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Abstract

In this thesis we study a diffuse interface approximation of the sum of the area and
Willmore functional for which I'-convergence has already been established in the case
of small space dimensions and smoothly bounded sets. We extend this result to a
larger class of configurations with nonsmooth phase boundaries and explicitly allow
intersecting boundary curves.

We also analyze the interaction of parallel planar phase fields and discuss their slow
motion under the L?-gradient flow of the diffuse Willmore functional. Moreover, we prove
the existence of a new class of periodic entire solutions to the stationary Allen-Cahn
equation in two dimensions.
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1 Introduction

Functionals which depend on the curvature of surfaces or curves play a major role in
modern mathematical theory and numerous applications as for example in biology or
computer science. This broad interest has led to enormous progress in the mathematical
analysis of these energies and their gradient flows during the last decades.

In this thesis we will deal with the Willmore functional as a prototype of such energies
together with the corresponding gradient flow. We examine its relation to a common
diffuse interface approximation for which I'-convergence already has been established
in the case of smoothly bounded sets [R6Sc06]. We extend this result to a new class
of nonsmooth phase boundaries and thereby explain the occurrence of intersecting
boundary curves in numerical simulations of the diffuse Willmore flow [EsR&R614].
Moreover, we quantify the energy order of parallel planar phase fields and study the
slow motion of these configurations under the gradient flow caused by interacting phase
boundaries. As a further result we prove the existence of a new class of periodic entire
solutions to the Allen-Cahn equation generalizing [DaFiPe92].

Consider a domain  C R”, n > 2. For an open set E C  with C?>-boundary OE we
denote the inner unit normal vector field on OF by v and the principal curvatures of

OFE with respect to v by K1,...,kn—1. The Willmore energy (or Willmore functional)
[Wi93] of JF is given by

1
W(OE) = 2/8Em Hop|? dH™ (1.1)

where Hop == (k1 + -+ - 4+ kp—1) ¥ is the mean curvature vector field of OF. Although
named after Thomas Willmore (1919-2005) nowadays, the functional itself has already
been proposed before by Poisson [Po1812] in 1812 and also later by Germain [Gel821].
Since then many authors from differential geometry (see for example [Th23, B129]) and
geometric measure theory [MaNel4] have contributed to its analysis. One of the most
spectacular results in recent years has been the proof by Marques and Neves [MaNel4]
of the Willmore conjecture [Wi65] on the minmial Willmore energy of immersed tori in
R3.

(1.1) is the simplest type of a bending energy and therefore often serves as a representative
for other more complicated curvature depending functionals. It naturally arises in
biological models due to its connection to the Helfrich-Canham energy [He73] in the
description of cell shapes [Ca70]. W also appears in computer science theory where it is
used in image segmentation problems to control the appearance of noise.

We remark that in the case n = 2 the Willmore functional coincides with Euler’s elastica



Chapter 1 Introduction

energy (see e.g. [Lol3], §263) which describes the bending of a rod and which also has
been thoroughly investigated in many applications [LaSi84, Mu94]. However, we will
always refer to W as the Willmore functional independently of the space dimension.
For convenience, we also define the Willmore energy of phase indicator functions
u = 2xg — 1 with E as above by

W(u) == W(IE).

The phase field model

Many applications make a numerical treatment of the Willmore energy and its gradient
flow necessary. A common approach in this context is the approximation by diffuse
interfaces modeling sharp phase boundaries by diffuse transitions. Thereby, a new
space dimension (compared to the sharp interface) is added to the problem which
yields an automatic treatment of topological changes as a major advantage to other
approximation methods. The diffuse interface approximation is widely used in the
simulation of geometric evolution equations and especially in the analysis of the gradient
flow of W.

We will briefly sketch the core of this theory. It originally goes back to thermodynamical
studies of capillarity by van der Waals in the 1870s on the free energy of phase boundaries
between two immiscible and incompressible fluids (see [Ro79] for an English translation).
Contrary to the classical thermodynamical theory of capillarity by Gibbs [Gi1878] he
argued that the transition between two phases is not given by a sharp (and discontinuous)
interface but can rather be modeled as a continuous phenomenon happening on a thin
layer which can be identified with the interface. To make things precise we slightly adapt
the original notation and consider a spacial domain Q C R™, n > 2. In the classical sharp
interface model, a configuration can be described by a function v € BV (Q;{—1,1})
(see Section 2.3 for a definition of BV functions) which takes the value 1 wherever the
first fluid is present and becomes equal to —1 on sets occupied by the second fluid. For
E = {u = 1} we write u = 2yg — 1. The free energy is then given by the perimeter
functional as

P(u) == Perq(E) = ;/Q Vul =H" 1 (0*ENQ) ifue BV(Q{-1,1})

and P(u) == oo if u € LY(2) \ BV (92; {—1,1}) (see Section 2.3 for a definition of 9*E).
For smooth phase boundaries, P describes the area of the common boundary of the
phases.

In the diffuse interface model we allow mixtures of both fluids and describe their average
volume densities by a function u € L'(Q) with values in [-1,1]. The values —1 and 1
can be interpreted as above while u(z) = 0 for example describes a point x € €2 where

both fluids are present with equal volume fraction. Van der Waals derived a free energy
formulation for these interfaces which is given by

£.(u) ::/Q;|Vu|2 + éF(u) de ifue H'(Q) (1.2)

and & (u) := oo otherwise. Here, F(s) := {(s? — 1)? is a prototype for an equal and
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smooth double well potential (read the remark at the end of the introduction for a note
on F') and € > 0 is assumed to be small. The same functional was derived from basic laws
of thermodynamics by Cahn and Hilliard in [CaHi58] as a (first order) approximation of
an interface energy for mixtures of binary alloys. The structure of & can be explained
easily. While the second summand prefers large regions with w constant to —1 or 1 the
first term penalizes steep changes of one phase to another. For small € a minimizer of
u forms phase transitions on a layer of size € and becomes nearly constant elsewhere.
This already yields strong evidence of the correlation between & and Per. We will refer
to (1.2) as the Ginzburg-Landau energy or diffuse surface energy in the following but
many other names are common in the literature.

A rigorous connection between both models was proved by Modica and Mortola in
the framework of I'-convergence [MoMo77]. They could show that the functionals &
approximate Per as € — 0 in the sense that for u € L'(12)

I'(LY) — lim & (u) = o P(u) (1.3)
e—0

is satisfied (see Section 2.1 for a definition of I'-convergence). The parameter o > 0
describes the surface tension between both phases and can exactly be determined as
o= f}l V2F ds. Their proof strongly relies on the fact that energetically preferable
phase transitions are shaped as the one-dimensional profile which connects the phases
—1 and 1 in an energetic optimal way (see Section 2.4 for a detailed description of these
profiles).

Based on a conjecture of De Giorgi [DeG91], Bellettini and Paolini formulated a diffuse
interface approximation of the Willmore functional on L'(f2) in [BePa93] by

2
We(u) == 1 <—€Au + 1F’(u)) dr if u € H*(Q) (1.4)
2e Jq €
and W-(u) = oo for u € L*(Q)\ H?(£2). We refer to Section 6.1 for a detailed description
of De Giorgi’s conjecture as well as its modification and only give a formal argument
to motivate the relation between W, and W at this point. For a set E with smooth
boundary JF the first variation of its energy is described by its mean curvature vector
Hyp (see [Si83], §9). At the same time the L?-gradient of (1.2) is given by —eAu+1F’(u)
and can therefore be understood as a diffuse mean curvature. This makes W. a natural
choice in order to approximate W in the framework of diffuse interfaces (the factor é in
(1.4) expresses the size of the energy density in the transition layers, see Section 6.1).
The argument also shows that the structures of W, and &, are related.
For a given open and C?-bounded set E C 2 Bellettini and Paolini could show the
lim sup inequality for the I'-convergence of W.. They used the idea from [MoMo77] to
construct a sequence (ug)s~o in H?(Q2) such that W.(u.) approximates W(OF) (again
up to the constant ). Since then several authors contributed in this field with partial
results concerning the liminf inequality (see [BeMu05, Mo05, HuTo00, To02, Sc09]).
Finally, Roger and Schitzle [R6Sc06] proved the I'-convergence of W. to W for C2-
bounded sets in dimensions n = 2, 3.
For most applications it is convenient to consider the the perimeter and Willmore

11



Chapter 1 Introduction

functional simultaneously and we denote their sum by
F(E) := Perq(E) + W(OE).

F can be extended to sets with nonsmooth boundary by its lower semicontinuous
envelope

F(E) = inf {ligninf F(Ey) : 0E, € C? and E — E in Ll(Q)} : (1.5)
—00

This relaxation is natural from a variational point of view as it extends F to a lower
semicontinuous functional.

F has been analyzed in [BeDaPa93] where the authors find several conditions on a set
E of finite perimeter such that F(F) is finite. They show that this can only be the
case if (after a possible change of E on a set of measure zero) there exists a unique
non oriented tangent in every point of JE. This immediately shows that transversal
intersections of the boundary always produce infinite energy . On the other hand
there exist sets F with nonsmooth boundary and F(E) < oo: If OE is H?-regular up to
finitely many cusp points then F(E) < oo if and only if the number of cusps is even.
It is a natural question whether the I'-convergence result of F. := E. + W, can be
transferred to F for nonsmooth boundaries. Unfortunately the answer turns out
to be negative in general as shown in [Mul3]. While transversal intersections of
phase boundaries cause infinite relaxed energy F as mentioned above it is possible to
approximate these crossings with finite diffuse energy. This is strictly related to a class
of saddle shaped entire smooth solutions u. of the stationary Allen-Cahn equation

1
—eAu. + -F'(u;) =0 in R? (1.6)
3

with a zero set consisting of both coordinate axes. The existence of such solutions
has been shown in [DaFiPe92]. On an open set 2 CC R? with 0 €  these functions
converge to an indicator function u = 2xyg — 1 with E := {z129 > 0} N Q in L}(Q) and
it can be shown that their diffuse surface energies in €2 remain bounded. Due to (1.6)
the diffuse Willmore energy vanishes for every € > 0 and hence,

lim inf = F(E).
imin Fe(ue) < 0o = F(E)
We point out that in the example above the I'-Limit of 7 still exists. In this thesis we

will identify the precise limit for a wide class of configurations with intersections of the
boundary.

The phenomenon of intersecting boundary curves also appears in simulations of the
L?-gradient flow of W, that we briefly introduce now.

In the following we refer to the L?-gradient flow of W as the Willmore flow. For T > 0
and a family of open and C2?-bounded sets (F (t))te(o,r) it determines the velocity v in
the direction of v by

1
v(t) = AogwyHopw (t) — §H§E(t) + Hypy () [A()* on OE(t) (1.7)

12



where Hppy = k1 + -+ + knp—1 denotes the scalar mean curvature, Apg( is the

Laplace-Beltrami operator on dE(t) and |A(t)]* = k2 + --- + k2_, is the sum of the
squared principal curvatures. The Willmore flow is well analyzed in the literature and
we refer representatively to [DzKuSc02] and [KuSc01] for longtime existence results and
a qualitative analysis.

The diffuse Willmore flow is analogously defined as the L2-gradient flow of W. and
given by

O — (m - iF”(u)) (—6Au + iF’(u)) (1.8)

for an evolving diffuse interface u. In [CoLall] the authors show longtime existence of
solutions to the flow under a volume constraint and in [CoLal2] under a volume and
area constraint. We will adapt their proof in Section 5.1 to show the longtime existence
of smooth solutions on periodic domains (without any further constraints) in up to
three dimensions.

In general it is not clear that the gradient flows of I'-converging functionals also converge
to the gradient flow of the limit energy and there is no rigorous proof for the convergence
of the diffuse Willmore flows as ¢ — 0. However, Loreti and March [LoMa00] could
prove on a formal level that the evolution of smooth surfaces under the Willmore flow
can be approximated by solutions of (1.8) (rescaled in time) for small €.

SN,
7 O

Figure 1.1: Evolution of a start configuration (left) under the diffuse Willmore flow
with periodic boundary conditions. (The pictures have been taken from
[EsRaR614] with permission.) The occurring patterns show intersections of
the phase boundary.

O O O

The classical Willmore flow (1.7) immediately terminates in singularities caused by
touching or colliding interfaces. The evolution can be extended beyond those points
by considering the gradient flow of the relaxed functional W. This evolution, however,
cannot be approximated by the diffuse Willmore flow in general. In [EsR4R614] the
authors observe in several simulations that the diffuse flow (1.7) yields structures which
correspond in the limit € — 0 to configurations with infinite relaxed energy F. In their
paper they suggest a modified gradient flow which solves this issue and which always
yields configurations with finite values of F. Figure 1.1 shows the evolution of an initial
configuration (left picture) in several evolution snapshots. The gradient flow tends to
produce transversal intersections of diffuse boundary curves (see also [BrMaOulb]).

Besides the occurrence of transversal intersection points another interesting observation
can be made. After a short phase of energy relaxation the phase boundaries approximate

13



Chapter 1 Introduction

intersecting curves (as seen in the third picture) which then evolve into straight lines
(right picture). In this state the system’s energy is almost zero and the lines hardly
move anymore.

We also refer to the difference between perpendicular and non perpendicular intersections
of the approximated lines in the last picture. While the first type really consists of two
crossing lines, the interface forms touching curves instead of true intersections in the non
orthogonal case. In this thesis we point out that such structures are related to (4-ended)
entire solutions of the stationary Allen-Cahn equation that have been investigated in
depth over the last years. As mentioned above there exists a solution of (1.6) with its
zero set given by two perpendicular lines due to [DaFiPe92]. In [PiKoPal0] a class of
solutions has been introduced whose zero set is at least asymptotic to two intersecting
lines at infinity (see also Section 2.5). In this case the actual zero set may look like
two curves which nearly touch in the common point of both lines exactly as in Figure 1.1.

Main results

The described observations motivate the scope of this thesis in two different ways. On
the one hand we will explain rigorously why configurations as in the right picture
are energetically preferable states of the diffuse Willmore flow despite the transversal
intersections of the interfaces. Consider the set F which is approximated by the red
phase in the last picture and note that F(9FE) = oo due to the intersection of boundaries.
However, OF interpreted as an one-dimensional varifold (a generalized surface) has
vanishing generalized curvature. This fact strongly suggests that W, approximates the
Willmore energy generalized to varifolds for small € > 0. We make this idea rigorous by
proving the I'-convergence of F. for a large set S of nonsmooth interfaces in Theorem
6.3. As we will see, cross intersections of the boundary do not contribute anything to
the limit value of the energy which is purely determined by the Willmore energy and
area of the boundary interpreted as a varifold. This result extends the work of Roger
and Schétzle on the conjecture of De Giorgi [R6Sc06] to nonsmooth limit sets in two
dimensions.

The proof of I'-convergence is basically divided into two parts. For the lim inf inequality
we rely on the results from [R6Sc06]. As their measure geometric approach already
uses varifold methods the ideas can easily be transferred from smooth boundaries to
configurations in S. To construct a recovery sequence and thereby showing the lim sup
estimate we make use of the above mentioned 4-ended solutions to the Allen-Cahn
equation from [PiKoPalO] (Section 2.5) to approximate transversal intersections. We
match these solutions with the approximation method from [BePa93] (see Section 2.6)
which requires a careful analysis of the appearing error terms.

Another focus of this thesis lies on the described motion of the phase boundaries in
Figure 1.1. In the last picture the boundary curves of the approximated sets seem
to have fully relaxed and do not have any curvature. Nevertheless, it is not clear
whether the gradient flow has reached a stationary state or only appears to be stationary.
This behavior reminds a lot of the slow motion of other diffuse geometric flows as the
Allen-Cahn [OtRe07] or the Cahn-Hilliard equation[OtWel4] (see also Section 5.2 for
a detailed description). For the diffuse Willmore flow this phenomenon has not been
studied yet and this work presents the first results in that direction.

14



More precisely, we will analyze the simple quasi one-dimensional situation of parallel
stripes with different widths which interact with each other. We prove that diffuse
interfaces which approximate these configurations still carry small amounts of energy if
and only if the considered stripes are not perfectly symmetrically distributed. Under the
absence of boundary curvature the minimal energy size is determined by the distance
of neighboring phases which we will describe precisely by a scaling law for the energy
order in terms of € and the stripe widths (see Theorem 3.12). The proof requires a
profound understanding of certain optimal arc solutions of the Allen-Cahn equation
which describe the optimal way in which a single stripe can be approximated by diffuse
interfaces (see Section 3.1).

The precise characterization of the minimal energies yields first results concerning
the motion speed of evolving stripe configurations. Starting with small energy phase
fields, we show that stripe solutions hardly move for exponentially long times. These
statements are mainly due to the L?-gradient structure and the energy estimates proved
before (see Proposition 5.9). Moreover, we expect that the diffuse phase boundaries
(i.e., the zeros of the phase fields) will distribute equally on an interval after a long time
and we will show that they do not move asymptotically in the “wrong” direction.

The analysis of real two-dimensional configurations turns out to be much harder. Even
for a slight modification of the stripe configurations a precise characterization of the
energy order via a scaling law seems out of reach. We consider configurations of half
stripes (see Figure 4.2) and prove the existence of zero energy states (periodic entire
solutions of the Allen-Cahn equation (1.6)) with multiple and equi-distributed saddles
on the zi-axis. We show that for large values of x5 these solutions are shaped as the
optimal one-dimensional arc profiles from above and thereby find a connection between
both classes of solutions. Apart from the relevance for our problem setting, the existence
and analysis of those solutions extends the classical results of [DaFiPe92] on the entire
solutions with only one saddle in the origin. The description and classification of entire
solutions for the Allen-Cahn equation is a current research topic and our results also
contributes in this field.

Outline

The thesis is structured as follows. Chapter 2 collects an overview of the mathematical
concepts and theories which are used in the subsequent chapters. We especially give
a brief introduction in the theory of varifolds (Section 2.2) and fix basic notations in
preparation for Chapter 6.1.

In Chapter 3 we analyze the interaction of straight boundaries under the diffuse Willmore
flow. Section 3.1 introduces the optimal arc profile ¢, . and we give a precise characteri-
zation of this class of solutions to the Allen-Cahn equation. While we quote most of the
well known results we also prove some additional properties that we need later. In the
following Section 3.2 we study the diffuse Willmore energy of quasi one-dimensional and
periodic stripe configuration. Under suitable assumptions on € and the stripe widths
we show that there always exists an energy minimizing configuration. We are also able
to quantify the energy (which is purely due to the interaction of phase boundaries) by a
scaling law.

Chapter 4 yields a first step into the direction of real two-dimensional configurations

15



Chapter 1 Introduction

and their energy scaling. Corresponding to the one-dimensional optimal arc profiles gy .
we prove the existence of a new class of entire solutions with multiple saddles to the
Allen-Cahn equation.

In the fifth chapter we consider the dynamical problem. Section 5.1 is based on [CoLall]
and we prove the longtime existence of smooth solutions for the diffuse Willmore flow
in up to three dimensions on a rectangular domain with periodic boundary conditions.
In Section 5.2 we derive consequences of the scaling law from Section 3.2 for the one-
dimensional diffuse Willmore flow. We analyze the time evolution of configurations with
small energy and prove several results for the flow’s velocity and the movement speed
of layers.

Chapter 6 deals with the I'-convergence of F; in nonsmooth limit points and may be
the most relevant part of this thesis. Section 6.1 starts with a brief introduction into
the history of De Giorgi’s (modified) conjecture and we define a set S of configurations
with nonsmooth interfaces. We extend both the perimeter functional and the Will-
more functional to this set using the framework of varifolds. Afterwards, we prove the
I'-convergence of F; in S in Theorem 6.3. At the end of this chapter we give several
examples of configurations in §. This set is rather implicitly characterized and we
briefly comment on its structure.

Notations and conventions
We will fix some basic notations and conventions for the rest of this work.

e Constants will be denoted by C' in this work and may change from line to line. The
possible dependence of parameters is mentioned in postpositioned parantheses.

e Throughout this thesis, we will often consider families of functions which are
indicated by a continuous parameter € > 0. By abuse of notation, we still use the
term “sequence” for these ordered families. In this context a subsequence denotes
the part of the family which is indicated by (&5, )nen with &, N\, 0 as n — oco. We
will often skip the index n, though.

e We write dx to indicate integration with respect to the n-dimensional Lebes-
gue measure whenever the dimension n is clear from the context. Further, the
integration variable s is always one dimensional.

e H* always denotes the k-dimensional Hausdorff-measure (see e.g. [Si83]).

e For a function u : 2 — R the expressions diffuse Willmore and surface energy of
u will always refer to the integrals

1 1 ? 1
2% /s (—sAu + EF'(u)) dxr and /Q g Vul? + EF(U) dr.

The domain of integration is always implicitly given by the domain of .

e The function F': R — R will always denote the quartic even double well potential
(see Figure 1.2) defined by

(2~ 1

F(s) = R

s e R.

16
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Figure 1.2: The double well potential F(s) = 2(s*—1)? and its derivative F’(s) = s®—s.

We point out that we only rely on certain qualitative properties of F' (concerning
regularity, growth, and the position of zeros for instance) instead of its actual
definition for most of the results although we will sometimes make use of its precise
form to shorten the proofs.

We will not comment on possible generalizations in the following (which is mostly
not difficult) as this would not change the qualitative behavior that we are
interested in.
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2 Preliminaries

We pursue two different aims in this chapter. On the one hand we yield a brief
introduction into the theories and concepts which will be used in the following. On the
other hand we fix the basic notations we are going to use. For most of the proofs we
will just refer to the literature.

2.1 TI'-convergence

Instead of finding a minimizer of a given functional it is a common approach in the
calculus of variations to approximate it by a sequence of other functionals which for
example are easier to describe or to minimize. However, this idea makes it necessary to
find a proper definition of variational convergence which ensures that minimizers of the
approximating sequence converge to minimizers of the limit functional. This property is
not satisfied by the pointwise convergence of functionals and a more careful definition is
necessary. This has been given by De Giorgi and Franzoni in [DeFr75] by introducing
the notion of I'-convergence of functionals.

We present the precise definition of I'-convergence and its main properties in this section
and refer to [Br06] or [AtBuMil4] for a detailed introduction into this topic.

Definition 2.1. Let X be a metric space and (Fj)ren a sequence of functionals on X
with Fi, : X — RU{oo} for all k € N. We say that F,, I'-converges to F' : X — RU{oo}
in a point z € X if the following two assertions hold:

i) (Lower bound inequality) For every sequence (zj)ken which converges to x we have

F(z) < liminf Fy(xg).
k—o0

ii) (Recovery sequence) There exists a sequence (xy)keny which converges to z with

In this situation we write

I'— lim Fy(z) = F(x).
k—ro0

Remark. a) In some situations it is convenient to label the space in which the conver-
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Chapter 2 Preliminaries

gence of the sequence takes place. In this case we write

I(X) — lim Fj = F.

b) The I'-limit is always a lower semicontinuous functional [Br06]. This especially
implies that a constant sequence of functionals with F = F for all £k € N does
not I'-converge towards F' in general but to its lower semi continuous envelope (or
relaxation) F which is defined as the largest lower semicontinuous functional not
greater than F, i.e.

F(x) == liminf F(y).

Yy—T

The I'-convergence yields the desired convergence of minimizers in X.

Proposition 2.2. Let (Fi)ren, Fr : X — RU{oo} for k € N, be a sequence of
functionals on X which T'-converges to F': X — RU {0} as k — co. Moreover, let
(zx)rken be a sequence in X satisfying

F; < inf F
k(zr) < Inf k() + ek

with e, > 0 for k € N and e, — 0 as k — oo. Then each cluster point =* of (xg)reN s
a minimizer of F' and the convergence

lim inf Fj(z) = F(z*
o5, S File) = F)

holds.

Proof. See e.g. [AtBuMil4], Theorem 12.1.1. O

2.2 Rectifiable sets and varifolds

We introduce the theory of varifolds as a generalization of classical surfaces and give
a short overview of well-known results in this field. In particular, we explain how the
differential geometric concepts of first variation and mean curvature can be transferred
to this context. For a wider introduction into this topic we refer to [Si83] or [Fel4]
where also many of the results presented here are formulated more generally.

For the rest of this section we fix integers k,n € N with 1 < k < n and denote the
k-dimensional Hausdorff measure on R” by H*.

Definition 2.3. The Grassmannian G(n, k) is defined as the space of all k-dimensional
linear subspaces of R".
For a set U C R™ we further define

Gr(U) = U x G(n, k).

In the following, we often identify a subspace P € G(n, k) with the n X n matrix
representing the orthogonal projection of R™ onto P. This enables us to define a scalar
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2.2 Rectifiable sets and varifolds

product on G(n, k) by

A:B :=tr(ATB) = Z A;jB;j, for A,B € G(n,k)

1<i,j<n

which induces a metric on G(n, k). For k =n — 1 a subspace P is (up to orientation)
uniquely determined by its normal vector v = (v4,...,v,) and thus, we have

G(n,n—1)= 8" 1/ +1.
Particularly, the projection of R™ onto P then is given by the matrix
(Id A V) = (513 - ViVj)ij-
Definition 2.4. A set M C R" is called countably k-rectifiable if there exist V; C R",
i € NU {0} such that
o0
M c NoU|JN;
i=1
where H¥(Ny) = 0 and where N; are k-dimensional C''-submanifolds of R™ for i > 1.

Countably k-rectifiable sets can be characterized by the existence of approximate tangent
spaces which are defined via the blow-ups 7, : R" — R" given by 7,1 (y) = A" (y — z)
for A > 0:

Definition 2.5. Let M be a H*-measurable subset of R" and 6 : M — (0, 00) a positive
and locally H*-integrable function. A subspace P € G(n, k) is called the approzimate
tangent space for M in x € R™ with respect to 6 if

lim/ oO(x + \) dHF = 9(:U)/ ddHF, forall ¢ € CO(R™)
ANO S, A (M) P

and we write T, M = P as in the case of classical tangent spaces.

Proposition 2.6. Let M C R™ be an H*-measurable set. M is countably k-rectifiable
if and only if for H*-almost every x € M there exists the approzimate tangent space
T, M with respect to a positive and locally HF*-integrable function 6 : M — (0, 00).

Proof. [Si83], Theorem 11.6. O

Remark. We can write every H*-measurable and countably k-rectifiable set M as the
disjoint union of H*-measurable sets (i, M; where H*(Mp) = 0 and and M; C N,
i >0, (with NV; as in Definition 2.4). Then, the approximate tangent spaces correspond
to the classical ones almost everywhere as

T.M =T,N; for HFE-almost every x € M;, 1 > 1.

We are now able to define general varifolds in R™. These have originally been introdu-
ced by Almgren who thereby generalized the concept of surfaces with methods from
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geometric measure theory (see [Al65] and [Al66]). Later, Allard was able to prove
substantial regularity and compactness properties (see e.g. [Al72]) which led to the high
mathematical relevance of this theory for example in variational calculus. In particular,
varifolds yield a rather natural way to describe (measure theoretic) limits of smooth
surfaces (see Proposition 2.14 and the remark thereafter).

Definition 2.7. Let U C R™. A general k-varifold V on U is a Radon measure on
G(U). The set of all general k-varifolds will be denoted by Vi (U).
For V € Vi (U) the weight measure (or mass) ||V || of V is the measure on U given by

V] (6 /¢ V||V (z) = / RELCY for all € CO(U).

Example 2.8. Assume that M C U C R" is a countably k-rectifiable set with &k = n—1.
Then M canonically induces a k-varifold denoted by | M| according to

M| (6 / b, Ty M) dHM(z)  for all ¢ € CO(GR(U)).

For its weight measure we obtain by definition with ¢ € CO(U)

/Uaﬁ(w)dllMlll(af):/Gk() ¢(z)d M| (x /cb ) dH" (z

and therefore, |||M||| = H*|M describes the area measure of M.

The example above shows that k-varifolds in V(U) can be understood as generalized
surfaces. In the following, we will often concentrate on those V' € Vi (U) which are
induced by k-rectifiable sets as in the example. This leads to the next definition.

Definition 2.9. A k-varifold V € V. (U) is called rectifiable if there exist an HF*-
measurable, countably k-rectifiable set M C U and a function 6 : U — [0, 00) which is
locally H"-integrable on M and vanishes elsewhere such that for all ¢ € C2(Gy(U))

_ _ k
V(g) = /G PRECECOR /M o, T,M)B(z) dH* (z),

i.e., V is rectifiable if and only if its weight measure is given by
VI =6#* M

with M and @ as above. If further 6(z) € N for H*-almost every = € M, we call V an

integral varifold.

In view of the above given example, a k-varifold is called unit density varifold if

V € Vi(U) is integral with § = 1 H*-almost everywhere on M (which especially means
= | M]).

Remark. For a rectifiable varifold V' € Vi (U) as above we always have

OV ,z) = 6(z), for H*-almost every = € U.
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The calculation of the first variation of a rectifiable varifold V' € Vi (U) is motivated by
classical differential geometry for surfaces.

Consider a varifold V = |M| on U for a countably k-rectifiable set M C U. We want
to calculate the first variation of its area |||M||| (U) = H*(M) with respect to a given
vector field X € CH(U;R"™). Let ¢ > 0 and consider a family of diffeomorphisms

O, U—U, te(—e,¢)

with &3 = Idy and such that there exists a compact subset K CC U with q)t‘U\K = ldpn\ i

for all t € (—¢,e). We further prescribe % —o = X and obtain

d .
%’t:o%k(q)t(M) NK) = /M divys X dHP

(see for example [Si83], §16). Here, divys denotes the surface divergence on M which
for H*-almost every & € M can be written as

divyr X(x) =T, M :DX (x)

where we interpret T, M € G(k,n) as the n x n projection matrix from R" onto the
approximate tangent space in x. This yields

§|M|(X) = %\tzoﬂk (2:(M)NK) = /M T, M :DX () dH* (x)

and motivates the definition of first variation of a general varifold V' € V(U):

Definition 2.10. For V € Vi (U) and X € CH(U;R") the first variation of V in
direction of X is defined by

SV(X) = /G o DXV (,5).

Remark. i) With a similar argument as in the motivation above we obtain for every
rectifiable varifold V with ||[V|| = 0 HF| M

5V(X):/divMXdHV] :/ divys X0 dH*  for every X € CHU;R™).
U M

Again we refer to [Si83], §16, where the exact calculation is performed.

ii) If in the motivation above M is a closed C2-surface in U, the divergence theorem
([Si83], 7.6) yields for all X € C}(U;R™)

5]M|(X):/ divMXde:—/ X -Hy dH*
M M
:/UX'HMdMMH (2.1)

with Hj; denoting the mean curvature vector field of M. This fact will motivate

23



Chapter 2 Preliminaries

the definition of generalized mean curvature for general varifolds which we will give
below.

Definition 2.11. For a general k-varifold V' € V,(U) the first variation §V is called
locally bounded in U if for all open, relatively compact subsets U CC U there exists a
constant C'= C(U) > 0 such that

|6V(X)| < Csup |X(z)| forall X € CHU;R"). (2.2)
zel

Let V € Vi(U) have locally bounded first variation 6V. Since C}(U;R™) is dense in
Cg(ﬁ; R™) we can uniquely extend 6V to a continuous linear functional on the entire
space CO(U;R"™) which satisfies inequality (2.2) for all X € C%(U;R™). By the Riesz
representation theorem A.5 it can be written as

SV(X) = / X -vd|6V|, for X € CO(U,R™) (2.3)
U

for the variation measure |§V| and v : U — R" with |v| =1 |§V|-almost everywhere.
Now assume that [6V| < ||V]|. In this case the Radon-Nikodym derivative (see
Proposition A.11) of |§V] with respect to ||V exists and we obtain from (2.3)

d|oV]|
X)= [ X-v
) /U Vo V-

This motivates the definition of mean curvature for general varifolds in accordance with

(2.1).
Definition 2.12. Let V' € V;(U) have locally bounded first variation 6V and assume
V] < V]|

The generalized mean curvature vector field of V' is defined by

_ _dlov]
V=
—apvy”
with v and le'llé\)/l; as above.

Example 2.13. Let M be a closed C?-surface in U as above. Then its classical mean
curvature vector Hj; actually coincides with the generalized mean curvature vector of
|M| from Definition 2.12. As above, the first variation of |M]| is given by

§|M|(X) = —/ X -Hy dHF for all X € CHU;R)
M
and is locally bounded. Indeed, for U cC U and X € C}(U;R") we immediately obtain

100100 < ( [ Hul ) sup o).

zeU
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In order to show |8 |M|| < |||M]|| = H*| M let A C U with (H*|M)(A) = 0. The outer
regularity of H*| M then implies

6V (4) = inf sup{/ g HydH* : g e COT;R™),|g| < 1}
U open, U
AEU

<C inf (H*|M)([U)=0
U open,
AcU

and with the same arguments and notations as above we have

ajg|M|

————v = Hj,.
d ||| M|

Hyy =
Remark. If in the situation above M is a C?-surface with boundary OM # () the
divergence theorem yields

/ divy X dHF = —/ X HydH'+ [ X-vdH* ! forall X e CHU;R")
M M oM

where v denotes the unit conormal vector field on M which points into M. Since we
have H¥(A) = 0 for all sets A C U with H*1(A) < oo, the measure vH*~1[OM is not
absolutely continuous with respect to ||V| = H*| M.

In general, the absolute continuity in Definition 2.12 corresponds to the fact that
supp ||V|| has no boundary.

The set of all integer k-varifolds satisfies the following important compactness property
with respect to the weak convergence of measures.

Theorem 2.14 (Allard, ’72). Let (V;);jen be a sequence of integer k-varifolds on U C R™
with locally bounded first variation which satisfies

lim inf (ijn (0) + |8V} (U)) <oo forallUccU. (2.4)
Jj—oo

Then there exists a subsequence (Vj,)ien and an integer k-varifold V on U such that

*

Vi SV

as i — oo.
Proof. See [Si83], 42.8, or [AlT72]. O

Remark. i) The relevant part in the proof of Theorem 2.14 is to show that V' indeed
satisfies the integrality property. The mere existence of a limit varifold V' € Vi (U)
is a direct consequence of the compactness result for general Radon measures from
Proposition A.8.

ii) The statement of Theorem 2.14 is even non trivial for a sequence of smooth surfaces
(or rather for their induced varifolds) which do not converge to classical surface in
general:
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Let (M;)jen be a sequence of smooth k-dimensional surfaces and consider the
induced unit density varifolds V; = |[Mj,|, j > 1. For U CC U we have

M| () = HF(M; 0 D)
and
|6 |M;|| (U) =sup{6|M;| (g) : g € CH({U;R™), |g| < 1}

—sup{—/ g - Hyy, dHF : g € Ccl(ﬁ;R"), lg| <1}
M;

S HHMjHLl(HkLMj)

and thus, condition (2.4) is satisfied if

timinf (HE(A; 0 0) + [Fag ||y e ) ) < 00 forall U <C U,

Theorem 2.14 then yields
|Mj,| =V =60|M|

as ¢ — oo for a countably k-rectifiable set M and a nonnegative integer valued
function 0 : U — Ny. Notice, that V' is not a unit density varifold in general.

2.3 Sets of finite perimeter and the reduced boundary

Let € denote an open subset of R”, n € N. In this section we introduce the notion of
BV functions and generalize the concept of C''-boundaries of sets in a measure theoretic
way.

Definition 2.15. A function f € LY(Q) has bounded variation in Q if the condition

sup{/ fV-pdr : p e CLHQRY),|p| < 1} < oo
Q

is satisfied. We denote the set of all functions of bounded variation in Q by BV ().

The space BV (Q) consists of those L!-functions on  whose distributional derivative is
given by a Radon measure.

Theorem 2.16. For f € BV(Q) there exists a Radon measure pn on @ and a pu-
measurable function o : Q — R™ such that

i) |o(x)| =1 for p-almost every x € Q and
i) Jo fV-pde=— [, -odu for all o € CHHR™).

w18 the variation measure induced by the distributional derivative of f and we therefore
write p =: |V f| which is characterized by

VA () —sup{/QfV-wdx € CNUSRY), o] < 1}
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2.3 Sets of finite perimeter and the reduced boundary

for all open sets U C ).

Proof. See [EvGa92], 5.1, Theorem 1. O

Definition 2.17. An L"-measurable set £ C R" has finite perimeter in ) if
XE € BV(Q).

Remark. Assume E C R" is of finite perimeter in 2. With f = xp the equation in ii)
then reads

/V-cpdxz—/«p'ad,u
E Q

for all p € CL(;R™) We write vg = —0 as well as u = |Vxg| := [|0F|| in this case and
refer to them as the generalized outer unit vector field and the boundary measure of E.
The notation is clearly motivated by the divergence theorem for sets with C'-boundary
for which we have |0E| = H" !|0F and vg = v with v denoting the classical outer
unit normal vector field of E.

Definition 2.18. Let £ C R™ have bounded perimeter in R" with vg and ||0E|| as
above. The reduced boundary of E is denoted by 0*E and consists of all points x € R”
with

i) ||OE| (B(z,r)) > 0 for all » > 0,
ii) fB(x,r) vp d||OE|| — vi(x) as r — 0,
iii) |vp(z)| = 1.
Remark. By definition, the reduced boundary 0*F of a set E with finite perimeter

consists of those points of the topological boundary dF in which we can define an outer
normal vector to F at least in a weak measure theoretic way.

We conclude this section with a characterization theorem for finite perimeter sets by De
Giorgi. It basically states that these sets have a C''-boundary measure theoretically.

Proposition 2.19 (De Giorgi). Let E C R™ have finite perimeter in R™. Then 0*E
is countably n-rectifiable and we have ||0E| = H" 1| 0*E. In every point x € O*E the
approximate tangent space T,0*E exists with multiplicity 0 = 1 and is given by

T.0°E ={y e R" : y-vg(x) =0}
with vy from Definition 2.18.

Proof. See [Si83], Theorem 14.3. O

27



Chapter 2 Preliminaries

2.4 The optimal profile

The nonlinear reaction-diffusion equation (Allen-Cahn or Ginzburg-Landau equation)
1 /
Ou = eAu — EF (u) (2.5)

on a domain  C R” appears as the L?-gradient flow of the diffuse surface energy
functional

1
Ea(u):/§2;|VU|2+EF(u)dx

and was originally chosen in [Ca60] to simulate phase boundary motion driven by
surface tension in crystalline materials (see also [AlCa73]). Since then it has been
used extensively in numerous other applications as population genetics or nerve pulse
propagation [ArWe75] to describe phase transition phenomena between two modeled
phases. Basically, stationary states w Z 0 in this context describe optimal configurations
of & while the (instable) stationary state u = 0 corresponds to a perfect mixing of both
modeled phases.

However, from our point of view, solutions u of

1 _, _
eAu — gF (u) =0 (2.6)

on appropriate n-dimensional spacial domains €2 appear in a different light as these
functions naturally have vanishing diffuse Willmore energy W.(u). Even for n = 1 the
problem stays interesting as in this case solutions of (2.6) can be seen as cross sections or
optimal transition profiles of two-dimensional phase fields with energetically preferable
shapes. A precise understanding of stationary solutions of the Allen-Cahn equation will
be crucial throughout the whole thesis. In this section we introduce a solution which
often appears in phase transition theory.

Before we define the specific problem we briefly remark that equation (2.6) naturally

scales in terms of . Indeed, for a solution u of (2.6) on © C R™ the function

obviously satisfies
At —F'(@) =0 ine'Q

and hence, the solution theory for (2.6) is completely covered by the case € = 1.

The problem

V' = F(y)=0
lim A(z) =£1, 4(0)=0 (2.7)
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is usually called the optimal profile problem and its solution describes the (in terms of
&:) energetically optimal phase transition connecting the states —1 and 1 without any
disturbances caused by the domain size or prescribed boundary values. The existence
of a solution of (2.7) can be shown easily by multiplying the equation with /. This
first yields

S(Y)=F(y)=C

for a constant C' € R and we directly obtain C' = 0 due to the prescribed behavior of ~
at +o0o0. Consequently, we can transform (2.7) to the first order ODE

(2.8)

which yields a unique solution v satisfying —1 < v < 1 as FF € C*(R). Moreover, due to

our special choice F(s) = 1(s* —1)? the solution is given by

x
r)=tanh | — ), z€eR
() =t )
We remark that the condition «(0) = 0 ensures the uniqueness as otherwise every other
function of the form (- — ¢), ¢ € R solves the equation with the same limit values in
Fo0.

We will refer to v and its € scaled version v. = (g) as the optimal profile in the following.

2.5 4-ended solutions of the Allen-Cahn equation in two
dimensions

We will give a short (and rather incomplete) introduction into the theory of 4-ended
solutions of the Allen-Cahn equation in two dimensions

—e?Aue + F'(u.) =0 in R?. (2.9)

Notice, that by rescaling we could assume € = 1 without loss of generality. However, all
results will directly be formulated for the e-dependent equation which will turn out to
be more convenient in Section 6.1 below.

In recent years there has been put much effort in the complete characterization of
entire solutions to (2.9) in n € N dimensions and their properties. This specific interest
was initiated by a famous conjecture of De Giorgi in 1978 (see [DeGT79]). Inspired by
differential geometric considerations he assumed the following ([PiKoWel2]):

Let u be any bounded entire solution of (4.1) in R" for n < 8 which is monotone in one
direction § € R", i.e. J¢cu > 0. Then all level sets of u are hyperplanes. Equivalently, u
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has to be of the form

u(x) =~((x—p)-§)

for some point p € R™ where v denotes the optimal profile (see Section 3.1).

The conjecture has been proved for dimensions n = 2,3 [AmCa00, GhGu98] and in the
remaining dimensions under slightly stronger hypotheses [Sa09].

For the case n = 2 Dang, Fife and Peletier proved the existence of a nontrivial saddle
shaped solution of (4.1) with a zero set consisting of 2 perpendicular lines [DaFiPe92].
The class of more general 4- or (2k-) ended solutions has been introduced in [PiKoPal0)]
and lot of effort has been spent in their description since then [KoLiPal2, PiKoPal3,
KoLiPal4]. For a general overview of this theory we refer to the mentioned sources and
the citations therein.

A 4-ended solution u. € C%(R?) of (2.9) can roughly be described as an entire solution
whose zero set consists, away from a compact set, of four curves which are asymp-
totic to four oriented half-lines at infinity. We call these half-lines the ends of the
solution. Moreover, following these lines towards infinity, u. becomes approximately
shaped like the one-dimensional optimal profile . (or —., respectively) from Section 2.4.

To precise the motivation above and give a rigorous definition we first construct ap-
prozimate solutions of equation (2.9) according to [KoLiPal2] or [PiKoPal3]. Note,
that we directly restrict ourselves to symmetric (approximate) solutions (referred to
as M$" in [KoLiPal2]) which makes the definition below slightly more restrictive in
comparison. The existence result for solutions of (2.9), however, is not influenced by the
restraint as those solutions only exist in the symmetric case (see [KoLiPal2] and [Guil2]).

Let ¢ >0, r > 0, and v € S'. By reflecting v on both coordinate axes we obtain the
four vectors

-1
v =0, Vo = < 0 (1)> v, V3 ‘= —q, V4 = —V9.

Obviously, for all sufficiently large R > 0 there exists s = s(R) > 0 such that

‘svi + (=1)H it

=R fori=1,...,4

and thus, e (sv; + (—1)"1rvih) € 0B(0, Re). As always, v} denotes the rotation of v; by
5. We can define four disjoint oriented half-lines G1,...,Gy included in R2\ B(0, Re)
by

Gi = {tv; + (1) lrev : t > s} fori=1,...,4 (2.10)

and for large radii R the distance between to distinct half-lines is greater than 4¢ in
accordance to [KoLiPal2], Chapter 2. Indeed, the minimal distance between G; and
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Gj, 1 <i,j < 4 is determined by their points on dB(0, Re) and thus,

dist(G;, G;) =¢ ‘s(vi — ;) — 7’((—1)]'“0]'l — (—1)i+1”z’L)’

yields the claim as s is strictly increasing in R and |v; —v;| > C for all 1 < 4,5 < 4.
This implies that Qo := B(0, (R + 1)) and

>e s | — vl = 7 (=1 T of = (~1)7 ot

>4e

Q; == (R*\ B(0, (R —1)e)) n{z € R? : dist(z, G;) < dist(z,G;) + 2¢, i # j}

build an open covering of R?, i.e.,

4

R* = J o

J=0

such that G is contained in §2; for i = 1,...4 (see Figure 2.1).

9

Gg G4

Figure 2.1: A schematic sketch of the open covering of R? given by Q, ..., Q4 with
inner radius (R — 1)e and outer radius (R + 1)e.

We can further choose a subordinate smooth partition of unity po,...,ps of R? and
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assume without loss of generality that
po=1 in B(0,(R— 1))
as well as

pi=1 in (R*\ B(0,(R+1)e)) Nn{z € R*: dist(z, G;) < dist(z, G;) — 2e, i # j}

forj=1,...,4.
With these notations we define
4
uEG(:c) = (Gl’GQ’GS’G“ Z p]fyE x- v + (- 1) ), x € R?
7j=1

u& is an approximate solution of (6.19) in the sense that —eAu% (z) + %F’(ug(:n)) decays

exponentially fast as % — oo (see [PiKoPal3], the remark after Definition 2.1 on p.726).

With the help of approximate solutions, we can now give a precise definition of a 4-ended
solution of (2.9):

Definition 2.20. Let ¢ > 0. A solution u. € C?(R?) of (2.9) is called a 4-ended

solution if there exist » € R, v € S', and a corresponding approximate solution uEG as

above such that (after a possible rotation and translation of u&)
ue —ul € H*(R?)
holds.

The following existence result from [KoLiPal2] will be crucial for the construction in
Section 6.1, Theorem 6.3.

Proposition 2.21. For every ¢ > 0 and v € S' there exists r € R and a 4-ended
solution ue. € C*(R?) with |uc| < 1 and

u. —ul € H*(R?) (2.11)

where ug denotes an approzimate solution of (2.9) corresponding to v and r. Moreover
for e <1, there exists a constant o > 0 (independent of €) such that

(2.12)

e (e — €]+ Ve )] + [0 )|

L2(R2)

for a constant C' > 0 uniform in € and thus,

1 =l
u. —ul € 2¢ @ [?(R?)

_olal?
where Zze”* =¥ H*(R?) denotes the respective weighted H?-space.

Proof. The existence part has been shown in [KoLiPal2], Theorem 2.7 for ¢ = 1. Then,
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by the usual rescaling we set
x 2
ue(x) == ug (—) for all x € R
€

which yields (2.11) and consequently, u. is a 4-ended solution of (2.9).

From 0 € Im(u.) we directly obtain |uc| < 1, as every solution of (2.9) which attains the
values +1 or —1 is known to be constant, e.g., by the estimate from [Mo85], Theorem 1.
Further, [PiKoPal3], Theorem 2.1 yields the result about the refined asymptotics for
e = 1 and (2.12) follows again with the scaling for the e-dependence. Indeed, with
Ve "= Ug — ug and € < 1 we have

2
=]

[ (e + 90007 4 |Du(0)) 265

lz1? 1
§/ (Ug(x)2 + 2 Vo (z)]* 4 &* ‘D2v5(1:)|2> e <2 = dx
R2

- / (1) + IVor (@) + | D201 ()] ) e do < ©
RQ
with a change of variables in the last step. O

The proposition above particularly provides a statement about the distance between
the zero set of u. and its ends. We will need this specific property later on.

Corollary 2.22. In the situation of Proposition 2.21 there exists Ry > 0 such that for
alle <1 and R > 0 with R > Rpe

C _,B
Ze 2

dist (z, (& =0}n{ly| > R}) < - (2.13)

is satisfied for all x € {us = 0} with |x| > R with o > 0 from Proposition 2.21.

Proof. Let ¢ < 1. Due to (2.11) and the structure of approximate solutions of (2.9)
we can choose Ry > 0 such that outside of B(0, Rpe) the zero set of w. consists of
four curves which are asymptotic to four distinct oriented half-lines at infinity (see
[PiKoPal0] and also [PiKoPal3]). By the general Sobolev inequality (see, e.g., [AdFo03])
H?(R?) embeds continuously into C°(R?) and therefore, (2.12) implies
2

|uc(2) — ul(x)| < ge*a% (2.14)
for all x € R? with |z| > R. To show (2.13), we can restrict ourselves to one of the
four ends of u. and we assume it to be the positive part of the x1-axis without loss of
generality. Now let R > Roe and x = (z1,22) € {u. = 0} with |z| > R. Due to the
assumption above, it suffices to consider the case 1 > 0 and |z2| < 1. From (2.14) and

Ye(z2) = tanh (%) we obtain

tanh (’f;l) _ 'tanh (fi) ’ = [uS (@) = [ue(e) ~ uE@)] < e,
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which gives
C _, B
|zo| < V2¢ artanh (26 ae2> <
€

where we have used that artanh(s) = s+ O(s%) as s — 0 in the second inequality. Hence,

2

. . C _,EB
dist (2, {u€ = 0}) = dist (2, {(y1,52) € B? : 1 > 0, yo = 0}) = |aa| < Ze 2

yields (2.13). O

2.6 A classical approximation result for the Willmore and
surface energy

In this part we want to comment briefly on the diffuse approximation of the Willmore
and surface energy of a given set which has been discovered by Belletini and Paolini in
[BePa93]. The relevant statement is formulated in the next theorem.

Theorem 2.23 (Bellettini, Paolini, '93). Let & C R™, n > 2 be an open set and
consider a bounded subset E C Q with C? boundary. Then, for u = 2xg — 1 there exists
a sequence (uz)eso in H*(Q) which satisfies

ue — u in L'(Q)

and

2
E.(u2) + W (1) = /Q Vel + %F(ug)daﬁ— 215/9 (wug + iF’(@) da
— o (H"HOEN Q) + W(u)) . (2.15)

where F(s) = (s*> — 1)? denotes the standard symmetric double well potential as always

and with o == f_ll V2F ds.

Remark. In Section 6.1 we will make extensive use of the result above. For convenience,
we will always refer to the sequence (ug)z>0 in the theorem as the standard approzimation
of Willmore and surface energy by Bellettini and Paolini.

Instead of presenting all technical details of the proof (which can be found in [BePa93]),
we rather describe the idea for the construction and give a heuristic argument for its
convergence. For simplicity, we also restrict ourselves to the two-dimensional case,
although the argument stays valid for arbitrary n > 2.

For small € > 0 and x € {2 we define the signed distance function of E by

d(x) = dist(z,Q \ F) — dist(z, E)
and set close to OF

us(z) = - (d()).
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2.6 A classical approximation result for the Willmore and surface energy

We have
lue| =~ 1 (2.16)

outside a layer of size ¢ around OF and thereby, u. is an diffuse approximation of the
indicator function u. Inside this narrow layer, the transition from one phase of u to
another is shaped like the one-dimensional optimal profile 4. which will turn out to be
energetically optimal. We remark that the gradient of d satisfies |Vd| =1 (see [OsFe03])
and hence,

Vue =~.(d)Vd (2.17)
as well as
Aue = 3(d) |Vd|* + 7L (d)Ad =~/ (d) + 7. (d) Ad. (2.18)

The convergence of the second summand W;(u.) in (2.15) can now be justified as follows.
Due to (2.16) and (2.18) we obtain

1 1 2
We(u:) ~ — (eAug + F’(ug)) dx
{ldl<ve} €
1

S 2 (v.(d))* (Ad)? dx, (2.19)
{ldl< 2}

where we have used that ~. is the rescaled solution of (2.7). Now, we introduce new
tubular coordinates around OF and perform a change of variables in the integral: For
small £ > 0 every z € {|d| < \/¢} has a unique representation

r=g(y,r) =y +rve(y)

with y € OF, vpp(y) denoting the outer unit normal vector of OF in y, and |r| < \/e.
From [GiTr01], Lemma 14.16 we obtain

det Dg =1—rH(y) - var(y),
where H(y) denotes the curvature vector of OF in y. Hence, (2.19) reads

We (ue)

/aE / (V4(1)* (Ad)* (y + rvop(y)) (1 — rH(y) - vor(y)) dr dH' ()

/ /f ‘( Ad) (y +esvap(y)) (1 — esH(y) - vor(y)) ds dH!(y)
oF

— ([ (s)?as L (Ad)2(y) ar (y)
</oo ) /8EmQ 2

=oW(OF) = oW(u)

35



Chapter 2 Preliminaries

as € — 0 since Ad = —H - vgg on OF and

/_Z('V’)st:/_zmv’ds=/_ll\/Wd7=a-

The convergence of the first summand & (u.) has already been proven in [MoMo77] (or
[Mo87]). It can be motivated by (2.17) and the coarea formula since

Ex(ue) ~ /{ s (5 1@ + LrGut@) ) v ds

— H(OENQ) (/_

— cH' (OEN Q)

S-Sk
N | =

|7/‘2 + F(7) dr)

as € — 0 since 3(v)? + F(v) = VF(v)7.

Remark. Instead of /2 we could have chosen any other function h(¢) with e~1h(e) — 0
as € — 0. This is an immediate consequence of the rigorous proof in [BePa93]. Indeed,
the authors choose u. to be constant +1 outside a neighborhood of JF twice as large
as the considered layer above and connect the constant states with the optimal profile
on the narrow gap such that the resulting function is smooth (see Section 6.1 for the
precise construction). The energy contribution of the appearing error terms vanishes if
we ensure that the region where u. is not constant shrinks faster than €. This will turn
out to be important in Section 6.1.
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3 Energy scalings of stripe
configurations

3.1 The optimal arc profile

In this section we will introduce another relevant class of solutions to the one-dimensional
stationary Allen-Cahn equation (2.6). While the phase transition performed by ~
(Section 2.4) takes place on the whole real line it will also be crucial to understand
and characterize the shape of solutions with prescribed boundary data on a bounded
interval [0, ¢] for an ¢ > 0.

We consider the Dirichlet problem

1
_5qg,a + EF,(QZ,E) =01in (O’E) (31&)
0<qe<1 in (0,7) (3.1b)
Qe =0 in {0, ¢}. (3.1c)

and show existence of such solutions together with some elementary properties in the
following proposition. The results are well known and can be found more or less explicitly
for instance in [CaPe89, OtRe07, BeNaNol15], although the proofs are often skipped.
For the reader’s convenience we include a complete proof of the presented statements.

Proposition 3.1. There exists a constant {1 > 0 such that for all ratios f > (3.1)
has a unique solution q;. € C*°((0,£)) which only depends of ¢ and ¢ by the ratio f.
Moreover, qp . is symmetric with respect to the interval midpoint % and satisfies

1\/2(1?(%3) — F(Qe)) in [O’ ﬂ

9

: (3.2)
_é\/Q(F(Q&E) — F(ae)) in <§’€]

/
4y ¢

)

where Goe = qu e (%) denotes the mazimum of qz . in (0,€). We will refer to q;. as the
optimal arc profile corresponding to ¢ and € in the following.

Proof. By the usual scaling g, .(z) = qc¢ 4 (f) we immediately see that it suffices to

consider the case ¢ = 1 in (3.1a) which already shows the desired dependence of ¢, on

37



Chapter 3 Energy scalings of stripe configurations

this ratio. For the sake of notation we skip the indices of g in the following.

The existence of a solution of (3.1) follows easily by the direct method of the calculus
of variations. We choose a minimizing sequence (gx)ren of € in Hj ((0,¢)) and without
loss of generality we can assume that for all £ € N we have 0 < g, < 1. Otherwise, we
can choose g, := min{|ug|, 1} which also minimizes &; since F' is even and F'(1) = 0.
Therefore, we obtain a minimizer 0 < ¢ < 1 which solves (3.1a) and standard regularity
theory for ODEs directly yields ¢ € C*°((0,¢)).

To see that u satisfies (3.1b) for sufficiently large ¢ we first remark that the function
v e Hy((0,0))

T ifo<z<1
v(x)=< 1 ifl<z<l-1
—x+L ifl—-1<x</{
satisfies
34 7/
&@)Qﬁﬁ%@fmm_sﬂm =<1 =60

for ¢ > 0 sufficiently large and hence, we conclude ¢ # 0. Now we can rewrite (3.1a) as
q
—q" + q][ F'(rydr =0
0

due to F'(0) = 0, and the strong maximum principle ([GiTr01], Theorem 3.5 and the
remark thereafter) yields ¢ > 0 in (0,¢). With the same argument we also obtain ¢ < 1
which proves (3.1b).

Next, we deduce from (3.1a) that ¢ is a strict concave function and hence, attains its
maximum in exactly one point Z € (0,7), i.e., ¢(Z) = g. We multiply (3.1a) by ¢’ for

()Y = (F(a)’

and integrating over (z,z) with < Z (over (z,x) with x > Z, respectively) yields

/

/= \/2(F(Q)—F((I)) in [0,7)
_¢%ﬂ®—F@Din@ﬂ

which implies Z = g and therefore the symmetry of ¢ and (3.2). Finally, from this first
order ODE and the prescribed boundary values we obtain the uniqueness of ¢ in (O, g)
4

and (g,ﬂ) as the right hand side of (3.2) is locally Lipschitz continuous away from 3.

This yields the uniqueness of ¢ by continuation and concludes the proof. O

An exact description of the size of gy < 1 (which only depends on the ratio g) will be
necessary in Section 3.2.

Lemma 3.2. As g — 00 we have qg. — 1 and there exist {5 > {1 > 0 such that for
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3.1 The optimal arc profile

ratios f >l

/
1—qe = Ke %2 [1 +0 <Ee°‘2es>]

is satisfied with explicitly given constants a == \/F"(1) = /2 and

K = 2exp<

! 1
/ C )| =4
0o V2F(t) 1-t
Particularly, we have

F(qre) = %K%ﬂe“"f {1 +0 (ﬁe—ai)]

in this case.

Proof. The proof can be found in [CaPe89], Proposition 3.4. O

The profiles g, and 7. both solve the same differential equation with different boundary
conditions. For large interval lengths ¢ the influence of the right boundary condition
qe,c(¢) = 0 on the shape of the monotone increasing half of gy . declines and we can show
that gy approximates 7. in this case.

Lemma 3.3. On every bounded interval [0, R], R > 0, the optimal arcs gz converge
uniformly towards ~y.

Proof. Fix an interval length R and consider the sequence (g 1)¢>r which satisfies
0 <gpy <1forall /> R dueto (3.1b). By (3.1a), (3.2) and the fact that F'(g, ;) — 0 as
¢ — oo from Lemma 3.2, we immediately obtain that (qe1)esp is bounded in H2((0, R))
and hence we can extract a subsequence which converges weakly in H?((0, L)) and
strongly in C'*([0, R]) (by the general Sobolev inequality, e.g. [Eval0], 5.6.3, Theorem
6) towards a function ¢ € H2((0, R)). Passing to the limit in (3.1a) then shows that ¢
solves (2.8) and hence, ¢ = 7 as the solution is unique. O

As y(z) — 1 with 2 — oo the foregoing lemma especially implies that g . approximately
looks like X (g, for small & > 0:

Corollary 3.4. For fixed £ > 0 we have
Qe(x) =1 forallxz e (0,0) (3.3)
as e — 0.

Proof. Due to the symmetry of g, . it suffices to consider x < %. For § > 0 small and
N > 0 we have for z € (4, %)

X

q@,s(x) = q§,1 <g) > Qél(N)
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Chapter 3 Energy scalings of stripe configurations

if € < g0(0, N). Sending € — 0 gives
liminf go . (z) > 7(N)
e—0 ’
by Lemma 3.3 and with N — oo we conclude
liminf g . (z) > 1.
e—0 ’

Thus, (3.3) follows due to (3.1b) and since 0 was arbitrary. O

The specific form of F allowed us to find a precise representation of v (which is not
possible in general for other double well potentials) by the hyperbolic tangent. A
similar description is available for ¢y . using the Jacobian elliptic sine function Sn (see
[DLMF], §22 for a definition). We include the precise form in the next proposition for
completeness, though we will not make use of it later on.

Proposition 3.5. The optimal arc profile o has the representation

Gre(@) = ’“\/K Sn (M‘Zﬁ k) (3.4)

with k =k (f) € (0,1) chosen such that the equation

g =2K(k)Vk2+1

holds with

k)= [ —
Jo /1= kZsin?(2)

denoting the complete Jacobian elliptic integral.

Proof. We remark that Sn satisfies the second order ODE
Sn” = —(1 4 k?) Sn 4-2k*Sn?
(see [DLMF], §22.13.13) and calculate

— )+ Flae) = 2. + (a0e)” — aue

2 2

T 2 T
— K Sn k) 4 2k3 Sn3<,k)
(k% +1)3 <£ 21 > (k% +1)3 evk?+1

-k

2 S ( x k)
n 9
k2 +1 evk? +1
2 T x
=ky|———=| = S0 | ————,k +2k%S 3(,/<:>
(k:2+1)3< " (8\/k2+1 > " evk?+1
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3.1 The optimal arc profile

— (K +1)Sn (m/kzsﬁk) )
=0.

Since Sn(0, k) = Sn(2K (k), k) = 0 and Sn(-, k) > 0 in (0,2K(k)) the statement follows
as the solution of (3.1) is unique. O

Remark. The choice of k in the representation of g, . above is only possible for large
values of f in accordance to the requirement in Proposition 3.1 and we have k 1 as
£ .
As a byproduct, Proposition 3.5 yields an precise expression for g, .. As Sn has its

maximum at value 1, we deduce from (3.4) that

)
O
Qe K+ 1

We also point out that we could have shorten the proof of Proposition 3.1 in some points
by using the representation of gy .. However, we decided for the general approach which
stays valid for more general double well potentials.

We conclude this section with two technical lemmas on gy which we will need in Section
3.2.

Lemma 3.6. For {,e > 0 with g >l the corresponding optimal arc qp. satisfies
Le ry2 L b b —at

| S+ 2P do < o+ SR (@) < o+ CLee! (35)
0

with o = fil 2F(r)dr.
Proof. We rearrange (3.2) for

€ 1 . l
S+ TP i [o.g].

1
oF —
- (QZ,e) 9 9

and use the symmetry of g, to obtain the first inequality of (3.5) by

4

¢ 2
/0§< )+1F((Jes)d$—2/ §< D+ () da

_2/0 E( ) + F Qee dl‘ = 2/ \/2 Qea - QZ,E))qz,e dr + SF(Q&E)
—2/ \/2 F(qpe)) dr + F((Jz c)
< [ Var@ar+ e

14
=0+ gF((j@,s).

Then, the remaining part of (3.5) follows with an application of Lemma 3.2. O
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Chapter 3 Energy scalings of stripe configurations

Lemma 3.7. Let e,f > 0 with f > (1. Then qu. satisfies

J4

/2 g dz < &, (3.6)
0 ’ £

c
/ aie|” do < (3.7)
0 3

with a constant C'= C(f1) > 0.

SIS

Proof. (3.6) follows directly from the first inequality in (3.5) as

For (3.7) an integration by parts yields

£ £
3 9 1 [2
[ ae =5 [P ) i
0 e Jo

1

¢ £
£ 1 5 9
=3 [qaaF’(qz,a)]g - 52/0 F'(que) |dpe|” da

14
C 2., 2 C
< = de < =
= 52/0 ‘qé,s‘ =3

where we have used (3.6) in the last step. O

3.2 Quasi one-dimensional configurations and their
minimal energy scaling

To understand the driving forces which cause the observed slow evolution in the
simulations from [EsR4R614] we study a corresponding stationary problem. In this
section we consider configurations with only straight phase boundaries and examine
whether these interfaces still carry diffuse Willmore energy in contrast to the sharp
interface limit. Moreover, we restrict ourselves to simple phase fields with a quasi
one-dimensional structure. As we will see below, these configurations already show an
interesting behavior.

In the following, we consider the whole space R? divided into vertical stripes with
periodically repeating widths ¢, > 0 (see Figure 3.1) and denote the (fixed) period
length by L := {4 r.

Defining E C R? by

E:={zxcR*: kL < x1 < kL + ¢ for some k € Z}

the corresponding indicator function u = 2xyg — 1 then obviously satisfies W(u) = 0
as OF has no curvature. Consequently, u is a global minimizer of YV and a (stable)
stationary state of the Willmore flow independent of ¢ and r.

In this section we will investigate the same situation for the diffuse Willmore functional

42



3.2 Quasi one-dimensional configurations and their minimal energy scaling

Figure 3.1: R? periodically divided into vertical stripes of widths ¢ and 7.

W, and compare it to the sharp interface limit described above. For ¢ > 0 small we
only choose phase fields which are constant in zg-direction and therefore reduce the
problem to one dimension (see Figure 3.2).

-1

Figure 3.2: Dimension reduction.

More specific, we consider v € H2, (U) with

per
u > 0in (0,/) (3.8a)
u<0in (¢ L) (3.8b)
w=0in {0,¢,L} (3.8¢)

and constrained to

F(0)

L
1
£.(u) ;:/ S S E de < (3.9)

0
for a sufficiently large constant ¢4 > 0 chosen below in the proof of Theorem 3.8. We
briefly remark at this point that the pointwise conditions in (3.8) have a proper meaning
as H2,.((0,L)) embeds continuously into C'%.([0, L]).

per per
We will always assume g, £ > {4 such that condition (3.9) excludes functions which are
"too close” to the zero function since

L L+

£:(0) = ZF(0) = —=F(0) > 2F(0)(s.
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Chapter 3 Energy scalings of stripe configurations

For ¢,/ > 0 with g > {4 we set
M; ={uce Hser((O,L)) : u satisfies (3.8) and (3.9)}

for convenience and also define the diffuse Willmore functional W. for € > 0 in one
dimension by

1 [F 1 2

We(u) = / —eu +-F'(u)) dz, ue ngr((O,L)).
2e Jo €

In order to understand the differences between W and W, for the considered configura-

tions we are interested in two major issues:

1) Does a minimizer u. of W; exist in M;?

2) Do configurations in Mj always carry positive energy and (if the answer is positive)
how does the minimal energy scale in terms of € and £7

Before we answer these questions in general, we remark that both are completely trivial
for{ =r = % In this case we have

min We(w) = Wx(us) =0
weMyg

with u. given by

" Qe in (0,
T @ =0 (4 L)
where g . denotes the optimal arc profile (see Section 3.1) on [0,¢]. For £ # r this simple
construction does not apply anymore as optimal arc profiles corresponding to different
interval lengths have different derivatives in 0. Therefore, u. as constructed above would
not be differentiable and hence not in ngr((O,L)). Nevertheless, the existence of a
minimizer in M; and its diffuse energy are strongly connected to the corresponding
optimal arc profiles as we will see below.

Let us briefly outline the structure of this section: Our main result and the answer to
both questions above is presented in Theorem 3.12 where we show that a minimizer
of W in Mj exists with the direct method of the calculus of variations. Moreover, we
prove a scaling law for the minimal energy which especially implies that for the case
¢ # r the minimizer still has (exponentially small) positive energy in contrast to the
sharp interface limit. We end the section with a presentation of numerical results which
show the convex dependence of min W. on the zero position around %

Crucial for the analysis in this section is a result by Otto and Westdickenberg [OtRe07]
which says that in (0,¢) ((¢, L), respectively) the H?-difference of a function u € Mg
and qp e (—qre(- —£), respectively) is controlled by the diffuse Willmore energy of u. We
give the precise formulation in the following theorem.
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3.2 Quasi one-dimensional configurations and their minimal energy scaling

Theorem 3.8 (Otto,Westdickenberg, ’07). There exist positive constants C > 0 and
U3 > 01 > 0 such that for every £ > {3 and every u € H2((0,€)) with

u >0, in (0,7), (3.1
u(0) =u(f) =0 and 3.11)
F(0
we have

0
20,0 < € /0 (=" + F'(u))* dz = CWi(u).

l|lu — qea

Proof. The proof can be found in [OtRe07] for smooth functions u. A simple approxi-

mation argument then yields the result for general ngr((O, L)) functions. O

Remark. Condition (3.12) merely ensures that u is bounded away from 0. It follows
directly from the proof in [OtRe07] that the statement of Theorem 3.8 also holds for all
bigger constants £3 > {3.

We continue by proving an e-scaled version of the above theorem.

Theorem 3.9. Let ¢3,C > 0 as in Theorem 3.8. For every {,e > 0 satisfying g > L3
and every u € H?((0,0)) with

u >0, in (0,£) and
u(0) =u(l) =0
F

eow) < O,

2

we have

9 l 1 2

lu = qeellzz o, < 052/0 <—£u" + 5F’(u)> dx = C3W,(u), (3.13)
¢ 2
1
lu— qe,&”?TJl((O’ﬁ)) <C /0 (—Eu” + 5F’(u)> dr = CeW.(u), (3.14)
c [ 1 ? C

2 " / _

Hu - qe,squ((Oj)) < ? /0 <—€U + EF (U)> dr = ;Wg(u) (315)

Proof. We prove (3.15) first. For u, € and ¢ with the mentioned properties we define

u(z) = u(ex)

and observe
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as well as
iW'(x) =ed(ex) , @'(x)=cu"(ex).
We obtain
Sl le 2 1 (0)
&i(a) = / ~|@|" + F(a) de = / = ‘u/’ + —F(u)dr = E(u) < —43
0 2 0 2 € 2

and together with the scaling behavior of g, . (Section 3.1) this yields

lu = aeclli 0.0

YA
- /O (1= gue)? + (o — (ge) ) + (" — (ar0)")? da

4
€

R 1, . 1.
= [ el g L@ @) @ ) dy

L. 2
S;Q, @ — QK,1||H2((07§))

<C f T 24ty 2 d
=3, (—a" + F'(a))” dy
:5% i <—5u”+EF/(u)> dx
C

:ZW6<U)

where we have applied Theorem 3.8 in the fourth step.

The proof shows that the factor E% in (3.15) originates from the scaling in the second
derivative of (u — g ) and that lower derivatives therefore behave better in terms of e.
Thus, we especially obtain (3.13) and (3.14) by the same calculation. O

In the following theorem we characterize the energy order of inf W. in M in terms of /,
r and €. While we rely on Theorem 3.9 for the lower bound, we prove the upper bound
by explicitly constructing a competitor function with the desired energy scale. The
arguments for both inequalities require a good knowledge of the qualitative behavior of
the optimal arc profiles go. and g, (see especially Proposition 3.2).

Theorem 3.10 (Scaling Law). There exist constants C1,Cy only depending on L and

a constant £4 > 0 such that for all €, > 0 with g, g > {4 we have
Y < inf WL (u) < Oyt eof — oot (3.16)
< B ) < Cog 7 —e -

1 4 _al
Cl—z‘e Y — e %:
€

where o = \/F"(1) = /2.

Proof. We choose ¢4 > max{{s, {3}with f5, ¢35 from Lemma 3.2 and Theorem 3.8 and
such that additionally inequalities (3.17) and (3.18) hold.

46



3.2 Quasi one-dimensional configurations and their minimal energy scaling

Lower bound: For v € M; and the optimal arc profiles gy and g, we have

142:(0) = 47,2 (0)] < [47.(0) = w/(0)] + [g..(0) — w/(0)]

and since both summands can be treated analogously we concentrate on the first one.
As q). (g) = 0 we obtain

|42,:(0) — 2/ (0)]

e R ORIOE

1 /5((% 0y ) e
4.(0) |Jo . .
L]
o | [ = i+ (e ) o
q£7g(0) 0

1

) ¢ 3/ L 3
< q//E ! 2 da / d . 2 dx
q,.(0) </0 b | 0 ]
1 5 VAN 3
2 voi2
+ - / q . —u'l|" dx / Q| dx ] .
qze(o) ( 0 ‘ Le ‘ 0 ‘ E,E‘

Both first factors can now be estimated by (3.15) and (3.14), respectively. Together
with (3.6) and (3.7) and ¢, _(0) > % we deduce

1
|40,2(0) — ' (0)] < C(We(u))?

and this proves
We(u) = C |4, (0) - ¢,.-(0)] -

The lower bound estimate follows with the qualitative description of ¢, . = max g,
from Lemma 3.2 as

|¢;.(0) — ¢...(0)]?

2
_5% \/F(QZ,s(O) QZE \/F QTa ((Jra)
2
=3 \/F F(qee) \/F F(qre)
> PG~ Flae)
2% ‘6_%@ —e T ?

where we have also used the local Lipschitz continuity of y — 32 on R in the second
last step.
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Chapter 3 Energy scalings of stripe configurations

Upper Bound: For the second inequality in (3.16) we explicitly construct an element
u* € My with small energy. The first idea is to choose u* analogously to the case
¢ =r from above as the optimal arc profiles corresponding to ¢ and r in [0, ¢| and (¢, L],
respectively. This would make W, (u*) vanish on both parts of the interval but as their
derivatives differ in 0, the resulting function would not be in C'*([0, L]) and consequently
not in H2(0, L). We solve this problem by modifying the arc on (¢, L) and moreover, by
keeping the correction small away from the zeros in £ and L. We make the ansatz

qe,e in [076]
(e = )+ dF (gre(- = 0)) in (6,1

where we choose d such that

_qz,s(o) = qz,s(g) = _qvl",s(o) - dF”(qha(O))qg",s(O) = (d - 1)%/",5(0)

4r.-(0) — g5 .(0)
q,.(0)

Together with g _(0) = ¢;'.(0) = 0 this proves that u* satisfies (3.8). Notice, that d =0

forl =r = % and thus, u* is the minimizer of W, in M; from above in this case.

We will see below, that the size of d mainly determines the energy of u*. We remark
that

d =

4r:(0) — ;. (0)

dF'(¢rc)| < C
[4F @)l < O 170 )

< Ce ‘q;’E(O) - CIZ5<O)‘ (317>

)

holds as ¢, is bounded and that ¢, .(0) > o for £ sufficiently large.

Before we show that (3.9) holds for u* which then implies v* € M it is convenient
to determine its diffuse Willmore energy. As u* = gg. on [0,/], there is no energy
contribution on this part of the interval and hence, we observe

2eWe(u*)

:/EL [_ 5(%(. —0) + dF (qre(- — 5)))

2 (el = 0+ dF (e~ 1)) o

"

r 1 2
/ |: (qTE + dF/(QT,s))H + EF/ (QT,E + dF/(qha))} dx

/O - 5%5 3d‘17(~s) (F/(QT,E) + F”(qng)dF/(an)

Fm(‘]r c) (dF/(QTs))Q + F(4)(qr75) (dF/(QT,s)):s)rdx

1 2
/0 Sdgfl) + - (EQF”(qT,S)dq;jE + 6gre (AF (gre))” + 6(dF’(qr,E))3)] da
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3.2 Quasi one-dimensional configurations and their minimal energy scaling

< C/ 2d? (24 — F'(gr2)d.)° + g(dF’(qr,a))4 + +€%(dF’(qr,e))6 dx
0

where we have done a complete Taylor expansion of F’ (qr,g +dF’ (qm)) ind=0.
Taking the second derivative of —e%¢)/_ + F'(qyc) = 0 yields

—2q{ + F"(gre)ar. + F" (gr)(d)..)* = 0
and thus
52Q£45) F”(‘]r,s)q;f,e = F,/,(QT,E)(L];@)Q = 6%6(‘1;,5)2

which we plug in the calculation above together with (3.17). Almost analogously to the
arguments for the lower bound above this yields

2eWe (u
4
<C/ 2d2qra (@)t + 2] d.c(0) — gp(0)|* + &L (0) — ¢} (0)|° da
Ol
qla ’ 4
<o [[# e 0t + 2 10 - 4.0)
7‘6

+ 54 ‘Q’r‘,& - qg,z—:(o) ‘6 dx

<o / 2 1g0) — dho (O (a0

QEs \/F qTE

S; |F(QT,€) - F(qﬂe)‘g
<02 al %

<—le = —e¢
€

2

Remark that due to 0 &~ F(gs.), F(grc) < F(0) = 1 the arguments in the square roots
stay away from 0 and hence the estimate follows by the local Lipschitz continuity of
y = y/y on (0,00). This proves

CQ _al _ar 2

Wg( ) S 72 e —€ ¢

5
and it remains to show that (3.9) holds for «*, which then implies that v* € M;. As
the integrand of & is always positive, we can estimate the integrals over (0,¢) and (¢, L)
separately. From Lemma 3.6 we directly obtain

4
/0 ; ((u*)')2 + éF(u*) dz
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Chapter 3 Energy scalings of stripe configurations

l :
<C+C=e 0%,
€
For the remaining integral we have similarly as above

L
/g %((u*)/)2 + éF(u*) dx

e 1
:/0 S (0 + dF" (gr.2))d).)” + gF(qv‘,s + dF'(qre)) d
r 1 1
SC/ 5((12,5)2 + EF(QT,E) + EF/(QT,s)(dF,(qr,E)) dx
0

"e 1 2
<C </0 5(q4’5)2 + gF(qr7a)d$ +er ‘qLE(O) — qéﬁ(())‘ >
T r
< —e %e
<C (1 + 56 )
by Lemma 3.6 and (3.17). We combine the inequalities above for

N\ F
E(u*) < C <1 + ge‘“f + Ze—%> < ;0)64 (3.18)

by the requirements for ¢,. O

Remark. i) The competitor function u* for the upper bound inequality in the proof
of Theorem 3.10 has been constructed to have vanishing diffuse Willmore energy
on [0, /] and as shown above, the value of W.(u*) is determined by the correction
which ensured u* € ngr((O, L)) Although this leads to the least possible energy
scaling in terms of the exponential decay with e, u* is certainly not a minimizer of
We in Mj. A refined construction by modifying both arcs could be a possible way
to improve the constant Cy. Still this will not be sufficient to make the constants
C1, Cy equal in (3.16) as C is only implicitly characterized by [OtRe07].

ii) The mere exponential smallness of minze W, can be shown with much simpler
constructions in the upper bound equation. For example, the choice

. Qre in [0, /]
u** =
ﬁQT’,E(’ - f) in (67 L]

q; .(0)

with 8 = 70) yields
ok 1 at —at 2
We(u™) < €3 ’e e —e %

which qualitatively differs from (3.20) only in a factor %

The next lemma is formulated for arbitrary space dimensions. It is only used for n =1
in this chapter, but we will need the higher dimensional version in Section 5.1.
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3.2 Quasi one-dimensional configurations and their minimal energy scaling

Lemma 3.11. Forn > 1 let U be an n-dimensional rectangle, i.e.,
n
U := H(ak,bk) CR"®
k=1

for ag, by €R and ap < by, 1 <k <n. Then, every u € H2,(U) satisfies

per

lull 2y < Cle, U) (1 + We(u)).

Proof. The periodic boundary conditions on u allow integrations by part without
occurring boundary terms and Young’s inequality yields the interpolation inequality

1
/ Vul® doe = / —uAudx < 5/ (Au)? dx + / u? de, (3.19)
U U U 40 Ju
where ¢ > 0 is arbitrary. Since F” is bounded from below, we have
1 2
2eWe(u) = / <—5Au + 6F'(u)) dx
U
1
_ / (A ~ 2F' () Au+ 5 F'(u)? da
U
1
e2(Au)? + 2F" (u) |Vul* + 5—2F’(u)2 dx

A
1
> / (8w~ C|Vul* 4 F' () da
U
/,

2
2 2 € 2 C 5 1 2
> [ e*(Au) —E(Au) ~ 52U + 5 F'(u)? dx
e 2 2 10\2 1, 9
:/2(A Pt g (<O 4 )+ P () de
U 19

where we have used (3.19) with ¢ = % in the second last step. The term in parentheses

is bounded from below since F'(u)? = (u® — u)? which yields

2
1
2eWe(u) > / 8E(Au)2 - 592 + ——F'(u)? dx
U

and therefore,
/ (Au)? + F'(w)? de < Cle, U) (1 + Wa(u).
U
Since F'(u)? > C(u? — 1) for a small positive constant C' > 0, we obtain

/ (Au)? 1 de < C(e,U) (1 + We(u))
U
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Chapter 3 Energy scalings of stripe configurations

and the desired estimate follows by the fact that
/ ‘D%‘ dx = / (Av)?dz  for all v € ngr(U)
U U

and another application of (3.19) with § chosen equal to % O

Theorem 3.12 (Existence of minimizer). There exists {* > {4 > 0 such that fore, £ >0
with f,g > (* there is a minimizer u of W, in My which satisfies

¢ 2
e

r |2 1 T
0T e %% < = mi < — e % — e %: .
C’lg e e < We(u) min We(w) < Cs = )e e (3.20)

with constants C1,Cy > 0 and where o == /F"(1) = V2.

Proof. We only have to show that a minimizer exists in M. Then (3.20) follows directly
from (3.16).

Since W; is obviously bounded from below by 0, there exists a minimizing sequence
(uk)ken in M; such that

We(ug) — wienzélg We(w) = m

as k — oco. Lemma 3.11 yields an H?2-bound for u; uniform in k, since

Jukll r20,0y) < Cle,U) (1 + v/ We(ur)) < oo.

The weak precompactness of ngr((O, L)) implies the existence of a subsequence again

denoted by (uy)ren and of u € HZ, ((0,L)) such that

up — u  weakly in H2((0, L)) (3.21)

and with an application of the general Sobolev inequality (e.g. [Eval0], 5.6.3, Theorem
6) we can assume that

1
up — u  in CH([0, L]) for 0 < a < 3 (3.22)

as k € N. We have to prove that u satisfies (3.8) and (3.9). Due to (3.22), it follows
immediately that

w(0) =u(l) =u(L)=0 and ' (0)=1/(L)

and

() >0, z€][0,/
e <0, zel(L].

However, to see that u actually satisfies (3.8) we require a further argument: Assume

that there exists another point xg € (0,L), z # ¢ with u(zg) = 0. Without loss of
generality we can restrict to the case xo € (0,¢). Since u is nonnegative on this part
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3.2 Quasi one-dimensional configurations and their minimal energy scaling

of the interval, zy has to be a local minimum of v and hence v'(z) = 0. We combine
Theorem 3.9 with Theorem 3.10 for

|qee(20)| + |02 (0)| = laee(w0) — ulzo)| + |q) o (x0) — v/ (o)

C .
<= —of ot (3.23)
9

which is a contradiction as there is no point in (0,¢) for which ¢, and ¢, . both
become (exponentially) small at the same time. Indeed, (3.23) is obviously not satisfied
for zy € {q&8 > %} and f,g < £* with ¢* sufficiently large. On the other hand, for
T € {qg,6 < %} we have

|q0 o (w0)] \/F (qee(0)) \/ F(qee)
¢ V1— C’e*ag

e

>

which also contradicts (3.23) for large £* > 0.

To obtain (3.9) we observe that both u; and u}, converge uniformly on [0, L] by (3.22)
and hence,

k] * — ||
uniformly on [0, L] as k — oo. This implies

£(0)

L 1 L 1
E.(u) :/ % ‘u"z—l—fF(u) dx = lim E}uHZ—I—fF(uk)d:Bg ly
0 € 2 €

k—o0 0

which is (3.9) for « and thus, u € M;.
It remains to show that v is a minimizer of W, in M;. (3.21) and (3.22) imply that

1 1
—eu) + F’(uk) — —eu” + —F'(u) weakly in L?((0,¢))
5

and by the weak lower semicontinuity of the norm we have

2

‘—Euk + F’(uk)

1
lim inf W, (ux) = — liminf
k—ro0 2

g k—o L2 ((0,@))
1 1 2
> — ||[—eu” + =F'(u) = W-(u)
2e 15 1.2 ((0’5))

This is the weak lower semicontinuity of Y. and we finally obtain

m < We(u) < lign inf We(ug) =m
—00
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Chapter 3 Energy scalings of stripe configurations

and therefore,

which completes the proof. O

Theorem 3.12 only describes the minimal energy scale of W, for a given zero position ¢
and we are not able to determine the constants C7 and Cy explicitly. Observe that in
case C' = (] = (5 the minimal energy is given by the expression

é _ L T 2
Imnl/\/i_::—2 e % — e %
M; €
which is strictly convex in terms of ¢ — %

To conclude this section we present numerical results for the minimal energies corre-
sponding to different zero positions ¢ € (0, L).

Let n € N denote the number of equidistant grid points in the interval [0, L] and set
h = % For ¢ > 0 and a discrete phase field u = (uy,...,u,)T € R® we replace the
second derivative in W, by a difference quotient and use a simple rectangle rule to
approximate the integral. Precisely, we define the discretization of W, by

n

Wt = 225 (~e0h 4 L))

=1

where D? is the n x n second order finite difference matrix for periodic boundary values

-2 1 0 -- 0 1
1 -2 1 0
) 0o 1 =2
2
D= e
-2 1 0
0 1 -2 1
1 0 e 01 =2
We consider discrete periodic phase fields with vanishing boundary values and a further
prescribed zero position jo € {3,...,n — 2}, i.e. u; = uj, = u, = 0, which satisfy
u; >0if2<j<jo—1 and

uj <0if jo+1<j<n—1.

To determine a minimizer of Wy;s and its energy among all these configurations we apply
a classical Newton method for its derivative VWyg;s. The resulting iteration scheme for
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3.2 Quasi one-dimensional configurations and their minimal energy scaling

a minimizing sequence (u*)),cy is as follows. With u(9) given by
1 if2<j<jo—1

0 - .
ug-): -1 ifjo+1<j<n-1

0 if j=1,50,m
we define @®) € R” for k > 0 as the solution of
VWais (uF)a® = —V Wi (u®). (3.24)
and set
wk ) = k) _ gk >

afterwards. Here, the derivatives of Wy;s are given by

h 1 1 n
VWdis = g <—8D2 + g (F”(u,)é,» ] ) <—ED2U + €(F/(UZ))Z> eR

)

and
2 ._ﬁ 2(12\2 2, s . neooNs 2
\V4 Wdls _6 <5 (D ) D (F (Ul)(slj)ij <F (UZ)(;U)Z]D
_(Flll(ui)(D2u)i5ij) . + lz ((F///(’LLZ)F/(IQ) + F//(Ui)2)5ij) ) )
17 9 1]
eRan.

However, to ensure that each u(*) satisfies the imposed conditions ugk) = ug-lg) = u;k) =0

we have to replace the entries of the corresponding three lines and columns by 0 before
solving (3.24).

As the energy values are expected to be exponentially small, a major challenge in the
calculations is to keep rounding errors as small as possible. For that purpose we use
variable-precision floating-point arithmetic (VPA) provided by MATLAB to apply the
iteration scheme above with the highest possible accuracy.

For the performed calculations we have chosen € = 0.1, L = 10 and n = 301. Figure 3.3
shows the minimal energy values of Wy;s for prescribed zero positions in each grid point
between 141 and 161 while the numerical values around j = 151 (corresponding to the
case { = %) are also contained in Figure 3.4.
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Chapter 3 Energy scalings of stripe configurations

10753

Wais

| | |
140 142 144 146 1

| | | | |
48 150 152 154 156 158 160 162
zero position jg

Figure 3.3: The minimal energies for prescribed zero positions k show a strictly convex
behavior around j = 151 corresponding to ¢ = %

One can directly observe its symmetric and strictly convex structure around jo = 151
in accordance to the assumed behavior from Theorem 3.12. Moreover, there is a rather
drastic drop of the energy values (of order 107'7) in jy = 151 which corresponds to the

exact value W, =0 for £ = %

Jo

Wais

146
147
148
149
150
151
152
153
154
155
156

3.478304e-55
1.326893e-55
4.827121e-56
1.536922e-56
3.112267e-57
1.879347e-74
3.112267e-57
1.536922¢-56
4.827121e-56
1.326893e-55
3.478304e-55

Figure 3.4: Minimal values of Wy;s for jo around 151.

For the sake of completeness, we include a plot of a generic minimizer for jo = 181 in
Figure 3.5. Away from its zeros it is almost constant to 1 (or —1 respectively) and does
the transition from one phase to another in a small interval around its zeros.
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3.2 Quasi one-dimensional configurations and their minimal energy scaling

0.5 1

—-0.5 |

-1+

Figure 3.5: The obtained minimizer of Wy;s for jo = 181 corresponding to £ = 6.
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4 Existence and qualitative
properties of multisaddle
solutions

In Chapter 3 we analyzed quasi one-dimensional configurations of periodic stripes and
characterized their Willmore energy. For the analysis we heavily relied on a profound
understanding of the optimal arc profiles g, which describe the energetically optimal
way to approximate a single stripe by diffuse interfaces. We have seen that a configu-
ration of parallel stripes has no diffuse Willmore energy if and only if the stripes are
perfectly symmetrically distributed. In this case the corresponding optimal arcs can
be extended to a entire solution of the stationary Allen-Cahn equation on R by odd
reflecting and periodic continuation.

However, these results only describe the simplest type of configurations in two dimensi-
ons and it is natural to ask whether the energy of real two-dimensional interfaces can
be described similarly (e.g., by a scaling law to determine the energy order).

In this chapter we will consider a modification of stripe configurations which cannot
be reduced to one dimension anymore. We start out from a configuration of parallel
stripes as before and add a further line perpendicularly intersecting the stripes to the
phase boundary. The resulting configuration £ C R? consists of semi infinite rectangles
(see Figure 4.1).

Figure 4.1: A configuration for E consisting of semi infinite rectangles.
Even in this situation an energy characterization similar to Section 3.2 turns out to be

difficult. Here, we will prove the existence of two-dimensional entire solutions of the
stationary Allen-Cahn equation whose zero set is given by the boundaries of the semi
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Chapter 4 Existence and qualitative properties of multisaddle solutions

infinite rectangles. These solutions can be seen as a two-dimensional analogue of the
(reflected) optimal arc profiles g, . and thus, our results are a first step into the energy
quantification of those configurations. In correspondence with the quasi one-dimensional
case, such solutions only exist for the symmetric case of rectangles with the same (and
sufficiently large) width (see Theorem 4.2 and Corollary 4.3 below). On the other hand,
this implies that phase fields which approximate E always have positive diffuse Willmore
energy if the stripes have different widths.

In this chapter we will write f instead of F’ for the sake of notation and therefore, the
Allen-Cahn equation reads

~Au+ f(u) =0 inR? (4.1)

with f(s) = s> — s for s € R.

The solutions we construct below generalize the result of [DaFiPe92] (see Section 2.5)
in the sense that they have countably many saddles instead of one. Moreover, their
shape far away from the z;-axis approximates the optimal arc profile which yields a
connection between configurations of infinite rectangles and the quasi one-dimensional
case. To the best of our knowledge, entire solutions with more than one saddle have not
been studied so far.

We begin with a general definition of the considered multisaddle solutions.

Definition 4.1 (multisaddle solution). An entire solution u € C?(R?) of (4.1) with
—1 < u < 1in R? is called multisaddle solution if it satisfies (after a possible translation
and rotation) the following properties (see also Figure 4.2):

i) The zero set of u satisfies
fu=0y=®x{o})u|lJ ({zj} X R)
Jel
for an consecutive index set I C Z with 0 € I and such that

20=0 and z; <z, forallj kel withj<k.

ii) w changes its sign when crossing any line in {u = 0} in orthogonal direction and is
positive in

{x:(xl,x2)€R2 : 0<x1<z1,:1:2>0}
or in

{z = (z1,22) € R? : 0 < 21, 22 > 0},
respectively, if 1 & 1.

Note, that in the case I = {0} the corresponding multisaddle solution wu is exactly the
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Figure 4.2: A multisaddle solution u with constant signs on the semi infinite rectangles
and with zero set equal to the zi-axis and countable many lines parallel to
the x9-axis.

solution constructed in [DaFiPe92].

Our main result is included in the following theorem.

Theorem 4.2. There is a constant Ly, > 0 such that for all £ > €, there exists a
unique multisaddle solution u € C*°(R?) as in Definition 4.1 with I = 7 and

x; =il fori€Z.

w is 20-periodic in x1-direction and satisfies 0 < u < 1 in (0,¢) x (0,00). Moreover, we
have

u(-,x2) — £q¢  as xa — £oo  in (0,)
u(-,x2) — Fqr  as xg — oo in (¢,20)

where q; denotes the odd extension and periodic continuation of the optimal arc profile
qe,1 from Section 3.1 to a function on R.

Remark. A solution w in Theorem 4.2 can instantly be transformed by ue := u (E) to
a solution of

—e?Aue + f(us) =0 in R% (4.2)

Therefore, Theorem 4.2 is also true for solutions of (4.2) and sufficiently large ratios
L

- > gmin-

3

Before we prove the theorem we present a simple consequence which shows that there
cannot exist other multisaddle solutions than the symmetric ones at least in the case of
sufficiently wide stripes.

Corollary 4.3. Assume a consecutive index set I C Z as in Definition 4.1 and
|zi — 2j| > lmin  for all i,j € I with i # j.

Then there exists a corresponding multisaddle solution of (4.1) if and only if I = {0} or
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Chapter 4 Existence and qualitative properties of multisaddle solutions

I =7 with
zi =1l fori€Z.

for a constant £ > £ pn.

We prove Corollary 4.3 at the end of this chapter.

The proof of Theorem 4.2 is divided into several propositions. For the rest of this
chapter we fix the notation

R’ :=(0,¢) x (0,00) (4.3)

for the semi infinite stripe with width ¢ > 0. In some proofs we also consider bounded
subsets of Rf. For s > 0 we define

RE = (0,0) x (0, 5). (4.4)

We will first find a classical solution of (4.1) on R’ with u = 0 on AR’ and u > 0 in
R by applying the method of sub- and supersolutions. Although this result is fairly
standard, there seems to be no exact reference for the case of unbounded domains. For
the sake of completeness, we give a detailed proof below.

By odd reflection we then extend u to R? and prove that the thereby constructed
function is indeed a multisaddle solution of (4.1).

Definition 4.4. We call a function u a weak supersolution (subsolution resp.) of (4.1)
in a (possibly unbounded) domain €2 if the following conditions hold:

i) up € HY(Q) for all ¢ € C°(R?)
ii) [oVu-Ve+ fu)g >0 (<0resp.) for all p € C(Q) with ¢ >0 in Q
iii) >0 (<0 resp.) on 0N in the trace sense.

Furthermore, we call u a weak solution of (4.1) in Q if u is a weak sub- and supersolution
of (4.1).

The specific result we need for the proof of Theorem 4.2 reads

Proposition 4.5. For £ > 0 let v, U be a weak sub- and supersolution on R’ as in
Definition 4.4 with

0 <v<1 a.e. in R

IN
S

andv =0 =0 on OR’. Then there exists a weak solution u of (4.1) in R® with

u<v a.e in R*

IN

v

and uw =0 on ORE.

Proof. Step 1: For L > 0 we restrict ourselves to the finite rectangle R} as in (4.4).

Since v and ¥ restricted to R} are sub- and supersolution for (4.1) on R} with v, > 0
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on {ry = L} C OR}, we can use the method of weak sub- and supersolutions (see
[DaSw89)) to find for every L > 0 a weak solution uy, € H'(R%) of

—Aup + f(ur) =0 in RY (4.5)
u, =0 on RS NOR’

which satisfies 0 < v <wup, <7 <1 on Rg Precisely, we extend v and v to a weak sub-
and supersolution on the domain R% := (0,¢) x (0,2L) by an even reflection on the line
{z9 = L}. We note that v =7 =0 on 8}?% and apply the mentioned technique to show
the existence of a weak solution between v and v on RZL with vanishing boundary values.
A restriction on Rf: then yields the desired function wup,.

Step 2: (L — o) We fix some some L > 1 and show that uy, with L > L is uniformly
bounded in H:(R%,l)-
Let n € C*°(RY) be a smooth cutoff function with

1, i)

xTr) =
n(z) {07 .
satisfying 0 < n < 1 and |Vn| < 2 in R’. We multiply (4.5) by n?ur, € H&(R%) and

integrate over R% to obtain

L—1
L

IV IA

0= ) Vur, -V (172uL) + f(uL)n2uL dz
RL
L

- /5 \Vur|* n? + 2urnVur - Vi + f(ug)upn? de
Rt

L

and hence

//Z \Vur|*n?de = —/Z 2urnVur, - Vn + f(ug)urn? dx
RS RS
1 2
< /[ 3 \Vur|®n? + 2u2 ‘Vwﬂ + | f(ug)ug| n? dx
RL
L

where we have applied Young’s inequality in the last line. Rearranging the terms on
both sides and using the prescribed bounds on 7 gives us

1
/ D Vg P de < / Cul + | f(ur)uz| do
R‘EQ RL
<C(L)

since |ur| < 1 and therefore also |f(ur)| < 1 almost everywhere in R. Asp =1 in

63



Chapter 4 Existence and qualitative properties of multisaddle solutions

R%_ ) this particularly implies

/ \Vur|? de < C(L)
R
L—-1

and thus, uy, is bounded in H 1(R%_ 1) uniformly for all L > L. Hence, for every given
L>1and every sequence (ur, )kenN With Ly — 0o as kK — oo we can find a subsequence
denoted by (ul)gen which converges weakly in H 1(R%_ 1). Now we extract a diagonal
,) and
pointwise almost everywhere in R%,  toa function u : RY — R for every L>0 (by the

sequence (uf)geny which converges weakly in H 1(R%7 1), strongly in LQ(R‘;}

uniqueness of limits).
Choose an arbitrary test function ¢ € C°(R?). From the convergence of the diagonal
sequence we obtain

ubo = up in HY(R")
as there exists L > 0 such that supp N {xy > L— 1} = (0. This especially proves
up € HY(RY) for all ¢ € C°(R?).

It remains to show that u is indeed a weak solution on R’. Therefore, let ¢ € C2°(RY)
be any testfunction. Then there exists kg € N such that supp(y) C Rio and hence,

/RZ Vauf - Vo + fuf)pde = /Rf Vauf - Vo + fuf)pds =0 (4.6)
ko

for all £ > kg. The first term of the integrand now converges due to the weak convergence
of (uf)ren in Hl(Rio). For the second term we observe that

J

as k — oo where we have used that f is locally Lipschitz. This yields

)~ jw)| da < c/ g — uf? da — 0
f ,
flup) = f(u) in L*(Ry)

and we can therefore pass to the limit k£ — oo in (4.6). This gives
/ Vu-Veo+ f(u)pder =0
RY

and u is a weak solution on R. Due to the pointwise convergence of (u¥)ren almost
everywhere we immediately deduce

v(z) <u(z) <o(x)

for a.e. € R* which completes the proof. ]

64



Before we continue and apply the above proven method to show the existence of solutions
on R’ we prove a short regularity result for solutions of the Allen-Cahn equation.

Lemma 4.6. Let Q C R? be an open domain and assume that there exists a weak
solution of (4.1) in Q satisfying —1 < u < 1. Then we have u € C*°(Q) and for all
subsets 2 CC Q

sup ‘&Bu‘ (x) <Ck forall || <k, k>0 (4.7)
z€Q

with constants Cj, > 0 only depending on Q and €.

Proof. For Q cC Q we choose a sequence of open and smoothly bounded sets U; CC €2
with € CC U; for all i € N and such that

Uiy1 CcCU; forallieN.

u is a weak solution of the Poisson equation Au = g on © where g := f(u) is L?(f2) since
u was assumed to be bounded. Hence, we can apply standard theory for interior elliptic
regularity ([GiTr01], Theorem 8.8), to conclude u € H?(U;). This implies g € H'(U1)
as f is smooth and we obtain u € H?(Us). Continuing this argument finally yields
u € H*(Q) for all k > 0 and hence, by the general Sobolev embedding theorem ([Eval0],
5.6.3, Theorem 6) it follows that for any multiindex 3 € (Ng)? with |3| < k

sup ‘8'Bu‘ (@) < llull g gy < C D) [l rsaay -
e

This proves (4.7) and as k and Q were arbitrary also u € C*(Q). O

Proposition 4.7. There exists a constant gmﬂ > 0 such that for all ¢ > Crmin sufficiently
large there exists a smooth solution u € C(RY) of (4.1) on R with u =0 on AR’ and
0<wu<1inR".

Proof. We start by proving the existence of a solution on R’ from (4.3). Due to
Proposition 4.5 it is sufficient to find a weak sub- and supersolution v, of (4.1).

In [DaFiPe92], Lemma 1 the existence of radial solutions Uy, b € (0,1) of (4.1) was
shown which attend their positive maximum value b in the origin. Furthermore, for
each b there exists a radius r, > 0 (depending continuously on b) with U, > 0 in [0, 73)
and Uy(ry) = 0. We choose lpin = 2inf{r;, : b € (0,1)} and hence for £ > fyi, there
exists b € (0,1) such that

00 ,
B<(2,2>,rb> C R".

We now set
A ‘
.’IJ—<2,2)‘>,O}, I'GR

v(x) == max {Ub (
which as a maximum of two solutions is a subsolution of (4.1).
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Chapter 4 Existence and qualitative properties of multisaddle solutions

As a supersolution we set
o(z) = qo(x1)y(22) >0, = (21,22) € R’
where gy := qy1 denotes the optimal arc profile from Section 3.1. Indeed, we have

—AV+ f(0) = —qf7 — a7 + @7’ — av
= (=} + a0)v + (=" +7) + @7° — ary

= (¢§ —q0)(¥* =)
>0

since g and 7 both take values in (0,1) in the considered region.
We can now apply Proposition 4.5 and find a weak solution u of (4.1) on RY with
up € HY(R') for all ¢ € C°(R?) and satisfying

0<v<u<wv<1l inR’

and u = 0 on OR’.

By three odd reflections of w at the zj-axis, the zs-axis and the line {x; = ¢} one
immediately obtains a weak solution of (4.1) in (—¢,2¢) x R with 0 boundary values
and satisfying —1 < u < 1. Indeed, the thereby constructed function u solves (4.1) since
f is odd. Now, Lemma 4.6 directly implies u € C*°(Rf) as we can cover R’ by open
and smoothly bounded sets Q C (—¢,2¢) x R.

Using the mean value theorem of integral calculus in (4.1) together with f(0) =0 we
deduce

~Au+cu=0 in R’

with ¢ := f' f’(s) ds and the strong maximum principle (see Theorem 3.5 in [GiTr01]
and the remark thereafter) implies

u>0 in R"
This completes the proof. ]

Remark. Instead of using the theory of sub- and supersolutions in the proof of Propo-
sition 4.7 it is also possible to apply energy based methods to find a minimizer of the
Ginzburg-Landau-energy (1.2) with the desired form which satisfies the corresponding
Euler Lagrange equation (4.1). This alternative method yields the same result in two
dimensions but can easier be generalized for higher (even) dimensions. However, it then
becomes quite technical to show that the thereby constructed solution is not identical to
0 since you do not have a subsolution for a comparison anymore. We refer the reader to
[CaTe09] where the authors apply this method to prove the existence of saddle-shaped
solutions in all even dimensions.

We continue by describing the qualitative behavior of the solution w which has been
constructed in Proposition 4.7 above. We show that it increases in zs-direction and
converges uniformly in C? towards the optimal arc profile g, for x5 — oco. This yields a
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strong connection between entire solutions of the stationary Allen-Cahn equation in
one and two dimensions.

To show the monotonicity of any bounded solution u of (4.1) on the infinite rectangle R
we apply the Method of Moving Planes. In its origins this technique has been developed
by Alexandroff [AL56]. In [GNN79] and later in [GNN81] the authors have applied
the method to show monotonicity and resulting symmetry properties of solutions of
equations similar to (4.1) on bounded domains and in the whole of R™. Since then many
generalizations and applications have been made (see, e.g., [Li91, BeNi88, BeNigl]).
The key idea is to introduce a hyperplane T' which cuts the domain in two parts and
compare the values of u in one point and its reflection at 7. Then the hyperplane is
moved in one direction up to a critical value where u attains a larger value than its
reflection. Usually a maximum principle as the key ingredient for this technique then
yields a contradiction which proves the monotonicity. But exactly this step requires
a careful analysis since the maximum principle does not hold in every domain. For
unbounded domains irregular boundaries (with corners e.g.) it is often difficult to apply
the technique directly.

Berestycki and Nirenberg generalized the method to a wider class of domains in [BeNi88]
and [BeNi91] by proving several maximum principles and adapting the way of argumen-
tation. First, a weak maximum principle for arbitrary narrow domains (see Proposition
A.1 or [BeNi91]) yields the assertion for a small part of the domain. Afterwards, another
weak maximum principle for subdomains of small measure (Proposition A.2 or [BeNi91])
is used to enlarge the part of the domain where the statement still holds.

The proposition and its proof below rely heavily on the techniques presented in [BeNi91]
although we will consider the unbounded domain R’ instead of a bounded one.

Proposition 4.8. Let { > 0 be arbitrary and R’ given by (4.3). Ewvery solution
u € C?(RY) of (4.1) which satisfies

Au— f(u) =0 in R
u=0 ondR"
0<u<l inR

is strictly increasing in xo-direction for fized x1 € (0, 7).

Proof. For A > 0 we define

Ty = {z2 = A},
Y(\) == {z € R" : z9 < \},

(see Figure 4.3) and set

v(z) = v(x, N) = u(z1, 2X — 2),
=v(x) —u(z),

for x = (x1,22) € X(\). Defined in this way v satisfies (4.1) and coincides with u at
the line T. The strict monotonicity of u in xo-direction is therefore equivalent to the
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Chapter 4 Existence and qualitative properties of multisaddle solutions

positivity of w for all A > 0 and z € ¥(A). Indeed, for fixed 21 € (0,£) and 0 < x2 < ¥
we choose A = (%2 — x2). Thus, u(z1,22) < u(z1,I2) corresponds to w((z1,z2), A) > 0
and vice versa.

Figure 4.3

We will use various classical maximum principles to show that w is always greater than
0. We begin with the observation that for u # v we have

Aw=Av—Au= f(v) — f(u) =
and in the case u = v
Aw = 0.

We therefore define

o)~ Fua)
—e(N) = ez, A) ::{ e 0 V@A) 7 ul@)

0, v(z, \) = u(x)

and note that hence ¢()) is a bounded function since f is locally Lipschitz. Consequently,
w satisfies

Aw(,\) + c(MNw(,A) =0 in ()
w(-,A) >0 on 9X(N\).
Observe that w(-,A\) = 0 on 9%(\) \ {x2 = 0} and w((z1,0),\) = v((x1,0),\) =
u(x1,2X) > 0 for all A > 0 and z; € (0,¢). Thus, w(-,\) does not vanish completely on
IX(N).
For small XA > 0, ¥()\) is a narrow domain in the sense of Proposition A.1 and therefore,

the maximum principle holds. We conclude that w > 0 in 3(\) and the strong maximum
principle (see [GiTr01], Theorem 3.5 and the remark thereafter) even yields

w(-,A) >0 in X(X) (4.8)

since w(+, \) is not constant.
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Now, we want to show that (4.8) remains true for all A > 0. We shift the plane T} in
vertical direction and argue by contradiction: Suppose there exists p > 0 such that
(0, p) is the largest interval with w(-,A) > 0 in X(X) for all A € (0, ). Since w obviously
is continuous in A\, we deduce w(-, u) > 0 in X(u).

Again we use the strong maximum principle to see that

w(,p) >0 in X(w). (4.9)

Indeed, if there exists z¢ € () with w(zg, ) = 0, w(-, u) attains its minimum in an
interior point and thus is constant which contradicts the non vanishing boundary values

of ’UJ(', :u)
We derive the desired contradiction by proving

w(,pu+¢e)>0 inX(p+e)

for sufficiently small ¢ > 0. For that purpose choose § > 0 as in Proposition A.2 and let
K C X(u) be a closed subset such that

)
DMAVIESS

Obviously, by (4.9) we have
w(,pu) >0 in K. (4.10)

As above, by the fact that w(-, i) is continuous in p by definition, there exists ag > 0
such that for all 0 < o < g we have

X(p+a)\K| <o and w(,p+a)>0 in K.
For any such o we set ¥ := X(u + a) \ K and remark that hence
0% = 0K UOR.
Therefore, w(-, u + «) satisfies

Aw(,p+a)+c(p+a)w(,up+a) =0 inf]~
w(,p+a) >0 ondX

where we have used that w(-,u+ «) > 0 on 0%(u + «) and w(-,up+«) >0 on 0K C K
by (4.10) (see Figure 4.4).

By Proposition A.2 the weak maximum principle for w holds in ¥ and we obtain

w(p+a)>0 ind
and therefore

wip+a)>0 indp+a)=XUK.
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Chapter 4 Existence and qualitative properties of multisaddle solutions

—————————————— J e

M@

Figure 4.4

Once again the strong maximum principle finally yields the contradiction
w(ip+a)>0 inX(p+a)

since u was chosen to be maximal.
This implies w(-, A\) > 0 for all A > 0 and thus, the strict monotonicity in zs-direction
as already mentioned above. O

In the following, we will show that far away from {xo = 0} any positive bounded
solution of (4.1) on R' is shaped like the optimal arc profile g,. This can be explained
heuristically as for sufficiently large values of xo the influence of the prescribed zero
boundary values at {zo = 0} vanishes and u approaches the unique positive solution of
the one-dimensional Dirichlet problem which is g, as stated in Section 3.1.

The boundedness and monotonicity of v immediately yield pointwise convergence of
u(z,-) for fixed x; € [0, ] as x2 — oco. To pass to the limit in (4.1), however, we need
a stronger convergence result. For that purpose we fix real numbers 0 < @ < b and set

A:=10,4] x [a,b] C RC.
Then we define for £ > 0 a vertically shifted version of u by
ig(z,y) = w(z,y+€), (z,y) € R".

This shift does not change the derivative of u and consequently, it satisfies

Aiig — f(iig) =0 inA
e =0 on {0,¢} x [a,b].

By this construction we keep the domain A fixed but as varying & is equivalent to a
slide of the domain in vertical direction through R we can still study the limit zo — oo.
We prepare the convergence result in the following lemma.

Lemma 4.9. For { > 0 let u € C2(RY) be a solution of (4.1) satisfying 0 < u < 1 in
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R’ and u =0 on OR. Then there exists a constant C = C(A) such that
||71£Hc3(A) <C (4-11)
uniformly in § > 0 where u¢ is defined as above.

Proof. This follows directly from Lemma 4.6. By odd reflections we extend u to a
(weak) solution of (4.1) on (—¢,2¢) x (0,00) and (4.7) gives (4.11) by choosing A as the
compact subset. O

We are now able to give the precise characterization of the limit xo — oo (§ — oo,
respectively). The idea is to use the uniform bound from Lemma 4.9 for a compactness
argument and afterwards pass to the limit in equation (4.1).

Proposition 4.10. Let £, = mjx{gmm,ﬁl} (with €1 from Proposition 3.1) and
0 > lpin. Every solution u € C*(RY) of (4.1) with 0 < u < 1 and u = 0 on OR’
converges uniformly towards q; in C%([0,4]) as x3 — oo.

Proof. As u(x1,-) is increasing and bounded for every x; € [0, /] it converges pointwise
and we set

lm wu(xy,x2) = us(z1), x1 €[0,4]. (4.12)

To—00

Now, let (&;)jen be an arbitrary nonnegative sequence with {; — oo as j — oco. Due to
Lemma 4.9 the set {ug, : j € N} is uniformly bounded in C*(A) and hence equicontinuous
in C?(A) with ug, defined as above. Thus, by the Arzeld-Ascoli theorem we can find a
subsequence jr — oo as k — oo such that

g, = u(-+ &) —a in C*([0,4)

for some @ € C%(]0,]). But as the uniform convergence implies pointwise convergence
of this subsequence we immediately deduce

U = Uso

by (4.12). This means that for every sequence (§;);en tending to infinity we can find a
subsequence which converges towards u, in C2([0,]). Hence, this implies

u(-,2) — us  in C2([0,4))

as o —r 0Q.
The convergence allows us to pass to the limit in (4.1) to obtain

L, + f(uoe) =0 i [0,4
as well as

Uoo(0) = use(£) = 0, Uso > 01in (0, 7).
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Chapter 4 Existence and qualitative properties of multisaddle solutions

This identifies us as the unique solution of the one-dimensional problem (Proposition
3.1) and we finally conclude

Uso = (. O

For later use we show another statement which follows directly from the proof of
Proposition 4.10.

Corollary 4.11. For £ > {,;, every solution u € CQ(]?) with0 <u<1andu=0 on
OR’ satisfies

l
/ |Oou(x, x2)| doy — 0,9 — 00. (4.13)
0

Proof. By Proposition 4.10 u and dsu converge uniformly as zo — oco. This already
implies that dou(z1,z2) — 0 as 9 — oo for all z1 € [0, /] since any other limit value
would contradict the convergence of u. Now (4.13) follows directly with

Y4 y4
lim / |Oqu(z1, x2)| dzg = lim Qou(zy, x2) day
0

To—00 T2 —00 0
l
= lim 62U(IL‘1,{L‘2) dl’l
0 Tro—r00

=0. O

The last remaining point to show is the uniqueness of the solution u. The proof presented
here goes back to [DaFiPe92], Theorem 1, where the authors use the same technique to
show uniqueness for solutions of (4.1) with one saddle.

Proposition 4.12. For { > l;, there exists a unique solution of (4.1) on RY with
u=0 on OR' satisfying 0 < u < 1.

Proof. It remains to show the uniqueness of solutions. Assume there exist two solutions
up,uz € C%(RY) with 0 < up,uz < 1 and ug,uz Z 0. Without loss of generality we can
assume that u; < ug. Otherwise max(u1, ug) is a weak subsolution and there exists a
solution u of (4.1) with

max(uj,uz) <u<1 in RC.

As above we can apply the strong maximum principle from [GiTr01], Theorem 3.5 and
the remark thereafter, to conclude

u>wu; and  u > us.

We restrict ourselves to finite rectangles RS = (0,¢) x (0, s) and obtain by (4.1) for all
s>1

U2 Uy

/ w1 Aug — usAuy dr = / ULU [f(u2) — f(ul)] dx > C (4.14)
R R
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for a constant C' > 0 independent of s. The inequality follows from the fact that on the
one hand @ = h% — 1 is strictly monotonically increasing in k and on the other hand
that u; and wugy are strictly positive in Rﬁ.

We apply Green’s Formula on the left hand side of (4.14) and thus obtain

C < / u10,us — usOyuy dH!
AR

4
:/ ui(x1, 8)02ua(x1, s) — uz(x1, s)02ui(x1, s) dry
0
4 4
S/ |82U2(:L’1,8)| d{L‘l-i—/ |82U1(:L’1,8)| drq
0 0

where we have used that u; and us vanish on everywhere of the boundary R’ except
on the upper portion. By Corollary 4.11 the right hand side tends to 0 as s — oo. This
yields the desired contradiction and the uniqueness is proven. ]

A combination of the propositions above now yields a proof for Theorem 4.2 and
Corollary 4.3.

Proof of Theorem 4.2. We extend the solution u on R’ from above via odd reflections
and periodic continuation to a (weak) solution of (4.1) on R2. By the local regularity
result from Lemma 4.6 v is smooth on R? and hence is a multisaddle solution in the
sense of Definition 4.1 with I = Z and z; = #i for all ¢ > 0.

The uniqueness of u follows directly from Proposition 4.12. Indeed, if there exists
another multisaddle solution as in the theorem we can restrict it to one semi infinite
rectangle where it differs from u. This already contradicts the uniqueness of solutions
on R O

Proof of Corollary 4.3. Consider a multisaddle solution of (4.1) and assume that two
consecutive rectangles have finite widths ¢, /> Cinin- Without loss of generality we can
choose them to be (0,£) x (0,00) and (£, + £) x (0,00) and assume u to be positive
inside the first and negative inside the second one. Due to Lemma 4.6, v is smooth and
by Proposition 4.12 u is determined uniquely on both separate stripes. Moreover, we

have

u(s, x2) — qo in 02([0,6]),
u(-,w2) — —qz(- — £) in C’Q([E,f —I—g])

as x9 — 00. Hence, we can choose Zs > 0 such that

9¢(0) — ¢;(0)

B~ =

[ (6.22) — ()] <

and

7,(0) — q;(0)

AN

W/(£:2) +0)] <
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Chapter 4 Existence and qualitative properties of multisaddle solutions

hold. We conclude
! /
4(0) - g}(0)] =

1
<z
-2

@)+ q0)| < [/ (€,2) = G4(0)] + [t (£,:22) + g}(0)

4(0) - g}(0)

and hence, ¢,(0) = q%(O) which is equivalent to ¢ = ¢ by Proposition 3.1.

Analogously, the argument holds for infinite stripe widths and the optimal profile v
instead of the optimal arcs. For the corresponding convergence result see [DaFiPe92].
This proves that multisaddle solutions with different stripe widths cannot exist. O

Remark. We want to point out that the concept of multisaddle solutions is just one
possible class of entire solutions of (4.1) when generalizing the quasi one-dimensional
pattern from Section 3.2. One could also think of classical checkerboard patterns or
pavings of the plane with arbitrary rectangles. Having the results of this chapter in
mind, it seems natural (at least for large length scales) that entire solutions of the
shapes described above can only exist if the pattern is completely symmetric and all
panels have the same size. We omit a proof here, though the methods to study the
existence and qualitative properties of such solutions are identical to the tools used in
this chapter.
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5 The L?-gradient flow of W;:
Existence and qualitative
behavior

5.1 Longtime existence

In this part we consider the existence and uniqueness of periodic solutions for the
L?-gradient flow of W.. Although we are only interested in the one-dimensional case
hereinafter, the contemplation can be generalized for space dimensions n < 3 without
any problems.

Throughout the rest of the section let 1 < n < 3 and let U denote a nonempty
n-dimensional rectangle, i.e.,

U = H(ak,bk) CcR"
k=1

for ag, b € R and ag < bg, 1 < k < n. Furthermore, for m € Ny let

H" . = Cx.(U)

per per

be the space of periodic H™-functions in U where the closure is taken with respect to
the H™-norm.

We also assume € > 0 to be a fixed parameter and for simplicity, we suppress the usual
indices of functions with £ dependency. We also allow constants depending on ¢ in this
section.

We will prove the existence and uniqueness of weak periodic solutions for the evolution

equation
O =~V 2 We(u) = (A - 6—12F"(u)>v in (0,00) x U (5.1a)
v=—cAu+ éF’(u) in (0,00) x U (5.1b)
w(0) = uo in U (5.1¢)

with initial data ug € ngr(U ). Precisely, we are interested in periodic functions which
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Chapter 5 The L?-gradient flow of W.: Existence and qualitative behavior

satisfy the following

Definition 5.1. We call u : [0,00) x U — R a weak periodic solution of (5.1) if

w€ H'(0,T; Ly (U)) N L™ (0, T; Hyoy (U)) (5.2)
1
vi=—eAu+ EF’(u) € L*(0,T; ngr(U)) (5.3)

for all T > 0 and if (5.1a)-(5.1c) hold as identities in L2_ (U) for almost all £ > 0. Due
to the continuous embedding

HY0,T; L2 (U)) N L>®(0,T; H2, (U)) < C([0,T}; L2, (V)),

P per

(5.1c) is well defined.

Remark. Obviously, every classical periodic solution of (5.1) especially is a weak
periodic solution.

The existence proof follows a classical time discretization scheme for gradient flows.
The idea is to solve a minimization problem for a modified functional in each time step
such that its first variation corresponds to a backward Euler scheme (see Proposition
5.2). Afterwards, the convergence of the resulting step functions in time is proven in
Theorem 5.6 using uniform bounds on the step functions and a compactness argument.
In Proposition 5.7 the uniqueness of solutions to (5.1) is established by a contradiction
argument. Finally, we conclude the chapter with an argument which shows that due to
the smoothness of F, every weak solution is in fact a function in C°°((0, 00), Cpe,.(U))
(see Proposition 5.8).

At this point we want to comment shortly on the time discretization technique described
above. This method is well known and a common approach to show existence of solutions
to evolution problems which have a gradient flow structure. It goes back to Luckhaus
and Sturzenhecker and their contributions to the mean curvature flow equation [LuSt95]
and was later generalized by De Giorgi to the notion of minimal movement for even
non differentiable energies [DeG93].

The structure of this section and many details of the proof follow [CoLall] where
the authors consider the same phase field model with a volume constraint instead
of periodicity. While our setting simplifies the calculations in some steps, additional
arguments concerning the periodicity of the solutions are necessary.

We begin with the definition of the modified energy functionals: For 7 > 0 and f € L?(U)
we define
1

Jrp(w) = 3 /U (w—f)? do+7We(w), we HZ.(U)

and observe that a minimizer u € ngr

(U) of J; ¢ satisfies the Euler-Lagrange equation

%(u )= —VW.(u) inU,
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5.1 Longtime existence

which reminds of the gradient flow equation (5.1a) with a discretized time derivative on
the left-hand side.
The existence of these minimizers is shown now.

Proposition 5.2. For every 7 > 0 and every f € L*(U) there exists a miminizer u of
I in H2,(U).

per

Proof. We apply the direct method of the calculus of variations. Let 7 > 0 and
f € L*(U). Since J, s is obviously bounded from below by 0, there exists a minimizing

sequence (uy)gen in ngr(U) such that

Jr —m = inf J; >0
s (ug) m veéfirw) 7 ()

as k — oo. Particularly, Wk (uy) is bounded uniformly in & and due to Lemma 3.11, we
obtain

Jurl3eg) < C() (1 + W) < Ce).

As in the proof of Theorem 3.12 we use the weak precompactness of H2,(U) to find a

subsequence of (ug)ren which converges weakly in H2..(U) and uniformly in C°(U) by

the general Sobolev inequality ([AdFo03], Theorem 4.12) towards a function u € H?(U).
Since H2,,(U) C H?*(U) is closed and convex and thus weakly closed, we deduce

5 per
u € H5e (U).

Again as in Theorem 3.12, we obtain

m < Jr ¢(u) < lign inf J; ¢(ug) =m
—00

and u is a minimizer of J; s in ngr(U). O

Before we formulate the time discretization scheme, we collect some properties of the
diffuse curvature

1
vi=—cAu+ ~F'(u) (5.4)
€
related to a minimizer u of J; ;.

Lemma 5.3. Letu € ngT(U) be a minimizer of J. ¢ and let v be defined as in (5.4).
Then the following statements hold.

(i) v is in H2,.(U).

per

(ii) For all ) € L2, (U) the Euler-Lagrange equation

per

/U [1<u ~ )= Avt 5P| b =0 (5.5)

T

holds.
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(ii) We have the energy estimate

1 1
a0t S < - Sl (5:6)

L2(U)

Proof. For every ¢ € ngr(U) and s > 0 the function u + s still belongs to ngr(U)
und since v minimizes .J; y we obtain,

_1d
- rds

1

0 - /U L(u . <—A¢ + ;F”(u)wﬂ do. (5.7)

T,f(u + 57/’)

s=0

To prove (5.5) it remains to show (i) and integrate by parts twice in the equation above
where the boundary integrals vanish due to the periodicity of ) and u. Then, (5.5)
obviously holds even for ¢ € Lger(U ) by approximation.

For the regularity of v we note that the elliptic PDE (in w)

Aw = %(u - )+ éF”(u)v c L*(U)

with f;;wdz = 0 has a unique solution w in H}..(U) by the Lax-Milgram theorem.
Now, standard regularity theory yields that w belongs to H?(U) and thus, w € ngr(U ).

Consequently, we know from (5.7) that w = v — f;; vdz which means (i) and (5.5)
follows by two integrations by parts as mentioned above.

For the energy estimate (5.6) let n € (0,1) and let ¢, € H2

er(U) denote the unique

solution of the auxiliary problem
1
on —NAp, = —Av + 5—2F”(u)v e LA(U). (5.8)
Again, the existence and uniqueness of ¢, is an immediate consequence of the Lax-

Milgram theorem and standard regularity theory. We choose 1) = ¢, in (5.5) and use
(5.8) to obtain

/U Ll_(u— )+ ey —nAgan] pdr =0.

Rearranging terms and integrating by parts in the third term on the left-hand side
yields

1
leallzon < [ G +nlVil do == [ Ztu=f)pda

1
S; |lu — f||L2(U) ”9077”1,2((])
and thus,
1
H‘PnHm(U) < = lJu— fHLQ(U) : (5.9)
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5.1 Longtime existence

In order to prove (5.6) it is sufficient to pass to the limit n — 0 in the inequality above.
To see this, we test (5.8) with ¢, to obtain

1
ol + VATl < |0+ 5 w0 el

L2(U

and hence,

1
lonll 2y < || —Av+ 5 F" (u)v
() 5

L2(U)

and then

1
||\/ﬁv9077”[,2(U) < H—Av + fZF//(u)U .
© L)

Due to the reflexivity of L?(U), there exists a non relabeled subsequence 7 — 0 such
that

on — ¢ weakly in L*(U),
ViV, — p  weakly in L*(U)

with o, p € L?(U) as 7 — 0. We can now consider the limit in the weak formulation of

(5.8) which implies for arbitrary w € HJ., (U)

1
/ <—Av + 2F”(u)v) wdr = / oqw + nVe,Vw dx —>/<pw dx
U € U
as 1 — 0 and hence
p=—-Av+ iF”(u)fu.
-2
Thus, using the weak lower semicontinuity of the L2-norm we obtain (5.6) from (5.9) by

1 L 1
H—AU—I—SQFH(U)U = ey < tminf el ey < 5 1w = fllpay - O

L2(U)

We continue by formulating the time discretization scheme for the diffuse Willmore flow.

Let ug € H3,,(U) be an initial value and fix a time step width 7 > 0. For m > 0 and

with J; 7 from above we then define a sequence (uf)ren in H3., (U) inductively by

ua = Uy,
uy, 41 minimizes Jr 7 in ngr(U )s

and also set

1
vl = —eAul + —F'(ul).
€
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With these sequences in hand, we define (ngr(U )-valued) step functions u”, v™ in time
by
u'(t) == u;,

m

and 0" (t) ==,

for t € [m7,(m 4+ 1)7) and m > 0. Our plan is to prove the convergence of the above
defined step functions towards a solution of the gradient flow in a suitable sense. We
prepare the main theorem by deriving an H?2-bound uniform in time for u, as well as
uniform bounds for v™ in appropriate Bochner Spaces (see below).

Lemma 5.4. Let 7 > 0 be an arbitrary time step width and to > t1 > 0. Then the
estimates

We (U7 (t2)) < We(u”(t1)) < We(u), (5.10)
sup [o7(8) 30 < 2W2(u), (5.11)
[u”(t2) — UT(tl)H%z(U) < 2We(uo) (7 +t2 — t1), (5.12)
[e§) 2
/ ' —Av(t) + 6%F”(uT(t))vT(t) dt < 2W:(up), (5.13)
T L2(U)

hold.

Proof. We have u,, € H2. (U) for every m > 0 and since w7, is a minimizer of J,z,

by definition, we obtain

1
o HU%H - u:nHi?(U) + We(ug 1)

1 1
:;Jﬂu;n(u:nﬂ) < ;Jﬂu;n (ur)) = We(uj,). (5.14)

Now let t9 > t; > 0 and set m; = L%J and me = L%J Then, my > m; and (5.14)
together with an induction argument yields

W. (uT(tg)) = W:(uy,,) < Weluy,,) =We (uT(tl))

which is (5.10). We then deduce (5.11) by

1
% sup HUT(t)HQLQ(U) =sup Wk (UT(t)) = sup W-(u;,) < Wa(ug) = We(uo).
€ >0 t>0 m>0

Summing up (5.14) over all m > 0 yields

1 & >
5 2 Nt =l oy < D0 (Welul) = We(ufi0)
m=0 m=0
<We(ug) = We(uo) (5.15)

80



5.1 Longtime existence

and due to the Cauchy-Schwarz inequality we have

mo—1
™ (t2) = " (¢ 2oy = [y = il 2y € D Numer = umll 2
m=mi
mo—1 )
SVmz —m Z [ _UZHHH(U)
m=mi

<4/1+ b=h 27 W (up)
T

=V2We(uo) /7 + (t2 — 1),

which gives (5.12) after squaring both sides.
To prove (5.13) we again make use the fact that «],,; minimizes J; .7 . (5.6) yields

1
e A

1
H —Avg, o+ ?F”(u;l—i-l)v;z-l—l

and we apply this inequality together with (5.15) to estimate the left hand side of (5.13).
This gives

2

o 1
/ H—Azﬁ(t) + S F'(u ()07 (1) dt
T € L2(U)
[eS) (m+2)T . 1 o _ 2
= Z / 7Avm+1 + 72F (um—l-l)vm—l-l dt
m=0 " (m+1)7 < L2(U)
LS r 12
S- > Mg - U || 21y < 2We(u0)
m=0
and completes the proof. ]

In order to show convergence of " and v” as 7 — 0, we depend on uniform bounds of
these functions in L>(0,T; H2(U)) and L?(t,T; H?(U)), respectively.

Lemma 5.5. For every T > 0 there exists a constant C = C(U, T, uq, F,e) such that
for every 7 € (0,1) N (0,T") the estimates

sup ||UT(t)HH2(U) <C (5.16)
t€[0,7)]
and
T 2
/ 10" ()| 720y dt < C (5.17)
hold.

Proof. Let T > 0 be arbitrary. For every t € [0, 7] the spacial H2-bound for u"(¢) from
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Lemma 3.11 combined with (5.11) reads

IOl <C (14 V@) = € (14— 107 Ol )
<C (14 VWi(w))

which is (5.16) as the right hand side does not depend on .

For the second inequality we immediately see that F” (uT (t)) is uniformly bounded in
L>®((0,T) x U) by (5.16) and the fact that H*(U) embeds continuously into L°(U) for
space dimensions 1 < n < 3. Together with (5.11) this yields a bound in L>(0,T; L*(U))
for the product F”(u™)v™ independent of 7.

Keeping this result in mind we obtain

T
| 18Ol a
2

T
S/T ¢ H_A“T(t) + E%F"(UT@))UT@) + 524 1 (™ )07 )20

<C (We(uo))

L2(U)

where we have used inequality (5.13) to estimate the first summand in the last step
together with 7 < 1. The control of Av"(¢) immediately provides a bound for the
complete second derivative D?v” in L?(7,T; L*(U)) and the L>(0, 00; L?(U))-bound
for v™ from (5.11) also yields a uniform bound for v™ in L?(7,T; L*(U)). Now, by a
standard interpolation argument we also have

T T
/ /|W(t)y2 d:zdt:—/ /UT(t)AvT(t)dxdt
T U T U
<1 r T 2 AvT 2 d
<5 | W Olr2@) + 1A Oz dt

1 e
<@ =Dyl + 5 [ 18070
t>0 T
<C (We(uo))

which yields the uniform boundedness of v™ in L?(7,T; H?(U)) and therefore, (5.17). [

We now use the inequalities from above for an Arzela-Ascoli argument to find converging
subsequences (4™ )gen and (v )gen. Afterwards, the limit function is shown to be a
strong solution of the gradient flow (5.1).

Theorem 5.6. For initial data ug € ngr(U) there exists a weak periodic solution of
(5.1) w in the sense of Definition 5.1 which moreover satisfies

u e C([0,00) x U). (5.18)
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5.1 Longtime existence

Proof. Let T > 0. By (5.16) the set
K:={u(t): t€[0,T],7 € (0,1)N(0,T)} C H}(U)

is bounded and since the embedding H?(U) — C°(U) is compact for the considered
space dimensions, K C C°(U) is compact where the closure was taken with respect to
the H?-norm.

Furthermore, (5.12) yields for 0 <t¢; <to <T

limsup [[u” (t2) — u" (1)l 20y < V2We(uo)(t2 — t1) — 0

7—0

as t1 — ty. Therefore, we are able to apply a refined version of the Arzela-Ascoli
theorem (see [AmGiSa08], Prop 3.3.1) to find a subsequence (73)ren and a function

u : [0,T] = C(U) such that
u™ (t) — u(t) uniformly for all ¢ € [0, 7]
and thus,
u™ —u in CO([0,T] x U) (5.19)

as k — oo which yields (5.18).

On the other hand, (5.16) and the fact that L>(0,T; H*(U)) = (L(0,T; HQ(U)))*
imply the existence of a further (not relabeled) subsequence and @ € L>(0,T; H*(U))
such that

u™ S a o in L®(0,T; H*(U)). (5.20)

The two limit functions u and % coincide almost everywhere since for every testfunction
p € C([0,T] x U) we have

/OT/U(u—fL)gpda:dt’
/OT/U(u—uT’“)godxdt‘—i— /OT/U(UT’“—QE)god:):dt

<|lu-— uTkHCO([O,T]XU) ||SDHL1((0,T)xU) + [lu™ — ﬂ”LOO(O,T;HQ(U)) H‘PHLI(O,T;H?(U))
—0

<

as k — oo. Furthermore, u(t) is a periodic function for every ¢ € [0, T]. Indeed, by (5.16)
we can find for every fixed ¢ € [0,77] and every subsequence (u""i (1)) en of (u™ (t))ken
a further subsequence which converges in H?(U) and with the same argument as above,
we conclude

u™(t) — u(t) in H*(U) for t € [0,T]

as k — oo. Finally, since ngr(U ) is a closed and convex and therefore weakly closed

subset of H*(U), u(t) is in HZ2,.(U) for every ¢ € [0,T] and the second part of (5.2) is
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shown.
To prove (5.3) we observe that (5.11) yields the existence of another (again not relabeled)
subsequence of (7x)ken such that

v Zy o in L™ (0, T; L*(U))
and (5.19),(5.20) let us pass immediately to the limit in the definition of v™ to deduce
v=—cAu+ %F'(u).
We set
0™ = 0 X [ T
where X[, 77 is the time dependent cutoff function of the interval 74, T'] and obtain
Hﬁ‘rk”LQ(O,T;HQ(U)) = "UTk”LQ(Tk,T;HQ(U)) <C
by (5.17). Therefore,
o™ — % in L*(0,T; H*(U)) (5.21)
holds with

10/l 20,752 (0)) < €

as the norm is weak lower semicontinuous. As above, it remains to show that the limit
functions v and v coincide. We see for arbitrary ¢ € C°([0,T] x U) that

(v —0)pdx dt‘

(v—2" god:z:dt‘ godxdt’

where the first summand becomes small due to the weak*-convergence of (v )gen in
L*>(0,T; LQ(U)). Now, (5.3) follows since the second term can be estimated by

) dx dt| + gada:dt‘

vT’“go dx dt’

wdmdt‘

<7k 0™ || oo (0,322 ||<P”L<><>(0TL2(U ‘/ / @dmdt'

and therefore also converges to 0 as k — oo by (5.11) and (5.21).

Finally, we show that the limit functions solve (5.1a). Let ¢» € C2°([0,T); C35.(U)) and

per
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7 > 0 sufficiently small. We define m = L%J and set

G+ ‘
w;::][ Y(s)ds € CX,(U), j=0,...m—1
JT
as well as

YT(t) =] forte 37, (5 + 1)7).

Moreover, we extend 7 by 97 (t) := 1 (0) for t < 0.

Due to the definition of u7,,, j € {0,...,m — 1}, we consider (5.5) with ¢ = 9T and
therefore obtain by rearranging

T T T T 1 T T T
/U(“j+1 —uj)yj de = / <A”j+1 - QFN(“j—i-l)vj—i-l) Wy dx

_/]M /(Av L )T) V(= r)duds. (5.22)

The left-hand side can be written as

(+n)T
/( ujq —up)Yi dz —/ / Ofu™ " dxds

G+1)7 j+2)T

/ / u'0; TP  dxds —i-][ / u YT (- —71)dxds
JjT G+ U
(G+1)T

—][ / u YT (- — 1) dxds

T U

where 9] denotes the discrete (time) derivative and where we have integrated by parts
discretely in the last step. Hence, by summing (5.22) over j = 0,...m — 1, canceling
the twice appearing terms on the left hand side, and using ¥ =0 in [(m — 1)7,T] for
sufficiently small 7, this yields

/mT/ uT oy wdeds—][ / WTYT(- = 7) da ds
:/T /(J(AUT—ﬁF"(uT)UT) Y7 (- — 1) dx ds. (5.23)

Now, we pass to the limit 7 — 0 and recognize that
0, TYT — Oy umiformly in (0,T] x U (5.24)
as 7 — 0. Indeed, for ¢ > 0 we can assume 7 > 0 sufficiently small such that

t e [jr,(G+1)71), 5 € {1,...,m —1}. As above, ¥"(t) = ¢(t) = 0 even holds
for t > (m — 2)7 by definition and therefore, 9; "¢7(t) and 0y(t) both vanish for
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t > (m — 1)7. We obtain by the definition of 17 (independent of z € U)

o7 47(6) — 000 = |1 (670~ 7t - ) — o)

(G+1)7
1][ T (s) — (s — 1) — (1) ds

Tj‘l'

(J+1)7
f Bub(p) — Dub(t) ds
Vi

(+1)T
sf 10l ez 0.1y 12—t ds < 2 1o,z ™
J

—0

with p € (s — 7, ) due to the mean value theorem.

We choose 7 = 7, from above such that (5.19), (5.20) and (5.21) hold and take the limit
k — oo in (5.23). Due to the uniform convergence of (u™ )y in [0,7] x U from (5.19)
and (5.24), we obtain for the left hand side of (5.23)

mTy Tk
/ / u™ 0, kY™ dx ds —][ / u™k ™ (- — 13) d ds
0 U 0 U
mTg
:/ / u™ 0, kT da ds — / uo(0) dx
0 U U
T
— —/ / uOpp d ds — / uoy(0) dz
0 U U

as k — oo. For the right hand side we observe that
Y7(-—7) — ¢ uniformly in (0,7] x U

since for t € [j7,(j +1)7), j € 1,--- ,m — 1 we have similar to the argument for (5.24)

[ wtas v

(J-Dr
=[¥(p) = @) < 2¥llero oy T — 0

W (t—7) —p(t)] =[]y —o(t)| =

as 7 — 0, where we have used the mean value theorem of integral calculus with
p € ((j — 1)7,j7). Therefore, the convergence of

/ ' [ (80 = SFr ) wr -y dods

:/OT/U <MT - ;F"(UT)TJT) V(- — 7) dz ds

follows with the weak convergence of (77 )gen in L2(0,T; H*(U)) from (5.21) and the
uniform convergence of (u™)gen from (5.19).
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Summarized, we deduce

_/OT/Uuatwdxds—/Uump(O) dx:/OT/U <Av—€12F”(u)v>¢dxds (5.25)

from (5.22) in the limit for all ¢ € C2°([0,T); Cpe,(U)). For ¢ € C°((0,T); Coe,(U))
n (5.25) we obtain

_/OT/Uuatwdxds_/oT/U <Av—€12F"(u)v>wdxds

and thus, u € H*(0,T; L2, (U)), as the expression in parentheses on the right hand side

per
is in L2(O T; L2 (U)), which proves (5.2).

As a last step, a partial integration in (5.25) yields (5.1) and this completes the proof
of the theorem. O

Proposition 5.7. Weak periodic solutions of (5.1) for given initial data ug € HZ,.(U)
are unique.

Proof. Fix T > 0 and let u! and u? be two weak periodic solutions of (5.1) with same
initial data ug and let v! and v? denote the corresponding diffuse curvatures as in (5.4).
Due to the regularity of u and v from (5.2) and (5.3), we can find a constant K > 0
such that

HuiHLOO([O,T}xU) + “Ui“LW(O,T;L2(U)) + “UiHLQ(O,T;L"O(U)) <K (5.26)

for © = 1,2. Here, the first and last inequality both follow by the continuous embedding
of H2(U) into L*>°(U).
We first observe that
|F”(ul 1 _F//( 2 2‘
§|F”(u F// HUI‘-F‘F” H'Ul—'UQ‘
= HFWHLOO(—K,K) |u - “2’ }1’1’ + HFNHLOO(fK,K)

§C(‘vll }ul—u2|+‘vlfv2’) (5.27)

|o! 7|
and that the difference of u! and w2 satisfies

@t — |
2dt LU

/@u —u?)(u —u2)

/ vl — ) A(u! —u?) — - (F”(ul)fu1 — F"(u®)?) (u' — u?) dx
U 3

since both functions solve (5.1). Now, (5.27) and the definition of v from (5.4) yield

1

T
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! /U('Ul —v?) <iF'(u1) — gF’(uQ) — (v = v2)> dx
1 /! 1/
=y (F (utvt — F (u2)v2) (ut — u?) dx

1 1
< I ey 10 = 0y st = 2y = 0" = e

+C2/ ‘v1|‘u1—u2|2+‘vl—02}‘ul—uZ‘ dx
e Ju

C C 2
=< ) H“l - “2”L2(U) ”“1 - u2HL2(U) + ) HleLoo(U) H“l - u2”L2(U)
1 2
Tz H”l - “2HL2(U)

1 2 C C 2
<z [0t — U2HL2(U) T3 [ ul ~ u2HL2(U) T2 H”luLw(U) [ “2HL2(U)
1

2
Tz Jo" — ”2HL2(U)

2
<C (14 [[o! o) lla" = 720

where we have applied Young’s inequality in the fourth step to absorb the first term in
the sum. Now, Gronwall’s inequality (e.g., [Eval0], Appendix B.2.) immediately implies
for every t € [0, T

H(Ul - u2)(t)HL2(U) < H(ul - UZ)(O)HiQ(U) exp <C/O 1+ Hvl(s)HL"O(U) ds)
< €l =) O}

where the integral in the exponential term exists due to (5.26). Since u!(0) = u?(0) = uy,
this proves u'(t) = u?(t) for all t € [0, T] in L*(U). O

Proposition 5.8. Every weak periodic solution of (5.1) is a smooth classical solution
in C%((0, 00); Cp¢,(U)) N C%([0, 00); H,, (U)).

per per

Proof. We first observe that a weak periodic solution u of (5.1) solves the biharmonic
heat flow equation

Oy + eA%u = G(u), (5.28)
where

2 1 1
G(u) = _EF"(U)AU - gF'"(u) IVul? + 5f?)zvf(u)p"(u)

contains all remaining terms with less derivatives of u in (5.1a). The smoothness of u
can now be shown by combining spacial regularity results from [La02] (or [MaMal2])
for the biharmonic heat flow with a bootstrap argument and applying ODE theory
afterwards in order to prove the smoothness in time. Unfortunately, it is not possible
to apply the parabolic regularity results from [La02] or [MaMal2] directly to establish
higher space and time regularity simultaneously, as G(u) contains derivatives of u (and
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their products) and therefore does not inherit the complete regularity of u. This makes
the more careful treatment necessary.

We sketch the argument here using formal differentiation and omit some technical details
which for example can be found (in a similar context) in [La02, MaMal2, Eval0]. The
proof can easily be made rigorous by using discrete difference quotients.

As ngr(U ) embeds continuously into L*°(U) for the considered space dimensions, we

have u € L*([0,T] x U) by (5.2) and therefore, all occurring derivatives of F are
bounded uniformly in [0,7] x U. The regularity of v from (5.3) now implies

1 1
Au= ZF(u) = 2o € 120, T Hye(U)

and thus, u € L*(0,T; H;,.(U)), which already yields G(u) € L*(0,T; H},.(U)) since

for every i = 1,...,n, 3;G(u) is bounded in L?(0,T; L2_,(U)). Indeed, we have

10,G(u)| :‘ — 2P (w)dpulsu — 2F" (w) Adyu — FD (u) [Vl du
— 2F" (u)Vu - Voju + E%(F”(u)Q + F'(u) F" (u)) Oju
gc( || + | Adsu| + [Vaul? 8| + |Vl |Vdiu| + \aiu\)

and the boundedness of the second and last term follows directly as u € L>([0,T] x U).
For the the first and fourth summand we remark that

D € L2(0,T; H2,,(U)) < L2(0,T5 L®(U)

diu € L(0,T; Hpey (U)) = L=(0,T; L, (U))

p per

and therefore,

/OT/U(&'U)?(AU)? dz dt < ’/U(aiu)z d

At last, for space dimensions n = 1,2, 3,

T
/ HAuH%m(U) dt < 0.
L>(0,7) J0

ue L®(0,T; HZ..(U)) = L=(0,T; WiE(U))

p per

which yields that the third summand is bounded in L?(0,T; L2, (U)).
Hence, we formally derive

Op(0gu) + eA?(dyu) = 0;G(u) € L*(0,T; L2 . (U))

per

and using the regularity results from [La02] (in their localized versions), we obtain

Ou € H'(0,T; L2..(U)) N L>®(0,T; H2..(U)) N L*(0,T; Hy (U))

per per per

and then

we H'(0,T; Hye(U)) N L®(0,T; Hyo (U)) N L*(0, T; Hp, (U)).
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Now, the enhanced regularity of u can be used to show G(u) € L%(0,T; ngr(U)) with
analogous calculations as above and repeating the argument gives

ue H'(0,T; H (U)) N L®(0,T; Hpo(U)) N L?(0, T3 HY (U))

and so on. By this bootstrap argument we finally obtain

we H'(0,T;HE, (U)) N L®(0,T; HY, (U)) N L?(0,T; Hy (U))
for all £ > 0 and consequently, u is a smooth function in the space variable. For the
differentiability in time we argue similarly. We see that G(u) € H*(0,T; H},(U)) for
all £ > 0 and (formally) differentiating (5.28) yields

Ay (Opu) = —eA%(dpu) + 0,G(u) € L*(0,T; HE (U))

per

which especially implies u € H?(0,T; H*. (U)) for all k. This provides better time

per

regularity for G(u) and with another bootstrap argument we successively obtain
u € HI(0,T; H{fer(U)) for all 7,k > 0 which proves the proposition.

To show the time regularity of u in ¢t =0 we fix j > 0and 0 < k < 2. Fort <1 we

obtain
2 ty 2
[ ([ ] ) o
L2(U) U \Jo

2
< tllullzse 0,12, )

|07 (1) — ofu®) (0)

<t )‘Gg+1“(k) ‘ iz(o,l;Lger(U))

— 0

as t — 0. This holds true for all j > 0 and hence implies u € C*([0, 00); H2..(U)). O

per

5.2 Slow motion: Heuristic justification and analytical
results

We deal with the question how the gradient flow of W, qualitatively behaves in one
dimension and whether transition layers show up dynamic metastability. This question
has not yet been addressed for the diffuse Willmore flow but is well studied for gradient
flows of the diffuse area functional £.. There, this phenomenon is distinguished by
several stages of the evolution. In a (fast) first energy relaxation stage the initial value
forms almost constant regions and steep transition layers between them. Afterwards,
the configuration appears to be stationary but in fact evolves exponentially slow on a
long timescale. Both stages are followed by a possible third stage during which the two
closest layers collide and annihilate. This process repeats until a global minimizer of
the underlying energy functional is attained.

Our interest results from the observed dynamics in [EsR4R614] (which appear nume-
rically nearly stable after an initial energy relaxation) and is also motivated by the
already mentioned metastable behavior of other gradient flows appearing in theory of
phase transitions as the Allen-Cahn or Cahn-Hilliard equation.

A full analysis of the slow motion stage for the Allen-Cahn equation can be found in
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[CaPe89] and [FuHa89] where a geometrical approach is used to characterize the expo-
nentially slow layer movement. Using weaker conditions on the inital values Bronsard
and Kohn [BrKo90] could prove slightly weaker results on this stage by energy-based
techniques.

[Ch04] contains a detailed description of all stages and especially characterizes the initial
energy relaxation. We also refer to [OtRe07] where the authors develop general abstract
conditions on an energy functional such that its gradient flow shows up metastability.
Afterwards, they exploit the gradient flow structure of the Allen-Cahn equation to
derive similar results as in [Ch04] by energy based methods.

For a complete analysis of the Cahn-Hilliard equation we refer to [ScWel8] which is
based on the (modified) scheme of [OtRe07] and the citations therein. We also point
out that [ScWel8] heavily relies on the relaxation framework introduced in [OtWel4]
which makes extensive use of the mass conservation of solutions to the Cahn-Hilliard
equation.

The Allen-Cahn and Cahn-Hilliard equation are gradient flows of the diffuse surface
energy functional & (with respect either to the L?-norm or the H~!-norm). Here, we
consider the gradient flow of the diffuse Willmore functional W; instead, which makes it
difficult to adapt most of the listed approaches above. As a major challenge, solutions of
its gradient flow (5.1) lack both of a parabolic maximum principle (as in the case of the
Allen-Cahn equation) and of the mass conservation property (as in the Cahn-Hilliard
equation).

In the following, we will restrict on the slow motion stage in which the dynamics are
mainly driven by the layer locations and especially on the question how the competitor
phase fields u* constructed in Theorem 3.10 (as a prototype for configurations with
formed transition layers and exponentially small energy) on an interval [0, L], L > 0
evolve in time. Our aim is to describe the motion speed of v and especially its zero
positions, see Propositions 5.10 and 5.14 below. Unfortunately, it turns out extremely
difficult to determine the direction in which the zeros move. This specific problem still
remains open and we comment on it at the end of the section via an heuristic argument.

As the motion speed of a solution u of (5.1) is directly related to its energy decrease
we expect an exponentially small motion in the L2-sense. This correspondence is true
for every L2-gradient flow equation although we formulate the inequality specifically
for our problem in the next Proposition. In this section space derivatives of u will be
denoted by u’ as before while we write dyu for its time derivative.

Proposition 5.9. Let u be a weak solution of (5.1) in the sense of Definition 5.1 for
e > 0 with initial condition vy € H? ((0, L)) Then for all T > 0 we have the inequality

T L
/0 /0 (Bpu)® da dt = We(ug) — W (u(-, T)) < W (up). (5.29)

Proof. From Proposition 5.8 we obtain u € C°°((0, 00); e, (U)) N C*°([0, 00); ngr(U)).

We multiply (5.1a) by d,u and integrate over (0,7) x (0, L). After an integration by
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parts on the right hand side in space this yields

/T /L(Otu)dedt
—_ - / / ( eu” + F’( )) (—6(3tu)”+iF”(u)8tu> dx dt
/ dt/ < u” + F/( )>2dxdt

—Wg(u()) We (u(-,T))

where we have used the continuity in time of the inner integral down to ¢ = 0. The
statement then follows as W(u(-,7)) > 0 for all " > 0. O

Proposition 5.9 gives a first estimate on the motion speed of u and only yields a bound
on Gyu in L2((0,T) x (0,L)). Nevertheless, we can use the gradient inequality (5.29)
to obtain better insight into the dynamic behavior. Propositions 5.10 and 5.14 are in
the spirit of [BrKo90] where in contrast to other approaches to the slow motion stage
of the Allen-Cahn equation the results are merely due to the equation’s gradient flow
structure and energy based methods. This makes it suitable to adapt the results in our
case, as we have a good understanding of the energy orders of configurations with a
prescribed number of transition layers from Section 3.2.

The first result describes the time evolution of initial configurations with small energy.
As we will see such phase fields stay almost constant on a large time scale.

Proposition 5.10. For ¢ € (0,L) let (ug)e>0 be a sequence of initial values in
H2,((0,L)) with u(0) = u(f) = u(L) =0 and

per

ug — v =2x0g-1 inL"((0,L)), (5.30)
W (ug) — 0 (5.31)

as € — 0. For the solution u® € C*((0,00); C25.((0, L))) N C>([0, 00); H2,,.(U)) of (5.1)

per per
with initial value ug, € > 0, we then obtain for all T >0

L
lim sup / [u®(-,t) —v| dz = 0. (5.32)
0

e=00<¢<T

Proof. For T' > 0 we observe

L L L
sup / |u(-,t) — v| dz < sup / |u (-, t) — ug| dx —I—/ lug — v| dx
0 0 0

0<t<T 0<t<T

where the second summand tends to zero by (5.30). For the first term we apply the
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fundamental theorem of calculus for the estimate
L
sup / |u®(+,t) —ug| de < sup / / |0yt ds dx
0<t<T 0<t<T

//|atu€|dsdx<\/ﬁ</ / B dsd:z:>

<V LT/ W-(ug)

— 0

as € — 0 where the last inequality follows from (5.29). O

As we have information about the least energy order of W, from the scaling law, we
can improve the result above for a special choice of initial values.

Proposition 5.11. In the situation of Proposition 5.10 choose (uj)e>0 such that

C —¢12 _2C min{¢,L—¢}
We(us) < = ‘e*af _ ot o 2 el (5.33)

g2

holds for small € > 0. Then, we have for all constants m >0, D < 2«

L
min{¢,L—¢}
lim sup {/ |uf(-,t) —v| de : 0 <t <me2eP™ = } = 0.
0

e—0

Proof. This follows directly by repeating the proof of Proposition 5.10. Note that
the ¢ dependence of T only becomes relevant in the last inequality, where it is now
compensated by the smallness of \/W:(uf). O

Remark. For ¢ > 0 sufficiently small, £, £=£
to be the constructed competitor function u* from the proof of Theorem 3.10 which
satisfies (5.33).

We have proven that initial configurations with exponentially small energy hardly move
for exponentially long times which explains why such phase fields appear numerically
stable. We continue by analyzing the movement of transition layers explicitly.

Before we formulate our result and further considerations we prove a preparatory lemma
which basically says that functions in M; with small diffuse Willmore energy are almost
step functions with values in {—1, 1}.

Lemma 5.12. Let e,/ >0 wzth L=t > ¢, and consider u € M with
C ¢ _ L—¢|2
Welw) < 5 et = emnts

For sufficiently small 6 > 0 there exists g = €9(9) such that for all e < gy we have
|u*(z) —1] <6 forallz € [85,6— 6] U[¢+6,L— 6] (5.34)

Proof. By Corollary 3.4 (5.34) holds for qp. in [§,¢ — 6] (for —q, in [ +6,L — 4],
respectively). If € > 0 is sufficiently small w inherits the property due to the estimate
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(3.14).
Precisely, we choose § > 0 small and observe for = € [, ¢ — 0]

Lff

[0(2) = a0 (@)] < Clhu—arell s (5,) < OVEVIVEQ) < \ﬂ@w :

by estimate (3.14) which becomes smaller as g 0 for sufficiently small € > 0. Moreover,
we directly deduce that |u(z)| < 2 as u is close to g and 0 < g0 < 1.
Together with Corollary 3.4 we can also choose ¢ sufficiently small such that

o .
lgee — 1] < 6 in [6,¢ — 9]

to obtain
[u2() = 1] = lu(@) + 1] Ju(@) = 1 < 3( Ju(@) — grel + lae —11) =
For x € [{ + §, L — ¢] the same argument applies and this proves (5.34). O

For the rest of this section we consider ¢,y > 0 satisfying b L_EZO > {4 (with ¢4 from
Theorem 3.10) and choose @y € Mj to be the competitor function u* constructed in
the proof of the scaling law. We now define ug € per((O L)) by

uo(+) = 1o ( - ﬁ)

taking the periodicity of 4y into account. The shift by g ensures that no zero lies on
the ends of the interval at time ¢ = 0. As we are interested in the movement of the zero
positions, this will simplify the formulation of the results below. We denote the zero
positions of ug by z§, 22 € (0, L), x} < 23, satisfying (after possible change of indices)

and hence, ug > 0 in (x, z§). Further, let u € C*°((0,00); C52,.((0, L))) be the solution
of (5.1) satisfying u(-,0) = ug(-).

We can assume that the number of zeros of u(-,t) does not change and that they stay
transversal for large times as by Theorem 3.9 and the small energy size of ug increasing
the number of zeros is not energetically preferable (see the proof of Theorem 3.12 for a
similar argument). At a time ¢ > 0 we will denote the zeros of u(-,¢) by !(¢) and 22(t)
with #1(0) = 2§ and 22(0) = 22 and remark that by the implicit function theorem the
mappings

2t at(t), t>0,i=1,2
are differentiable. For convenience, we also define the function
0t) == 2*(t) — z(t)

which satisfies £(0) = ¢y. We restrict ourselves to the analysis of two transition layers
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here but remark that the results below can easily be generalized for configurations with
more layers, provided that neighboring zeros are far enough away from each other.

We are going to apply Lemma 5.12 for different points in time and therefore have to
ensure that the requirements of Theorem 3.9, on which we relied in the proof, are
satisfied for large times 7" > 0. In particular we have to check condition (3.9) for positive
times T'. As we consider the gradient flow of W, it is not a priori clear how the diffuse
surface energy of u evolves in time.

Lemma 5.13. For T > 0 and small € > 0 we have

VOTC . )2
Ee(u(-T)) < Ec(ug) + 52 e — ol
2

and hence, condition (3.9) is still satisfied for exponentially long times.

Proof. For T > 0 we apply Proposition 5.9 to obtain
Ta Ta fe ,5 1
/0 dtga(u)ds—/o dt/o 2(u) —i—gF(u)dxds
T (L 1
:/ / <—5u" + F/(u)) Orudz ds
o Jo €
T 3/ T L 3
<V2e (/ We(u) ds> </ / (Opu)? dx ds)
0 o Jo

<V2eTWe(up)
and hence,

E(ul,T)) <E(uo) + V2eTWx(up)

2T ¢ L—tg |2
=& (up) + 3C2 e — e | O
£2

Now we can characterize the movement speed of the layer positions of u.

Proposition 5.14. For 61 > 0 we define
T == inf {t >0 : ‘xz(t) - xﬁ} > &1 for some i € {1,2}}.
If 01 is sufficiently small there exists eg = €9(d1) > 0 such that
0 > 062 (Ws(uo)) o (5.35)

holds for every € < g9. This means that the transition layers require at least exponential
long time (in terms off and L%%) to travel the prescribed distance 6.

Proof. Let §; > 0 be small. We notice that there is nothing to show if 7t = co and
hence, we can assume that 79" < co. Since the zeros of u move continuously in time,
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there exists i € {1,2} with

xi(Tfl) — :cé =
which implies
L
/ (u(',Tﬁl) - uo) dx > C9. (5.36)
0

Indeed, this follows from the fact that both u(-, Tgl) and ug are basically step functions
by Lemma 5.12 with one of their discontinuities §; away from each other. We have

L
/0 ‘u('7T£1) - UQ‘ dx
L
Z/o (x (22 (@) —a2(T2)) 1) = (2X@a) ~ 1)‘ dx
L
-,

L

u(, T2) ~ (QX(xl(Tfl)—mz(T‘sl)) - 1)’ dx

£

where the first integral is greater or equal to 20;. The remaining integrals can be treated
analogously and we therefore concentrate on one of them. As u(-,79) is periodic we
can perform a shift of #1(721) in space (and a transformation of variables afterwards)
to obtain

[
-

as well as u(0, T2') = u(¢(T?1), T?") = 0. Since

§
R R 1)‘ dm

u(7T€61) - (2X(0,€(T51)) - 1)’ dx

Wg(u(-jTgl)) < We(up) = % ‘e e —e Y

., and we can apply Lemma 5.12 for

§ < 81. This yields for Iy = (6,0 — §) U (£ +6,L — 8) € [0, L]

L
|
_ §
_/15 WS TE) = (2K g )~ 1)’ da
+ LT — (2 —1)|d
[ ) = gy - 1]

<S|Is| + C 0, L)\ Is| < C5

and due to Lemma 5.13 we have u(-, T!) € MZE 70

) = (g gy )|
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and for sufficiently small § > 0 we combine the estimates of the single integrals in (5.37)
to conclude (5.36).
Now, by the fundamental theorem of calculus and Proposition 5.9 we have

2 L L 3
Co < / / |Opu| dxds < LT (/ / (ﬁtu)2> < \/LTSI\/Wg(uo)
0 0 0 0

and (5.35) follows by rearranging. O

The proven results above give a profound understanding of the slow time evolution of
configurations with small energy under the diffuse Willmore flow and the velocity of
moving phase transitions. However, they do not explain in which direction the layer
locations move in time. This problem remains unsolved in general although we expect
that the zeros of u will distribute equally on (0, ¢) and maximize their mutual distance
taking the periodicity into account. We present a partial result on the movement
direction as an immediate consequence of the scaling law from Proposition 3.16. We
will prove that whenever ¢y > L — ¢y (the case ”<” is absolutely analogous) the scaling
law directly implies that ¢(¢) cannot exceed ¢y by more than a constant times ¢ in the
“wrong” direction for all times ¢ > 0.

Proposition 5.15. Assume that £y > L — £y and define C = % > 1 with C1,Cy from
Theorem 8.10. Then we have for allt > 0

() < to+ (Ve -1)=. (5.38)
a

Proof. For a fixed t > 0 we omit the argument of /(¢) and write £ := ¢(¢) in the following.

We can assume that ¢ > L — ¢ and £ > ¢; as there is nothing to show otherwise. From

(3.16) we obtain

Ci| _ot o L=t
e —e e

2 C
< We(“) < Wa(“O) < ? ’6_06? —e @

2
and taking the square root after rearranging gives

_a L=t _at ~( _,L=% )
e 4 ¢ —easg\/a(ea B —eas).

L
A multiplication by e* = yields

-4 L—(Ly+e) ~ L—2¢
T e §\@<1—ea so)

and hence since C >1
0 p = L-2¢ L—(p+e)
1—1—8(6—&]) < e® = < \@—\F(Z'eo‘ I
€

= Lo+ 20 = to—1L
§\/5+ e (e_O‘OT - e_O‘T()) =0 — Leatema™s (£ — o)

£

due to the basic inequality 1+ s < e® for s > 0 and with ? between £y and ¢ determined
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by the mean value theorem. The second summand in the last step above is negative and
we neglect it in the inequality which immediately yields (5.38) after rearranging. [

We can adapt the argument from the proof of Proposition 5.15 for an heuristic derivation
of an ODE model which describes the evolution of the zeros of u.

Heuristic ODE-model for the zero position. The scaling law from Theorem (3.12)
lets us formally derive an ODE system describing the motion of zero positions of a
configuration » under the diffuse Willmore flow. Although the constants C, Cs in the
scaling law (3.20) are different in general, we now assume that there exists a constant
Co = Cy(L) > 0 such that

Co ‘ aLl=t|?

—_at _
— |e e —e €
52

min W, =~
Mg

holds for all £ > 0 with f, % > ¢* (with ¢* from Theorem 3.12) and where we have
neglected possible lower order terms.

As the functions x!(t), 2%(t) are differentiable it is reasonable to describe their behavior
by an ODE system.

We define the functional

(5.39)

which describes the time evolution of both zero positions of v completely. Notice that for
(=22 —2'> L (< L) we have 92! > 0(< 0) and 92 < 0(> 0) and Gz = 922 = 0
for 2% — 2! = % This means that the zeros always maximize their distance to each other
(regarding periodicity) and distribute equally on the interval which is in accordance to
our observation that only in these cases the energy can vanish completely. However, the
motion of zeros is exponentially slow and (5.39) is an intelligent guess for their velocity.

The derivation of (5.39) was done under the assumption that there exists an optimal
constant Cj in the scaling law. Moreover, it is not clear that the gradient flow for
z! and 22 really displays the actual behavior of the zeros. While the first point is
probably difficult to solve (as the constant in the crucial estimate (3.14) is only given
implicitly) this method yields the correct dynamics in similar contexts. In [BeNaNol5]
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the authors prove a scaling law for the Ginzburg-Landau energy &, in a similar set-
ting with an explicitly determined sharp constant. As the energy scaling is solely
dependent on the zero positions (as in our case) they formally derive an ODE system
for their motion under the gradient flow of & (the Allen-Cahn equation) which coin-
cides (up to an multiplicative constant) with the rigorously proven results from [CaPe89].

We end this section with a few thoughts about the zero movement and give a small
outlook how it could be proved.

Even if it would be possible to match the constants Cy and Cy in the scaling law (which
does not even have to be possible in general) this does not immediately justify the ODE
system (5.39).

The in our view most promising approach is to follow the ideas from [CaPe89] for the
slow motion of the Allen-Cahn equation. There, the authors identify a potential and
prove that the time evolution is driven by potential gaps between the transition layers.
We remark that the gradient flow of W still gives rise to a potential in the sense that a
solution of (5.1a) satisfies

2 1
(atu)u/ _ 81: . €2u///u/ + %(u//)2 +FI/(U)(U/)2 o @F’(U)2 — axP(U)

For this strategy it is crucial to have a precise understanding of the shape of quasi
stationary states which still lacks in our case and therefore, this could be a first point
for later research.
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6 The diffuse approximation of W
for nonsmooth configurations

6.1 I'-convergence of V. for intersecting boundary curves

In connection with the Van der Waals-Cahn-Hilliard theory of phase transitions De
Giorgi stated the following conjecture regarding the I'-limit of certain diffuse energy
functionals approximating the sum of the area and Willmore energy of the sharp phase
boundary. We state the precise conjecture from [DeG91], Conjecture 4, in a slightly
corrected form with a factor 2 in front of the Laplacian and slightly enhanced regularity
for the function u (see also [R6Sc06]).

Congecture (De Giorgi): For © C R™ and A > 0 define the functionals G, : L'(Q) — R,
p >0 by

Gyl = |

if u € H*(Q2), and Gp(u) :== oo if u € LY(Q)\ H*(Q). Then there exists k € R, depending
only on n, such that for any E C Q with 0ENQ € C? and v = 27y

2Au )\ |Vu|?
—— —psinu | +A| |—— +p(1 —cosu)| dz, (6.1)
p

T(LNQ)) — lim Gy(u) = SYIAH (IE N Q) + k:/ Hyp|® dH".
OENQ

p—o0
Due to the large mathematical relevance of phase transition theory, De Giorgi’s con-
jecture has been studied intensely in the following years. In this work we consider a

modified problem for closely related functionals which originally has been formulated in
[BePa93|.

Conjecture (De Giorgi, modified): For @ C R™ and ¢ > 0 define the functionals
Fe o LYQ) - R by

Fe(u) = E(u) + We(u)

- /Q (; Val? + iF(u)) d + /Q 2% (—5Au+ iF’(u)>2 de,  (62)

if u € LY Q)N H?(Q) and Fo(u) := oo if u € L1(Q) \ H?(2). Moreover, let E C Q
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with 9E N Q € C? and indicator function x := 2yg — 1 and set o = f_ll V2F ds. Then
(Fe)eso is T(LY(Q))-convergent in x and

L(LY(Q)) — lim 7 (x) = oH" T OENQ) + a/

1 _
3 |Hpp|* dH" L. (6.3)
OENQ

Remark. In comparison to the original conjecture, Bellettini and Paolini changed
the double well potential from (1 — cosu) to F' (as before) and replaced the energy
density & |Vul® + 1(1 = cosu) in front of the diffuse curvature term by a factor 1 where
we set € = ]% in (6.1). The last mentioned modification simplifies the structure of
the considered functionals and can roughly be motivated by the fact that the phase
transition happens on a layer of size € which means that the energy density above is of
order % in the transition layers. For further details of the problem we refer to [BePa93,
LoMa00, R6Sc06] without any claim on completeness.

As another advantage of the modified formulation, the constant factors in front of both
summands of the limit functional now coincide and ¢ can be interpreted as the “cost”
of an optimal one-dimensional transition from —1 to 1 in terms of the diffuse surface
area functional (see [MoMoT77]).

In comparison to [BePa93] and [R6Sc06], we added a factor 3 in front of the Willmore

2
functional and its diffuse approximation to be consistent with the notation of this thesis.

The first summand of F; is (up to the constant o) a diffuse approximation of the
surface area of JF N and its I'-convergence has already been proven in [MoMo77] (see
also [Mo87]) for more general sets E with finite perimeter (see, e.g., Section 2.3 for a
definition).

The I'-convergence of the second term has turned out to be more complicated to prove
and several authors have contributed in the investigation of the problem. The lim sup-
part of (6.3) was shown in 1993 by Bellettini and Paolini who managed to construct
a proper recovery sequence for the problem (see [BePa93, BeMu05] and also Section
2.6). The liminf-estimate was accomplished by Bellettini and Mugnai in [BeMu05]
for rotationally symmetric configurations in two dimensions while Moser could prove
the estimate in R? for data which are monotone in one space direction [Mo05]. In
2006 Roger and Schétzle managed to prove the whole lim inf estimate for dimensions
n = 2,3 in smooth limit points and thereby could prove the modified conjecture of
De Giorgi in these dimensions [R6Sc06]. Their approach uses the framework of ge-
ometric measure theory and the concept of varifolds as suggested in [HuTo00] and [To02].

In this chapter we are going to generalize the result in two dimensions to a wider class
of sets F where our main focus lies on (self-)intersecting boundary curves in which
case the conjecture has not been proven yet. In particular, we will show that these
configurations have a limit energy given by the sum of the energies for every boundary
curve without any ”penalty” for the intersections and independent of the intersection
angles (see (6.7) below). These configurations for example appear in the long time
behavior of numerical simulations for the diffuse Willmore flow as shown in Figure 1.1.
We refer to [EsRaR614] for the precise numerical results.

We give a short outline of this section. In a first step we introduce a class S of indicator
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functions (and thereby the class of sets E) for which we will prove I'-convergence of F.
(see the following Section 6.2 for several examples of indicator functions in S). After-
wards in Theorem 6.3, we formulate our main result whose proof is basically divided
into two propositions.

We begin by defining an auxiliary class of characteristic functions u = 2y — 1 where we
allow OF to be the union of finitely many closed C? curves with finitely many transversal
(self) intersections such that OF locally looks like a line or actually is the intersection
of two straight line segments. Observe, that we do not allow more than two boundary
portions to intersect in one point in particular.

Precisely, we consider £ C €2 such that:

i) There exist N € N closed C?-curves @1, ...,¢on: S' — Q in Q such that

N
0 = J ¢i(S")
=1
and
Alz) = #{(k,s) . on(s) = x} <2 (6.4)
for all z € OF.

ii) The set A := {z € OE: A(x) = 2} C OF (which consists of the intersection
points of OF) is finite and for every x € A there exist one-dimensional subspaces
P, P, € G(2,1), P, # P; and an open neighborhood U C R? containing the origin
such that

OE N (x—l—U) =z+ ((P1UP2)mU).
For every point x € OF \ A the classical tangent T, (0F) on OF is well defined.
The class of the considered indicator functions is then given by
Sop={ue LY(Q) : u=2xg — 1 with E CC Q and conditions i)-ii) above }

and we define the Willmore energy of u € Sg to be

N
Wi(u) == W(OE) =Y _ W(¢;)
i=1
where the closed curves ¢;, 1 <4 < N describe the positions of the phase transitions of
u as in i) and with W(g;) = W(p;(S1)) for all i. Finally, we set

N
F(u) = o(H(OENQ) + WOE)) =0y (L(gi) + W(1))

=1

with o = f_ll V2F ds as above. Based on Sy, the class of functions & can now be
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constructed by an approximation argument. We consider indicator functions of sets
E C Q such that

iii) There exists an integral 1-varifold V € V1 () with weight measure ||V || := Oy H! | M
on ) for a 1-rectifiable subset M C R? and 6y € N H!-a.e. on M such that

IVxel < V] (6.5)

This condition especially implies that 0*E C supp||V|| = M. Moreover, V shall
have generalized mean curvature Hy € L2(|V]).

iv) There exists a sequence (u(®)).ey in Sy such that
u® 5y in LY9Q)
and
Fu®) = F*(u) < 0o (6.6)
as k — oo where we define

1
F*(u) =0 inf /1+2|HV|2dHV||. (6.7)

V as above [
and set
S:={ueL'(Q) : u=2xp— 1 with E CC Q and conditions iii)-iv) above}.

Remark. The definition of F* extends F in the sense that we have F* = F on Sp.
To see this consider u = 2yp — 1 € Sp. Let V € V() be the integral 1-varifold with
weight measure ||V = H'[OE. Then (6.5) is obviously satisfied and Hy = Hiyy )
holds H!-a.e. on Im(ep;), 1 <i < N. Hence, we especially have Hy € L?(||V||) as OF is
C?-regular away from the intersection points. This yields

N
1 1
Fr(u) < a/ L L R ant = UZ/ L4 S [Hon? dH! = Fu).
2 : , 2
oF = Jim(p)
Now let V' as in iii) with (6.5) and ||V|| = 8y H!|[ M. We obtain
1 1
/ (1 + = HV2> Oy dH' > / 1+ = [Hy|* di!
M 2 oE 2
1
= [ 1 Hagl aw = o7 F )
o8 2

where the equality in the second step follows from [Sc09], Corollary 4.3. By taking the
infimum over all V' as in iii) the statement is shown.

Remark. Notice that the conditions on w € § are fairly natural regarding the genera-
lization of De Giorgi’s conjecture. Indeed, we can show that whenever a sequence of
sharp interfaces (u(k)) ken in Sg has uniformly bounded energy F (u(k)) there exists a
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subsequence and a set £ CC R? such that the associated phase boundaries converge to
a varifold as in iii):
Let (u(k))keN be a sequence in Sy with u¥) = 2xE, — 1 for k > 1 and assume

k—o00 k—o0

1
lim inf F(u®) = liminf o <7—[1(8Ek) t3 ||H6Ek||i2(H1L8Ek)> < 00. (6.8)

As the sequence is obviously bounded in L'(€) the first part of the inequality implies
that (at least for a subsequence) ’Vu(k)| (€2) is bounded and by the compactness theorem
for BV functions (see, e.g., [EvGa92], 5.2.3) we can extract a further (non relabeled)
subsequence such that

u® — u in LY(Q) (6.9)

as k — oo and u = 2xg — 1 for a set £ CC R? of finite perimeter.

We further denote the induced unit density varifolds by Vi € V1(€2) which means
|Vi|| = H'|OF} for k > 1. Particularly, (6.8) implies for all subsets U CC Q

lim inf || V4| (U) = liminf H' (0B, NU) < oo
k—o0 k—oo
as well as

By Allard’s integral compactness theorem (see Theorem 2.14) there exists a subsequence
again denoted by (Vj)ren which converges weakly to an integral 1-varifold V' € V1(Q).
Moreover, this immediately induces 6V}, — 8V as k — oo by definition. It remains to
show that V has a generalized mean curvature Hy, € L2(||V]|). The lower semi-continuity
of weak measure limits (see Proposition A.7) yields

6V ()| = lim [§Vi(n)| = lim \ [ Hom, na vl
k—oo k—o00 Q

<Timinf [Hog || 2y 170l z2 iy
< likfgioréf |HsE, |‘L2(||Vk||) H77HL2(||V||)

<Clnll g2y

for all vector fields n € C2(; R?) and thus, §V is a bounded linear form on the reflexive
space L2(||V||) for which exists a function Hy € L?(||V]|), i.e. the generalized mean
curvature of V', such that

5V (1) = —/QHv-UdllVH

for all n € C(Q; R?).
It remains to show that V satisfies (6.5). Let M denote the support of ||V]| and for an
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open set U C  consider ¢ € C%(U;R?) with |¢| < 1. We set K = supp ¢ and obtain

/V pdr = hm V pdr =— hm go-yaEdel

k—o00 6Ek

<lim sup H' (5EkﬂK) SH (MNE)<H'|MU) <|[V] (V)

k—o00

by (6.9) and the weak convergence of ||Vi|| = H!|0E, = |Vxg,|. By definition we now
have

Vxe|(U) = SUP{/EV'WME o € CAUSRY), Jo| < 1} <[Vl (v)
which holds for all open sets U C €. This proves (6.5).

The observation above shows that we can assume without loss of generality that every
sequence (u(k)) ren of indicator functions in Sy with uniformly bounded energy F induces
a limit integer 1-varifold as above.

Nevertheless, the energies F(u(®)) do not have to converge towards F*(u) as in general
we only have

F¥u) < lim F(u®).
k—o00
This makes (6.6) the crucial condition to functions in S.
Finally, the definition of the generalized energy functional F* is rather canonical as
the infimum ensures that 0*E (or rather the induced boundary measure H!|[0*E) is
extended to an integer 1-varifold with generalized mean curvature in an energetic optimal
way. In fact, we will show in Proposition 6.2 that the infimum in (6.7) is always attained.

The set S has been defined by an abstract approximation argument. We will give several
examples of included elements in Section 6.2, which will provide a better insight into its
structure.

Lemma 6.1. The generalized energy functional F* is L'-lower semicontinuous on S,
i.e.,

F*(u) < liminf F*(uy)

k—o0

for all u € S and sequences (ug)ren n S with uy, — u in L'(Q) as k — oo.

Proof. Let u=2xg —1 € S and (ug)ren in S with u, — u in L'(2). We can assume
that the limes inferior is finite as there is nothing to show otherwise. For £ € N we
choose Vj, € V1(Q) as in iii) with

1 K
o [ 1+ g B AV < F ) +
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and thus obtain

1
o lim inf/ 1+ 2 [Hy, |* d||Vi| < liminf F*(uy) < co.
[} 2 k—o0

k—o00

As in the remark above, Allard’s compactness theorem yields V;, — V for a (non
relabeled) subsequence and again, we deduce

Hvlzavn = 0, /QHV gV < T nf Fv 2y
g2 vy <1
as well as
Vxe| <[V

Therefore, V' satisfies the requirements in iii) for u and we have
* 1 2
Fi(u) <o [ 1+ [Hy[" d[[V]|
I 2
. r ... 2
Sahkrggf [Vl (€2) + 5011kn_1>£f IHv, 20w

1
gahminf/ 1+§\Hvk!2 d ||Vl
Q

k—o0

<liminf F*(ug)

k—o0

since ||Vi|| = ||V|| for k — oo and this completes the proof. O

Proposition 6.2. For everyu = 2xg—1 € S with E CC 2 and finite energy F*(u) < oo
there always exists a minimizing varifold in (6.7) and therefore, we have

1
F*u) =0 min /1+2|HV|2d||VH. (6.10)
Q

V as in iii)

Proof. This follows immediately by choosing u; = u for all £ € N in the proof of Lemma
6.1. O

The main result of this chapter is contained in the theorem below.

Theorem 6.3. Let Q C R? be a bounded domain and E CC ) such that its indicator
function u = 2xg — 1 belongs to S. Then

(LY — lim Fe(u) = F*(u)

e—0

holds with F*, F. defined as in (6.7), (6.2).

Following the definition and characterization of I'-convergence in Section 2.1 the proof
reduces to the following statements.
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i) (Lower bound inequality) Let (u.)->o be an arbitrary sequence in L!'(Q) with
ue — uwin LY(Q) as ¢ — 0. Then

F*(u) < liminf F.(u.)
e—0
holds.

ii) (Recovery sequence) There exists a sequence (ug)eso in L'(Q) with ue — u in LY(Q)
as € — 0 such that

F*(u) = ;1_% Fe(ue).

We prove statements i) and ii) separately in the Propositions 6.4 and 6.8. The lower
bound inequality follows with the results from [R6Sc06] and we therefore restrict to a
sketch of the proof.

Proposition 6.4. Let Q C R? be a bounded domain and E CC Q such that v := 2xg—1
lies in S. Further, let (ug)eso in L' (Q) with ue — u in LY(Q) as ¢ — 0. Then

F*(u) < liminf F(ug). (6.11)

e—0

Proof. We follow the proof of Roger and Schétzle from [R6Sc06], Theorem 2.1. By
smoothening and standard approximation we can assume without loss of generality that
u. € C?() for all € > 0. Now, we define the diffuse curvatures v. € CY(Q) by
1 /
Ve = —eAus + —F'(u.)
€

together with the Radon measures

€ 1
e = <2 \Vu5|2 + F(u€)> L2,
€
1
Qg ‘= %'U?,CQ,

which localize the diffuse approximations of the surface and Willmore functional in the
definition of F; in (6.2). In particular, we have

]:s(us) = /J/E(Q) + ae(Q)'

We can assume that liminf._,o F(ue) < 0o, since otherwise (6.11) clearly holds. In the
following, we restrict ourselves to a subsequence (for the sake of notation still indicated
by &) which realizes the limes inferior and therefore obtain

1:() + a(Q) < C. (6.12)

Since the functions u, approximate the indicator function u, the measures . roughly
display the position of the phase transitions of u.. To give this interpretation a more
geometric meaning, an approximate “normal direction” is assigned to . on the interface:

108



6.1 T'-convergence of W, for intersecting boundary curves

For € > 0 we define the general varifold V. € V1(Q) induced by p. via

Va(g) = /Q 6 (2, Pou. (0)) dpie(x), & € CUQ x G(2,1),

where

Vu. Ve ) .
Id — ® z), if Vue(x 0
Pgy. (z) = <|Vu€| |V, | (=) (@) #

0, else

describes the orthogonal projection onto the level line of u. in . We note that by
definition we have ||VZ|| = . for the weight measure of V. and inequality (6.12) therefore
induces

Va2 x G(2,1)) = V2] (2) = pe(2) < C.

Thus, the weak compactness theorem for Radon measures (see Proposition A.8) yields
the existence of another subsequence (again indicated by ) such that

*

fe = g, . = a  weakly* in CQ(Q)* (6.13)
as well as
V. 2V weakly* in C§ (Q x G(2,1))"

as e — 0.
The classical result of Modica and Mortola from [MoMo77] (see also [Mo87]) for the
I'-convergence of the diffuse surface functionals already includes the estimate

oH'O*E(U) < u(U) < lim inf 12 (U) (6.14)

for all U C 2 and we can concentrate on the second summand of F.. We remark that
the inequality above is independent of the boundary restrictions on E we made in the
formulation of the proposition. Essentially, the statement still holds true for every set
with finite perimeter.

Since

e e = Vel = V|

as € — 0, we obtain p = ||V/||. By Theorem 4.1 from [R6Sc06], V' is rectifiable and has
generalized mean curvature Hy, € L?(€2). Furthermore, we have

1
2/ IHy|? dp < a(Q) < liminf o (Q) = lim inf W, (u.) < co. (6.15)
Q

e—0 e—0

Theorem 5.1 in [R6Sc06] proves that o~ 'y has an integral density and (6.14) ensures
|Vxe| < 071y which is (6.5). Hence, by the definition of the generalized energy F* in
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(6.7) and the fact that Hy = H,-1y, this yields
* 1 2 —1 1
F'u)<o [ 1+ - Hyy|"dle |[V|)= | 1+ =z |Hy| du (6.16)
o 2 o 2
and due to (6.14), (6.15), (6.16) we finally obtain
* 1 2
Frlw) < | 145 [Hy|" du

Q
1 2
=) +5 [ Hy["du
Q
< lim inf e () + lim inf e (€2)

< liminf F; (u.),
e—0

which is the lower bound inequality in u. O

Remark. In the formulation of Proposition 6.4 we assume that u. — u in L'(2) as
e — 0. In fact, this requirement can be guaranteed (at least for a subsequence) for every
sequence (u)e>p with uniformly bounded energy F.(u.). This compactness property
has already been shown for a sequence in L!'(£2) with bounded diffuse surface energy &.
in [Mo87], Proposition 3. As F. contains &, the statement follows instantly.

The primary effort of this section is the construction of recovery sequences and therefore
the suitable approximation of u € S in L!(£2) such that the generalized Willmore energy
of u is recovered in the limit. For indicator functions of sets with C?-boundary this
was already established in [BePa93] and the main difficulty in this work is the handling
of intersecting boundary curves. In the following, we will prove a local approximation
result for these intersections from which we deduce the existence of recovery sequences
for every u € Sg. Afterwards, the main result for general u € S follows directly by an
diagonal argument in Proposition 6.8.

Concerning the local approximation of boundary intersections we restrict ourselves to
the following simple case: For R > 0 consider an open ball B := B(0,4R) C R? around
the origin and let u = 2yg — 1 with £ C B such that

OE N B =Im(y1) UIm(p2)

where @1, g are C2-curves in B with Im(p1) N Im(ps) = {0} and which intersect 9B
transversally in pairwise distinct points. Moreover we assume that

Im(p;) =¢; in B(0,3R), i=1,2

for two distinct lines g1, go through the origin (see Figure 6.1). After a possible rotation
we can assume that E is symmetric with respect to both coordinate axes in B(0,3R),
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6.1 T'-convergence of W; for intersecting boundary curves

i.e., there exists a vector vy € S! pointing into the first quadrant such that

g1 ={tvy : t e R} and g2={t(_01 ?)voitER}.

Moreover, we assume that £ N {zy = 0} # 0 as in Figure 6.1.
In the following lemma we construct a sequence of H2-functions which approximates u
in B in the desired sense.

Figure 6.1: A localized cross shaped intersection of OF inside B.

Lemma 6.5. Let u = 2xg — 1 as described above. Then there exists a sequence of
functions (ue)eso in H?(B) such that

ue —u in LY(B) (6.17)
and

Fe(ue) = F(u) = o (H' (OE N B) + W(p1) + W(p2)) (6.18)
as € — 0.

The basic idea is to approximate the intersection of ¢ and s inside a ball around the
origin which shrinks with € N\, 0 by a 4-ended solution of the stationary Allen-Cahn
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equation (see Section 2.5) corresponding to vg. Outside of this ball we use a slightly
modified version of the standard interface approximation from [BePa93] (see also Section
2.6). This approach approximates the sharp phase transition from —1 to 1 with e-scaled
versions of the one-dimensional optimal profile «v. Thereby, the contribution of the
diffuse transition to the total energy F vanishes in the limit which produces the desired
convergence of the approximation to the sharp interface. For technical reasons it will
be necessary to perform a small shift of the diffuse interfaces which vanishes with € X\ 0
to connect the ends of the inner approximation with the diffuse interfaces.

Before we precise the construction of (ur).>0 and show the convergence (6.17) and
(6.18), we need two auxiliary results the first describing the qualitative behavior of
entire solutions to the Allen-Cahn equation.

Lemma 6.6. For ¢ > 0 let u. € C%(R?) be a solution of the e-dependent Allen-Cahn
equation
1 / ; 2
—eAus + -F'(u:) =0 inR (6.19)
€
with |us| < 1. Then
|uc(2)® = 1] + £ |Vue(2)| + €* | D?uc(w)] < Ce = distmtu=0D)

holds for every x € R? with positive constants o, C > 0 independent of u..

Proof. The result is a scaled version of Lemma 4.2 in [KoLiPal2] for entire solutions
of the Allen-Cahn equation in the case ¢ = 1. With the usual rescaling u = u.(e-) the
estimate therein reads

|u(y)2 _ 1‘ + |Vu(y)| + |D2u(y)‘ < Qe dist(y, {u=0}
for all y € R? and hence with = = ey
|U5(ZU)2 — 1} + e |Vue(x)| + &2 ‘D2u5(az)‘ < Ce_adiSt(f’{uE(a.):0}>'

Now the statement follows from the fact that
1 1
dist (g, {us (e) = 0}) = dist (i, g{u‘E = O}) == dist (z, {ue = 0}). O

Remark. Lemma 6.6 immediately implies a similar statement for solutions of the
one-dimensional equation: Let v. € C?(R) be a solution of

1
—ev! +=F'(v.)=0 inR
5
with |vs| < 1. Then we can define a solution of (6.19) by

ue (1, 22) = v (7).
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6.1 T'-convergence of W, for intersecting boundary curves

This yields
0c(a)?2 = 1] + 2 o1 (2)| + 22 o (&)] < Qe EBUn 0D g e

Lemma 6.7. For h € C*(R) and a constant 0 < X\ < 1 we define Hy € C*(R?) by
Hy(a,b) = h(Aa+ (1 — \)b) — M(a) — (1= Nh(b), a,beR.

Then there exists a function ry € CO(R?) (also depending continuously on \) such that
Hy(a,b) = (a —b)*rr(a,b), a,beR. (6.20)

Proof. We define new variables z := a — b and y := b and obtain H € C?(R?) by
H(z,y) == h(Az +y) — A(z +y) — (1 = Ah(y) = Hr(a,b).

We compute

OuH (2,y) = AW/ (Az +y) — AW (z +y)

and directly see that H(0,y) = 8, H(0,y) = 0 for all y € R. By using the Taylor formula
of H we find a function 7y € C°(R?) such that

H(z,y) = 2%\ (z,y), forall (z,y) € R2
Hence, the statement follows by resetting variables as

ra(a,b) = 7\(a —b,b), a,beR. O

With the foregoing auxiliary results we are ready to prove Lemma 6.5.

Proof of Lemma 6.5. For the whole proof let d : B — R denote the signed distance
function of the set £ = {u = 1} which for € B is given by

d(z) = dist(z, B\ E) — dist(z, B).
Further, we divide g; and go into four distinct half-lines which are given by

Gi = {tv; : t >0}

with

-1 0
v = vy, U= < 0 1> v, V3= —V1, V4= —U9 (6.21)

and set G = U?zl Gj.
Finally, we fix § > 0 with

1 1
— —. .22
s <0<y (6.22)
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Figure 6.2: The half lines G; and the corresponding end G; of ull,

We follow the idea of construction which already was given above:

Inner construction: According to Lemma 2.21, there exists a 4-ended solution of
(6.19) with values in (—1,1) corresponding to vy and some r € R such that (after a
possible rotation) its ends G; (as in (2.10)) are parallel to the half-lines G; with mutual
distance r¢ (see Figure 6.2). We refer to this solution as u!™ in the following and choose
a corresponding approximate solution (according to Definition 2.20) which we denote
by ug.

Outer construction: For ¢ € C°(R) with 0 < ¢ <1, supp( = [-2,2], and ( =1 on
[—1,1] we set

S
1
S+

Cg(s)::g( >, for s e R

and assuming ¢ sufficiently small we define a truncated version of the optimal profile ~.

by
we(s) = C(s)72(5) + (1= C.(5)) sgn(s).
Thus, we have
we(s) = 7e(s) for |s|] < e9T2  and we(s) = sgn(s) for |s| > 2e5t3

as well as w. € C*°(R). Notice that § < §+ 5 < 1 for § as chosen above and since 7
makes its transition from —1 to 1 on a domain of size £ around zero, w, only differs
significantly from -, in a region where 7. is almost constant.

Precisely, Lemma 6.6 and the remark thereafter rise up an estimate for the distance
between w. and 7. in C%(R) as for |s| > 92 we have

|we(s) = 7e(s)] = | (1 = C(s)) (sgnls) = =(5))| < Isgn(s) — 7e(s)]
<l[sgn(s) — ()] [sgn(s) +7e(s)| = |1 = 72(s)*|
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eyl _cet3
<Ce =8l < Ce (6.23)

and analogously,

|wi(s) = L(s)] = [CL(s) (e (s) —sgn(s)) — (1 = C(s))7E(s)]
< HCéHLoo(R 11— ’752(3)} + 7L (s)]
C C _Cet-3%

8

—*|S| < =

S5 HC | oo ) g\s\+ (6.24)

and

|wl(s) =7/ ()| <[(1 = ()2 (5)] + 2 [CLs)Va(s)| + [ (sgn(s) — 72(5)) ¢ ()]

2 1
<PEO+ g 1 gy EO + g (€] ey [ = 22(5)]

< C C C ,QM
- ?+66+§+525+1 ©

C _5-3
oot (6.25)

Our plan to define the outer approximation u2" is to evaluate u2" in the signed distance
of E (as it has been done in [BePa93]), however this construction does not properly go
with the chosen inner approximation of the boundary intersection u®. Since the ends of
ul™ are not exactly given by the half-lines G;, i =1,...,4 but by their shifted versions
G, it is not possible to glue both constructions together with vanishing cost in terms
of energy. We solve this problem by performing the necessary shift of the G; on the
annulus B(0,2R) \ B(0, R) and adding a small (in terms of ¢) correction term on d.
Precisely, we define a function v : B\ {0} — {v1,v2,v3,v4} by

v1, if zy >0and 20 > 0

V2, ifz; <0and z9 >0
v(z) = .

V3, ifx1 <0and 29 <0

V4, if 1 >0 and 29 <0

which for z = (z1,22) € B\ {0} yields the direction of the half-line which is closest to
x. Moreover, we choose 6 € C*([0,00)) with 0 < 6 < 1 such that

1, ifz<
o(s) = 4 & ife <R
0, ifx>2R

and define for x € B\ {0}
u"(z) == we (dj(x)) = we <d(x) —erf(z - v(a:))) (6.26)
Particularly, we always place the optimal profile 4. in perpendicular direction to OF

over the interface ignoring the small shift ref during this choice. We refer to Figure 6.3
where we describe the structure of u2" in a neighborhood of one Gj.
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re

R 2R 3R

Figure 6.3: The directions in which u2"* places w. on the sharp interface.

Although v is not even continuous on the coordinate axis, u2" still is in C>(B\ B(0, %))
for ¢ sufficiently small since it is constant to 1 (or —1, respectively) on the axes in
B\ B(0,£%)). We further point out, that z - v(z) is always positive as both factors lie
in the same quadrant.

Finally, with a smooth radial symmetric cutoff function n € C*°(B) with 0 <7 <1
given by

_f1, inB(0,1),
M) = {0, in R?\ B(0,2)

we set
x
ne(x) =n (g;)

and are now able to define u. : B — R by interpolating the inner and outer construction
due to

ue(z) = ne(@)ul (@) + (1 = n(2))u(z), x € B.
Note, that 7. satisfies
|Vn.(z)] < Ce™ and |An.(z)] < Ce™® (6.27)

for all z € B and that clearly, u. is in H2(B) by definition.
It is also easy to see that u. approximates u in L'(§) as ¢ — 0 and therefore, (6.17)
holds. Indeed, the constructed function satisfies |u.| < 1 and we have

/ e —u| do < 2 )B(o, 255)] = 812 0
B(0,2¢9)

as well as

/ |ue — ul dJ::/ [ud™ — u| do
B\B(0,2¢%) B\B(0,2¢%)

<2 ‘{x €B : || > 2 and |d(z)| < 28772 + re}
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<4 (25‘”% + rs) (L(p1) + L(2))

— 0

as € — 0.
In order to prove (6.18), we consider the convergence of both summands in F. separately
and start with the second term W;. Since B divides into

B = B(0,%) U (B(o, 2¢9)\ B(O,s5)> U (B(o, 3R) \ B(0, 255)) U (B\ B(0,3R))

we can split We(u.) into four integrals and consider the convergence of the single terms
one by one. For the first summand we have

1

2¢e B(0,£%)

1, 2 1 in , Loyoim\\? g
(— eAu, + gF (ug)) dzx = % 0 ( eAul + gF (ug )) dr =0

as ul® solves (6.19).
In B\ B(0,3R) where OF has non vanishing curvature and where u = u®"* = w.(d(x))
by definition, we obtain

2
1 ( —eAu, + 1F'(ug)) dx
2¢ JB\B(0,3R) €
1 1 2
=— — eAulY + ZF (u2)) dx
2 JB\B(0,3R) ( ° e (ue )>
— a(W(e1) + W(p2)) (6.28)

as ¢ — 0 by [BePa93]. Indeed, the argument stays true although we have chosen a
different width of the stripes around 1 and o but since d + % < 1 is is still larger than
order ¢ (see the remark at the end of Section 2.6).

In order to show the convergence of the integral over the third region we first note that
for sufficiently small ¢ > 0 and = € B(0,3R) \ B(0,2¢°) we have u(r) = u?"(x) = +1
if |dg(z)| > 293, Consequently, the integral over B(0,3R) \ B(0,2¢°) reduces to the
integral over a neighborhood U. of G N (B(0,3R) \ B(0,2¢%)) given by

U. == {z € B(0,3R) \ B(0,2%) : |d5(z)| < 2e°F2} (6.29)
and due to |d| < |dj| + Ce for small € > 0 we have
U.| < Ceta. (6.30)

Since this region consists of four same sized components around the four half-lines G;,
i=1,...,4, we restrict to one of them and assume (after a possible rotation) that the
regarded half-line is the positive xq-axis. For the sake of notation we still refer to this
region as Uk.

For x = (z1,22) € U. we then obtain with dj(z) = z2 — ref(x1)

ud" () = we (22 — refd(z1)) (6.31)
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and

vugut(x) _ <—T'591/(-751>) wé (Ig _ 7‘89(561)) (632)

as well as

Aug“t(x) =w!(zo — reb(x1)) (1 + 22 (0’(:):1))2>
— w.(zg — reb(z1)) el (1), (6.33)

The integral over U, reads

1 1 2
% o <6Augut + 6F’(ugut)> dx
1 € 1 / € 2
=5z " —eA(we odp) + gF (wsodg) | dx
C 2
S; (—eA(we ody) +eA(r= 0 d))” da
Ue
c 1 1 2
+ - . <€F'(wE odg) — EF,(% o d‘;)) dx
C € 1 / >4 ?
+ = —eA(yeodp) + —F'(yz=0dp) | dx
9 U. e
= H{+ Hy + Hj (634)

and using (6.31), (6.32), (6.33) (and the analogous results for 7. o dj) as well as the
estimates (6.23), (6.24), (6.25) on the C2-distance between w. and 7. we treat the three
terms separately. For H; this gives

i = e [ ((w(a5(0) ~ 205000 ) (140720 @)
(L dte) L) Jre o))
< Ce [ full(d5(2)) ~ L (d5) [+ [l (d5(0) ~ (a5t
< 593 VAT

5—3 _ced3
< (e’ ze

and by the same arguments we obtain

m=5 [ 6 (iF’(wa(dw))) e (dz<x>)))2 da

C € €
=3 HFHHZoo([—LI])/U |w5 (dg(x)) — '75(%(30))}2 dx
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5 6—
S 066—56—08 2

as well as
c ; Lol o ’
Hy = — . <—6A% (dj(x)) + T (’Ye(de(ﬂc)))) dx
C - /
e (‘5% (dj(@)) (147 (0'(2)”)
2
+ r529”(x1)’yé(d§(x)) + iF,<’Ye(d§<3«"))>> dx
2
=S (- ) ) + e ) ) e
< C€*1€5+%€2
— O3,

Hence, the integral over U. and therefore over B(0,3R) \ B(0,2¢%) vanishes as ¢ — 0
and it remains to show that the integral over the annulus B(0,2¢%) \ B(0,£%) also tends
to 0.

Since |z - v(z)| < 2¢° < R we have d5(z) = d(z) — re for z € B(0,2¢°) \ B(0,£°) and

4
{d5 = 0} N (B(0,2¢°) \ B(0,£° (U ) B(0,2¢%) \ B(0,£°%))

consists of four straight line segments. We distinguish between two disjoint regions Al
and A2 on the annulus (see Figure 6.4). In

Al = {|d5] < ¥y n (3(0,255) \3(0,55))

u"™ = w, o dj does its complete transition from —1 to 1 or vice versa (for sufficiently

small £ > 0) since 20 < § + % This implies that u2" is constant +1 on each connected
component of the remaining part

A2 = (B(o,zgé) \ B(0,55)> \ Al

and we particularly observe
|AL| < Ce*  and |A2| < Ce®, (6.35)

Due to Corollary 2.22 the zero set of ul" stays exponentially close to G (in terms of €).
Indeed, (2.13) reads for all 2 € {u® = 0} with |z| > &°

dist (2, {d5 = 0} N {Jz| > £°}) < C -cexs2
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Chapter 6 The diffuse approximation of VW for nonsmooth configurations

and thus, there exists a constant C > 0 such that
dist(A2, {ul" = 0}) > C®
is satisfied. Combined with Lemma 6.6 this yields the estimate for x € A2

|(u18n(a:)2) — 1‘ +e |Vu15n(a:)| + &2 |D2ui8“(x)‘

26—1

SCe_%diSt(Ir{uisnzo}) S Ce_ca (636)

which tends to 0 exponentially fast as € — 0 since 26 — 1 < 0.

Figure 6.4: Sketch of the construction inside B(0,2e%)

With these considerations in mind we have

1

2
— ( —eAu, + 1F’(u5)> dx
2¢ JB(0,2:5)\B(0,¢%) €

1 1, 2
= ( —eAu, + -F (u5)> dx
2e J aruaz €
! i 1 . )
=5 [ (o + (L= ul™) + ZF (e + (1= )ug™) ) o
€ JALUA?2 -
1 ) . |
:2_ ( — eAne (Ulgn - Ugut) — 2eVne - (Vugl _ Vugut) _ EnsAulan
€ JALUA?2

1 . 2
—e(1— nE)Augut + EF/(naufc.n +(1- na)ugm)> dx

SC’&‘/ (An(ul — ug“t))2 dr + Cs/ (Ve - (Vul — Vug“t))2 dz
AlUA?2 AluAZ

1 : 1 : 2
+C- (—EnEAulgn —e(1— nE)Augut + —F’(ngulan +(1- ng)ugut)> dz
€ JAluA2 €
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6.1 T'-convergence of W, for intersecting boundary curves

=11+ I, + Is.
We show that all integrals converge to 0 as e — 0. By (6.27) and (6.35) we obtain
I < Ce |AL U A2| | A || F oo g2y |0l —

< 088258—45 _ 061—25

—0

2
ug™ HLoo (ALUA2)

as € — 0 since § < % and —1 < uian7ugut < 1.
For the second term we have

I < Ca/ Ve [Vl — Vu?“t‘z dx
ALUAZ

_ ~ 2 _ in 2
< Cel 2‘5/ Vul — Vu™|” do + Ce' 26/ (Vul|” da
Al A2

€

<Ce'™® / V™ — V2™ ® do + Ce' =2 | A2 ||Vl
Al

€

[y (6.37)

Inequality (6.36) yields an estimate for the second summand as

Cel—26 ‘Ag‘ Hv“ianioo(Ag) < 06172562687267052671

1261
= Cele 0

which tends to 0 exponentially fast since 26 — 1 < 0 and it remains to show that the
first term in (6.37) vanishes as ¢ — 0.

We use the fact that the phase transition profiles of v and u" from —1 to 1 or
vice versa, respectively, are both comparable to the optimal profile 7. for small £ and
sufficiently close to the interface. Since Al consists of four components with size of the
same order, we restrict ourselves to one of them and skip the index ¢ for the vector v;
in the following. Notice that by construction the approximate solution ueG of (6.19)
then can be written as v.(- - v- — re) = v, o dj in Al for sufficiently small ¢ > 0 (after
a possible multiplication of all occurring terms by —1). Due to Proposition 2.21 and
(6.24), this implies

/ ‘Vuian - Vugut‘Q dx
Al

€

<C ‘Vufsn—VuEGf dx+C'/ ‘Vuf—Vug“tf dx
Al Al
||

o /Al ‘Vufsn(x) - Vu?(m)‘zajec? dx
Loo(AL

g ol
e ‘e T2

<C

+ C/A1 V(3 0 d5) — V(w. 0 d5)[2 da
_9 _08;672 1 ’ 7112 112
<Ce 2 +C Az |9 = Wi gy IV 5120 (1)

Lo _(e25-2 Lo _(b—%
SCE 26 Ce +C€36 26 Ce’™ 2
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Chapter 6 The diffuse approximation of VW for nonsmooth configurations

as |Vdy| = |Vd| = 1. Therefore, I tends to 0 exponentially fast as e — 0.

To understand the behavior of I3 we first consider the remaining integral over A2 and
again, equation (6.36) yields its exponential smallness. In fact, since u®"* is constant to
+1 on each component of A2 we have

1

| L i
. / <—€775Au1€n — (1 —no)Aud™ + EF'(nauls“ +(1- na)Ugm)> dz
Az

1 1 . 2
—= / (—ensAu? +-F (ngulgn +(1- 7]5))> dx
3 A2 3

SCE/ 7| |Auien’2 dx + 03/ (F'(nguien +(1-n)) — F’(:I:l))2 dx
A2 €

AZ
<Ce?! HA“ianHioo(Ag) + e HF”Hioo([_Lu) ”UEH%OO(B) lu 1Hioc(Ag)
<C€25—3e—0525*1 N
as € — 0 by the mean value theorem.

For the integral over Al we use that ul" is a solution of (6.19) and that u2"* almost
solves this equation. By Lemma 6.7 applied to F” we obtain with r,_(z) as in (6.20)

1 . 1 . 2
- /A1 <—5175Au15n —e(l— nE)Aug“t + EF,(%U? +(1- na)ug‘“)> dx
C 1 /(. in 1 /. out 1 / in out ?
<— _7778F (us ) - 7(1 - nE)F (us ) + —F (nfus =+ (1 - 7]5)11/5 ) dx
e Ja € € €
C 1 2
s (e mae s Lo e
3 Al &
<€ H,r (uin uout)H2 (uin o uout)4 dx
_53 Ne e » Ve Loo(Aé) oy € €
c 1 2
+ = <—5Au§“t + 8F’(ugut)> dx
C : C 1 2
§3/ (u™ — w2 dx + = (—aAugut + F’(u?‘”)) dz. (6.38)
5 Al 3 Al 3

Similar to the estimate for I above we see that

[ e s
Al

<C (ulsn - usG)2 dr +C (uEG - ugut)2 dx
Al Al
<Ce 20 + 08366_0667%
by Proposition 2.21 and (6.23)

The second summand in (6.38) approximates the Willmore energy of the shifted half-
lines G;,1=1,...,4in A; and vanishes therefore as € tends to 0. Precisely, we make
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6.1 T'-convergence of W, for intersecting boundary curves

use of the fact that d5 = d — re in B(0,2¢%) and hence,
AuZ = w!(d5) [Vd]? + wl(d5)Ad = w!(d5) (6.39)

as |Vd| = 1 and Ad = 0 in this region. Then the assumption follows exactly as in (6.34)
above with the inequalities (6.23)-(6.25) since

1 1 2
! / <—5Augut+F'(ugut)> do
13 A% g

1

1 2
S/ (—zsA(wE odg) + —F'(we o d'g)) dx
€ JB(O,R) €

<Ce /B(QR) ( —w!(d(z) —re) + 7 (d(z) — 7”5))2 dx

2

+ 6% o) (F’ (wa (d(:v) — 7“5)) —F (’ya (d(x) — 7‘8))) dx
gefcs‘”%’
<3 .

This finally yields
I3 —0, =0

and completes the proof of convergence for Wi (u.).

The handling of the remaining diffuse surface part & (u.) of F-(uc) is less complicated
to show due to its lower order (in terms of involved derivatives of u.). However, in
contrast to the calculations above, the contribution of u inside B(0,°) to the total
surface area does not vanish and we have to analyze this part more carefully.

Remark, that there exists a compact set K C R? around the origin such that outside of
eK the zero set of ul™ consists of four disjoint pieces which are asymptotic to the four
half-lines G;, i = 1,...,4. Since eK completely lies in the ball B(0, 5%) for sufficiently
small € we can argue as above by dividing the ball B (0,55). For the inner part we
obtain by Lemma 6.6

N

= (e

. 1. :
/ VU S P de < Ce7[B(0,<Y)
B(0,c1) 2 €

which vanishes as € — 0. The remaining part of B(0, £%) itself divides into two disjoint
sets. We define

B! = {x € B(0,¢°%) \B(O,sg) : dist(x, {us = 0}) < 6%} with ’Bg‘ < Cefti
and

B? = {x € B(0,e%) \ B(0,21) : dist(, {uc = 0}) > s%} with |B2| < Ce?
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Chapter 6 The diffuse approximation of VW for nonsmooth configurations

and hence observe with another application of Lemma 6.6 and (6.22)

. 1 .

/ S Vul)? + SF(ul) de < Ce V| BY| = Ce7H0tE < Cem
Bg 2 13

as well as

/ € ‘Vuisn’2 + éF(Uign)da: < 05’1“56’% dist(z, {u=0}) < 0571”56708,%
B

.2
Therefore,
€ in|2 1 in
/ - |Vul|” + =F(ul) de — 0 (6.40)
B(0,e9%) 2 €

as € — 0. For the annulus B(0,2¢%) \ B(0,£°) = Al U A? we calculate

- in in 2
/Al A2 9 ‘Vns(ug - ugut) +nVul + (1 — Us)Vu§Ut|
sUAZ

1 .
+ EF(neu? +(1- ne)ug“t) dz

<cef onPl—utfdesoe [l (v - voetf ds
AluA2 A

suAZ
1 .
+ Cs/ ‘Vugm}z dr + — / F(neul + (1 = no)ud™) da
ALUAZ € JAluA?z
=i+ o+ J3+J4

and treat the summands separately. Analogously to the estimates of I; and I in the
calculations for W:(u.) above we obtain for J; and Jo

Jl < Ce —0
and
Jo < Ce3—1e=Cs*7 4

as ¢ — 0.

Since u2" is constant +1 on each component of A2 the integral in J3 reduces to Al

which yields
J3 = 08/1 ‘vugu‘c‘Q dx < 05536 ngl-;Hioo(R) ||vd2||%°°(A§)
AE

< O ey < C I ey %

—0

where we have used the fact that |[Vd5| = |Vd| = 1 in B(0,2¢%).For the remaining term
Jy we argue similarly as for I3 above. Due to the small size of Al and the mean value
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6.1 T'-convergence of W, for intersecting boundary curves

theorem, we obtain

1

Jy :/ F(naum + (1 = n)ud™) dx + =
9 Al

1 .
/ F(nou £ (1 —ne)) — F(£1) dx
3 A2

<Ce™'e¥ I oo 1,7y + Cele® HF/HLoo([_L”) 17 | o< (B) u ¥ 1HLoo(Ag)

— _ _ 26—1
SCE35 1+C€25 16 Ce 0.

Hence, the contribution of the annulus B(0,2¢%) \ B(0,¢%) and by (6.40) therefore of
the whole ball B(0,2¢%) to the diffuse surface energy &.(u.) vanishes as ¢ — 0.

On B\ B(0,3R) we have u. = u®" = w, o d and thus, a direct application of the result
of [MoMo77] (or [Mo87]) yields

1
/ S|Vl + —F(u) dz —s aHl(aE N (B\ B(0, 3R))).
B\B(0,3R) 2 €

In order to show the convergence of the remaining integral over B(0,3R)\ B(0,2¢%), we
have to adapt the proof of Modica and Mortola since our construction of 42"
the disturbed signed distance function dj instead of d. For that purpose it will turn out
to be crucial that the small correction of d has an almost vanishing gradient. As in the
corresponding considerations for the Willmore energy of u., we can restrict to the set U,
from (6.29) and consider only one of its connected components. Again we assume that
the regarded half-line is the positive x;-axis and that (6.31), (6.32) hold. We see, that

involves

€ 1
| S s Lrwe do
9 e (2 1 €
:/ §\V(w€od9)| —i—EF(wgod@)dx
= [ SGeedR ¢ et g S [ V(o) - (6o )
2 [ Plwcods) - Frodi) ds
=K1 + Ky + Kj.

and we will prove that the last two summands vanish as ¢ — 0 while the first one
approximates up to the constant ¢ the length of 0F N U, which converges to 3Ro in
the limit.

Indeed, by

\Vd5(z)|* =1+ r2e? («9(:131))2 <C forz=(x1,22) € Us

as well as (6.24), (6.26), and (6.30) we obtain for the second summand
€ 13 13 €
S / | (Wl +7L) o dj| | (wh —AL) o dj| [Vd3[* da

<Cg/ !CE — sgn) +’yg§€+1) H( fy;)odZ‘dx
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Chapter 6 The diffuse approximation of VW for nonsmooth configurations

1 s—%
S C€5+§€—1€—CE 2

1
6—5

1

Using the mean value theorem the third term can be controlled by

1 6—
K3 < 056_56_05 ?

analogously to the estimate of Hs above. Hence, Ko and K3 vanish as expected for
€ — 0. For K7 we use the fact that the optimal profile satisfies

1

V= SV2F(%)

and hence,
€ e |2 €12 1 €
K = 5‘%0%‘ IVdg|” + —F(7: o dg) dz
U. €
1 1
— [ 3\RFOed) Lo di) (VA + 5y 2 (oo dp) (Lo ) da
Ue
1 € / € €12
= | 3\2F(L0dg)(v o d5) (1 +|Vds| ) dz.
Ue

Now, we observe for © = (z1,x2) € U: that

1+ |Vds(2)]? = 24+ 122 (0 (1)) = 2\/1 +7262(0/(21))” + O(Y)
= 2|Vd5(z)| + O(eh)

and consequently,

K = / 2F (7. 0 d5)(~L 0 d5) |Vdj]| dx + 0(54)/ 2F (e 0 dg) (72 © dj) da,

where the second summand tends to 0 with € — 0 due to

/ \/2F (7= 0 d) (L o dg) da < Ced L

The coarea formula yields for the first integral

| VR o di) vy da

1
26912

= [ sy VEFGe®) PO ({2 € Ue = d(2) = 1)) dt.

For |t| < 269+3 we can determine the measure inside the integral explicitly by

H ({z €U : dj(2) =t}) =H' ({z € U. : dj(z) =0}) + h(t)
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6.1 T'-convergence of W, for intersecting boundary curves

with h € C’O(—255+%, 25‘”%) given by

2
~9R?

1 6t + 1675752

2.2 (t+
\/1—;;25+J1— e
which converges to 0 as t — 0. Now, by an application of the generalized mean

value theorem for integrals there exists a null sequence of real numbers ({;).>0 with
€| < 2e9732 such that

2543
[ oy VEFGe®) PO ! (2 € U = i) = )
2:9+3
=(H'({z € U : di(2) = 0}) +&. / oy V2P OR0) L)

is satisfied. The expression on the right hand side converges with ¢ — 0 as

h(t) = —3R (1 —14/1 ) + sgn (t(t + 2re))

3R
’Hl({z € U : dyg(z) =0}) = L(graph(erf) NU.) = V1+retds — 3R

2e8

follows immediately by Lebesgue’s dominated convergence theorem and

2e9+% -1 1
/:(Hl \/T"Yg ‘dt / <<85;> \/ﬁds—>/1\/ﬁd‘9:(j_

We combine the calculations and finally obtain
Kl — 3Ro

and thus,
3 2 1 1
3 |Vue|” + EF(%) der — oH (OE N B)
B

as € — 0 which completes the proof of Lemma 6.5. O

Remark. In the definition of Sy we have restricted ourselves to boundary intersections
of only two boundary portions which we could approximate by using a 4-ended solution
as the inner part of the construction above. Unfortunately, it is not sufficient to
replace u* by a general 2k-ended solution (k > 2) and directly approximate arbitrary
intersections of more than two curves in a common point since these solutions only
exist for a suitable set of intersection angles (satisfying a Toda-System, see [PiKoPal0],
Theorem 1.1). Hence, another argument is required to handle those intersections and
we revisit them in Section 6.2.

The construction in Lemma 6.5 yields a way how to handle occurring transversal
intersections of transition layers in the approximation of functions u € Sg. With this
method in hand we are able to construct for given u € Sy an appropriate recovery
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Chapter 6 The diffuse approximation of YW for nonsmooth configurations

sequence (u:)e>o in H?(2) which realizes the I'-limit in F(u). By a simple diagonal
argument the result stays true for u € S.

Proposition 6.8. Let Q C R? be a bounded domain and E C Q such that u == 2y — 1
lies in S. Then there exists a sequence (uz)e>o in H?(Q) with ue — u in L'() ase — 0
such that

F*(u) = lim F. (u).

Proof. First, consider u = 2xyg — 1 € Sg. By definition, 0F C 2 is the union of finitely
many closed C2-curves with at most finitely many self intersection points 1, ..., 2, of
the boundary. We define a radius s > 0 such that B(z;,s) CC Q for 1 < j < m and
such that these balls are pairwise disjoint. Moreover, we choose s small enough such
that for every j OE N B(xj,s) consists of two curve pieces which intersect 0B (z;, s)
transversally and which are equal to line segments in B(z;, %s).

Now, we apply Lemma 6.5 on every such ball and denote the resulting sequences by
(uje)e>0. For e sufficiently small we then define

() uje (), if z € B(xj,s) for some 1 < j <m
U (T) =
: we(d(z)), elsewhere in )

with w, from the outer construction in the proof of Lemma 6.5 (see Figure 6.5).

Figure 6.5: The whole approximation of u = 2xgp — 1 € &y in 2.

Therefore, u. € H?(2) and Lemma 6.5 together with [BePa93] yield u. — u in L'()
as € — 0 and

F(u) = lim Fe(ue).

e—0
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6.1 T'-convergence of W, for intersecting boundary curves

Now, let u € S and let (u®),cy be sequence in Sy such that
u® —uw  in LYQ) and F@u®) — F*(u)

as k — oo. By the consideration above we can find for each k € N a sequence (ugk))og
with

uf) — u® in LYQ) and  Fo(uP)) — F(u®)

as € — 0. We will construct a diagonal sequence which will prove the proposition. For
k € N we choose (k) > 0 such that

< = and ‘}'(u(k)) —fe(ugk))‘ < %

Hu(k) —ug? @ k

)

hold for every € < £(k). Without loss of generality we assume that e(k) \, 0 as k — o0
and hence, we can define for 0 < e < 1

e =u  for e € [e(k+1),e(k)).

This yields for 0 < e < 1

+ Hu(k) — Ug

ry _ k)
L UEHLl(Q)SHu “ ‘Ll(Q) L1(9)
1
+ =

= Hu B u(k)‘ e  k

as well as

< |7 () - F(u®)] +%

where we have chosen k such that ¢ € [¢(k + 1),e(k)). With ¢ — 0 we obtain k — oo
and hence

i — u in LY(Q) and Fo(i) — F*(u)

which completes the proof. ]
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Chapter 6 The diffuse approximation of VW for nonsmooth configurations

6.2 Examples of configurations in &

We conclude this chapter by giving several specific examples of configurations v € S for
which we have proven the I'-convergence in Theorem 6.3. The definition of § is rather
implicit and only given by an approximation argument. The examples below will provide
not only a vivid interpretation of S but also yield an (incomplete) characterization of
new ['-limit points of F..

i) Non vanishing curvature in intersection points. Let u = 2yp — 1 with
E cc Q as in the definition of Sy except that we now allow intersection points of
curved boundary segments of 0E. We show that u € S. For the proof we assume
without loss of generality that there exists exactly one such intersection. The
argument for the general case is identical.

Condition iii) in the definition of S is satisfied automatically as we can choose
V € V() with |V] = H![GE. We also have

N
Fru) =0 (Llg:) + W(ei))
i=1

with the same argument as in the remark on page 104. It remains to show that
there exists a sequence in Sy which approximates u in L' (£2) with the correct energy.

As in the proof of Lemma 6.5 we restrict to a (sufficiently small) ball B = B(0, R) C
Q around the considered intersection and assume u = 2yg — 1 with

OE N B =1Im(y1) UIm(p2)

for C2-curves ¢ and ¢y which intersect transversally in the origin and are disjoint
elsewhere in B. For a sufficiently small radius R > 0 we can assume that ¢; can be
written as a graph of a C2-function h; over its tangent line segment g;

{rv; : |r| < R}

for ¢ = 1,2 where we chose v; := ¢;(0). We show that we can approximate each
h; by functions which are constant to zero in a small neighborhood of the origin
such that both the length and the Willmore energy of its graph are preserved in
the limit. Since we are able to construct a proper recovery sequence for each such
approximating function a diagonal argument completes the proof of the claim.
To precise the argument sketched above we restrict to one ¢; and assume g; to be
the real line. Then we omit all indices 4 in the following. We have h(0) = h'(0) =0
and for |z| < R we obtain the estimate

/Ox ' (t) dt‘ <

W (@)] < ] ||

T t
h(z)| = /O/Oh"(s)dsdt‘g@ﬂ\\h”\\m[_ﬁm) (6.41)

and similarly,

HLOO([fR,R]) : (6.42)
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6.2 Examples of configurations in S

With a smooth cutoff function £ : [—R, R] — R given by

0 in |z|<3
o fo s

1 in |z|>1

we define for 0 < 7 < %R

Figure 6.6: The graph of h and its approximation h.

Inequalities (6.41) and (6.42) yield
/ ’ (he(@) = h(2))? + (W (2) = K (2))? + (] (2) — h"(2))? do
- / <€<> > (ié’(f)hw(f(f)—1)h/<w>)2
(e o Ze () wio () =) ) o

<C 2+ 1de

<Crt N
for 0 < 7 < 1 and therefore,

hr — h in H*((—R,R)) (6.43)
as 7 — 0. Obviously, we also have

A (z) — B8 (2), k=0,1,2 (6.44)

pointwise in [—R, R] \ {0} as 7 — 0 by the definition of h..
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Chapter 6 The diffuse approximation of VW for nonsmooth configurations

i)

iii)

Finally, we observe that

W(graph h;) + L(graph h,) = /R L ++/1+4+ (hL)? dx

R h//
— (1<( + V/1+ (W) dz = W(graph h) + L(graph h)
-R

as 7 — 0 by the generalized Lebesgue dominated convergence theorem due to (6.43)
and (6.44) and the fact that

(lfzh)))g CVTTTRE <14 () + ()

holds in (—R, R) where we have used the general inequality v/1+¢ < 1+ % for
t>0.

To construct a proper approximating sequence we can now argue as in the proof of
Proposition 6.8. For 7 > 0 we denote the indicator function corresponding to the
modified boundary curves from above by u, and due to the considerations above,
the phase boundary is shaped like a cross inside of B(0, ). Hence, we can apply
Lemma 6.5 on the ball B, .= B (0, 2?7) and consequently, there exists a sequence
(ul)e>o which approximates u, in L'(B;) and therefore in L!(B) such that

Fe(ul) — F(ul)

as ¢ — 0. By choosing a sequence (7:).>0 which tends to 0 slowly enough (e.g.
choose 7. = /) we can define the diagonal sequence as

Ue = U

H?-curves. Obviously, S includes indicator functions v = 2y g — 1 of sets E CC
as in the definition of Sy but with OF given by closed H?-regular curves instead
of C%-curves. In this case condition iii) in the definition of S is still satisfied by
V € V1(Q) with |V| = H!|OE and we especially have Hyp € L?(H') and

L(pi) + W(gi)).

||Mz

We can approximate E with smoothly bounded sets Ej, in H?(£2) and the conver-
gence of energies follows as F is continuous with respect to the H?-topology.

Countably many curves. Let u = 2xp — 1 with E CC Q such that its (reduced)
boundary is given by

= JIm(¢y)
=1

for countably many closed C?-curves ¢;, i > 0. Further, assume that every o
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6.2 Examples of configurations in S

has only a finite number of transversal (self) intersections with all curves and that
there are no common points of more than two curves. Precisely, we assume

A(z) <2 forall x € OF
with the multiplicity function A from (6.4) and additionally, that
#{:r €0 : Az) = 2} < o0.

We show that u € S if

> Flpi) = Z (1) + W(ei) <
=1 i=1

Condition iii) in the definition of § is satisfied automatically since 0*F is rectifiable
and we can choose V with induced weight measure ||V|| = H!|9*E. Especially, we
have

= Flpi) < 0.
=1

It remains to show that there exists a sequence (uy)gen in So with uy, = 2xg, — 1
for all £ > 0 which converges in L'(Q) towards v and approximates F(u).
Therefore, we define F, CC €2 for k£ > 1 by choosing its boundary as

k
OEy, = ) Im(¢y)

=1

and then set
k
By = {m €Q: n(OE2) =Y nlpia) is odd-}

where n(p;x) denotes the winding number of = with respect to ;. It is clear that
up = 2xp, — 1 € Sp for all k > 1 and by definition

F(ug) —O‘Z( ©i) —{—W(pZ)—)UZ( i +W90@))=.7-"*(u)<oo

as k — oco. We prove that E, — FE in LY(Q) (i.e. xg, — xg in LY(Q)) as
k — oo. For all k > 1 we have

k o0
Vxe ] (Q) = L) <D Lipi) <o ' Flu) < oc.
=1 =1

Hence, the sequence (E})ren is bounded in BV (2) and we can extract a subsequence
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(Ek;)jen with
Ekj — E

for £ C Q ([EvGa92], 5.2.3, Theorem 4) and by the construction of Ey we have
OF = OF and hence

E=E or E=Q\E.

To see that indeed E = F holds we can argue as follows. Since E CC ) there exists
a ball B C 2 such that
(0.9]
n(0*E;b) = Zn(cpi;b) =0 forallbe B
i=1

which especially implies BNE = (). Hence, for every k > 1 we also have n(0Ey;-) =0
in B and thus E, N B = (. The L'-convergence of the subsequence above yields
ENB =0 hence E and E coincide on a set B with positive measure. This implies
FE = F and since we can repeat the same argument for every subsequence of (Ey)xen
this finally proves

Ek—>E
as k — oo.

iv) Junction points of finitely many curve pieces. S allows phase transitions
with junction points of more than 2 curve pieces and arbitrary intersection angles.
For example, a intersection of three curves in a common point (see Figure 6.7 (a))
can be approximated by slightly shifting one of the curves to the side which creates
3 intersection points of 2 curve pieces (Figure 6.7(b)). By a diagonal argument, we
find a sequence which simultaneously approximates each shifted configuration and
lets the shift size shrink.

Remark that this construction gives rise to a new phase whose sign can be determined
uniquely.

As mentioned in the remark after Lemma 6.5 the argument is crucial for junction
points of higher order with arbitrary intersection angles.

v) Non transversal intersections. For u € S the boundary intersections do not
have to be transversal in general. For example, consider u = 2xgp — 1 with 0F C
given by two round spheres S; and So touching in one point zy € Q2 (see Figure 6.8).
We can approximate the set by connecting both boundary components to a figure
eight shaped curve which shows a transversal self intersection in zg. Reducing the
size of the intersection angle gives a sequence which converges to v in L'(£2) and
which realizes (up to the constant o) the Willmore energy and the surface area

W) = W(S1) +W(S2),  HUENQ) =HLS)) + H(Sy).

Beyond the points above (and a combination of them) there are numerous other ways
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6.2 Examples of configurations in S

(a) (b)

Figure 6.7: Approximation of a junction of three curves (a) by creating two additional
intersection points and a new phase (b).

to construct elements in S. For example, it is possible to approximate configurations
with phase boundaries locally shaped as

(o1 =0} U {(xl,:@) . 25 = 2% sin (xil) } .

0*E contains countable many self intersections which cumulate in one point. An approx-
imation can be constructed with a similar argument as in i) by replacing the boundary
in small neighborhoods of 1 = 0 with a straight line segment.

At the end of this chapter, we point out that the limit functional F* is not the lower
semicontinuous envelope of F given by

F(u) == inf {li]gninf F(ug) @ up = 2xg, — 1, Ex C*-bounded, ug — u in Ll(Q)}
—00

as for example a configuration u = 2yg — 1 for a figure eight shaped set E satisfies
F*(u) < oo but has infinite energy in terms of F.

It is also possible to construct configurations with an even number of cusps (see
[BeDaPa93]) such that both energies are finite but F*(u) < F(u) < oo.

In general, we have

F*< F. (6.45)

This follows directly with the result of [BeMu07] where the authors fully characterize
the lower semicontinuous envelope F. They prove that F(u), u = 2xg — 1, is given
by the minimum of F evaluated in a class of varifolds which contain 0*E and have a
unique tangent in every point (see [BeMu07], Definition 4.1 for a precise description).
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(a) (b)

Figure 6.8: Approximation of two touching balls (a) by a sequence of figure eight shaped
configurations (b).

In our case, the class of admissible varifolds in the definition of S contains the varifolds
from Bellettini and Mugnai and hence, (6.45) holds.

However, a full and explicit characterization of S as in [BeMu05] is not available at the
moment. We leave this as an open question for further research.
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7 Summary and outlook

The main purpose of this thesis was the analysis of the diffuse Willmore functional and
its L2-gradient flow in the situation of interacting nonsmooth interfaces. This interest
was especially motivated by configurations which occur in numerical simulations of the
diffuse Willmore flow [EsR4R614]. We will now interpret the appearing phenomena in
the light of our proven results.

The simulations suggest that configurations with intersecting boundary curves are
energetically preferable states although the sharp interface limit yields infinitely large
values in these cases as corners have infinite curvature.

In Chapter 6 we explained this behavior by proving the I'-convergence of the diffuse
functionals F.. The limit functional F* extends the phase boundary to an integer
varifold with generalized curvature and its energy value is determined by the support of
this varifold and its geometry. In the case of the simulation snapshots of Figure 1.1 it is
given by the sum of the single energies of the intersecting curves. Hence, the Willmore
energy vanishes in the limit for configurations whose phase boundaries are given by
straight lines without curvature.

This part of the thesis especially extends the I'-convergence result from [R6Sc06] to a
larger class S of nonsmooth interfaces where we explicitly allow transversal intersections
on the boundary. In Section 6.2 we have presented several examples of configurations
u € § which already yield a good idea how S can be described.

A question which directly arises from this work concerns the complete characterization
of S. A similar result by Bellettini and Mugnai in [BeMu07] for the lower semicontinuous
envelope F for H?-bounded sets without intersections of the boundary suggests that
this might be possible.

Another part of this work was dedicated to configurations which appear numerically
stable in the diffuse Willmore flow. To analyze how planar interfaces interact with each
other we considered a quasi one-dimensional situation of parallel stripes. We precisely
determined the minimal energy order in terms of € and the widths of neighboring stripes
by a scaling law in Section 3.2. Particularly, we proved that quasi one-dimensional
configurations always carry an exponentially small amount of energy in non symmetric
situations. From these results we derived consequences for the diffuse Willmore flow
with small initial energy in Chapter 5. We could show that the diffuse interfaces do
evolve slowly in time. On an exponentially large time scale the layer locations stay
almost constant and hence appear stable in numerical simulations. In view of slow
motion phenomena occurring in gradient flows of the Ginzburg-Landau energy we expect
the same behavior for the diffuse Willmore flow and the present thesis yields a first
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rigorous result in this field.

Although we were not able to determine the movement direction of the zero positions
we expect that they will maximize their mutual distance and distribute equally. We
showed rigorously that the zeros cannot move asymptotically in the “wrong” direction.
Additionally, we presented a heuristic argument which underlines our assumption that
the gradient flow converges to the perfectly symmetric configuration. An exact descrip-
tion of the layer movement is of high mathematical interest. An idea for a possible
approach was already presented at the end of chapter 5.2.

Concerning the analysis of the real two-dimensional case we considered situations of
semi infinite rectangles which result from a slight modification of quasi one-dimensional
stripes. We proved the existence of diffuse interfaces which approximate those confi-
gurations with energy constant to zero for rectangles with the same width. Our class
of solutions can be seen as an analogue of the optimal arc profiles gy, in the higher
dimensional case. The proof also showed that in the situation of differing rectangle
widths all diffuse interfaces have to carry positive energy.

In comparison to the existence and characterization of the one-dimensional optimal arc
profiles g¢ . in Section 3.1 the two-dimensional case in Chapter 4 turned out to be noti-
ceably more difficult to prove. This already suggests that a full energy characterization
(e.g., by another scaling law) will be complicated.

Finally, we can summarize that this thesis yields significant progress into the analysis

of the diffuse Willmore functional and its L?-gradient flow. Our results raise several
further questions and interesting problems as a topic for future research.
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Appendix

Maximum principles

Proposition A.1 (Weak maximum principle on narrow domains). Let Q@ C R", n € N,
be a bounded domain which lies in a narrow band of sufficiently small width 0 < & < &g,
i.e. there existi € {1,...,n} and a € R such that

a<z;<a+e foralx=(x1,...,2,) € Q.
Consider a second order elliptic operator L on Q) given by
n
L::Zam 7,J+Zb )0; + c(x
ij=1

with aj,b;,c € L>®(Q) for all 1 <1,j < n which is uniformly elliptic, i.e., there exist
constants cg, Cy > 0 with

colé? < aii&ig; < Colgf®,  forall ¢ €R”

ij=1

and assume that

n
Zb?’ lc| <4
=1

for another constant C; > 0.
Every function w € W?OCR(Q) with

Lw>0 inQ
and

limsup w(z) <0
z—0Q

then satisfies z < 0 in §2

Proof. [BeNi9l], 1.2. O
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Proposition A.2 (Weak maximum principle on small domains). For d > 0 let Q@ C R"
be a bounded domain with diam Q < d and assume L to be a second order elliptic operator
as in Proposition A.1. There exists § = 6(n,d, co,C1) > 0 such that the following holds.

If
L") <6,

then every function w € WZQO’CH(Q) with
Lw>0 inQ

and

limsup w(x) <0
z—00

satisfies z < 0 in

Proof. [BeNi91], Proposition 1.1. O

Basic facts on Radon measures

The results presented in this section are fairly standard and can be found e.g. in
[EvGa92].
Let X be a locally compact and separable metric space.

Definition A.3. An outer measure p on X is called (positive) Radon measure if

i) w is Borel regular, i.e., i is a Borel measure and for all A C X there exists a Borel
set B with A C B and p(A) = p(B).

ii) for all compact K C X we have u(K) < oo.
Remark. A Radon measure i on X is regular in the sense that

w(A) =inf{u(U) : ACU,U C X open} forall AC X
w(A) =sup{u(U) : K C A, K C X compact} for all y-measurable A C X.

Definition A.4. Let M C X and p a Radon measure on X. Then we define u| M
given by

(u| M) (A) =p(ANM) forall AC X
as the restriction of u to M.

The finiteness of a Radon measure p on compact sets allows us to integrate functions
¢ € C2(X,R) and we write

(o) = /X bdp.
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Similarly, if H is a Hilbert space with inner product (-, )y then each Radon measure p
on X and each p-measurable function o : X — H with ||o]|;; = 1 p-almost everywhere
in X induce a linear functional L : C%(X, H) — R by

L(¢) = /X (p,0)gdp  for all ¢ € CY(X, H). (A1)

Vice versa, the next proposition states that under suitable assumptions, a linear functi-
onal L : CY(X, H) — R can be written in this way.

Proposition A.5 (Riesz representation theorem). Let L: CY(X, H) — R be a linear
functional satisfying

sup{L(¢) : ¢ € CJ(X, H), ||l <1, supp¢ C K} < 00

for all compact K C X. Then there exists a Radon measure p on X and a p-measurable
function o : X — H with ||o||; =1 p-almost everywhere in X such that (A.1) holds.
In this case, p =:|L| is called the variation measure of L and we have

|L| (U) = sup{L(¢) : ¢ € CYUX, H), ||¢|ly <1, suppop C U}
for all open sets U C X.

Proof. [Si83], Theorem 4.1. O

Remark. By Proposition A.5 the Radon measures on X can be identified uniquely
with the nonnegative linear functionals on CY(X,R) (see [Si83], Remark 4.3).

Definition A.6. A sequence of Radon measures (pux)reny on X converges weakly towards
another Radon measure p, in terms

*

B — H
as k — oo if

lim p(¢) = p(¢) for all ¢ € CY(X,R).

k—o0

Proposition A.7. A sequence of Radon measures (jux)ren on X converging weakly
towards p has the lower semi-continuity property

p(U) < liminf p1;(0)

J—00

for each open set U C X.

Proof. For X = R" the proof can be found in [EvGa92], 1.9, Theorem 1. The general
case is identical. O

With respect to the topology induced by Definition A.6 the space of Radon measures
on X satisfies the following compactness property:
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Proposition A.8. Let (ux)ken be a sequence of Radon measures on X (as above)
satisfying

sup ui(U) < oo for all open and relatively compact U C X.
k>1

Then there exists a subsequence (pix;)jen of (r)ren and a Radon measure p on X with

*

My — [
as j — oo.
Proof. [Si83], Theorem 4.4. O
Next we want to define the density of Radon measures.

Definition A.9. For a Radon measure px on X and z € X we define the n-dimensional
upper and lower densities 0™ (u, x), 07 (u, ) of p by

B
0*" (, ) == lim sup 7M( (x,np))
PN\0 Wnp

and

B
07 (u, z) == liminf (B, p))
[N wp P

where w,p™ is the n-dimensional Hausdorff- (or Lebesgue-) measure of a ball in R™ with
radius p > 0.

Whenever 0*"(u, x) = 07 (u, x) we just denote the value by 0™ (u, z) and call it density
of u.

Definition A.10. Let p; and po be two measures on a space X. pu is called absolutely
continuous with respect to g, in terms

w1 << 2
if p2(A) = 0 implies p1(A) =0 for all A C X.

For the special case X = R™ we have the following differentiation theorem for Radon
measures.

Proposition A.11 (Radon-Nikodym theorem). Let p11 and p2 be two Radon measures
on R™ with

w1 << P2

Then there exists a pa-measurable function % called the Radon-Nikodym derivative of
@1 with respect to ug such that

d
ui(A4) = il dups  for all pa-measurable subsets A C R"™.

~ Jadpg
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For ps-almost every x € R™ this function is given by

dp 2= {}%m if ua(B(z,7)) >0 for allr >0
dpz B

00 if po(B(xz,7)) =0 for some r > 0.

Proof. [EvGa92], 1.6.2, Theorem 2.
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