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FUNCTIONAL CENTRAL LIMIT THEOREMS FOR
MULTIVARIATE BESSEL PROCESSES IN THE FREEZING
REGIME

MICHAEL VOIT, JEANNETTE H.C. WOERNER

ABSTRACT. Multivariate Bessel processes (Xy 1 )¢>0 describe interacting parti-
cle systems of Calogero-Moser-Sutherland type and are related with S-Hermite
and (S-Laguerre ensembles. They depend on a root system and a multiplicity k
which corresponds to the parameter 8 in random matrix theory. In the recent
years, several limit theorems were derived for k — oo with fixed ¢ > 0 and fixed
starting point. Only recently, Andraus and Voit used the stochastic differential
equations of (X¢ x)¢>0 to derive limit theorems for k — oo with starting points
of the form vk - z with z in the interior of the corresponding Weyl chambers.
Here we provide associated functional central limit theorems which are locally
uniform in ¢. The Gaussian limiting processes admit explicit representations in
terms of matrix exponentials and the solutions of the associated deterministic
dynamical systems.

1. INTRODUCTION

From a stochastic point of view, integrable interacting particle systems of Calogero-
Moser-Sutherland type on the real line R with N particles are multivariate Bessel
processes on appropriate closed Weyl chambers in RY. These processes are also
often called Dunkl-Bessel, or radial Dunkl processes. They are time-homogeneous
diffusion processes and can be described either by the generators of their transition
semigroups and their explicit transition probabilities or as solution of the associated
stochastic differential equations (SDEs); see [CGY, GY, R1, R2, RV1, RV2 DV, A].
In general, multivariate Bessel processes (X x):>0 are described via root systerms,
a possibly multidimensional multiplicity parameter £ and by their starting points
Xo,; = . From a physical point of view, the multiplicies k are coupling con-
stants which describe the strength of interaction of the particles (and, sometimes,
of the particles with some fixed wall). We restrict our attention to the root sys-
tems Ay_1, By, and Dy on RY as these cover the most relevant cases in view of
interacting particle systems and random matrix theory. We thus omit the dihedral
cases on R? in [Dem)], the finitely many exceptional cases, as well as the obvious
direct product situations, where all results follow from the corresponding results of
the independent components.
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We briefly recapitulate the most important cases Ay_1 and By. For Ay_1, we
have a multiplicity k& €]0, co[, the processes live on the closed Weyl chamber

Cjé,::{xERN: T1>x9> ... > TN}

and the generator of the transition semigroup is

1 al 1 0

Lf:==Af+k ( )— : 1.1

fi=gAf+ ZZ%_% el (1.1)
i=1 j#i

where we assume reflecting boundaries, i.e., the domain of L is

D(L) :==A{flca: [€ C®(RY), f invariant under all coordinate permutations}.

For By, we have the multiplicity k = (k1, k2) €]0, o0[?, the processes live on
CR={zecRYN: z,>x,>...>zy >0},

and the generator of the transition semigroup is

1 ol 1 1y 0 Y109
Lf = 2Af+k2;;(xi — xi+xj)a7,»f +k1;;ia—%f, (1.2)
where we again assume reflecting boundaries, i.e., L has the domain
D(L) :={fles: f € CA(RYN), f invariant under all permutations
and sign changes of all coordinates}.

By [R1, R2, RV1, RV2], the transition probabilities of arbitrary Bessel processes
have the form

1 2 2 x
— == +lwl?) /2t 7, 2 Yy,
Kt($7A) - CkA t"/k+N/2€ Jk(\/g: \/E) wk(y) dy (13)

fort >0,z € Cn, and A C Cy a Borel set. For the root systems Ay_; and By,
we here have the weight functions wy of the form

N
wit(z) =[x —2,)*,  wi(@):=]]@} -2 [[27", (1.4)
i<j i<j i=1
and
Ve (k) =kN(N —=1)/2,  vZ(k1,k2) = kaN(N = 1) + ks N (1.5)

respectively. In all cases, wy is homogeneous of degree 27y. Furthermore, ¢ > 0
is a known normalization constant, and Jy is a multivariate Bessel function of
type Ay_1 or By with multiplicities k or (ki,ks2) respectively which is analytic
on CN x CN with Jy(z,y) > 0 for x,y € RY. Moreover, Jy(z,y) = Ji(y,z) and
Ji(0,y) = 1 for all ,y € CV. For this and further informations we refer e.g. to
[R1, R2]. We notice that if we start the process from 0, then X, ; has the Lebesgue

density
Cl

N2 e WIP/C0 y (y) dy (1.6)

on Cy for ¢t > 0.

Eq. (1.3) shows that for the root systems Ay_1, By, the multivariate Bessel
processes are related to random matrix theory, as here for the starting point Xg j :=
0 € RV, the distributions of X, (¢ > 0) are just (up to scaling and with a proper
choice of the parameters) the distributions of the ordered eigenvalues of S-Hermite
and p-Laguerre ensembles respectively which were introduced by Dumitriu and
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Edelman [DE1, DE2] in the context of their tridiagonal random matrix models. We
also point out that for other starting points, more complicated tridiagonal random
matrix models for the distributions of X j were studied recently; see [AG, HP].

We are interested in limit theorems for (X, x):>0 when one or several components
of k tend to co in a coupled way (we here briefly write & — oo by misuse of
notation). This means that (parts of) the coupling constants become large, i.e.,
from a physics point of view, that we have freezing. Here, K — oo means that the
drift terms become large compared with the diffusive Brownian part. Moreover,
in the random matrix models mentioned above this roughly means 5 — oo as in
[DE2]. Most of these limit theorems for k& — oo were derived in the last years for
(Xt.k)i>0 when ¢t > 0 and the starting points 2 € RY of the processes are fixed;
see [AKM1, AKM2, AM, V] where for the special case 2z = 0 the results fit to the
results of [DE2] for 8 — oo in tridiagonal random matrix theory.

In the present paper we follow [AV1] and consider the processes (X x)i>0 given
as solutions of the the stochastic differential equation of the form

1
dXi = dB; + i(V(lnwk))(Xt,k) dt

with starting points X j of the form Vk-x with z in the interior of the corresponding
Weyl chambers and an N-dimensional Brownian motion (By)¢>o. In this case, the
renormalized processes (Xt,k/\/E)tZO start in x and satisfy SDEs with fixed drift
parts, where the diffusive Brownian part tends to 0 for k¥ — co. In [AV1], several
limit theorems were derived in this case where most of these limit theorems may
be seen as strong laws of large numbers which are locally uniform in ¢. Moreover,
only in one special limit case, a corresponding central limit theorem was derived
in [AV1]. In the present paper we present an approach to functional central limit
theorems which again are a.s. locally uniform in ¢. Our approach works for all root
systems and all limits which appear under the label kK — oo in our focus.

Let us describe the main results more closely: As mentioned above, the renor-
malized processes (X i/ \/E)tzo satisfy SDEs where the Brownian parts disappear
for £ — co. We denote the solution of the associated deterministic limit differential
equation system with initial condition = by ¢ := (¢(¢, z))¢>0. Using this ¢, we shall
derive an explicit Gaussian diffusion process W := (W,);>0 such that

VR — olt.) — W (1.7)
for k — oo locally uniformly in ¢ with the rate O(1/Vk) a.s..

Clearly, ¢ plays an essential role in this limit theorem. Unfortunately, we are
not able to write down ¢ explicitly for arbitrary root systems and arbitrary starting
points x in the interior of the associated Weyl chamber. On the other hand, we
shall collect a lot of informations about ¢. For instance, we show that in all cases,
ll6(t, z)||2 = \/Ct + ||x||3 with some known constant C' > 0. This implies that we
may decompose the dynamical system into an easy radial part and a difficult part
on a sphere. Moreover, depending on the root system, we have a particular solution

¢t w) = 1/ Ct+||z[|3 - zo (1.8)

with a particular vector zy on the unit sphere and the constant C' as above. For
the root systems Ax_1, By and Dy (and a particular meaning of k — o0), the
components of xy consist of the ordered zeros of the Hermite polynomial Hpy or



4 MICHAEL VOIT, JEANNETTE H.C. WOERNER

some Laguerre polynomial Ly of order N respectively up to scaling. In fact, this
particular vector zo already appeared in [AKM1, AKM2, AM, AV1] where the
processes with fixed starting point were studied. We shall see in all cases that the
stationary solution xg of the spherical part is attractive, i.e., the particular solutions
in (1.8) are attracting for large ¢ in some way. In this special important case of
starting points, we shall compute more specific details about the limit process W
like the covariance matrices of W; for t > 0.

Notice that the cases in Sections 2-7 below, the central limit theorems for starting
points of the form ¢ - zy with ¢ > 0 hold also formally for ¢ = 0, i.e., for the fixed
starting point 0 on the boundary of the Weyl chamber by [V]. At a first glance,
this kind of continuity seems to be natural. On the other hand, this is by no way
obvious, as the generators and the SDEs become highly singular in 0.

This paper is organized as follows. In the next two sections we study Bessel
processes of type Any_; when the one-dimensional multiplicity k tends to co. In
particular in Section 2 we discuss details of the solutions ¢ of the limit dynamical
systems as these solutions appear in all stochastic limit theorems in a central way.
Section 3 is devoted to a functional CLT for the Bessel processes.

In Sections 4 and 5 we then study the root systems By with multiplicities of the
form k = (ky,k2) = (v - 3,8) where v > 0 is fixed and 3 tends to co. Depending
on v, here the zeros of the Laguerre polynomial L’Z’\,_1 play a prominent role. As
in Sections 2 and 3, we first study the solutions of the limit dynamical systems in
Section 4 and present then a functional CLT in Section 5. In Section 6 we consider
the root systems Dy with k € [0, 00[ for co. The case Dy is then used in Section
7 to settle also the limits k = (k1, ko) for k1 > 0 fixed and ko — oo in the By-case.
As for the root systems By the case k = (ki,k2) for ko > 0 fixed and k1 — o0
was already treated in [AV1], we skip this case here. In Section 8 we consider an
extension to the multivariate Bessel processes by adding an additional drift term
of the form —AX;,, A € R and derive the corresponding limit theorems. For
A > 0 the resulting process is ergodic and mean reverting, which also determines
the long-term behaviour of the limiting Gaussian process. In the one-dimensional
case with A > 0 the squared process is the Cox-Ingersoll-Ross process, widely used
in mathematical finance. As many results and their proofs for this extension are
completely analogous to the results in the preceding sections, we there only presents
some major results and skip some proofs.

We here finally recapitulate that for all root systems, the Bessel processes (X, x)i>0
may be seen as unique solutions of associated SDEs by the following theorem. This
result is part of Lemma 3.4, Corollary 6.6, and Proposition 6.8 of [CGY], where
the proofs of the first statements contain some gaps which can be closed with the
results in [Sh]. We are grateful to P. Graczyk to a hint to this gap.

Theorem 1.1. Assume that all multiplicities k are positive. Then, for each starting
point x € Cp in the closed Weyl chamber and each t > 0, the Bessel process
(Xik)e>0 satisfies

E(/OtV(lnwk)(Xsyk) ds) < o0,

and the initial value problem

1
Xok =2, dXi, =dB: + §(V(lnw;€))(Xt7;€) dt (1.9)
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with an N-dimensional Brownian motion (Bi)i>o has a unique (strong) solution
(Xik)t>0- This solution is a Bessel process as above.

Moreover, if all components of k are at least 1/2, and if x is in the interior of
Cn, then (Xix)i>0 lives on the interior on Cy, t.e. (Xii)i>0 does not hit the
boundary a.s..

2. THE DYNAMICAL SYSTEM IN THE LIMIT FOR THE ROOT SYSTEM Ay_;

We first study Bessel processes and their limits for the root systems Ay_1 as
k — oo. We first recapitulate some results [AKM1] and [AV1]. The SDE (1.9) for
Bessel processes (X ;)i>0 of type Ay_1 reads as

1

dXti’k:dBZ+kZﬂdt (i=1,...,N). (2.1)
i Stk tk
with an N-dimensional Brownian motion (B}, ..., B{¥);>0. The renormalized pro-
cesses (X := Xt,k/\/E)tZO satisfy
g 1 ) 1
dXj, = —=dBj+Y ————dt  (i=1,....N). (2.2)
\/E i Xz,k - th,k:

The solutions of this SDE are closely related to the following deterministic limit
k = oo; see Lemma 2.1 of [AV1]:

Lemma 2.1. For ¢ > 0 consider the open subset U, := {x € C4 : d(x,0C%) > €}
(where RN carries the usual Euclidean distance). Then the function

1 1
HiU5RY, on ( Y )
;xl—xj ];V.’EN—.’E]‘

is Lipschitz continuous on U, with Lipschitz constant L > 0, and for each start-

ing point xo € U, the solution ¢(t,xq) of the dynamical system % (t) = H(x(t))

dt
satisfies ¢(t,xg) € Ue for all t > 0.

For certain starting points, the ODEs of Lemma 2.1 have simple solutions which
can be expressed via the zeros of the N-th Hermite polynomial Hy, where we
assume that the (Hy)n>o are orthogonal w.r.t. the density e~*" as in [S]. We
recapitulate from [AKM1] (or Section 6.7 of [S]):

Lemma 2.2. Fory € C’Z‘(}, the following statements are equivalent:
(1) The function 23, ., In(z; —x;) — |lz||2/2 is mazimal at y € C%;
- 1, 1.
(2) Fori=1,....N: 3y =23,z =
(3) The vector

2= (21,0 on) = (V2 yn /V2)
consists of the ordered zeroes of H .
Lemma 2.2 leads to the following solution of the ODEs of Lemma 2.1; cf. [AV1]:

Corollary 2.3. For the vector z as above and each ¢ > 0, a solution of the ODE
in Lemma 2.1 is given by ¢(t,c-z) = V2t + % - z.
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We next show that the solution in Corollary 2.3 attracts all other solutions.
For this we recapitulate that by [RV1], for a Bessel process (X, x)i>0 of type A,
(IX¢kIDe>0 is a one-dimensional Bessel process on [0, co[ with multiplicity param-
eter (kN +1)(N —1)/2. This corresponds to the following property of ¢, where we
denote by 6 the derivative with respect to the first component:

d N )
gﬂdu@W:QEZ@@w%@@w)

S 9i(t, 2) — N(N-1).  (23)

i,j=1,...,N,i#j ¢i(t,x) — &;(t, )
As ||¢(0,2)||? = ||z]|?, we see that for all ¢ > 0 and all z,
(6, 2 = NV = 1t + ol 2.0

This is the first step for the following stability result:

Lemma 2.4. For each initial value = in the interior of Ci, the solution ¢ of the
ODE in Lemma 2.1 has the form

= VNN = 1)t + 2] do(t,x)  (t>0)

where for all t,x, the function ¢y satisfies

[go(t; ) =1 and  lim ¢o(t, ) = NN-D °
with the vector z of Lemma 2.2.
Proof. Using (2.4), we define
. _ 1 ' _ o)
d)O(tvx) T (¢0,1(t7x)a cee ¢0,N(ta SU)) i \/N(N — 1)t T HI”Q (j)(t,.’t) - ||¢)(t, x)”
(2.5)

with ||¢o(¢,z)|| = 1. The ODE in Lemma 2.1 for ¢ implies that

A ey — i(t,x) NN -1)-¢i(t,2)
a ) = N Dt el? | 2NN — Dt + [al[272

7 1 VNN =Dt +[lz]> NN-1) .
= N(V-1 t+||x2<z {62) — 6, (62) 5 doalts )>

_ 1 1 NNy
T NV =D+ [l (; S04t 7) — G0 (6, 2) A >>'

Therefore,
N(N -1)

b(t,2) 1= o ——5— 12 + [al*t,z) (t20)

satisfies

() Zl/htx —i(t,T) 9 11/%(@1‘) (i=1,...,N) (2.6)
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with (0, 2) = ¢o(0,z) = x/||z|. The ODE (2.6) is a gradient sytem ¢ = (Vu)(¢))
with
u(y):=2 > Ilyi—yy) —yl>- NV - 1)/4.
ij=1,..,N,i<j
Lemma 2.2 ensures that u admits a unique local maximum on C%, that this maxi-
mum is a global one, and that it located at

2
NN-1) °

where, by (D.22) of [AKM1], this vector has ||.||2-norm 1. We conclude from Sec-
tion 9.4 of [HS] on gradient systems that this point is an asymptotically stable
equilibrium point of the ODE (2.6). This and (2.5) now lead to the claim. O

We are not able to determine ¢ explicitly for arbitrary starting points and N.
On the other hand, (2.3) is a special case of the observation that for each sym-
metric polynomial p in N variables, ¢ — p(¢(t)) is a polynomial in ¢ which can be
computed explicitly. For instance, it follows immediately from the definition of ¢
that 4 Efcvzl or(t,x) = 0 and thus

N N
Z or(t,x) = ka for t>0. (2.7)
k=1

k=1

To derive a result for general symmetric polynomials, we use the elementary sym-
metric polynomials ey := e{cv in N variables which are characterized by

N N
H(z—a:k) :Z(—l)N_keN_k(x)zk (z€C, z=(x1,...,2p)). (2.8)
k=1 k=0
In particular, eg = 1, e1(z) = ijzl Tk, .- en(x) = H,Icvzl k. As each symmetric
polynomial in N variables is a polynomial in eq,...,en by a classical result, the

following lemma shows that all symmetric polynomials of ¢ are polynomials in ¢.

Lemma 2.5. For each initial value = in the interior of Ca, consider the solution
¢(t,x) of the ODE in Lemma 2.1. Then, for k = 0,...,N, t — er(o(t,x)) is a
polynomial in t of degree (at most) L%J where the leading coefficient of order Lg]
is given by

-1)! - N! 1) (N-1)! &
21(1'(-3\7’21)‘ (k=20<N) and 21(«l!()N(2l)1)!'ij (k=2l+1 < N).

Proof. The statement is clear for k = 0,1. For k > 2 we use induction on k. For
this we denote the elementary symmetric polynomial in R variables of order k¥ < R
by eff, and for a non-empty set S C {1,..., N}, the vector ¢s(t,z) € RIS! is the
vector with the coordinates ¢;(t,z) for ¢ € S in the natural ordering on S. With
these notations we have for &k > 2 that

d Y dg;
D extott) =3 D ot (o))

Jj=1
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Therefore, by the differential equation for ¢,

d N effv__ll(dm NN T)
d _ o 2.9
1 Z er b, v (8 2) — e o v ( 2)
2 ¢j(t7x) - ¢i(tﬂ x) '

b5 =1,...,n5i]
Moreover, simple combinatorial computations yield for i # j
en Hon. Nnt) — et (b npgy) = (00 — d)en o (b, N gigy) (2-10)
and
Y S Gp i) = (N —k+2)(N —k+1)ep o(¢).  (2.11)
4,j=1,...,Nsi#j
Therefore, by (2.9)-(2.11),

d 1
Sen(o(t,0) = —5(N k- (N —k+ Vel y(6(t,0).  (212)
This recurrence relation and the known cases k = 0, 1 now easily lead to the claim.

d

Remark 2.6. The differential equation for ¢ immediately implies that for each
r € R and z in the interior of C4,

%(cb(t,“r-(l,...,l))_¢(t,x)) —0

and thus
oty +r-(1,...,1)) =o(t,x) +r-(1,...,1). (2.13)
This implies that we may assume Zj\[:l x; = 0 without loss of generality for our

initial conditions. If we do so, the degrees of the polynomials ¢ — ex(¢(t,x)) for
odd k can be chosen to be even smaller.

Lemma 2.5 and Eq. (2.8) can be used to compute ¢(¢, x) explicitly in the interior
of C%. First, one has to determine the polynomials ey (¢(¢,2)) (k =1,...,N). In
a second step, one has to determine the ordered, different zeros of the polynomials
in (2.8) from the coefficients of the polynomials which is a diffeomorphism and the
inverse of a simple explicit polynomial map. We present an example.

Example 2.7. Let N = 3. Choose the starting point z € C’?f‘ with 21 +x2+x3 =0
according to Remark 2.6. We here obtain

(ot x)) =0, ex(o(t,x)) = =3t +ea(x),  es(d(t, 7)) = es(x)

and thus
3

H(z — ¢r(t,z)) = 2° + (ea(w) — 3t)z — e3(x). (2.14)
k=1
We now apply Cardano’s formula in the casus irreducibilis. We first observe that
the existence of 3 real zeros implies 3t — ea(x) > 0, and we have the solutions

4 /1 V27 e3(z) 2
or(t,x) = /4t — gez(x) ~cos(§ arccos( > B Zg($))3/2) + 5(1 - ki)ﬂ')
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for k = 1,2,3. The correct ordering ¢; (¢, 2) > ¢a(t, x) > ¢3(t, x) here follows easily
from the case t — oo in which case we have

ot z) = \/Aﬁ ( (v/3/4,0,—/3/4) + O(t—S/Q))
= V6 =200 (VI2.0.-VI + 07 = 60 +007)

with a solution ¢~5 of our differential equation of the type of Corollary 2.3. This
improves Lemma 2.4 in a quantitative way.
We also remark that the discriminant of the polynomial (2.14) is given by

A = ez(x)? /4 + (ea(x) — 3t)3/27.

By Cardano’s formula, A = 0 holds if and only if we have multiple (real) zeros in
(2.14), i.e., a point on the boundary of C4'. Hence, if we formally start our solution
at time ¢ = 0 at some = on the boundary of C’g“ with 21 + 22 + 23 = 0, then ¢ can
be written down for all ¢ > 0 such that ¢(¢, x) is in the interior for all ¢ > 0.

We finally point out that with Remark 2.6 we can generalize all results to arbi-
trary starting points in C3'.

3. A FUNCTIONAL CENTRAL LIMIT THEOREM FOR THE ROOT SYSTEM Apn_;

In this section we use the solutions ¢ of the ODE in Lemma 2.1 in order to derive
limit theorems for Bessel processes of type Ay_1. We have the following strong
limit law; see Theorem 2.4 of [AV1].

Theorem 3.1. Let x be a point in the interior of C]‘(‘,, and lety € RN, Let kg > 1/2
such that Vk -z +y is in the interior of C{ for k> k.
For k > ko consider the Bessel processes (Xix)i>0 of type An_1 starting at
Vk-x+y. Then, for allt >0,
sup || Xsp — VEo(s, )| < 00 (3.1)
0<s<t,k>ko
almost surely. In particular, locally uniformly in t a.s.,

X/ VE = ¢(t,z) for k — oo.

We now turn to an associated functional central limit theorem which makes the
difference X, — Vko(t,z) in (3.1) more precise. For this we again fix a point x in
the interior of C'4 as before and consider the associated solution ¢ — ¢(¢,z) (t > 0)
of the ODE in Lemma 2.1. We also introduce the N-dimensional process (W¢)i>0
which is the unique solution of the inhomogeneous linear SDE

AW} =dBj + ) Wi = Wi sdt (i=1,...,N). (3.2)
2 (6ilt,0) — 5(6,1))
with initial condition Wy = 0; notice that here the denominator is # 0 for all ¢ > 0.
The SDE (3.2) may be written in matrix notation as
dWy = dBy + A(t, x)Wydt (3.3)
with the matrices A(t,z) € RV*Y with
1

(#i(t, x) — ¢;(t,2))* Alh)es = _Z (¢i(t,x) %(t x))?

At,x); =
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for i, =1,...,N, i # j. The process (W);>o admits the explicit representation
in terms of matrix-valued exponentials

t
W, = efotA(S’r)dS/ e~ Jo Awa)dugp (1 > 0). (3.4)
0

This process is obviously Gaussian, and we shall describe it more closely below.
It is related to the Bessel processes (X x)¢>0 by the following functional CLT:

Theorem 3.2. Let x be a point in the interior of Ca and lety € RN . Let ko > 1/2
such that \Vk - & +y is in the interior of C& for k> k.
For k > ko consider the Bessel processes (X x)i>0 of type An_1 starting at
Vk-x+y. Then, for allt >0,
sup  Vk- || Xon — VEd(s,z) — W, < o0 (3.5)
0<s<t,k>ko

almost surely. This means that \/E(X:/té“ — ¢(t,x)) — Wy for k — oo locally

uniformly in t almost surely with rate O(1/Vk).

Proof. For k > kg consider the processes
(Rog == Xy — VEO(t, ) — Wy)i>0

on RY. Then Ry = 0, and, by the SDEs (3.2) and (2.1) and the ODE for ¢ in
Lemma 2.1,

” _k/tz 1 B 1
R X=X Vk(¢i(s,z) — d;(s,x))

J#i
Wi — Wi )
— 5 |ds
(\/%(sz(sv LC) - ¢j (87 x)))

fori=1,...,N. We now use Taylor expansion for the function 1/x with Lagrange
remainder around some point zg # 0, i.e.,

1 1 z-—=z  (z—mx)?

T T x3 z3

with some & between = # 0 and x¢ # 0 where x, zg have the same sign. Taking

=X, - X, and w0 =Vk(¢i(s,x) - ¢;(s,)),

87

we arrive at

, t X!, = VEi(s,x) — W) — (X!, — Vko;(s,x) — W)
;’k:_/()(Z( k i(s, ) ) — (X (s, x) )

(@1(5:2) — 635, 2)) ! Hﬁ,’“)“

J#i

' Ri,k B Ri)k i
B _/0 (; (¢s(s,2) — ¢;(s, 1)) +Hs,k> ds

with the error terms
| (024~ VE6u(s.2)) — (X2~ VEoy(5,2)))
;,k =k Z 3

J#i (\/E(¢i($, r) — ¢i(s,x)) + Dm‘(s))
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where, by the Lagrange remainder,

|Di ()| < (X[, = Vhoj(s,2)) — (X] = Vho;(s,2))].

By Theorem 3.1, this can be bounded by some a.s. finite random variable D inde-
pendent of 4, j, s € [0,¢t], and k > ko where D depends on z,y,t. Therefore, for all

i=1,...,

N

)

: 1
|Hg | < —=H for k> ko, s €[0,1]

Vk

with some a.s. finite random variable H. In summary,

t
Rt,k = —/ (A(S, a:)RS,;g + Hs,k) ds, RO,k: =0
0

and thus, for suitable norms and all u € [0, ¢],

t-H|

| ; [ Rs il ds N

with A := sup,¢jo | A(s,z)[| < oo. Hence, by the classical lemma of Gronwall,

t||H
V| s

Ry il <
[ B il Tr

for all u € [0,¢t]. This yields the claim. O

Remark 3.3. The Bessel processes (X x)¢>0 of type A admit some algebraic prop-
erties which are related with corresponding algebraic properties of ¢ and the matrix
function A(t,z). We discuss some of them:

(1)

(2)

(Xt.k)e>0 has the same scaling as Brownian motions, i.e., for all > 0, the
diffusion (%szt,k)tzo is also a Bessel process of type A with the same k
where clearly the starting point is changed. The corresponding relations
for ¢ and A are

1
o(rit,re) =r-o(t,x), A(rtrz) = T—QA(t,x) for r>0,t>0.

Moreover, if we consider (W;)¢>o from (3.2), then for r > 0, (1W,2);>0
also a process of this type where x is replaced by ra in Egs. (3.2)—(3.4).

By (2.1), the center of gravity
1 1
(Xt,k = N(Xt{k o X)) = N(Btl ot B{V))

is a Brownian motion up to scaling. For ¢ and (W;);>o this means that

t>0

> ¢ilt,x)=a1+...+ay and W 4. +WN=Bl+...+B)

3)

for t > 0. Moreover, this reflects the fact that the sums over all rows and
columuns of A(t,z) are equal to 0. In particular, A(¢, ) is always singular.
Let ()?t,\k)tzo be the orthogonal projection of the Bessel process (X x)¢>0 on
RY to the orthogonal complement (1,...,1)* C RY of the vector (1,...,1);
notice that we here write row vectors for simplicity of notation. (@)@0
is again a diffusion which lives on this (N — 1)-dimensional subspace which
is stochastically independent of the center-of-gravity-process (X; x)i>0 on
R-(1,...,1). As the latter one is quite simple (see (2)), the main difficulties
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of the particle process (Xyx)i>0 are contained the (N — 1)-dimensional
process (Xy x)i>0. On the level of ¢ and A, we have the relations
ot,x+7r-(1,...,1) =¢(t,x) +7-(1,...,1)
and A(t,z+7r-(1,...,1)) = A(t,z) for r € R.

Remark 3.4. Similarly as in Theorem 3.2 we may deduce functional central limit
theorems for powers p € N of Bessel processes (which are taken in all coordinates).
The most prominent examples are the squared Bessel process for p = 2. We have

Xk P_ 4Pt o
\/E((\/E) (L, ) — Wiy (3.6)

for k — oo locally uniformly in ¢ almost surely with limiting processes which are
given as solution of

AWy, = pg? L (t,x)dB; + pA,(t,2)W, ,dt, Wy, =0 (3.7)
with the matrices A, (t,z) € RV*N with

P (t, @)
(¢i(t,z) — ¢;(t, )%

o (p - 2)(15?71“755) B (p - 1)¢f72(t,x)¢j(t,x)
Aplts2)ia = =) (0r(6:7) — 5 (6, )2

Ap(t, x)@j =

J#i
fori,j=1,...,N,i#j.

Remark 3.5. Assume now that N is odd, and that (X;x):>0 starts at Vkez in
the interior of C']‘é,. In order to study the &=L 4 1-th component, we notice that

2
N-—-1
zn-1,; = 0 and that hence for p > 2 we have W, * 1 — 0 which implies a
2

degenerate normal limiting distribution. This suggests that for the % + 1-th

component we have a faster rate of convergence than vk. Indeed from Theorem
3.2 we see that as k — oo
N1 d
X, g 2N
N—1 g
for some normal random variable AV, hence (X, 7 )
sequence.

» % AP without normalizing

We finally calculate the covariance matrix of W; for the special solution ¢ of
Corollary 2.3 explicitly. For this we introduce the matrix A € RV*N with

1 1

Ai IRy ——— Ai,i - D EEE— 38

T (2 - 2)? Z (2 — 2)? (35)

J#i

for i,j = 1,...,N, ¢ # j and the vector z as in 2.2. Moreover, let E be the

N-dimensional unit matrix. It is shown in [AV2] that the matrix E — A has the
eigenvalues

1,2,...,N. (3.9)

The eigenvectors are also known by [AV2], but more complicated. We omit details
here. With these notations we have:
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Lemma 3.6. Assume that (X, )i>0 starts in the interior of Cj(‘, m Vk-cz+y with
y €R, z as in 2.2 and ¢ > 0. Then the covariance matrices ¥y € RN*N fort >0
of the limit process (Wy)i>o are given by

2 .2
Y= (t+ C5)(E — A)YE — M ar2)(EA))

k k
with eigenvalues A\ (t, c) = ﬁ% (k=1,...,N). In particular, \{\(t,c) =
t.

Proof. For the special case ¢(s,cz) = v/2s + ¢?z, the matrix function A(s,cz) has

the simple time-dependence A(s,cz) = ﬁA Hence we obtain for the process

t
W, = e(ln(2t+c2)—lncz)A/2/ e(— ln(25+c2)+lnc2)A/2st (t > O)
0

Since A is real and symmetric and taking (3.9) into account, we may write A as
A = UDU?" with an orthogonal matrix U and with the diagonal matrix

D =diag(dy,...dy) := diag(0,—1,—-2,...,—N +1).
This leads to

t 2. 4 2 4N
2t+c 3 2t+c 2 ~
- di ( ( ) AB.U"
i U/o mg( 2s+c2) 25+ 2 v

with the rotated Brownian motion (Bt := U'ByU);>0. This, the Ito-isometry, and
d;/2 # 1 for all i yield

2
t 2 41 2 4N
2t + ¢ 3 2t + ¢ Pl

S, = U-[ di ( ) ( ) ds - U*

t v /0 zag( 2s + c2 2s + c2 U
¢ 2t + 2\ 4 2t + 2\ dn

- U- [ di ( ) ( ) ds - Ut

/0 zag( 2s + ¢? 25 + 2 y

1
= U-di — (2t + & — A0 (9 4 ),
ZW(mL¢g<+C AU (214 A1),

x1(i¢%+9—ﬂkmwm+%”0'w'
—unN

Combining
(UE-D)'UHY'=UE-DU'=E-UDU'=FE—- A

with a reformulation of the i-th entry in the diagonal matrix

1 2 2(1—dy) ovdiy L ¢ (1—di)ln £y
2(1—di)(2t+c C (2t +¢) )—1_di(t+2)(l e 2t4e? )
we obtain by functional calculus that
2 2 c2
¥ o= (t+ %)(E — At (E — U - diag (e(1d1> gte | mdn gty ) Ut)

2 2
= (t+ B - AT (B ErDE)

which yields the desired form of the covariance matrix. O



14 MICHAEL VOIT, JEANNETTE H.C. WOERNER

Remark 3.7. (1) A key role plays the matrix (E — A)~! which is the covari-
ance matrix which appeared in [V] for the case when starting (X, x);>0 in
zero and in [DE2] in the context of asymptotics for eigenvalues of Hermite
ensembles. Note that though we assume ¢ > 0 we may formally set ¢ = 0
and obtain ¥, = t(E — A)~! as in [V]. Since lim;_, %/t = (B — A)~!, we
obtain asymptotically in ¢ the same result as starting in zero independent
of the actual starting point cz.

(2) As noted in [DE2] (E — A)~! is the Hessian of the potential from part
(1) of Lemma 2.2 evaluated at the maximizer. Hence the limiting result for
k,t — oo may be interpreted as a natural first order approximation induced
by the underlying dynamical system.

(3) Inserting the definition of the matrix exponential in the representation of

2 \2

S yields £ = (t+$) [~ In gz E — (In 2t2+r,2> (E— A)— ... Hence we sce
that the diagonal elements have a different behaviour in ¢ as the remaining
entries of the covariance matrix.

(4) As the matrices in Lemma 3.6 satisfy ¥y = 0, the results of Lemma 3.6 are
also valid for ¢t = 0.

(5) We point out that the methods of the proof of Lemma 3.6 also lead to
explicit formulas for the covariances of arbitrary components at different
times for the process (W;);>o.

Remark 3.8. Note that in principle also the eigenvalues of the the general A(t, x)
could be calculated, since the characteristic polynomials are again symmetric poly-
nomials of the entries, which results in quotients of symmetric polynomials in ¢.

4. THE DYNAMICAL SYSTEM IN THE LIMIT FOR THE ROOT SYSTEM By

In this and the next section we turn to Bessel processes for the root systems By
with multiplicities k = (k1,k2) = (v - 8, 8) with v > 0 fixed and 8 — oo. For this
we first recapitulate some facts from [AKM2] and [AV1].

We first notice that the SDE (1.9) for Bessel processes of type By reads as

, , 1 1 v-p
X} = dB; +5Z( . — + — : )dt+ Pt (4.1)

J#i th,k - XtJ,k Xf,k + Xt],k XZ,k
for i = 1,..., N with an N-dimensional Brownian motion (B},..., B});>o. The

renormalized processes (X;x := X 1/v/B)i>0 satisfy

. 1 ) 1 1 v
AXip = =dBi+ Y (e + oy )+ odt (42)

\/B ) Xg,k - Xg,k Xg,k + Xg,k th,k
for ¢ = 1,...,N. These processes are related with the deterministic limit case

B = o0; see Lemma 3.1 of [AV1]:

Lemma 4.1. Let v > 0. For ¢ > 0 consider the open subset

U :={zecCk:azy> and ®; —Tip1 >€ for i=1,...,N—1}

v
N-1’
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of CB. Then the function

1 1 v
Zj?’ﬁl(wlfw + $1+£Ej) + 1
H:U. >RV, z+— :

1 1 v
Z]'#N(IN*%' + $N+wj) + TN
is Lipschitz continuous. Moreover, for each starting point xq € U, the solution

o(t,z0) of % (t) = H(x(t)) satisfies ¢(t, o) € Ue fort > 0.

We discuss the general solutions ¢(t,x) below. For certain starting points, ¢ can

be determined in terms of zeros of Laguerre polynomials. For this we recapitulate
that for @ > 0 the Laguerre polynomials (L%O‘))nzo are orthogonal w.r.t. the density

e~ %.x% We need the following characterization of the zeros of Lg\l;_l); see [AKM1],
or Section 6.7 of [S], or, in the present notation, [AV1]:

Lemma 4.2. Let v > 0. For y € CE, the following statements are equivalent:
(1) The function

W(x) := 22:111(%2 — x?) + 21/Zlnmi — |jz]|?/2

1<j %

18 maximal at y € C’ﬁ ;
(2) Fort=1,...,N,

1 2y; v 1 1 v
~yi = +2 =3 + )+
2 Z T Z YVi—Y YTty Yi

2 _ ~
g Y Jii#i
3) If zﬁu_l), cee z](\';_l) are the ordered zeros of Lg\l,’_l), then
v—1 v—1
2z = 2(25 ),...,zj(v )):(yf,...,y]zv). (4.3)

Lemma 4.2 leads to the following solutions of the ODE of Lemma 4.1; cf. [AV1]:

Corollary 4.3. Letv > 0 andy € CL the vector in Eq. (4.3). Then for each ¢ > 0,
a solution of the dynamical system in Lemma 4.1 is given by ¢(t,c-y) = Vi + c2-y.

We next show that the solution in Corollary 4.3 attracts all other solutions in
some way similar to the A-case in Lemma 2.4. For this we observe that by the
ODE for ¢,

d N .
%Ilcb(t,x)ll2 =2 ¢i(t,x) - di(t,x)

i=1
d)i(taz) ¢Z(t7x)
=2 2UN
oo N o) ai) + o) A
—ON(N +v - 1). (4.4)
As ||¢(0,2)||? = ||z]|?, we obtain for ¢t > 0 that
lp(t, 2)[|* = 2N(N +v — 1)t + [|z]|*. (4.5)

This is the first step for the following stability result:
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Lemma 4.4. For each starting point x in the interior of C¥, the solution ¢ of the
ODE in Lemma 4.1 has the form

B(t,z) = /2N(N + v — 1)t + ||z - po(t, x) (t>0)

where ¢g satisfies

It a)ll =1 and  Jim éo(t,2) = s

with the vector z of Lemma 4.2(3).

Proof. The proof is similar to that of Lemma 2.4. Using (4.5), we define

- ! ot ) = 2HT)
Poltr) = V2N(N +v — 1)t + [[z]]2 Hbe) = (4.6)

lp(t, )|
with ||¢o(¢,x)|| = 1. The ODE in Lemma 4.1 implies that

) AN v - Dir e GNN v - Di - [al?)

B 1 3 1 N
T AN+ v = D+ [wf? \ &G04t @) — do,(t )

1 v
* ; G0,i(t, x) + ¢o,;(t, x) - bo,i(t, )

— N(N +v— 1)(]50,1‘(757.'1,‘)) .

Hence, (t,x) := ¢ (N(N +v—1t2+ ||x||2t,x) for ¢t > 0 satisfies

. 1 !
ﬁ’z‘(t’ﬂ?) ; %‘(t,fﬂ) _ ¢j(t7m) T ; ’(/Ji(t,x) + ’(/}j(t“r)

+ 7

wi(tvx)

for i = 1,...,N with ¥(0,2) = ¢o(0,2) = x/||z|]. The ODE (4.7) is a gradient
system ¢ = (Vu)(¢)) with

“N(N 4+ v —1)-4(t, ) (4.7)

N

uly) = Y. (n(y—y;) + Iy +y)) +v> Iny —

ij=1,...,N,i<j i=1

N(N+v—-1)

2
),

Lemma 4.2 ensures that u admits a unique local maximum on C, that this maxi-
mum is a global one, and that it located at y with

1 _ _

2 2N\ (v—1) (v—1)
(ylv"ﬂyN)*N(N_i_y_l)(zl yee s RN )

We notice that ||y|]| = 1; see e.g. (C.10) in [AKM?2]. These observations and (4.6)
now lead to the claim as in the proof of Lemma 2.4. ([

We are not able to determine ¢ explicitly for arbitrary starting points and N.
On the other hand, as for the root systems of type A in Section 2, (4.4) is a special
case of more general observation. For this we again use the elementary symmetric
polynomials ey, := el in N variables and define

ep(x) == &N (x) == ep(a?,...,2%) (k=0,...,N).



CENTRAL LIMIT THEOREMS FOR MULTIVARIATE BESSEL PROCESSES 17

As each symmetric polynomial in N variables is a polynomial in ey, ..., ey by some
classical result, we obtain from the following lemma that all symmetric polynomials
in squares of the components of ¢ are polynomials in ¢.

Lemma 4.5. For each x in the interior of C¥, consider the solution ¢(t,z) of the
ODE in Lemma 4.1. Then, for k =0,...,N, t — éx(o(t,x)) is a polynomial in t
of degree k with leading coefficient

2k(N+1/—1)(N+V—2)~-~(N+V—k)-<JZ> (k < N).

Proof. The statement is trivial for & = 0 and follows from (4.5) for k& = 1. For
k > 2 we use induction on k. We use the notations ¢g(t, z) and ekR from the proof
of Lemma 2.5. We put é£(z) := eff(z%,...,2%). We then have for k > 2 that

N
d . do;(t,z N—
Do) =23 D 0y e o0, gt
j=1
Therefore, by the differential equation for ¢,

d N
iék((b(t,x)) B 22( Z o;(t,x) )(t x)? + V>é§€v11(¢{1 11111 NG @)
j=1 ity Y )
S ot x)%en o, v ) — it 2)%en o, v (@)
ij=1,...,Nii#j 0j(t,x)? — ¢4(t, )2
N
+ 2w &5 (Gn.. vt 2)- (4.8)

j=1
Moreover, simple combinatorial computations show that for K < N — 1,

G161 (D vny) — 916 (Svngy) = (6] — 6D)E 5 (S v (i)
(4.9

and
~N—2 _ ~N
Y. aZOpeana) =Nk E DNV = ke (¢). (410)
i,j=1,...,Nyistj
Moreover,
¢IeN_1(bp, NnpY) — Pren 1 (b ) = 0. (4.11)
Furthermore,
> b vngy) = (N =k + 1Dé (). (4.12)
j=1
Therefore, by (4.8)-(4.12), for k < N,
d -
—er(6(t,2)) = 2N =k + 1)(N = k+v)&il(6(t, 7). (4.13)

This recurrence relation and the known cases k = 0,1 lead easily to the claim. O

Example 4.6. Let v > 0, N = 2, and x € C£. Then, by (4.4), (4.13), and the
initial conditions,

(Z - ¢1(t,$)2)(2’ - ¢2(t7x)2) = 22 - (¢1(t,1‘)2 + ¢2(ta x)Q)Z + ¢51(t,l‘)2¢2(t,1‘)2
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with
D1 (t, )2+ ¢a(t, )2 = 4(+v)t+|x|% b1t )2 po(t, 2)? = dv(14+v)t2 4 2v| x| Pt 42223,

This yields, since ¢ is non-negative,

1/2
$1(t, ) = <; <4(1 + V)t + ||zf| + \/16(1 + v)t2 + 8||z||%t + (2% — x§)2>> ;

1/2
Pa(t,x) = <; <4(1 + )t + ||z||* - \/16(1 + v)t2 + 8|z||2t + (=3 — x%)2>>

This implies in particular that for ¢t — oo,

l[|* — a3

1/2 v
rta) = (a4 e ) 1+ \/1 T T TP

1/2 1/2
:(;(4(1+V)t+||:v2)) <1+,/1iy> +o@Y?),

1/2 1/2
¢o(t,x) = (;(4(1 + V)t + ||x2)) (1 — 1 ) Lo Y?),

14+v

which is some quantitative version of Lemma 4.4.

We also observe that our solutions ¢(t,z) also exist when we start at time ¢ =0
at any point z on the boundary of CF and that for these solutions, ¢(¢,x) is in the
interior of C¥ for all ¢ > 0.

5. A FUNCTIONAL CENTRAL LIMIT THEOREM FOR THE ROOT SYSTEM By

The solutions ¢ in the preceding section appear in the following SLLN for Bessel
processes of type By; see Theorem 3.4 of [AV1].

Theorem 5.1. Let v > 0. Let x be a point in the interior of CE, and let y € RV.
Let By > 1/2 with \/B-x+y in the interior of CX for B> By. For B > By, consider
the Bessel processes (X¢ x)i>0 of type B with k = (k1,k2) = (8- v, ), which start
in/B-x+y. Then, for allt >0,

sup || X — VBé(s, )| < o0 a.s..

0<s<t,8>Bo
In particular, Xy (,.5,8)/V/B — ¢(t,x) for f = oo locally uniformly in t a.s..

We now turn to an associated functional central limit theorem which makes the
difference Xy — +/Bo(t, z) more precise for v fixed and B — co. As in Section 2
we fix some x in the interior of C¥ and consider the associated solution ¢t — ¢(t, x)
(t > 0). We also introduce an N-dimensional process (W;);>¢ as the unique solution
of the inhomogeneous linear SDE

4B wi-wi Wi W)
dw; _dBtJr;((%(t,x)—¢’j(t7$))2 <¢i<t,m>+¢j<m>>2> t
V.Wt:dt (5.1)

- (bz (ta ‘T)
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for : = 1,..., N with initial condition Wy = 0. Notice that here all denominators
are # 0 for t > 0. The SDE (5.1) may be written in matrix notation as
with the matrices A, (t,2) € RV*Y with
1 1 .,
At @)= (i # ),

(@it 2) = &5 (t.0)2  (dilt,) + 5(t,7))?

-1 1 v
Ayt 2)ii = Z<(¢i(t,x) — g (ta)? (it ) +¢j(tv$))2> ity @)

J#i
(5.3)
for i,j = 1,...,N. The process (W;)y>0 is given in terms of matrix-exponentials
by
t
W, = elo Au(sax)dS/ e~ o Avlwa)dugp 4 > ). (5.4)
0

This process is obviously Gaussian; we describe it more closely below. It is related
to the Bessel processes (X )i>0 as follows:

Theorem 5.2. Let v > 0. Let x be a point in the interior of CX and let y € RY.
Let By > 1/2 such that /B - x + vy is in the interior of C’j(‘, for B> Bp.

For 5 > By consider the Bessel processes (X¢x)i>0 of type By with k = (v, 5)
starting at /B -x +y. Then, for all t > 0,

sup \/B 1 X5k — \/Bqﬁ(s,x) — W] < o0 a.s., (5.5)

0<s<t,f2PBo

ie., Xop — VBo(s,x) — Wy for B — oo locally uniformly in t a.s. with rate

O(1/v/B).
Proof. For 8 > [y consider the processes
(Rip = X (up.p) — VBt ) — Wi)iz0
on RY with Ry 3 = 0. Then by the SDEs (5.1), (4.1) and the ODE in Lemma 4.1,
R ;= (5.6)

_B/O 1 Wi — Wi )

= <X§ p— X2,  VB(ei(s,x) — 65(s,)) (VB(@i(s,2) — di(5,2)))°
. Z( 1 N Wi+ Wi >
F\XL A+ XD VBOi(s2)+65(5:2) T (VB(on(s,2) + 65(5,2)))

+ = ! + W, d
v — — S
Xk VBoils.2)  (VBoi(s,2))°
fori=1,..., N. We use Taylor expansion for 1/z with Lagrange remainder around
some point zy # 0, i.e.,

1 1 x—x0+(a:—a:o)2

r x3 z3




20 MICHAEL VOIT, JEANNETTE H.C. WOERNER

with some Z between = # 0 and zy # 0 which have the same signs. Taking
xr = :,k iX:Z“7k7 To = \/B((;S,(S,LE) i¢j(57x)) and
T = 2,k7 zo = \/Béi(s, z),

we get

D = (XL = VBi(s,) — W) — (XD, — VB (s, x) — W)
b / @ (@i(s,2) — ¢, 7))2
(X! = VBoils, @) = W) + (XL, — /B (s, ) — WJ)
t2 (6:(5:2) + 35 (5, 2))?

Jj#i
Xi, — /Boils,x) — Wi .
4 ok ﬁjg:)f) + +H;7ﬁ> ds
_ ! R 5 — Rg,ﬁ R, + Ri,k
B A (; (¢l(8,.’13) - (ﬁj(S,l‘))Q N ; (¢Z(S,$) + ¢j(8,$))2

Ri,ﬁ i
+ Vr‘(& e + Hsﬁ ds

with the error terms
i lz (024~ VBou(s ) — (X2, ﬂ@(s,gx»f
7 (VBils.2) = 05(s,2) + Dy ()
(X2~ VBouls,2) + (X2, — VB (s.2)))
7 (VBGis,2) + 65(5,m) + D(5))
(22, — Vo (s.2)))
(VBou(s.) + Di<s>)3}

where, by the Lagrange remainders in the 3 Taylor expansions above,

|Di,(|<| \/><;5st sz \[qﬁjsx

+

+v

and
|Di(s)| < |X{x — V/Bis,z)
By Theorem 5.1, the terms |D |, |D;| can be bounded by some a.s. finite random

variable D independent of i, j, the sign, s € [0,¢], and 8 > By where D depends on
x,1y,t. Therefore, foralli=1,..., N,

. 1
|H, ] < ﬁH for 3> Bo, s €[0,1]

with some a.s. finite random variable H. In summary,

t
Rip = */ (Ay(s,z)Rs 3+ Hsg)ds, Roj =0
0
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and thus, for suitable norms and all u € [0, ¢],
t- | H|

R SA/ R, ds +
[ Rugll ; | Rs sl NG

with A :=sup,c(o,4 |4 (s, )| < oco. The classical lemma of Gronwall now implies
that

tIH| oA
VB

for all u € [0,¢]. This yields the claim. O

[l <

Remark 5.3. The Bessel processes (X x);>0 of type B have the same space-time
scaling as Brownian motions and the Bessel processes of type A in Remark 3.3(1),
ie., for r > 0, (%Xﬂt,k)tzo is also a Bessel process of type B with the same k with
modified starting points. The corresponding relations for ¢ and A are

o(rit,re) =r-o(t,x), A(rt,rz) = %A(t, xz) for r>0,t>0.

Moreover, for the solution (W)¢>o of (3.2), (1W,2;)¢>0 is also a process of this type
where x has to be replaced by rz in Egs. (5. 1) (5.3).

In the end of this section we again calculate the covariance matrix of W; for the
special solution ¢ of Corollary 4.3 explicitly. For this we introduce the matrices
AU = (Au,i,j)i,j S RV*N with

1 1 1 v
e T )2
T i) (it y)? ; —u)? Wity)?) Y
(5.7)
for i,j = 1,...,N, i # j and the vector y as in 4.2. Moreover, F is the N-
dimensional unit matrix. It is shown in [AV2] that E — 24, has the eigenvalues
92,4,...,2N, (5.8)
independent of v. The eigenvectors are also known by [AV2], but more complicated.
We omit details here. With these notations we have:

Lemma 5.4. Let v > 0. Assume that the Bessel process (X x)i>0 of type B with
k = (vB,B) starts in the point /B - cy + w in the interior of C’ﬁ with w € R, y as
in 4.2, and ¢ > 0. Then, the covariance matrices $,; € RN*N fort > 0 of the
limit Gaussian process (Wy)1>o are given by

C2
Sui = (t+ A)(E —24,) (B — " e (F24v)y

with eigenvalues A2 (t,c) = i% (k=1,...,N).

Proof. For the special case ¢(s,cy) = /s + c2y with ¢ > 0 and the vector y in 4.2,

the matrix function A, (s,cz) has the form A, (s, cy) = +02A Hence,

t
W, = e(ln(t+c2)71n02)Ay / 6(7 ln(s+¢:2)+1n02)A,/st (t > O)
0

Since A, is real and symmetric and taking (5.8) into account, we may write A, as
A, = UDU? with an orthogonal matrix U and with the diagonal matrix

D = diag(dy, ...dy) = diag(—1/2,—3/2,...,(=2N +1)/2).
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This leads to

W :U/Otdmg<(zj;zz)dl"“7 (iizz)dN>dBS.Ut

with the rotated Brownian motion (By := U?B,U);>¢. This, the It6-isometry, and
2d; # 1 for all i yield

t t+c2\dh t4c?\dn ’
2, = U~/diag ( 2) (72) ds - U
0 s+c s+tc
t ¢ 2. 2d t 2\ 2d
= [ () () e
0 s+c¢ s+ c?

1
= U.diag<1 “od (t+c* — 62(1_2d1)(t+02)2d1),...,

1
U R (A cQ)M)) Ut
Combining
(UE-2D)"'U") "' =E~-2.-UDU'=FE - 24,
with
1 2 2(1—2d;) 2\2d;\ 1 2 (1-2d;) In
e = O ) = (1 ) (1= e )

we obtain by functional calculus that

02 C2
Yo = (t+A)(E-24,)7" (U - diag <1 i S e +2> Ut)

2
= (t+A)(E—24,) N (E - "B

which yields the desired form of the covariance matrix. O

Remark 5.5. The eigenvalues of ¥; in the cases Asny_1 and By are related by
AB(t,e) = Ak (t,e-V2)  (i=1,...,N)

independent of v. We have the impression that this is connected in some way with
the fact that Han(z) = const.(N) - LE\?UZ) (22) for v =1/2.

Please notice that all preceding results hold for v > 0. We show below that most
results are also valid for v = 0, where however, some results will have a slightly
modified form. These results are closely related to the root systems of type D.

6. A FUNCTIONAL CENTRAL LIMIT THEOREM FOR THE ROOT SYSTEM Dy

We now briefly study limit theorems for Bessel processes of type Dy. We reca-
pitulate that the associated closed Weyl chamber is

Cﬁz{l‘ERN: $1Z~--Z$N—1Z|$N|}7
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i.e., CF is a doubling of C¥ w.r.t. the last coordinate. We have a one-dimensional
multiplicity k£ > 0, and the SDE (1.9) for the Bessel processes (X, )i>0 of type D
has the form

| | | 1
axiy = dBj+ k> (— R — —at (6.1)
e X;k - th,k Xg,k + Xg,k

for i = 1,..., N with an N-dimensional Brownian motion (B},..., B{);>o. The
renormalized processes (X 1= Xt,k/\/E)tzo satisfy

S 1 i 1
= 2w
VE s s

_——~dt (i=1,...,N). (6.2)
Xf,k"’Xg,k)

These processes are closely related with the deterministic limit & = oco. For this

limit case we recapitulate the following obvious facts from Lemma 4.1 of [AV1]:

Lemma 6.1. Fore > 0 consider the open subsets U, := {x € C¥ : d(z,0CE) > €}.
Then the function

1 1
Zj;ﬁl(ml—m_j + m1+rj)
H:U —RY, 2z~ :

1 1
Zj;éN(mN—rj + rN+rj)
is Lipschitz continuous on U, and for each starting point xq € Ue, the solution
d(t,z0) of %(t) = H(x(t)) satisfies ¢(t, o) € Ue fort > 0.

We now proceed as in Section 4 of [AV1]. Using the representation

N « —X k
Ll (z) ;:Z(J;:J( k!) (a €R, N €N)
k=0

of the Laguerre polynomials according to (5.1.6) of Szegé [S], we form the polyno-
mial LSV_I) of order N > 1 where, by (5.2.1) of [S],
1 X 1
Ly (@) = — 5Ly (@). (6.3)
Hence, by continuity, the equivalence of (2) and (3) of Lemma 4.2 remains valid for

v = 0 with the N zeros z; > ... > zy =0 of Lg{l). In summary, by [AV1]:

Lemma 6.2. Forr € C&, the following statements are equivalent:
(1) The function Wp(y) := 23, _; n(y? —y3) = [[y[|*/2 is mazimal in r € Cy;
(2) rv =0, and fori=1,...,N — 1,

1
427«2—7«5:1;

i
(3) If z%l) > > Z](\})_l > 0 are the N — 1 ordered zeros of Lg\l,)_l, then
1 1
2.0 L0 =02 ). (6.4)

As in the B-case in Section 3, Lemma 6.2 leads to the following particular solu-
tions of the ODE of Lemma 6.1; cf. [AV1]:

Corollary 6.3. Letr € CL the vector in Eq. (6.4). Then for each ¢ > 0, a solution
of the dynamical system in Lemma 6.1 is given by ¢(t,c-r) =t +c? - r.
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Again, the solutions in Corollary 6.3 are attracting. For this we again first
observe that as in Section 3, for all z in the interior of C’ﬁ and ¢t > 0,

lo(t, )||* = 2N (N = 1)t + [, (6.5)

This is the first step for the following stability result which is completely analogous
to Lemma 4.4; we thus omit the proof.

Lemma 6.4. For each x in the interior of C¥, the solution ¢ of the ODE in
Lemma 4.1 has the form

o(t,x) = 2N(N — )t + ||z - ¢o(t,z)  (t >0)

where ¢g satisfies

Ioot,2)l =1 end  lim golt,z) =

_z r
N(N -1)
with the vector r of Lemma 6.2.

Beside the particular solutions of the ODE in Lemma 6.3 we have the following
observations for further special solutions. This result fits with Eq. (6.3) for Lgv_l).
Lemma 6.5. Let x be a point in the interior of CX with xy = 0. Then the
associated solution of the ODE in Lemma 6.1 satisfies ¢(t,x)n = 0 for all t, and
the first N — 1 components (¢p(t,x)1,...,¢(t,x)N_1) solve the ODE of the B-case
in Lemma 4.1 with dimension n — 1 and v = 2.

Moreover, if xxy > 0 or <0, then for all t, ¢(t,x)ny > 0 or < 0 respectively.

Proof. If zy = 0, then by the ODE in 6.1, %q’)(t,x)]v = 0. This shows the first
statements. These statements and the fact that the curves (¢(t,z)); are either
equal or do not intersect then show the last statement.

The solutions ¢ of the ODE in Lemma 4.1 appear in the following SLLN; see
Theorem 5.5 of [AV1]:

Theorem 6.6. Let x be a point in the interior of CY, and y € RN. Let k > 1/2
with Vk - x + y in the interior of CE for k > ko. For k > ko, consider the Bessel
processes (Xi.1)i>0 of type Dy starting in Nk -z +1y. Then, for all t > 0,

sup || Xsk — \/Egﬁ(s,x)” < 00
0<s<t,k>ko

almost surely. In particular,
X/ VE = 6(t,2) for  k— oo
locally uniformly in t a.s..
We now turn to an associated functional CLT for X; x — Vke(t,z). As in Section
3 we fix some x in the interior of C'¥ and consider the associated solution ¢t — ¢(t, x)

(t > 0). We also introduce an N-dimensional process (W;);>¢ as the unique solution
of the inhomogeneous linear SDE

) ) J _ Wt J i
AW — dB! + Z( Wiz Wi Wi+ W 7 ) it (6.6)
i

(¢i(tﬂ x) - (bj (tv x))2 (¢i(tﬂ x) + (bj (tv xz

for ¢ = 1,..., N with initial condition Wy = 0. The SDE (6.6) may be written in
matrix notation as
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with the matrix A(t,z) € RV*Y with

1 1 . .
A2 = G gt oE Gt L aGae 7

At x)i = Z((ébi(t,w) —¢;(t,2))>  (di(t,x) + ¢j(t7x))2> o

J#i
fori,j=1,...,N. The process (W;);>0 is Gaussian and given by

t
W, = eJo Als.w)ds / e Jo Awndugp (¢ > (), (6.9)
0

It is related to the Bessel processes (X¢ x)¢>0 of type D by the following result. As
the proof is completely analogous to that of Theorem 5.2, we omit the proof.

Theorem 6.7. Let z be a point in the interior of CK and lety € RN . Let kg > 1/2
such that \Vk -z +y is in the interior of CR for k > k.

For k > ko consider the Bessel processes (X )i>o0 starting at Vk-x+y. Then,
for allt >0,

sup  Vk - | Xox — VEd(s,z) — W, < oo a.s., (6.10)
0<s<t,k>ko
ie, Xgp — \/E¢(s,x) — Wy for k — oo locally uniformly in s a.s. with rate
O(1/Vk).
Remark 6.8. Consider the Bessel processes (X; )i>0 of Theorem 6.7 which start

in Vk-x for z in the interior of C{ with 2y = 0. Then, by Lemma 6.5, ¢(t,z)y = 0
for all t > 0, and the matrix function A from (6.8) satisfies A(¢,z)n N = 0.

We next calculate the covariance matrix of W, for the special solution ¢ of
Corollary 6.3. For this we introduce the matrix A € RV*¥ with

1 1 -1 1
Ai i = - 5 Aii = - 6.11
T —)2 (ri4ry)? ’ ;((n -r)?  (ri+ rj)2> (6.11)

for i,j = 1,...,N, i # j and the vector r as in 6.2. By [AV2], E — 2A has the
eigenvalues

2,4,...,2N. (6.12)
The eigenvectors are also known by [AV2]; we omit details here. With these nota-

tions we obtain the following result. As its proof is again analog to that of Lemma
5.4, we skip the proof.

Lemma 6.9. Assume that the Bessel processes (Xi)i>o0 of type Dy start in the
points Vk - cr + w in the interior of 0}3 with w € RY, r as in 6.2, and ¢ > 0.
Then, the covariance matrices ¥y € RN*N fort > 0 of the limit Gaussian process
(Wi)e>o are given by
c2 _
Y = (t—l— 62)(E _ 2A)—1(E _ elnm(E 2A)).

Remark 6.10. Let = be a point in the interior of CX with 2y = 0. Then, by
Lemma 6.5, the matrices A(t,x) of Eq. (6.8) satisfy A(t,z)n; = A(t,z);n =
0 for j # N and t > 0. We thus conclude from Eq. (6.9) that for the cen-
tered Gaussian process (W;);>o the N-th component (Wt(N))tzo is independent
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from (Wt(l)7 e Wt(Nfl))tZO. This situation appears in particular in the setting of
Lemma 6.9.

7. FURTHER LIMIT THEOREMS FOR THE CASE B

The preceding results for the root systems of type D are closely related to limit
results for Bessel processes of type B for the degenerated case (k1,k2) = (0, k) for
k — oo which was excluded in Section 3.

To explain the connection we recapitulate some well-known facts; see [AV1], [V].
Let (th?k)tzo be a Bessel process of type D with multiplicity £ > 0 on the chamber
CE starting in some point z in the interior of C¥. Tt follows from the generator of
the associated semigroup (or the associated SDE (6.1)) that the process (ka)tzo
with _ _

X5h=x00 (i=1,...,N=1), X5V =[x "
is a Bessel process of type B with the multiplicity (k1,k2) := (0,k) and starting
point (x1,...,2n_1,|zn]) € CE with 1 > ... > xx_1 > |zy| > 0. Notice that
(ka)tzo is a diffusion with reflecting boundary where in particular the boundary
parts with the N-th coordinate equal to zero are attained.

We now translate the results of the preceding section. For this we consider the
solutions ¢(t,z) of the ODE in Lemma 6.1 in the following two particular cases:

(1) If x is in the interior of C§, then ¢(¢, z) will be also in the interior of C%
for all ¢ > 0.
(2) If z € CF satisfies 71 > ... > zy_1 > 2y = 0, then we have ¢(¢,2); >
o> ot ) N1 > o(t, )y =0 for all ¢ > 0.
Case (2) appears in particular for ¢(t,x) = Vvt + ¢ - r for ¢ > 0 and the vector r
from Lemma 6.2 with ry = 0.
Theorem 6.6 now reads as follows for the B-case with (ki, k2) = (0, k) for k — oo:

Theorem 7.1. Let x be a point as described above in (1) or (2). For k > 1/2,
consider the Bessel processes (X (o.x))t>0 of type By starting in Vk-xz. Then, for
allt >0,
sup || Xon — VEo(s,z)|| < oo a.s..
0<s<t,k>1/2

We next consider the Gaussian processes (W,);>0 of Eq. (6.9). Theorem 6.7 now
leads to functional CLTs where the cases (1) and (2) have to be treated separately
for geometric reasons. For the case (1) we have the following result:

Theorem 7.2. Let x be a point in the interior of CE. For k > 1/2 consider Bessel
processes (X ok))e>0 of type B starting at Vk-x. Then, for allt >0,
sup V|| Xsop) — VEO(s,2) — W[ <00 a.s.. (7.1)
0<s<t,k>ko
Proof. As z is in the interior of C¥, we obtain that for each ¢t > 0 and almost all
w € Q, the path (VE¢(s, z) — W, (w))seo, s arbitrarily far away from the boundary

of C¥ whenever k is sufficiently large. This, the connection between the D- and
B-case, and Theorem 6.7 thus lead to the theorem. (|

Theorem 7.2 may be seen as Theorem 5.2 for the degenerate case v = 0 in the
notation there.
We next turn to case (2):
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Theorem 7.3. Letx € Cﬁ withxy > ...>axy_1 >xy =0. Fork > 1/2 consider
Bessel processes (Xy 0,x))i>0 of type B starting at Vk - x. Then, for the process

Wy =W, o w N W ) 50, and all t > 0,
sup  Vk- 1 X5, 00,8) — \/E(b(s,x) — WS|| < o0 a.s.. (7.2)

0<s<t,k>ko
Proof. This follows immediately from Theorem 6.7, the connection between the D-
and B-case, and from ||a| — |b|| < |a — b] for a,b € R. O

We finally notice that for the process (Wt)tZO; the first N — 1 components form
a Gaussian process which is independent from (IWt(N)DtZO by Remark 6.10. The
distributions of \Wt(N)\ clearly are one-sided normal distributions.

8. EXTENSIONS TO MULTI-DIMENSIONAL BESSEL PROCESSES WITH AN
ADDITIONAL ORNSTEIN-UHLENBECK COMPONENT

In this section we will consider an extension of our previous models by adding
an additional drift coefficient of the form —Az, A € R, i.e. a component as in a
classical Ornstein-Uhlenbeck setting

dYy = dB; + (%(V(lnwk))(Y}/,k) — )\Yt,k) dt.
If A > 0, we obtain a mean reverting process with speed of mean-reversion A, which
is an ergodic process. For A < 0 the process is non-ergodic. For N =1 and A > 0
the squared process is the well-known Cox-Ingersoll-Ross process, widely used in
mathematical finance.

We derive the results for the root system Apn_; as the same technique also
holds for the other root systems. We consider processes (Y; x)i>0 of type Ay_1 as
solutions of

. . 1 .
dY/y =dBi+ [ kY ———— =AY/, |dt  (i=1,...,N). (8.1)
7 Vi =Yk
with an N-dimensional Brownian motion (B}, ..., B );>0. By applying Itd’s for-

mula together with a time-change argument we see that Y may be given as a
space-time transformation of the original X (with A = 0), namely

Yt,k = eiMXEQM,l =
X

For a proof based on the generators cf. [RV1].
A similar relation also holds for the solutions of the associated deterministic
dynamical systems.

Lemma 8.1. Let ¢(t,z) be a solution of the dynamical system 92 (t) = H(z(t))

with starting point x in the interior of C]‘é, as in Lemma 2.1. Then
1— e—2x\t
2

is a solution of the dynamical system %= (t) = H(xz(t)) — Az(t) with starting point x
for allt > 0.

76_/\t$)

¢
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Proof. The claim follows by direct calculation. We denote by (ﬁ(t, x) the derivative
with respect to the first argument. For ¢ € {1,--- N} we obtain by the space-time
homogeneity in Remark 3.3 that

a 1— 672)\1‘/ IV a IV 62/\15 -1
g gy = g (e )
27t 27t
N v . a0, e 1
= e Mp(E ) e M)
B 2,\75 -1 . 62’\t—1
= - At(bz( )+€)‘t¢i(T7$)
1— 72)\t
= —)\d)z(%,e M)
1
+ ot =Y )
;W S5 e Me) = 6 (g e M)
which yields the desired result. O

With the same technique as in Theorem 3.1 and Theorem 3.2 we may deduce a
functional central limit theorem for (Y} x)¢>0, namely

\/E(i\/;’g — qs(l%;w, e M) — W, (8.2)

for k — oo locally uniformly in ¢ almost surely with rate O(1/v'k), where W is
given by

i i Wi — W; .
AW} =dB} + | Y —— T e o) — AW | dt. (8.3)
= (i e MT) — oy ( )

for ¢ = 1,..., N with initial condition Wy = 0. The SDE (8.3) may be written in
matrix notation as

dW; = dBy + ANt, x)W,dt (8.4)
with the matrices A*(t,z) € RV*N with
1
A L e
A (t,m)w = (¢Z( e 2)\t’ — tx) ¢j( e 2)\t’ */\tx))Q’
ANt x); 5 = — Z ! -2
T (G e M) — (g e )

fori,7 =1,...,N, i # j. The process (W);>o admits the explicit representation
in terms of matrix-valued exponentials

t

W, = elo A (52)ds / e~ Jo AwDdugp (¢ > 0). (8.5)
0

Note that due to the constant term in the diagonal of A*(t,z) for A # 0, we

obtain a linear time-dependence in the exponential of the matrix exponential which

dominates the long-term behaviour of the covariance matrix as we will see in the

following special case.
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Lemma 8.2. Assume that (Y1 x)i>0 starts in the interior of C’f, m Vk-cz+y with

y €R, z as in 2.2 and ¢ > 0. Then the covariance matrices ¥} € RVXN fort >0

of the limit process (Wy)i>o are given by

1+e 2XM(\e? —1)
2\

where A is defined by (3.8).

=) = (B - A) (B - " i ),

Proof. For the special starting points ¢z we obtain the special solution
1— 672)\5
22

2Xs
—\s _ Y € -1
e ez) = e ¢(72)\ ,

2xs _ 1
= ey S — 3 +2z.

Hence the matrix function A*(s,cz) has the simple form with the same time-
dependence for each entry

9

cz)

)\62)\3
e — 14 A2
where A is given by (3.8). This yields the process

AMs,cz) = A —diag(As, -+, As),

a2>‘t—1+/\c2

t .
W, = / e(tfs)diag(f)\,m ,7)\)+1n<m>Ast (t > O)
0

Since A is real and symmetric and taking (3.9) into account, we may write A* (s, cz)
as A*(s,cz) = UDU" with an orthogonal matrix U and with the diagonal matrix
/\62)\5 )\62)\5

D= dzag(—e”\s S di — As, ... P vy

dN — )\S)

This leads to

t 2t 2 4 2t 2 v
. (& — 1+AC 2 —(t—S))\ e - 1+AC 2 _(t_ ))\ ~ t
WFUAmW«@81H@)e (G ma) e aBY

with the rotated Brownian motion (Bt =U'B,U )i>0. This, the Ité-isometry, and
d;/2 # 1 for all ¢ yield

=7

U diao[((EX LA ogn (NS THACNDY o gn ) e
0 I\ —1ae e — 1+ Ae?

— U-di e M 1 A1 4 \2) — 1 AC2) I (20 _ ] 4 ) 2)d
= iag| —x 1_dl(e + Ac) l—dl( ) (e + A,

e M 1 22t 2 1 2\1—dn (27t 2\d t

With a similar calculation as in the proof of Lemma 3.6 we obtain

—A2t o2

e 1ﬂ(m)(E*A))

7(@2)\15 —1- )\02)(E — A)il(E — €

which yields the desired form of the covariance matrix. O

)=
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Remark 8.3. (1) Note that the long-term behaviour of the covariance matrix
is inherited by the long-term behaviour of Y. In the ergodic case for Y,
ie. A > 0, we obtain limy_o X7 = 7:(E — A)~*. For A < 0 we need an
exponential scaling

Ae? —1 (A (g
tlggoem\tzxz %(E_A)A(E_el 2 )(E A))’

(2) Note that we can also recover the formula for ¥ in terms of XY by replacing

t with % and ¢ by e *c. This also transfers to the eigenvalues and

leads to the largest eigenvalue (1 — e=22)/(2)).
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