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Abstract

This thesis is devoted to the study of mass effects in higher order radiative corrections within QED
and QCD. The first part of the thesis deals with the process of deep-inelastic scattering. We compute
the full mass dependence of the pure singlet Wilson coefficient in the polarized and unploarized case to
O(a?) using iterated integrals over square root valued letters. Through explicit expansion in the limit
Q? > m? we proof the factorization of the heavy Wilson coefficient into massless Wilson coefficient
and massive operator matrix element in the asymptotic limit. We also derive the first two additional
power suppressed coefficients in the expansion. We then turn to the calculation of massive operator
matrix elements with two masses. After correcting some inconsistencies of their renormalization in
the literature, we extend the variable flavor number scheme to treat the simultaneous decoupling of
charm and bottom quarks at next-to-leading order. We also compute missing two-mass contributions
to unpolarized operator matrix elements at next-to-next-to-leading order. Afterwards, we extend
the calculation to polarized operator matrix elements at next-to-leading and next-to-next-to-leading
order in the single and two-mass case. In the case of polarized scattering the calculations at next-
to-next-to-leading order provide the first independent check on parts of the polarized anomalous
dimensions of Quantum Chromodynamics at this order. For the calculation of these processes we set
up new calculational methods, which are introduced together with the calculations.

In the second part of the thesis we deal with QED initial state radiation to electron-positron
annihilation into a neutral vector boson at O(a?). In the literature two independent calculations
exist. One is based on explicit phase space integration in the limit that the centre-of-mass energy is
much smaller than the electron mass (m? < s) and the other uses factorization in this limit. The two
results do not agree. Our calculation, which is based on an exact integration of the phase space and
a subsequent expansion, finds agreement with the method based on factorization and thereby proofs
the factorization of massive external particles in the asymptotic limit for this process. The results
derived in this thesis can be used for a more precise description of the above mentioned scattering
processes and determination of fundamental parameters of the Standard Model which serve as input
for experiments like the LHC. Furthermore, the correction of the O(a?) QED initial state radiation
is an important prerequisite for the precision physics at planned e™ e~ colliders like the ILC or the
FCCe..



Zusammenfassung

Die Dissertation beschéftigt sich mit dem Einfluss von Massen auf radiative Korrekturen in héhe-
rer Ordnung der Stérungstheorie. Der erste Teil der Arbeit befasst sich mit der tief-inelastischen
Streuung. Wir berechnen die exakte Massenabhéngigkeit des pure singlet Wilson Koeffizienten im
polarisierten und unpolarisierten Fall zu O(a?) unter Benutzung von iterierten Integralen mit wur-
zelwertigen Buchstaben. Durch explizite Entwicklung dieser Objekte im Grenzfall Q% > m? beweisen
wir die Faktorisierung dieses Wilson Koeffizienten in den masselosen Wilson Koeffizienten und das
massive Operatormatrixelement im asyptotischen Fall. Wir berechnen zusétzlich zwei weitere Ord-
nungen in der Entwicklung von Potenzkorrekturen. Als nichstes wenden wir uns massiven Opera-
tormatrixelementen im zweimassigen Fall zu. Nachdem wir einige Inkonsistenzen der Renormierung
dieser Objekte in der Literatur berichtigen, erweitern wir das variable flavor number scheme auf die
simultane Entkopplung des charm und des bottom Quarks auf 2-Schleifen Ordnung. Wir berechnen
auflerdem noch fehlende zweimassige Korrekturen zu unpolarisierten Operatormatrixelementen auf
3-Schleifen Ordnung. Im Anschluf} erfolgt die Berechnung von ausgewéhlten polarisierten Operator-
matrixelementen auf 2- und 3-Schleifen Ordnung. Die Berechnung der polarisierten Operatormatrix-
elemente auf 3-Schleifen Ordnung stellt die erste unabhéngige Verifikation von Teilen der anomalen
Dimensionen der Quantenchromodynamik in dieser Ordnung dar. Zur Berechnung dieser radiativen
Korrekturen wurden neue Berechnungsmethoden geschaffen, welche in der Dissertation vorgestellt
werden.

Der zweite Teil der Arbeit befasst sich mit der QED initial state radiation bei der Annihilati-
on eines Elektron-Positron Paares in ein virtuelles und neutrales Vektorboson auf O(a?). In der
Literatur existieren zwei unabhingige Berechnungen. Die erste basiert auf der Berechnung der Pha-
senraumintegrale im asympotischen Grenzfall m? < s, die zweite auf der Faktorisierung in masselose
Streuquerschnitte und massive Operatormatrixelemente in diesem Grenzfall. Die beiden Ergebnisse
stimmen nicht tiberein. Unsere Ergebnisse, welche auf der exakten Phasenraumintegration und ei-
ner anschlieenden Entwicklung beruhen, finden Ubereinstimmung mit den Ergebnissen der zweiten
Berechnung und beweisen die Faktorisierung massiver Teilchen in diesem Prozess. Die Ergebnisse
dieser Arbeit konnen fiir die prézisere Beschreibung von den oben genannten Streuprozessen und
einer praziseren Bestimmung elementarer Konstanten des Standardmodells benutzt werden, welche
fiir die genaue experimentelle Auswertung zum Beispiel der Daten des LHC essentiell sind. Mit der
Berichtigung der QED initial state radiation auf O(a?) wird auerdem eine wichtige Vorraussetzung
fiir die Priizisionsphysik an geplanten e™ e~ Collidern, wie dem ILC oder dem FCCl,., geschaffen.
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1. Introduction

Scattering experiments have played a crucial role in understanding the elementary building blocks of
nature. One of the first, conducted by Rutherford, Geiger and Madsen, scattered « particles from a
thin gold foil [10-13]. By comparing their results with theoretical predictions from different models
it became clear that atoms must consist out of a small positively charged nucleus surrounded by
negatively charged electrons [14]. We now know that the nucleus consists out of two different nucleons,
the positively charged protons discovered by Rutherford in 1919 [15] and the electrically uncharged
neutrons discovered by Chadwick in 1932 [16]. When the anomalous magnetic moments of neutrons
and protons were measured and deviated from the ones predicted for point like particles [17-19], a
first hint that the nucleons possess substructure was discovered. Later, this was further supported
by scattering experiment conducted by Hofstater which showed extended charge distributions of the
nucleons [20-24].

The road to a more fundamental understanding of the substructure began in the 1960s. By
then, a large number of hadrons had been detected in cosmic ray and accelerator experiments and a
systematic classification of these hadrons was needed. This was achieved by Gell-Mann [25] and Zweig
[26] in 1964, when they proposed the quark model. The model introduced three flavors of fractionally
charged spin 1/2 fermions, the up (u), down (d) and strange (s) quark. They were able to describe
all, at the time, detected hadrons as either a bound state of three quarks (spin 1/2 and 3/2 baryons)
or bound states of a quark-antiquark pair (spin 0 and 1 mesons). By assuming an approximate
SU (3)flavor Symmetry between the flavors (‘the eightfold way’ [27]) it was possible to derive formulas
for the masses of the hadrons. An important milestone for this theory was the prediction of the
mass of the 27 baryon before it was experimentally observed [28]. At the same time Gursey and
Radicati enlarged the symmetry to a SU(6) = SU(2)spin ® SU(3)gavor by introducing spin [29]. This
not only unified the mass formulae for baryons and mesons but also enabled them to calculate the
ratio of the magnetic moment of the proton and neutron with good agreement with the experiments
[30, 31]. Despite all of this success the theory had one major problem. It predicted that the wave
functions of the baryons with three quarks of the same flavor, i.e. the Q™ (sss), A*T(uuu) and the
A~ (ddd), to be symmetric, which contradicts the well established spin-statistics theorem [32]. This
tension was overcome by Greenberg [33]. His model assigns a three-valued charge, called color, to the
quarks which is expressed in terms of para-Fermi statistics. Our current understanding was formed
when Nambu [34] and Han and Nambu [35] introduced a new symmetry SU(3)color Wwhich makes the
three-valued charge degree explicit but is completely equivalent to Greenberg’s description. Since
no color charge was measured at long distances in the experiments the assumption that all particles
have to be color neutral was established empirically.

With the advances of technology in the late 1960s it was possible to study the internal structure
of the proton at the Stanford Linear Accelerator Center (SLAC) [36-42] by scattering high energetic
electrons off of a liquid hydrogen target. For low momentum transfers the cross section shows several
peaks corresponding to hadronic resonances and elastic scattering. It was also possible to measure
at large energy transfers Q2 > 2 GeV?2. Here the continuum contribution of deep-inelastic scattering
(DIS) is reached. The cross-section can in general be parameterized by several nucleon structure
functions F; which correspond to the contributing Lorentz structures. The experiments conducted
by the SLAC-MIT groups showed that the structure functions which in general depend on the energy
transfer v and the momentum transfer ¢> = —Q?, from the initial state lepton to the nucleon in its
rest frame, only depended on the ratio of Q2 and v, i.e. Fi(v,Q?) = F;(Q?/v). This behavior was
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called scaling and had previously been predicted by Bjorken [43]. His approach was based on current
algebra and showed that in the limit Q% — oo and v — oo where the ratio Q?/v is held fixed, now
known as the Bjorken limit, the only relevant parameter is the Bjorken variable x = Q*/2Mv with
M the nucleon’s mass. After the experimental discovery of scaling Feynman gave a phenomenological
explanation of this behavior of the structure functions in the parton model [44-46]. This model was
based on the assumption that the proton is made up out of several point-like constituents, called
partons. During the interaction time, which gets shorter and shorter with increasing Q?, these partons
interact as free particles and the electrons can scatter off of them elastically. The cross-section is
therefore given by the incoherent sum of the cross-sections of the partons with the high-energetic
lepton weighted by universal parton distribution functions (PDFs) f;(z;). These parton distributions
describe the probabilities to find a given parton ¢ carrying the fraction z; of the total nucleon
momentum P inside the nucleon. Information about the spin of the partons can be extracted from
the ratio of the scattering cross section for longitudinally (L) and transversely (T) polarized photons
with the nucleon R = op/op which can be related to the structure functions F; of deep-inelastic
scattering. For example spin 0 partons would predict a large R ratio while for spin 1/2 the ratio
is predicted to be small. In the strict parton model the Callan-Gross relation R = 0 [47] holds.
While in the beginning the data were not precise enough to measure individual structure functions,
later measurements showed that R is indeed small [37]. This observation supported the hypothesis
of point-like spin 1/2 constituents of the proton and ruled out other approaches such as the algebra
of fields [48] or vector-meson dominance [49, 50]. The group theoretic approach, which successfully
described the nuclear resonances, and the parton model were finally linked by Bjorken and Paschos
by identifying quarks with partons [51].

Driven by the success of Quantum Electrodynamics and the unification to the electroweak SU(2), x
Uy (1) theory proposed by Weinberg in 1967 [52], which build on earlier work of Glashow [53] and
Salam and Ward for the leptonic sector [54], one is finally lead to the theory of Quantum Chro-
modynamics (QCD). In this context Yang-Mills theories, first studied by C.N. Yang and R.L. Mills
in 1954 [55], turn out to be instrumental. Yang-Mills theories, contrary to the Abelian theory of
Quantum Electrodynamics, are based on non-Abelian gauge symmetry, leading to a self-interaction
of the massless gauge bosons. Like it was shown by t’Hooft and Veltman for the electroweak theory
[56], if anomalies are cancelled [57, 58], which requires an appropriate representation of fermions,
Yang-Mills theories were shown to be renormalizable by t’Hooft in 1971 [59]. Finally Nambu [34]
as well as Fitzsch, Gell-Mann and Leutwyler [60] proposed to gauge the color symmetry and extent
the Standard Model to SUL(2) x Uy (1) x SUx(3) to also include the strong interacting sector. As
it turns out SU¢(3) is also the only semi-simple compact Lie-group possible for the theory of strong
interactions. A further step to establish QCD was taken by Gross and Wilczek [61] and Politzer [62],
who proved by a 1-loop calculation that the coupling constant of QCD decreases with growing ener-
gies, contrary to the case of Abelian gauge groups. This property is called asymptotic freedom and
allows to perform perturbative calculations in QCD at sufficiently high energies where the coupling
constant is small. This is also compatible with the parton model since at high energies the partons
effectively become non-interacting.

To build a bridge from the theoretical to the experimental side and to establish QCD as the right
theory of the strong interaction the development of the operator product expansion by Wilson [63],
cf. also [64—68|, was essential. The operator product expansion allowed to systematically separate
the physics at large distances from the physics at small distances and had direct applications to
DIS in the form of the light-cone expansion, since the scattering can be described by the product
of two electromagnetic current operators [69, 70]. Furthermore, it can be shown that the cross
section is dominated by contributions at light-like distances. Therefore, an expansion around the
light-cone, the so called light-cone expansion (LCE) [65, 71, 72], can be successfully applied. This
expansion allows one to express the product of currents through the product of matrix elements of
local operators, which describe the physics at long distances, and Wilson coefficients, which describe



the physics at short distances. Since QCD is asymptotically free, the Wilson coefficients can be
calculated perturbatively at high energies. The matrix elements of local operators are regular in the
limit of light-like separations, only the Wilson coefficients carry the singular structure in this limit.
The relevance of the operators depend on their singular behavior which in turn is determined by
a quantity called twist [73]. The twist can be calculated as the difference between the operator’s
canonical dimension and its spin. Operators with lowest twist are most relevant. For DIS the first
contributing operators are of twist-2.

Since QCD is not a free theory, contrary to the assumptions of the naive parton model, there are
interactions between the quarks inside the proton. In the consistent theoretical setup of the LCE,
called the renormalization group improved parton model, it is possible to calculate the scaling of
the structure functions from first principles. It turned out that the twist-2 approximation of the
LCE reproduces Feynman’s parton model in lowest order of perturbation theory [73], but it was
also possible to go beyond this first approximation. It turned out that higher order corrections
lead to logarithmic scaling violations in Q% and that Bjorken scaling is therefore only approximately
realized in QCD. The scale evolution is governed by the renormalization group equations and in
particular the anomalous dimensions of the local operators emerging in the LCE. At leading order
these were calculated in [74-86] and thus enabled quantitative predictions of the scaling violations
in the limited kinematic regions probed in the early 1970s. Indeed, subsequent experimental efforts
[87, 88] found agreement between the scaling violations predicted by QCD and experimental data.
This prediction of logarithmic scaling violations has been, and still provides, one of the strongest
experimental evidences for the theory of QCD and led to the broad acceptance of the theory in the
early days of the Standard Model. Mathematically the LCE is naturally expressed in Mellin space.
However, by an inverse Mellin transformation it is possible to express the renormalization group
equations and anomalous dimensions in Bjorken’s variable x, describing the momentum fraction of
the parton [65, 89-94]. In the leading twist approximation the contributing quantities can be given an
intuitive interpretation in the partonic picture [95-99]. The matrix elements of the local operators
correspond to parton distribution functions which describe the probability to find a parton with
a specific momentum fraction inside the proton. Their scale dependence is described by a set of
integro-differential equations. The anomalous dimensions of the local operators are equivalent to the
splitting functions P;; which encode the probability to find a parton ¢ when probing a parton j at
different momentum fractions.

One of the last steps in the completion of the Standard Model was the discovery of heavy quarks,
namely the charm (c), bottom (b) and top (¢) quark. The charm quark was discovered at the same
time at SLAC and BNL in 1974. At SLAC two narrow resonances, named ¥ and ¥’, were discovered
at 3.1GeV and 3.7GeV in et e~ collisions respectively. At BNL another resonance, called J, was
discovered in proton-proton collisions. These turned out to be the same particle, nowadays called
J /. The existence of this resonance could not be explained by the three known quark flavors and was
interpreted as a meson made up of a new quark, the charm quark. Its existence had been predicted
on theoretical grounds before [100-105], since it is necessary to cancel anomalies in the second family
[106, 107] and to suppress flavor changing neutral currents through the Glashow-Iliopoulos-Maiani
mechanism [108] which could in principle be possible in the Standard Model but were not observed
experimentally. The charm quark mass of m¢(m.) = (1.28 £ 0.03) GeV, given in the MS-scheme,
makes it significantly heavier than the previously known light quarks,

my, = 2.161539 MeV, mg = 4.6773715 MeV, ms = 93721 MeV

and even the proton and the neutron mp ~ mpy ~ 940MeV [109]. In 1977 another resonance
which could not be explained by the now known four quarks was found at FermiLab [110]. It
was called T and was interpreted as a bound state of a new type of quark and antiquark, the
bottom quark with a mass of my(mp) = 4.1815:05 GeV [109], also given in the MS-scheme. The
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fermionic content of the Standard Model was completed in 1995 when the top quark was discovered
at the Tevatron at FermilLab [111-113]. Its pole mass of m; = (173.1 £ 0.9) GeV [109] let it escape
experimental discovery until facilities with much higher energies were available, although virtual
effects were observed in B? — B oscillations before [114]. Because of this exceptionally high mass
the top quark decays too quickly to form bound state resonances.

The final experimental verification of the electroweak theory spanned an even longer time line,
since not only the heavy gauge bosons, but also the mechanism of spontaneous symmetry breaking
proposed by Higgs, Englert and Kibble [115-118], which effectively gives the electroweak gauge bosons
their masses, needed to be experimentally verified. Where the charged gauge bosons W are easily
seen in nuclear 8 decays, the neutral Z boson needed large collider based experiments and was finally
discovered in the Gargamelle bubble chamber at CERN in 1973 [119]. The precise determination of
its properties - like its mass and width - at the et e~ collider LEP and later LEP2 are now one of
the most stringent tests of the electroweak theory and experimentally tests perturbative higher order
corrections. Through virtual corrections it was also possible to derive estimates of the Higgs boson
mass. The first experiment reaching the energy and luminosity to probe the range indicated by the
indirect measurements was the Large Hadron Collider (LHC). In 2012, shortly after data taking, the
Higgs boson was discovered at mpy ~ 125GeV [120, 121]. Therefore all particles predicted by the
Standard Model are now experimentally discovered.

To probe the internal structure of the proton, many experiments to measure deep-inelastic scatter-
ing were built. Because of their experimental simplicity the first ones were fixed target experiments,
where a high energetic electron beam was collided with a target which essentially provided the
hadrons. Later, also collider experiments which allowed the exploration of larger values of the vir-
tuality @2 and smaller values of the Bjorken variable x were constructed. The experiment with the
largest kinematic range so far has been the HERA collider at DESY in Hamburg [122, 123]. Three
experiments, H1 [124], ZEUS [125] and HERMES [126], measured the structure functions in the
kinematic range Q2 = 0.045 GeV? to 50000 GeV? and 6 x 1077 < z < 0.65 [123] or of parts thereof.

The more and more precise knowledge of the structure functions also required efforts on theoretical
side. Higher order corrections beyond the leading order (LO) in QCD were needed. The one-loop
corrections to the massless Wilson coefficients relevant for unpolarized DIS were calculated in [74, 127,
128] in the late 1970s. Additionally, the next-to-leading order (NLO) corrections to the anomalous
dimensions were obtained [75-86]. The two-loop QCD corrections to the massless Wilson coefficients
were completed during the following 15 years [86, 129-138]. The progression to next-to-next-to-
leading order (NNLO) was first pursued for sum rules [139] and some fixed moments of the anomalous
dimensions and Wilson coefficients [140-144]. The analytic results for general values of the Mellin
variable N and momentum fraction x were obtained in [145, 146]. At four-loop order the analytic
structure of the non-singlet anomalous dimension has been inferred from a series of moments [147]
and a few moments for the five-loop non-singlet anomalous dimension have been calculated [148].
Like many massless single-scale quantities the analytic expressions of the anomalous dimensions and
massless Wilson coefficients can be represented in terms of nested harmonic sums [149, 150] in N
space and iterated integrals over a very restricted set of letters, the harmonic polylogarithms (HPLs)
[151], in x space.

In addition to the case of unpolarized scattering, where one sums over all polarizations of the
nucleon and lepton spin, the scattering of polarized leptons and hadrons has also been considered
experimentally and theoretically. This setup is of special interest since polarized scattering can give
insight into the spin structure of the nucleons. In the case of polarized scattering, new operators
and additional independent structure functions appear. The theoretical predictions therefore need
the separate calculation of polarized anomalous dimensions and Wilson coefficients. In the polarized
case the anomalous dimensions have been calculated up to NNLO in the so called M-scheme [152].
The LO results were derived in [96, 153, 154], the NLO ones in [155-157] and the NNLO in [158,
159]. The Wilson coefficients for the structure function g; are only known up to O(a?) [160, 161].



Another structure function g, is related to g1 by the Wandzura-Wilczeck relation [162] at the level
of twist-2.

The factorization of the perturbative and non-perturbative contribution using the LCE requires the
partonic states to be strictly massless. For the light up, down and strange quarks this approximation
is generally justified. However, the heavy quarks cannot be treated as massless over the whole
kinematic range. The top quark is too heavy, so it has not been produced in the DIS experiments so
far, the effects of the charm and bottom mass need to be considered, however. Theoretical calculations
for massive quarks have been carried out soon after the discovery of the charm quark. The leading
order contributions were calculated in [163-167]. It turned out that the scaling behavior of the heavy
quarks differs from the one of massless quarks and that at low values of x the heavy quarks can lead
to seizable contributions. The heavy quark contributions therefore give a handle on the otherwise
loosely determined gluon distribution at small z. The NLO corrections have been carried out for
unpolarized scattering in [168-170] and for polarized scattering in [171-177].

The NLO corrections to massive DIS have been calculated semi-analytically in [168-170, 177],
i.e. the integration over the last two invariants of the phase space have to be done numerically.
Only the non-singlet contribution is known analytically [173, 178]. This is due to the fact that
the integration over the massive phase space leads to analytic structures not covered by harmonic
polylogarithms and needs the integration over kinematic square-roots and is therefore not easily
achieved. However, it was discovered that the Wilson coefficients again factorize in the asymptotic
region, i.e. Q% > m? [179]. In the region where power correction m?/Q? can be ignored the massive
Wilson coefficients factorize in Mellin space into the simple product of the massless Wilson coefficients
and massive operator matrix elements (OMEs). The OMEs are matrix elements of the light cone
operators between partonic states. They carry all the remaining mass dependence in the asymptotic
limit and are process independent. All the process dependence is encoded in the massless Wilson
coefficients. It was found, by comparing the asymptotic results with the semi-analytic results for
the full mass dependence [180], that for the structure function Fy(z,Q?) the asymptotic result holds
for Q* 2 10m?, a region where also higher twist contributions can be safely neglected [181], at
the percent level. This covers a large part of the kinematics relevant for HERA. However, for the
structure function Fy(z,Q?) the asymptotic region is only reached for Q2 > 800m?. More precise
estimates will be given for the pure-singlet Wilson coeflicients in the unpolarized and polarized case
based on a fully analytic calculation of the full mass dependence in this thesis.

The OMESs are not only useful to calculate Wilson coefficients but also allow to define PDFs in the
variable flavor number scheme (VEFNS) [176, 180, 182]. The VEFNS allows to treat the heavy quarks
as effectively massless at high enough scales Q? > m?2. More precisely it matches PDFs obtained in
a scheme with Np massless flavors to a scheme where one or two additional quarks can be treated
effectively massless, i.e. a Np + 1 or N + 2 massless flavor scheme, at some high energy scale u. At
high scales the heavy flavors also obtain a PDF, which is generated perturbatively. The matching
coefficients between the PDFs at Np and Np 44, i = 1,2, massless flavors are given by the OMEs.
The full VFNS can be determined by requiring an observable, like the structure functions, to be
smooth while going from one to the other scheme. The VENS is important to define PDFs at high
virtualities needed at the LHC, cf. [183]. Here processes can also be initiated by the heavy quarks in
the initial state.

The polarized NLO massive OMEs necessary for the evaluation of the structure functions have been
calculated in [173]. The unpolarized case has been considered in [179, 180]. They were checked by an
independent recalculation in [184, 185] and also the linear terms in the dimensional regulator were
obtained later [186, 187]. These terms are needed for the renormalization of the massive OMEs at
NNLO. The recalculation was not only valuable as a cross check, the techniques of directly integrating
the Feynman parameter integrals in NV space by means of Mellin-Barnes representations [188-191] and
higher hypergeometric function techniques [192-195] rather than using a pool of precomputed integral
identities opened up the opportunity to tackle the NNLO computation. Since the NNLO order
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contributions to the anomalous dimensions and massless Wilson coefficients are already known, the
computation of the NNLO OMEs allows the calculation of the heavy quark effects in the asymptotic
region at NNLO. The first step to this calculation was taken in 2009 by extending the formalism
of renormalization to 3-loop order! and calculating a series of moments for the massive OMEs [176,
182, 196], needed to cross-check the all N solutions. At fixed values of the Mellin variable N it was
possible to map the diagrams to massive tadpoles which can be evaluated using the program MATAD
[197] written in FORM [198, 199]. Later the formalism was extended to handle two heavy quarks,
the charm and the bottom quark, at the same time. Here the OMEs for a single heavy quark are
crucial ingredients. In the limit 7 < 1 moments of the operator matrix elements can be calculated
in an expansion in 7 with Q2E/EXP [200, 201] which does a naive expansion in the mass ratio and
uses MATAD to evaluate the single mass tadpoles. The first three moments up to O(n?) have been
calculated in [202] together with the analytic results for general values of N and x for OMEs where
the N dependence factorizes. To make phenomenological predictions the result for general values of
N needs to be known. This calculations require more elaborate techniques than the calculation of
fixed moments. The techniques developed will be presented throughout this thesis, since they are
also crucial in obtaining the results presented here.

The process of DIS was important to establish QCD as the correct theory of the strong interaction.
Nowadays the precise experimental data allow to determine the non-perturbative PDFs from the
structure functions and to determine the fundamental parameters of the theory, most importantly
the strong coupling constant ag, which can be extracted from data with an accuracy of O(1%)
in NNLO analyses [203-207]. Since all of these quantities are universal, i.e. they are not process
dependent, they provide a crucial input for the experiments at the LHC. Although running at a
much higher center of mass energy /s = 13TeV than HERA, the knowledge of the anomalous
dimensions and heavy mass OMEs at NNLO allows a precise evolution of these quantities and the
description of the VFNS at NNLO. Furthermore, the NNLO heavy flavor contributions to DIS will
allow to also push the determination of the heavy quark masses m. and m; in DIS from NLO and
approximate NNLO [208] to a full NNLO analysis. This thesis is dedicated to further contribute to
the understanding of heavy flavor production in DIS.

The thesis has the following structure. In Chapter 2 a theoretical overview of the deep-inelastic
scattering process is given. First a description of the kinematics, the appearing structure functions
and the factorization into parton distribution functions and Wilson coefficients and an understanding
in the context of the parton model is given. Afterwards we will focus on the massive Wilson coeffi-
cients. Their factorization in the asymptotic limit Q2 > m? into the massless Wilson coefficient and
the operator matrix elements will be shown and how to compute these quantities in a diagrammatic
way. In the end, the variable flavor number scheme is introduced in detail.

In Chapter 3 the calculation of the massive pure singlet Wilson coefficients in the unpolarized case
to O(a?) is presented. After a general introduction, our method of direct integration in differential
fields is presented, the full result is given by generalized iterated integrals over square root valued
letters. In the following we give the expressions in the threshold and asymptotic region. We explicitly
show that the asymptotic expression known from the massive operator matrix elements is reproduced.
We also add power suppressed terms up to O(m*/Q%) and evaluate the kinematic reach of these
approximations. More terms in the expansion can be added in a straight forward way. Since the
expansion only contains HPLs it is possible to use the expansions as a fast numerical implementation
up to a certain kinematic point. In Chapter 4 we extend the discussion to the polarized pure-singlet
Wilson coefficient. Since we have to work in dimensional regularization, we have to clarify our
treatment of 5 and introduce the Larin scheme and the finite renormalization associated with it
[152, 209]. For other treatments of 5 in dimensional regularization see for example Refs. [210-212].

In the next chapters we change topic and address the OMEs with two massive quarks. In Chapter 5

It was found that the renormalization at 2-loop was not entirely correct and needed modifications.



we recalculate the renormalization of the two mass OMEs, clarifying the notation in the previous
treatment in [202]. During the recalculation of the renormalization it was also realized that the
VENS at NLO receives new contributions when decoupling the heavy charm and bottom quarks
simultaneously instead of one after another. Since the charm and bottom masses do not form a large
hierarchy, the ratio is given by

m2

n= m—é ~ 0.1,
this procedure is preferable. These contributions to the VFNS at NLO are presented in the unpolar-
ized case in detail in Chapter 6 together with a study of their numerical implications.

Chapter 7 is dedicated to the calculation of the missing NNLO two-mass OMEs in the unpolarized
case. In Section 7.1 the two mass contributions to the pure-singlet operator matrix element is
calculated. The calculation is based on Feynman parametrization and Mellin-Barnes integrals which
will be introduced in more detail. Here it turns out that a closed form solution for general values
of N is not easily possible since the associated difference equations do not factorize at first order.
However, it is possible to find the momentum space solution by leaving one of the Feynman parameters
unintegrated. In the analytic solution new structures with restricted support in the momentum
fraction appear. The topic of Section 7.2 is the calculation of the two-mass contributions to the
gluonic OME A 937 . In this case all diagrams can be represented through one-dimensional Mellin-
Barnes integrals and the residue sums factor to first order. The N-space solution contains up to
generalized binomial sums which not only depend on the Mellin variable N but also on the mass
ratio n. In momentum space these quantities can be represented via generalized iterated integrals
whose letters contain square roots and also depend on the mass ratio 7. Section 7.3 deals with the
two-mass contributions to the OME flg); Since the single mass OME AS; already contains elliptic
sectors in the C4 p T% color factor a fully analytic treatment of the two-mass contributions seems
out of reach at the moment. However, we introduce our algorithmic way to compute moments for
the two-mass contributions in an expansion in the mass ratio 5. Since the calculation is based on
the differential and difference equations obeyed by master integrals and their generating function
representation, the reduction to master integrals is introduced briefly. Moreover, an algorithm to
calculate fixed moments of the master integrals is presented which could turn out to be useful in
other two-scale problems as well.

In Chapter 8 the calculation of massive OMEs in the polarized case is discussed. First a new
projector is presented, which allows us to treat the polarized calculation with the same techniques
used in the unpolarized calculation. Then we present missing OMEs at NLO in the single mass case,
which are crucial ingredients also for the renormalization of the NNLO results. We also present first
results at NNLO for single and two-mass OMEs. The calculations at NNLO are the first independent
cross-check on parts of the NNLO order anomalous dimensions calculated in Ref. [158].

In Chapter 9 the problem of QED initial state radiation in the process et e~ — v*/Z* is addressed.
Although it seems somewhat removed from the topics studied before, in the asymptotic limit it can
be calculated using the same technique of massive operator matrix elements used in the previous
chapters in the case of QCD. The corrections of O(a?) were first calculated in [213] using direct
integration and expansions under the integrals and were recalculated using the method of massive
OMEs in [214]. The results, however, do not agree. This chapter therefore aims to clarify this
matter. To be complete, we first present the corrections to O(«) in the full mass dependence and
in the asymptotic expansion. Afterwards the O(a?) corrections are presented. The corrections due
to fermion pair production are complete and show agreement with the calculation of [214] but do
deviate significantly from [213]. In Section 9.3.2 the contributions of soft photon radiation will be
presented. They agree with Ref. [213]. The hard photonic corrections are work in progress and will
no be addressed here. The last chapter contains the conclusions and an outlook for further studies.
The Feynman diagrams in this thesis have been drawn using Axodraw [215] and Axodraw 2 [216].






2. Deep Inelastic Scattering

2.1. The process of deep inelastic scattering

The most direct way to probe the structure of nucleons is deep-inelastic scattering. Here elementary
particles not interacting strongly are colliding with a fixed target or a nucleon beam. Classically
electrons, muons and neutrinos are used on the leptonic side and protons or neutrons as targets, for
reviews about deep-inelastic scattering see for example Refs [217-219].

The Born process for the exchange of one gauge boson is depicted in Figure 2.1. A lepton with
momentum & collides with a nucleon of momentum P. The lepton is scattered with momentum &/,
while the nucleon disintegrates into a new hadronic state. In an inclusive manner we denote the
outgoing momentum by P’.

We can choose different Lorentz invariant variables to describe the process. An important set
are the virtuality of the gauge boson Q?, the center-of-mass-energy s and the invariant mass of the
hadronic final state, W, which are defined as

Q°=—¢*=—(k— k), (2.1)
s = (k+ P)?% (2.2)
W = (P +q)* =P~ (2.3)

The virtuality Q2 measures the off-shellness of the exchanged gauge boson. In Born approximation
it is equivalent to the Mandelstam variable t = —Q?>.

To describe the process one usually refers to the Bjorken variable x, the inelasticity y and the total
energy transfer from the lepton to the nucleon in the nucleon’s rest frame v [220]. They are defined
via

P. 2 2_M2
,_Pa_W'+Q 7 (2.4)

M 2M

Figure 2.1.: Schematic picture of deep-inelastic electron proton scattering via single photon exchange.
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2Pq 2Mv W24+ Q? - M?%’
P. oM 2 2 _ M2

_P.k_s—MQ—m%_ S—MQ—TTLIQ ’

with m; the lepton and M the nucleon mass. In the target system, the inelasticity reflects how much
energy has been transferred from the leptonic to the hadronic system relative to the energy of the
incoming lepton, y = (Etg — Efg)/Ers.

In the following we will consider neutral current reactions and deal with virtual photon exchange
only. This is a valid picture for not too high virtualities Q% < 500 GeV2. We assume the QED and
electroweak virtual corrections to have been carried out [221-223].

One speaks of deep-inelastic scattering if the virtuality Q2 and the invariant mass of the final state
W? are sufficiently large. A reasonable requirement for neutron and proton targets is Q% > 4 GeV?
and W2 > 4 GeV? [224]. For these values the continuum contributions dominate over the hadronic
resonances and information about the nucleon substructure can be extracted. In the following dis-
cussions we will neglect the lepton mass m; and drop terms of order M?/Q?. These target mass
corrections can become important for low values of Q? and larger values of x [225-231].

The leptons and nucleons are both fermions of spin 1/2. We describe the nucleon spin by the four-
vector S, normalized in such a way that S2 = —M?. The vector can be split into a longitudinal and
transverse component, since it has to fulfill P.S = 0. If we align the z-axis with the beam direction,
the spin vector takes the particular simple form

Sy, = M(0,0,0,1), St = M(0, cos(3),sin(53),0), (2.7)
where 3 parametrizes the angle spanned by the nucleon spin in the plane transverse to the beam
axis.

The physical region of DIS is constrained by several conditions. Since the proton is the lightest
baryon and baryon number is conserved, we have

W2 > M?, (2.8)
and
v>0 0<y<1, s> M> (2.9)
From (2.8) and
W2=(P+q)?=M+ 1_—”3@2 (2.10)
we can conclude the physical region of the Bjorken variable
0<z <1, (2.11)

We can see that x = 1 describes the quasi-elastic process whereas x < 1 describes the inelastic region.

The kinematics is additionally constrained by the parameters of the experiment under considera-
tion. For example the HERA experiment [232] collided a proton beam at 820 GeV and 920 GeV and
a lepton beam at 27.5 GeV. This resulted in a center-off-mass energy of /s =300 GeV and 319 GeV.
Additionally the x region which is probed is constrained by

Q? Q? Q?
y(s—M2) "~ s 100 GeV?

T = (2.12)

10
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2.2. Cross section and structure functions

For the calculation of cross sections in deep inelastic electron-proton scattering, we consider the
tree-level transition matrix element for the one photon exchange [69]

2
M = a(k', N )yyuulk, A)(% (P',S'| J2(0)| P, S), (2.13)

where v and u are Dirac spinors which describe the initial and final state leptons with helicities A and
M\ respectively. The nucleon in the initial state with the momentum P and spin S is characterized
by the state vector |P,.S) while the final state hadron is described by |P’,S’).

The particular form of (2.13) allows to factor the cross section into a contribution from the leptons,
forming the leptonic tensor L, and the one from the hadrons, forming the hadronic tensor W, .
The leptonic tensor can be easily calculated within the framework of perturbative QED, while the
hadronic tensor contains non-perturbative hadronic contributions from long-distance QCD effects. To
calculate these effects from first principles, non-perturbative approaches like QCD lattice simulations
have to be performed. For the differential cross section we obtain [69]

d*c a2

dzxdy N @LWWW7 (2.14)

with the fine structure constant o = e?/4n. The leptonic tensor reads

Ly = Z [a(klv )‘/)’Y,uu(k’ )‘)]h.C. [ﬂ(k/’ )\/)’y“u(k’ A)]
W

=Tr Ué’)/u k,fYV]

2
=4 <kuk,’j + KKy, — %gw> : (2.15)

To obtain the differential cross section for inclusive scattering we have to insert the squared matrix
element ]M]z into the cross section and sum over all allowed final states. For unpolarized scattering
we have to average over the initial state spins.

Although the hadronic tensor cannot be calculated explicitly, it can be described by different
Lorentz structures and their respective structure functions by using Lorentz invariance and general
symmetry considerations. In general 14 independent structure functions appear [228, 233]. For
single photon exchange not only Lorentz but also time-reversal symmetry is obeyed. Using these
symmetries only four possible tensor structures remain. The hadronic tensor can thus be expressed
as

1
W = (2m)*6 (P' — ¢ — P) (P, S| J,(0) |P") (P'| J,(0) | P, S) (2.16)
S, P!
1 qudv
~ 5 (o ) it
2z q Pl/ + qu Q2
+ @ <PMPV + W - 4%29#”) FQ(x7 QQ)
: qS? o, ¢"[(P.q)5° + (S.9)p°] 2
+ Zg,uupa( P.q g1(x, Q ) + (P.q)2 92(x7 Q ) : (217)
Instead of F} the structure function
FL($aQ2) :FQ('I’Q2)72$F1(‘T7Q2) (218)

11
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is sometimes used in the literature. Inserting the leptonic and hadronic tensors into the formula (2.14)
yields the differential cross section. For unpolarized DIS and single photon exchange we obtain [224]

dQO_'y,unpol 27.‘_0[2

dedy — xyQ?

{[1+ (1 -y)?] Faz, Q%) — y*Fr(z, Q%) }, (2.19)
while for polarized DIS the cross section is given by [224]

d2gpol _ 2a
dedy Q4

X?prs [Slf(lia y)gl ($’ QQ) + Sg(fb, y)QQ(x’ Q2)] . (2'20)

Here we use p to distinguish between longitudinal (p = L) and transversal (p = T') polarization. The
degree of polarization of the nucleon is denoted by AR, and the other terms are given by

4M? M?
fL=1, T = cos(B — ¢>d¢\/ & [1 —y- ”“"y}
27 sy ]
L M? T 2
ST (z,y) =2y [(2—y) — 2——wyl, 5 (z,y) = 2wy
L 2 M2 T
S5 (5U>y) = —8x y?’ S5 (l"ay) = 4xy. (2-21)

The angle ¢ is the azimuthal angle of the outgoing lepton. In the case of transverse nucleon polar-
ization there is a non-trivial dependence on this angle remaining. In this case g is the direction of
the nucleon spin in the transverse plane, see (2.7).

The structure functions Fs and Fj, can be obtained from the hadronic tensor by applying the
following projection operators

2z 42 5 .
By= 5 |[d =D PP Woule, P) = ¢ Wi (0, P) | (2.22)
83 1 v
Fu= g PP Wi (a, P) . (2.23)

The structure functions g; and go need a more special treatment, since the Levi-Civita tensor

+1, for even permutations
Euwpo = § —1, for odd permutations (2.24)

0, otherwise

and £g123 = +1 cannot be defined in general space-time dimensions, which is needed for dimensional
regularization. We will postpone this issue to Chapter 4.

12
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2.3. The parton model

Bjorken investigated the hadronic tensor by using current algebra, assuming commutation rules for
the currents corresponding to the ones for free fields. He predicted that in the Bjorken limit, i.e.
Q? — 0o and v — oo while Q?/v = const, the structure functions become independent of Q2 [43].
This behavior leads to the natural variable z, c.f. (2.6), to describe the Bjorken limit and became
later known as scaling. This scaling behavior was confirmed shortly after Bjorken’s prediction by
experiments at SLAC [38, 39, 234].

The observation that the cross section remains high at large momentum transfer Q? shows sim-
ilarities to the classical experiment by Rutherford [14] in which he collided a-particles with a gold
foil and favours scattering from point like particles. However, the size of the proton was known to be
non negligible with a smooth charge distribution [21, 24, 235]. With the parton model Feynman was
able to resolve these seemingly contradicting observations [44—46]. In his model the proton consists
out of several point-like constituents, called partons. Therefore the lepton scatters off these partons
by exchange of a photon. This highly virtual photon is assumed to scatter at a much smaller time
scale as the self-interaction of the partons take place. This way the photon only sees the partons
with frozen internal interactions and thus scatters from a single parton. Assuming collinear partons
we can write the momentum of the incoming parton p as p = £P, where P is the momentum of the
incoming proton. Therefore £ can be referred to as momentum fraction. The momentum of the final
state parton is denoted by p’. Then the squared matrix element of the partonic subprocess reads
similarly to the leptonic tensor

Myl = 2€2(pup), + o)y — DD Gyur)- (2.25)

Here e, denotes the electromagnetic charge of the parton g. The hadronic tensor is consequently
given by the incoherent sum of the partonic subprocesses weighted with the probability to find the
respective parton at a specific momentum fraction fq(f ). The equation reads

1
5 2 [ et 1M 280, (2:26)
70

where the sum is over all parton species ¢ found in the proton.
Inserting this hadronic tensor and the leptonic tensor from (2.15) into the formula for the differ-
ential cross section (2.14) leads to

d?o 2ra?
SR -] e

Comparing with the general formula in (2.19) we can extract the structure functions Fy and Fp, as
Fy(x,Q*) =2 elfq(x), (2.28)

q
Fr(z,Q* =0. (2.29)

We see explicitly the scaling behavior of the structure functions in the parton model. Furthermore
the vanishing of the structure function F(z, Q?) implies the Callan-Gross relation [47]

Fy(x, Q%) = 2z Fy (z, Q%) (2.30)

valid for spin—f partons.
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2.3.1. The light cone expansion for DIS

The hadronic tensor in Eq. (2.16) can also be rewritten via the absorptive part of the forward
Compton amplitude T}, using the optical theorem

1
Wi = ~Im (). (2.31)

The forward Compton amplitude is given by
inu—iZZ/d%€%<RSVRm@»anRS> (232)
S

L v Pugy + Py 2
— % <gﬂy + qg;é) ( Qz) Q2 <P P, W _ 4%2291“/> TQ(ZE,Qz). (233)

Here T denotes the time ordering operator. Again, Eq. (2.33) assumes the exchange of a single photon.
Furthermore we restrict the discussion to unpolarized nucleons, the extension to the polarized case
is straight forward.

To continue with the calculation we have to separate physics at perturbative and non-perturbative
scales. For deep inelastic scattering the operator product expansion, pioneered by Wilson and others
[63, 64, 66-68] turned out to be a useful tool. The operator product expansion was originally
formulated to express a product of local operators in the limit of short distances as a product of
regular operators and Wilson coefficients which carry the singular behavior in this limit. However,
the product of current operators in the hadronic tensor of Eq. (2.32) needs to be treated differently.
It can be shown that in the Bjorken limit contributions near the light cone

9 1
&< o ~0 (2.34)
dominate. The generalization of the operator product expansion to light-like separations is also
called light-cone expansion [65, 71, 72]. In this limit the time ordered product of currents can be
represented by [63, 65, 71, 72]

: M1 N 2
6121§0TJ %:T (&2 1%) 6 - - Ly OLL N (0, 1?) (2.35)

The OF " (0, u 2) denote local operators and the C’N Y (€2, u?) are their associated Wilson coefficients.
Denoting the canonical dimensions of the local Operator and the currents with Do and D j respectively
and the global spin with N, they scale like

_ 1 Y5704 Dy
qﬁ@%ﬁ>x() . (2.36)

€2
Here a term which is often used is the twist of the local operator [73]
r=Do—N , (2.37)

which describes the scaling behavior induced by the local operator to the Wilson coefficient. Opera-
tors with the lowest twist dominate for large momentum transfer Q% — oo.
For the single photon exchange the operators of lowest twist 7 = 2 are given by [236]

NelarT A
025#1,...” = iV1S[py,, Dy - - D#N?Td;] — trace terms , (2.38)

03#17 AN = =iV 71S[py,, Dyy - - - Dyup ] — trace terms (2.39)

14
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OSHL N = 2iN*288p[Galag ps + -+ Dpy_y G, ] — trace terms . (2.40)

In the polarized case the operators

N leai— A
Oyi’ﬁl’ iy = N S5V Dy - - .DMN?rw] — trace terms , (2.41)
0221, oy = = iV S5y, Dy - - - Dyy )] — trace terms | (2.42)
0321? N = 2iV"2SSp 25‘”0‘576? o - Dy IGZ“N] — trace terms . (2.43)

emerge. Here Sp is the trace over the SUqx(3) algebra, and S is the symmetrization operator
1
Sf#1,-~~7u1\/1 = M wa ) (2-44)
w

of the Lorentz indices p1, ..., un and w their permutations. D,, is the covariant derivative, ¢ and )
are the quark and anti-quark fields, and G, the gluonic field strength tensor, with a the color index
in the adjoint representation. Furthermore, A, is the flavor matrix of SU(Npg). The labels ¢,g on
the left-hand side of Eqs. (2.38-2.43) distinguish quarkonic and gluonic operators.

In the following, we will mainly work in Mellin space to take advantage of the simplicity of the
emerging convolution formulae, which are given by ordinary products. The Mellin transform of a
function f(x) is defined by [237]

M) = [ das™ 1 1(a) (2.45)
M@0 = [ do @ =1) fla) (2.46)

depending on the regularity of f(z) in the limit x — 1. The inverse Mellin transformation is given
by

c+ioo
f(x):ﬁ / dsa— M (2)](s). (2.47)

The contour of the integration runs parallel to the imaginary axis and ¢ € R has to be chosen in such
a way that the singularities of M[f(x)](s) lie to the left of the integration contour. The application of
this formula requires the analytic continuation to complex arguments of the Mellin transform. From
the knowledge of the Mellin moments of a function f(z) for either all even or all odd integers N,
Carlson’s theorem [238, 239] states that the analytic continuation is unique within a certain class of
functions. For a more precise statement in the context discussed in this thesis see [240].

The convolution of two regular functions reads

[f ®g]( / dml/ dzod(z — z1x2) f(21)g(22). (2.48)
Its Mellin transform factors into the product of the Mellin transforms of both functions

M[f(2) © g(2)|(N) = M[f(2)](N) - M[g(2)](N). (2.49)
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The convolution of a regular function with a function which needs regularization in the limit z — 1
reads [241]

M[[f()s ® g(=)] (V) = / 2241 / s (2) |20 (2) - ot)] - 902 / Wi}, @50)
0 z 0

In what follows, we will use the Mellin transform to map between the momentum fraction z- and the
Mellin N-spaces.

Inserting the operator product expansion for twist-2 one finds for the forward Compton amplitude
for deep inelastic scattering [71, 72, 127, 217]

Q2
T = Z{ QG G+ Gy 0z + Gz Unn — G tpn x| Ci2 (N ~5)
i, N
N
4ud Q* 2
o+ Lm0 Cor () b0 (53) (PIOEY 1P 251)

Neglecting trace term we can rewrite the operator matrix elements as

2

(Pl OB |P) = 4, (N P

u2> P PR (2.52)

which leads to the final expression for the forward Compton tensor

2 Pt + Py @ Q*
Ty (g, P) = 2%\;{622[PMPV+ o0 _@Quu]cm N’F
1 qudv Q2 1 P2
+% [g,uz/ + Q2 ]Ci,L (N, P xN—lAi N, ﬁ . (253)

The sum is only convergent for x > 1, which is outside the physical region 0 < x < 1. We can
however continue the functions analytically.

Using the optical theorem we arrive at the expression for the Mellin moments for the structure
functions

F(2,L) (N7 Q2) = M [F(2,L) (337 Qz)] (N)

2 P2
= ZQ’,(2,L) <N7 M2> A; <N7 H2> ) (2.54)

where the sum goes over the singlet, non-singlet and gluonic operators defined above. We see that
the structure functions at twist-2 factorize into Wilson-coefficients and operator matrix elements.
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2.3. The parton model

2.3.2. Light flavor Wilson coefficients

Starting with parton distribution functions (PDFs) for each quark f;(z) and the gluon G(z), we
can identify the non-perturbative vacuum expectation values of different operators with different
combinations of these PDFs using their flavour symmetries. The gluon PDF can be identified with
the gluon operator. The singlet operator can be identified with the singlet PDF defined by

Ny

S(z) =) [ful@) + fi(2)] (2.55)

k=1
and the non-singlet operator with the non-singlet PDF

%(z)
Ny

Ap(x) = fu(z) + fr(z) - (2.56)
Ny is the number of massless flavors. This identification of the operator matrix elements with the
parton distribution functions leads to the QCD-improved parton model. The structure functions are
in turn given by

Ny

Q2
Flo)(Nj, N = 1,Q%) = N; e [E(Nf,M 1)Cy .1 <Nf7Na el
k=1

Q2
+G(Nfa N, :U'2)C_(i(2,L) <Nf7 N, P

2
2\ ~NS Q
NyZeNy, N, 17)Cq a1 <Nf,N, uzﬂ (2.57)
It is convenient to decompose the singlet further into the pure singlet and the non-singlet contribution
S — Ps NS
Cocn) = G T Coir (2.58)

since single diagrams in the calculation only belong to either the non-singlet or the pure singlet
contribution. Inserting this definition into (2.57), the non-singlet Wilson coefficient is multiplied by
the PDF combination fi(x) + f;(x) instead of ¥(z) and is therefore sometimes referred to as the
non-singlet PDF combination in the earlier literature although not being a non-singlet object based
on symmetries [179, 180].

The massless Wilson coefficients obey the following expansion in the strong coupling constant

2 0
s Q) _ i (D).
Cg,(Q,L) (nﬂ N, ,U2> = Z aSCg,(Q,L) (2.59)
i=1
9 0
Ps Q7 _ i ((0),PS
Cq,(2:L) (nf’ N, N2> - Z aqu’(Q,L) (260)
i=2
NS N Q*\ 5 - i ()NS5
a,(2,L) UARAS F = o2+ Z s ¢,(2,L) (261)
i=1
with
9y =1 for F» and 9o = 0 for Fp, (2.62)
and

a5 = Zi; - (%)2. (2.63)
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2. Deep Inelastic Scattering

We have already introduced the factorization scale u, which artificially separates the high energetic,
perturbative from the non-perturbative contributions. The total derivative with respect to u reads
0 0 0
D) = =+ H_— — Hm(p?) —— 2.64
Since physical quantities cannot depend on this arbitrary scale, the total derivative of these quantities
with respect to p has to vanish. This gives rise to the renormalization group equations (RGEs), which
can relate quantities at different energy scales with perturbatively calculable coefficient functions.

The most notables are the [g-function and the anomalous mass dimension -,, which governs the
running of the strong coupling constant and the masses respectively

a2

B?) = uQaal(f;), (2.65)
2 m 2

m(p?) = —meQ)aaL‘;>. (2.66)

For the renormalization of the operators, which will be dealt with in the next section, we also have
to introduce multiplicative renormalization factors

NS _ NS/ 2\ANS
O‘Iﬂ"?ﬂla---vﬂN = Z (M )Oq,r;ul,...,u]\ﬂ (267)
Oy = 208 i (2.68)

in the massless case. These will absorb remaining collinear divergences into the PDFs.
The RGE of the structure function

D(p?)For)(N,Q*) = 0 (2.69)

then leads to a particular p-dependence of the structure functions and PDFs given by

S S
d <Cq,z‘(Nf7N7 N2)> _ 1 <'7qq 'qu) (Cq,i(nfaNa Uz)) : (2.70)

dlnp2 \ Cyi(ns, N, u?) 2 \Yg  V99/) \Cgi(ns, N, p?)
Tz Oy No?) = 5SSy, N, (271)
d <E(”vaaMz) 1 (qu 'ng> <E(”faNaMZ)> (2.72)
dlnp? \G(ng, N, i) 2 \Vq  Yag) \Gng, Nop%))’
Tk N?) = =5, N i) (273)

The ~;; are also known as the Altarelli-Parisi splitting functions. They can be calculated order by
order in perturbation theory. They are known up to NNLO [145, 146], the LO results can be found
in [89, 90, 242], while the NLO results have been obtained in [74-80, 84, 243]. There are ongoing
efforts to compute fixed moments for the N>LO splitting functions [147]. The parton densities are
universal but non-perturbative and have to be extracted from experimental data. Their evolution
provide a stringent test of QCD quantities.
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2.3. The parton model

2.3.3. Heavy flavor contributions

In the discussion above, we assumed all participating quarks to be massless. For the three light flavors
this is justified, since their masses, cf. Chapter 1, are below the QCD-scale of Aqcp ~ 200 MeV.
This means that these flavors can be produced non-perturbatively in the proton, yielding the different
parton distributions. The heavy quark flavors all have masses well above Aqcp [109]

me(me) = (1.28 £0.03) GeV,  my(mp) = 4187553 GeV,  my = (173.1£0.6) GeV.  (2.74)

This means that these flavors are only produced perturbatively, i.e. we cannot simply assign a parton
distribution to these flavors. The masses of the charm and the bottom quark are given in the MS-
scheme, the top quark mass is the pole mass.! Since the energy of HERA was not large enough to
produce top quarks, we will restrict ourself to the discussion of two heavy flavor. This is also justified,
since the mass of the top quark is by far larger than the other mass scales. Therefore neglecting
polynomial terms in the ratio m?/m? = m?/m? ~ 0 is justified. However the simultaneous treatment
of charm and bottom is necessary to keep track of polynomial terms in the squared mass ratio

m2

n=— ~0.1 (2.75)
mg

Since these masses do not form a strong hierarchy these contributions can lead to sizable effects.
Although Feynman diagrams with fermion lines of both heavy quarks appear from 3-loop order
onwards, renormalization and scheme changes already have an effect at O(a2). These effects will be
explored in the context of the variable flavour number scheme in Chapter 6. Although the Wilson
coefficients for one or two heavy flavors can in principle be calculated for the full mass dependence
these calculations introduce multiple scales and grow in complexity quite rapidly with the number
of loops. The non-singlet Wilson coefficient at NLO was calculated analytically in [173, 179] in the
tagged flavor case and in the fully inclusive case in [178]. The calculation of the pure singlet Wilson
coefficient at NLO will be addressed in Chapters 3 and 4. Here already elliptic structures emerge in
the result. However in the asymptotic limit, i.e. @2 > m?, the heavy flavor Wilson coefficients again
factorize

2
Cia.n) = ZAWO 2.1) +O<Q2> (2.76)

Therefore, in the asymptotic limit, i.e. neglecting power corrections in the mass, the heavy flavor
Wilson coefficients can be calculated using the massless Wilson coefficients and universal heavy flavor
operator matrix elements

Aij (p" ... pMN + trace terms) = (j| OV | 5) (2.77)

The external state j can be either a gluon g or a quark g and the index 7 labels the different
operators. The operator matrix elements can be calculated through 2-point Green’s functions with
operator insertions. The Lorentz-structure factorizes from the OME and the external states are
on-shell (p? = 0). To simplify the calculation we contract with the source term

Jureony = By - By, (2.78)

where A is a arbitrary light-like vector (A% = 0). This way all trace terms vanish. Extracting all
Dirac, Lorentz and color structures we can write

U (p, )G N (p, 8) = Ty (@, k[ O N g, 1) (2.79)

! There is a discussion about the precise definition of the scheme in which the top quark mass is measured at the LHC.
However, given the current errors the differences between the pole mass and the so called Monte-Carlo mass should
be negligible, cf. [244].
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2. Deep Inelastic Scattering

Uk (p, )G u(p, ) =y (@ k| OF 1N g, 1) i€{q,9,Q} (2.80)
" (PG, (P) = Juy.in (9s 1o a O g 0, B) | i€{q.9,Q}. (2.81)

The subscript ) denotes the presence of a heavy quark and k,! and a,b denote indices of the color
group in the fundamental and adjoint representation, respectively. The operator introduces the Feyn-
man rules summarized in Appendix B. In the unpolarized case they obey the following representation
To obtain the operator matrix elements from the corresponding Greens function, one has to apply
the projector

i 04 | pid
PGy = (Ap) Y i [palf} (2.82)

in the quarkonic case. In the gluonic case we can choose the physical projector on transversal gluons

R HAY 4+ pV AR\ 4
PR, S L (A )N (—gWH’A*M) Gt (2.83)

g by = N2 —1D —2 Ap Ly

or the nonphysical one

P Gab oab 9"
g

= - Ap) NG 2.84

Ly

In the latter case one also has to consider external ghosts which are projected using

Past Gl = 53 =g (A1) Gl (2.85)
Since the ghost diagrams have a much simpler structure than the terms induced by the physical
projector one usually resorts to the second way of calculation. The number of colors is denoted
by N, which for QCD equals N, = 3. However, the results are calculated for the general SU(N)
gauge group. The polarized case can be treated similarly but needs special attention because of the
continuation of 5 into arbitrary space-time dimensions. We will generally work in the Larin scheme
[209] although other schemes exist [56, 210212, 245-248]. In the Larin scheme one substitutes

7

4
= ﬁq/u%vp’ygé“”p . (2.86)

5

For polarized quantities this will lead to the product of two Levi-Civita tensors. This product can
be continued to d-dimensions using [249]

Jop Gav YGap YGao
96u 9pv  98p YGBo (2.87)
Gyu Gy Gyp  Gyo
9ou  9Gsv  9sp Yoo

Eafy6€uvps =

and interpreting the metrics in d dimensions. This scheme will in general, like all other known schemes
for 5, break Ward-identities. Therefore, a final renormalization step in which these fundamental
identities are restored, is necessary. This problem will be discussed further in Chapter 8.7 with
special emphasis on the calculation of operator matrix elements for polarized scattering.

In the following we will give the contribution from heavy quarks to the inclusive structure functions
in the fixed flavor number scheme (FFNS). This means that we work with a fixed number of massless
and massive quarks, in contrast to a variable flavor number scheme (VFNS), where the number of
massless and massive flavors changes depending on the energy scale under consideration. For HERA
we have Np = 3 light flavors (u, d and s quarks) and two heavy flavors (¢ and b quarks). In the
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2.3. The parton model

following the index Ng + 2 has to be understood symbolically as N light and 2 heavy flavors. The
relations for a single heavy quark flavor can be found in [182], while the two mass case was presented
n [202]. For completeness we will summarize the results for the heavy flavor Wilson coefficients
and the structure functions here. We distinguish heavy flavor Wilson coefficients where the photon
couples to a light flavor L; and those where it couples to a heavy quark flavor H;. We will only
present the expanded results up to O(a?), to express these we introduce the expansions

Aij(Np) = 855+ > ab AP (), (2.88)
k=1
Cij(Np) = 8;; +Za (2.89)

for the OMEs and the massless Wilson coefficients. For brevity we will suppress the dependencies
on N and the scales @%/u? and m?/u?. In what follows we also use the notation

fy =12 (2.90)
fo) = fla+2) -~ () (2:91)

With this notation and under the asymptotic condition
Q% 1 > m2,mj (2.92)

we can write

Ly%n(Nr+2) = a2 AR (Nr +2) 6+ Ol (Nr)|
+ a3[ASNS(Np +2) 6+ AR TS (N + 2O (NF + 2)
+C (3() NS)(NF)] : (2.93)
LES, (Ve +2) = a3 ADTS(Np +2) 6y + AL (Np + 2)NpCY, (N +2)
+NFO<§,()27,FJ):S)(NF)} , (2.94)
LS oy (NP +2) = 2A§Q)Q(NF +2)NpClly 1 (NP +2)
+ a3 AL (Np+2) 0y + AL (NP + 2)NpCR), | (Np +2)
+A2 (N + 2)NFC’;,1()2’ (Nr +2)
+ AG)(Np +2)NpCS (N +2) + NeCE),  (Np)] - (295)
2
ﬁ;(s2,L)(NF+2) = Ze a5 [ P (Np +2,m ) 69+ 0(2()PS)(NF+2)} (2.96)
=1

1(3),PS 3),p
+ ai’{AQq (Np +2) 52+ZeQ[ q(QL)(NF+2)
i=1

+AZ (Np +2) L, 1 (Np +2)

PS S
+AG S (N +2) OO (Ve +2)] ]
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2. Deep Inelastic Scattering

2
7S _ 1) ~(1)
Hy o) (NF+2) = Z Q. [QS[ Agg(NF+2) ba+ Cp (o 1 (NF + 2)]

=1
2 NS
A5+ AR B+
+ AL (NP +2) N;}(’Z H(Ne+2)+ C2, (Ve +2)]|

,NS
+ a3 AG)(Np+2) 6 +ZeQ A5 (NE +2) CLSS (Ve +2)

+ A% (Np +2) é( g 1y(Nr+2)

+ A (Np +2){ NS (Np +2) + COLS (NE +2))

+ AD (NP +2) O (NP +2) + B, (Np + 2)” (2.97)

Here the symbol d5 takes the values

|1 for F
52{ 0 for Fy,. (2.98)

The double tilde in H 0.(2L) and H g,(2,) should not be interpreted as applying Eq. (2.90) twice. In-
stead, it is used to differentiate these Wilson coefficients from those of the single mass case, indicating
now the required sum over charges as made explicit later in Eqs. (2.96,2.97).

Because of the coupling of the exchanged gauge boson to the heavy quark line in the case of the
Wilson coefficients denoted by H, we have still to present the detailed structure of the 3-loop OMEs
A(3) in this case. They consist of the two equal mass terms AS) (m?), AS) (m3) and the unequal mass

term A( )(ml, m3),

Az(?) (m1,m2) = Az(j')) (m1,m2) + Ag?)(m% m) (2.99)

which is symmetric in my and ms. The representation given in Eq. (2.99) is only relevant in the

case of AS; and AS’;’PS. Here fll(?)(ml,mg) denotes the part for which the current couples to the
fermion-loop of the heavy quark of mass mj. This line is carrying the respective local operator. In
general, the following representation holds

Az('?) (m1,m2) = Az(?)(ml) + AE?) (m2) + 121@(?) (m1,m2) . (2.100)

The charge-weighted OME is thus given by

AD = e AP (my) + €3, AT (ma) + €b, A (m1,ma) + €3, AL (ma,ma) . (2.101)

In the FFNS we can decompose the inclusive structure functions into contributions from light
flavors and gluons and contributions from heavy quarks only

(ZL‘ Q ) hght( ,QQ) +Fiheavy($’Q2). (2102)

The contributions from the light flavors and gluons is essential given by Eq. (2.57). The heavy quark
part of the structure functions is given by

[N
;F(Zezl)vy(x,NF + QaQQam%am%) =
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2.4. The Variable Flavor Number Scheme

= 2
+Hy (2.1 <w Np+2,— R m2> ® G(a, % NF) . (2.103)

2.4. The Variable Flavor Number Scheme

From three loops onwards diagrams with both ¢- and b-quarks lead to power correction in 7 to the
massive operator elements, which can manifest themselves in terms of higher transcendental functions.
But even at the two loop level a consistent decoupling of both heavy quarks simultaneously give rise
to two-mass effects from reducible contributions. One obtains the following transition relations
decoupling both the charm and bottom contributions at high scales p? > m?2, m3 :

fe(Np +2, N, pi?,mi,m3) + fr(Np + 2, N, p?, m17

2
Aqu<N NF+2 L 22> [fx(Ne, N, pi?) + fr(Np, N, p?)]
2
1
2
2
1
20

2

m
—A N, Ng + 2, 2) . S(Ng, N, 12
+NF qu( F+ [ 7//62) (F7 7/’[’)

1

2

m
+—A <NN +2, 2
NF qng F ,U

"2) - G i), (2.104)

fQ(NF + 25Na /‘L2vm%)m%) + f@(NF + 27N),U’27m%7m%) =

2 2

A <N NF—{—Q,WE,T)/?,)'E(NF,N,MQ)
12
mi m3 2

The flavor singlet, non—singlet and gluon densities for (N + 2) flavors are given by

2 2 2 2
mi m mi m
Z(NF+27N7M2am%am%) - Aqu (N’NF+2’ /1'2 //'2> AQQQ <N NF+2 71 /L22>

m? m3
+A5§ <N7NF+2721722) E(NF7N7H2)
Bep
mi mj mi m3 2
+ | Agg.Q | N, NF + 2, 27 9 + Agg N7NF+277>7 -G(Nfp, N, p7) ,
Bep Beu
(2.106)
AR(Np+2,N,p*,mi,m3) = fu(Np+2,N,p? mi,m3)+ fo(Nr+ 2, N, u*, mi,m3
k( F+2, muamlva) - fk’( F+2 7ﬂ7m1>m2)+fk( F+ 2, a,uamme)
1
N QE(NF +2,N, pu?,m3,m3) , (2.107)
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2. Deep Inelastic Scattering

m2 m2
G(NF+2,N7M2,m%,m§) = AQ‘LQ <N7NF+27/.,621,H22> E(NFaNan)
m2 m2
+499.Q <Na N +2, 721 #f) -G(Np, N, p?) . (2.108)

Here fk(E)(N r), 2(Np) and G(Np) denote the massless quarkonic parton densities. Note that in
the above process the OMEs A;; contain besides logarithmic corrections also power corrections in
1. For general values of N the n-dependence is involved and requests at least generalized harmonic
sums [240, 250] and binomially weighted generalized harmonic sums [241] as will be shown below in
Section 7.

The presence of 2-mass terms in Eqgs. (2.104-2.108) only allows to define the new parton densities
at (Np + 2) out of those at Np at sufficiently high decoupling scales 2 > m?2, m2 at 3-loop order,
while up to 2-loop order, flavors can technically be decoupled one by one, if m3 > m?. However
for the physical quark masses m?/ mz = n ~ 0.1 this is hardly possible. Therefore the picture of an
individual charm and bottom quark density does not hold from 3-loop order onwards. The quantities
fe + fz, ¥, Ag and G are not affected, as they depend on all heavy quark masses in a symmetric
way. The two-mass generalization (2.105) of the single mass case [180, 182], is a formal relation as it
stands. It can be rewritten expressing the charm and bottom quark densities in the variable flavor
scheme, still requesting

Q>>m?  and Q%> m? (2.109)
by
fe(Np +2,N, i, mi,m3) + fe(Nrp + 2, N, i*, mi, m3) =
2 2
=PS,c(b miy m
AQqC( ) (NaNF+2,217225> E(NFaNa/‘LQ)
i
2 2
=c(b m; m
+AL) (N, Np +2, /7} u;) . G(Np, N, i) (2.110)
fb(NF +2,N, :U'27m%7m%) + fg(NF +2, N, M27m%7m2) =
2 2
TPS,b mi7 m
AQq (C) (NaNF+27217227) E(NF7N7/’L2)
T
2 2
=p mi; m
+ AR (N, Np +2, 721 N;) . G(Np, N, 1i2) ,(2.111)
where
= b -
A = AP (me) + AL (me,my), (2.112)

and /:1?](-6) is obtained by ¢ <> b. Eq. (2.105) is the sum of Eqs. (2.110,2.111). The OME flg’) (me,myp)
can be identified with the diagrams of the two-mass contribution where the operator sits on the charm

quark line whereas for AS’) (mp, m.) the operator sits on the bottom quark line. Up to next-to-leading
order all ingredients for the VFNS are known and it is presented explicitly in Chapter 6. Chapter 7
is devoted to the calculation of the two-mass contributions to the OMEs ASQ’PS and Aé?;)’Q which
are essential contributions for the VENS at next-to-next-to-leading or((g)er. With the completion of

99,0 I momentum space and

these contributions only the single mass contributions to the OME A

the OME AS; are missing.
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3. Unpolarized Pure-Singlet Wilson Coefficients
at NLO

The complete massive two-loop Wilson coefficients for deep-inelastic scattering corresponding to the
structure functions Fy(z,Q?) and Fp(z,Q?) were only available in numerical form [168-170]! for a
long time. Later the flavor non-singlet Wilson coefficients have been calculated analytically in [173,
179] in the tagged-flavor case and recalculated for the inclusive case [178] to obtain a representation
consistent with the associated sum rules.

In this chapter the massive pure singlet two-loop Wilson coefficients are calculated analytically.
Due to the corresponding graphs, the formulae are structurally the same for the charm and the
bottom contributions. In the numerical illustrations we will concentrate on the charm contributions,
considering the first three quarks as massless. The knowledge of the complete analytic expressions
allows to derive important limiting cases such as the limit of large virtualities @? > m?, m being
the heavy quark mass, or the threshold expansion in a direct way. In the former case it is possible to
derive systematic expansions in m?/Q? with coefficients represented in terms of harmonic polyloga-
rithms, while the complete result depends on much more general functions. Harmonic polylogarithms
can be easily calculated numerically [251-253]. Furthermore, they can be directly transformed to
Mellin space [149, 150]. It has been observed numerically in Ref. [179] that the limit of large virtual-
ities is approached beyond some process-dependent scale Qg. The Wilson coefficient in this limit can
be calculated with the help of massive operator matrix elements (OMEs) and massless Wilson coef-
ficients, cf. [179]. It is important to prove this analytically. At three-loop order the massive Wilson
coefficients are only known in the asymptotic region [1, 2, 182, 202, 254-261]. We also recalculate
the corresponding massless two-loop Wilson coefficients given in [86, 129, 132, 135, 136, 138, 262,
263] before and compare to these results.

After the non-singlet contribution had been obtained [179], the analytic calculation of the massive
pure singlet Wilson coefficient can be envisaged since the underlying Feynman graphs have only
tree structures. However, adequate mathematical techniques to perform this task have only become
available very recently. This includes the elimination of all functional relations in the final result
and techniques to obtain a compact representation. The massive Wilson coefficient is given by a
four-fold non-trivial phase space integral. Three of the integrals can be carried out using standard
techniques. The integrand of the last integral is obtained as a polynomial of rational terms, logarithms
and polylogarithms [264-266] with an involved argument structure. Therefore, the last integral
is performed after determining the contributing irreducible structure of letters of the contributing
iterated integrals, using the techniques described in [241, 267]. The Wilson coefficient can finally be
obtained as a d’Alembertian integral over a finite alphabet. The analytic results allow to perform
expansions in m?/Q? including power corrections, which is of particular importance for the structure
function Fr(x, Q?). Here the corresponding expansion coefficients are then harmonic polylogarithms.
Such a representation is easily envisaged for the two-loop non-singlet Wilson coefficients given in [178,
179], since there the whole Wilson coefficient depends at most on classical polylogarithms.

We also consider the limit Q2 > m? of the Wilson coefficient and compare with the results given
in Refs. [179, 185, 260]. Furthermore, the threshold expansion of the Wilson coefficients are derived
and numerical results are presented. In the present calculations, the packages FORM [198, 199], Sigma

!"Numerical results were also presented in [177].
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3. Unpolarized Pure-Singlet Wilson Coefficients at NLO

[268, 269], EvaluateMultiSums [270, 271] and HarmonicSums [149, 150, 240, 272-275] have been
used.

The chapter has the following structure. In Section 3.1 we first illustrate the asymptotic factor-
ization using the example of the O(a;) calculation. The corresponding scattering cross sections will
be used in the two-loop massless and massive calculation later. In Section 3.2 the massless two—loop
pure singlet Wilson coefficients are calculated. The mathematical method used to prepare for the
last analytic integral in the massive case is described in Section 3.3 and in Section 3.4 we present the
analytic results for the massive Wilson coefficients. The asymptotic and threshold expansions are
derived in Section 3.5 and numerical results are presented in Section 3.6. Some technical aspects of
the calculation are given in the Appendix D.

3.1. Asymptotic cross section factorization

The massive Wilson coefficients are calculated by factorizing the massless initial states (quarks and
gluons). In the unpolarized case and for longitudinal polarization the factorization is longitudinal,
i.e. by setting p = zP,z € [0,1]. Here P denotes the incoming hadron momentum and p the quark
momentum. In the transversal polarized case one has to use the covariant parton model [276], see
[174, 277-279].

As an illustrative example we consider the unpolarized one—loop heavy flavor contribution to deep—
inelastic scattering [163-166, 280]. As for all the massive Wilson coefficients, it can be written in
three parts: the massive operator matrix element, the massless Wilson coefficient and a remainder
part. The last one vanishes in the limit Q?/m? — oo in the case of asymptotic factorization. A simple
prediction on the structure of this term is not easily possible, but usually requires the calculation of
the whole process followed by the expansion in m?/Q?. This term depends on the structure of the
phase space and it is a process-dependent quantity. In Fig. 3.1 the contributing Feynman diagrams
are shown.
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Figure 3.1.: Diagrams of the O(as) contributions to scattering cross section v* 4+ g — q + @.

The massive Wilson coefficients have the following series representation

Q2 m2 e 2o (k) Q2 m2
HQ(L),Z‘ <Z7 ﬁ’ ? = Z asHQ(L)ﬂ; 2, ﬁv F ) (3-1)
k=1

where ¢ denotes the incoming parton and 2(L) refer to the associated structure functions. Since we
also need the O(g) term of the LO result later on, we further define

) Q> m*\ ~(1)
Hyryi (z’/ﬂ’ﬁz> = hydyi T by (3.2)
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3.1. Asymptotic cross section factorization

where we dropped the arguments of the coeflicient functions for brevity.
Let us consider the leading order contribution for the process v*+g — QQ as an example, cf. [163—
166, 280]. In the following we use the variable

A4m?2  z
B = 1—?71_2. (3.3)

The Wilson coefficients H(ng and Hélg) are given by

h(Ll,)g (Z, g;) = 16TF [/32’(1 —2)+ 2@22’ In <1I_§)} 0(a—2z), (3.4)
§ 2
h%g), <z, 22) = 8TF{5 [—; +42(1—z) — 2%2(1 - z)]
1 2 2\ 2 1_5
+ —§+z—z —|—2@z( 1)+4<ZQLZ> 22]111(“_5)}
x0(a=2), (3.5)

with 0(z) the Heaviside function and a = 1/(1 + 4m?/Q?). The coefficients at O(e) read
(1 1-p g
b = Tpa(1- z){2(1 ) [H% (1 - 5)

— 2H, (@) [1+Hy+H; — 2H0(6)]]
B(3 4 Ho + Hy — 2Ho(B)) + (1 — %) [Ho,l (

-8

L) + @)+ Ho(s)

CH Ly (8)]Hq (Lg) c”} (a-2), (3.6)

i) - TF{2<1—z><1—52> 5~ =+ )10 (155) - 5 (155
x [3—B*—22(5—28% - B*) +22(9 — 487 — BY)] + 285 — 28
+2z2(1262)22(132ﬁ2)]2[3&’42,2(525264)

1

(946 - 64)} [— 01<1jrg>—[1H(2)+H0(»3)—H0(1+5)]H0 (ﬁg)m

+(28(2 - 82+ 22(9 - 87) — 22(5— B%)) + |3 - B* - 22(5 - 267 - )

22(9 - 452 — B4)]HO G;g)

We refer to the harmonic polylogarithms [151] as introduced in Appendix C.4. Here and in the
following chapter we use the abbreviation Hz(z) = Hy if not stated otherwise.
The expansion for large virtualities Q% > m? is given by

[H + Hy — 2Ho(6)]}9(a —2). (3.7)

2
Hg; <Z’f,2;> = 16Tp{z(1—z)—2sz [ln<22>+1—H1 ]+O<<gz> )’

(3.8)
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3. Unpolarized Pure-Singlet Wilson Coefficients at NLO

2 2
i) (+ %) = anef e s oo (%) -m-n

m? Q’ m?\?
+4@ —2(1422)+ (1 —32)z|In (mz) —H —Hp||+0O (QQ)
(3.9)
for z € [0, a].
In the asymptotic case, one has [179]
Q° S
HY, (Z 2] = C) (e +1), (3.10)
Q? S
HY) <z, =) = AGN(Np + 1) + Y (NF +1), (3.11)
using the definition
3 N .
Fvi) = 2L g 1) = FVe + 1) - SN (3.12)

Note that Egs. (3.10, 3.11) hold for z € [0,1]. Here 0212)( 1) denote the massless two-loop Wilson
coeflicients and A(Ql; the massive one-loop operator matrix element (OME) with external gluons [179,

185, 260]

AW — a2 4 (1= 2)21 m? 3.13
0s = —4Tr[2* + (1 = 2)°]In ) (3.13)

The massless one-loop Wilson coefficients read [94, 128, 131]

CY) = 16Tpa(1 - 2), (3.14)
CY) = ATp[z+ (1 - 2% <§j)
—ATp {1 —82(1 — 2) + [* + (1 — 2)*] [Hy + Ho]}, (3.15)
where
Py(2) = 8Tp[22 + (1 — 2)7] (3.16)

is a one-loop splitting function [89, 90]2.

It can now be seen that the massive Wilson coefficients can be decomposed in terms of the part
obtained at large virtualities Q% > m?, Egs. (3.10,3.11), consisting of massive OMEs and massless
Wilson coefficients, and a remainder part vanishing in the limit Q?/m? — oo. Whenever this is the
case one calls the respective process asymptotically factorizing. The factorization scale p cancels in
the cross sections in Egs. (3.10, 3.11) since they are free of collinear singularities. As a peculiarity in
this case, the massive OME only contributes to the pure logarithmic term. This, however, is due to
its vanishing constant part and is generally not the case.

Numerically it is interesting to see from which value of Q(Q) /m? onward the asymptotic representa-
tion holds, say at the accuracy of O(2%) or better, cf. [178, 179] and Section 3.6.

2For earlier references in QED, see [224].
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3.2. The massless Wilson coeflicients

3.2. The massless Wilson coefficients

The massless pure singlet Wilson coefficients obey the expansion

2 2
gty (- Z) = o= Stelyr (- 2). 1)

with 6o = 1 for 02P S and &9 = 0 for CES. We will identify both the factorization scale pr and the
renormalization scale pgr with p.

In the following we also recalculate the massless Wilson coefficients Cf)’PS and C’f)’PS as a limiting
case of the present massive calculation. They have been computed in Refs. [86, 129, 132, 135, 136,
138, 262] before.

The unrenormalized Wilson coefficients Fp,5) 4 are related to the hadronic tensor of deeply inelastic

scattering in the partonic sub-system, WW, by

2q2

F VW Vs 3.18
L,q (p q)2p/tp M ( )

Foo— 2 e (d - 1)‘]72 oV T (3.19)
2,4 d—2 )% (pq)gp p uv | - .

Here p denotes the incoming parton momentum and g the space-like momentum of the virtual photon
with ¢> = —Q?.
In the massive case we will also consider the Wilson coefficient

PP (3.20)

as a subsidiary function in order to avoid redundancies in the calculation. Note that this Wilson
coefficient does not correspond to the structure function Fy, cf. [224].
The following expressions will be given in Mellin-N space. The unrenormalized Wilson coefficients

FEOFS are given by [131]

L(2).q

FOPS _ yooee ()10 0, 0P PO 391
Ly = VRGO ﬁ 2190 CLg T CLg S+ ; (3:21)
DPS _ No3282 QN L1 o0 po , L (1 payes PO (2).PS | p(0),(1)

f2,q - 2 29749 " 99 + 9" aq + 29) TCog T 1gg %y (3.22)

with as the unrenormalized coupling constant and the spherical factor S, see Egs. (G.17). We work
in the MS-scheme and set S. = 1 at the end of the calculation. Here the factors of 1/2 in Eq. (3.22)
emerge since for the splitting into the upper quark-antiquark pair, the quarks are produced correlated.
Since the pure singlet contributions start at O(a?) only, the renormalized Wilson coefficients C' (2 EI)DS

are obtained after mass factorization

2),PS 2),PS PS
FOTS = eyt rors, (3.23)
2PS _ ~@.PS | L1 PSA(2)PS | 1(0) (1)
]:27‘1 - 02#] +§F¢(1q) C(2,q +Fg(7q)02,g7 (324)
with
2\ €/2
0) _ 4 HE 1 S0
IO - 4,5 (H po. (3.25)
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3. Unpolarized Pure-Singlet Wilson Coefficients at NLO

2 €
PSS _ 202 ( HF L 0)po 1 1),PS
rPs = 4252 <M2> [¥P59>qu)+gpgq> : (3.26)

In z-space the functions in Egs. (3.21, 3.22) read

a(Ll,)g = —8Tpz(1—2)[3+ Hy + Hol, (3.27)
iy = TF{[ZZ + (1= 2)?)(Hy + Ho)? +2(1 — 82(1 — 2))(Hy + Ho) — 3[2% + (1 — 2)?] (2
+6 — 4dz(1 — z)}, (3.28)

see as well Egs. (3.14, 3.15) for pu? = Q2. The splitting functions are

0 _ H(0
PY) = NgP, (3.29)
1+ (1—2)?
PO = 4CF+(ZZ), (3.30)
20 1 8 56
Pq(;)’PS = 16CrTrNp 95 2+ 62 — 4Hg + 22 (3H0 - 9> +(1+2) (5H0 - H(QJ) (3.31)

The massless Wilson coefficients Cg)’PS and 052)’138 are thus given by

2 1 1 2
cprs <z, QQ> = —32CpTrNp {zHo + 3 (3 —22% )} In (%)
HE 3 z M
1—2)(1—2z+1022
(a-2)( 92Z+ 2) (14 21— 29)Hy — 212
1—2)(1—-2z—222
—l—( 2l " S )H1 —zHo1 + ZCQ}, (3.32)
2 4 4 2
c{Prs <z, c22> = CpTpNp {8(1 +2)Ho + = (3 422 -3z + )] In?2 <Q2>
HE 3 z U

_l’_

8 4
16(1 + 2)[~Ho1 + ¢ — H] + 322°H — 3 <3 — 42 3z + Z) H;

1 1 2
——6 <39 + 422 — 302 — 3)] In <Q2>
9 z i

+4(1 — 2)(172 + 409z — 2242%) 16

— (63 — 332 — 1622)H
272 + g ( 2= 162")Ho
32(1 SH_4H, 2 20
320+ 2)Ho O 2(3— 452+ 3227 H2 + (1 + 2)H}
3z 3 3
16(1 — 2)(13 — 262 + 422 8(4 432 — 622 — 423
+[_ (1—2)( - z z)+ ( z 3zz Z)Ho H,

8(1+22)(4 — 5z + 422
(L4225 z)+16(1+z)H0

4(4 — 423)H?
+(+32 Z)lJr Ho1

3z 3z
32(1+ 2)%Hg _ 32(1 4322 — 323
+ ( )"Ho.1 +16(1+ 2)Ho1,1 — [ ( )
3z 3z
+32(1+ 2)Ho | (2 — 16(1 + z)gg}. (3.33)
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3.3. Systematic integration in the massive case

We agree with the results given in [86, 263] and note a typo in [129], Eq. (13), where the next-to-last
term should read (448/27)x2. In Appendix D.1 we present details of the calculation in the massless
case.

The massless two-loop pure singlet contribution to the structure functions Fyr) for pure virtual
photon exchange is given by

2),PS ps,2) [ Q°
F 0 Q) = @)@y (G o) 5w, (334)
where 1 denotes the factorization scale, Qg = 2/3 for charm and Qg = —1/3 for bottom, and
3

k=1

denotes the quark singlet distribution for three light quarks.

3.3. Systematic integration in the massive case

We want to express the heavy Wilson coefficients H. 2).PS 5 terms of a minimal number of special

2(L
functions. In the case of single scale quantities, VaI‘iOElS) methods have been worked out in the past
to achieve this; for a recent survey see [281]. In the present case, we deal with a two-scale process,
since the Wilson coefficients depend on z and m?/Q? in a non-factorizing way. The complete massive
Wilson coefficients are represented in terms of four non-trivial integrals. The parametrization of the
phase space is given in Appendix D. The first three integrations are evaluated in terms of logarithms
and polylogarithms at various complex arguments involving square-roots and trigonometric functions.
What remains is a one-fold integral with respect to the last integration variable x, cf. Appendix D.1,
that also depends on the parameters z and 5. The overall aim is to write this integral in terms of
nested integrals. To this end, we first write its integrand in terms of nested integrals. We apply the

change of integration variables

w = B\/T. (3.36)

In addition, we introduce the quantity

JZ
ko= Ny (3.37)

which satisfies v/z < k < 1. We use it to express [ as k\’;\/% Altogether, the integrand is then an
expression in terms of z, k, and w as well as logarithms and dilogarithms with arguments expressed
in terms of square-roots involving these quantities.

Next, we eliminate redundancies among square-root expressions to express the integrand using only
the roots V1 — k2, v/1 — w2, and V1 — k2w?. In order to facilitate the conversion of the logarithms

and dilogarithms appearing in the integrand to nested integrals, we exploit the argument relations

In(z) = In(—2) +im for 2 <0 (3.38)
Lis(2) = —Lis(2) — 1 In(2)?® — irIn(z) + 2¢(2) for z > 1 (3.39)

to avoid arguments on branch cuts.
After these pre-processing steps, all the following steps for computing the integral are done

by the code [282] in Mathematica, which also uses the routine DSolveRational of the package
HolonomicFunctions [283]; see [267, 284] for the general theory underlying [282]. We also refer to
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3. Unpolarized Pure-Singlet Wilson Coefficients at NLO

[285] for the simpler case when no singularities are present at the endpoints of integration, which,
however, does not apply here.

First, the logarithms and dilogarithms are converted to nested integrals, which is based on repeated
differentiation followed by expressing the integrands of these nested integrals in the form developed
n (3.16)-(3.19) of [241]. In fact, a generalized version of those forms is used to avoid the necessity
of introducing new square-roots in terms of z and k in addition to v/1 — k% above. Then, a normal
form of the integrand is computed. This affects all parts of the representation, also those that do not
depend on t. For the nested integrals we use the shuffle relations [286] and also for their coefficients
we compute normal forms in terms of the logarithms and square-roots.

As a result, we obtain a representation of the integrand as a linear combination of nested integrals
evaluated at w whose integrands also depend on z and k. Their coefficients only contain z, k,
w, V1 —w?, V1 —k2w?, In(z), In(1 — 2), In(k + z), and In(k — 2). The root V1 — k2, as well as
all other logarithms and dilogarithms depending on z and k, do not appear in this representation
anymore. Moreover, since both the integrand as a whole and all integrands of the nested integrals in
its representation are real, all complex expressions drop out of the coefficients as well and we have
a completely real representation. This is ensured since the integrands in (3.16)—(3.19) of [241], and
also their generalization used here, are designed such that the corresponding nested integrals all are
linearly independent.

Finally, the integral over w from 0 to [ is computed as a linear combination of nested integrals
evaluated at 3, again in normal form. Like before, their integrands also depend on z and k and their
coefficients only contain z, k, w, V1 — w?, V1 — k?w?, In(2), In(1 — 2), In(k + 2), and In(k — 2).

The following letters contribute in the present case:

Jui () = ﬁ (3.40)
Juwa (1) = 1421%7 (3.41)
Juws () = 51+t (3.42)
fui(t) = 61—t (3.43)
fus () = _2_11 ki (3.44)
fus (1) = k+z—11 2)kt (3.45)
fur(t) = le ki (3.46)
Fus(t) = 7 +11_Z) (3.47)
fug (1) = kg(l_t2(lt_22))_22, (3.48)
Junot) =~ i t;/l_k%g, (3.49)
Jun0) = \/1—t2\t/1—l<:2t2’ (3:50)
Juw(t) = ! : (3.51)

VI =121 — k22 (k2 (1 — 2 (1 — 22)) — 22)
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3.4. The massive Wilson coefficients

The set of letters

2{:{ !
t—a

span the Kummer-Poincaré iterated integrals [287, 288] defined as

ac (C} (3.52)

Kpa(z) = /OZ dyfo(y)Ka(y), Kog=1, fee (3.53)

The letter fy, can be rewritten into Kummer-Poincaré letters [287, 288], which we, however, avoid
here. Some of the above letters contain the elliptic letter

1 1
VI—12 V1 — k212

as a factor. Therefore, one expects that in iterated integrals the incomplete elliptic integrals of the
1st, 2nd, and 3rd kind

(3.54)

@ 1
F(z;k) = dt : 3.55
(w3 £) V1—12V1 — k22 (3.55)

A1 — 242
E(z; k) = dt Chllal , (3.56)
V-1t
M(n: k) = / = 1m2 V\/l%, (3.57)
A =

cf. [191, 289], are emerging, over which further Kummer-Poincaré letters are iterated. We call iterated
integrals of this type Kummer-elliptic integrals. Their alphabet is

S 1 t V1 — k2¢2
V1= 21— k22 V1 — 21 — k2827 1 — 12

u{ !
(t —a)V1 — 121 — k212

Note that integrals of depth 1 over the letters f,, to fu,, are (poly)logarithmic, since one may change
variables t — v/t, cf. Eqs. (3.48-3.51).

Yet Kummer-elliptic integrals appear in the iterated case. Therefore, iterated integrals of depth 2
formed out of some of these letters will form results containing incomplete elliptic integrals in part.
These iterative integrals cannot be reduced to the Kummer-Poincaré iterated integrals for general
values of k. As also the incomplete elliptic integrals, they belong to the d’Alembert class, unlike
the complete elliptic integrals [191, 289], which also appear in various higher order calculations, cf.

g. [290-297] , as letters in other iterated integrals.

aeC\ {il,i}ﬁ}} : (3.58)

3.4. The massive Wilson coefficients

The unrenormalized two-loop massive pure singlet Wilson coefficients H; ; with ¢ = 1,2, L, see also
Eq. (3.20), are given in Mellin space by

2\ € 1 B
HET = als? <§2> Lp;gmg}; +CAFSQ 4 PO (3.59)
The functions hg; and l_)%; are given by

)= 2nd) —3ni) (3.60)
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3. Unpolarized Pure-Singlet Wilson Coefficients at NLO

(1 1 1 7(1 7(1
By = hS)—hi 25 351 (3.61)

Since the two heavy quarks do not induce collinear divergences the mass factorization in the massive
case reads

2),PS 2),PS 1
HEPS = PP T o (3.62)

Therefore, we find

TS — a252{ (QZ> [113( In) + c2PS9 P(O)bm]
s~e c 99 "9

i,q 112 99 "i,g
2\ €/2 2\ &/2
[ Q Lp,M 4 p@zm
(M) (%) |t ri)| . (3.6
Identifying the renormalization and factorization scale, = pp, we finally obtain
(2)PS  _ 0, (& (2).P8,Q
= et () -] row
2
_ 2 0)5(1) m 0)p 1) (2 )PSQ

= d? [QPéq)hi’g In (u%) 5ngqm In <Q2> +C; ] +0().  (3.64)

Note that in the pure singlet case the coupling constant is not renormalized at two-loop order. To
express our final result in terms of iterated integrals we refer to the letters given in Section 3.3, sup-
plemented by the letters spanning the harmonic polylogarithms, cf. Egs. (C.34-C.35); for Egs. (3.65)
and (3.66) we use the shorthand notation Hz(8) = Hz. One obtains

8P
H(L?;’PS - CFTF{ 3; {k |:ng1 - H’LQUQ + (1 - z) (Hwﬁﬂﬂl + Hweﬂvz - Hw7,w2

_st,wl - stHw1 + stHw1 - Hwe Hw2 + Hw7Hw2):| + 2(Hw1,w4 + sz,w4 + ng,wl

+Hugws) — (2Huwy — 61n(k) +1n (1 — k%) — In(k* — 2*) + 21n (k* — 2)) [Hy,

16(1—2)8Py. ..o o 16(1—2)8P; 8(1—k*)(1—2)P,
+Hw2]} P F i T Hus.0
16(1 — k)P,
_Hw670 —+ Hw7,0 — HU)s,O — (Hw5 — Hwa =+ Hw7 — ng)H0:| + (3164)4(le
32P; 32F; 16 P
+H,, )Ho + W(H—IHI —2H 11) + %(le,o + Huo) + o e (H1Hy,
163 64y 16(1 — k%) (1 — 22) Py
_Hlew2) 3k4 (HlH - Hlewl) - WHW‘& - 3k2 Hw971
16 P,
+Hw97*1 - (1 - Z)k(ngﬂvs + ng,wﬁ + Hw9,w7 + Hw97w8):| - 3k‘211 (H2 H2—1)
(1 — Z)P12
_W w10,Ws me,w«s + me,w? - me,ws - k(mewu + Hw67w11 + Hw7,w11

+ng,w11) + k(Hw5 + H”LUG + Hw7 + Hw8)Hfu)11 -

4(1 + k‘)(l - Z)Plg

2
E (leo,wl + leo,w2):|

3kt
4(1 — k})(l — Z)P14 8P15
3]€4 (Hw5,—1 - Hw7,1 + Hw7H1 - Hw5H—1) + %TZ(levl - sz,—l)

34



3.4. The massive Wilson coefficients

4(1 — Z)P16 4(1 — Z)P17
_73k4 (Hw671 - H’ws,—l - Hw()Hl + stH_l) — 73]{:4 (H’UJ5,1 — HUJ77—1
2(1 — k?)Pig
_Hw5H1 + Hw7H*1) - W lez,l + lez,*l + (1 - z)k(st,wu + Hw6,w12
8P1g
+mewu + st,wlz) - (1 - Z)k(Hw5 + st + Hw7 + st)me - %(Hwhfl
1 ) 2Py B 2Py " (1 — Z)ng
wel) TR (1= kB) N 9k22(1+ kB) T 3k3z(k(z — 2) + 2)(1 — k)
2P23 21324
H; — H_
+9k‘4z(k2(z —2)2 - 22) ! 9k*z (k2 (2 — 2)2 — 22) !
_ (1 — Z)P25 H, + (1 — Z)PQG
332(k(z —2) —2)(1+kB) ™ 3k32(k(z — 2) + 2)(1 + kB)

N (1 —2)Poy
3k3z(k(z — 2) —2)(1 —kp)

Hy, —32(1 — 2)%2(In(2) + In(1 — 2)) (28 — Hy — H_;)

LCLE D0 (32 4z~ 422) (o1l

642(k*(z — 3) — 2)
3k2

1
~Hyw, — Ho1wy — Hug1 — Hug 1 + <2 In(1— k%) +1In(k*—2) + HwS)

—64z(3 — 2 + 12 ) In(k)(Hy +H_1) +

—In (1 -%?) —2In (k* — z) — 2H) —

[H1Ho +H_10—Hon

32
x (Hy + H_l)} 3];( 2+ k(6 — 72+ 32%)) In(k* — 2%) (H; + H_l)}
1 M, (@ 0) o 5V
+§Pg< @ hy) In <MF - PO &b, (3.65)
41— 2)P,
H{?PS — CFTF{—(kQ)QS(Hwe,l — Hug,1 + HiHyg — H_1Hyyg)
8P29 8P30 8(]€2 - Z) P30
g (i = Hoab ) = g i, g5 g o
4( — z)P31 8 P39
=g (Hug 1 = Hup o+ HiHy, — HoHy ) + 2 [k(val —-H2)

+2(Husy s+ Hug g + Hug o + Hugwz) + (Hwy + Hu,) [610(k) + In(k? — 27)]
+k(1 - Z) (Hw5,w1 + Hw67w2 - Hw%wz - Hw&wl - Hw1 Hw5 - szHwe =+ szHw7

+Hop, Hug ) — (Huy + Huy) [In (1 — &%) +21In (K% — 2) + 2Hw3ﬂ

16(1 - Z)ﬁpgg 32P34
9k2z 3k4

Hon —H_10—HoHi + Hy wy + Hug1 +Hepy -1 +Ho1.0,

1 32(1 — 2P
—(H1 +H.,) (5 In(1—k%)+In(k*—2) + ng)] - (3;2)35 {ngl
4(1 - Z)P36

3k3 (Hus.1

+Hw97*1 - (1 - Z)k(ngﬂvs + ng,wG + Hw9,w7 + Hw97’w8):| +

41— 2)P
_Hw7,—1 - Hle5 + H_le7) -+ (Bkz)gﬂ(

16P38 16(1 - Z)Bpgg
3k4 3k%z

ng,l - ng -1 = Hle6 + H—leg)

8Py

(H_1H1 — 2H_1’1) — ln(k2 — 22) 3k‘3 (le,l - ng,—l)
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36

8Py 16(1 — 2) 8Py ) )
g el — — g, | (1 - k%) +2In (k* — 2) — 61n(k) + 2H,
16Py3 8Piu ;1o o 16 P35
+4Hw3} - %T(le,o + Hup ) — @(}h -H2,) + T (Hu, + Hu, )Ho
8(1—2)P.
4Pyg
+W |:2Hw10,w1 + QHHHO,U)Q - (1 - Z) (leo,w5 - me,wﬁ + Hw10,w7 - me,ws

—k (Hus w11 + Hugwny + Hurwony + Hugpwn ) + B (Huws + Heg + He,p + st)Hwn>

+2k(1 = £?)z(1 - 2) (Hw,wm + Huguwie + Hurwiy + Hugwro — (Hus + Hug + Ho.

+Hw8)Hw12> + 2(]. — kQ)Z(leg,l + Hw1271):| + m ws
8Py . 4(1—2)°Py _— 4(1 — 2)%P5g -
922(1 —kB) ™ 3K3z(k(z—2)—2) " 3k32(k(z—2)+2)
4(1 — Z)2P51 H 4(1 - 2:)2P52 8P55
_3k32(k(2' —2)+2z) "7 a 3k3z(k(z —2) —2) 8 B 365(1 — 2)232 wi,—1

_ 8Ps3 Hy 8Ps,
Ok1(1+ B) (K= —2) = 22) ' Okl=(1 - F)(R3(= — 2) — 2)
B {16(1 + k%) (1 — 3k%) 22

H_4

In(k* — 2) + 16(1 — 2) (In(1 — 2) + In(2))

3kt
1+ k) (1 —3k%)22
+32 (3(1 —2)+ ( )(k4 ) ) ln(k)} (Hi+H_y)
2k2 + (3]{:2 — 1)2
-3 2 4Ho 11 +4Ho,—1,1 —20H111 — 4Hy 10, — 4H1 10,4

+4H 51,1 — 4Hops1,—1 +4Hy, 11 —4Hyy 1,1 —4H 110 — 16H_q1 11 +4H_1 1,4,
—4H_q 10— 16H_1 11 +4H 1 1,4, —20H_; 1 1 +2(H} — 2H_; 1) H,
+2(—4H_11 + H? — H2| + 2H{H_1)H,, + (4H_1 1 — 5H%, + 5H} — 4Ho
~4Ho_ — AH,y 1 — 4H,, 1) Hy + (4HoH; — H2 + 4H,, 1 + 4Hy, 1 + 12H 14
+5H2 )H_y — [In (1 — &%) — In(k* — 2%) + 2In (k* — z) — 61n(k)]

16(1 — 2)(z — k(2 + 3z))

k 1,wyg,ws

x (4H_y +H?2) — Hf —2H_H,)| —

+H1,w4,w6 + Hl,w4,w7 + Hl,w4,w8 - Hw5,1,1 + Hw5,l,—l - Hw5,w371 + Hw5,w3,—1
_Hwe,l,l + ng,l,—l - HwG,wg,l + ng,wg,—l - Hw7,w3,1 + Hw7,w3,—1 + Hw77—1,1
_Hw7,—1,—1 - ng,wg,l + ng,wg,—l + st,—l,l - ng,—l,—l - H—l,w4,w5 - H—l,w4,w6
_H—l,w4,w7 - H—l,w4,wg + k(ng,w4,w5 + sz,w4,w6 + Hw27w4,w7 + ng,w47w8
_le,w4,w5 - Hw1,w4,w6 - le,w4,w7 - Hw17w4,wg + Hw5,1,w1 - Hw5,1,w2 + Hw5,w3,w1
_Hw5,w3,w2 + Hw6,1,w1 - ng,l,wg + ng,w3,w1 - ng,wg,wg + Hw7,w3,w1 - Hw7,w3,w2
_Hw7,—1,w1 + Hw7,—1,w2 + ng,wg,wl - ng,wg,,wg - ng,—l,wl + ng,—l,wz)

+{Hw3,1 - ng,fl + Hfl,l + k[le,l - Hw2,1 - ng,wl + Hw3,w2] }(Hw5 + H’LUG)
+{Hw3,1 - ng,fl - Hfl,l - Hfl,fl + k[H’LU2,71 - le,fl - ng,wl + ng,wg}}

X (Hw7 + ng) + (st,l + Hw5,w3 + Hw6,1 + ng,wg + Hw7,w3 - Hw7,71 + ng,w3



3.4. The massive Wilson coefficients

_ng,—l - [Hw5 + H’ws + Hw7 + ng]Hw;g) (Hl - H—l) - k(H’w5,1 + st,wg
+Huwg,1 + Hug,ws + Hwnwa - me—l + st,w:a - Hw&—l - [st + Hug + Huy,

1
+Hu JHu, ) (Huoy = Hug) + (Huy + Hupg JHIH-y — 3 (Hu, + Hug)HY

+16(2 — k*(2 + 32)) [Huy 1 + Hoy 1 — Hup 1 — Hug -1 ] (Huy, — Huy)

32(k*(2 +32) — 2)
+

k

—Huwy—1,w4 = Huwy—1,-1 = Huwo,1,0 = Hug 1,1 + Hug 1,00 + Hug 1,1 — Huy —1,0
_Hw27—171 + Hw27—17w4 + sz,—L—l + Hw3717w1 - Hw3,17w2 + Hw37—17w1 - Hw37—1»w2

1 1
+§ [le,l + le,—l - Hw2,1 - ng,—l] (2Hw3 + Hl - H—l) + 1 [H% - 4Hw3,—1

2 1

_4Hw3,1 — 4H_1,1 — H,l + 2H_1H1] (le — ng) + 5

+Hy, 1] (6In(k) —In (1 — £?) + In(k* — 2%) — 2In (K* — Z))]

Huy 1,0 + Huwy 10 — Huy 1wy — Huwy 1,1 + Huy —10 + Huy -1

[ng,—l - Hw1,1 - le,—l

1 - 2 -
+32(1 — 2)8(In(1 — 2) + ln(z))} +3PP e ) In (%) - PO e, (3.66)

with the polynomials

Py
Py
Ps
Py
Ps
Py

Py

Pis

Pig

P

Py
Py

' 4+ k22 — 62) — 122% 4+ 62 — 3, (3.67)
—k? +122% —162% — 42 4 3, (3.68)
8k* + k% (—252% — 282 + 12) + 927, (3.69)
S + k* (3 —62%) — 4%, (3.70)
k* (2> =32 —1) — 2> =32+ 1, (3.71)
K8+ kS (=327 — 324 2) — 3k* (2% — 2 + 1) — 2k%2" + 224, (3.72)
3kS(2 — 1) — 252 (32% — T2 + 6) + k*(3 — 92) — 2k°2% + 2k%2% — 227, (3.73)
3kS(2 — 1) + 2k°2 (327 — T2 + 6) + k*(3 — 92) + 227 + 2k22% — 227, (3.74)
kY 4+ k? (42° + 32— 3) + 2 (—42° — 42+ 3), (3.75)
k> (522 -2)+ 322, (3.76)
k* (52° — 152+ 1) — 52% + 3z — 1, (3.77)
k' (—802° + 3527 + 302 — 9) + 2k%2 (192° — 102 — 9) + 327 (52 + 22+ 1), (3.78)
6k°(z — 1) + k* (—42° + 212% — 302 + 8) + k® (42° — 212% + 122 — 2) + 3k%27

+kz?(4z — 3) — 423, (3.79)
6k°(z — 1) + k* (42° — 212" + 302 — 8) + k° (42° — 212 + 122 — 2) — 3k?2°

+kz?(4z — 3) + 423, (3.80)
3k — 6Kk (2% + 22 — 1) + k%2 (122° — 2527 + 6) — 3k* (62 — 42 + 3) — 2k%2(2?

—62 +3) — 4k%2* + 3k2® + 427, (3.81)
6k°(z — 1) + k° (202° — 3527 + 242 + 2) + k*(6 — 182) + 2k™ (22° — 522 + 62 — 1)
+4k223 — 3kz? — 423, (3.82)
—6k%(z — 1) + k° (202® — 352 + 242 + 2) + 6k*(3z — 1)

+2k% (22% — 527 + 62 — 1) — 4k®2° — 3k2? + 42°, (3.83)
k* (802% — 3527 — 302 + 9) + 2?2 (—192° + 102 + 9) — 327 (52 + 22+ 1), (3.84)

3k® — 6k0 (2” + 22 — 1) + k° (—122" + 252° — 62) — 3k* (62° — 42 + 3)

37



3. Unpolarized Pure-Singlet Wilson Coefficients at NLO

38

Py

Py

Py

Pys

Pyg

Py

+2k%2 (2% — 62 + 3) — 4k®2* — 3kz® + 427, (3.85)
168k" — 40k° + 8BKk> (182 + 32 — 5) + 8k* (362 — 6627 — 152 + 17)

+38K° (1922* — 34423 4 6922 + 822 — 31) — 3k? (1922* — 24823 — 5922 4 502 — 7)
+3Bkz (252° — 62 — 3) + 3z (252> + 62 + 3) (3.86)
168k" + 40k° + 88k° (182 4 3z — 5) — 8k* (362 — 662° — 152 + 17)

+38k% (1922 — 3442° + 692 + 82z — 31) + 3k (1922" — 2482° — 592 + 50z — 7)
+3Bkz (252* — 62 — 3) + 3z (252° — 62 — 3) , (3.87)
8k%(z — 2)(B(z — 1) + 1) — 8k™ (=28 + B2 + (1 — 8B)z* + (98 — 4)z + 2)

+k% (—6653 + (683 — 96)z" + (328 — 1863)2° + (178 — 288)2% + (1678 — 24)z + 48)
+k°(—308 — 19282° + 4(2078 — 41)z* + (314 — 9358)2° + 3(478 + 5)2* +

(1888 — 199)z + 66) + k* (—192(8 — 1)2° + 4(9483 — 183)2* — 15(98 — 41)2*

+(83 — 52B)2% + (38 — 100)z — 18) + k32 (—64 + 1922* + 7(8 — 40)z® + (7 — 1883)2?
+(178 4 20)z + 21) + k*(2 — 1)z (48 — 7)2* + (38 + 11)z — 6)

—k(z—=1)22((38+4)2 +3) + 3(z — 1)23, (3.88)
72k% (2 — 2)%(B(z — 1) + 1) + k5 (108(88 — 7) + 8(36 + 29)2° — 2(57683 + 539)z*
+(5768 + 1807)2° + 3(7688 — 563)2% — 1440(28 — 1)) + k*z(—16(183 + 17)2*

+208z% + (5048 + 95)2% — 3(728 + 145)z + 360) + k?2% (432> + 992* — 150z + 36)
—324(2 +3), (3.89)
72k%(z — 2)*(B(z — 1) — 1) + k% (108(8 + 7) + 8(36 — 29)2° — 2(5763 — 539)z"
+(5768 — 1807)2° + 3(7683 + 563)2 — 1440(28 + 1)2) — k'z(16(188 — 17)2*

+2082% + (95 — 5043)2% + 3(7283 — 145)z + 360) — k?2%(432° + 992 — 150z + 36)
+324(2 4 3), (3.90)
8k%(2 — 2)(B(z — 1) + 1) + 8k™ (=28 + 82> + (1 — 88)2% + (98 — 4)z + 2)

+k%(—668 + (688 — 96)2* + (328 — 1863)2> + (1758 — 288)2% + (1673 — 24)2 + 48)

+k° (308 + 19282° + (164 — 8283)2* + (9358 — 314)2° — 3(478 + 5)2°

+(199 — 1888)z — 66) + k*(—192(3 — 1)2° + 4(943 — 183)z* — 15(98 — 41)2*

+(83 — 5283)22 + (38 — 100)z — 18) — k32 (—68 + 1922* + 7(8 — 40)2*

+(7 = 18B)2% + (178 + 20)z + 21) + k*(2 — 1)2((48 — 7)2* + (38 + 11)z — 6)

+k(z = 1)22((38 +4)z +3) +3(z — 1)23, (3.91)
—8k%(z —2)(B(z — 1) — 1) + 8k" (—2(8 + 1) + Bz* — (88 + 1)2* + (98 + 4)z)
—kS(—6(118 + 8) + (688 + 96)2" — 2(938 + 164)2° + (178 + 288)z> + (1675 + 24)z)
+k° (308 + 19282° — 4(2078 + 41)2* + (9358 + 314)2° — 3(478 — 5)2°

— (1883 +199)z + 66) + k*(192(3 + 1)2° — 4(9483 + 183)2* + 15(98 + 41)2*

+(528 + 83)2% — (38 + 100)z — 18) + k*2(68 + 192z* — 7(B + 40)2*

+(188 4 7)2% + (20 — 178)z + 21) — k(2 — 1)2((48 + 7)z* + (38 — 11)z + 6)

+k(z —1)2%((38 —4)z — 3) + 3(2 — 1)23, (3.92)
8k%(z — 2)(B(z — 1) — 1) + 8k™(—2(B + 1) + Bz* — (88 + 1)2 + (98 + 4)z)
+k8(—6(118 + 8) + (688 + 96)z* — 2(935 + 164)2> + (175 + 288)2* + (1675 + 24)z)
+K° (308 + 19282° — 4(2078 + 41)2* + (93583 + 314)2° — 3(478 — 5)2z?

— (1883 +199)z + 66) + k*(—192(8 + 1)2° + 4(948 + 183)z* — 15(98 + 41)z*

— (528 +83)2% + (38 + 100)z + 18) + k*2(68 + 1922 — 7(3 + 40)z*



Pyg

Pyg

P

Psy

Pso

3.4. The massive Wilson coefficients

+(188 +7)2% + (20 — 178)2 + 21) + k*(z — 1)2((48 + 7)2* + (38 — 11)z + 6)

+k(z—1)2%((38 —4)z —3) — 3(z — 1)2°
3kY(2 — 2) + k3(20 — 142) + 6k2(2 + 1) + 2kz — 2,
9K> (2 — 2) — 6k12? + 18K3 (2 + 1) — 4k%2? — 3kz + 222,
9k5(z — 2) + 6k12% 4+ 18k3 (2 + 1) + 4k?2% — 3kz — 222,
3k4(z 2) 4 2k3(72 — 10) 4 6k%(z + 1) — 2kz — 2,

P 2Kk%(9242) +182 — 7,
30k4 + k*(—602% + 63z + 28) + 1627,
3k4(22 +z — 1) + 2222 — 22,
3k (22 + 3) + k2 (222 + 3) — 22,

—9k%(z — 2) + 6k4(222 — Tz 4+10) — 18k%(z + 1) + 2k*2(42 + 3) + 3kz — 42%,

9K5 (2 — 2) + 6k* (222 — 72 + 10) + 18K (2 + 1) + 2k?2(42 + 3) — 3kz — 427,
3k*(2 — 8)z + k2 (222 + 92 — 3) — 2%,

3kt — k?(62% +7) + 222,

OkT — 3k° (32 + 122 + 4) — 6k"2%(22 + 11) — 3k (62> — 122 4 7)
—2k%2(42° — 92 + 6) + 3kz” + 42°,

9k™ — 3k°(32% + 122 + 4) + 6k"2%(22 + 11) — 3k (62> — 122 4 7)
—|—2k22(4z2 -9z + 6) + 3kz? — 423,

—3kt + k2 (6,2:2 + 6z + 7) — 222

6kS — k*(92% + 182 + 8) — 2k%(92% — 92 + 7) + 322,

3k (52% + 14z — 6) + k*(102° — 92 + 3) — 527,

30 — k1 (922 +4) — k? (1822 + 7) + 322,

3k (62% + 922 — 2 4+ 2) + k%2(32° + 82 +9) — 2(32 + 1),

68K™ + 24K° + 28K° (2727 + 272 + 28) + 2k* (92 + 272 — 2)
—Bk*(362° + 272* — 932 + 52) + k*(—362° + 212* + 93z — 10)
+3Bkz(4z2 +z— 1) + 32(422 — 3z — 1),

68k™ — 24k° + 28K° (2727 + 272 + 28) — 2k* (92 + 272 — 2)
—Bk? (362" + 272* — 932 + 52) + k* (362" — 212> — 932 + 10)
—|—3,8kz(422 +z— 1) + 32(—422 + 3z + 1),

—6(8— 1)k"(z —2) +6k°2(B + 2 — 6) + k° (—283 + 3(48 — 3)z> — 3(88 — 5)2°

+2(78 — 22)z + 40) + k*((9 — 128)2° — 82% + (30 — 148)z + 12)
+2k%2 (=282 + (4B +2)2 + 7) +2k%2(282* + 2 — 1) + k(z — 3)2% — 2°

—6(8 — 1)k"(z —2) — 6k°2(B + 2 — 6) + k°(—283 + 3(48 — 3)z° — (86 —5)22

+2(78 — 22)z + 40) + k*(3(48 — 3)2° + 822 + 2(78 — 15)z — 12)
+2k32(—2B2° + (4B +2)2 +T7) — 2k%2(2B2° + 2 — 1) + k(2 — 3)2% + 2°,

6(8 + 1)k"(z — 2) — 6k%2(—B + 2z — 6) + k° (288 — 3(48 + 3)z® + 3(88 + 5)2°

—2(78 +22)z + 40) — k*(3(48 + 3)2° — 82% + 2(78 + 15)z + 12)
+2k3z(2622 +(2-48)2+7) + 2]{:22(2622 —z4+1) +k(z — 3)2? 4 23,

6(8 + 1)k"(z — 2) + 6k°2(—B + 2z — 6) + k° (2853 — 3(48 + 3)z* + 3(88 + 5)2°

—2(78 +22)z + 40) + k*(3(48 + 3)2° — 82% + 2(78 + 15)z + 12)
+2k3z(2ﬁ,22 +(2-48)z+7) — 2k%2(2B2% — 2+ 1) + k(2 — 3)2% — 2%,

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)
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3. Unpolarized Pure-Singlet Wilson Coefficients at NLO

Ps3 = 54Bk%(z —2)%2 — 3k°(—24(B + 1) + (B — 35)2° + (58 + 113)2* — (478 + 125)2°

+6(158 + 31)2% — 2402) + k*2(72(38 — 4) + (598 — 193)z* + (187 — 1733)2"

+2(828 — 143)22 — 6(178 + 5)2) — k?2%(12(8 + 1) + 3(238 — 37)2°

+(11 = 258)2% + (1033 — 167)2) + 2*(38 + 1382 — 23z + 3), (3.119)
Psy = 54Bk%(z —2)%2 — 3k°(—24(8 — 1) + (B + 35)2° + (58 — 113)2* + (125 — 478)2°

+6(158 — 31)2* + 2402) + k*2(72(38 + 4) + (598 + 193)z* — (1733 + 187)2"

+2(828 + 143)2% — 6(178 — 5)2) — k*2*(12(8 — 1) + 3(238 + 37)2°

—(258 + 11)2% + (10353 + 167)z) + 2* (38 + 138z + 23z — 3), (3.120)
Pss = 98%k°(z — 1) + k7 (128° + (9 — 545°)2* + 6(78% — 3)z) + 6k°2* (—11°

+36222 +85%2 + 2) + k°(218% — 923 + 18(35% + 2)2% + (18 — 755?%)2)

+2k*2(—68% + (6587 — 3)2° + (2 — 1557) 2% + 154%z)

—3k%2%(62 + 7) — 2k°2° (=3B + (38° +2)z + 1) + 3kz® + 22" (3.121)

The remaining Mellin convolutions in Egs. (3.65,3.66) are given in Appendix D.4. The Wilson

coefficient H. 52)’13

S .
4 1s given by

HPTS = % (HETS 4 3H2TS) (3.122)
In summary, the two-loop massive Wilson coefficients are represented in terms of iterated integrals
over the alphabets given in Section 3.3. The integrals can be arranged such that only the last integral
contains elliptic letters and all other integrals can be expressed in terms of classical polylogarithms
with involved arguments. Some details are discussed in Appendix D.5. Similar structures are ex-
pected also for other physical processes depending on two scales, z and m?/Q?, in a non-factorizing
manner. Even more involved structures will emerge in the case of more scales. The two-loop heavy
flavor contributions to the structure functions Fyr) are given by

2
Fz((?z’)PS’ bR (2, Q?) = ag(QQ)Q%{éUH;)&)(Q) (222,»”6) ® N(z, 41?). (3.123)

3.5. The asymptotic and threshold expansions

The complete expressions calculated in Section 3.4 allow now to perform the asymptotic expansion
for @2 > m? and the threshold expansion for 8 < 1. In the asymptotic limit @2 > m? the massive
pure singlet Wilson coefficient have the following representations [179, 185]

2 ~
Hiy™ (Z 22) = CO (e +1), (3.124)
2
2),PS Q 2),PS ~(2),PS
Hy,) <Z7 m2> = A(Qé (Np+1) + CO (Np +1). (3.125)
Here the massless Wilson coefficients 6,(522,138 (Np + 1) are the ones given in Section 3.2 normalized
(2),PS

by Nr + 1. The massive two-loop operator matrix element AQ . in Mellin space in the MS scheme
[179, 185] reads

2 2
@.ps _ Laoyp0),.2(m L sypsy,. (M L 500) p(o (2),PS
Aoy = —ghi P n (M2> — 54" In (M2> + 2P Pid G +ag, - (3.126)
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The constant part of the unrenormalized OME CLS;’PS is given by

9

8(1 —2)(4+ 7z + 42%)
3z

4(1 — 2)(112 4 1212 4 4002?) <8

apr () = CFTF{ T = (21 + 33z + 5627) + 8(1 + z)@)) Ho

2 4
+§(3 + 152 + 82%)Hj — S+ 2)Hp +
[8(1 —2)(4+ Tz + 427)

HoHy

— 16(1 + Z)Ho H(),l

3z

41— 2)(4+ 72 4 427)
3z

—32(1+ 2)Hpp1 — G +32(1+ 2)(3} (3.127)

in z-space.
Expanding the fully massive result given in Section 3.4 in the asymptotic limit Q% > m? and
setting p? = Q% we find

L,q 9z

_ _ _ 952 2 _ _ 2 2
+(1 z)(1 3ZQZ 2z )H1 Hon 26 % [_ (1 z)(232 z + 22%) 2 (Z;)
+(1 —2)(—22+42+292%) <(1 —2)(20 — 7z — 252%)

1—2)(1—22+ 1022
HOPS —320FTF{( A -2+ Z)—(1+z)(1—22)H0—zH(2)

2
9z 9z + 5(3 -6z

2 2 3
9 m 2 o 214 2)(— 2+ 24222 + 22°)

2 1—2)2(14+1 41 — 2)(2 — 222
XH1>H023H2 (( Z) ( + 32) + ( Z)( Z+ 2z )H0>H1

37 0 9z 3z
+(1 —z)(2—z+222)H% B 2(4 — 3z — 42°)
3z 3z
2(142)(2 — 2z — 227 — 22°) 2(1 - 2)(2 — 2 + 227 + 22°)
+ 3 0,—1 — C2
z 3z

0,1

2\ 2 2
1
+ <m2> [22 (4 -2z — 2% — 22° + 42*) In? <m22> + <2 (2 - 32 +42%)H,

1—2)(28 — 20z + 1322 + 2127 2
+( z)( (:)zz © ‘ ) + (2—3z—222+4z3)H1> In (gz>
1 1
755, (16027 - 130112 — 62672% + 75712 + 43202*) + (3(24 — 21z 4+ 162°
z
4(1— 2% 4 2% + 22* 1
9128) + (L-2f et 4 2e >H_1>H0 - (6(4 — 1522 — 162° + 212%)
¥4 z

+4(2 — 22+22)
z
2(4—22—22+4z4) 4(1—22+z3+224)

+ Ho,1 — Ho,—1
z z

+2(2_2Z+Z2)C2:| } +0 (KS In2 (,{)) 7 (3.128)

1
H0>H1 — 5 (4-62+ 527 +22% — 42Y)H3
z

z
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3. Unpolarized Pure-Singlet Wilson Coefficients at NLO

41 —=2)(4+ Tz + 422 2
H(Qéis _ CFTF{_( ( Z)( + 7z + Z)+8(1+z)H0> n2 (m)

3z Q?
16(1 —2)(10 + 2z +282%) 8
(160 =2) 10+ Z)+—(3+15z+822)H0
9z 3
m?\  16(1 — 2)(5 + 24z — 522?)
-8 H?
) ) <Q2> " 9
8 32(1 + 2)3 16
+ <9(105 — 99z — 882%) — (?;FZ)H_1>H0 +82(5 — 22)HZ 4+ — 3 (1+ 2)H}]
16(1 — 2)(13 — 262 + 42%)  16(1 — 2)(4 4 7z + 42?)
- - Ho |Hy
9z 3z
4(1 — 2) (44 7z + 422 16(4 + 32 — 322 4 223
+ ( It )H% + (- ( ) +32(1 + z)Ho) Ho,1
3z 3z
32(1 3 32(1+ 322 — 323
+(3Z+Z)H0,_1 —32(1 4 2)Ho 01 + 16(1 4 2)Ho 11 — ( ( - )

z

+32(1 + Z)H0> Co +16(1 + 2)¢3 + m [<16(1 —2)(1 +22?) n 16zHo> In2 (mz>

QZ

+(64(1 —2)(2— 2z —42?)

2
2 +32(1 — 32— 22%)Hg — 16zH0) <Q2>

+8(76 — 24z — 1022% 4 592%) N (32(1 +2)(1 — 2 — 222 — 22%)

-1

QQ

9z z
16(1 — 2) (1 + 222
+136(6—|—27z—2022)>H0—|—32z( )HO—% o - 16 Z)Z( 2 e
+<16(4 — 62 ;29z2 +82%)  64(1 - 2)2(1 + 22?) H0> H,

32(1+2)(1 — 2z — 22% — 22°)

z

(32(2 —z+ 2% — 423)
+ z

- 64ZHO> H()’l —

32(1+ 2) (1 — 22 + 222 — 22%)
z

—|-64ZH0’071 — 32ZHO,1,1 + <

Ho,—1

+ 64ZHO> (o — 322’{3:|

21 2 2
AP, 4P, 16
() [3m (5) - (g + 031052 72

2
+8(3 — 11z — 122° + 242 )Hl) <Q2> 5, Ho-1— ——Hi -
P66 64P59 16P63 27712 4P64
- — H_o +—2_ )Hy+ 642°H2 — [ ——=—
72(1 - 2)22 < e TS R B T g
32(16 — 9z — 327 + 82%) 16(16 — 9z — 322 4 242%)
— Ho H, — CQ
3z 3z
+0 (/{3 In? () ,
with the polynomials
Psy = 18244723 -922 +4,
Pso = 7224 —5223 2722 +272-32,
Py = 7224 —202%—-3922 —92+32,

42

16 Ps2

H
3z 0.1

(3.129)
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3.5. The asymptotic and threshold expansions

Pey = 722" —823 3922 - 92432, (3.133)
Pss = 1802* — 39123 4 2652% — 1112 + 66 , (3.134)
Psy = 3602° —8982* + 6672% — 13227 + 1182 — 88 , (3.135)
Pss = 3602° — 82627 +5292° 4 1802% — 3622 + 128, (3.136)
Pss = 1281625 — 66152° — 513712* + 621782% 4 765022 — 438672 + 17673 . (3.137)

We note that the asymptotic terms are exactly reproduced, cf. [179, 185, 254], proving the asymptotic
factorization in this process. The additional power suppressed terms can be used to obtain fast
numerical implementations for the heavy quark Wilson coefficients which are valid for lower values
of @Q%. The reach of this approximations is discussed in Section 3.6.

The threshold expansion of the Wilson coefficients for 8 < 1 is given by

2 2 4 6
Hiy <Z7 %) = 32Tpz(1 - 2)B° {3 + % + 5—5 + §3}+O(ﬁu), (3.138)
2
H2(,13 <Z,7§212> = 4TF5{1+§(3—22)52—125(3—10z+4z )64—%@(5-}-2,3
82%)8° + 315( 1— 22z + 362 )BS} +0(8"), (3.139)
§ 9856 128
Hgt);PS <z, 7?12> = CprTrz(1-— 2)255 [_225 + — 5 [ln(l —z)—1In(z) + 41n(25)]

256 256
—62<11025(2785 —21862) — T 6 —42) In(1 - 2)

256
. 4 . 2
In(z) + 4 ln(w)]) B (297675 (93721 — 162830z + 73888z%)

128
_%(121 — 200z + 882%) [In(1 — 2) — In(2) + 41n(25)]>]

+0(B') (3.140)

2
27 (+5) = o= [ b amian

—5? <225 (817 — 4962) — 1—2(11 —8z)[In(1 — 2) — In(z) + 4ln(2ﬁ)]>

64 16
4

- 10649 — 119422 + 2 12 —— (79— 112
B (11025( 0649 9422 + 235827 + 12602°) o5 (79 z

32
297675

+4827) [In(1 — 2) — In(2) + 41n(2ﬂ)]> - p° ( (673297
16
—13615202 + 9344762% — 130482° — 1209602") — %(817 — 1800z

+15362% — 4482%) [In(1 — z) — In(z) + 4ln(25)]>] +0oY). (3141
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3. Unpolarized Pure-Singlet Wilson Coefficients at NLO

3.6. Numerical results

Let us now illustrate the analytic results numerically. In Fig. 3.2 the two—loop heavy flavor Wilson
coefficients are illustrated as a function of z for different values of Q2 € [10,10%] GeV?, setting the
charm quark mass to m. = 1.59GeV, cf. [256]. For large values of Q? these results compare to

Ref. [257) for Hy.">.

Figure 3.2.: The Wilson coefficients Hz(?q)’PS (upper panel) and Hg

44

400
200%™
0
& -200
N
o -400%
o
5 -600
-800
-1000
-1200 ‘ ‘ ‘ ‘
10-° 10~ 1073 1072 107" 1
Z
30%
20
ke
N 10
£
\./I\l
~10-#
-20 ‘ ‘ ‘ ‘
10 10~ 1073 1072 107" 1
Z

),PS
q
of z for different values of @? and the scale choice p? = p% = Q* Lower full line

(Blue): Q% = 10* GeV?; lower dashed line (Orange): Q% = 10° GeV?; lower dotted line
(Magenta): Q? = 500 GeV?; dash-dotted line (Blue): Q% = 100 GeV?; upper full line
(Red): Q? = 50GeV?; upper dashed line (Gray): Q> = 25GeV?; upper dotted line
(Brown): Q2 = 10GeV?>.

(lower panel) as a function



3.6. Numerical results

1.05}

50:“" 1.00F \
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0.90

104 10° 104 10°

Figure 3.3.: The ratios RS{; (left) and R(lel (right), Eq. (3.142), as a function of x = Q%/m?. Solid
line: z = 107%; dotted line: z = 1072; dashed line: z = 1/2.

Next we study the ratios

(2),PS
o _ Hig
Ri,q ~  =(2),pS (= ppr=m), (3.142)
Hl’,q

cf. also [179], comparing the full, cf. Eqgs. (3.65, 3.122) and the asymptotic results, H, cf. Eqs. (3.124,
3.125) in Fig. 3.3. For Hé?q)’PS the asymptotic expansion agrees with the full calculation up to
Q?/m? = x = 100 to about 2% for the small values of z = 10~* 1072, Extending the asymptotic
representation down to y = 10 does not introduce an error larger than 5% in this region. At larger z
(here z = 1/2) the asymptotic representation begins to deviate significantly from the full calculation
beginning at x ~ 1000. However, the Wilson coefficients are very small in this region. As it was
already noted earlier [179] the asymptotic representation for Hg;’PS is only valid for much higher
values of x. Demanding an agreement of < 2% requires x > 900 for the small values of z and even
higher values for larger z. Similar to the ratio of the full and asymptotic Wilson coefficient we define
the ratio

F(2)7PS
_ iq
F, 1,q
where F?'FS is the structure function obtained by using the expansion of the respective Wilson

Z?q
coefficient up the desired level. The corresponding results are depicted in Fig. 3.4. We use the

parameterization of the parton distribution [207] at NNLO to better compare previous numerical
results [257]. We used the LHAPDF interface [298]. Demanding an agreement within £2% for F
in the range z € [107%,1072,1/2] leads to values Q%/m? € [8,9,15] of the O((m?/Q?)?) improved
result, Q3/m? € [10,12,30] of the O(m?/Q?) improved result, and Q3/m? € [70,80,300] for the
asymptotic result. For Fy the corresponding values are Q3/m? € [15,15,30] of the O((m?/Q?)?)
improved result, Q3/m? € [15,18,40] of the O(m?/Q?) improved result, and Q3/m? € [200, 200, 700]
for the asymptotic result. The values of Q% for F, are thus larger than those for Fb.

In Figures 3.5 we show the complete results for the two—loop pure singlet contributions to F» and
Fy, as a function of z for a series of Q2-values. At large values of Q2 the corrections are negative and
turn to positive values around Q2 ~ 10 GeV?. In the small z region the corrections are large and
grow with Q2. The absolute corrections to Fy, are smaller in size than those to Fh.

In Fig. 3.6 we illustrate the ratios Eq. (3.143) as a function of z for different values of Q? for Fy
and F7, comparing the asymptotic result to the full result. The corrections behave widely flat in x,
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Figure 3.4.: The ratios Rglg (left) and R(lez (right), Eq. (3.142), as a function of x = Q?/m? for dif-

ferent values of z gradually improved with k suppressed terms. Dotted lines: asymptotic
result; dashed lines: O(m?/Q?) improved; solid lines : O((m?/Q?)?) improved.

turning to lower values in the large  region. For F; the ratios are larger than 0.96 for Q% > 500 GeV>
At Q% = 100 GeV?, values of ~ 0.85 are obtained. For lower values of Q? the ratio is even smaller.

For Fj, the corrections are generally larger. At Q? = 10* GeV? one obtains a ratio of 0.96, for
Q? =103 GeV? 0.85, and for Q2 = 500 GeV? ~ 0.75, with even larger deviations from one for lower

In Fig. 3.7 we depict the ratio of the full result over the O((m?/Q?)?) improved asymptotic results

values of Q2.

for F and Fp, as a function of x for a series of Q%-values. In the region x < 0.1 the ratios for Fy are
larger than 0.98 for Q2 > 50 GeV? and grow for larger values of . Stronger deviations are observed
for lower Q2 values. For F, the corrections are larger. In the region z < 0.3 and Q2% > 100 GeV?
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3.6. Numerical results

the ratio is larger than 0.97, while for lower scales Q2 the deviations are larger. We limited the
expansion to terms of ~ O((m?/Q?)?), but higher order terms can be given straightforwardly. The

expanded expressions do also allow direct Mellin transforms and provide a suitable analytic basis for
Mellin-space programmes.>

oF

-0.1r

—0.2p"

FPPS (x, @)

1075 1074 1073 1072 107" 1 10-° 107 1073 1072 107" 1

X X

Figure 3.5.: The pure singlet contributions FQ(?q)’PS (upper panel) and F£2;’PS (lower panel) for differ-

ent values of Q2 and the scale choice pu? = ,u% = Q2. Full line (Blue): Q* = 10* GeV?,
dashed line (Orange): Q* = 103 GeV?; dotted line (Magenta): Q* = 500 GeV?; dash-
dotted line (Blue): Q2 = 100 GeV?; full line (Red): Q2 = 50 GeV?; dashed line (Gray):

Q? = 25GeV?; dotted line (Brown): Q? = 10GeV?, using the parameterization of the
parton distribution [207].
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Figure 3.6.: The ratios of the structure functions FQ(?q)’PS (left) and F gg’PS (right) in the full calcu-

lation over the asymptotic approximation for different values of Q2 and the scale choice
p? = p% = Q% Full line (Black): Q? = 10* GeV?; dashed line (Gray): Q% = 103 GeV?;
dotted line (Brown): Q2% = 500 GeV?; lower dashed line (Blue): Q2 = 100 GeV?; dahs-

dotted line (Red): Q% = 50 GeV?, using the parameterization of the parton distribution
[207]

In summary, we have calculated the massless and massive two—loop unpolarized pure singlet Wil-
son coeflicients of deep-inelastic scattering for the structure functions F» and Fp. In the massless
case, we confirmed earlier analytic results in the literature, which can be expressed by harmonic
polylogarithms. In the massive case, the Wilson coefficients are calculated analytically for the first

3In [299] precise numerical N-space implementations were given.
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Figure 3.7.: The ratios of the structure functions Fg(?q)’PS (left) and FPS

1,  (right) in the full cal-
culation over the O((m?/Q?)?) improved approximation for different values of Q2 and
the scale choice p?2 = p2. = Q2. Full lines (Black): Q* = 10*GeV?; dashed lines
(Gray): Q% = 10°GeV?; dotted lines (Brown): Q* = 500GeV?; lower dashed lines
(Blue): Q% = 100GeV?; dash-dotted lines (Red): Q? = 50 GeV?; lower dotted lines

(Green): Q? = 25CeV?, using the parameterization of the parton distribution [207].

time. They are also given in terms of iterative integrals, including now, however, Kummer-elliptic
integrals. The corresponding alphabets contain also elliptic letters. All integrals can be represented
by classical (poly)logarithms with involved arguments with partly one more (elliptic) letter iterated
upon. This representation is very well suited to obtain numerical results.

We have studied systematic expansions in the ratio m?/Q? in the asymptotic region and the
velocity parameter 8 in the threshold region. In the former case the leading asymptotic result has
been recovered, known form calculations based on massive OMEs and massless Wilson coefficients,
proving asymptotic factorization in the present case. We have obtained a series of power corrections.
Here the expansion coefficients are also spanned by harmonic polylogarithms. Retaining these terms
extends the validity of the cross sections to lower scales of Q?, which is relevant for experimental
analyses. In particular, the predictions for the structure function Fy (x, Q?) are significantly improved.

In general, the Kummer-elliptic integrals, also obeying shuffling relations, span a wide class of iterative
integrals which play a role as well in other multi-scale calculations.



4. Polarized Pure-Singlet Wilson Coefficients at
NLO

Like in the previous section for the unpolarized case, the precise knowledge of the polarized structure
functions is of importance to measure the polarized parton densities in high energy collisions and to
determine, related to it, the strong coupling constant as(My) and the heavy quark masses, cf. [300].
The first two-loop QCD heavy flavor corrections to the polarized structure function g1 (x, @?) have
been calculated in [173] in the asymptotic region Q2 > m?, where Q? denotes the virtuality of the
exchanged photon and m the mass of the heavy quark. The asymptotic two—loop QCD corrections
have been recalculated in [175, 301, 302]. In [173] the region of low values of Q% has been modeled
by an ansatz. The leading threshold resummation for the gluonic contributions has been studied
in [303]. The complete two—loop polarized heavy flavor Wilson coefficient in the non-singlet case
has been calculated analytically in the tagged flavor case in [173] and for the complete contribution
to the structure function g;(x, Q?) in [178], also completing former work on the polarized Bjorken
sum rule in [304]. Numerical results for the polarized two-loop heavy flavor case have been given in
[177] recently. Finally, in the non-singlet case the asymptotic contributions have been calculated to
three—loop order analytically in [256, 305].

In this chapter we follow the previous one in the unpolarized case and calculate the polarized pure
singlet two-loop heavy flavor corrections for the structure function g1 (z, Q?) in the whole kinematic
range analytically. We also compute the corresponding massless contributions, which have first
been calculated in [306] and later in [307]. Since the calculations are carried out using dimensional
regularization in d = 4 + ¢ dimensions one may work in the Larin scheme [209]! and perform, in
the massless case, a finite renormalization to the M-scheme afterwards. The M-scheme is implicitly
defined in Ref. [152] and restores the supersymmetric relation

e + 58 =18 — sy =0 (4.1)
between the anomalous dimensions up to 2-loop order. It is not known if this scheme is the same as
the MS-scheme. To proof this the Ward-identities of QCD have to be checked. We derive both the
result in the asymptotic Q2 > m?, see also Refs. [173, 302], and in the threshold region. Numerical
results are presented. Various technical aspects of the calculation can be found in the previous
chapter and in Appendix D.

The chapter is organized as follows. In Section 4.1 we summarize basic relations for the polarized
deep-inelastic scattering cross section. In Section 4.2 the result for the massless pure singlet Wilson
coefficient C’g)’PS is presented. The recalculation of the massless Wilson coeflicient is necessary, since
in Ref. [306] different schemes have been used in part. The corresponding massive Wilson coefficient
is calculated in Section 4.3. The corresponding results for the twist-2 contributions to the structure
function go(z,@?) can be obtained by using the Wandzura-Wilczek relation [162], as has been shown
for the massless quarkonic [233, 277-279] and gluonic [174] cases, for diffractive scattering [308], non-
forward scattering [309], and the target mass corrections [228, 229]. Limiting cases are studied in
Section 4.4 and numerical results are presented in Section 4.5. Some Mellin convolutions appearing
due to renormalization are listed in Appendix D.4.

!For other v5 schemes see Refs. [56, 210-212, 245-248].
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4. Polarized Pure-Singlet Wilson Coefficients at NLO

4.1. The Deep-inelastic Scattering Cross Section in the Polarized Case

The scattering cross sections for deep—inelastic charged lepton scattering of polarized nucleons are
obtained polarizing the incoming lepton longitudinally and the target nucleon either longitudinally
or transversally, resulting into the spin 4-vectors St and Sr,

S, = (0,0,0; M) (4.2)
St = M(0,cos(p),sin(S);0)

in the nucleon rest frame. One has Sy.p = S7.p = 0, with p the nucleon 4-momentum. The scattering
cross sections are given by, cf. e.g. [228, 310],

d?c(\, £S1) 2xyM? 9 yxM? 9
dedy +27S [—2/\y <2—y— 5 )Jrgl(x,Q)—i—EB)\ 5 zgo(z,Q7)| (4.4)
dBo(\,£S57) a? M2 xyM?

N e W[l‘y‘ S }Cos(ﬁ‘q”

x [—2\yzgi(z, Q%) — Az ga(z, Q)] (4.5)

for pure virtual photon exchange. Here .S denotes the energy of the process in the centre-of-mass
system, M is the nucleon mass, A the degree of lepton polarization, a = 2 /(4r) is the fine structure
constant, Q%> = —¢? denotes the photon virtuality and x = Q?/(Sy),y = l.q/p.q are the Bjorken
variables with [ the incoming charged lepton and proton momenta, S = (p+1)? and ¢ is the azimuthal
angle of the final state lepton, which can be integrated over in the case of longitudinal polarization
as introduced in Chapter 2.

In the following we will present a series of relations in Mellin-IN space for convenience. The
respective quantities in momentum-fraction z-space are related to those in Mellin-space by the Mellin
transformation, cf. Eq. (2.45). The structure function g1 (N, Q?) is given in the twist-2 approximation
using the factorization theorems [311-319] by

1 1 Nr, Q2 Q2
nN.@) = gy 2 {soiop (w8 ) +awpcs (v %)
+A (N, ) CNF <N, ff;)] . (4.6)
Here
Np
N(N) = > [Ag(N) + Ag(N)] (4.7)
k=1

denotes the polarized singlet distribution, G(NN) the polarized gluon distribution, A(N) the polarized
flavor non-singlet distribution

Np Ng
A(N) = Z; [e? - ]\}F ; e | [Agi(N) + AG(N).] (4.8)

er labels the electric charge of the kth light quark and Ag; (Ag;) are the polarized parton distributions
of the ith light quark (anti-quark).
At twist-2 the Mellin transform of the structure function g¢o is related to that of g1 by

N -1
N

QQ(N, Q2> - = gl(N7 QQ) (4'9)
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4.2. The Massless Wilson Coefficient

or

1
000 =~ @@+ | L%, (410)
Note that in the massive pure-singlet case the support of both structure functions in limited by
0 <z <1/(1+4m?/Q?) due to the production of two heavy quarks.

The different steps in the renormalization and factorization of the polarized massless Wilson coef-
ficients have been described in [131, 306] and for the massive Wilson coefficients in [302] using the
Larin scheme. The calculation of the Wilson coefficient will also be performed in the Larin scheme,
i.e. identifying

i

= o e (4.11)

V5
and performing the result contraction of two Levi-Cevita tensors in d dimensions (2.87). In the
present case the finite renormalization moving to the M-scheme only affects the massless Wilson
coefficient by adding the term —21(328), Eq. (4.34). More details regarding the finite renormalization
will be given in the next section.

4.2. The Massless Wilson Coefficient

The Feynman diagrams contributing to the polarized massless two-loop Wilson coefficient are shown
in Fig. D.1. Here all quark lines are massless. The massless resp. massive Wilson coefficients are
obtained following Ref. [306], Eqgs. (3.7-3.18). The corresponding phase space parametrization can
be found in Appendix D. We apply the Larin scheme [209] in which the contraction of the free indices
of the two appearing Levi-Civita tensors have to be performed in d dimensions.

The unrenormalized two-loop massless pure singlet Wilson coefficient reads in Mellin-N space

Q2\° |11 11 S - (3PS
: ( ?§P58)Pg(2)+g §P‘1(‘})7P + P, | ey Piag), 0. (412)

where a; = §2/(4m)? denotes the unrenormalized strong coupling constant and S. the spherical factor,

cf. Eq. (G.17). Egk) and a&)vg are the expansion coefficients of the one-loop Wilson coefficient with

A 2\ /2
ety = o () |2r e, el (1.13)
given by the Feynman diagrams in Fig. 3.1, where all quark lines are massless. One obtains
dl) = 4TpNg [—(22 — 1)[H; + Ho +3 — 44 , (4.14)
oV, = TpNp [—12 £162 4+ 3(1 — 22)C — (6 — 82) (Ho + Hy) — (1 — 22)(Ho + H1)?|. (4.15)
The contributing splitting functions [96, 153-157] are
Py(2) = 8TpNp[* —(1-2)7], (4.16)
Pyq(z) = 4CF1_(12_Z)2, (4.17)
PDTS(z) = 16CKTpNp[1 -z — (1-32)Hy — (1+ 2)H3], (4.18)
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4. Polarized Pure-Singlet Wilson Coefficients at NLO

see Appendix A for the definition of the color factors. Also in this chapter we will use the conventions
introduced in Eq. (3.12). The harmonic polylogarithms we will use in the following are introduced
in Appendix C.4. Again, we use the shorthand notation Hz(z) = Hz in case of the argument z if
not stated otherwise. The harmonic polylogarithms are dual to the harmonic sums [149, 150] by the
Mellin transformation, cf. Eq. (2.45).

In the Larin scheme we obtain

ég?vPS’L = —CFTFNF{—;Q [80(1 — 2) + 32(1 + 2)Hg] + %[184(1 —2) =321+ 2)C
+40(3 — 2)Hg + 24(1 + 2)HZ + 80(1 — 2)Hy + 32(1 + 2)Ho 1] — 14%(1 —2)
—%(233 —432)Ho + WH_lHO - %(129 — 15z + 82%)Hj
—§(1 + 2)H§ — (1 — 2)[184 + 80H | H; — 40(1 — 2)H3 — (1 + 2)[40 + 32H|Ho 1
—:32(1:;2):3}10,1 +16(1+ 2) [Ho01 — 2Ho 1,1
+ %(129 — 452 + 82%) + 56(1 + 2)Ho | (2 + 16(1 + 2)C, (4.19)

performing the phase space integrations as has been outlined in [5, 131], cf. Appendix D. We agree
with the result obtained in the original Ref. [306], where the result has been obtained in the Larin
scheme. The Erratum to Ref. [306] introduces the finite renormalization to the M-scheme.

At O(a?) the renormalization of the coupling constant does noy contribute. The poles in ¢ in

Eq. (4.19) are due to collinear singularities only, which have to be factorized. One may proceed
ANS,S

as follows. The unfactorized quarkonic Wilson coefficients for the structure function g1, ¢ ;" in
Mellin-space are
ANS NSNS
Ciqy = Ty C, (4.20)
AS S S, S S
(7, = T50F + 15,05 (4.21)
The pure singlet contribution is obtained by
R R
S S NS ~NS S S
I,Co — Ty Cp” + 15,0 (4.22)
_ NS S NS PS NS ~NS S S
- [qu +qu} [Cq +Cq }_qu Coq~ +1geCy (4.23)
with
2\ €/2
R p 1
ORI (5) R, (4:24)
2\ 1 1
1),PS _ 22 ( HF 0) p(0 1),PS
P = 42g?2 <u2) [52P§Q>qu>+gpgq> } (4.25)
and
crs _ 2l 11popo  LIlpmes | po) o] 4 o628 496
1,q a?7q99q+7§qq T Lgq Cy | T Cg : (4.26)
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4.2. The Massless Wilson Coefficient

The factorized massless pure singlet two-loop Wilson coefficient Cg)’PS’L is given by

q

corst(, @\ _ p2llpopo L
g1 e T Us) g9 f9a M T o

[PDTS + PO] Ly + c(2>vPS}, (4.27)

where

Ly =1In (?j) . (4.28)

Here we set urp = p, and work with a single scale for factorization and renormalization. Note that
L . (1),PS
the splitting function Py,
scheme, cf. also Ref. [158].
The massless Wilson coefficient in the M-scheme is obtained by a factorization scheme transforma-
tion, cf. Ref. [158]. Since the structure function is given by the convolution of the Wilson coefficients

with the PDFs, we can introduce a finite rotation between them. The explicit relations read

is correctly obtained, cf. Refs. [155-157], despite working in the Larin

oS oNSLA, [CgS,L(ZNS)fl] [ZNSAL]

= ChSM Ay, (4.29)
S, S7
n) =) @) = 1) @] [ (&)
91,9 Cgl,g G Cgl,g G
= . . 4.
<Cév[1,g Gt (4.30)

The perturbative expansion of the transformations, which transform from the Larin into the M-
scheme, are given by [152]

ZN =1+ g2l + a2 + O(ay)?, (4.31)
(1) (2),NS (2),PS
75 =1+ a, (Z%q 8) + a2 <qu g *aq 8) + O(as)®. (4.32)

Using this prescription we arrive at the following finite renormalization for the pure singlet Wilson
coefficient

CAPSI — O _ CINM _ CRIPSE {3 (133

with [152]

22 = CpTpNp [16(1 — 2) + 8(3 — 2)Hy + 4(2 + 2)H2 |, (4.34)

cf. [158, 302]. Cfgf)’PS’M in z-space is given by

2
C(D-PS.M (z, %) = agcpTFNF{ [20(1 — 2) + 8(1 + 2)Ho| L3, — [(1 — 2)(88 + 40H;)
5 760
+16(1 + 2)(Hg + Ho1 — ¢2) + 32(2 — 2)Ho| Las + 7(1 —2)
32(1 + 2)3

4 2
+5 (119 — 132)Ho — Ho1Ho + {75 — 152+ 82%|Hj
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4. Polarized Pure-Singlet Wilson Coefficients at NLO

20
+ (14 2)H + (1 — 2) (88 + 40H ) Hy +20(1 — 2)H] + [8(3 + 2)

3
32(1+2)3
—|—16(1 + Z)H()] HO,l + (?)ZZ)H()’_l + 16(1 + Z>H0,1,1
1
—32 5(9 —32+2%) 4+ (14 2)Ho| & — 16(1 + z)@,}. (4.35)

We agree with the result given in the last Erratum to Ref. [306] where the additional scheme trans-
formation to the M-scheme has been applied.

4.3. The Massive Wilson Coefficient

The kinematic domain for the massive Wilson coefficient is given by

0<z< L (4.36)
4m?2 + QZ
The unrenormalized two-loop massive pure singlet Wilson coefficient reads in Mellin-N space
. 2\ €
s ast (%) {Lopu g ngin k.

The contributing Feynman diagrams are shown in Fig. D.1, where now the outgoing quark lines

with momenta ki and ky are taken massive. Here hg?g [161, 171, 172] and l_)g,ll),g are the expansion
coefficients of the one-loop Wilson coefficient

(1 AN Lo
AN, = as. (M) [0, + b0, | (4.38)

given by the diagrams in Fig. 3.1 now with massive quark lines. The expansion coefficients are given
in z-space by

WY, = 4Ty {(3 —42)B — (1 — 22)Hy Gfgﬂ (4.39)
Bl = TF{—4(3 —42)8 + (1 — 22)H2 G:Lg) —2 [(3 —42)8 + (1 — 22)Hy (ig)]
X [HO + H1 — QIH(ﬁ)] =+ 4(1 — 22)H0’1 <12+B/8> } (440)
Here 5 denotes the velocity of the produced heavy quarks,
4m?2 2

Since the two heavy quarks do not induce collinear divergences the mass factorization in the massive
case reads
A(2),PS,L 2),PS 1), PS
HP = HPP 41,0 H Y, PS (4.42)
We find
Q*\"[1
2),PS,L  _  ~2@2 0 1 2),PS 0) o 7(1
st — s { (%) [2h o) +hm - r o 1
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M%‘ /2 Q2 /2 1 " " —
() (8) e enpen]} wa

Identifying the renormalization and factorization scale, y = pp, we finally obtain

HOPS = g2 [;Pg@) ® Y Ly + hg?’Ps] +0(e) . (4.44)
Note that in the pure singlet case neither the heavy quark mass nor the coupling constant is renor-
malized at two-loop order.

The massive pure singlet Wilson coeflicient is obtained as a four-fold integral over two angular and
two energy variables, c¢f. Chapter 3 and Appendix D for details of the calculation. These integrals are
systematically turned into iterative integrals. This process leads to a set of letters, through which
these integrals are defined, see also [241]. It turns out that the polarized structure functions can
be expressed with the same alphabet as the unpolarized ones, cf. Eqgs. (3.40-3.51). These iterative
integrals have maximally weight w = 3 and belong to the Kummer—elliptic integrals, cf. Eq. (3.58),
in general. The variable k is defined by

Jz
k= N (4.45)

One obtains for the following analytic result of the massive polarized two-loop Wilson coefficient

16(1 — 2) P,
Hg),PS,L _ CFTF{— ( 3k2) 67 {wa — Huyg,0 + Hup 0 — Hug 0 — [Hw5 — Hyy + Hyyy — st}

8P68 8P69 4(1 - Z)P70
XHO} - 3k2 wa,—1 T 3k2’H1Hw1 + W Hw671 — ng,fl — Hw6H1
4(1 — Z)P71
+Hw8H_1} - 3]{722 Hw67_1 - was,l + H’ngl - H’wﬁH—l
41— 2)P 41— 2)P.
(3]{;2;72{1—11”57_1 — Hw7,1 + Hw7H1 — Hw5H—1} _ (3]{;2273{}110571
16P74 16P75
My 1 — HyoHy + Hy Hog b o [, — =,
7y 1 5 1+ 7 1}+3(1—k6) 1 3(1+k5) 2
8(1 — Z)P'?G 8(1 — Z)P77
+ o, + v
3(k(2—2) —2)(1 - kB) 3(k(2—2) + 2)(1 + kB)
_ 8(1 — Z)P'?S H. — 8(1 — Z)P79 H
3(k(2—2)—2)(1+kB) " 3(k(2-2)+2)(1—-kB) "
32P30 32Ps;
1 H_1

3k%(k2(2 — 2)% — 22) - 3k2 (k2(2 — 2)% — 22)
1216

+T(1 —2)B+8(1 —2)(1 —22)[Hy + H_y — 28] (In(2) + In(1 — 2))
+16(1 + 22){2(Hw1,w4 + ng,w4 + Hw3,w1 + ng,wg)

+k(H2, —H2,)) + [-2In (k* — 2) + 61In(k) — In (1 — k*) + In(k* — 2%) — 2H,, ]
X (le + Hua) + k(l - Z) [Hw5,w1 + Hwﬁ,w2 - Hw7,w2 - st,wl]

—k(1 = 2) [Hyy — Hug | Huy, — k(1 — 2) [Hyg — Hw7]Hw2}

+16(1 — 2)(7 — 22)B1In(k* — 22) + 8 (7 — (2 — ,:2> z) {2H1H0 — 61n(k)H;
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+1In (1 —k*)Hy +2In (k* — 2)Hy 4 2Hy,Hy — 6In(k)H_1 +In (1 — k*)H_4
+21In (k* — 2)H_y + 2H_1H,, — 2Ho1 — 2Hy 4, — 2Hyy 1 — 2Hy, -1 +2H 1

2
—2H_1,w4} + 33—2( — 3k* + % —3(1+4 2%)) [Hu, + Hu,]Ho + 8In(k* — 27)
— 1+ 5k%)z2 8 3z 222
X <—8+(k2)—222> [Hy + H_] +§(6k2—?—ﬁ+6(2+22
2
+2%) — 3k(8 — 5z + 22%)) [Hy, Hoy — Hy Hy] + §(6k:2 + %z — 2%2 +6(2+2z2
— 1+ 2k?
+2%) + 3k (8 — 5z + 22%) ) Hy, Hoy + % (87 + g — W) [H? — H2,]

16 1
_gk(l —z) (3 + 2z + 332){ [Hw107w5 — Huwio,w6 + Huwigwr — HU/lOﬂUS]

Nz

k
_ﬁ <Hw5,w11 + HW6,w11 + Hw7,w11 + st,wn - [st + Hw6 + Hw7 + st]ku)
_2]{7(1 - kQ)\/E<Hw5,w12 + Hw6,w12 + Hw7,w12 + st,wu - [st + Hwﬁ + Hw7
2 2(1 — k?)y/z
+Hw8]Hw12> - m [me,wl + Hw10,w2] - T [wa,l
384(k? — 2) 8 4 9(1—2k*)z
+Hw12,1]} -5 Huy =5 (39—~ + =5 | HaH
9 22 8, o 3z 227

+32( k% — (2 —2)z — 352 )Huwro + g(6lc t -0 — 3kz(1 — 22)

3 222
—6(1 44z — 2%))Hy, 1 + 2(6 — 6k* 4 242 + f — 622 + k—zz

2

z 8 3z

—SkZ(l - 22))Hw17_1 + 32 (k;2 - (2 - Z)Z — 3]§2)Hw270 + g <6k2 — ?

222 64  48(1 — 2k?
F3k(1— 22)2 — 1?22 —6(1+42— 22)>Hw2,1 + <208 -t <k2)z>

64k2(1 — 22)(1 + 32?)
3z

XH*Ll - {Hw9,1 + Hw97*1 - k(l - Z) [sta,ws + Hw97w6

+Huwg wr + ng,ws] } +8(1 + 2){—4H0,1,1 —4Ho 11+ 20H; 11 + 4H1 1 0,

+4H1, 1wy — 4Hyy 110 +4Hy 1,1 — 4Hyy, 10 +4Hyy, 1,1 +4H 119
+16H 111 —4H 110, +4H 1 10+ 16H 1 11 —4H 1 14, +20H 1 1 1

+ <ln (1 - &%) —In(k* — 2%) + 2In (k* — 2) — 61n(k)> [H?, — H} — 2H,H_;

+4H_1 1] + [(10H_; — 4H,,)H; — 4HoH; + 2H? — 2Hy 1 — 4Hyy 1 — 4Hyy 1
—12H,171 — 10H,1’,1]H,1—|—[4H171 + 8H,171 + 4H,17,1 — 4H%] ng + [4H071
+4H0,,1 — 10H171 -+ 4Hw371 + 4Hw37,1 — 4H,171 — 1OH,1’,1]H1

+[—4H7 + 4H; 1 + 4H_171]H0} + 32k(1 + z){Htho +Hyy 11 — Huy 1.y

—Huw, 1,1 + Huwy 1,0 + Huy =10 = By~ 100 — Huwy—1,-1 = Hug 1,0 = Hug,11
+Huws,1,ws + Huws1,-1 = Huwg,—1,0 = Huwg,—1,1 + Huwg,— 1,04 + Huwg,—1,—1 + Hug 1,0,
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1
~Hug 105 + Hug—1.07 — Hug —1.w5 + 3 [m(k? —22)—2In (k:2 _ z) + 61n(k)

1
—1In (1 — k2)] [sz,—l —Hyy,—1 +Hup 1 — le,l] + = <—Hw171 —Huyy,—1 +Hus 1

2
+Hw2,—1 + [le - H”LUQ]HI)H—I + [le,l + le,—l - ng,l - ng,—l}ng
1
_5 <H171 — H% + 2Hw371 + 2Hw3’,1 + 2H,1’1 + H,L,l + k’le’l + k;Hwal
1
_kH’wQ,l - kH’wQ,—l) [le - ng] + 5 [le,l + Hw1,—1 - ng,l - H’U)Q,—I]Hl}

2
_16k(1 -z ){_Hl,wmws - H17w4,w6 - H17w4,w7 - Hl,w4,ws + Hw571,1 - Hw5,1,—1

+Hw5,w3,1 - Hw5,w3,—1 + ng,l,l - ng,l,—l + ng,wg,,l - ng,wg,—l + Hw7,w3,1
—Huwrws,—1 — Hwr—11 + Huwz —1,-1 + Huwgws 1l — Huwgws,—1 — Huwg,—1,1 + Hug,—1,-1
+H71,w4,w5 + Hfl,w4,w6 + Hfl,w4,w7 + Hfl,'w4,w8 + k [le,w4,w5 + le,w4,w6
+Hw1,w4,w7 + le,w4,w8 - ng,w4,w5 - ng,w4,w6 - sz,w4,w7 - sz,w4,wg - Hw5,1,w1
+Hw5,1,w2 - Hw5,w3,w1 + Hw5,w3,w2 - ng,l,uu + ng,l,wg - ng,wg,wl + Hwﬁ,wg,wz

_Hw7,w37w1 + Hw77w37w2 + Hw77—17w1 - Hw%—l,wz - Hw8»w37w1 + Hw87w37w2

+Hug,~ 1,0, — Hug,~1,uws] + <—H1,1 — Hupg 1 + Hypg -1 — Hogq + H? — kHy, 1
+kHyy 1 + kHupg w0, — kHwS,W) [Hus + Hug] + <—Hw3,1 +Hyy 1 +H 11
+H_1 1 —HiH oy + EHyy 1 — kHyy 1 + kHupg 0, — kHwS,w2> [Hu, + Hug]

+ ((Hw5 + Hupg + Huy + Hug )Huy — Hug 1 — Hugws — Hug,1 — Hug s — Hur g
+Hoy,, -1 — Hugwy + ng,—1>

x[Hy —H_1 — k(Hy, — Hy, )] } +576(1 — 2)B1In(k) — 96(1 — z)81n (1 — k?)
—192(1 — 2)BHy — 192(1 — 2)B1n (k* — z)}

1 0 1 0 (1
+5Ph0) @ hi) Lar = P @ by, (4.46)

The remaining convolutions appearing in Eq. (4.46) are given in Appendix D.4. Here the argument
of the iterative integrals Hy is 5.
The polynomials P; in Eq. (4.46) read

3k* 4+ 3k% (2% + 1) — 22, (4.47)
6k* + 3k%2(22 — 1) + 6k? (22 — 42 — 1) + 3kz — 227, (4.48)
6k* + 3k3 (22% — 52 + 8) + 6k* (2% + 22 + 2) + 3kz — 222, (4.49)
6k'z + k* (—162° + 332° — 24z + 8) + 6k%2 (2% + 22 + 2) — 3kz? — 227, (4.50)
6ktz + K3 (—4z3 +322 4+ 242 + 8) + 6k>2 (z2 +2z+2) + 3kz? — 223, (4.51)
6kiz + k3 (423 — 322 — 242 — 8) + 6k22 (22 +22+2) — 3kz? — 223, (4.52)
6k'z + k® (162° — 332> 4+ 242 — 8) + 6k%z (2° + 22 + 2) + 3k2” — 227, (4.53)
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Pry
Prs
Prg

Py

Prg

Prg

3Bk*(z — 3) + 3k%(z — 4) + 48k (32° — 132 + 3) — 122 + 462 + 9, (4.54)
3Bk3 (2 — 3) — 3k*(z — 4) + 4Bk (32° — 132 + 3) + 122° — 462 — 9, (4.55)
3Bk (1 — 2)? + k3 (=358 + (3 — 168)2* + 3(178 — 9)z + 39) + k*(—528 + 12532°

+(22 - 81B)2% + (1218 — 72)z + 35) + k(12(8 — 1)2° + (75 — 383)2*

+(268 — 88)z + 10) + z(—122* 4 322 — 5), (4.56)
3Bk (1 — 2)? + k(358 + (168 — 3)2* + (27 — 518)z — 39) + k*(—528 + 1282°

+(22 — 81B)2% + (1218 — 72)z + 35) + k(—12(8 — 1)2° + (388 — 75)2°

+(88 — 268)z — 10) + z(—122% + 322 — 5), (4.57)
3Bk (1 — 2)® — k(358 + (168 + 3)22 — 3(178 + 9)z + 39) + k*(—528 + 1282°

— (818 +22)2% + (1218 + 72)z — 35) + k(12(8 + 1)z* — (383 + 75)2>

+(268 + 88)z — 10) + 2(122* — 322 + 5), (4.58)
3Bk (1 — 2)? + k(358 + (168 + 3)22 — 3(178 + 9)z + 39) + k*(—528 + 1282°

—(818 +22)2% + (1218 + 72)z — 35) + k(—12(8 + 1)2° + (388 + 75)2°

—2(138 4 44)z + 10) + z(122> — 322+ 5), (4.59)
k*(=3(368 + 1) + (278 — 10)2° + (37 — 1358)2” + (2163 — 34)2)

+E22((3 — 278)2% + (278 + 28)z — 28) + 725, (4.60)
k4 (—1088 + (278 + 10)2® — (1358 + 37)2% + (2168 + 34)z + 3)

+k%2(—-3(98 + 1)2% + (278 — 28)z + 28) — 7z°. (4.61)

4.4. The Asymptotic and Threshold Expansions

The complete expressions calculated in Section 4.3 allow now to perform the asymptotic expansion
for Q2 > m? and the threshold expansion for 3 < 1.

In the asymptotic limit Q% > m? and setting p? = @Q? the first expansion coefficients of the

polarized massive pure singlet Wilson coefficient read
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2

H;f),PS,L _ CFTF{(20(1 _ Z) + 8(1 + Z)Ho) In? (m) _ (8(1 — Z) — 8(1 - 3Z)H0

Q2

2 z 3
—8(1 + 2)H3) In <Q2> + %(1 —2)+ <226(2 —2)— 32(131_)H1>H0

16
+2 (21 4+ 22%)HE + —- 3 (1+ 2)HS + (88(1 —z)+80(1 — Z)Ho> H; +20(1 — 2)H?

CAD\OO

32(1 + 2)3

Hy_1—32(1 H
3, 0,—1 (14 2z)Ho,0,1

— (16(1 — 32) — 32(1 + Z)H0> H071 +
32 )
+16(1 + 2)Ho 11 — (5 (9 =32+ 2%) +32(1 + 2)Ho) {2 + 16(1 + 2)(3

m2

Q@

2

+ 0?

(16(1 — 2)(1 — 32) — 322Hg) In < ) +8(18 — 122 — 72%)

+16(6 + 2 + 62%)Ho + 162H§ + 16(3 — 7z + 32°)Hy

m2 2
- <@)

—4(1 — 2)(3 4 42) In (gi) + (;ujg‘; —16(1 — 2)(5 + 42)H,
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—8(1—2)(5+ 4z)H1) (gi) + (f]jSZ)Q + <116f85 —64(1 — 22)H_1>H0

4P,
+<1 B _39(1 - z)H0> Hi — 4(1 — 2)(7 + 42)H] — 16(1 — 2)(3 + 42)Ho,1

+64(1 — 2*)Ho,—1 + 16(1 — 2)C2 | + O (k*In*(k)) } (4.62)
with x = m?/Q? and the polynomials
Py = 32+ 2311224132 -7, (4.63)
Pyz = 62% +22% — 6322 + 842 — 32, (4.64)
Pyy = 62" 4223 — 5722 + 762 — 28, (4.65)
Py = 152° —272* +3932% — 107922 4 10692 — 339. (4.66)

In this expansion the Kummer-elliptic integrals turn into harmonic polylogarithms. The leading
term, which is free of power corrections of O((m?/Q?)*),k € N,k > 1, can be predicted using
the representation of the massive Wilson coefficient by massive operator matrix elements (OMEs),
cf. [173, 179, 185, 302], and massless Wilson coefficients,

2
Hg)’PS’L (z, 722) — A(Q) (Np + 1) + C( ),PS, L(N +1). (4.67)

Here the massless Wilson coefficient C’éf)’PS(N r + 1) is the one given in Eq. (4.35) normalized by

()PS

Np + 1. The massive two-loop operator matrix element A in Mellin space reads

8qg

2
2).pS 0 2 (T 1 saypsy (M (2),ps
Aoy = 3 Py In <u2> ~5Fu 1n<u > * 8Pq(9)P( Gtag T (468)

cf. [173, 179, 185, 302]; for its renormalization see Ref. [182]. The constant part of the unrenormalized
polarized OME a{r™ is given by [173, 302]

4
ag;,PS(Z) = CFTF{72(1 —2) —12(1 + 52)Hy — 2(1 — 32)HZ — g(1 + 2)H3 + 40(1 — 2)HoH,
—(40(1 — z) — 16(1 + 2)Ho)Ho,1 — 32(1 + 2)Ho0,1 — (20(1 — 2) — 8(1 + 2)Hp) (2

+32(1 + z)gg} (4.69)

in z-space. The calculation of AZIPS 4 performed in the Larin scheme. One has either to apply the
tensor decomposition method or use the new projector introduced in Chapter 8, however, to obtain
the correct result. These aspects are discussed in Chapter 8 and Ref. [302] in detail. The asymptotic
result is correctly reproduced.

The threshold expansion of the Wilson coefficients for 8 < 1 is given by

2
Y ( fﬂ) - 4TFB{1 21— 298 - S 22)8t - 201 - 22)° (4.70)

2
~50-2)8 408},

2
Hé?),PS,L <27 fT?LQ) — CpTr(l— 2)53{_2956 + ? [In(1 - z) — In(2) + 41n(28)] (4.71)
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Figure 4.1.: The Wilson coeflicient Hg(f)’PS as a function of z for different values of Q2 and the scale
choice p? = u% = Q2. Upper full line (Blue): Q% = 10000 GeV?; upper dashed line
(Orange): Q2 = 1000 GeV?; upper dotted line (Magenta): Q? = 500 GeV?; dash-dotted
line (Blue): Q% = 100 GeV?; lower full line (Red): Q> = 50 GeV?; lower dashed line
(Gray): Q* = 25CeV?; lower dotted line (Brown): Q% = 10 GeVZ.

52 <_?7’§(41 +202) + ? [In(1—z) —In(z) + 4111(2@})

ﬁ4<16(2723 + 20504z — 12352z%) 16

11095 - ﬁ(7 + 16z — 822) [In(1 - 2)

47203 — 909904z + 95086422 — 3457282%)
297675

—1In(2) + 4ln(2ﬁ)]) + 8 (16(

16
s (12722 = 23227 + 642%) [In(1 - 2) — In(2) + 4111(25))})

+(9(,88)}.

4.5. Numerical Results

Let us now illustrate the analytic results numerically. In Fig. 4.1 the two—loop heavy flavor Wilson

coefficient Héf)’PS’L is shown as a function of z for different values of Q% € [10,10%] GeV?. We work
in the on-shell scheme and therefore set the charm quark mass to its pole mass, m. = 1.59 GeV,
cf. [256]. For large values of Q2 these results approach the asymptotic result for Hg(f)’PS. In the
small x region this Wilson coefficient is negative.
Next we study the ratios
(2),ps
Rg) = ﬁ?;)yps (n=pr=m), (4.72)

g1

comparing the full, ¢f. Eq. (4.46) and the asymptotic results, H, Eq. (4.62) for the leading term in
Fig. 4.2.
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Figure 4.2.: The ratio Rfﬁ), Eq. (4.72), as a function of x = Q%/m?. Solid line: z = 10~%; dotted
line: z = 1072; dashed line: z = 1/2.

For Hg)’PS the asymptotic expansion agrees with the full calculation up to Q%/m? = x = 10 to
about 2% for z = 1074, x = 40 for z = 1072 and x = 200 for z = 1/2. However, the Wilson
coefficients are very small already for the last value. Similar to the ratio of the full and asymptotic
Wilson coefficient we define the ratio

9(2),15’S

1

Rgl = ~(2),PS” (473)
91

where §§2)’PS is the structure function obtained by using the expansion of the respective Wilson

coefficient up to the desired level. The corresponding results are depicted in Fig. 4.3. We use the
parameterization of the parton distributions Ref. [320] at NLO with the corresponding values of
as(Q?) at NNLO [207] to compare to previous non-singlet results in [305]. Demanding an agreement
within +£2% for ¢F'> in the range z € [1074,1072,1/2] leads to values Q2/m? € [5,5,13] of the
O((m?/Q?)?) improved result, Q3/m? € [10,12, 30] of the O(m?/Q?) improved result, and Q2/m? €
[12,100,170] for the asymptotic result.

In Figures 4.4 we show the complete results for the two—loop pure singlet contributions to xg;
and z¢s as a function of z for a series of Q%-values. Both functions show an oscillatory behavior,
which is enlarged for xgs due to the Wandzura—Wilczek relation, cf. Eq. (4.10) [162]. In Fig. 4.5
we illustrate the ratios Eq. (4.73) as a function of z for different values of Q2 for gfs comparing the
asymptotic result to the full result. For a better visibility and to avoid to depict zero transitions in
the denominator we separate the small z and large x part into two figures. The corrections behave
widely flat in z for larger values of Q2 and develop some profile for Q% < 100 GeV?2.

In Fig. 4.6 we depict the ratio of the full result over the O((m?/Q?)?) improved asymptotic results
for gfs as a function of z for a series of Q2-values, again separating the small z and the large
ranges because of zero transitions for this ratio. For Q2 > 100 GeVs'2 the ratios are rather flat and
are close to one. The line for Q? = 100 GeV? for z > 0.5 deviates from one by more than 5%. Larger
deviations are found for Q% = 50 GeV?, where the 5% margin is only met for z < 3-1073. As in
the unpolarized case, we limited the expansion to terms of ~ O((m?/Q?)?), but higher order terms
can be given straightforwardly. The expanded expressions do also allow direct Mellin transforms and
provide a suitable analytic basis for Mellin-space programmes.
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Figure 4.3.: The ratio R&), Eq. (4.72), as a function of x = Q?/m? for different values of z gradu-
ally improved with s suppressed terms. Dotted lines: asymptotic result; dashed lines:

O(m?/Q?) improved; solid lines : O((m?/Q?%)?) improved.
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Figure 4.4.: The pure singlet contributions zg;
scale choice p? = p% = Q2. Full line (Blue): Q? = 10000 GeV?; dashed line (Orange):

Q? = 1000 GeV?; dotted line (Magenta): Q? = 500 GeV?; dash-dotted line (Blue): Q% =
100 GeV?; full line (Red): Q? = 50 GeV?; dashed line (Gray): Q2 = 25 GeV?; dotted line
(Brown): @2 = 10GeV?, using the parameterization of the parton distribution [320].

To summarize, we have calculated the massless and massive polarized two-loop pure singlet Wilson
coefficients for deep-inelastic scattering in analytic form. The calculation has been performed in the
Larin scheme, with a final finite renormalization to the M-scheme in the massless case. The finite
renormalization in the massless case has been derived in Refs. [152]. The massless Wilson coefficient
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Figure 4.5.: The ratio of the structure function g

approximation for different values of Q? and the scale choice pu? = u% = 2. Full line
(Black): Q% = 10000 GeV?; dashed line (Gray): Q% = 1000 GeV?; dotted line (Brown):
Q? = 500 GeV?; lower dashed line (Blue): Q? = 100 GeV?, using the parameterization

of the parton distribution [320]
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dotted lines (Brown): Q% = 500 GeV?; dashed lines (Blue): Q% = 100 GeV?; dash-dotted
lines (Red): Q2 = 50 GeV?, using the parameterization of the parton distribution [320].

can be expressed by the harmonic polylogarithms in z—space and harmonic sums in Mellin—/V space.
In the massive case the polarized two—loop pure singlet Wilson coefficient is also given by iterative
integrals, however, of a more general kind, the Kummer—elliptic integrals, here based on an alphabet
of 12 letters, cf. [5]. From the expansion of the massive Wilson coefficient in the region Q2 >> m? one
obtains the asymptotic result, which can be given in terms of a massive OME and the massless Wilson
coefficient, cf. [302]. In the region of lower values of @2 and larger values of z, the power corrections
to the massive two—loop Wilson coefficient are essential. From the available analytic result one can
construct the series in m?/Q? analytically. Since the deep-inelastic process is usually considered
only for virtualities Q% > 5 GeV?, this series gives the proper numerical representation in case of the
charm-quark corrections retaining a relatively small number of terms. The latter representation has
the advantage that it can be transformed into Mellin space directly, since the expansion coefficients

are given in terms of harmonic polylogarithms in z-space.







5. Renormalization of the Massive Operator
Matrix Elements in the Two-Mass Case

The renormalization of the operator matrix elements for deep-inelastic scattering up to O(a?) has
been carried out in the single mass case in [182] and in the two mass case in [202]. During the
calculations presented in the next chapters it, however, became clear that one should use a more
consistent notation in the two mass case. Furthermore some steps of the renormalization were only
given in an power expansion in 7 since the full analytic results have not yet been available. We will
therefore address these aspects once again. The presentation will, however, closely follow the original
work [182, 202].

The Feynman integrals contributing to the various operator matrix elements contain mass, cou-
pling, ultraviolet operator singularities, and collinear divergences, due to massless sub-graphs. They
are regularized by applying dimensional regularization [56] in d = 4+ ¢ dimensions. The singularities
appear as poles in the Laurent series in €, with the highest pole corresponding to the loop order. At
one and two loop order the two-mass massive operator matrix elements fiij are given in terms of the
known single mass contributions since they do not contain more than one internal massive fermion
line [179, 180, 184187, 254, 260].

The first single particle irreducible diagrams with two masses emerge at O(a?). In the following,
we consider the renormalization of the two mass contributions in individual terms together with the
genuine two-mass contributions. The latter terms will then be obtained subtracting the former ones,
cf. Ref. [182]. The unrenormalized OMEs are given by

AD(2,12) = 4O (1) + AD (22 + A0 (., 12, 6.)

where flg) (ZLQ? ) are the single-mass OMEs [182] and /211(;) are the two-mass contributions. A change

in the renormalization scheme as in Egs. (5.39) and (5.40) generally introduces a mixing between the
different components of Eq. (5.1). Here we introduced the two masses mj and ma. We set mg < my
so that

In the following we will also need the logarithms

2 2
Li=ln <7:“21> : Ly=1In <m§> : L, =1n(n) (5.3)
where p is the renormalization scale.

The renormalization procedure follows the one outlined in Ref. [182], incorporating the necessary
modifications for the two-mass case. Here the case of Ny massless and two massive quark flavors
is considered as this covers the physical case of contributions due to the charm and bottom quarks.
The large mass gap to the top quark in general allows to decouple it after the charm and the bottom
quark and thus does not have to be included into a scheme with Nr massless and three massive
quarks. Since in this chapter again two massive quarks are considered we will use the notation

o) = L2 (5.4)
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5. Renormalization of the Massive Operator Matrix Elements in the Two-Mass Case

flz) = flz+2) - f(z) (5:5)
to abbreviate certain expressions. Note that these notations never apply to OMEs but only to
anomalous dimensions 7;; in this section. The differences with respect to [202] mainly lie in the use

of Eq. (5.5) instead of the convention with one heavy quark. Furthermore the notation f(x) was used
to represent the coefficient of the NI% dependent term of certain anomalous dimensions. However
this is not in accordance with the conventions for anomalous dimensions which start with Ng. These
terms will be denoted by fV 7 in the following. Also the inclusion of reducible contributions introduces
some subtleties for OMEs with external gluons. This issue will be further clarified in Section 5.5.

In the following sections first the mass and coupling constant renormalization is considered, followed
by the renormalization of the ultraviolet singularity of the local operators, and the factorization of
the collinear singularities.

5.1. Mass Renormalization

The schemes most frequently used for the mass renormalization are the MS- and the on-mass shell
scheme (OMS). In the following, the mass is renormalized in the OMS and the finite renormalization
to switch to the MS-mass is provided at a later stage. The mass renormalization is applied first, i.e.
the respective expressions are still containing the bare coupling a, = §2/(4m)2.!

The bare masses m;, ¢ € {1,2} are expressed by the renormalized on-shell masses m; via

2\ ¢/2 2
m; = vai(ml, mg) m; =m; |:1 + Gy (%)8 omy + &3(%>€5mli (ml, mQ)] + O(&?) , (56)

and
5m2,i (ml, mg) = (5m8 + Smgi(ml, MQ) . (5.7)

Here dm) is the single mass-contribution, whereas dmst denotes the additional contribution emerging
in the case of two massive flavors. Note that from order O(a2) onward the Z-factor renormalizing
m1 depends on ms and vice versa. For the massive operator matrix elements this can be observed
at 3-loop order for the first time. The coefficients dm; and dms have been derived in [325, 326] up
to O(g) and O(e71), respectively. The constant part of dms was given in [321, 327, 328] and the
O(e)-term of dmy in [182]. One obtains

3

5m§71)

Smy = Cp [6 4 <4 + i@) e] (5.8)

+ 5m§0) + 6m§1)£ , (5.9)

omy = Cr

1 1 45 91
2 (18Cp — 22C4 + 8Tp(Np + 1)) + Z <—CF + —Ca

199 51 605
—14Tp(NF + 1)) +Cr (8 - 342 +481n(2)¢2 — 12@3) +Cy <_8

+gc2 —241n(2)¢s + 6C3> +Tp [NF (425 + 10@) + % - 14@]] (5.10)

07(_2) 07(_1)
O M omd© (5.11)

o g2 €

!Note that this notation therefore agrees with [321], but e.g. differs form the notation in [322-324], where also the
charge renormalization has been carried out.
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5.2. Renormalization of the Coupling

~ . 14
5m22(m1, mg) = CFTF{ES — — + 87 4H3(7’i) — 8(7“Z‘ + 1)2 (7’12 -1+ 1) H_Lo(ri)

3
+8(Tl — 1)2 (Tz2 —+r; + 1) Hl’Q(T‘Z’> + 8’1“Z-2H0(’I“i) + 5 (87“12 + 15)

+2[4r;1 — 128 — 12 + 5} 42} (5.12)
Smo—2)  Smo(-D
= 5m22 PLUC Ay SO (5.13)
£ 3
cf. Ref. [321], 7 € {1,2} and
1
r1=+mn and 71y = % (5.14)

The superscript i for the coefficients gm;?) and Smgﬂ) has been dropped as they are independent

of the renormalized mass m;. The harmonic polylogarithms used to express the result in Eq. (5.12)
are defined in Appendix C.4.
Applying Eq. (5.6) we obtain the mass renormalized operator matrix elements by

. 2 2 N . 2 2
m2\e/2 d m2\e/2 d 721 m2
o) g + (3 J4) (. 2 2.)
+omy 2 mldm1+ 2 m2dm2 i \ 2 2 €

. {(lef/zm dil . (Zé)e/zm diJ 211.12.)(755 ZLQ% e N)
—|—5m271(m1, Tnz) (ﬁ)amld;ilfig) (:’jj’ ZL§7 g, N)
+5m2,2(m1, ms) <7:2%)5m2d7iﬁ§;) (732%’ ZLZ%, g, N>

) i g+ () ] A8 (i o)
+<aml>2<zz>”<u2>“mldi s 15 (4 .2 0) .

(5.15)

which generalizes Eq. (3.10) of Ref. [182]. The OMEs are symmetric under the interchange of the
masses mi and mo.
5.2. Renormalization of the Coupling

When renormalizing the coupling constant, it is important to note that the factorization relation in
Eqgs. (2.93-2.97) strictly requires the external massless partonic legs of the operator matrix elements
to be on-shell, i.e.

p’=0, (5.16)
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5. Renormalization of the Massive Operator Matrix Elements in the Two-Mass Case

with p the external momentum of the OME. This condition would be violated by naively applying
massive loop corrections to the gluon propagator. Following [182] it is possible to absorb these
corrections uniquely into the coupling constant by using the background field method [329-331] to
maintain the Slavnov-Taylor identities of QCD. In this way, one first obtains the coupling constant
in a MOM-scheme. A finite renormalization to transform to the MS-scheme is applied subsequently.

The light flavor contributions to the unrenormalized coupling constant in terms of the renormalized
coupling constant in the MS-scheme read

72 —_
as = Z;VIS (57NF)GISVIS(N2)
—_ — — — —2 —=3
= ayS(u?) |14 6a)T (Np)ad® (1?) + 00§ (Np)ad™ (n)| + O@@)™") . (5.17)
Here the coefficients 5a£{[?(N F) are given by
MS 2
dagy (Np) = gﬁO(NF) , (5.18)
Vi) 4 1
dayy (Np) = ?ﬁg(NF) + gﬂl(NF), (5.19)
with B (Np) the expansion coefficients of the QCD S-function [61, 62, 332-334]
11 4
Bo(Np) = ECA — 3TFNF (5.20)
34 5
/BI(NF) = §CA—4 §0A+CF TeNp . (521)

The renormalized gluon self-energy Il can be split into the purely light and the heavy flavor
contributions, II;, and g,

IT (pZa m%vm%) = HL (pQ) + 1_IH (p27m%7m%) : (522)

The heavy quarks are required to decouple from the running coupling constant and the renormalized
OMEs for p? < m?, m3 which implies [179]

M (0,m%,m3) =0. (5.23)

Applying the background field method has the advantage of producing gauge-invariant results also
for off-shell Green’s functions. Applying the respective Feynman rules, cf. Ref. [70] and Appendix B,
one obtains for the heavy flavor contributions to the unrenormalized gluon polarization function [329,
335]

ﬂl;[y,ab,BF(p27m%’m%7M2,€, as) = i(—p>g" + p"p") o g s (P, mi, m3, 12, €, a5) (5.24)
i = 0222 [ ()" () o3 2 6))
+a? [(’Zﬁ)e n (1;2%)8] [i (—?TFCA — 4TyCrr)
—%TFCA +15T#Cp
+e<—§i;TFCA - %TFCF _ §QQTFCA _ @TFCF)
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5.2. Renormalization of the Coupling

w2 (202)" (1) (1) e (234 (5))

=2
+0(a3) (5.25)

2

where the masses m; and mg have been renormalized in the on-shell scheme, cf. Eq. (5.6). In order
to write the relation in Eq. (5.25) in a more compact form the following notation

fle) = |:<7;}L§)5/2 + (Iu;)sﬂ] exp [2 i’(;)z] , (5.26)

is used. The expression f(e) is kept unexpanded in the dimensional regularization parameter ¢ for

the moment. Furthermore, the contributions to the QCD S-function coefficients are denoted by Bl%
[61, 62, 179, 182, 332-334]

4
Poo = _gTF ; (5.27)
5
P = —4 (SCA + CF) Tp (5.28)
O 32
Bl,Q = —ETFCA + 15TpCr (5.29)
86 31 5
5§72é = —2—7TFCA - 1 —TrCpr — (o ( TrC 4 + TFCF> . (5.30)

Eq. (5.25) differs from the sum of the two individual single-mass contributions [182] by the last term
only, which is due to additional reducible Feynman diagrams in the cases of two heavy quark flavors
of different mass.

The background field is renormalized using the Z-factor Z4 which is split into light and heavy
quark contributions, Z4 1, and Z4 g. It is related to the Z-factor renormalizing the coupling constant
g via
Z,=2;° ! (5.31)

! (Za,L+ ZA,H)1/2

Concerning the light flavors, we require the renormalization to correspond to the MS-scheme with
N light flavors

—=1/2
Zay(Np) = Z)y57°. (5.32)
The heavy flavor contributions are fixed by condition (5.23) which implies
HH,BF(Oa /,62, Qs, m%? m%) + ZA,H =0. (533)

The Z-factor in the MOM-scheme is read off by combining Eqgs. (5.31),(5.23),(5.25) and (5.33)

1
MOM 2 9y _
Zy M (e, Np + 2, p,my,my) = s+ Zag) (5.34)

Up to (’)(ag/IOMg) one obtains the renormalization constant

ZYOM (e, N+ 2, p,m3,m3) = 1+ alOM(p )[ (o) + oo/ (e))]

+G¥OM2(M2) [Bl(iVF) + ?(BO(NF) + Bof(e))?
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5. Renormalization of the Massive Operator Matrix Elements in the Two-Mass Case
L/ miye  (m3ye (1) | 242
te ((uz) +(52) ) (Bra+epio+00y))
+O(aMOM?) | (5.35)

The coefficients of the MOM-scheme Z-factor, 6@2/7[101\4 and 5a1;/7[20M, are defined analogously to those
of the MS-coefficients in Eq. (5.17)

MOM 2B0(Nr) | 250,
L R (OF (5.36)
sadom _ FrNe) +<250<NF> L 2bog f(6)>2
g g g
1 2. ¢ 2
+€((7;;) +(732))(ﬂ1Q+aﬁlQ+a2ﬂ1Q)+0< ). 63D

Finally, we express our results in the MS-scheme. For this transition the decoupling of the heavy
quark flavors is assumed. L
The transformation to the MS scheme is then implied by

Z;VIS (e, Np +2)aS (%) = Z;\/IOM (e, Np + 2, u,m2, m3)aMOM(42) . (5.38)

Solving Eq. (5.38) perturbatively one obtains

2

m
~Brg <ln<u21

2 2

") (7)) ¢ | (1(25) Hn(?;;%))?
) + 1n(7Z§)> - 25(”] 1O <a§484> , (5.39)

or,
_ ) _ 5 _
aMS = MOM 4 ,MOM (5@2/7[101\/[ — 6a2flls(NF + 2)) + aMOM (5a15\f[20M — 5a2{[2S(NF +2)
S S 4
—25a15\f[18(NF +2) [&LMOM 5@18\/7[18(NF + 2)}) + O(aMOM) (5.40)

Note that, unlike in Eq. (5.17), in Egs. (5.39) and (5.40) ag/TS = aIs\TS (NF + 2). Applying the coupling
renormalization, cf. Eq. (5.35), to Eq. (5.15) the OME after mass and coupling renormalization is
obtained

Ay = 6 +adoM 22(31) MOM A(2)+5QMOMA(;)

2 2 ~
miNe/2 o d o ma\e2 o d Y A
+om (( ,u2> 1 dmy + (u2> 2 dmeo Aij

A( )+5aMOMA( )+25QMOM

io

)

2 2 ~
miNe/2 o d o ma\e2 o d Y A
+oma (( ,u2> m dmq + (,u2> 2 dmg Aij
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m\ /2 d m3\ /2 d \ 2
1 ma (2)
+dmq (( 2 ) mi dmn + (M2 ) mzdm2> Ay

m?2 m3

€ d € d 2
+ <5m2,1(m1, mg) (721) mlrm + 6m2,2(m17m2)(722> ma > Az(jl)

dmg
(6m1)? (ymi\e o, d? mi\e o, d? (1)
T (F> Kb + <7) M2 2 Aij

K mo
2 2 ~
+(oma) (u2) <u2) M ™ s i | (541)

where the dependence on the masses, € and NV in the arguments of the OMEs has been suppressed
for brevity.

5.3. Operator Renormalization

Next we remove the ultraviolet divergence of the different local operators defined in Eqgs. (2.38-2.40)
by introducing the respective Z-factors

S S S
Ol\{ TN ZN ( )Og T3 ULy UN O (542)
Osﬂlv DN ZZS](IU’ )Ojs';pl,..‘,m\/ ) 1=q,9 . (543)

In the singlet case, the operator renormalization introduces a mixing between the different operators
as they carry the same quantum numbers. Analogously to the OMEs, here the Z-factors are split
into the flavor pure-singlet (PS) and non-singlet (NS) contributions

Zq—q1 = Zq—ql,PS +Zq—qLNs ' (5.44)

Each Z-factor is associated with an anomalous dimension ;; via

PR d .
Yog (a5, Np,N) = M@IHZEIS(@?S,NF,&N), (5.45)
d N
’YZJ( NF,N) = M@Zij(ag/ls:NFﬁvN)- (5.46)

Here both the anomalous dimensions and the operator Z-factors obey perturbative series expansions
in the coupling constant

o0
MS MS! S, PS, NS
v PN (6, Np, N) = Zalfs (I=1)8, PS, NS v N (5.47)
Zi; = 5U+Za’;zj> (5.48)
Z; = 5za+za3 y (5.49)

In order to renormalize the respective operators, we first consider operator matrix elements with
off-shell external legs as a sum of massive and massless contributions:

A~

2
i (P
Ai (pQ’m%’m%’NQaay()MaNFJrQ) = Ay (;ﬂ»ays,NJ

+AZ (07, m,m3, 12, O, Np +2) . (5.50)
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5. Renormalization of the Massive Operator Matrix Elements in the Two-Mass Case

Here the massless contribution depends on aE/IS since the MOM-scheme, cf. Section 5.2, has been
constructed in such a way that it corresponds to the MS-scheme concerning the renormalization of
the light quark flavor and gluon contributions. AS denotes any massive OME we consider. The term
dij, which appears in the expansion of the OMEs (see Egs. (5.15) and (5.41)), does not have any

mass-dependence and is considered a part of the light flavor part flij (;—pj, aISV[S, N, F).

We first consider the renormalization of the purely massless contribution in the MS-scheme [336]

a2 A _
AquS<M—];,als\48,NF,N> = 2.5 Np, e, N)ANS Tp yS,Np,e,N) (5.51)
Y/ — _
Aij(%vays,NF,N> = Zy'(ag VS, Niye, N)A ( MS’NF’e’N> hal=a.
(5.52)
Solving Eqs. (5.45-5.46) yields the Z-factors in the singlet case
NS sy, ws2f 11 o Oy, 1. m
Zij(as ,Np) = dij + as - +ag ?(5%1 V15 +ﬁo%-j )‘i‘?g%‘j
S 1 4
S 0 0 0
—i—al;/[ { (6'}’@(1 )'Yl(k)’Yk] + BO’Y,Z 'Y( ) + gﬂg%(j))
Ll ) o (0),, (1) %
+ ( Vi gt ’m T 5 ’YU + 5 ’YU >+ . (5.53)
6 3 3e
In the non-singlet and pure-singlet cases one has
__(0)NS
5, 21,1 2 1
W%mwm=1+ﬁ“i+w{ (205 4 i @5) & Lygpns

1/1 4
a1svis { (67‘5‘1) NS3 Bo 7(o) Ns2 gﬁgvég),Ns)
1 (0),NS_, (1),NS 2 (1),NS 2 (0),NS (2),NS
+t3 (27% Yo T3P0 F 5PV ) + 32 qu (5.54)

—21 1 ves| 1 /1
zwmmazﬂﬂMMW+ﬂgﬂmw{gmmm

1 /1
0) ~, (0 0).(1
+67§9)7£(19)ng - ﬁ07qg 79q)> - 22 (g’yég)fyéq)

(2),pS
5
DAY + 2UDADTS + ZhorDF) + q;g} , (5.55)
respectlvely The Z-factors describing the ultraviolet renormalization of the complete operator matrix
elements AU (p ml, m2, 7 ,aMOM Np + 2) are obtained by inverting Egs. (5.53-5.55) and replacing
Np — Np + 2. Finally, the transformation in Eq. (5.40) is applied. The resulting operator Z-factors
read:
(0)

1 1
Zigl(alsv[OM,NF+2aM) S - ag/IOM’YzE] +Q£AOM2[E< -7 (1) &LMOM%(]))

MOM3[1< 1 (2) ~ 5aMOM 1)

1 (0)__(0) (0)
+— (2%1 V15 "‘BO’YZ']') + ag - 3 Yij
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1
5GMOM Z(JO)> 52< »30%] +26aMOM¢30%] + 51W

oMM 00 L 10,0 ’YS%”) +;3(—§Bo'nj

3" 6"
0,0 _1_©_0)_©
—Bovy vy — g it ik ij) ) (5.56)
0
Z-LNS((MOM N 49y _— | _ MOM’Yéq) + mom2 |1/ 1 (1),NS _ 5,MOM, (0),NS
qq (as y AVE ) - c Qg c 27qq a’s,l ’yqq
3(1
(5 A/qq ).NS | 27(0) NS ) _'_GE/IOM L( 3%53) NS 5(15’[101\4%52),1\13
75a(1€\/7[20M,y(§(()1),NS) ( B0 7 NS+25aMOMﬂ 7(0) NS | ﬂ ,yqo) NS
1 1
+§752),N ,y( NSJF(;aMOM,Yéq) NS )+ = ( 50%10) NS _ g ,yqo) .Ns2
1 3
_67‘52)’“ )1 , (5.57)
—1,PS;/, MOM ~ mom2? |1 1 1),PS 1 0) (0 mom3 | 1 1 2),PS
Zyg  lag "V Np+2) = a [6(_2%&(1) )"" (27159)'75(711)) T as g(_gmgq)
1
MOM,, (1).PS 0).(1 0),.,(1 0 PS
—0al ML) ) T3 (6759)75(111) + 375«1)71(1; + 27«gq)7cgq)
1
),PS MOM.. (0) (0 0).,(0) (0 0) ., (0) (0
+3 5 076g " + 0a Myl )7§q)> T3 ( 371(157)7;(1)7&) 6’7_6(1(1)7((19)759)

(0)

—Bov ) (5.58)

Here and in the Egs. (5.53-5.55) the Np-dependence of the anomalous dimensions 7;; and f;
has been dropped for brevity. The inverse Z-factors for the purely li light—parton case correspond to
Eqgs. (5.56-5.58) after substituting Np 4+ 2 — Np and 5aMOM — daM

Since only the ultraviolet renormalization for the massive contrlbutlons to the operator matrix
element in Eq. (5.50) shall be performed the contributions stemming from purely light parts are
subtracted again

AQ(p m17m27u aag/[OM NF+2) = Z@l ( E/IOM Np +2, [L)AQ(p m11m27u 7a15\/[OM NF+2)
2
+2; " (aOM, N + 2, ) Ay (TZ,ays,NF)
1., MS i (P
—Z7Y(a) ,NF,M)AZ-J< 2 ,aM NF) . (5.59)

Finally, the limit p?> — 0 is performed. Since scale-less diagrams vanish if computed in dimensional
regularization, only the Born piece of the massless OME contributes

Ayj (o,agTS, NF) = b . (5.60)
One obtains the UV-renormalization prescription

z 2 2 2
je (i m . (my m - -1,
AZQJ‘(MZ’ u227 a; >, NF+2) = oY (A(“)Q<u2l’u22) +Z; YO (Np 42, ) — Z; o )(NF)>

ij
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of - m2 _ _
—HLEM)M <A1(JQ')7Q< M Mzz) + ZijL(Q)(NF +2, M) - Zz'jl,(Q)(NF)

2 2
+ 25 O (N + 2, AR (T m2)>

p?’ P
2
MoM3 [ 42(3),Q ms 3
+a5 <Az] <M27N )+Z (NF+27/’L)
2 2
—1,(3 —1,(1 £(2), m2 m
~2; O (Np) + 2"V (Np + 2, ) A @(/7)1’ 722>
2 2
~1,(2) F(1),Q (M m3
+ Zy, " (NF + 2, 1) Ay (u2 e )) : (5.61)

Here Z-factors at N + 2 flavors describe the massive case, cf. Eqs. (5.56-5.58), while those with
argument Np denote the Z-factors for the massless case.

5.4. Collinear Factorization

At this point only collinear singularities remain. They arise from massless subgraphs only and are
therefore independent of the additional heavy quark flavor considered in these analyses. Thus [182]
can be followed directly to remove the collinear singularities via mass factorization

2
(M1 M2 MoM _ i@ m2 MOM -1
A,J(MQ,M2, ) NF+2) = A <u 3ol NF+2)FU . (5.62)
In a fully massless scenario the transition functions I';; would be related to the light flavor renormal-
ization constant via

Tij (Np) = Z;' (NF) (5.63)

cf. Ref. [179]. However, in the presence of one or more heavy quark flavors the transition functions
stem from the corresponding massless subgraphs only. Due to this and the subtraction of the J;;-term

in the OMEs after ultraviolet renormalization flg the transition functions contribute up to O(a?)
only.
The renormalized OME is then obtained by

2 9
my M3 MOM
Aij<M27M27 s NF+2>
2 9
J(1).Q (M 1
31O (AEJ-)Q(M; )+ 2 O +2) - 2 “(NF>)

)

2
+a1;40M2<A@>7Q<N2,M2>+Z PO (Np +2) - 2 (Np)

2 2 2
1) i@ (mi miy | im.e(mi mi L)
+ 2, MO (Np 4 2) AL (M2,M2)+[Aﬂ (;ﬂ’u )+ 2 "D (Np +2)
-Z ()(NF)}F ’(1)(NF)>
2 2
3 m
+aMoM <A<3)Q(#21,§) + 2 (N + 2) — 25O (Vp)
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5.5. One-particle reducible contributions

2 2 2 2
_17 2 5 m m m
+z (N +2)A,(€j)@(721 722)+z ()(NF+2)A(>Q<721722)
2 2
+[AP(05.02) + 2 e+ 2) = 2 O | v
2 2
+ [Aiz <M2 "2 ) +Zy "(Np+2)—Z (Nr)
- » m2 m2 — 4
I ZikL(l)(NF + Q)Al(j),Q <1117217 722)} Fle(l)(NF>> +0 <a240M > _ (5.64)

Eq. (5.64) differs from the corresponding renormalization and factorization prescription for one heavy
quark flavor [182] only by the definition of the renormalization constants Z;; 1’(k)(N r +2). Now the
term ¢;; is added back to the massive OME. In a final step, the coupling constant is transformed to
that in the MS-scheme via Eq. (5.39).

5.5. One-particle reducible contributions

The renormalization of the massive operator matrix elements is based on the complete set of Feynman
diagrams which also includes the one-particle reducible contributions. These terms contribute from
O(ag) onward and are obtained by quark and gluon self-energy contributions to the external legs of
lower order one-particle irreducible diagrams. From 3-loop order onward the reducible contributions
to the OMEs Ag, and Ayy ¢ may contain three different heavy flavors, while this is not the case for
the irreducible contributions. Note that the inclusion of the top quark in a loop of the irreducible
terms for AS) would demand to consider the energy range @* > m?. At a scale u?> ~ m?, both
charm and bottom can be dealt with as effectively massless. The emergence of massive top loops
in the reducible contributions is accounted for by renormalization. In the following we will strictly
consider the case of two heavy flavors only.

Self-energy contributions

The scalar self-energies are obtained by projecting out the Lorentz-structure

1180 (p%, 10}, 3, 1%, as) = 6°" [—guwp® + pupy] (P2, i, 103, 1%, ) | (5.65)

M(p?, g, 3, 42, a5) = ia’;ﬂ(k)(p%m%,m%,u?), (5.66)
k=1

Sii(p? mi,md, 2 as) = iészfl(p M3, m3, 1, as) (5.67)

S, i i a0 = S0 aEEE R i il ) (5.68)
k=2

In the same way as the OMEs themselves the irreducible two-mass self-energies can be divided
into contributions which depend on one mass only and an additional part stemming from diagrams
containing both heavy quark flavors

ﬂ(k) (pQ’ m%’ m%’ MZ) — f[(k) (pQ’ %) + f[(k) (pQ, 7;22) + ﬁ(k) (pZ7 m%’ mg, /142) ’ (569)
SOV (ki) = SO(p, 70 ) 4 50 (52,2 ) + 20 (P ki) - (5.70)
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5. Renormalization of the Massive Operator Matrix Elements in the Two-Mass Case

Up to two-loop order no diagrams with two heavy flavors contribute

M (p?, i, m3, %) = 0for ke {1,2}, (5.71)
SO (p?, i, w3, u?) = 0. (5.72)

The single-mass contributions for the gluon are known from [182, 337-339]

~ 12 12\ /2 8 O~ i
W (0. ") _ (M8 Gi(e
H <0’ u2> TF(u2> [ 3¢ eXp(Z ; (2) ) ) (5.73)
~ 92 N 2
A2 (0 ™) — c B 13y 13
i (0,#2) ( ) { SCa+ - (5cg 12C%)+—CA( = G) ~Cr
169 5 35
+Ekh v 72_ﬁ§) CFQ2+3QH}**W§)’ (5.74)
19 (0.2) = 1 (%) L [Ercs e+ 1+ e
) Nz - F Mg 23 - 9 FUA F A
180 8 781
+€7 { (Ca—6Cr)NpTE —|— (356’,4 — 48CE)Tp — —CA
712 1
+4§fcgck~-+ 27(6@( 101—]8Qﬁ~—626%)A%7b
2 (CA(37 +186) + 80C) Tr + C (- 1265 + <2+ @)
27 4 108
1570\ 272
+CACF(16<3 - ) ; CF]
56 10 3203 1942
+NpTF |:CA (*C?, + *52 o3 ) ( G+ )]
295 6361 16 218
+1F [CA (*7@ *C2 156 > - Cp (7C3 +5 et 81)]
1%@ 7&_ 42799
2 — S —
+CA <4B4 27(4 -+ <3 42 3888 )
1957 10633
+CACF< 8By + 364 — 7C3 —CQ >
274
+C%< Qy+59>}-%0@), (5.75)
and for the quark self-energy,
A~ 2 ~ 2
52 (o 1) = miNef2 5 (8 G 2
by (07 M2> TFCF(M2> [5+6+ =Ty )¢ +0(e?) . (5.76)
A n2 12\3¢/2 | 8 39 40 8
(0. — paon (M ‘e Te(Np+2) — —Cy— C
<7M2) FF<M2) 33 A+€ 9F( F+2) 9A 3“F
1 40 454
674 604 1879
+MJ4<TF§)+H(@+§& 043@_*@ um)
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5.5. One-particle reducible contributions

—Cp (8(3 SOt ?f’;)} +O(e) . (5.77)

Similarly to other massive processes [182, 340-344] the constant
2 13 1
Bi = —4Gn’(2)+ n'(2)- fC4+16Li4<7) ~ —1.762800093... (5.78)

emerges in Eq. (5.75). At O(a?) irreducible diagrams with two different masses contribute for the first
time. In [202] the gluonic case was calculated to O(n3) using the codes Q2E/Exp[200, 201]. However,
the full n dependence is needed in the following. All the diagrams can be expressed through a one-
dimensional Mellin-Barnes integral and the residue sums are easily evaluated using the Mathematica
package EvaluateMultiSums [271] which is build on Sigma [268, 269] and HarmonicSums [273, 274].
The result is given by [9, 345]

2 2 4
H(S)(Oamimgvu2) = CFTF{QSS g |:L1+L2+ g:| _577_2

+ <—5877 . + T) In?(n) + <5 - 5277> In(n) + %CZ

124
+32L, Ly + 890L1 + 890L2 1246

5n3/2 5 3 3 1 1+
R L3V Ly (2 2
2 213/2 2 NGIAE 1—n

~Lig (~ /) + Lis (Vi) — 5 In(a) (i (/) ~ Lig (—\/ﬁ))] }

64 16 35 4 35
2 2 2
_CATF{963+3 2 (L1+L2)—§ +g L1+L2—§L1
35 37 70 4
oLt ¢2 + 50| +2 (L3 +L3) — S hils - §1n3(n)

(2@ + 397> (L, + Ly) + [8 In(1—1n) — % <17 + 717> - 11789]

16 1 56 3769
() (77+n> D, - 5, 3T

+§ <717 - n) In(n) + ?(Liz(n) In(n) — Lis(n))
1+7n° L+ 77}

1
L 10 < v
3n N4 1—n

i {8 :
HLis (VA1) — 5 In(a) (Liz (/) — Lia (= /)

) 2(3) — Lis (— /)

+ (’)(a)}. (5.79)

After the completion of the calculation given in Ref. [9] the paper [345] was brought to our attention.
Here the same quantity can be inferred implicitly. After adjusting notations complete agreement is
found. The quarkonic self-energy contributions have been computed analytically in 1, one obtains

SB) () w2 2 2 miMma 128 160 4. , 16
Y (07m17m2nu’ ) TFCF( ) |:9€2 27 + 31 ( ) C?
1208
AT O(E)} : (5.80)
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5. Renormalization of the Massive Operator Matrix Elements in the Two-Mass Case

The reducible operator matrix elements

As in Egs. (5.69-5.70) the two-mass OMEs at one-loop order and the irreducible OMEs at O(a?) are
defined by

. 22 22 . 52 - 52
Ay (my o meN o A1) (T A1) (M3
A <M2 ’ M?) = Ay <M2> + Ajj (M2> ) (5.81)
. 22 22 . 52 A 52
A),(2)irr (T T\ 2(1),(2)irr (1T A(),(2),irr (1105
Ao ) - e ()« are () o)

where the A;;’s with one argument denote the usual single-mass OMEs. The irreducible contributions
from OMEs with external gluons need a further discussion. These have to be included using a
consistent projection, either physical, c¢f. Eq. (2.83), or unphysical, cf. Eq. (2.84), since the ghost
contributions restore gauge invariance globally. Therefore a / is included for irreducible OMEs with
external gluons. Using the definitions in Egs. (5.69-5.70) and in Egs. (5.81-5.82) the reducible massive
operator matrix elements at O(a?) are composed by

N A2 A2 ~ A2 A9
A(2),Ns (M1 My _ A(2),Ns,irr (T My &(2 A2 A2 2
qu) (Fa?) = qu) (?7F)_E( ) (0>m1am27/l ) ) (5.83)
. A2 A R A2 A2 R A2 A2
A(2) (T My I VAR = LT LD A (M My~ A2 A2 2
AQg(F,F) = AQg (?7?) —AQg <F’F>H( ) (07m17m27ﬂ ) ) (5.84)
N mQ m2 o . m2 mQ R . .
A 3) = A (e ) 1@ (0. 0, )
. A2 A2
A (M1 M2\ [0 A2 A2 2
—Aég)(ﬁ,?ﬁ( ) (Ovml’m%:u ) ) (5.85)
and at O(a?) by
feas (MY GeNsan (1 Y o) (0 g2 2 2) (5.86)
qq NQ’ 'u2 - qq MQ? [ , My, Mo, b .
R A2 A9 R A2 9 R
AB) (M1 Mo\ A (3),irr (TN T A2) (T Mo\~ ~2 A2 2
Aa(az) = A (38 ) A6, (72 )1 (0. i, )
A2 A2
A (M MY\ (2 £2 A2 2
_AQ9<F’F)H( P (0,7, i, 1) (5.87)
R ~9 9 A2 A2 R )
A3) (M1 My ((3),irr (T My i) (™M1 M2\ {01 A2 A2 2
Agg)<ﬁ,?> = Ay )m(?a F)‘*‘lgg)(FaF) W (0, 13, %)
LA (T TYAG) (0 2 2 12) — IO (0,52, 52, 12) . (5.88
99 \ 27 12 ( 1, g, 1) ( » My, Mg, f ) . (5.88)

One can subtract the single-mass contributions to these equations using Eq. (5.1), keeping only the
genuine two-mass contributions. At three loops one obtains

A22)7N8<Zﬁ7 7;?) ) ﬁ‘(’?ﬁNS’irr(Zj’ Zé) =50 (0, i, ) (5.89)
A%m%m%) = Agjﬁlrr(m?,mz%)
p2 2
A, <ZL§) [mm (0> Zﬁ) + 1M (o, Z’f)] e (0’ Zlé )
+Ag) (f) [Qﬁ(” (o 7:%) +10) (o, ’Zﬁ)] i1 o, Zﬁ )
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5.6. The General Structure of the Massive Operator Matrix Elements

2 A2 N ~ D ~ 9
A (Y qe) (o Y _ Ao (13 g (.
AQg <M2 ) (o, 2 AQg <u2 ) 1I (0, 2 ) (5.90)
2 n2 m2 A 22 A2 .
A3) (M My — AH(3),irr my M\ {(3) ~2 A2 9
AQQ(;ﬂ’/ﬂ) 99 <M27M2> I (07m1>m27/1«)
) ~ 92 "9 \ 9
@i [T\ () (o T2 _ 4n@)ier [ T2 /) (o 70
Agg <M2 > II (0, p ) Agg <M2 In(o, 2 )
2

5.6. The General Structure of the Massive Operator Matrix Elements

In the following, the structure of the different unrenormalized and renormalized OMEs for the genuine
two-mass contributions are presented.

In the case of only one heavy quark flavor with mass m [182], the mass dependence of the unrenor-
malized massive operator matrix element at order o is given by

le
A n2 n2\ 2 2
Ag')(%@N) = (Z) Ag) (e,N) . (5.92)

Here the OME Ag) <5, N ) does not depend on the mass explicitly anymore. It exhibits poles in the

dimensional parameter € up to e ~*

(LK)
a;;
= (5.93)

A0) _ <
Aij (e, N) = Z
k=0

Adopting the notation of Ref. [182] one can define

D =a® gD =50, (5.94)
The unrenormalized operator matrix elements with two massive fermion flavors with masses m #
my are split into the respective single-mass contributions, cf. Egs. (5.92) and (5.93), and a part
2 22 52

Az(-? (% %, g, N) depending on both masses

(m) N (m)
I T

2 22 52
The two-flavor contributions Ag-) (%, %,5, N ), m1 # me, to the massive OMEs do not obey a
factorization relation as in Eq. (5.92) and the mass dependence is pulled into the coefficients of the
Laurent expansion

A0 (M T _
AZ] <727?7€7N)_ 9 1%

AY (e, N) +A(§)(7Z§ Z’j% eN) . (5.9)
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5. Renormalization of the Massive Operator Matrix Elements in the Two-Mass Case

o . lw(% )
AE}(MZ’#;, ) Z:: : (5.96)

k=0

Analogously to Eq. (5.94) one can define

(“)<u2 735) _ ~<z>(u 735> (5.97)

In the following, a™®) o a® without argument will denote the single mass-quantities corre-
sponding to the definitions in Eqs. (5.93) and (5.94)), while a(> l)<#—, Tg—;) refers to the two-mass
contribution. From Eq. (5.64) it is obvious that the renormalization of the 3-loop OMEs requires the
knowledge of the one-loop OMEs AZ(;)(ml, ma) up to O(e?) and the two-loop OMEs Ag) (mq, mg) up
to O(e). Up to O(a?), these two mass quantities can be traced back to the corresponding single-mass
quantities by Eqgs. (5.81-5.82) and in Egs. (5.83-5.85).

It is technically advantageous to perform the renormalization on the complete two-flavor OMEs

A(l) (ml, m2 &, N ) For brevity and to avoid redundancy with respect to [182] the renormalization

formulas for the two-mass contribution A(l) ( 7:21, 7:22 e, N ) only are presented. These quantities are

obtained by subtracting the respective smgle mass contributions [176, 182].

The analytic expressions for the respective single mass contributions and renormalization constants
to two-loop order, which appear in subsequent relations, have been given in Refs. [145, 146, 182, 185,
186] and references therein.

NS
Aqq,Q

The lowest non-trivial flavor non-singlet (NS) contribution is of O(a?2),
— 2 4(2)N 3 4(3),NS 4
Aqu = 1l+a Aqu +ajA, o7+ O(ay) (5.98)
Starting from O(a?) it exhibits a non-trivial two-mass contribution
Aqu = 1+ 3A( )Q +0(ay) - (5.99)

The renormalized two-mass OME in the MOM-scheme is obtained from the bare quantities combining
Egs. (5.41) and (5.64). It is given by

Al(]?;?&l;S,MOM (Np+2) = A((J:Z)gs,MOM +Z‘ BN (N, 4 9) - 7z LONS (V)
,(1),NS A2NSMOM [ 4(2),NS,MOM
+qu (NF +2)Aqu [Aqu
+ 2 DN (Np +2) = Z NS (Ng) [T MO () - (5.100)

After a finite renormalization to the MS-scheme and the subtraction of the single-mass contributions
one obtains the pole-structure of the two-flavor piece by

23)NS 16 1 4 NS
A = 33 'qu 50 QT gﬁO,Q%q W 4%1 50 QL1+ L2)
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1 .
+g—%Qﬁ?mUA+Lﬂ—?&w&ﬂﬁ+Lﬂ&+@)
2 (2),NS,N2 ~(3),NS
_8GNS 5 Q Tt 371511) +a((1q?Q (mim%vlﬁ) ) (5.101)
with ) )
Li=In <m21> , Ly=In (’”;) . (5.102)
7 7

The renormalized expression in the MS-scheme is given by

1 1 .
B ) + 3ot ® (3 + 13

F(3),MSNS 0) 42 2.3 2.5 1.,
A0 = 0B (Ll +3la+gLile + 5

3

{4aNS )Bo.g + Bo o Cz} (L1 + Ly) + 825> 5 o

~(3),NS
+aéq)Q (m%, m3, ;ﬂ) . (5.103)
For N = 1 the OME vanishes due to fermion number conservation; this applies both for the anomalous
dimensions v(gq) and the expansion coefficients of the OMEs anqS @ EI;(]S ®) and &é?;)g .
PS
AQq

Depending on whether the operator couples to a heavy or a light fermion, there are two pure-singlet
contributions[182]

APS — 2A(2)7PS 3A(3)7PS + O(a;l) , (5104)

Up to O(a3) only the OME APS contains a generic two-mass contribution, since APS emerges only
Y g a,Q

at O(a S) and contains one 1nternal massless fermion line. One has

“PS 7(3),PS

AR = @AD" 1 o)) . (5.106)
The combined renormalization relation at third order is given by

AS;,PS,MOM + Aéq)gs ,MOM _ Ag;,PS,MOM A((;:;)CI;S ,MOM + Z_l’(?’)’PS(N + 2)
),MOM

— Za MO (Np) + Zg O (N + 2) Ay PSNMOM 4 2 O (N + 2) A

~(1),MOM _ _ PS,MOM
+ |AGMOM 4 2, BO(Np 4 2) — Z PO )]F 1(2>( Np) + [Ag;

PO 2) - 2T L)+ [AGIO 20 42

~ Zag" O (Np) + Z MO (N + 2 A5 MM 4 22 MO (N 4 2) 405 OM | T O ()
(5.107)

This yields the generic pole structure for the PS two-mass contribution

2(3),PS 8
Ag" = m%Q+

3c 379q Vag 27gq ng)ﬁo o (L1 + L2) +

6

’ycgg)r}/gq - 750 Q7 5.1 )]
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1 Q ~

+= |70 345 Po@ (L3 + LiLa + L3) + {8752)7},3 50@7554”} (Ly + Lo)
2:(2),PS,N3 2 PS PS
S 1 g + A0 | +al)TS (mhmdp) (5.108)

In the MS-scheme one obtains the renormalized expression by

F3).MSPSs 0) ~(0 1, 1, 1,1,
Ao = véq)mgg)ﬁo,Q <4L1L2 + ZLQLl + ng + §L2

1 1.0, )
+2{_8 9 Y5+ 50,6275;8’(1)} (L3 + L1)
S ~
{46‘(2) T Boq - 2%52) 9q fﬁo QG ’ng)} (L1 + Lo)
— S
+8agy" Bo.g — Ay as) +agy (mdm3, %) . (5.109)

Aqg
Like in the PS case, there are two different contributions to the OME Ag,

Agy = asAl) +a2AY) +a2AS) + O(al) . (5.110)
Ao = agAz(Ig),Q_’—O(as) (5.111)

depending whether the operator couples to a light or heavy quark. Of these OMEs only Ag, contains
two-flavor contributions starting from O(a?)

Agy = a2A5) +a2A5) 1+ 0(al) . (5.112)

In Eq. (5.112) the O(a?) contribution consists of one-particle reducible diagrams only, see Eq. (5.84).
As a consequence the flavor dependence factorizes in the O(a?) terms.
The renormalized MOM-scheme two-loop contribution is obtained by

A2 MOM

o _ A(z),MOM I Z*L(Q)(NF +2) - Z(;gl’@)(NF) + Z;gl’(l)(NF I 2)A(1)7MOM

99,Q

+Zg PO (N + 2)AGMOM 4 JAGIMOM 4 7 LOY(Np 4 2)
~Zog" W (Np)| Ty W (NF) - (5.113)

The unrenormalized terms are given by

AS) = ﬂomqg —fﬁ0Q7<>(L1+L2>+aS;
+aa£2; . (5.114)

The coefficients ), and Egz are read off from Eq. (5.84)

- 1 R 1

igy = 25@,@752){2 (L1 + La)* + 42} : (5.115)
=(2 1 R 1 1 1

a(Qg = QﬁO,Q’Y(gg){—m (Ll + L2)3 _ 5(2 (Ll + Lg) — 3(3} . (5.116)
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The renormalized expression at 2 loops then reads

~(2),MS 2
AGNE = *50@%,9 (L +L3) + czﬂomqg +al

The renormalized 3-loop OMEs in the MOM-scheme are obtained from the charge- and mass-
renormalized OMEs by

3),MOM 3),MOM 3),MOM MOM _
AGIMOM . qBTOM . JEIMOM 4 JOINMOM 1 7210 (Np +2) — Zo ) (Np)

+ 25, O (N + 2>A§?$“OM + 2 O+ 2 AL + 7,1 (e + 2) gy
+ Zg b O (Np + 2) AGHMOM 4 [AS;MOM + Z MW (N +2)
. Z(;ql’(l) (NF):| l‘\g—gl,(2) (NF) + |:AA8‘;7MOM + Z[;gl,(Q) (NF + 2) . Z—l,(Q) (NF)

+ Zg bW (Np +2)A5MOM 1 Z LD (Np + 2)A(1)’MOM] ;L0 (Np)

99,Q
7(2),PS,MOM _ _ B
+ [AEQ; + qu17(2)7PS(NF + 2) _ qul;(Q),PS(NF)] qul,(l) (NF)
i [Ag?gs,MOM n Zq—ql,(2),NS(NF +o) - Z;II’(Q)’NS(NF)}F;gl’(l)(NF) ‘ (5.118)

It is explicitly given by

R 1
’ng ’qu "Boq + 50 Q'qu 'ngg + 1253,62’7(52) + 12’7§q) (

%2,))2]

1 1 R 2 . 7 R
+ [{ 16’)/5(1) (’Y(S(g])) + 95&@’7&2) + 56060,@7&9 ’qu ’qu /BO Q + 50 Q’qu Wég)}

2 1
A(Q; = 53[ BoBo.g i) — 3

1 1,
X (La+ L)+ S5AQAD + A05ES0 - 280 030) + 24050 — 24081 0
+550 8, oom! D +1 Loosnsy  Boog 50 L soarsa) 95 sm
qg P0,Q07T1 167qg YVaq 47qg 0,01 16%9 YVaq 4 0,Q7qg

1 13 o 13 15 5 .
+3960 %5 — f’ng B Q} (L1 + Lo) + {8ﬁoﬁo,m§2) + 2P0V g + B

30 ()2 1 : :
o (39) - 300 Q} (L3 +13) + {—2752’752)50,@ + 2605004y + 658 09

2 (2),N2 < (=
+Bo Qng ’Vég) LiLo + *'Yrgg) " 850,62“(2) 7(58) C 79(1 + 7(58) " 759)5 g !
3 Qg 32 %99,Q

9
+5 ’qu )GBh g + 50 QA + V 9 620,080 + 46m” By 03 ]
+a® (m7,m3, 1% (5.119)
Qg 1 29 :u . .

For the renormalized operator matrix element in the MS scheme one finally obtains,

FB)MS 9 ~ (0 0) (4(0 25 N 0
AQg - {—850 Q7fgg) 38475(7‘1) (%gg)) + 67‘79 7qq BOQ 9660’6‘?%19 7&9) - 7%50 Q’ng }
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1 .
x (L? + L%) + {8%9 7&2)50 Q~ ’5050 Q7qg - *50 Q'ng ’Vgg - 750 7152)}

1
2 2 ~(0 ~(0) »NS,(1 ~(1 2(0) 2 (1
x (L{La + L3Ly) + { 647‘59)7@ W 647r§g)7 W 1650762%59) - 16%‘(’9) 59

29 -1 ) 1 3 . _ 1
167119 60 Q@ ml ) 167qg /81 Q} (L% + L%) — 2L1L2’}/{§2)ﬁo,@5mg ) + {4752)5mé )
1 N 2 9 .
8 (’qu ) Crvgq + 'ng oy — 3m\” BogAty — 5%52) a0~ 3*250@@732)753)
27, PS,(1)

1
_ngqg (2/80 Q 77 )C2BO QBO + 450 Qan} (Ll + L2) + 80/(Q;/60 Q — 39 f}/qg CQI‘Y

1 .
— 25760 Cag V) + 56 (ng> C3Y5q ~ ’ng 65 QC3 + ’qu oG — 40m{" B 0ALY)

1 L
+2 ’qu JaBrg — 1Y ég)Q - *’Yég)ﬁoﬁo,QCs - 50 QG + 27(0) (5m2 (0)

9.
+5my 20 )> - g,ng JaBogomi™" +al) (ml,mg,,ﬂ) . (5.120)

qu,Q

The matrix element Ay, ¢ contains contributions starting at O(a?),
— a24® ®3)
Ay = quQ—i—a Ajrqt0(a 1. (5.121)
Diagrams with two different masses, however, contribute only from O(a3)

Ao = a3AP),+0(al). (5.122)

59‘1

The renormalization in the MOM-scheme is performed using

A@MOM - 2(2),MOM _|_Z£;11,(2)(NF ro) - Z_l’(Q)(NF)

99,Q 99,Q
+(A§g)gmM + 2, M (Np 4 2) — Z,M0 )(NF)>F;q1’(1) , (5.123)
(3),MOM _ 2(3),MOM —1,(3 —1,(3 -1,(1 4(2),MOM
ALS = AN 4+ 2, (N +2) - Z,M )(NF) + Zg W (Np +2)A )
+Z, V(N + 2) AQMOM [21;2’5“01“ + 7, MO(Np +2)

NF)} @ (Np) + [A@%MOM n 2&1,(2)(]\@ +2)

Nr) + ( (Np + 2)Aélg)7g[OM

Np+2)A ( ) MOM} T, O (Ng) . (5.124)

Rl
(NF>} ><NF> + [AZYOM 4 7O (N 1-2)
@)
Rl Q9

Applying Eq. (5.124) yields the unrenormalized expression

2 16 1 )
Al = _; b Bla+ = [ 1283 ¢ (L2 + L1) — 2B0.074q)

3 .
_6%(:2)53@ (L3 + LiLy + LT) — 550@75,11) (L2 + L1)
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5.6. The General Structure of the Massive Operator Matrix Elements

2 (2),N2 -
—|—3 éq) —12a§2q)507Q —i—aé?;)’Q (mf,m3, ) , (5.125)

and the renormalized operator matrix element reads

3 3

A = D8 <2L§+2L + I3+ L2L2>+ ~Bo.oigy (L3 +L3)

+{ 2 Bo.q + 7’)50QC2}(L24‘L1)+]2ag;50Q-+a() (m3,m3, pu?) .

(5.126)
Agg,Q
Finally, the matrix element Ayy o obeys the expansion
Ago = 1+aAY +a2A% 1 a2AP )+ o@l) (5.127)
with two-mass contributions starting at O(a?),
3 2 3
Aggo = a2AP)+a2Al 1+ 0®l) . (5.128)
The renormalization formulae in the MOM-scheme read
A ™ = ALY 2 O (N +2) = 2, O ()
7 (1),MOM 1,(1 (1), MOM
+Z "D (Ne +2)A, )5 + Z, < )(N +2)Ag,
+ [A;;)’CSAOM + Z; XN 4 2) — 22O (N [T O () (5.129)
A = AQ?Q“OM + 25, (NF +2) =2, <3>< Ne) 2y N 2) 5
W(Nr +2)Ag, ( ) MOM L TGO 4 Zo 1 O(Np + 2)
2),MOM _
<NF>} 0+ + [AZAOM L 7 4O (N 1)
,MOM
@ (Np) + Z,2D (Np +2)AY)
+7,; L )(Np + 2)A( Vo M| ()
2),MOM - _ _
[Aéq)Q t Zgq e )(NF +2) - qul’(z) (NF) Fqu(l)(NF) . (5.130)

After subtracting all single-mass contributions we obtain the unrenormalized two-flavor contribu-
tion at 2 loops

i@ _ 8P

= + 50 0@ (
99:Q ) c

Ly + Ly) + Gg9,Q —l—ECngQ (5.131)

which are due to reducible contributions only. Therefore the O(a?) coefficients follow from Eq. (5.85)

iyl = BoLe+D)’ +2650C . (5.132)
G = 580 (I + La)” + B3 G2 (L2 + Ln) + 265 s - (5.133)
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5. Renormalization of the Massive Operator Matrix Elements in the Two-Mass Case

The renormalized expression reads

7(2),MS N
A(g?Q = _ﬁg,Q (L% + L%) - 2%,@@ + Ggg,Q
= 285ol1Ls . (5.134)

The unrenormalized 3-loop contribution from two masses reads

13 _ 1 5.0 0 o6 2 2 0
Ao = 3 [_37§g)f307@7§q) L BO Q50 — 486 o ~765.07%9
2 9.0 0 3 L 0z 2 (1)
_]-4/80B0,Q - Z’qu BO,Q/ygq - 36/80,62 (L]. + L2) 12’qu ’Y - 7/80 Q’Ygg

1
+- 51 QB — 2057”1 50 Q

1 0 1 A
{16%59) fgq) — 15om 60 QT 7/60 Q'Yg(;g)
11 13 13
+ﬁ1,Qﬁo,Q} (L1 + Lo) + {—1558@ 167‘19 ) Bo Qﬁ’ég) - *5053,@ - 453,(,2752)}

x (LY + L3) + {—4,63@752) — 2483 5 — 8B o — *ng)ﬁo v }L1L2 - —ﬁo oGS

2 (2),N2 2 1 0
20— 12800050 — 1850C + 5 H0aCl ) — BaB} oG — 165m” 5]

+4p0.gbms V| +abe ) (md,m3, u?) . (5.135)

99,Q

The renormalized result in the MS-scheme is given by

7(3),MS 23
Ag(,g),Q = {2450 1Y + 5050 ot 50 QT 967‘19 8o Q'Y(O)} (L3 +L3) + { 559 B0

1 13 .
+53,Q7§2) + 28085 g + 658,@} (LiLy + L3L1) + {—451@50,@ + 1*650,@7%)

N 9
42 4 mi Vg2, - mggwgg} (L + L3) + 8Ly Ly6m!~ ﬁoQ+{4ﬁoﬁ§,ch

27 9 3 .
+ 5 BqC — 380.00mS Y + ggﬁamgg) +126m\” B2 o + 3390061444

(2) NOTYOIE 1) 4 Lo _(2)

+6/30,Qagg,Q} (L2 + L) — 3—2 Va9 G275 + gPoaCiyy + 580830 + 12600l
1 ~ ~

+6ﬁ3’ Qs+ 160mi” 5 g + <58 oGy — 260 (5m21’(0) + 5m22’(°))

. 1 .
+o 5m1 VB3 ot — 4C350,Q7§2)7§12)—54250,Q51,Q+a5;)@ (m3,md,u?) . (5.136)
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6. The Variable Flavor Number Scheme at NLO

The VENS has been introduced in Chapter 2.4. It provides matching conditions between parton
distribution functions (PDFs) at Nr massless flavors and those at Np+2 flavors, at high factorization
and renormalization scales 2. In the past the usual approach has been to deal with a single heavy
quark at a time. However, the charm and bottom quarks have rather similar masses with m2/mj ~
1/10 for their pole or MS masses at NLO and NNLO, which makes it difficult to assume m?2 < m2,
i.e. to consider the charm quark at p = mjp massless. On the other hand, it is perfectly possible to
decouple both quarks simultaneously and consider their effect at high scales © > m., my. This allows
to introduce heavy quark parton distribution functions, which are related to the quark-singlet () and
gluon (G) distributions via the universal massive operator matrix elements (OMEs) A,gf) (n?,mZ,m?).
Likewise, the flavor non-singlet, singlet and gluon distribution functions receive corresponding QCD-
corrections. In this chapter we will work in the MS-scheme in QCD, defining the heavy quark masses
first in the on-shell scheme and later also transforming to the MS-scheme. The VFNS for k = 1 has
been discussed in Ref. [180] at NLO and at NNLO in Ref. [182] and including the two-mass effects
in Ref. [202] to NNLO. In this chapter the VFNS including the two-mass effects at next-to-leading
order is presented. For the next-to-next-to-leading order not all ingredients are known yet.

The parton distributions for Np + 2 flavors are related to those at Np flavors by the following
relations for the number densities in Mellin-IN space

fusi(Np+2,4%) = {1 + a3 [AquS,’ ) (m2) + AquSéQ)( )] }st i(Np, %), (6.1)
ANS.C PS, (2 NS, (2
S(Np+2,4%) = {1"’@ { qch) +Aqq¢5)( )+Aqu§)( )

+ A;’qugkm%)}}z(m,u?w{asm?)[Ag;( 2) + AQ) (m})]

+ a2 AG)m >+A<2><mb>+Aé§;<mc,mb>}}c<wp,u2>, (6.2)
G(Np+2,4) = {1+as< )[4 m2) + AL g(md)] + a2 [ A% o (m?)

AR )+ AL (e }G(NF, i)

+ a2 | A g (m2) + Ao (md) | (N, 1),

(6.3)
(ot J2) (NE -+ 2,10%) = a2(6?) Ay @ (o) S(NE, 12)
+ {asw)AS;(m%) + a2(u?) | AG) (m2) + §A8;<mc, my)| }G(NF, i),
(6.4)
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6. The Variable Flavor Number Scheme at NLO
(o 13 (Vi 4+ 2, 1) = a2(u®) Ay ® (md) (N, 12%)

1
+ {asmAS;(m%) + a2(1?) | A (m}) + SAG) (me.my)| }G(NF, W
(6.5)

The quark non-singlet and singlet distributions are defined by Egs. (2.55) and (2.56). The OMEs
Ag) (m;) and flgf) (me, mp) depend on p?/m?2 and p?/m? logarithmically. Eqs. (6.1)-(6.5) describe
the corresponding heavy flavor contributions at Np + 2 flavors in fixed order perturbation theory.
The dependence on N of the contributing functions have been suppressed for brevity.

The flavor non-singlet distributions are not affected by two-mass terms at NLO, but first at NNLO,
cf. Refs. [202, 256]. The OMEs to NLO in Equations (6.1)-(6.5) have been calculated in Refs. [179,
180, 185, 187, 260] in the equal mass case. At NNLO the OMEs have been computed for a series of
moments in Ref. [182] and for a part of the OMEs for general moments N in Ref. [255-261, 346, 347]
in the equal mass case. In the unequal mass case at NNLO the moments N = 2,4,6 of all OMEs
were calculated in terms of an expansion in the mass ratio in Ref. [202] and a part of the general
corrections in momentum space have been computed in Refs. [1, 2, 202], see also Chapter 7.

The unequal mass corrections at NLO in Egs. (6.1-6.5) were calculated in Ref. [202], see also
Chapter 5. They are given by

AD (me,my) = —Booi 1 PN (2 (6.6)
Qg ¢ 1Tt - Ovang n m2 n mz ) .
2 2
(2) _ 2 H H
Agg7Q(mc7mb) = 250,@ In <7’ng) In <7‘n%> s (67)
where
. N2 4+ N +2
’yég) = —8IF (6.8)

NN +1)(N+2)

denotes the leading order splitting function for the process g — ¢. The following sum rule has to be
obeyed due to energy-momentum conservation, cf. Ref. [182],

AQQ(N = 2) + Aqg,Q(N = 2) + Agg,Q(N = 2) =1. (6.9)

The OME A, o contributes from 3-loop order onwards only and has two heavy quark contributions
only beginning at 4-loop order. The equal mass terms are already known to obey Eq. (6.9) up to
O(a?), cf. Ref. [182]. The NLO two mass contributions equally add up to zero for N = 2.

To illustrate the numerical effect of the NLO 2-mass terms on these distributions we consider the
ratio

a2(pu?) AL (me, my) G (N, 12)
O(Np + 2, 112) ’

for ® =%, G, (o =1);[fe + fel, [fo + f3], (ae = 1/2). In the case of the heavy flavor distributions, the
effect is largest because it is of O(as). A first simple estimate yields

o' (6.10)

(NF + 2?ILL2)

:| two mass

[fc—i-fa

e+ £ YN t2,2)

o (22 ot o

b

and similar for [f, + f;] by exchanging ¢ <+ b. Here the leading term does not depend on the parton
distributions in Mellin space.
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For all contributions to the OMESs but A(QQ; and Aézg)Q the same relation is obtained in the MS and

on-shell scheme to O(a?) for mass renormalization. The transition relations for A(QQg)/ and Afg),@ for
the single mass terms read
2),MS,__ 2),08 _ . 3 u?
AGMS @) = ASYOS(m =m) +4CpAY) [1 + 5 (m2)] (6.12)
2),MS,__ 2),08 _ 3 p?
AL m) = AL (m =m) - 8Crpog {1 +n (m2>] (6.13)

where m denotes the MS mass. The OMEs obey the sum rule in Eq. (6.9) in both cases because

20) A7

W —Bog =0 (6.14)
holds. The two-mass contributions given in Egs. (6.6) and (6.7) at NLO are the first terms of this kind
emerging and are the same in both schemes. The corresponding values of the heavy quark masses
in the MS scheme are m, = 1.24 GeV and 7, = 4.18 GeV. The numerical integrals emerging in the
present calculation have been performed using the code AIND [348] and the harmonic polylogarithms
have been evaluated using the package hplog [251], cf. also Ref. [349]. The additional two-mass
terms described in the present paper are of logarithmic order and are therefore of comparable size to
the terms appearing in the single mass case.

The VFNS is used in many applications, cf. e.g. Ref. [350], and has even been advocated by
the pdf4lhc recommendation, cf. Ref. [351], for use. Its correct use is also of importance for all
processes at hadron colliders, such as the Tevatron and the LHC, with charm and bottom quarks
in the initial state. The corresponding former parameterizations have to be changed according to
the relations in Egs. (6.2-6.5) as a consequence. Furthermore, in precision measurements of the
strong coupling constant as(M%) [352-354], the charm and bottom quark masses and the parton
distribution functions, if working in the VFNS, the correct relations have to be applied.

Since in QCD fits the structure function F(x, Q%) plays an important role we present the two-mass
contributions to this observable for pure virtual photon exchange. It is given by

1
E@mas 02 3272 002y, GELZ) In <QZ> / Wi+ (1 -G (;cf) ,  (6.15)

3 ¢ my Yy

choosing the renormalization and factorization scale u? = Q2. We mention that for the inclusive
heavy flavor contribution to Fy(z,@?) also the single heavy quark contributions of Ref. [187] have to
be added working in the MS scheme for the coupling constant renormalization, which are sometimes
missing in the codes following Ref. [180]. These contributions stem from massless final states with
virtual heavy quark corrections.

We add a word of caution on the use of parton distributions in the VFNS, as e.g. in the represen-
tation given in Eqgs. (6.1-6.5). In assembling any observable up to a certain order in the coupling, as,
e.g. [, the factorization theorem! leads to the cancellation of the factorization scale ,u% = 1%, How-
ever, the required matching is not global. Oth order Wilson coefficients match to Ith order OMEs and
contributions to parton distributions, 1st order Wilson coefficients to (I —1)st order OMEs and PDFs,
etc. If this matching is disregarded, a corresponding p-dependence is implied, which in principle can
be thoroughly avoided, cf. e.g. Ref. [355].

In the following numerical illustrations, we refer to the parton distribution functions at NNLO
presented in Ref. [207)2, implemented in LHAPDF [298]. The flavor singlet and gluon momentum
distributions for Ngp = 3 are depicted in Figs. 6.1 and 6.2 as functions of the Bjorken variable x and
the virtuality Q2 for reference.

!See Ref. [260], Egs. (11, 19-27).
2Very recently, a NLO variant of this fit has been presented in [356].
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6. The Variable Flavor Number Scheme at NLO

20 1
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Figure 6.1.: The singlet distribution 23 (z, Q?) as a function of z and Q? using the parton distribution
functions [207]. Dotted line: Q2 = 30 GeV?; dashed line: Q% = 100 GeV?; dash-dotted
line: Q2 = 1000 GeV?; full line: Q2 = 10000 GeV?2.

In Figures 6.3-6.6 we show the ratios of the two-mass contributions to the total rate for the flavor
singlet, gluon, charm and bottom contributions up to O(a?) as functions of x and Q? according to
Egs. (6.2-6.5) in the on-mass shell scheme, setting 12 = Q2. We use the OMEs calculated in Ref. [260]
in the MS scheme for the strong coupling constant and the parton distribution functions, while the
heavy quark masses are given in the on-mass shell scheme. To put the numerical effects into the
perspective of later NNLO corrections we will present the illustrations choosing the NNLO values for
as, the heavy quark masses with m. = 1.59 GeV and my, = 4.78 GeV, cf. Ref. [208, 357].

The two-mass corrections to the singlet distribution in Figure 6.3, are negative and their relative
contribution varies between ~ 0.06% at Q% = 30 GeV? to ~ 1.4% at Q% = 10000 GeV? at 2 = 10~*
diminishing in modulus towards larger values of .

The relative contribution of the NLO 2-mass term to the gluon distribution for N + 2 flavors,
shown in Figure 6.4, is positive and shows a slightly rising behavior in = and grows with p? from
values of ~ 0.01% at u? = 30GeV? to ~ 0.4% at p? = 10000 GeVZ2. Here the positive correction
balances the negative quarkonic corrections for the singlet and the heavy quark contributions.

Figures 6.5 and 6.6 show the relative two-mass corrections for the charm and bottom quark dis-
tributions. They are both negative and are slightly rising in the low z region and become larger
in size for large values of x, where the distributions themselves are very small, however. For
charm the largest corrections at x = 10~* vary between ~ —0.2% (Q? = 30GeV?) and ~ —3.8%
(Q% = 10000 GeV?) and for bottom the corresponding values are ~ —2.5% (Q? = 50 GeV?) and
~ —4.9% (Q* = 10000 GeV?). Here we have chosen a somewhat larger lowest scale because of the
heavier quark mass. Comparing the different relative corrections, the largest are those for the bottom
distribution, as expected, cf. Eq. (6.11). Similar numerical results are obtained using other sets of
parton distributions, as e.g. the GRV98 distributions [358].

One may sometimes resum, at least to leading order, mass logarithms into the parton densities
or the coupling constant or into both. In doing this, one changes the scheme, however, from the
MS-scheme, in which the comparison of the different fitted coupling constants and/or the parton
distribution functions for different analyses is performed under well defined conditions, to another
new scheme. The latter now depends in many places on the chosen value of the quark masses and
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Figure 6.2.: The gluon distribution 2G(x, Q?) as a function of x and Q? using the parton distribution
functions given in Ref. [207]. Dotted line: Q? = 30 GeV?; dashed line: Q? = 100 GeV?;
dash-dotted line: Q2 = 1000 GeV?; full line: Q2 = 10000 GeV?2.
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Figure 6.3.: The ratio of the two-mass contribution to the singlet distribution and the complete
singlet distribution at O(a2), Eq. (6.2), in %, as a function of z and Q?, using the parton
distribution functions given in Ref. [207] and m. = 1.59GeV [208], m;, = 4.78 GeV
[357]. Dotted line: Q2 = 30GeV?; dashed line: Q2 = 100GeV?; dash-dotted line:
Q? = 1000 GeV?; full line: Q% = 10000 GeV?2.

changes with them. As a consequence, the corresponding coupling constants and parton densities
cannot be compared at all anymore. This has to be considered in precision measurements of the
strong coupling constant, of the heavy quark masses, and the parton distribution functions.
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The Variable Flavor Number Scheme at NLO

e

G(x.0%)% ™ /G(x,02) [%]

Figure 6.4.: The ratio of the two-mass contribution to the gluon distribution and the complete gluon

distribution at O(a?), Equation (6.3), in %, as a function of z and Q? using the parton
distribution functions given in Ref. [207] and m. = 1.59GeV [208], my, = 4.78 GeV
[357]. Dotted line: Q? = 30GeV?; dashed line: Q? = 100GeV?; dash-dotted line:
Q% = 1000 GeV?; full line: @* = 10000 GeV?.
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Figure 6.5.: The ratio of the two-mass contribution to the charm distribution and the complete charm
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distribution at O(a?), Eq. (6.4), as a function of x and Q? using the parton distribution
functions given in Ref. [207] and m. = 1.59 GeV [208], my = 4.78 GeV [357]. Dotted
line: Q% = 30GeV?; dashed line: Q% = 100 GeV?; dash-dotted line: Q2 = 1000 GeV?;
full line: Q2 = 10000 GeV?2.
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Figure 6.6.: The ratio of the two-mass contribution to the bottom distribution and the complete
bottom distribution at O(a?), Equation (6.5) as a function of z and Q? using the parton
distribution functions given in Ref. [207] and m,. = 1.59GeV [208], m; = 4.78 GeV
[357]. Dotted line: Q2 = 50GeV?; dashed line: Q2 = 100GeV?; dash-dotted line:

Q? = 1000 GeV?Z; full line: Q% = 10000 GeV?2.
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7. Two-mass Contributions to the Unpolarized
Operator Matrix Elements

From 3-loop onwards irreducible diagrams with two massive fermions, phenomenological the charm
and bottom quark, contribute to the OMEs. In this chapter the calculation of these contributions
to three OMEs, i.e. AS’;’PS, A;:;)’Q and AS;, is presented. The remaining unpolarized OMEs have
already been computed in Ref. [202].

In Section 7.1 the calculation of the two mass effects to the pure singlet OME is presented. First
the calculational steps and technical details are discussed, then the result in momentum-fraction
space will be given. The N-space solution contains non first-order factorizable contributions and
can thus not be expressed in terms of finite nested sums, which are introduced in Appendix C.3,
only. However, we present fixed moments not expanded in the ratio  which served as checks for
the z-space results. After this, in Section 7.2, the calculation and result for the gluonic OME Ay o
is discussed. In the last section we will present the calculation for the two mass effects to Ag,.
Here the calculational approach is quite different. Since in both spaces non first-order factorizable
terms were expected from the start and the complexity of the integrals do not allow for an approach
similar to the pure singlet OME the aim was to calculate a large number of moments in an expansion
in the ratio n. Therefore we will introduce the technique of the reduction to master integrals and
the differential equation approach to Feynman integrals in more detail before turning to the explicit
calculation and results for this OME.

(3),PS

7.1. The Pure-Singlet Operator Matrix Element A,

In total there are 16 diagrams contributing to the OME AS;’PS. However, using symmetries we can
reduce this number to the four diagrams shown in Fig. 7.1. One obtains

ASYT(N) = 4(Dia(N) + D1p(N)) +2 (1+ (=1)N) (Daa(N) + Dap(N)) . (7.1)

All of the diagrams contain one fermion loop with, cf. Fig. 7.2 (b1) and (b2), and one without operator
insertion, cf. Fig. 7.2 (a;). The massive fermion loop without operator insertion can be rendered

w  oay en @b

Figure 7.1.: Diagrams contributing to the two mass effects to the pure singlet OME Agi’“”. Thick
and thin lines represent fermions with different masses.
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7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

Ky a v, b Hy @ v, b M, a v, b
(a1) (b1) (b2)

Figure 7.2.: Massive bubble insertions encountered during the calculation of the pure singlet OME.
Explicit formulas can be found in Equations (7.2)-(7.4).

effectively massless by using a Mellin-Barnes integral representation, cf. Eq. (C.26),

2
v,a a gs —
1795 (k) = 45T 2= (47) =2 (kyuky — k2 gpw)

I\ T (0 — /T2 (2~ 0 +2/2)T (~0)
x /dg (k2> [(4—20+¢) ' (7.2)

For the other two bubbles effective Feynman rules derived in Ref. [359] can be used to simplify the
expressions. For the operator on the vertex, cf. Fig. 7.2 (b1), we have

Ak)N-2 ! Ak)zALk, — K2ALA,
((47r§d/2r(2 —d/2) /0 dz 2N (1 - 2) Emz )_ Z(’i -~ z)k:2)2ﬁd/2 : (7.3)

while the operator on the fermion line, cf. Fig. 7.2 (b2), leads to

"% (k) = 1604 Trg?

va Ak N-2 1 3
L, P(k) = 45abTFg§7( (471-;0{/2 /0 dz 2N72(1 — z)[

22T(3 — d/2)(A.k)?
(m? — 2(1 — 2)k2)3-d/2
(kA + kA (AK)
(m?2 — 2(1 — 2)k2)2-d/2

-2 (z(l — z)(gw,k2 — 2kuky) + ngH,,)

+T(2—d/2)2Nz+1— N)

20 (A 2
HTE = d/2)((N = 1)1 = 22) —d2) Zg(“l (—A;/Z?)M/?
—T(1- d/2)]¥__: (N(1—2z)—1) CE Z(f/iAz”)kQ)l_d/Q : (7.4)

After inserting these expressions and applying the proper projector, the Dirac algebra which arises
in the numerator is performed using FORM [198]. This leads to a linear combination of integrals.
The denominators can be combined using Feynman parameters, see Eq. (G.2), and the momentum
integrals can then be performed with the help of the relations given in Appendix G. One of the
Feynman parameters appears in the form of a Mellin-transform. In order to obtain the result in
momentum space this parameter is left unintegrated. For diagram 1A one obtains the expression

Dia(N) = —128CFrTE (1 + (=1)V) (J1 — o), (7.5)
with
_(mi ¥ (V-1 ! < < n
i= () wg [ e (o). (70
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7.1. The Pure-Singlet Operator Matrix Element AS;’PS

Jo = (’;ﬁ)gar(;ﬁl;)/OldzzN+3(1—z)1+§Bl(2(1’7_2)>. (7.7)

B (&) is the Mellin-Barnes integral left from rendering the fermion loop without operator insertion
massless,

1 [ - 3e e\ I2(c+2—¢)
The expression for Diagram 2A reads
1
DQA(N) = 640177%{—4(6—1—2)[—2J3+277J4+(2N—|—2+6)J5
*(N* 1)]6] JrN(N* 1)(J7 — Jg) — (N* 1)(J9 — Jl(])}, (79)
with
3
m?\2° T(N+1) ! e n
Jy = | — /d N+3(1 - 1+B< > 7.10
3 <M2> F(Ni2+9) )y 22 T2(1—2) 2B, =7 (7.10)
m2\* T(N+1) [ i .
J = <21> a/ dz 2N 71T3(1 z)ng< ) (7.11)
I P(N+2+35)Jo z(1—2)
3
2\ 2°¢ 1 € €
Jy = <m21> _PIN+D) /dzzN+2(1Z)l+QBl< >7 (7.12)
1 L'(N+2+3%) Jo z(1—2)
3
m?\2° T(N+1) L . n
Js = [—= / dzzN"1T2(1-2)*:B < ), 7.13
° <u2> L(N+2+%)Jo SR (7.13)
3
m?\2° T'(N — 1)
Jr = =L dzzN"173(1-2)*" 2B , 7.14
= (@) rep e e aie (gt o
m2\ 2 T(N) !
Js = (— /dzzN”Q 1—z)*"2B < ) 7.15
# (,u2> P(N+1+35)Jo ( ) 1 -2) (715
3
m?\2° (N - 1) ! : n
Jo = |—= dzzN"1r3(1 - 2)*2B ( ), 7.16
’ <u> T(N+5)Jo S (7.16)
AR N "
Jo = | —= / dz N 7131 - 2)' 2B < ) 717
10 <M2> Fv+i79) U, 2z 2(1—2)"2By =2 (7.17)
The Mellin-Barnes integrals needed to express Dog(N) are
1 [ 3e e\ I(c+2—¢)
= — T(— - ——|T l— =) 77— =
Ba(8) omi ), 0 D=0 (=o el (0 2) ("Jr 2) T(20 +4—2¢)
(7.18)
1 ioo - 3e €
I?(c+3—¢)
=) 7.19
(20 + 6 — 2¢)’ (7.19)
1 [ o 3e e\ I(c+2—¢)
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7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

(7.20)

The expression for the other mass assignment, i.e. diagrams 1B and 2B, can be obtained by setting
n—1/n.

7.1.1. The NN-space solution

The calculation of the N-space solution for ABPS oems to be straight forward. We can integrate

the last remaining Feynman parameter in terms of Beta-functions and are left with a Mellin-Barnes
integral over a rational expression of I'-functions. This integral can be solved by closing the integration
contour to the converging side and sum up residues. This procedure can be further simplified by
using the packages MB [360] and MBresolve [361]. In this way poles in the dimensional regulator e
can be extracted by taking appropriate residues beforehand and an integration contour is found so

the remaining integral is finite. We are only left with single infinite sums to calculate AS;’PS.

N|w

For example for JP we find
JB_<m§) 3{1{ 8 } 1{ 4(6 4 20N + 12N2 + N3)
R S 1IN -1D)(N+1)(N+2)) 2| 27(N — 1)N(N + 1)2(N + 2)2
- : Inn) - 2 s
3(N —1)(N +1)(N +2) 9(N — 1)(N + 1)(N +2)

1{_ 2+ 7N +2N? — N3 () + 1 12(n)
el 3(N—1)N(N +1)2(N +2)2 3(N —1)(N +1)(N +2)

132 + 698N + 882N2 + 617N + 300N* + TIN5 6+ 17N + 30N? + 13N3

81(N — 1)N(N + 1)3(N + 2)3 T 27(N —1)N(N + 1)2(N + 2)251
1 4 1
o D DI e S s D ) T AN S DV (v T 2)42}

_ D () — (—6—22N 4+ 7N3) n2(n)
36(N —1)(N +1)(N + 2) 18(N — 1)N(N + 1)2(N + 2)2
2352 + 14068 N + 21720N?2 + 19671 N3 + 14259N* + 7005N° 4 1629N6 + 80N7
* 186(N — )N(N + DI(N 1 2)°

~ [72+406N + 351N + 163N? + 117N + 43N° N 1 &) ()
54(N — 1)N(N + 1)3(N + 2)3 AN —D)(N+ (N +2)2
N 1 () — 1—6N —4N? ()
RIN-1DN+ )N +2) VTN DN+ 12N+ 22 M
48+ 178N 4 T11N? 4 745N® 4 249N* + 13N° N 5 g
162(N — 1)N(N + 1)3(N +2)3 36(N — 1)(N + 1)(N +2)7?
B 1 ol + 6 + 20N + 12N?2 + N3
12N =) (N +1)(N+2) 27" " |B4(N = 1)N(N + 1)2(N +2)2
12(N — 1)(N + D)(N +2) ln(")] RV DINF (v £ 2) !
24 + 89N — 6N? — 32N 7
2 2 ln(n) Sy
54(N —1)N(N + 1)2(N +2)2  12(N —1)(N + 1)(N + 2)
13 6+ 20N + 12N? + N3
+ S3 + G2
27(N —1)(N + 1)(N +2) 18(N —1)N(N + 1)2(N +2)2

1

T9N 1) (N +1)(N + 2)C3
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7.1. The Pure-Singlet Operator Matrix Element AS;’PS

11 2= T2+ 0)I(N +1—0)'%0)?(—0)
/ doi T(4+20)0(N +3 — 20)

+0(e), } (7.21)

where the last integral can be converted into an infinite sum by closing the integration to left. After
taking residues at 0 = —1 and ¢ = —2 it is straight forward to obtain a closed form solution for the
residues at ¢ = —3, —4, ... containing harmonic sums at arguments involving the expressions k + N
and k£ + N /2. Even for this single integral the expression obtained is lengthy and will not be given
here. The poles are obtained analytically in N and have been checked against the terms expected
from renormalization. This procedure can be applied to all contributing integrals to obtain a closed

3),PS . . .
(3), in terms of infinite sums.

form solution for A
However, the resulting difference equations for these last sums turn out to be not first-order
factorizable. This means that the symbolic summation package Sigma [268, 269] cannot find closed
form solutions for these sums in terms of indefinitely nested product sum expressions introduced in
Appendix C.3. Nevertheless for fixed integer N the problem simplifies and the resulting sums are
solvable in a closed form. The corresponding expressions up to N = 10 can be found in Appendix I.
Moments up to N = 200 have been calculated, however, since the expressions get longer and longer
with rising N we do not give them here. Although the fixed moments formally depend on the square
root of 1 the expansion therein shows that the OME only depends on 7 itself. This behaviour is
expected since Eq. (7.21) effectively defines a Taylor expansion around 1 = 0. These fixed moments
were used to cross-check the result in momentum space, which will be presented in the following.

7.1.2. The Momentum-space Solution

For the momentum space solution we want to leave the last Feynman parameter unintegrated and
compute the remainder as Laurent series in €. Therefore the integrals B; have to solved as an expanion
in €. To do this we can again facilitate the packages MB [360] and MBresolve [361] to extract the
poles of the Laurent series and are left with single Mellin-Barnes integrals which have to be solved
to obtain the full O(g?) part. We split the contour integrals

Bi(¢) = B (&) + BU(¢), i=1,2,3,4, (7.22)
(0)

where BZ-(E) (&) are the residues containing the poles while B, (§) is the remaining finite contour

integral. The Bi(o) (&) are given by

5O = - 17mdasa D)) D+ 0, (7.23)
—1/2—ic0

B¢ = % _1//2+mda ¢ T2 (—o)I(0)I(0 + 1)% +0(e), (7.24)
—1/2—ioo

B¢ = % —1//2+i<>odg ¢ T (—o)(—o — )T %(o + 1)% +0(e), (7.25)
—1/2—ic0

B¢ = 2%, 1//2+iooda £ T2(—0)T(0)0 (0 — 1)% +0(e). (7.26)
—1/2—ic0

99



7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

Note that N-dependent pre-factors have been stripped off from the B; and that Eq. 7.9 also contains
these kind of factors. Some of the integrals will therefore be left with a factor of the form

1
—_—, ith (e {-1,0,1}. 7.27
N with 1€ {-1,0.1) (7.27)
In order to arrive at a genuine Mellin transform, these factors need to be absorbed into the integrals.
This can be achieved by using the following integration by parts identities

I _ PNt fy) ([P R ()
N—l—l/ dz2N"1f(z) = N—I—l/ dyylﬂ—/ dz 2N 1/ dyF (7.28)
aVtt o f(y) b N [P f)
= N+l/a dyW +/a dZZ L dyW (729)

For more general N-dependent pre-factors one can use convolution identities to arrive at one-
dimensional integral representations. More details on these will be presented in Section 7.2 where
this problem is encountered. Therefore the result for AS;’PS
has to be performed numerically.

To solve the integrals (7.23) to (7.26) we have to close the contour to the converging side. Applying

Legendre’s duplication formula

will contain a single integration which

o+l
N

to the I'-functions in the denominator we see that we have to demand £ < 4 to arrive at a convergent
integral for the closure to the right and £ > 4 for the closure to the left. Since for diagrams 1B and
2B

1
I'(20 +20) = INCEIN (0’ +1+ 2) , 1=2,3, (7.30)

1

=——>4, f e (0,1 7.31
€= >4 fr ze() (7.31)
we can simply close the contour to the left and sum up the residues. For diagrams 1A and 2A
n
= —— <4, f _ 7.32
§ Z(].—Z) < 4, or 26(77 777+>> ( )
€= ﬁ >4, for ze€(0,n-) and zé€ (n4,1), (7.33)
with )
ni:§(1i 1—77). (7.34)

For diagrams 1A and 2A we therefore have to close to the right for 0 < z < n_ and n; < z < 1 and
to the left if n_ < z < n4. This will lead to functions with restricted support in z in the final result.
Closing the contour to the right and summing residues, we obtain

B0 - GMQQI@QW@+;m%H@§+&

i ng T ];]jfi) (251(% +3) — 281 (k) + /<;(1<;2+1) - ln<£)> , (7.35)
BOE) = - e+ 2o -2 Z&&&ﬂ%@&m+w

25, (k) k(kk_+11) - ln(§)>, (7.36)
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7.1. The Pure-Singlet Operator Matrix Element AS;’PS

B¢ = ng T 1 “(k J;:l 5 <251(k +2) — 251 (2k +5) — kil + 1n(§)), (7.37)
B = ( Stg)ert (1900705 + % 3 ) 0(E) — g + o w(6)
_ (650 + 118> In?(€) + = — + ig’“ F2k§r+(22;3+4) (251(2/<;+3)
—251(k) + (kki ;i’(“k_fl) - 1n(g)>, (7.38)

while closing to the left leads to

BY) = éln(ﬁ) S km[m@ (451(@ 45, (2K 4)_kf1>

4 In2(€) + 452 (k) + 4S2(2k — 4) — 85, (k) <81(2k 4+ kl>

B S (2k — 4) + 285 (k) — 4S5 (2 — 4) +

+k1

(]€_21)2 + 2(2} , (7.39)

BY(6) = 5 lnf +Z -k ;ka 3)) [m(g) <4Sl(2k—4)—4sl(k)+m>

—1In%(&) — 289(k) — 4S3 (k) — 45%(2k — 4) 4 455(2k — 4) — m
7)51(2/? 4) -+ 481( ) <251(2k — 4) -+ (?)k_:l)lk> — 2(2] , (7.40)
14 & 5 1

(0) _ _ 52 _ 4
2

)T(2k — 5)
+Z§’f ST [111(5) <4sl(k—3) 451 (2k — 6)+k—1)

+45%(k — 3) + 45%(2k — 6) + 45, (k — 3) <k‘11 —251(2k — 6)) + 2¢2

- f - 51(2k — 6) +285(k — 3) — 485(2k — 6) + T _21)2 +ln2(£)}, (7.41)
1 In = . (E=1DIr(2k-3
B = —g¢- 2(§>+sz b DL [asateh ) - a6+

—In*(¢) +In(¢) (451(% —4) =281 (k) — 2S1(k+1) + /:1)

—48%(2k —4) —

5 -51(2k — 4) + 481 (k + 1) <51(2k )+ k;)

451 (k) <451(2k 4) 25, (k+ 1)+ 1<:41> S2(k) — S2(k + 1)

—S(k) — (k—21)2 - 2@} . (7.42)
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7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

In the above expressions ratios of I'-functions are related to special binomial coefficients, like

Mk+1) 1 1
T2k +2) 2k <2k> ‘ (7.43)

k

All of the above sums can be performed using the packages Sigma [268, 269], HarmonicSums [240,
273, 275] and EvaluateMultiSums [271]. The results are expressed in terms of generalized iterated
integrals, cf. Appendix C.4.

We obtain the following expression for the O(g") term of the unrenormalized 3-loop two-mass pure
singlet operator matrix element

éS’;’PS(Z) = CFTJ%{RO(ml,WLQ, z)+ (0(n- —2) +0(z — 1)) 2 go(n, 2)
FO0 = 20 =)= ol 2)
- [ (R + L) + s )|
+0(n- — 2) /77 dy <91(77, y) + 292(7]7:’4) + Zgz(n,y)>

—0(z —n+) /Z dy (gl(n,y) + %gz(n,y) + ;gg(n,y)>

N+

1
Yy z
ratatn2) + [ dy () + Lhata) + Zhatan)

+0(ny — 2) /?7+ dy (fl(n, y) + ng(n, y) + ;fs(n,y))

1
Jr/77+ dy (gl(n,y) + ggz(n, y) + ;gs(n,y)> } (7.44)

Here 6(z) denotes the Heaviside function

0(z) = { (1) > 8 (7.45)

The function Ry(m1, ma, z) arises from the residues taken in order to resolve the singularities in & of
the contour integrals, see Eq. (7.22). The functions f;(n, z), ¢i(n, z) and h;(n, z), with ¢ = 0, 1,2, 3,
arise from the sum of residues of the contour integrals that remain after the £ expansion, as described
in the previous section. The functions with ¢ = 0 are those where no additional factor depending on
N needed to be absorbed. The functions with ¢ = 1, ¢ = 2 and ¢ = 3 are those where a factor of 1/ N,
1/(N —1) and 1/(N + 1) was absorbed, respectively, see Egs. (7.28, 7.29). The different Heaviside
functions restrict the corresponding values of z to the appropriate regions.

Since no contour integral needs to be performed in the case of Ro(mi,ma,2), the easiest way to
compute this function is to integrate in z and then perform the Mellin inversion using HarmonicSums.
We obtain,

P
Ro(ml,TTLQ, Z) = 32 (L? + L%LQ + Lng + L%) 3*0 — 2(2’ + 1)H0
z
1 P
+32(L1 + L3) |2(2 + 1) (HO,O +3Hoa - g;) - SZ !
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7.1. The Pure-Singlet Operator Matrix Element AS;’PS

1 ~1
—5 (42 +5)(Tz + 5)Ho + ‘227(17%2 + 532 + 80)
z

-1 2
+128L1Ls [Z27 (5622 + 47z + 20) + §(z +1)(Ho,1 — ¢2)
z

40 2 PoHy | 128Gs . 3 2
—— 7 4)Hy — 64 3527 — 25 8
9(z+ z+4)Hg 0, + 272( 2° 4+ 35z z +8)
29 4 2
+64(L1 + Lo) [ (2 + 1) §H0,1 - gHo,o,o + §H0,0,1 +2Ho1,0

z —

27z

4 8 14
—-Ho11 — gCQHO + Cg) (260z + 231z + 116)

3
Py (2 2¢o 2

LY e PR < Y 252 (623 — 1022 — 192 —
+3Z<3 11 )+ o (62 —102% — 192 — 6)
4(z — )(
27z

64
+ 8TC2(28223 — 2292 — 85z — 120)
z

_7(1682 + 2652 + 229)Ho —

> 52% + 23z 4+ 5)H;

+§ (62’2 + 4z — 5)H0’0

—+

64F 2
920 <4H17070 — 2H17071 — 2H1,1,0 - *Hl,l,l + C2H1>

3

2 8 4 4
+128(2+ 1) =(62 — 5)Ho,1,0 + =Ho,0,0,0 — =Ho,0,0,1 — 5Ho,0,1,0

9 9 9 3

4

—-H H — 2(3H H H
3 0100-1-3 0,1,0,1 — 2¢3 0+3 0,1,1,0-1-9 0,1,1,1

128

1
3C2H01 CZ) *277(122’ +192’+19)H011

Ho 01,1 —

9
7

H
9C2 0,0 —
<256
128

55 (81327 +292 +263) + 42 (602> + 912 + 37)>H0

128 1) (222% — 252 + 4)H; + 28i16(8422 + 109z + 100)Ho 0

+= (62" =5z —5)Ho 0,1 — 128;;1)(5622 — 43z + 20)Hy

27

128(z — 1 256

élz)(40z + 49z 4+ 40)Hy 1 — 77(1222 —z—10)Hop,0
128 256(z

-1) 2
22472 4+ 29)Hg 1 + ————2(26022% — 2 1 4
+gp T2+ 29)Ho + — o~ (260222 — 203z + 1360), (7.46)

81z
256

where
Py=(z—1)(4+ 7z +42%), (7.47)

L; and L9 are the logarithms defined in Eq. (5.3), and we used the shorthand notation Hz(z) = Hj.
In principle (7.46) could still be reduced to a shorter basis using shuffle-algebra [286].
The f;(n, z) functions, which are defined in the range n_ < z < 14, are given by

_ 8Pss(42(1—2) - 77)3/2 n 16(z — 1) n
Jon.2) = 45m3/2(z — 1)23 A1 <z(1 - z)) 3z K2 <z(1 ))

2 (6n + 302% — 5z) ) n P
152 [2@ 1 (z(l - z))] } t 90— 19325

103



7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

+45(z2f)817)325 n (z(ln— z)> ’ (745
filn,z) = —16P9;;3§/(21(;j)1;;7)3/2Kl <Z(1n_ Z)) * 45(z4fgf)3z5 8 <Z(177_ Z))

s ;)2(42 ok, <z(1n— z)) - 65522 [2@ o’ (Z(ln— z)ﬂ

_45;789125, (7.49)
faln,z) = 64]%5;?5%21 Kl < 1—2) ) 1§S(Z -1 [KQ (z(1n_ z)>

B ) s ) ) o
fsn7) = —16]39923/24@(1_} o (ot ) T {K Ee)

n

_g(gz+5) [2C2+1n <z(1—z)>]}+9(z4—Pi7) In <Z(1T7_Z)>

Pog

- 27(z — 1)325 (751

where the functions K; and K, which appear repeatedly in the expressions above, are given by
Kiu) = G({i\/ﬁﬁ}u) P 2m@)G (VIS ), (7)
Ky(u) = —-G({Vi-7V7},u)G ({iwﬁﬁ} u> + ;ln?’(u)
G ({i VA4 — 1T, V4 — T\ﬁ} u) + 4¢o In(u) + 8(3
(1= 2m() & ((VI—7v7} u). (7.53)

The expressions of the G-functions are presented in Appendix H.1 in terms of harmonic polyloga-
rithms containing square-root valued arguments, and the P;’s, with ¢ = 1,...,13, are polynomials in
n and z given by

Py = 1536(z —1)*(32z +2)2* +576(2 — 1)3(122 — 7)n2?

+8(2 — 1)%(2642 — 329)n%2% +16(2 — 1)(122 — 37)n°z — 45n*, (7.54)
Py = 128(z — 1)*(32 — 8)2* — 32(2 — 1)3(332 — 8)n2?

—4(z — 1)%(1082 — 133)°2% — 24(z — 1)(22 — T)n’z + 151", (7.55)
Pig = 4(z—1)%(62 —1)22 — 6(z — 1)(4z + 1)nz + 1512, (7.56)
Py = 768(z — 1)*(40z 4 7)2* 4+ 576(2 — 1)3(202 — 1)n2?

—8(z — 1)2(260z + 197)n%2% — 16(2 — 1)(100z + 31)°z — 45(4z + D), (7.57)
Pyy = 64(z — 1440z + 13)2* + 16(2 — 1)3(200z + 17)n23

—4(z — 1)2(100z + 79)1° 2% — 48(z — 1)(10z + 3)n32 — 15(4z + 1)n?, (7.58)
Py = 8(z—1)%(102+1)2% — 6(z — 1)(20z + 3)nz + 15(4z + 1)n?, (7.59)
Pyy = 10(z —1)z(10z + 1) — 3, (7.60)

104



7.1. The Pure-Singlet Operator Matrix Element AS;’PS

Py; = 1536(z — 1)*2* + 576(2 — 1)%n2® — 104(z — 1)%?2?

—80(z — 1)z — 9n*, (7.61)
Pyy = 128(z — 1)*2* +160(z — 1)3n23 — 20(z — 1)%*9?2% — 24(z — 1)®z — 3%,  (7.62)
Py = 4(z—1)%2% = 6(z — 1)nz + 31°, (7.63)
Pys = 512(z —1)*(7z — )z4 —1728(z — 1)3(2z + 1)n23

—24( —1)%(242 — 13)n?2? + 240(z — 1)z + 27, (7.64)
Py = 32(z—1)'(11z — 4)z" = 32(z — 1)*(62 + 5)n2"

—4(z — 1)*(122 — 5)n?2% + 24(2 — 1)nPz + 31", (7.65)
Py = 16(z—1)332+1)2% —4(z — 1)%(62 + 5)nz® + 6(2 — 1)’z + 3n°. (7.66)

The g;(n, z) functions, defined in the ranges 0 < z < n_ and 74 < z < 1, are given by

go(n,z) = Zz;l f;;l/gi (n—4z(1 - z))3/2K3 (z(lnz)> 634K <Z(177 Z))

+% (61 + 3022 — 52) In? (Z(ln_ Z)> , 64 (On 25222 —5%)

_ 142;75 Zin (z(ln_ Z)> + 2562;; Y (3942422 342«)] , (7.67)
D02 = o (g - ax(1 - 2) Vi () - e e (22))

C128(z —1)(4z + 1)K4 (2(1 — z)> N 256 P11 In <z(1 - z))

3z n 457222 n
25%;;” (3n + 802" — 362° — 442) + 12862 (3 1533 = = 202) : (7.68)

g2(n,z) = ?(2‘ - 1) 2= 4;5;/2_ Z))3/2K3 (Z(ln_ Z)> + 2K, (Z(ln_ Z)>

G (U)o

+gm2<“ﬂ;”>], (7.69)
gs(n.2) = 64(zz—1 zfé?im[(i”( >> +§K4 <Z(1n—z)>

_257;23 In (Z(ln_ Z)) + 2872 (=7n + 362 — 422 + 6) + %(3;; ~1)é

+;@z+mhﬁ<“i;”)l (7.70)

Here the functions K3 and K4 are

K3(u) = G({im}”> —(ln(u)+2)G<{\/1T_ﬁ},u>+C2, (7.71)

T

o = ({15 0
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1—4r V1—4 1
—2G ({ Vi-dr T} u) + G ln(u) + = Ind(uw), (7.72)

T T 6

and
Py = 16(z—1)%(62 — 1)2% — 8(z — 1)(92 — 4)nz? — (362 — 41)n*z — 61, (7.73)
P100 = 2(62 — 1) — 677, (774)
Pt = 32(z—1)3(102 + 1)2% — 4(2 — 1)%(40z + 1)n2>

+(2 — 1)(202 + 23)nz + 3, (7.75)
Pioa = 2(z—1)z(10z + 1) 4 3n, (7.76)
Pz = 32(z—1)2%(Bz+1)22 —16(z — 1)(3z + )z + (2 — 72)n?, (7.77)
Py = 4(z—1)z(3z+1)+ (1 —62)n. (7.78)
Finally, the h;(n, z) functions, defined in the full range 0 < z < 1, are just given by the g;(n, z)

functions with n — 1/n, i.e.,

1
hi(n,z) = g <n,z>, 1=0,1,2,3. (7.79)
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Figure 7.3.: The ratio of the 2-mass contributions to the massive OME flgi’ to all contributions to

Ag?z’(s) of O(T2) as a function of z and ;2. Dotted line (red): u? = 30 GeV?. Dashed line

(black): p? = 50GeV2. Dash-dotted line (blue): 2 = 100 GeV?2. Full line (green): p? =
1000 GeV?. Here the on-shell heavy quark masses m. = 1.59 GeV and my, = 4.78 GeV
[208, 357] have been used.

We see that iterated integrals of up to weight three appear in our result. The alphabet of these
integrals is given in terms of just three letters:

Lovitns T (7.80)

In principle, we could try to calculate all of the integrals in y appearing in Eq. (7.44) and express them
in terms of iterated integrals of higher weight. However, this is not really necessary or even convenient,
since the expressions (7.48-7.51, 7.67-7.68) are very compact, and integrating them into higher weight
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iterated integrals leads to a result of considerably larger size. Furthermore, all of the iterated integrals
appearing above can be written in terms of simple polylogarithms (albeit of complicated arguments),
cf. Appendix H.1, for which various fast converging numerical representations exist. Therefore,
the integrals in y appearing in Eq. (7.44) can be performed numerically without problems. The
convolution with parton distribution functions, in order to compute the corresponding contribution
to Fy(z,Q?) or for the transition rate in the VNFS, is straightforward.

7.1.3. Numerical Results

We compare the pure singlet two-mass contributions to the complete O(T I%) term as a function
of z and p? in Figure 7.3. Typical virtualities are x? € [30,1000] GeV2. The ratio of the 2-mass
contributions to the complete term of O(TI%) grows in this region from slightly negative contributions
to ~ 0.36 for very large virtualities in most of the z-range. The behavior of the ratio is widely flat
in z, rising at very large z.

7.2. The Gluonic Operator Matrix Element A!(;;)’Q

There are 76 diagrams contributing to the irreducible part of Al g)Q With symmetry arguments these

can be reduced to the 12 topologies shown in Fig. 7.4. The diagrams 1, 2, 3, 7, 9, 10 and 12 are
symmetric under the exchange of the two masses, while the remaining ones have to be computed for
both mass assignments. In principle we could also get the result for the other diagram by analytic
continuation in 7 — 1/n. However we chose to calculate all diagrams for both mass assignments and
use their symmetry relations as an additional check on our calculation. In Ref. [202] the scalar proto-
types of the diagrams have been computed first in z-space, similar to the approach of calculating the
two mass contributions to the pure singlet OME. Subsequently, it was possible to Mellin transform
the z-space result and arrive at at the N-space solution since all difference equations were first order
factorizable. Since the gluonic OME contains also contributions from the ¢- and +-distribution the
integrals have to be performed very carefully, which is only hardly automatized. For the physical dia-
grams this is a serious problem since gluonic Feynman rules, cf. Chapter B, lead to large numerators
and therefore to a large number of integrals which have to be solved. The sheer amount of integrals
which have to be solved this way renders this approach of calculation unfeasible in the physical case.
Therefore the order in which the two results are obtained is reversed for the physical diagrams. First
the N-space solution is calculated and in the end the momentum space solution is obtained via an
inverse Mellin transformation. This approach is highly automated and therefore suited to tackle this
large scale problem. In order to check the feasibility of this approach we recalculated all of the scalar
diagrams and found agreement.

The first steps are similar to the pure singlet case. After generating the 76 diagrams using
QGRAF [362] and identifying the 12 different topologies, dedicated FORM [198] routines were set up to
perform the Dirac algebra and traces. The color algebra is done using the FORM program COLOR [363].
For fermionic bubble insertions we use the identity

1

y 8Trg> , , r'(2—d/2 d/2-1
™ (k) = — a I;d/25ab(l€2g‘u — k1Y) /da: />(Ti2 2)_)d/2 : (7.81)
0 (1—m)>

instead of the Mellin-Barnes integral representation given in Eq. (7.2). This will allow to derive
contour integrals which are easier to handle in an automated way.

In the next step the Feynman parametrization, was performed on the full numerator and denomi-
nator structure, i.e. no cancelation between numerator and denominator was performed. This allows
a uniform Feynman parametrization for the whole diagram, also resulting in less special cases and
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Figure 7.4.: The twelve different topologies for fl;‘? o Curly lines: gluons; dotted lines: ghosts; thin arrow
lines: lighter massive quark; thick arrow lines: heavier massive quark; the symbol ® represents
the corresponding local operator insertion, cf. [182].

complexity for the subsequent calculation. The resulting tensor integrals were reduced to scalar
ones according to the rules stated in Appendix G and thus mapped to the basic one-loop integral in
Eq. (G.8). It is important to perform the integration of the momentum with the operator insertion
as the last one. In this way only the additional scalar product p.k can appear, which simplifies the
reduction to scalar integrals drastically, since only a single term of the binomial decomposition of
(k.A + Rop.A)N can contribute to the integral.

After these steps we are left with a linear combination of up to 7-fold Feynman parameter integrals,
with the general structure

P
H /d@- 28 (1 —z;)" RY [Ri mZ+ Ry mi] . (7.82)
Jj=1 0

Here R; and Rj are simple rational functions of z; and 1 — z; and Ry is a polynomial in z; stemming
from the local operator insertion. In the next step we split the rightmost factor by means of a
Mellin-Barnes integral [188-191]

+i00

(A+13)s - 217TZ‘F(18)B_8 / do (g)af(—o)F(ws), (7.83)

—100

where the real part of the integration contour has to be chosen such that the ascending poles are
separated from the descending ones. Our next aim is to compute the Feynman parameter integrals.
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To do this, the operator polynomial Ry can be decomposed with the help of the binomial theorem

(A+B)N = i <N> A'BNT (7.84)

. 1
=0

This splitting has to be performed as often as necessary to obtain hyperexponential terms in z; and
1 — z; only. In the present case, we had to split the polynomial up to three times. Attempts to
combine the expression into a linear combination of higher transcendental functions in order to keep
the additional summations as few as possible have failed, because overlapping divergencies of the I'-
functions appeared, preventing to choose a proper path for the Mellin-Barnes integral. This indicates
that these transformations cannot be performed naively after the Mellin-Barnes representation has
been applied. Applying these transformations, all Feynman parameter integrals can be expressed by
FEuler’s Beta-functions

1
B(a,b) = /dzz“_l(l — )l = M. (7.85)
0

For example, we encountered the integral

I = / (H de) (z2(1 — zg))% 22 (24(1 — 24))% (1—25) (z6(1 — 26))% 2,
3e

) ® (7.86)

26 M2 (1—2z6) mg

zo(1—29)  z4(1 — 24)

N—4
X(l —27)2(27(2126+23(1 —26)) +Z5(1 —Z7)) (
for the computation of diagram 7 in Figure 7.4. Here we can decompose the operator polynomial as

(27(2126 + 23(1 — 26)) + 25(1 — 27))1\[—4:

in <N 4) ( )Z% A (-2 ey (12N (7.87)

7=0 1=

After applying the Mellin-Barnes integral and integrating the Feynman parameters we find

0

3N4

- RS (O [ ()

j=0

xI(—o)(-%+o)T(1-5+i+o)[(1+e—i+j—o)
Fl+5-0)TB+5—0)(1-c—0)3-c+o0)

. T'(4+4e—20)T(4 — 2 + 20) ' (7.88)

Note that the summands arising from the binomial decomposition in Eq. (7.84) appear naturally in
nested form. We have not yet specified m, or my to the physical masses, since there are diagrams with
both possibilities. In the following we choose to exploit the symmetry of the Mellin-Barnes integral to
arrive at two diﬂ'erent representations either proportional to (m2/m?)? or to (m?/m2)°. In this way
we can choose m? / mb = 11 0r mj 2 /m?2 = n and close the contour to the right in both cases. At this point
we could have followed earlier approaches by applying the packages MB [360] and MBresolve [361]
to resolve the singularity structure of the integrals and expand the final integral in €. However, the
additional dependence on N and up to four summation quantifiers renders the automated finding
of a suitable integration contour non-trivial. Therefore, we calculated these integrals by summing
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up the residues of the ascending poles of the integrand keeping the e-dependence and are expanding
afterwards. In general, residues had to be taken at ¢ = k, 0 = k + ¢/2 and 0 = k + ¢, where k is
an integer larger than an integral specific minimum. In the end, each integral is represented by a
linear combination of three infinite sums, over which additional binomial sums have to be performed.
Nevertheless, we used the packages MB and MBresolve to check our sum representations for fixed
values of the Mellin variable .

The final multi-sum can now be handled by the packages Sigma [268, 269], EvaluateMultiSums
and SumProduction [271]. Here additionally HarmonicSums [240, 273, 275] was used for limiting
procedures and operations on special functions and numbers. The sum representation of each integral,
which can take up to O(100MB), was crushed to a optimal representation using SumProduction. This
representation contains constants from taking out points from summation boundaries and multi-sums
with large summand structures. These multi-sums were then handled by EvaluateMultiSums, which
uses Sigma and HarmonicSums. The results were expressed in terms of nested harmonic-, generalized
harmonic-, cyclotomic- and binomial-sums. Furthermore, generalized harmonic- and cyclotomic-sums
at infinity contribute. These can be expressed in terms of HPLs depending on 7 in the argument
with the help of HarmonicSums. More information on the underlying mathematical and algorithmic
details can be found in [2].

Prior to the solution for general values of N, our sum representations also allow to calculate fixed
even moments, without expanding in the parameter . They also serve as input values for the general
N-solution.

7.2.1. An Explanatory Example

In this section the computational steps are described in more detail on the calculation of diagram 2
in Figure 7.4. Since here the  and N structures do not factorize, the result gives rise to more
involved structures compared to the single mass case. However, the small numerator structure of
this diagram allows to present the calculation in full detail.

After inserting the Feynman rules, applying the gluonic projector, performing the Dirac-algebra
and combining the denominators via Feynman parameters, one obtains
o1+ (=N a2 64 A(B)

_ s 1 _ A(B)
D = AT Sy s o [(10 +4e) 2PN — 1) + (2 + ) L (N)

43+ ) PN = 1) + 42+ &) S PUN) + 2(5 + 20) 3P (N — 2)
+200 B (N —1) = 2+ ) S (v — 2)} : (7.89)
where A(B) represent different mass assignments. The functions J; are normalized according to
A(B) mi 5 A(B)
J 7 (n) = <M2> Ji o (n) . (7.90)

In the following we use the notation introduced in (C.13) to abbreviate the ratios of I' functions.

The IN-space solution
The functions J; to Js are given by the following expressions

+i00
r 3e 3 2 2 € ]
- A o _0-,0-_77(2+7_0-)’(2_5_}—0)’5_0’”_74—0‘
- r 2 2 ?
jti (n) /dfﬂ? A+e—-20,4—2+20,24+¢c+n K
—100
+1i00 _ 3 ( )2( )2 ]
B op |00 —%5,0-5,2-e+0),2+5—-0)\nte—o0
- r 20, 2 ;
jr (n) /dan 24n+5,44e—20,4—2+2 K
—100
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+ioco
/ don’T

—100

[—0,0 -2 e—0,1-S+n+0,0-5(2—c+0)?(2+5—0)?
4+e—20,4—-2+20,1-5+0,5+2+n ’

+i00 _
do T —0,0—3%0-5,2-e-0)%2+5-0)2c—0l+n+te—0 ’
l+e—0,24+n+5,44+¢c—20,4—-2+20

—100

+io0
dorT [—0,0— % e—0,(5+2-0)2%(2-c+0)%o-52-E5+n+o
e+4—20,-2e+4+20,5+2+n2-5+0 ’

—100

+i00

dor® T _—0,0—3—25,0—%,(2—5—1—0)2,(2—}—%—0)2,6—0,2—|—n+5—a
" 2+e—0,24n+54+¢c—20,4—2+20 ‘

—100

The contour integrals are evaluated by taking residues at the ascending poles and are subsequently
added up. One obtains

m2 3e/2 oo
ﬁ%ﬂ:&ﬁ) > 0k (Tua(n) + Tia(n) + Tis(n)), (7.92)
k=0
2\ 3¢/2
T (n) = (H) S (To (n) + Toa(n) + Tos(n). (7.93)
k=0
m2 3e/2 oo
T (n) = (M) S (Ty (n) + Ty a(n) + Tsan). (7.94)
k=0

where T; 1 follows from the residue at o = k, T; 2 from the residue at 0 = € + k and 7; 3 from the
residue at 0 = ¢/2 4+ 2 + k. The explicit expressions read

T171(n)

TLQ (n)

T1,3(n)

Tr1(n)

Tgyg (n)

T273(n)

no|m

—£-2,—e,£+3,e+1,k 2—e+kk—5—3n—5+k

2 ) 2
MI{—S—;§+;§+n+21+k1 etk 32— £+hk—%— ] (7.95)
2€7rn5F 3—5,1—-¢,5§—-2,6,2+k,k— ;,k—l—f—i,g—kn—i-k (7.96)
64 e —S crn+21+kS5+ket+l+ks—1+k|’ '

_25772+21—\ _%_172_%7%_17%+23%+k72+n+k72_5+k,4_%+k
64 SH+2+n,1+k3—-5+k3—5+k5+3+k ’
(7.97)
Tﬂrﬁf—§§+§ﬁﬁl+?
64 -5 -5 5t5,2+n+35
_ 3 9 __ _3_&gL_¢€ -
ple=%2-cthh-f-5 k-5 14n- 54k (7.98)
1+kl—ct+hki—c+hkkhk—1-51-S+k
2 nE _ _E & _
™ r 71 65,63 23 2,68
64 [3-35-32+tn+;3
e e _3 € €
F2+kk 35 2+h2+?1+n+2+k (7.99)
1+h2+h§ l+k14+5+k1+e+k

£ 42
22 FTJ—;Z—;2+;—1+ﬂ
64
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L [
s+k24+k3+n+k2—c+k4—5+k
2 bl I Pl 5 5
XPL+h3+h3—§+hg—;+h3+g+4’ (7.100)
2 —2—-£3+%,—¢,1+4¢
T371(’n,) = I‘|: 5 2’ 2 :|
k—£2—€+kk—*—*k—§2+n Ry
27 ’ 2 2 2 3
F[1+k16+h§s+hk1 £2-c 4k (7.101)
2 [ 1—e3—25—2¢
Tsa(n) = F[ 0T 22T S }
2+k7k_%7%_*+k,2+k2+n+ + k
ﬂ{1+h§+h§ 1+k,2+45 +k1+5+k (7.102)
2877%+2 -1-52-5,5§-1,2+5
5
+k24+k4d+n+k2—e+kd-—5+k
: : 1
. [1+k4+k3—2+k_+k3+ —i—k} (7.103)

Here Legendre’s duplication, cf. (C.10), and Euler’s reflection formula, cf. (C.9) were used to simplify
the I'-ratios.

In the following the focus will be on the calculation of D4'. The expressions for J needed for the
evaluation of D look similar. It is worth mentioning, however, that care is needed at taking the
residues for the other mass assignment. Here structures like

FNe—o)l'2+n+e—0)
I'2+¢e—-o)

(7.104)

develop residues at isolated boundary points, i.e. in this example the residues at ¢ = £, 1 + ¢ have to
be treated differently than the ones at ¢ = 2+n+¢e+k with k£ € N. Therefore, the final representation
for DF does not only contain sums but also terms from residues taken separately.

The full expression for Dé“ can now be handled with SumProduction, EvaluateMultiSums, Sigma
and HarmonicSums. For the complete diagram we obtain

3e

DA _ CA 2 1 + ( 1)Na3S3 ﬁ 2 256P112 + i 64P108
2 2 s7e \ 2 27e3(N — 1)N(N +1) ' €2 |81(N — 1)2N2(N + 1)2
+ 64PllQ ( ) . 64P112 1 32P110
SN —DONN 1 T N T e T1)3N3(N + 1)3
32P1o7 32P;12
H
Tor v Ene v £ 1) gy v 5 1) )
32P109 32P112 2 32P112
- S S
SV - 12N (N L 12 T N NN+ ) T O DNV + 1) 2
8Py15

TT20(N — )INA(N + 1IN — 5)(2N — 3)2N — 1)y
2P (L—n)" 1
+%UV—1?N%N4ﬁizw—5xmv_3xyv_1M<2Hdm2

+Hdm&ﬂ—mJW—ﬁxl—mN%%%Al—mLNo

_ 4Py13 Ho(n)
927(N — 1)3N3(N + 1)3(2N — 5)(2N — 3)(2N — 1) V"
8 P16 2 32P12

+WW—UW%N+WmMHdﬂN—nMN+n3W
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8P112 16P112
9(N — 1)N(N + 1)

i)

H3 (n)Hi(n) +

Ho(n)Ho,1(n)

16P112

16Pyo5 4P114

T 9(N —1)2N%(N + 1)H°(’7) ~ 8I(N — 1)3N3(N + 1)3(2N — 5)(2N — 3)(2N — 1)p

B 8P 19 Sg) S 4 ( 8Pyos

9(N — )N(N + 1) 8L(N — 1)2N2(N + 1)?2

e e ) e s et R € ey
T Eiil\;?N T 1)H°(")> 52 81(N i112)1;)\111(21\7 1) 53
T 9(N —116)113\171(2}\7 +1) @Hg(”) 51l =, 1’N)>S1(1 i n )

16 P12

1 1
(HO(n)SLl (ﬁ? L—mn, N) — SI,Q(E, 1—mn, N)

1

1 1
+S]_,2(1 -1, fnaN) - Sl,l,l(]- -1, 7?7]\[) - S].,l,l(]- - ]-—7]717N)>

1 1

B54p32(N +1)(2N — 5)(2N — 3)(2N — 1)

47" Prig <2]<[V <H%(n) [H-1(y/n) +Hi(vn)]
+

(1) o (V) + Ho-1 (V7)) + 8[Hana (V) + Hoo-1(v)

N

4-N P 2N 4 711 1.,
T27(N + 1)(2N —5)(2N — 3)(2N — 1) < N) b [63) (zi” ~ o) = 7510)

i=1 \¢
U L0800 + 5000 = 0.0) Holo) = $2(1 = 0.0) + S1a(1 = . L)

8Pios 8P112 8P 112
+<27<N SN2 A SN ) T g S NV 1>51>C2
32P112
" 271(N = 1)N(N + 1)C3}’ (7.105)

with the polynomials

N5 — N* +2N3 —14N? — 4N +6 , (7.106)
NS —36N° — 33N* + 12N3 + 224N? + 66N — 54 , (7.107)
2N® —18N° — 15N* — 12N3 + 85N% + 36N — 18, ( )
TN® — 36N° — 27N* — 60N> + 116 N? + 78N — 18, (7.109)
SN6 — 18N5 — 9N* — 84N?3 — 23N? + 48N + 18, ( )

(7.111)

—8Nn® — AN®n(28 — 23n) — 2N (15 — 5667 + 87n*) + 3N°(35 — 1162y — 185n?)
—2N®(30 — 1605n — 1099n°) — AN*(75 — 367n + 608n°) + 2N° (255 + 127n + 121°)
—45N?(5 + 2020 — 357%) + 8064Nn — 21607 , (7.112)
N3 —3N%? -2N -6, (7.113)
8N'3n? — 12N"2(46 + ) — 2N (15 — 19700 — 37n%) + N'°(75 — 7772 + 813n?)
+3N?(25 4 298y — 575n) — N®(435 — 2834n + 495%) + N (165 + 195001 + 3511n%)
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+N°(645 — 263201 — 1833n%) — N° (435 + 95267 + 18237?)

—N*(285 — 235661 — 2679n%) + 15N (15 + 40n — 3n?) — 36 N?1(281 + 301)

+5472Nn — 10807 , (7.114)
Py = 24N5p? + 12N'2(22 — 21n)n — 2N (45 + 1418y — 1117?)

+N'(225 4 7628n + 2439n*) + 3N (75 — 2002 — 1725n°)

—5N®(261 — 2030 + 2977°) + 3N (165 — 8900 + 35117°)

+N°(1935 + 3064n — 5499n*) — N° (1305 — 280309 + 54697%)

—N*(855 + 56861 — 8037n?) + 3N (225 — 43121 — 457°)

+60N21(49 — 547) — 432Nn + 10807 , (7.115)
Pi5 = 216N'%n% — 4N (836 + 567n) + 6 N4 (135 + 64667 + 297n°)

—3N'3(675 + 344540 — 8073n%) — 3N'2(945 — 11644n + 161917?)

+2N11 (6885 — 8819 — 17658n?) — 6N'0(405 — 72572n — 23562n7)

—2N? (14580 + 147371n + 14418n%) + 6N®(2700 — 1115235 — 24003n°)

+162N7 (155 + 3061n + 527n*) — 6N (2970 — 92344n — 5571n%)

—N? (7695 + 547820n + 50463n°) + 3N* (2025 + 7994n + 101257?)

+90N37(730 + 81n) — 108N27(526 + 1351) + 35964 N7 — 48607 (7.116)
Pig = —16N°%® — 72N°p%(3 — 2) — 12N*9(27 — 135 — 4n?)

—6N? (5 — 270n + 351> + 2221°) + N?(45 — 2349 — 2673n* + 1129n°)

+12N (5 + 2160 + 720° + T7n°) — 45(1 — ) (5 + 1045 — 13n?) . (7.117)

The diagram explicitly fulfills the symmetry
1
D3 (my,ma,n) = Dy <m27m17 > : (7.118)
n

All diagrams which differ for the two possible mass assignments have been calculated separately and
the symmetry relation has been checked analytically. For mass symmetric diagrams, the independence
of the mass assignment has been checked explicitly.

The z-space solution
The OME Ay, o receives contributions from distributions. The z-space result of diagram 2A can
therefore be split into three parts. A regular part, a part to be understood as +-distribution and
a part proportional to the d-distribution. An algorithm to find the inverse Mellin transform from
the result given in the previous section has been presented in [364, 365] and is implemented in
the package HarmonicSums. The general idea is to derive a differential equations for the z-space
solution starting from a N-space recurrence which can be easily obtained from the analytic N-space
result. Subsequently the differential equations can be solved. To tackle the problem at hand various
optimizations had to be included.

Using these new algorithms the result in z-space for diagram 2A, split into the above mentioned
three parts, reads:

o1+ (=Y

Dj(z) = CaTp—— [Dé’%(l = 2)+ Dy (2) + Dy () + MTH(N — Dgi (N = 1)) (2)

+M (N = 1)2g2(N — 1)] (z)} : (7.119)

where M ~! denotes the inverse Mellin transform. Terms of the type

M [(N —1)lg(N — 1)] (2), 1=1,2, (7.120)
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which will not contribute in the sum of all diagrams are dropped in the following expressions. The
rational pre-factors can be absorbed by applying the relations

1

(N —=1+a)

1
(N—l)/O dz 2N flz) =

Jaserae = Lo fan G ) [ ()] )

(7.121)

(N = 1)z f( (7.122)

1
= [ =D ).

In the following the renormalization scale is identified with the mass y = mj and only the terms
proportional to € will be given for brevity. The logarithmic dependence on the mass can be easily re-
stored by using the full V-space result and will be entirely given in terms of harmonic polylogarithms.

One obtains

A,5,e0
D2

Dé47+750 (Z)

Dé47r6g760 (Z)

32
729( 27H°( n)+ 27

+§H0(77)H0 1(n) — 19—6H00 1(n) + % (7+9Ho(n)) G2 — 2*(3 ,

1 2 16 8 16 8
22 -9 H —H —H HZ
o |2 - o+ PRl - SR + o+ i

(;gﬂo-l- 10 (7+9H0( ))>H1+

- 105?1_—8:))??//5 vz {H%(") <H—1 (vn) +H (\/77)>

—atto(n) (o (/) + Ho-1 (V7)) +8 (oo (V) + Hoo 1 (VA7) )|
8
S 27(1 - 2)
2Ho (1) Q1 2Q4
81nz 729122

8

W) -

836 + 243n) + | 2 46 + 3n)Ho(n) + ~H{(n)Hu(n)

(7.123)

8
27

16
—H? + Ho 1}

(7.124)

(45 — 10n — 54z — 810n2)
H
81n25/2 o)

G2 = FP2(2) + F2(2)

10(3 — 2n)
81nz5/2
Qs

+H; +2H_4 (\/2) - 211’1(2)) - 108”3/271_25/2@{}13(77) [H—l (\/777)
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_[ 81z 9z
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Ho(o) | 15 - Seoett} + g () ()

9z
8@6 2

Ho(n)Ho,1(n)

HQ] H; —

Ho(n) + QﬁH0:| H?

16Q¢ 16Q6
_ H
o(n) = =g~ Ho + =~

H1:| Ho,1
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7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

8Q6 3 , 16Qs 32Q 32Q6

- 1 —
+ 81z 1 + 9z 0,0,1(n) + 9, Hoo. 5, oL

8(163 — 156z + 982?)  8Qs 40Qs 8Qs6
- H Ho + —H
81z g, Hon) + 57 7o+ 57 1] 2
Q L f 3/2

32 6 Do Yy Do Yy Do 1 Do

- 272 <3+F7 (Z)+ dy 223/2F2 (y)+ 225/2F3 (y)—i_ngl (y)

z

+F2yHO<>F2yF2y<6—4z+F2y
SEP ) = o (2) ) - 2R ) - (62— 42+ 2 ) FP()

— (6 - g - 42) /dny2 (y) , (7.125)
0
with the polynomials
Q1 = —1600n+ 3 (39n° + 7100 + 15) 2 + 6 (4n* — 221n — 3) 2* , (7.126)
Q2 = —176n+9 (131> + 66n +5) z + 2 (12n* — 199y — 9) 22 , (7.127)
Q3 = 1248n+3(39n® — 314y + 15) z + 2 (12n% + 2651 — 9) 2° , (7.128)
Qs = 45(2n—9) + (351 — 17000n)z + 6 (3150 + 2761y — 108) 2
+2 (324n° — 6017 + 81) 2* | (7.129)
Qs = —10+ (2701 + 23)z + (99° + 783n* — 729y — 39) 2
+ (620 — 810n* + 810n + 34) 2° + 8 (4 + 27n* — 5dn — 1) 2* | (7.130)
Qs = 5—6z+4z22. (7.131)

The functions F} are given by

) = gt - - G {20 - w+ () |
B+ m)27 =8y 20278 (1+n+n?) )
8lmy/z(1—2)32  81(1 — n)my/z(1 — 2)3/2°
n(1+n)(27 —8n) (27 — 8n)
i T i) — o 2 L) [ Got) + G ()
—% <K19 + K20)} — (1 —n)? [Gm(z) + Gi3(z) — K13 — K14 + Ho(n)
X <G4(Z) — KG) + i<K21 + Koo + Koz + Koy + Ho(ﬁ)Kmﬂ }
R 7
+—27(1 — j+ ) [Ho(n) +Ho + Hy| + 367:\2&(1 fnj)m ©)
X {2(1 -n)+(1+ n)Ho(n)} , (7.132)
FP) = Gt g A =G 20— 1)+ (L )+ < O
4(1+150) (1 4+ n +n?) Holn) + (1+n)(1 +15n) H2(n)

91 —nn*ry/T—y/y 3(1—n)myI—yyy °

@%{4(1 +1) [Ga(y) + Gr(y) — % (Klg + K20)] —(1—n)’
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7.2. The Gluonic Operator Matrix Element Aé?Q

8
X [012(2/) + Gi3(y) — K13 — K14 + Ho(n) (G4(?/) - K6> + - <K21 + Koo + Kas
2R5
3n%(1 —y +ny)
14159

—W@{%l -+ 1+ n)Ho(n)} , (7.133)

10(n+y—ny 10
Py = =

o G {201 =) + (1 o)
_ 204 W00 tntr) () — 5(1+n) H2 (1)
2T —yyy  27(1—n)nny1 —yy ou 18(1 —n)2nmy/T —y/y ° g

+W{—20(1 +1n) [Gﬁ(y) + Gr(y) — i(Kw + K?O)] +5(1—n)*

8
X [Gu(y) + Gi3(y) — K13 — K14 + Ho(n) <G4(y) - K6> + <K21 + Koo + Kog

s

+ Koy + Ho(ﬁﬂﬁs)] } - [Ho(n) + Ho(y) + Hi(y)]

N 5Re
22 (1 —y +ny)

+12,727T\/51fy\/§ﬁ2{2(1 —n)+ 1+ n)Ho(n)} , (7.134)
_ _ 2
2 A0 ) G {20 )+ 1+ ot
5(1—n%) (54 104n — 13n?)  2(1+n+n?)(5+ 104n — 13n?) .
T P I - 2721 — Yo/ o(n)
B H2( ) (1—n)(5+10477—13772)
8L+ navi—gyy O 1821 — 5y

[ Gotw) + G) = 2 (o + K )| = (1= 02| Gao) + Ga) ~ K

™

+Ko4 + Ho(ﬁ)Kw)] } [Ho(n) + Ho(y) + Hi(y)]

FP(y) =

(1+n)(—5—104n + 13n?)

{4(1+n)

8
— K4+ Ho(n) <G4(y) - K6) + = <K21 + Koo + Koz + Kog + HO(U)K15>:| }

Ry (I —n)Rs
+9n2(1 —y+ ny)HO(n) (1 —y+ny)
(1- 77)(5 + 104n — 13172)
i {2 =)+ (1 o)} (7.135)
_ 2 3
B = e BT A 6, ) fa -+ 1+ o)}
10(1 + ) (1 + 54n — 2702 —4n®)  4(L+n+n?) (1 + 54n — 27n% — 4n3)
2T m/1T—y/y 27(1 = n)n?my/1 =y Sy
(1+mn)(1+54n — 27 — 4n*) 1+ 54n — 2% — 43
9L —n)*nmv1—yy Ho(m) + M V1T =y y {4(1 )
X [GG(y) + Gr(y) — ° <K19 + K20)] —(1—n)? {Glz(y) + Gi3(y) — Kis

™

[Ho(y) + Hi(y)]

Ho(n)

™

8
—K14 +Hop(n) <G4(y) - Kﬁ) + <K21 + Koo + Koz + Koy + HO(W)K15)} }
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7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

+27772(121—%1; ) [Ho(n) + Ho(y) + Ha(y)] — - 2%2\_/%\;;773 G2
{21 =)+ (14 B}

FP) = g s (Halo) + Ha(y) + Hi(0)

FP2(y) = 22};172 - 2(812;7%\1/?”2) Gl(y){2(1 )+ (1+ 77)H0(77)}

5(1+n)(81 — 189y —1037°)  2(1 +n+n°) (81 — 189y — 1037°) -

ST =55 B0 —mmvi—gyg )

(81 — 189n — 103?72)
54nv/1 —y\/y

(14 7)(81 — 189 — 103?)

50— Py gy o)

{4(1 +n)

(7.136)

(7.137)

X [G6(y) + Gr(y) — i(Kw + Kzo)] — (1—n)? [Gu(y) + Gi3(y) — K13 — Kia

+Ho(n) <G4(y) - K6> + i(Kgl + Koo + Koz + Kog + HO(TI)K15>] }
+2717(1 iﬁ; + 1Y)
X {2(1 —n)+ (1 + n)Ho(n)} :

8

FP(z) = 9(1_2){2(1 —n)[G1ro(2) + G11(2)] + Hj(n) +2(1 — 77)H0(77)G3(Z)}

81 — 189y — 103n?
36nmv/1—y\/y

[Ho(n) + Ho(y) + Hi(y)] + (2

The functions G; and K; are given in Appendix H.2. The additional polynomials read

Rl = —@n-20)[n(1-2)-7] .
Ry (8n—=27)[n(1+2)+ 2],

Ry = (8n—27)[2n+ (n*—1)2] ,

Ry = (1577+1)[( )y+n}

Ry = (15n+1)[-n*+ (—n*+2n+ 1) y+ (n* —1)y*] ,

Rs = n*(2n—5)+ (3n +6n+3)y+3(n*—1)y°

Ry = —(13p° —117° + 990 +5) [(L —n)y +1] ,

Ry = (139 —104n—-5)y (1 —n* +2n+ (n* = 1)y) ,

Ry = (13 =117+ 99 +5)y (L —n*+2n+ (n* = 1) y) ,

Ry = — (4’ +2m* =54n—1) [ —ny+1] ,

Riy = =20 (4n* + 31— 71) — 3 (4° + 19n* — 1120° + 80n* + 560+ 1) y

+3 (4n° + 270" — 581 — 28n + 54n + 1) 2

Ris = —(103n* +189n — 81) [(1 —n)y + 1] ,

Riz = n (1129 + 152 — 53) + (103n* — 17n* — 562n> — 270 +81) y
+ (—103n* — 189> + 184n* + 189y — 81) ¢°

(7.152)

The final result is defined on the usual support = € [0, 1] although single sums with support other
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7.2. The Gluonic Operator Matrix Element Aé?Q

than z € [0, 1], as for example

Y-
s ({11 N = / A1 (7.153)
! 1—-n])’ N z—1" )
0

contribute. The contributions in other domains cancel analytically.

. 1(3)
7.2.2. Fixed moments of Agg,Q

In Ref. [202] the fixed moments N = 2,4, 6 of all two-mass OMEs at 3-loop order were presented
as series expansmns up to (’)( 3L2) using the programs Q2E and EXP [200, 201]. However, for the

A(3)

constant part of A( )Q and AQ , only the irreducible contributions were given. To allow for a direct
comparison with the general N results presented later, we list the corresponding expressions including

the reducible parts for A; g)Q in the following. They are given by

~(3) o\ _
Qgg9,Q (N - 2) -
25556 512 160 160 1408 3484 1336 992
CpT2d ——— + (- ==+ —L — — Li— L+ 3
F F{ 729 +< g Tt ><2 TR TR VA IS
16820 1936 64 1336 320 736 758944 22976
- L LiLy+ —L3Ly — —— L3+ "L L34+ —L3
g13 2T oy fletoplile g g7 M2t gy 30375 2025 "
448 2 o[ 169892864 N 1028192 I 4768 2 o 826805984 N 5893184
135" 10418625 99225 " 945 843908625 ' 2679075 "
23872 59314 1340 308 308 176 6844
iy CAT?{ — - L, -=L
8505 ">}+ A F{ 2187 +< 81 9 ' 9 2>C2 213 ©
1090 1276 1840 440 1090 616 1100
L — = —L3+12L LiLy — —I3Ly + ——13— —IL,15— —1L3
81 17 81 2% gy Mfe T gttt gt T o Sly T e
256304 N 7184 Lo 8 2 o[ 1565036 N 6008 N 8
"\ " 10125 675 7 45" 496125 4725 7 7 457"

56086736 164464 2552
3 9 3
- - L L T 2L + 32L
M ( 843908625 2679075 " 8505 77) } + F{ (3 1+3 2) G2

128 32

Tt 3 3 3

64 64 32
TL Lyt I3+ L§}+O(n4Lf’]), (7.154)
934723727 226583 121 121 5324 9432079
CpTed -0 (20 o =Ly )G — - L
e { 21870000 +< 1050 45 T a5 2>CQ 2025 ~ 243000 !
2051797 , 3751 4 3415493 673474 242

2051797

L3 — Lo — LiLo4 - IL3Ly — —— 2
20500 1202571 T 81000 2 10125 12 T 67512 T 40500 2
249 2783

222y 1556008 n 18544 416 72 n? 92973466 n 160036
135 2025 253125 5625 7 112577 17364375 = 55125
3 1109454088 n 4900048 35648L2 O T2 518340979
4219543125 ' 13395375 7 42525 " ATE 1822500
n (_32182 3304 3304 )CQ 1888 13735499L 31169 12 13688L3

Ly

_ Ly — _ _
675 45 1T 45 2059 60m50 M1 o5 1T a4
811661 34208 044 31169 , 6608 ., 2360

- Lo — Lilg— 2L, — 22222 2220 _ e
6750 2 675 2T o7 12T Ters 2 oq35 12T g

L3
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7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

_22204183+697393 7303, 9 _94581301+492763 ~ 205,
g 303750 20250 7 270077 10418625 = 99225 7 189"

692255687 3118727 7319 128
3 2 3
- - L T34 (321, + 32L =
< 1687817250 | 5358150 " 34020 ’7>} * F{( L 2><2 Ty
32 64 64 32,
a5 Wy 5§ P Y 5 (9( 4L3) 7.155
+3 gLile + o Lily + — }+ ) ( )
“3) (N — 6 —
%99,Q (N - ) -
o | 68860626799 193394 806 806, 1\, 3224, _ 9618442
AT 7 187535250 2835 9 ' 9 567 >0 33075 '
1294861 , 23374 , 1919194 1471552 8060 1294861
- 2 _ 3 - LiLy— ———I2Ly — ——— 12
19845 567 11907 19845 189 19845
1612 20150 488831873 14655008 12167
—— L i ——L3 — - L2
o7 1 567 2 +”< 5315625 | 354375 " 3375 ’7>

2( 469449112 2525176 232L2

. n 5 1795386647 8701352
52093125 496125 " 225"

T 1210543125 | 13395375 "

4819, o2 05306787007 4410376, @ L a8t ; 21296 c
T 425251 FLF) T 15315378750 s Tan T T a2 T 10815
2991682411 12017984 15004 334770739 15657416 968
- 1 - T+ L3 - Ly— L1l + ——LiL,
72930375 231525 19845 8103375 231525 6615

231525 2t 13237" 19845 826875 * 3375 7 11025 "
of 930064 589024L 1504 12 3 283956224 2587744 I 251008 12
180075 = 231525 12257 1181472075 = 18753525 297675 "

64 52,
TLiL+ 5 }+(9( 4L;°;). (7.156)

12017984 o 968LL2 11132L3 <3661888 10784 1216 2>

128 32

64
+T§1{ (32L1 + 32L2> Gt 5 Gt L+ —LiLy +

3 3 3

23)

The expressions for AEQ g will be given in Section 7.3.

7.2.3. The N-space Solution

For the constant part of the OME Al g)Q in Mellin N-space one obtains

Q) o (N) =

32 64 128
3 (1+(=DM) {Tg{s (LY + L3) + FLiLa(Ly + Lo) + 326 (L1 + Lo) + gcg}

(2+ N+ N?)?
+CFTF%{ (N 1NN+ 12(N 1 2)

24L3 4 24L3 + 16 Ly Ly (L1 + Ly)

16
+48Hy(n) (L3 — L3) + 16(L{ + L3)S1 + 32S1Ho(n) (L1 — L) + (48H3( )+ 51
32 64 128 352
—165; + 40C2> (L1 + L) — 9 ZHi(n) - gH%(ﬁ)Hl(n) + ?HO(U)HOJ( n) — 7C3

3 27 27 3
32 1 n 64 1

—-=H2 —— N —_ N 1—n N
3 0(77)(51(1—77’ )Jrsl(n—l )>+3S”<1 " )

128 32 704 128 32
———Ho,0 1(7]) + 32 (H%( ) — SQ> S1+ S — =53+ —521 + 34251
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7.2. The Gluonic Operator Matrix Element A®)

99,Q
64 1 n n-—1
——H 1—-n, N | — —— W N
3 0(77) <Sl7l(1 _777 mn, > Sl,l<77 ) >>

1" 7
64 1 64
——S5 1-n7,1,N | —-—8
3 1,1,1(1_777 n, L, > 3 1,1,1(

-1
77 777717N>
n—1 17
64 n n-—1
—5 ,———, N
3 1’2(77—1 7 >

() (insz +57°) () + 1 (V) (1~ 12)°

n Pig7L1 + Preg Lo
547N — )NA(N + DI(N 1 2)

(Foa (V) + Ho1 (V) (E1 = Ln) + 2800 (V) + 2Ho01 (V)

n 1 [P154

P
(N—1)N3(N - 13(N + 2) 1y L4 L) + g, Lot 39 Piss (L1 + L2) 51
+%P133H0(ﬁ) (L1 — Lo) + 27P13351 9 P13352 + §P133H%(77) - 9C2P149]
_ 16 P66 g
81n(N — NN + DA (N +2)(2N —3)(2N — 1)
n 16 P26 Ho(n)
3n(N — DN(N + 1)2(N + 2)2N —3)(2N — 1) °V
P
2437(N — 1)N5(N + 1)55\17 +2)(2N - 3)(2N — 1)
_ 4P146(1 B 77)7N |:H2( )
39(N — )N3(N + D2(N +2)(2N —3)(2N —1) | oV
+2H0(7])51(1 -, N) — 252(1 -, N) + 231,1(1 -1, 1,N):|
4P N
_3(N—1)N3(N+1)2(N14j 2)(2N — 3)(2N — 1) < > HG ()
n—1 n— 1
—2H0(ﬁ)51< o ,N)—QSQ( o )+2811< ,1N>:|
2(1 + ) P32 2N
C3p32(N — 1)N(N + 1)2(N + 2)(2N — 3)(2N — 1) ( N ) [H (”)< 1(v)

#1 (V) ) = 4000) (o (V) + Ho -1 (/) ) + 8 Hoar (V) + Hoo 1 (vA) )|

2-9N
2 Py39

—3)(2N — 1)

“3np(N —1)N(N + 1)2(N + 2)(2N — 3)(2N — 1) <2z]\>[> iV; 4522)1) [;Ho(n)2
—Ho(n)&(n - 1,i> ~ SQ<"; 1,@) + Sl,l<” - 1,1,1')]
TSN - NN + 12)32(?:%0)(2N “3)(2N — 1) <2z]\>7 > ; 22?2) (1 -5 (z))
- N i
3n(N -1)N (J\g 1+_17)722()12\; +2 Z)T;Jif —3)(2N — 1) <2]<7V > Ho(n) z; 2-2?2;‘)
IV - DNV + 12)22_(2]]\7\[]—3#1422)(2]\7 (2N> g; 41(11(2 ;7 - [;Ho(nf

121



7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

+Ho(n)S1(1 —n,1) = S2(1 —n,4) + S1,1(1 —n, 17i)] }

1 16 8 8 16
CAT? Py L3 PiogL3 — ZPiigL2 Ly — — PyogLq L2
+ A F{(N—l)N(N+1)(N+2)|:9 121 1+9 124 L9 — 3 1194742 3 12041409
16

3 —(5L% +5L3 +2L{Ly + 2L, L3) 51 +

P,
N 1)N2( TN 1 2) [5?3 (i + L3)

L 16(6 + 85N 85N2)
—1)N !

8 P39 2, 12
——Pi36(L Lo)S1+ —L1L L L
57 136( 1+ 2) 1+ 27 1 2]+ + 3

1 4 4
K +n>(6:3}21n+ ) [_;(Hl(\/ﬁ)ml(\fn))@rh)

— 10N N?
2(Hoa () + o2 (V) (11— )| - a1 [P LN IOV

16 2(1 + 2N) P
+3H1(”)] + (L1 - L3) {(N - 1)(Ner +)1);2(?}v +2)

Ho(n) - 32Ho<n>sl}

2Py30 224(1+ N + N?)

I+ L) [3(]\7 DN(N +1)2(N + 2)Hg(”) + <3(N —“1)N(N + 1)(N +2)

112 64 AP,
_351)42 - ?HO( )Sl] (= L) [9(1\7 )QNQ(J\;G—i 13(N + 2)2H°(”)
F 00 ~ G oy oSt — 3 Ho(n)S? — 16Ha(o)S:]

2

- 27p(N —1)N3(N + 1)3(N +2) (PrssLy = Piss o)
i 2P0

3645n(N — 1)N4(N + 1)*(N + 2)(2N — 3)(2N — 1)

1
TN DN2(N + 1)2(N + 2)(2N —3)(2N — 1)

Pis7(1— 1) NSy(1 —n, N)

#Pisa(1 = 1) (G300 + Ha()Sa(1 = 1. ) + S1a(1 = .1 V))

N
1 -1 -1
+<1i77> {P148 [2H(2)(77) + 511 <77,'771,N>] + Piso [HO(U)&(T] ” ,N>

(15) )]+ (oo s v+ v =mav= ()

2
LIS 6 ) oo (111 () + 1 (Vi)
(1) (Hoa () + Ho (V7)) + 8([Ha0a (V) + o1 (V)|
Prag
BN - DNNT DN 19N —3eN — 1 e
I P165 . (1 + 77)P128H—1 (\/77) :| H2( )
540n(N — 1)2N2(N + 13(N +2)2 36032(N — )N(N + (N + 2)] OV

_ 4P129
27N —DN(N + (N 1 2)

Ho(n) |Ho(n)? + 6Ho(n)Hi(n) — 12H0,1(77)]
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36073 2(N (,1 1+) ]z)(%ﬁ v 5z o) [ Holn) i (V) — 4Ho () — 4, (\/7,)]
9N 2—5?)(]1VELNN++1§\(7]2\2 +2) Hooa(n) = 4532(N EIJA?()?T DN +2) (Ho,o,l (v)
+H0’0’1(ﬁ7)> " {364577(N — 1)N3(N + 18)1;53 +2)(2N —3)(2N — 1)

"IN - Siét]}\lfof)l)%N +2) 977(N2f112)7]137(22§<77)+ 1)2 ZiHS( )+ %Ho,o,l(n)
+6;H0( JHi(m) = %HO( )H‘“(")} 51 v 161];11\r18(N +1) (85 = 521)

" [13577(N - 1)135(1; TN +2) 136H3(77)] St

_ 4P137 . 16P117
135n(N —1)N2(N + 1)2(N +2)  15np(N —1)N(N + 1)

IS ) 1 g () s ))

1 -1
+H0(77) <772SL1< al _777N> _S1,1< U 777 aN>>
L—n n—1 1

—1 -1
_Sl,2<n7naN) +Sl,1,1 <na77717N>
n—1 n—1 mn

Ho(n) + 16H%<n>} 5,

1 1
_77281,2(1 71_777N> +77251,1,1<71_77717N>}
-1 L—n
g~1-2N 2N =
BTG 3 P47 Z 5
45m2(N —1)N(N 4+ 1)2(N +2)(2N —3)(2N —1) \ N —~ (%)
N 4gi(_n \¢
-1 —1 4= -1
SQ(” ,i) +H0(77)Sl<n ,i>}+P151Z(_n2i1{5171(77,1,i>
N = i(7) N
2, 44( 1 — 1.,
+5 H( +77P161Z 2H0(77)+H0( mS1(1 —n,4) + S1,1(1 —n,1,9)
4t 411 —p)~t , 4i
+(1 — n®) PisoHo(n) Z S T P60 Z (.#52(1 —1,1) + Pie3 Z =72
i=1 " (7) i=1 i) i=1 "t (%)
N
4 8Py35 1120
Pig — _
O e R
128(1+ N + N2 64
+|— ( ) e (7.157)
27(N — 1)N(N + 1)(N + 2)
The polynomials P; read
P = (0" —1) (AN +4N? — 7N +1) , (7.158)
Pus = (0 +1) (AN +4N? — 7N +1) , (7.159)
P19 = N*42N3—11N%? - 16N — 12, (7.160)
Py = N*42N3—6N?-9N -6, (7.161)
Piyy = 2N* +4N3 4 25N? + 17N + 24 , (7.162)
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124

Proy
Pro3
Proy
Pras
Piog
Pro7
Prog

Prag

Py

Py
Py

P43

Pryy
Piys

Piye

P47

3N* +6N3 + 13N? + 10N + 16 , ( )
3N* +9N3 + 15N? + 7N + 10, ( )
5N* 4 10N3 + 49N? 4 32N +48 , (7.165)
92N* + 65N3 — 152N% — 179N — 90, ( )
(n® —1) (5N* + 10N® 4 73N? + 32N +32) , (7.167)
(5n° — 102 +5) N* + (5n° — 48 + 5) N° — (5n® — 206n + 5) N*

— (5m% — 2440+ 5) N + 1647 , (7.168)
3 (7T1n? — 46n + 71) N* + 42 (17n% — 2 + 17) N* — (2537 + 13821 + 253) N

—2 (593177 + 8621 + 593) N — 128 (2n° + 131+ 2) , (7.169)
3 (1119° + 64n + 111) N* 4 18 (53n* + 32n + 53) N° — (373n® + 1712n + 373) N?

—2 (713n* + 11920 + 713) N — 128 (2> + 13+ 2) , (7.170)
12N® + 45N* + 87TN® + 7T3N? + 69N + 14, (7.171)
—140nN® — 190nN* + (630> + 320 + 63) N> + 2 (1087 + 5357 + 108) N*

+ (2799% + 700n + 279) N — 2 (9% — 1601+ 9) , (7.172)

—36N° — 36nN° + (5n° — 18y +225) N* +2 (57° — 108y + 9) N*
+ (73n* + 246m — 495) N? + 8 (4n® + 21n + 27) N + 32n(n +9) , ( )
4NS 4+ 3N5 — 50N* — 129N3 — 100N? — 56 N — 24 | ( )
9NS — 55N* — 2N3 + 142N? — 46N + 8, (7.175)
99NC 4+ 297N + 631N* 4 767N3 + 1118 N? + 784N + 168 , ( )
344N° + 978 N® 4+ 209N* — 1032N3 — 817N? — 210N — 96, ( )
—440nN°® — 1100nN° + 270nN* + (630> + 1640n + 63) N°

+ (21612 + 2810n + 216) N2 + 3 (93 + 7007 + 93) N — 6 (3n> — 160n +3) , (7.178)
—36nN° — 36nN° + (50 42027 + 5) N* + 2 (57° — 104n + 5) N®

+ (730 =322+ T3) N* + 32 (n + LI+ 1) N +32 (n* + 8n + 1) , (7.179)
—9 (4n* — 93n + 4) N® — 27 (4n® — 93n + 4) N° + (=361 + 35891 — 36) N*

+3 (361 + 12115 + 36) N* + (72 + 5942n + 72) N? + 4224nN + 7687 , (7.180)
18 (n* + 1) N® + 36nN° + (—115n + 18y — 115) N* — 2 (7> — 108y + 7) N*?

+ (2119* — 2460 + 211) N> — 4 (31n* + 429+ 31) N — 16 (n* + 18 + 1) ,  (7.181)
(n* — 1) (256N + 75N° + 25N* — 96N — 122N? — 93N +6) , (7.182)
36n°N° + 36nN° + (—225n° + 189 — 5) N* — 2 (99® — 108 + 5) N*?

+ (4951 — 246n — 73) N — 8 (27n* + 21n + 4) N — 32(9n + 1) , (7.183)

9 (4n® + 171y + 4) N® + 27 (4n® + 171y + 4) N° + (361 + 115551 + 36) N'*
—3 (36n% — 49251 + 36) N® + (—72n* 4 20890n — 72) N* + 14592nN + 32647 , (7.184)

(n* — 1) (52N° + 200N° — 1925N* + 2394N? — 1447N? + 622N —3384) ,  (7.185)
I8NT — (50 + 9)N® — 2(5n + 48) N® + (111 — 73n)N* — 8(dn — 33)N?

—8(4n +21)N? — 96 , (7.186)
189N" — (90 + 5)N® — 2(48n + 5)N° + (111 — 73)N*

+8(33n — 4)N3 — 8(21n + 4)N? — 961 , (7.187)

—800N® — 8(270n + 269)N" + 4 (30n* — 11851 + 589) N°
—6 (2n° + 557% — 1440 — 1409) N° + (147n° — 10057> + 9457 — 3703) N*
+ (4719 + 60751 — 9151 — 7383) N* + (—15997° — 10951* + 108157 + 3839) N*



Piyg

P49
P50

P51

Pi5y

P57

Pi5g

Pi59

7.2. The Gluonic Operator Matrix Element A;?;)Q

+ (—31171% — 60150 + 20857 + 1351) N — 6 (91n® + 4650 + 6450 + 127) ,  (7.188)
—400N® — 4(128n + 219)N” — 4 (3n* + 300n — 404) N°

+ (—5257% + 24101 + 3419) N° — (48912 + 2750n + 3561) N'*

—3 (157n* — 19587 + 637) N* + (12997> + 46867 + 2875) N

—2 (15817 + 638n + 381) N + 48n(3n — 80) , (7.189)
33N® + 132N7 + 106 NS — 108 N® — 74N* + 282N3 + 245N? + 148N + 84,  (7.190)
400N"® + (5121 + 876) N + 4 (3n* + 300n — 404) N°

+ (5250 — 24100 — 3419) N° + (489> + 27501 + 3561) N*

+3 (157n° — 1958y + 637) N° — (1299n° + 46867 + 2875) N

+2 (1581n° + 638n + 381) N +48(80 — 3n)7 , (7.191)
800N® + 8(270n + 269)N" — 4 (301 — 11851 + 589) N°

+6 (20> + 557% — 1440n — 1409) N® + (—147n° + 10050 — 9457 + 3703) N*

+ (=471 — 6075n* 4+ 9157 + 7383) N + (15997 + 10957 — 108157 — 3839) N2

+ (31175% + 60150 — 20851 — 1351) N + 6 (91> + 4651 + 6450 + 127) , (7.192)
—400m*N® — 4n(219n + 128) N7 + 4 (404n* — 300n — 3) N°©

+ (34199 + 2410 — 525) N° — (3561n* + 27507 + 489) N*

—3 (637> — 19587 + 157) N* + (28751 + 46861 + 1299) N

—2(381n* + 638n + 1581) N + 48(3 — 80n) , (7.193)
—3 (59 + 2821+ 5) N® — 12 (5n° + 2821 + 5) N* — 4 (157> + 718y + 15) N©

+ (30m* + 2716m + 30) N° + (75n° + 44867 + 75) N*

+ (30 — 868y + 30) N* — 1280nN? — 1024nN — 10247 , (7.194)
3 (5m% — 4220+ 5) N® 4+ 12 (5n* — 4220+ 5) N™ + 12 (57% — 326+ 5) N°

+ (=30 + 41967 — 30) N° — 25 (3n* — 10n + 3) N*

—10 (3n® + 1718y + 3) N* — 14400nN? — 8448nN — 43527 , (7.195)
(36n% — 93n — 36) N® + 12 (125> — 31y — 12) N7 + 16 (9> — 376n — 9) N°

—6 (12n° + 27197 — 12) N° + (—180n* — 230117 + 180) N'*

—6 (120 4 30197 — 12) N® — 6032nN? + 1376n.N + 105617 , (7.196)
(36n> + 930 — 36) N® + 12 (12* 4 31y — 12) N7 + 16 (9n* 4 376n — 9) N°

+ (=721 + 163141 + 72) N° + (—180n° 4 230117 + 180) N*

+ (—72n° + 18114 + 72) N® + 6032nN? — 1376nN — 10567 , (7.197)
400m°N® + 4n(219n + 128) N™ — 4 (4045 — 300n — 3) N°

+ (—34197% — 24109 + 525) N° + (35617% + 27501 + 489) N*

+3 (637n* — 1958y + 157) N* — (28751 + 46861 + 1299) N?

+2 (381n* 4 638n + 1581) N + 48(80n — 3) , (7.198)
400 (n* —n+1) N® +4(2699* +n + 269) N7 — 2 (5891 — 17447 + 589) N°

+ (—4221n° + 661 — 4221) N° + 2 (889> — 874n + 889) N*

+12 (288n% — 503n + 288) N* — 20 (567> + 187n + 56) N>

+ (883n* + 10827 + 883) N + 6541 + 26767 + 654 , (7.199)
800 (n® + 1) N® + 8 (269> + 270n + 269) N7 — 4 (5891 — 11851 + 589) N°

—6 (14097 + 1442n + 1409) N° + 7 (529 — 114n + 529) N'*

+3 (2461n* + 462n + 2461) N* — (38397 + 124147 + 3839) N°
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126

Pigo

Pie1

Piga

Pigr

Pigs

— (1351n* + 52027 + 1351) N + 762> + 3324n + 762 , (7.200)
—800m>N*® — 87%(269n + 270) N7 + 41 (5891 — 11851 + 30) N°

+6 (14097* + 1440n° — 551 — 2) N° + (—3703n° + 945> — 10051 + 147) N'*

+ (—7383n* — 915n* + 6075 + 471) N + (38397° + 108151 — 10957 — 1599) N*

+ (13515% + 20850 — 60157 — 3117) N — 6 (1271° + 6451 + 4657 + 91) , (7.201)
800m° N® + 8% (269n + 270)N" — 47 (589n* — 11851 + 30) N°

—6 (14097 + 1440n® — 551 — 2) N° + (37031 — 945> + 10057 — 147) N*

+ (73837 + 9151 — 6075y — 471) N® + (—38397> — 108151 + 10957 + 1599) N*

+ (—1351n* — 20851 4 6015n + 3117) N + 6 (127n° + 6457> + 4651 4+ 91) ,  (7.202)
—800 (n* 4+ 1) N® — 8 (269" + 2701 + 270n + 269) N” + 4(589n"* — 1185

n® 4 60n* — 11851 + 589) N© + (8454n* + 86287 — 66010 + 86287 + 8454) N

+( = 3703n* + 10927® — 20100 + 10927 — 3703) N* — 3(2461n* + 1487°

—4050m* + 1487 + 2461) N? + (38391 + 9216n° — 21907 + 92167 + 3839) N*

+ (1351n* — 1032n® — 12030n* — 1032y + 1351) N

—6 (127" + 736n° + 930n* + 7361 + 127) , (7.203)
800 (1" + 1) N® + 8 (269n* + 270n* + 270n + 269) N7 — 4(589n" — 1185n°

+60n* — 11851 + 589) N° — 6 (14097" + 1438n* — 110n* + 14387 + 1409) N°

+ (3703 — 10921 + 2010m% — 10927 + 3703) N* + 3(2461n" + 1487°

—4050m* + 1487 + 2461) N® — (38397 + 9216n° — 21907 + 92167 + 3839) N?

+ (—1351n* 4 10327* + 120307 + 1032y — 1351) N

+6 (127n" 4 736n° + 930n* + 736n + 127) , (7.204)
9N + 84N® + 723N7 + 2137N® + 1907N® — 716 N* — 2167N3 — 1229 N2
—400N — 132, (7.205)

9 (71n” + 134y + 71) N” + 3 (1353n* + 5642n + 1353) N°®

+2 (315307 + 74122 + 3153) N7 — 6 (767> — 709307 + 767) N°

—3 (4811n% — 119250n + 4811) N° + 3 (833n* — 59782n + 833) N*

+768 (191> — 563n + 19) N? — 12 (211n° + 16410n + 211) N°

—64 (1117 4+ 8997 + 111) N + 576 (n* — 550 + 1) , (7.206)
920N + (1350 + 274 + 135) N? + 4 (1351 — 4917 + 135) N®

+ (26467 — 37401 + 2646) N + 12 (423n° — 3561 + 423) N°

+ (4563n% — 302n + 4563) N” + 32 (815 + 112 + 81) N*

+16 (54n* + 533n + 54) N° + 8328nN? + 4032nN + 8647 , (7.207)
—3 (450 + 7841 — 45) N0 — 15 (451 + 7841 — 45) N?

—8 (1351 + 16967 — 135) N® + (—270n + 105287 + 270) N*

+5 (1897”4 24807 — 189) N° + (945n* — 524961 — 945) N°

+ (2701 — 36832y — 270) N* + 53664n.N> + 710087.N? + 37632n.N

+126727 , (7.208)
3 (45n° — 784n — 45) N'° + 15 (451> — 784n — 45) N”?

+8 (135n* — 16967 — 135) N® + 2 (1351 4 52647 — 135) N”

+ (=945 + 124001 + 945) N° + (—945n> — 524967 + 945) N°

+ (—270n% — 36832 + 270) N* + 53664nN" + 71008nN?* + 37632nN
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+12672n (7.209)
Pigg = 20 (405n% — 104121 + 405) N + (6561n* — 3739281 + 6561) N”

+ (—37422n% + 662146n — 37422) N® + (—14175n" + 1155334y — 14175) N”

+2 (85051 — 2135231 + 8505) N + 2 (8667n* — 4954211 + 8667) N°

+10 (119077 4 150267 + 11907) N* + 12 (7722 + 19067n + 7722) N*

—18 (243n* — 13160 + 243) N + 77760nN + 259201 (7.210)
Pizo = 2052 (21n° + 31n+ 21) N'2 4 324 (4497 + 589n + 449) N*!

+ (—143289* + 4324133n — 143289) N0 + (—6195697° + 7670353 — 619569) N*

—4 (45360n* + 869931 + 45360) N°® + 2 (2275297 — 7933945y + 227529) N

— (18225n* + 211276671 + 18225) N — (8369731 + 9493739 + 836973) N°

—50 (166057 — 804197 + 16605) N* — 24 (11421n* — 1250297 + 11421) N

—1225440nN? — 518400nN + 181440n , (7.211)
Pi7;i = 12 (4050 — 37667 + 405) N'* + 48 (4051 — 37660 + 405) N2

+ (85051 + 206267 + 8505) N2 — 6 (71557% — 116218y + 7155) N*!

— (931577 + 2289021 + 9315) N'° + (3228667 — 30208287 + 322866) N’

+ (815427n° — 1126667 + 815427) N°® + (9520747 + 47873481 + 952074) N7

+45 (14967n* + 418067 + 14967) N° + 2 (162243n° — 504122 + 162243) N°

+32 (2592n% + 355130 + 2592) N* 4 1629312nN? + 670752 N>

+86400nN — 725761 . (7.212)

The expression for ZL;?Q(N ) exhibits potential poles at N = 1/2 and N = 3/2 due to rational pre-
factors, which have to be investigated. An expansion around the corresponding values in NV using
HarmonicSums shows, after some calculation, that these poles vanish for general values of 7. In the
case 11 = 1, the corresponding result had been obtained in Ref. [366] before. For the proof in the case
n €]0, 1], 201 special replacement rules had to be derived and applied. A few of them are presented

in Appendix H.2.

7.2.4. The Momentum-space Solution
In z-space, dé?;)Q receives three contributions, the d-distribution, a +-distribution and a regular part,
since it belongs to one of the diagonal OMEs. Their Mellin transform reads

1 1
~ — ~ 75 - a ’
a;z)’Q(N) = /0 dz ZN-1 (1 —2) a;?;)’Q(z) +/0 dz (ZN T 1) a;z)’QJr(z)

1
—1 ~(3),re
+ /0 dz 2Nt a;g{Q 8(2) . (7.213)

In turn, the different terms can be obtained by a Mellin inversion:

_(3),6

gy 0(2) =
32 64 128

Ti:i{3 (L +L3) + §L1L2 (L1 + L2) +32¢2 (L1 + Lo) + 9C3}

405 — 37661 4+ 40502 784 5 4 282n + 5n?
CrT2 R § S it S
+ CF F{ 811 g 2 + { in
14+ 1n)(5—2n+ 5n? 5 — 4221 + 5n?
( 77)(8773/;} ) (Hl(\/ﬁ) +H_1(\/77)>]L1L2 n [SZ U
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DO ST (k) (i) )| 22+ 13)

16773/2
(45 — 784 — 451?) (1+n)(5 - 21 + 57%)
187 4n3/2

- Ho(n) +
o1 () ) ~ 2(Hooa (V) + Han - (vi) ) | - T1oca

38(21 +31n+21n%) 4 4

CAT? —— (L3 —L3) +-L1Ly (L, — L
+ AF{ 1351 9(1 2)+312(1 2)
[ 4—11Tnp+4n*> 16
I 31 3
[4+147Tn + 40> 8 1+n)(4+ 11n + 4n?
[Tt 8y () 2 )

6n 3 12n3/

[8(1—n?) 16 1+n)(4+ 11n + 4n?
31

{Ho(ﬁ) <H0,1 (vn)

(1+n)(4+ 11n + 49?)
6773/2

+ Hi(n) +

[Hi (v/7) + Hl(ﬁ)]] LiLy

81 () + o (V) (22 + 29

T3 [Hos (i) + Ho,lwﬁ)}] (L1 — L)

62 13(1 —7n?) 71+ 134n + 71n?
(L1 + Ly) — ——"—H
+g (L1t L) e o(n) + 601

(L n) (71 — 46 + 711%)
12073/2

-1 (3) + 0 () | ) — 1830

(14 n)(71 — 461 + 71n?)
H
30773/2

8

_gﬂg(n)Hl(n) - ?Ho(n)ﬂovl(n) +

o(n)

() ()] - PR s () o )

+838§‘z} ; (7.214)

0 () =

a

1 [80 1360 864
Catp{ 1 |5 @t )+ 50 (e 13) + el (22 - 13

32 640
+§L1L2 (L1 + Lo) + —L1Lo +

27

2752 64
27 3

- T H%(U)} (L1 + Lo)

9 3 7291
40(1 — n? 2(5 — 102n + 512 14 n)(5+ 22n + 5n?
L 40( n)Ho(n)+[—( U 17)+( ) ( n+5n?)

368 32 8(405 — 10412n + 405>
+ [Ho(n) — - Ho(n)[Ho — H1]] (L1 — La) — ( )

91 9 9n3/2
_ 2
<[ () + ()] | o) — w222 - S

2
52 n ]Ho + 32(11;;777)}13 - %H(QJ(W) [Hi(n) — ;Hﬂ
128 +64(1+n2)H01_ 4(1+n)(5+22n+5n2)H (
157 ’ n3/2 o(n)
128 8(1+ ) (5 + 220 + 5n?)
’ 9773/2

Ho(n)

oo (vn)

o(1 1— 2
: 3] - 9(77372;721(_27)73;;17/5) —H3(n) [H-1(vn) + Hi (V)]
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4Ho() [Hou (VA7) + Ho—1 (vi7)] — 8[Hoou (vi7) + Hoo1 (ﬁ)]}

32(18 — 175m + 18n%) 112
162Z [— ( ! ) +— (I +L2)] + FOA(z) +FfA(z)} : (7.215)

135 3
~(3),
a;g),éeg(z )=

8(1 —2)(4+ 72 + 42?)
2

CFTI%{ (L3 + L3) [ + 48(1 + z)HO]

16(1 — z) (4 + 7z + 42?)
3z

16(1 — 2)(37 — 140z — 4722 1
(1—2)( = i Z)_i(_19—41z+8z2)H0+36(1+Z)H3

+L1L2(L1 + LQ) [ -+ 32(1 + Z)H0:|

+(Li + L3) [—

N 16(1 — z) (4 + 7z + 42?)

Hy + 32(1 + Z)H()J(Z) — 32(1 + Z)CQ]

3z
16(1 — 2) (4 + 7z + 422
+(LF —L%)Ho(n)[ (-2 . )+96(1+z)HO}
128(1 — 2)(1 — 112 — 52%) 64 64
+L1La | — ( ) ) + —(3+52)Hy + —(1 + 2)Hj
9z 3 3
32(1 — 2)(89 — 2089z — 55922)  16(1 — 2)(4 + 7z + 422
+(L1 + L) | — : Il ) t ( A )Hg(n)
81z z
64 8
+ <27(184 + 175z — 112%) + 96(1 + z)Hg(n)>Ho +3 (354 77z — 162%)Hj
176 32(1 —2)(32 — 852 — 222%)  64(1 — 2)(4 4 7z + 42?)
g H3 — Hy |H
T (1+2) °+< 272 * 92 o)
16(1 — 2) (4 + 7z + 422 64(4 42z — 722 —223) 128
+ (1—2)( )H%Jr 84 )+—(1+z)H0 Ho
9z 9z 3
128 60 + 37z — 772% — 442%)

64 8(
221+ 2)H 221+ 2)H
3 (1+2)Hop,1 + 3( + z) 0,171+< 9

32(1 — 2)(32 — 852 — 222?)

+%(1 + z)HO) G+ 1+ z)C?’} (L1 = Lo)Ho(n) [_

3 9z
+% (14 42 — 22)Ho + 64(1 4 2)H2 + 20 Z)(L;j A L 6a(1 + ),
—64(1 + z)Cz] + W [Hg(m <H_1 (vn) +H (\/ﬁ)> — 4Ho(n) <Ho,1 (vn)

4
01 (43) ) + 8 (Booa (V) + Haoa (V) )| + oottt + it

-6 () | (o1 (V) + 1 (V) ) = 48800) (o1 (V) + Fio -1 (1))

457n3/2 2
+8 <H0,0,1 (vn) +Hoo,-1 (ﬁ))] - 4%;;;2%%;; : [Hﬁ(n) (H_l (V) + Hi (ﬁ))

—4Hy(n) <H071 (v/n) +Ho,1 (ﬁ)) +8 <H0,0,1 (v/n) 4+ Hoo,—1 (\/777)”

77648(1 + n?)
4725123/2

77648(1 — n?)

Jranyore o)+

[2 In(2) — Hy — 2H_1(ﬁ)]
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+4 +Ziﬁf @ [H(%(n) (Hl(\/ﬁ) +H1(\/ﬁ)) — 4Hy(n) (Ho,l(\/ﬁ)

—2z — 852 — 2222
—I-Ho,l(\/ﬁ)) + 8(H0,0,1 (vn) + Ho,o,l(\/ﬁ)ﬂ - 3201 )(3292 sz 22 )H?)(n)

32(1 — 2) (4 + Tz + 427) 1 () 8Q11  16(40 — 40n* + 51z — 51n%z2)
27 0 425257 450

64(1 + 4z — 222 64 8
84 )Hé(n)+f(1+z)H3(n) Ho + 8Cs +64(1 + z)H(n) |Hf
3 9 4057
64(1 — 2)(4+ 7z + 42%)
H
9, 0(77)
8Q15 32(1—2)(4+ 7z +42%)
byl | HZ(n)Hy |H - - H
12 o) — | 22 - )
128(1 — 2)(32 — 852 — 2222 64(1 — 2)(4 4 7z + 422
81z 27z

32(1 — 2)(32 — 852 — 222%)  64(1 — 2)(4 4 7z + 42?) ] )
_ _ Hy | H?

Ho(n)

16 56
+57 (T+ 1452+ 162%)Hj + CTi 2)Hj — [

128

81z 27z

32(1 — 2)(4+ Tz + 422 128(1 — 2) (4 + 72 + 422
+2 )(812, )Hi’+[ : )(92 Ja(o)

+?(1 + z)Ho(n)Ho} Ho,1(n) + [

128
—7(1 + 2)H3 —

128(4 + 5z + 522 — 82%)
27z

16Q12
40510z
128(1 — 2) (4 + 7z + 422)
9z
128(1 — 2) (4 4+ 7z + 42%) 256
_ [ ( )(92 ) + T(1 + Z)H0:| Hop,1(n) — [

128(20 + 162 — 1122 — 2223) 256
( 972 ) + ?(1 + Z)HO:| HO,l,l

+64(1 + 2)H3(n) +

0

128
HJ Ho1 — 7(1 +2)H3

256 (2 + 7z — 227 — 102%)
27z

1024
. (1+ Z)Ho] Hoo1 + {

2560 1280 128
——— (1 +2)Hpp01 + T(l + 2)Hoo,1,1 + ?(1 + 2)Ho 1,11

9
16Q13 2 16 2 464 2
— —64(1+ 2)H — (149 + 47z — 882%)Hy + — (1 + 2)H
J{ 10572 (1+2) 0(n)+27( + 47z — 882%)Hy + 5 (1+2)Hg

352(1 — 2)(4 + 7z + 422 704 2624
+ ( )(277: )H1 +9(1+2)H0,1] Co + E(l"‘z)é

32(44 — T2 — 1322 + 1223 320 1 1
+[— ( ) +(1+z)HO}C3+/ dy [ZFFF(ZU)

27z 9
1 _c¢ 1( ¢ Z_C y Z _c 22 o
+FFy+(FFy +FFy)H0<>+FFy+FFy
yz()yg()y4() . y25()y36()
3y? — 3y3 — 3yz + 3y32 — 422 + 49322
\/??F70F(y)+ y® —3y° — 3y Y Y
2,3/2 33/3

+2(y+ZZHO(ZZJ)> FfF(y)] _ <(1 —z)(4 ?‘;7Z +42%) +2(1+ z)H0> /OZ dnyF(y)}

16(3 — 5z + 222 — 22%)
3z

_l’_

— 2(1 —+ Z)Ho

16(4 — 9z 4 52% — 527)
3z

+CAT}27{ (L3 + L3) + LyLa(Ly + Lo)
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8(383 — 485z + 32322 — 3912%)  272(1 + 32(1 —
+(L%+L§)[ ( ) 2Ly 8 Z)Hl]

27z 9 + 9z
11 — 21z + 132 — 162%)
z

+(L? — L2)Ho(n) [2( + 12zH0}

64(25 — 31z + 1922 — 2323 128 64(1 —
+L1Lo ( ) + —(1+2)Hp — MI’h
27z 9 9z

8(2266 — 2661z + 227722 — 291423 2(25 — 39z + 2322 — 3223
+(Ly +L2)[ ( S ) + ( % )Hg(n)

8 176
+ <27(158 + 353z — 5227%) + 12zH§(n)>HO + 7(1 + 2)H3
8(52 — 33z + 8722 — 5223 128(1 + z 16(21 — 50z 4+ 1322 — 2123
+ ( )H1—|— ( )H0,1+ ( >C2
27z 9 9z
275 — 192z + 15222 — 2882%)  4(1 — 19z — 442 — 162°) -
9z 3z

4Q17 .5  8Q2s 8Q26
Hy Ho11— ——

4057 1351z 1350z

4 4 16(1 — 32(1 — n?

n G+ Q34 2 4 Q37 N (1—-=2) (1—n7)

135nz 4051z 25515mz 15mz Inz

8(1647 + 4846n + 1647n?) 4(1+ ) (1 — 109 + n?)
- 12150z Hy - 9372 [Hg(n) <H—1(\/77) + Hl(\/ﬁ)>

—4Ho(n) <H071 (v/n) +Ho, 1 (\/ﬁ)) +38 <H0,0,1 (v/n) 4+ Hoo,—1 (\/ﬁ)ﬂ

458(1 — n?)22 8(4203 — 332361 + 42931%) "
1057, 85057

2) ,2
BT e LU CRREAND)

a#100r) (01 (V) + Ho.-1 () ) + 8o (V) + Hoo 1 (v3) )]

176(1 — %)z 4(603 — 47021 + 603n2) 2
A=z o ( )7
157 4057

_ 2 2
s +77)(1145n§?;7+11n ) [H%(n) (Hl(\/ﬁ) +H1(\/ﬁ))

—4H,(n) <Ho,1 (v/n) +Ho,—1 (\/ﬁ)> +8 (Ho,o,l (v/n) 4+ Hoo,-1 (\/ﬁ)ﬂ

5612(1 + %) In(2)  2806(1 — n?) 2806(1 + n?) 5612(1 + n?)
945n23/2 9457 23/2 045n23/2 1T 945232
(1+n)Qss [ 2 ( ) < >

- H H_ H —4H H Hy

18907”73/223/2m 0(77) 1(\”7) + 1(\/5) o(n) 0,1 (\/ﬁ) =+ Hp, 1(\/5)

2
+8 <H0,0,1 (vn) +Hoo,-1 (ﬁ))] - 13661(315”777)}10(77) + 1236;?752 H{ (n)

_32(1 — 224 2% - 2%) 4Q28  4Q22 4Q30 19

H - - H H
272 0(77”{850577 457 1512 °<”)] 0

+(L1 — L2)Ho(n) [4( 0

4(22 — 382 4+ 172?)
+
3z

H; — 8ZHO,1 + 82(2:| — 0,0,1

16Q31

Ho(n)HoH1 — Ho(n)

Ho(n) + 1

1

Ho(n) + Hoi(v3)

Ho(n)
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7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

]
]

g

]

Qo7

4(1 —n?) 64(1 — 2z + 2 — 2°)

]

T Ho(n)] H3 — o H3 () Hi ()

4(231 + 423;;; +2319%) aig;; 2 ??;; Ho(n) + 4(58 — 1(;(12 +512%) 2 ()

Tt g o s+ 22 )

f;g?l;Ho 1165?72; Hy — ??7722 Ho(n) + 420625;92 + 8ZH(2)(77)} Ho1
128(1 - 2;; 22— 2%) Hoo1(1)

(1+ 77)(19193;7377 +1917?) [Hé(n) <H1 (i) + (Wl))

—4Hg(n) <H0,1 (v/n) +Ho,—1 (ﬁ?)) +38 (Ho,o,l (v/n) + Ho0,—1 (ﬁ))}

?%; Hy — 420625?72 + Z(WHO(W) + W&) + 8(11;77772)H0(77)
+82H2(n) + 1601 +1Zj7)z(1 - Z)H1:| G2 WCA(Z) [Hﬁ(n) Hoy (v) + H1(ﬁ?)>

—4H,(n) <H0,1 (vm) + Ho,—1 (\/ﬁ)> +8 (Ho,o,l (v/n) +Hoo,—1 (x/’ﬁ)ﬂ

1

w0+ [ ay[ T - i () Er )+ LR ) - S () RO

z 2 Y
L) + ) + 5N F ) -

z

z (1—y)(y — 4z — 4yz)

223/279

1— 24422 [?
—/0 dnyA(y)} ;

4z

with the polynomials

132

Q7
Qs
Qo
Q10

Q12
Q13
Q14
Q15

Q16

Q17

4853 (1> — n + 1) + 6 (356912 + 152961 + 3569) 2 ,

40 (9% + 215n + 9) + (459 + 47301 + 459) = — 880927 ,

9510 + 130 + 95 + 80 (n* + 8n + 1) z + (681 — 8n + 68) 27 ,

3627n° — 22422n + 3627 + 40 (2097 + 31307 + 209) 2

+840 (17n* — 20 + 17) 22 ,

1400 (117n% — 1793n + 117) + 7 (188731 — 5462501 + 18873) =

+25 (17551 — 826m + 1755) 2%,

12800 + 40 (9% — 861 + 9) z + (45977 + 2501 + 459) 2% + 440n2°
1230n + 10 (361 — 5510 + 36) 2 + (459 + 1240n + 459) 2% + 1570n2" |
(1 —n?) (19950 — 14002 — 3969z% — 48752°) |

—350 (513n% + 454n + 513) + 12600 (n* + 257 + 1) z + 63 (567>

—2150n + 567) 2% + 25 (17557% — 826m + 1755) 2° |

(z — 1)[208 (53197 + 245001 + 5319) + (308611 — 369407507 + 30861) =
+25 (52651m% — 3779027 + 5265) 2]

—9n* — 7600 — 9+ 8 (18n* — 95n + 18) = ,



Q18
Q19
Q20
Q21
Q22
Q23
Q24
Q25
Q26
Q27

Q2s
Q29
Q30
Q31
Q32
Q33
Q34
Q35
Q36
Q37

Q38

7.2. The Gluonic Operator Matrix Element AB)

—9n + 1000 — 9+ 4 (36 + 251 + 36) = ,

—18 (7 + 1) + (27n% — 320n + 27) z — 320n27 ,
n2—772z+4(772—1)22,
(772—1—1) (1—z+422) ,
(n® —1) (141 + 23z + 122%) |
(772 — 1) (2 —z+ 16z2) ,

—24 (3n* — 8y + 3) — (1097* + 4467 + 109) z + 4 (11n* — 861 + 11) 2 ,

36 (n” +1) —5 (99> — 327+ 9) z + 8 (99> + 20n + 9) 2%,
18 (1> +1) =5 (9° — 64n+9) 2+ 8 (9* + 40n + 9) 2° ,
—7 (279" — 538n + 279) + 4 (153> + 52967 + 153) =
+8 (277 — 5201 + 27) 2% ,
63 (23n* + 2874n + 23) — 21 (1035n* — 213227 + 1035) =
+ (8586m* — 664721 + 8586) 2%

20 (27n% + 208n + 27) + (117n% — 86n + 117) z + 4 (117n* — 9861 + 117) 2

—2080n2° |
504 (n* — 95n +1) 2 + 4 (2n* — 550 + 2) 2% — 80nz* |
—20n — 3 (3n* — 40n + 3) z + 12 (39> + 59 + 3) 2* + 20n2° |
(> —1) (5— 172+ 102" + 22°) |

5 (270 + 208y + 27) — 3 (1531 + 2207 + 153) z + 30 (97® + 261 + 9) 2°

+2 (27n* — 520n + 27) 2° |

5 (27n% + 1040 + 27) — 3 (153n* + 110n + 153) 2z + 90 (3n* — n + 3) 2

+ (541 — 520m + 54) 2° |

42 (n* + 1590 + 1) — (183n* + 30887 + 183) 2 + 3 (71n + 1044n + 71) 2°

+ (111n% — 6890n + 111) 2*

—19320n + (—1953n* + 218067 — 1953) z + (6121 — 8896 + 612) z*

+8 (2707 + 21550 + 27) 23,

TAT9n® + 1869560n + 7479 — (476551 + 19475267 + 47655) = — (28593n°
—2351174n + 28593) 2% + 2 (55647n% — 15010247 + 55647) 2°

—1403 (n* — n+ 1) — (94451 + 106521 + 9445) z + 3(4789n> — 109427
+4789) 2% + (2780 + 47476m + 278) 2° — 4 (3023n* — 56067 + 3023) z*

+336 (11n° — 86n + 11) 2° .

99,Q

(7.248)

In the above equations a series of functions, Fj, have been used. They further depend on the functions
Gr(y) and K}, which are given in Appendix H.2 and for which the 1 dependence is suppressed for
brevity. The functions Fj, are given by

Fy " (y) =

16R1  16(19 + 820 + 197?)

9n?2 IMVT —yy

16(1 + 1)%(19 + 26n + 197?)

—+

V1 —yy
4(1 —n)*(19 — 3n)(1 + 3n)

I2T—yy

{G12(y) + Gi3(y) — K13 — K

Gl(y){2(1 -n)’+(1- "72)H0("7)}

{GG(ZJ) +Gr(y) — % [KIQ + Kzo] }
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7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

8
+Ho(n) [GAL(?/) - K6] + p [Kﬂ + Koo + Koz + Koy + Ho(n)Km} }

41 =n)*(3+n)(3 — 19n)
Iv1—yy

—Ho(n) [Gg,(y) - K7] + % [K% + Kog + Ko7 + Kog — Ho(?])K18:| }

{G14(y) + Gi5(y) — K16 — K17

B 8R16 Ho () — 40(1 + n)? (19 + 26 + 191?)
IP(1 =y +ny)(=n—y+ny) 21Ty T—y /Y
SR
0 [Ho(y) + Hi(y)]

+
IPP(1 =y +ny)(—n—y +ny)
16(1 + 1) (14 n+n?) (19 + 26n + 199?)

21(=1+nn*mv1—y/y Hol)

T T PO a0

+W@{2(1 —n)?(19 + 821 + 197°)

+(1—n*)(19 + 261 + 19172)H0(77)} , (7.249)
) = -2 G;ﬁfﬁ}) G1<y>{2<1 — (1= o)

o oo o)

+Ho(n) [ ] + % [Km + Koo + Koz + Koa + Ho(n)Km} }

81 _27)77\(/1%277\% il {G14 ) + Gis(y) — K16 — K7
—Ho(n) [Gg)(y) - K7] + % [K% + Kog + Koy + Kog — Ho(n)mg} }
16Roy 160(1 + 1)?(1 + 261 + 1%)

+ HO n) +
212 (L —y +ny)(—n —y +1y) ) 81n%my/1—y\/y

16Ro:
TRy )=y ) o) W)

64+ ) (L +n?) (1 +26n +77)

BL(—1 + n)ry/I — yy/y Ho(n)
16(1 + n)%(1 + 260 + n?) 316(1 — n?)x
+27(_1 +"7)2777Tm\/17H(2)(77) + WHO(W
8¢2
—M{2(—1 +m)%(1 - 530 +1*)
+(1 —772)(1+2677+772)H0(77)} : (7.250)
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128Ry;  128(1+ 10n + n?) 5 )
FCF - _ 2(1 — 1-— H
128(1 + n)? (1 + 8n + n?)
I2V1—yy

_ M2
B A Gl + Gualy) — Ky — Ko

+Ha(n) [ G1(0) ~ Ko +

L3201 - 7)*(9 +n)

{Galw) + Grt0) ~ & Ko + K|

8
p [KQI + Koo + Koz + Koy + HO(U)Kls} }

{G14(y) + Gi5(y) — Kig — K17

W1 —yy
8
—Hoy(n) [G5(y) - K?] + - [K% + Kog + Ko7 + Kog — HO(U)K18:| }
64R 320(1 4+ 1)2(1 4 8y +n?
- 18 Ho () + 22 2)( n+n?)
(1 =y +ny)(=n—y+ny) 21?1 = y\/y
64Rq9

9P~y ) (—n—y +ny) [Ho(®) + ()
128(1+n) (1 + 71+ n?) (1 + 8y +n?)

B N N AL

32(1 4+ n)%(1 + 8n +n?) 16(1 — n?)m
ST Iy T

16¢2
ey S A
—(1—"72)(1+877+772)H0(77)} ; (7.251)
2
F{r(y) = —11657223 + 16(1;;%\}9 )Gl(y){2(1 —n)?+(1- ?72)H0(77)}

16(1 +n)%(17 — 2n + 179?) 8
TN {GG(?J)+G7(?J) - W[K19+K20]}

4(1 —n)?( — 17 — 150n + 1357?)
1572V = g/ {Glz(y)+G13(y)_Kl3_Kl4

8
+Ho(n) l:G4(y) - KG] + [Km + Koo + Koz + Koy + Ho(n)Km} }

™

—+

+4(1 —n)?( — 135 + 150n + 171?)

{G14(y) + Gi5(y) — K16 — K7

15m/1 — y\/y
8
—Ho(n) [GE)(?J) - K?] + - [K25 + Ko + Ko7 + Kog — HO(U)K18:| }
S8R 8(1+n)2(17 — 2n + 17n?
— 25 Ho(n) + ( 77)2( n+17?)
150%(1 =y +ny)(=n — vy +ny) I?my/1—y/y
8Roy

TPy )y o) T )]
16(1 + 77)(1 +n+ 772) (17 — 2+ 17772)
- 45(—=1+n)n?my/1 —y/y o(n)
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7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

4(1+n)*(17 — 20+ 179?) 5 304(1 — 07
+ e e ey Ho(n)” — NV y\/ngO(n)

2(2 2 2
+(1 =) (17— 27+ 17772)H0(77)} , (7.252)

8Ras  8(21 + 446n + 21n?)
Cr . 26 N2 2
For(y) = 2512 + RN e Gl(y){2(1 m +1-n )Ho(n)}

8(1 4 n)?(21 — 346n + 21n?)

{Gat) + Grt) = 2 [0 + |}

2512/ T — yy/y
2(1 —n)*(— 21— 500 + 3757?)
+ 2512V = 5r/y {Gm(y) +Gi3(y) — K13 — Kua
8
+Ho(n) [G4(y) - K6] + p [KQI + Koo + Koz + Koy + Ho(ﬁ)Kls} }
2(—1+n)?( — 375 + 50n + 21n?
( )Qénm\/g ) G1a(y) + Gi5(y) — K16 — K17
8
—Ho(n) [G5(y) - K?] + p |:K25 + Ko + Ko7 + Kog — Ho(n)Kls} }
4R 4(1 4 n)?(21 — 346n + 21n?
— 28 Ho(n)+( 77)(2 n+ 21n?)
25 (1 =y +ny)(=n —y +ny) 1502 my/T = y\/y
4Ro7

TR =y =y o) W)
8(1+n)(1+n+n%) (21 — 3461 + 217%)

B T5(—1+ n)Pmy/T — 5y /5 Ho()
2(14 n)?(21 — 3467 + 21n?) 396(1 — n?)m
25(—1+ 1)2nmy/I — yr/7 H(n) - 2501 — y\/yHO(")
3C2
—2577%@\/@{2(—1 +n)?(21 + 4467 + 217?)
+(1 —n%) (21 — 3461 + 21172)H0(17)} , (7.253)

8Rag  8(65 + 12621 + 6512
6 (y) 63772 637’]2 /1 y\/g G1 (y) 2<1 77) (1 n ) 0(77)

8(1 + 1)%(65 + 5021 + 651?)

{GG(?J) +Gr(y) - % [KIQ + Kzo] }

63n2v/1 —y/y
2(1 —n)*(— 65 — 8821 + 3157?)
6321 —y\/y Gi2(y) + Gi3(y) — K13 — K14
8
+Ho(n) [G4(y) — K6:| + p {Km + Koo + Koz + Koy + Ho(n)Kw} }
2(1 —n)%( — 315 4 8821 + 651>
2 253?7@\/@ ){G14(y)+G15(y)—K16—K17
8
—Ho(n) [G5(?/) - K?] + p [K25 + Kog + Ko7 + Kog — HO(”)K18:| }
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4R3,

N 20(1 + n)?(65 + 502 + 65n?)
63n*(1 —y +ny)(—n — y +ny)

189n27my/1 —y /Y

"Ry (=g o) TR
8(1+n) (141 +1%) (65 + 5021 + 657%)

Ho(n) +

B 189(—1 + n)n?ry1 — y/y Ho(n)
2(1 + n)%(65 + 5021 + 651?) H2 ) — 380(1 — ) Ho(n)
63(—1+m2nmvI—yyy O 63nyI—yyy
G 2 2
—an%m\/@{ﬂ—l + 1) (65 + 12621 + 651%)
+(1 —7?)(65 + 5021 + 65772)H0(n)} , (7.254)

155296 R 155296 (1 + 1 + 1)
Cr _ 32 G 2(1 — 2 1— 2 H
155296(1 4+ 1)%(1 — n + n?)
4725m2\/T — y\/y

38824(1 — 1)?
- e Gus(y) — Kis — K
47252 T — gy 12(y) + Gi3(y) 13 14

+Ho(n) [ G3(0) ~ Ko +

38824(—1 +n)*n {G14(y) + Gis(y) — K16 — Ki7

{Got) + Grt) ~ 2 [ o + |}

Ko + Koo + Koz + Koy + Ho(n)Km} }

47251 — y\/y
8
—Ho(n) [G5(y) - K?] + Kos 4+ Ko + Ko7 + Kog — HO(”)K18:| }
N 77648 R33 Ho(n) + 77648(1 4+ )% (1 —n + n?)
41252(1 —y +y)(—n —y +ny) 283521 — y\/y
77648 R34

TRy ) (g oy o)+ )]
155296(1 + 1) (1 =0+ n?) (1 +n + 1)

4175(—1 + n)nry/T — y/y Ho(n)
Py
- 15757712?\1/%\/@7{2(—1 +n)?(1+n+1%)
+1-7")(1 —n+n2)Ho(n)} , (7.255)
FEPG) = g { (=) |Ga(0) + Galy) ~ Gaoo) — Ga)
—(Ga(y) + Gg(y))Ho(n)] + H%(n)} ; (7.256)
40R3g 40(1 4 n +n?)

I (—1+2)2  9np2(1— 2)3/2\/5G1(Z){2(_1 +n)° + (1 - 772)H0(77)}
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40(1+n)%(1 —n+n?)
(L= 2z
_10(=1+ n)n

W{Gw@ + Gia(e) — Kus — K

1 8T .
+Ho(n) |Ga(z) — Ko | + — | K21 + Koo + Koz + Kos + Ho(n) K5 }

{G6(Z) +Gr(z) — % |:K19 + K20} }

L 7-‘- L -
N 10(—1+n)?
(1 —2)3/2/z

1 osr .
—Ho(n)|G5(2) — K7| + = Kos + Ko + Kor + Kog — Ho(n) K3 }

{G14(Z) + Gis5(z) — K16 — K17

100R35 10R3;5 H2()
2T2m(1 — 2)3/22 1 9(—1+n)2ym(1l — 2)3/22" 0 1
B 40R3s Ho(n)
27(— 1+ myPa(l — 2)22(1 — 2 tnz)(—n — =2 +nz)
20(—1+n)R4o
T T (e e L)
5(—1+n)mRs7

_97)2(1 —2)3/22(1 — 2+ n2)(—n — 2z + nz)HO(n)

20R36
+9772(1 — 2+ n2)(—n—z+n2) [HO(Z) + H1(z)]

5C2
Tapn(l - 2)3/2ﬁ{2(—1 +n)?(1+n+7°)

—(1 —772)(1—77+772)H0(77)} ; (7.257)

2
Fore) = - LI P G o Lo+ (- Pt}
A1+ 0)2(73+ 170 + 731°) {GG(Z) F G- 8 {Km N Kzo} }

15n2y/1 — 2y/z
(=1 +n)2(90 + 73n) {
G G —Ki3—K
15vVI—2v/z 12(2) + G13(2) 13 14
8
+Ho(n) [G4(z) - K6] + - |:K21 + Koo + Koz + Koy + Ho(ﬁ)Kw} }
(=1 +n)2(73 +90n) {
— G G —Kig— K
2yl = 2v/z 14(2) + G15(2) 16 17
8
—Ho(n) [G5(Z) - K?] + - [K% + Kog + Ko7 + Kag — Ho(n)Km} }
C2(1+n)* (73 + 170 + T3n%) N 2Ry4o Ho(n)
I2my/1 — 2/2 521 —z+n2)(—n—z+nz) ° g

+4(1 +n)(1+n+n*) (73 + 17n + 73n?)
45(=1+n)n?rV/1—zy/z
(14+n)?(73+ 170+ 73n?) 2
TS T aye o)
N 2R3
45021 — z+n2)(—n — 2z + nz)

Ho(n)

(1-— 772)(73 + 907 + 73772)7r )
30021 — 2v/2 ou

[Ho(z) + Hl(z)]
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F5A(y)

F{A (y)

7.2. The Gluonic Operator Matrix Element A

©
10n2my/1 — 24/2

{2(—1 +n)*(73 + 1630 + 73n%)

(3)
99,Q

—(1=n*)(73+ 17T+ 73n2)H0(n)} , (7.258)

4Ry N 8(61 + 2261 + 61n?)
45n? 45m%/1 —y\/y

32(1 +n)*(3 — 8n+ 3n?) 8
] Gl + Galy) = 2 Ko + oo

N (—1+n)%( — 97 — 1057 + 22572 + 257°)
45m%/1 —y\/y

8
+Ho(n) |:G4(3/) - KG] + p [Km + Koo + Koz + Koy + HO(U)K15:| }

. (=1 +n)?(— 25 — 2257 + 105n% + 97%)

Gmw{%—1+nﬂ+wl—n%ﬂam}

{Gm(y) +Gi3(y) — K13 — Ky

{G14(y) + Gi5(y) — Kig — K7

45T —y\/y
—Ho(n) [GE)(Q) - K?] + % {K% + Ko + Ko7 + Kog — HO(U)K18:| }
16(1 +n)%(3 — 8n + 3n?) 2Ru6 Ho(n)
m?rv1—yy B52(L—y + )~ —y +y)
320 4L+ ) (3 —8n+307) )
45(—1 + n)my/I — y/y o\
8(1+n)?*(3—8n+3n?) _, (1 —n?)(25 + 322 + 250w
RS ey iy L L T Y iy S
2Ry5
135721~y + ny)(—n — y +ny) [How) + Ha(w)]
2
- 1577%/%\/@{(—1 +n)?(61 + 2267 + 617%)
+6(1—1*) (3 —8n+ 3772)H0("7)} : (7.259)

R47 4(1 +677+772>
450 AT —yy
2(1 4 n)?(109 + 4467 + 1091?) 8
— G G ——|K K
B2V = gy 6(y) + G7(y) - 19 + Koo
. (=14 n)*(91 + 465n + 645n* + 127n%)
180m%V/1 —y\/y
8
+Ho(n) [G4(y) - K6] + [Km + Koo + Koz + Koy + HO(U)K15:| }

™

Gmm{m—1+nﬁ+wl—naﬂam}

{Gu(y) + Gi3(y) — K13 — K14

—1 4 n)?(127 + 645n + 46502 + 917>
= il 3 ) Gra(y) + Gis(y) — Kis — Ki7
180n2y/T — y\/y

~Ho(n) [Gg)(y) _ K7] ;8 [K% 4 Koo + Kor + Kog — Ho(n)mg} }

™

(14 1)%(109 + 446n + 1097?) Ry

_ + H
2Tn2my/T — y\/fy 90m(1 —y +ny)(—=n — y +ny) ol)
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2(1 4 ) (1 + 1+ n2) (109 + 4467 + 10972)
135(—=1 +n)n?mv/1—y/y

(1 7)2(109 + 4467 + 10972
— ( )Hﬁ(n) —~

Ho(n)

(1 —n?)(127 + 554n + 127n*)

90(—1+ )1 —y/y
n Ry
90n* (1 —y +ny)(—=n —y +ny)

2 2 2
e %1_y\/§{—36(—1+n) (14 61+ 7%

+(1 —7?)(109 + 4467 + 109772)H0(77)} ,

36021 — y\/y
[Ho(y) + Hi(y)]

R 4(581 + 1706n + 581n?)
Ca _ 50 1 9 9
) = e~ O T G {21 (1= o)
2(1+1)?(169 — 574n + 169n?) 8
- 135721 — yr/3 {Ga(y) +Gr(y) — — | K + K20} }
(—1+n)?( — 1331 — 1845n + 26557 + 993n3)
540021 — y\/y {Gu(y) +Gu(y) -

8
+Ho(n) [G4(y) - KG] + [Kﬂ + Koo + Koz + Koy + HO(U)K15:|

™

(—1+n)?( — 993 — 26551 + 1845 + 1331n%)

- {G14(y) + G5y

540n%/1 —y/y

8
—Ho(n) |:G5(3/) - K?] + |:K25 + Ko + Ko7 + Kog — Ho(n) K1

™

(1+1)%(169 — 574n + 169n?) Rs1 I
8121 — y\/fy 2702 (1 =y +ny)(—n—y+ny)

2(1+n)(1+n+n*) (169 — 574n + 16917?)
405(—1 + n)n’*ny1 —y/y
(1 +n)*(169 — 5747 + 1697%) 2
270(—1 + 1)2nm/I — yo/i o(n)
(1 —n?)(993 + 3986n + 993n?) ™
1080721 — y\/y
n Rso
2707%(1 —y +ny)(—=n — y + ny)

Q 2 2
4(—1 1+1 1
+1807727r\/q\/§ (L )" (581 + 1706y + 581

+(1 —n*)(169 — 574n + 169772)H0(77)} ,

Ho(n)

Ho(n)

[Ho(y) + Hi(y)]

2(1+n)2(11 — 86n + 11n2)  4(1+n)2(11 — 867 + 11n?)

FOr(y) = - n {G6<y>

15m2 15m%/1 -y /y
(1 —n)%(1 +n) (11 — 861 + 117%)

+Gr(y) — % [KIQ + Kzo] } -

+G13(y) — Gua(y) — G15(y) — K13 — K1a + K16 + K17

8
+Ho(n) [Ga(y) + Gs(y) — K¢ — K7] + [Km + Koo + Ko + Koy — Ko

™
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30172 /1T — y\/zj {G12(y)

Ho(n)
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2(1+n)?(11 — 86n + 11n?)

— Ko — Ko7 — Kog + Ho(n) [K15 + K18]] } +

InryT — y/y
A0+ (L4 +9?) (11 —86n+11n2)H )
45(—1+ mnPry/T — yy/y oA
(1 —n?)(11 —86n + 11n*)7 Rs3
60n°v1 —y\/y ol + 45n?(1 —y+ny)(—n—y+ny)HO(n)
(1+n)%(11 — 86n + 11n?) H2 () — (1—n?)(11 —86n + 11772)ch )
15(—1+n)2my/T — gy ° 10271 — y\/y 0
Rs4
TERA =y ) —y+ ) [Ho(w) +Eav)] (7.262)

2Rs5  16(31+ 1215+ 31n?) ) )
FCA — _ 2(—1 1-— H

A(1 + )2 (229 + 5067 + 2297%)

{Gato) + Grl0) - & [ Ko + Ko |

45m2/1T —y\/y
(=1 +1)2(105 + 3751 + 109572 + 353n°)
- 902VT — 54 Gi2(y) + Gi3(y) — K13 — K14
8
+Hop(n) [GAL(?/) - K6] + p |:K21 + Koo + Koz + Koy + Ho(n)Kw} }
(=1 +1n)?(353 + 10951 + 3751 + 1051°)
G G — K- K
+ gonzm\/@ 14(y) + Gi5(y) 16 17
8
—Ho(n) [G5(y) - K?] + [K% + Kog + Ko7 + Kog — HO(TI)Km} }
2(1 +1)?(229 + 5067 + 2297?) Rs7 Ho(n)
n
2T0°my/1= /Y B =y +m)(—n—y+tmy)
4+ ) (1 + 7+ ) (229 + 506 + 2297°) Ho(n)
135(— 1+ n)PryT— y/y o7
(14 n)2(229 + 5067 + 2297?) H2(n) 1 (1 —n?)(353 +990n + 353172)77H )
B(—1+n)myT—yyy O 18072vI—yv/y ou7
Rs6
+ Ho(y) + Hi(y
45m%(1 —y +ny)(—=n — y + 1Y) [Ho(y) + Ha(y)]
G2 2 2
8(—1 31+ 121n + 31
—(1—7%)(229 + 5061 + 229772)H0(77)} , (7.263)

2
) = g+ U 6 fae1 a + - oot

4(1 +n)*(163 + 1034n + 163n?) 8
— ——|Kig+ K
6372 =5/ Ge(y) + Gr(y) — | H19 + Ko
N (=14 n)%(29 + 693n + 40957* + 6231°)

252021 —y/y
8
+Ho(n) [G4(y) - K6:| + p [K21 + Koo + Koz + Kog + HO(”)K15:| }

{Gu(y) + Gi3(y) — K13 — Kua
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—1 4 1)%(623 + 40957 + 69372 + 2973
_( )*( ) G1a(y) + Gi5(y) — K16 — K17

252021 —y\/y
—Ho(n) [G5(y) - K?] + % [KQS + Ko + Ko7 + Kog — HO(U)K18:| }
101 + n)?(163 + 10347 + 163n?) Rsg Ho(n)
189727y/1 — y/y 1890n%(1 —y + ny)(—n — y +ny)
(1= 7?)(623 + 40661 + 623n2)7rH0(n) (1 +n)?(163 + 10347 + 1637°) 2 ()

504021 —y/y 63(—1 + 1)2my/T — y/y 0
4(1+ 1) (1 +n+n?) (163 + 1034n + 163n2)

189(—1 4+ n)n?myv/1—y\/y

Reo
* 1890?’]2(1 —y+ny)(—n—y+ny) [Ho(y) + Hl(y)]

€2 2 2
- 27(-1+ 114+ 74n 411
42n2m\/1 —y\/g ( ) ( n n )

—(1—n?)(163 + 1034n + 163172)H0(77)} , (7.264)

o(n)

5612Rg;  5612(1 + 7 +n?)
FCa()) — _ 2(~1+n)*+ (1 -nHH
5612(1+n)* (L= n+7?)
945n%/1 — y/y

1403(—1 +n)?
+945772m\/§ Gia(y) + Gus(y) — Ki3 — K

8
+Ho(n) [G4(y) - KG] + [KQI + Koo + Koz + Koy + HO(U)K15:| }

{Gﬁ(y) +Gr(y) - % [KIQ + K2o} }

T
 1403(=1+1n)%
945v/1 — y\/y

—Ho(n) [G5(y) - K?] ;8 [K% + Kog + Ko7 + Kog — HO(U)K18} }

™

{G14(y) + Gi5(y) — Kig — K17

S 2806(L+n)*(L—n+n*) | 1403(1 — )7 Ho(n)
56721 — y/y 1890nyT —yy/y

L M3+ (L=n+n?) o 2806 Rg2

945(—1+ 77)2777rm\/z7H0(77) 945n*(1 =y +ny)(—n — y + 1Y) Holn)

5612(1 4+ n)(1 —n+n?)(1 +n+n2)H

2835(—1 + n)n2my/I — y/y ()
2806 R
ToasR( -yt m/)(ﬁin —y+ny) [Folw) + Fa(w)]
+63O772ir43?%\/§{2(_1 + 7])2(1 +n+ 772)
+(1-7)(1 —77+772)H0(77)} ; (7.265)
FO) = g5 { Ga) + Goty) — 1 [Guuly) + Gu )]}
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64(1 —n)

32(1+1n?)
159(1 — ) Ho(m)-

{Gato + 1 Gato) o) + T2

The additional polynomials Ry are given by

Ry
Ri5

Roo

20 (5% + 54n + 5) + (199 + 820+ 19) (n — 1)y ,

—2n% (99 — 820+ 9) — 4n (7Tn* — 20m° + 90n* — 20 +7) y
—(n—1)% (199" + 74n® + 198n* + 74n + 19) y?

+ (2 = 1) (199 + 267 + 19) 4* |

(n* —1) [18172 — 109 (n* + 10n + 1) y — (n — 1) (199 + 110 + 19) y*

+(n — 1) (199* + 82y + 19) yB] ,
n(m*+18n+1)+ (0> +10n+1) (n—1)%y ,

n* —1) y[—n (n* +10n+1) — (n* + 1in+ 1) (n — 1)y

+(n* +10n+1) (n - 1)23/2] ,

20773 —n (774 — 8773 + 547]2 —8n+ 1) Y

—(n—1)* (774 + 119% 4 36n% + 111 + 1) >
—l—(772—1)2 (n*+8n+1)y°,

1 (83n° — 54n+83) + 2 (n* —53n+1) (n — 1)y ,

(n*—-1)y [n (—83n* + 268y — 83) — (2n* — 1851 +2) (n — 1)y

+2(n° = 53n+1) (n— 1)*?| ,

1120 + n (797" — 1107° — 162n* — 110+ 79) y

—(n— 1) (20" + 1399 + 541 + 1399 + 2) °

+2 (772 - 1)2 (772 + 26n + 1) v,

—2n (5977 — 1500 + 59) + (n — 1)* (179* + 302n + 17) y ,

—2n? (450 — 1221 + 45) — 87 (199" — 56n° + 90n* — 561 + 19) y
—(n—1)* (170" — 867> + 330n> — 867 + 17) y*

+ (772 — 1)2 (177]2 —2n+ 17) y3 ,

(n* — 1) |90 + 21 (5977 — 286m + 59) y — (n — 1) (17n* + 4540 + 17) ¢°

+(n—1)? (179> + 3020 + 17) *| ,

—2n (1770% — 500 + 177) + (n — 1)* (21n® + 4460+ 21) y ,

—2n” (75n* + 154n + 75) + 4n (=99 + 176n° + 1500 + 1765 — 99) y
—(n—1)* (21n* — 658y* — 5501 — 6587 + 21) y*

+ (7 —1)% (219% — 346n + 21) ¥ ,

(n* — 1) |20 (1770% — 598n + 177) y — (n — 1) (21n* + 842n + 21) ¢/

99,Q

(7.266)

(7.267)

(7.268)

(7.269)

(7.270)

(7.271)

(7.272)
(7.273)

(7.274)

(7.275)
(7.276)

(7.277)

(7.278)

(7.279)

(7.280)
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144

R3g

R3y

R3o
Rss3

Ray

Rss5
Rsg
Rs7
Rss
Rsg
Ry

Ry

Ry

Ry3

Ry
Rys

Rye

Ra7

+150n% + (n — 1) (21n% + 446n + 21) y*| |

—2n (125n% — 882n + 125) + (n — 1)* (657> + 12621 + 65) y ,

—4n? (6377 — 4420 + 63) — 4n (950" — 409> + 1260n* — 4097 + 95) y
—(n — 1) (651" + 382> + 2898n* + 3821 + 65) v

+ (2 — 1) (650> + 5021 + 65) ¢

(> — 1) [277 (125n% — 9467 + 125) y — (n — 1)* (657 + 16421 + 65) y*

+252n + (n — 1) (650 + 12620 + 65) y° | |

4+ =120 +n+1)y,

(n* — 1)y[—n(n2+n+l) — (P =D y+ (P 1) (- 122
2 — (" + 0t + 0P +n)y— (=1 (" +20° + 20 + 1) ¢

+ -0 (P -+ 1) g

(" +n*+n+1)Vz,

=2’ +n)— (' +1)(n—1)*2+ (772—1)2 (n* —n+1)2%,
P+ +n+1) Vz[-n— (- 12+ (n - 1)%2%] ,
P+t +n* + 0 +n+ 1) Vz[-n— (n—1)%2+ (n— 1)%27] ,
(z—1[1+ nt =5tz + 5032 — 2 — denP(1 — 2) 4+ 42nt(1 — 2) + 4nte?
—4n’2?] — 2n(1 - 2) |

(n+D(z=12[-2(n" +n) — (" +1) (n—1)%z
+(n*+n+1)(n—1)%7,

—73n" — 90n® — 90n — 73+ (n — 1)* (731 + 163y + 73) 2 ,

(n* — 1) |1 (2699 + 2201 + 269) + (219n* — 437*

—491n* — 437y + 219)z — 3(n — 1)* (146> + 2531 + 146) 2>

+3(n — 1)% (73n* + 163n + 73) 2°| |

1 (2691* + 220" + 2201 + 269) + (2197° — 437° — 7109

—100n> — 710n* — 437y + 219)z — 3(n — 1)*(146n" + 2537°

+1801° + 253 + 146) 22 + 3 (7 — 1)° (T30 + 1T + 73) 2,

—257" — 128" + 2107° — 1287 — 25 + 2(n — 1) (617° + 226 + 61) y ,

—2n (750" + 524n° — 1054n* + 524n + 75) — (751° + 486n°
—2795n* + 38921 — 27951 + 486n + 75)y — 3(n — 1)*(47n*
—176m% — 30n* — 1760 + 47)y* + 72 (n* — 1)2 (3n* —8n+3) y*,

(n* — 1) |20 (75n° + 704n + 75) + 3 (250" + 88n° — 9221 + 88y + 25) y

—9(n — 1)% (49n* + 258n +49) y* + 6(n — 1)? (611> + 2261 + 61) y°| ,

127n* + 7360 + 930n% + 7361 + 127 — 36(n — 1)? (n* + 6n+ 1)y ,

(7.281)

(7.282)

(7.283)

(7.284)

(7.295)

(7.296)
(7.297)

(7.298)

(7.299)

(7.300)
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Ris = (n*—1)|144n* + (127" 4+ 5301 — 1602n° + 530n + 127) y

—(n—1)% (163n* 4+ 7700 + 163) y* + 36(n — 1)* (n” + 60+ 1) y*| , (7.301)
Ry = 160 (3n* +160n + 3) + (127° + 252n° — 367n* — 53367 — 367n°

+252n + 127)y — 3(n — 1)* (1155" + 688> + 10501 + 688y + 115) y*

+2 (2 = 1)% (1097% + 4461 + 109) 4? | (7.302)
Rsp = —993n* — 132403 + 3690n% — 13241 — 993

+4(n — 1)* (581 + 17067 + 581) y , (7.303)
Ry1 = —(n*—1) [6n(127n% + 1262 + 127) + (993n* + 10247> — 155067

+1024n + 993)y — (n — 1)? (3317n* + 108107 + 3317) ¢°
+4(n — 1)* (581 + 1706 + 581) y*| | (7.304)

Ry = —2n(381n" 4 13387 — 29661 + 1338y + 381) + (—9931° + 12109°
+8521n" — 15588n° + 85215 + 1210n — 993)y + (n — 1)* (655"
+17967° — 20701 + 17961 + 655)y>

+2 (> = 1)° (1699 — 5741 + 169) 4 | (7.305)
Rsz = (n*—1) |-2n(11n* — 160n + 11) — (33n? — 406n + 33) (n — 1)%y

+3 (11n% — 86n + 11) (n — 1)%*y?| , (7.306)
Rss = —2n(1ln* 4 329 — 4700% + 32n + 11) + (—337n° + 1541° + 161n*

—21007% + 16172 + 1547 — 33)y + 9 (2 — 1)* (110 — 861 + 11) 32

—6 (n? —1)% (110> — 86+ 11) y* (7.307)
Rss = —353n* — 12000 — 75010 — 1200 — 353 + 8(n — 1) (31n?

+121n + 31)y , (7.308)
Rsg = —4n (570" + 2751% + 300m* + 2757 + 57) + (—3531° — 2967° + 30251

+2960n° + 30251 — 296n — 353)y + (n — 1)*(811n* + 31287 + 36907

+3128n + 811)y® — 2 (n* — 1)* (229> + 5061 + 229) 4° | (7.309)
Ry = —(n*-1) [47; (570 + 155n + 57) + (353" + 26n° — 2222% + 261 + 353) y

—(n —1)% (601 + 1958y + 601) y* + 8(n — 1)* (319> + 121n + 31) y*| ,  (7.310)

Rss = 623n" +41247° + 1386n” + 41245 + 623 — 54(n — 1)* (11n* + 74n + 11) y , (7.311)
Rsg = (n*-1) [2877 (26707 + 19167 + 267) + 15(623n" + 25141 — 114587

+2514n + 623)y — 15(n — 1)* (12179 + 8062y + 1217) y°

+810(n — 1) (11n* + 74n + 11) y*| | (7.312)

Rgo = 41 (18697" + 124047 + 122547 + 124047 + 1869) + (934515 + 328087°
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—150697n* — 1093121* — 15069777 + 328087 + 9345)y
—45(n — 1)? (4250 + 31887 + 36547 + 31887 + 425) ¢°

+60 (> — 1) (1630% + 10347 + 163) y* | (7.313)

Ro = nw+n+m-1°0"+n+1)y, (7:314)

Ry = (P =1)y|-n(’+n+1) = (0= 1) y+ (P +n+1) (n— 1%, (7.315)
Res = 20° = (0 + 0 + 0 +0)y — (0= 1) (n* + 20 + 20+ 1)

(7.316)

(=) (P =+ 1)y

In intermediate steps of the calculation also a lot of constants, which are no multiple zeta values,
appear. Some of them can be seen in Appendix H.2. They all cancel in the final result.

7.2.5. Numerical Results

In Figure 7.5 we compare the 3-loop two-mass effects contributing to A4y ¢ to the complete effect of
the term proportional to the T% color factor at O(a3) due to heavy quarks for a series of u? values
as a function of z in the open interval [0,1[. The contribution of the two-mass term to the whole
TZ-contribution is significant. At lower values of y? the ratio in Figure 7.5 shows a profile varying
with the momentum fraction z. It flattens at large p? due to the dominating logarithms and reaches
values of ©(0.4) at p? ~ 1000 GeV?2. Therefore the two-mass contributions are comparable in size to
the complete T I% contribution to the OME and cannot be neglected.

0.4 7
e ,;':--’
"~ . "[
0.2 mmm e e e 1' i
e T ) "
55 - g); 7 \\ l'
< <C 0.0 : l'
o N
\‘ ]
v
[ 1
\ 1
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L ‘ '
7 \ ,
10-4 0.001 0.010 0.100 1

Z

Figure 7.5.: The ratio of the two-mass (tm) contributions A;?Q to the massive OME A;?;)Q to all

contributions to Aé‘?Q of O(T?) as a function of z and u?. Dashed line (black): u? =

50 GeV?2. Dash-dotted line (blue): p? = 100 GeV?2. Full line (green): p? = 1000 GeV?.
Here the on-shell heavy quark masses m. = 1.59 GeV and my, = 4.78 GeV [208, 357] have

been used.
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7.3. The Operator Matrix Element Ag’;

The two mass contributions to the OME Ag’; are described by the diagrams like the ones shown in
Fig. 7.6. Since the solution of the T% color factor in the single mass case already includes contributions

which are not first order factorizable [261] a direct calculation as for the OME A;?Q seems currently
out of reach. Therefore we will take a different approach to the solution to this problem. Using an
adapted version of the algorithm described in [367] we will calculate a large number of moments in
an expansion in 1 and use guessing techniques [368, 369] to find recurrences for the different orders
of the expansion.

To achieve this, the appearing loop integrals are first reduzed to a small number of master integrals
using Laporta‘s algorithm [370]. There are some publicly availabe programs on the market to tackle
this problem [371-376]. We choose to use the package Reduze 2! [375]. For the set of master integrals
a system of linear differential equations can be derived using the same software. Having the system
of differential equations at hand the algorithm presented in [367] can be used to calculate a large
number of moments, provided a sufficiently large number of initial values are known. Afterwards the
guessing algorithms presented in [368, 369] can be used to find recurrences for the all N solution. If
these recurrences turn out to be first-order factorizable we can find the closed form solutions with
Sigma. From the analytic solution it is possible to transform back into momentum fraction space.

In the next section details on the steps of the calculation are given. First, the reduction to master
integrals in the presence of operator insertions is discussed. Then the method to calculate arbitrary
high moments in an expansion in the mass ratio 7 is addressed. Afterwards we give an algorithm
based on Mellin-Barnes representations to calculate initial values directly in the n-expansion. With
these tools at hand it is possible to calculate a large number of moments. By now 1000 moments up
to O(n°) have been calculated, however, the last step of guessing the all N solution is still work in
progress and will not be addressed in this thesis.

%

Figure 7.6.: Sample diagrams contributing to the two-mass contributions to the operator matrix

element AS’;{.

Reduction to Master Integrals
Some sample diagrams contributing to the OME flg’; can be found in Fig. 7.6. After inserting the
Feynman rules, applying the appropriate projector and doing the color algebra we are left with linear

combinations of integrals obeying the form

Dk [ dPky [ a0k (kb)) (ko)) (TT(AR)*)
/ (2m)P / (2m)P / (2m)P [1:i@? —m3)

In this formula p denotes the momentum flowing through the diagram with p? = 0, A is an arbitrary

light-like vector (i.e. A% = 0) and the p; are linear combinations of internal and external momenta.

OP™ (1, ... o). (7.317)

'Reduze 2 uses the libraries GiNAC [377] and Fermat [378].
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7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

Since our problem contains quarks with two different masses we have m; € (0, mg, mp), where the
massless propagators can only belong to gluons. The exponents A; j, A;, o; and v; are integers. The
operator insertions can be schematically given by (cf. [379] and Appendix B)

OPY (51, 2) = 3 (Af) (Afo)" (7.319)
=0
n J
OPY (p1, 2, B3) = 3 3 (A51)" 7 (A f2)l ™ (A )’ (7.320)
7=01=0
OPY (pr. o P ba) = 3 D D (Ap)" I (Apo) (M) (Apa)™ (7321

where n is related to the Mellin variable N. In the problem at hand the operator with four legs does
not contribute. The prefactors of these integrals are polynomials of the space-time dimension d, the
quark masses m, and my and the scalar product of the external variables p.A. For the derivation
of the reductions and differential equation we do not have to specify which quark is the heavier one.
This, however, becomes important for the analytic solution.

Laporta’s algorithm relies on Feynman integrals with propagators which have definite integer
powers, the operator insertions discussed above however introduce symbolic powers in the numerator.
To alleviate this problem one can formally resum the operator into a generating function. This
operation transforms operator insertions into propagator-like terms by introducing a new variable ¢.
Operator insertions involving only one momentum can for example be resummed using the geometric
series

oo

1
tNop{™ tN(A S .
NZO o) Z = 1—1az, (7.322)

for propagators with more momenta the Cauchy product

Zaiij = Zzajbi,j (7323)
=0 7=0 1=0 j=0

can be used to factor the operator into two or more independent geometric series. For the operator
involving two momenta we explicitly find

00 00 N 00 00
Z tNOPYY) (51, ) Z tN Z(A'ﬁﬂj(A-ﬁﬁN_j = Zti(A'ﬁl)i Z t(A.p
N=0 N=0  j=0 i=0 i=0

1
T (L tAp)( - Ay

(7.324)

This procedure can be repeated recursively to also resum the operators with more attached lines into
propagator-like terms

[e.e]

N (NY =~~~ 1
3 D1 Do. Da. D 1
> NOPM™ (51, pa, s, pa) = (7.326)

(1 —tA.p1)(1 —tA.po)(1 — tA.p3)(1 — tA.pg)
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To find the Mellin space result, one has to expand the generating functions around ¢t = 0 and extract
the Nth coefficient of the series.

We need three integral families, By, Bs and Bs, to cover all diagrams contributing to flg;. After
resummation their respective inverse propagators are given by

2

a’

2 2 2 2 2
PB171 = kl —m PBQ71 = kl —m PB371 = kl — mg,

s
Pp, o = (k1 —p)* —m},
Pp, 3 = ki —mj,

Pp,a = (ko —p)*> —mj,
Pp, 5 = k3,

Pp, 2 = (kl _p)2 - mfm

2 2
Pp, 3 = k3 —mj,
2 2
Pp, 1 = (ko —p)* — mj,
2
PBQ,5 - k37

Pp, 2 = (k1 — p)* —mg,
Pp,3=ki —m,
Ppy 4= (ks —p)> —mg,
Pp, 5 = k3,
Pp, g = (k1 — k3)* — m§,
Pp,7 = (ko — ks)® — mj,
Pp, s = (k1 — k2)?,

2

PB319 = (k3 _p) )

PBl,IO =1- tA.k‘l,
PBl,ll =1—tA.ks,
PBI,12 =1—tA.ko,

Pp, 10 =1—tAky,
Pp,11 =1—-tA. (k1 — k3),
Pp,12=1—tAko,

PB3,10 =1- tA.k‘l,
PB3,11 =1—tA.ks,

Ppyi2=1—tAk. (7.327)

Furthermore the crossed families where p goes to —p are needed for the reduction. On the moment
level these integrals generally have an additional factor of (—1)" compared to the non-crossed ones.
On the level of generating functions on has to make the replacement ¢ — —t. The diagrams with
operator insertion on an external gluon need further considerations. Here terms like

1
=8 (8~ A7)

(7.328)

contribute. Since the propagators P; 19 to F; 12 do not involve the external momentum p these terms
cannot be attributed to any of the integral families. However, we can use partial fractioning to obtain
relations like

1 1 1 1
(I tAk)(I—t(Ak—Ap)  thp (1 AR 1—t(k —p)> ‘ (7.329)
The two terms can now be handled separately and mapped to one or even different integral families.
Operator insertions on three and four gluons can be treated similarly and lead to three and four
different terms respectively. All in all, we end up with 5168 scalar integrals which reduce to 132
master integrals using Reduze 2 [375]. This tool also allows to derive a system of coupled differential
equation for the master integrals.

The Method of Arbitrary High Moments
This algorithm has been developed in Ref. [367]. One considers the system of coupled differential
differential equation which can be written as

I1(t,n) I(t,m) ri(t,m)
D, I2(t.77’) A Ig(t,??) I Tz(tﬂ?) ’ (7330)
Im(t>77) Im(tvn) Tm(tan)

with D; = d/dt and A an m X m matrix with entries consisting of rational functions in €,  and t.
This system of differential equations can be decoupled to a single higher order differential equation
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7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

using e.g. Zirchers’s algorithm [380] implemented in the package Oresys [381]. The master integrals
I;(t,n) and r;j(t,n) can be expanded in a Laurent expansion in €, a Taylor series in the resummation
parameter ¢t and a logarithmically generalized Laurent series in 7, yielding the general expressions

Lit,n) = i [i (Z {ZI (kam.l) pym )} )a’“] £, (7.331)

n=0 Lk=o \m=0
Z [Z (Z {Zrﬁ-k’m’l) 1n’”(77)} nl> s’“] t". (7.332)
n=0 Lk=o \m=0 \[=0o’

Inserting this ansatz into the decoupled differential equation it is possible to find recurrences for
the different expansion coefficients. Provided enough initial values are known these recurrences can
be used to iteratively calculate higher and higher moments of the master integrals. Although the
ansatz in Eq. (7.332) generalizes the algorithm designed for single scale quantities, the generalization
is rather immediate.

An Algorithm to Calculate Initial Values in an Expansion in 7

The algorithm described above needs initial values expanded to certain orders of € and 7. In [382]
a method to calculate initial values based on dimensional shifts was introduced. Here the master
integrals for fixed values of NV can be reduced to a small set of scalar integrals without operator
insertion in shifted dimensions. This small set of scalar integrals can then be calculated using direct
integration techniques like hypergeometric methods and Mellin-Barnes integration. The drawback of
this procedure is that for every higher moment the scalar integrals need to be calculated in a higher
dimension, i.e. the shift N — N + 1 leads to the dimensional shift d — d + 2.

Another method can be established using Mellin-Barnes representations of the master integrals.
In the current case it was possible to find a one-dimensional Mellin-Barnes representation for all
master integrals. Closing the integration contour of the Mellin-Barnes integral we end up with a
linear combination of single infinite sums, which can be represented by

> oyt f(k,e) (7.333)
k=0

with 7 € Z and a € (%, 1, %) In more involved topologies, when the operator polynomial has to be
split up, further finite sums over Eq. (7.333) have to be applied. Then the function f(k,e) will also
depend on the new summation quantifiers. Fixing the value of N to an integer will lead to a collapse
of the finite sums into many terms. Since we are only interested in the n-expansion of the initial
values we can cut of the infinite sum in k to the desired order of . Now only the expansion in € has
to be calculated in order to arrive at the initial values of the master integrals. The truncation of the
infinite sums and high values of N will lead to a proliferation of terms. However, the last step is a
simple e-expansion of ratios of I'-functions, which can be implemented very efficiently and massively
parallelized, making this method of calculating initial values for the master integrals quite efficient.
For example we find

B1,1,1,0,0,1,1,0,0,1,1,0(N) . iS? 3(42_d)’YEI‘(5 — 3d) i zl: l 1 d 1 d 1 d 1 d
2 = 7(477)66 2 ‘ i 21 29 z3 Z4
0 0 0 0

=0 =0
d_, 4.3
M ea(l = 2)]2 228 (1 = )N
3d_
JFrm=g (1—2 )N—l-&-l—d zym? (1 —2z4)ms5] 2 5 —_—
4 23(1 —23)  22(1 — 29)
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7.3. The Operator Matrix Element 1218;

This allows to calculate the following first initial values up to O(n®):

2\ 3¢/2
1 8(2 18 4(5 + 31
B{LIL00LLO0LL0MA () <m1> 53{ (2+n) L [ n 5+ n(ﬁ))]

I : 31 2| 9n 3
1 1/16 16
+E|:__CQ_U<3 +2<2+41I1(77)+1H2(77)>:| —§—|—2]n(77)
1/5 10 1
—1In?(n) + = lng(n) + G+ C3 + - ” <3 - §C3 +In(n) — 6 In®(n)

+ %@ (5+ 31n(77))> + 77(1 _ gln(ﬁ) + ;hﬂ(ﬁ)) 4o <11098

— 2 n(p) + éan(n)> + 7 <§;l - 712 In(n) + % 1112(77))

18
61 9 1
af O 7 4, 12
+n (4000 500 01 + 55 07 ()
91 11 1
N — - — — In2 61,2
+1n (13500 150 (M + 55 1n (n)> } +On°1n?(n)), (7.335)
2\ 3e/2
1 8(1+ 2n) 178 4
B(1’1’1’0’0’1’1’0’0’1’1’0)’]3 0) — my g3 8(1 +2n) 8 4l
5 (0) 2 NTm 3tz 3( n(n))
1 2 16 10
* € [_3 —G- 77<3 +2G2 — 41n(n) +111(77)2>] - tG+ C3

+ n(131 + %@ (5—-3In(n)) — %063 — 31In(n) + In*(n) — t{)lnzg(n))
(=] Gl = 20 )+ (— g + o ) — 10

+ ?74(—;674 + 712 In(n) — % 1n2(n)) + 775<—£(1)0

) ) - & 1n2(n)> } + O° (), (7.336)

(11100110011004, 1 _ (Mm% of 14@+n) 1 13 + 91n(n)
B! (1) - + |l
€ 3n € 3n

1{3 1 1/11 9 3 3 73 1
+EL—2@—U(+lmm+m%w+<g]—%—2mm>

4 4 4
—ian(n)+%ln3(>+ Gt cg (i§+ <3+*1n<>
—1—1—76111 (n) + élng(n)—842(13+91n(77))>+ <331;—$;1 ()
—i—%ln (n ))+n2<$—ﬁl (n)+%ln (n >>+”3<1izgigs

821 17 53141 88l 11
——1 — In? 4 — 1 —1
Tainz )+ g5t (’7)> i (5832000 32400 (1) + 350 (7 )>

2 1
+n5< 728 109 1)+ Py )}+0(7761n2(77))7 (7.337)

1
23958000 72600 () 440 " ()
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7. Two-mass Contributions to the Unpolarized Operator Matrix Elements

3e/2
14(1+3 1 13
BLILOOLLOOLL0NE 1y _ <m2> Sf{— (1+3n) N [1 +77(§ ~ 3In(y ))]

12 g3 3 €2
2[5 gy - Fme + Jut + 56| - o+ B
7 217 37 9 1
+6<3+ <48_161 (n )—l-ﬁln( n) — §1n3(77)+7C2(13—91n(77))

5 L 265 1, [ 6307
-2 L L
2C3> R < 516 36 ) g n (77)> T ( 54000

+ 05 1000 — 156 2000 ) (= pomme + g o) — 2510

1800 120 197568 ' 2352 56
116063 1883 23
5 2 671.2
- In(y) — —1 n%(n)). (7.
( 11664000 T 64800 ) ~ 70 (77)> } + O (). (7:338)

Fixed moments of Ag’g

Since in Ref. [202] only the irreducible contributions to the OME 12183 were given, the full expressions
for N = 2,4,6 up to O(n?) are given in the following. These results have been computed using Q2E
and EXP and provide a valuable cross check on the calculation described above.

3 32 64 128
aé?;(N = 2) = Tg{ 3 (L3 L%) — ngLQ (L1 + LQ) —32(s (L1 + Lg) — Cg}
1276 1100 440 616 1090 1090
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1840 6844 59314 1340 176
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256304 7184, 8 ., »[ 1565036 6008 8 s
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3 2 3
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[843908625 T 2679075 " 8505 ’7]} FoE { 811 817
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iy 4103 .
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Results and Outlook

With the algorithm described above we calculated the first 1000 moments of the OME flg’g up to
O(n°). The poles of the unrenormalized OME are in full agreement with the expectation from renor-
malization, cf. Eq. (5.108). Furthermore, we agree with the moments N = 2,4, 6 previously obtained
up to O(n?) using Q2E and EXP in Ref. [202]. Note that there only the irreducible contributions are
given. In Figure 7.7 the ratio of two mass contributions over the full O(T2) contributions to the

OME AS; are plott

ed for the fixed values of N = 2,4,6,8,10. We used the single mass contributions

calculated in Ref. [359]. The ratio gets flatter for increasing Q? and approaches 0.45 from above. It
is evident that the two mass contributions are non-negligible over the whole energy range.

In a next step it
analytic structures,

might be possible to guess recurrences of the coefficients multiplying different
which has been successfully been applied to single scale processes, cf. Refs. [261,
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Figure 7.7.: The ratio of the two-mass contributions A(Q?’; to the full OME AS’; of O(T%) for the

moments N = 2,4,6,8,10 as function of ;2. Dashed line (blue): p? = 50 GeV?2. Dotted
line (green): u? = 100 GeVZ2. Dash-dotted line (red): p? = 1000 GeV?. Full line (black):
p? = 10000 GeV2. Here the on-shell heavy quark masses m, = 1.59GeV and mp =
4.78 GeV [208, 357] have been used. The discrete points have been connected using
second-order polynomials.

368], using the algorithms implemented in the publicly available software guess [369]. If the resulting
recurrences turn out to be first order factorizable a closed form solution for general values of N will
be achievable.

The procedure outlined above is well defined in Mellin space. Therefore experimental applications
are presently possible in Mellin-V space, requiring measured Mellin moments of the structure function
Fy(z,Q?). Analyses of this kind, at lower order in the coupling constant, have been performed already
early, e.g. in Refs. [217, 383-388]. The calculation of the all-N solution and numerical studies will
be left for future work.
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8. Calculation of Polarized Massive Operator
Matrix Elements

This chapter is dedicated to the calculation of massive OMEs for polarized scattering. Since the
OMESs are not finite and need renormalization we have to deal with 5 in d = 4 + € dimensions. In
the following this will be done in the Larin scheme. Afterwards a finite renormalization is applied to
the anomalous dimensions and Wilson coefficients to arrive at the M-scheme, defined in Ref. [152].
However, there are subleties in the calculation of the OMEs which have to be addressed first.

Like in the case of unpolarized quantities, we can extract the color, Dirac and Lorentz structure
from the amputed Green’s functions, cf. Eqs. (2.79-2.81). In the case of polarized scattering the
identities read

Na d=4 ~ a a _
Ay = A8 ap A (p.A)N (8.1)
AG =t AAL T Keys (p. &)Y, (8.2)

with £ = @, ¢,g. As has been mentioned in Ref. [155] the tensor structures in Eqs. (8.1, 8.2) have
to be understood in d = 4 dimensions. Since the tensor structure in Eq. (8.1) is unique, it can be
continued into d = 4 + ¢ dimensions unambiguously within the Larin scheme. Therefore we can use
the projector

o 1
N2 -1(d—2)(d—3)

AP, eMPp, Ay (p.A) N (8.3)

to extract the polarized OMEs with external gluonic legs in the Larin scheme. It has already been
used in Refs. [173, 175, 176]. This is not the case for the OMEs with external quarks. In continued
space time dimensions the tensor structure A~ is not unique. The most general decomposition for
on-shell external legs p? = 0! reads

AG’ZZ = AAE?&M%’m’yy’yps“”pA(p.A)Nfl — Aﬁgs)éij%'yuﬁfyyé‘”"pA (p.A)NQ. (8.4)

A term proportional to p does not contribute, because of the equation of motion p [p) = 0. Additional
terms involving A do not contribute, since commuting them with the other v matrices either contract
the e-tensor with an additional A making it vanish because of its complete asymmetry or finally the
term AA = A? = 0 emerges. The two tensor structures are chosen in such a way that the desired
tensor structure is recovered in d = 4 dimensions

] v _1d=4 —
5Pt (p.A) V= By (p AN, (8.5)
—1 » _9 d=4 —
?'yuﬁfyw—:“ pA(p.A)N 292 A75(p.A)N L (8.6)

Since we want to treat the external tensor structures as four dimensional we are interested in

Adp = AA + AAY. (8.7)

LA third tensor structure appears for off-shell quantities.
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8. Calculation of Polarized Massive Operator Matrix Elements

If we now apply the projector proposed in Ref. [176]?

o ) 3 o
old o _ ] —N
PMAG = N D= d =" [W,Aakq] (p.A) (8.8)
we arrive at
olda A L o 3 ~ij -N
Fy AG“"Jwé2u—¢xd—mu—3frV%AGmhpA)
) 3 Ny

- UV PO 1] —-N
ZAQ@u—de—mm—ngW“V77”“7AG@MPA)

OB ()

We see that both tensor structures do not enter with the same weight but mix at O(e), the structure
in Eq. (8.7) is therefore not reproduced. In Ref. [176, 302] this problem was encountered and solved
by first making the structure in Eq. (8.4) manifest. This was achieved by directly computing the
amputed Green’s function using tensor integrals. In a last step the projector in Eq. (8.8) was applied
in d = 4 dimensions. This has the effect of setting d = 4 in the last line of Eq. (8.9) and therefore
reproduces the relation in Eq. (8.7).

However, resorting to tensorial integrals or tensorial reduction as advocated in Ref. [155] is not
necessary, since using the modified projector

oY 7

iy YT AN —N-1
RAGY, =~ gy gyt [P ACh| 0:)
= AW + AD, (8.10)

directly reproduces the relation given in Eq. (8.7). The projector in Eq. (8.10) is determined using
the tensor structure of the amputed Green’s function only and is valid for arbitrary loop orders.

The projector introduced in Eq. (8.10) now allows to compute OMEs in the polarized case in the
same way as the unpolarized ones without resorting to tensor decomposition. With the projectors
for gluonic and quarkonic external states at hand, the calculation of the polarized OMEs in the Larin
scheme follows closely the one for unpolarized OMEs. In the following sections we will present missing
pieces of the calculation of polarized OMEs at NLO and first results obtained at NNLO. Our new
results at NNLO provide an independent cross check of the NLO polarized anomalous dimensions
already obtained in Refs. [155-158] and the first cross ceck for the O(T'%) contributions to the NNLO
ones obtained in Ref. [158] in the context of a massive calculation. In the polarized case the OMEs
and anomalous dimensions are only defined for odd values of the Mellin variable N. A factor #
is therefore always to be understood implicitly.

ZNote that in Ref. [173] no details of the calculation involving OMEs with external quarks are mentioned.
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8.1. Finite Renormalization

8.1. Finite Renormalization

The splitting functions and Wilson coefficients calculated in the Larin-scheme need a finite renor-
malization in order to arrive at the M-scheme, which is commonly used in the literature. Also the
results in Refs. [155-158], with which we like to compare, are given in this scheme. The M-scheme
is implicitly defined in Ref. [152] and restores the supersymmetric relation

(n) _

iy + 7§q) Tag ) =0 (8.11)

g9

between the anomalous dimensions up to 2-loop order. It is not known if this scheme is the same as
the MS-scheme. To proof this the Ward-identities of QCD have to be checked.

The leading order anomalous dimensions do not receive a finite renormalization. At NLO the finite
renormalizations between the Larin and the M-scheme read

g M = QM 26020, (8.12)
’Yéé) PSS M _ ’Yéq) PS,L (8.13)

1H,M _ 0
Yog = Ve + g %id (8.14)

nH,M _ 0
Yd = V"~ 50 %id (8.15)
1M = gt (8.16)

The relations at NNLO are given by
S S, NS
’Yéq) M= 'Ytgq MNSE — 28, (( ) - 221%) N ) + 2512&1)7 (8.17)
%gg) PS M _ ’Yé )PSL+4B 2 PS7 (8.18)
Mo ) , 0 2 1))2

rg M = At AN fgq) + 5 ( i@ — (24 ) ’ (8.19)

2,M 2),L 1), 0
7£(Jq) - ’Yg(/q) o 7§q) tgq) 7§1q) !gq)7 (8.20)
YDM = DL, (8.21)

with [152]
8C
n - _ LA
Zga N1 1) (8.22)
16(—3— N +5N?) 4P, 16
(2),NS B 172 B
K CrIpNF ONZ1+N)E T CACF{ IN3(1+N)3  N(1+N) 5‘2}
o | 8(2+5N +8N% 4+ N3 +2N*)  16(1 + 2N)
+Cr —+ 1
N3(1+ N)3 N2(1+ N)?
16 32
+N(1+N)SZ+N(1+N)S_2}7 (8.23)
2
@ps _ (N +2)(1+N - N?)

Zgo 8CrTrNp N3N 11 , (8.24)
= A (525

These relations can also be found in [158]. Specifically one obtains the following transformations in
Mellin—N space:

64 176

3BN(N+1) CaCr 3N(N +1) (8:26)

ADRSM . ONSE LG TNy
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fy(g(]i)’PS7M — ,yég.l),PS,L’ (8.27)
64(N — 1)
H,M _ 1),L
’Y(Eg) = Vég) + CpTpNF N2(N +1)2 (8.28)
32(N +2)
M _ 1),L 2
’7§q) = 75(1) - CFNZ(N+ 1)2’ (8.29)
M = AWE, (8.30)
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256(2 + N) S}
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where we introduced the polynomials

Pi7g = 36+ 21N + 58N? + 140N + 103N*,

Pi73 = 36 — 12N + 59N? + 274N3 4 203N 4,
Pira = 396+ 231N + 944N? + 2152N3 + 1439N4,
P75 = —108 — 237N + T1N? — 226 N3 + 73N* + 139N°.
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8.2. The Polarized Operator Matrix Element AAJq\;SQ

8.2. The Polarized Operator Matrix Element AA?;Q

In this section we present the results for the polarized non-singlet operator matrix element. Although
it is known that in the non-singlet case the OMEs and Wilson coefficients have to aggree in the
polarized and unpolarized case in the MS-scheme, however, since the renormalization formula contain
the constant terms of different OMEs explicitly, cf. Eq. (5.101), we also need the non-singlet OME
in the Larin scheme.

Next-to-Leading Order
At NLO the expression for the unrenormalized non-singlet OME in the Larin-scheme is given by

. 2\ ¢ 1 [8(2+ 3N + 3N2 2 1 1
sy = om (32) A RA 5] e

99,Q u? e2| 3N(N+1)
2(124+ 28N + N? - 6N° — 3NY) N Pi76 o2, M0, 8
INZ(N +1)2 BAN3(N +1)3 270" 972 378
2(2+3N +3N?) 8 Pi77 656 112
( BN(N+1) 351)42 e [_ 648NI(N + 1) FTRTa
20 4 124+ 28N + N2 —6N3 —3N* 20 4
B < SN2(N +1)2 g 352><2
2(24 3N +3N?) 8
—- 4
+< IN(N +1) 951>C3} } (8.40)
with the polynomials
Pi7g = 724 240N + 344N? 4 379N3 + 713N* + 657N + 219NC, (8.41)
Pirp = 432+ 1872N + 3504N2 4 3280N3 — 1407N* — 7500N°
—9962N° — 6204N7 — 1551 N8, (8.42)

We can read off the quantities a? and &?]qQ as the ¥ and e! coefficient respectively. These

coefficients will be needed for the renormalization of the 3-loop results, cf. Eq. (5.101).

Figure 8.1.: Diagrams contributing to the two-mass corrections of the non-singlet OME.
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8. Calculation of Polarized Massive Operator Matrix Elements

Two Mass Contributions
The two-mass contributions to the NNLO non-singlet OME are given by the graphs in Fig. 8.1. The
result reads

1 [512(2 +3N +3N%) 2048

AANSB) _ op2g3) 1
Crlps: 27N(1+ N) 27

1 [[/128(2+ 3N +3N?)
99,Q &3

S _
1] = ON(I+ )
512 128 P19 5120 1024 1[/64(2+3N +3N?)
=28 ) (I + L - =
9 1>( 1+ L2) + BIN2(1+ N)2 81 it o7 SQ] [( 3N(1+N)
256 32Py79 1280 256 32Pig»
-5 |LiL - T8y ) (L 4 L) + —— 2
3 1> ! 2+(27N2(1+N)2 o7 1T 952>( L 2)+81N3(1+N)3
64(2 + 3N + 3N?) 2560 512
H2 TS, - ==
NG TN o)+ g 5
64(2 4+ 3N + 3N?) 256 ol s 8(2+ 3N +3N?)
IN(1+ N) t)e? 3N(1+N)
8(24+3N +3N?%) 32 8P1go
- = L3Ly + L3Ly) —4(L3 4 13 —
( 3N(1+N) 351>( ilo+ Lilo) —4(Li+ Lo) + IN2(1+ N)?

640 128 8P, 1856 640 128
Yt (g

256
— 8—151 (29 4+ 9HZ(n)) +

32
- 351) (L3 + L3)

—g Tt 3% TN+ NP a7 ottt arrT g %

64 10F)178 4P183
- = L{+Ls)————H _
SN(1+N) 3 Sl><2> (Li+L2) = gm0 ~ Taguva + vy
Pig1 5 8(2+3N +3N?%) 16(2 + 3N +3N?) _,
T8N+ N)? o) 27TN(1+ N) o) = ON(+ ) Hg(m)Hi(n)
L (A4 m)(5+220 +50°) (243N + 3N2)H2< )H,l(ﬁ) + Hy (/1)
36N(1+ N) ou7 /2

2
32(29;\; éill\:L J;VS)N ) (Ho(n)Ho,l(??) - Hop,l(n))

(L4m) (542204 50%) (243N +3N?) : )Ho,_l(\/ﬁ) +Ho1(y/7)
ON( + N) ov P/
| 201+ 0)(5 4220 4 50°) (24 BN + 3N?) Hoo 1 (/1) + Hopa (v)
IN(1+ N) n3/2
16(405 — 32387 + 40512)  40(1 — n? 2(5 — 78n + 51
+ ( ( ) - ( d )Ho(n) + ( gz L )H(Q)(ﬁ)

729n 9n
5200 + SR - §0-4 )5+ 220+ 577) T I W

27 9
— By () Hoa () + %(1 +n) (5 + 220 + 51°) Hot (\/ﬁzngo’l (V) Ho ()

9
8 Ho,— +H
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2
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(16(2 + 3N + 3N?)

128

27TN(1+ N) 27
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8.2. The Polarized Operator Matrix Element AAJq\;SQ

with the polynomials

Pi7g = 3°N? + 32N 4 21> —3N? — 3N — 2, (8.44)
Py7g = 3N* 4+ 6N® — N? — 28N — 12, (8.45)
Pigo = 15N* + 30N? + TN? — 56N — 24, (8.46)
Pig1 = —150°N* — 300 N3 — 250 N? — 10n°N + 18)N* + 36nN? — 82nN? — 356nN — 1287

— 15N* — 30N3 — 25N2 — 10N, (8.47)
Pigp = 135N + 405N° + 465N* + 271N? + 156 N> + 80N + 24, (8.48)

Pigg = 12150 N® + 4860m>N” + 81001?N°® 4 7290n*N® + 3645m>N* + 810n>N3 — 15967 N®
— 6384nN" — 9140nN® — 756nN° + 113769 N* + 142600 N> + 84961 N? + 3744nN + 8647
+1215N® + 4860N7 + 8100N° + 7290N° + 3645N* + 810N™. (8.49)

Using the pole structure in Eq. 5.101 we can extract the O(T%) part of the NNLO anomalous
dimension *y(gg)’NS in the Larin-scheme. The explicit expression in the M-scheme will be given in
Section 8.4.

From Eq. 8.43 we can also recover the T % contributions to the single mass OME by taking the

limit  — 1. We obtain

3e/2 2
(3),NS, T2 5 ((m? o 1 128(243N +3N?) 512
A P = CpT? [ — |- =5
4.0 e (;ﬂ > e { = NI+ N) | 27!
1 64Pg4 3584 256 1 16 Pigs 4544
+52{ RINZ(L+ N2 &1 %1 2752] +5[ 8IN3(1+N)3 ' 81 51
1792 128 16(2+ 3N +3N?%) 64 4 P16
— S+ 8 ~ —8 ~
g 2t gyt < ONOI+N) 9 1><2] T29N4(1 + N)*
40528 2272 896 64 8Pygy 448 32
Sy — Sy 4 —83 — — — 4§ -=8
g T R P R T g ( 2TN2(1+N)2 ' 2770 9 2)@
128(2 4 3N +3N?) 512
with the polynomials
Pigs = 33N* + 66 N3 + 49N? + 4N — 6, (8.51)
Pigs = 147TN® 4 441N° + 483N* + 167N3 — 18N? + 4N + 12, (8.52)
Pigg = 4953N% + 19812N7 + 30680N° + 21186 N + 5787 N*
+ 530N3 + 252N? — 288N — 216. (8.53)
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8.3. The Polarized Operator Matrix Element AA ;o

Next-to-Leading Order
The OME AA®_ can be given for general values of € in terms of ratios of I'-functions. It reads

99,Q
m2\° — —
B - et (1) oo LI gy

Expanding this expression up to the linear term in e, we obtain

2 g
@ m\" L1 32 1[16Q2+5N) 16
Aq = CrTr(N+2) <u2> 56{523N(1+N) TNV F 1) 3N(N+1)S1
8(22+ 41N +28N°)  8(2+5N) N 4 5 4 g
27TN(N +1)3 INN+ 127" "3N(N+ 1) TAN(N+ 1) 7P
L8 N 4(98 4 369N + 408N? + 164N3)  /4(22 + 41N + 28N?)
SNV L) T E SIN(N + 1)1 27TN(N + 1)3
2 202+ 5N) _, 2 s 2(245N)
+3N(N+1)52>51+9N(N+1)2 TNV T T oN (v 1122
4 4(2 + 5N) 4 8
TNV )T <9N(N T12 3NV 1 1)Sl>C2 TONN 1)43] } (8:55)

This allows to extract the quantities agq 0 and ZL;@)Q from the € and ! part respectively. These will

be needed for the renormalization of the 3-loop expressions.

Figure 8.2.: Diagrams contributing to the two-mass corrections to Aflgq,Q.

Two Mass Contributions

In this Section we want to address the calculation of the two-mass contributions to the polarized
OME A[lgq,Q, which start at three-loop order. The contributing diagrams are shown in Fig. 8.2.
Using the projector given in Eq. (8.10) we find

6 1536

2 d—
AAgqq = C'FTl% [384d_21gq,Q(N) + ﬂlgq,Q(N -1+ (m1 AN m2) ) (8.56)

where the function I4, () is given by

1 1
A 3&/2 1
Lyo(N) = <”> L(6 — 3d/2)L'(N + / iz / dzs / dzs [21(1 — 20)] 72 [2(1 — 29)]1/2
0 0

,u (N—l—d/?
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8.3. The Polarized Operator Matrix Element AAy, o

zzm? (1 — 23)m3
21(1—21) 2’2(1—22)

] o (8.57)

x [23(1 — 23)] 7'/ [

We see that the N-dependence completely factorizes. The integral can be solved using the Mellin-
Barnes integral techniques outlined in Chapter 7 before.
We finally obtain

2 1024 1 256 512(2 + 5N
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— H? - i ol et
[ NaENE  Tanvaa ) 0 oNa T ™ 52] St NG N
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St

3N(1+N) N(1+N)
with the polynomials

Pig7 = 5n°N + 512 — 78N — 141+ 5N + 5, (8.59)
Pigg = 4050° N3 + 121502 N? 4+ 121509° N + 4051* — 32387N3 — 7626nN? — 62587 N — 1438
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8. Calculation of Polarized Massive Operator Matrix Elements

+ 405N3 4 1215N? + 1215N + 405. (8.60)

Using the pole prediction in Eq. (5.125) we can extract the O(T%) part of the NNLO anomalous
dimension 75(,(21). Since this color factor does not receive a finite renormalization it is directly given in
the M-scheme. The explicit result will be given in Section 8.4.

In the limit 7 — 1 we can find the O(T2) part of the single mass OME Aflgq,Q. For the O(?)

part one obtains

3 32(157 4+ 957N + 1299N? + 607N? 25 + 48N + 29N?2
AaTF = CRTR(N + 2){ ( ) _

243N(N + 1) 27TN(N + 1)
L6 T 6A24EN) o 64 s 64(2+5N)
IN(N+1) 72|V T 2IN(N + 10270 T 2IN(N +1)71 T 2TN(N +1)272
128 2+ 5N 1 1024
55464 - s T _(gp. 8.61
INN+1) 0T [9N(N +1)2 3N(1+N) 1} G2 IN(N + 1)43} (8.61)

8.4. Polarized Anomalous Dimensions from a Massive Calculation

From the 3-loop polarized OMEs one can extract the full NLO splitting functions and the parts
O(TF) parts of the NNLO splitting functions, as has been done in Ref. [389] in the unpolarized case.
The existence of a single projector in the gluonic, cf. Eq. (8.3), and quarkonic, cf. Eq. (8.10), case
respectively is of advantage since the calculational techniques of the unpolarized case had only to
be modified slightly. This also applies to the calculation of a series of fixed moments using MATAD
[197]. The Feynman diagrams contributing to the massive OMEs were generated by the code QGRAF
[362]. The Dirac algebra has been performed using FORM [198, 199] and the color configurations
were calculated using the package Color [363] and the Feynman integrals were reduced to master
integrals using the integration-by-parts relations [370, 390] implemented in the package Reduze 2
[375, 391]. There are different techniques available to calculate the master integrals, cf. Refs. [347,

367]. For pole terms of the OMEs AA(?’) PS AA( )PS AAE]g)Q’ AA; )Q and AA( ) o the contributing
master integrals can be calculated by the Standard techniques such as the method of hypergeometric
functions, the method of hyperlogarithms [392-394], the solution of systems of ordinary differential
equation [347, 395-402] and the Almkvist—Zeilberger algorithm [274, 403, 404] since in higher order
in the dimensional parameters no elliptic integrals contribute, cf. [281] for a recent survey on these
methods. Some of the simpler integrals can be calculated using Mellin—Barnes representations and
using the codes [360, 361]. Most of the master integrals were already available from the calculation
of the unpolarized three-loop anomalous dimensions in Ref. [389]. Only in a few cases some further
differential equations had to be solved to obtain all master integrals. In all the above methods
corresponding sum representations have been derived which were solved using the packages Sigma
[268, 269], EvaluateMultiSums, SumProduction [271], and HarmonicSums [273, 274]. The constant

(2)

contributions to the two-loop OMEs a;;’ in the Larin scheme are given in [302] for a(g;, Chapter 4

for o' )Q , [405] for a? )Q and aé )Q can be extracted from Eq. (8.40).

In the following we want to show first results on O(T%) and O(T) contributions to the NNLO
splitting functions obtained using the techniques outlined above. This constitutes the first indepen-
dent check on these parts of the NNLO polarized splitting functions calculated in Ref. [158]. All
the following polarized splitting functions are given in the M-scheme. For the O(T%) parts of the

anomalous dimensions we obtain

A 8P, 128 640 128
S(2)NS T2)  °°18 0 24P g PRV il 9
Yaq Cr F{27N3(1 NP o7 S1 97 So + Sg} (8.62)
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with the polynomials

Pigg = —24+ 16N +96N? + 35N3 + 57N + 153N° + 51N (8.66)
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Pigo
Pig:

Prgo
Prg3
Proy
Pros
Prog

165N% + 165N° — 488N + 147N3 — 283N? — 162N + 144
99N? + 297N8 — 982 N7 — 662N6 + 1035N° — 3079N? + 3448 N3 + 2868 N2

5N* +9N3 —4AN? — 4N +6,

62N* — 17N3 — T6N? — 69N — 18,

418N® 4+ 1525N* + 1763 N3 + 650N? + 444N + 144,

537N 4+ 1200N° — 1013N° — 2085N* + 1720N3 — 855N?% — 2468 N — 492,
1065N ' + 6693N? + 14084N8 + 10058N " — 3475N°® — 11707N> 4 446 N*
+17132N3 4 3432N? — 6624N — 3456 — 2448N — 1728.

The non-singlet anomalous dimension is the same in the polarized and unpolarized case.
findings are in full agreement with Ref. [158].3

(8.67)

3Note that our differing conventions imply a relative factor of —2 and the replacement Np — 2Tr Np between the
results given in Ref. [158] and the ones given here.
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9. Initial State Radiation to e™ e~ Annihilation
Revisited

The next generation collider is most likely an et e~ collider, like the proposed linear colliders ILC
and CLIC [406-408] or circular colliders like the FCC_ee [409], or even muon colliders [410]. For
all these proposed machines the initial state QED corrections (ISR) are of crucial importance for
the experimental analyses. This already has been the case for the LEP experiment [411]. In the
leading logarithmic series the initial state corrections have been carried out analytically to O((aL)5)
using the structure function method [412-415] and a small z-resummation has been performed in
[416]. In Ref. [213] the O(a?) corrections were calculated neglecting terms of (’)(mT2 IHQ(WTQ)). Here
s is the centre-of-mass energy squared and m = m. is the electron mass. These corrections are
used in analysis codes such as TOPAZO [417] and ZFITTER [418, 419] used to determine the precision
observables like the Z-mass and width from LEP data. In Ref. [214] this calculation was done using
the factorization into massless cross section and massive operator matrix elements in the asymptotic
limit. The logarithmic terms of these two calculations agree. However, the constant parts deviate
significantly from each other.

This discrepancy triggered our interest. The only way to find the origin of this mismatch consists in
calculating the scattering cross section without any approximation and performing the expansion in
m?/s < 1 at the end along with a highly precise numerical control. In this chapter we will present the
results of this calculation. It has the following structure. First, we will present the Born cross section
and the factorization into massless cross section and massive operator matrix element. In Section 9.2
we review the O(«) initial state corrections including the full mass dependence. Afterwards, in
Section 9.3, we turn to the O(a?) initial state corrections. First, the corrections due to fermion
pair production are presented. We split them up into the various production mechanisms (the non-
singlet, the pure singlet and their interference contribution) following Ref. [213]. We also discuss
discrepancies in the literature and show their numerical impact on the radiator function. In the last
section the correction due to photon emissions are addressed. We will present the corrections due to
soft and virtual photon emission, the hard emission is still work in progress and will not be presented
here. Further details on the calculation are given in Appendix E.

0.1. The Born Cross Section and Factorization
The Born cross section is given by the process
e (p-)+et(pr) = Vig) = f(a=)+ fT(a4) (9.1)

and its differential and integrated cross sections are given by, cf. Ref. [420],

m2
(1 + cos2(0) + g sin2<e))c;1(s)

S

do(©) a? dmy
— 4 ]1-
ds? 4s s

8m? 4m?c
- Ga(s) +24/1— — cos(0) Gs(s)

(9.2)
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2 4m?> 2m? 6m?
o0 (s5) = dma” [y T {(1 + Sf> Gi(s) — ?fag(s) (9.3)

3s s

In this formula o denotes the fine structure constant, m; the mass of the colorless final state fermion,
Q) is the spherical angle and 6 the scattering angle in the center-of-mass system of the collision. The
effective couplings read

Gi(s) = Q2Q3 +2QuQvevsRe [xz(s)] + (v + a2) (v} + a3)|xz(s), (9.4)
Gals) = (02 + a3 xz(s)P,
Ga(s) = 2QeQpacarRe [E(s)] + dvevpacag|xz(s)P. (9.6)

where the reduced Z-propagator is given by

S
s— MZ+iM.Ty

xz(s) = (9.7)

My and I'z denote the mass and width of the Z-boson respectively and Q) is the electromagnetic
charges of the electron (final state fermion). The electroweak vector v; and axial a; couplings can be

expressed through the electroweak mixing angle 8, and the third component of the weak isospin of
the respective particle If:)’i = :l:% via

1
R — 4 _9 i 2 .
Ve(f) sin(0y) cos(0y ) w,e(f) Qe sin®(0y)] , (9.8)
1

_ 3
de) = sin(6,) cos(Hw)Iw’e(f)‘ (9.9)

These relations are important in global fits of the electroweak parameters since they can reduce the
number of independent ones.

At the first order of QED one has also effects of virtual gauge bosons and an additional photon
can be radiated from the initial state

e (p-) +et(ps) = Vig) + (k). (9.10)

The vector boson V' subsequently decays further.
At the next order up to two loop virtual photonic corrections can contribute. Furthermore, two
photons

e (p-) + et (p+) = V(@) + (k) +(k2) (9.11)
or a fermion pair
e (p-) +e(pr) = Vi(g) + f~ (k=) + (k) (9.12)

can be radiated into the final state.

Since we only consider initial state radiation, the cross section factorizes according to the Drell-Yan
process developed in the context of QCD. One derives radiator functions to the Born process via
[213]

do 1 — 1 -
=5 2 [ el = o) o [T b0 = w08 0+ py = a = KT
n=0 i=1

(9.13)
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9.1. The Born Cross Section and Factorization

Here K is the sum of all momenta of additionally emitted particles and |7™|? denotes the matrix
element of the process with n additional particles in the final state. Here and in the following we will
use the invariants

s = (p— +p+)* s =q*=(q_+q4)°
" = (ky + k)2 or (ki +k2)? (9.14)
It is also convenient to introduce the dimensionless quantities
s m? 4m?
z=—, p=—, B=14/1— —. (9.15)
m S s

We will also use
L= (i) . (9.16)

Schematically this can also be written as

d06+ e— 1 S
ds’ = ;0'6-9— e~ (S/)H (Z,Oé, W) ) (917)

where the radiator function H (z, «, %) obeys the following expansion
m

H <z, a, %) — 5(1—2)+ kil (%)k Ci (z, %) (9.18)

Ck (z, %) = glnk_l (%) ck1(2), (9.19)

In Ref. [213] the calculation of QED initial state radiation neglecting power suppressed terms in
the mass has been achieved. The authors also used the factorization in the asymptotic limit, i.e.
s > m?, to compute the logarithmic terms using renormalization group techniques and operator
matrix elements. In Ref. [214] this calculation has been extended to the constant terms and therefore
exhausted the reach of the asymptotic limit. In the asymptotic limit the cross section factorizes into,

cf. Ref. [214],
do O.(O) M2 ~ N2 s
A [T () e (1z) o7 ()

2 2 /
1% ~ 1% S
+ F6+7 <m2> & Ty <m2> X Fef7 (/ﬂ)] . (9.20)
e e

The process in the last line does not contribute to O(a?). The &;; are the massless scattering cross
sections and the I';; are the process independent massive operator matrix elements of local twist-2
operators, completely in analogy to the case of QCD discussed in the chapters before. The Feynman
rules have to be slightly adjusted to recover the Abelian case, cf. Ref. [214], and the external electrons
have to be taken massive. The results of the constant part, however, were found to disagree between
the two calculations. As a first step to understand the mismatch we recomputed the OMEs for
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9. Initial State Radiation to et e~ Annihilation Revisited

process II and IIT and found agreement with the calculation of Ref. [214], except of two misprints
which we want to correct here. In Eq. (147) of Ref. [214] Lis(1 — z) should be multiplied by 2 and
Eq. (170) should read

T o PO (z) = —13—6(1 +2)In3(2) — 8(3 + 3% + 2z) In?(z) — 4(16 + ;—2 + 14z
8 /128 1—23
14+ z)@) In(z) = 2020+ G2)(1 = 2) — 5 (7 n gg) zz . (9.21)

Note also the following misprints in Refs. [213, 421], which are relevant for this chapter. In Eq. (2.42)
of Ref. [213] compared to [422-424] 12 should read . The last term in Eq. (B.11) [421] should
read (47 — 100z). These errors are not mentioned in Ref. [425] and neither in the Erratum to [421].
They have been corrected in the Drell-Yan code by W.L. van Neerven, however, the term given in
[426] is correct.

9.2. The O(«a) Corrections

The first radiative correction to e™ e~ annihilation is given by the process where an additional photon
is radiated off the initial state electron or positron

et +e = /Z +~ (9.22)
and associated virtual corrections. The cross section can be decomposed into three parts

(07

(2) [p=2) (65 o)+ () + 601 — 2 = )" (2)] (9.23)

™

deMI dg(0)
ds' s

Here ) is a photon mass introduced to regulate collinear divergencies of the massless photons and ¢
is the soft-hard separator for the real photon. It is defined by demanding

KO > \/256 (9.24)

for hard photons. In the full cross section the dependencies on € and A have to drop out. These
regulators allows us to calculate in d = 4 dimensions. We can therefore deal with the =5 problem
without a finite renormalization. This is only possible since we work in pure QED. The non-Abelian
nature of QCD makes an analogous treatment far more involved. The corrections 5{{ '(z) and 6f (e, A)
are the contributions of the diagrams in Fig. 9.2 for hard and soft photon momentum respectively.
The contribution 5¥ '(A) is due to the virtual corrections induced by the diagrams in Fig. 9.3.

At this order it is easily possible to derive the full mass dependence of these three parts. After the
integration over the two particle phase space given in Appendix E.2 the hard photon contribution is

P+

Figure 9.1.: The diagrams contributing to the Born cross section of the process e™ + e~ — v*/Z*.
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given by

1
(1—2)(1+2)3(1—2)

ﬁﬁ@y:—ﬂ+x;u_zﬂl+£+qﬁu+z%+2x@+z% —

X |14+ 22+ 2 (1+2%) +42(2 — 2 + 2%) + 42° (2 — 2 + 2%) + 22%(3 — 42 + 32?) | In(z)

zijz@—u+o<m3. (9.25)

S

The limit of small electron mass, p = m?/s < 1 reproduces the result given in Ref. [213, 214]. To
compactify the resulting expression we have introduced the variable

_1-4

=17 (9.26)

This allows to express the arguments of the occurring functions in a simple manner.

The virtual corrections can be extracted from the one-loop form factor F1) (s). In general, since we
consider the full mass dependence, we also have to consider the form factor F(?)(s) which is always
power suppressed in the ratio p. However, at O(«) only F(I(s) contributes. Using the results in
Refs. [427, 428] we find

51N =2 <1 + 27?) Re (F<1>(s))

1+ 4z + 22 A2 2x
= M{—Q(l +2)—(142z)ln (mQ) + mln(x)
_ 14 22 2

i [; In?(z) + 5 In(x) — 2In(1 — 2) In(x) +In (;) In(z) + 2Lis(x) — 4@] }

1, \? 3 z? m>
() e dow(5) 2] co (7). o)

Since in Ref. [213] the goal was only the asymptotic representation, the kinematic factor 1 + 2m?/s
was set to unity from the start.
The last building block are the soft contributions. In the soft limit the amplitude factorizes

(9.28)

k—0: ﬁm%@rzﬂMﬁm@r

with ‘T(O) ‘2 the Born amplitude given by the graph in Fig. 9.1 and S(k) the soft-photon approxima-
tion of the amplitude where a single photon is emitted into the final state, cf. [429]

Jn P\’
ﬂ@:(m;—h%>. (9.29)

A

b+ q D+ L

A

j k j q

» >
> >

Figure 9.2.: Diagrams contributing to the O(«) radiative contribution due to real radiation.
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b+ b+

p- p-

Figure 9.3.: Diagrams contributing to the O(«) corrections due to virtual photons.

The soft term is therefore given by the integral

ds 4s (2m)
0 1 4 9 £ (4) ) 2 A )
I @ /d a6(q” — §')6" (b4 + p- — q) ‘T (q)’ /d k3 (k2)S (k). (9.31)

Performing the phase space integrations we arrive at

4 22 2
55 (N €) = m{—ﬂl +2)In(1+2) —2(1+2)In(e) + (1 +2)In (22>
x x x?
- 21(1:;) In(z) 4+ % [; In?(z) — 21In(e) In(x) + 21In(1 — z) In(x)

2

—2In(1 + ) In(z) + In (:;2> In(z) + 2Lia(x) — 2(2}

2

1, 22 A m?
= —§L —1In <m2> L+2In(e)L +1n <m2> —2ln(e) =222+ O (s) . (9.32)

Putting all contributions together we arrive at the complete first order correction

do‘(l)v*[ do‘(o) o 1 2 2 2 2
dsl = S ;5(1—2) _(]_—|—:L')2(1—2)|:1+Z +x (1+Z)+2I(3+Z):|

_ (1 —1‘)(1 ‘:m)3(1 _ z) [1 +z2 +x4(1 +22) —|—4.Z‘(2 — Z+z2) _|_4$3(2 N Z—|—22)

+22%(3 — 4z + 32’2)] ln(x)}

Xz CL’2 il x
B g)m{_gu +2) (1 +In(l+x) + ln(5)> 2 (11_+mz ) In(z)
+ 11+_2~2 (4 In(1 — 2)In(x) ~ 2In(1 + 2) In(z) - 2In(e) In(z) + 4L12(m)> }]
- das(o) % [5 (1-2) <—2 + ;L +20 +2(L - 1) 1n(€)>
01—z —e) 1;12; (L— 1)} L0 (”f) (9:33)
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9.3. The O(a?) Corrections

9.3.1. Corrections due to Electron Pair Production

A new class of corrections, which emerge at O(a?), are the corrections due the emission of an electron-
positron pair radiated off the initial state. Since these corrections start at O(a?) they do not receive
virtual contributions. Furthermore, because all initial and final state particles are massive, the cross
sections are finite without introducing regulatory masses or UV-cutoffs. This section will deal with
the calculation of these corrections. They can be grouped into four categories based on the production
mechanism of the electron-positron pair. The non-singlet contribution, called process II in Ref. [213],
the pure-singlet contribution (process III), their interference (process IV) and additionally further
processes not discussed in Ref. [213] but included in the full calculations for the massless Drell-Yan
cross sections, cf. Ref. [421]. In the end we will discuss differences with the results of Ref. [213] and
show their numerical impact on the radiator function.

Process Il

The graphs corresponding to process I (the non-singlet contribution) are shown in Fig. 9.4. Due to
the fact that the fermion pair in the final state completely factorizes from the phase space parametriza-
tion, it is possible to find a very compact one-dimensional integral representation for this contribution,
cf. [430, 431]. This representation can be achieved by explicit factorization of the phase space or by
using the general parametrization of the phase space derived in Appendix E and integrating out the
angles and one of the invariants. However, care has to be taken when neglecting the electron mass.
Denoting the mass of the initial state fermions with m; and the one of the final state fermions with
my the general formula for the non-singlet cross section reads

(2).11¢ ) 0(f s(1=y2)’ A2
do'* (2, mi, my a’(s') o , 16 my 9 "
e S a / s e o2 o (2m} +s")
4m§c

M/2(s. 68" (255" +mZ(s? + (s — §")?) + 4sm]]
ss' s +m2(s2+ (s —5")2 —2s(s' + "))
(8 + 5" +4m2(s — s — 8") + 52 — 8m] (s — 5 — "+ BAY2(s, s’,s”)) }

_|_

L]
B(s—s —s") . s—8& —s"— BAY2(s,8,5")

A

k_

Figure 9.4.: The graphs contributing to process II, the non-singlet contribution.
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9. Initial State Radiation to et e~ Annihilation Revisited

with 8 = /1 — 4m? /s. This formula has been validated with both phase space parametrizations
mentioned above.
Neglecting initial state masses, m; — 0, we obtain

(2) o ) (0)( /) s(1—y/2)” D)
do'\?"(2,0,mp =m oW(s') 4 16 4m 9
T =— —a / ds” 51— 7 (2m* + ")

3s s
Am?2

2 / 1\2 ool 1/2 A/
Coniy2p. o, S (48T s—s —s"+ AV2(s,8,58")
2A (87 S 78 ) + S — S/ _ s/l 1n s — S/ _ 8// _ )\1/2(8, 8/7 8//) (935)

and reproduce the formula given in Refs. [213, 431]. However, this approximation is only valid, if the
final state fermions are heavy with respect to the initial state fermions. This is the case, for example,
when considering p+ p~ production. In the case of initial state radiation, where we consider electrons
in the initial and final state, this approximation is not valid. This can be seen most conveniently by
introducing the new variable

4m?

y=— (9.36)

The difference, already expanded in the electron mass, then reads

do@MN(z,m,m)  do®(z,0,m)

o = ds’ B ds’
o) (s’ i —2)(1—=(4—2)z
= 5( ) a? /dy;y\/ﬂ(? + y){ 4 4z)(+1(1 (42)2; W
0

14 22 4z m? _,
+1—zln<4z+(1—z)2y>}+o<sL)

1 2
3—1—(1_2)3—(1_2)2—22’]—16
S0 1 41 In(2) 81+ 27

9(1—2)2 9(1-2)2

B8 1
3 9(1—2)*

} +0 ("jL2> . (9.37)

To compute the expanded result, the integrand and the integration boundaries have been expanded
in p simultaneously. This is in general not possible, since expansion and integration do not commute.
However, since the final expression of the difference has a Taylor expansion around p = 0 this is
possible in this case. We checked that higher terms in the expansion of the integrand as well as the
integration boundary only contribute power supressed terms in the final result.

The closed form solution of the full integral in Eq. (9.34) for m; = my = m in terms of iterated
integrals is given by

1 14
?O -3 In(z) —In?(z)

do@-A1( 2, a0 (¢ 64 - 256 -
,( o) = &) a’ 21 =2) 1+ 2z —4p)Hy, 4, + ——2p(1 + 2 — 4p)Hy, 44
ds s 3 3
1282(1 — 4p*)(1 — 2+ 2p)(1 — z — 4p) ~

+ 2 ds,d7
3(1—2)

n 512z2p(1 — 4p*)(1 — 2+ 2p)(1 — 2z — 4p) ~
3(1— 2)3 da,ds
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16

toa—ap (14 2)2(4 = 02+ 422) +2(9 — 162 + 1322 — 2:%) p + 3202 |,

91—z
512zp
9(1 - 2)
—4(2—2) (3462 — 52%)p° + 16(7 — 82 + 92%) p* + 128(3 — z)p‘r’} Hy,
16

— sy 3 342 412027 — 21227 412020 — 3425 + 320 4 8(2 — 162 + 97

9(1—2)4

1 [3(1 — )t — (1= 2)*(4+2%)p—2(9 — 292 + 382% — 172 + 32%) p?

+42% — 521 +22°)p 4+ 162(12 — 132 + 182" — 2°) p* + 32(1 + 222 — 722)p3} Hy,

128
- ﬁ 1472 — 4727 4 862" — 472 725 4 20 — 2(7 — 552 + 5422
—Z

+162% — 172* +32°) p — 4(39 — 162 + 162 + 42° + 52) p?

~ 64 ~
+16(8 — 232 + 2252 4 92%) p* + 128(7 + 22 — %) p* | g, = (22 + (1= 2)p)Hg,

- 32(1 —4p?)(1 — 2+ 2p)(1 — 2 — 4p) -
(14+z—4p)H,, + 30— 2PV =1 8}

8(1+ z)p + 16p?
8(1+ z)p + 16p?

16
+Lﬂ—@
< In 1—z—dp—/T—4dp/(1-2)

1—z—dp+/T—4dp/(1-2)

2 _
2 _

(9.38)

This result has been achieved using the same techniques used to find the closed form solution of the
pure-singlet contribution to DIS at NLO discussed in Chapter 3.3. We introduce a modified iterated

integral H to accomondate the massive phase space. It is also defined iteratively

1
ﬁwwmmzfﬁmmmew.
T

In this chapter we use the abbreviations

N 4p N
Hupy, ((1\/5)2> = Huy, s Hop,own (1) = Huy, s

to suppress the arguments of the iterated integrals. The letters are given by

dl == ! ’
V1 —1/16p2 — 8p(1 + 2)t + (1 — 2)%¢2
t
d2 - )
V1 —1/16p%2 — 8p(1 + 2)t + (1 — 2)%¢2
1
d3 = )
tV/1T —t4/16p% — 8p(1 + 2)t + (1 — 2)2t2
g 1
F T (1602 + (42 — 8p(1 + 2))t+ (1 — 2)262) /T — £1/T6p2 — 8p(1 + 2)t + (1 — 2)2L2
t
ds =

(16p2 + (42 — 8p(1 + 2))t + (1 — 2)22) /T — t1/16p% — 8p(1 + 2)t + (1 — 2)%t2’
1

(16p2 + (42 — 8p(1 + 2))t + (1 — 2)22)\/16p% — 8p(1 + 2)t + (1 — 2)2t2’
t

(16p2 + (42 — 8p(1 + 2))t + (1 — 2)22)\/16p% — 8p(1 + 2)t + (1 — 2)2t2’

(9.39)

(9.40)

(9.41)
(9.42)
(9.43)
(9.44)
(9.45)
(9.46)

(9.47)
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1—=2

9 = (p— (1= 2)t)Vi-t (9.48)
1
dy = (16p2—|—4(2—2,0(1+z))t+(1 —z)2t2)m (9.49)
¢
o= (16p2 +4(z —2p(1 4 2))t + (1 — 2)%2) VI — ¢ (9.50)
1
= t\/16p2 — 8p(1 + 2)t + (1 — 2)2t2 (9.51)
1
Hiz = 16p2 + 4(z — 2p(1 + 2))t + (1 — 2)%t2 (9.52)
t
His = 16p% +4(z — 2p(1 + 2))t + (1 — )22 (9.53)
1
o V1 —4t/16t2 — 8(1 + 2)t + (1 — 2)2 (9.54)
1
2o tv/1T — 4t /16t2 — 8(1 + 2)t + (1 — 2)2 (9.55)
N 1 (9.56)
e VI —4t(4t — (14 2)) /1612 = 8(1 + 2)t + (1 — 2)?’ -
M 11— & (9.57)

The limit p — 0 is not easily computed. Our way to approach the integrals in this limit is based
on two steps. First we expand the integrand around p = 0 up to the constant contribution. This
term will serve as a subtraction term. This integral is easily evaluated in the original phase space,
but after integration one recognises that the result does not match the numerical expectation. The
second step is to transform the difference of the original and the subtraction term into the integration
varible

B 1
_1—(1—1fﬁ)w’

¢ (9.58)

4p

with the integration over w € (0,1). After this transformation the difference does not vanish in
the limit p — 0 and the second contribution to the integral can be computed. The sum of both
contribution agrees with the numerical integration of (9.38) for small values of p. We finally find

do @1 (2, p) _ (0 (') (g)Q {81 +22L2 - [16 11-12z+112% 161+ z2H0
ds’ s 4 31—z 9 1—2 31—z
+ ?ﬁlltZQm]L + 9(13_22)3(7 — 132+ 82° —132° + 72%) — 9(11?2)4(3 — 362
PRIy &Ho,l - W@} e (”fﬁ) . (9.50)

This result differs from the one presented in Ref. [213] exactly by the term given in Eq. (9.37) and
agrees with the result obtained in Ref. [214] based on massive operator matrix elements.
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q- q
D k_ = k_
2 k. P+ ky
p— k_ p— k_
D+ ky D+ ky
q 0.

Figure 9.5.: The graphs contributing to process III, the pure-singlet contribution.

Process llI

The pure-singlet contributions are given by the diagrams in Fig. 9.5. Following the procedure in
Refs. [422, 423], we split process III into two contributions. The first comes only from the diagrams
in one column of Fig. 9.5 and will be calles squared contribution. The other one is the interference
between the graphs from both columns. The interference contribution was already found to be
regularization scheme independent and regular in the limit p — 0, cf. Refs. [422, 423]. Therefore
we can expand the integrand and perform the phase space integral to obtain the contribution in this
limit in a straight forward manner. We obtain

doPA (0)( o/ 9 48(2 + 2z + 22
uvert _ 7 (5) (3) —160(1 — 2) — |16(5 + 42) — 80(1 + 2)H_; + ( )H2_1 Ho
ds’ S 4
40(2 + 22 + 22 16 8(4 — 62 + 322
- [522« (24242 )Hl]H§32H3+ |:8(54Z)H0 ( j ‘ )Hg]H1
z
4(4 — 62z + 322 8(8 — 2z + 522 8(4 — 62 + 322
_ ( )HOH%— [8(5—42)— ( )Ho— ( )Hl]Ho,l
z V4 z
32(5 4+ 222 96(2 + 22 + 22 32(2 422 + 22
~—[8OO:+Z)+-()H0—- ( )}Il]HQI_' ( )HQQI
z z z
16(10 — 10z + 322 8(4 — 62 4 322 96(2 + 22 + 22
+ ( )1100,71-— ( )}{&IJ'_ ( )f1m44,71
z z z
8(4 — 6z + 322 48(2 + 2z + 22
+ [8(10 + 2) + 160Hy — ( . )H1 - ( . )H_l]@ +32(5 + z)(;»,}
m2 _ (a\2 pg
+0 ? = (E) 5interf (960)

in full aggreement with Refs. [421-423] after adjusting the color factors to obtain the abelian limit.!
Since this contribution is unquestioned in the limit p — 0 we did not derive its full mass dependence

'One has to set Cr = Tr =1 and Ca = 0.
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in terms of iterated integrals.

The contributions from the squared diagrams contain mass logarithms. Therefore this contributions
cannot be compared with [422, 423], since this calculation concerned massless quarks. The quark
mass was only introduced as a regulator and neglected whenever possible. As we have seen for process
II already, this is not allowed when the fully massive cross section shall be computed. The angular
integrals can be computed using the list in Appendix E.2, afterwards the integration over the first
invariant can be done using standard techniques. The integration over the last invariant s” can be
achieved using the same technique as for process II an the pure-singlet contributions to DIS. The
result for the full mass dependence in terms of iterated integrals reads

doae _ 0(s) ( 04 )2 {3251(1 ~ V2) 2Pz

ds' s ar 1—4p

~ 1—2~ ~
|:4Hd6 + ,0Hd7:| + 512P19gHg,, 4,
~ 128(1 + 2z) Piog =~ 512z(1 + z — 8p) Pigs ~
+ 2048ZP198Hd127d4 — (p)Hdlg,dl + ( P p) Hd127d5

4 322P199 Z =~ :| 64(1 - Z)P200 ~

- 1—
P |:4H'U4,d6 + THm,d? 3p2 di1,d10

128(z — 2p) Pago ~ 16 P21 ~ 32(1 = v/2)(1 — 2)2Pag2 [ ~ 1
+ dir,dy T ——5—Hqa 4Hg, o de + ——Hay.a
3,02 11,d9 3P2 3 P(1—4P) 10,46 P 10,47
64(1 — /2)(1 — 2)*2Paos3 ~ 128(1 — /2)(1 — 2)2(z — 2p) Pao3
_ dodig —
3p2(1 —4p)(z —4p) T 3p%(1 —4p)(z — 4p)
128ZP204 |: ~ 1—2z-~ 256(1 — Z)ZP205 ~
——~ |4Hdgdg + —Hag.d, | +
p(L—=4dp) [ ™" p ] 3p2(1—4p)(z — 4p)
5122(2’ - 2p)P205 ~ B 2(1 — 2)2P206 I:I
3p2(1—4p)(z —4p) ®® " 3p2(1—4p)2(1+ 2 — 4p)2(z — 4p)
4 8P207 I:I _ 162P208 I:I
302(1—4p)2(1+ 2 —4p)2(z —4p) " 3p2(1—4p)2(1+ 2z —4p)2(z —4p) @
_ 64ZP209 I:I _ 32(1 + Z)(Z + P)
302(1—4p)2(1+ 2 —4p)2(z — 4p) ™ p
1282(z + p)(1 42 —8p) -
p H , a5
N 16(1 —2)(1 4+ 2)(1 + 5z +4p) -~ 3214 2)(z —2p)(1 + 5z + 4;))13I

d7,dg

ds,di10

Hog, + 128(2 + p)Ho 4,

+5122(2 + p)Hoa, +

S, Hd1,d10 + S, dy,do
16(1 — 2)(1 4 2)(1 + 5z + 4p) ~ 64(1 — 2)p(1 + 5z + 4p) ~
+ S, Hd10yd1 - S Hd107d3
256(1 — 2)zp(1 + 5z +4p) - 64(1 — 2)z(1 + 2 —8p)(L + 5z + 4p) ~
— 5 Hayo,ds — S di0,ds
1 1
32(1 — 2)2(1 + 2)(z + p) ~ -
+ ( ) ( )( /0) Hd13,d1 - 128(1 - 2)2(2 + p)Hd137d3

P
128(1 — 2)%z(z + p) (1 + 2 — 8p) -

—512(1 — 2)22(z + p)ﬁd137d4 - P) Hay;.d5
64(1 — 2)p(1 + 5z +4p) - 128p(z — 2p)(1 + 5z + 4p) ~
- Haydi0 — Ha; g
Sl Sl
256(1 — z)zp(1 + 5z + 4p) ~ 512zp(z — 2p)(1 + 5z + 4p) ~
- Haydio — Ha, dy
Sl Sl
64(1 — 2)z(1 + 2 —8p)(1 + 5z + 4p)

— ds.d
Sl 5,410
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C1282(1+2—8p)(2 —2p)(1 + 52 + 4,0)1:1

S, ds,dy
3214 z)(z — 2p)(1 4+ 5z + 4p) ~ 128p(z — 2p)(1 + 5z + 4p) ~
+ Hag.a, — Hay a5
Sl Sl
512zp(z — 2p)(1 + 5z + 4p) -~ 1282(1+ z — 8p) (2 — 2p)(1 + 5z + 4p) ~
— S Hag,d, — Sy Hay as

+20482(1 + 2)?p*Hay, 4y ds + 512(1 — 2)2(1 + 2)*pHay, a4y 0

— 81922(1 + 2)p*Hay, ds.ds — 2048(1 — 2)2(1 + 2)p*Hay, ds d-

— 327682%(1 + 2)p*Hyy, ds.ds — 8192(1 — 2)22(1 + 2)p°Hay, a4 d-

— 819222 (1 + 2)p* (1 + 2 — 8p)Hay, d5.d5 — 2048(1 — 2)2%(1 + 2)p(1 + 2z — 8p)Ha,, a5 4
+20482(1 + 2)%p*Hay, do.dy — 81922(1 + 2)p*Hay , dg.ds

— 3276822(1 + 2)p*Hay,y dg.as — 81922%(1 + 2)p*(1 4 2 — 8p)Hay, dg.ds

+512(1 — 2)2(1 + 2)?pHay, 4y ay — 2048(1 — 2)2(1 4 2)p*Hay, dr.ds

— 8192(1 — 2)2%(1 + 2)p*Hayy dr.a, — 2048(1 — 2)2%(1 + 2)p(1 4 2 — 8p)Hay, s s

= 32(1 = 2)(1+ 2)(1 + 2 + p)Hyy dy dso — 64(1+ 2) (1 + 2 + p) (2 — 2p)Huy 4y o

—32(1 = 2)(1+ 2)(1 + 2 + p)Hoydy,ar + 128(1 — 2)p(1 + 2 + p)Huy ay0.ds

+512(1 — 2)zp(1 4+ z + p)I:I%glw,d4 +128(1 —2)z(1+ 2z —8p)(1 + z + P)ﬁU4,d10,d5

+128(1 — 2)p(1 + 2 + p)Hy, ds.dye + 256p(1 + 2 + p) (2 — 2p)Ho, ds.ds

+512(1 — 2)zp(1 + 2z + p)ﬁv4,d4,d10 +10242p(1 + 2z + p)(z — 2p)I:IU47d4’d9

+128(1 — 2)2(1 + 2 — 8p)(1 + 2 + p)Hyy ds.aro + 2562(1 + 2 4 p) (2 — 20) (1 + 2 — 8p)Hy, s do
— 64(1 + 2)(1+ 2 + p) (2 — 2p)Huy dg.0, + 256p(1 + 2 + p) (2 — 2p)Ho, dg.ds

+10242p(1 + 2 + p) (2 — 2p)Hy, dg.dy +2562(1 + 2 + p) (2 — 2p)(1 + 2 — 8p))Hy, dg.d5

L1 [325 (1-+/2)*Pigr 32Piog 128Pos -
- — "5/ 4 \td
VI —=4p p(1 —4p) pr T pA(1—4p)
32(1 — \/E (1 - Z)P202 ~ ~ ~
- ( ,02(1)— 4p) Hg,, —512(1 + Z)2pHd11,d1 +2048(1 + z)p2Hd117d3

+81922(1 + 2)p?Hy,, a0, + 20482(1 + 2)p(1 + 2 — 8p)ﬁd117d5] H,,

4 1 |: 851(1 - \/5)3(1 + \/E)Plg)? 8(1 — Z)Plggﬁ 32(1 - Z)P204I:I
- d
1T—dp p(1—4p) p* o pA(1—4p)
8 1—\/5(1—2)2P202~ ~ ~
( 2 ) Ha,, + 128(1 — z)(1 + z)QpHd117d1 —512(1 —2)(1 + Z)pQHdu,dS
p*(1 —4p)
—2048(1 — 2)2(1 + 2)p*Hay, a, — 512(1 — 2)2(1 + 2)p(1 + 2 — 8,0))I:Id117d5} H,,
L1 [1285(1 —VZ) 2Pigr  1282Pigg - 5122Pay -
- — 57 Hd
T—4p p(1 —4p) pr T (1 —dp)
128(1 — /2)(1 — 2)zPag2 ~ ~ .
- ( pgg)ﬁ 4p) e Hg,, — 20482(1 + Z)szdlhdl + 81922(1 + Z)szdu,d?,

+3276822(1 + 2)p?Hay, .0, — 81922%(1 + 2)p(—1 — 2 + Sp)ﬁdll’d5:| Hy,
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9. Initial State Radiation to et e~ Annihilation Revisited

1 165(1 — \/E)2P197 16 P99 ~ 64 P04 =~
— 5 H,, — 27Hd9
1—4p p(1 —4p) p p*(1—4p)

16 1—\/2(1—Z)P202~ ~ ~
- ( p2(1)— 4p) Ha,y — 256(1 + Z)2pHd117d1 +1024(1 + Z)szdn,ds

- ~ 1—=2
+40962(1 + 2)p*Hay, a0, + 10242(1 + 2)p(1 + 2 — 8p)Hd117d5] In < > , } (9.61)

_l’_

1+2
with the polynomials

Pigr =120 + p (22 + 22 — 7) — 3z, (9.62)
Pros = —2* 4+ p*(3z + 1) + p(2z + 1)z, (9.63)
Pigg = 2p° — 322 + p*(1 — 32) + p2(z + 4), (9.64)
Pago = 32p* — 32p° + p? (1322 + 482 + 8) + 102* — pz(31z + 12), (9.65)
Pog1 = 36p" + p? (—62% + 122 + 4) + 22° + 2p* (62 — 18y/z — 61) — pz(z + 36), (9.66)
Pogs = —8p° (23/2 a2z — 4) p (1323/2 T 132+ 4z + 4)

+ 2,2 (225/2 14232 1922 462+ /7 — 3) 43 (25/2 n 22) — 320 (VZ+1), (9.67)
Pz = —p= (61z3/2 + 61z +42¢/z + 42) — 48 (8423/2 4622+ 1142 + 297 + 41)

+ (7325/ 2 1 96123/2 4 9722 + 2732 + 201/ + 20)

+10 (25/2 + z2> +320% (32 + Tv/z + 10) (9.68)
Py = +8p* (223/2 +22— 242z — 4) + p*z (823/2 + 2422 + 572+ 4z + 3)

_ 293 (425/2 12232 4225 13622 + 32 + 47 — 3) +320%(2 + 1)

+ 323 — p22(192 + 10), (9.69)
Pyos = 32p° (3z3/ 24262 +3vz + 26) —102° — p*2 (19827 + 503z + 98) + pz*(81z + 62)

— 4t <6z5/2 +302%/2 + 18022 + 4472 + 12V/z + 103)

+ 8 (2425/2 +1223/2 112523 + 120222 + 7952 + 52) , (9.70)

Paos = 22528p" + 128p° (32 + 50z + 198) + 182%(z + 1)* + 32p" (192° + 3462° + 102z — 208)
— 8p% (102" + 5122° + 119127 + 3282 — 103) — pz (1612 + 5042% + 381z + 38)
+ p? (400z* + 24142 + 29082 + 5502 — 40) — 512p°(23z + 84), (9.71)

Pogy = —20(2 — 1)22(2 + 1) — 1024p" (1823/2 F 722722 4 18y/7 — 19)
— 256,° (—5425/ 2 _ 126232 4 323 4 25422 + 1152 — T24/7 — 78)
+ 64p° (-5427/2 —23425/2 — 2882%/2 4 112* + 4812° + 85922 — 563z — 108y/z — 236)
— 16p* (—182%/% — 16227/% — 36022 — 2882%/2 + 52° + 4212* 4 20802° + 2572% — 19192
—T2y/z — 256) + 4p> (—362/2 — 16227/ — 23425/2 — 1262%/% + 1362° + 18992*
+ 2880z% — 208827 — 2364z — 18y/z — 127) + 2pz (962" + 2132° — 5927 — 2132 — 37)
+ p? (18z9/2 + 5427/2 4 5425/2 4 1823/ — 5852° — 28642% — 11262° + 312822 + 13432 + 24)
+8192p%(22 — 7), (9.72)
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9.3. The O(a?) Corrections

Paog = =22%(2 + 1)? (922 + 22 — 11) + 2048p" (~1262%/2 + 6027 + 1852 — 162v/Z + 99)
— 102448 (—8125/2 — 24323/ 4 5623 4 19622 + 2222 — 1441/Z + 16)
+1280° (—90z7/ 2 52225/2 — 720232 4+ 1162* + 6482 + 76722 + 952 — 252y/% — 202)

— 32p" (—1829/2 — 23427/ — 612252 — 5042%/% 4 662" + 88527 + 14722 — 2127 — 9642
—108y/z — 314) + 8p> (—362/2 — 19827/ — 3062°/2 — 1622%/2 + 1625 4 6702°

+21742% + 10912% — 18372% — 14652 — 18y/z — 185) + 2p* (18292 + 54.7/2

+ 5425/ 118232 — 19225 — 14412° — 21522* + 4902 + 23042 + 8712 + 40)

+ pz (1572° + 5802* + 3942° — 48427 — 5512 — 96) — 16384p° (72 — 18/z + 17) (9.73)

Pygg = 6553607 + 223(z + 1)? 4 1024p" (27z3/2 + 6222 + 292 + 361/z — 100)
+ p2? (23 — 4022 — 672 — 26) + p?z (—1232* — 1512% + 4112? + 503z + 96)
—128° (54,25/2 +18023/2 1 16423 + 58822 — 3372 + 108v/7 — 386)
+32,° <1827/ 2 1 14425/2 4 216232 1+ 1082% + 11052 + 68522 — 1094z + 721/7 — 344)
— 8p* (3627/ 2 1 1262%/% 4+ 1082%/% 4 282° + 810z* + 17602° — 50322 — 13722 + 18y/z — 147)
+2p° (18z7/2 +362°/2 + 1823/ 4+ 2082° + 11872* + 4692° — 15192% — 817z — 24)
— 6144p° (162 + 61/z — 9) (9.74)

and

4p
(1-Vz)%

For the interference of process II and III we also have to introduce

4p
Sy =4[l - —F5. 9.76
(AL 70
In the limit p — 0 we obtain

dolie _ o0(s) (& )2 { [40 (44 Tz 4 422)

Sp=4/1-— (9.75)

128(1 — z) (1 + 4z + 2?)
9z

+8(1+ z)HO] L*— [

ds' S Ar 3z

8(4+ 6z — 32 — 82%)
3z
—32(1+ Z)C2:| L—

16(1 — 2) (4 + 72 + 422)
3z

(80 — 2463z — 50412 — 29492 — 1632")

Hy + 16(1 + 2)HZ +

2(1-2)
272(1 4 2)?

H, + 32(1 + Z)HQJ

64(1 — z) (1 + 4z 4 22) ] 4(12 + 21z — 272% — 42°)
_ H_;|Hy—
3z 3z

H3 — 8(1+ 2)H}

256(1 — 2)(1 4 4z + 22 8(1—2)(4+ Tz + 422 16(1 — 2)(4+ 72 + 422
9z 3z 3z
8(4+492—322 1223 64(1 — 2)(1 + 42 + 22
—|—|: ( 35 )+16<1+2)H0:|H071—|: ( )(3,2 )
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9. Initial State Radiation to et e~ Annihilation Revisited

— 64(1 + Z)H0:| HO,—l + 32(1 + Z)H()’O’l — 128(1 + Z)H0707_1 + 64(1 + Z)H07171

2 3
_ [8(8 T332 165) | ey z)Ho] CQ} +0 <";‘2L2> . (9.77)

3z

The full process is therefore given by

s s ar 3z
128(1 — 2) (1 + 42+ 2%)  8(4+4 6z — 322 — 82%)
9z 3z

16(1 — 2) (4 + 72 + 422
_ ( Z)( + 7z + 4z )Hl—32(1+Z>H0,1+32(1+2)C2:|L

do @11 _ 0(0)(8/) ( o >2 { [4(1 - z)(4 + 7z + 422) s z)Ho] 12

Ho — 16(1 + 2)H2

3z

2(1 - 2) 2 3 4
— ————(80 — 303z — 7212z — 789z° — 163
27z(1 + 2)? ( : ? ? &)

4
— | =5 (40 + 1832 + 3392 + 5272° + 8252" 4 4622° + 642°)
92(1 + 2)3

-1
3z z

<4( —12 — 21z — 122% 4 423) N 40(2 4 2z + 2?)
3z z

16(4+27z+3z2—4z3)H +48(2+2z+z2)H2 >H
— — 0

8
H1>H3 -3B+ 52)H}

+

4 2 3 2
1—z 1+4z+z) 8( 18z + 152 +42)H0 8(4 62—1—32) (2)> X
3z z
_ 2
16( 1—2 4+7z+4z) 4(4 62+32)H0)H%

(=
S :
*
*

+

+

8(4- 62+9Z 12:) +8(8+722)H0+8(4—6z+3z2)H1>H01
z

16( — 4 — 272 — 322 + 423) 32(5 — 22) +96(2+2z+z2)H )H
0,—-1

+ — 0
z z
202+ 2 16(10 — 182 — 522 8(4 — 14z — 522
- z)HO 0,1+ 16( p; ) Ho,0,-1 — ( p, )H0,1,1

96(2 + 2z + 22 )HO 1 1+<8(—8+27z+1623)
e 3z

: +16(7 — 32)H,
8(4 — 62 + 322 48(2 + 22 + 22 2
_ 8462+ Z)Hl— 2+ Z+z)H_1>Cz+32(5+z)C3}+O<TZL2>. (9.78)

z z

This term does not only differ from Ref. [213] because of the squared term in Eq. (9.77) but also
because of the wrong sign of the interference term, cf. Eq. (9.60), used in the original calculation.
The difference is given by

160 32 128 64
g %Y 92 — 96(1 — 152(1 — o (1—=2%)| In?
3% T3y ar Tge 0GR =) (e 2 ()
" 104 32 128
— 5 (14 2)0%(2) + | 24(1 — 2) + 16(1 + 2) In(2) | 2 + In(=) EEERE
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9.3. The O(a?) Corrections

256 64 1—23
- - 64(1— In(1
31122 14z ( S )n( +2)

- [40(1 —2)+ 2—4(1 — 2%

+48(1+ z)In(z) |Lig(1 — 2) + 64 |1 — 2z + 3%(1 — 23) — (14 2)In(2) |Lia(—2)

+ 128(1 + Z)Lig(— ) — 96(1 + Z)Sl 2(1 — Z) + 261nterf (979)

The new result given in Eq. (9.78) is in full agreement with the result obtained in Ref. [214].

Process IV

The last contribution regarding the fermion pair production described in Ref. [213] is the interference
between the diagrams of process II and process I1I. The integration can be performed in the same
way as for the other processes. However, because of the more difficult topologies of the diagrams
the contributing square roots are more involved and the iterated integrals need more letters. We
therefore have to extend the alphabet used in this section by the following letters

= t(lzl)‘lp’ (9.80)
ha m(t(ll— z) —4p)’ (9.81)
o= Vi1 —1) \/t(ll — 2)2 — 16p%’ (9.82)
e t(1 =1)(t(1 = 2) —tlp)\/t(l — 22— 16p2 (9.83)
= i —1Z)2 —16p2’ (9.84)
o V(1 = 2) — 4p)1\/t(1 —2)2 —16p2’ (9.85)
o = V(1= 2)? - 8lpt(1 T2) + 16p2 (9.86)
= VI—t/82(1 - z)21— 8pt(1+ z) + 16p2’ (9.87)
Y e Tyl = —Sol(lt 2) 1 167 9.88)
= \/i ) (9.89)
VL= 2)2 = 1602 (t3(1 — 2)? = 8p(1 + 2)t + 4tz + 169?)
dag = (2(1 = 2)2 = 8p(1 + 2)t + 4tz + 16,102)\/t2(1 s gy s S Tk (9.90)
das = (t2(1 = 2)2 = 8p(1 + 2)t + 4tz + 16;2)\/152(1 sy s S Tk (9.91)
dae = VI —t(t2(1 — 2)% — 8p(1 + 2)t + 4tz —i—116p2) VEL 22— 8pt(L + 2) + 162 (9.92)
dor = VI —t(t2(1 = 2)? — 8p(1 + 2)t + 4tz —:16,02) VA2 8Lt 2) 1 1652 (9.93)
= 1 (9.94)

V(=1 + 2)2 = 16p2\/12(1 — 2)2 — 8pt(1 + 2) + 16p%’
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9. Initial State Radiation to et e~ Annihilation Revisited

1

dog = , 9.95
2 VEVE(L — 2)2 — 16p2 (t2(1 — 2)? — 8p(1 + 2)t + 4tz + 16p?) (9-95)
1
d == 9
T VAV = 2)2 — 1602 (12(1 — 2)2 — 8p(1 + 2)t + 4tz + 16p2)/E2(1 — 2)2 — 8p(1 + 2)t + 162
(9.96)
et — Vit
T V= 22 — 1602 (12(1 — 2)2 — 8p(1 + 2)t + Atz + 16p%) /L2(1 — 2)2 — Spt(1 + 2) + 1602
(9.97)
(9.98)
1
dsy = , 9.99
% tV/T —t/12(1 — 2)2 — 8pt(1 + 2) + 16p2 (9-99)
dss = ! (9.100)

VI =t /2(1 = 2)2 = 8pt(1 + 2) + 16p2

For the full mass dependence we obtain

dU(Q),IV B U(O)(S/) (g
ds' s 4

8(1 — 22)H P . . 5122pH P
_ ( z ) di3,d21 4213 256ZPHd10,d24P217 i 512ZPHdg,dQ4P221 n 2P g,dos L 222

p So(1—v/2)?

128pH4, .43, Pa22 N 5122pH g ,d10 Pa22 n 128pH4,, 4,0 Pa22
So(1 - /2)° So(1 - y/2)° So(1 - y/2)°

 2562H41, 05 Pa2s  64Ha0.d50 Po2s  16(1 + 2)Hayy dy, Pao N 2562H 4, 4y, Po31

2 ~ ~ ~
) {—1282’HU47d24P211 — 128(1 — Z)ZHdlg,d%PQlZ — 32(1 — Z)Hd13,d32P212

+ 32ﬁ07d10 P223

1—2 1—=2 (1—2)p 1—2

4zH P. 2-H P. -

64z d1;d25 232 322Hays 410233 +1282H14,, 41y Poos
H, H, -

2562 ———=—u Py17 — 16(1 — 2) Py17————|H
+ [ zm 217 ( Z) 217 m] d1o

|:_ 16HU2P232 . 256ZHUSP232 :|ﬁd + |:_ 8(1 —Z — 4p)P235

pVI=dp  (=1+2)pyT—dp| " S3(1—2)(14v2) pyT—dp

1282(1 — 2 — 4p)P235 64(1 —Z — 4p)P235

S§(172)2(1+\/5)2p\/174p 3| e Si}(lfz)(1+\/§)2\/lf4p
10242’(1 -z — 4p)P235 8P227

V2

ECTERHE m@H]H Ta 2 (v
128922pPo15 & 3255(1 — \/2)2Pa1o - 1282 P34 f
32(1+ v2)2 ™ 38 (1+vE) e (1- )21 vE)

B 322 P30 i, + [_ 1282H,, P14 N 8(1— z)HU2P214] i
352(1—2)°(1+v2) pVvI—dp pVvI—dp "

. 32 Pyag T [32(1 — 2)Hy, Pt 512zHU3P221]ﬁd
35t (1—2)(1+vz) ™ Vi—dp VI—4p ’

 32PyuH,y, | 64Ha, Po7  128Hg, Pag
/1 —4p V1—4p Vv1—4p

—4(7 — 32 + 42 + 16p)Hy,, + {
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9.3. The O(a?) Corrections

64 Pa3oHy, 3255 Py 32(1 — z — 4p) PygsHy,,

TA-WT=B 381+ vA) VI— g SH(1-2) (14 v oI Tp

256(1 — z — 4p) PyzsH H
+ ( 22 p) 2235 di7 +64(1—z)(1+z—10p+24p2)ﬂ
S3(1—2)"(1+2) " VI—4p V1—4p
I~{0d I~{Od I~{0d
128(1 + 2)2p——=22L_ — 20482(1 22 5122(1 1+ 2 —8p)——2
+128(1 4 2)°p 5 2(1+2)p i 2(1+2)p(1+ 2 — 8p) 5
3214 z+4p)How,  512(1 + 2)p*Ho dy, N 128(z — 2p) (1 + z — 10p + 24p?)Hy 4,
1—4p 1—4p 1—4p
. 256(1 - Z)(l - 210)2(1 + 2p)I_IGl147Ul10 + 512(1 — 2p)2(1 + 2/0)(_2 =+ 2p)ﬁd147d9
Vv1—4p Vv1—4p
N 128(1 — z —4p) (1 + p — zp — 3p*) Hayg are N 32(1 + 2) (3 + 22 — 80?) Hapg
V1—4p v1—4p
N 1024p(1 — 2 — 4p) (1 4 p — zp — 3p*)Hayg.417 B 512zp(3 + 2% — 8p2)1:1d207d26
Vv1—4p Vv1—4p
+ 512p(1 — 4p2)(1 —2—=2p)(1—2— 4p)ﬁd197d16 - 1282(1 4 z — 8p) (3 +2% - sz)ﬁd207d27
(1—2)/1—-4p V1I—4p
L 4096p°(1 — 4p?)(1 = 2 = 2p)(1 — 2 — 4p)asg.rr _ 1280(3+2° — 89" Haa |
(1—2)y/1—4p 1—4p vt
855(1—v2z)Puis  16(1 = 2)*(1 4 z — 10p + 24p*) Hoay,
352 (14 z)y/T—=14p I—4p
~32(1 = 2)(1 + 2)*pHo N 512(1 — 2%)2p*Ho gy N 128(1 — 22)2p(1 + 2 — 8p)Ho g,
V1—4p Vv1—4p V1—4p
8(1—2)(1+2+ 4:0)1:10,114 + 128(1 — Z2)p2ﬁ0,d32 _ 8(1 — 22)(3 +2° — 8p2)ﬁd20,d21
1—4p 1—-4p Vv1—4p
320 = 2)(= = 2p) (1 + 2~ 10p + 24p*)Hoa, | 64(1 = 2)°(1 = 20)(1 + 2p)Hayyrg
1—4p 1—4p
+ 128(1 — 2)(1 — 20)2(1 +2p)(z — 2p)ﬁd147d9 + 128(1 — Z)ZP(S +2° — 8p2)ﬁd20,d26
1—-4p v1—4p
_ 32(1—2)(1 —z— 4/))(1 +p—zp— 302)Hd18,d16 4 32(1 - Z)p(3 + 2% — 8p2)1:1d20,d32
1—-4p 1—-4p
256(1 = 2)p(1 =z — 4p) (L + p — 2p — 3p°)Hayg ay
V1—4p
o 128p(1 —4p*)(1 — 2 = 2p)(1 — 2 — 4P)I:Id19,d16
V1—4p
_ 102492(1 - 4/)2)(1 —z=2p)(1—2— 4P)I:Id19,d17
1—4p
32(1 — z)2(1+ 2z — 8p) (3 + 22 - 8p2)ﬁd20 da7
+ — | Hy,
1—4p
B 128552 Po15 N 256(1 — 2)z(1 + 2 — 10p + 24p?)Ho 4,
352(14 v2)°yT—14p I—4p
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9. Initial State Radiation to et e~ Annihilation Revisited

5122(1+ 2)%pHo gy, 81922%(1 4 2)p?Hoay,  204822(1 + 2)p(1 + 2 — 8p)Ho ayy

1—4p 1—4p 1—4p
1282(1 4 2z + 4p)Ho,  20482(1 4 2)p*Ho gy,  5122(2 — 2p) (1 + 2 — 10p + 24p? ) Hy 4,
B T—4p a T—4p + T—4p
1024(1 — 2)2(1 — 2p)2(1 + 2p)Hay, a0 20482(1 — 2p)2(1 + 20) (2 — 20)Hay, ds
- = - V=T
N 512z(1 — z — 4p)(1 p—zZp— 3P2)ﬁd18,d16 N 1282(1 + 2) (3 + 22 — 8p2)ﬁd20,d21
1—4p vV1i—4p
N 4096zp(1 — z —4p) (1 + p — 2p — 3p*) Haygar;  20482°p(3 + 2° — 89 Hapg
vi—4dp v1I—4p
20482p(1 — 4p?)(1 — 2 — 2p)(1 — z — 4p)Hyye 4,5 H122p(3 + 2% — 8/)2)I:Id20’d32
" (1= 2)V1—1p B Vi1
L 163842p%(1 = 4p*)(1 — 2 = 20)(1 = 2 — 4p)Hurg.air
(1—-2)/1—4p
51222(1 + 2 — 8p) (3 + 22 — 8p?) Hayg dr 32(1+2)(z — p+p?)
- =1 Hy, p Ho,d,
— 5122(2 —p+ pz)ﬁo,d% — 1282(1 + = — &) (Z —pt p2) ﬁo,d27 - Mﬁo,dg
P (1-2)
— 128 (z —p+ ,02)1:10’6132 + mﬁdm,dm + 64(1 — z) ZPQlﬁﬁle’d25
So(1—/z)
B 1282(1 + z — 8p) Poyg ~ N 64z(1+ z — 8,0)P229H
52(1 B \/5)2 dio,d27 (1—2)p di2,d27
1282(1 — z — 4p) Pa3s -~ 322(1 — z — 4p) Pass -~ n 256z(z — 2p) Paos ~
SHL—2) (1 +va)® S — ) (L ve) T (i)
10242p(1 — z — 4p) P35 ~ 2562(1 — z — 4p) P35 = 8(1 — 2) Pags
S%(l _ 2)2(1 i \/2)2 dy7,d24 Si)’(l _ Z) (1 i \/5)2 dy7,d2s P d20,d10
64(1 + 2)(z — 2p) Pa1g 8(1 — /z) Pass - 32(1 + 2) Po1g
Haydy — —g77—— = Hdasdio ¥ — =3 Hdor d
So(1—vz) (1—2) 7 S+ VR)p T gy (1 7)Y
B 16(z — 2p) Pa3s ~ 16(1 4 2)(z — 2p) Poss B 16(z — 2;))]32241:I i
5;13(1 + \/2)210 22,dy Sij’(l _ Z) (1 N \/2)2p P) doo,dgtldas,do1
256z(z — 2p) Pags -~ 64z(z — 2p)(1 4+ z — 8p) Pass ~
S -2 vaT Sy
n 1024zp(z — 2p) P22 ~ B 64(z — 2p)Pass -~
S(1—va) (1—2) " S(1—2)(1+yz)? "
1282(1 + z — 8p) P29 ~ 2562(1 4 z — 8p)(z — 2p) Pa1g ~
I O (S
32(1 — 2)z(1 + z — 8p) Pai3 ~ 64z(z — 2p) Pa33 ~
+ Hay3,ds7 — das,dg
p (1—2)p
32(z—p—2zp)Pogs  ~ 64(z —2p)(z — p — 2p) Pass -~
das,d1o dag,dog

S 2) (14 v2)% S31—2)2(1+v2)%p
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128(1 + 2)pPass - B 20482 p° Py3s -
S22 (1+v2) S — ) (1)
_ 5122p(1 + 2 — 8p) Pags B 512p° Py3s ~
S1—2) (14 v2)7 S — ) (1 yr)T
512ZpP235 ~ 1024Zp(2 - 2p)P235 ~
ds30,d10 ds30,do

S0 — 201+ v2)
(z —3p—3zp+ 892)I:Id31,d10

CS=) ey
N 1282 Py3s 2
S 2) (14 V7))
256z(z — 2p) Pass
51— 2 (1+v2)s
32(1 — 2)2Po4 - 256p(z — 2p) Pags -~
+ ——————Hy,dos 3
p S2(1—/2)"(1-=2)
64(1 + 2)(= —2 2p)Paig gy dn, — 128(1 — )2 Paoflyy ay, + 1024zp(z —22p)P222 ~
S2(1—2)"(1-=2) S2(1—v/2)"(1-=2)
B 256z(1 + z — 8p)(z — 2p)P219H 256p(z — 2p) Paga  ~
S(1-va)(1-2) Y s(-vE) (-2
—64(1 — 2)p(1 + 2 + 4p)Ho 0.4, — 128p(2 — 2p)(1 + 2 + 4p)Ho 0.4,
—256(1 — 2)zp(1 + 2 — 10p + 24p*)Ho 4,045, — 64(1 — 2)%2(1 + 2 — 10p + 24p? ) Ho 4, das
+16(1 — 2)%(1 + 2 + 4p)Ho dyp.a10 + 32(1 — 2)(2 — 20) (1 + 2 + 4p)Ho a0 do
— 5122(1 + 2)?p*Ho dyy dps — 128(1 — 2)2(1 + 2)*pHo dyy o
—256(1 — 2)zp(1 + 2 — 10p + 24p*) Ho aps a0 — 5122(1 + 2)?p?Ho dyy a1
+ 819222(1 + 2)p*Ho dyy s + 204822(1 + 2)p° (1 + 2 — 8p)Ho s oy
+20482(1 + 2)p*Ho dyy ds — 5122p(2 — 2p) (1 + 2 — 10p + 24p? ) Ho 4y, do
—64(1 — 2)%2(1 + 2z — 10p + 24p*) Ho dys.d10 — 128(1 — 2)2(1 + 2)? pHo s
+2048(1 — 2)22(1 + 2)p*Ho dys s + 512(1 — 2)22(1 4 2)p(1 4 2 — 89)Ho,dys doy
+512(1 — 2)2(1 + 2)p*Ho dpg sy — 128(1 — 2)2(2 — 2p) (1 + 2 — 10p + 24p%) Ho a4y
+ 81922%(1 + 2)p*Ho dyg s + 2048(1 — 2)2%(1 + 2)p*Ho g dos
+20482%(1 + 2)p° (1 + 2 — 8p)Ho dyy dos + 512(1 — 2)2°(1 + 2)p(1 + 2 — 8p)Ho dyr s
+1282p(1 + 2 4 4p)Ho 1y s + 32(1 — 2)2(1 + 2 + 4p)Ho 1.0
+20482(1 + 2)p*Ho dg.day + 512(1 — 2)2(1 + 2)p*Ho gy das
— 5122p(z — 2p) (1 + 2z — 10p + 24p*) Ho 4y dys
—128(1 — 2)2(2 — 2p) (1 + 2 — 10p + 24p*) Ho,dy s
+1024(1 — 2)2p(1 — 2p)*(1 + 20)Hayy dso.dos + 256(1 — 2)%2(1 — 2p)*(1 + 2p)
X Hay s dyondos +1024(1 — 2)2p(1 — 20)2(1 + 20)Hay, dos.dyo + 20482p(1 — 2p)%(1 + 2p)
X (2 = 20)Hay, doa.ds + 256(1 — 2)22(1 — 2p)*(1 + 20)Hay, dos.dro
+512(1 — 2)2(1 — 2p)* (1 + 2p) (2 — 20)Hay dos o + 20482p(1 — 29)*(1 + 2p) (2 — 2p)
X Hayy dodos + 512(1 — 2)2(1 = 20)%(1 + 20) (2 — 20)Hay, d dos + 32(1 4 2)(1 — 2p) (1 + 2p)
X (1 — 2 — 20)Haye dyo.dey — 5122p(1 = 2p) (1 +20)(1 — 2 — 2p)Hay 1 410 dos

(z —3p—3zp+ 8p2)ﬁd3hd9

d32,dy

dg,d26

dg,d32
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—1282(1 — 2p) (1 +2p)(1 — 2 — 2p) (1 + 2 — 8p)Hay. 10 dos
—128p(1 — 2p) (1 + 2p)(1 — 2 — 2p)Hay; dig.dso

+32(1 4+ 2)(1 = 2p)(1 4 2p)(1 — 2 — 2p)Ha,. dyy ro
—5122p(1 — 2p)(1 4 2p)(1 — 2 — 2p)Hay; dus o

—128p(1 = 2p)(1 4 2p)(1 — 2z — 2p)Ha; ds.dao

—1282(1 — 2p)(1 +2p)(1 — 2 — 2p)(1 + 2 — 8p)Hays dordyo
~ 1024zp(1 —2p)(1 + 2p) (2 — 2p)(1 — 2 — 2p) ~

1_ 2 d15,d26,do

2562(1 —2p)(1 +2p)(z = 2p)(1 — 2 —2p)(1 + z — 8p) ~

- 1— 2 di5,d27,dg
256p(1 —2p)(1 + 2p)(2 — 2p)(1 — 2 — 2p) ~

- 1_» di5,d32,dg
64(1+ 2)(1 —2p)(1 +2p)(z — 2p)(1 — 2 — 2p) ~

+ 1 —z Hdlo7d97d21
1024zp(1 — 2p)(1 +2p) (2 — 2p)(1 — 2 — 2p) -

- 1_ 2 dis,dg,d26
64(1+2)(1 —2p)(1+2p)(z — 2p)(1 — z — 2p) ~

- 1+ 2 Hd157d21 dy
2562(1 —2p)(1+2p)(z —2p)(1 — 2 —2p)(1 + z — 8p) ~

- di5,dg,da7

1—2

~256p(1 —2p)(1+2p)(z — 2p)(1 — 2 — 2p) -

dy5,dg,d
1_ 2 15,d9,d32

—5122p(1 — 2 — 4p) (1 + p — 20 — 30*) Hayg v
—128(1 — 2)2(1 — 2 — 4p) (1 + p — 2p — 30°) Hayg dys,das

— 40962p%*(1 — z — 4p)(1 +p—zp— 3P2)ﬁd18,d17,dg4
—1024(1 — 2)zp(1 —z —4p) (1 + p — zp — 3,02)ﬁd18,d17,d25
—32(1 — 2)* (1 + p— 2p — 39%) Hayg da.dro

—64(1 — 2)%(z — 2p) (1 +p—zp— 3P2)I:Id18,d22,d9

+ 64(1 — 2%) (2 — 2p) (1+p—2p— 3p2)ﬁd187d23,d21

1024(1 — 2)zp(z — 2p) (1 +p—zp— 302)ﬁd18,d23,d26

—256(1 — 2)2(2 — 2p)(1 + 2 — 8p) (1 + p — 2p — 30) Hayy s s
—256(1 — 2)p(z — 2p) (L + p — 2p — 39®) Hag o s

128(1 — 2)(z — p — Zp)( +p—zp— 3P2)ﬁd1s,dzs d1o
—256(z — 2p)(z — p — 2p) (1 + p — 2p — 39>) Hatyg dos o

+512(1 + 2)p° (1 +p = 2p = 30" ) Hayg dag o

— 819229° (14 p — 2p — 39”) Hayy o g

—20482p*(L+ 2z — 8p) (L + p — 2p — 30%) Huyg oo dar

— 20480 (1 + p — 2p — 39" ) Hatyg adpo ds

+2048(1 — z)zp2(1 +p—zp— 3p2)ﬁd18,d30,d1o

+40962p%(z — 2p) (1 + p — 2p — 3p%)Hayg dao,ds

+512(1 — 2)2(2 — 3p — 320 + 80%) (1 + p — 2p — 30*) Harg o1 s
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+1024z(z — 2p) (1 + p — 2p — 3p%) (2 — 3p — 32p + 8% ) Hayg oy o

20482p%(1 — 4p*)(1 — 2z — 2p)(1 — 2z — 4p) =
N 1— 2 Hayg,di,doa

—5122p(1 — 492)(1 —z=2p)(1 -2z~ 4p)ﬁd197d16yd25

163842p3(1 — 4p*)(1 — 2 — 2p)(1 — 2 — 4p) -
- 1_ 2 d19,d17,d24

— 409629 (1 — 4p*)(1 — 2 — 2p)(1 — 2 — 4p)Hayg dyrdos
—198(1 — 2)2p(1 — 4p%) (1 — 2 — 29) Ay .

—256(1 — 2)p(1 — 4p*)(z — 2p)(1 = 2 — 29)Hag s ds

+256(1 + 2)p(1 — 4p°) (2 = 2p) (1 — 2 — 2p)Hatyg dys s
—40962p%(1 — 4p°) (2 — 2p) (1 — 2 — 29)Hag dos dag
—1024zp(1 — 4p°)(z — 2p)(1 — 2 = 2p)(1 + 2 — 89)Hayg g s
—1024p°(1 = 4p*) (2 = 2p)(1 — 2 — 2p)Hayg dng ds

—512p(1 = 4p°)(1 = 2 = 2p)(2 — p — 2p)Hasg dos dro
1024p(1 — 4p*) (2 — 2p)(1 — 2 = 2p)(2 — p — 2p)

1_ 2 Hayg,dos do
2048(1 + 2)p3(1 — 4p*)(1 — 2 — 2p) =
+ 1_ 2 Hayg,dao,da1
327682p* (1 — 4p?)(1 — 2z — 2p) ~
- 1— 2 Hasg,dag.das
81922p3(1 — 4p?)(1 — 2 — 2p)(1 + z — 8p) =
- 1 d19,d29,d27
-z
8192p%(1 — 4p*)(1 — 2 — 2p) -~
- 1— 2 Hayg,dz0,ds2
+ 81922p3(1 - 4p2)(1 —Z— 2p)ﬁd19,d30,d10
163842p3(1 — 4p%)(z — 2p)(1 — 2z — 2p) =
+ d19,d30,do

1-2
+2048zp(1 — 4p2>(1 —z—2p) (Z —3p—3zp+ 8P2)I:Id197d31,d10

4096zp(1 — 4p%)(z — 2p)(1 — 2 — 2 -
N p( p)l(_zp)( p)(z—3p—3zp+8p2)Hd19,d31,d9

—1282(1 + 2)p(3 + 2% — 89%) Hugy o oy — 32(1 — 2)2(1 + 2) (3 + 22 — 80?) Hupng oy s
—1282(1 + 2)p(3 + 2% — 89%) Hugy dasdar + 2048220 (3 + 22 — 80? ) Hutny o dag
+5122%p(1 + 2 — 8) (3 + 22 — 80%) Hung o dor + 51229 (3 + 22 — 80%) Htng dou,dso
—32(1 — 2%)2(3 + 2% — 8p%) Huyg s dor + 512(1 — 2)2%p(3 + 2% — 89%) Huty s o
+128(1 — 2)23(1 + 2 — 8p) (3 + 2% — 80%) Huyy s dar

+ 20482207 (3 + 2% — 89 ) Hagg dog dos + 512(1 — 2)2%p(3 + 2% — 89 Hiyy g s
+5122%p(1 4 z — 8p) (3 + 22— 8p2)ﬁd207d27,d24

+ 5122/)2 (3 + 22— 8,02)1:16120,(1327(124 +128(1 — z)zp(3 + 22— 8p2)1:1d20,d327d25
+128(1 — 2)2p(3 + 2% — 89%) Hay s s

+128(1 — 2)22(1 4z — 8p) (3 +22 - 8p2)ﬁd207d27,d25

—16(1 — 22)(1 + 2 — 4p)Hy, dyg.day + 256(1 — 2)2p(1 + 2 — 4p)Ha, dyo.das
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+ 64(1 - 2)2(1 +z— 8/0)(1 +z— 4P)Hv4,d10,d27
+ 64(1 - Z)p(l +z - 4p)ﬁv47d10,d32 - 16(1 - 22)(1 +z - 4P)Hv47d21,d10
)

—32(1+2)(2 — 2p)(1 + 2z — 4p)Hy, apy dy + 256(1 — 2)2p(1 + 2 — 4p)Hoy dog dio
+5122p(2 — 2p) (1 + 2 — 4p)Hy, ays.ay + 64(1 — 2)2(1 + 2 — 8p) (1 + 2 — 4p) o, ay- dso
+1282(2 — 2p) (1 + 2 — 4p) (1 + 2 — 8p)Hoy dyr do

+64(1 — 2)p(1 4 2 — 4p)Hy, dap.dro + 128p(2 — 20)(1 + 2 — 4p)Hy, dsn do

—32(1 4 2)(z — 2p) (1 + 2 — 4p)Huy, dy dsy + 5122p(2 — 29) (1 + 2 — 4p)Hoy, dy o

+1282(z — 2p)(1 4+ 2 — 4p) (1 + z — 8p)Hy, dy oy

~ 16Py1aH,, 324, Porr  64Hg, Paoy
128 —2p)(1 —40)H - —

32ﬁd15P232 16SQP215 16(1 —Z — 4P)ﬁd16P235
+ B 2 2 2
(I=2)pv1=4p  352(1+2)VI—4p S}(1—2)"(1+2) pyT—4p
128(1 — 2 — dp)Hay, Pogs  32(1—2)(1+2—10p+ 24p?)Ho q,,

+
S3(1—2)2(1+ v2) VT —4p I—1p
~10242(1 + 2)p*Ho dy N 2562(1 4 2)p(1 + 2 — 8p)Ho 4y,
1—4p 1—4p
16(1+z+4p)Ho,  256(1 + 2)p*Ho g5 (2)  642(142—8p)(3+ 2 — 80%)Hayg dor
1—-4p 1—4p 1—4p
N 64(z — 2p) (1 + 2z — 10p + 24p*)Hoay  128(1 — 2)(1 — 29)*(1 + 2p)Haydie
Vv1—4p Vv1—4p
_ 256(1 — 20)*(1 + 2p)(z — 2p)Ha, do n 64(1 — 2 —4p) (L + p — 2p — 3p°) Huyg di
VI—4dp v1I—4p
I 512p(1 — z — 4p) (1 +p—zp— 3p2)ﬁd1s,d17 4 16(1 + 2) (3 + 2% — 892)Hd207d21
V1—4p V1—4p
256p(1 —4p*)(1 — 2 —2p)(1 — 2 — 4p)ﬁd197d16 _ 2562p(3 +2° - 8p2)ﬁd20,d26
(1—2)/1—4p V1I—4p
4 2048p2(1 - 4/72)(1 —z=2p)(1—2— 4P)I:Id19,d17 + 64(1 + Z)2pﬁ0,d21
(1-2)y/1—-4p 1—4p
64p(3 + 2% — 8p?)H 1—
— p( +Z p) d207d32 ln z ’ (9101)
1—4p 142

with the polynomials

Pyig = —32p% — 44p + 62°/2 + 1922 — 68pz + 144p\/z — 202 — 6+/z + 13, (
Poi1 = —18p> + 9p + 2% + 2pV/z, (
Py1p = —6p° +3p + 42% — 2pz — 4z, (
Po13 = 6p? — 3p — 422 + 2pz + 4z, (
Pory = 18p% — 9p — 2% — 2py/z, (9.106
Pois = 32p% + 44p — 62°/2 — 1922 + 68pz — 144p\/z + 20z + 6y/z — 13, (
Poig = —8p° +2p — 22%/2 4+ 23 — 2p2% + 2% — 8p%2 + dpz — 22 + 2V/Z, (
Poi7 = 8p% — 2p+ 2272 — 2% 4 2p2% — 22 + 8p°z — dpz + 22 — 2V/z, (
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Pois = —16p° 4+ 16p% 4+ Tp + 4p2>/2 + 23 — 3p2® — 22 — 16p%2 — 4py/z, (9.110)
P19 = —16p> 4 16p* — 2p — 8p23/2 — 5252 4 42312 1 93 ¢ 4pz* 4 22% — 8p*2

—8p?\/z +2pz +8pV/z — bz + 3z — 1, (9.111)
Paog = —16p° + 4p> — 22372 4 2p2% + 22 — 4p?2 — 2pz + 4pV/7, (9.112)
Pao1 = 16p° — 4p® + 2232 — 2p2% — 2% + 4p%2 + 2pz — 4py/z, (9.113)

Pagg = 16p° — 16p% + 2p + 8pz>/% + 5252 — 42312 — 923 — 4p2? — 222 4 8p%2

+ 80°Vz — 2pz — 8p\/z + 52 — 3z + 1, (9.114)
Poos = 16p° — 16p> — Tp — 4pz°>/% — 2% + 3p22 + 2% + 16p%2 + 4p\/z, (9.115)
Paoy = 16p> — 16p*> — Tp — 4pz3/2 + 22+ 5pz2 — 22 +16p°2 — 4pz + 4pV/z, (9.116)
Poos = 48p° — 30p% — p — 4p23/% + 23 + 11p2° — 22 + 46p°2 — 14pz + 4p\/z, (9.117)

Paog = 80p° — 184p% + 41p — 24p° 2%/ + 6p2°/2 + T5p2%/2 — 3625/ + 362%/% — 12p2? — 362>

+ 76p%z + 68p%*\/z — 169pz + 55p\/z + 362, (9.118)
Pyor = 384p° — 56p° — 38p + 80p22%/2 + 192p%23/2 + 100p27/% — 17622 + 212p2%/% — 62972

— 882712 4 246252 — 5623/ + 625 — 782% — 96p? 2 + 126p2> + 992° + 296p%2% — 346p2>

+ 11922 — 384p 2 — 528p%z — 272p%\/z + 258pz + 56p\/z — 5Tz + 7, (9.119)
Paog = 12p3 — 6p% + 2* — 15p23 + 72% — 10p%2% + 4p2? — 822 — 28p32 + 16p%2 + 15pz, (9.120)
Py = —12p% 4+ 6p% — 2% 4+ 15p23 — 723 + 10p%2% — 4p2® + 822 + 28p%2 — 16p?z — 15pz,  (9.121)
Pysg = 1216p° — 136p> — 118p — 640p°2/2 — 4329?25/ + 960p%2%/% + 28p2"/?

—192p2°/2 —132p2%/2 + 302%/2 — 22027/% 4+ 4262°/? — 1642°/% 4 242° — 180p2*

— 1262% 4 288p22% 4 666p2° + 12323 + 1929322 + 56p%22 — 1366p2% + 15522

+ 1282 + 64003 /2 — 592p%2 — 1296p%\/Z 4 614pz + 104py/z — 992 + 24y/2 + 19, (9.122)
Pogp = —32p" 4+ 56p° — 36p% + 6p + 21 + 3p23 — 223 — 12p%22 + 5p2?

+ 22 — 56p32 + 56p%z — 14pz, (9.123)
Py3y = 32p* — 56p° + 36p — 6p — 2% — 3pz> + 223 + 12p22% — 5p2?

— 22 4+ 56p%z — 56p*z + 14pz, (9.124)
Pasgs = 256p* — 192p° + 30p% + p — 4p2°/2 + 8pz%/% — 2% + 5pz° 4 223

+34p%2% — 27p2?% — 2% + 256p° 2 — 96p° 2 + 21pz — 4p/z, (9.125)

Pagy = 192p* + 344p° — 94p% — p — 176p°2%/% — 220p%2°/2

+ 39602232 + 66p27/2 — 116p25/% + 38pz3/% — 7227/2 1 144,52

— 72232 4 24p2* — 362% — 180p%2% 4 159p23 + 362° + 28822 + 270p? 22

— 387p2? 4+ 3622 +192p 2 — 632p% 2 — 163z — 92p%2 — 272p*\/2

+205pz + 12p\/z — 362, (9.126)
Pygs = 256p° — 288p* + 144p° — 34p% + 3p — 64p°2%/% — 16p22%/% + 80p?2%/2

+ 2pz7/2 + 14pz5/2 — 22pz3/2 + 2292 — 4272 4 2252 4 25— 5pzt — 21 +10p%23

+20p23 — 2% — 80p322 — 22p%2% — 10p2? + 2% + 160p 2z — 128p*/z — 1280~

+ 64p3\/z + T8p%z — 32p%\/z — 8pz + 6p\/z. (9.127)
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In the limit p < 1 this term reduces to

(2),IV 0)( ot 9.2 2
do _ (S)(O‘)2{—[8(8—7z)+8(5 QZ)H0+8(1+z)(H§+2HOH1

ds’ s 4r 1—2z2 1—2

8(27 — 42z + 232?) 8
—2H 20) | L 3410z — 1122 + 2223 — 824
01+ Cg)] + T +[(1—z)2(1+z)( + 10z 2”4+ 222 Z%)
64(1 + 2) 8(1+2)% 5, 8(1+22%) 8(3 — 2z — 22%)
—— Y H ;|Hy— HZ — H} + [16(8 — 72) —
L g 1} 01—, M gy Mot |16 -T2) 1-2 0
16(2 + 22 16 8(13 — 22 — 622)  16(5 + 422 3222
210D el s 16 g o [ ) 14 Do+ 2 1 s
1—2 1—2 1—2 1—2z 1—2
64(1+2) 32(1422) 128(1 + 2% 64(1 + 22)
- - Ho|Ho,—1 + ——Hpo1 — ——Hop0,-1
1—2 1—2z 1-— 1-—
32(1 + 222 24(3 — 2z —22%)  16(2+ 322 3222
_32(1+22) 011 — ( ) + ( )Ho+ Hi |G
1—2z 1—2z 1—=z2 1—=2
16(3 + 22 2
- (2)43} +0 <mL> . (9.128)
1—2 s
The difference with regard to the result given in Ref. [213] is given by
5 — 2(03 4994z + 3227 + 7422° — 8521 — 82°) g| L= 14z~ 562% + 7823 — 252*
v 9(1—2)(1+2)2 (1— 22)2
1+ 22 82(13 4+ 1222 — 2023 + 324, 1— 24722323
1 — 1 16
R n(z)] G2 (1—22)2 (=) + (1+2)2
7+ 322 . 32(1 + 5z — 42?)
— ] Lig(1 — In(1
50— 2) n(z)] ia(1—2)+ e n(l+z2)
_16(4 — 7z — 62% — 1282° + 221 — 92) In(2) + 32(1+ 5z — 4,22)Li (—2) (9.129)
3(1— 2)2(1 + 2) (1—2)2 S '

Since the interference contribution cannot be associated with an operator matrix element there is no
direct comparison with Ref. [214]. It appears as one part of process I given there.

Further Contributions

Besides the processes II-IV there are also other contributions to the fermion pair production not
considered in Ref. [213] but contained in Ref. [421]. These contributions are given by the diagrams
in Fig. 9.6 and their interference with the diagrams in Figs. 9.4 and 9.5. These contributions do

Figure 9.6.: Diagrams representing the contributions neglected in [213] but contained in [421].
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not contain mass singularities and can therefore be computed like the interference contribution to
process III by directly taking the limit p — 0.
For the contributions from Fig. 9.6 we find

(2),BB 0) (g 2
4o g (S>(a> {m(l—z2)+[§(3+4z+3z2)

ds’ - s An 3
32 8 32 16 2
-5+ z)2H1]H0 +30+ 2)?H2 + S0+ 2)*Ho_1 — S+ Z)QCQ} + O (”;)
(9.130)

and for the interference between the diagrams in Figs. 9.6 and 9.5 we obtain

dO'(2)’BC 0.(0)<S/) ( o

- 4

2
—— = ) {2(1 — 2)(27 + 132) + [4(9 F112) 4 24(1 + 2)%H 4

4
— 24(1 + 2)2H21} Ho + [2(6 — 82— 152%) +20(1 + z)zH_l] HZ + 5(1 +4z + 2*)H}
+36(1 — 2%)HoH,; — [36(1 —2%) —16(1+ 32 + z2)H0] Ho1 — {24(1 + 2)?
+ 24(1 + Z)2H0 — 48(1 + Z)2H1:| H(),,l — 32(1 + 3z + 22)H07071 + 8(1 + Z)2H0707,1

—48(1 +2)*Ho 1.1 + {24(2 —2)(1+2) +8(3+82z+32%)Hy — 24(1 + 2)°H_1 | &

m

+32(1+32+22)C3} +0 <2> (9.131)

S

These results are in full agreement with Ref. [421], from which we also adopted the notation for
the different contributions. The interference between the diagrams in Figs. 9.6 and 9.4 does only
contribute for axial couplings and will not be considered here.

Numerical Results

The relative deviations for the results for processes II-IV in the present calculation and Ref. [213] are
shown in Figure 9.7. Here A (o) denotes the ratio of the difference terms d; given in Egs. (9.37,9.79,9.129)
and the corresponding complete O(a?) correction for ¢ = II, III, IV. All illustrations are made for
z < 1. The relative differences reach from +25 to —60% for z € [1075,1]. Here we have changed the
term In(z)/(1 — 2)® = In?(2)/(1 — 2)? in Eq. (2.43) of Ref. [213] which appears twice (suggesting a
typo), such that this term is only logarithmic but not linear divergent for z — 1 and thus integrable.
Otherwise the difference would be even larger.

Figure 9.8 shows the different contributions at O(a?) of initial state ete™ pair production to
~v*/Z*-boson production. The dominant contributions come from the pure singlet and non-singlet
terms, other contributions are smaller but not negligible at the 0.1% level in the radiator function.
For large values of z = % the non-singlet terms are dominant, whereas for z < 0.03 the pure singlet
contributions dominate.
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9. Initial State Radiation to et e~ Annihilation Revisited

9.3.2. Corrections due to Photon Emission

Following Ref. [213], the O(a?) correction due to photon emission can be split up into the following
six parts:

. 552, both photons are soft;

. 5;/2, both photons are virtual;

65 1V1, one photon is soft, one virtual;

623 1H1, one photon is soft, one hard;
. 6;/ i 1. one photon is virtual, one hard;
. (552, both photons are hard.

The complete cross section can be expressed as

% = "(;) (%)2 {5(1 —2) [552 (6, A) + 02 (N) + 65171 (e, A)}
+0(1—z—¢) [5§1Hl (e, 2) 4 05 (N, 2) + 622 (e, z)} } (9.132)

The virtual part, in the asymptotic limit, is again given by the form factor Fj
552(e,\) = |[F{V? 4 2Re(FP). (9.133)

The explicit expressions can be found in Refs. [213, 427, 428].
If only one photon is soft, the cross section factorizes into the O(«) soft and hard (virtual) emission

551 (e, N, 2) = 651 (e, M)6111 (2), (9.134)
55V (e, \) = 671 (g, \)OY (). (9.135)

This can most easily be seen by explicitly factorizing the phase space in this limit, cf. Ref. [213].

If both photons are soft the factorization is not complete. Since the two photons are not uncor-
related one has to introduce a correction factor, which can also be understood on the level of phase
space factorization. The double soft emission is then given by

55— 1 (551)2 —2(L-1)%C. (9.136)

5 \%1

The factor of % emerges, since the photons are indistinguishable. For the soft photon parts we
completely agree with the results presented in Ref. [213]. The contributions due to one virtual and
one hard photon (5;/ U1 and due to two hard photons 552 are still work in progress. For the virtual-
hard contributions a large amount of scalar one loop diagrams has already been computed, only the
contribution from the box diagrams are still work in progress. For the hard radiation we had to
employ a regularization at the phase space boundaries so we can expand in the mass ratio without
interference of the soft-hard separator. The logarithmic corrections due to this separator have been
already confirmed. After the last two corrections are finished the full corrections due to O(a?) initial
state radiations can be applied to several observables. The most prominent ones are the Z-production
et e” — Z, but also the determination of the #¢ resonance and Higgs production cross sections will
benefit from the precise knowledge of these corrections. Furthermore we can add the contributions
due to axial-vector couplings without dealing with 5 in d dimensions, since the calculation can be
done in d = 4 rigorously.
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Figure 9.7.: Relative deviations of the results of Ref. [213] from the exact result in % for the O(a?)

corrections. The non-singlet contribution (process II): dash-dotted line; the pure singlet
contribution (process III): dashed; the interference term between both contributions
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10. Conclusion and Qutlook

To fully exploit the precise data on the structure function F5(x, Q?) taken by HERA the knowledge of
the NNLO heavy quark effects are important. They will enable us to extract important parameters of
the Standard Model, foremost the heavy quark masses m, and m; and the strong coupling constant
as(Mz) as well as the PDFs of the proton more precisely. In the asymptotic region, Q% > m?,
these effects can be described by universal massive operator matrix elements and massless Wilson
coeflicients, using factorization in this limit. In the single mass case all OMEs except of Ag, have
already been calculated analytically. Since the charm and the bottom mass do not form a strong
hierarchy it is also necessary to include the effect of both heavy quarks simultaneously instead of
decoupling them one after another. The massive OMEs can also be used to define the VFNS scheme
which is an important ingredient to obtain precise and reliable PDFs for the LHC. This thesis aim is
to deepen the understanding of mass effects through explicit calculations and to take further steps
to the completion of the massive OMEs at NNLO.

In Chapter 3 we calculate the full mass dependence of the unpolarized pure singlet Wilson coeffi-
cients at NLO analytically, which has only been available in numeric form before. It is possible to
express the result via iterated integrals of square root valued letters. We proof the asymptotic factor-
ization into massless Wilson coefficient and massive operator matrix element by explicit expansion
of the analytic result in the asymptotic limit. This also allows us to obtain the asymptotic series in
the power corrections up to order (m2 / Q2)2, expanding the kinematic reach of the approximations.
More coeflicients in the asymptotic series can be computed easily if needed. Since the coefficients of
the expansion are given by simple HPLs these results can be used for a fast evaluation of the Wilson
coefficients up to lower values of the virtuality. This is especially useful for the longitudinal Wil-
son coefficient Hg)’PS, since the asymptotic representation in only values for quite high virtualities
Q? > 800m?2. Our power suppressed expansion coefficients can be applied for much lower virtualities
Q? > 20m? for low value of x. In Chapter 4 we extend this treatment to the polarized pure singlet
Wilson coefficient g§2)’PS. The techniques introduced in this chapters can in principle also be used
to obtain the full mass dependence of the gluonic Wilson coeflicient.

We turn to the renormalization of two-mass effects OMEs up to NNLO and correct some incon-
sistencies in the literature in Chapter 5. During the work on the renormalization we realized that
the simultaneous decoupling of charm and bottom quarks also introduces two-mass effects at NLO
through reducible contributions, although genuine diagrams with two heavy quarks only contribute
from NNLO onwards. With these results, we extend the VFNS in Chapter 6 to include these two-
mass effects. We also illustrate their numerical impact on the PDFs. The correct treatment of the
VENS is a crucial step to obtain precise and stable PDFs for the use at the LHC.

In Chapter 7 the two-mass effects to the unpolarized pure singlet and gluonic OMEs at NNLO are
calculated analytically in momentum fraction and, in the latter case, also in Mellin space. The gluonic
operator matrix element in Mellin space is composed of harmonic, generalized harmonic, cyclotomic
and generalized binomially weighted sums. Their inversion to momentum fraction space introduces
iterated integrals over square root valued letters which additionally depend on the mass ratio n. In
the pure singlet case we also need iterated integrals over square root valued arguments to express
the result in momentum fraction space, however, we also find a new class of functions with restricted
support in the momentum fraction. Furthermore, we extend the algorithm to calculate arbitrary large
moments to treat also two-scale problems in the expansion in one of the scales. Using this algorithm
a thousand moments of the unpolarized two-mass contributions to the OME Agy, expanded up to
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10. Conclusion and Outlook

O(n®), have been completed. This brings the two-mass contributions to a similar status as the single
mass contributions for which also a large number of moments have been computed. These moments
can already be used for phenomenological analyses in Mellin space. In future work, they can also
be used to obtain more information about the analytic structure of the in 1 expanded OME using
guessing techniques. With the completion of these OMEs only the momentum space solution of the
gluonic OME Al g)Q and the analytic solution of Ag, are missing. However, the analytic solution of
Agg in the single- and two-mass contains objects which recurrences in Mellin space or differential
equations in momentum fraction space do not factorize to first order and therefore require more
general solution spaces than the ones defined in Appendix C. In momentum fraction space this leads
to complete elliptic integrals and more general functions.

A new projector for the calculation of polarized OMEs with external light quarks is presented in
Chapter 8. This projector allows to calculate the polarized OMEs consistently in the Larin scheme
using the same techniques as has been used for the unpolarized case. Using this projector we calculate
missing OMEs at NLO up to O(e). Also first result at NNLO in the single and two-mass case are
presented. These results are the first independent cross-check of the O(TF) part of the NNLO
polarized anomalous dimensions calculated in Ref. [158]. The calculation of the full set of polarized
anomalous dimensions at O(Tr) is currently under way. Furthermore, with this new results the
VENS in the polarized case can be established.

In Chapter 9 we address the long standing discrepancy between two calculations of QED initial
state radiation to e e~ annihilation into a neutral vector boson at O(a?), cf. Refs. [213, 214]. We
integrate the phase space for fermion pair radiation exactly without any approximation and subse-
quently expand in m?/s. We find agreement with the calculation based on asymptotic factorization.
This result proofs the factorization of massive external particles in this process. Numerically these
results show significant deviations from the ones obtained in Ref. [213], which have been implemented
in many analyses of the Z-peak and other virtual gauge boson mediated processes. The corrections
due to photon radiation are currently work in progress, here the double hard radiation and the
virtual-hard contributions have to be recalculated. We agree with the soft photon contributions.
When these calculations are finished, these results will provide important input for proposed e™ e
colliders. Their planned high luminosities will require very precise theoretical input to match this ex-
perimental precision. This is not only the case for Z-boson production and the precise determination
of electroweak parameters, but also for the ¢ resonance or Higgs boson production.

The calculations presented in this thesis have greatly profited from a strong collaboration with
mathematicians and experts in computer algebra. Although problems which factorize to first order
in either Mellin or momentum fraction space can nowadays be handled in an automated way, this
class of problems is not general enough to cover the involved calculations needed to keep up with the
experimental precision delivered by the LHC experiments and what is promised by future collider
generations. Here two important topics can be identified. On the one hand, factors which do
not factorize to first order have to be dealt with in an automated fashion. In order to do so the
corresponding function spaces have to be understood more deeply. On the other hand, multi-scale
problems, even at relatively low loop order, are problematic to deal with using current technologies.
Here our treatment of direct phase space integration in differential fields could be further refined to
tackle the integration of even more involved phase spaces.
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A. Notation and Conventions

In this thesis natural units, i.e.
h=1, c=1, e =1 (A.1)

with Planck’s constant h, the speed of light ¢ and the permittivity of the vacuum ¢q, are used.
For dimensional regularization the dimension of space-time is set to d = 4 + ¢ and we use the
‘mostly minus’ definition of the Minkowski metric

g = diag(1,—1,...,-1). (A.2)

Furthermore, we use for the inner product in Minkowski space interchangeably
d—1
p-g=pup" =Y _ pug". (A.3)
n=0

Accordingly, we us Einstein’s summation convention unless stated otherwise.
The Dirac matrices v, are defined through their anti-commutation relations

{7/17 Y= 29,5 (A4)

where the Lorentz indices are d-dimensional.
The bi-spinors u and v are solutions to the free Dirac-equation

—
;]>
ot

S~—

(p —m)u(p) =0, u(p)(sh(p) =m) =0
0, 0

and are normalized to

Z u(p, o)u(p, o) = p+m, (A7)
o=+1/2
> w(p,0)o(p,o) =p—m. (A.8)

o=+1/2

For the polarization vectors of external gluons we use

Z Ep(p, U)Ez(pa U) = _g,LLI/a (Ag)
o=-1,0,1

where o represents the spin of the respective particle.

The non-Abelian gauge group of QCD introduces the generators t; of the associated Lie algebra into
the Feynman rules. In the following we comprise our conventions for the colour algebra of a general
SU(N) gauge group. The Lie algebra is defined by the commutation relations of its generators

[ta, tb] = jfabete (A.10)
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A. Notation and Conventions

where f2%¢ are the structure constants and totally anti-symmetric in all indices. The anti-commutation

relations can be defined with the totally symmetric structure constants d®*¢ via

a 1b (50,6 abcyc
{t,t}:wm £,

Most color structures can be expressed by the following invariants
fab(:fabd — CA(Scd
iiti = Crou,
1945 = Tpe®

Y71

which for QCD’s SU(3) take the values Cy =3, Cp =4/3 and Tp = 1/2.
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B. Feynman Rules

We use the QCD Feynman rules of Ref. [70], which for completeness can be found in Figure B.1. We
label d-dimensional momenta by p; and an arrow in the direction of momentum transfer. Lorentz-
indices are denoted by Greek letters p, v, ... and color indices in the adjoint representation are a, b, ...
while the ones in the fundamental one are denoted by %, j. Solid lines represent fermions, wavy lines
gluons and dashed lines ghosts. A factor of (—1) has to be included for each closed fermion or ghost
loop.

; -~ a
19s /yt]i

7gsfabc[(pl - pZ)pguu + (pZ - piﬂ)ugwj + (]33 - pl)l/gyp]

74(]Sfahnpu
b, \‘xgp
7195 Zs /‘abefudc [g#pgl/cr - guogup}
1w, a o,d
+famfbdﬁ [g;w.qpn - g}ldgup}
_,’_fudefrbe [gupgya - g/u/gpa}
v,b p,C
i
p P j /meJr'iO(sij
J 2 -
RALCRAY 70— 9w + EPupy/ (P +10))0up
s it

Figure B.1.: Feynman rules of QCD. Taken from [70].
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B. Feynman Rules

The Feynman rules for an operator insertion on a quark can be found in Figure B.2 while the
insertion on a gluon requires the rules given in Figure B.3. They are taken from [182]. The terms
v+ differentiate between the unpolarized (+) and polarized (—) case. Gluon momenta have to be
considered as incoming and A is a light-like vector ,i.e. A%2 = 0. For the gluonic Feynman rules we
follow Ref. [155]. However, one of them has to be corrected. The operator with four external legs
has to read

OMP7 (p1, pa, p3, pa) = 1921 — (=1)N][fave feae O"*° (p1, P2, D3, P1)
+ face foaeO"""7 (p1, 03, P2, D4) — fade foce O’ (D3, P2, D1, P4)]

OMP7 (p1, pa, p3, pa) = (277 AF — BT AV) [ Apy + A.pa] V2
N-3
—AP(XTAPIAK — ehTBIAY) N " [Aps + Apa] (A.pa)N TP
1

)

N-3
AT (P TAAN — PPSAAY) N T [Aps + Apg]N T (Apy)
=0
N-3 ' '
— AV (MTAPLAP — MPAPLAT) N T A pg + Apa] VT (= Ay )’
=0
N-3 ' '
+AH(VTBP2AP — ?PAP2NTY N T A ps + Apg )N T3 (—Alpy)?
=0
HAVAP(BTPIPLIAR 4 AP A D) S N (Apn) VT T AL+ Ape) T (= Apa)!
j=0 i=0
—AFAP(EATPPLIAY 4 e TAPIA po) N 7N (Apo) NI Ay + Apa)/ T (= Apa)’
j=0 i=0
—AVAT (BPIPINP 4 AN pa) N N (A )N A + Apo TH(—Ar)!
j=0 i=0
N—4 j

+AFAT (eBVPPINP - VPAPLA pg) (A.p2)™ 7 (Apr + A.p2)’ ' (—A.ps)".

<
Il
=)
.
I
)

(B.1)
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(Apg)] (A.pl)N—m—2

| (11)j(Apa + Aps + Apy)! I A ps + Apy)
+(t4°t°) j:(Aps + Aups + Apr) I HApy + Apy)™ !
+(t2tt¢) ;;(A.ps + Aps + Apy ) I THAps + Apy )™

)
);i )
+(°tt) ji(A.ps + A.ps + A.py )
);i )
);i )

(
(

+(tctatb ji A.pg + A.p4 + A.pl I=j
(

J

ym—i=
( )
YA.ps + Apy)m it
YA.py+ Apy)m it
( )"

+(tt°t)ji(Aps + Aps + Apy) I (Aps + Apy) ™ 1} :

N >4

For transversity, one has to replace: Ayy — oA,

Figure B.2.: Feynman rules for quarkonic composite operators, taken from [182].

205



B. Feynman Rules

_\N _
p, v, b D, 1, a 1+(21) 5ab(A-p)N 2

(91 (A ) = (A + Aup) A+ PPA,8,) N 22

— «—

b1, ps @ D3, A, € ; 1+( ny fabe
1 [(Augxp — D) A - pr A+ Ap(proAa — pl,)\Au)] (A py)N2
G [A P1P2, A+ A papru A — A piA - pagu, — pi 'pZAuAJ
X (A ) (A py) N

+{p1‘>p2‘>p3"101} + {Plﬂp3‘>p2‘>pl }) , N Z 2

U—V— A= U= A—V—

(L

—"_facefbdeoukucr(plap37p27p4) + fadefbceolwu)\<p1;p4ap27p3>) 5

Opwro(P1, D2, D3, pa) = A,,AA{—gW(A gt A p)N2
Hpaplo = A piguo] 57 (A - s+ A pa) (A - py )N
—[ProDy = A prgue]l SN B(=A - p ) (A ps + A py)N 3
A DIA - Pague + D1 PaDLAG — A - papr oDy — A pipy ]

E Z] o(=A - p)NTHA  py+ A py) I (A -P4)j}

__J p1=p2 __ ) p3=p4 + P1°P2, pP3<p4 N > 92
pev Ao Qv Aso ’ —

Figure B.3.: Feynman rules for gluonic composite operators in the unpolarized case, taken from [182].
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C. Special Functions

For the calculations in the main part of this thesis a large amount of special functions are used to
express intermediate steps and the results. In this Appendix these quantities are defined and their
algebraic properties are summarized. Many of these can be found in Ref. [432, 433].

C.1. Euler’'s I'-function

Euler’s I'-function can be defined via the integral

o0

I(z) = / dt exp(—t)L, (1)

0

for Re(z) > 0. From this representation it is easy to show, that
I(z+1) =2I'(2). (C.2)

Equation (C.2) can be used to analytically continue the I'-function and shows that the I'-function
itself is the analytic continuation of the factorial.

The I'-function has no roots on the whole complex plane and only possesses simple poles at the
non-positive integers. Their residue are given by

(="

i ke NY. (C.3)

Res [I'(2)],__, =

The series expansion around z = 1 is given by
€ EVE G eV
5 exp | —~ ) exp 2222 -5 (C.4)

Here ~g is the Euler-Mascheroni constant, cf. (C.5), and (i are Riemann’s (-values. These constants
are defined by

YE = nll_}ngo (Z; — ln(n)) , (C.5)

1
G=) 7 k=2 kel (C.6)
=1

The even (-values can be expressed in terms of 7

ok = mpem" (C.7)
with
1 = -1 "k—l k+1 k
m=c N = Z(—l) @+ +(-1) @k 1) (C.8)
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C. Special Functions

and are therefore not independent. The definition can be extended to multiple {-values, if one
considers the limit N — oo of harmonic sums. A reduction of multiple (-values to a basis of
algebraically independent ones up to weight 22 for non-alternating and weight 12 for alternating
sums can be found in [434]. Furthermore, Euler’s reflection

k-1 D(=s)l(s +1)

IN'(s—k)= (-1 .
(= k) = () (C9)
for k € N, s ¢ Z and Legendre’s doubling
B (_1)1737% f f 1
D(s +2k) = = r(k+2)r k4545 (C.10)

relation are frequently used in order to resolve pole structures of expressions involving I'-functions or
arriving at forward running sums. A closely related function is the Beta-function. For Re(a), Re(3) >
0 is has the following integral representation

1
B(a, 8) = /dx T € B (C.11)
0
The integral evaluates to
_ D(@)T(B)

which in turn can be used to analytically continue outside of the respective singularities.
An often used shorthand notation for rational functions of I'-functions which will also be employed
in this thesis is given by

b b; )
r all,...,aé. :Fbl(al)...Fbl(ai) (C.13)
Cill,... ,Cj] Fdl(cl) .. .Fdj(Cj)‘ ’

C.2. Generalized Hypergeometric Functions

Another class of useful functions are the generalized hypergeometric functions pFg [194, 195]. Here
in particular the functions

A1y .y Apt1 > (al)n...(ap+1)n z"
F, Pz = 14
p P[ bi,....by Z] nzo (01)n - (bp)n T(n+1) (C-14)

are of special interest. The Pochhammer symbol (a),, is defined by
(a)p=ala+1)...(a+n—-1), (C.15)
(a)o = 1. (C.16)
For a € C it can be written as

I'(z+n)

(a)n = e (C.17)

The series converges if either |z| < 1 or |z| = 0 and additionally

p p+1
Re (Z bi — Zai> > 0. (C.18)
i=1 =1
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However, there exist a plethora of contiguous and argument relations which allow for the analytic
continuation. There exist even an integral representation, which is given recursively by

1
Glye ey Oprl 1 a1 b —a 1 Glye-ny @
F, Prizl = /dac:r:P“ 1— )P %= B [ p;:z:z]
(C.19)
The recursion ends with the 9F} for which we have
1
a7b' _ 1 b—1 c—b—1 —a
2F]_ |: c ,Z:| = B(b’c—b)/d:p T (1 $) (1 .’L'Z) (020)
0

Since the oF] has some particularly nice features, we want to list some in the following. With the
argument transformations z — 1 — 2z and z — %7 we can analytically continue 2F} and arrive
at convergent sum representations even if the initial representation would not allow for this. The

relations are given by

ab | _ . _a a,c—b z
2F1{C,z] =(1-2) 2F1[ c ’z—l]’ (C.21)
a,b | |lc,e—a—b a,b )
2F1[c,z] _F[c—a,c—b}ﬂ:‘l[a+b—c+1’1_z} (C.22)
_ \e—a—bp |Gatb—c c—a,c—b
+(1 Z) P|: a,b ]2F1|:C—a—b—|-l’l Z:|. (023)

Furthermore, it is possible to find a closed form solution for z = 1 and Re(c — a — b) > 0 which is
known as Gauf}’s theorem

c—a,c—b

o F {a’cb; 1] =T [C’ cTan b] . (C.24)
Another useful representation of the o F; is the complex contour integral
+i00

ab 1 1 T(c) I'(a+o)I'(b+o)I'(—0) o
21 [ . ,Z] = i D(@)(D) / do Tlct o) (—2)°, (C.25)

—100

where the contour has to be chosen such that it separates the left-going poles, i.e. the poles from
I'(a+ o) and I'(b+ o), from the right-going poles, i.e. the poles from I'(—c). It can be used to proof
the identity

+ic0

1 1 I'(—o)l(A+0) A°
T T e (20

—100

by identifying a = A, b = ¢ and z = —A/B. Equation (C.26) can be used to split complicated
Feynman-parameter polynomials raised to real powers by introducing a complex contour integral,
also called Mellin-Barnes integral [188-191]. In the calculation of two mass effects for the OMEs it
is frequently used to separate the two masses.
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C.3. Nested Sums

As it turns out the result of the OMEs for general values of the Mellin variable N is best described
by nested sums. These sums have the general form

N i1 ip—1
Z al(il) Z ag(iz) ce Z ak(zk) (C.27)
i1=1 io=1 ip=1

The value of k is called the nesting depth. The first class of these sums encountered in computations
in QFTs are the harmonic sums, cf. [149, 150]. They can be defined recursively as

o~ (sign(n))’
1 .
Sty (N) = Zl el S (0): (C.28)
1=
The n; are not allowed to be zero and the sum of their absolute values w = |ni| + ...|ng| defines

the weight of the sum. A simple generalization of harmonic sums can be achieved by allowing for
additional weights. The generalized harmonic sums [240, 250] are accordingly defined via

.1' .
Snl,...,nk($17---,$k, Z |n11|Sn2, SNk 2)’ (029)

with non-negative integers n; and non-zero real parameters x;. The harmonic sums emerge as special

cases for x; € {—1,1}. In further calculations also cyclotomic harmonic sums [275]

N .
4y

ms{a17b17cl}7“'v{ak7bkvck}(x2’ coe T N)’ (C30)

S{al7b1701}7---7{ak7bk70k}(xl’ <o Tk N) =
1=0

with aj,¢; € N and b; € N U and binomially weighted sums [241, 435-437], where summands of the

form
on\ % T
(=) s
with b; = {—1,0,+1} contribute. We will not introduce a separate notation for the binomially

weighted sums but write them out explicitly.
A very important algebraic property of nested sums is the stuffle or quasi-shuffle algebra [149, 150,
286, 438, 439]. It arises from the splitting of the direct product of two nested sums

N N N i N J N
(Z cu) (Z bi) =D @i d b+ by ai— Y ab. (C.32)
i=1 i=1 i=1  j=1 j=1 =1 i=1

The relations can be applied iteratively to reduce sums of a given weight to a smaller set of so called
basis sums [438, 439].

C.4. lterated Integrals

The nested sums introduced in Appendix C.3 are closely related to iterated integrals through Mellin-
transforms. They have the general form

G({ay,...,ax},x) = /dTlal(Tl)/dTgaz(Tg)"' / driag (k) (C.33)
0 0 0
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and special classes of functions emerge from restricting the letters a; to a restricted set of possibilities.
The set A is called the alphabet. The alphabet

1 1 1
A={ @) = {2 o) = 1 1) = 1 | (©34)
leads to the harmonic polylogarithms (HPLs) [151] with the notation
1
HO,,O(x) Eln( )7
k times
Hy,(x) = /dT fm(T), x #0,
0
Ho o @) = [ 47 o (1)l (7). (©3)
0

In this thesis we will use both notations, the one given in (C.33) with explicitly given letters and the
one given in (C.35) where we have to introduce new letters in order to represent our new results of
massive phase space integrals. The notation in (C.35) is especially suited to compactify results. The
number of integrations k is called the weight of the function. The class of HPLs has the classical
polylogarithms [264, 266]

Lin(z) = Hy,_ 0,() (C.36)
——

n—1 times
and Nielsen-integrals [264, 440-442]
n+p 1

Snp(x) = n—l ICETl 7 "™ (2) In”(1 —xz) = Hy . 01,...,1(2) (C.37)
0 S——

n times p times

as subsets. HPLs are related to harmonic sums introduced in Equation (C.28) though the Mellin-
transform and appear in the expansions of HPLs around the argument x = 0. In order to be able
to express all harmonic sums as Mellin transforms of HPLs one has to introduce +-distributions
[f(z)],. They are defined through the integral relation

1

1
/dﬂf [f (@)} g(z) = /dfv f(@) (g(z) = g(1)) . (C.38)
0

0

In this way it is for example possible to express the harmonic sum S;(N) as

! N
:/dx$_
0

To express N-independent constants in z-space it is also necessary to introduce §-distributions.
The generalization of HPLs which leads to the cyclotomic sums are called cyclotomic polyloga-
rithms [275] and are based on the cyclotomic polynomials @, (x) [443]

By () = K];[@ [:B—exp <2m?’zﬂ (C.40)

ged(k,n)=1

(C.39)
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C. Special Functions

Based on these the alphabet of the cyclotomic HPLs is given by

P T

where ¢ denotes Eulers totient function. Cyclotomic HPLs are closely related to Goncharov poly-
logarithms, where the cyclotomic polynomials are factored over the imaginary numbers and reduced
to linear polynomials in the denominator. The Cyclotomic ones are advantageous since they are
completely real representations and avoid spurious imaginary parts and a intermediate swell of the
number of needed functions.

The binomially weighted sums, cf. Equation (C.31), are closely related to square root valued letters
[241]. For this class of functions we do not introduce a special notation but refer to the notation of
Equation (C.33) with explicitly written letters.

Analogously to the stuffle relations of nested sums, iterated integrals fulfill shuffle relations, which
are also based on the multiplication of two iterated integrals and slicing the integration bounds. The
simplest case is given by

]dy f(y)]dz 9(z) = ]dy f(y)/ydz g(Z)+/mdz 9(2)/2dy f(y)- (C.42)
0 0 0 0 0 0

Iteratively applying these relations can be used to reduce iterated integrals of a specific weight to a
smaller basis of independent basis functions. For HPLs up to weight 6 these relations can be found
in [438, 439].

neN,be N b< cp(n)}, (C.41)
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D. Pure-Singlet Heavy Flavor Wilson Coefficients
at NLO — Calculational Details

Our calculation closely follows classical calculations in the literature, cf. e.g. [131, 421, 444, 445].
Although these calculations are typically well documented, we encountered subtleties at several points
of our calculation. Therefore, we provide a more detailed discussion of our calculation in the massless
and massive case in this Appendix. First we will give the parametrization of the phase space we used
in the massless and massive case, then we will proceed by explaining the angular integration and
give explicit results for the angular integrals in d dimensions. In the end, we will comment on our
resolution of the poles in € and subtleties encountered in the massless case.

D.1. Phase Space Parametrization

The 2 — 2 Process
In the 2 — 2 case in Figure 3.1 we refer to the invariants

s =(q+p)% t=(q—k1)*, u= (g~ k) (D.1)

with
s+t+u=—-Q*+2m? and Q*= —¢ (D.2)
We will also use the notation 8 = y/1 — 4m?/s. In the centre-of-mass system of the outgoing particles,

k14 ko = 0, the scattering angle € is defined by

t=—Q%+m? —2¢°kY + |k1|q] cos(8) = m? — gju — Beos()), (D.3)
with
o _ S— Q2 S Q2
o= VR =Y (D.5)
2 2
and

Ma,b,c) = (a — b — c)* — 4bc. (D.6)
The phase space integral is given by

d/2

1— T
/ dPSy = 2072 T d/2-2gd3 / dfsin?=3(0). (D.7)
r(s—1) 0

The limit m — 0 is easily obtained by setting m = 0 and 5 = 1.
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q q
e S L
0 Y
e ko S k1
fffff >------DP2 St ey

Figure D.1.: Diagrams of the O(a?) contributions to the pure singlet scattering cross section y*+¢q —

Q+Q+q.

The 2 — 3 Process

The 2 — 3 process is slightly more involved. The contributing Feynman diagrams are shown in
Figure D.1. We use

d? d?k d'k
/ s / (2@2221/ (Qw)dll/ (27r)'“"2*1(S+ (p2) 07 (ki =) 07 (k3 = ')

x (2m)%6D (py + g — p2 — k1 — ko)
1
= (223 /613812{/deDQ/ddKfsJr (p3) 6T (K2 — s12) 5D (pr+q—po — K)}
X {/ddk1 /ddk25+ (k3 —m?) 6" (k3 — m?) 6D (ky + ko — K)}. (D.8)

Here
1= / ds1a / dUK6T (K2 — s512) 69 (k1 + ko — K) (D.9)

was introduced to factorize the 2 — 3 phase space into a (2 — 2) x (1 — 2) phase space. Both can
now be calculated in the most appropriate system independent from each other. Integrating the first
factor in the centre-of-mass system of the process and the second in the one of the two heavy quarks
one obtains

1 ( 2)3—d SB o N A
§—4q . d—37. d—4
dPSs = d dt | df [ d 0
Jarss = S [ [ [as [ ao @) nge)
S12 t 0 0
dj2—3/2
d/2—2 4m? d/2=2  g/9_
X slé [1 — 312} (s — ¢*)u — ¢*t] /272 4d/2 2, (D.10)
where we have chosen the kinematic invariants
t = 2p1.po, u = 2po.q, 5§ = (p1+q)2, S|g=8—1t—u. (D.11)
The phase space boundary is given by
s, = 4m? s, =s, (D.12)
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D.1. Phase Space Parametrization

1

tm = 0, tT = =(s — ¢*)(s — s12). (D.13)
s
We can use the following explicit parameterization of the vectors
ki = (ko, 0,...,|k|sin(¢) sin(6), |k| cos(¢) sin(8), |k| cos(e)) , (D.14)
ky = (ko, 0,...,—|k|sin(¢) sin(0), —|k| cos(¢) sin(6), — || cos(e)) : (D.15)
s—t—q°
p = 27812‘1(1,...,0,0,1), (D.16)
5— 512 .
Py = NG (1,0,...,sin(x),cos(x)) , (D.17)
1 9 - 2
= t,...,0,0, (s — , t— - ,
q NG (¢° +s124t,...,0,0,(s — s12) sin(x),¢* + t — s+ (s — s12) cos(x))

(D.18)

2812t
cos = D.19
(x) PR p—" (D.19)
0 — v;127 (D.20)

. N/ 4m?2
k| = 51 1- (D.21)

512

In the limit m — 0, we recover the parameterization given in [131].

In a next step we want to introduce dimensionless variables with support over the unit cube. Here
it is advantageous to distinguish between the massless and the massive case. In the massless case,
we follow [131] and introduce the new variables

e
z = —W,
u o= [l—z-y—(1-2)01-yals-q),
t = y(s—q%). (D.22)

The massless three-particle phase space then reads

[ dpsam=0) i S_q /de/d¢ sin(9))" (sin())"~*

s—q? s—t

X dt / du 5%2 2yd/2-2 (s — *u—q t] 4/2-2

0 tq*/(s—q?)

1 (s—¢*)* ] j : -3 d—4
= 1-— de [ d 0
0 0
1 1

X /dy/daz Y2721 — )43 [2(1 — 2)] Y272, (D.23)

0 0

In the massive case the change to the following variables is useful
z=— ¢
s —q?%’
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o L(_4m o, =AM
- 52 12 ’ 12 — 1— /821‘7
st oy 1—x
— s t = (S — . D.24
A P P (s—q°)B YT g (D.24)
The new parameterization then reads
1
3d— 7( 2\d/2—1 d—3 . d—4
[ dvss = e >dr<3 d)ﬁ gy / o [y / / dg [sin(9)]*~* [sin(¢)]
0
% yd/2 2(1 _ y)d/2 2$d/2 3/2( )d 3(1 62$) 3d/2. (D25)

The limit m — 0 is not easily recovered, because of the mass dependent transformation.

D.2. Angular Integrals

The massless case
There are four angle dependent denominator structures appearing for the pure singlet process:
N1 = (p1 — k1)* = =2p1.k1 = a (1 — cos(0)),
Na = (p1 — k2)* = —2p1.ka = a (1 + cos(6))
( 2
(

)

N3 = (q—k1)? = ¢* — 2q.k1 = A+ Bcos(#) + C cos(¢) sin(h),
Ny = (q—k2)? = ¢* +2¢.ky = A — Bcos(h) — C cos(¢) sin(8), (D.26)
with
o — 5= t —q¢?
=——
1
=3 (q — 512 —t),
1
=5 [ = s+1+ (s = s12) cos(x)]
c="1 _2312 sin(y). (D.27)

Using partial fractioning we can express all angular integrals via

(0) sindiﬁ‘(ﬁb)
T = /d& / d¢al 1 — cos( 9)]l [A 4 Bcos() 4 C'sin(8) cos(¢)]" (D-28)

We only encounter integrals with £ < 0, however, it is possible to find closed form solutions for £ < 0
and [ < 0 in the massless case. In the following we will list the result for these angular integrals in
d-dimensions.

[ negative:

—l—

k m
=3 ( >< b m)22d Tal(B2+ )2 (B4 VB 4 C?) o
m=0 n=0

< (2B (A~ VBT v C?) (2C)mr2(;i(/;__§)/2)21?1 [—de/_?g— 3/2 2}
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D.2. Angular Integrals

I'd/2—14+n+m/2)I'(d/2—-1+m/2)
I'd—2+m+n)

k,d/2—14+n+m/2  2VB*+C?
d—24+m+n ~ A_/B2y(2

o

For [ = 0 this reduces to

o= fa- Ve R

— 2V B2 + C?
X o FYy k, /2 1, e (D.29)
d—2 A— /B2 1 (2
k negative:
—k
—k\ 2247 I'?(d/2 —3/2) —m,d/2 — 3/2
I = A—B)yk=m(gyym— =TT ’ 2
w= 3 () - e S e [
I'(d/2—1+m/2)['(d/2—1+m/2-1) mm k,d/2—-1+m/2 2B
T(d—2+m-—1) 21 d—2+m—-1 ' A-B|’
For k = 0 this reduces to
22-T-lD(d/2 — 1 - )T'(d/2 — 1) T%(d/2 — 3/2
=2 (d/ )'(d/2 —1)T7(d/2 - 3/2) (D.30)
a I'd—2-1) I'(d—3)
Expanding these results around ¢ = d — 4 dimensions we recover the integrals given in [444].
The massive case
In the massive case the four denominator structures read
Ny = (p1 — k1)* = —2p1.k1 = a + beos(6),
Ny = (p1 — k2)2 = —2p1.ko = a — bcos(6),
N3 = (q—k1)? = ¢* — 2q.ky = A+ Bcos(f) + C cos(¢) sin(8)
Ny = (q—k2)? = ¢*> — 2q.ks = A — Bcos(8) — C cos(¢) sin(8), (D.31)
with
2
PR ke (D.32)
2
1 4m?
b=——4/1——(qg—s—1), (D.33)
2 812
2
—s19 —t
4=1 5212 7 (D.34)
1 4m?
B = - (q —s+t+ (s —s12)cos(x)), (D.35)
2 512
1 4m? .
C= 3 1 — ——(s — s12)sin(x). (D.36)
512

Therefore, we have to consider the more general angular integral

sin?~%(0) sin~(¢)
fie = /d9 / @ [a + beos(9)]' [A + Bcos(6) + Csin(6) cos(¢)]” (D-37)

0
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in the following.
[ negative:
For [ < 0 and arbitrary k (the only case we encounter), we find:

B () o () (v

I2(d/2 - 3/2)
T(d—3)
L(d/2—-1-n/2—1/2+i)(d/2—1-n/2—1/2)
Nd—2—-n—1+1)

% 22d777n7l+i(_1) n—l+m—i

_ _1_ _ : 20v/B2 1+ (2
« o F) n+1,d/2 3/2’2 JF k,d/2—1—-n/2 l/.2+z,_ + (D.38)
d—3 d—2—-—n—101+1 A— VB2 (2
k negative:
For k < 0 and arbitrary [, we find:
—k —k—m
Z Z < >< >Bncm<a_b)l(A_B>kmn
m=0 n=0
Pn+ 2+ +1)
_1 m2m+n+lr2 l 2 2
x (1) (z) Fm+n+2)
1 m
><2F1[ 1 ’2]2F1[m+n+2’ Tl (D.39)

D.3. Regularization

In order to perform the e-expansion of the functions we use a simple subtraction term for y = 0.
However, there is a subtlety hiding in this limit. The hypergeometric functions of interest are all of
the argument

2 2
Yo _ VBTHCE (D.40)

A-VB2+(C?
Inserting the coefficients from Eqgs. (D.27), we see that
X =1+0(y), (D.41)

which means that there is a potential logarithmic singularity for y — 0 in the massless case. This
divergence can be made explicit by transforming the o F}’s from argument x to (1 — x) [192-195]

a,b _ c,c—a—>b a,b B
2F1[c’z] - F[c—a,c—b}zFl[cH-b—chl’l Z}
_ ye—a—bp |Ga+b—c c—a,c—b
+ (1 Z) r |: ab :| o FY I:C— a—ba 1,1 Z:| . (D42)

The new hypergeometric functions have Taylor expansions around y = 0. The only singular behavior
can now occur for y — 0. This means that we can resolve the divergences via

1 1
= /dz/dyy_2+€/2f x,Y,2) (D.43)
0 0
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dyy~>*e/? [f(x, y,2) = [O(2,0,2) —yfV(x,0, 2)}

dyy 212 | £O)(@,0,2) + 5 f D (w,0,2)|

0
= (A) — (B), (D.44)

where we used the notation
fla,y,2)=> v fD(x,0,2). (D.45)
i=0

In the massive case we have

o VBr+Ccr 28z
A-VBT+ (2 1+8yz

which means that this divergence is regulated by the quark mass. The subtraction term (B) can
be trivially integrated over y, which will lead to poles in €. In the massless case the expansion in
€ can be performed afterwards and the last integration over z can be carried out. In the massive
case there can be additional singularities hiding in the z — 1 limit. Therefore, term (B) has to be
regularized accordingly. Term (A) is not singular in the limit y — 0 and can be expanded in ¢ and
then integrated over y and z.

X = +O(y), (D.46)

D.4. Contributing expressions due to renormalization

In the following we list some Mellin-convolutions, which occurred in Egs. (3.65, 3.66) and Eq. (4.46).
These are convolutions with leading order splitting functions. We use the parameter x = m?/Q? and
refer to the alphabet in Eqgs. (3.40-3.51) for the iterated integrals. We use the short hand Hz = Hz(3).

2
©0) o (D _ A\ 1+6k—(Br+2)z—(8k+2)2° 64 1-p
Py @by, C’FTF{64B(1 z) 3201 + 4n) 5 2(3 4+ 4kz)In 75

64 4k(1 + 3k) — 6k (1 + 4r)z + 3(1 + 4k)%22 V1+4k -
+§ 2(1 + 4k)3/2 n <\/1+4Ii+5>} ’ (D-47)
V(3 — 4s — 622 _
PO b)) CFTF{_32(1 z)(3324z 62%)3 +§Z(3+4m> 12 <1+§>
7%42(3 t4zm) [Lin(A2 ) Lis1 - ) - Lis(— )]

8
32(1 4 4k)5/2

8k V1+4k -1
+423K(1 + 4/@)5/2] In?(1 —2) — LG)E)/Q {ln2 < il >

{2}3(1 + k) — 3262(1 + 4k) + 322 (1 + 4k)* (k + V1 + 4r)

32(1+ 4k V1i+4k 41

o (V1+4k =8 V1+4k -1 . 1
+In*( “——=——] —4In(k)In | “—=——=—— ] —8Lis [ ——F——
V1+4k+ 5 V1i+4k+1 1—+v1+4k
1 V1i4+4k -1 Vv1i4+4k -1
+8Lis () + 8Lis (H) —8n(2)n (H)
14++v1+4k V1i+4e+1 V1i+4s+1
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+8Lis <ﬁ - m) 8Li ((\/W— 1)(@—5))

B++V1+4k (1+V1+4k)(8+ V1+4k)

—2In(1 —2)In (m)] + 6?4,2(3 +4zk) In(B) In(2)

16R7o ln<m_1>ln(m_ﬁ>

3z(1 + 4r)>/2 Vi+tdr+1 V1+4k+ 3

32Res [Li <m_5>+m <\/m_1>}

32(1+4k)%2 | P\ VIt dr+1 \Vitdn+5

_ 32Rg 1n<\/m —5)_ 32Rg5 [mQ (_ B >

3z(1 + 4r)3/2 V1i+4s+ 3z(1 + 4k)3/2 V1+4k
< B ) .<\/1+4m—1> .(\/1+4/<;+,8>

—2Liy + Lig +L

12

V144K V14+4k - Vv1i4+4k+1
VI+tdk -8 32 ) )
—21In(B) In <m+5>] + 321+ 4n) [6,% (14 k) —92k°(1 + 4k)
+322(1 + 4k)*(3k — V1 + 4k) — 42°k(1 + 4/-@)5/2] G+ m In(1 — 2)
16 Rgo V14+4k — 5 16 1-p

+W In(1 —2)In <m) - 32(3 +4zK) [ln <1+5>
“In(z) + 2n(8) — 1n(ﬁ)] (1 — 2) — 35(215% In(2)

16 31tz [ (128) 4 21 1 1 5 (3 + dzr) In?
—i-?z( + ZI<L)|:D <1+ﬁ> +2In(pB) — n(m)] n(z) — gz( + 4zk) In*(2)

64/ R4 32 1-5
+m In(B) — §2(3 + 4zk) [ln (Hﬁ) — ln(m)] In(B)

- [32 (3 — 62 — 422K — HG“) + Ez(3 + 4zk) ln(/ﬁ)] In <1_5>

3 z(1 4 4k) 3 1+
8
_§Z(3 + 4zk) IHQ(H)} ,
where we introduced the polynomials
Ry = 6r+ (8r+2)2% — (146 +3)2+1,
Res = 4r(1+43k) +3(1 +4r)22% — 6k(1 + 4K)2 ,
Res = 2r(14 k) +3(144k)%2% — 36(1 + 4r)z ,
Rer = 24r? +12k —3(1 +4kr)?2+6(1 +4r)222 +1,
Rgs = 4k (116* 4+ 6k 4+ 1) — 6k (126> + 7Tk + 1) 2 + 3(1 + 2r) (1 + 4K)%2*
Rgy = 2k (236> + 13k +2) — 3k (28K + 15k + 2) 2 + 3(1 + 3k)(1 + 4k) 2%,
Rro = 2k (25K 4 15k +2) — 3k (36K + 17k + 2) 2 + 3(1 + 5k) (1 + 4k) 2> .
For F; the corresponding quantities read
0) o pM 2 (158 L (1=58 (1+8
PO @hny, = C’FTF{(l + 2 — 22K) [—32 In <1+ﬂ> — 64Li, (2 +64Lis { ——

. B+1 . ( g—1 ) . ( 1-p )
64Ty [ — ) 4 64Lip [ ) 4 64y [ ———
12(1—\/1+4E>Jr P\ Trdn—1 2\1+VItan
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: 148
—64Li <1+\/m> + (—64 In(1+p)—128In (1+ 1+ 4k)

VIFdr—1 V1+dk -8
s VIR o () v ()

+641n(2)> In (i _T_ g)] - 248 14)ﬂ) (32(1 + 4k) + 22%(1 — 2k)(1 + 4k)

+2(1+ 7K)) — %2(3 = 32— 42%(1 = 2r)(1 + 2r)) In G:rg)

VI+ 4k — ﬂ) } (D)

128

_m(l +9(1 - 2)k +2(7 — 182’)/@2) n (

V1+4k+ 5

2(1+ k)3Rny
3kdz
Rz
6k22
X [le,l — Huy,1 4 Hupy—1 + 2In(k) (Hy, + sz)] +

—16R7s5

32R7y
3z
SR

1= k)Hy, + In(1 + k)Hy, | + =2

3z
96kz(1+ 2)
T(H’wl,fl - ng,l

P ® 5% = CFTF{ [/-cle — kHy, +1In(1 — k) —In(1 — z)] Hy + (Hy,
Ry
ki) |
62 L

+Hy,) — In(1 — k)Hy, +

1 96kz(1 + 2z
<Hw1,o + Huyp, 0 + 2Hw1,1> + ¥Hw1,l

7Hw2,71) +

(1 — 3k?) Rre
B 6k3 2z

3z
[1112(1 — k) —In*(1 4+ k) — In(1 — 2){In(1 — k) — In(1 + k)}]

| 16Rz 16 Rz
s 1
T

16(1 — Z)ﬁRgo _ 8R81
3k2z 3k4z

(z —k*(1— (1 -2)B)) [111(1 —k?)

R
+—"Cin(1 + k)H,

R [2}1071 —2H 0 — 2H,H,

—[In(1 — k%) — 21In(k)] (H; + H_1)] + In(2) [ln(l —2)

16 Rgo
3k1z(1 =)
32(1 — Z)ﬁRgg 8Rg4 8R85

—2In(k)| — 5 Ho — - Hi H- 1—7 3+ 9z
3k?z 3k*z 3k‘

(1+R)( —3/@2)%} (1212 ) +[9+32+ (1+#%)(1 —3]4:2)7:2}}1
3

—In(1 — &%) — k(Hy, — Hw)] +

162

+(T — 16k(2 + 3z)) [—Qle,l,o —Hy 10 +Hey -1 — 2Hyy 1,0 — Huy—11

+Heyy—1,—1 + 2Huwy 1,0 + Hug 1,1 — Hupp 1,1 + 2Heypy —1.0 + Hipy —1.1

~Hyy—1,-1 — (& — I0*(2)) (Huy, — Huy) — (Hup1 + Hupy 21 — Hup 1 — Hyy 1)
8

x{In(1 — k*) — 21n(k)}] 2+ (3- ﬁ) z) [—3(H31 +H3) —32H_1 ; H_4

+32H_4 0,1+ 64H _ 1,10 + 64H_4 11+ 32H_17_170 + 64H_17_1’1 — 32H07171
F16[In(L — 2) — In(1 — k)] (10%(2) — ) + 8(H_y — 2H,) B + 8(11%,
+4H0’1 - 4H_170 - 4H_171)H1 - 8[ln(1 - k2> - QIH(k)] {QH_IHl - 4H_171

o) } , (0.57)
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with the polynomials

Ry = 99k — 297k 4 270k — 18K® — 77k* 4+ 39k — 8, (D.58)
Ry = k' +k*32+2)+ 62— 3, (D.59)
Ry = 9K® 4+ 48k5(32 — 2) 4+ k*(214 — 5522) 4 48k (92 — 5) — 24z + 17, (D.60)
Ryy 9Kk® + 48K (32 — 4) 4+ 6k* (42 + 57) — 16k*(92 + 1) — 242 + 17, (D.61)
Rys = 3k*—2K*(92+2) +182 -7, (D.62)
Ryg = 3KC 4 k*(482 — 47) 4+ k2(77 — 722) + 242 — 17, (D.63)
Ryr = —9k® —48k5(32 — 2) + k*(5522 — 214) — 48k2(92 — 5) + 242 — 17, (D.64)
Ris = 3k*(2* — 2 —3) +2k%2% — 22, (D.65)
Rrg = 3k*(* +2—1) +2k%2% — 22, (D.66)
Rgy = 2"+ k(22 4+ 92 + 12) — 227, (D.67)
Ry = 9k"2(z+3)+2k*(322 =92+ 5) —32° + 32 — 2 (D.68)
Rgy = 3k*—k*(62° + 62 +7) + 227, (D.69)
Rz = —3k*+k*(62° + 62 +7) — 222, (D.70)
Rgy = 6K°(B(z— 1)+ 1)+ Kk*(14(8 — 1) — 2(68 — 5)z* + 322 — 2(8 — 15)z)
+k222(—48 +4(8 — 1)z + 3) + 223, (D.71)
Rgs = 6K°(B(z—1) —1) — k*(—14(B + 1) + 2(68 + 5)2° + 327 + 2(8 + 15)2)
+k222 (4B +4(B+ 1)z — 3) — 223 (D.72)
. . . (2),PS
For the polarized Wilson coefficient Hg; we find
0 o V1i4+4k —p
+ [—64(1 +2)In (14 V1+4k) +64(1+2)In (84 V1 +4k)
VIitde—1 VI+4k —
—32(1+2)In <+K> +32(1+2)In <—M>
V1I+4r +1 V1+4k+ B
1—
—16(7 — 2(1 — 4k)) + 32(1 + 2)In(2) — 32(1 + z) In(1 + ﬁ)] In <1+§>
1— 1 1—
—32(1 + 2)Liy <B> +32(1 + 2)Liy (;B> —16(1 + 2) In? <1+§>
. 1+ 8
—32(1 4 2)Lip | ————— ) +32(1 + 2)L
(1+2) 12(1_m> +32(1+2) 12( 1+4ﬂ_1>
. 1-8 1+
32(1 + 2)Lip [ ————— | — 32(1 D.73
+32(1+2) 12<1+\/1+4;<> +2)L ( 1—|—4/€>} (D-73)
— 16(1 — k?)
PO b CFTF{208(1 —Aft — (1 k) - o (2k2 —7k* - 2) {4H1Ho
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+2In(1 — k)[Hy + H_y] — 4In(k) [Hy + H_4] +2In(1 + k) [H; + H_] + H}

—2H H_; — H?, —4Hg; +4H_1 + 4H_1,1}

+12k*2B8)H_q —

ot

8 4k% + 2 + Th% 2 + 12K%8 —

- ?(4k2+z+7k2

12k%28)H

—12K%8
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1
+32(1 + 22){(1 + In(k)) [Huw, + Huy | — Hup o — Hugo — 3 [Hu 1 — Huy -1

+Huy,1 — Hug,—1] } —96(1 — 2)B[In(1 — k%) — 2In(k) + 2H|

—16<(k2 +22)In(1 — k) + (2— k* +22) In(1 + k))le

—16 <(2 —k*+22)In(1 — k) + (k* +22) In(1 + k))HwQ

+8(1 + 2) {H1H21 —4Ho 11 +4H 101 +8H_110+8H 111 +4H 119

1....
+8H_1 11— 3 [H‘f + H?il] + [H} —4H_y1|H_y + [4Hoq —4H_ 19— 4H 1,

—2H;Ho|H; + [H2, — Hf — 2H;H_; +4H_; ;] (In(1 — &%) — 2In(k))

+2(¢ — In?(2)) [In(1 — k%) — In(1 — z)ﬂ +32[In(1 — k) — In(1 — 2)] In(2)

+16k(1 + 2) [Qle,Lo +Hyy 10 — Hop -1+ 2Hy —10 + Heyy—10 — Hupy—1,-1

—2Hus,1,0 — Hup, 1,1 + Hug 1,1 — 2Huy, —1,0 — Hug,—1,1 + Hupy,—1,—1
+(In(1 — k) — 21n(k)) [Huw, 1 + Huy —1 — Huyt — Huy —1]

+(¢ — In*(2)) [Hu, — sz]] + 32k In(2) [Hy, — Hu, |

16(1 — k?)

——— (ln2(1 +k)+In(1—z)[In(1 — k) — In(1 + k)]) } : (D.74)

D.5. Remarks on the encountered iterated integrals

In this calculation a large number of generalized iterated integrals appear. If no elliptic letter is
present, it is possible to represent them using harmonic polylogarithms when the letters do not
involve kinematic variables or polylogarithms at involved arguments. The expressions become large
already in simple situations. In total about 1050 logarithms, di- and trilogarithms contribute. In a
series of cases a further elliptic letter is integrated over these structures.

A few examples are given in the following. Let us refer to the letters f,,, and f,,. The corresponding
iterated integral reads

Vz+1(k+ z)
z\/z+1+k((l—z)\/zﬂ2+1+\/z+1)
VZz+1((z = 1)Bk + k + 2) ]
_z\/z+1—|—/~€<(1—z) z52+1+\/z+1)
i Vet 1k +2)
L 2Vz + —k((l—z)\/252+ —\/z—i—l)
[ VZ+1((z - 1)Bk + k + 2)
L 2V2z + —/@((l—z)\/z62+ —\/z+1>_

H’wg,ws (B) 1~ 62(1 — Z) {_Li2

2k(1 — 2)%22(2 + 1)

+Lio

+ln(k:+z){ln (1-p%)
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k(2 — 1)\/B% + 1
k(—z\/ﬁ2z+1+\/62z+1+\/z+1)+\/z+1z

UG i +h¢@z+m}
k (—(1—2)\/522+1+\/z+1) +z2v/z+1

+In(Bk(z — 1) + k + 2)

X{m ) B(z=1) (VB + 1+ 8Vz71)
((1—2)\/W+ m) NN CES

Bz 1) (VB +1-8Vz71) }}

_ln —

—1In

i (D.75)
B(-(-2)VBZHT+VeH]) + 27241
Examples of the contributing functions are

Li V1+z(k+2)

B (D.76)
zm—i-k:(\/m_ 1+Zﬁ2+zm)

- VI 2(—2+ k(1 + (1 - 2)H)

Lis <zkm+ k;(k;\/l — 22 4 \/kQ _ 22(1 . Z))) ’ (D77)
. 2(1 —k)zp

b <_ (1-8)(z—k(1+(1- z)ﬁ))) (D.78)

and logarithms of similar arguments.

Finally, we expand one of the iterated integrals, containing an elliptic letter, in the ratio m?/Q?2.
While the asymptotic expansion of the functions in Appendix D.4 is straight forward after the inte-
gration into polylogarithmic expressions, the asymptotic expansion of the Kummer-elliptic integrals
is more involved. Here we rely heavily on the techniques developed in the context of Ref. [4] for
the expansion of massive iterative integrals in the Drell-Yan process. The main idea is to perform
the first integration analytically and then regularize the integrand in the limit Q2 > m? before the
expansion. Since we aim for a deeper expansion in this paper, the term for the regularization turns
out to be a power series in k. For example, we find

Hu g0, (B) = 1iz{112(g§> 1(ln(1—z) 1n(2)_21n(1_\/§))1n(m>

—I—% In(1 —2)In(z) — L In?(z) — Liz(1 — v/z) — Lia(v2) — 1Lig < 2vz >

16 2 1++/z
—Liy (;(1 — \/E)> — %Liz <—12_\/\2/5> —Cz + = <6ln(1 — 2)
—61In (1 —/2) —ln(z)> ln(2)—iln2( )+Q2[11 2 (Qz>
_(5—41((1)\{25& +2In(1—vz) —In(1 - 2) + 1n(2)> In (Z;)
41 ;g‘?;;z + <5 2(61(;)32 +4In(l - 2) — ;ln(z)) n(1—v/z)
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—g In? (1-+vz) - (W - ln(z)> In(1—z) — 21n?(1 — 2)

_é In*(z) — 2Liz (1 — v/z) — 2Lia (v/z) — Lig (ff;)

ol (;(1—\/5)>—L12< 12\/5> i )f1n<) F oG

+(3 + (10fz) —~3In(1-+v2) +3n(1—z) - ;ln(z*)) In(2) — ;1112(2)]

N m2\ 2 1 m2 . _15(1+z2)—62—100\/5(1+Z)+2h{1 1_ 3
(&) [0 (&)« = )
¢ N m2> (1562i21(;z2+>28\/2+28z3/2

—In(1—2)+ ln(2)> In <Q2 16(1— 2)2

§nz n(l—=+/z §n2 /3 _3(5—2z+522+52ﬁ+5223/z)
+21()>1 (1=vz)+3mi( f)+< 32(1 - 2)°

- ln(z)) In(1—2) +2In%(1 — 2) + éln%z) + 2Lis (1 — v/z) + Lis <—

) ) 2\/z (1. ~ 2(1+ 2)
—|—2L12(\/g)+L12 (1+\/E)+2L12 (2(]— f)) (172)2f1 ( )
L 97— 2022+ 3322 — 324,/ + 3162%/2 (7(1 + 22) 4+ 10z + 60/z(1 + 2)

64(1 — 2)° 16(1 — 2)°

—4In(1 — 2)

)

+3In (1 —v/z) —3In(1 — 2) + ;ln(z)> In(2) — %Cz + ;1112(2):| }

+0(k*In?(k)),

(D.79)

and similar expressions for the other Kummer-elliptic integrals. When calculating the complete
expansion all dependence on /z drops out of the Wilson coefficients. We did not exploit here the

well-known relations for the dilogarithm of different arguments [265, 266].
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E. Initial State Radiation to e™ e~ Annihilation
Revisited — Calculational Details

E.1. Phase Space Parametrization

Fermion Pair Radiation
For massive fermion pair radiation we only encounter 2 — 3 scattering with the kinematics

p-+pt=q+k_+ky (E.1)
with
(- +pi)? =s,
¢ =5,
We also introduce the invariants
(k+ + )% = s3, (E.3)
(k- +q)* = 54, (E.4)
(k_ + ko)? = 5", (E.5)
which satisfy the identity
s3+s4+8" =s+s +m (E.6)

The phase space integral is given by

/dP83 = (27106 /d4q/d4k_ /d4/~c+{5 (¢* =)0 (k2 —m?)

x 6 (k5 —m?) 6" (p_+py —q—k- —k?Jr)}

= (271T)6/d4k1/d4k2{5([p_ +pp — ki — k2]2 _ 8/)(5(k% —m2)

x 6(k3 — m2)}

= (271r)5/dk?/dﬁﬂ/dcos(x)/dk‘g/d\lgg\/Idcos(ﬁ) 7dgb
“1 0

% {‘EI‘Q|E2|25(COS<X> _COS(X())) 5(“;:1‘ - (k?)2 _m2) 5(‘];:2‘ — (]{8)2 —mQ)}

2|k | o 2|k 2|k
1 T
1 0 0
= W’/dkl/deQ/dCOS(H)/d(]ﬁ
-1 0
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= (4;)42;9/ds;;/dm/jdcos(@)/ﬂd(;ﬁ

0

= @%/ds”/ds;;/ldcosw)/ﬂdcb (E.7)
“1 0

In deriving these relations the identities

S([p— +py — k1 —ko]® — &) = 6(s — &' — 2/5(KY + k9) + 2m? + 2Ky .ks)
= 0(s — 5" — 2v/s(k) + k9) + 2m? + 2k0kS — 2|k, ||k2] cos(x))
1
= ———=—0d(cos(x) — cos(x0)), (E.8)
2|k [[ ol
with
— & +2m? — 24/s(kY + k3) + 2k9K9
coS(Xo)ZS sem _\./g(_,lJr 2) ¥ 2k 2, (E.9)
2|k |k2|
were used. The integration variables are transfomed according to
s3= (k2 + )" = (p- +ps — k1) = s +m” = 2v/5k],
s1=(k1+9)* = (- +py —k2)* = s +m” — 2/sk3,
dsg = —2v/sdk?,
dsy = —2v/sdk9, (E.10)
and the symmetry of the angular integration allows to transform
1 2m 1 iy
/dcos(&)/dgﬁ = 2/dcos(9)/dgz§. (E.11)
-1 0 -1 0
The phase space boundaries are given by
am? < " < (Vs—Vs)2 (E.12)
sy < 83 <sq, (E.13)

where the explicit expressions for s; and 5?{ are given by

1 4m?
53 = 5 <s +8 =" +2m* £ 4/1— :Z)\l/2(s,s’,s”)> : (E.14)

We can also change the order of integration in which case we obtain

(Vs—m)? < s3 < (Vs —m)? (E.15)
"< < T (E.16)
whit the explicit expressions
1
§'F = 5 ((5 — 53)(s3 — &)+ m?(s 4 253 + 5') —m* £ AV2(s, 53, m?)AV2 (S, s3, m2)> . (E17)
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We can use the following parametrization of the vectors:

P = \f(l, 0, 0, B)
Py = \f(lv 0, 0, —B)
ky = (kg, 0, |F1]s(6), yE1|c(9)) (E.18)
k2 = (kg, |Bals(#)s(x0),  |k2| (c(x0)s(8) — c(0)c(¢)s(x0)) , |E2|(C(Q)C(XO)+C(¢)3(9)5(X0))>
g = p-+pyr—ki—k (E.19)

with the abbreviation ¢(z) = cos(x) and s(z) = sin(z). The missing components of the vectors are
given by

oo S sstm’ ) = A5 s, m?)
1T T s SN

s — 84 +m? S A2(s, 54, m?)

N

The direction of the 3-vector component of ko is achieved by rotating k1 with angle xo around the
z-axis and then with angle ¢y around k;. It is convenient to transform to the dimensionless variables

kY = (E.20)

(E.21)

"

in the explicit calculations. Since all involved particles are massive the phase space integrals are
convergent and do not need any kind of regularization.

Photon Radiation
The 2 — 3 scattering can be very similarly parametrized as before. However the replacements
k_ — ki and ky — ko with

k2 =k3=0 (E.22)

have to be made. Therefore the limit m — 0 has to be taken in the expressions given in the prevous
section. We will give the explicit expressions for completeness.
The phase space integral reads

/dP83 = (271T)6 /d4q/d4k_/d4k+{6 (¢* —s) o (k2 —m?)

x 0 (k3 —m?) S (p_ +pp —q—k_ —k+)}

= (4;)4271“9/d53/d54/1dcos(9)/wd¢ (E.23)
1 0

with the explicit parametrization of the vectors

p- = Y21 0, 0, B)

[ Syl

b+ = (17 07 07 _6)
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b = 32?/? (1, 0, s(0), c(0)) (E.24)
ke = St (1 s9)s00) (0)s(0) = e@)e(@)s(x0)) (€l0)elxo) +e(6)s(0)s(x0)))
q = p—+py—Fki—ke. (E.25)

The angle between the two photons is given by

2ss”
=1- : E.26
The phase space boundaries simplify to
/
2 < sy <s+s —sy, (E.27)
53

s/§ s3 < s.

They are symmetric in s3 and sy.
It is also possible to only radiate one additional photon. In this case the phase space for 2 — 2
scattering is needed. Using the kinematics

p—+p_=q+k (E.28)

with k2 = 0 it is given by

/ dPS, = / d*q / d*ké(s — )6k (p_ +py —q—k) (E.29)

= (47r)28_8,/dcos(0)

-1

In this case the vectors can be parametrized by

pP— = \ég (]-a 05 07 ﬁ) ) (EBO)
P+ = \f (L, 0,0, =p),
. 32?/2/ (1, 0, sin(8), cos(d)),

¢ = p-+py—Fk

E.2. Angular Integrals

For the photon emission graphs we find the following denominators

Dy = (p- — ko)* = m?, Dy = (p— — k1)* — m?,
Ds = (q—py)? —m?, Dy=(q—p-)*—m’
Ds = (py — ka)* —m?, D = (p+ — k1)* —m?. (E.31)

For the angular integrals we again want to map to the angular integrals of the form

sin(6 1
/d@ / i [a + bcos (6)]' [A + B cos(8) + Csin(6) cos(¢)]* (E-32)
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For some denominator structures we have to use partial fractioning. Some cases are trivial, like

1 1 1 1
_ S E.33
D2D6 §3 — S <D1 +D5>7 ( )
1 1 1 1
= —_— 4+ = E.34
D3D4 s —s <D3+D4>’ ( )
1 1 1 1
_ LI E.35
D1D5 S4 — S <D5 + DG) ( )
The more involved ones read
1 1 1 1 1
_ 1 _ _ : (E.36)
D1D2D3 s D1D2 D1D3 D2D3
1 1 1 1 1
= + — , (E.37)
D2D3D5 s — 83 D2D3 D2D5 D3D5
1 1 1 1 1
= + - , (E.38)
D1D3D6 s — S4 D1D6 D1D3 D3D6
1 1 1 1 1
= — — + , (E.39)
D1D4D6 s — S3 D1D6 D1D4 D4D6
1 1 1 1 1
= - E.40
DyDyDs s — 54 <D2D5 T DuDs D2D4> (E-40)
1 1 1 1 1
— = - - . (E.41)
D4D5D6 s D5D6 D4D5 D4D5

For some combinations of denominators we have to interchange the parametrizations of k_ and k.
in order to arrive at angular integrals of the form (E.32).

If either [ or k are negative we can use the relations given in Eqs. (D.38,D.39) for d = 4 to arrive
at the angular integrals. If both indices are negative we were not able to find a closed form in d
dimensions. For d = 4 we find

b*A* — 2abP A3 B — 2abAB(a® — 2b%)(B? + C?) — b*A%(2b>B? — a?(2B% — C?))
(a2 — b2)(A2 — B2 — C?)X2
(B? + C?)(2a*0*B% + b'C? — o' (B? + C?))
(a2 — b2)(A2 — B2 — C?)X?
202 A?B + b’BC? + 24?2 B(B? + C?) — abA(4B? + 3C?) aA—bB+VX
T In , (E.42)
X5/2 aA —bB — VX

15y =2n

—-b

_ 2 2) _ —

=t = 20(bA — aB)7 +7ra(B +C?) —bAB, (aA—bB+ VX | (£.43)

’ (a2 — v2)X X3/2 aA—bB - VX
2 2\ _ _ _

=t = 2n(a(B* + C*) — bAB) n b(bA — aB)m N aA—bB+VX ’ (F.A4)
’ (A2 — B2 — C?)X X3/2 aA—bB - VX

it = g (AZDE Ve (E.45)
’ VX aA—bB — VX

with X = (aA — bB)? — (a? — b?)(A% — B% — C?). Note that we agree with the results given in [444,
446).
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F. Simplifying Polylogarithms at Complicated
Arguments

During the calculation of phase space integrals using Mathematica a large amount of polylogarithms
at complicated square root valued and imaginary arguments of one variable appeared although es-
pecially in the massless case the results were known to reduce to at most Nielsen integrals at simple
arguments. A possibility of dealing with this problem is to find suitable integral transformations
to avoid the integration into these complicated structures. Given the sheer amount of integrals and
the not obvious transformations one has to use to arrive at simpler results this approach is hardly
feasible for the projects presented in this thesis. In the following an algorithmic way is presented to
map these expressions to generalized iterated integrals. Then build in functions of HarmonicSums
can be used to reduce these integrals to an integral basis and in this way simplify these expressions
to their final form.
The algorithm consists out of four steps:

1. Derive a first order differential equation with rational functions or iterated integrals with ra-
tional prefactors as inhomogenity.

2. Integrate the differential equations in terms of iterated integrals.
3. Simplify the letters of the found iterated integrals.
4. Determine the integration constant by matching at x = 0.

The algorithm has similarities in construction and goals with the symbol calculus presented in [447].
However the approach presented here can also deal with square roots and retains all information of
the integration constants.

Let’s consider the illustrative example

fo(x) = In(v/z +ivV1 — ). (F.1)
1. We can derive the first order differential equation

i

NN (F.2)

d
%fa(x) = -

which already fulfills our requirements.
2. Integration leads to

Fy(z) = /dx %fa(x) _ —%G ({ﬁjﬁ} x) el (F.3)

which cannot be simplified by any means.
4. The iterated integral vanishes at x = 0. Therefore we find

C = f(0) = zg (F.4)
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The representation in terms of iterated integrals therefore reads

fol@) = n(VE +ivVI—3) = G({f\/i} >+z. (F.5)

For logarithms the above algorithm is hardly needed, since basically all relations can be found rather
straight forwardly by elementary algebraic transformations. The real benefit of this approach shows
for polylogarithms of higher weight. As an illustration we consider the function

fo(x) = Lis(1 — Vo — i1 — z). (F.6)
1. Deriving with respect to x one finds

! o= [ 7o
de’ T 4 [ Va(l—Va) | Va/i—=

Inserting the result for f,(z) we arrive at a first order differential equation which fulfills the require-
ments. It is also beneficial to break the term into real and imaginary parts. Doing this one arrives
at the final differential equation

700 =3 | e= - veroval 1€ (=) 7] ()

2. Integrating this expression leads to

- £a0-o (et ) (s} )]
1 1 1 1
‘8[G<{ﬁ<l—ﬁ>’ﬁm}’x>‘”G<{ﬁ<l—ﬁ>}’x>]' o

3. & 4. Using the properties of iterated integrals and the matching

} In(vx +iv1 — ). (F.7)

C = £,(0) — Fy(0) = Lig(1 — i) = fg“g—%rln@)—iC’, (F.10)

where C' denotes Catalan’s constant, the final expression can be simplified to

follr) = (1 = )1 22) + 2/EVT— (1 20)G ({VAVI— 7}, 2) +4C2 ({VAVI—7} )

W3 {G (IVrvI—7}.2) + %\/zmu _ 2:6)} {

3 {1—66’ VvV1i—x

[ N

oI o 3353/2\/@} +5G({VAVI—T)a) -G <{1ﬁ)} x>
<G ((vvI=Tha) +6 ({vivier ot ke

16 (ot} o) ol )

The algorithm has been implemented in Mathematica and internally relies heavily on functions
provided by HarmonicSums. This way hundreds of non-trivial polylogarithms have been reduced
to their representation in iterated integrals and thereby reduced to a minimal basis. In physical
quantities we have observed a not obvious cancellation of all transzendental constants except of
(-values.
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G. Momentum integrals in d dimensions

For the direct calculation of Feynman diagrams, momentum integrals have to be performed in d
dimensional space time. This appendix summarizes all steps needed in this work. In order to
perform integrals in Minkowski-space the Wick-rotation is applied to all d dimensional momenta to
arrive at Euclidean measures. This means the transformation

ko — k& = —ikg (G.1)

is applied. In the following we always assume that the Wick-rotation has been carried out and drop
the superscript F for Euclidean. At the end of the calculation the Wick-rotation has to be undone
for all momenta which were not integrated over.

To perform the momentum integrals, we can first combine propagators by iteratively introducing
Feynman parameters via [70]

1

1 a1 —|— 042 r171(1 — x)ee—l
_ 2
ATAT T T(a / dmxAl + 1—:):)A2 (G.2)

0

Subsequently symmetric integration can be used to map tensor integrals to scalar ones. In this work
the following relations up to six uncontracted indices had to be used

/ dlq ¢" ... q" =0,

p1p2
/ddq "¢ f(q*) = gT /ddq 7’ f(q),

SH1p2p3 A
d%a gt oM gts gHa 2y _ d%a ot 2
/ qq"q"q"q" f(q) ) / qq f(q7),
/ dq " ¢" " q" q"5 g f(¢?) = ST / dq ¢°f(q°) (G.3)
d(d+2)(d+4) ’
with the symmetric tensors
SHIHRHSHY = JuipzYuspa T Guips Guops + GuipaGpaps s (G.4)

1 2 3 A5 G
S = Guips [gu3u4gu5u6 + Guzps Gpaps + gugusguws)]

+ Guaps [Quzmguwﬁ + Guops Jpaps T Guope Gpaps
+ Gp1pa 1GponsGuspe T Guops Gusps + Juope Jusps

]

[ ]

+ gmus [gu2u3gu4us + guz,u4gu3M6 + gu2u69u3u4]
[ ]

+ Guaps |Gpops Gpaps T uopaJuaps + Guops Guspal - (G‘E’)
This identity can be generalized to an arbitrary number of uncontracted indices
I'(d) n
dq ¢ .. ¢ f(P) = S‘“'"“?“/dd " (). G.6
/ qq"...q"" f(q°) Fd+ 2n) a (a°) f(a*) (G.6)

Here f(q?) can in general be any function, which only depends on ¢?. However, in the context of
Feynman integrals we only encounter the structure

(@Y
(@) = @+ By (G.7)
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G. Momentum integrals in d dimensions

with r and m positive integers. Therefore we can map all tensor integrals to the basic integral

d?q (¢®)" _ 1 T(r+d/2)T(m—r—d/2) .
/ (2m)¢ (¢ + R?)™  (4m)d/2 (d/2)T(m) (2T, (G.8)

As a special case, all scaleless diagrams vanish

d? 1
| et = (@)

After integrating over all but one loop momentum, Feynman integrals with local operator insertions
additionally lead to integrals of the form

ddq N n 2
/<2ﬂ)d (Aq+ Ak (¢p)" (@), (G.10)

where k is a multiple of the external momentum, A a light-like d dimensional vector and N,n € N.
These kind of integrals can be solved by binomial decomposition

N

(Ag+AR)Y=>" @7) (A.q) (AN (G.11)

j=0
and applying Equation (G.6). The general formula reads
d%q

I(N+1)  TI(d) d’q

/W (Ag+AR)N (¢p)" f(¢*) = TV —nt DT+ 20) (A.k:)N—”(A.p)”/ ) ()" (¢?)
(G.12)

Explicitly the relations up to n = 3 read
/(;ij:l)d (Ag+AR)Y f(g) = (A-k)N/ (gjr(id (@), (G.13)
/(;liq)d (Aq+AR)N qp f(d°) = %(A.k)N’lA.p /(;li'id 7 f(q*), (G.14)
/ (;ljf)d (Aq+AR)N qp? f(g?) = ZZ E;V+ Q?(A./.C)N—?A.p? ggd (), (G.15)
/ (;li(id (Ag+ AR ¢p* f(@?) = 1\; ((fc\lf ;21))((;;_4 )2) (AR A / (;li?d SHE). (C.16)

In deriving these relations the identities A? = 0 and p? = 0 are crucial. This way only a single term
of the binomial decomposition (G.11) survives.
For each loop integral a universal prefactor

Se = exp [(’yE - 1n(47r))g] (G.17)

emerges, which will be kept separated and not expanded in . The constant yg denotes the Euler-
Masceroni constant, cf. Appendix C.1. In the MS-scheme this factor is set to one S. = 1 at the end
of the calculation and will be therefore dropped in all results presented in this thesis.
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H. ldentities for Encountered lterated Integrals

(3),PS

H.1. Functions for AQq

To express the two-mass contributions to the OME AS;’PS in Chapter 7.1 we introduced various

iterated integrals over square root valued letters. In this section we give these quantities in terms of
simple logarithmic and polylogarithmic functions at more involved arguments for which fast numeric
implementations exist.

G-functions with support 0 < < 1
Here, we have the argument

& =z(1—=z)n€(0,1/4) (H.1)
and therefore /4] — 1 = i/1 — 4&;. We also define
w1 =/ 1— 461 (HQ)
We obtain:
G({ ”1;47},§1> = 2w +2In (1 —w) - In(4g) — 2 (H.3)
GUrhi-wlhe) - & (-5 (1.1
a((-arly.6) = 6 (5-9) (1.5
= I A A
+4In (1 —w1) —2In(2) In (1 — wy)
—41In (4&1) +2In (1 — w1) In (4&)
+2Liy (1 — wl) — 44+ 1n%(2) +41n(2) (H.6)
G ({”1;47 i} ,§1> = wi (—4—4In(2) +21n (4&))

+1n? (1 —wy) — %m? (46) —41n (1 — wy)
—2In(2)In (1 — wy) + 21n (4&)

+21n(2) In (451) — 2Liy <

G <{*/1 A ﬂ;‘”},g) — w (4l (1—w) —4—2In(4)) — 8¢

T

1—w1

> +4—1n%(2) (H.7)

1
+21n? (1 —wy) + 3 In? (4¢) — 41n (1 — wy)
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(220

T T T

T T T

G<{1’\/1—4T’1—\/E}’£1>

238

+21n (4¢1) —2In (1 —wy)In (4&) +4 (H.8)
2Lis (“’1 + 1) —4In (1 —wi) G+ 210 (461) &
w1 — 1

+8wy — 21n® (1 —wy) — élng (4&1) + 21n2(2)
xIn(1—wp)—2In% (1 —wp) + 21In(2)

x In? (1 —w;) + 2102 (1 — wy)In (4€;) — 21n? (4&;)
+1n(2) In? (461) + 81In (1 — wy) — 41n(2)

XIn(l —wp)—8In(4&1) +41n(2) In (4&)

+4In (1 —w;i)In(4¢1) —41In(2) In (1 — wy) In (4&)

. 1—0.}1 . 1—0.}1 2 3
AL —8— -In’(2
+4L12< 5 >+ 13< 5 > 8 311()

—21n?(2) + 81n(2) (H.9)

(=16 — 41n (4&1) + 21n? (461) + 8¢2) In (1 — wy)

FIn? (1 —wy) (4 — 5l (46)) + (12

+2Lis <1 ) + 4w — 4(2) In (4¢;)

1— 1—
—4(—4 + 2Li, L) 4oLy “1
2 2
1 1—
L () 4 4w1> i (—8 4L, wi
wp — 1 2

—8wy —2In% (1 — wy) +41n (4&) + 21In (1 — wy)
x In (461) — In? (451)) In(2) + 4103 (1 — wy)

—é In® (4€1) + In%(2) (In (461) — 4) — ; n3(2) (H.10)

—(In(1 —wi) (2In(4&) — 4) — In? (4&)) In(2)
—(2-2In(1 —wy) +1n(4&)) n%(2) — In? (1 — w)
x (=51 (4€1) — 6) - (8 - 4Liy (1 2“”) — 8wy
+81n (4¢;) + 2102 (46) + 4@) In (1 — wr)

- (—4 + 2Lis <1 _2““) + dwy — 2@) In (46,)

1 1-
“o (-4 iy (291 4 oni, L) 44w + 46
wy — 1 2

—?mi” (1—wp)+ %mi” (4€1) + 21n? (4&1) (H.11)

1 _
2(—4 + 2Li, ( 2“”)

1— 1
+9Lis “1) 4 Lis (2590 44w,
2 w1 — 1




H.1. Functions for AS;’PS

—|—<4Lig (1—2001) + 8wy +1In (1 —wi) (4 — 21In (4&))

—4(1 +wy)In (4€1) + 21n? (451)) In(2)
+(2(2w1 + 1) +2In (1 — wy) — 31In (4€1)) In%(2)
+ (8 —In? (4&1) —4¢) In (1 — wi) + In® (1 — wy)

)
1
X (3 In (4¢1) — 2) + (—4 — 9Li (1 _2“’1) ~dun

+242> In (461) + §1n3(2) — 2103 (1 — wy)

+ (14 wi)In? (4¢1) — éhﬁ (4¢1) (H.12)

(P ) =l () e () e (57
Xy — 4g1) - ((4 (wi —1) — 61n(46)) In (1 — wy)
~8 (w1 — 1)+ 4In% (1 — wy) + 410 (4¢1) + 21n? (4gl)>
xIn(2) — (=2(1 4+ w1) +2In (1 — w;) — In (4&;)) In?(2)

_ (_ In? (4¢;) + 4Liy (1 _2“’1) — 8¢,

~4In (4g1)w1) In(1—w) — (2(1 +w)

+510 (461)) In? (1 — wp) — (~4 2L (1 . m)

14
+4wy + 4C2> In (4&1) + 3 In? (1—w)

— (w1 — 1)In® (4¢,) + éln?’ (4&) (H.13)
G ({ V1 - ar V1 - ar i} ,§1> — (8 ~4In%(2) — 26 — 4ln(2)w1) In (4¢,)
+|—4(1+ 28 +wi) +61n%(2) —41n (4&)

+1In? (4&) +4In® (Wi + 1) + 4G +In (1 4+ w)

X (—4wr —8In(2)) +4In(2) (1 +wi) | In (1 —w1)

+(4(= 3= 26+ w1) + 103(2) + 41n(2) (21 + 1))

xIn(1+w)+ (—4ln(2) +4n (wy +1) — 4w1)

x Liy (1 _2“}1> + 4 + 4¢3+ 8(3& +wi — 1)
+(2 -2 (461) - 2In(2) ) In? (1 — 1) + In® (461)

X (wl +21In(2) + 1) - %1113 (4¢1) +161n(2)&

(1 —uw Cfwr+1 [ 1—w
4 - 4
Liz ( 2 > 2Li (w1 — 1) Lis < 2 )
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H. Identities for Encountered Iterated Integrals

4Ly <1 J;”“) n (4111 (1+w) —4In(2) — 4)

Lisy (14—2w1> +21n3 (1—w1) + %ln3 (1+w1)

—(2(1 4+ @) +61(2)) 02 (wy +1) - 210%(2)

X (w1 +2) — 21113(2). (H.14)

G-functions with support = € [0,% — %\/1 —n] U [% + %\/1 —n,1]

The integrals in this class coincide with integrals with full support (0 < z < 1), but the replace-
ments

&L= &= x(ln_x), (H.15)
w1 — w3 = \/1—453 (H16)

have to be performed.

G-functions with support % — \/ n<x<s + \/1 —

Here, we have the argument

_ n
§o= 2(1-1) € (4n,4) (H.17)
and therefore /4 — & is real. We introduce the abbreviations
wr = V&4 - &, (H.18)
¢ = arcsin <\/2€72> . (H.19)
G{Vi-1V7}.,&6) = —ws (1 - 52) +4¢ (H.20)
G ({;T \/ﬁﬁ} ,§2> - —%m (1 v %) v (2 44— §Q)>¢
+4Cly (2¢) — 2Cly (49) (H.21)
6({3viTrvifa) = w(2-3) - (2-tmie)o+ acn 2o
T 4 2
(H.22)
G ({1,\/4 — TV VA= Tﬁ} @) = 5% - 253 38 - oot~ 86+ 66 — 6w
T 3 32

+16C1, (2¢)} +8Cl3 (2¢) + ¢* (81n(&) — 4) .

(H.23)
We used the Clausen function [265, 266]
Cla(z) = % (Liz(e™™) — Liy(e")) ,
1 ' (H.24)
Clg( ) 5 (ng( x) + Lig(e”))
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H.2. Functions for AggQ

with the sum representation

el " (H.25)
Cly(g) = Y )
n=1

for ¢ € (0, 2m).

. (3)
H.2. Functions for Agg,Q

Before the absorption of a few rational pre-factors in IV, all emerging integrals first written in G-
functions in Chapter 7.2 can be expressed in terms of polylogarithms at algebraic arguments in z and
7. In cases it leads to simplifications, we also use arcus- and area-functions instead of logarithms,
which belong to the harmonic (poly)logarithms of complex-valued argument.

The different functions G; = G;(z,n) and constants K; = K;(n) are given by

o = c[{Vi-oux}.] = %mz?*/? - im\f— %arctan (?) + 3
_ (H.26)

R
o = a| R ] :M[;wmm—(l—m i)

—(n + 1) arctan ( 1\; z) — 2/farctan (%)] (H.29)
G = G {—m ,z] _(1_1n>2[—72r(1+n)— 20— 21—

+2,/7 arctan ((1\/_22)7) + (14 7) arctan <\/1;7)] (H.30)
Gs = G H (1— )z, : i x} ,z] = iln(l — 2)y/(1 = 2)z(1 — 22) + |arcsin (V1 — 2)

—iiln(l — z)] In (iv1—z+4+z) — %arcsin (V1—2)In (—1 + (Vz +iv1— z)2)

—1—4—8 —3m + 6arcsin (V1 — z) — 12i arcsin® (V1 —=2)+6y/(1—2)z(1+2z)
+12i¢y — 124Li ! + @) (H.31)
? \vT—2 + v2)° 1 '

Gr = GH (1—m)x,i},z}:;Lig(—m—iﬁ)—;mg(l—m—iﬁ)
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H. Identities for Encountered Iterated Integrals

+1In(z) (;\/1 — 2237 — i (1—2)z+ %arcsin (ﬁ))

+g\/1 — 2z + iarctanQ ( vz ) + arctan < vz )

VvV1—2z Vv1—=z
X (é—;ln(\/l—z+z‘\/2+1)> —i—%—%\/l—zz?’ﬂ

Gy — GHx+n(l1x)’1lx}’z] :—11n[ln(1—z)ln(z+ﬁ(l—z))

+Lip((1 —7)(1 — z)) — Lia((1 — n))]

Gy = G Hm;} ,z] _ 1:} [Lig (_,2(177—n)> +In(2)(In((1 = )z + 1)

—In(n))

e | 21177[“2 gy

+ma_¢xmu—wl—nﬂ>—mw”‘L”<_1nn)]

(I—n)z 1—n

(1—-2)x 1 B 1 ,
Gz = G[{l—xa—nyl—x}ﬂ]‘<l—m2l”

Gn - G{{l_xll}%}z ! [mQMM1—41—m>+mx41—m1

iy (= (VI= 2 +ivz)’)

iz iz
+¢mn(0\§”?ﬁv¢mm(&f%+?¢ﬁ
() v () v
s (L) s, (L))

iz (- (VI= 2z +iv7)°)
+(1 — n)arcsin (v/z) + 2(n + 1) In(2) arcsin (v/z)

+In(1 - 2) [(1n)m+2\/ﬁarctan (ﬁ;)] +1n(i/%ﬁ> <7T\ﬁ7
m» 1

—2,/narctan ( 7 - 51(77 + 1)
{ (1—2)x 1} ] _ _i(l + n)rarcsin (v/z) (14 n) arcsin (\/5)2

T—a(—n) 'z 1— )2 R (R

+ (n—1)y/(1 — 2)z +i(n + 1) arcsin? (v/2)

Giz = G
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(3)
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_ 2(1 + n) arcsin (vz) In(2) 1 L i 1
(1-n)? +(1—n)2[ (1+n>L2<(\/1—z+i\/5)2>

+(1 = n)V/(1 - 2)z +(1+n)z<2+2szl2( ff)—%fh <¢g>

1 2 1+ 2
iv/iLz (W) IViLiz ( 1+ ) ( 1+ \\/}7))
v+ 2E) T—2\ [4In(1— _2y/mn(1—n)
+i4/nLis (1+\/ﬁ ] + arctan ( [ = ) (1—1n)2 ]

aretan vz 1 2i(1 4+ n)arcsin (vz) (1 +n)In(z)
et (\/1—2) [1—77 (1—n)? (1—mn)? }
2l (l—y) o 2In(:) ViV /il = n)

-7y “”‘u—mv(“““<vT—z>“”+ (1= n)?

_ [(1 +n)arcsin (V=) (1—-2)z 0l
[ (1—n)? M ]1 @), (H.38)
all_ (1—2)x 1 i (14n)In(2)7 i(l + n) arcsin (v/1 — 2)2
z(l=n)+n'1-zf’ (1—mn)? (1—n)?
11 o 1 Nz
A Es s [2(1 - L <_1 — 22/ - z)z> —U=nA=

iz

3/2 e
HL=n) = (1 + )G + iy ( 1“\;) —i\/i[Li ( H“\l;)

1+ D2 1+ A2 1
i L +iy/nL +iliz | —
W 12(1w?) M 12(1+\/ﬁ) le( =22 =2iy/(1 = 2)2 }

1+ resin —z n s 2V arctan vz —im
g (VI=3) [212) ) 2 wetan () |

— arcsin (v/1 — 2
—2In (1 - /1) +In(1 — n)} + arctan (\/?) [—1 i ; i 2(1 + )(1 — n)g\/i)

_(1+77)1n(1—2’)} +27r1n(1—\/ﬁ) _W(l_z)arctan< vz >

(1—n)? -z VI (1—n)? NV T
2,/nm | <1 N > N [(1 + n) arcsin (V1 — z) N V(- z)z] In(1— ), (H.39)

T T—- (T —n)? 11
SRVAUEEI U N Y o U0 RS S P
¢ { 17—1—:6(1—77)’:6}’ ]_ (1—n)2 +6(1—77)2[3(1 )

—6mL12(1—2z+2z' (1—2))+61— W = 2)z + 6(1 — 63/ + 0)iC

—12i/nLig | — iz + 12¢y/nLi W2 + 614/nLi 1_‘;{%
o NV Ll Wi TR T
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+ 2 1+ A& i(i+ %)
+BiVLia | 5 | — 6iviLis Sy 6iy/7Lis A
—6iLis (1 —2z+2iy/(1— z)z)] + (11j7;7>2 arcsin (1/2) [2 In(2) — iw]
2 Vz . . .
+(1 — arctan <m> [z(l + n)arcsin (Vz) + imy/n + 2¢/nn (1 — /)
—/nn(1 - n)} + e arctan < 1\/; Z> [—1 +n+2iy/nm+ (1 +1n) ln(z)]

R iﬂn)Q\/ﬁln (1—+n) + 2V In(z) arctan ( vz ) _m/iia—2)

(1—n)? N (1—n)?
1 1
a2 [(1 +m)aresin (vz) + 5 (= (L+n)m+2(=1+n)v/(1 - z)z)} In(z).  (H.40)
Furthermore, the functions K;(n) = K contribute. For the more complicated among them we

first obtained a longer representation, which finally could be reduced. In these cases we present
both representations, since they contain relations between polylogarithms. Structures like this are
particularly obtained by integrating using Mathematica. The comparison of both these cases my be
helpful in other calculations to obtain more compact results.

Ko = Gl{VI—a=a)).1] = S0Pt 200 n) - 21— ) n (14 )

+(1 —n)?In(1 — n)} (H.41)
B [ 1 _ In(n)
w = o {1 -1 (142
% = fimima) ] -5 e
_ 2
Ki = G {¢x(1_n(1_q;))},1}_(1877372) [ln(l—n)—an(l—i—\/ﬁ) +14t7” (H.44)
B [ 1 _ In(n)
K; = G_{l:c(ln)}’l]__ln (H.45)
[ (1—-2z)x T
S| = O o
B [ V(1 —z)x B ™
e G_{‘x(l—mw}’l]“w A
1 1 Lis(1 — 1)
Ky = G_{n(l—x)+w’1—x}’1]:21—77 (H.48)
i 1 1 31n°(n) + Lis(1 — )
e e o R )
r o 2
Ky = G_{ x(l—n(l—x)),l_n(ll_x)},l]:(1775/2) [;1n2(1—\/ﬁ)
_M(1+4\/ﬁ—2n+4n3/z+n2) _;CﬁW_imz <;(1+\/ﬁ)>
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—lgln (V2-1) —l—%ln(l—\/ﬁ) - iln(l—n)] In(2) + S(2) 3 (V2-1)

_l’_

G

32 8
1161n2<1_n>+1n<1_m[;_jlmu_m (3 (4 3)
%Lig (— (va- 1)2>] (1£.50)
:{1 —w(ll ) 1:@}71} = lin lélnz(m —In(1 = n)In(n) — Liz(n) + G2
(H.51)
{156(1177):1}1} - _th(l_nn) (H.52)
{1—(;:(_1?7?)’ 1ix}’1] T _ﬂn)2 [;(1 —n) —vn[2In(yn+1)
In(n)] + (n+1) ln(2)] (H.53)
{Mi}ll =Ty [1577 ~ (L)) + 2y (Vi + 1)
(H.54)

l+n+n* [ 3-5/0+3n ¢
6(1—n)yn 16 NG

[ VO e ] v
_{1_”3(1_77)’ ! )}’1]_(1—77)2

_%ln (2) + - In( )ln(\/i—l) —|=In(1=n)—-In(1— /) — (41(7_7'_1])1\)/5]1 (n)

—%Lig (\2) - %Lig (va-1)") + éLiQ (va-1)")+ b (2\@ - Liz(”)] (HL55)
(1—2x)z 1 _ n—1 0

¢ {_n_$(1_n),1_x},1] - (1_77)2[ L e

—-2y/nn(y/n+1) (H.56)
(I-—z)x 1 o 1—n

G [{774'35(1—77)73”}’1] = W [2 —2y/nn(y/n+1)+ /nln(n)

+(n+1) ln(2)] (H.57)

GH e m} ]‘(1{

(L+n+n?) 3-7y7+3n G
m?* | 61 —n)yn 16 NG
A+n)yn 1,

i1—n)? 1 (1+f)+ In(1 - )] In(n)
1Liz <1> — %Liz ((\/5— 1) > + gL ( V2 - 1 4) Lip (2\/77) _ Liz(n)]

x+nl—x)
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it am gt e |5+ pilo - g avamue
+2 1n2(2)] In(v2-1) - 2\1@ [m(z) + m] In? (V2 —1) + 2\1/§L12 <\2>
1. (1 1 (1 1 1 1
it () e (3 (0 5) - vt (1 5)
1 1 2
it (rva) - v () (150
s = G {le_—;? i:): (1—3:);1:},1]
= ﬂ[ 4+5v2+161n(2 )—&—16111(\/5—1)}, (H.81)
c¢ = G { ml_—;x i, (1—56)33},1
= —C2+lzf}[ 44 V2+241n(2 )+161n(\f2—1)}, (H.82)
o = G { x_2 (1—2)z } ]——634—3@(2\[— )<4ln(2)—1), (H.83)
s = G {Vx_2 (1—2)z } ]:—C4—?’§2<2f— )(4ln(2)—1>. (H.84)

The following set of constants contributes in the first expressions for K; given above.

In(2), 7, In(v2 — 1), (s, Liz ((\/i - 1)2) Lis ((\/i - 1)4) Lis (ﬂ - 1) :

Lis (2(\/5 - 1)) ,Lis <; (1 + %)) ,Lis <1 + \2) , (H.85)

with (o = 72/6. The new constants, most of which are not multiple zeta values [434], however,
finally cancel. The first expressions were obtained by integrating using Mathematica and applying
functional identities between (poly)logarithms [265, 266]. For the second expression, we used relations
built in HarmonicSums. The cancellation is due to special value relations of polylogarithms. The
corresponding relations may also be numerically verified, e.g. by using PSLQ [448].

We note the relation

%2 - 1][124(2) i@ (1 " \}§> ok <_\}§> — Liz((vV2 = 1)*) + Liz(=(vV2 = 1)*) = 0.
(H.86)

Abel’s relation for z = 1 — 1/4/2 and y = —1//2, Euler’s relation and the mirror relation, cf. [265,
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H.2. Functions for A(3)

99,Q
266,
: zy N i (Y ) — Lis(z) — Lia(y) — In(1 — #) In(1 —
e (i) = 1 (75) i (725) ~ 1 - L — =y =)
(H.87)
Lis(1—2) = —Lia(2) —In(2)In(1 — z) + (2, (H.88)
Lig(—2z) = %LiQ(ZQ)—LiQ(Z), (H.89)

allow to rewrite

Lis(~(VE~1)%) = 26— 2 ’(2) + () (14 V2) — 2L (—1) +Lip (vV2-1)%).

[ v
(HL.90)
which proofs (H.86). The relation
1

Ho—1,-1(2) —Ho,—1,1(2) —Ho1,-1(2) + Ho1,1(2) — §H0,1,1 (22) =0 (H.91)

holds. It is obtained by first considering

1

Hoyoa(@) = Hoga (@) = Hi () + Hia (o) = 5 In?(1 — z2). (H.92)

The integration of the left-letter 1/x then proofs (H.91). Both relations play a role in deriving the
constants ¢y to c4.
Furthermore, one may use the relations

Li <1 <1+1>) = —91n2(2)+;1n(2)1n(\f2—1)+gln2(\/§—1)

2 /2 8
~Lix (V2= 1)) + %Lig (v2-1)") +¢. (H.93)
(1 7.1 1 .
Lis (ﬂ) = 56— g2+ ;) n(v2 - 1) - Lip ((\/5 - 1)2)
%Lb <(f2 - 1)4) , (H.94)
Lis(vV2—1) = Liy (%) - %Cg + éln2(2) — %ln(2) In(v2—1)
—% In?(v2 — 1), (H.95)
Lix(V2(vV2—1)) = Z@ — élnz(Q) - %an(\@ —1) — Liy <\}§> : (H.96)
Lis (\2) _ —2@ n(2) + Zlg m3(2) — G In(V2 — 1) + iln(Q) m2(V3 - 1)

3 (V2 = 1) +1is (V1) + 1 (VB 1)) - 65
(H.97)

Lis (\/5(\/2 - 1)) — L)+ %m n%(2) — 41@ In%(2) + 26 In(v2 — 1)

%m In(2)In(v2 - 1) — éan(z) In(v2—1) + %m In?(v2 —1)
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H. Identities for Encountered Iterated Integrals

—% In(2) In*(v2 — 1) — %1n3(f2 —1) + Lis <1 + \2) (H.98)

to rewrite some of the polylogarithms above. One may finally use the relation

Lis <i> = Lis(z) + %ln?)(z) - %iﬂ' In?(z) — 2 In(z), =z € [0,1] (H.99)

to rewrite the last two Lig-functions in (H.86) in a more uniform way in terms of
Lis(2v2(vV2—1)) and  Lig(vV2(vV2 —1)). (H.100)

Thus the arguments of the four trilogs contributing differ by a relative factor of v/2. One may as
well rewrite Lia((v/2 — 1)?) and Lis((v/2 — 1)*) into Liz(2(v/2 — 1)) and Lis(2v/2(v/2 — 1)) and then
obtain the set

In(2), 7, In(v/2 — 1), 3, Lis (2([2 - 1)) Lis (2\/5(\@ _ 1)) ,
Lig (V2= 1), Lis (V2(V2 - 1)) . Lis (2v2 - 1)), Lis (2v2(v2 = 1)) . (H.101)
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. Fixed Moments for A(3)’PS

For fixed values of N = 2k, k € N\{0} the two-mass contributions to the OME AS’;’PS can be given

analytically. Using our usual conventions

2 2
L1:1n<”g>, Lzzm(”g),
1% 1%

with 7 = m3/m? < 1, we find the following moments:

gy (N =2) =
~sim tal e e G ]+ [ -5 (18 )
2R (Lt 1) - B2 Ho () (£~ 1)~ " B ) — Tt y] - 200
T (L) - T (3 1) — S () (23— 13) — (S + S5 3 )
#2500 (a4 ) - SPtto) (e - L)+ (5 + 2P m()) 130
P ) — 2 Ho(n) Hoa(n) + 2 Hoo () — 526+ emry

T R e
1

() 4 (H-A (V) + £ (V) H30) — 64H0 -1 (43) ~ 8o () (Vi + -

| (G Hoer (V) + g Hoa)) Haln) = 33 (H-1 (V) + Hu (V) E3(0)

( 160 40 20

Agy@ (N =4) =
*230%57; + 5% [*% B % (2 + Ll)} + é {* 6465050622854 B 1292356 (L3 +17)
o (Lot L) — o ) (L~ L) — S ()~ By ] - 2T
9 o) - 0 a3 )~ R (03 11 - | A+ Bt
93;? (L2 + L1) — %Ho(n) (Ly — L) + <:1),§2(1)83 + 267§H1(77)> HE(n)
484 1936 1936 2236 3872

2% H3() — 22 Hy(n)H Py, LB, 0
+2025 6(n) 675 o(n)Ho1(n) + 675 0,0,1(1) 2025C2+2025C3

(L1)

(1.2)
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1. Fixed Moments for AS;’PS
1322 1273 1\ 5239 1 49 49
iRkl £ 2) 4+ 22y -~ Al
+ < 675 5400 0(”)) (77+ 77) * 5a00 o) (’7 n> + ( 200 1600 007))
1\ 49 1 39 39
2 2
) Iy o1 i Ho_ H il
X <n + n2> 100 0(77)< 772) + (8 0-1(v) + 33 o,l(n)) o(n)

_%Z(H*l (v/n) + Hu(v/n)) Hi(n) — %Ho,o,q (vn) — ggHo,o,l(U)] <\/77+ —

)
(ﬁgHo (Vi) + 1472258%71(77)) Ho(n) — 5= (H-1 () + Hi (V) H§ (1)

+

425 425 1 49
~ 516001 1(v) - 1728H0,0,1(77)] (773/2 + 773/2) + ((_MHO,—1(W)

30 o1 (0 o) + 5505 (A (V) + 1 (V) H3 )+ 5 Foo -1 ()
+%H0,0,1(77)) (775/2 + 7751/2> (1.3)

~PS,(3
Ay @ (N =6) =
123904 1 [ 121472 30976

_ 123904 1 257649488 7744
19845e3 €2

1
_ _ L L) + L[ _
207675 6615 (L2 + L) ol 13758225 2205

(L3 + LY)

_% (Lo + L) = %H‘)(n) (L2 = L) = % o)~ 165641858@] - ﬁggggzéggé
T (L ) — o2 (134 13) — o Hol) (13— 1R) + (et

zigg o) - ;2;?@ (Bo L) = %HOW (B2 = L) + <27189857230 * % 1(”)>
x Hi(n) + 119983465H0 (n) — ZZ;IZ;HO( )Ho,1(n) + Zgié 0,0,1(n) — 15184(2 + 15488(3

( 992252 " 10845
| (27687011 | 342121 L ooamoo (1Y (_ 5441
31752000 3386880770 5 ) T tarnzoo oM (1 23520
5261 1 1349 1 81 81
_ H2 ) 2 ) IOy = § 2 - o 7]_[2
18816020 () (” * n?) 760 0 <” 72 ) T\ 5136+ 25088 0 ™)
1 81 1 26939 26939
3 3
“ )+ 2H S 2 H 2y, H
X (n + 773) + sy Ho(n) <77 ?73> + [(13440 0-1(v/1) + 53760 0,1(77)> o(n)

26939 26939 26939
107520 (H—l (\/ﬁ) +1 (\/ﬁ))Hg(W) ~ 6720 Hopo,-1 (\ﬁ?) - 53760H0,071(77)] <\/ﬁ +

7)

10649 10649 . 10649
* [(24192H°"1(f) T o678 101 > Ho(n) = fgazag (H-1 (V) + Hi (Vi) Hi (1)
10649 10649 . s,
_mHQO,—l (\/,7]) 96768 0 0 1 ] <77 3/2

223
g M0 1)) o) + o5 (s () + (Vi) 3 0) + g Fo -1 (1)

223
+ | (g0 o1 (V)

223 1
H 5/2
7630 07071(”)“ + 5/2> +
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81 81 81
- (H_ H H?(n) — ——Hypo - — _H,
50176( 1(vm) + Hi(vn)) Hg () 3136100, 1(v1) 55088 QOJ(”)]
1
“PS,(3
AP (N =8) =
87616 +i[ 4916 21904< ol )] 1[_33262473901 - 5476( 4 12)
25515e3 | 221107163 8505 2 ' "M 1710126903500 2835 V2 TR
1229 5476 10952 10952 8273033473567
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5535 110 (1) 2835@)( +11) = 510300 Ho(m) (L2 1)+<1567641600
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1. Fixed Moments for AS;’PS
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507 507
x (H-1(v/n) + Hi(v/n))Hg () — mHo,o,—l(ﬁ?) ~ 999856 001 (1)

1
" (7711/2 n 7711/2> _ (1.6)

This fixed moments can be used to check the momentum space result given in Chapter 7.1 without
any approximation in 7.
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