p* maps one basis element to another
basis element. We permute the w; such that we have

* k *
pw=—wp, pPWg=Wktg, P Wkyg = Wk

forall k € {2,...,10}. Let x,y, z € L be chosen as in Theorem 3.5.10. We choose € € {0, 1},
a subfamily (w;,, ..., w;,) of (wa, ..., wo) and sufficiently small real numbers (5, vi,, . - ., Vi)
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such that (1,8, 7i,, -, 7, ) is Q-linearly independent. As in the proof of the above corollary,
we define

¥ o= x4 efwr + 21?21 Vi, (Wi; — Wi;19)

y = y+ebw+ ijl Vi, (Wi; — Wi;19)

Z o= Az
where A € R is chosen such that 2/ = 32 = 2%, (ws,...,wy) can be identified with the
nodes of a Dynkin diagram of type A; U Eg. We determine the set D’ and see that it
is the root system that is spanned the complement of (w,,...,w;,, Wi, +9,...,W;, +9) in

(wa, ..., wig) and, if € = 1, by wy. The singular locus of the K3 surface that is defined by
2,y and 2’ therefore is described by two copies of an arbitrary subdiagram of A; U Eg and
e additional points with an A;-singularity.
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Chapter 4

Introduction to Go-manifolds

4.1 Basic facts about Gy-manifolds

In this chapter, we introduce the results about Gs-manifolds and -orbifolds that will be
needed later on. In particular, the known construction methods for compact Go-manifolds
and the role of GGy-orbifolds in theoretical physics will be discussed. First of all, we define
what a GGo-manifold is and introduce the most important facts about them. For a more
thorough introduction, we refer the reader to the book of Dominic Joyce [36] and the article
of Spiro Karigiannis on deformations of Go- and Spin(7)-structures [38], which contains
many useful explicit formulas. We define a GGo-manifold as a manifold that carries a positive
stable 3-form. The notion of a stable form was introduced by Nigel Hitchin [35].

Definition 4.1.1. Let V be a real or complex vector space and o &€ /\k V* with k €
{0,...,dim V'} be a k-form. « is called stable if the GL(V)-orbit of « is an open subset of

NV
We are especially interested in the case of 3-forms on a 7-dimensional space.

Proposition 4.1.2. (Reichel [56], Schouten [61]) Let V' be a 7-dimensional real vector
space. The action of GL(T) on /\3 V* has exactly to open orbits. Their union is a dense
subset of /\3 V*. One orbit consists of all 3-forms that are stabilized by the group Go whose
Lie algebra is the compact real form of g5. The other one consists of all 3-forms that are
stabilized by the group ég whose Lie algebra is the split real form of gS.

We define a GL(7)-equivariant map from the set of stable 3-forms on V' to S?(V*) that
allows us to test if a 3-form is from the first or the second orbit.
Definition 4.1.3. (Karigiannis [38]) Let (v1,...,v7) be an arbitrary basis of V and ¢ be a

stable 3-form. We define a symmetric bilinear form g4 by the following formula:
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2 ((UJ¢) A (w_lgb) A gb) (Ul, . ,717)

gs(v,w) :==6 T (4.1)
(det (((viag) A (vja0) A @) (v1, ..., v7))ij=1,.7)°
Moreover, the following equation defines a volume form vol on V:
(vap) A (wap) A ¢ = 6g4(v, w) vol. (4.2)

Remark 4.1.4. It can be proven that the denominator in equation (4.1) is non-zero for any
stable form ¢.

The signature of g4 is constant on any orbit of GL(7). On the orbit with stabilizer G the
signature is (7,0). We call the forms from this orbit positive 3-forms or Ga-forms. On the
other open orbit the signature is (3,4). For explicit calculations it is useful to fix a positive
3-form on R”.

.....

,,,,,

Definition 4.1.6. The form

bo = dx'® 4 da'®® + d2'7 4 da*® — da®T — d2*'T — dx" (4.3)

is called the standard Go-form on RT.

s, 1s the standard metric dz' ® dz' + ... + do” ® dz” on R” and the volume form defined
by ¢o is dz'?34%67. g, and vol determine the Hodge-star operator * and we see that

*¢O — —d5(71247 . d$1256 o d(l]'1346 + d5(71357 + dl’2345 + d$2367 + dl‘4567 ] (44)

Remark 4.1.7. Alternatively, the group G, can be defined as the automorphism group of
the octonions @. An automorphism of @ is defined as an R-linear bijective map ¢ : O — O
that satisfies p(zy) = ¢(z)p(y) for all z,y € O. Let (.,.) be the scalar product that
makes O a normed division algebra, which means that we have (zy,zy) = (z,z) - (y,y)
for all z,y € O@. The orthogonal complement of the unit element 1 is called the imaginary
space Im(Q) of O. Any automorphism ¢ of O satisfies p(1) = 1 and ¢(Im(0)) = Im(O).
G+ therefore acts on the 7-dimensional space Im(Q). Let (7, j, k) be the standard basis
of the imaginary quaternions and let ¢ be a unit octonion that is orthogonal to H C O.
We identify the bases (ey,...,e7) of R” and (i, j, k, €, ic, je, —ke) of Im(Q) with each other.
With this identification, the standard Gao-form is determined by ¢o(x,y, 2) = %(:By —yx, z)
and its Hodge-dual by *¢o(z,y, z,w) = —%(x(yz) — (zy)z,w). The reason that we have
defined ¢ in such a way that we have to identify e; with —ke instead of ke is that the
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identification of span(ey, e5, €, e7) with C? from Remark 2.0.3 is more straightforward. By
a direct calculation, we can see that any linear map that is the identity on span(eq, ey, €3)
and acts as an element of SU(2) on span(eq, €5, €6, €7) = He leaves ¢ invariant.

We proceed to Go-structures on manifolds.

Definition 4.1.8. A Gs-structure on a 7-dimensional manifold M is a 3-form ¢ such that
for all p € M ¢, is a positive form on 7, M.

A Gy-structure induces a Riemannian metric g on M. Whenever we talk about a metric
on a manifold with a Gs-structure we refer to this one. Moreover, M carries a volume
form that is determined by equation (4.2) and thus is orientable. G5 acts on any tangent
space T, M as the stabilizer group of the 3-form ¢,. Therefore, G5 also acts on local frames
and we can interpret a Gs-structure as a G-structure with structure group Gs. For any
representation of G5, there is an associated vector bundle on M. The inclusion of Go
into SO(7) can be lifted to an inclusion of G5 into Spin(7) C GL(8,R) since G, is simply
connected. The bundle that is associated to this 8-dimensional representation is the spinor
bundle. G5 splits the spin representation into a 1- and a 7-dimensional part. The spinor
bundle therefore splits into a subbundle with 7-dimensional fibers and another bundle that
is isomorphic to the bundle that is associated to the trivial representation of G5. Since
the second bundle simply is M x R, there exists a nowhere vanishing spinor on M. The
converse of this statement is also true.

Proposition 4.1.9. (Theorem 3.2. in [26]) Let M be a 7-dimensional orientable manifold
that admits a spin structure. Then M also admits a Gy-structure.

The following proposition helps us to decide if a G-structure induces a metric with holonomy
Gs.

Proposition 4.1.10. Let (M, ¢) be a manifold with a Gy-structure and let g be the metric
that is induced by ¢. The following statements are equivalent.

1. V9¢ =0, where VY is the Levi-Civita connection.

2. dp=dx*x¢=0.

3. Hol C Gy, where Hol is the holonomy group of the Levi-Civita connection.

If any of the above statements is true, (M, g) is Ricci-flat.

Definition 4.1.11. In the situation of the above proposition, ¢ is called a parallel or
torsion-free Go-structure.
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The equation d * ¢ = 0 is in fact a non-linear partial differential equation since the metric
and thus the Hodge-star operator depend non-linearly on ¢. Therefore, one has to apply
advanced analytical methods to show the existence of parallel Gs-structures on a manifold.

If a Go-structure ¢ is parallel, x¢ is obviously parallel, too. Since the action of GG, leaves
a one-dimensional subbundle of the spinor bundle invariant, a manifold with a parallel
Go-structure carries at least one parallel spinor. If the holonomy group is not all of G, its
identity component is either trivial, SU(2) or SU(3). This follows from the classification
of the holonomy groups. A manifold M with a parallel Gy-structure ¢ may carry 1, 2, 4
or 8 linearly independent parallel spinors. If (M, ¢) carries only one parallel spinor, the
holonomy is either Go, SU(3) x A or Sp(1) x A, where A is a discrete group such that the
holonomy acts irreducibly on the tangent space. If (M, ¢) carries 2 parallel spinors, it is
a product of S' or R with a 6-dimensional manifold whose holonomy is either SU(3) or
Sp(1) x A. In the second case, the holonomy shall act irreducibly on the 6-dimensional
tangent space. If there are 4 parallel spinors, M is the product of a 4-dimensional non-flat
hyper-Kahler manifold and a 3-dimensional flat manifold and if there are 8 parallel spinors
it is covered by R”. There are several slightly different definitions of a G5-manifold. We
choose the following one.

Definition 4.1.12. A Gy-manifold is a 7-dimensional manifold with a parallel G,-structure
such that the holonomy group acts irreducibly on the tangent space.

If the underlying manifold is compact, it is particularly easy to decide if the holonomy is
all of Gy or just a subgroup.

Lemma 4.1.13. Let M be a compact manifold with a parallel Go-structure. The holonomy
of the induced metric is all of Go if and only if m (M) is finite.

An important object in the theory of Gs-manifolds is the moduli space of parallel Go-
structures on a 7-dimensional manifold.

Definition 4.1.14. Let M be a 7-dimensional manifold that admits a parallel G,-structure.
We denote the set of all parallel Ga-structures on M by Z(M). Any diffeomorphism of M
acts on Z(M) by its pull-back. We denote the group of all diffecomorphisms of M that are
isotopic to the identity by D(M) and define the moduli space of all parallel Gy-structures
on M as My, :=Z(M)/D(M).

There is a natural projection map 7 : My, — H?(M,R) that maps an orbit ¢D(M) to the
cohomology class [¢]. Joyce [36] has proven the following theorem.

Theorem 4.1.15. The moduli space My; has a differentiable structure such that ™ becomes
a local diffeomorphism. In particular, My; can be regarded as a finite-dimensional smooth

manifold of dimension b*(M).
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It may be possible to add pieces to M, that correspond to singular GGo-manifolds such that
the geometry of the enlarged moduli space is better behaved. An analogy is the moduli
space of hyper-Kéahler metrics on a marked K3 surface that may have ADE-singularities.
This moduli space can be identified with the symmetric space SOy(3,19)/(SO(3) x SO(19))
and therefore has a simpler description than the moduli space of smooth hyper-Kéhler
metrics on a K3 surface. Karigiannis [39] conjectures that the moduli space of parallel
Gy-structures on a manifold with a suitable conical singularity is a boundary component of
the moduli space of parallel Go-structures on a smooth manifold that is a desingularization
of the conical singularity. Moreover, Halverson and Morrison [32] conjecture that the
boundary components of the moduli space of smooth parallel Gy-structures consist of
singular Go>-manifolds whose singular loci have codimension 4, 6 or 7.

We will see that the singular set of a GGy-orbifold with ADE-singularities is a certain type
of calibrated submanifold, called an associative submanifold. Therefore, we introduce the
most important facts about calibrated submanifolds here at the end of this section. More
detailed presentations of this topic can be found in the papers by Harvey and Lawson
[29] and by McLean [51]. In the following, let (M, g) be a Riemannian manifold and V'
be an oriented subspace of a tangent space 7,M. The orientation of V' together with the
restriction of the metric determine a volume form voly on V.

Definition 4.1.16. Let (M, g) be a Riemannian manifold and ¢ be a closed k-form on M.
@ is called a calibration form if for all p € M and all oriented k-dimensional subspaces V' of
T,M, we have p|y < voly.

Remark 4.1.17. Since the degree of ¢ equals the dimension of V', we have ¢l = « - voly,
for an a € R. The condition ¢|, < voly simply means that o < 1.

Definition 4.1.18. Let (M, g) be a Riemannian manifold with a calibration form ¢ of
degree k. A k-dimensional oriented submanifold N of M is called a calibrated submanifold
with respect to o if for all p € N we have g0|Tp ~N = volr,n.

Lemma 4.1.19. The volume of a compact calibrated submanifold is minimal within its
homology class. In particular, calibrated submanifolds are minimal submanifolds.

Being a minimal submanifold is a second order condition since it is equivalent to the
vanishing of the mean curvature. The condition for a calibrated submanifold is of first order
since it is only an algebraic condition on the tangent spaces. This fact makes calibrated
submanifolds often easier to handle than minimal submanifolds.

Let (M, ¢) be a Gy-manifold. For any p € M the form ¢, can be written with respect to a
suitable basis of T,M as (4.3) and *¢, can be written as (4.4). With help of these explicit
formulas, it is possible to show that ¢ and *¢ are both calibration forms. Therefore, a
Go-manifold has two kinds of calibrated submanifolds.

Definition 4.1.20. Let (M, ¢) be a Go-manifold. 3-dimensional submanifolds of M that
are calibrated with respect to ¢ are called associative submanifolds and 4-dimensional
submanifolds that are calibrated with respect to *x¢ are called coassociative submanifolds.
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The imaginary space of the octonions Im(Q) together with the standard Go-form is a flat
Go-manifold. The 3-dimensional linear subspaces of Im(Q) that are associative submanifolds
of Im(Q) are given by ¢(Im(H)), where ¢ is an arbitrary automorphism of Q. Analogously,
the coassociative linear subspaces are of the form ¢(He). Up to conjugation, there is
a unique subgroup of Gs that is isomorphic to SO(4). The set of all 3-dimensional or
4-dimensional calibrated subspaces of Im(Q) can be identified with the quotient G5/SO(4).

In simple terms, an associative submanifold of a Go-manifold is a 3-dimensional manifold
whose tangent spaces can be identified with Im(H) and a coassociative submanifold is a
manifold whose tangent spaces can be identified with He.

We finally remark that the deformations of a compact coassociative submanifold N have a
smooth moduli space whose dimension is b5 (N) where the ”+” denotes the self-dual part
of the cohomology. In the associative case, there may be obstructions for the extension
of an infinitesimal deformation to an actual one. Therefore, we do not have an analogous
result about the moduli space as in the coassociative case. These facts were proven first by
McLean [51].

4.2 Introduction to orbifolds

Since the subject of this thesis are Ga-orbifolds, we provide the reader with a definition of
an orbifold and discuss the similarities and differences between manifolds and orbifolds. An
orbifold can be thought of as a topological space that is locally modeled on R"/T"; where T
is a finite group, instead of R™. Orbifolds have been defined for the first time by Satake
[59, 60] under the name V-manifolds. There exist several slightly different definitions of
this term. Our definition is close to the one from [59, 60].

Definition 4.2.1. An n-dimensional orbifold is a Hausdorff, second countable topological
space X with an open cover (U;);er such that:

1. For any p € U; NUj;, where 4, j € I, there exists an U, with p € U, C U; N U;.

2. For any U; there exists a finite group G; C GL(n,R), an open G;-invariant subset
V; € R™ and a continuous map ; : V; — U; with m;(g.v) = m;(v) for all g € G; and
v € V; such that the induced map = : V;/G; — U; is a homeomorphism. We say Uj is
uniformized by (G;, Vi, m;) and the tuple (Gy, Vi, m;) is a local uniformizing system.

3. For any U; C U, there exists an injective group homomorphism ¢;; : G; — G; and
an injective C'*°-map 1;; : V; = V; such that v;; : V; — ;;(V;) is a homeomorphism.
Moreover, 1;; shall be ¢;;-equivariant, i.e. 1;;(g.v) = ¢;;(g).1;;(v) for all g € G; and
v € V; and it shall satisfy 7; o ¢;; = m;. The tuple (¢;;, ;) is called an injection.

4. If we have two injections (¢, 1;) and (¢, ¥7;) with ¢, ¢f; : Gy — Gy and 5,95

Vi =V}, there shall exist a unique g € G; with Z/JEj = g.1;j.
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Remark 4.2.2. 1. In the above definition, we have assumed that the G; act faithfully on
R™. This condition avoids some technical issues, but it is not necessary and other
authors also allow non-faithful group actions.

2. A point p € U; with the property that any ¢ € 7; ' (p) is stabilized only by the unit
element e € G; is called a smooth point. Otherwise, it is called a singular point. The
set of all singular points of an orbifold is called the singular locus. The stabilizer group
of ¢ is called the orbifold group of p. Any point p of an orbifold has a neighborhood
that is homeomorphic to a neighborhood of 0 in R™/G, where G is the orbifold group
of p. All of these terms are independent of the choice of the local uniformizing system.
With the notion of smooth maps between orbifolds that is introduced below we can
choose these neighborhoods as diffeomorphic.

3. We assume from now on that the fixed point set of each g € G; with g # e is of
codimension at least two. This ensures that the set of all smooth points is connected.
Moreover, we have Poincare duality for compact, oriented orbifolds [36, p.133] under
this assumption. All orbifolds that we consider will either be complex orbifolds, where
the codimension is even, or G-orbifolds with singularities that have codimension 4 or
6. Therefore, our assumption will always be satisfied.

Fzrample 4.2.3. Let M be a manifold and let G be a finite group acting smoothly, effectively
and orientation preserving on M. The quotient M /G is an orbifold. Orbifolds of that kind
are called global quotients. Although global quotient are orbifolds, there exist orbifolds that
are not global quotients.

We define smooth maps between orbifolds equivalently to [59, 60].

Definition 4.2.4. Let X and X’ be orbifolds and let f : X — X’ be a continuous map.
Moreover, let (U;);er and (U]);ep be orbifold atlases with uniformizing systems (G, Vi, m;)
and (G5, V!, m!). Let p € X be an arbitrary point and let ¢ € I and j € I’ such that p € U;

1) T Z

and f(p) € Uj}. Alzftofflsamapfw Vi— Vjis ) of” fom; and if for any g € G;

there exists an ¢’ € G such that g .fw( ) = f” (g.v) for all v € V;. f is called a smooth
map if

1. for any p € X there exist 7 € I and j € I" such that p € U;, f(p) € Uj and there
exists a lift f;; : V; — Vj’.

2. for any injection (¢g, ;) with ¢ : V; — V5 there exists an injection (¢;j’ %3) with
Yz Vi— V;l such that we have ¢z o fi; = f7 095

Other concepts from differential geometry can be generalized to orbifolds by similar methods.
For example, it is possible to define orbifold vector bundles [60]. The key idea is to lift the
group action of the G; to the total space of the bundle. The tangent bundle of an orbifold
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is an orbifold vector bundle. The tangent space 7, X of an orbifold X is isomorphic to
R"™/G, where G is the orbifold group of p € X. As in the case of manifolds, we can define
sections, dual bundles and tensor products of bundles. Therefore, we can talk about tensor
fields, differential forms, Riemannian metrics etc. on orbifolds. We can define the standard
differential operators such as the exterior differential and the Levi-Civita connection on a
Riemannian orbifold as usual.

Let g be a Riemannian metric on an orbifold X and let p € X be a point with orbifold
group G. The metric on T, X can be lifted to a G-invariant metric on R". Therefore, G
has to be a subgroup of O(n). This is not a real restriction on the type of the singularities
since for any finite group G acting on R" there exists a G-invariant scalar product on R".
Moreover, it can be shown by the same arguments as in the smooth case that any orbifold
admits a Riemannian metric. If X carries a complex structure and is of complex dimension
n, the orbifold groups have to be embedded into GL(n,C) in order to make the complex
structure well-defined.

We have to be careful with the definition of the holonomy of an orbifold since it is not clear
how the parallel transport can be defined for paths that pass through singular point. One
possibility to avoid this problem is to define the holonomy of an orbifold as the holonomy
of X/S where S is the singular locus. Since X/S may not be simply connected even if X
is simply connected, a simply connected orbifold may have a holonomy group that is not
connected [36, p.135] We are now able to define G-orbifolds.

Definition 4.2.5. Let X be a 7-dimensional orbifold. A Ga-structure on X is a 3-form
¢ on X such that for all p € X the form ¢, can be identified via a bijective linear map
R” — T, X (or the projection of a linear map to a bijective map R”/G — T,X) with ¢ (or
with its projection to R7/G). A Gy-structure is called parallel if V9¢ = 0, where g is the
metric that is induced by ¢. (X, ¢) is called a Gy-orbifold if ¢ is a parallel Gy-structure
and the holonomy of g acts irreducibly on the tangent space.

The above definition forces all orbifold groups to be subgroups of G,. If all orbifold groups
are conjugate to a subgroup of SU(2) C Go, we say that (X, ¢) is a Gs-orbifold with
ADE-singularities. The singular locus of a Go-orbifold with ADE-singularities is a disjoint
union of associative submanifolds since the fixed point set of any g € SU(2) C G, that is
not the identity is an associative subspace.

The de Rham cohomology of an orbifold is well-defined and can be calculated by the usual
methods. For example, if the orbifold is a global quotient M /G, b*(M/G) is the number of
G-invariant, linear independent, harmonic forms on M. If we define the first Chern class of
a complex orbifold X in the usual way, we encounter some difficulties. Let n be the complex
dimension of X and G be an orbifold group of a point p € X. The determinant is a map
det : C"*™ — C. The image of G with respect to det is a cyclic group Z;. The fiber of the
canonical bundle at p is isomorphic to C/Zj, instead of C. If we define ¢1(X) as usual as the
cohomology class of a curvature form, we see that it is still well-defined, but it is an element
of H*(X,Q) instead of H?(X,Z). With these modifications, the statement of the Calabi
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conjecture still makes sense for orbifolds and it can be proven by the same ideas as in the
case of manifolds [7, 36]. We remark that all orbifold groups of the complex orbifolds in
this thesis are embedded into SL(n,C) such that we avoid the above technicalities entirely.

Most other theorems about the existence of geometric objects on orbifolds can be directly
translated from the case of manifolds. The condition for the existence of an object usually is
a partial differential equation. Locally, one can lift sections of vector bundles and differential
operators from open subsets of R"/G to G-invariant objects on open subsets of R" and
solve the problem there. Therefore, one can simply take the proof from the smooth case and
replace the word "manifold” by ”orbifold”. In particular, the Theorems 4.4.3 and 4.4.8 on
twisted connected sums that we need in Section 5.2 are also true for orbifolds. In addition
to these two theorems, the only mathematical results for orbifolds that we use in this thesis
are either the Calabi conjecture for orbifolds or theorems from algebraic geometry that
hold for smooth varieties as well as for varieties with ADE-singularities.

4.3 Joyce’s construction of GGo-manifolds

The first examples of compact Go-manifolds have been constructed by Dominic Joyce [36].
The idea behind his construction is to resolve the singularities of a torus quotient T/,
where I is a discrete group that preserves the flat G-structure on the 7-dimensional torus
T7. In Section 5.3, we construct torus quotients that carry a Gy-structure, too. We will
see that I can be chosen in such a way that we obtain a wide range of ADE-singularities.
We will resolve the singularities of our torus quotients by the method of Joyce and obtain
examples of smooth Gs-manifolds. Therefore, we review the construction of Joyce in this
section. We focus on the general idea behind this construction and on those details that
will become important later on. For a comprehensive treatment of this subject, we refer
the reader to the book [36].

Let T7 = R7/A, where A is a lattice of rank 7, be a torus. T7 carries a flat Go-structure
that is induced by the 3-form (4.3). Let I" be a finite group that preserves the Gy-structure.
Any singular point of 77/T" has a neighborhood U that can be identified with B.(0)/A
where B.(0) = {x € R7|||z|| < €} and A is a finite subgroup of G5. We assume that each
A can be embedded into the subgroup SU(2) or SU(3) of G5. U can be identified with a
neighborhood of zero in R3 x C?/A or R x C3/A, where A is a finite subgroup of SU(2) or
SU(3). The singularities of 77 /T can therefore be resolved by means of complex geometry.
For reasons of simplicity, we restrict ourselves to crepant resolutions of C?/A and C3/A
although Joyce considers other resolutions, too. We introduce some facts about crepant
resolutions.

Definition 4.3.1. Let Y be a singular algebraic variety over C. A resolution of Y is a
proper birational map 7 : X — Y such that X is a non-singular normal variety. A resolution
is called crepant if it preserves the canonical bundle, i.e. 7Ky = Kx.
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Remark 4.3.2. The above definition contains some technical terms from algebraic geometry
that are defined in textbooks on this subjects [27, 33]. In the cases that we consider, X
will be a complex manifold and 7 will be a holomorphic surjective map whose restriction
Tlx\e-1(sy : X \71(S) = Y\ S, where S is the singular locus of Y, is biholomorphic.
Moreover, there shall exist local coordinates such that | x\=-1(s) and its inverse can be
written as rational functions. In this situation, the conditions of the above definition are
satisfied.

Singularities of type C"/A with n € {2,3} always allow a crepant resolution. If n = 2, the
resolution 7 : X — C%/A is the composition of several blow-ups of the singular locus. X
is biholomorphic to the underlying complex manifold of the ALE hyper-Kéahler manifold
that is asymptotic to C2/A from the end of Chapter 2 with respect to one of the complex
structures. This is in fact the only crepant resolution. If n = 3, a crepant resolution exists
for all finite subgroups A of SU(3), but it is not unique. The different resolutions are
related by so called flops and all of them have the same Betti numbers. Explicit resolutions
of C3/A for all discrete subgroups of SU(3), or equivalently of SL(3,C) are constructed by
Roan [58].

As we have mentioned, the resolution of C*/A carries an ALE hyper-Kahler metric that
is asymptotic to the standard hyper-Kéahler metric on C?*/A. In the case n = 3, the
resolution carries a Ricci-flat Kéhler metric. This fact has been proven by Joyce [36], too.
The Ricci-flat Kihler metric is asymptotic to C*/A, but we have to be careful about the
meaning of the word ”asymptotic”. We explain this with help of an example.

Ezample 4.3.3. Let A be the group that is generated by diag(—1, —1,1) and diag(1, —1,—1)
in C3*3. A is isomorphic to Z3. The singular locus of C3/Z3 consists of the three axes
S1:={(2,0,0)A|z € C}, Sy := {(0,2,0)Alz € C} and S5 := {(0,0,2)Alz € C}. Along
each of the axes we have an A;-singularity. Sy, Se and Sz intersect in the point 0A. We
blow up the axis S;. Sy and S5 are lifted to complex curves that do not intersect in the
blow-up since they intersect transversally in C*/A. We obtain a smooth complex manifold
by blowing up the lifts of S5 and S5. Since a blow-up preserves the canonical bundle, we
have constructed a crepant resolution. We could have started with blowing up S, or S3
instead of S; and would have obtained crepant resolutions, too. These three resolutions are
in fact all crepant resolutions of C*/A. Let 7 : X — C3/Z2 be one of the resolutions. On
X, there exists a smooth Ricci-flat Kahler metric g such that its restriction to the three
sets {771 ((21, 22, 23)A) € C3|z; = t} approaches for t — co the ALE hyper-Kéhler metric
on the resolution of C?/Z,.

The above metric is not asymptotically locally Euclidean. If this was the case, g would
approach the standard metric gy on {z € C*/A|||z|| > R}. Since g is smooth and {z €
C3/Al||z|| > R} has singularities, g cannot be an ALE metric. Instead we call the metric
quasi asymptotically locally Euclidean (QALE). A precise definition of QALE Ricci-flat
Kahler metrics on crepant resolutions of C?/A can be found in [36].

We go back to the torus quotient 77 /T'. We cover the singular locus of T7/T by small open
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sets U; that can be identified with open subsets of R® x C?/A or R x C3/A. We resolve
each singularity C"/A with n € {2,3} by a crepant resolution 7 : X — C"/A such that the
open subset of R7"2" x C"/A is replaced by an open subset V; of R7"2" x X. The V; can
be chosen as B.(0) x {7~ 1(zA)|||z]| < €}, where B.(0) is a small ball in R"~2". The second
factor of V; is diffeomorphic to Y;? := {7r~1(2A)|||2]| < R} for a any R > 0. We choose an
QALE Ricci-flat Kéhler metric g; on each Y. If R is sufficiently large, we can make the
difference between g¢; and its asymptotic model arbitrarily small. We rescale g; such that it
fits on Y;*. Since the holonomy of g; is SU(2) or SU(3), we have a parallel Gy-structure
¢i,r on V;. We can glue together the ¢; p with the flat Gy-structure on the smooth part of
T7/T by a suitable intermediate 3-form such that we obtain a smooth Ga-structure ¢ with
d¢ = 0 on the resolved manifold M. By choosing R sufficiently large, we can make ||d * ¢||
arbitrarily small. Joyce [36] has proven a theorem that guarantees that ¢ can be deformed
to a torsion-free Go-structure if ||d x ¢|| is small enough. If the fundamental group of the
resolved manifold is finite, the holonomy of the induced metric on M is all of Gs.

Although the above picture is essentially correct, we have neglected some aspects. First,
we have some freedom to choose the crepant resolutions. Second, the resolutions of the
singularities on the different U; have to satisfy certain consistency conditions such that we
can glue them together. A choice of of suitable resolutions that satisfy those conditions is
called R-data by Joyce. All in all, Joyce has proven a theorem that can be stated informally
as follows.

Theorem 4.3.4. Let T7/T be a torus quotient that carries a Go-structure that is flat on
the smooth part of T /T. For any choice of R-data for the resolutions of the singularities,
there exists a smooth parallel Gy-structure on the resolved manifold.

At the end of this section, we discuss a few cases in order to show how different R-data
influence the geometry of the resolved manifolds.

The simplest case is that 77 contains a 3-dimensional submanifold N on which a finite
subgroup A of SU(2) acts trivially. Since any element of I' acts as an isometry of the flat
metric on 77, it can be written as an affine transformation. Therefore, N has to be a 3-torus.
Moreover, we assume that no g € I' \ A fixes a point of N. In this situation, the quotient
T7/T has an ADE-singularity along a submanifold that we denote by N, too, and no other
connected component of the singular locus intersects N. We replace a neighborhood of the
origin in the normal space of N with an ALE hyper-Kéhler metric from Theorem 2.0.9 that
is asymptotic to C?/A. After that, we can apply the methods of Joyce in order to obtain a
smooth G-manifold. We recall that the ALE hyper-Kahler metrics that are asymptotic to
C?/A form a family of dimension 3 - b*(X), where X is the resolution of C*/A. The Betti
numbers of the GGo-manifold are independent of the choice of the hyper-Kahler metric.

Next, we assume that there is a 3-torus N C T whose points are fixed by a group A C SU(2)
and that there are further elements g; of I' that act non-trivially and freely on N. Moreover,
we assume that N does not intersect with the fixed point sets of group elements outside of
the group that is generated by A and the g;. T7/T has an ADE-singularity of type C?/A
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along a quotient N’ := N/(g;). On the fibers of the normal space of N there is a 2-sphere of
complex structures that are invariant under A since A C SU(2). For reasons of simplicity
we assume that the ADE-singularity is of type A;. We resolve it by replacing it with an
Eguchi-Hanson metric. We recall that we obtain different metrics if we choose different
complex structures on C?/Zy. The g; act as linear maps on the normal space of N and the
ALE hyper-Kahler metric have to be chosen such that the metric on the resolution of the
singularity along N’ is well-defined. If a g; acts as a C-linear map on the normal space of
N, it acts well-defined on the exceptional divisor CP' of the blow-up. This ensures that the
metric on the resolution is well-defined, too. Moreover, the action of g; on CP* preserves
the orientation. If g; acts orientation-preserving on N, too, it acts as the identity on the
cohomology class of the exceptional divisor that we obtain by blowing up /N as a subset of
T7/A. Tt may happen that g; acts anti-holomorphically and thus orientation-reversing on
CP! or that it reverses the orientation of N. For each reversal of the orientation we have
to multiply the sign of the action on the cohomology class by —1. If we blow up N’ with
respect to a different complex structure, the action of g; on the new CP! may change. Thus,
the sign of the action on the cohomology class may change, too. Therefore, we may obtain
G>-manifolds with a different topology by choosing different resolutions of the singularity,
even if there is only an A;-singularity. If the ADE-singularity along N’ is of another type,
we have essentially the same but slightly more complicated picture.

Finally, we assume that we have a singular point with a neighborhood U that is diffeomorphic
to a neighborhood of 0 in R x C3/Z3, where Z3 is defined as in Example 4.3.3. We have
shown that there are 3 different crepant resolutions that can be obtained from each other
by permuting the 3 axes in C*/Z3. Although all of these resolutions have the same Betti
numbers, we may obtain different Betti numbers of the resolved Go-manifold since the axis
in C3/Z3 that is blown up first is glued to different parts of the singular locus of T7/T.

At the end of Section 5.3, we resolve the singularities of our torus quotients and determine
the Betti numbers of the resolved Go-manifolds. We see that the blow-ups of the ADE-
singularities with respect to different complex structures indeed yield different Betti numbers.
Moreover, we encounter a singularity of type C3/Z32 and another one of type C3*/(Z4 x Zs)
that we resolve by a particular crepant resolution that has a nice geometric interpretation
in that context.

4.4 Twisted connected sums

Beside the resolution of torus quotients there is another method to construct compact
(GGo>-manifolds, which is called the twisted connected sum construction. It has been proposed
by Simon Donaldson and was worked out in detail by Alexei Kovalev [43]. Since some of
our examples of Gy-orbifolds with ADE-singularities are constructed by this method, we
describe how the twisted connected sum construction works. In short, it consists of the
following three steps.
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1. Construct two non-compact Calabi-Yau manifolds W; and W5 that are asymptotic to
cylinders D; x S x (0,00) with 4 = 1,2, where D; and D, are K3 surfaces.

2. Truncate the cylindrical ends of W7 x ST and W5 x St and glue together the remaining
parts by a map that interchanges the circle factors at the ends and whose projection
to the K3 factors is an isometry f : D; — D,. f has to satisfy a certain condition
that will be explained later on. The resulting manifold M is compact and has finite
fundamental group.

3. Define a closed Gs-structure ¢ on M such that d * ¢ is small and deform it to a
parallel Go-structure.

The three steps will be described in more detail below. We start with the construction of
the asymptotically cylindrical Calabi-Yau manifolds. The proofs of the following theorems
and additional information on asymptotically cylindrical Calabi-Yau manifolds can be found
in Haskins et al. [30] and in Kovalev [43].

Definition 4.4.1. (Definition 1.1. in [30]) A complete Riemannian manifold (W, g) is
called asymptotically cylindrical (ACyl) if there exist a bounded domain U C W, a closed
Riemannian manifold (X, h) and a diffeomorphism ® : X x [0,00) — W \ U such that
[VE(®*g—goo)|| = O(e™) for all k € Ny and a § > 0. V denotes the Levi-Civita connection
of the cylindrical metric g, := dt? + h, where ¢t : X x [0,00) — [0,00) is the projection
map.

We denote t o @' by ¢, too, and call it the cylindrical coordinate. We consider ¢ only on
W\ U although it is possible to extend ¢ smoothly to all of W by introducing a cut-off
function on X X [0, €] and setting ¢ = 0 on U. Finally, we call the connected components of
X x [0,00) cylindrical ends and (X, h) the cross section.

Henceforth, we assume that (W, g) is an ACyl Calabi-Yau manifold. We identify the
metric with help of the complex structure with the Kéahler form w. It follows from the
Cheeger-Gromoll splitting theorem that any Ricci-flat ACyl manifold and thus (W, w) has
only one cylindrical end. There is the following theorem on ACyl Calabi-Yau manifolds.

Theorem 4.4.2. (Theorem B in [30]) Let (W,w) be a simply connected, irreducible ACyl
Calabi-Yau manifold of complex dimension n > 2. Then the holonomy of (W,w) is the
whole group SU(n). Moreover, the cross section is isometric to (D x SY)/Z,, where D is
a compact Calabi- Yau manifold. 7Z,, is generated by an isometry that acts on D x S as
(z,0) — (u(z),0 + 22) where v is an isometry of D that preserves the Kdihler form and the
holomorphic volume form of D but no other holomorphic form of positive degree.

We assume that m = 1. Since S' x (0,00) is diffeomorphic to C \ {0}, it is possible
to glue together an ACyl Calabi-Yau threefold (W,w) with D x {z € C||z| < 1} along
D x S' x (1 —¢,1+ ¢€) such that we obtain a compact complex manifold. If m > 1, we can
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glue in a copy of (D x {z € C||z| < 1})/Z,, and obtain a complex orbifold. The precise
statement of this fact can be found in Theorem C in [30]. The converse of this theorem is
also true. If W is a compact complex orbifold with certain properties, we obtain a manifold
that admits an ACyl Ricci-flat Kéhler metric by removing a suitable divisor.

Theorem 4.4.3. (Theorem D in [30]) Let W be a compact Kdihler orbifold of complex
dimension n > 2. Moreover, let D € | — Kyy| be an effective divisor that satisfies the
following conditions:

1. The complement W := W \ D is a smooth manifold.

2. The normal bundle of D is biholomorphic to (D x C)/Z,,, where D is a connected
compact complex manifold, the generator of Z,, acts as (x,w) — (1(z), exp (Z)w) on
D x C and v denotes a complex automorphism of D of order m.

Finally, let 2 be a meromorphic (n,0)-form on W with a simple pole along D and let x be
a Kahler class on W. Then there exists an ACyl Calabi- Yau metric on W such that its
Kahler form w is an element of the restriction t|lw of ¢t to W and w™ = QO AQ.

It follows from the adjunction formula that D has trivial canonical bundle. Therefore, the
metric on the factor D of the cylindrical end converges to a Ricci-flat Kéhler metric. From
now on, we restrict ourselves to ACyl Calabi-Yau manifolds that are suitable for the twisted
connected sum construction and thus make the following assumptions.

Assumption 4.4.4. In the situation of Theorem 4.4.3, let

1. the complex dimension n be 3,
2. the order of the group Z,, be 1,

3. the complex manifold D from the cross section D x S! be not a torus and thus a K3
surface, and

4. the fundamental group of W := W \ D be finite.

In order to construct ACyl Calabi-Yau threefolds with the desired cross section, we need
a compact Kahler manifold W of complex dimension 3 with an anti-canonical K3 divisor
whose normal bundle is holomorphically trivial. There are several methods to construct W.
Kovalev [43] constructed the first examples of twisted connected sums by choosing W as
the blow-up of a Fano threefold along the self-intersection of an anti-canonical K3 divisor.
This construction was generalized in Corti et al. [16, 17] to weak Fano threefolds. Kovalev
and Lee [44] pursued a different idea. Their starting point was a quotient of S x P!, where
S is a K3 surface, by a certain involution. The quotient has A;-singularities along a disjoint
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union of complex curves that can be resolved by a blow-up. After that, the authors obtain
a smooth manifold W that satisfies the conditions from Theorem 4.4.3 and can be used as
a building block of a twisted connected sum. We describe the constructions from [44] in
more detail when we generalize it to orbifolds with ADE-singularities.

We describe how ACyl Calabi-Yau threefolds can be used to construct compact Gy-manifolds.
Let W, and W5 be ACyl Calabi-Yau threefolds with cross-sections D; x S' and Dy x S1,
where D; and D, are K3 surfaces. In order to glue together W, x S! and W5 x S!, the K3
surfaces have to satisfy the following condition.

Definition 4.4.5. Let D, and Dy be K3 surfaces with a hyper-Kahler metric. We denote
the three complex structures on D; by I;, J; and K;. The corresponding Kéhler forms shall
be w}, w’) and w}.. As usual, w’ + iw}, is the holomorphic volume form for ;. Dy and D,
satisfy the matching condition if there exists a Z-linear map h : H*(Dy,Z) — H*(D;,Z)
that preserves the intersection form such that the R-linear extension of h satisfies

h(lwi]) = [wil, (w3 =[w1l,  h(lwk]) = —[wk] -

The following lemma is a consequence of Lemma 3.3.20.

Lemma 4.4.6. Let Dy and Dy be K3 surfaces that satisfy the matching condition. Then
there exists an isometry f : D1 — Dy such that the pull-back f* : H*(Do,R) — H?*(D;1,R)
restricted to the cohomology with integer coefficients equals h and we have

ffui=wh, fuli=wi, frwk=-—wk.

We denote the asymptotically cylindrical Ricci-flat Kahler metric on W; by w; and the
holomorphic volume form by €2;. ¢, := w; A df; + Im(€2;), where 6; denotes the standard
coordinate on the circle, is a parallel Ga-structure on W; x S*. Let T € [0, 00) be sufficiently
large. We cut off the cylindrical ends of W; x S and W, x St at t = T + 1. For reasons of
simplicity, we denote the truncated manifolds with boundary by W; x S* and W5 x S, too.

The metric on D; approaches for ¢ — oo a Ricci-flat Kéhler metric that we denote by
w} and the holomorphic volume form approaches a form w’, + iwj.. We define a parallel
Gay-structure on D; x St x St x [T, T + 1] by

wh A dfj + W A dbs_j + Wl Adt+dfs_; AdO; A dt . (4.5)

It is possible to define a closed Ga-structure % on W; x S' that coincides with ¢; on
(W; x SH\ (D; x ST x St x [T'—1,00)) and with the form (4.5) on D; x ST x S* x [T, T +1].
On D; x St x S' x [T —1,T] we need to define ;b} as a closed G-structure that is not
necessarily coclosed but interpolates between the forms on the two parts. We assume that
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Dy and D,y with their asymptotic hyper-Kéahler structures structures satisfy the matching
condition and that f : Dy — D5 is an isometry with the properties from Lemma 4.4.6. We
define a map

F:D xS'"xS'% [T, T+1] — DyxS'xS'x[T,T+1]
F(x,@l,QQ,T—l-t) = (f(l'),@g,‘gl,T‘i‘].—t)

We have I *52 = 51. Therefore, we can glue together W, x St and W, x S! along the collars
D; x St x ST x [T, T + 1] with help of the map F and obtain a compact manifold M with
a well-defined closed Gy-structure. We call M the twisted connected sum of Wi x St and
Wy x St and denote the Ga-structure on M by ¢ since it depends on the cut-off parameter
T. The map F' interchanges both circle factors. This ensures that M has finite fundamental
group. The matching condition is exactly the condition on D; and Dy that is required in
order to make ¢ a well-defined Ga-structure. We can adjust the interpolating G-structure
on D; x St x St x [T —1,T] such that ||d * ¢r|| becomes arbitrarily small as T — oo.

The last step of the construction is to conclude from limr_, ||d * ¢r|| = 0 that there also
exists a parallel Go-structure on M. Kovalev [43] provided a proof of this fact that uses
glueing techniques for the solutions of elliptic PDEs. This proof builds upon earlier work of
Floer [24] and Kovalev, Singer [45]. The above results can be summed up as follows.

Definition 4.4.7. Let W, and W, be compact Kéhler manifolds of complex dimension
three. Moreover, let D1 and D; be effective divisors with D; € | — Ky, | for 7 = 1,2 such that
the D; are K3 surfaces, their normal bundle is holomorphically trivial and |7 (W;\ D;)| < oc.
If in addition D; and D, satisfy the matching condition, we call (W, D1) and (W3, D,) a
matching pair.

Theorem 4.4.8. Let (W1, D1) and (Wa, D) be a matching pair and let W; := W; \ D;.
The twisted connected sum of Wy x S' and Wy x St has finite fundamental group and admits
a parallel Go-structure. The induced metric thus has holonomy Gs.

At the end of this section, we introduce some formulas for the topological invariants of a
twisted connected sum M. Let W be a complex threefold that satisfies the conditions from
Theorem 4.4.3 and Assumption 4.4.4. We have h'0(W) = h20(W) = h3O(W) = 0, see [44].
The only non-trivial information on the Hodge-diamond of W is therefore given by h'!(W)
and hY2(W). The topology of a twisted connected sum M is determined by the topology of
the matching pair (W1, D;) and (W3, Dy) and by the isometry f : D; — Dy. We present a
result from [44] on the Betti numbers of M. Let i € {1,2}. D; can be included into W; as
a part of the cylindrical end. Let

1 » H* (Wi, R) — H*(D;, R)
be the pull-back of this inclusion. We define a subspace
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X =y (H*(W1,R)) N fr9(H*(Wy,R)) € H*(D1,R)

and introduce the numbers

d; .= dimkers; and n:=dimX .

There exist subspaces X1, X; C H?(D1,R) such that we have orthogonal sum decompositions

Zl(Hz(Wl,R)) = X@Xl
f*ZQ(HQ(W27R)) = XEBXQ

with respect to the intersection form of D;. With this notation, we are able to state the
following results.

Theorem 4.4.9. (Theorem 2.5. in [{4]) Let M be a twisted connected sum that is con-
structed from the matching pair (W, Dy) and (W, Dy). Then

m(M) = m (W) x m(Ws)
V(M) = n+d +ds

IfD2(W1) —dy + b2 (Wo) — dy < 22 and X is orthogonal to Xy with respect to the intersection
form, we have

V(M) =b* (W) + b*(Wy) +b*(M) — 2n 4 23 .

4.5 (Gy-orbifolds and physics

The main application of Go-manifolds and -orbifolds outside of pure mathematics is com-
pactification of M-theory. Since M-theory is a vast subject, we can provide only a short
overview. We refer the reader to the survey articles by Acharya [3], Acharya and Gukov
[4] and by Duff [21] for a more detailed introduction to M-theory on Gy-manifolds. We
also point out the recent publication by Halverson and Morrison [31] about M-theory on
twisted connected sums. The enhancement of the gauge group that is the focus of this
section is discussed by Acharya [1], [2], Barrett [10] and by Halverson and Morrison [32].
Phenomenological predictions of M-theory on Gy-manifolds can be found in [5].

M-theory is a candidate for a physical theory that allows us to quantize gravity and
explains all the fields and interactions that can be observed in nature. It is defined on
an 11-dimensional space-time M with signature (10,1) and its fundamental objects are
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2- and 5-dimensional membranes, that are called M2- and M5-branes. M-theory can be
compared to superstring theory whose fundamental objects are 1-dimensional strings. In
fact, it is believed that the different versions of superstring theory arise as certain limits of
M-theory. Unfortunately, the quantization of a theory with higher-dimensional objects is
much harder than in superstring theory and not yet fully understood. In the limit where
the volume of the branes shrinks to zero we obtain 11-dimensional supergravity. The fields
that appear in 11-dimensional supergravity are the metric g, a 3-form C and a spinor. The
action for the fields g and C' is given by the Lagrangian

1 1
ﬁz/ Rvol, — -G A+G — -CANGANG,
M 2 6

where R is the scalar curvature and G = dC. It is the highest-dimensional theory that
contains the Einstein-Hilbert action functional, which describes gravity, is supersymmetric
and contains no fields with spin > 2. The last condition is necessary for the consistent
quantization of the theory. The condition of supersymmetry means that the Lagrangian is
locally invariant under a super Lie algebra that is the extension of the Poincare algebra.
This is sufficient to determine all the missing terms in the Lagrangian that contain the
spinor field. Since the world that we observe is 4-dimensional, we have to explain the
physical meaning of the other 7 dimensions if we assume that M-theory or 11-dimensional
supergravity is a description of nature. If the space-time can be written as

Mll — RS,I % M7

where R3! is Minkowski space and M7 is a sufficiently small Riemannian manifold, an
observer would not notice the presence of the other dimensions. In this context, ”small”
usually means that the volume of M7 is approximately the 7th power of the Planck length
of 1073° m. This ansatz for the space-time is called compactification and the quantum field
theory that we observe on R*! is called the low-energy limit of M-theory compactified on
M. For various theoretical and phenomenological reasons, we want the four-dimensional
theory to be supersymmetric, too. The Poincare group in four dimensions may be enhanced
by N € {1,2,4,8} odd generators. Physicists often assume that the field C' vanishes
in the vacuum state. In this situation, the amount of supersymmetry N is determined
by the number of parallel spinors on M”. Each odd generator maps a bosonic field to
a fermionic field and vice versa. Supersymmetry therefore predicts that for any kind of
elementary particle there exists a superpartner whose spin is shifted by % The case N =1
is particularly interesting since it predicts the smallest number of particles beyond the
standard model.

If we assume that N' = 1, the manifold M7 has to be a Gy-manifold. In this case, the
four-dimensional theory that we obtain as low-energy limit is a super Yang-Mills theory
with gauge group U (1)b2(M ) and b3 (M ™) complex scalar fields that are not charged under
the gauge group. Unfortunately, this above theory is not compatible with the observations.
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The standard model of particle physics contains so called chiral fermions that cannot be
modeled by this ansatz. Moreover, the electro-weak and strong interaction are described by
Yang-Mills theories with gauge groups SU(2) x U(1) and SU(3) that are non-abelian.

If we allow M7 to have suitable singularities, it is believed that M-theory compactified on
M7 is still well-defined. This is a difference to general relativity that requires a smooth
underlying manifold. If M7 has conical singularities, the field theory that we obtain in
the low-energy limit contains chiral fermions [3, 4, 9]. Until now, no explicit examples of
compact Go-manifolds with conical singularities are known.

Our focus will be on Ga-orbifolds with ADE-singularities. These singularities yield field
theories with a non-abelian gauge group in the low-energy limit. The idea behind this is as
follows. A Gy-orbifold with an ADE-singularity looks locally like R® x C?/T" where I' C SU(2)
is finite. Let (Xi):c,) be a family of ALE hyper-Kahler metrics that converges for t — 0
in the Gromov-Hausdorff limit against C?/T" as described in Chapter 2. H*(R?® x X;,Z)
can be identified with the root lattice of the finite-dimensional simple Lie algebra g that is
associated to I' by the McKay correspondence. The cohomology class of an M2-brane is
an element z of H*(R3 x Xy, 7). If x # 0, the M2-brane cannot contract to a point which
means that it carries mass. It can be shown that there are dim g cohomology classes that
correspond to a single M2-brane. We consider the limit ¢ — 0. Since there are several
submanifolds of type R® x S? whose cohomology classes span H?(R?® x X;,Z) and that
collapse to R?, the M2-branes are allowed to shrink arbitrarily in size, too. This means
that they correspond to dim g massless fields on R? x C?/T". These fields interact in such a
way that we obtain a Yang-Mills theory with a gauge group GG whose Lie algebra is g. If we
resolve the singularity by replacing C?/T" with X}, the symmetry group is broken down to
U(1)rk@) Physicists have argued that this general picture is correct if M7 is one of the
following:

e (C? x T?)/T for certain groups I' such that the quotient has ADE-singularities [1].

e S x R? where S is a K3 surface with ADE-singularities [3].

e X x S! where X is a Calabi-Yau threefold with ADE-singularities [32].

o T7/73 where Z3 acts on T7 such that we obtain the torus quotient that we discuss at
the beginning of Section 5.3.2 [32].

However, there are some difficulties that have to be taken into account.

e Let M7 be a Gy-orbifold with an ADE-singularity along an associative submanifold A.
We denote the rank of the Lie algebra that is associated to the singularity by r. If the
holonomy of M7 is the full group Go, M7 cannot locally be written as X x U where X
is a complex orbifold and U is an open subset of R7~4mX Therefore, we cannot use
arguments from complex geometry and it is not a priori clear that a family of smooth
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Go-manifolds M) exists that converges to M7 in such a way that » CP'-bundles over
A collapse fiberwise. In fact, one step of the proposed construction in [40], which is in
fact the most difficult step, is to carry out this procedure for an A;-singularity along
a non-flat associative submanifold.

e The global geometry of A may influence the physical picture, too. For example, if we
move along a curve in A, the holonomy of M7 may induce non-trivial monodromies
acting on the normal space of A. These are assumed to break the gauge symmetry to a
smaller group [1]. In [32] a second torus quotient of type T7/Z3 is considered that has
Aj;-singularities not only along submanifolds of type T but also along T /Z,. Tt is not
entirely clear from a physical point of view what the gauge group of the 4-dimensional
theory that we obtain in the low-energy limit is. Moreover, the A;-singularities along
T3 /Zsy admit two kinds of resolutions that yield different values of b* and thus different
gauge groups.

Since this thesis is primarily about mathematics and not physics, we are rather cautious
about these issues. When we construct Gs-orbifolds with ADE-singularities, we will describe
the singular locus but we make no predictions about the gauge group. The only exception
is the torus quotient 77 /Z3 at the beginning of Section 5.3 since it is also discussed in [32].
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Chapter 5

(GGo-orbifolds with ADE-singularities

5.1 Quotients of the product of a K3 surface and torus

Let S be a K3 surface with a hyper-Kihler metric and let 7% = R3/A, where A C R3
is a lattice of rank 3, be a torus with a flat metric. The metric on the product S x T°
has holonomy Sp(1) C Gy and therefore S x T? is a Ga-manifold or, if S is singular, a
Gs-orbifold. In this section, we consider quotients (S x T%)/T" where T is a finite group
that preserves the Gao-structure and leaves no non-trivial subspace of the tangent space
invariant. Although the holonomy is Sp(1) x A, where A is discrete, rather than Gbs,
there exists exactly on parallel spinor on (S x T%)/T. Therefore, we nevertheless obtain
a four-dimensional field theory with A' = 1 by compactifying M-theory on (S x T3)/T.
Quotients of this kind have been investigated in [57] and the material of this section is a
continuation of that work. Let z1, x5, and 3 be coordinates on 7 such that (%, %, %)
is an orthonormal frame and let wy,ws, w3 be the three Kahler forms on S. The 3-form

¢ = w Ada' + wy Ada?® + wz Ada? + dat A da? A da?

is a parallel Go-form whose associated metric is the product metric on S xT%. Its Hodge-dual
1S

x¢p = volg + wi A da?® A dx® + wy A da® A dat + wg A dat A da?

where volg = w; A w; with ¢ € {1,2,3} is the volume form of S. Let I be a group that acts
isometrically and orientation-preserving on 7°. The action of any v € I" can be written as

A= (A%z +0)A
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where v7 € R® and A7 = (A];); ;=123 € SO(3). Let GL(A) be the subgroup of GL(3,R)
that preserves A. v defines a well-defined map 7% — T% if and only if A7 € SO(3) NGL(A).
We assume that for any v € I' there exists an isometry of S whose pull-back acts on the
three Kahler forms as

3
5
w; > E Aﬂ-wj .
Jj=1

In this situation, we can extend the action of I" on 7 to an action on S x T that preserves
the Gy-structure. It is necessary that A” is an element of SO(3) rather than O(3). Otherwise,
I would not preserve the summand dz! A do? A da® of ¢. If S is non-singular and I' acts
freely on S x T®, the quotient (S x T3)/I" is a manifold. In order to obtain a G-orbifold
with ADE-singularities, there are three possibilities:

1. S is singular, I' acts freely.
2. S is non-singular, I' does not act freely.

3. S is singular, I' does not act freely.

We focus on the first case, but we also discuss the other cases. Let us assume that I" acts
freely on S x T3. The action of a v € I has a fixed point if and only if the projections of
the action to S and to T° both have a fixed point. If the action of v on T has a fixed point
and I' acts freely, the action of v on S has to be fixed point free. Since there are only few
automorphisms of K3 surfaces without fixed points, we do not consider this case further
and assume from now on that the action of I' on 7% is free. A quotient N of a torus by an
isometric free group action is called a compact Euclidean space form. In dimension 3, they
are classified by Hantzsche and Wendt [28]. Although we do not work with the space forms
themselves, their classification yields the group actions on the torus that we need. In the
case where the group I' that acts on T° preserves the orientation there are the following 6
space forms.

e N is a 3-dimensional torus R?/A, where A is a lattice, or equivalently, T is trivial.

e A is a direct sum Ay @ Ay, where A; is generated by a translation and A, is generated
by two translations. The torus splits as R/A; x R?/T". We introduce coordinates z*

on the first factor and 2, 2% on the second factor. Moreover, we identify the circle
R/A; with R/Z. Aj shall admit an isometry o' of order n € {2,3,4,6}. We define
a: T = T2 by a(z!,2?,2%) := (' + 2,0/ (2?,2%)) and N as (R*/A)/(c).

e N = (R3/A)/T where I is isomorphic to Z3. Let (b1, ba, b3) be a basis of A. T’ can be
defined as the group that is generated by
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041(()\1[?1 + )\ng + )\3()3) + A) = (% + )\1)[)1 - )\ng + (% - )\3)()3 + A (5 1)
052((/\1[)1 + )\gbg + )\3()3) + A) = —/\1[)1 + (% + )\Q)bg - /\3b3 + A '

For reasons of simplicity, we assume from now on that A = Z? and that b; is the
standard unit vector e;.

If N is a space form that is not of type 17°/Z2, we can split of a circle, i.e. N = N’ x S,
where N’ is a two-dimensional manifold. If the group I' that acts on S x T° does not act in
this way on the torus factor, we can also split of a circle from (S x T?)/T and its holonomy
therefore does not act irreducibly on the tangent space. Since we are mainly interested in
the case where the holonomy acts irreducibly, we assume from now on that I' is isomorphic
to Z2. The holonomy of the quotient orbifolds will be Sp(1) x Z2. Since the generators of I'
shall act on 7% as in (5.1), it follows that the pull-backs of a; and ay have to act on the
Kahler forms on S as:

QW] =W Qjwr = —Ws Qjws = —Ws3
QoW = —W]  QoWe = Wy  (oW3 = —Ws

(5.2)

In other words, a; acts on S as a non-symplectic involution, which is holomorphic with
respect to the complex structure with period point [ws] + i[ws]. Analogously, ay is a
non-symplectic involution for the complex structure with period point [ws] +i[w]. A pair of
such non-symplectic involutions can be constructed as follows. Let ¢; and 1), be involutions
of the K3 lattice L with fixed lattices LY and L¥2. 1; and 1, shall be chosen in such a
way that each of the three spaces

L L 1
Vi=rgn(ne) Ve (L8) nng, e (LR e L)
contains a positive element v; € V;. By our definition of the V;, the v; are pairwise orthogonal.

Without loss of generality, we assume that v? = 1. Lemma 3.3.20 guarantees that there
exist the following objects:

e A K3 surface S with a marking ¢ : H*(S,Z) — L,
e a hyper-Kahler structure (g,w;,ws,ws) on S such that [w;] = ¢~ (v;) and

e isometric involutions p; and py of S such that ¢ o pf o=t = ;.

In this situation, p; and ps act on the Kéhler forms as in (5.2). We define ay, ap : T° — T3
as in equation (5.1). The group that is generated by the p; x a; with ¢ = 1,2 acts freely on
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S x T3 and preserves the Go-structure. If S has ADE-singularities, the quotient (S x 7%)/T
has also ADE-singularities along one or more copies of T%/(ay, as).

We determine the Betti numbers of the orbifolds M := (S x T%)/T that we obtain by this
method. First, we assume that S is smooth. After that, we show how the calculation can
be modified for singular K3 surfaces. The cohomology of M with real coefficients simply is
the [-invariant part of H*(S x T3, R). The first de Rham cohomology of S x T* is spanned
by the harmonic forms dz', dz? and dx® since b'(S) = 0. We have chosen «; and s in
such a way that no coordinate direction is preserved by both maps. Therefore, we have
bY(M) = 0. H*(S x T3 R) is spanned by the forms dz' A dz?, do' A dx® and dx? A dz® on
the torus and by H?(S,R). None of the forms on the torus is [-invariant and the invariant
part of H?(S,R) has the same dimension as V; := LY N L. The Kiinneth formula yields

H3(SxT? R) = H¥T* R)&(H*(T*, R) @ H'(S,R))a(H (T, R) ® H*(S,R))®H?(S,R).

With b(S) = b3(S) = 0 this can be simplified to

H*(SxT* R)= H*(T°,R) ® (H'(T*,R) ® H*(S,R)) .

p1 X ap and py X i act linearly on the spaces H'(T3 R) and H?(S,R) with eigenvalues 1
or —1. We denote the intersection of the eigenspace of p; x aq with eigenvalue ¢; and the
eigenspace of py X ay with eigenvalue e, by the superscript €y, €. Since H* (T3, R)! = {0},
we have

(H'(T? R) ® H*(S,R))" = H(T*, R)""" @ H*(S,R)"
@ Hl(Tg,R>_Ll ® ]_12(‘517 R)—l,l
D Hl(T?)’R)fl,fl ® HZ(S, R)fl,fl

where the superscript I' denotes the subspace of all vectors that are invariant under I'. Since
the spaces H'(T3,R)*2 have dimension 1 if (e1, e5) # (1,1), (H'(T3,R) ® H2(S,R))" has
dimension dim V; + dim V5 + dim V3. All in all, we obtain the following Betti numbers:

b'(M) =0 (5.3)
b*(M) = dim V; (5.4)
b*(M) =1+ dimV; +dim V5 + dim V3 = 23 — dim (5.5)

Next, we assume that S carries a hyper-Kéahler metric with ADE-singularities that we
obtain by deforming a smooth hyper-Kahler metric on a K3 surface such that the area of
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n complex curves shrinks to zero. This procedure yields in the Gromov-Hausdorff limit
an orbifold whose Hodge number h'!(S) decreases by n, i.e. h'''(S) = 20 — n. The other
Hodge numbers remain the same. We assume that the cohomology class of any curve with
vanishing volume is either contained in Vj or in its orthogonal complement. We denote the
number of cohomology classes in V; by ng and obtain:

b'(M) =0 (5.6)
V(M) = dim Vy — ng (5.7)
b* (M) =23 —dimVy — n + ng (5.8)

We assume that there exists a cohomology class x of a curve with vanishing volume that
is not contained in Vo U V. Since p; and p, are isometries, they map singular points to
singular points. Let O be the orbit of z, e.g. O = {z, piz, psx, pipsx} if neither p; nor
p2 leave x invariant. O spans a four-dimensional subspace W of H%(S,R). There is a
one-dimensional subspace of W that is invariant under p; and p,. Therefore, we have to
subtract 1 from b*(M) and 3 from b*(M). If O contains two elements, we obtain analogous
relations.

In order to construct examples of quotients of type (S x T3)/T, we take a look at the
maps g : 2(—FEs) — 2(—Fs) with i = 1,...,4 and p} : 3H — 3H with j = 1,2,3 that
we have defined in Section 3.5. Since p} is the identity and p} is minus the identity, all
maps p¢ commute with each other with the only possible exception p? and pi. We recall
that p?(z1,22) = (—z1,72) and pf(x1,22) = (79, 2;) for all z; € (—Fg); and 25 € (—Eg)s.
Therefore, p? and p} do not commute. We redefine p} as pi(z1, 2, 23) = (=21, —12, 23). Up
to a permutation of the signs, this is the same as the pj from Section 3.5. This redefinition
makes it easier for us to define the hyper-Kahler structure on S with the desired properties.
By a short calculation, we see that all pé commute pairwise. Let v¢;; : L — L be defined
as the map pj @ pi. The 27 pairs (v, Yyy) with 1 < i < i < 4, (i,7) # (2,4) and
1 < j < j' < 3 consist of two commuting lattice isometries of L. Let (v}, v}) be the standard
basis of H;. We define the following three elements of Lg.

o If (j,5) = (1,2), we define z := \/Li(vf +03), y :== 3(vi +v3 +vi+03) and z =
3(vi + vy — v} =),

o If (j,5') = (1,3), we define z := 5 (v} + v3), y := (v} +v3) and 2z := J5(vf + 13).

x, y and z are pairwise orthogonal and satisfy 22 = y? = 22 = 1. Therefore, the triple
(z,y, z) defines a marked K3 surface S with a hyper-Kéhler structure. As usual, the three
Kéahler forms w;, wy, wsy can be chosen such that ¢(|w;]) = z;, where ¢ : H*(S,Z) — L
denotes the marking. The maps 1;; and ; act on z, y and z as prescribed by (5.2). We
can deduce with help of Lemma 3.3.20 that there exist isometries p; and py of S such that
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popiogd t =1y and popso ¢t =y In particular, p; and py act on the Kahler forms
as in (5.2), too. The commutator p;' o py' o p; o py as well as the maps p? and p? act
as the identity on L and thus are the identity map. Therefore, p; and py are commuting
involutions of S that are non-symplectic with respect to different complex structures. All in
all, we obtain a Gs-orbifold M by dividing S x T by the group that is generated by p; X o
and py X ag. By a short calculation, we see that if (4, ;') = (2, 3) a triple (x,y, z) such that
¥;; and ¥y act as desired does not exist. In the case (7, ;') = (1,2) the triple does only
exist since we have redefined p3. The number of possible pairs (1, 1;;/) therefore reduces
to 18. The K3 surfaces S are singular. The orthogonal complement of spany(z,y, 2) is for
all values of (7, 7) and (i, j) given by

spanz(v% — U%, v% — vg, Ui) — vg) ®2(—Eg) .

This is precisely the lattice K’ from the proof of Theorem 3.5.10. Therefore, S has 3 singular
points with A;-singularities and 2 singular points with FEg-singularities. Furthermore, M
has A;-singularities along 3 copies of T?3/Z3 and Egs-singularities along 2 copies of T3 /Z3.
Since there are no more CP's in S left that can collapse, we call this singular set the
mazximal singularity of M.

We want to know if it is possible to obtain by our construction Gs-orbifolds with smaller
singularities. Lr decomposes into the 4 spaces Vg,...,Vy. If i,7' # 4 and 7, 5" # 2, any
element of the standard basis (wy, ..., wg) of K’ is contained in one of the V;. We choose
an arbitrary subfamily of (wy,...,w9) and distribute it among the 4 spaces. We obtain
4 families (wjeez,...,wjae ) with 6,6 € {1,—1}. The first superscript denotes the

€1:€2
eigenvalue €; of w2 with respect to ¢;; and the second superscript the eigenvalue with

respect to ¥y . We redefine x, y and z as:

k 1,-1
¥ o= x4+ 10‘17 w1
ko
r_ L1 1,1
Yy - y+z ];1’1
k. _
Y= 2+t 1wjl_1,_1

As in the proof of Corollary 3.5.11, the a2 are chosen such that they are Q-linearly
independent and z? = ¢y = 22 > (0. Since 2’ € Vi, ¥ € Vp and z € Vs, (2/,y/,2') defines
a hyper-Kéahler structure on a K3 surface that satisfies the relations (5.2). The Dynkin
diagram that describes the singularities is obtained from 3A1 U 2Eg by removing the nodes
that correspond to the w, Lty Wy and w Sl Since ', 3’ and 2’ have to be orthogonal
to Vp in order to satisfy (5 2), there is no Way to get rid of the nodes that are represented
by the Wi This means that there is a minimal singularity that is described by the set of
all w; € V4 and cannot be resolved. All in all, we have proven that the singular locus of
S can be chosen such that it is described by an arbitrary subdiagram of 3A; U 2Fs that
contains the Dynkin diagram of all w; € V{). In the case where there exists a w; that is not
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contained in any of the Vj, the above proof can be easily modified. For example, we assume
that there exists a w; with ¢, (w;) = —w; but ¥y, (w;) ¢ {—wy, w;}. We take a look at the
definition of the maps pj and pi and see that there exists an I’ with 1;;(w;) = wy. We can
add a term of type f(w; + wy) in the definition of 2’ or a term of type f(w; — wy) in the
definition of z’. By this method, we see that in the general case there exists a minimal
singularity that is described by the Dynkin diagram that belongs to the root system

Dy :={d e Vyn L|d® = -2}

The description of all possible ”intermediate” singularities would be rather complicated and
would involve different cases. Therefore, we restrict ourselves to the maximal and minimal
singularity.

We compute the Betti numbers of M in the case where the singularities of S are minimal
in the sense that we have explained above. The vector space V; splits into V§ & V' where
Vi=Von(B3H ®R) and V§ = Vo N (2(—Es) ® R). By taking a look at the definitions of
the p), we see that Vy is always trivial. Depending on the values of j and j’ we obtain for
Vi and the Dynkin diagram of the minimal singularity:

(,0") | W' dim Vo | Dy
(1,1) | 2(=Es) @R | 16 2E3
(1,2) | (—Es)2: @R |8 Ex
(1,3) | {0} 0 0
(1,4) | (—E5)(2) @R | 8 0
(2,2) | (—Es)2 @R |8 Eg
(2,3) | {0} 0 0
(3,3) | {0} 0 0
(3,4) | {0} 0 0
(4,4) | (-E5)2) @R | 8 0

In the above table, (—Eg)(2) denotes the diagonally embedded lattice {(z,z) € 2(—Es)|x €
—FEg}. We denote the Go-orbifold that we obtain from a K3 surface with the minimal
singularity by M,,;, and the orbifold that we obtain from the K3 surface with 2 Fg- and 3
Aj-singularities by M,,... We obtain for the Betti numbers:
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(jvj/) bQ(Mmm) bg(Mmin) bQ(Mmaz) bS(Mmax)
(1) |0 7 0 4
(1,2) |0 15 0 1
(1,3) [0 23 0 A
(1,4) |8 15 0 4
(2,2) [0 15 0 4
(2,3) 0 23 0 4
(3,3) | 0 23 0 4
(3,4 [0 23 0 1
(4,4) |8 15 0 4

In particular, b*> and b are independent of the choice of 7 and 7'.

Remark 5.1.1. It is possible to modify our construction. Instead of oy and as we consider
the maps

Bi((w1, w2, 23) + Z°) = ($1+i,—$2+}1,—$3)+Z3
52((l’1,$2,$3)—|—z3) e (—$1+%‘,x2+%,—1‘3—|—%)—|—z3

Since the signs in front of the x; are the same as in (5.1), the quotient M = (S x T%)/T,
where I' is generated by the p; x §; with i = 1,2 and the p; satisfy (5.2), is a Gy-orbifold.
The group that is generated by 3; and (3, is isomorphic to Z, x Zy and acts freely on 7°.
Therefore, I' is isomorphic to Z4 X Zs, too, and the only singularities of M are induced by
the singularities of S. Since

BY (1, w9, x3) + Z°) = (21 + 3,22, 23) + Z°

the quotient 7%/(831, B2) can be interpreted as the quotient of the torus R3/A with A =
spanz(%el, €3, e3) by a group that is isomorphic to Z3. We could combine any pair (py, p2)
of involutions of a K3 surface that satisfies (5.2) with §; and f; to obtain a Gs-orbifold,
but we do not carry out this procedure explicitly for reasons of brevity.

At the end of this section, we show how to construct Go-orbifolds of type (S x T3)/T" with
ADE-singularities in the case where I' does not act freely. First, we assume that S is smooth
and after that we shortly touch the case where S has singularities. These are the second
and the third case form page 61. The easiest way to obtain a non-free action is to modify
the definition of a4 such that

Oél((l'l,xg,l’g) + Z3) = (l‘l, —1'2,% — .133) + Zg

The fixed point set of «a consists of four circles, namely:
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{(z, 61,1 + 1) + Z°|z € R}

with €1, €2 € {0,1}. The fixed point set of p; X « is the Cartesian product of the above four
circles and the fixed point set of the non-symplectic involution p;. According to Theorem
3.5.8, the fixed locus of p; consists of disjoint complex curves. The differential of p; at a
fixed point can be written as diag(1, —1) € C**2. Since «; acts as —1 on the normal space
of a circle of fixed points, (S x T?)/(p; X a1) has A;-singularities along several submanifolds
that can be described as the product of a circle and a complex curve. The involution as
has no fixed points and maps each of the 4 circles to another one. Therefore, dividing
(S xT3)/{p1 x 1) by pa X a halves the number of the connected components of the singular
locus. As in Theorem 3.5.8, let C; U Ey U ... U Ej, where the E; are are rational curves
and Cy is a curve that may have a higher genus, be the fixed locus of p;. If S is smooth,
the singular locus of M can therefore be written as

({(2,0,7) + Z%|z € R} (o, a2) U{(2,0,3) + Z*|z € R} (o, a2)) X (C,UELU...UEy) .
(5.9)

We show how to construct a large number of smooth K3 surfaces with two commuting
involutions p; and py that satisfy (5.2). Let (r1,a1,91) and (rq, as, d2) be two triples such
that for each (r;, a;, ;) there exists a K3 surface with a non-symplectic involution whose
invariants are (r;, a;, 0;). We denote the lattice L(ry, a1, d1) by Ly and L(rg, as, d2) by Ls.
Theorem 3.1.5 guarantees that L; @ Ly can be primitively embedded into L if 2(r1 4+ 15) < 22
or 1 + 19 + ay + as < 22. We define p; as an involution of a marked K3 surface S that acts
as the identity on L; and as —1 on Li and define py as an analogous involution of S. Since
L, and L, are orthogonally embedded, we have

Vo={0}, Vi=Li®oR, V=L,®R, %:((LI@L2)®R>L~

The lattice Ly @ Ly has signature (2,71 + 19 — 2). Let x; € V; with ¢ = 1,2, 3 be positive
elements. By construction, the z; are pairwise orthogonal. We rescale them such that

x? = x5 = x2. Since L; @ L, is a primitive sublattice of L, there exists a basis (wy,. .., wx)
of L such that (wy,...,w,,) is a basis of Li, (W 41,...,Ws4r) iS a basis of Ly and
(Wry4rot1s - - -, Wao) is a basis of (V) @ Vo)L, We redefine 1, x5 and x3 as
/ R 1
Tpo= a0k ow
/ L r1+72
wy = wa+ )L ow
P 92
Ty = I3 + Ei:Tl—H“z a;W;
As usual, we choose the «; such that (1, aq, ..., ag) is Q-linearly independent. Moreover,

they should be chosen such that z}> = 2% = x> > 0. We see that span(z;, x, z3)" contains
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no d € L with d> = —2. Therefore, the triple (z1,zs,73) defines a smooth K3 surface
with a marking ¢ : H%(S,Z) — L and a hyper-Kéhler structure such that ¢(|w;]) = ; for
i =1,2,3. We have defined the z; in such a way that the maps p; satisfy the relations (5.2).
Any pair of triples (r;, a;, §;) with 2(ry +75) < 22 or r; + 13 + a1 + ay < 22 therefore yields
a quotient M := (S x T3)/{(p1 X a1, pa X ap) with A;-singularities along the set (5.9) where
CyUE,U...UE} is the fixed locus of p;. We compute the Betti numbers of M as in the
case where I" acts freely by counting the I'-invariant forms of S x 7. Since dim V = 0, we
obtain the Betti numbers

V'(M)=0, b (M)=0, b (M)=23.

In particular, M is 2-connected and the Betti numbers are independent of the choice
of (r1,a1,d1) and (79, ag,02). As a by-product of our considerations, we have proven the
following lemma.

Lemma 5.1.2. Let (ry,a;,0;) with i = 1,2 be two triples such that K3 surfaces with non-
symplectic involutions with fized lattices L; := L(r;, a;,6;) exist. Moreover, there shall exist
a primitive embedding of Ly @ Lo into the K3 lattice L. Then there exists a single marked
K3 surface S with a smooth hyper-Kahler structure and a pair of commuting involutions p;
with fized lattices L; that act on the Kdhler forms as described by (5.2).

Finally, let M := (S x T3)/T be constructed as above with help of the modified map «; and
let S have singular points p; ¢ C, U Ey U...U Ej. Each p; yields an ADE-singularity along
a suborbifold of type T°/Z3. It is important that p; ¢ C;, U E; U...U Ej. Otherwise, the
suborbifolds in the singular locus of M that are induced by the fixed locus of a; and those
that are induced by the singular points of S would intersect. At the intersection points, M
would have singularities of type C3/A that are more complicated than ADE-singularities,
which means that there exists no one-dimensional complex subspace of the tangent space
on which A acts trivially. In the following section, we present an example of a singular K3
surface with a non-symplectic involution where we see how the case p; € C,U E1 U ... U E}
can be avoided. Therefore, we do not construct explicit examples of quotient orbifolds of
the above type at this point.

5.2 Twisted connected sums with ADE-singularities

In this section, we modify the method for the construction of compact Go-manifolds that
was developed by Kovalev and Lee [44] such that we obtain examples of Gg-orbifolds with
ADE-singularities. First, we review the construction from [44] and then we show how it can
be generalized to Go-orbifolds. Let S be a K3 surface and let p : S — S be a non-symplectic
involution. Moreover, let 1) : CP' — CP' be a holomorphic involution that has two distinct
fixed points z, and 2. p X 1 generates a group of order 2 that acts on S x CP'. The
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quotient (S x P1)/(p x 1) will be denoted by Z. As we have described in Theorem 3.5.8,
the fixed locus of p is a disjoint union of complex curves Cy U By U ... U Ej, where C; is a
curve of genus g and E, ..., F} are rational curves. The singular set of Z thus consists of
two copies of C, U Ey U...U Eg. Any singularity is of type C?/Z, where Zj is generated by

-1
-1
1

In other words, we have A;-singularities along the curves in the singular locus. These curves
can be blown up and we obtain a smooth complex threefold W. Let p: S x CP' — Z be
the quotient map and let 7 : W — Z be the blow-up. Moreover, let z € CP* \ {2}, 25} be
arbitrary. D = 7~1(p(S x {z})) is a K3 surface and a subvariety of W. We prove that D
is an anti-canonical divisor of W. The point {z} is a divisor of CP' that corresponds to
the hyperplane line bundle H. We denote the canonical bundle of a complex variety X by
Kx. Moreover, we denote the kth power of a complex line bundle £ with respect to the
tensor product by £F. Kept is isomorphic to H~2. Therefore, there exists a meromorphic
1-form o on CP! that has a pole of second order at z and is holomorphic elsewhere. Let
wy +i-wg be the holomorphic volume form on S. 5 := a A (w; + 1 - wg) is a meromorphic
3-form on S x P! with a pole of second order along S x {z}. The section

B&(px) s

of K%, p1 is (p X 1p)-invariant since p x 1 is an involution. Therefore, there exists a unique
meromorphic section 7 of K% with

pPry=05(pxy)p.

v has a pole of second order along p(S x {z}), 7*v has a pole of second order along D and
both sections_ are holomorphic elsewhere. Let z1, 29, 23 be complex coordinates on an open
subset U C W. There exists a unique meromorphic function f;; on U such that we have

™y = fu - (dz' ANd2* A d2?)®?
on U. The two 3-forms

Ny ==+ fu- dz' A dz? A d2?

are meromorphic on U and have a simple pole along U N D. Let (Uy)acr be an atlas of W.
We show that the forms 74y, can be glued together to a globally defined form 7. Since n
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has a simple pole along D, it follows that D is an anti-canonical divisor of W. For any «
from the index set I we define two sets

fu.(z1, 22, 23) - dz' N d2? A dz3|(z1, 29,23) € Uy}

U{—/fu. (21, 20, 23) - dz" Ad2® A d2?|(21, 22, 23) € U} C Ky

Yo :={fv. (21, 22, 23) - (d2' A dz® Nd2®)P|(21, 20, 23) € Un} C K

where Ky and ICQW should be interpreted as the total spaces of the bundles. We add a
point that represents oo - dz' A dz* A dz* to each fiber and make Ky and K2 into bundles
with fiber CP'. This ensures that our definition makes sense if U, N D is non-empty. We
define the following submanifolds of Ky and K2

X::UXa and Y::UYQ.

acl ael

The map that sends ++/ fu, (21, 22, 23) - dz* Adz* Adz3 to fu, (21, 22, 23) - (d2P Adz? A d2?)®?
defines a double cover X — Y. Y is diffeomorphic to W. The diffeomorphism is given by
the restriction of the projection map K2 — W to Y C K% In [44] it is shown that W
is simply connected if p is not fixed-point free. Therefore, the covering space X has two
connected components that are both diffeomorphic to W. One of them can be used to define
the global holomorphic 3-form n and we have finally shown that D is an anti-canonical
divisor.

S x {z} € S x CP! has a neighborhood that is biholomorphic to S x {z € C||z| < €}. In
other words, S x {z} has trivial normal bundle. It is easy to see that p(S x {z}) C Z and
D C W have trivial normal bundle, too.

We show that W admits a Kéhler metric. S x P! is a Kéhler manifold since any K3 surface
is Kéhler. Let g be a Kéahler metric on S x PL. ¢’ := g+ (p x ¥)*g is a (p x 1)-invariant
Riemannian metric. Moreover, it is Kéahler since the set of all Kdhler metrics is a cone. Since
S x P! carries a (p X ¥)-invariant Kéhler metric, the quotient Z is Kéhler, too. Let w be a
Kihler form on Z and let E be the exceptional divisor of the blow-up 7 : W — Z. There
is a class in H%' (W) that corresponds to F, that we denote by E, too. Moreover, there
exists an € > 0 such that 7*[w] — €E is a Kéahler class (see [27, p.187] or [44, Proposition
4.1.]). All in all, the pair (W, D) satisfies all conditions from Theorem 4.4.3 and we have
shown the following result.

Proposition 5.2.1. (Proposition 5.1. in [44]) Let S be a K3 surface with a non-symplectic
involution p that has invariants (r,a,0) # (10,10,0). Moreover, let (g,wr,ws,wk) be a
hyper-Kdhler structure on S such that p*(wy + iwk) = —wy — iwk and p*wr = wr. Finally,
we define W and D as above. In this situation, W := W \ D admits an ACyl Ricci-flat
Kdhler metric whose holomorphic (3,0)-form is asymptotic to the form (w;+iwk ) A (dt+idf)
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on D x S' x R> and whose Kdhler form is asymptotic to w; +dt AdO, where § and t denote
the usual coordinates on the circle S* and on R>°.

It is possible to calculate the values of the following invariants that determine the topology
of the twisted connected sums.

Proposition 5.2.2. (Proposition 4.5. in [44]) In the situation of the above proposition,
the Hodge numbers of W are determined by

o WYO(W) = h2O(W) = h3O(W) = 0,
o WBY (W) =3+ 2r —a,
o W2(W)=22—-1r—a.

Moreover, the rank of the restriction map 1 : H*(W,R) — H?(D,R) is r and the kernel of
the restriction of » to H*(W,R) has dimension 2 +r — a.

Kovalev and Lee [44] construct many examples of compact Go-manifolds with help of the
ACyl Calabi-Yau manifolds from Theorem 5.2.1. We describe one particular construction
method in detail. Let S; with ¢ € {1,2} be K3 surfaces with non-symplectic involutions
pi- We denote their fixed lattices by L; and their invariants by (r;, a;, d;). Moreover, we
choose hyper-Kihler structures (¢°, w!, ws, w) with i € {1,2} on the S;. We construct ACyl
Calabi-Yau manifolds W; and W5 by the method that we have described above with (S, p1)
and (Sa, p2) as input. Each W; is asymptotic to D; x ST x R>Y where D; carries the same
hyper-Kéhler structure as S;. Theorem 4.4.8 guarantees that W; x S and W, x S! can be
glued together to a twisted connected sum M that carries a metric with holonomy G5 if S;
and Sy satisfy the matching condition.

We assume that L; & Ly can be primitively embedded into L. Let ¢; : H*(S,Z) — L be
markings such that ¢;(L;) and ¢o( L) are orthogonal to each other and that ¢;(L;)® ¢2(Ls)
is a primitive sublattice of L. As usual, we identify ¢;(L;) and L; with each other. We
denote ¢1([wj]) € L with j € {1,2,3} by z; and ¢o([w?]) by y;. Since p; and p, are
non-symplectic, we have

PiT1 = T1 PiT2 = —Ty pPiT3 = —T3
PoY1 = Y1 PaY2 = —Y2  PaYs = —Y3

We assume that p; and ps act as follows on the Kahler classes x;:

piT1 =T1 PiTe = —Ty pPiT3 = —T3 (5.10)
PoT1 = —T1  Polia = Ty PHly = —I3
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In this situation, we can define y; := x5, yo := x1, y3 = —x3 and the matching h :
H%(Sy,Z) — H?*(S),Z) as ¢;' o ¢o. The relations (5.10) are the same as the relations
(5.2) in Section 5.1. In Lemma 5.1.2 from that section, we have already shown that a
smooth hyper-Kéhler structure on a marked K3 surface exists such that (5.10) is satisfied.
Therefore, we have proven the following theorem that is a part of Theorem 5.7. in [44].

Theorem 5.2.3. Let (r;,a;,0;) with i = 1,2 be triples such that non-symplectic involutions
pi of K3 surfaces S; with invariants (r;,a;,0;) exist. We denote their fixed lattices by L;.
Moreover, we assume that v +1ry < 11 orri +ry + a1 + as < 22 such that Ly & Ly can
be primitively embedded into the K3 lattice L. Let W; be the ACyl Calabi- Yau manifolds
that are constructed from the pairs (S, p;) as in Theorem 5.2.1. In this situation, Wy x S1
and Wy x St can be glued together to a twisted connected sum M that is smooth and
carries a metric with holonomy Gs if the hyper-Kdahler structures on the S; are chosen
appropriately. In this situation, the Betti numbers of M are determined by b*(M) = 0,
V(M) =441 +ry— (a; +ay), ¥(M) =115 — (ry + r2) — 3(ay + as).

Remark 5.2.4. The values of the Betti numbers can be obtained from Theorem 5.7. in
[44] or from Theorem 4.4.9 in this thesis. It is crucial for the formulas for b*(M) that
LinLy={0}. If L1 ® R and Ly ® R intersect in a subspace of dimension n and the spaces
Vi=L;@RN(L3_; ® R)* with i = 1,2 are orthogonal, we have to add n to b? and subtract
2n from b3.

In the proof of Theorem 5.2.3, we considered a K3 surface with two commuting involutions
that satisfy the relations (5.2) and obtained a pair of K3 surfaces that satisfy the matching
condition. This idea does not rely on the fact that L; and Ly are orthogonal. Whenever
we have a K3 surface with two commuting involutions and a hyper-Kahler structure that
satisfies (5.2), which is the same as (5.10), we can define a second K3 surface that satisfies
the matching condition by y; := 29, y5 := 1, y3 := —x3 and h := ¢; ' o ¢3. This means
that our examples from Section 5.1 can be used to construct matching K3 surfaces. As
we have discussed in Section 4.2, the theorems on ACyl Calabi-Yau manifolds and twisted
connected sums remain true in the orbifold case. Therefore, it is possible to construct
ACyl Calabi-Yau orbifolds from singular K3 surfaces with a non-symplectic involution and
Go-orbifolds from singular K3 surfaces with two commuting involutions that satisfy (5.2). In
the following, we assume that no singular point lies on a fixed curve of the involutions. This
makes it easier to ensure that the Gs-orbifold has only ADE-singularities and to calculate
its Betti numbers. We construct an explicit example where it is particularly easy to see
that no singular point is on a fixed curve in order to show how our method works. As usual,
we write the K3 lattice L as

H, ® Hy® H3® (—Esg), @ (—Es)s

We define two involutions v; with ¢ = 1,2 of L that act as the identity on H;, as —1 on
H; ; ® H3 and interchange (—FEg); and (—FEg)s. The invariants of their fixed lattices are
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(10,8,0). Moreover, the ¢; commute. We choose z; with i = 1,2 as (v} 4 v}) + a(vi — v})
where « is irrational and sufficiently small. Moreover, we choose 3 as A (v3+v3)+ Ao (v3 —v3),
where the ); are chosen Q-linearly independent and such that z3 = 22 = 23 > 0. The
x; define a hyper-Kahler structure on a K3 surface S such that the v; are the pull-backs
of involutions p; of S that satisfy (5.10). The intersection of L with span(zy,xs, z3)" is
spanned by the elements (wy, ..., wy9) of the basis that we have introduced in the proof of
Theorem 3.5.10. More explicitly, the w; are the vectors with wjz- = —2 that generate both
(—Es)-lattices. This means that we have constructed a K3 surface with two Eg-singularities.
Each ; maps w; with j € {4,...,11} to w,s and vice versa. Therefore, the two singular
points are mapped to each other by the p;. Let (wj,, ..., w;,) be a subfamily of (wy, ..., w).
By perturbing x5 to

k

vhi=a3+ > Bilwy, — wi4s)

=1

with suitable §; € R, we can achieve as in the proof of Corollary 3.5.11 and Lemma 5.1.2
that the hyper-Kéhler structure still satisfies (5.10) but has a singular set that is described
by two copies of an arbitrary subdiagram of FEx.

We consider a w; with j € {4,...,19} that corresponds to a curve with vanishing volume.
Since the invariants (r;, a;, §;) of L; are (10,8, 0), the fixed locus of p; consists of two elliptic
curves Cf and C%. The image of their cohomology classes ¢} and ¢} with respect to the
marking are contained in L; = H; & Fg(—2). Moreover, we have i - ¢; =0 for k = 1,2 and
Ci and Cf are linearly equivalent such that we have ¢! = b, see for example [55]. Since
¢, - ¢l =0, it can be written as

11
y+ Z Bi(wi + wiys)
I=4

with 8, € Z, y € H; and y? = 43,1, f?. Tt is possible to map ¢} to vi € H; by reflecting
it through the hyperplane that is orthogonal to ¢! — vi. Since reflections are lattice
automorphisms and we can change the marking of the K3 surface by an automorphism of
L, we can assume that ¢; = v} and we have ¢! - w; = 0. Therefore, we can assume that the
curves with vanishing volume do not intersect the fixed curves.

We can now apply the orbifold version of Theorem 5.2.3 and obtain Gs-orbifolds with
ADE-singularities. Let D; with ¢ = 1,2 be the K3 factors of the cylindrical ends of W; x S*.
We denote the singular points of Dy by p1, ..., p, and the type of the singularity at p; by A;.
Since the matching condition guarantees that there exists an isometry f : Dy — Dy, D5 has
singularities of the same type at the points ¢; := f(p;). Any p; (or g;) is mapped by p; (or
p2) to another point with the same kind of singularity. Therefore, W; has ADE-singularities
along one or more CP's. Their number and type is described by two copies of an arbitrary

73



subdiagram of Fs. When we remove the divisor D;, a singularity along CP' becomes a
singularity along CP'\ {2}, which is diffeomorphic to the disc B;(0) with unit radius around
0 € C. Thus, the ACyl Calabi-Yau orbifolds have singularities along massive tori S* x By(0)
at their cylindrical ends. They are glued together such that their common boundary is a
torus S x S1. This means that we obtain an ADE-singularity along a 3-sphere.

Since 11 = ro = 10 and a; = a; = 8 and the intersection of L; and L, has dimension 8, we
obtain the Betti numbers b*> = 16 and b® = 31 in the smooth case. We can check with help
of the formulas in [44] that the condition b*(W;) — dy + b*(W3) — dy < 22 for the application
of Theorem 4.4.9 is indeed satisfied. Let 2n be the number of collapsed CP's in the singular
K3 surface S;. We have 0?(S;) = 22 — 2n. In the orbifold case, we thus obtain slightly
different formulas for the Betti numbers. We go through the proofs in [44] and see that
most of the steps can be easily modified. The value of h'"!(W;) decreases by n since there
are n classes in the fixed lattice of p; that correspond to collapsing curves. The value of the
Euler characteristic x(W;) is 24 — 2n 4 3x(C? U C%) instead of 24 + 3x(C? U C%). Therefore,
hY2(W;) remains the same. We take a look at the proof of Proposition 4.3.b in [44] and see
that the formulas for d; and ds remain unchanged, too. The reason behind this is that d;
is defined as the dimension of the kernel of restriction map H?*(W;,R) — H?(D;,R) and
we remove n classes from H?(W;, R) that are not mapped to zero. Since only n, d; and
b?(W;) appear as summands in the formula for b>(M) and b%(M), we obtain the same Betti
numbers as in the smooth case.

At the end of this section, we remark that there is a rather simple way to obtain Gs-orbifolds
with ADE-singularities from twisted connected sums. Instead of blowing up all connected
components of the singular locus of Z, it would be possible to blow up none or only some of
them. After that, we could remove the divisor D and apply the orbifold version of Theorem
5.2.1 and glue together two W; x S! that are obtained by this method. The Gs-orbifold
that we obtain this way has A;-singularities along products of a circle and complex curves
in S; x {z;} with j = 1,2, where z; and 2, are the fixed points of ¢ : CP' — CP".

5.3 Torus quotients and their resolutions

5.3.1 Basic facts

Another idea to construct Gy-orbifolds with ADE-singularities is to divide a torus 77 with a
flat Gio-structure by a discrete group I' such that all isotropy groups can be embedded into
SU(2) acting on a four-dimensional subspace of the tangent space. The first Gy-manifold
that is constructed in Joyce’s book [36] actually is a resolution of a torus quotient of type
T7/Z3 that has A;-singularities along 12 disjoint 3-tori. This construction is generalized by
A. Barrett [10] to quotients by other groups. Moreover, he proves a classification result
for torus quotients with ADE-singularities that satisfy certain conditions. We review the
constructions of [36] and [10]. After that, we present our own examples. By relaxing the
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condition that the torus quotient has no singularities except ADE-singularities, we can
modify our construction to obtain further GGo-orbifolds. We discuss the nature of the more
complicated singularities and resolve them in order to obtain smooth Go-manifolds. We

introduce some basic facts about torus quotients with a Go-structure. Let (vy,...,v7) be a
basis of R” and let

A :={nv +...+ngvgng, ... ,n; € Z}.

We denote the group of translations by elements of A by A, too. The standard Ga-form ¢,
on R is invariant under translations. Therefore, any torus R7 /A carries a flat Gy-structure
that we denote by ¢g, too. We denote R”/A together with ¢y simply by 77 and keep in
mind that different choices of A may yield different Gs-structures on the same underlying
manifold. Our plan is to divide 77 by a finite group I' that preserves the G-structure but
does not act freely. If all isotropy groups of this action leave a 3-dimensional subspace
invariant and act as a subgroup of SU(2) on the complement, T7/T is a Gy-orbifold with
ADE-singularities.

We call a diffeomorphism of a GGo-manifold that preserves the Go-structure an automorphism.
Since an automorphism has to preserve the metric and orientation, it is easy to see that
the automorphisms of R” are precisely the maps

x— Ax 40 (5.11)

with A € G5 and v € R”. The automorphism group of R” therefore is G5 x R”. We denote
the group of all linear maps with positive determinant that preserve A by SL(A). If A = Z7,
we have SL(A) = SL(7,Z) and if A is a different lattice, SL(A) is conjugate to SL(7,Z) in
GL(7,R). Any automorphism of 77 has to be of type

r+ A=Az +v+A (5.12)

with A € Go N SL(A) and v € R”. Therefore, the automorphism group of 77 is (Go N
SL(A)) x T7. The flat Go-structure ¢y on T7 induces a Go-structure on any quotient 77 /T
where I' C (Go N SL(A)) x T7 is a finite subgroup. We denote this Gs-structure also by
¢o. Let T7/T be a Gy-orbifold with ADE-singularities and N be one of the associative
submanifolds along which the singularities occur. Since N is the fixed point set of a group
that consists of affine linear maps, it has to be a torus 73, Let p € N and let T, be the
isotropy group at p. I', acts trivially on the 3-dimensional tangent space of N. On the
orthogonal complement it acts as a finite subgroup I, of SU(2). Any element of T, can be
written in the form (5.12). Therefore, I'), has to be conjugated to a subgroup of SL(7,Z).
An easy test to see if this is the case is to check if the trace of all elements of T", is an
integer. This restricts the possible ADE-singularities of a torus quotient significantly. We
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take the explicit matrix representations from Section 2 and see that the only remaining
groups are

A17A27A37A57D37D47D5aE6' (513)

We observe that in the case D3 the discrete group is simply the cyclic group of order 4 that
is generated by

0 0 0 -1
0 0 1 0
0 -1 0 0
10 0 0

This matrix is conjugate to the generator of A3 by a matrix in SL(4,7Z). Therefore, we
obtain the same orbifold singularity as in the As-case. This is not surprising since the
Dynkin diagrams Az and D3 are isomorphic, too. Therefore, we will omit this group from
now on from the above list.

5.3.2 Known examples

Our aim is to study if for all groups from the list (5.13) there exists at least one torus
quotient with a singularity of the corresponding type along an associative submanifold.
For the case A; this question is answered by the example of Joyce [36, p. 309ff.]. We will
describe this example in detail since this will provide us with ideas that will be helpful for
the other cases. We denote the standard coordinates of R” by x1,...,2z7. Moreover, we
define T7 := R7/Z" and three maps «, 8,7 : T" — T by

O{((.Tl,.--,x7) +Z’7) = ($1,$2,$3,—$4,—x5,—$6,—$7)+Z7
B((x1,...,07) +Z") = (x1,—x2, —T3, %4, T5,5 — Tg, —T7) + L'
7((3317"'73;7)—’_27) = (—$1,$2,—$3,$4,% _x57$67% _x7)+Z7

Since the linear part of the above maps preserves A, «, § and  are well-defined. We see that
a, B and v commute pairwise and that o® = 32 = 2 = 1. The group I' that is generated
by «, 8 and v is therefore isomorphic to Z3. Finally, we can verify by a straightforward
calculation that I' preserves the standard Gs-structure ¢y on T7. The quotient T7/T" thus
carries a flat Gy-structure.

We describe the set of all points p € T7 where the isotropy group I, is non-trivial and as a
next step the singular set of 77/T. In order to do this we determine the fixed point sets
Fix(g) of all elements g € T'. Tt is easy to see that
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Fix(a) = {(z1,...,27) +Z7 € T2y, x5, 26,77 € %Z}
Fix(8) = {(z1,...,27) +Z7 € T|xy, 23,27 € %Z;xﬁ € }1+%Z}
Fix(v) = {(z1,...,27) +Z7 € T"|w1, 25 € 3Z; x5, 27 € § + 37}

The fixed point set of « is the disjoint union of 16 3-dimensional tori. They can be explicitly
described as

{(xla T2, X3, %617 %627 %E?n %64) + Alxb T2,T3 € R}

where €1, €9, €3,¢4 € {0,1}. 8 and « have also 16 tori as fixed points. The fixed tori of
are given by

{(z1, 31, 562, w4, 75, 1 + 563, 3€4) + A|21, 24, 25 € R}

and those of v by

1 1 1,1 1,1
{(Ger, w2, 562,04, + 5€3, T, 7 + 5€4) + A2, 24, 76 € R} .

We see that there are no points that are fixed by two of the three elements simultaneously.
We determine the other elements of I' and obtain

aB((x1,...,x7) +Z7) = (x1,—x2, —T3, —T4, —Ts, 5 + L, T7) + L'

ay((@y,...,x7) +Z7) = (—a1, %9, —x3, —T4, 5 + T5, —Tg, 3 + 1) + LT

By((x1,...,27) +Z7) = (—J;l,—:z:g,xg,m,% —x5,% —xg,% +x7) + 27
aby((z1,...,x7) +Z7) = (—x1,—x2, 23, —T4, 5 + T5, 5 + x6, 5 — T7) + L

The fixed point equation for any g € {af, ay, 87, afv} forces at least one z; with i €
{1,...,7} to satisfy z; + Z = x; + % + Z. Since this is impossible, the only elements with
fixed points are 1, , 3 and ~. In order to determine the singular set of T7 /T we need to
know how the groups that are generated by two of the elements «, 5 and v act on the fixed
point set of the third element. [, v, and 5+ permute the 16 tori in the fixed point set of «.
Since the action of any of these elements contains a term 1 + z; with i € {4,5,6,7}, they
leave no torus fixed. In other words, the group (3, 7) acts freely on the 16 tori. We take
a look at the action of a;, v and o~y on the coordinates x4 and x7 and can conclude that
(a,7y) acts freely on the set of 16 tori that are fixed by §. Finally, we consider the action of
a, 8 and a3 on x5 and x7 and see that («, 5) acts freely on the fixed tori of v, too. We are
now able to describe the singular set S of T7/T". Since only «, 8 and ~ have fixed points,
we have

S = (Fix(a)UFix(8)UFix(v))/T
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The union of the three fixed point sets consists of 48 tori. Since the groups («, ), («, )
and (f3,v) consist of 4 elements and act freely, S consists of % = 12 3-tori. On a tubular
neighborhood of any fixed torus, either «, 8 or v acts as minus the identity on the other 4
coordinates. This means that we have singularities of type A; along each of the tori.

Our next step is to determine the Betti numbers of 77/T. The harmonic k-forms on T
with the standard metric are precisely the monomials dz*~~#* and their linear combinations.
There is a one-to-one correspondence between the harmonic forms on 77/I" and the I'-
invariant forms on 7. Any monomial dz’ or dz¥ is mapped by o, 3 or v to —dz® or —dz¥.
Therefore, there are no harmonic 1- or 2-forms on 77 that are invariant under I" and we
have b'(T7/T') = v*(T7/T') = 0. The I'-invariant harmonic 3-forms on 77 are spanned by
the 7 monomials that appear in the definition of ¢o. Therefore, we have *(T7/T') = 7. All
in all, M-theory compactified on 77 /T yields an N = 1 supersymmetric field theory with
gauge group SU(2)' and 7 complex scalar fields as low energy limit.

Joyce does not stop his investigation at this point and resolves the singularities of 77 /T’
in order to obtain a smooth Gso-manifold. He replaces a tubular neighborhood of each of
the 12 singular tori by a product of an Eguchi-Hanson space and a 3-torus. Any of these
replacements adds 1 to * and 3 to b®. This procedure yields a G5-manifold with Betti
numbers b! = 0, b?> = 12 and b® = 43.

In this context, the work of A. Barrett [10] should be mentioned, too. The author classifies
Gy-orbifolds of type T7/I" under the following assumptions:
1. The only singularities of 77 /T" are ADE-singularities.

2. Let g € T be arbitrary. The action of g on 77 can be written as x +— Ax +v. There
shall be a basis (v1,...,v7) of A such that A acts as the identity on spang(vy,ve, v3)
and preserves spang(vy, v5) as well as spang (vg, v7).

3. Let # € T" be a fixed point of a g € T'\ {1} and let h € T be a further group element
that is not contained in the subgroup that is generated by ¢g. Then h maps x to
another connected component of the fixed locus of g.

Moreover, the author implicitly assumes that

4. TT = R7/A, where the lattice A is generated by ey, ..., A\rer with Aj,..., Ay € R0,
Moreover, the Gy-structure on 77 shall be induced by the standard Gs-structure on
R”.

5. Two bases (vy,...,v7) and (wy, ..., w;) with the properties from assumption 2. are
related to each other by a permutation of the basis elements.

If 77/T has only ADE-singularities, the fixed point set of any g € T'\ {1} is the union of
disjoint 3-tori. If  is a fixed point of g, h.z is a fixed point of hgh~!. It follows from the
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third assumption that h maps fixed 3-tori to other fixed 3-tori with the same isotropy group.
This guarantees that the singular set of the quotient 77 /T is the disjoint union of 3-tori,
too. The author classifies the possible isomorphism types of I" under the above assumptions.
Moreover, he describes the physics that is associated with compactification of M-theory
on a quotient T7/T" and the topology of the smooth manifolds that can be obtained by
resolving the singularities. Some of the smooth Go-manifolds that can be obtained by this
method have b* < 4. The minimal value of b in [36] is 4 and the examples in [43] and [44]
all have large values of b* (b> > 71 or b® > 35). Therefore, at least the examples with b* < 4
are new.

Although our aim is to construct torus quotients with ADE-singularities, too, our approach
is different. First of all, we do not attempt to classify all torus quotients of a certain
kind. Our aim is rather to find examples with each kind of singularity from the list
(5.13). Moreover, we drop the second and fifth assumption. These assumptions force the
ADE-singularity to be of type A,. The reason for this is that a group element ¢ € T’
that acts as diag(exp (%) , eXp (—%)) on a four-dimensional subspace V' C R” fixes two
two-dimensional subspaces of V. However, any group of type Dy or Ej contains an element
h that interchanges both spaces. Therefore, the bases from the second assumption that
are associated to g and h can not be obtained from each other by a permutation of the
coordinates and the fifth condition is thus violated. We relax the third assumption, too.
As we will see, there will be elements h; of our groups I' that act non-trivially on 3-tori
that are fixed by another g € I'. Therefore, our torus quotients will have singular sets of

type T°/(h;).

5.3.3 Choice of the group action on 77

We construct our examples of Gs-orbifolds with ADE-singularities by a single method
that can be adapted to the different cases. In order to simplify our notation, we identify
span(z4, T3, T, v7) with C? by the map (x4, x5, 6, v7) — (24 + 15, 76 + i27). We denote
T4 +ix5 by 21 and xg +ix7 by 2zo. With this notation, we are able to rewrite any linear map
¢ : R7 — R7 that preserves the splitting of R” into span(ey, 5, e3) and span(ey, es, eg, €7)
as a pair (¢, ¢") with ¢’ : R3 — R3 and ¢” : C* — C2. The three maps «, 8 and ~ from
Joyce’s example are exactly of this kind. In order to illustrate our idea, we consider the
three R-affine maps o, 3”,7" : C? — C2. These maps are given by

e - (3 2)(2)
B (21, z2) (1) _01 ) ( 2 >+(
— 1-
e = (2)+( 1))
2
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For our construction, we define o”, 5" and ~” slightly different, namely as

o = (5 ) =50 ) (2)
rew = (30)(3)
v = ()

where the matrices M, are a set of generators of a finite subgroup of SU(2). If there is
only one generator, we omit the index i. Our idea is to choose the M; as generators of an
arbitrary group from the list (5.13) and to divide C? by a lattice A’ that is preserved by the
ADE group and by 3” and v”. The 7-dimensional lattice A that defines 77 = R”/A shall
be spany(ey, ea, e3) @ A’. The action of a, 3 and « on the T3-factor shall be generalized
such that we have

O/(thxQ,xs) = ($1,SC27953)
B'(x1, x2,23) = (1 + v1, —T2 + V2, —T3 + v3)
Y (x1, x9,23) = (—x1 +wy, T2+ we, —T3 + W3)

where (vy,v9,v3)7, (w1, wy, w3)T € R3. The group that is generated by 3 and 7/ shall act
as Z3 on T?. Since we have chosen T? as R?*/Z3, we need vy, w, € 37 in order to have
B =~? = 1. We have

(B'Y)(x1, 22, 23) = (=21, =22, 23) + (v + Wy, Vg — Wa, V3 — Ws3)
(VB @1, 22, 23) = (—x1, =22, x3) + (=01 + W, V3 + wa, —v3 + w3)

The condition f'v' =~/ implies that v + w3 € %Z. We choose two different pairs (3}, 7})
with j = 1,2 that yield topologically different Go-orbifolds, namely

1)\ X1, XT2,x3) = |5 TT1, —T2,5 — T3
(B ) (5 + : )
(V) (@1, 29, 23) = (=1, % + 13, —x3)
(ﬁé)(l'l,l'g,l’g) = (3317_1'27_1'3)

(o) (@1, 22, 3) = (=1, % + 9, —13)

We combine the maps on C?/A’ and R3/Z3 that we have defined above and obtain a
family of maps a;, 3,7 : T* — T7 that depends on one of the two possible choices of
(v1,v2,v3)T and (wy, we, w3)?. Our definition of these maps is motivated by [1] where
the author works with similar maps from C? x R? to itself to construct orbifolds of type
(C? x T3)/T. Since the author assumes that there is only map « that is defined by the
matrix M = diag(e?™/™ e~?7/")  the orbifolds have A,_;-singularities along {0} x T®. Since
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C? is not replaced by a torus, the orbifolds in [1] are non-compact. As before, we denote
the group that is generated by the «;, 5 and v by I'. Since we will choose A’ in such a way
that the linear part of o;, 5 and  preserves A, the three generators are well-defined maps
T7 — T7 and it makes sense to talk about the orbifold 77/T". 8" and +” can be rewritten as

5//(I4,$57I6,$7) = (—$4,—$5,$67$7)
7’/($4,$57$6,$7) = (—5E4,I57—$67$7)

With help of these expressions it is straightforward to see that ¢q is invariant under S and
7. SU(2) can be defined as the group that leaves all self-dual 2-forms on a 4-dimensional
space invariant. The space of all self-dual 2-forms on C? = span(ey, €5, €6, €7) is spanned by

wi = dx® 4 dab" | wy = da?® — da’" | ws = —dz*T — dz" .

The standard Go-form can be written as

b = da'® + da' Awy 4 da? A ws + dad A ws .

Since o : R®* — R3 is the identity map and the matrices M; are elements of SU(2), the
pull-back of a: preserves ¢qg. Therefore, the standard Ga-structure is actually I'-invariant
and T7/T thus carries a parallel Go-structure. In order to check if T7/T" is a Ga-orbifold
with ADE-singularities, we have to determine the fixed locus of all group elements of I'.
Therefore, we need to know the isomorphism type of I'. We have already shown that ﬁ;-
and 7} commute and are of order 2. The same is true for 4" and 7" and the group that is
generated by 3 and v is therefore isomorphic to Z2. By a short computation we see that

alB"(z1,22) = (—aiz1 + biza, —Ciz1 + d;z2)

ﬁ//aél(zl, 2’2) = (_aizl — bizg, iz + dizz)
a;"(z1,22) = (—aizr — bizg, —ciz1 — diz)

’}///O{”(Zl, 2’2) = ( E Z1 — b Z_ 612_1 — dZZ_Q)

o/ commutes with 3 and ~} since we have defined it as the identity map. Therefore, o;
and § commute if and only if M; is a diagonal matrix and «; and v commute if and only if
M; € SO(2) C SU(2). Unfortunately, both conditions are satisfied for all M; only in the
case where our finite subgroup of SU(2) is {Id, —Id}. In this situation, I' is isomorphic to
Z3. In order to determine the isomorphism type of ' in the other cases, we observe that

81



n—1_1man __ a; _bi
B O‘iﬁ = ( —¢; d )
n=1 a; 9@
ytary = (B8

The matrices on the right hand side are elements of SU(2) since we assume that M; € SU(2).
Let A be the finite group that is generated by the M;. A is either of type A,, D, or Egs. In
the first case, A is generated by the matrix

M1:< exp (24) 0 | )

(5.14)

0 exp (— jfl

M; is mapped by conjugation with 8" to itself and by conjugation with 4" to its inverse.
Since A is preserved by conjugation with 8” and 7", T' is a semidirect product A x Z2. The

second generator
0 2
(V)

of D,, is mapped by conjugation with 8” or 7" to its negative. Since the negative of the
identity matrix is an element of the binary dihedral group, I' is in this case a semidirect
product, too. Ejg consists of all elements of Dy and all matrices of type

1 € + iEQ —€3 + i€4
2 €3 + i€4 €1 — iEQ

with €, €2, €3,€4 € {1,—1}. It is easy to see that conjugation with 5" or " preserves the
set of these matrices. Therefore, I is in any case a semidirect product A x Z32 and the set
of all elements of I' is given by

AUA{oBloc € A} U{ovy|lo € AYU{opy|o € A},

where we identify the finite subgroup A of SU(2) with the group that is generated by
the ; and acts on T7. Let M € SU(2) be an arbitrary matrix acting on C%. If M is
not the identity matrix, there exists no non-trivial real subspace of C? on which M acts
trivially. This follows from the fact that the eigenvalues of M are exp (i) and exp (—i))
with A ¢ 277Z. The set of all points on the torus C?/A’ that are fixed by a non-trivial
subgroup of A therefore consist of isolated points. We denote these points by py, ..., p, and
their isotropy groups by Ay, ..., A, C A. It may happen that a p; is mapped by an element
g € A with g ¢ A; to another point p;. The quotient (C*/A’)/A therefore has at most n
singular points. We denote them by ¢y, ..., ¢, with m < n. Each ¢; has a neighborhood
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that can be identified with an open subset of C? divided by a finite group that we denote
by A;, too. Let o be an element of the group A that is generated by the «;. We have

o((x1, w2, w3, 21, 29) + N) = (21, T2, T3, a21 + b2o, cz1 + dzz) + A

with

Mh:<$g)esmm.

The above considerations allow us to describe the singular locus of T7/T" qualitatively. This
analysis will be helpful later on when we investigate explicit examples. In the case j =1,
we have

oB((z1, 2, T3, 21,20) + A) = (%—Fl‘h—l‘g,%—[173,—a2'1—|-l72’2,—62’1+d22)+/\
U’y((l’l,$2,l’3,21,22) +A) = (—xl,%—l—xg,—xg,—ail —b?g,—cfl —dzg) +A
O'ﬁ’}/((xl,.fCQ,Ig,Zl,ZQ)‘i‘A) = (%—xl,%—m,%—l—xg,a%l —bEQ,Czl—dzg)—FA

Any of the above maps contains a term of type % + x;. Therefore, the only non-empty fixed
loci are those of the o € A. We have

Fix(o) = U {(z1, 02, 3,2}, 23) + Alwy, 29, 23 € R},
(2%,28)€Fix(Ms)

where Fix(M,) denotes the set of all fixed points of the action of M, on C?/A’. The set
of all points that are fixed by at least one element of I' can therefore be written as the
following union of 3-tori:

U7 x {pi} with T°=R%/Z*,

=1

Since A is a normal subgroup of T', we obtain 77 /T by dividing 77 /A by the group (,7),
which is isomorphic to Z3. T7/A is an orbifold with ADE-singularities of type A; along the
3-tori T2 x {¢;}. If 8 and 7 both fix ¢;, the group (f3,~) acts freely and orientation-preserving
on T% x {q;}. Therefore, (T° x {¢;})/{8,7) is a compact orientable Euclidean space form.
In fact, it is the space form of type T%/Z3 from Section 5.1. The harmonic k-forms on 7°
with the flat metric are spanned by the monomials dz?-%. Since ({3,7) leaves no harmonic
1- or 2-form invariant, we have b*(7%/Z3) = b*(T%/Z3) = 0. In this situation, T7/T has
an ADE-singularity of type A; along a submanifold that is diffeomorphic to T3/Z2. If
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8 fixes ¢; and v maps ¢; to a ¢; with ¢ # j, the tori 7% x {¢;} and T° x {¢;} yield an
ADE-singularity along a submanifold of type T%/Z,. By similar arguments as above we see
that 01(T3/Zy) = V*(T?/Zs) = 1. If  fixes ¢; and 8 maps ¢; to a different point, we also
obtain a singularity along T3/Z,. If 3 and ~ both do not fix ¢;, the four tori in the orbit of
(B,~) yield a singularity of T7/T" along a 3-torus.

It should be mentioned that the division of 7% by 3 or v induces monodromies that may
make the normal bundle of the singular submanifolds non-trivial. We assume that the
singular associative submanifold A is isometric to T3 /() or T3/(8,~). Parallel transport
with respect to the flat metric along the loop c(t) : [0, 3] — A with ¢(t) = (¢,0, 1) induces
an endomorphism of the normal bundle that is given by the map ”. Analogously, parallel
transport along c(t) = (0,¢,0) induces an endomorphism that is given by ~" if A is
isometric to T3/(y) or T3/{B,~). The group that is generated by these endomorphisms
is the monodromy group. As we have explained in Section 4.5, the gauge group of the
four-dimensional field theory that we obtain as low-energy limit may be influenced by
the monodromy group. Therefore, we will describe the monodromies along the singular
submanifolds of our examples. We proceed to the case j = 2. The group elements that are
not contained in A act on 77 as

06((551,1‘2,1'3,21,22)“‘A) = (xlﬂ_x%_x?n_azl —|—b22,—021 +dz2) +A
oy((x1, T2, T3, 21, 22) + A) (—x1, % + 9, —x3, —aZ1 — bZy, —CZ1 — dZo) + A
UB’Y((.TI,LUQ,.CUg,Zl,ZQ)"—A) = <—.T1,% —$2,$3,a21 —622,621 —dgg)‘i‘/\

The elements of type o7 have no fixed points. The fixed point set of o3 is given by

Fix(of) = U {(z1, 21, 262, 21, 22) + A|z1 € R},

(21,22)€Fix(Ny);e1,e2€{0,1}

()

that acts on C?/A’ and Fix(N,) is the fixed point set of this action. In particular, we have

where N, is the matrix

le(ﬁ) = U {(:L‘lyéela%62;%63;56471"6;1‘7) +A|$17$6,I’7 GR}

€1,62,€3,e4€{0,1}

if o = 1. We remark that N, may have 1 as eigenvalue even if 0 # 1 and the set Fix(N,) is
thus not necessarily discrete. The fixed point set of g3 is given by
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Fix(of7) = U {(361, 1 + 262, 23, w1, w2) + Alzs € R},
(w1,w2)€EFix(Py);e1,e2€{0,1}

where P, : C?> — C? is the R-linear map with

Pg(zl, 22) = (a?l — b?g, ch — dEQ)T

and Fix(P,) is the fixed point set of the induced map C?/A’ — C%/A’. As before, it may
happen that Fix(F,) has eigenvalue 1 for a 0 # 1. We discuss the shape of the singular
locus of T7/T in more detail later on when we consider explicit examples. Here, we mention
only one important point. Our modification of /5 yields 16 tori that are fixed by 5. They
intersect the tori that are fixed by a subgroup A; of A in a circle. The normal space of any
point of this circle can be identified with C*/G where G is the larger subgroup of SU(3)
that is generated by all

with <a b)EA,; and -1 ,
c d

where we obtain the first coordinate of C? as x5 + ixs. Moreover, the non-empty fixed
point sets of g7 yield additional singularities. The physical interpretation of M-theory
compactified on Gy-orbifolds with singularities of type C3/G is beyond the scope of this
thesis. We refer the reader to [32] for a discussion of the physical consequences of this kind
of singularities. At the end of this section, we nevertheless consider some torus quotients
with j = 2, mainly because the resolution of the singularities yields interesting smooth
G9-manifolds.

5.3.4 Explicit examples

We investigate the torus quotients 77/T that can be obtained by choosing A from the
list (5.13) of allowed subgroups of SU(2). In particular, we determine the type of the
singularities of 77/I" and the Betti numbers of the torus quotients. In this subsection, we
restrict ourselves to the case j = 1 since only then the torus quotients are GGo-orbifolds with
ADE-singularities. Two examples with 7 = 2 will be considered in the following subsection.
Since the explicit calculations are slightly different for each choice of A, we study each case
separately and start with A;. In this situation, A is generated by a single element

-1 0 2X2
(70 )ec
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We have observed in the previous subsection that I' is isomorphic to Z3. If we look only
at the linear part of the maps «, § and v and neglect the translation part, we see that
our maps are the same as in Joyce’s example up to a permutation of the coordinates.
As we will see below, the different translation part influences the shape of the singular
locus. We choose the lattice A that defines the torus simply as Z” = spany(ey, . .., e7) since
spany(ey, €5, €6, €7) is preserved by . The maps «, § and «y can be written as

O[((ﬂfl,...,l"y)-FA) = (93'1,1‘2,1’3,—1'4,—I5,—x6,—$7)+A
B((x1,...,z7) +A) = (%—l—xl,—xg,%—xg,—x4,—:c5,x6,a:7)+A
vY(z1,...,27) +A) = (—xl,%+x2,—x3,—x4,x5,—x6,x7)+A

Since j = 1, only the group elements in A may have fixed points. Therefore, the only
non-empty fixed loci are Fix(1) =T and

Fix(a) = U {(xl’@’mfi’%el?%@’%63%764)+A|$1,$2,x3 € R}
€1,€2,€3,e4€{0,1}

The above set consists of 16 disjoint tori. § and v map each of these tori to itself since
they leave span(eq, g, €3) invariant and act as +1 or —1 on the coordinates x4, x5, xg and
x7. The singular set of T7/T" therefore consists of 16 copies of T3/(3,7). a acts trivially
on T3/{B3,v) and the action of a” makes the normal bundle of T3/(j,~) into a bundle
with fibers C2/{#Id}. All in all, T7/T is an orbifold with A;-singularities along 16 disjoint
copies of T3/(83,~). The monodromies 3” and 7" act trivially on the group {+Id}.

We determine the Betti numbers of the quotient T7/T. Since we are able to use many of our
arguments for the other cases, we include all the details for this case. As at the beginning
of this section, where we investigated Joyce’s example, we determine the dimension of
the space of all I-invariant harmonic k-forms. o, 8 and v send each monomial dz® % to
itself or to —dxz™~%*. The space of all [-invariant harmonic k-forms is thus spanned by
monomials. Since the maps 3 and v are contained in any of the groups I' that we consider
in this section, we start by searching for the forms that are invariant under 5 and v and
check the invariance under « afterwards. Since the three choices of § and ~ coincide up to
a translation, we obtain the same Betti numbers for any value of j. The only 1-forms that
are invariant under 3 are da', dz%, dz” and their linear combinations. Since dz!' and dx®
are not ~v-invariant, only dz” remains. dz” is not invariant under «. In fact, any group A
contains an element that does not leave dz” invariant. Otherwise, the representation of
A on C? would split into a 1-dimensional and a 3-dimensional representation. Therefore,
we have b'(T7/T') = 0 in all cases that we consider in this section. The vector space of all
monomials dz” decomposes into

Vi = span{dz”|1 <i< j <3}
Vo = span{dz”|1<i<3,4<j<T7}
Vi = span{dz|4 <i<j <7}
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Moreover, a, # and y preserve this decomposition. It is therefore possible to consider the
three spaces separately. The only 2-form from V; that is invariant under 3 is dz?®. Since
dxz* is not 7-invariant, we obtain no I'-invariant forms from V;. By a short calculation we
see that the space of all 2-forms in V5 that are invariant under  and ~ is spanned by

dz'®, dz®, dz**, (5.15)

The B-invariant forms in V3 are spanned by da*® and dz%7. Since none of them is y-invariant,
the 2-forms from (5.15) and their linear combinations are the only (/3,v)-invariant harmonic
2-forms. The space of all dz”* decomposes into

Wy = span{dz'*}

Wo span{dz*|1 <i< j<3,4<k <7}
Ws span{dr¥*[1 <i<34<j<k<T}
W, = span{dr*|4 <i<j<k<T}

and I" preserves this splitting. We consider each of the W, separately and see that the space
of all 3-forms with constant coefficients that are invariant under g and + is spanned by

d:z:123, d33124, d$135, d.’13'145, d$167, d$236, d.fl?246, d.fl?257, d$347, d$356, d$456 ) (516)

o acts as —1 on V5, and there remain no I'-invariant 2-forms with constant coeflicients
on T7. Therefore, we have b*(T7/T') = 0. The same is true for any finite subgroup of
SU(2) that contains minus the identity and thus for all groups from the list (5.13) with the
only possible exception A;. a acts as (—1)*1 on W;. Therefore, the I'-invariant harmonic
3-forms are spanned by

dl’123, dx145, dx167, dx246, dl'257, dl'347, dl'356 ) (517)

These are precisely the monomials that appear in the definition of ¢y. All in all, we obtain
W} (T7/T) = 7. We jump to the case A3 before we consider Ay. This has the advantage
that we can choose A’ again as spany(ey, €5, €6, e7) since this lattice is invariant under the
generator diag(i, —i) of A which can be written as the real matrix

0 -1
1 0

-1 0

The square of this matrix is obviously the o from the previous case. In our case Az, the
group I is generated by the map o : R” — R” which is given by
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Oé(.Tl, s ,$7) = <$17 Xo, T3, —Ts5, Ly, X7, _x6>

and the usual maps 3 and 7. Let [g,h] = ghg 'h™! be the commutator of two group
elements. By a short calculation we see that [a, §] = [3,7] = 1. With help of the second of
the equations (5.14) we obtain

n—1_mn_n "

Y a Y = —al.

Since % is minus the identity, we have [o,7"] = o/ and we can conclude that [«, 7] = a?.
All in all, T is a semi-direct product (Zs4 x Zs) X Z,, which consists of the 16 elements o,
a'B, a'y and o' By with i € {0,1,2,3}. We have to determine the fixed point set of all of
these elements. The only non-empty fixed point sets are those of 1, a, a? and a?. Since
a® = a1, the fixed point set of o? is the same as of a. Therefore, the only interesting cases

are a and o. By a short calculation we obtain

FIX(O[) = U61,626{0,1}{(‘T17 Zg, T3, %617 %617 %627 %62) + A|ZE17 T2, T3 € R}
FiX(OéQ) = U51752763,546{071}{<x1a T2, T3, %617 %627 %637 %64> + A|:L‘17 T2, T3 € R}

There are 12 tori that are fixed by a? but not by a and 4 tori that are by fixed o. The
map « acts on the set of the 12 tori and the action has 6 orbits that consist of two tori.
The singular locus of the quotient 77 /A thus consists of 10 tori. 6 of them are projections
of the tori that are fixed by o? only. Since o? acts as minus the identity on the coordinates
(x4, T5, 6, x7) of the normal bundle, we have A;-singularities along these tori. The other
4 tori are the projection of the tori that are fixed by «. Along these tori we have an
As-singularity. As in the Aj-case, § and ~ act freely on each torus. The singular locus of
T7/T therefore consists of 10 submanifolds that are isometric to 73 /Z3 with the flat metric.
The monodromy group of each submanifold is generated by 8” and ~”. " acts trivially on

A, but conjugation with 7" yields an automorphism of A that sends o to a .

We determine the Betti numbers of T7/T". As before, we have b*(T7/T") = b*(T7/T) = 0.
We take a look at the 3-forms that are invariant under the group I' from the A;-example
and check if they are invariant under the map a that generates A = Z,, too. We see that
the harmonic 3-forms on 77 that are invariant under the current group I' are spanned by

dm123’ dl’l45, d$167, d{L’246 o d$257, d$347 + de’356

and therefore we have b3(T7/T') = 5. The next cases are Ay and As. In the case A, the
group A is generated by
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1 V3
271 —3 T o 0 0
es 0 . . ool
o or equivalently by the real matrix 2 2 L V3
0 e 3 0 0 -5 %
(R
In the case As, A is generated by
1 V3

2 50 o o

¢’ Oﬂ or the real matrix 2 2 (1) \%

0 e 3 o 0 3 %

o0

Both groups contain a rotation around an angle of %” in the (x4, z5)-plane and thus do
not leave the lattice spany(ey, es, €g, €7) invariant. Therefore, we define the lattice A’ as the
sum of two hexagonal lattices instead.

V3 1 V3
2 2 2 2

1
ro_
A" := spany, (64, —ey4 + —es5, 66, =€ + —€7

A’ is invariant with respect to A. The maps 3" and 7" leave A’ invariant, too. Therefore, T /T
is a well-defined orbifold that carries a flat Gy-structure. We determine the isomorphism
type of I'. Let k be the order of the group A. Analogously to the case Az, we see that

ak:62:72:17 [0576]:[677]:17 [a,y]:az.

Therefore, I' is isomorphic to (Zy X Zy) X Zy. Our next step is to determine the fixed
locus of all elements of I'. For the same reasons as before, only the powers of o may
have a non-empty fixed locus. Let v € C2. v+ A’ € C?/A’ is a fixed point of a map
A" C?/N — C?/N that is induced by a linear map A : C* — C? if and only if

Alv) —v el

In order to find the fixed points we therefore have to determine the preimage (A—1I)"(A’) C
C? and project it down to C?/A’. Let (vy,...,v4) be a basis of the lattice A’ and let L be
the 4 x 4-matrix whose columns are (vy,...,vs). (A —I)71(A’) is a lattice that is spanned
by the columns of the matrix (A — I)~'L. By computing the matrix L™'(A — I)~'L we are
able to write the generators of (A — I)7!(A’) as a linear combination of the v;.
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We carry out this procedure for the case A,. Since o = o'~ !, it suffices to consider the
fixed locus of o”. (o’ — I)™! has the following matrix representation with respect to the
standard basis (ey, €5, g, €7):

=

0
0
_V3

> =g
> ool

ol © ©

6
1
2

The hexagonal lattice is generated by the two vectors (1,0) and (3, ‘/73) Therefore, the
matrix L is given by

1 3 0 0

02 0 0

0 0 1 2

00 0 ¥

We obtain

R e B
4
0 0 5 -3

Since we are free to shift a vector v € C? by a lattice vector without changing v + A, we
conclude that the projection of (o’ — I)7'(A’) down to C?/A’ is generated by

2 2 / 1 1 ! 1 1 ! 2 2 /
U1+ 3+ AN, v+ e+ A, gust+gua+ AL Sus+ Jun + A

which can be reduced to

: 0
Lo, +4 AN = \/Tg A d i 1 N = 0 A
3 U1 3U2+ = 0 + an 3’U3+ 3’U4+ = 1 +
2
0 e
Therefore we have
FiX(Oé) = U {(x1,$2,x3,%Al,%gAl,%)\z,%g)\g) +A|SL’1,"E2,.’L‘3 S R} .

A1,A2 6{071’2}
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T7/A therefore is an orbifold with A,-singularities along nine 3-tori. By a short calculation
we see that (3 leaves any torus with A; = 0 invariant, maps a torus with A\; = 1 to the
corresponding torus with A\; = 2 and vice versa. We have

’Y”(%)\l, \/73)\1, %)\2, \/?g)\z) = (_%)\1, \/?g)\la —%)\2, \/75)\2>
Since the difference between (%)\1, */Tg)\l, %)\2, \?)\2) and its image is a lattice vector, the
map 7 leaves any torus invariant. The singular locus of 77 /T therefore consists of three
copies of T3/Z2 that are the projections of the 3-tori with A\; = 0 and of three copies of
T3/(v) that are the projections of a pair of tori with A\; = 1 and \; = 2.

In the case As, o generates a group of order 6. Therefore, we have to consider the fixed
point sets Fix(a) = Fix(a®), Fix(a?) = Fix(a?) and Fix(a?). We can use the same method
as before and see that o” : C*/A’ — C?/A’ has only 0 + A’ as fixed point since the matrix
L=Y(a/ — I)7'L has only integer coefficients. o is the same as « from the case A; and we
obtain the same fixed point set. o is minus the identity and its fixed points are given
by %A’ . Since A’ is generated by 4 vectors we have 16 distinct fixed points. All in all, the
non-empty fixed point sets of I" are given by

Fix(a) = {(z1,22,23,0,0,0,0) + Alz1, z2, 23 € R} = Fix(a®)
Fix(a?) = U,\l,,\2e{o,1,2}{($1, T2, T3, %)\1, \/fg/\b %)\2, \/75)\2) + Alzy, 22, 73 € R} = Fix(a?)

Fix(a®) = Uel,eg,eg,e4e{0,1}{($17 T2, T3, %61 + iﬁz, \/733627 %63 + %64, \/7364)@1, Ty, x5 € R}

We introduce the notation

T)q,/\g = {(xlam27x37%Ala%§Ala%)\27%3)\2) +A|x1al‘27$3 S R}
Teeneses = {(@1,22,23, 361 + T, \/7362, les+ 1ey, ?64)\3717952,553 e R}
The torus Tp is fixed by the group that is generated by . We interpret A\; and A, as

elements of Z3. a® maps Ty, », to T3_x, 3-x,. Therefore, Fix(a?) \ Fix(a) decomposes into
4 orbits:

{TO,la TO,Q} ) {TLOa T2,0} ) {TLla T2,2} ) {T1,27 TQ,l} .

Let vy, ...,v4 be the basis of A’ that consists of the columns of L. o/”? acts as an rotation
around an angle of %’r on the (x4, z5)-plane. It maps v; to v and ve to vy — vy. Therefore,
there is an orbit of (a/?) that consists of the elements

%Ul—l-A/, %U2+A/, %(Ul—l-vg)—i—[\,.
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A similar argument can be made for the (zg,x7)-plane. We see that Fix(a?) \ Fix(a)
decomposes into the following (a?)-orbits:

{T6.001, 70,010, L0011} s {T01.00: 11000 L1100}, {T0101,T1010, 11111},
{To110, T1011, T1101},  {To111:T1001, D110} -

All in all, T7/A has singularities along 10 distinct 3-tori. Along one of them we have
an As-singularity, along 4 we have A,-singularities and along 5 we have A;-singularities.
B and v leave Tp invariant. T therefore yields an As-singularity along T7°/(3,~) on
T7/T. As we have already seen in the case Ay, 3 maps Ty, a, 10 T35, 5, and v leaves T}, »,
invariant. The orbits {71, To2} and {77, T2} therefore yield two As-singularities along
T3/{B,~) and the orbits {T}1,Tos} and {119,751} yield an Ay-singularity along 7%/(v).
f acts as —1 on span(ey, €5) and as the identity on span(eg, e7). Therefore, it leaves each
T¢, e5.e5,c, invariant. We interpret the ¢; as elements of Z,. v maps the torus T¢, ¢, ¢;.¢, tO
Ty tercocstencs- We see that each of the 5 (?)-orbits is invariant under 4. Fix(a?) therefore
yields 5 A;-singularities along submanifolds that are isometric to T%/(3, 7).

We determine the Betti numbers b% and b® of T7/T for A € {A,, A5}. None of the 2-forms
(5.15) that are invariant under $ and 7 and no linear combination of them is invariant
under the map « from the case Ay. Therefore, we have in both cases b*(T7/T") = 0. We
recall that the space W7 of all 3-forms with constant coefficients that are preserved by 3
and v is spanned by

d.73'123, d$124, dx135, dx145, dx167, de?)G7 dl'246, d$257, d$347, d$356, d.flf456 ]

The monomials that are invariant with respect to the map « from the case Ay are

dl‘le, dZL‘145, dil','167 ]

Any element of W7 that contains a term of type pdx'?* + podz® + p3da®3®

is mapped
by the pull-back of a to an element outside of that space. a*dz*% is a 3-form that contains
a multiple of dz*7. Since o preserves the splitting of the space of all 3-forms with constant
coefficients into W, and its complement and dz**% is the only element of W, that is invariant
under 3 and «, any element of W# that contains a p dz*%® is mapped outside of W57, We

finally consider the action of o on the spaces

span{dz*®, do**" dz®® dx*"} and span{dz®*®, dxz*"", dx*®, da®7) .

Both spaces are a-invariant and the action of o on both spaces has the matrix representation
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The above matrix has 1 as an eigenvalue with multiplicity 2. The corresponding eigenvectors
are

and

1
0
0

O = = O

—1

246 346 _ 1,357

The first eigenvector corresponds to do?*® — dz?7 from the first space or to dz
from the second space. Only dz?6 — dx?®" is invariant under (f3,7). The second eigenvector
corresponds to dz?47+dz? or da3*"+da®°. dax®'7+dz3%0 is (B, )-invariant but dz?47 +dx?%6
is not invariant. All in all, there are 5 linearly independent I'-invariant harmonic 3-forms
and thus we have b*(T7/T") = 5 in the case As. In the case A5, we obtain the group I' by
adding the additional generator

042(9517 ce ,967) = (901,%2,5537 —x4, —T5, —Tg, —ZB7)

to the group A from the case As. Since ay leaves all of the 5 forms from the case As
invariant, we obtain the same Betti numbers in the case As.

The remaining cases Dy, D5 and Fg will be discussed in parallel. In order to keep our
presentation short, we restrict our discussion to the most important intermediate steps.
The group I' is in all three cases generated by § and v and by two additional maps o and
as. In the case D,,, these maps are given by

a(xy,...,x7) = (xl,xg,:cg,cos( ):U4—sm( 2)3: sin ( )x4+cos( 712).2:5,
cos (m)xﬁ—irsm (m)x% in (-7 ).9:6+cos( I )x7)
O[Q(Z'l,...,l’7) = ($1,$2,$3,—w7,$6,—$5,$4)

and I' consists of the elements
i1 19

13 14
Qy Qg DY

with iy € {0,...,2n — 5} and iy,143,44 € {0,1}. In the case Fg, the generators of A are:
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ay(wy,...,x7) = (21,29, T3, %M - %% - %I6 - %xm %M + %ﬁs + %xﬁ - %%u
$T4 — 375 + 5T6 + 527, 304 + 575 — 306 + 527)

Oéz([El, RN ,277) = ([El, X9, T3, %334 - %ZE5 + %IEG - %QZ’7, %ZB4 + %33'5 + %336 + %237,
—%I’4 — %xg) + %xﬁ + %l’7, %x4 — %xg, — %l‘ﬁ + %%7)

A list of all elements of the group Es can be found in equation (2.3). The underlying set of

I' consists of

98"y

with g € Eg and 4,15 € {0,1}. Our next step is to choose a lattice A’ C C? that is invariant
under the group A that is generated by a; and «s. Suitable choices for the lattices are

Group ‘ Lattice A’/

D4 SpanZ<e47 €5, €6, 67)
1 V3 1 V3
Ds Spang, <€4> 564 + 565,67, 567 + 7%’)
111 1
Eg spang(es, €5, €6, €7) U ((5, 3,5, 5) + spang(ey, s, e, €7))

The lattice in the case Dj is the same as in the case Ay except that we have interchanged
the role of e; and eg. This is necessary to ensure that A’ is invariant under «,. It is a little
bit hard to see directly that the third lattice is invariant under the generators a; and asy of
Eg. The mathematical reason behind this is that the lattice can be identified with the ring
of the Hurwitz quaternions:

{[E1+$2i+$3j+$4k|$1,...,.’[4GZ or :Bl,...,.’B4€Z—|—%}

E is precisely the group of units of this ring [15]. In particular, this implies that Fg leaves
the Hurwitz quaternions invariant. We determine the fixed locus of all group elements in
oder to describe the singular locus of T7/T. Since we assume that j = 1, only the elements
of A, i.e. those elements that do not contain a 8 or v contribute to the fixed locus. We
start with Dy4. In this case, A consists of 8 elements. We determine the fixed point sets of
all elements of A and obtain

Fix(1) = TT7

FiX(Oél) = U617626{071}{($1,1‘2,£L’3,%61,%61,%EQ,%EQ)+A|I'1,ZE2,$3 € R}

FlX(Oj%) = U61762753764e{0,1}{(l’1, T, XT3, %61, %62, %Eg, %64) + A|$1, Lo, T3 € R}

Fix(a?) = Fix(a;)

Fix(ag) = Uq,ege{o,l}{(wlv T, X3, %el, %62, %62, %61) + Alzy, 29,23 € R}
Fix(aqag) = Uel,ege{o,l}{(ajl’ X9, T3, %el, %62, %el, %EQ) + Alzy, 29,23 € R}
Fix(a?as) = Fix(as)

Fix(alap) = Fix(araz)
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A torus T, ¢y 50 := { (21, 22, 73, %61, %ez, %63, %64) + Alxy, 29, x5 € R} is mapped by oy to
Tty er.e0.e5 a0d by ag to T, ¢y c,c,- Therefore, we obtain the following isotropy groups:

A if€1:€2:€3:€4
{1,a1,0%, a3} if €, = €2, €3 = €4, but €; # €3
{1,0&1062,0&%,05:1))052} if €1 = €3, €9 = €4, but €1 7£ €9
{1, a9, 03, a3an} if €, = €4, €2 = €3, but €; # €
{1,a3} otherwise

The set of all 16 tori decomposes into the following orbits with respect to the action of A:

{To.000}, {70001, 70,010, 101,00, 11,000}
{Too1.1:Tra00} s {Toro1, Trono}, {Toa10,Tio0a}
{To110: o, Thaos, oot s {Tiiia}

All in all, T77/A has singularities along 7 tori. Along 2 of them we have D,-singularities,
along 3 of them we have Az-singularities and along 2 of them we have A;-singularities. Since
8" and 4" are both diagonal matrices with coefficients £1 along the diagonal, 5" and ~”
preserve all tori T, , ¢, The singular locus of 77 /T therefore consists of 7 submanifolds

of type T°%/(B, 7).

The next group that we consider is Dy, which consists of 12 elements. We introduce some
new notation that allows us to present our results in a simple form. Let

= 1 V3 1 V3
(v1, 02,03, 04) := (€4, 5€4 + 5 €5, €7, 5€7 + 5 eg)

be our basis of the lattice A’ and let

1 % 0 0
V3
I 0 % 0 0
00 0 ¥
0 0 1 3
be the matrix whose columns can be identified with the v;. Moreover, let py, ..., us € R be

arbitrary and let y := L(py, ..., us4)T. We denote the torus

{(@1, 22, 23,91, Y2, Y3, ya) + A|z1, 22, 25 € R}

by Ty o s, ua- We keep im mind that T}, s s s = Tyn a1 potqops+aspatqs 0T all qi, ..., qa €

Z. The fixed locus of any g € A is a union of tori of this kind. We determine the fixed loci

95



of all g € A by computing the matrices L™(g — I)~'L with help of a computer algebra

system. With help of these matrices we see that

Fix(1) = 717

Fix(aw) = To000

Fix(af) = U)\1,>\2€{0,1,2}T%)q%)q,%x\%%&

Fix(af) = Uq,eg,eg,qe{o;}T%q,%ﬁ,%egéq

Fix(a]) = Fix(a?)

Fix(a?) = Fix(ay)

Fix(ay) = Ue1,62€{0,1} T%Eh%eg,%(el-‘reQ),%E?
Fix(ayop) = U€1,62€{0,1} T%el,%eg,%m,%ﬂ
Fix(ajaz) = Ug meon T%617%€2,%el,%(61+62)
Fix(alay) = Fix(as)

Fix(alay) Fix(o o)
Fix(afay) = Fix(alas)

We determine the isotropy groups of the fixed tori and see that

76,000 has all of A as isotropy group.

Any torus T

1 1 1
321,371,322, 3 A2

Any torus T1 1

1 1
561756275
group.

(e1+e2),5€2

1 1 1
2€1,5€2,5€2,5€1

Any torus T1
group.

Any torus 71 1 1

1
S€1 562, 5¢61,5 (e1t€2)
group.

The remaining 6 tori of type Th 1 1 1
551755275637554

isotropy group.

T,

1,102,143, 44

By a short calculation we see that a; maps the torus to T-

that ag maps Tp, s s s 10 Ty pua,pis o, — -

one g € A therefore decomposes into the following orbits:
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with (1, €2) # (0,0) has {1, a%ay, @

with (A, A2) # (0,0) has {1,a?, a}} as isotropy group.

with (e1,€2) # (0,0) has {1, as, a3, alay} as isotropy

with (e1,€e2) # (0,0) has {1, a1az,a3, afay} as isotropy

3

3 ajas} as isotropy

with €1, €2, €3,€4 € {0,1} have {1,a3} as

2,12, — a3+ and

The set of all tori that are fixed by at least



Tooll’Toogg’Tlloo’ngoo}
77373 77373 373’7 3’377
Tul;,T;lzz,Tzz;;,ngzz}
3’3’3’3 3’3’3’3 3’3’3’3 3’3’3’3
T 1 T 11 T 1 Tl 1 T1 T 1 }
= = = = Y = = 9 = ) £

0707072 07072?2 070?270 2’270’0 270’070 0’27070
Toi, 1,111,111

727 72 2727272 27 727
TiiaTia 1,11 11

72727 2’27 ’2 27 ’272
Toi11, 711,11 01

727272 272727 27 b 72

The singular locus of T7/A thus consists of seven 3-tori. Along 1 of them there is an
Ds-singularity, along 3 of them we have As-singularities, along 2 of them we have As-
singularities, and along 1 of them we have an A;-singularity. 8 maps the torus T}, ., us,u4
to T ) — o pzopa @A Y MAPS Ty o s iia 10 T pi g jio pistpua,—pa- WV see that 8 and v act on
each of the singular tori of 77/A and thus 77/I" has singularities along seven submanifolds
that are isometric to T3/(83,~).

. . 1" 1" 1"
Our last case is A = Es. We recall that Eg consists of the elements a;*, a;*aj, aj ol

and o *afa;? where k € {0,...,5} and

1 -1 -1 —1 1 -1 1 -1
111 1 -1 1l 1 1 1 1

n__ = n__ -
MT5101 -1 11 and oh = 4 4
1 1 -1 1 1 -1 -1 1

We have to determine the fixed locus of all elements of A. As in the previous case, we do
this by computing all matrices F, := L™*(g — I)"'L with g € A where we choose L as

100 3
010 3
001 3
000 3

As in the previous case, we define vy, v2, v3 and vy as the columns of L and T}, 1, s pa 35

{(x1, x2, 3, Y1, Y2, Y3, Ya) + A|xq, 22, 23 € R} .
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where (y1,v2, Y3, ya)" = L(p1, po, i3, pa)”. We take a look at the matrices F, and see that
several of them have only integer coefficients. This means that the only v + A’ that are
mapped to itself by ¢ are those with v € A’. Therefore, we conclude that

Fix(a;) = Fix(a}) = Fix(ay) = Fix(afay) = Fix(alasa;) = Fix(ajaza;)

= FIX(OKIOQOZI) le(ailagozl) To()()()

o;® is minus the identity. Its fixed points are %elvl +.. .+%€4U4—|—A/ where €1, ...,¢4 € {0,1}.

More explicitly

Fix(e})= | T 1 1 1 . (5.18)

261326232637264
€1,€2,€3,64€{0,1}

There are further 6 matrices whose coefficients are elements of %Z. From these matrices we
obtain

Fix(ay0n) = Fix(afay) = Fix(aya;) = Fix(adasa;) = Fix(alama?) = Fix(afaya?)

:UT1

1
261,262,2(61+62) 0
61,626{0 1}

(5.19)

The remaining 8 matrices have coefficients in %Z. By carefully comparing the lattices that
are spanned by their column vectors we see that

Fix(a?) = Fix(aj)
U)xl,/\2€{0,1,2} Tl)\ 73/\2,3/\273(/\1_’_2)\2)
Fix(afay) = Fix(ajaza?)

T
U)‘l”\QE{O’LQ} l>\1 3 (>\1+/\2),%(>\1+2>\2)7%>\2

Fix(a3as) = Fix(ajasag) (520)

T
U)\l,)\2€{0,1,2} l)\173>\273>\1 3(>\1+>\2)
Fix(a2asa;) = Fix(apa?)

T
U, A2€{0,1,2} lA1,3A1,3A2,3(2A1+A2)

; acts on the indices of a torus T}, ,, usua Dy the matrix L~'a/ L. We have

0 -1 0 -1 0O 0 1 O
o 0 1 O 0O 1 1 1

-1 nmnr -1 _n
L™ oL = 0 -1 1 0 and L oyl = 10 1 0
1 1 -1 1 1 -1 -1 0
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These matrices can be used to determine the orbits of the fixed tori with respect to A. We
carry out the necessary calculations with help of a computer algebra system and obtain the
following orbits:

O = {Too00}
02-:{T 1,7 1 T 1 1 T 11,7 1 1
. 1 1 1 y 4+ 1 ) 11, 1.1
070’072 0’07270 0727070 2707070 0707272 0727072
T o Tiia, T 1, T 1,71 T
27772 727272 27272 22272 27272 2727272
72’29 2’ 927 29277
Op = (T 121, T 212,T1 1,12 2.T121 ,Te12 ,T1122,T2211
373’3 ’373°3 3773 3773 3’3’3 3’3’3 3’3’3’3 3’3’3’3
Os = (T122,T 211,T1 21,72 12,712 ,2,T21 ,1,T111,T222,
’3'3’3 ’3'3°3 377733 377733 3’373 3’373 3°3'3° 3'3'3°
O = (T 1, 1,1 2,271 22,T2 11,7112, Te21,T1221,T2112
’3773 ’377°3 33’3 3773’3 3'3'3° 3’3’3 3’3’3’3 3'3°'3’3
Or = (T 11,1 22,112 1,T21 2,T122,T211,T1212,T2121
373 7373 3’3773 3’3773 3’3’3 3’3'3° 3’3’3’3 3’3’3’3

Each element of an orbit with cardinality [ has an isotropy group of order 21_4' This fact
together with the calculations that we have made in order to determine the fixed tori allow
us to determine the isomorphism types of all isotropy groups. We conclude that any element
of the orbit

e (0 has isotropy group Fj,

e (O, has isotropy group A,

e (03 has isotropy group Dy,

e Oy, Oy, Og or O7 has isotropy group As.
The quotient 77 /A therefore has an Eg-singularity along one torus, a Ds-singularity along
one torus, As-singularities along four tori and an Aj-singularity along one torus. We

consider the action of 8 and v on the singular tori. 8 and ~ act on the indices of a torus

Ty piooisua DY the matrices

-1 0 0 -1 10 0 -1
Aony 0 1 0 —1 Ay _ 0O 1 0 0
EZAL=1"9 0 1 0 e B R S

0 0 0 1 00 0 1
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£ and ~ preserve the orbits Oy, Oy and Os. [ interchanges the orbits O, and O; as
well as Os and Og. Analogously, v interchanges the orbits Oy and Oj as well as Og and
O7. The orbit of the action of (3,v) on the set {O4, 05, Og, O7} thus is the whole set.
Therefore, the singular locus of 77 /T consists of three copies of T3/(3,~) with an Eg-, D,-
and A;-singularity along them and a 3-torus with an A,-singularity.

Finally, we determine the Betti numbers of the last three examples. The group D, contains
the cyclic group As of order 4 as a subgroup. Any I-invariant k-form on 77 therefore has
to be one of the invariant forms from the case Az. Analogously, A5 is a subgroup of Dy
and Aj is a subgroup of Fg. We take a look at the invariant harmonic 3-forms in the case
As and see that the subspace of those forms that are additionally invariant under Dy is
spanned by

d$123, d$145 =+ d$167, d$246 o d$257, d$347 + d$356 ) (521)

Therefore, we have b*(T7/T') = 4 in the case Dy. Since D, is a subgroup of Eg and the
above forms are invariant under all of SU(2), we have b*(T7/T') = 4 in the case Fg, too.
We proceed to the case Ds. The 3-forms with constant coefficients that are invariant under
the group I' from the case Aj are spanned by

dl,1237 dl‘145, d$167, d$246 - dl’257, dl’347 4 d$356 )

The subspace of those 3-forms among them that are invariant under the second generator
of the Dy-groups is again spanned by (5.21). Therefore, we have v*(T7/I") = 4 in all three
cases. We sum up our results.

Theorem 5.3.1. Let A C R” be a lattice of rank 7, T” := R"/A be a 7-dimensional torus,
and T be a discrete group of isometries of T” that preserves the standard Go-structure on
T7 that is given by (4.3). T7/T is an orbifold that carries a flat Gy-structure. If T7/T has
only ADE-singularities, any orbifold group is one of the following:

A17 A27 A3a A5a D47 D57 Eﬁ

As usual, we denote the finite subgroup A C SU(2) and the Dynkin diagram that is obtained
from A by the McKay correspondence by the same name. We also refer by the name of the
Dynkin diagram to the type of the singularity. For any of the above groups A there ezists a
torus quotient T7 /T that carries a flat Gy-structure and has only ADE-singularities such
that at least one of them is of type A. Particular examples for each A can be constructed
as follows. A shall be the lattice spany(eq,eq, e3) & N where
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spang(eq, €5, €6, €7) in the cases Ay, Az and Dy
spany | ey, 264 + ‘fe5, €g, 566 + £e7 in the cases Ay and As

spany | ey, 264 + ‘fe5, er, 267 + ieG i the case Dy

A =

\spcmz(e;l, es, €, €7) U ((%, %, 35 5) + spang(ey, es, e, 67)) in the case Eg

Moreover, we identify span(ey, es, g, e7) with C? by z1 := x4 + ix5 and zo := x6 + ix7. The
group I" is generated by the following maps

ai((z1, 22,73, 21, 20) + A) = (21, 22,23, 021 + b2a, ;21 + diz) + A
B((mlax27$3721722)+[\) = (%_’_xh_ny% _$37_Z17ZQ)+A
7(<x1ax27$3azla22)+‘/\) = (_$17%+$27_$37_Z_17 _Z_Z) +A

where the matrices ( CCLZ 21 ) shall generate the group A that is embedded into SU(2) as

in Section 2. In this situation, T" /T is a Gy-orbifold with ADE-singularities. We define
the following maps

B'(w1, w9, 23) = (% + x1, —;z;Q,% — z3)
’y/(xl,x2,x3) = (—Z‘h% —|—{E2’—x3)

The singular locus of T /T consists of several disjoint flat submanifolds that are diffeomorphic
to P e {T3 T3/(BY(=T3/(7)), T?/(B,~)} with a fized type of ADE-singularity along each
copy of P. We denote the singular locus as the sum of terms nz - (2, P) where = is a simply
laced Dynkin diagram and nz - (2, P) means that we have singularities of type = along n=
copies of P. In each of our cases, we have b*(T7/T) = b*(T7/T") = 0. The singular locus
and the value of b*(T7/T') can be found in the table below.

A ‘ Singular locus ‘ b3

Ay [ 16 (AL, T°/(B,7)) 7

Ay |3 (A, T%/(8,7) +3- (A, T°/ (7)) 5

Ay | 6- (A, T°/(B,7) +4- (A3, T°/(B,7)) |5

As | 1- (A5, T/(B,7)) + 1+ (A, T /(7)) + |5
2 (A, T°/(B,7)) +5- (A1, T*/(B, )

Dy | 2-(Dy, T?/(B,7)) +3- (A3, T°/(B, 7))+ | 4
2-(ALT?/(B,7))

Ds | 1-(Ds,T°/(B,7)) +3- (A3, T°/(B,7))+ | 4
2- (A, T°/(B,7)) +1- (A1, T%/(B,7))

Es | 1-(Ee, T°/(B,7)) +1- (Da, T°/(B,7))+ | 4
L. (AzaTS) 1- (Ale /{B,7))
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The quotient (C?/A’)/A has trivial canonical bundle. The resolution of its singularities
has trivial canonical bundle, too, and thus is a K3 surface. The torus quotients from this
subsection can therefore be considered as quotients of type (S x T%)/(8,~), where S is a
singular K3 surface with a flat metric and § and 7 are non-symplectic involutions with
respect to appropriate complex structures on S. We point out that it is not obvious to see
if a singular K3 surface that is described by its period point is a quotient of a flat torus.
The main goal of this section was to prove that torus quotients with a flat Gs-structure
and a wide range of ADE-singularities exist. The easiest way to achieve this goal was to
work with lattices and groups acting upon them rather than with the theory of K3 surfaces
as in Section 5.1.

It is possible to obtain smooth Gy-manifolds from our singular examples by the method of
Joyce [36]. In the case j = 1 that we have considered, T7/T" has only ADE-singularities.
We recall that an ADE-singularity can be resolved by a sequence of k blow-ups, where k is
the number of nodes of the associated Dynkin diagram. Since the G5-manifolds that we
obtain this way are quotients of type (S x T3)/Z2, where S is a smooth K3 surface, their
holonomy is Sp(1) x Z3.

We use equation (5.3) to determine the Betti numbers of the manifolds Ma that we obtain
by resolving the torus quotients 77 /T', where T' is constructed from the ADE-group A. Let
Vo be the subspace of H%(S,R) that is invariant under 8 and . Equation (5.3) states
that b*(Ma) = dim Vj and b*(Ma) + b3(Ma) = 23. H?(S,R) is spanned by the pull-backs
of the six 2-forms with constant coefficients on span(ey, es, €5, €7) and by the cohomology
classes of the exceptional divisors. There is no 2-form with constant coefficients that is
invariant under $” and 4”. Moreover, 4" fixes in most cases the singular points and thus
acts non-trivially on the exceptional divisors. 7" is an anti-holomorphic map with respect
to the complex structure that is defined by z; = x4 + 125 and 25 = x4 + itx7. Therefore,
it acts orientation-reversing on the exceptional divisors and as —1 on the corresponding
cohomology classes. The only exception is A = Fj, where it acts trivially on the exceptional
divisors that we obtain by blowing up the A,-singularity. Therefore, we obtain the following
Betti numbers:

b! b b
My | 0 0 23
My, | 0 0 23
My, | 0 0 23
M, | 0 0 23
Mp, | 0 0 23
Mp, | 0 0 23
Mg, | 0 2 21

Alternatively, we can introduce a complex structure on C?/A’ that makes 7" holomorphic
and " anti-holomorphic. For example, we could introduce the holomorphic coordinates
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wy = x4 + ix7 and wy = x5 + ixg. After that, we resolve the singularities by blow-ups with
respect to the new complex structure. Since in the cases A; and Aj there are exceptional
divisors on which ( acts trivially, we obtain different Betti numbers:

b! b b
My | 0 0 23
M, | 0 6 17
My, | 0 0 23
Mi | 0 2 21
Mp, | 0 0 23
Mp, | 0 0 23
Mg, | 0 2 21

There is a third complex structure on C?/A’ that makes 3”7” holomorphic and 3” as well
as 7" anti-holomorphic. In that case, we obtain the same Betti numbers as in the first case.

5.3.5 More complicated examples

We proceed to the case j = 2. As usual, let A be the finite subgroup of SU(2) that is
generated by the maps a;. We recall that 77 /T has singularities of type R x C3/A’, where
the group A’ is generated by the matrices

1 00 0 b
0 a b where (cd)eA
0 ¢ d
and by
-1 0 0
0 -1 0
0 0 1

An open subset of C3/A’ can be identified with a hypersurface in T7/T by z; := xo + ix3,
zg = x4 + ix5 and z3 := x¢ + iz7. A and A’ are both subgroups of SU(3). There are
further singularities that arise from the fixed points of ¢8y with ¢ € A. Since the action
of any element o3y € I' preserves the x3-direction, the orbifold groups are subgroups of
{g € Galg(e3) = es}. This group is isomorphic to SU(3), too. Therefore, the singularities
of T7/T can be resolved by the methods of Joyce [36] and we obtain smooth G5-manifolds.
We describe the singular locus of the orbifold 77 /T with j = 2 and A = A;. In this case, T
is simply defined as R7/Z" and I is generated by three maps a, 8 and 7 that are defined as
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Oé((l'l,...,l'?)+Z7) — (Il,fEQ,xi;,—1?4,_1]5,_376,—377)+Z7
ﬂ((l‘l, e ,1'7) + Z7) (ZL‘l, —X9, —T3, — Ty, —T5, Tg, 1'7) + Z7
7((%1,...,1‘7)+Z7) = (—1’1,%+l’2,—l’3,—l‘4,$5,—$6,$7) +Z7

Up to a permutation of the coordinates, this torus quotient can be found in Joyce [36, Ch.
12.5], where it is the starting point for the construction of a number of smooth Ga-manifolds.
We show how to calculate the Betti numbers of the resolved Go-manifold in our particular
case, where we only use crepant resolutions. These calculations will be helpful later on when
we consider our second example. «, [ and 7 generate an abelian group that is isomorphic
to Z3. We have

(331, —X9, —T3,x4,Ts5, —Tg, —377) + Z7
(=21, & + @2, —23, T4, —T5, 26, —x7) + L7
(

(

1 7
—T, 2 X2, X3,Ty4, —T5, —eg, I'7) + Z
1 7
—T1, 5 — Tg, T3, — T4, T5, Tg, —T7) + Z

N N N N
8
[y
=
-3
— — — —
_l’_
N
-
— — — —
I

We determine the fixed locus of all group elements and see that

—_

Fix(1) = 17
Fix(a) = U, 6aaconi(@ 22,73, €1, 362, 563, 5€4) + L7 |w1, x2, 75 € R}
Fix(8) = U, 0eaconi(@n €1, 362, 3€3, 564, T, T7) + L7 |21, T, 17 € R}
Fix(y) = 0
Fix(af) = U€17627637646{0’1}{(x1, %61, %62, T4, Ts, %63, %64) + 27|y, 14, w5 € R}
Fix(ay) = 0
Fix(8y) = 61,52,63,646{0,1}{@617 }l + %62, T3, T4, %637 %647 x7) + Z" |13, 24, 77 € R}
)

U
Ue1762,63,646{071}{<§€17 éll + %62’ L3, %63’ L5565 %64) + Z7|JZ3, L5, T < R}
We denote the tori from Fix(a) by R, ey.e4.c,, the tori from Fix(5) by Se ey.e4.c,, the tori
from Fix(af) by T¢, .e.cs.q> the tori from Fix(57y) by P, ey.e5.e, and the tori from Fix(a/f7y)
DY Qe; cp.c5.c4- The set of all points in 77 where at least two tori from the sets of all R, ¢, c5.cs
Ser,enseses a0 Ty, ¢, ey ¢, Intersect, consists precisely of the 64 circles

Dei,.es = {(xla %617 %627 %637 %647 %657 %€6> + Z7’x1 € R}
with €1,...,€66 € {0,1}. At each of the above circles, exactly three tori, namely Re, ¢, s .c65

. . . 7 .
Serrenseses ad Te ¢, oo o intersect. The set of all points in 7" where at least two tori from
the sets of all Re, ) e5.e0r Perenenesr AN Qe 5., iNtersect, consists of the circles

gl 11 1,01, 1, 1 7
Geroes = 15€1, 7 T 562, T3, 5€3, 564, 565, 566) + Z'|x3 € R}
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with €1,...,65 € {0,1}. At each of these circles, exactly three tori, namely Re, e, s .co5
Pl reses and Q¢ er.eq.¢, intersect. A torus of type Se, ey 5.0 OF Tt) .65, CANNOL intersect a
torus of type P, ¢, .c5.es OF Qe;e0,65,,- I order to determine the singular locus, we have to
describe the action of I' on the union of all tori and circles. We see that

1. (a) B acts on R, e, as an involution with fixed circles pe, e .e;.e0.c5.e05 Where
€5, €6 € {0,1}.

(b) v acts on R, ¢, 5.6, as an fixed point free involution.
(c) By acts on R, ¢ cse, as an involution with fixed circles ge, e .e1.e0.c0.e0> Where
€5, €66 € {0,1}.
2. (a) aacts on S, ey e.e, s an involution with fixed circles pe, ¢, es.e4.65.e6, Where €s, €6 €
{0,1}.
(b) v maps S¢, cy.e5.e4 Dijectively t0 S1—e ep.es.cs-
(€) oy maps S, ey.e5.c, Dijectively to Si_c; ep.es.ea-
3. (a) avactson T ¢, ey, as an involution with fixed circles pe, e, es.eq.c5.e4: Where €5, €6 €
{0,1}.
(b) v maps T¢, ) c5.es Dijectively to T1_¢, ey.e.ea-
(¢) oy maps Ty, ¢, eqe, Dijectively to T, ey eq.e4-
4. (a) avactson P, ey, as an involution with fixed circles ge, e, .es.e5.e4,c6. Where €5, €5 €
{0,1}.
(b) v maps P, ¢,.e.c, bijectively to P 1_cy es.eq-
(¢) oy maps Pr, ¢y 5.6, Dijectively to P 1_c, eqe,-

5. (a) a acts on Qe e, as an involution with fixed circles e, ey.es.e5.6.e4, Where
€5, €6 € {0,1}.

(b) 3 DS Qep sy biJeCtively 10 Qo encye

(¢) ay maps Qe e cs.eq bijectively t0 Qep e eqes
6. (a) «a, f and af act trivially on pe, e cs.cs.es.c6-

(b) 7, @y, By and afy MaP Pey e es,eres,06 10 Peri-easeneaesseo
7. (a) a, By and affy act trivially on ge, e ei,e5.c6

(b) B, af, v and @y MaD Ge; . es.ca,60.06 10 er,1-carencasesco-

Let p: T" — T7/T be the projection map. p maps
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1. the 16 tori R, e, e5., bijectively to suborbifolds éq,@,@,,&l of TT/T. Since Rey ey 564
contains 8 circles that are fixed either by 8 or by $v and two of them are mapped to
each other by 7, Re, ¢, es.6, 18 an orbifold of type T3 /Z3 with four singular circles.

2. the 16 tori Se, ;500 (Tepenienicar Perenesiea OF Qerenees) t0 8 suborbifolds S, e e5.c,
(Te) crcsca> Prvcaiesies OF Qe cnescs) of T7/T. Since all of the 3-tori in 77 contain 4
circles that are fixed by «, the suborbifolds of T7/I" are of type T?/Z, with four
singular circles.

3. the 64 circles pe, c; es.e4.e5.c6 (Or Qe1,52,53,e4,55,ea> t0 32 circles Pe, e e5.e4,5.¢6 (or q€17€21537€47€5,56>'
Perenieseaes.ce 18 identified With Dy 1-e; e5en.e5.66 N Gey g e5,e0,e5,¢6 15 1dentified with

ey, 1—€2,e3,€4,€5,€6°

All in all, the singular locus of T7/T" consists of 16 suborbifolds of type T°/Z3 and 32
suborbifolds of type T®/Z,. Since any point of the fixed tori in 77 is invariant under exactly
one element of I' of order 2, there is an A;-singularity along each of the suborbifolds. More-
over, there are 32 circles Pe, « e.eq.65.¢s Where three suborbifolds, namely R637E4,€m€6, 561,62,53754
and T€1,€2,65 «; intersect. These circles are also singular circles of the three intersecting
suborbifolds and along each circle there is a singularity of type R x C*/A/. Finally, there
are 32 circles e, i eq,e5.¢s Where §€37E4,65766, Eh%%% and @61,62753,66 intersect. Along the
circles, there is a singularity of type R x C?/A/ with respect to a different complex structure.
We recall that in the case j = 1 and A = A; the singular locus consists of 16 submanifolds
of type T3/Z3. Tt is surprising that by simply changing the translation part of 8 we obtain
a singular locus that is much larger and contains intersecting suborbifolds.

Our next step is to resolve the singularities of 77/T" and to determine the Betti numbers of
the smooth G-manifold M, that we obtain this way by the methods of [36]. This will
enable us to determine the Betti numbers in the second case, too. First, we blow up the
suborbifolds in 77/T" that are induced by the fixed locus of . This transforms (C?/A’)/A
into a Kummer surface S. We recall that in the language of complex geometry a blow-up
replaces an A;-singularity by the projective space of all complex lines that pass through
the singularity. 3 and 7 act on the exceptional divisor CP', or more precisely on the
CP*-bundle over an suborbifold that consists of fixed points of a, by [2; : 2] = [—21 : 22]
and [z : 2] — [~Z1 : —7]. Therefore, 8 and 7 can be lifted to involutions 3 and 7 of
T3 x S. These involutions can be factorized as 3’ x 8" and ~' x 7", where " and + act on
T% as before and 5” and 7" act on S. By blowing up the A;-singularities along the fixed
point sets of 3 and ¥ in (7% x S)/(5,7) we obtain the smooth Gy-manifold M/, . At a
point with a singularity of type R x C3/Z2, our procedure describes precisely the crepant
resolution from Section 4.3. We remark that we introduce a torsion-free Gs-structure
only after we have finished all the blow-ups since it is still an unproven conjecture that a
torsion-free Go-structure exists on the resolution of suitable quotients of a product of a K3
surface and a torus. In principle, it would be possible to resolve all singularities of 77 /T’
in a single step and to compute the Betti numbers of M), from the Betti numbers of the
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resolutions of C%/Z, and C3/Z3. Due to the complicated global structure of the singular
locus this calculation would be very difficult. Instead we determine the Betti numbers of
(T3 x S)/{53,7) and its resolution in two steps. The fixed point sets of all elements of (3,7)
are given by

) = T3x S N
) - (LDJelege{Ol}{((xlvéelvg )+Z3) )|ZL‘1ER,Z€F1X(5”)}
(7)

#)

Uel ,e2€40, 1}{(( €1, L4+ 62, x3) + Z3) 2)|rs R,z € FiX(EH’A}/’")}

Since 7/ maps pairs of circles in the fixed point sets of 3" and 3’9’ to each other, the
singular locus of (7% x S)/(3,7) consists of two copies of S' x Fix(3") and of two copies of
St x Fix(3"). Since 3 and 7 are involutions, we have A;-singularities along the singular
sets. The most important step for the computation of the Betti numbers is to determine
the topology of le(ﬁ” ) and Fix(3”). 8" is a holomorphic map on C? and its pull-back

maps the holomorphic volume form dz! A dz? to its negative. 5” is thus a non-symplectic
involution on S. Let 7 : S — (C*/A’)/A be the resolution map. Fix(3”) is the union of

a1 U {(%61, %62,213'6, z7) + N|xg, 27 € R}IA and
€1,e2€{0,1}

a ! U {x4,x5,261,2 €2) + N'|xy, x5 € RIA

61,626{0 1}

since z € C?*/A’ is a fixed point if 8”(z) € zA = {—z,2z}. Each of the four tori
{(%el, %62,1'6,1’7) + N|xg, 27 € R} in C?/A’ intersects the four tori {(m,xg,%el, %62) +
N|zy, 75 € R}. By dividing C?/A’ by A the tori become simply connected orbifolds of
type T?/Z,. The blow-up transforms the 7?/Z, into simply connected complex curves,
which means CP's. Moreover, the CP's do not intersect since the tangent spaces of the tori
at the intersection points are spanned by (1,0) and (0,1) € C? and the blow-up replaces
the intersection point with the set of all complex directions. B” is thus a non-symplectic
involution whose fixed locus consists of 8 rational curves. 5”~" acts on span(ey,...,e7) as

5"’7//(56471357$6,$7) = ($47 —Ts, —%7137) .

Fix(3"3") is the union of
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! U {(24, %517 %52; x7) + Nl|zy, 27 € R}FA and

€1,62€{0,1}

U {Gen w536, teo) + Nlas, 2 € RYA
€1,62€{0,1}

The tori {(z4, 361, 3€2,77) + N|zg, 27 € R} and {(Ge1, 25,76, 562) + N|z5,76 € R} are
complex curves with respect to the complex structure that is defined by w; := x4 + 127 and
wy = T5 + ixg but not with respect to the standard complex structure. At the intersection
points, the tangent spaces of the tori are the same up to multiplication by ¢ with respect
to the standard complex structure. Therefore, the rational curves that we obtain by the
blow-up still intersect. 7” is a non-symplectic involution with respect to the complex
structure that is defined by (w;,wsy) whose fixed locus is a single complex curve. It follows
from Theorem 3.5.8 that the Euler characteristic of the fixed locus of a non-symplectic
involution is 2r — 20. As in the previous subsection, H?(S,R) is spanned by the pull-backs
of the 2-forms on C?/A’ with constant coefficients and by the cohomology classes of the
blow-ups of the 16 singular points. 7" acts as +1 on 2 of the forms on C?/A’ and as —1 on
the other 4 forms. Again, we use an argument from the previous subsection and see that ~”
acts anti-holomorphically and thus orientation-reversing on the 16 rational curves that we
obtain by blowing up the singular points. Therefore, we have r = 2 and x(Fix(7")) = —16
and Fix(5”) is thus a complex curve of genus 9. Its Betti numbers are 8° = 1 and b! = 18.
We obtain the same values for the Betti numbers of T7/T" as in the case j =1 and A = A,
since the spaces of invariant harmonic forms are not changed by our modification of the
translation part. The resolution of the singular set that is induced by the fixed point set
of o adds 16 cycles that are diffeomorphic to (7% x CP')/Z2 where Z2 acts as the group
(B,7) in the previous subsection. We therefore obtain by the same arguments:

(1% x S)/(B,7)) = b"(T"/T) = 0
B (T3 x S)/(B,7)) = b*(T"/T) = 0
B(T° x 8)/(3,7)) = b*(T7)T) = 23

Another argument why the above values are correct is that we can apply equation (5.3) and
the subspace of H?(S,R) that is invariant under 3" and 3" has dimension 0. We are finally
able to determine the Betti numbers of M, . The singular set in (7% x $)/(B,7) that is
diffeomorphic to S* x Fix(g” ) can be considered as the product of a circle and a union of
complex curves with respect to the standard complex structure. Analogously, S' x Fix(3")
is the product of a circle and a complex curve with respect to the second complex structure.
We can therefore apply methods from complex geometry to compute the Betti numbers of

108



M, . In [27, p.605], the following formula for the cohomology of a blow-up 7 : M — M of
a complex variety M along a subvariety X is proven.

H*(M,Z) = m*H*(M,Z) ® H*(E,Z) /7" H*(X,Z) ,
where E denotes the exceptional divisor. This formula can be easily modified such that

the circle factor is taken into account, too. The GGo-manifold M that we obtain by the
resolution map 7 : M)y — (7% x S)/(B,7) therefore satisfies:

bE(M},) = B ((T° % 9)/(B,7)) + VM (x71(S)) = b(S) , (5.22)

where S'is the singular set. The exceptional divisor E that we obtain by blowing up F ix(g” )
in S is a CP'-bundle over Fix(3”). Its Betti numbers are determined by

b(B) = v(Fix(8")),  b'(E) =b'(Fix(8")), b*(E) =21 (Fix(5")) .
By multiplying F with a circle we obtain

(S x B) = (Fix(F"), b(S" x E) = B(Fix(5")) + b (Fix(3") |

B2(S* x E) =2 b°(Fix(8")) + b (Fix(3")) .

Of course, we have the same formulas for Fix(7”). All in all, we obtain

b (My,) = b'((T° x S)/(8,7)) =0
BA(MY,) = b2((T% x S)/(B,7)) + 2b°(Fix(B")) + 20°(Fix(7")) =0+ 2-8 +2-1 =18
b(M,) = BH(T* x S)/(5,7)) + 2" (Fix(5")) + 20°(Fix(7"))

+ 20" (Fix(B")) + 26" (Fix(3") =234+ 2-8+2-142-0+2-18 = 77

An example of a Gy-manifold with (b%,b%) = (18,77) can be found in Table 12.2 in [36]
and this pair indeed belongs to the smooth manifold that is obtained by resolving the
singularities by our method. At the end of this section, we show how to construct new
Go>-manifolds with help of the groups I' that we have constructed. For reasons of brevity,
we carry out this procedure only for the case j = 2 and A = A3. Since we have already
described the kind of resolutions that we are using and it is not necessary to know the
precise shape of the singular locus in order to determine the Betti numbers of M, we do
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not describe T7/T in detail but start with the calculations that are necessary to compute
vH (M ’1,)- First, we need to determine the fixed loci of 3” and 3”+" acting on the quotient
(C?*/A')/A. The fixed loci of the action of o’ and oSy on C?/A’ are given by

) Uel,eze{o 1}{@51 262, 5567137) + N|xg, 7 € R}
Fix(a”6") Uer caetony {(Ge1: 3 261, €, 362) + A}
FIX( //2/8//) (
) (

FIX( "3 ﬁ”

cr,e2&{0.1} {(2a, 25, 261’ 252) + Ny, 75 € R}
- €1,62€{0, 1}{ %Ely %61, %62, %62) + A/}

and

Fix(8"7") = U gepont(@a, 361, 362, 27) + Nlag, 27 € R}
Fix(a"f"y") = {(x4,74,76,76) + N'|z4, 26 € R}
Fix(a?p"") = U617€2€{071}{(%el,x5, Tg, %Eg) + N|zs, 26 € R}
Fix(a8"y") = {(x4, —24, 76, —26) + N|14, 26 € R}

The fixed locus of 8” on (C*/A')/A is the set of all zA with z € C*/A’ and "(z) €
{z,0"(2),0a"(2),a"(2)}. In other words, we have z € |J,_, 4 Fix(a”3"). We denote the
fixed locus on (C%/A")/A by Fix(8"), too, and obtain

Fix(p") = U ({((z4, 25, 361, 362) + N) Ay, 25 € R} U {((3€1, 362, 76, 77) + A')A|zg, 7 € R})

e1,e2€{0,1}

The subvarieties with (e1,€2) = (0,1) and (e1,€2) = (1,0) are mapped to each other by
A. Therefore, the above set consists of six complex subvarieties. They intersect in points
of type ((3€1, 262, 23, 2e4) + A')A. These are exactly the singularities of (C*/A’)/A that
are resolved by one or more blow-ups. Since the tangent spaces of the subvarieties at the
intersection points are different complex lines, they do not intersect after the blow-up. The
fixed locus of 3" thus consists of six disjoint rational curves. Analogously, the fixed locus of
7" acting on (C?/A’)/A is given by

FlX(ﬁ” //) = U ({((1‘4, %61, %62, 1’7) + A,)A’QM, i € R} U {((ZE4, Ty, Tg, 1‘6) =+ A,)A’$4, Tg - R})

€1,e2€{0,1}

This is the union of five complex subvarieties with respect to the modified complex structure
that we have introduced in the previous example. The first four of them are disjoint and
the fifth one intersects each of the other subvartieties. Again, they intersect at singular
points that are blown up. The tangent spaces of the first four varieties are spanned by
(1,4) with respect to the standard complex structure and the tangent space of the fifth
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one is spanned by (1 + 4,1+ 7). These spaces cannot be mapped to each other, neither by
multiplication with a complex number nor by an element of A. Therefore, the intersections
vanish after the blow-up. The fixed locus of 7" thus consists of five rational curves. We
have all information at hand that is necessary to compute the Betti numbers and obtain by
the same methods as in the previous example:

b((T% % 8)/(8,7))

b((T° x 8)/(8,7))

B ((T° x 8)/(8.7))

0
0 (5.23)
23

and

b (M},) =0 ((T% x 8)/(8,7)) =0
B(MY,) = (T x S)/(B,7)) + 20°(Fix(B")) + 2b°(Fix(3")) = 0+2-6 +2 -5 = 22
b(M),) = b*((T* x 8)/(B,7)) + 26°(Fix(5")) + 20°(Fix(7"))

+ 20" (Fix(8")) + 20" (Fix(7")) =23 4+2-6 +2-5+2-0+2-0 = 45

Finally, we show that M} has finite fundamental group. The torus quotient T 7/T with
j =2 and A = Ajz can be obtained by dividing the torus quotient with j = 2 and A = A,
by Zs. Since it is shown in [36] that the second torus quotient is simply connected, the
fundamental group of 77 /T is either trivial or Z,. The resolution of the singularities does
not change the fundamental group [36, Proposition 12.1.3]. Therefore, the fundamental
group of M, is finite and the holonomy of the metric on M, is the whole group Go.

Remark 5.3.2. The group I' that we have used for the construction of M}, is isomorphic to
Z4 x Z3. Since Joyce does not consider torus quotients by groups of this isomorphism type,
our construction of M/, has not been carried out in [36]. To the authors best knowledge,
there appear no Gy-manifolds with Betti numbers (b2, 0?) = (22,45) in the existing literature
[17, 36, 43, 44]. Therefore, M, seems to be a new example of a G'y-manifold.
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Chapter 6

Conclusion and Outlook

The aim of this thesis was to construct Gs-orbifolds with various kinds of ADE-singularities.
The examples that we have found show that we can obtain singularities of nearly any kind
that we want. In Section 5.1 and 5.2 we constructed Ga-orbifolds with an ADE-singularity
of type Eg along an associative submanifold. We have shown that in certain cases the
singularity can be partially resolved such that the remaining singularity can be described
by any subdiagram of Eg, namely

A17 A27 A37 A47 A5a A67 A77 D47 D57 D67 D77 E67 E7 .

In Section 5.3, we constructed torus quotients with singularities of type

A17A27A37A57 D4a D57 E6 .

Moreover, we have shown that these are the only singularities that are possible for torus
quotients. There are several ways how to proceed further.

First of all, it is possible to construct further examples of smooth G-manifolds and of
Go-orbifolds with ADE-singularities by modifying our constructions. In [36, Ch. 12.5],
Joyce resolves the torus quotient that is isometric to our example with j =2 and A = A,
by a more general method than ours. Beside the crepant resolution, there are further
resolutions of the singularities that yield many different pairs of Betti numbers (b%, %) of the
resolved Gy-manifolds. Even the crepant resolution of C3/Z2 is not unique. Although Joyce
constructs are large set of different Go-manifolds, he states on page 317 of [36] that he had to
choose a special ansatz since the set of all possible R-data is probably too big to investigate
without the help of a computer. Therefore, it is likely that further Go-manifolds can be
constructed by resolving this torus quotient. Moreover, we could start with a torus quotient
where 7 = 2 and A is another allowed finite subgroup of SU(2). Since torus quotients
of this kind have not been considered in [36], it is possible to obtain even more compact
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G>-manifolds by resolving the singularities of these quotients. Although this program is
beyond the scope of this thesis, it may be an interesting subject of future research.

In Section 5.2, we constructed twisted connected sums by means of singular K3 surfaces
with a non-symplectic involution. We restricted ourselves to a single kind of involution in
order to show that our method works. It would be interesting to study systematically if
non-symplectic involutions with a different invariant lattice could also be the starting point
of our construction.

The first examples of twisted connected sums in [43] were constructed from threefolds W
that are a certain blow-up of a Fano threefold. By starting with a Fano threefold with
ADE-singularities and then applying the twisted connected sum construction, we could find
further examples of G-orbifolds with ADE-singularities, too. In order to carry out this
procedure it has to be studied if the Fano threefolds and their K3 divisors can be deformed
in such a way that the K3 surfaces at the cylindrical ends satisfy the matching condition.

There are also more theoretical questions that fit into the context of this thesis. A motivation
to investigate Gy-orbifolds with ADE-singularities is the conjecture from [32] which states
that they arise as boundary components of the moduli space of parallel smooth G-structures.
Although a proof of this conjecture seems to be out of reach for now, it might be possible
to show for some of our particular examples that a one-parameter families of smooth
G>-manifolds exists that converges to our Gs-orbifolds with ADE-singularities such that a
set of CP'-bundles over the singular locus collapses.

Finally, other kinds of singularities of Go-manifolds, namely those of codimension 6 or 7 are
an interesting object of research. Conical singularities have codimension 7 and G>-manifolds
with conical singularities are an active field of research, see for example [39]. However, there
is not much work done on singularities of codimension 6. In particular, it is unknown if
orbifold singularities of type R x C3/A are the only singularities of codimension 6 that a
G5-manifold may have and if Gs-orbifolds with singularities of type R x C*/A exist for any
discrete subgroup of SU(3).
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