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Chapter 1

Introduction

One of the defining areas in the modern stochastic analysis is the study of
solutions of stochastic (partial) differential equations (S(P)DE in the sequel).
Driven by the wish of defining a process that changes according to some random
force, equations containing known random processes are being considered
and analysed. In order to do this, one needs to find a ”natural” definition
and establish properties of stochastic integrals, i.e. integrals with respect to
stochastic processes.

From the practical point of view an important question in this context is the
statistical inference for such processes, in particular, estimation of parameters
and functions involved in a given model. If a certain process is assumed to
be described by an equation an estimator provides a precise quantification of
the process’s behaviour, leading to a better understanding of the dynamics.
Conversely, a practically motivated study often helps advance the theory in
order to accommodate some particular properties of the setup.

Possibly the simplest example of a stochastic differential equation is the so
called Ornstein-Uhlenbeck equation. It combines a very basic ordinary differential
equation (ODE) /(t) = ax(t), 2(0) = xy € R with a parameter o € R, with an
additive white noise component driving the dynamics. The obtained equation has
the form

t
Xt:XD—i—/ aXds+ By, t>0,
0

X():ZE()ER,

where B is a Brownian motion and o € R is a parameter. From the ODE perspec-
tive, if B were a deterministic function, the solution of such an equation would
have been a function given by

t
X; = ey + eo‘t/ e “*dB,
0
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whenever the right-hand side is well defined. With the development of the
pathwise as well as of the Ito stochastic calculus in the first half of the 20th
century it became possible to assign a meaningful definition to this solution as
an integral with respect to a Brownian motion and to consider integrals of and
with respect to the solution process X needed for further analysis.

An important element for the definition of [to integrals is a certain structural
property of the Brownian motion, namely the fact that it is a semimartingale.
With the statistical background in mind the estimation of the parameter « is a
natural question, and a lot of literature has been devoted to it. In the framework
of continuous observations on an interval [0, T'] classical ideas such as a maximum
likelihood estimator obtained by the Girsanov theorem as well as the least squares

ansatz lead to the estimator

) X dX,

fOT X2ds
that is strongly consistent and asymptotically normal for o < 0 and has a Cauchy
limiting distribution for av > 0. These results are described in [42] together with
an optimality study of the estimator: For o < 0 the local asymptotic normality
(LAN) of the model is demonstrated and for a > 0 the local asymptotic mixed
normality (LAMN) property, and the estimator achieves the Hajek-LeCam
bound in both cases (implying optimality in a certain sense). The applications
for modelling with the Ornstein-Uhlenbeck process X are numerous and reach
from describing the structure of interest rates in finance (see [81]) and analysing
the particle dynamics in physics ([34]) to quantifying the phenotypic evolution
in biology ([47]).

The simplicity of the Ornstein-Uhlenbeck model makes it a very versatile tool,
but it also offers a lot of space for modification and adaptation for certain specific
setups. For instance, one can consider a situation where the driving random
process is non-Markovian and the increments exhibit a long-term correlation.
A simple example of such a process is a fractional Brownian motion (B/?);>0,
which is a Gaussian process defined via a covariance formula depending on a
parameter H € (0, 1). For H > 3 the increment process (B, — Bl ),y is
strongly correlated even over longer periods of time (this property is known as
long memory or long range dependence and will be made precise later), allowing
the modelling of processes with Gaussian marginal but having a more complex
dependency structure than in case of the Brownian motion, which emerges as
a special case for H = % An application for this kind of processes related to
studying turbulence in physics is described in [87]. The solution of the equation

t
Xt_X0+/ aX.ds+ B, t>0,
0

X():l'oER,



can still be simply derived in the pathwise sense, however, the estimation study
for o proves to be more challenging than for the Brownian motion. To start
with, BY is not a semimartingale for H # %, so one cannot directly rely on the
classical Girsanov theorem for obtaining a maximum likelihood estimator. A way
to overcome this problem is presented in [38]: The authors define semimartingales
that can be associated with the fractional Brownian motion B as well as with
the solution process X and subsequently make use of the Girsanov theorem.
The estimator defined in this way thus has a more complicated representation
compared to the Brownian case. It is strongly consistent, asymptotically normal
and attains the Hajek-LeCam bound related to the LAN property of the model
for aw < 0. This property has been shown only recently in [44]. Following the least
squares approach, on the other hand, still yields the estimator

I X dX,
[ X2ds

however, the pathwise definition of the stochastic integral only yields a consistent
estimator for a > 0 (see [9]), and in order to obtain an estimator converging to
the true parameter o for a < 0 a different notion has to be considered, namely
the so called divergence integral from the Malliavin calculus, an area of stochastic
analysis whose foundation was laid in 1970-80s and which has gained popularity
in recent years. These and other results concerning SDEs driven by a fractional
Brownian motion have been proved starting from the late 2000s (in particular,
strong consistency and asymptotic normality of the above estimator for o« < 0
has been proved in [30] in 2009) and still constitute a fruitful basis for further
investigations despite the apparent simplicity of the objects involved. Nothing
is known, for example, about the optimal convergence rates of estimators for
a> 0.

One instance of research providing a generalisation of the fractional Ornstein-
Uhlenbeck model is a paper by H. Dehling, B. Franke and J.H.C. Woerner ([24]),
where the equation

t p

Xt:X0+/ (Zuicpi(s)+osz> ds—i—Bf, t>0,
0 \i=1

Xo =129 €R,

with periodic functions ¢; having the same period, y; € R and a < 0 is
considered. A driving idea for this model from the point of view of applications
is time-continuous data with Gaussian marginals depending on a long-range
dependent process and carrying some periodicities in its underlying structure.
An example is the earth temperature data derived from the ice core analysis:
It is known to have a long memory and to depend on solar cycles (see [85]).

3



Assuming continuous observations, the authors have proposed a least squares
type estimator for the vector (ui,...,p,, @) and shown its consistency and
asymptotic normality by means of Malliavin calculus. As of yet, no results
concerning the optimality of this estimator have been shown.

The above paper has been the starting point for this thesis, and indeed, for
the most part this manuscript should be considered to be a cloud of results and
observations surrounding it. The thesis is far from being comprehensive (nor
does it have the intention to be), and some of the results lead to many more
questions worth investigating. Rather than that it should be considered as a
kaleidoscope of answers to some questions leading in several major directions
inspired by [24] and possibly widening the pavement for a better structural
understanding of related problems.

Chapter 3, following the preliminary part of the thesis, deals with the least
squares type estimator for the vector (1, .. ., f1,, @) in the case o > 0 and investi-
gates its asymptotic properties. One of the most curious results from this chapter
(along with the non-Gaussian limiting distribution of the estimator) is the change
in the convergence rate for some specific ¢; and the form of the limiting variance
obtained in this case. Additionally, this result is transferred to the case o < 0,
where it also leads to improved rates of convergence. The principal part of this
chapter is presented in the preprint

e R. Shevchenko, J. H. C. Woerner - Inference for fractional Ornstein-
Uhlenbeck type processes with periodic mean in the non-ergodic case, 2019,
arXiv:1903.08033.

In Chapter 4 the setting

t

Xt:X0+/ (L(s) +aX,)ds + B, t >0,
0

Xo =129 € R,

is considered for a@ < 0. However, here we do not assume that L is a linear
combination of known functions. Instead, we assume periodicity and estimate the
function L nonparametrically, relying on such classical techniques as orthogonal
projections and appropriate truncation. We define an estimator related to the
one constructed in [24], show that it converges in L? and derive its rate of
convergence using Malliavin calculus.

The extension considered in Chapter 5 concerns the random part of the equa-
tion studied in [24]. The solutions of the equations mentioned until now are Gaus-
sian processes. However, a consideration of hydrological data (for which models



with long memory processes are often considered and which gave the initial moti-
vation to the definition of fractional Brownian motion in [46]) shows the presence
of skewness in the observations (see [43]), requiring a non-Gaussian driving pro-
cess. One class of long range dependent processes having this property are the
non-Gaussian Hermite processes, prominent (and best studied) among them the
Rosenblatt process. Its marginals do indeed have a non-symmetric Lebesgue den-
sity (see [82] for plots and theoretical results), making it an appropriate candidate
for such a model. We consider thus the process

X, = X0+/ <ZMM —l—ozX)ds—l—ZtH,tZO,
X():O,

where Z is the Rosenblatt process, and estimate the vector (ui, ..., y,, a) for
a < 0 following the construction from [24]. For the proofs of asymptotic properties
we rely this time on specific results from stochastic analysis with respect to the
Rosenblatt process and further explore the structure of the estimator from the
theoretical point of view. An additional value of this chapter is the definition of
estimators using pathwise rather than divergence type integrals and the proof of
their asymptotic properties. The results are presented in the paper

e R. Shevchenko, C. A. Tudor - Parameter estimation for the Rosenblatt
Ornstein—Uhlenbeck process with periodic mean, 2019, Statistical Inference
for Stochastic Processes.

So far there has been one parameter in the considered equations that has been
assumed to be fixed, namely the so called Hurst parameter H responsible for the
long range dependence structure of the driving process. In fact, for continuous
observations this parameter is directly accessible and does not need to be esti-
mated. For discrete observations there is a vast amount of literature dedicated to
the estimation of H in a multitude of settings by studying the so called variations
of observed processes: The monograph [77], for example, is dedicated entirely to
this topic. In the last chapter of the thesis we also consider one such question,
however, this time our main object is significantly more involved. We are dealing
with the solution u of a stochastic wave equation, an SPDE of the form

2275‘(15,96) = BQU(t )+ WH(t,z), t >0, z €R,
u(0,z) = 0, z€R,
u0,7) = 0, zeR,

where W is a noise white in space and fractional in time. The starting point
for the investigation of variations of u is, as opposed to the previous results, the



paper [35] by M. Khalil and C. A. Tudor considering this equation. However, in
the course of our study we encounter familiar objects such as fractional Brown-
ian motion (as well as a Gaussian process with a similar covariance structure),
but also a distribution related to a Rosenblatt marginal. Moreover, this part is
methodically connected to the others by ideas from Malliavin calculus. The main
results are limit theorems, most importantly a non-central limit theorem, where
the distribution mentioned above emerges, as well as the study of several different
estimators of the Hurst parameter H. The content of this chapter can be found
in the preprint

e R. Shevchenko, M. Slaoui, C. A. Tudor - Generalized k-variations and
Hurst parameter estimation for the fractional wave equation via Malliavin
calculus, 2019, arXiv:1903.02369, accepted for publication in Journal of
Statistical Planning and Inference.

Chapter 6 is the only part of the thesis that contains simulations illustrating
the results. While it is methodically challenging to include simulations in
Chapters 4 and 5 (given the fact that divergence integrals cannot in general be
approximated by an appropriate discretisation), a simulation study concerning
Chapter 3 is, in principle, possible. However, due to very high values emerging
in the simulation, the numerical error is high, such that many observations are
needed to adequately approximate the integrals involved. In Chapter 6, on the
other hand, we do not encounter such difficulties and the simulation study seems
to align with the theoretical results.

In total, the contents of this thesis demonstrate an interplay of theoretical
and practical ideas that have largely motivated each other either through mathe-
matical curiosity or following a concrete wish related to a (possible) application.



Chapter 2

Preliminaries and background

This chapter provides the reader with a toolkit of basic definitions as well as
techniques that will be used throughout the thesis. At the same time it sets up
the scene for the main chapters by making the reader familiar with reoccurring
notations and machinery.

2.1 Preliminaries

2.1.1 Properties of the fractional Brownian motion

We begin the preliminaries with a short overview over one of the central objects
of this thesis, namely the fractional Brownian motion. Its basic properties are well
known and there are numerous sources explaining them in detail (for example,
the monographs [50] and [11]). In this chapter our references are [48] and [57].

Let (2, &, P) be a complete probability space.

The (two-sided) fractional Brownian motion (fBm) with Hurst index H €
(0, 1) is a centred Brownian process B = (B}?),cg on (Q, F, P) with the prop-
erties B =0 and

1
E[B{Bl'] = §(It|2H + s =t —s?),  t seR
It follows from the definition that

1
E[(B = BI)(B) = B = 5(Is —ul 4 [t — o — [t —u[*" —|s —o"").

This implies that the process B has stationary increments. Moreover, it follows
that E[(Bf — Bf)?] = |t — s[>, which, combined with Gaussianity, yields that
there is a continuous modification (with (H — ¢)-Hélder continuous paths for any
e > 0) of B by Kolmogorov’s continuity criterion. From now on we assume that
the fBm we consider is a continuous modification.



Regarding the stationarity of increments one can compute the autocovariance
function

r(n) = E[Bf(BY

0= BIY = (n+ 1) — 202 4 (n — 1) S 22,

where the last step is due to a Taylor approximation. Depending on the value of
H one can consider three cases regarding the asymptotics of this function:

’ 2
that B is short range dependent,

o if H € <O 1), then Y-, ¢ |r(n)| ~ >0, cnn?2 < oo. In this case we say

e if H =1 then r(n) = 0 for all n € N. More generally, in this case the
increments of B¥ are independent and B 2 is the usual Brownian motion,

o if H e (%, 1), then > |r(n)| ~ 3,cnn* 72 = 00, and we say that B
has the property of long range dependence.

In Figures 2.1, 2.2, 2.3 examples of sample paths in these three cases are demon-
strated.

Figure 2.1: H = 0.25 Figure 2.2: H = 0.5 Figure 2.3: H = 0.9

Another important property of the fBm related to the covariance function is
the fact that it is a self similar process. Indeed,
(BE teR} L {a"BY t R}
in the sense of finite dimensional distributions.
In the course of this thesis we will be concerned with integrals with respect
to fBm. It is well known that for H = % the process B is a martingale and thus

the Ito calculus is a good option. However, for H # % this option is not available,
as we will see in the upcoming part of this chapter.



2.1.1 Definition. For any k£ > 0, a natural number n > 1 and for any stochastic
process Z = (Z;)i>o we call

Vi(Z) = Zn: ‘Z%- ~Zis ’

i=1

the realised k-variation of Z.

We call the limit of V*(Z) in probability its k-variation.

Recall that for establishing Ito’s calculus with respect to a process it is nec-
essary for this process to be a semimartingale, that is, a sum of a finite variation
process and a local martingale (having a finite quadratic variation).

2.1.2 Proposition. For H # % the process B is not a semimartingale.
Proof. For k > 0 consider the process

k

n
kH§ H H
Yn’k:n ’BL _Bi—l
n n

i=1

and note that by the self similarity the sequence (Y, 1)n>1 has the same distri-
bution as a process (Y, x)n>1 defined by

n

Var=—>|BI B[

) n '
=1

As discussed above, the sequence of the increments { B — B |, i > 1} is station-
ary. By Gaussianity and the convergence of the covariance function it follows that
this sequence is even ergodic. Thus, Y, ; converges almost surely to E[| B |*] as
n tends to infinity. Therefore, V¥(BH) converges in probability to zero if kH > 1
and to infinity if kH < 1.

e For H < % the number £ > 2 can be chosen such that kH < 1 and thus,
the quadratic variation of B is infinite.

e For H > % first consider k£ such that % < k < 2. It follows that the k-
variation of B is zero, and thus also its quadratic variation. However, now
we can choose k between 1 and % and deduce that the 1-variation must be
infinite.

Hence, in both cases B cannot be a semimartingale. O]

We conclude this section by indicating a property connecting the fBm with a
Brownian motion. Consider the square integrable kernel

t
Kn(t, s) = CHSéH/ (u— )" 202y,

9



H(2H-1)
B(2—2H, H—3)
process defined by the Ito integral

1
where cy = ( )2 and t > s. Then for a Wiener process (W;);cr+ the

t
/ Ku(t, s)dW.
0

is a fractional Brownian motion.

A generalisation of this construction using the concept of multiple Wiener-1to
integrals creates a collection of processes having the same covariance structure as
the fBm. They are known as Hermite processes and we will introduce them later.

2.1.2 Stochastic Integration

As mentioned earlier, integration with respect to the fractional Brownian motion
poses a particular challenge in its own right. One of the main tools to define such
integrals is the Malliavin calculus which is particularly well suited for Gaussian
processes. The theory as well as the application to the fractional Brownian motion
are described very extensively in [57]. Another possibility is to consider Young
integrals which are defined as Riemann-Stieltjes type integrals under certain con-
ditions introduced and studied in [86]. A comparable Riemann-type construction
is also proposed in [22].

A comprehensive overview over different integration techniques is presented

in the book [48].

Malliavin Calculus

In this section we will talk about the main definitions of Malliavin calculus
following mainly [57] as well as [51] and quote some results that will be needed
later, focussing in particular on the example of the fractional Brownian motion. If
it is not specifically stated otherwise, the proofs of the results in this section can
be found in [57] and are not given here. Throughout this section let 7' € RTU{o0}.

For a real separable Hilbert space (7, (-, -).») we call a stochastic process
W = {W(h), h € 5} in a complete probability space (2, .%, P) an isonormal
Gaussian process on 7 if W is a centred Gaussian family of random variables
such that for all f, g €

EW(HW(9)] = (f, 9)r-

For a fractional Brownian motion (B/);e(o, 1) with Hurst parameter H € (0, 1)
let 21 be the closure of the set of indicator functions with respect to the inner
product

1
(10,5, Lo, ) m == §(t2H + 3 — |t —sP™), t,s€0,T).

10



An isonormal process B corresponding to this inner product is defined via
B (1p,5)) = B for intervals and is extended linearly to simple functions and by
taking L2-limits to all elements of 71, This is described in detail in Example
2.1.5 in [51]. Thus, we have embedded (B, )te[o 7y into an isonormal Gaussian
process on 7. The notation 1 will per31st throughout the thesis.

For H > % there exists an explicit characterisation of a large subset of J#%
(see [61]). We consider the following definition:

Fad ::{ 1[0, T) — R meas. s.th. // V)| f(u |]u—v[2H2dvdu<oo}.

It is shown in [60] that |#7] is a subspace of /¥ which yields a sufficient
condition for functions to belong to the space J#.

The following result provides us with a useful representation of the inner
product of two functions from the space |527].

2.1.3 Proposition. Let H > % Then we have for f, g € ||

(fs @) en = H(QZH — 1)/O /o f()g(w)|u — v)*" 2dudv.

2.1.4 Remark. Similarly to the above proposition one can show that for H = =
(that is, if W is the usual Brownian motion) the space % is identical with the
space L2([0, T')) endowed with the usual inner product.

For a Gaussian process (Wi)cjo, ) on 2 let .7 denote the set of smooth
random variables of the form

S = {g(W(hl),...,W(hn))]g € CrX(R"), hy,...,h, €, n > 1},

where C°(R"™) denotes the space of infinitely continuously differentiable functions
g : R" — R such that g and all its partial derivatives grow at most polynomially.
Then we can define the pth Malliavin derivative DP (for p > 1) as an operator
which acts on functions F' = g(W (hy),...,W(h,)) € ¥ by

oPg
DPF = Z m(W(hl),,W(hn))hzl®®h2pa

11,eenip=1

which means that DPF is a random variable with values in J®P. It does not
depend on the choice of the function ¢g and of hy,..., h, € .
D is clearly a linear operator. Moreover, D? : . — Lq(Q A®P) is closable (this

11



is shown in [57]) and we will denote by D¢ the closure of . with respect to the
norm R
1Flp.q == (BIIFI] + E[IDF%] + - + E[| D" Fl|%s,]) * -

Since Malliavin derivatives are s#®P-valued random variables, one can identify
them with stochastic processes if those values in %P are functions. In this case
we will write D?X for DP X (s).

For Malliavin derivatives the chain rule holds, as described in the following
proposition.

2.1.5 Proposition. Let f € C(R™;R) be a function with ||0; f||e < M; < 00 for
some M; >0 (i =1,...,m) and let Xy,...X,, € DY2. Then f(Xy,...,X,,) €
DY2 and

m

Df(X1,...,Xpn) =D 0if(X1,..., Xpm) DX,

i=1

The product rule
D(X1X5) = XiD(X3) + XoD(X7) (2.1.1)

is an immediate consequence.

For a fixed integer p > 1 the divergence operator, denoted by d”, is the adjoint
of the derivative operator D. Its domain Dom(d?) is the set of random variables
u € L*(Q; #P) such that

|E[{(D"F, u) een]| < cul| Fl2

for all F € D2, where ¢, is a constant.
For u € Dom(4P) the image 67(u) is the unique L*random variable satisfying the
following characterising equation

E[F6?(u)] = E[(DPF, ) o]

for all FF € D72 We call §(u)(= 6'(u)) the divergence integral (also known

as Skorokhod integral) and denote it alternatively by fOT ug6Wy to indicate the
underlying process.

Now some classical results (also mentioned in [57]) will be presented which
we will require for further proofs.

2.1.6 Lemma. Let F € D"? u € Dom(d) such that Fu € L*(Q; 7). Then
Fu € Dom(6) and
0(Fu) = Fé(u) — (DF, u)

if the right-hand side is in L>.
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2.1.7 Lemma. The inclusion D“?(#) C Domd holds and for each u,v €
DY2(#) we have

E[6(u)d(v)] = E[(u, v) ] + E[Tr(Du o Dv)].

In the calculations related to Malliavin calculus explicit representations of
integrals and derivatives in certain particular cases can be of use. In the following
we will describe the definitions and techniques allowing such representations.

Let H,(x) denote the nth Hermite polynomial defined by

(=)™ o d* o
Hn — z?/ z%/2
(z) n! c dx™ (e )
and Hy := 1. The main reason these polynomials are considered in the context
of Gaussian families is the following orthogonality property.

2.1.8 Lemma. Let X, Y be two jointly normally distributed centred random
variables satisfying E[X?] = E[Y?] = 1. Then for all m, n > 0 we have

LEXY]" ifm=n,
E[H, (X)H (V) :{ ey

0 otherwise.

If we now denote by 3, the closed linear subspace of L*(2, F, P) generated by
the set { H, (W (h)), h € S, ||h||» = 1}, then such spaces will form an orthogonal
family due to the previous lemma. We call the space H,, the nth Wiener chaos.

We will denote by I,(-) := 0%(-) restricted to the space J#® the gth mul-
tiple stochastic integral with respect to W (known as the Wiener-1t6 multiple
stochastic integral).

For functions h € 2 of norm one the relation m!H,,(W (h)) = I,,(h®™) holds
for all m € N, and as a consequence the following isometry of multiple integrals
is obtained: for p, ¢ > 1, f € S#®P and g € 1

MF Q) pee ifp=gq,
E (L(/)1(9)) = | (2.1.2)
0 otherwise,
where f denotes the canonical symmetrisation of f and is defined by
~ 1
f($1, e ,xq) = a Z f(xa(l)a Ce ,.I'U(q)),
0ES8y
where the sum runs over all permutations o of {1,...,¢}. We can therefore say

that the multiple stochastic integral is an isometry between the Hilbert space
A1 (subspace of symmetrised functions of #®7) equipped with the scaled
norm \/%7” || #2a and the Wiener chaos of order q. Moreover, we have

L](f) = Iq(f)~



The next important definition is the contraction of two functions. Consider
{er, k > 1} an orthonormal basis of 7 and let f € #“P and g € 1.

For r =1,...,p A g, the rth contraction f ®, ¢ is an element of J#®WP+ta=2)
which is defined by:

oo

f®rg:= Z (freh ek, @ ...k ) per @ (g, ek, D€k, D...€5 ) per. (2.1.3)

In the particular case when # = L?*(T), the r-th contraction f ®, g is the
element of ##®®+4=2") which is defined by

(f Or g)(sla"'>Sp77“>t1>"'7tq7r)
= [pedug . dup f(s1, oo Spors Uty oo un) gt g, ) (2.1.4)
for every f € L*(TP), g€ L*(T?) andr=1,...,pAq.

With this notation we can now formulate the following product rule: if f €
AP and g € A1, then

e = S () (D)

r
r=0

An important property of Wiener chaoses is the fact that the space of o(W)-
measurable random variables can be decomposed into orthogonal spaces, which
is known as the Wiener chaos decomposition. This can be written in terms of
multiple integrals.

2.1.9 Lemma. Let G denote the o-field generated by W. Then any random vari-
able F € L*(Q, G, P) can be written as

F=> I(f),
n=0

where fo = E[F)], Iy is the identity mapping and the functions f, are up to
symmetrisation uniquely determined by F.

It is clear that by definition §(7,_1(f)) = I,(f) for a function f € #°".
Moreover, for all r > 1,

L!In—r if r < )
DWAﬁ:{(%W e (2.1.5)

0 otherwise,

which is proved in [51].
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An important property of finite sums of multiple integrals is the hypercon-
tractivity. Namely, if ' = Y7 Iy (fi) with fi € #7®F then

SIS

E[|F") < C, (E[F?) (2.1.6)

for every p > 2. This is proved in [51].

The last result that we will cover in this section is the interchangeability of the
operators in Malliavin calculus and the Lebesgue integral. The following result
(in a more general form) is shown in Proposition 6.5 of [40].

2.1.10 Proposition. Consider an isonormal Gaussian process B on Q gener-
ated by an fBm. Let \ be the Lebesque measure on R. Let u : R x [0, T] x Q2 — R
be a measurable random field with the following properties:

(i) u(z, -) € Dom(9) for every x € R,
(i) E[fg Jo(lu(@y, )|, [u(as, -)])prdaida,] < oo,
(iii) there is a measurable wversion in 2 x R of the random field

<f0 u(x, t(SBH> )

zeR

/R]E (/OTu(x, t)cSBf)Q

Then [, u(x, -)dx € Dom(d) and

T T
/ /u(x, t)dzs B = // u(z, )6 B dx.
o Jr R JO

2.1.11 Remark. If u is a multiple stochastic integral satisfying the above as-
sumptions then it follows by (2.1.5) that also the Malliavin derivative and the
Lebesgue integral of multiple stochastic integrals are interchangeable.

(iv) it holds that

dr < 0.

Further specific results around Malliavin calculus will be quoted whenever
they are needed in the thesis.

Young integrals

Anther possibility to define stochastic integrals with respect to the fractional
Brownian motion and derived processes is a pathwise approach. It uses the
smoothness of the paths of a fractional Brownian motion. This section is based
upon the book [28].
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2.1.12 Definition. Given two continuous functions x, y on an interval [0, 7]
having bounded p- and g-variation respectively, we call a continuous function z
the (indefinite) Young integral of y against z if there exists a sequence (z,, yy)
of continuous functions of bounded 1-variation which converges uniformly with
uniform variation bounds in the sense

|zn — z]|oc = 0 and sup ||z, ||p—var < 00,
n

Hyn - y”oo — 0 and sup Hyanfvar < o0
n

and

/ Yndx, — z uniformly on [0, T'] as n — 0.
0

If z is unique we write fo ydx instead of z and set f; ydx = fot ydx — fos ydzx.
The following theorem is central for the definition of Young-type integrals.

2.1.13 Theorem (Young-Léeve). Given x, y as in Definition 2.1.12, if
1/p+1/q > 1, there exists a unique (indefinite) Young integral of y against x
and it has finite p-variation.

Note that this integral then coincides with the Riemann-Stieltjes integral
(which is shown in [86]).

We have already shown that paths of a fractional Brownian motion are almost
surely (H — ¢)-Holder continuous for each € > 0. Therefore, the paths have finite
HL_E—V&riation. In view of the above theorem it means that Young integrals of
functions of bounded variations are well defined with respect to the paths of
a fractional Brownian motion, but also that such integrals, i.e. processes with
finite ﬁ—variation, can be integrated with respect to processes with finite HL_s—
variation in Young’s sense, in particular, with respect to a fractional Brownian
motion itself (assuming that H > 1).

The following result connecting the two notions of stochastic integrals is

proved in [2].
2.1.14 Remark. Let H > ; and let u, € D%? (for all ¢ € [0, T]) be such that
the Young integral fOT usdB! is well-defined. Suppose, moreover, that

T T
P (/ / | Dyuy||t — s|*" 2dsdt < oo> =1
o Jo

Then u € Dom 6 and for every ¢ € [0, T

t ¢ t gt
/ usdBY = / us6 B + H(2H — 1)/ / Dgu,|s — r[*"2drds.
0 0 0 Jo

In particular, if u is a non-random Hélder continuous function of order o > 1— H,
then the Young and the Skorokhod integrals over [0, T'| coincide.
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The last conclusion has another useful consequence.

2.1.15 Remark. Let H > % and let v be a non-random Holder continuous
function of order « > 1 — H. Then for t € [0, T

t T
/ US(SBE = / usl{sgt}(SBf,
0 0

which allows us to use a shorter notation 0(u.1y.<;) for this integral without
specifying the domain of integration.

2.1.3 Solutions of the Ornstein-Uhlenbeck type equations

Some of the main objects in our work are the Ornstein-Uhlenbeck type equations
of the form

t
X, =X L(s) —aX,)d BH >0,
= Xo+ [ (L) =aX)ds o, t> o

onmoeR,

We assume in the following that L is a 1-periodic function and a, 0 € R\{0} as
well as xy € R. (Note, however, that all the subsequent statements can be gener-
alised to functions with a known period v € R*.) The equation does not contain
stochastic integrals with respect to B, therefore, it can be solved pathwise us-
ing the methods from the ordinary differential equations theory. As explained in
detail in [14], the equaton

£(t) = / g()f(s)ds + h(t), 130,

for almost surely continuous functions g, h : R* — R with supy<,<;(|g(s)|+|(s)])
for all £ > 0 has a unique solution which can be written as

t
f(t) — efo g(u)du (h(O) +/ e~ Is Q(U)d“dh(s)) , t>0,
0
the integral being defined in the Riemann-Stieltjes sense. With
t
g(t) = —a, h(t) = oBf —|—/ L(s)ds + xo, t>0,
0

satisfying all the above conditions we can conclude that

t t
X, =e™ (:L'o - 0/ e**dBH +/ eaSL(s)ds)
0 0
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solves the equation 2.1.7. Note, moreover, that by Remark 2.1.14 the stochastic
integral fot e~**dBH can be replaced by a Skorokhod integral fg e 6B if the
latter is well defined. This is the case for H > % Consequently, the solution is
Malliavin differentiable with respect to the fractional Brownian motion.

Skorokhod integrals with respect to X (which is in general not a centred
process) can be defined as

T T t T
/ Y0 X, ::/ Y,d (/ L(s)—aXsds)+/ Y,06 B
0 0 0 0

for processes Y for which the two summands are well defined. This is the definition
that will be used in the thesis.

2.1.4 Solutions of the wave equation

This section is based on the books [20] as well as [77] which offer many more gen-
eral statements and concepts concerning stochastic partial differential equations
(SPDEs).

The fractional wave equation, one of the subjects of our study, is defined as
follows:

Cu(t,x) = Au(t,r)+WH(t,z), t€(0,T),T>0, s €R% d>1,
uw(0,2) = 0, xz€RY
dup,z) = 0, x€RY
(2.1.8)

where A is the Laplacian on R% d > 1, and W¥ is a fractional-white Gaus-
sian noise which is defined in reference to a real valued centred Gaussian field

WH = {WH(A);t € [0,T], A € By(RY)} (By(R?) being the class of bounded Borel
subsets of R?) with covariance function given by

E (W (A)WH(B)) = Ru(t,s)MANB), A, B € B,(R?), (2.1.9)
where Ry is the covariance of the fractional Brownian motion
1
Ry(t,s) = 5 (T + 2 — =), st >0.

Due to the presence of the noise term it is impossible to find a differentiable
strong solution. Moreover, a precise meaning needs to be given to the equation
(2.1.8). Both will be achieved with the following notion of a solution.

2.1.16 Definition. We call a field u = {u(t, z); t € [0, T], z € R} the mild
solution of the wave equation if

¢
u(t, ) = /0 » Gi(t — s, x — y)WH (ds, dy), (2.1.10)

. . 2
where (G are the Green’s functions of the homogeneous wave equation ‘?)T;‘ = Au.
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In dimension 1 we have Gy(t, =) = %1{|z‘<t}, in dimension 2 G1(t, x) is equal
ml{mq}. In dimensions 3 or higher G is a distribution, and the
solution to the homogeneous equation is understood as a solution of a Fourier
transform of the equation (see [66] for details).

This definition is motivated by the fact that

t
utox) = [ [ Gule=s. - y)ets, pydsdy
0 JRrd
solves the deterministic equation

Pu(t,x) = Au(t,x)+(t, ), t€(0,T),T>0, xR, d>1,

u(0,7) = 0, z€RY
%e(0,2) = 0, zeR

in its mild formulation (see [76]).

In the stochastic case there is one more necessary addition to the definition:
it is important to make sense of the integral with respect to W*H.

As described in [35], we can define it as a Wiener integral on the Hilbert
space A" defined as the closure of the space of simple functions {1 x4, t €
[0, T], A € By(RY)} with respect to the scalar product

t S
(Lo, Lo.gen)ew = E (WH(AWEH(B)) = agA(ANB) / / lu—v*" 2 dudo,
0 0

where ay = H(2H — 1). For the existence of a solution it thus remains to check
when the above integral is well defined, i.e. when G;(t—-, x—-) is an element of
AW . This question is treated in the following proposition proved in [77].

2.1.17 Proposition. The stochastic wave equation (2.1.8) admits a unique mild
solution u(t, ).co, 1), vera if and only if

1 H+3j
/Rd (—1 n ‘5’7’2) Adz) < o0.

Therefore, we retrieve the following specific result.

2.1.18 Proposition. The wave solution process u = {u(t, ¥), t > 0, v € R}
defined in 2.1.10 exists if and only if d < 2H + 1, i.e. for H = % in dimension
one and for H > % in dimensions one and two.
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2.2 Background and existing results

In this section we will focus on the estimation questions and existing results for
Ornstein-Uhlenbeck type equations. Let us talk separately about the volatility
and drift estimation.

2.2.1 Volatility estimation in OU-type equations based on
quadratic variations

Since we are concerned with parameter estimation in the setting of the Ornstein-
Uhlenbeck type equations, it is important to discuss results related to the esti-
mation of the volatility coefficient ¢ > 0 and/or the Hurst parameter H based
on observations of the solution X in the setting

t
X, =X L(s) —aX,)d B t>0,
‘ “+/0( (s) —aX,)ds+ 0By, 12 (2.2.1)

Xo=1x9 € R,
for a € R, 0 € R\{0} and a periodic bounded deterministic function L.

A well-known approach is to consider power variations as they have been
introduced in Section 2.1.1. The realised k-variation of a stochastic process Z is
given by

n k
Vi(Z) =30 |2 = 2

i=1

A starting point for the use of power variation in parameter estimation is a result
concerning fractional Brownian motion stated in [69], which has also been used
in Section 2.1.1: For a fractional Brownian motion (Bf?),>¢ and some ¢ > 0

— n—o0
nkH le”(JBH) = cpa®

holds in probability for an explicitly known constant c;. The proof is based on
the self-similarity property of the fractional Brownian motion, and the fact that
it cannot be a semimartingale unless H = 0.5 follows directly from this result for
different % (as seen in Section 2.1.1).

There are many extensions to this proposition; in particular, in [77] almost
sure convergence is demonstrated for a normalised version of realised power vari-
ations




(appropriately scaled) and its second order asymptotics is studied, thus providing
a strongly consistent estimator for both o and H (refer also to [16] for the def-
inition of a joint estimator). Note in particular that if a continuous observation
of a path of B is available, it is sufficient to retrieve the exact value of ¢ in
case H is known. An important generalisation from [19] allows us to extend this
statement to the solution X of an Ornstein-Uhlenbeck SDE. This generalisation
comprises two following results (Theorem 1 and Corollary 2 in [19] respectively).

2.2.1 Theorem. Suppose that u = {u, t € [0, 1]} is a stochastic process of finite
q-variation where q < ﬁ Set Z; .= f(f us,dBH . Then

1
nFH=Y (7)) — ck/ |us|*ds
0

in probability as n tends to infinity.

2.2.2 Proposition. Assume the same conditions as in Theorem 2.2.1. Consider
a stochastic process Y = {Yy, t € [0, 1]} such that

n* V(YY) =0

in probability as n tends to infinity. Then
1
VN Z +Y) — ck/ |u,|"ds
0

in probability as n tends to infinity. In particular, the above condition is satisfied
for processes whose trajectories are y-Hélder for some v € (H, 1].

The processes that are considered in our case are
t
Zy = / odB and
0

y, = /t (aX, + L(s)) ds.

As a deterministic integral of the function X with (H —¢)-Hélder trajectories (¢ >
0) and the function L that is bounded by assumption the process Y has Lipschitz
continuous trajectories. Thus, both Z and Y satisfy the assumptions of the above
Theorem 2.2.1 and Proposition 2.2.2. We can conclude that an observation of a
trajectory of X over the unit interval suffices to access the constant o.

2.2.2 Drift estimation for continuous observations

There are several approaches to parameter estimation in case L = 0, most of
which are derived from corresponding ideas for classical diffusions (in other words,
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for diffusions driven by the Brownian motion). For the ergodic case (i.e. a > 0)
there is the maximum-likelihood-approach relying on Girsanov-type formulas in
[38] as well as its discretised versions ([67]). In [30], moreover, a least-squares-type
estimator defined using divergence integrals is presented. The non-ergodic case is
treated in [9], where Young integrals are considered.

The case of the non-zero mean L is a by far less studied setting. In [24] periodic
functions L = P | ui¢; in equation (2.2.1) are considered, in which the number
p and the functions ¢; are known and the parameters p; are estimated jointly
with the multiplicative coefficient & > 0. This construction is similar to the least-
squares type estimator for the classical Ornstein-Uhlenbeck process with the same
mean structure studied in [23], but the proofs rely on the properties of divergence
integrals used in the definition of the estimators.

In this thesis we will consider drift estimation only in the setting of continuous
observations. In this case, as explained in Section 2.2.1, the value of the volatility
parameter o can be obtained directly from observations on any compact interval.
This allows us to consider settings in which we assume o to be known and equal to
one without loss of generality. This can be done whenever the fBm is the driving
process, in particular, in Chapters 3 and 4.

Asymptotic behaviour: Ergodic and non-ergodic case

For the Ornstein-Uhlenbeck type equations that are considered in this thesis
(2.1.7) three cases should be addressed separately depending on the value of the
parameter «. In order to percieve the differences between these cases let us note
that for the solution

t t
X, =e™ (330 + 0/ e**dBH +/ easL(s)ds)
0 0

the following statement holds.

2.2.3 Proposition. Let H € (0, 1). The random variable X; has Gaussian dis-
tribution N (e‘o‘t (:1:0 + fot eo‘sL(s)ds> , v(a, t)) with variance

t
v(a, t) = HU2/ P (emoz g ooz=20y gy,
0

The Gaussianity and the expectation can be read directly from the solution
formula and the variance is computed in [41]. In the same source the following
lemma is demonstrated.

2.2.4 Lemma. For v(t, a) from the previous proposition we have

(1) if « <0 then v(a, t) ~ %6*2“ as t — 0o,
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1) if a > 0 then v(a, t %%ast%oo,
(ii) o

(iii) v(0, t) = o?t* for all t > 0.

We see from these observations that for & < 0 the mean as well as the variance
of X explode as t goes to infinity, whereas for o > 0 both quantities are bounded.
For v > 0 the process is mean-reverting: it drifts towards its long-term mean
which inherits its periodicity from the function L.

A property of a similar kind is ergodicity. Indeed, it is shown in [41] that
the solution of (2.1.7) with L = 0, xy = crfijoo e~ (t=5)dBH (here we ignore the
formal restriction xy € R) is a stationary, ergodic process for a > 0. Solutions of
(2.1.7) with a different initial condition approach this process with exponential
speed, which means that many convergence results obtained by ergodicity can be
translated to solutions with a general xy € R. Similar results can be obtained for
processes where L # 0 (see [24]). Due to this observation the case a > 0 is often
called the ergodic and the case a < 0 the non-ergodic case.

In the borderline case o = 0 the equation (2.1.7) reads

t
Xt:X0+/L(s)ds+Bf’, t>0,
0

XOII()ER,

which can be understood as a model of a periodic signal with an additive fractional
Brownian component. In this case X; — zy is a simple unbiased estimator of
f(f L(s)ds (see [63]), but especially for the parametric version of the problem, e.g.
for L = >"_ | pip; with known ¢, ..., ¢, more methods can be applied such as
Girsanov’s theorem or Bayesian estimation (see [4]). In this thesis we will only
briefly consider this case.

For a visual impression of the differences between the three setups, consider
a simulation of 10 sample paths of the solution of

t
X: = Xo —|—/ (100sin(27s) — aX,)ds + B, t > 0,
0

X0:07

for H = 0.7 and o = 1, 0 and —1 depicted in Figures 2.4, 2.5 and 2.6. Note
that although there are some results discussing the optimality of different drift
estimators in the ergodic case (comparison of asymptotic variances in [31] and
the proof of the LAN property in [44]), these results are restricted to the case
L = 0. More generally, to our knowledge no LAN or LAMN property has been
established for fractional diffusions with a time dependent drift. While it is an
interesting line of research, we will not follow it here and will restrict ourselves to
presenting the relevant context and directly comparing our results to estimators
with a similar structure.

In the following we will concentrate on the relevant results for the ergodic and
the non-ergodic case separately.
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Figure 2.4: o = —1 Figure 2.5: a =0 Figure 2.6: o =1

Results in the ergodic case

The first contribution to be mentioned here is the paper [30]. There the case
L = 0 is considered, i.e. the equation

t
X, :/ aX,ds + B
0

for H € (%, %) The construction of the estimator for « is based on (formally)

minimising the term fon(Xt — aX;)?dt, which yields the sequence

fon X d X,

Jo XEdt
The stochastic integral in the numerator is considered to be the Skorokhod in-
tegral. It is shown in [30] that if the pathwise integral is considered instead, the
estimator thus obtained is not consistent (it converges to zero for all negative
«). The above sequence with the Skorokhod integral, however, is shown there
to be strongly consistent and asymptotically normal with /n as the speed of
convergence.

Another result that is particularly relevant in Chapter 5 is a pathwise estima-
tor of a that arises from some calculations within this paper and is also analysed

there. It is defined as .
L nXth -
(e |, o) ™

is strongly consistent and asymptotically normal and has the practical advantage
of involving no stochastic integrals and thus of having good simulation properties.
In the subsequent paper [31] a significant expansion of these results is achieved:
The same two estimators are considered for H € (0, %} and for H € [%, 1). Once
again, consistency and asymptotic normality are demonstrated.
In the paper [24] the idea of the least squares estimation is extended to the
case of a periodic bounded function L having the form L = Y% p;¢; with

functions ¢; that are assumed to be known, bounded and orthonormal.
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For the construction of an estimator of (u1, ..., i, &) a technique introduced
in [27] is used where a least squares estimator is derived for a discretised version
of a more general equation

dXt = <197 f<t7 Xt)>dt + ng_Iv

where ¥ := (4,...,7U,11) is a parameter vector to be estimated and f(t, x) :=
(fi(t, z),..., fy41(t, x)) is a collection of known real-valued functions. For a time
interval [0, 7] and a uniform mesh size At := T/N the least squares approach
for the equations

p+1
Xanar — Xiae = Y fiiAt, Xia);At + (Bl 1ya, — Biko)s i € {0,..., N},
j=1

yields the estimator @T, At = Q}}NPT, At With

N
Qr, At = (Z [i(At, Xine) fru(iAt, XiAt)At>
j,ke{l

=0/ kel p+1}
and
N
Proac = <Z S1iAL, Xine) (Xrnae — Xiat), - - -
=0

N
T
> fpa (I8t Xind)(X(isyar — XiAt)) ;

i=0
i.e., this estimator minimises the functional
N p+1 2
(U1, V1) Z (X(i—i-l)At — Xiat — Z fi(iAt, Xz‘At)ﬁjAt) :
i=0 j=1

Plugging in ¥ := (p1,..., ptp, @) and f(t, z) :== (p1(t),...,0p(t), —z)T and

~

replacing the sums by their continuous counterparts an estimator 9,, = Q' P, is
obtained, where

P, = </ gpl(t)dXt,...,/ %(t)dXt,/ Xtht)
0 0 0
_(nE, a,

Qn T ( CLT bn) )

al = (/On o1()Xdt .. ., /On gop(t)Xtdt) ,
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by = / X2dt.
0

With Skorokhod stochastic integrals strong consistency as well as joint asymptotic

normality is demonstrated for H € (1 §) in this paper (strong consistency was

later extended in [7] to H € (3, 1)). %‘hé rate of convergence obtained is n'~#.
In [56], moreover, an estimator for the case of the constant drift L is considered
in the setting of a Hermite process driving the equation. A Hermite process of
order q is a process in the gth Wiener chaos having the same covariance structure
as the fractional Brownian motion, and for ¢ = 1 the fBm is retrieved. The

estimator in [56] is a generalisation of the pathwise estimator from [30].

Results in the non-ergodic case

The paper [9] deals with the estimation of « in the non-ergodic setting. There the
classical Ornstein-Uhlenbeck process is considered (i.e. with L = 0). The authors
define the least-squares type estimator in the same way as it is done in [30] for
the ergodic case, namely as

fO" X d X,

Jo Xpdt’
assuming continuous observations of the process X. Interpreting the stochastic
integrals as Young type integrals they demonstrate strong consistency and show
a noncentral limit theorem as a second order convergence result: The error con-
verges with exponential speed in distribution to a Cauchy random variable.

2.2.3 Realised quadratic variations of the wave equation
solution

We finish the chapter by revising the results that serve as a starting point for
Chapter 6.

In the paper [36] a thorough analysis of spatial quadratic variations for the
wave equation with space-time white noise is conducted. These results are ex-
tended in [35] to the fractional-white noise with H € (3, 2). In particular, for
the normalised realised quadratic variations

.:Ln_l (u(t, ) —u(t, 1)) B
v P (E[(u(t, L) " u(t, 1)) 1)

n

|~
~—
~—

= ~—

S~
~—

(where u is the solution of (2.1.8)) it is shown for ¢ > 1 (chosen in order to

simplify the covariance structure, see Chapter 6) that —Y— converges to the
E[V?]
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standard normal distribution in law and
” if Hel(s2)),
d <—", N(0, 1)) < e e 5

E[V?2
VEIV] s itHe (3D,

S

S

where d stands for either Wasserstein, Kolmogorov or the total variation distance
and C' > 0 is a constant. The main tool for the analysis is the calculation of the
spatial covariance of the solution.

These results have allowed the authors to construct a consistent and asymptoti-
cally normal estimator for H.

27






Chapter 3

Parametric estimator for the
fractional Ornstein-Uhlenbeck
type processes

This chapter is dealing with parameter estimation in Ornstein-Uhlenbeck
type equations with a periodic drift function L = Y7 | up; using the least
squares ansatz. The main result are the asymptotic properties for the estimator
introduced in Section 2.2.2 in the non-ergodic case. Of particular interest is
the asymptotics for the estimators of the parameters p; in the special case
fol @i(s)ds = 0: the estimator converges faster and the expression for the
asymptotic variance is significantly more involved. At the end of the chapter this
result is applied to the parameter estimation in the ergodic case.

The content of this chapter is partially contained in the preprint

e R. Shevchenko, J. H. C. Woerner - Inference for fractional Ornstein-
Uhlenbeck type processes with periodic mean in the non-ergodic case, 2019,
arXiv:1903.08033.

3.1 Parametric estimator (non-ergodic case)

We will consider the estimator ,, from Section 2.2.2 for the non-ergodic case and
He (%, 1) and investigate its asymptotic properties. In particular, we will show

that the asymptotics is partly inherited from the ergodic case treated in [24] and
partly follows the results for the non-ergodic case in [9].
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3.1.1 Setting

Let us first recall the setting for this chapter in more detail.

Let (Bf!);>0 be a fractional Brownian motion with the Hurst index H € (3, 1).
Consider a stochastic differential equation (or SDE) of the following form:

t p
X=Xy + / Z,uigoi(s) +aX, |ds+oBf, t>0,
0o\ (3.1.1)

XOZZ’QER.

We assume to observe X continuously. L is assumed to be a bounded 1-
periodic function which can be written as a linear combination of p known
bounded 1-periodic L*([0, 1])-orthonormal functions with unknown real coeffi-

cients, i.e.
p

L(s) = Zuigoi(s) for all s € [0, 1].
i=1

The factor a > 0 is also assumed to be unknown. As argued in Section 2.2.1, o
can be estimated with probability one on any finite time interval, therefore it can
be assumed to be known and equal to one without loss of generality.

Moreover, it is important to define stochastic integrals with respect to B*.
In this chapter we will consider them to be defined in Young’s sense (cf. Sec-
tion 2.1.2). Such integrals are well defined due to Holder smoothness of paths
of the fractional Brownian motion whenever the integrated process is sufficiently
smooth. Note that for deterministic integrands stochastic integrals in Young’s
sense almost surely coincide with Skorokhod integrals (see Section 2.1.2).

As shown in Section 2.1.3, the equation (3.1.1) has a solution with almost
surely continuous paths, which can be written as

t t
X, = ez + eat/ e L(s)ds + 6‘”/ e *dBH
0 0
for o > 0. Let us fix the notation & := fot e *dBH & = e X, as well as
o 1= / e **dBH
0
and

Eoo 1= g —i—/ eo‘sL(s)dS—i-/ e~ *dBH.
0 0

3.1.2 Construction of the estimator

The estimator that we are going to consider copies the structure of an estimator
defined in [24] for the ergodic case.
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In the general construction given in Section 2.2.2 we set ¥ = (f1, .. ., fip, @),
f(t,z) = (p1(t),...,pp(t), x) as well as T" = n and, as for the ergodic case,
consider the continuous counterparts of the components. By proceeding thus we
obtain the estimator ¢ := Q. ' P, with

Pn = (/ @1(t)dXt, e 7/ @p(t)dXt, / Xtht)
0 0 0

and

where

0
To make sure that the integrals in P, are well-defined we need an additional
assumption on ¢;: these functions must be at least (1 — H)-Holder continuous.

The two following results are an immediate analogy to the calculations in [24].

3.1.1 Proposition. We have 9,, = 9 + Q. 'R, where

n n n T
Rn:(/ gpl(t)dBf,...,/ gop(t)dBtH,/ XtdBtH) .
0 0 0

Proof. Since

/On (H)dX, = Zu]/ ()dt+a/0n<pi(t)Xtdt+/Ongpi(t)dgff

fori € {1,...p} and

n p n n n
/ Xtdxtzzuj/ thoj(t)dt—l—oz/ det+/ X, dB},
0 =1 0 0 0

we have P, = 0, + R,,, and the claim follows. n

3.1.2 Proposition. We have an explicit representation for Q- t, namely

_VnA Tn

1 /M 1 /M
A, = (An,1, o ,Amp)t = (— / 1) Xadt, ..., — / wp(t)Xtdt)
n Jo n Jo

-1
and vy, = Dgl = (% fon det - f=1 A?”) ’

Q__

with
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Proof. This is a consequence of the fact that

nB, —a,\" 1 (E,+ A0, A,
—af bn - n 'YnA; Tn ’
which is proved in [24]. O

3.1.3 Auxiliary results

First let us present two elementary results that will be used in this chapter.

3.1.3 Lemma. For a centred normal sequence (X,,)nen of random variables we
have: If the squared L? norms of X,, are of order at most —5 L for 3> 0, then the
sequence converges to zero almost surely.

Proof. First note that the squared L? norm of a centred normal random variable
is its variance. For k € N the 2k-th moment is completely determined by it; we

have
1

2k
B[X#] = GEIXZ S =
by assumption. If we now check the summability criterion (implied by the Borel-

Cantelli lemma), this consideration allows us to get the result by Markov inequal-
ity for f(z) = 2°* and k such that Sk > 1:

> X2k
D> P(IX.|>e) < Z S = CkZIE k<ZW<oo
n=1

[]

3.1.4 Proposition. For a > 0 there emists a constant C > 0 such that
fot e w2 du < Ct*H=2e* for any t > 0 and H € (0, 3).

Proof. Tt is a result from [1] that the left-hand side is bounded by a constant
times the right-hand side for large ¢ > 0. For smaller ¢, that is, for t < ¢, for some
to, note that the left side is continuous while the right side has one discontinuity
at 0, where it tends to infinity. Therefore, it is also possible to find a constant for
which the bound holds on the compact interval [0, ¢y]. By taking the maximum
of the two we obtain the result. O]

The next lemma provides some necessary convergence results. This lemma as
well as its proof are motivated by analogous results in [9].

3.1.5 Lemma. With the above notation we have e X, — éoo as well as
e 2ot fot X2ds — % almost surely as t tends to infinity.
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Proof. The first statement follows directly from the fact that § — £, a.s. (shown
in Lemma 2, [9]):

t 00
e X, = x9 + / e L(s)ds+ & — xo + / e “L(s)ds + {x as.
0 0

For the second statement we start by noticing that é is a process with a.s.
continuous paths. We have for each ¢t > 0:

t t
- t
/desZ/ e?5¢2ds > —e™ inf f
0 t/2 2 t<s<t

Since ét — éoo a.s., it follows that

lim inf f —f a.s.
t—00 L<s<t

From the fact that £, ~ N(0, Hzg%{H)) (shown in [9]) we can conclude that & also

follows a (non-degenerate) normal distribution, and hence, lim;_,, fot X2ds = o0
a.s. Therefre, we get by I’'Hopital’s rule

t 2as ¢ -
i 0 CEds & &

t—oo e2at t—oo 20v 2a°

3.1.6 Lemma. Fori € {1,...,p} the following hold almost surely:
(1) = fo wi(t dBH — 0,
(2) €_OmAm\/ﬁ — 0,
—aamn goo
(8) nDype 2" — 5=,

(4) e [ X, dBH — 0.

Proof. (1) This is an application of Lemma 3.1.3: We have

1 n
E[(- / (H)dBH)] / / pi(w)pi(v)|u — o 2dudv S n*H2,
0

and the result follows for & = 2.

(2) We write A,,; as a sum of a deterministic and of a centred Gaussian part
and show convergence separately:

1 n t
e "Ny = —e_o‘”/ oi(t) (e +eo‘t/ e “L(s)ds)dt
n 0 0
1 n
e [ piteedt = A+ B,
n 0
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where & = [ e *"dBI. Note that the summand B is indeed centred
Gaussian: It is an almost sure limit of Riemann sums which are centred
Gaussian random variables.

For the deterministic part we write

VnA = —eo‘"/ i(t)e” Iodt+ / / ¥ L(s)dsdt
0
=: A1 + As,

and we can bound the two summands as follows:

|A1|<—e /atdt ——T_Cm—>0

as well as

e / / e~ dsdt = / il = " 0

We have shown convergence for the deterministic part and now we will

calculate the second moment of the Gaussian part in order to apply Lemma
3.1.3. We have

Y = Le*"‘" " ()t 2
Bl(vAB)] =El(=e" [ aiegan]
_%em /0 /O pi(t)pi(s)e™ e &€ ]dsdt

and we get by treating the stochastic integrals as Skorokhod integrals

t s
E[&&s] = / / e e — P2 dudr.
o Jo

In total, we obtain

[(\/_B

— Zan/ / 901 (P'L / / as—ar at av’r |2H QdUdeSdt
n
1

_ —2an/ / |T |2H 2/ / % <,0z eXsTar ot=av gt dodr

n
1
< - 720m 2H— 2 en—av _ 1 an—ar _ 1\ drd
S [ [Tr=ul e~ 1)drds
1
_/ / |T |2H 2 e v _ e—om)(e—ozr _ G_Om)de’U
nJo Jo
1 1
< _/ / |7, 'U|2H 2 —av e~ drdu < -,
n Jo Jo n
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because the last integral is bounded (this is shown in [30]). Lemma 3.1.3
yields almost sure convergence to zero and hence the desired result.

This follows from the previous result and Lemma 3.1.5:

n p 2
D —2an _ 2om/ Xth o Anz —an\2 n1>>oo 5;” S,
ne e X ;(\/ﬁ e ") 5y &5

—0 by (2)

We plug in the expression X; and get

1 n
e / X,dBl' = e~ O‘”—/ e rod Bl

—om —asL deBH
el

+e—a"—/ eat/ e~ *dBMdBe = A+ B+ C.
vudo o t

The integral in A can again be interpreted as a Skorokhod integral (yielding
a centred Gaussian random variable) which allows us the computation of
its L? norm:

1 n n
E[4%] = x%—e‘za"/ / e |u — v|* 2 dudv

_1,0 / / —a(n—u) —an v)|u |2H_2d’LLd’U <

J/

S|

Y

-~

An

because I, is bounded as shown in Lemma 5.1 in [30]. Lemma 3.1.3 implies
almost sure convergence. For B, which is also a centred Gaussian sequence,
the calculation is similar:

E[B
= 2”"/ / / e asL(s)dseo‘”/ e~ L(r)dr|u — v|*?dudv
0 0
—2an/ / au(l —au)eav(l _ e—ow)|u _ ’U|2H_2dud’0
72an au av 2H-2 1 1
(e —1)(e™ = 1)|u —v| dudv < I < -
o Jo

n

3|'—‘ 3|>—‘3

and the almost sure convergence follows. For C' we use Lemma 4 from [9]
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to decompose the double integral:

1 n t n s
C=e*"—( / e*dBH / e “"dBH — / e s / e s B sBH
v Jo 0 0 0
— H(2H — 1)/ e“”/ e |s — r|*"2drds) =: O — Cy — Cs,
0 0

where 9 stands for the Skorokhod integral. We show almost sure convergence
for the three summands:

1 n
Cy=e*"— [ e*dBl
e \/ﬁ/o e G

and since we know from [9] that & — £ a.s. as ¢ tends to infinity (where
oo ~ N(0, ZLCH))) it is enough to show that 6_0‘"\% Jo e*dBf — 0
almost surely for n — oo. Because it is a centred Gaussian sequence, we
can again rely on Lemma 3.1.3 and compute the respective variances:

Blle"—= [ eapl’y)

—2an 1 " " as ar 2H-2 1 1
~ e — e e s —r| dsdr = —1I, < —.
nJo Jo n n

In order to treat Cy note that by Lemma 7 in [9]
Vome® [Cee [Tevsptspt Bo
0 0

and consequently E[Y;?] is bounded. Since, moreover, Y, is centred (as it is
a Skorokhod integral), Markov inequality helps achieve the summability of
tails:

[e.e] oo

SP(IC] =€) = Y P(—=e %Y, > o)

n=1 n=1
(oo} o
E[Y?] 1
< E S —aw < 00,
e2ne 2 ne 2
n=1 n=1

and almost sure convergence to zero follows. Finally, Lemma 7 in [9] ensures
that Cse’2 \/n converges to zero, which implies that also Cj itself goes to
zero as n tends to infinity. This completes the proof of the initial claim.

O

3.1.7 Corollary. For < we have nﬁe_a"Am-\/ﬁ — 0 as well as
nﬁe*a”\/iﬁ fon XidB — 0 almost surely as n tends to infinity.

N =
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Proof. The deterministic part of the sequence n’e=°"A,;v/n (i.e. n°y/nA, cf. the
notation from the proof of (2) in 3.1.6) is bounded up to a constant by n?-%5
and the variance of the random part by n?*~!. This yields polynomial rates of
convergence, thus Lemma 3.1.3 still can be applied and we obtain almost sure
convergence. The same argument holds for the second convergence result. Lemma
3.1.3 can still be applied for A, B and C; (from the proof of (4) in 3.1.6), and
for Cy and Cj the additional factor n” changes nothing in the structure of the
arguments, so the proofs can be followed verbatim. O

3.1.4 Asymptotic properties of the estimator

In this section we will establish strong consistency and asymptotic normality of
the estimator ¥ defined in Section 3.1.2. The study of the asymptotic normality
is the highlight of the whole chapter; in particular, the search for a palatable
form of the asymptotic variance in some special cases and even the proof of its
positivity require lengthy calculations.

3.1.8 Theorem. The estimator ¥ = (fi1, ... , fbp, &) is strongly consistent, i.e.
(1) forie{l,...,p}
. I H
i — i = —( | @i(t)dB,
n-Jo

1 p n 1 n

(2) & —a = =75 (30 A Jy @i(0)dB =[5 XudBT) =0,

nDy

hold almost surely as n tends to infinity.
Proof. We treat each summand separately and exploit Lemma 3.1.6.

(1) Let us denote My := + [F@i()dBf, My; = L 5-Muilkn; [5 ;(t)dB],
M = %D%Ani Jo XidB{. In order to prove the claim we have to show
that each of these summands converges to zero almost surely. For M; this
is shown in Lemma 3.1.6 (1). To see this for M,; we rewrite it as follows:

11 "
My, = ——Am-An/ o, (t)aBl
J n Dn J 0 J t
1 —an —an 1 "
= —nD 672an SG Am\/ﬁzge An]\/ﬁZE\/O @j(t)dBtI{,
— 0 by€1.6(2) —0 by§.1.6(2) ~ ~ o
—)52?.0; by 3.1.6(3) —0 by 3.1.6(1)
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and since &, is almost surely nonzero, the whole expression converges a.s.
to zero. M3 can also be rewritten in a way that makes the convergence
statement obvious:

= —— A\, / X,dB}"

= — (e *"A e M — X dBH
nDne*Q‘m ;ﬂ/ / !
\?,—/ —0 by 3.1.6(2)
=& by 3.1.6(3) —0 by 3.1.6(4)

the claim follows with the same argument as above and completes the proof
of the theorem.

In this case we also start by introducing a notation for each type of sum-
mands. Let us denote Ay; := nD —— N fo @i(t)dBE and Ay := n}j fon X;dB}.
For the first type of summands we write

1 n
Ay = —ANu J(t)aBH
W=D, /O<P<) t

1 .

= — (e7“"A,; — ei(t)dB!

e (¢ f) fe ~ / (t)dB
—>§??‘z by 3.1.6(3) 50 by 3.1. 6(1)

and for the second kind we obtain

1 n
Ay = D / X,aB}

— \/_e—om —an_— / XtdBH

TZD e~ D »—2an
ﬁ_/

—22 by 3.1.6(3) -0 by 3.1.6(4
25

Both calculations yield almost sure convergence of the summands (again,
using the argument given in (1)) and thus provide the proof for the initial
claim.

]

The next lemma is an auxiliary result for a limit theorem that will be proved

later.

3.1.9 Lemma. Let F be any o(B™)-measurable random variable such that
P(F < o00)=1. Then, as n — oo,

(W H6,(01), .. .0 H8,(0,), F e "6,(e)) S (Z4,..., 2, F, ),

38



where 6, is the integral over [0, n] with respect to BY, Zi,...,Z,
are centred and jointly mnormally distributed with the covariance matriz
(fol wi(x)dx fo i(x)dx); j=1. p and ((Z1,...,2,), F, Z) are independent. More-

over, Var(Z) = %

Proof. Due to an approximation argument rigorously explained in [25] it is enough
to show that for any d > 1, s1,...,54 € [0, 00)

(n 6, (¢1),....n "6, (), BE, ... BZ, e "0, (e™))
4 (Z,...,2,, BE. ... BE 7)

519 547
as n — oo. The left hand side is a Gaussian vector, and hence it suf-
fices to determine the limits of the covariances. It is shown in [9] that the
limits of Cov(B, e=@"4,(e*)) and Var(e ®"d,(e*)) are as claimed. More-
over, in [7] the joint limiting distribution of (n=8,(p1),...,n"H6,(p,)) is
established. Therefore, we only have to show that Cov(n=4,(¢;), B) and
Cov(n=H6,(p;), €795, (e™)) converge to zero. For the first statement recall that
BE = [ 11, gdBf! for any n > s. Then we can write (for n large enough) due to

s

the isometry property of the integrals:

E[n~6,(0:)B"] <n~ / / lu — v|*" “2dudv

_H/ / |z|2H 2dzdv =n~ / / 2H - 2dz+/ 22120 dv

=n H/ =1y +n~ /(n 0)*" 1y <nl / 21z
0 0 n—s

~~

—0
_H(7’L2H . (n . 8)2]—[) binomiseries n_HO(ngH_l) _ O(nH_l),

which goes to zero as n tends to infinity.
For the second convergence refer to Proposition 3.1.4 for the estimation
fot ey =2y < 2722t We use this for our calculation:

E[ H5 ( ) 7om5 (ea 7H cm/ / ow|u |2H 2dudv

=n

=n e _O‘”/ e / e~y — u|2 2 dudu
0 0
n u n—u
= n_He_’m/ / e M2, +/ e 22020 | du
0 0 0
N - 7
bounded
n
S nHeom/ eauea(n w) (n . u)2H72du _ annQHfl 0.
0
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3.1.10 Theorem. As n tends to infinity we obtain for the estimator i

_Hy~ N an/ A d
(nl H(:ul MLy Hp T ,up)a e (Oé - Oé)) — (Zla cey Zp7 Zp+1)

with Zy, ..., Z, as above and Z,1 = 2aN/M with N ~ N(0, 1) and

M ~N (% (xo + /OOO easL(s)ds> : 1)

independent of N. Moreover, (Zy,...,Z,) and Z,;1 also are independent.

This result reflects the structure of the estimator: In the first p components
the additive term = [ ¢;(¢)dB{! is the slowest summand (note that it does not
include the solution process X and is, therefore, not influenced by its exponential
growth), which yields the same rates of convergence as in the ergodic case. The
estimator for «, however, does not contain such a term; it converges with the
same exponential rate as the estimator in [9]. The limiting distribution is also
structurally similar to the case L = 0. As mentioned in [49], if the estimator
from [9] is applied for an equation with a nonzero starting value, the limiting
distribution will also contain this value as an additional additive term in the
denominator. Moreover, due to the possibility of considering Young integrals and

exploiting different techniques in the proofs our results are valid for H € (%, 1)

in contrast to H € (%, %) for the ergodic case in [24].

Proof of Theorem 3.1.10. First of all we divide the error into parts that con-
tribute to the limit and the rest. We use the notation from the previous theorem
and write:

p
n' M —m) = (MY My + M),

j=1
p
e —a) = (—e* Z Agj + e Ay).

J=1

Now we will identify the rest terms by showing: nlfH(ZJ;:l My; + M;) and

e ?:1 Ay; converge to zero almost surely. For M,; and Mj this follows from

the fact that they contain the factor (e”*"A,;/n) which would still converge to
zero if multiplied by n'=#, since 1 — H < 0.5.

Each summand A,; contains the factor
1 n
N N e R
nJo
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which converges to zero almost surely. The remainder
to a random variable. We write

—an 7an1 " —an 1 "
eo‘"(e Am\/ﬁ)\/ﬁe E/ @](t)dBtH = (6 Anz\/ﬁ)\/ﬁg/ g0j<t)dBtH
0 0
—an - —ul "
= (7" A/nnfT70?) <n1 Hﬁ / goj(t)dBtH).
0

W tends almost surely

The factor e °"A,, \/_ nH=05 converges to zero almost surely, because H — 0.5 <
0.5 and the factor n!=#1 fo ©;(t)dB}! converges in distribution to a normal ran-
dom variable (this belng a consequence of the previous lemma). In total we con-
clude that the above expression converges to zero in distribution and therefore in
probability. Thus, also the whole term e“"A;; converges to zero in probability.

The next step is to consider and rewrite As. For this we apply the change
of variables formula for Young integrals (see [9]) to the functions e~*"X,, and
Jy e*'dBf'. We obtain the following formula:

n n n t
/ X, dBY = / e'dBF¢, — / e ™ L(t) / e**dBH at
0 0 0 0

n t
- / e_o‘t/ eanBSHdBfI = Sl + SQ + 53,
0 0

with which we can substitute the term fon XsdBf in Ay. We will now show that
only S; contributes to the convergence statement. Since

e Ay = / X,dBl

and the denominator converges almost surely, it is enough to show that e=*"(Ss+
S3) tend to zero in probability. For Ss this is shown in [9], so we only show this
for S;. As a Lebesgue integral of a Gaussian process e~ *"Sy is again centred
Gaussian, showing its second moment’s convergence will suffice:

n t 2
<€—om/ —atL( )/ asdBHdt) ]
—2an/ / —auL —owL / / as ar . r|2H_2dsd7’dudv
< 6_20‘"/ / / / |s — r|*"2dsdrdudv < e 2" 2 0
0o Jo Jo JO

as n tends to infinity. )
For the last step of the proof we apply Lemma 3.1.9 to F' = ¢, and obtain

(W H60(01), - 0 H8,(0)), Ensr €76,(e%)) D (21, Zy, bno, 2),

E
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and consequently

—an [T atdBH 7
(n_Hén(gol),...,n_Hén(app), ¢ foge t ) 4 (Zl,...,Zp, g—) ,

where Z ~ /ZE2ZIN(0, 1) and

Eoo ™ Hing) N (\/% (xo+/ooo easL(s)ds) , 1) .

Now note additionally that

gngoo n—oo
(1,...,1,W — (1,...71,204)21.8.

Multiplying both vectors elementwise using Slutsky’s lemma yields

<n_H5n(g01), cnTH 8, (0p), e—Sl> a4 <Z1, R/ 204;) ,

—2
nD,e=2%on ~

which is all that we need to show, since all the other summands converge to zero
in probability. Note that we inherit the independence statement directly from
Lemma 3.1.9. 0

3.1.11 Remark. Recall that the covariance matrix of the limiting vector
(Z1,...,Z,) has the form (fol wi(t)dt fol gpj(t)dt) ‘ . This matrix is singu-

t,j=1,....p
lar of rank one; the limiting vector can be written as

</01 e1(t)dt, . . ., /01 gap(t)dt>T zZ'

where 7’ is a standard normal random variable. This kind of limiting distributions
does not often appear in the literature, one example being the simultaneous
estimation of the parameters 0 > 0 and H € (0, 1) from discrete observations

-----

setting (considered in [13]). The authors proceed to show the LAN property for
the model with a non-diagonal rate matrix and derive from it the efficient rates
of convergence in case where both ¢ and H are unknown. These are worse than
the efficient rates in case where just one of the two parameters is unknown. While
we do not make such an analysis here and we do not know whether the rate n'=#
is efficient (although it is certainly an interesting question for future research), it
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is easy to see in our case that the knowledge of one of the parameters improves
the speed of convergence: By transforming the parameter vector we obtain

/1} !
~ dt , ~
flo — pio — f’l ﬁgdz (fn—p) |/ pn T
n'~H o 5 </ @1(t)dt, 0,. .. ,0) A
: 0

N Ly, (t)dt , ~
Hp — Hp — ﬁl ij(t)dt (fu1 — 1)

as n tends to infinity (assuming that fol @1(t)dt # 0). We will see in the next
step that the changed components converge with the speed /n, which will con-
sequently be the speed of convergence of the appropriately changed parameter
vector once p is known. Note that if fol 1(t)dt = 0 the first component will
already converge with a faster speed (this will also be shown subsequently).

Consider the special case of a basis element ¢, k € {1,...,p}, which inte-
grates to zero on [0, 1]. The results of our theorems continue to hold, but the
limiting vector (Zy, ..., Z,) will have a zero entry at Z;. This suggests that the
convergence of the kth component of the estimator might be of a better order
than nf~!. The same observation applies to the ”transformed estimator” from
Remark 3.1.11. Indeed, one obtains the following facts.

3.1.12 Proposition. If ¢y for k € {1,...,p} is such that fol wr(t)dt = 0, then,
as n tends to infinity,

where Zy, is a zero mean Gaussian random variable with variance

/o1 /01 or()pr(s)|t — s dtds
+ i Q(QHQZ_ 2){(2[ +2—2H) /01 /01 on(t)on(s)(t — s)%dtds,

where ¢ denotes the Riemann zeta function.

Proof. Recall that
p
Vi(in — ) = (\/ﬁMl +Vn (Z My; + M3>)
j=1

with the notation from Theorem 3.1.8. As in Theorem 3.1.10, Corollary 3.1.7
ensures that \/nMs; and /nM; converge to zero almost surely. Given that

1 n
VM = %/0 pr(t)dB/,
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2
it is enough for our claim to investigate the term E [(\/%; fon gok(t)dBtH) ] .

With ay = H(2H — 1) we have by isometry and periodicity:

(s o)

1 n n
= _/ / or(t)or(s)|t — s|*" 2dtds
nJo Jo
1 n—1 1 1
==, / / or(t)or(s)|t +1i— s — j|* 2dtds
n o Jo

i,j=0

1 /o
= —/ / ok (t)or(s)n|t — s|2H_2dtds
nJo Jo
1o
+ H/o /0 or(t)pr(s) Z it — s 44— j|*2dtds

i>j

1 l l . . —
+ 5/ / or(t)er(s) E s —t 47 —i|* dtds.
o Jo

§>i

1
—E
g

(3.1.2)

The first summand is independent of n, hence, it remains to consider the second
and the third one (which are equal for symmetry reasons). By rearranging the

sum in the second summand, we obtain the following:

1 1 1
5/ / or(t)n(s) Y|t —s+i— [ dtds
0 JoO

i>j

1 1 prl n—1
= 5/ / or(t)er(s) Z(n —m)|t — s+ m|*"2dtds
0 0 m=1

IR — t—s 2
= - /0 /0 gok(t)gok(s)mZ:l(n—m)m2H2< +1) dtds

m

1 [t ot n—1 srg [t —5 2H-2
:E/o /O gpk(t)gpk(s);nm ( - —1—1) dtds

2H-2
_E/o /0 or(t)pr(s) glm-m ( — +1> dtds.

m=

Now we can use the binomial series expansion to get

2H-2 0
t—s 2H -2
1 = t —s)m™
(m —l—) l ( / )( s)'m

=0

44



and use the zero integral assumption in order to evaluate the above expression.
We conclude:

1 [t ot n—1 i [(t—s 2H-2
E/o /0 gok(t)gpk(s)an (m +1) dtds

. (2H —2
//gpk k(s m2H ZZ( )t—s)lm_ldtds

m=1 =2
o] n—1
2H — 2
/ / or(t)or(s Z ( l )(t — )’ Z m* =2 dtds.
=2 m=1

By dominated convergence we now obtain

2H — —
- z 2H 21
nhm/ / or(t)pr(s ( ] ) E m dtds

m=1

2H — >
/ / r(t)pr(s ( ) lZmQH*Q’ldtds
l—2 m=1

= (2H -2
/ / or(t)er(s Z( ) (t —s)'¢(1+2 — 2H)dtds,
I=
since the m?# =27t are summable for [ > 1.
In a similar manner, we get

1 [t ot n—1 s (t—s 2H-2
— t ~ N 1 dtd
L sok<>sok<s>z_mm () s

n—1

2H — 2 1 «—
//SOk or(s ( l )( —s)lEZmQH_l_ldtds,

m=1

which converges to zero, again, due to summability of m?7—1-1,

In total, we conclude that the second summand in (3.1.2) converges to

/ / or(t)on(s (2Hl_ 2> (t — s)'C(1 + 2 — 2H)dtds,

and thus, with a symmetric calculation, the third summand tends to

/ / or(t)er(s (QHZ_ 2> (s —t)!'¢(1 +2 — 2H)dtds.

Adding up the two yields the desired result. O]
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3.1.13 Remark Assume that ki, ks € {l,...,p} are both such that

fol O, (t fo ©K, (t)dt = 0. Following the same calculations as above we obtain
the term

1 1
/ / O, () n, (8)|t — s> 2dtds
0 0

+ li_o; 2 (2H2l_ 2) ¢(20+2—2H) /01 /01 Oy (), (5)(t — 5)*dtds

as limiting covariance of v/n(jix, — pg,) and /n(fix, — fir,)-

Now let us show an auxiliary result that will help us analyse the variance
expression further.

3.1.14 Proposition. Let (f,)nez oy be the real L*([0, 1])-Fourier basis without

the constant element, i.e. f,(z) = /2sin(2rnx) and f_,(x) = v/2cos(2mnzx) for
n € N. Then for any u > 0 the integral

/ / fn fm u(l=lt=sl) +eu\t—s| —2)dtd3

2(c"—1)u

18 strictly positive and equal to W

if m =n and zero otherwise.

Proof. Let us wirte z = e* and calculate for m, n € Z\{0}:

//fn F(8) (201D 25l 9)dtds

- / / Fult) f(t — 0) (2" + 2" dvat
B /1 Ia(t) /t funlt = 0) (2P 4 2 dwdt.

By classical trigonometric identities we can decompose f,,(t — v) as

V2t = 0) = Fun)f-m(0) = Fa(D)fin(0)

if m is positive and

V2t =0) = fn(t) fn(0) + fom(t) f-m(v)

if m is negative. Thus, for the second part of the statement it suffices to show
that the integral
t
/ Fon @) (217141 4 2141y
t—1
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is independent of ¢ for all m € Z\{0} and equal to zero for m > 0. This is indeed
the case, because

0 1
/ frn(@) T 4+ 27 do = / (@) (2177 4 2Y),
t—1 t
and therefore,

/tjl fm(v)(zlflvl + Zlvl)dv :/O fm(U)(Zliv + 2%)dv

is indeed independent of t. For symmetry reasons the integral vanishes for m > 0.
If n = m, the same trigonometric identities can be used to show that

//fn ) ful(s) (eIl o eult=sl _ 9)atds = — /f_ )21+ 2 dw

if n is positive and

/ / Fu(t) fo(s) (e®A7lt=sD L eult=sl _ 9)dtds = i/1f (V) (277 + 2¥)dv

if n is negative. Since

2(z — 1) log(z) _ 2(e* — 1u
(2mn)? + (log(2))?  (2mn)? 4 u?

1
/ cos(2mnv) (2 7Y + 2¥)dv =
0

is positive for all © > 0, the first part of the claim is proved. n

Now we can provide additional information about Z, and find a more concise
form for its variance.

3.1.15 Proposition. The variance of Z;, from the Proposition 3.1.12 can be
simplified to

1 L T e o ult—s
w(—fi=sl) 4 gult=s| _ 9 qydtds.
o / / ox(t)oi(s) / — e )dudtds

This expression is positive for all bounded nonzero L?-functions ) with zero
integrals.

Proof. Our goal is to show that

//gpk — 5?2 dtds (3.1.3)

Z ( ) (2042 — 2H) /0 1 /0 ()t — 5\ dtds (3.1.4)
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can be rewritten in the above integral form. For the first summand the definition
of Gamma function provides the representation

1 oo
t— 2H-2 __ / 1-2H 7u\sft\d ]
[t — s| —F(Z —5m) u e u

For the other summands we make use of the formula I'(2)((z) = [~ %— - du for

z > 1 (see [3], p. 251) and rewrite them as follows:

Z( )%H—w//wkwww#wm

201+1-2H

(2H — 2)21 1 /OO () 21
—9 - _
/ / pultonle 1 @ T 22 J, e q ) st
2H _ 2)2l U2l+1_2H<t _ S)Ql
—9
/0 /0 Pu(t)n(s) /0 Z (20)IT(2 — 2H)(2 2H)(2l> g udsdl

1 11 ul—2H &2 3)2
:—2/ / wr(t)p s/ dudsdt
r@-2m Jy Jy O] 2 )

- (2 _1 2H)2/0 /0 @k(t)%(s)/o ::_2 1(cosh(u(t —5)) — 1)dudsdt,

where (2)r and (2)® denote the falling and rising factorials respectively:
(2)n =2z —1)...(z—=n+1), ()™ = 2(2+1)...(2 +n — 1). For even k it
follows from the definition that (—z) = (z)®).

Recall that
u(t—s) u(s—t) __ 2 ult—s| —ult—s| _ 9
cosh(u(t —s)) — 1= ¢ +; = ¢ i 62

for any ¢, s and add up the summands of the variance expression (3.1.3) in order

to obtain

. ult—s| —ult—s| __ 2
» / ui2H (e—uls—tl + ¢ te ) dudsdt
0

1 1 1 ooul—QH (1-[t—s)) ts|
_ " w=le=sl) 4 eult=sl _ 9)qudsdt
/o /o o >¢k<s>r(2_2H)/0 o1 e dudsd




which is our claim.

Now let us prove that the obtained variance is indeed positive, thus confirm-
ing the rate of convergence suggested above. For elements of the real L*([0, 1])-
Fourier basis this claim is shown (up to an application of Fubini’s Theorem) in
Proposition 3.1.14. We also obtain from this proposition that in this particular
case the variance (3.1.3) simplifies to

1 o) U,272H
/ du
I'2-2H) J, (2mn)?+ u?

for ¢ (x) = v/2sin(27mn) or pi(x) = V2 cos(2mn).

An arbitrary L2-function ¢, with zero integral can be written as
ZnGZ\ (0} Cn fn, where f,, are elements of the Fourier basis without the constant
component, ¢, € R, and we have for such a decomposition:

1 1 1 o] u172H
/ / pe(t)en(s) = M) / - 1(6“(1*“*50 + etl=sl — 9)dudsdt

// 2 enful JemIn(8) 55 —5m) (2—2H)

m, nEZ\{O}

U —2H
></ ( u(l—|t—s]) +e ult—s| _ )dudsdt
o €' —1

1
> ‘Do 2mH)

m,neZ\{0}

1 2H
/ / / Fn(t) fu(8) (e"I71=D - elt=<l _9)dsdtdu

= 2 C"r 2—2H)

nez\{0}

1 2H
/ / / Fa(@) fu(s)(e 173D o eult=sl _9)dsdtdu,

since all the off-diagonal terms disappear, as demonstrated in Proposition 3.1.14.
We can now use the result for the Fourier basis and complete the calculations:

1 1 1 OOUI—QH
/ / A0 o |, 1<€““"t‘5”+€“'t‘5'—2>dudsdt

Z / 27m + u? Qe+ 2

neZ\{0}

which is clearly positive if ¢, is nonzero. O

3.1.16 Remark. Following the above calculations we can see that the same
simplified form can be achieved for the covariance expression of two error terms
each converging with the rate y/n.
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In the context of a different scaling for some of the components a natural ques-
tion concerning "mixed” covariances arises. This question completes the analysis
of the limiting covariance. It is answered in the following proposition.

3.1.17 Proposition. Let ki, ko € {1,...,p} be such that fo o, (t)dt = 0 and

fo Or, (t)dt # 0. Then the asymptotic covariance of /n(jig, — pir,) and '~ (fig, —
k) S equal to zero.

Proof. As in Proposition 3.1.12, we are left with investigating the term

E Kn%/ongokl(t)dBtH> (nH /OnWQ(t)dBf)].

We obtain, again, with oy = H(2H — 1)

1 1 n n
—E Kn / @kl(z)ngf) (nH / gokz(t)dBtHﬂ
OH 0 0
L 1 1
[ e sl - s s
0 JO

11
n_H—é/ / gpkl(t)wkz(s)ZH—s+i—j|2H_2dtds

i>j
/ / Ok, () pr, (s Z|S—t+] i|*H2dtds.
7>

In this case the first summand converges to zero. For the second summand we
obtain similarly to Proposition 3.1.12 and using that ¢y, integrates to zero

//(pkl )Pk, (s Z|t—s+z G 2dtds

>7

n—1 00
1 _ 2H —2 —
=~ é/ / O, ( ¢k2m521m2H QE ( ; >(t—s)lm Ldtds

=1

n—1 0o
) 2H — 2 )
[ [ enen o= 5 (P72 s anas
0 0

m=1 =1

L =\ (2H — 2 <
a7 /0 /0 sokl(t)s%z ] )(t—s)’ m*H 2" dtds

1

n—1
2H -2 1
cpkl ) Pks Z ( ) —s lﬁ Z m*H =1 dtds,
m=1

[y

X
3
I

which converges to zero as n tends to infinity. By an analogous calculation this
follows also for the third summand. O
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3.2 Remarks on parametric estimation in the
ergodic case and for known «

This section contains several remarks that concern the parametric estimator in
the ergodic case considered in [24] as well as a study of asymptotic properties of
the least squares estimator if « is known.

3.2.1 Rates of convergence: Ergodic case

Consider the estimator 9, = (fu1, ..., fip, &) defined in Section 2.2.2 with Sko-
rokhod integrals for a > 0. Similarly to the non-ergodic case, the rate of conver-
gence of U, — 1 is determined by the behaviour of integrals of periodic determin-
istic functions with respect to B. More precisely, we have the following result
demonstrated in [24] and [7].

3.2.1 Theorem. For H € (%, %) and with the decomposition Oy — 0 = cQ 'R,
we have

n n n T
n R, = (nH / o1 (t)dt, ..., n 1 / o, (t)dt, —n / XtdBtH> 4 N(0, ),
0 0 0

where 3;; = fol fol @i(u)pj(v)dudv with the notation

t

@pi1(t) = h(t) = e_o‘t/ e L(s)ds

and AAT A
1 as Ep + 7y Y .
n n ( ”}/AT 7y - Ca
where
. 1 ~ 1 ~ T
A=(Ay,...,A) = (/ e1(t)h(t)dt, ,/ gop(t)h(t)dt)
0 0
and
1 p -1
v = (/ h2(t)dt + a2 HT'(2H — ZA?))
0 i=1
such that

" H (D, —9) L N(0, 2CTEC).

Therefore, if for some i € {1,...,p} the integral fol ©i(s)ds is equal to zero,
the 2th component of the vector J—9 will by construction converge with a faster
rate, as demonstrated in Proposition 3.1.12. In the following we will consider
the last component of this vector, analyse under which conditions the speed of
convergence might change and find a limiting distribution in this case. We start
with the following lemma.
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3.2.2 Lemma. For h =e ™ [*__e*L(s)ds the integral fol h(t)dt is equal to zero
if and only if fol L(s)ds = 0.

Proof. The proof is a straightforward calculation:

1 1 t 1
/ h(t)dt:/ e_o‘t/ eo‘sL(s)dsdt:/easL(s)/ e~ 1 dids
0 0 —o0 R 0
0 1 1 1
:/ easL(s)/ eatdtds+/ eo‘sL(s)/ e “dtds
! oo . 0 . 0 s )
== (/ e L(s)ds —/ ea(51)L(s)ds+/ L(s)ds)
—o0 —o0 0

_ é /0 L(s)ds

In the next proposition we will analyse second order asymptotics for the case

[ h(t)dt = 0.

]

3.2.3 Proposition. Let L be such that f01 L(s)ds = 0. Moreover, let q €

{0,...,p} be such that fol @i(t)dt # 0 fori € {1,...,q} and fol (t)dt = 0 for
i€{q+1,...,p}. Then the vector

(nliH(ﬂl - Nl)a <. 7”17H(/lq - MQ)v \/ﬁ(ﬂq-&-l - Mq+1)7 ceey \/ﬁ(ﬂp - Np)a \/ﬁ(&q—&-l - 04))

converges in law to N (0, C’Tf]C), where C' is defined in Theorem 3.2.1 and X is
a nondegenerate matriz which will be explicitly determined in the proof.

Proof. Since nQ,! — C' almost surely, it is enough to investigate the convergence
of the appropriately weighted vector R, i.e.

(n_H/ gpl(t)dBfI,...,n_H/ gpq(t)dBtH,
0 0

n1/2/ <pq+1(t)dBtH,...,nl/2/ ©,(t)dBH, —n1/2/ X,dB/").
0 0 0

As shown in [24], moreover, replacing X, = Z; + h(t) by Z, + hy changes nothing
for the asymptotics, and in order to analyse the limiting distribution we consider
the vector

(n_H/ gol(t)dBtH,...,n_H/ goq(t)dBf, n_1/2/ g0q+1(t)dBfI,
0 0 0

Y2 / o, (t)dBH, —n~1/? / Z,dBH, —n1/? / h(t)aBl).
0 0 0
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We know from Section 3.1.4 that in the above vector all the integrals with de-
terministic integrands converge to normally distributed random variables with
positive variances. We also know the limits of covariances between them as well
as the covariances between —n~'/? [* Z,dB/' and other components (those are
equal to zero by properties of the product of the different order Wiener inte-
grals, see Section 2.1.2). Now note that it is shown in [30] that —n /2 [ Z,dB}
converges to N (0, c2a'~*§y) in distribution, where

b0 = H2(4H — 1) (F(QH)2 | DRH)U(3 — 4T (4H 1)) |

T(2— 2H)

This allows us to use a multivariate version of the fourth moment theorem (see
[59] and [58] for proofs), which states that for a sequence of vectors of multi-
ple Wiener—Ito integrals componentwise convergence to Gaussian always implies
joint convergence (as formulated in [51]). We therefore conclude that the vector
converges jointly to a multivariate centred normal distribution whose covariance
matrix contains the limiting covariances of the components. It follows that also
the vector

(n_H/ 901(t)dBtH,-~->”_H/ py()dByT,
0 0
n1/2/ 90q+1(t)ng{7 cee 7n1/2/ 90P<t>ng{7 _nl/Z/ XtdBﬁ)
0 0 0

converges to a centred normal random vector. The variance of the last component
is the sum of the limiting variances of —n="/2 [* Z,dB}! and —n~'/2 [" h(t)d B/’
and thus positive. O

Note that for L = 0 we retrieve exactly the same rate of convergence and the
same limiting distribution for « as in [30].

3.2.4 Remark. 1. As we have seen, the object determining the convergence
of the estimators fi; is the integral fon @i(t)dBE. In the ergodic case its
behaviour is the same as that of fon ©i(t)dX;, which can be seen from the
relationship

/ o)X, = npi — a / i) Xodt + / pi(t)dBH
0 0 0

because the two remaining summands converge faster (see [24] for proofs).
In other words, this term also converges faster if fol @i(t)dt = 0. The dif-
ference between the two kinds of asymptotics of the integral [ o;(¢)dB/
can also be perceived on another level: The covariances of the increments
of the process (fon cpi(t)dBfI)neN become summable if ¢, integrates to zero,
transporting the setting from long to short range dependence. With this
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background in mind the different rate emerging in this special case does
indeed seem less surprising (see the overview [70] for details on this connec-
tion).

2. Although the latter analysis shows a rate improvement in many cases, the
least squares estimator is not optimal in general: In [56] an estimator in the
case p = 1, ¢ = 1 is constructed, whose a-component converges with the
speed y/n. A simple intuition behind this might be that more information
can be used in this special case. For the least squares type estimator the
observations only on the intervals [0, n], n € N, are considered in order to
make use of ergodic type properties emerging due to periodicity (see [24]
for details). For the constant function this restriction need not appear.

3.2.2 LSE for known «

In this section we will (merely for completeness reasons) briefly discuss the be-
haviour of the least squares type estimator in case where « is known.
In this case the SDE

t
Xt:X0+/ (L(s) —aX,)ds+ B, Xy =9 €R,
0

can be written as

t
X, :/ L(s)ds + B
0

without loss of generality, assuming that the process X is observed continuously:
The integral fot aX,ds is known and can be brought to the other side. If in this
setting we follow the construction used in [23] and [24] for the least squares
estimator, we obtain the vector

% (/On or(H)dXy, . /On gop(t)dXt)

as an estimator for (p1, ..., u,). Since

1/ () dX; = i + l/ ©i(t)dBl!
nJo nJo

for i = 1,...,p, it follows that this estimator is strongly consistent (recall that
% fon @:(t)dBF is Gaussian and converges to zero in L? with polynomial speed).
From Section 3.1.4 we can also establish the asymptotic behaviour of the sec-
ond order: The components are jointly asymptotically normal with the rate of
convergence n'~H for the components where fol @;(t)dt # 0 and /n for others.
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Chapter 4

Nonparametric estimator for the
fractional Ornstein-Uhlenbeck
type processes (ergodic case)

The structure of the problem posed in [24] allows a generalisation possibility for
the results obtained in this paper. Namely, one can construct a nonparametric
estimator for the drift function L in the Ornstein-Uhlenbeck SDE by approxi-
mating it with finite linear combinations of known functions. The idea is similar
to the construction of projection density estimators, see for example [17]. This
chapter deals with this generalisation.

4.1 Setting

As before, we start with the SDE

t
X, =X L(s) —aX.d BE  t>0
¢ 0—1-/0 (s) — aXds + oB; > (4.1.1)

Xo=29 €R

with an fBm B” H > %, but now we assume L to be an unknown bounded
1-periodic function. Moreover, this time we consider the ergodic case and the
factor a > 0 is also assumed to be unknown (for convenience of this notation
we have changed the sign in front of a in the equation in this chapter). We
assume to observe X continuously on the whole positive real line. Therefore, by
considerations in Section 2.2.1, the parameter ¢ # 0 can be assumed to be known
and equal to one without loss of generality.

Recall that the unique almost surely continuous solution of the SDE (4.1.1),

also known (for a zero mean) as the fractional Ornstein-Uhlenbeck process, has

95



the following form:
¢ ¢
X =e “xo+ e_o‘t/ L(s)e*ds + e_o‘t/ e*dBY.
0 0

Let us assume xy = 0 for simplicity of calculations. This assumption is not
restrictive since the solution for zy # 0 approaches X; for zo = 0 with exponential
speed. As we will see later, this is enough for the statements to remain valid for
all zy € R.

The integrals with respect to B¥ in this chapter are understood as Skorokhod
integrals on the space % corresponding to the driving fBm as described in
Section 2.1.2. To avoid notation overload, let us simply write J# for s# in this
chapter. For an integral fot e**6 BY we will sometimes write d(e® 1{.<), by which
we mean the divergence integral from 0 to infinity as defined in Section 2.1.2. By
Remark 2.1.15 it coincides with the divergence integral on [0, ¢].

For the sake of clarity we will henceforth denote the solution of the SDE
(4.1.1) by X, where L is the underlying mean function of the SDE.

As mentioned above, the main idea needed for the construction is simi-
lar to the construction of the projection density estimators. We pick an or-
thonormal basis (¢;)ieny of L?*([0, 1]) and write an unknown function L as
L = 327 (L, ¢i)r2(o,1))i- Since an estimator for the coefficients of finite lin-
ear combinations has already been constructed in [24], we can use it to build an
estimator of L.

Let us introduce a construction which will serve as a foundation and a starting
point in the definition of our estimators.

4.1.1 Definition. For the SDE (4.1.1) with the mean function L, a given
L*([0, 1])-orthonormal basis (ONB in the sequel) (¢;)ieny and some p € N we
define the p-cutoff estimator as follows:

L= (G . ol) = Q1P
where g
o ([ st [t )
0 0 ‘

and

o nEp —ap

oo (% )
with n "
o= ([ st [ i)
0 0

and

by 1= / (XF)%dt.
0
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The integrals in this definition are Skorokhod integrals in the sense of the
definition in Section 2.1.3. Note that since X* consists of a continuous determin-
istic function and an integral with respect to B over such a function, it will be
integrable with respect to BY.

4.1.2 Remark. If we can write L as Y 7, p;p; for some unknown 4;’s, then this
is exactly the estimator given in [24]. It is proved there that the p-cutoff estimator
is a weakly consistent and asymptotically normal estimator of ¥ = (1, ..., fp, @)
in this case.

Before we present other constructions let us cite (and adapt to our definition)
some more results that are shown in [24].

4.1.3 Remark. Note that we have

Q_l o l Ep + ’YnAnAZ _/YnAn
" _VnAZ Tn

with

A(= AP = (Apay o M)t = (l/ gol(t)XtLdt,...,l/ cpp(t)XtLdt)
nJo nJo

-1
and v, = (% Jo (XE)2at — >0 A?Ll) . We will denote v, ! by DL,

Now let us cite a useful representation result for l%’p which is proved in the
same paper:

4.1.4 Proposition. If L is of the form L(s) = Y ' | pipi(s) for some real
M, -, [y, then the p-cutoff estimator has the following representation:
VP =9 + Q7'R,, where

R, = (/ @1(15)535,...,/ ©p(t)0B], —/ XtLéBtH).
0 0 0

Let us also state and prove a comparable representation for the general case:

4.1.5 Proposition. For a given 1-periodic bounded function L and some p € N
the p-cutoff estimator can be written as follows:

I? =9+ Q' Ry + Q' N,
with Q,, and R, as above and
o0 n T
i=p+1 0
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Proof. Exactly as in the special case, we replace § X7 in each component of P,
using the representation in the SDE (4.1.1) and obtain

/On%( )5XL:/OH¢Z( VL(t )dt—a/ngpi(t)XtLdt+/0n%(t)5BtH

0

=S u [ eltevd—a [ aoxta [ awosy
0 0 0
—pn—a [ axtars [ awisl
0 0

for all i € {1,...,p} as well as

—/ XtLéXL:—/ XtLL(t)dtJra/o (XtL)th—/ XFoBH
——Z“z/ )X/ dt+a/ (XtL)th—/ XFoBHE — Z uz/ ©i(t) X Fdt.
0 0

i=p+1

Since, moreover,

,uln—afo o1 () X Edt

Ot = ppn — f p(t) Xt ’
_211:“2]0 it th+af0 (XE)2dt
we can write
P,=Q,9+R,+ N,
and obtain the result. O

Now let us look at a convergence result from [24] which we state here already
in a slightly generalised form.

4.1.6 Proposition. For a given 1-periodic bounded function L and some p € N
the following convergence statements hold for n going to infinity:

AP 25 /% tYh(t)dt = AP forallic {1,...,p},

1 p
D5 [ W0t + o HT(2H) = Y (M) = D,

0 i=1

where h = *atf e* L(s
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The proof is identical to the one given in [24].

Note that we can find a positive lower bound for the limits of DIP that is
independent of p by observing that every limit is greater or equal than ¢ :=
a 2B HT(2H). However, it is not clear that the bound will be retained if n and p
simultaneously tend to infinity. We will show this for a certain choice of p at the
beginning of the next chapter.

Let us now pick a positive real number £ that is below 1. For this an additional
assumption on « is needed: We assume that « is bounded from above by a known
constant. This enables us to define a truncated version of our estimator:

4.1.7 Definition. For a given 1-periodic bounded function L and some p € N
we define the truncated p-cutoff estimator as

9(T) . 9(T),L,p ._ 3L,
O = D= GEPL

4.2 Auxiliary results

The aim of this section is to prove some convergence and boundedness results for
the objects introduced above that will be of use in later proofs.
Before we start, let us fix a notation. We will denote

t
h(t) := e_o‘t/ e L(s)ds
0
such that we can write
XtL = h(t) —|— e_até(ea'l{.gt}).

Note that the function [t ~— h(t)] is bounded. Moreover, we write Aﬁf for
L[ XEpi(t)dt, where

t t
X}F = e‘at/ L(s)e**ds + e_o‘t/ e*dBH = h(t) + Z,

with .
Z, = e_at/ e**dBY.
4.2.1 Almost sure convergence of DL?

First of all, we will show almost sure convergence of DEP defined in Remark 4.1.3,
as anticipated in the previous chapter. We will accomplish this in several steps.

4.2.1 Proposition. For alln € N we have E[(AL? — fol h(t)g;(t)dt)?] < Cn2H—2
with C' independent of 1.
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Proof. Firstly, we remark that the deterministic part of the integral is cancelled
out, because

_ 1 (™. 1 [ .
Ry = [Ch@revdes - [ Zie
nJo nJo

and h is 1-periodic, as stated in [24], hence, L[ h(t h(t)g;(t)dt = fo wi(t)dt.
Therefore, we are left with evaluating

1 /M N
E[(E/ Ztgoz //goz ©i(s [ZtZS]dtds,
0

which means considering E[ZtZs]. We rewrite it using the isometry property
(Proposition 2.1.3):

t s
7| = aH/ / e attaugmastav iy | 2H=2dydy
=age e~ / / e e™ lu — v 2dudv+// e e |u — v|*" 2 dudv

=:S2.1
/ / U gy — 2dudv+/ / e e |y — v|*H- 2dudv)
—S;
We know due to [30] that S; is finite. Hence, we have

1 n n 1 n n
—2/ / wi(t)pi(s)age e ** S dtds| < —2/ / e e dtds <n?
nJo Jo n=Jo Jo

For S51 we observe that, by change of variables,

521 _aH/ / —az 2ow 2H QdZdU
1 t [ee)
=ay ( / e—az 2H— de + (/ eazZQH—QdZ ‘I‘/ e—az62at22H—2dz)) ]
2a 0 2a ¢

The first integral is finite, and for the second one we get

t t
efatefas / ea222H72dZ — a8 / efa(tfz)Z2H72dZ
0 0
t 1
:6—as/ e—az(t _ Z)2H_2d2’ — e—astQH—l / e—atu(l - u)2H_2du,
0 0

which converges to zero as t goes to oo (and s is considered to be fixed), as shown
in [9]. Therefore, the whole term is bounded by a constant times e~**. For the
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last integral in Sy we obtain

0o 0o
e—ozte—as / e—aze2atZ2H—2dZ — s / e—a(z—t)Z2H—2dZ
t t

oo oo
Sefas / efa(zft) (Z . t)ZHdeZ — a8 / efa(z)ZZHdeZ 5 e s
t 0

Therefore, in total e~ **e~*%S, 1 is bounded by e~**, and by symmetry e~ *e~%S, ,

is bounded by e~*. We obtain thus

1 n n 1 n n
—2/ / wi(t)pi(s)age e Sy odtds| < —2/ / e *dtds <nt,
n=Jo Jo n=Jo Jo

and the same result holds for S5 by symmetry.
The methods used for Sz are similar. For symmetry reasons we have S31>4 =
S31is>4), and therefore,

s u t
S3 = 2/ e (/ e™|u — v 2dv —I—/ e™|u — v|2H2dv) du.
0 0 u

The first of the two summands (let us denote it by Ss1) is shown in the proof of
Lemma 6 in [9] to be at most of the order €**, and therefore we get

1 " " — —Qs
ﬁ/o /0 0i(t)pi(s)age e Sy dtds| Sn

with the same calculation as for S, ;. For the second summand, Ss5, we first
obtain by change of variables

s t s t—u
/ ea“/ e™|u — v|[* " 2dvdu :/ 62‘1“/ e 212z du.
0 u 0 0

From the proof of Lemma 6 in [9] we know that

-1

t 1
e—at/ eauUQH—2du — 252H—1 / e—atu(l . U)QH—2du
0 0
with the integral being a multiple of the confluent hypergeometric function ; F}

with parameters 1, 2H and —at:

1 I'HIr'2H —1
/0 efatu(l _ U)ZH*Qdu = ( >F(<2H) )1F1<1; 2H7 —Oét),

where | F} is defined as




(see [1], 13.2.1). The asymptotics of this function for large ¢ is known (again,
from [1], 13.1.5), with ¢! being an upper bound, and allows us the following
estimation:

t
6—at/ eauu2H—2du 5 tQH_lt_l _ t2H—2.
0

Therefore, we can continue on our calculations for the second summand as follows:

t—u
/ / e 2H Zdzdu—/ 2au a(t u)ea(tu)/ eazz2H72dzdu
0

t
< / eaueat (t U)2H 2du — @ / e® a(t—z) ZQH—de
0 t—s

at
Sezat/ e 7224y = 2 (T(2H — 1, a(t — 5)) = T(2H — 1, at))
a(t—s)
=: S32.1 + S32.2,
where I'(s, ) denotes the incomplete Gamma function defined via I'(s, x) :=

[.7 e7#z571dz. Note that I'(s, 2)e” is asymptotically (for large ) of the order

2°~!, which allows for more practical estimates. We obtain thus

1 n n 1 n n
ﬁ/ / ©i(t)pi(s)age e S35 dtds| < —2/ / ea(t’S)F(ZH — 1, a(t — s))dtds

<—// 2H 2dtd5——// 22H205ds ~ n?*H
for the first and
1 " " —at —as < 1 " —as " at
2 ) ©i(t)pi(s)ame e 53.2.2dtd8|,vﬁ i e S e“T(2H — 1, at)dtds

1 n n 1 n
< _/ eas/ t2H72dtd8 — n2H3/ e s — — efasS2H71dS < n2H73
n? Jo s n? Jo

for the second summand. This completes the proof. ]

Now we can show that S™P"(ALP)2 Z?;(fol h(t)g;(t)dt)? almost surely as
n tends to infinity.

4.2.2 Proposition. For p(n) =n”, 9 <1 — H, we have

%(n) ([\5;9)2 - ( /0 1 ﬁ(t)goi(t)dt) R

almost surely.
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Proof. Since

Nz

- L. 1
Aﬁf—/h dt+—/
0 nJo

2
it is enough to show that Zfi ( fo Ztgoz dt) and

p(n) n 1
Z%/@ Ztgpl(t)dt/o h(t)es(t)dt

tend to zero almost surely. Both sequences are elements of a finite sum of Wiener
chaoses, therefore, the hypercontractivity property (2.1.6) holds for them and it
suffices to show that any of their moments are bounded by n to some negative
power (up to a constant). Then the proof will follow by a Borel-Cantelli type argu-
ment similarly to Lemma 3.1.3 from the previous chapter. Note that we have es-

~ 2
tablished above that E [(% I Zt%(t)dt) } can be bounded by sup [|¢;|ocn? 2.

For the L? norm of the first summand we calculate

p(n) 2

E|{) (% /On Ztgoi(t)dt)z

i=1
1 (" 4
(—/ ZtSOi(t)dt)

T n 0

p(n)

S) E ( /nZtgpi(t)dt)2

i, =1
< p(n)*nth—t

p(n)

S) L|E

=1

E

(% /On Ztgoj(t)dt) 4]
<% /On Zt%(t)dt) 2]

by Gaussianity of % fon Ztgoi(t)dt. For the L? norm of the second summand we
obtain

E Z /Zt% dt/h()z()d

p(n)
5 1 (™ 1 [
<swp ol oy Y ||+ ztsoxt)dtH; / Ztsoj@)dtﬂ

i, j=1

E

2

E
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Hence, for p(n) = n? both summands converge almost surely, and the proof is
complete. O

Now we are prepared for the final result in this section.

4.2.3 Proposition. For p(n) = n?, 8 < 1— H, we have DX — + (with ¢ =
a2 HT(2H) ) almost surely as n tends to infinity.

Proof. We know from [24] that L [* X7dt converges to ¢+ fol h2(t)dt, so with the
above proposition it remains to show that S (AZ)2—(AEP)2 5 0 almost surely.
We use the facts from [24] that limsup,, . |+ [" X;dt| and limsup,,_, . |+ [" X,dt|

are finite and that |X; — X;| is almost surely bounded by e~*'Z, where Z is a
random variable independent of ¢ and calculate:

p(n) p(n)
DA = (AP =D (A = AP (ALY + ALD)

i=1 =1

:722(”1:) (% /On(fft - Xt)soz'(t)dt) (% /On(f(t + Xt)goi(t)dt>
p(n)

/M 1 (" = r[Mm
< Z — [ e Zdt— | X; + Xy|dt < Zp(n)— | e “dt,
i—1 v Jo nJo n Jo

which goes to zero pointwise for the above choice of p(n). O

This result extends Proposition 4.1.6 to the case where p is not fixed but
tends to infinity in a particular manner. Note that this result is not true for every
choice of p: If we fix n and let p tend to infinity, then by Parseval’s identity DL
will converge to zero almost surely, thus there can be no unique joint limit. For
the above choice of p, however, the limit is pointwise and allows us to bound the
denominator in the definition of the estimator (Definition 4.1.7) by a constant
and thus eliminate it in further calculations.

4.2.2 Other results

We have already seen that (Af;f )2 converge almost surely for n going to infinity,
now let us demonstrate that this statement also holds in L?.

4.2.4 Proposition. The sequences (A-P)2 converge in L? to (ALP)? for i =
1,...,p as n tends to infinity.

Proof. We have e*1y.<; € |.7¢|, and consequently 6(e* 1{.<y1) and also X} itself
are Gaussian. Moreover, it has almost surely continuous paths. Therefore, also
©i(t) X} is an almost surely continuous Gaussian stochastic process. We conclude
that also its pathwise Lebesgue integral, [ ;(t)X/[dt, is a Gaussian random
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variable. Moreover, §(e1{.<;) is centred, hence, also + [ ¢;(t)d(e* 1{.<y)dt is
centred. Therefore, we can write for every fixed 7:

ALp Det,, + CG,,

where Det,, is deterministic and C'GG,, is centred Gaussian.

We know due to the almost sure convergence result (and also due to Gaussianity)
that Det,, has a (finite) limit. In order to show that (A?)? converges in L? to
lim,, ., Det?, it is enough to verify that

4Det? E[CG2] + E[CG] — 0

since everything else either is cancelled out or contains an odd moment of C'G,, as
a factor. Due to Gaussianity we know that E[CG}] = 3E[CG?]?, and therefore,
it now suffices to prove that E[C'GZ] — 0 holds for n — oo. We calculate:

E[(L / (6™ ey

n

1 n n
= / / wi(t)pi(s)e e E[0(e*1q.<sy)0(e" 1i.<qy)|dsdl
0o Jo

1 n n n n
<_2/ / e*eu — 0\2H2/ / ©i(t)pi(s)e e **dtdsdudv.
n=Jo Jo v Ju

Since the ¢; are uniformly bounded, we can write

/ / ©i(t)pi(s e~ Mem % dtds

— —Qs 1 —Qv —an —Qu —an
N/v tdt/u dS—?(e —e M(eT M —e M),

which means that

CG2 / / —a(n v)) (1 o e—a(n—u)) |u . v|2H_2dudv
bounded bo;nrded
5 —2n2H = TL2H 2 ni>OO O
n

O
Next we will demonstrate a boundedness result for the solution process X*.
4.2.5 Proposition. The sequence E[(XF)?] is uniformly bounded for t > 0.
Proof. As mentioned above, we have:

XtL = h(t) + €7at5(€a.1{.§t}>.
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The deterministic terms of E[(X/[)?] are uniformly bounded, the mixed terms
containing ¢ equal zero, and for the last term we get

t t
E[(e’o‘té(ea'l{.gt}))z] — eQat/ / ea(err)‘S . ’I“‘ZHiZde?”,
0 JO

which is bounded by a constant by Lemma 5.1 in [30].
[

4.2.6 Remark. E[(X[)%] is also uniformly bounded: For the third and fourth
power of e=*§(e* 1<) recall that it is an element of {B¥ (h)|h € ¢}, hence,
a Gaussian random variable with zero mean and a variance which is bounded by
a constant, as proved in Proposition 4.2.5.

As a consequence, we obtain another boundedness result:

4.2.7 Proposition. E[(DLP)?] is bounded. The bound is uniform with respect to
n and to p.

Proof. Tt follows from the Bessel inequality applied pointwise that

n p n
o<t / (xE2dt -3 (A < - / (X2t
0 0

n - n
=1

Hence,

E[(D!)?) = E (1 / Xk Z(A5§°)2> <E

n -
=1

I ?
(—/ (Xf)%lt) ] :
nJo
To show that the right-hand side is bounded, we calculate:
1 n 1 n n
Bl [ (xhpan?) = B[ (i [ (xhpas
nJo n 0 0
L/ IN2( v L2 L,
—z [ PR s < g <1,
since we can find a uniform bound for F[(X})*(XF)?] due to the Remark 4.2.6
in combination with Cauchy-Schwarz. [

4.3 Error bounds

This section contains the crucial part of this chapter. Our goal is to find a bound
on the L2-error for the first p components of the truncated p-cutoff estimator
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9D, Rigorously phrased, for a given number p € N, an L?([0, 1])-orthonormal
basis (¢;)ien and a 1-periodic bounded function L = > .7, p;p; we write

5D = @0, D, 4
and determine a bound on E[([LET) —u;)? for alli € {1,...,p}. This bound might
depend on n as well as on p.

Let us first make use of Proposition 4.1.5 and replace [LET) forani € {1,...,p}
by the representation given in that proposition:

El(i" — p)?] = {((ﬁw "R+ Qp'Na), Lpios gy — ,Ui)2:|
2
=E |:<,Ui1{[)£1’2k} +(Qp ' Ru)il (pEr>ry T+ (@' Nu)i 1{DLp>k} Mz‘) }

<3 (E [(Q 'R,)71 {DLP>1<;}] +E [(Q 'N )121{DLP>I€}:| +E {(“Z {DEP>Ky — ﬂi)?) :

We will find separate bounds for

B[ Rt g

E [(Q;'N, )?1{DLp>k}:| and for

i 2
| (1l oty ~ ) | = 2PDE <0

for j e {1,...,p}.
Let us proceed.

4.3.1 Bound of (Q;an)jl{DﬁpM}
In this subsection the following proposition will be demonstrated:

4.3.1 Proposition. With the definitions given in Section 4.1 we have

E [(Q;anﬁl{Dﬁpzk}] Np2n2H ?
for every j € {1,...,p}, and the corresponding constant does not depend on j.

Proof. The proof consists of several parts.
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1. We compute the jth entry in Q! R, explicitly and make use of the truncation
in our estimator in order to eliminate the denominator (see Definition 4.1.7):

E|(Q,'R )] {DLp>k:}]

2
1 - Lp L L
=E | 1wy DLp (Za DAPALY 4 5(p) DI — §(X )AL
=1

2
1 p
< — | b)) +E <Z (P ) AT AL — 5(XL)A5§7>
=1

2. The isometry property of divergence integrals provides us with the asymptotic
bound for the first summand:

1 1 _
EE[CS(%W N ﬁnw =n*M2

3. For each of the summands of

p 2
(z S AP 6<XL>A£;’>
=1

we apply the formula Fé(u) = 6(Fu) — (DF,u) (see Proposition 2.1.6), expand
the expression, pull apart the summands and finally apply the Cauchy-Schwarz
inequality (pointwise, i.e. [2ab| < a* 4+ b for a, b € R) to the mixed terms (the
latter action gives us a factor p in front of the sum):

(i S(0i) APALE — 5(XL)A7[Z§’>2
%(ZE[ (ARPAZE 7| + ZE[ (AZPAD), 91 )% ]

+E[B(XEAD)? ]+ E[(DAL, X5, ])

njo

(ZE1Z+ZE21+E3+E4> ;

=1

We will now treat all the summands separately in order of their appearance in
the sum.
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3.1. Let us consider Ey;. Use E[§(u)d(v)] = E[(u, v) ] + E[{D.u., D.v.) ] from

Proposition 2.1.7 and write
LpaLp _\2

= E[(pil P A7, 0i\iP A ) oe] + EUD- (i) AT AT, Dalpi(- ) AT ALT)) o]

=: €11 + €12

We have:
enr = E[(@iAPA @i PALE) ]
={i, vi)r E[(Aﬁf/\ﬁf)ﬂ-

Because of the boundedness results from Section 4.2.2 we can find a constant
uniform bound on the expectation term. And since the basis elements are
bounded by assumption, we have |{¢;, ¢:) | < 1?7, and hence, |e11| < n?#.

For €5 we have to calculate and analyse the Malliavin derivatives of the
term ALP A,];;) . We use the product rule for Malliavin derivatives (2.1.1) and
write first

Dy(AJPALY) = DALY + AP DALY,

Observe that, if it is not marked otherwise by the parentheses, the deriva-
tive operator applies only to the variable written directly behind it, i.e.
DA™ Aﬁf is to be read as Dy(A%? )Aﬁf . We will use this notation through-
out the thesis.

In total, we obtain
12| = E[{@i () (DAFAE + AP DAY, 0i(- ) (DAFALY + AP DLAE)) ]

These summands can be pulled apart by the triangle inequality applied to
le12|. This will give us a total of four summands of the form |E[{f, g).]|
with f = @;()DAPAY and g = ¢;(-) DAL AL with (K, 1), (m, o) €

{G, §), (j, ©)}. We will denote a summand of this form by |e\)'|). Our next
step is, of course, to find a bound for |€§12)|

First note that we can explicitly calculate the Malliavin derivative of X},
DSXtL = €a(87t)1{s§t},

it is deterministic and uniformly bounded. We exchange the Malliavin
derivative and the Lebesgue integral as reasoned in Remark 2.1.11 and con-
clude that also DAY = L [ ¢i(t) D X{dt are bounded and deterministic
for i € {1,...,p}, and, hence, we have

(i) DAL, @i )DL ) | S 0,

~Y
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3.2.

which implies
1
lein | = |E[AP AL (0i(x) DA, (- ) DALY 1| < P!

~Y

due to boundedness of E[(A%")?] and of E[(AZ?)?]. Note that the bound is
independent of p: recall that in the notation A, the parameter p is an index
and not a factor.

In total, taking into account the number of summands, we obtain

Now let us look at Es;. Recall that
Lp AL Lp AL L L
and paste this expression into the scalar product
Lp AL
Ey = E [(D.(AFAY), @i )% | -

Now the sum can be pulled apart again and, as above, we will be analysing
every summand separately. Due to a comparable structure in this case we
will again have four summands, this time of the following kind:

BV = |E[(DAEAL 0i(-)) s (DAEEALE () |

with (k, 1), (m, o) € {(¢, j), (J, 1)}
Now note that we can find a bound for DSAﬁf, s<n,t€{l,...,p}, which
is better than a constant:

1 n
DAl =[x [ e
0

M 1
5 eas_/ e~ dt ~ _(1 . 6—a(n—s)> S
n J, n

S

Using the boundedness result for A% (following from 4.2.4) as well as the
above calculation, we get a bound for |E§l)|:

1
1B S UDAE i D)o DAE @i )or| S ™ S M.

Again, considering the number of summands, we arrive at the bound
o By S pn*t.

3.3 For E5 we use the same formula as for Fj:

E[3(XPAL)?) = E[(XEAL, XEATT) o] + EUD.(XEATD), D(XEAID)) ).

njo
Vv vV

=:F31 =:F32
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First, we have a look at Ej3;:

1| = P Lp)g ~ds )
By ’E [/ / XEAXEAM]s — P2 dt”
0

Since E[|XZ(A?)2X;|] is bounded by a constant, we have | E3;| < n*/

Let us now consider the second term:
{ / / Dy(XFAP)Dy(XEAD)|s — t|2H—2dsdt] ‘ .
The product rule (2.1.1) yields

[D(XFADDUXIAD)| = (D XA + DAATXE) (D XA + DAy XY
< |DXFDXE(A)?| + |D, AL’”XLDtXLALp\

| B3| =

~
= L
0 for s#t <|XtLAn§?|

+ DAY XED, XLALP| + D, AL”DtAL”XLXL|

-~

L L
§|X§An;?| SIXEXE

which can be obtained from the above calculations for the derivatives. Due
to boundedness results from Section 4.2.2 we now get a constant bound for

| Dy (XA Di(XEAD)]
and hence a total bound of n?# for the term |Es|.

3.4 Finally, let us analyse F,;. We have

1 1
Ey=E[(D.A], XE)5] S E[{—(1— ")), X5)5] S —n' St

nj 02
because E[|XFXE|] is bounded.

Let us briefly summarise the results. In part 3 we have shown: Y7 | Fy; < pn?#
b Eo S pn*fas well as B3 < n?f and By < n*f. In total, we obtain:

p 2
(Zé(wnAﬁfAﬁf—é(XL)Aﬁ?)
=1

S%pn _p2n2H 2
n

Combined with part 2 we get

E [(Q 1R )j {DLP>k}] Np2n2H 27

which is what we wanted to show. O
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4.3.2 Bound of (Q,'Nn);1prosyy

First, let us introduce a notation that will also be of use later on:

4.3.2 Definition. For a l-periodic L?*-function L and a given L2-orthonormal
basis (¢;)ien we will denote its projection on the space spanned by ¢y, . .., ¢, (for
a given p € N) by L,, i.e., we will write

p

Lp = Z<L, %‘)LZ([O, 1)) P

i=1
Let us now consider the part of the L2-error that we are going to analyse in
this section:

(Q,'N. )Jl{DLp>k} <nDLp nj Z NZ/ X{oit dt) {DLEP> [}

i=p+1

Now let us calculate the second moment of this term using Fubini’s theorem:

1
E[(Q N )il{D%k}} g E(D (Z ”’/ Xiei(®) dt) {DrP2k}
i=p+1
= 1
— / / ( 1/WZ t)) (Zlmgpi(s)>E[(D )(ALP)2XLXL1{DLP>H} dsdt
i=p+ i=p+ N n .
51

~

<[ wo-ne) ([ -]

The bound on the expectation is obtained by applying the Cauchy-Schwarz in-
equality and using the boundedness results for the fourth moments of the factors
ALp and X[, which have been shown in the auxiliary subsection 4.2. The last
step is due to periodicity of both L and L,.

The bound we have found is nonrandom, it only depends on the class of
functions L belongs to and on the ONB (¢;);en. A more useful bound on this
expression with respect to p will be given as soon as we have made these choices.

4.3.3 Bound of ;;P(D}? < k)

Let us write u]b(n p) for a bound on this term. We proceed as in the proof of
convergence of DEP in order to find a suitable b(n, p).

4.3.3 Proposition. Let X(: XL) be the modified solution defined in the begin-
ning of Section 4.2. We have

( / X2dt — <¢+Z(/ )dt>2>>2 = O(n*"-2).
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Proof. We have X = h(t) 4+ Z, (see beginning of Section 4.2), thus we can write

1 /™~ 1 (- 1 /M- - 1 /™ -
—/ detz—/ hg(t)dt+2—/ h(t)tht+—/ Z2dt
nJo n Jo n Jo nJo
ftperiodic . 1 . ~ 1 no_
= /hZ(t)dt+2—/ h(t)tht+—/ Z2dt,
0 n Jo n Jo

and therefore,

( / X2dt — <w+2(/ dt)2>>2
—FK (%/0 Zfdt—erQ% /Onh(t)tht)Ql
< /O ' B(t)tht>2

/1 [ 2 1
<E (—/ Zfdt—¢> +4—E
n Jo n
-5 =5,

. 4

Let us deal with the summands separately, as usual. For Si, let us first observe
that for two jointly normally distributed, centred random variables X, Y we have

E[X?Y?] = E[X?|E[Y?] + 2E[XY]?

With this in mind we can write

(1/ Zth)2] _ 2R [i/ Zth] oy
:_/ / (Z2Z3dtds — 2~ / (Z2)dt +
_ <ﬁ/o E[Z2)dt — o > +2—/ / E[Z,Z,)%dtds.

The second summand here can be bounded by n*=* (< n?#-2) similarly to
Proposition 4.2.1: we integrate this time over squares of Si, S5, S22 and S
from Proposition 4.2.1 and using the same techniques we arrive at the desired
bound. For the first summand let us observe that 1 equals E[Zg] (as shown in
[30]). As Zis a stationary process, its second moments do not vary over time,
and hence, pulling 1 into the integral yields E[Z?] —E[Z3] = 0 under the integral
sign. Therefore, the first summand vanishes.
Now we turn to the second summand and rewrite it thus:

/ / 2,2 Jdtds < n?"

as h is bounded and thus the same arguments as in Proposition 4.2.1 can be
applied. O

S1=
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Next we will need another auxiliary convergence result.

4.3.4 Lemma. Let Aﬁf and h be defined as in the beginning of Section 4.2. We

have the following bound, using the Cauchy-Schwarz inequality and the bounded-
ness results from Section 4.2.2:

2

p(n) 1 2
B || X (3) = ([ ioawa) | | < pen
i=1 0
Proof. We calculate as follows:
o, . 2\ ?
B | X (3) - ([ wecoa)
i=1 0

) fz@ -((Aﬁf)Q -( / 1 ﬁ(tw)dt) )

n>ZE ((Aﬁf)—/olho <>dt)] < plnfn?"?

the step before last being true due to properties of the moments of centred normal
random variables. O]

Now we can derive the actual result:

4.3.5 Proposition. For k < ¢ we have
p(n 9
P(DE < k) / X2dt — ALZP> < k| <p(n)*n?-2,

Proof. Pick €1, e5 > 0 such that ¢ —e; — g9 > k. Then we can split up the set in
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question in the following way:
1 m p(n) L2
-l 204 _ P
P n/o X2dt ;(An) <k
1 n 1
/ X2dt — (¢+/ h2(t)dt>‘ < e,
nJo 0
p(n)

D (A2 - /1 h2(t)dt| < a2>

i=1 0

- P(Dﬁp <k,

+ P(D,%P <k,

(|2 [t (v [ a5 1o ifimgf)Q [iwal =)

The first summand is then zero by choice of €1, €9, because DEP must be enclosed
in the interval (1) —e; —e9, 1V +€1+¢€2) due to the last two conditions. The second
summand is bounded by the sum

. 1 p(n) 1
P (‘5/ X2dt — <w+/ hQ(t)dt)‘ 251) +P Z(Mﬁ’f—/ h2(t)dt| > e
0 0 0

i=1

::Sl '
=:52

Let us consider S;. First note that, as mentioned in Proposition 4.2.3, X; and
Xi(= X[) approach each other as ¢ tends to infinity. Therefore, we exchange X;
for X; by picking 0 < £; < &; such that we have

1 n 1 1 n 1 n
Sy =P (‘/ det—<¢+/ hZ(t)dt>’251, / det—/ det‘ZE?l)
nJo 0 nJo nJo
1 n 1 1 n 1 n
+P<‘/ det—(w—i—/ h2(t)dt>‘251, / det—/ det‘<él>
nJo 0 n Jo n Jo
1 n 2 1 n‘“’2 ~
<Pl|- Xidt — — fdt| > &1
nJo n.Jo
1 n 1
—|—P</ XEdt—(q/}Jr/ h2(t)dt>‘251—51>.
nJo 0

Then we apply Markov inequality to each of the summands, obtaining for the
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first one

(oot 5]
{ / / (X2 - X2) (X2 - X2)dtds}

<_// (X + K (X, + X)X, — K] |, — X [Jdeds

<e—o‘tZ <e~ “SZ

1 [ i ) 1
S ﬁ/ /0 e e RB[|(X; + X)) (X, + X,)| Z%dtds < =1

as the random variables involved are jointly Gaussian with uniformly bounded
variances (cf. Section 4.2.2), Z being a bound on e®|X, — X;| defined in [24] and
mentioned in Proposition 4.2.3.
The second summand is bounded by n?7~2, as shown in Proposition 4.3.3.
Now we resume the 1nvestigation of Sy. Pick an 0 < & < &9 and note that

since 7, ( fo
Z:?ip(n) <

) is a convergent sum, there exists an n € N such that

2
< &9. We can, therefore, write

i(t)d
)
Sy, <P If:) ((Aﬁf)? — (/01 B(t)gpi(t)dtf) > ey — &

We proceed as with the first summand and replace A . by A

p(n) 1 2 p(n)
S5 <P(Z((A£§’>2( / ﬁ(twt)dt)) > e85, |3 (A2 - (ALF)?) >s~2)
i=1 0 i=1
p(n) 2 p(n)
+P<Z<(A£§-’>2 ( / 1B(t)<pi(t)dt>) > e -5, |3 (A2 = (ALD)?) >é2)
i=1 0 i=1

(n)
> (A2 - Ar2)
=1

p
<P
+P( >5252€2),

where €5 > 0 is picked such that e —&5—25 > 0. For tbe first summand, Markov’s
inequality together with moment boundedness of X;, X; yields the bound p(n)2#,

> 52)

f ((Aif)z ([ B(tm(t)dt)Z)

=1
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since (by calculations from Proposition 4.2.3)

P (Z(ALP ALP)) > 2,

p(n) 1 1 M
SE|Y = ezdt— | X+ X|dt
=1 " Jo ' Jo

1 [ 2
5puw2(—/'aﬂwg |
n Jo

using Markov inequality.

Finally, for the second summand the bound p(n)?n??-2 has been proved in
Lemma 4.3.4. ]

Note that this bound is always faster than the bound derived in Section 4.3.1,
hence we do not have to take this summand into consideration while determining
the optimal p(n).

4.4 Construction of the estimator

Let us now define an estimator for the function L.

4.4.1 Definition. Given the SDE (4.1.1) with the 1-periodic and bounded mean
function L, an ONB {;}ien of L?([0, 1]), define for a nondecreasing function

n—oo

pN—)Np()—>oo,

Zs@f(T),

where fi\") (19,(1T L’p(n)))i (see Definition 4.1.7).

(2

In order to establish bounds on the rates of convergence which depend on n we
are free to make two choices. We can pick a suitable orthonormal basis (note that
in our previous calculations we have not specified one) and a class of functions
where L should belong to, thus imposing new conditions on our problem. This
will be done in the main proposition. Before that let us present a lemma from
[68].

4.4.2 Lemma. If a function f is continuous with the modulus of continuity w(9),
then it holds for the partial sum of its Fourier series Sy(x) = Z;V:_N f(y)e*miie

(where f(n) are the corresponding Fourier coefficients):
1
) = Sw(a)] < o (5 ) o)
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for some constant A.

Therefore, it seems reasonable to consider the Fourier orthonormal basis
(e*™9%) ;7. However, as we need a basis of real functions, we consider the family
(1, V2sin(27x), V2 cos(2mz), v/2sin(27- 22), v/2cos(27-22), ... ) as a choice for
@i, which changes nothing for the uniform bound, since

N
Sy(z) = ag + Z a;V2sin(2mjx) + bjv/2 cos(2mjx)

Jj=1

with a;, b; being defined as scalar products of f with the respective basis elements.
As to suitable classes for L, let us consider the class H” of v-Hoélder continuous
functions (for which we have w(d) = k07 for some constant k). The above result
will then mean

Lopi () — L(2)] < (ﬁ) og(p) < 2.

It is enough to consider odd indexes, since for the even ones the order of the
bounds remains asymptotically the same (this can be shown with the triangle
inequality because the bound on the coefficients is known).

4.4.3 Proposition. Consider the SDE (4.1.1) with the 1-periodic, v-Hélder con-

tinuous (for v > %) and bounded mean function L as well as the trigonometric
orthonormal basis {p;}ien. Then ﬁp(n) is an L?-consistent estimator of L for
p(n) ~ 5%

Proof. First, note that for p(n) ~ n7ie Propositions 4.2.2 and 4.2.3 are satisfied.
We consider the mean integrated squared error between the estimator and the

true function L and provide a tradeoff bound by applying the Cauchy-Schwarz
inequality:

[ [ ott) - L)
<2 (]E Uol(ﬁp(n) (t) — Lp(n>(t))2dt} + /Ol(Lp(n)(t) - L(t))th) :

Note that
2
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and therefore,

E Uol(ip(n)( ) — th] ZE |+ /Ol(Lp(n)(t) — L(t))*dt.

We know from Section 4.3 that the first term is asymptotlcally bounded by the
slowest term out of p(n)- p(n)?n?4-2, (fo |L(t) )|dt) (the additional

factor p(n) emerging from the summatlon) and Zl 1 ,ulb(n p(n)). As we can see

from Lemma 4.4.2,
o ([ -t 2

as well as

/0 (Lp(n) (t) — L(t))zdt < %.

For our choice of p(n) and 7 each of the terms goes to zero as n tends to infinity.
In particular, we get

p(n) p(n)

Zu pi S b(n, p(n)) =0

z:1

by virtue of the Bessel’s inequality, since p(n) — oo for n — oo.
Moreover, the p(n) chosen in the proposition minimises the bounds. O

This speed of convergence can be improved by assuming that the so-
lution for every cutoff Lp can be observed. In this case the bound

( fo |L(t) )]dt) disappears, such that convergence becomes faster.
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Chapter 5

Parametric estimators for the
Ornstein-Uhlenbeck type
equations driven by a Rosenblatt
process

As mentioned in Chapter 2, Hermite processes with Hurst parameter H € (%, 1)
are stochastic processes in Wiener chaoses with respect to a fractional Brownian
motion that have the same covariance structure, namely that of the fractional
Brownian motion with this parameter. As we will see in this chapter, they have
a representation in terms of multiple integrals, and thus calculations including
them can be made my means of Malliavin calculus. For this reason it is a
natural idea to analyse the behaviour of the least-squares type estimator in the
Ornstein-Uhlenbeck setting (analysed in [24] with Malliavin calculus for fBm)
for Hermite processes in higher order chaoses. In this chapter we have made this
analysis for the Hermite process in the second chaos, also known as Rosenblatt
process. Moreover, we have constructed other parameter estimators for this
setting and analysed their asymptotic behaviour. The mathematical reason
for the restriction to chaos two is that, although Skorokhod-type integrals are
defined for general Hermite processes, the calculus for them is less studied than
for the Rosenblatt processes.

Concerning the practical motivation we have briefly seen in the introduction
that in some applications it makes sense to consider a driving process with
skewed marginals, which exhibits self-similarity. The Rosenblatt process is
well-adapted for this role since the choice of the parameter H defining the
covariance allows to regulate the skewness of the process: In the limit H — 1 the
x*-marginals emerge and in the limit //' = § normal marginals occur (see [82]).
Moreover, Rosenblatt processes, just like their Gaussian counterparts, exhibit
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self-similarity (see [78]). From the practical point of view this offers a simple but
versatile idea for modelling processes with a skewness.

Although the definition of the least-squares estimator is analogous to the fBm
case and relies on calculus for Skorokhod type integrals, the proof techniques
are quite different from those used in [24]. The proofs in the latter setting
rely heavily upon the Gaussianity of the driving process, requiring a different
approach for the former case. The techniques found for demonstrating the
asymptotic properties for the Rosenblatt processes are more general, some of
them allowing extensions to self-similar processes. These techniques, moreover,
lay the foundation for considering general Ornstein-Uhlenbeck type equations
driven by a general Hermite process. For this some additional properties of
stochastic integrals with respect to Hermite processes need to be established;
moreover, parts of the proofs will require a different treatment, however, this
chapter provides an outline for future work in this direction which would even
further generalise the results. The same is valid for the new estimators defined
in this chapter and the techniques developed to analyse them.

We consider the following model:

t
X, =X L(t)—aX)dt+Z7, +>0
t o+/0( (t) —aXy)dt + Z,7, >0, (5.0.1)

where the random noise (Z);5¢ is a Rosenblatt process with Hurst parameter
H € (%, 1), L is a periodic function and « is assumed to be positive (here,
again, the sign in front of « in the equation is changed to accommodate this).
We will assume that L can be written as L(t) = > 7| pipi(t) with some suitable
known periodic functions ¢, ¢ = 1,..,p. The purpose is to estimate jointly
the parameters fu,.., 1, and a based on a continuous-time observation of the
solution to (5.0.1).

The contents of this Chapter can for the most part be found in the paper

e R. Shevchenko, C. A. Tudor - Parameter estimation for the Rosenblatt
Ornstein—Uhlenbeck process with periodic mean, 2019, Statistical Inference
for Stochastic Processes.
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5.1 Preliminaries: The Rosenblatt process and
the stochastic integral with respect to it

Let us start by recalling the definition and the basic properties of the Rosenblatt
process as well as the construction of the stochastic integral with respect to this
process, which is neither Gaussian nor a semimartingale. For a more complete
exposition, we refer to the monographs [62], [77] or to the reference [78]. The
properties mentioned in this section are demonstrated in these references. Note
that there are several possible definitions of the Rosenblatt process. Here, we
chose to work with the so-called finite interval representation of it. Let H > %
and (B;):>o a Brownian motion. Consider the kernel

t
K"(t,s) = cHséH/ (u— s)HTuH’%du (5.1.1)
with ¢ > s and ¢y a deterministic constant and recall that a fBm could be defined
as a single integral of this kernel with respect to a Brownian motion (see Section
2.1.1). The Rosenblatt process with Hurst parameter H € (%, 1) is defined as

t t t GKH/ aKH,
Zi" = d(H — —_— du) 6B, 6B, t>
' ( )/0 /0 (/y ou (1) ou (u, y2) u) y0By,, t 20,

1Vy2

(5.1.2)

with
I H+1
2

and d(H) a deterministic constant that ensures E(Z/)? = ¢*# for every t > 0.
The stochastic integral in (5.1.2) is a multiple integral of order 2 with respect to
the Wiener process B (see Section 2.1.2). Similarly, Hermite processes of order
g with Hurst parameter H € (%, 1) are defined as multiple integrals of order ¢
of the same structure but with a different normalising constant, and the kernels
involved are K"« with H, =1+ %.

The process (Z) >0 18 a self-similar stochastic process (with the self-
similarity index H). As for the fBm (see Section 2.1.1), this means that

(ZH 1t e R}y {a"ZF t € RY.

This scaling property is important for the analysis of integrals with respect to
ZH"  since it allows a rescaling of the integrands.

Due to the fact that it has the same covariance structure as the fBm, it
has stationary increments and a version with Holder continuous paths of order
d € (0, H). By definition it is clear that this process lives in the second Wiener
chaos.
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Let us denote by 7 the canonical Hilbert space associated to the fractional
Brownian motion with parameter H, i.e. s is the closure of the linear space
generated by the indicator functions {1p,,t > 0} with respect to the inner
product

1
(Lo, Lio,8)) st = B (tZH + 57—t - 3|2H) , t,52>0,

as explained in Section 2.1.2. It is also possible to define Skorokhod integrals
of random integrands with respect to the Rosenblatt process on the (possibly
infinite) interval [0, T]. For a square integrable stochastic process (g:)i>0 we set

/ 9671 = / / ) (Y1, Y2)6 By, 0 By, (5.1.3)
0

with the transfer operator
) OKH

I(9)(y1,y2) = / guw(u,yﬁw(u,yg)du. (5.1.4)

The notation 6B in (5.1.3) indicates the Skorokhod integral with respect to the
Wiener process (By),>o. From Lemma 1 in [78], the Skorokhod integral (5.2.7) is

well-defined if
/ / HDm 129‘

Moreover, if g € L*? := L*([0, T|,D*?) (p > 2), then for every t > 0

1Vy2

2 pudrydry < 00. (5.1.5)

t

p
E|[ g.627
0

< clp. 1) sup |Elanl + B [ [ 1580 ]

rel0,t]
(5.1.6)
for some constant c¢(p, H) (this is also proved in [78]).

If g € M is deterministic, then the integral (5.1.3) is a Wiener integral with
respect to the Rosenblatt process (also called Wiener-Rosenblatt integral) and it
satisfies the following isometry

(/ gS(SZH/ h(SZH) = H(2H-1) // V) fu—v|*" 2dudv = (g, h) yu

for any functions g, h such that [; [ |g(u)h(v)||u — v|*~2dudv < oo and for any
t >0 (see [78] for proof).

5.2 The Rosenblatt Ornstein-Uhlenbeck pro-
cess with periodic mean

The Rosenblatt Ornstein-Uhlenbeck (ROU in the sequel) process is defined as
the solution of the Ornstein-Uhlenbeck equation driven by a Rosenblatt noise,
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see e.g. [45] or [74]. Possible applications of such a model are mentioned at the
beginning of this chapter. The ROU process with periodic mean is defined as
the solution to the Ornstein-Uhlenbeck type equation whose drift is a periodic
function. More precisely, we will consider the stochastic differential equation

t
X, :/ (L(s) —aX,)ds+ZF, t>0, (5.2.1)
0

with vanishing initial condition, where Z is the Rosenblatt process with Hurst
parameter H € (%, 1). As in Chapter 4, L is assumed to be a deterministic func-
tion that can be expressed as a linear combination of known bounded 1-periodic
functions (assumed to be orthonormal in L?([0,1]), without loss of generality),
ie., forp>1,

L(s) = Z pipi(s), s>0. (5.2.2)

Let us focus on the basic properties of the solution to (5.2.1). As in the case
when the noise is a fractional Brownian motion, it follows with the arguments
given in Section 2.1.3 that (5.2.1) admits a unique strong solution which can be
written as

¢ ¢
X;=e (/ e L(s)ds +/ eo‘séZsH) = h(t)+Y:, t>0, (5.2.3)
0 0

where we use the notation
t ¢
h(t) = e_o‘t/ e*L(s)ds and Y;= e_o‘t/ e*s6 71 (5.2.4)
0 0

for every t > 0. The stochastic integral §Z in (5.2.3) is considered a Wiener in-
tegral with respect to the Rosenblatt process Z# (coinciding, as in the fBm case,
with the pathwise integral for deterministic integrands) and we will call the pro-
cess (X¢)i>o the Rosenblatt Ornstein-Uhlenbeck process with periodic mean. We
can also define the so-called stationary Rosenblatt Ornstein-Uhlenbeck process
with periodic mean by putting

t t
Xy =e™ (/ e L(s)ds +/ e"‘séZf) = h(t)+Y;, t>0, (5.2.5)

— 00 —00

t t
eo‘t/ e**L(s)ds and Y; = e“t/ e*6 7M. (5.2.6)

—0o0 —00

2
YamnS
~
SN—
Il

The existence of the stochastic integrals in (5.2.3) and (5.2.5) is shown in e.g.
[14] or [45]. We also recall the correlation structure of the process Y (see [14] or
[45]): for every t > 0 and for s — oo we have with ¢y € R

EY, Vi, = cys?2 + O(s*71). (5.2.7)
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We will start by proving some ergodic type properties of the process X. These
properties will be needed in order to analyze the asymptotic properties of our
estimators in the sequel.

5.2.1 Proposition. Let ¢ : R — R be a bounded I-periodic function and let
(Yi)i>0 be given by (5.2.6). Then

1 " > n—oo
—/ o(t)Y,dt "= 0 almost surely.
0

n

Proof. We have for every n > 1

(% /Ongo(t)?;dt) = n2/ / Y,|dtds.

First notice that for every integer ng < n we have

E

1 o TL—)OO

) (t)p(s) E[Y,Y]dtds "=° 0. (5.2.8)
= J[0,m)2\ [no,n)2
Indeed, we can write
1
— o(t) (s )E[)@Y]dtds
n? [0,n]2\[no,n]2
no
= / / E[Y;Y,]dtds + 2—/ / [Y;Y,]dtds
N / / lp(t)p(s)| (Y2 + Y2)dtds < en™,

where we used EY? < ¢ for every ¢ > 0 (see relation (2.16) in [56]). We obtain
by (5.2.8) and the periodicity of ¢
L[ -\ Lo 2H—2
B(, [ o) | < 5 [ [ el - o2
nJo no

2
nno

< / / lo(B)o(s)|lt — s|2H-2dtds
< 22//|w St — s — (i — )P 2deds

n

1 _
<L 5 [ [ teetsii =) - - op-2aras

1,7=0;]1—j|<2

—1—2% Z / / lo(t) (i — j) — (t — )2 2dtds.

2, j=0;1—75>2
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Moreover,

Loy //\90 i =) (¢~ )P 2duds

1, j=0;]i—j|<2

< nmax(/ / lo(t)e(s)||t — s|2H_2dtds,/ / lo(t)e(s)]||1 — (t — s)|2H_2dtds>.

Because ¢ is bounded and H > %, the two integrals above are finite and then
the summand converges to zero as n — oo.
For the second summand note that

(i —j) = (t =) = (1 - S_)ﬂ” (i —5)*7,

t=17
and since for 1 — j > 2 we have 1 — ;j > %, we deduce that this summand is
bounded by
1
LS [ [ tetoretoti = e-sanas
" i, j=0;|i—j|>2

up to a constant. In total, we have

N 1
s|( [ ewsa) | £ 5 S [ [ et i
Jo n i, j=0;|i—j|>2
S ||90”L2 (0.1)) 2 Z = |2H_2 St
2, j=0

Since Yt is a second Wiener chaos element, then so is the integral fo ot Y}dt

because it is an element of the L?-closure of (¢()Y;),cp+: It follows by Fubini’s
theorem that it is orthogonal to every Z in the orthogonal complement of this
closure. Therefore, due to the hypercontractivity property (2.1.6) we obtain the

bound
1 n ~ 2m
— t)Y,dt
(n/o @()t )

We can choose an m € N big enough, depending on H, such that the statement
follows by the usual Borel-Cantelli argument. O

E

< nm(2H—2)

As a consequence of Proposition 5.2.1, we can deduce a discrete ergodic prop-
erty for the shifted process X.

5.2.2 Corollary. For every n > 1, define the process Y, := {Ypis, s € [0, 1]}.
Then Y satisfies the following discrete ergodic property

n—1 1
1 n—oo
= E / e(t)Y(t)dt "= 0 almost surely.
n 4~/

1=0
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Moreover, the process X, = {X,4s, 5 € [0, 1]} (n € N) also satisfies the
discrete ergodic property, i.e.,

n—1 1 1

| . )

52/ ()X, (t)dt "= / @(t)h(t)dt almost surely.
i=0 70 0

Proof. For Y,, the conclusion follows since

1%—1 1 1n—1 i+1 ~ 1 [ ~
— )Y, (t)dt = — )Ydt = — t)Y,dt,
o2 [ etovina =032 [ gtosar = [ oo

while for X,, we simply use the fact that h is 1-periodic. O

5.3 The least squares estimator

We will analyze the least squares estimator for the parameters of the model
(5.2.1), inspired by the construction in [27] and [24]. In the first part we adapt
the definition given in Section 2.2.2. and derive some of its basic properties and
in the second part we study its consistency and its limit behavior in distribution.

5.3.1 Definition and basic properties

Our purpose is to estimate the (p + 1)-dimensional parameter

V= (1, ..., flp, @) (5.3.1)

where pu;, @ = 1,..,p, are the coefficients that appear in the definition of the
periodic function L (see formula (5.2.2)) while « is the drift parameter of the ROU
process (5.2.1). We will construct a least squares estimator (LSE) to estimate 9.
Following the construction explained in Section 2.2.2, we are led to the following
estimator

~

Uy o= (i, ... iR, Gy) = Q' Py, (5.3.2)

with the (p + 1)- dimensional random vector P, given by

P, = (/(;ngol(t)(SXt,...,/Ongop(t)(SXt,—/OnXt(SXt)T (5.3.3)

and with the matrix @,, € M,;(R)

Qn = ("] dy _“") (5.3.4)

—a, by

al = (/On o1()Xdt .. ., /On gop(t)Xtdt)
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and

= / XZ2dt.
0

Note that in the definition of the estimator U, (5.3.2) stochastic integrals with
respect to X appear. This integral is understood in the following sense (similarly
to the integrals in the fBm setting defined in Section 2.1.2)

t t t
/ 96X, = / gs (L(s) — aX,)ds + / g6 71 (5.3.5)
0 0 0

for every t > 0, where the second integral is a Skorokhod integral with respect to
the Rosenblatt process (see Section 5.1), provided that the integrals above exist.
We need to chose a Skorokhod and not a pathwise integral with respect to the
Rosenblatt process because, similarly to the explanation for the fBm given in
e.g. [30], the choice of the pathwise integrals (which can be easily defined for the
Rosenblatt process since it has Hélder continuous paths or every order 6 € (0, H),
cf. Section 2.1.2) does not lead to a consistent estimator.

First, we need to argue that the stochastic mtegrals that appear in (5.3.3)
and (5.3. 4) are well-defined. The Wiener integrals fo ©i(8)0ZH are obviously well-
defined since @;,7 = 1, .., p are bounded and periodic. In the next result we show
that the Skorokhod integral in (5.3.3) is also well-defined.

5.3.1 Proposition. Let (X;);>o be the solution to (5.2.1). Then for everyt >0
the Skorohod integral f(f X, 671 is well-defined.

Proof. From relation (5.1.5) in Section 5.1 we need to show that

T T
E/ / 1Dsy o X |2 wdrdics < oo.
0 0

By taking the Malliavin derivative in (5.2.3), we get for every xy,z5 > 0
Doy Xu = 2d(H)1g 2 (w1, 22)1(e*C ™) (21, 29)

¢ _ OK™ oK™
= 2al(H)1[o,u}2(351,:l€2)/aw%2 e S (u, 1) 5 (', z9)du,
where [ is the transfer operator (5.1.4). Hence,
aKH’ oKt
1Doran Xl = [ [ [ e B ) 2, o
x1Vxe Jx1Vare Jx1Ves

X

v , KH KH’
/ v _v)aﬁv’ (W', 21)—— B, (W', z2)dv'|u — v 2 dudv
x1VTo

< / / _y[2H-2
x1Vro Jxr1VIo
v K" oK™ v KM oK™

X / —— W, m) (), mg)du’/ —— ', 21) (v, z2)dv'dudv
T1Va2 au au x1VIo 8/U a’U

= ”D$1$2ZH“3fHa
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since e®*' =% < 1 and the other integrands are nonnegative. From Example 1 in
78] we know that E[[" [ || Dayas Z |2y ndx1das] < 0o, and the result follows. [

In the sequel, we will need a more convenient expression of the estimator
(5.3.2). Note that the inverse of the matrix @), can be expressed as (see [24])

-1 _ Id + ’YnA A _’VnAn
with
s (1" 1 ("
An= Ao b)) = (= | orOXedt, ..., = [ o(t)X,dt)  (5.3.7)
nJo nJo
and

1 n p -1
== Xldt—> A2.) . 5.3.8
([ =) 633
Another useful fact is that we can (also in a similar way to [24]) deduce a

different expression for ¥J,, which allows to access the error 9,, — 9 directly.

5.3.2 Proposition. The estimator 0, (5.8.2) has the following representation:
U, =9+ Q;'R, (5.3.9)

with Q,, given by (5.3.4) and

R, = (/ gpl(t)éZtH,...,/ o, ()6 Z —/ X@Zﬁ). (5.3.10)
0 0 0

Proof. This follows easily if the relation X; = fo X,)ds+ Z! is plugged
as the integrator in each component of P, (5.3. 3) O

The relation (5.3.9) will be used in order to study the asymptotic behaviour
of the LSE.

5.3.2 Strong consistency

We study the asymptotic properties of the LSE (5.3.2). In this part we prove
that ¥, is strongly consistent, i.e. it converges almost surely to the parameter
¥ (5.3.1) as n — oo. In order to prove the estimator’s consistency we will need
several auxiliary results. First, we quote a technical lemma from [39].

5.3.3 Lemma. Let v > 0 and py € N. Moreover, let (Z,)nen be a sequence of
random variables. If for every p > po there exists a constant ¢, > 0 such that for
alln € N

(E[|Za D" < en,
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then for all € > 0 there exists a random variable 1. such that
| Z,| <men™ 7" as.
for all n € N. Moreover, E[|n.|’] < oo for allp > 1.

To show strong consistency of the estimator (5.3.2), we will treat the quantities
LR, and nQ," separately, as in [24] and [7].

5.3.4 Proposition. Let R, be given by (5.3.10). Then, as n tends to infinity,
%Rn — 0 almost surely.

Proof. Due to (5.1.6) it suffices to demonstrate that

sup sup (Ellg, "]+ E[ D g, |17 0 o)) < 00 (5.3.11)

n  rel0,n)

forg=; (i=1,...,p) and for g = X for all p* € N. Then the result will follow
by taking v =1 — H in Lemma 5.3.3. Since by assumption all ¢; are bounded,
the statement for g = ¢; (i = 1,...,p) is immediate. For g = X recall that

t ¢
Xy :/ eV L(s)ds —I—/ ESal VAL
0 0

Using the fact that L is bounded, we clearly have

. t 1 1
[ eenoys < e [ et = Lipester <1y < L
0 0 « )

and by the triangle inequality it is enough to prove the inequality (5.1.6) for the
random part of X, i.e. for ¢, = fot e*dzH =Y, (see (5.2.4)). We write for
every r > 0

E[

For the term N, we note that since Y, is a multiple Wiener-Ito integral of
order two with respect to a Brownian motion, the hypercontractivity property
(2.1.6) is applicable, yielding the inequality

P]+ENDOY %2 g0 ) = Nu + Moy

E[lY, "] < (p* — 1) E[Y;[*]"2.

Therefore, since the above constant does not depend on the underlying space,
it suffices to show boundedness of the L?-norm. Due to isometry property of
Wiener-Rosenblatt integrals (5.1) we have

T T
EHYT|2] — / / 6—2ar€aueav|u_v|2H—2dudv
0 0
T T
= / / e~ ey — v|*" " 2dudy
0 0
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and clearly sup,c( E[|Y;[]?] < C for every t > 0 with some C' > 0. Concerning
the summand N,, we recall that

D2y Yy = 2d(H) 1 2 (21, 22)1(€*C7) (21, 9).

Since it is nonrandom, it is enough to prove the boundedness of | D®)Y,||? 12([0.n]2)"
We have, with I given by (5.1.4),

”DQ)Y;«H%?([()’”]?) — / / (2d(H>1[07T]2<x1, l@)[(ea('*r))(l‘l) $2))2d£€1dﬂ?2

= / / a ZL’l, :L‘Q))le’ldIg

= 4d(H)*|[1(e*C ) (21, 22) |72 0, 112y
= d(H)*E[L(I(e* ") (21, 22))*] = d(H)*E[Y]
due to isometry of the Wiener-1t6 integrals (2.1.2). As shown above, the obtained

expression is bounded by a constant independent of r and of n. Thus, our claim
(5.3.11) is proved. O

The next step is the almost sure convergence of the matrix n@,'. The proof
is similar to the one given in [24] for the case of the fractional Brownian motion.

5.3.5 Proposition. Let Q,, be defined by (5.3.4). As n tends to infinity, nQ;"
tends almost surely to the deterministic matrix

Id, + yAAT —fyA)
= , 5.3.12
Q ( ’yAT v ( )
where
A=Ay, Ay) and A = (5, W) 20,5 = 1, ., D, (5.3.13)

with h from (5.2.6) and

v = (/1 R2(t)dt + o " HT'(2H) ZA2> . (5.3.14)

0

Proof. We will use the expression (5.3.6) of the matrix @, . From this formula
it suffices to prove almost sure convergence of the quantities A,, ; from (5.3.7) to
the constant A; given by (5.3.13) for every ¢ € {1,...,p} as well as almost sure
convergence of v, to the nonzero real number y~! from (5.3.14). Concerning
A,,.; using the fact that the difference

H' H'
3[( (u, xl)aKu (u, x2)dudB(x1)dB(z2)

IV, = Y| =e®
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converges to zero almost surely as t — oo (and the same holds true for | X, — X’t]),
we obtain almost surely via Corollary 5.2.2

n n

1 1 N
lim A, ; = lim — [ @(6)Xydt = lim — [ ;(t) X,dt

n—o0 n—o0 N Jo n—o0 1N Jo

- JL“SWZ/ i) Xedt = / i(t)lE[Xt}dt:/Ol%(t)l}(t)dt:/\i

for every i = 1, .., p. Concerning 7, ' we have from (5.3.8)

1 [ 1 /M 2 (" 1 [/
1 / X2 — L / h(t)2dt + 2 / h(s)Yods + ~ / y2ds.
n n Jo n Jo n J,

Since |h(t) — h(t)] = e | f e**L(s)ds|, we conclude that the first integral

converges to f h2 )dt For the second mtegral note that due to boundedness of
L ["Y.ds (shown in [56]) and of |+ [* h(t)dt| we obtain almost surely

2 (" 2 (M- -
lim — [ h(s)Yids = lim —/ h(s)Ysds =0
n—oo M Jq n—o0 M Jg
by applying Proposition 5.2.1. The almost sure limit of the third integral equals
a P HT(2H), as demonstrated in [56]. So almost surely

p

L1 SYPRE - .
= [ xR = YDA R — Do o + o HTCH)
=1 =1

and by Bessel’s inequality we can see as in [24] that the above limit is indeed a
positive real number. O

As a consequence of Propositions 5.3.2, 5.3.4 and 5.3.5 we obtain the strong
consistency of the least squares estimator.

5.3.6 Theorem. As n — oo, the LSE (5.3.2) converges almost surely to the
parameter ¥ = (U1, ..., flp, V) .

5.4 Limit distribution of the least squares esti-
mator

We will analyse the asymptotic behaviour in distribution of the LSE. We use
the decomposition of O given in Proposition 5.3.2. It follows from this result,
since the random matrix n@, ! given by (5.3.4) converges almost surely to the
deterministic matrix () from Proposition 5.3.5, then it is enough to consider the
asymptotics of the vector R, in (5.3.10).

We start with a result concerning the first p components of the vector (5.3.10).
In the sequel, by a Rosenblatt random variable we mean a random variable with
the same law as Z from (5.1.2).

93



5.4.1 Proposition. For every n > 1, consider U, = n~" [ f(s)0Z2 for a
bounded 1-periodic function f. As n tends to infinity, this sequence converges in

distribution to U = (fol f(t)dt) V', where V' is a Rosenblatt random variable.

Proof. 1t follows by the scaling property of the Rosenblatt process (see [78]) that

d d
U, = fol f(ns)dZH  where = stands for the equivalence of finite dimensional
distributions. We will show that this sequence converges in L? to the random

variable <f01 f(t)dt) ZH_ We can write

e[ [ swssz ([ ras) for —&[ [ (st - [ rorar) 525]2
— H(2H-1) /01 /01 F ) f (o) u — v 2dudy + (/01 f(s)ds)2
_2H(2H — 1) /01 /01 Fnu)lu — o2 2dudy /01 F(5)ds.
First,
H(2H — 1) /0 1 /0 ) f ()t — 0P 2dud
— HEH — 1)~ /O ' /0 " Flnu) f () u — o2 2dudy

n—1 1 rl
- n_QHH(QH—l)Z/ / fu)f)|u—v+i— 7 2dudv
o Jo

i,j=0
n—1 1 1 2H—2
W 2H . . 2H-2 u—v
n “"H(2H 1)2.’1.;#/0 /0 fu)f(v)|i — 4| 1+ =7 dudv
n—1 2 2
~ o HHEE 1) Y i (/lf(s)ds) nopo (/lf(s)ds) |
0 0

i,J=05i#]
The equivalence is obtained by considering the binomial expansion of

2H—2
)1 + H . On the other hand,

H(2H —1) /01 /01 f(nu)|u — v|*# 2 dudv
= H(2H —1) (/01 f(nu)du /Ou(u ) /01 /Ul f(nu)du(v — u)2H2dv>
—m /O )+ 0 /O )1 — 0
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Now, again by the binomial expansion,

1 n
H/ f(nu)qu_ldu:Hn_2H/ fw)u* " du

n—1
= 2HZ/ f(w)(u+i)*"tdu ~ Hn~ 2H/ Fw)> (u+)* " du
=0

n—1 _ 1 2H

~ anH/o f(u)ZiQH*1 (14—%)2[{ 1ciuran 2 i flu )dun—

— 2H
1 1
= 5/0 f(u)du

Moreover,

H/ f(nu)(1 —w)*~ 1alu—H/ f(n(1 —uw)u*du

1
. . 2OH—1 n—oo L . _ =
= H/o f(=nu)u du — 2/0 f(=u)du 2/0 fu)du

with the same argument as above. This gives the desired L?-convergence. O]

Now let us consider the last component of the vector R, in (5.3.10). First we
show that the stochastic integral part does not contribute to the limit.

5.4.2 Proposition. Let (Y;)i>o be given by (5.2.4). Then, as n tends to infinity,

n 2
E(n—H/ nazﬁ) — 0.
0

Proof. Let us estimate the L*-norm of the random variable n=# [ Y,dZ with
Y from (5.2.4). In [78] the following bound is given:

n 2 w o
(/ YtéZtH> SC’(E [/ / Yqu’U—Ulmzdudv}
0 0 0
e [/ / / / D$1’$2Y“D11,x2§/v|u — U|2H_2dudvdx1dx2] > i
0 0 0 0

Since Y, is a double integral, it is easy to note that the two summands above only
differ by a constant, so it is enough to consider one of them. We obtain using the
isometry for the Rosenblatt process

E {/ / Y. Yo|u — v|2H_2dudv}
o Jo
n n u v
= / / / / s (=) _ 122 s, — 0|22 dudy
o Jo Jo Jo
/ / / / emolsmulgmalr=vl)p _ 2021y — o222 qrdsdudv,
o Jo Jo Jo
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that this bound multiplied by * 1

n’ nlog(n)

and it is demonstrated in [30] and [31] t
or n“~*" in cases H € (l §), H = % and H > 3 respectively converges to a

2-4H
20 14 4
constant. Thus, the statement follows. O

The next proposition concludes the asymptotic analysis.

5.4.3 Proposition. Let (Y;);>o be given by (5.2.3). The sequence n™ " [ X,6 2}
converges in distribution to U = <f01 iz(t)dt) V', where V' is a Rosenblatt random

variable.

Proof. Recall that for every ¢ > 0, X; = Y; + h(t
analyse the limit of n= [* h( 5ZH Since h from

(5
it suffices to demonstrate that n_H [ (h(t) = h(t)sZ]

and then to apply Proposition 5.4.1. Since |h(t) — h(t)| is bounded by e~ times
a constant, we get by the isometry property (2.1.2)

n 2 n
( / (h(t) — B(t))(szf) <e / / e~y — o P2y,
0 0 0

for some positive constant c¢. The right hand side is bounded uniformly in n, and
the desired convergence follows. O]

ee (5.2.4), so we need to

), s
2. 6) is a periodic function,
t

converges to zero in L?

E

By putting together the above results we state and prove the main result of
this section.

5.4.4 Theorem. Let U, be given by (5.8.2). Then the sequence n'~1 (@n — 19)

converges in distribution asn — oo to QR where the matriz Q) is given by (5.3.12)
and R is the following random vector

1 1 1 T
R = (/ 1(8)ds, ,/ ©p(s)ds, —/ hsds) V.
0 0 0

where V' is a Rosenblatt random variable (i.e. V £ ZH) and h is defined by
(5.2.6).

Proof. The almost sure convergence of n@* to the matrix @ follows from Propo-
sition 5.3.5 an we need to prove the asymptotic behaviour in distribution of

the vector %Rn (5.3.10). For any as,...,a,+; € R and for 1-periodic functions
fi,.-., fpr1 we have
p+1 n pt1

fz (t)oZ =n~" iJi(t)oZ,

and by Proposition 5.4.1 this converges in distribution as n — oo to U =
fo S Pt afi(t)dt)V  (where V' is a Rosenblatt random variable), because
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7?:11 a; f; is again a l-periodic function. By applying the results to f; = ;, 1 =

)

1,..,p and f,41 = —h and by using the L? convergence from Proposition 5.4.2,
we obtain the conclusion. O
Note that for functions ¢;, ¢ = 1,...,p, whose integrals are equal to zero one

might obtain an improvement in the speed of convergence (similarly to the results
obtained in Chapter 3). This case is, however, not treated here. Also, similarly
to the fBm-case, the limit is of dimension one, however, here it is an element of
the second Wiener chaos. From the point of view of statistical applications the
limit is not as well-studied as the normal distribution, in particular, there is no
known closed expression for the density of Z{’. However, in [82] an algorithm for
approximating quantiles is given which makes statistical evaluations such as the
construction of confidence intervals accessible.

5.5 Alternative estimators

The estimator 9, (5.3.2), although consistent and with explicit limit distribution,
involves a Skorokhod integral. It is well-known that it is difficult to simulate such
a stochastic object. Therefore, we will define some alternative estimators that can
be expressed only in terms of Wiener and Lebesgue integrals and consequently
they can be simulated. One of these new estimators represents an extended version
of the estimators proposed in [30] or [56] (mentioned in Section 2.2.2) as it reduces
to them when the periodic drift L reduces to a constant.

Recall that the the functions ¢; from (5.2.2) are assumed to be orthogonal in
L?([0, 1]). We will consider the following assumptions, or cases (the function h is
defined in (5.2.6)):

(A1) h does not belong to span(es, ..., ). In this case there exists a bounded
function ¢,+1 orthogonal to all ¢; (i € {1, p}), but not orthogonal to h.

(A1*) h € span(gs,...,p,). Then there is no L? function satisfying the above
orthogonality conditions.

We will show below in Remark 5.5.5 that in the case when ¢;,7 = 1,..,p are
elements of the trigonometric basis of L?([0,1]) it is easy to check which one of
these assumptions is satisfied and to determine the function ¢,;; without the
knowledge of A in case of (A1).

5.5.1 Proposition. Assume that (A1) is satisfied. Define for every n > 1

& = — fon Pp1(t)d X,
" fon 90p+1(t)Xtdt
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and fori=1,...p

1 " n
Him = — (/ ©i(t)dX, + O_én/ gpi(t)Xtdt> .

Then (G, fl1ms -5 i) 15 @ consistent estimator of the parameter (o, pu, .., i) of
the model (5.2.1).

Proof. From (5.3.5) and (A1) we have

[ [ [
[ erntaxi=-as [ ppnioXdt+ < [ oz
nJo nJo nJo

SO we can write

- t)dzH
&, —a=— Jo p1(t)dZ; . (5.5.1)

nt fo epr () Xedt
As demonstrated in Proposition 5.3.4, the numerator of (5.5.1) converges to
zero almost surely as n — 0co. Moreover, we can conclude using Proposition 5.2.1
that

1 ~
A pi1 1=~ /O @p1 () Xedt "= (B, 0pi1) 120, 1)

almost surely. Since this is nonzero by the assumption (A1), strong consistency
of &, follows. Consistency of ji; follows by observing that

1 [ 1 [ 1 [/
—/ ei()dX, = p; — a—/ @i (1) Xypdt + —/ goz-(t)dZtH,
n Jo n Jo nJo

and this implies, for every i =1,..,p

1 " 1 [
fiim — pi = — (G0 — ) / oi(t)Xdt + — / pi(t)dzH (5.5.2)
n 0 n Jo

and the last summand again converges to zero almost surely as n — oo while
L ["i(t) X, dt tends to a constant. O

The asymptotic behaviour in distribution of the above estimators can be easily

obtained from the proofs in Section 5.4.
5.5.2 Proposition. As n tends to infinity the vector n'=H(

Wiy e oy fpn — Hp) T converges in distribution to the vector

0_577, - Q, /v_Ll,n -

1
Jo por )dt—@o N —

1 o1 P p2o,1))
fO SOPJrl )dt (ep +1’h>L2(0 1) + fo 901 t v

1 (p, ) '
fo cppﬂ(t)dt(p& fo SDP t

‘Pp+1’h>L2( 0,1

where V' is a Rosenblatt random variable.
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Proof. This follows by construction from relations (5.5.1), (5.5.2), Proposition
5.2.1 and the non-central limit theorem in Proposition 5.4.1. O

When the assumption (A1*) is satisfied, we can also define consistent esti-
mators for the parameters of the model (5.2.1) which involve only Wiener and
deterministic integrals.

5.5.3 Proposition. Assume that (A1%) is satisfied. Consider the following esti-

mators )
(1) 1 1)
e (HF@H)”“ )
and fori=1,...p,

1/ (" n
) == < / ei(t)dX, + all / (pi(t)Xtdt>
bl n O 0

Then <o‘z§bl),ﬂf,)”..., _1(,17)1> 1s a strongly consistent estimator of the parameter
(5.3.1).

Proof. 1t is shown in Proposition 5.3.5 that with =, defined in (5.3.8)

p
Yo =R 20,1 — Z<h> wi)taqo. + o ST HT(2H)
i=1
almost surely. Because (A1*) is satisfied, we obtain the equality ||| 2([0,1) =

b (hy i)t (j0,1))» @and thus consistency follows by the continuous mapping the-
orem. Consistency of the estimators of the y; is a direct consequence and can be
shown similarly to the strong consistency in Proposition 5.5.1. [

Concerning the limit in law of (0753), ﬁﬁ)t, o ﬂé}%), we have the following re-

sult.
5.5.4 Proposition. As n tends to infinity the vector nl_H(@S) — a, /jgln _
iy ,ﬂg% — )T converges in distribution to the vector
1 0
C.Go (h, <P1>.L2([o, 0|y g Jy wli(t)dt |
(h, ©p) L2(0, 1)) fol p(t)dt

where C, = #}(121{) and Go = By X R with R being o(Z™)-measurable and
having a Rosenblatt distribution and By being defined as follows:

(2H — DI(H + 1)
Lo —1)

By =
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Proof. Using a Taylor expansion we obtain for large n

2H (-1 _QHHF(ZH)) ’ﬁ
() _ 144 (1 —a 1
a,’ — o o’ <( + HT(2H)

2H+1

2HT(2H) O

o HT(2H)) + o(1).

Therefore, it suffices to calculate the asymptotics of the quantity
1 m ?
vt —a P HT(2H) = b/lth (—/hxwmwﬁ> — oM HT(2H).
nJo
=1

As in the previous computations (e.g. in the proof of Proposition 5.3.2), the above
expression has the same limit in distribution, as n — oo, as

(;%fX%ﬁ—é;<i%a&w@MQQ—a4HHT@H0
_ ;/O" V2dt — % /On Yih(t)dt + % /On h(t)2dt — a 2P HT(2H) — Zz: <71z /On f/m(t)dt>2
+2,i (5 [ o) (5 [ i) - S ey

i=1

1 (" 2 (M-
= /‘K%t—/‘EMﬂﬁ—a2HHF@H)
nJo nJo

_iz; (i /On f?w(t)dt)? +2§; (711 /On f@api(t)dt) <711 /On i;,(t)goz-(t)dt> . (5.5.3)

Note that 2 [" h(t)2dt and 3°7_, (h, i) 72, 1)) cancel each other out by Parseval’s
identity due to (Al*). If we consider the space of square integrable functions on

[0, n] with the scalar product
1 n
[ s
n Jo

the orthonormality assumption of ¢;, as well as (A1*), will still hold for the
periodic extensions on [0, n] of ¢; and h under the scalar product (-,-),, and by
the assumption (A1*) we obtain

22( / Yioi )dt> (% /0 nﬁ(t)goi(t)dt) =2(h, V), = % /0 nfftﬁ(t)dt.
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Therefore, (5.5.3) reduces to the term

%/On Y2t — a2 HT(2H) — Xp; <% /On fﬁsoi(t)dty
_ ! /On (V2 — E72)) at + % /On (E[V? — a2 HT(28) ) di

n

—Z( /thpz )dt)2-

2
It follows from Proposition 5.2.1 that n'=# 37 ( [ Yopu( )dt) converges to

zero in L? an n — oo. As to the first two summands, by replacing once again Y
by Y, the quantity (5.5.3) will become asymptotically equivalent to

% / ' (Y2 —E[Yy]) dt + % / ' (E[Y?] — o > HT'(2H)) dt.

It is shown in [56] that n'~#1 [*E ([V?] — o * HT'(2H)) dt goes to zero in L

when n — co. Another result from [56] by rescaling of Z# by the factor n=# is

that

anl/ (V2 - E[Y?]) dt £ a "Gy
nJo

where Gr are explicitly defined random variables converging in L? as T — oo to
a limit denoted by G, whose distribution and properties are as claimed in the
statement of the proposition. Thus, as n — oo

2H+1

- @ ~(1) d ~H-10
SHT(2H) (@) —a) = « -

By the definition of /]El), we can write for every ¢ = 1,..,p
1 [ 1 [
Ain — s = (@) — )~ / i) Xedt + — / pi(t)dZH (1),

Since the sequence = fo ©i(t) Xydt converges almost surely as n — 0o to
(h, ©i) £2([0, 1)), 1t now sufﬁces to investigate joint convergence of

<% /On (Y2 - E[Y?]) dt,%/ﬂn f(s)de>

for a periodic function f. First we rescale the Rosenblatt process involved in both
elements by n~* and obtain

(nl_H% /0 (v —EY?) dt, n " /0 ' f(s)de) 4 (oz_H_chm, /0 1 f<ns)dz§f).

(5.5.4)
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We know from Proposition 5.4.1 that fo ns)dZH converges in L? to

fo s)ds)Z{, and the first component also converges in L?, as mentioned above.
Consequently, we get the joint convergence in distribution of the vector (5.5.4) to
(a 171G, ( fo s)ds)ZH). This fact combined with Slutsky’s lemma for vectors
yields the desired result O]

The random vector (G, Z{) whose components appear in the statement
of the above result can be understood as a two dimensional Rosenblatt vector.
Its marginals are Rosenblatt distributed and it is well-defined as a limit in
L? of the sequence (5.5.4). From the practical point of view dealing with this
estimator is even more cumbersome than with the least squares type estimator
considered above: The limiting distribution is more difficult to handle than ZH
obtained before. Moreover, for both pathwise estimators the knowledge of h is
necessary for identifying the limiting distribution, while in the least squares case
it is needed only for the last component. However, we will see that in certain
cases one has to consider the setting (A1*), for which this is, to the best of our
knowledge, the only construction of a consistent pathwise estimator made until
NOW.

Let us end this chapter with a discussion concerning the hypotheses (A1) and
(A1*) in the case of the trigonometric basis of L%([0,1]).

5.5.5 Remark. e Consider the orthonormal basis of L?([0,1]) formed by
{1, v/2sin(27mn-), V2 cos(2mn-), n € N}. Recall that

p t
=3 [ sy
i=1 0

By direct calculation, we obtain

t
2
/_OO ea(87t) Siﬂ<2ﬂ'n8)d8 = m Sin(QWnt) — Wﬂﬁ COS(Z’YTTlt),
t
2
/_Oo 578 cos(2ns)ds = Mﬁ cos(2mnt) + m sin(27nt).
This implies a simple rule in the non-degenerate setting (i.e., if all u;,
i€ {1,...,p}, are nonzero): If {¢y,...,p,} are elements of the trigonomet-
ric basis and if this set is "symmetric” (i.e., sin(2rn-) € {¢1,..., ¢, <

cos(2mn-) € {®1,...,¢p}), then the assumption (A1*) is satisfied; other-
wise, (A1) is verified and ¢, can be chosen from the missing counterparts.

e The pathwise estimators of « considered in [30] and [56] are special cases
of the estimator defined in Proposition 5.5.3. Indeed, for a constant mean
function the assumption (A1*) is satisfied.
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5.5.6 Remark. A natural question in this context would be the application of
the ideas on pathwise estimators to the fractional Brownian case or to other
Hermite processes. The transition is far from immediate because the speed of
convergence of the estimator for « will change (see [56] for a special case) and
under this different scaling the summands considered to establish the second order
asymptotics will behave differently, making a careful separate analysis necessary.
We do not include this analysis here, however, it remains an interesting and, we
believe, worthwhile direction for future research.
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Chapter 6

Power variations of the wave
equation solution

In this chapter we go back to the variational methods mentioned in the
preliminaries part of the thesis. The object we consider is the solution of the
fractional wave equation described in Section 2.1.4. This model has a physical
interpretation, namely, it describes the vibration of a string depending on
time and space under the influence of a random force which has white noise
properties in space and fractional structure in the time component. This can
be used to model an influence which exhibits long memory in time, for ex-
ample if there are intrinsic or experimental reasons to assume strong correlations.

In [35] an estimator for the Hurst parameter H is derived for H < 2 (see
Section 2.2.3 for more details). In this chapter we will complement this result and
show by calculating the limiting distribution of the realised quadratic variation
of the solution that for H > % this estimator is not asymptotically Gaussian.
This is inconvenient for statistical applications. In order to avoid this restriction
and to get an estimator which is asymptotically Gaussian for every H € [%, 1),
we will use the generalized k-variations, which means that the usual increment of
the process is replaced by a higher order increment and consider higher powers
of the increments. The idea was introduced in the reference [33] and since it
has been used by many authors (see e.g. [16] or [15]). In particular, before
constructing the new estimators we will prove several central limit theorems and
derive bounds on the speed of convergence in terms of the Wasserstein distance.

The results of this chapter are presented in the preprint

e R. Shevchenko, M. Slaoui, C. A. Tudor - Generalized k-variations and
Hurst parameter estimation for the fractional wave equation via Malliavin
calculus, 2019, arXiv:1903.02369, accepted for publication in Journal of
Statistical Planning and Inference.
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6.1 Preliminaries

We recall here the fractional-white wave equation and its solution and we present
the basic definitions and the notation concerning the filters used in our work.

6.1.1 The solution to the wave equation with fractional-
white noise

We study the solution u of the one-dimensional equation

Cut,x) = Zou(t,x)+WH(t,z), t >0, 2 €R,
u(0,z) = 0, z€R, (6.1.1)
2u0,0) = 0, zeR,

i.e. a square-integrable centred field u = (u(t,x); t € [0,T],z € R) for T € Rt
defined as

¢
1
ul(t, ) = / / S L (e giee W (ds, dy), 1200 € R, (6.1.2)
o Jr
see Section 2.1.4 for details on these definitions.

It is shown in [8] that the solution (6.1.2) is self-similar in time and station-
ary in space. An important tool in this chapter is the use of the exact spatial
covariance structure, which is calculated in [35] for H >  and in [36] for H = 1.
Namely, the covariance can be expressed as follows:

E(u(tau(t,) — 5 (enly— o — W=y DT
u(t,z)u = —|cyly—= - .
; Y 9 H|Y 9 2H +1 {ly—=z|<t}
(2t — |y — a[)>7H
1 — 6.1.3
+ 8(2H + 1) {t<ly—z|<2t} ( )
with ¢y = %. When t > 1 and z,y € [0, 1], this expression reduces to
E (u(t, )u(t, ) (6.1.4)
1 sier Ly — g
== - —t .
2 (CH’y x’ > T3H i1

To be able to work with the reduced expression we will fix for the rest of the
chapter t > 1. Moreover, we will associate to the process (u(t,z),z € [0,1]) its
canonical Hilbert space . (=: ##") which is defined as the closure of the linear
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space generated by the indicator functions {14,z € [0, 1]} with respect to the
inner product

(Lioa), Log)r = E(u(t,z)ul(t,y)).

We will denote by I, the multiple stochastic integral of order ¢ > 1 with respect
to the Gaussian process (u(t,x),z € [0,1]) and by D the Malliavin derivative
with respect to this process. We refer to Section 2.1.2 for the basic elements of
the Malliavin calculus.

In Section 6.3 we will also use multiple stochastic integrals with respect to
the fractional-white noise W# with covariance (2.1.9) (defined analogously to
the one-dimensional multiple integrals described in Section 2.1.2). We use the
notation [ ;V to indicate the multiple integral of order ¢ > 1 with respect to WH.

6.1.2 Filters

In this section we will define filters and the increments of the solution to (6.1.1)
along filters. We start with several definitions and some notation needed along
this chapter.

6.1.1 Definition. Given [,p € N*(= N\{0}), a vector a = (v, ..., ;) is called a
filter of length | + 1 and order (or power) p if

Zgzoaqq’“ =0, 0<r<p-—1,
Zq:(] Oéqqp 7é0

with the convention 0° = 1.

For instance, « = (1,—1) is a filter of length 2 and of order p = 1 while
a = (1,-2,1) is a filter of length 3 and of power p = 2.

For a filter a = (ag, a1, .., ;) of length [ +1 > 1 and of order p > 1 we define
the space-filtered process (or the spatial increment of the process u along the

filter o) as
) i 1=
Ue (N) = g a,u (t, I ) fori=1,..,N, (6.1.5)

r=0

where N is a natural number corresponding (from the statistical point of view)
to the number of observations of the solution process for a fixed time t.

In the case of the filter & = (1, —1) of order one U* (%) = u (¢, %) —u (¢, 5)

is the usual spatial increment of the solution while for a = (1,—2,1) we have

U~ (%) =u (t, %) —2u (t, %)—Fu (t, %) which represents the rectangular spatial

increment.
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We denote for j > 1

wo-afe (o ()]

From the covariance formula (6.1.3) we can write

w0 - S omsb (5

r1,72=0
1 1 .
= k1N2H¢)HO‘( >+k2N2H+1¢)H+%704(j)’ (616)
with l
q)H,a(j) = Z Qpy Q| J + 71 — 7“2|2Ha Jj =0,
r1,72=0
and &k = _i and ko = <L = 8(4%111). We write for further use

I !
—t c
c(H) = T g g |g — | and cy(H) = 7H E | — )P (6.1.7)

q,r=0 q,r=0

In particular, from (6.1.6) we obtain

S\ 12
WHN(O) = E |:U (N):| = kl NQH(I)HQ(O) + k2N2H+1 (I)H—i- a(O)
1 1
- Cl(H)NQH +ea(H) N2H+L

We will need the technical lemma below to establish the asymptotic equivalent
of ®p , and similar expressions. The proof of the lemma is based on a Taylor
expansion, similarly to the corresponding results in [16] or [33].

6.1.2 Lemma. Letly,ly,p1,p» € N*, H € RP\N and oV, o' be filters of lengths
ly + 1, ls + 2 and of orders py1, ps respectively. Then

i I
S ala®lg — 4 kP EES gk,

q=0 r=0

with Ky = Zf;:o Zf?:o a((}l)ag) 2H(2H—1)-2-Z.)(!2H—2p+1) (q—r)%, where p = min(py, ps).
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Proof. We have

Lol il 2H
ZZaél)af?”q—T—i—kPH ZZa(l) i |11 1
q=0 r—(l)1 q=0 r= OH - .
k—)oozza 2)k2H<qk +1> :Z< >l€2H mzza q—r)
q=0 r=0 m=0 q=0 r=0
Z (2H>/<:2H mlzllia(1a2 ",
m=2p q=0 r=0

since all summands below 2p will disappear because the order of both filters is
higher or equal to p. The asymptotically dominating summand is

()1 3 3 g - 1

q=0 r=0

which is what we wanted to show. O

6.2 Central limit theorems for the spatial k-
variations

In this section we focus on the asymptotic behaviour in distribution of the realised
k-variations in space of the solution to the fractional-white wave equation, defined
via a filter of power p > 1. In the first step we show the k-variation satisfies a
central limit theorem (CLT) when p > H + i. Next, by taking k£ to be an even
integer, we derive a Berry-Esséen type bound for this convergence in distribution
via the Stein-Malliavin calculus. Restricting ourselves in addition to k& = 2, we
prove a multidimensional CLT, which is needed for the estimation of the Hurst
parameter.

6.2.1 Central limit theorem

Fix t > 1 and [,p € N*. Let a be a filter of length [ + 1 and of power p as in
Definition 6.1.1. Let u be given by (6.1.2). For any integer k& > 1 we define the
spatial k-variations of the process (u(t,z),x € R) by

Vi (k, _lz v () —1] (6.2.1)

B[ (3)]"

with U® (ﬁ) given by (6.1.5). Note that these objects are often called realised
or empirical variations, but for brevity reasons this adjective will be omitted here.
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We will show that the sequence (6.2.1) satisfies a CLT. In order to do this we
will use a criterion based on Malliavin calculus.

Chaos expansion

The first step is to derive a Wiener chaos expansion (see Section 2.1.2) of the k-
variation sequence Vy(k, ) with respect to the Gaussian process (u(t, x))zcqo,1]-
Noticing that the filtered process U* as a linear combination of centred Gaussian
random variables is a centered Gaussian process, we get

N N2 5
E(UY| — =EE(UY|— 6.2.2
( (N)) ( (N)> (62.2)
where FEj denotes the k-th absolute moment of a standard Gaussian variable

95 p(ktl

T We introduce the variable
2

given by Ej =

Ze (%) = % (6.2.3)

It is clear that Z° (%) is a standard Gaussian variable and
Corr (2°(£),2%(£)) = Corr (U*(£),U%(£)), where Corr denotes the
correlation coefficient. Using (6.2.2) and (6.2.3) we can write Vy as follows:

B L S ]

In Lemma 2 of [16] the expansion in Hermite polynomials of the function
HE(t) = % — 1 is given:

=D G H;(t)
j=1
where ¢, = 0 for j >0, ¢§; = (i T=o(k — 2i) for j > 1 and H;(t) denotes
the j-th Hermite polynomial defined in Section 2.1.2.

Observing that for

we have from (6.1.6) that HW P 1 we can express Z (%

with respect to the process (u(t, x),z € [0, 1]) since the increment u(t, y) —u(t, x)

) as an integral
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can be expressed as I1(1,) (recall that I; represents the multiple integral of
order 1 with respect to the Gaussian process (u(t, x),x € [0,1])) for every z < y:

(5) = (wz,:f?é‘»w) '

Since we have H,(I;(h)) = l,[ (h®7) for ||hll» = 1 we get

ik = 3 (2 (3)) -y S S (2 (3))

q=1 1=l

Ci
- S (s ()
= —ZZ 2(1'2 2q (W)

Hence, we obtain the following chaos expansion of the k-variation sequence:

L e (e
Vn(k,a) = NI ZZ @Im} (W) = ZIQq(fN,Qq) (6.2.4)

i=l q=1 q>1
with N ,
k ®2q
C2 1 Cza
frzg =753 = : (6.2.5)
T (29! N -1 ; (%N (0))e

Relation (6.2.4) shows that the random variable Vi (k, o) admits an infinite chaos
expansion, which contains the chaoses of all orders from ¢ = 2 to infinity. We
will study the behaviour of each chaos component of Vi (k,«). Let us start by
analysing the asymptotic behaviour of the mean square of each kernel fy o, that
appears in the chaos expansion of Vy(k, «). This will be needed for the proof of
the CLT later in the chapter.

6.2.1 Lemma. For N,q > 1, let fyo, be given by (6.2.5). Then

)
Noo (€
o 2",2 PralV) = o3,

(N =D a)![| fxz2qll2 2)

forH<p—4—1q (i.e. H < 1—%qf0rp:1 and H € [%,1) for p > 2), where we
use the notation
q)H’a(U)

(I)H,a<0) '

Pra(v) = (6.2.6)
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Moreover, 0* := 3" -, 05, < 00. Forp=q=1, H=3/4,

N —1 N—o0 (Ck)z
I || 2 2. \72) 2
a2 aliees " = L5 i log() l%ma(v» < o0,
) (6.2.7)
Proof. From (6.2.5), we get
(Cg )2 1 al <Cza C'a>2q
| fr2gl5pena = . e
: 2ol V17 2=, (" (0
1 ng)Q N ( >2q
_ . 7
where we used the notation
N i (v)
p5 (v) = L=~ for v € Z. (6.2.8)

™ (0)

Next, we write

i: <pH - z >2q _ Z (p?{’N(v))zq 1{|v§Nl}%i|l_l’

VEZL
and thus
(c5,)? N, 1\ N — o[ =1
(N—l)(QQ)!HfNQquf@zq = (2;)! % (PH (U)) 1{\v\§Nfl}W’ (6-2-9)

Using the expression

N k1@ a(v) N2 4 kQ(I)HJr%,a(U)N_ﬂ{_l ~ Dya(v) +an(v)

P ) = G N & ka®yr1 L(ON2T ~ Bp7,(0) + an(0)
with "
2
an(v) = kl_Nq)H+%,o¢(v) (6.2.10)

we can write, with g4 and p§" given by (6.2.6) and (6.2.8) respectively,
bva (v) = P (V) = Paa(v) (6.2.11)
and remark that due to Lemma 6.1.2 for v large enough

|v]—o00

lbnm(v)| ~

1
< O —p?H+i=2p 6.2.12
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where C' > 0 does not depend on N, v. With this notation we can write

(N =0)Q2a)! | fv2qll 502

(ch)? N —|v| =1
= 2 (Prra(v) + by a(v))* 1{|v\gN—l}|—|

(29)! < N —1
(c5)° N~ o= (24 " - N ol -1
= (gq)| 2.2 o ) ealv) (b, (v))* O S
4 vEZ m=0
(ng)z 2q N — ‘/U‘ — 1
= @ 1 v = 7 )
(2¢)! ;Wﬁ (V) Lo <n—1y N Nl
with
<C§q>2 py 2q m 2qg—m N — |U| _l
Nl = ] D2 [ Jemalo) b (0)* " Luen—n— —7—
1 ez m=o
(6.2.13)
By the dominated convergence theorem we obtain
S 011 N ol = oo s
7). ver sl =N N 2q0
which by Lemma 6.1.2 is finite if p =1, H < 1 — -, and for all H € [1/2, 1) if

p > 1.
Forg=p=1, H = 3/4,

log OH,a(v WsN-00"N_7

UEZ

converges to a positive constant and thus (6.2.7) is obtained.

In order to conclude it remains to show that the rest term 7y, (6.2.13)
converges to 0 as N — oo for every ¢ > 1. From (6.2.13), using the bound
(6.2.12) and Lemma 6.1.2, we have the estimate

2q—1 2q—1
2 1
ruarl € X (M) T e = 3,

1<v<N-—]

and for each m =0, ..,2¢g — 1,
C

§ : (2H—2p)2q+2q—m
TN,Q,Lm S qu_m |U| :

1<v<N-—1
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If the series S _, |v|2H~2p)2a+23—m

verZ converges we get

1 1 0
TN,q,l,m S CNQQ—m S CN Nj> 07

and when the series diverges,

N(?H—2p)2q+2q—m+1 < CN(2H—2p)2q+1 Nj;xv 0

T'N,g,1,m S CNQQ—W

(up to an additional log N factor appearing whenever the exponent in the sum
adds up to minus one) if p=1,H € (%,1—%) orp>2and He[3,1).1fp=1
and H = % we obtain for m # 1

_ N—o0
7“N7q717m§CN 2q+1 — 0

and for m =1
N—o0

TN.glm < CN—2att log N "= 0.
If p=q=1, H=3/4, the quantity
1
log(N — 1)’ ™!

will also converge to zero which can be seen using again (6.2.12) and Lemma
6.1.2.

The fact that the series 02 = > 1 agq is finite for H < p— t follows from the
study of the k-variations of the fractional Brownian motion, see [16] or [51]. [

Asymptotic normality for the renormalized k-variation
We will consider the renormalized k-variation sequence
Gy(k,a) = VN = 1Vy(k, a). (6.2.14)
From the above Lemma 6.2.1 it follows that
E[Gy(k, o)) "5 02,

with o2 given in the statement of Lemma 6.2.1. We will now show that the
sequence (6.2.14) satisfies a central limit theorem, which is the main result of
this section.

6.2.2 Theorem. Let [,p € N*. For a filter a of order p and of length | + 1, with

p> H+ 3, let Gy(k,a) be given by (6.2.14). Then the sequence (Gy(k,)) s,

converges in distribution, as N — oo, to the Gaussian law N(0,0%). Moreover, for

p=1, H =3/4, the sequence (mGN(k’ a)) converges in distribution
o8l — N>1

to N(0, ¢*). The constants o2, c* are those appearing in Lemma 6.2.1.
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Proof. Notice that from (6.2.4), we can write

Oé) = Z ng(nggq) Wlth gN,Qq =V N — lfN,Qq (6215)

q>1

with fy o, given by (6.2.5). Our main tool to prove the asymptotic normality of
(6.2.15) is Theorem 6.3.1 from [51]. According to it, for p > H + 1/4 it suffices
to show that

N
1. (2q)!]|gN72q|]i,f®2q = qu and o2 := Zqzl agq < 00,

2. forevery g > 1land r =1,..,2¢ — 1, ||gn2g ®r g 2q |l se94a—2r N (where
®, denotes the contraction introduced ib Section 2.1.2),

3. im0 SUP N>1 Zszﬂ(ZQ)!”gquHij@m =0

and for p =1, H = 3/4,

N%oo

L. log(ll\/—l) (2q)!||gN,2q||§f®2q 1{q 1}0

2. forevery g > 1landr=1,..,2¢ — 1, mﬂgjwq ®r gN,2q|| e 91a—2r Npo 0,

3. limp/ o0 SUP N>y Zszﬂ W(ZQ)!HQMMH?}W(J = 0.

Point 1 in both cases follows from Lemma 6.2.1. Let us investigate what happens
for point 2. By definition of contraction (see (2.1.3)), we have for ¢ > 1 and
r=1,.,2qg—1

1 ()’ <
gN,Zq ®T gN,Zq = N . l (2q)' Z

z?-]:l

<Ci,:éj7\70j702>;f ;@31} r ®C®2q r
m (0

and

”gN,Qq O gN,Zq”,_Q%ﬂ®4q72r

()
2t ) (V=1

i <Czl,a> C’LQ a>2q T<ng,a> C’Lg, > <Ci3,a7 Ci4,a>2q T<Cz4,a7 Czl, >

X

a,N
i1,d2,i3,ia=l Ty (0)%
2
(c5q)” 1
(29)! ) (N —1)?
N
X Z Py (in — i9)207 " p N (ig — i3)"pS" (i3 — i) p ™ (ig — i1)"

11,12,i3,14=1
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with p& given by (6.2.8). We use the fact that

N
> P (i — i0)2 " ™ (i — i)l (is — i) ™ (g — )"
11,12,13,54=1
N N 2q—r N T 2
< > ((P?}’ 1{|~\SN—Z}) *(P?f 1{|~szv—z}>> (n —m),
n, m=l

(where * denotes convolution of sequences on Z) and we obtain

2
%®4q727'

9N .2 @ 9N 24|
2

N
1 o 2q—r o T
= Cm2(<pH’N1{|'|SN—l}> * (PH’N1{|~|SN—Z}) ) (v)
v=l

2

1 2q—r T2
< o)™ [ teen)
N —1 H H{ISN-1} Wiy P H{||<N-1} 14/3(z)
3/2 3/2
1 o, N (QQ_T)% o, N r%
- c— | > (W) > (W)
[v]<N—I [o|<N—I

by virtue of the Young’s inequality similarly to the calculations in [35] (i.e.,
[u* vllis@) < llullv@llvlliam for s, p, ¢ > 1if { +1 = )+ ;). Note that for v
large enough we have by virtue of (6.2.12)

1
bn, (V)1 jj<n—1y < C’NU2H+1_2p1{\v|§N—l} < Cv*" < Coop (V) Ljojen—1},

and since all the powers involved above are positive, this allows us to replace pOI;’N
with ¢p. Thus, for large N the norm ||gn.2q @ gn24/|%p014-2 is bounded by

3/2 3/2

1
C — Z |v| 2H—2) 23 Z |v|ZH=20)r5

[v]<N—I [v|<N—I

For p > 2 all these series converge. For p = 1 and H < % the only cases in
which some of the series do not converge are r = 2¢ — 1 and r = 1. However, the
observation

LS ennd S e < oy g
folsN =t ol <N

ensures that even in those cases the term ||gn2q @y g 2g|%peia—2r cOnverges to
Zero.
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Concerning point 3, fix M > 1 and recall that from (6.2.9)

k \2
2 - (C2q) a,N 2 N — |U| — 1
s = T vEGZ (pH (v)> Nsv-n—xN -7

(29)!| 9,24

and therefore, since |p%™ (v)| < 1 for |v| large enough,

SUPn>1 Z (QQ)!||9N,2q||?yf®2q

qg>M+1
(ch,)? N —|v| -1
< sup o ( (v) ) lyevy———
Nzl %1 (2q!vez =N =
C’Sq)2
R AR
q>M+1 vEL
— v =1
(v)Ql{vSNl}N’—Jl-
Nzl S veZ

From (6.2.12)
1.
bN,H(U)2 < Om if p>2,

and

N — |v| —1 1 3
Z bNJ{(U)Z% S Om Z U(2H_1)2 S CN4H_3 lfp = 1,H < Z_]:

[v|<N—1 lv|<N—I

Consequently,

sup Z 29)!|gn 2] 2020 < C Z |Z‘;0Ha :

¢>M+1 q>M+1 vEZL

2
and this tends to zero as M — oo due to the convergence of the series »_ -, (e2,)"

@)t
For WG ~(k, a) there is nothing to show since the case ¢ = 1 does not
contribute to the limit. ]

6.2.2 Rate of convergence for even power variations

In this section we will further quantify the CLT proved above (Theorem 6.2.2) by
deriving a rate of convergence in Wasserstein distance for even power variations.
The choice of even powers enables us to obtain a finite sum in the Hermite
expansion and treat a finite number of summands later on. This constraint is
particularly important because there is no dominating chaos component (in
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the L? sense), and thus the question of the interplay of an infinite number of
summands becomes difficult to treat. While there is a general CLT for such a
case (and it is used in the proof of Theorem 6.2.2), there are no known results
concerning the convergence rates. However, deriving such results still might be
possible and the constraint is not an intrinsically motivated one.

Let & > 2 be an even integer. Consider the sequence Gy(k, «) defined by
(6.2.14). From (6.2.4), since the coefficients c§; vanish if 2j > k, we get

1 N 3 ch C’f’jq
Gy (k, a) \/N_ZZZ I Iy, (W) (6.2.16)

i=l q=1
Denote for every ¢ = 1,2, ..,g the 2¢-th chaos component of Gy (k, ) by
GRY(k,a) = Ly(gnag), (6.2.17)
with gy o, from (6.2.15). Let us consider the %—dimensional random vector

Gu(k, a) == (Gg?(k;,a),c:gé)(k,a), ....,G§5>(/<;,a)) .

Notice that for every ¢;,qo = 1, .., § with ¢1 # qo

E (G 20) (&, ) G2 (, a)) —0,

while for ¢ = ¢2 = ¢

E [Gfﬂ)(l{;’ a)}Q = ((02%;'2 ZP%N(U)%]'{MSN—” <1 N ]\/Jzﬂ l) '

T ez

Let us introduce the matrix C' = (Cy, 4,) 4, g0=1. & with components Cy, 4, = 0 if
q1 # q2 and

Coq = ,Z Pr,a(v)?. (6.2.18)

VEZL

The objective in this section is to calculate the rate of convergence of Vi (k, «)
in the CLT proved in Section 6.2.1. In order to obtain this rate in terms of the
Wasserstein distance we will use Corollary 3.6 from [54] to show that the vector
Gy (k, a) converges to a normal distribution with the covariance matrix C' and
determine its convergence rate. This will provide corresponding results for the
k-variation statistics Vi (k, ). For the sake of completeness we cite this corollary
here.
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6.2.3 Corollary. Fix d > 2 and 1 < ¢q; < --- < qq. Consider a vector F :=
(Fr,...Fy) = (Iy,(f1) .. I, (fa)) with f; € F°% (where J is the underlying
Hilbert space) for any i = 1,...,d. Let Z ~ N4(0, C) with C' positive definite.
Then

dw(F, Z)<c,| ) E

1<i, j<d

(o pom o)

J
for some constant strictly positive c.

(In the one-dimensional case for a standard normal Z this result is also true
and can be found in [51]. For k = 2 the required norming condition is satisfied,
and the corollary is applicable.)

Before we begin with the proof of the main result of this chapter, let us
briefly recall the definition of the Wasserstein distance. The Wasserstein distance
between the laws of two R%valued random variables I and G is defined as

dw(F,G) =sup |Eh(F) — Eh(G)|, (6.2.19)

hed
where A is the class of Lipschitz continuous functions h : R? — R such that
Pl Lip < 1, where
h(z) — h(y
IAlly = sup l_ﬁ__l_____ﬁ_Jl_
z,y€R Ay H.Z‘ - yHRd

In order to apply the corollary for F; = Gg?,i),i =1,., %, we will write each
summand as

2
E (c - LoF, DF}-);gz)

J

1 2
<2 <Cij — ;EKDFH DFJ>Jf])
J
1 1 2
+2E ;E[(DFZ, DF]>;;/J] — ;<DFH DFJ>J7) (6.2.20)
j j

and conduct separate calculations for both parts. We start with a lemma for the
deterministic part.

6.2.4 Lemma. Let G%q), Cy,q be given by (6.2.17), (6.2.18) respectively and as-
sume p > 2. For N large enough and for every q = 1, ..,% we have for every
He[3,1),

1
‘E [Gﬁ@(k;,oz)ﬂ — Cgq| < Oﬁ'
For p =1 we have for H € (%, %)
‘E [G%q)(k, a)Q] - Cq,q < CNH=3
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and forp=1, H = 3,

log N
’E (G3 (h,0)?] = G < €52
Proof. As in the proof of Lemma 6.2.1, we have
N — |v| —1
E [Gg\%q)(k,a)z] = ‘ < ’U ) 1{U|SN—I}%(6221>

VEZL

Recall the representation p% " (v) = g (v) + by, g (v) introduced in Lemma 6.2.1.
We obtain by the binomial formula

E [GR)(k0)?]

2 2q
C2 29 —m N —|v| =1
= AT l Z ( ) ZSOHQ bN H( ) 1{|v|§N—l}N—_l

vEZL
2
c2q) N — Jo| =1
= a ]- v A1 7 y
(29)! ZSDH {blsN- " +7rNg1

where we separated the summand with m = 2¢ above and we used the notation
(6.2.13). Consequently,

]E[Gg\%q)(k‘,a)g] _ c%ﬁzng(x B (ng)2 Z QOH,a(U)Qq

|
(2¢)! gyt (29)! oy
(c’§q N —Jo| —1
e — 1
e |2;le N -1 T
O §
o (2q)! Z O,a(V) 4+ TNq3 + TN g2 + TN g1
4 VEZ

with

(ck )2 N — o] =1
Mz = gy 2 wme@ (T 1),

(&,)? .
TN,(],?) = - (2q)‘ Z SOH7Q(U> .

©u|>N—-I+1

The asymptotics for 7y 41 has been studied in Lemma 6.2.1:

% ifp>20rp:1q>2H€[%,l—%>,

rN.g il SCQNH=S ifp=1¢g=1,He (L 3),

log N
o ifp=1q¢=1,H=

120



for some C' > 0.

For ry, 42 we calculate

2 v 1 2q(2H —2p)+1
rNq2| < C Z SOH,a(U)q(N_l) SON Z |v]* P,

[l <Nl ol <N—1

Note that the above series is convergent for p > 2 or for p = 1 and ¢ > 2
it H <1-— Qiq (which is satisfied for H < %) In these cases, we will find the
estimate

1
[rng2l < O

‘(2H—2p)2q+1 _

= El§|v|§Nfl w3

For p =1 and ¢ = 1, the sequence ), ,_y_;[v
behaves as N4#~2 and we get

|TN7q,2| S CN4H_3a

so here we obtain the bounds

N ifp>20rp=1g>2He |} 1-4),
|TN’q’2| SC N4H_3 lfp: 17q: 17H€ (%7 %)7
IOJgVN lfp:]_’q:]_7H:%

Finally, for ry 43 the same bounds can be established. An application of Lemma
6.1.2 yields

TN g3 < C Z ng,a(v)?q < CNCH-2)2+1
lv|>N—1

and consequently,

4 ifp22orp:1,q22,H<1—%,

r <CN
N3l < {N4H—3 ifp=1,g=1,H < 3.

Since 1 < N*73 for H between 3 and 2, the result for p =1, ¢ > 2 follows. [
The following proposition provides a bound for the random part in (6.2.20).

6.2.5 Proposition. Let Gy be given by (6.2.14). For ¢, ¢» € {1,..., 5}, p>2
and H € [%, 1),

Var((DGE (k, a), DG (k, ) ) < c%
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with some positive constant C'. For p=1 and H < 3/4

Var((DGC™ (k, o), DG (k, ) ) < € { 1 iy pp

also with a positive constant C'.

Proof. We can explicitly compute the Malliavin derivatives in the statement. For
gefl,....k

2 1 N C2 C®2q 1)
D.GC9(k, ‘7 e ) O,
R 1(<sz<o>>q> o0

Assume without loss of generality ¢; < ¢o. We have

(DG (k, @), DGR (k, )

k k
_ 1 €24 C2g,

(N = D)(xgN (0))nte (21 — 1)! (2¢2 — 1)!

N
X ) Iog1 <C§§2q1_1)) Tag,1 (Off‘”‘”) (Cira, Ca)or

i, j=l

— 1 g o i (o o o
(N — l)(W%N(O))tﬁJrqz (2q1 — 1)! (2(]2 - 1)| = i,ay Vi«

2q1—-1 2(] 1 2q |
. L ®(2q:1-1) ®(2¢2—1
" (; r!( r ) ( r )12611+2qz—2—2r (Cm o=l g, C a2— ))) 7

and E[(DGY™ (k,a), DG (k, @)) ] is the term containing Io. It follows that

(DG (k, ), DGS@‘”)(ks?aw—EKDG@‘“)( ), DGS®) (k, )]

— 1 ngl ch2 Z (Con O,
(V- l)(W?fN(O»qﬁqQ (2q1 — 1)! (2go — 1)! ivor Cja)
1—w

201 —1—
R (20— 1\ (2¢2— 1 ©(2q1—1) ® 2q2 1)
X Z r r r [2Q1+2q2—2—2r Cza ®7» C ,
r=0

where w = 1 if [} # Iy and w = 2 otherwise.
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Due to the fact that products of integrals of different orders have zero
expectation we obtain

P =E[(DGR" (k,a), DG (k,a))» — E(DGY™ (k, ), DGH™ (k, a)) )]

N:)Joo C
(N = D™ (0) e
2q1 —w N
21 — 1\ [2¢, — 1
e[ (") (7 e
r=0 i, 5=l

X

2
(Cf?gql—l) R, Cf((fqg—l)xci’a, Cj7a>%) }

= |2 ' ' ]
(N — Z)Z(W%N(O))Q(Q1+Q2) Z Z r ( r ) ( r ) <Cl,a7 Cj,a>,/¢”

r=0 i,5,k;m=l
—_ — —_ —

X <Ck,a> Cm,a>3f<c®é2qlil) Qr C]@jg%il)v C[?qulil) r 0;87;1((21(1271)>,7f®(2Q1+2LI2*2*2T)

1y

2q1—w

=: Z P,
r=0

where the tildas denote the symmetrisation of functions as explained in Section
2.1.2. We can compute the contractions involved and get via (2.1.3)

C?(()[Qm—l) R, Cf&qu—l) _ Cf((fm—r—l) ® Of)gqg—r—l) ((Oi,ow Cj,q)j{f’)r-

Consequently, one can write for » > 0

P —_—~—

®(2q1—1) ®(2¢2—1) ~®(2q1—-1) ®(292—1)
<Ci7a O Cj,oc ) Ck,a @ Cm,a >-}f®(2‘11+2‘12_2_zr)

5 |(<Ci,oc7 Cj,a)jf(Ck‘,om Cm,a)%”)T|
x max|(Cia, Chay "™ (Chra Cma)s " " (Crias O (G O

due to symmetrisation: the maximum (with a going from 0 to [; —r — 1) is taken
over all outcomes of different permutations of the first and second component of
the inner product, the number a signifying the number of C; in the first component
that are appearing in the same places as (), in the second component in a given
permutation.
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In total, we obtain for a fixed r € {0,...,2¢; — w}

N
1
Pl < C© 5 (Cia; Cja)% {Chias Cima) "
(N— 1)2(77 JV(O)) (q1+q2) ’]; . !

X max‘ Cz s Ck a>?fr - a<C] s C(m a>lefT - a<Cz s Cm a> <C],om Ck a> |

N
1 r a, r
= O3 >, M=) (k= m)
(N =12
i,5,k,m=l
xmax |y (1= k)TN (G = m) T N (= m) e N (5 — k)
with p% " defined in (6.2.8) and a ranging over 0,...,l; —r — 1 as above. Due

to boundedness of p%™ we can without loss of generality reduce the number of
Pu
factors. In particular,

max p N (i — k) pn N (G — m)T R N (6 — m) 5 N (G — k)

a=0,...,[1—r—1
< Clpg™ (i = k)™ (G —m)l,

. . N /. N/ N /. N/ . .
since either the factor |p% "~ (i — k)py ™~ (7 —m)| or |py (1 — m)py " (j — k)| is
contained in the product and for symmetry reasons there is no need to distinguish
between these cases. Using this inequality and bounding the first two factors in
the same way we arrive at a bound

N
]. o . . [} @] . (63 -
P < C—(N e SN = D5 e = m)pl N (i = k)l N (= m)]

i,5,k,m=l

< (Z o5 ™ 4/3>3,

where the last step follows via Young’s inequality (as in Theorem 6.2.2). The
representation py " (v) = @ (v) + by, i (v) together with the fact that for [v] < N
we have by, (v) < Coy(v) for some constant C' allows us to replace p&” with

wp(v) in the last bound, since the powers involved are positive. Finally, by Lemma
6.1.2

1 if He(0,2),
Zm )| S Qlog(N) if H =13,
NS5 it H e (2,1)

for p =1 and 32 [ex(v)|*? = O(1) for p > 1, and thus the result follows. [J

Let us now state and prove the main result of this section.
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6.2.6 Theorem. Let 02, ¢® be constants as in Lemma 6.2.1. Let p > 2 and
consider the sequence (6.2.16). Let Z ~ N(0,0?). Then there exists a constant C
such that

dw(GNU{?,Oz), Z) S C\/LN

Forp=1and H < 3/4 let Z ~ N(0,c*). Then there exists a constant C such
that

i y ifHels,3),
dw<GN<k,Oé),Z)§O % Zszg
NH=3 G H e (2,2).
Proof. Consider the function f : R — R, f(z) = 2z 4 ... + xg) Note that

f is a Lipschitz continuous function with ||f||z;, < 1. From Lemma 6.2.4 and
Proposition 6.2.5 it is easy to see that by Corollary 6.2.3

k k k k
dW(§GN(k7a)v §Z) = dW (i(Gg\Qf)Ugaa)v 7G§\];)(k>a))a §Z) < C

where Z ~ N(0,C) if p > 2 and
k k l\c{gi(f\f)?’/2 : 5
dW(gGN(k7Oé>a §Z) S C T if H= ]

if p=1and H < 3/4. Now,

dw(Gn(k,a),Z) = e [Eg(Gn(k, o)) —Eg(Z)]
= E(go f) (SGN(k, a)) —E(go f) (§Z>‘
< o E h (SGN(k, a)> —Eh(Z)‘

= dW (SGN(]{, C(),Z) .
[

6.2.7 Remark. For p = 1 and k = 2 we retrieve the bounds obtained in [35]
(and in [36] for H = 3), which also coincide with the speed of convergence for
the quadratic variations of the fBm (see [51]) under the Wasserstein distance.
The part of the covariance structure depending on the parameter H + % becomes
insignificant in the limit due to the fact that it contains a faster converging factor
ﬁ. For k£ = 2 it might also be possible to get optimal rates under the total
variation distance based on the criteria in [52] by following the outline of a similar
proof in [35].
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6.2.3 Multivariate central limit theorem

In this part we restrict ourselves to the case of quadratic variations (i.e. k = 2)
and we derive a multidimensional CLT. This result will be needed in Section 6.4
which deals with the estimation of the Hurst parameter of the solution to (6.1.1).

To establish multidimensional convergence, we will use Theorem 6.2.3 in [59],
which is a version of the multivariate fourth moment theorem. Let us recall its
statement.

6.2.8 Theorem. Let d > 2 and qq,...,qq = 1 be some fized integers. Consider
vectors

F, = (Fl,m e de,n) = (Iq1(f1,n): .- "](M(fdﬂ’b))

with fi, € A% (with F being the underlying Hilbert space). Let C' be a real-
valued symmetric non negative definite matriz and let N ~ Ng(0,C). Assume
that
lim E(F,, F;,) = Ci; fori, j€{1,...,d}. (6.2.22)
n—oo
Then, as n tends to oo, the following two conditions are equivalent:
e F), converges in law to N,

o for every 1 < i< d F;, converges in law to N(0,C;;).

We now state and prove the multivariate CLT for the renormalized sequence
(6.2.1) with k = 2.

6.2.9 Theorem. Let P > 1 be an integer and o, ..., af be filters of orders
p1,-..-pp and lengths Iy + 1,...,lp + 1 respectively, where l;;p; € N*, i =1,... P.
Let Vy (2, ) be given by (6.2.1). If p1,...,pp > H + %, we have

(VNVn(2,aY),...,VNVy(2,a")) = N (0,0),

where (©); ;1. p denotes a P x P matriz with entries given by

2
tQ - L 2 n _.m 2H
O = 8c1(H)? <Z Z gy Vg |k + @1 — 2| : (6.2.23)

k=l \q1=0¢2=0

Proof. By (6.2.4) with k = 2, with ¢;(H), co(H) from (6.1.7),

E (Vy(k,a") Vi (k,a™))
N4AH+2 N o o
- (N - l)2 (CI(H)N + cz(H))2 Z £ ([2 (Ci’an ) I (Cj’am ))

Z,j:l

2N4H+2

B Chrans Cjam )2y
(N_l)2 (01<H)N—{—CQ(H))2 Z< ) >

1,5=l
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By (6.1.6), we have for i,5 =1,.., N

(Cuam Ciamh e =B (V" () 0" (%))

- X3 menn(s(152) 0 (152)

q1=0g2=0

Ll N—2H-1 2H
tN
= E E vy, g ( culi —i+q— @ -

q1=0 g2=0

lj—i+aq — gl )

Plugging this into the covariance expression and using similar computations as

in [35], we get

o 2N4H+3
E (Vy (k,a™) Vi (k,a™) V2

N72H 1 h l2

i(

q1=0¢g2=0

(N = 0)? (e1(H)N + c2(H))*

cn Z Zaql q2|k+q1 |2H+1

tN 2H 1 2
SN apanik g -l

q1=0 g2=0

=. P1 + PQ + P3.
Using Lemma 6.1.2, we get with p := min(p,, pm)
N

0o H
P, Nz Clg\[ ) ZU4H_4P7

v=I

N
[o'e) H
P2 Nz 02]5[2 ) Z U4H74p+17

N
o H
P, N ngif?: ) Z oA +2.

v=l

This shows that P, is the dominant term and it converges for H < p + +, while
the other terms are negligible. We thus obtain the claimed limit:

E (\/NVN (k, ™) VNVy (k, o/”)) N g

where O, ,,, are given by (6.2.23). The second part of the equivalence in Theorem
6.2.8 has been proved as a particular case of the CLT for higher powers (see
Theorem 6.2.2), and thus the statement of the proposition follows. n
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6.3 Noncentral limit theorem

The asymptotic normality obtained in the previous section holds for any filter
of order p > 2 or for any filter of order p = 1 and H < %. It remains to under-
stand what happens in the case p = 1 and H > %. In this section we consider
the filter @« = (1,—1) (which has order p = 1) and we will show that, after a
proper normalization, the quadratic variation associated to this filter converges
in distribution to a non-Gaussian limit. Let us start by studying the behaviour
of the mean square of the quadratic variation in order to determine a suitable
normalisation.

6.3.1 Lemma. Let Vi (2, (1,—1)) be given by (6.2.1). If vy := E[Vx(2, (1, —1))?]
and H > % we have
N—oo 4J(O

%

2
kl

where Ko will be given in the proof (see (6.3.1)) and ky appears in (6.1.6).

N4_4HUN

Proof. As in Lemma 2 in [35], we have by (6.1.6) with ®y(= ®py 1,-1)) defined
in Section 6.1.2

2N4H
N7 N 1 k)2

BB ) D)

i,j=0
2
B 2N i i Sy(i—7) I CDH+%(Z —J)
= (k‘lN n k‘z)Q = 1 N2H 2 N2H+1
_ 4N i «— " Qy(i—7) pyi(i—J)
(RN k) & A bON2H 2 N2+
PN 1 1 7?
+(/€1N—|— ko)? Z {klNQH * k2N2H+1}
=1
2
an - X e, Paea())
= N —
(k1N + k)2 ; [kl Nz ke e | (V=)
N 1 1
+(/€1N—|— ko)? Z {klf\mH * k2N2H+1}

aNiH 1 1]
(k1N + k»)? Z {kl N2H T k2N2H+1] =C
i=1



for N large enough while the first summand converges to infinity, see below. Using
the asymptotic behaviour of @z and &4, 1 namely
Oy (l) = H2H — )22 4 o(1*17?)

and
Cpp1 (D) = H2H + )P 40217

for [ large, we obtain

N 4 s N 2H -2 2H-1 72
Uy~ ﬁN Z {le(QH—l)WJerH@HH)W} (N —1)
1 =1
4 1
_ 2 NAH-4 L
k2 N

3 en o (1) s (8] (55,

and therefore,

k N—
— oo
4K0

with

1
K, = / (kiH(2H — 1)2*72 4 ky H(2H + 1) (1 — 2)da
0

H?(2H — 1) H2(2H +1)  ,H(2H + 1)

— k2 2 2 .
+ 2hiky 2(4H — 1) Ky 4(4H — 1)

' 2(4H — 3)

(6.3.1)

]

Recall that the solution to the wave equation with fractional-white noise can
be written as

t
u(t,z) = / / Gi(t — s, 2 —y)WH(ds, dy). (6.3.2)
0 JRrd
Let x; = %, i=0,1,.., N be a partition of the unit interval [0, 1]. Denote

G1i(s, ) = Gi(t — s, xi41 — ) — G1(t — s,2; — @)
fort=0,1,.., N — 1 and for t > 0,z € R, with GG; given by

1
Gi(t, z) = 51{|z\<t}

(see Section 2.1.4). We can write
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U(t,$i+1) - U(t>xz‘) = va(gm),

where I}” represents the multiple integral of order 1 with respect to the fractional-
white Gaussian noise W#. Then we have

1 N h
W (1) = V= 5 2 tw’ ult, 7))

[/N ( ) it f ( ) 1 N2H 2
F = =] f with Tr1,T E g J] T
N \/m 2N N2 \/NU k1N+k2 tZ b 2

(6.3.3)
Since in this part we will use the multiple stochastic integrals with respect to the
Gaussian noise W# with covariance (2.1.9), let us recall some facts about them.
Designate by £ the set of linear combinations of the simple functions 1o x4}, t €
[0,T], A € By(R%). The canonical Hilbert space 5" associated to the field W,

when H > %, is defined as the closure of the linear space generated by ¢ with

respect to the inner product (.,.) ,,w which is expressed by
(Lpaxay Losixsy) pw = EW/(AW(B))
t s
= agAAN B)/ / | w— v [P 2dudv.
0o Jo

The scalar product in "W is given by

T T
(f,9) pw = E(WH(f>WH<9)) = OZH/ / flu,z)g(v,z)|u—wv |2H_2dxdudv.
0o Jo Jre
(6.3.4)
for every f,g € 2" such that

T T
/ / / |f(u,z)g(v,z)|| u—v |2H_2dxdudv < 0.
o Jo Jrd

It is possible to represent the Wiener integral with respect to W# as an
integral with respect to a white noise field with space-time white noise W via a
transfer formula given by

//fsydWHsy [ [ ([ rwawsonu-a ta) avisy

(6.3.5)
(see [77] for details).
Let us introduce a definition which will be useful for further investigation.
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6.3.2 Definition. For a random variable F' having all moments we define its
mth cumulant as an
Ep(F) = (—i)" = InE(") | ,—0.
otm
We have the following link between the moments and the cumulants of F' (see
[51]): for every m > 1,

ke (F) = > (=) Y — DIE Xl E Xl (6.3.6)
o=(a1,..,ar)€P({1,..,n})

if FFe€ L™, where P(b) is the set of all partitions of b. In particular, for centred
random variables F' we have ki (F) = EF, ky(F) = EF? k3(F) = EF3.ky =
E F* — (E F?). As stated in [51], the law of the second Wiener chaos elements is
completely determined by its cumulants (or equivalently, by its moments). That
is, if F, G are elements of the second Wiener chaos then F' and G have the same
law if and only if they have the same cumulants. Moreover, the convergence of
the cumulants to cumulants of an element of the second Wiener chaos implies
convergence in distribution. Hence, we can analyse the asymptotic behaviour of
the cumulants of the sequence Fy in order to prove a limit theorem for it and
characterise its limiting distribution.

In the particular situation when F' = I5(f) (which is satisfied for the random
variables Fly) its cumulants can be computed as (see e.g. [50], Proposition 7.2 or
[77])

km(F) = 2m—1<m_1)! f(UhUQ)f(Ug,u?,) ce f(um—hum)f(um)ul)dul s duma
- (6.3.7)

with uq, ..., u,, possibly being multidimensional.

Based on the formula (6.3.7) we obtain the limit in distribution of (6.3.3).
6.3.3 Theorem. Let Fy be given by (6.3.3) with H > 3. Then the sequence
(Fn)n>1 converges in distribution to a random variable F' whose law is given by
the cumulants explicitly determined in the proof (see (6.3.9) and (6.3.10)).

Proof. Note first that by the transfer formula (6.3.5) W (g, ;) has a represen-
tation as W (g ,;) for some (explicitly known) function §; ;, where W is a two-
dimensional Gaussian noise. Therefore, ki (Fy) = 0, ko(Fy) = 1, the above for-
mula for cumulants (6.3.7) can be applied and we obtain for m > 3
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. 1 N2H+2 m N
k’m(FN) — om (m ) \/ijlN n k‘2 / Z gt]1 ZEl,.IQ

<thj2 x27m3>' (Z.g?f xm,$1>d$1...d$m

Jjo=1 Jm=1

1 m N
= 2m—1(m — 1)' 1 N2H+2 Z /gtj (.Qﬁ)gtj (.’L’)d.’ﬂ
VNvuy k1N + ko .= g 72

AR Jm=1

X (/R ﬁt,jz(ilf)flt,ja(ﬂ?)dﬂ?) (/R Gt () G2 (@dﬂ?) :

We use the isometry formula for multiple integrals with respect to W (6.3.4)
as well as the transfer formula (6.3.5) in order to get

Aét,jl(x)ﬁt,ja(x)dx = E(ut, zip1) — ult, ) (u(t, 2j41) — ult, z;))
. ( Nj) + ko (Z%) ,

Oy (k) = <|k; 1P ok 4 |k — 1|2H) , keR, (6.3.8)

where

(see Section 6.1.2) and we obtain

1
N2H+§

X Z]l ] =1 |:k1®H (]1 ]2) + k2®H+ (]1;{]2):| o« e |:k1®H (]m];]l) —|— kQ@H—f—% (ij;]l)] .

.....

By Lemma 6.3.1
b (Fi) "% 2771 (m — 1)I(4K,) % N™
)+ ke (052)] o [l (5

S )+ 58]

By writing
i—J oy 2H-2
Oy N )= H(2H -1) [ o Ju—v| dudv,
A
and similarly
i—J oy 2H-1
Dpyia N = H(2H +1) ., lu — v dudv,
N N
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we get, for any m > 3,

N

-2 Nm Z

JiseensJm=1

1 1
/0 /O (kyH(2H — 1)N72H |y — v + j; — jo|172

+hoH(2H + )N 72H oy — v + 51 — jo2 7Y dudv

o (Fiv) V2% 271 (m — 1)1(4K)

1 1
X / / (kyH(2H — 1)N 2|y — v + jp, — 512772
0 JO
+hoH2H + V)N 22y — v + jp — 51127 Y dudo.

Next, we write

. 2H-2 u— v |2H2
N2y = v o — 272 = N2 ‘1+ —
N J1—J2
and
. 2H- u— oy |2H
N—2H—1|u vt _j2|2H—1 — N2 J1—J2 '1 . .
N J1—J2
and obtain
N
k(Fr) N 2m 7 m - DIAK) T ENT Y
JiseJm=1
1l . . 12H-2 u— oy 22
/ / e H(2H — 1) |22 —
o Jo J1—J2
. 2H-1 u— oy 2
ko H(2H + 1) |22 ‘1+ ol ]dudv
N J1—J2
R . . 2H-2 u— v |22
/ / W H(2H — 1) |/m ‘ S
0o Jo Jm —J1
G — iy [PE u— o |21
koH(2H + 1) |2—— dudv.
ke ( + ) N ‘ i — ] uav
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We claim that

N
F(Fy) R 2m 7 m - DIAK) T ENT Y
Jis-sim=1
._<2H—2 -_<2H—1
[le(2H—1) NSk H(H +1) ﬁN—” ]
. . 12H-2 . - 12H-1
X [le(ZH—l) Im I 4 g HEH + 1) | I ]

This follows by a standard procedure (see [50] or [77]) from the Taylor expansion
in the vicinity of z = 0 of the functions

1—(1+2)*"2 and 1-—(1+42)*!
and by the dominated convergence theorem. Therefore, for m > 3

b (Fy) Y25 2m =L — 1)1(4K,) 2 /

[0,1]™
(kiH(2H — 1)|z1 — 29" 72 4+ ko H(2H + 1)1 — 20| 71)
(kiH(2H — 1)|z, — 22" 2 + ko H(2H 4 1)|@, — 21277 day ... dp.
Note that the above integral is finite by Lemma 3.3 in [6]. Also, clearly
kl(FN> =0 and k‘Q(FN> =1.

Since Fy belongs to the second Wiener chaos, the convergence of cumulants
determines the convergence of Fly in law to a random variable F' with cumulants
given by

ke (F) = 2" Ym — D(4K,) "2 /

0,1]™
(le(QH — D]z — 20?2 + ke H(2H + 1)|21 — x2|2H_1)

X (kiH(2H — 1)|@m — 21?772 + ko H(2H + 1) |2, — 21|*71)
dzy ...dz, (6.3.9)

for m > 3 and
ki(F)=0 and Fko(F)=1. (6.3.10)
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The existence of such a limit is ensured by the Fréchet-Shohat theorem (see [37]):
It follows from the convergence of cumulants that also all the moments of Fy
converge to some real numbers M,,, m € N, as N tends to infinity. Moreover,
by hypercontractivity (2.1.6) the mth absolute moments of Fy are bounded by
(m —1)™. Therefore, also the limits of the moment sequences will be bounded by
(m—1)™, which means that the growth condition lim sup,,, _, .. (| M,,|)"/™ < oo is
satisfied, thus yielding the existence of a limiting distribution with the cumulants
obtained above. O

Note that the limit law with cumulants (6.3.9) and (6.3.10) is related to
the Rosenblatt distribution but is more complex. For instance, if the constant
ko vanished in (6.3.9), then we would have obtained a Rosenblatt distribution
in the limit. If the constant k; vanished the cumulants would have described a
Rosenblatt distribution associated with the parameter H + % given the existence
of such an object. In total, the obtained limit reflects the covariance structure of
the solution and in contrast to the CLTs proved in this chapter also includes the
part resembling an fBm-type process with the parameter H + %

6.4 Estimation of the Hurst parameter H

We will apply the theoretical results from Section 6.2 in order to construct and
analyse several estimators for the Hurst index of the mild solution (6.1.2) to the
wave equation (6.1.1). It is worth to emphasize that the estimators are based on
the observations of the process u at a fixed time and at discrete points in space.

We will define two kinds of estimators for the Hurst parameter. For the first
kind we will consider the observation time ¢ of our equation to be known, and the
estimators obtained will be asymptotically normal with the rate of convergence of
order v/ N log(N) for H < p—1. In the second case we develop an estimator for [
if the time ¢t > 1 is not known. This estimator will also be asymptotically normal,
but with a slower rate of convergence, namely v/N. Both kinds of estimators are
strongly consistent.

6.4.1 Estimators for known ¢

We follow the standard procedure from [16] or [15] to construct our estimators.
First, let us define an auxiliary object, namely the k-th empirical absolute moment
of discrete variations of the mild solution (¢, z) defined in (6.1.2) for a fixed time
t > 1 and a filter « as follows:

(6.4.1)




with U (%) defined in (6.1.5). Since U®(4) is Gaussian, we have
k

E DUQ (%)m = (7‘(‘%’]\[(0)>§ Ey, where Ej, denotes the k-th absolute moment
of a standard Gaussian random variable, and therefore we obtain

k

E[Sy(k, a)] = (w;';’N(()))f Ey.

Thus, for a given k, by replacing E[Sy(k, )] by Sx(k, o) we obtain an estimator
for H that is a pointwise solution to the equation

a‘w\m

Sy(k, a)F — EFa®N(0) =0

with respect to x. Recall that (see (6.1.6))
o t Cy
™ 7N(0) = W@%a(O) — W®z+%’a(0)7

and we denote

l
1
@) = Bpal0) = =5 3 agarlg =, o) = e,y ,0)

q,7=0

a, N
T

Note that for large N the function g(z) :=
this we consider the derivative

)= L (C;@;) - 210g(N)cl(x)) - <C;<x) - 210g(N)02($)) |

(0) is invertible. In order to see

2 N21‘ NQZ N2m+1 N233+1

As shown in [16], the expression in the first parentheses becomes negative for large
N, and since it is the asymptotically dominating term, also the whole function
will become negative for N large enough. Therefore, for such N the function g is
strictly decreasing and we can define estimators by inverting it:

Hy = (w,""N(O))’1 ((%ﬁ)ﬁ : (6.4.2)

Another estimator can be obtained by inverting only the dominant part of the
function g. Notice that asymptotically 72" (0) is equal to 355 Ps, o (0) =: g(z),
which is easier to invert than its exact counterpart. This motivates the definition
of another class of estimators,

Hyp:=g" ((%ﬂ)? : (6.4.3)

We show that the two estimators constructed above are consistent and we give
their limiting behavior in distribution.
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6.4.1 Proposition. The estimators ?[N,kand Hy . given by (6.4.2) and (6.4.3)

of the Hurst parameter H > % are strongly consistent. Moreover, with v](\]f) =

E[Vy(k, a)?], for H < p— % we have as N tends to infinity

klog(N)

o

(H _ f[N,k> 4 N(0,1)

and for H> 3, a= (1, -1), k=2

where F' is the random variable from Proposition 6.3.3. The same statements hold
for Hy .

Proof. Since for every k > 2

1IN ifH<p-—1,
v S Qe =3 =1, (6.4.4)
e M H >3 a=(1,-1), k=2,

the almost sure convergence to zero of Vi (k,«a) follows by hypercontractivity
with a Borel-Cantelli argument, see e.g. [75]. Due to the fact that the functions
g and g are asymptotically equal we obtain the asymptotic equality of H Nk and
H ~.& and thus also strong consistency of Hy .

For the asymptotic behaviour we can refer to the calculations from [16] and

obtain
Vi (k, ) = klog(N)(H — Hy;)(1 + o(1)),

which means that by Slutsky’s lemma we will get

klog(N _
klog(N) (H _ HN,k> 4 N(0,1)
ie

for H < p— }l as N tends to infinity. For H < p — % this implies in particular
that R
klog(N)VN (H - HN7k> 4 N(0,0?)

for N — oo with 02 defined in Lemma 6.2.1. For H > %, a=(1,-1), k =2 the
relation yields
2log(N)

o2

(H - ﬁm) 4 g

for F' given above when N goes to infinity. The same results follow for H due to
its asymptotic equality to Hy . O]
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6.4.2 Remark. Note that this result provides the following speeds of convergence
(see (6.4.4)): VNlog(N) for H < p— 1 +/N\/log(N) for H = 3, p = 1 and
N272H]og(N) for H > 3, a = (1, 1), k = 2.

6.4.2 An estimator for unknown ¢

Assume that the time ¢ > 1 at which the solution (6.1.2) is observed is not

known. Similarly to [33], if two sequences (agl))ie{o ,,,,, py and (GJEQ))ie{O 77777 ap} are

considered, where a(? is obtained by ”thinning” the sequence aV) (i.e., agg) = a,(:)

for k € {0,...,p} and zero otherwise), then it follows that

D7 4(0) = 2270y ,0)(0) and Py 40 (0) = 2210y 1 0 (0),

which implies that for large N we have W?;Q)’N(O) ~ 22H7T?;1)’N(0). This, in turn,
can be transferred to Sy:

E[Sy(k, a®)] = (wif(”’N(O)f Ej, ~ 2 (wﬁ}””(@)) ® By = 29 B[Sy (k, aV)].

This motivates another estimator for H defined by

- L 1 SN(ka CL(2))

Its limit behavior is given below.

6.4.3 Proposition. The estimator Hy (6.4.5) is strongly consistent for all H >

1 1
5. Moreover for H < p — ;, we have

VN(Hy — H) % N(0, 0%)
with o > 0.

Proof. 1t follows from the fact that Viy(k, «) N2 0 almost surely that Sy con-
verges almost surely to its expectation. Thus, strong consistency is clear by con-

struction of Hy. The multivariate convergence statement yields asymptotic nor-
mality by the delta method, similarly to [16]. O

6.4.3 Numerical computations and simulation experi-
ments

In this section we conduct simulations of the solution process and compare

numerical performances of different estimators introduced in the previous

section. More specifically, we are going to analyse the behaviour of Hy, , for
filters (1, —1) as well as (1, —2, 1), that of its exact counterpart Hy, o for the
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second filter as well as that of Hy for different values of H. Methodically the
simulation scheme is simple: We simulate a vector of discrete observations of the
solution as a multivariate normally distributed vector with a given covariance
matrix using the function mvrnorm in the programming language R (the matrix is
decomposed using the eigendecomposition). The construction of estimators from
this vector is straightforward and the source code for both can be found in the
Appendix. Possible errors can occur when the covariance matrix is decomposed
or when numerical operations are carried out (such as calculating the inverse of
a function at a given point). The obtained results, however, do not seem to be
strongly jeopardised by those as they are in accordance with the theory.

For N = 1000 and t = 3 we get the following results for the mean squared
errors (MSE) computed from 100 iterations:

H =0.51

H =07

H=0.95

Hpy o(1, —1)

1.02-107°

1.61-107°

0.001

Hy (1, =2, 1)

1.2:107°

9.626-107°

1.98-107°

Hyo(1, =2, 1)

1.2-1075

9.634-10°¢

1.99-1076

Hy

0.002

0.001

0.001

The estimator Hy performs the worst. This can be explained heuristically
by the fact that it contains two sources of error instead of one, this being the
practical trade-off in the case where time ¢ is not available. Another interesting
observation is that the exact estimator H ~,2 is not performing better than the
estimator H ~,2 Which uses the inverse of an approximation of the actual function.

This encourages the use of the simpler version in applications.

True value H | Mean HN72(1, —1) | Mean HN72(1, —2, 1) | Mean IA{NVQ(]_, — MeanH x
0.51 0.5107118 0.5138851 0.5110081 0.5110082
0.55 0.5499827 0.5362797 0.549677 0.549678
0.60 0.5997487 0.6007376 0.5999698 0.5999722
0.65 0.6498786 0.6510065 0.6502865 0.6502909
0.70 0.7005558 0.6925 0.7003125 0.7003196
0.75 0.7500486 0.7482407 0.7499587 0.74997
0.80 0.8005769 0.7966326 0.7998019 0.7998186
0.85 0.8512704 0.8517664 0.8500505 0.8500754
0.90 0.9042009 0.8927607 0.8997257 0.8997638
0.95 0.9587621 0.9540507 0.9498974 0.9499602
0.99 1.01826 0.9959974 0.9898137 0.9899168

Table 6.1: Mean of the estimated values for 100 simulations
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Figure 6.2: Normal fits of empirical densities for H = 0.51, 0.7, empirical density
plot for H = 0.9.

The Figures 6.1 and 6.2 show the change in the limiting distribution (illus-
trated by histograms and density fits for the simple estimator H ~,2(1, —1) over
100 simulations): For H = 0.51, H = 0.7 the limiting distribution is normal and
for H > % it is not. Additionally, the boxplots in Figure 6.3 illustrate the changes
in the speed of convergence indicated in the discussion for Hy o(1, —1) and pro-
vide a comparison to the rates of convergence for the other three estimators (see

Remark 6.4.2).
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e s

Figure 6.3: Boxplots of Hy »(1, —1), Hy, Hy 2(1, =2, 1), Hy 5(1, =2, 1) from
left to right for the values of H listed above.






List of Symbols

N

~ T H

%@p
%@p

54

P

I 1lp.q
Dp-4

517
Dom(67)
Ti(.)

- [ zip

a, S by, & a, < cb, for n large

a, " b, s a, < b, and b, < ay

Beta function

Gamma function

Riemann zeta function

falling factorial, (2), == 2(z —1)...(z = n+1)
rising factorial, (2)™ == 2(z +1)...(z +n —1)

separable Hilbert space with scalar product (-, -) s, Section
2.1.2

separable Hilbert space induced by an fBm with scalar prod-
uct (-, + ) u, Section 2.1.2

separable Hilbert space induced by a fractional-Brownian
field with scalar product (-, - ) 4w, Section 2.1.4

p-fold tensor product of 77

p-fold symmetric tensor product of .77, Section 2.1.2

space of smooth random variables, Section 2.1.2

(p-fold) derivative operator, Section 2.1.2

norm on ., Section 2.1.2

closure of the derivative operator w.r.t. |- ||,. 4, Section 2.1.2
(p-fold) divergence operator, Section 2.1.2

domain of the divergence operator

trace of an operator on a Hilbert space

Lipschitz norm, Section 6.2.2
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I llp—var [2llp—var = |12][p—var, o, 7]

1
=: (SWPneafo, 7) 2okeo [ (tkr1) — x(ty)|?) ", where the supre-
mum is taken over partitions of the interval [0, T']

By(RY) bounded Borel subsets of R?

*(Z) [P space of sequences indexed over Z

M,(R) real p X p matrices

2 equality in law for random variables

< equality of all finite-dimensional distributions for processes
LN convergence in distribution

Wasserstein distance, Section 6.2.2

Y
S
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Appendix

Source code for the simulation of the wave equation solution, implementation of
four estimators from Section 6.4 and calculation of the respective mean squared
errors written in the programming language R. The source code for the plots is
not included.

library(kergp)

#define the covar-fctn
kernFun<-function(x1,x2,par){

h<-abs(x1-x2)

cH<-(4xpar[1]1-1)/(4x(2*par[1]+1))
K<-0.5*%(cH*h" (2*par [1]+1)-0.5*par [2] *h~ (2*par[1])
+(par[2] " (2*par[1]1+1))/(2xpar[1]+1))

return (K)

}

#set parameters, build a matrix, simulate and plot
H<-0.51

t<-3

covar<-covMan(kernFun, d=1, parNames = c("Hurst", "time"), par = c(H, t))
covar

nGrid=1000

xGrid=seq(from=0,to=1,length=nGrid)

Kmat<-covMat (object=covar, X=as.matrix(xGrid))
library (MASS)

yGrid<-mvrnorm(mu=rep(0, nGrid), Sigma=Kmat)
plot(xGrid, yGrid, type = "1")

#k=2, est for (1,-1)
incr<-numeric(nGrid-1)

for (i in 1:(nGrid-1)) {
incr[i]=yGrid[i+1]-yGrid[i]

}

SN=sum(incr~2)/nGrid
Hest=(-log(SN)+log(t/2))/(2*1log(nGrid))
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Hest

#k=2, est for a quotient

U1 =0

for (i in 3:nGrid)

{

U1=U1+(yGrid [1-2]-2*yGrid [i-1]+yGrid[i]) "2
}

U2 =0

for (i in 5:nGrid)

{
U2=U2+(yGrid [1] -2*yGrid [i-2] +yGrid[i-4]) "2
}

Hest1=(1/(2*log (2)))*log(U2/U1)

Hest1

#inverting a fctn

inverse = function (f, lower = -100, upper = 100) {
function (y) uniroot((function (x) f(x) - y),

lower = lower, upper = upper) [1]

}

#approx and exact inverse + est for k=2, (1,-2,1)

#(calculate Ul first!, U1l/nGrid=SN)

invp2 = inverse(function (x) (t*(2-27(2*x-1)))/(nGrid~(2*x)), 0.05, 10)
invp2(U1/nGrid)

invp2exact = inverse(function (x) (t*(2-27(2%x-1)))/(nGrid~ (2*x))-
(4xx-1)*(2-27 (2*x) ) / (2% (2*x+1) * (nGrid~ (2*x+1))), 0.05, 10)

invp2exact (U1/nGrid)

#MSE for diff est, takes around 10-20 mins
HestO<-numeric(100)#simple est
Hestl1<-numeric(100)#quotient
Hest2<-numeric (100) #approx
Hest3<-numeric(100)#exact

for (k in 1:100)

{

yGrid<-mvrnorm(mu=rep(0, nGrid), Sigma=Kmat)
for (i in 1:(nGrid-1)) {
incr[i]=yGrid[i+1]-yGrid[i]

}

SN=sum(incr~2)/nGrid
HestO[k]=(-1og(SN)+log(t/2))/(2*1log(nGrid))
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Ul =20

for (i in 3:nGrid)

{
U1=U1+(yGrid [i-2] -2%yGrid [i-1]+yGrid[i]) 2
}

U2 =0
for (i in 5:nGrid)
{

U2=U2+ (yGrid [i]-2%yGrid [i-2] +yGrid [i-4]) "2
}
Hest1[k]=(1/(2*1log (2)))*1log(U2/U1)

Hest2[k]=invp2(U1/nGrid)
Hest3[k]=invp2exact (U1/nGrid)
+

Htrue<-rep(H, 100)
library(Metrics)

mean (HestO0)

mse (Hest0, Htrue)

mse (Hestl, Htrue)
mse(as.numeric(Hest2), Htrue)
mse(as.numeric(Hest3), Htrue)

147






Bibliography

1]

M. Abramowitz, I. Stegun - Handbook of Mathematical Functions with
Formulas, Graphs, and Mathematical Tables. U.S. Government Printing
Office, Washington (1972).

E. Alos, D. Nualart - Stochastic integration with respect to the fractional
Brownian motion.
Stochastics and Stochastics Reports, 75(3), 129-152 (2003).

T. M. Apostol - Introduction to Analytic Number Theory. Springer, New
York Heidelberg Berlin (1976).

A. V. Artemov, E. V. Burnaev - Optimal estimation of a signal perturbed
by a fractional Brownian noise.
Theory of Probability and Its Applications, 60(1), 126-134 (2016).

E. Azmoodeh, L. Viitasaari - Parameter estimation based on discrete
observations of fractional Ornstein-Uhlenbeck process of the second kind.
Statistical Inference for Stochastic Processes, 18(3), 205-227 (2015).

S. Bai, M. Taqqu - Behavior of the generalized Rosenblatt process at
extremes critical exponent values.
The Annals of Probability, 45(2), 1278-1324 (2017).

S. Bajja, K. Es-Sebaiy, L. Viitasaari - Least squares estimator of frac-
tional Ornstein Uhlenbeck processes with periodic mean.
Journal of Korean Statistical Society 46(4), 608-622 (2017).

R. M. Balan, C. A. Tudor - The stochastic wave equation with fractional
colored noise: a random field approach.
Stochastic Processes and their Applications, 120, 2468-2494 (2010).

R. Belfadli, K. Es-Sebaiy, Y. Ouknine - Parameter estimation for frac-
tional Ornstein-Uhlenbeck processes: non-ergodic case.

Frontiers of Environmental Science & Engineering in China, 1(1), 1-16
(2011).

149



[10]

[20]

[21]

F. E. Benth - On arbitrage-free pricing of weather derivatives based on
fractional Brownian motion.
Applied Mathematical Finance, 10, 303-324 (2003).

F. Biagini, Y. Hu, B. @Qksendal, T. Zhang - Stochastic Calculus for Frac-
tional Brownian Motion and Applications. Springer, London (2008).

P. Breuer, P. Major - Central limit theorems for non-linear functionals
of Gaussian fields.
Journal of Multivariate Analysis, 3, 425-441 (1983).

A. Brouste, M. Fukasawa - Local asymptotic normality property for frac-
tional Gaussian noise under high-frequency observations.
The Annals of Statistics, 46(5), 2045-2061 (2018).

P. Cheridito, H. Kawaguchi, M. Maejima - Fractional Ornstein-Uhlenbeck
processes.
FElectronic Journal of Probability, 8, 1-14 (2003).

A. Chronopoulou, C. A. Tudor, F. G. Viens - Variations and Hurst index
estimation for a Rosenblatt process using longer filters.
FElectronic Journal of Statistics 3, 1393-1435 (2009).

J.-F. Coeurjolly - Estimating the parameters of a fractional Brownian
motion by discrete variations of its sample paths.
Statistical Inference for Stochastic Processes 30, 199-227 (2001).

F. Comte - Nonparametric Estimation. Spartacus-idh, Paris (2017).

F. Comte, V. Genon-Catalot - Nonparametric adaptive estimation for
pure jump Lévy processes.
Annales de I’I.H.P. Probabilités et statistiques, 46, 595-617 (2010).

M. Corcuera, D. Nualart, J. H. C. Woerner - Power variation of some

integral fractional processes.
Bernoulli, 12, 713-735 (2006).

R. Dalang, D. Khoshnevisan, C. Mueller, D. Nualart, Y. Xiao - A Mini-
course on Stochastic Partial Differential Equations. Springer Science &
Business Media (2009).

J. Clarke De la Cerda, C.A. Tudor - Hitting probabilities for the stochas-
tic wave equation with fractional colored noise.
Revista Matemdatica Iberoamericana, 30 (2), 685-709 (2014).

150



[22]

[23]

[28]

[29]

[30]

[31]

[32]

33]

L. Decreusefond, A. S. Ustiinel - Stochastic analysis of the fractional
Brownian motion.

Potential Analysis, 10, 177-214 (1999).

H. Dehling, B. Franke, T. Kott - Drift estimation for a periodic mean
reversion process.
Statistical Inference for Stochastic Processes, 13, 175-192 (2010).

H. Dehling, B. Franke, J. H. C. Woerner - Estimating drift parameters
in a fractional Ornstein Uhlenbeck process with periodic mean.
Statistical Inference for Stochastic Processes, 20, 1-14 (2017).

K. Es-Sebaiy, I. Nourdin - Parameter estimation for a-fractional bridges.
Malliavin Calculus and Stochastic Analysis (2011).

R. Fox, M. S. Taqqu - Multiple stochastic integrals with dependent inte-
grators.
Journal of Multivariate Analysis 21, 105-127 (1987).

B. Franke, T. Kott - Parameter estimation for the drift of a time-
inhomogenous jump diffusion process.
Statistica Neerlandica, 13, 175-192 (2013).

P. K. Friz, N. B. Victoir - Multidimensional Stochastic Processes as
Rough Paths: Theory and Applications. Cambridge University Press
(2010).

M. Gubinelli, A. Lejay, S. Tindel - Young integrals and SPDE’s.
Potential Analysis 25, 307-326 (2006).

Y. Hu, D. Nualart - Parameter estimation for fractional Ornstein Uhlen-
beck processes.
Statistics and Probability Letters, 80, 1030-1038 (2010).

Y. Hu, D. Nualart, H. Zhou - Parameter estimation for fractional
Ornstein-Uhlenbeck processes of general Hurst parameter.
Statistical Inference for Stochastic Processes, 22, 111-124 (2019).

H. E. Hurst - Long-term storage capacity of reservoirs.
Transactions of the American Society of Civil Engineers, 116, 770-799
(1951).

J. Istas, G. Lang - Quadratic variations and estimation of the local Hoélder
index of a Gaussian process.
Annales de I’I.H.P. Probabilités et statistiques, 33(4), 407-436 (1997).

151



[34]

[35]

[37]

[38]

[39]

[44]

[45]

J. Keizer - Statistical Thermodynamics of Nonequilibrium Processes.
springer, New York (1987).

M. Khalil, C. A. Tudor - Correlation structure, quadratic variations and
parameter estimation for the solution to the wave equation with fractional
noise.

FElectronic Journal of Statistics, 12 (2), 3639-3672 (2018).

M. Khalil, C.A. Tudor, M. Zili - Spatial variation for the solution to
the stochastic linear wave equation driven by additive space-time white
noise.

Stochastics and Dynamics, 18 (5) (2018).

A. Klenke - Probability Theory A Comprehensive Course. Springer, Lon-
don (2014).

M. L. Kleptsyna, A. Le Breton - Statistical analysis of the fractional
Ornstein-Uhlenbeck type process.
Statistical Inference for Stochastic Processes, 5, 229-248 (2002).

P. Kloeden, A. Neuenkirch - The pathwise convergence of approximation
schemes for stochastic differential equations.
LMS Journal of Computation and Mathematics, 10, 235-253 (2007).

I. Kruk, F. Russo, C. A. Tudor - Wiener integrals, Malliavin calculus and
covariance measure structure.
Journal of Functional Analysis, 249 (1), 92-142 (2007).

K. Kubilius, Y. Mishura, K. Ralchenko - Parameter Estimation in Frac-
tional Diffusion Models. Springer, Cham (2017).

Y. A. Kutoyants - Statistical Inference for Ergodic Diffusion Processes.
Springer, London (2004).

A. J. Lawrance, N. T. Kottegoda - Stochastic modelling of riverflow time
series.

Journal of the Royal Statistical Society. Series A (General), 140(1), 1-47
(1977).

Y. Liu, E. Nualart, S. Tindel - LAN property for stochastic differential
equations with additive fractional noise and continuous time observation.
Stochastic Processes and their Applications, 129, 2880-2902 (2019).

M. Maejima, C. A. Tudor - Wiener Integrals with respect to the Hermite
process and a Non-Central Limit Theorem.
Stochastic Analysis and its Applications 25(5), 1043-1056 (2007).

152



[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

B. Mandelbrot, J. W. van Ness - Fractional Brownian motions, fractional

noises and applications.
SIAM Review, 10, 422-437 (1968).

E. Martins - Estimating the rate of phenotypic evolution from compara-
tive data.
American Naturalist, 144, 2, 193-209 (1994).

Y. Mishura - Stochastic Calculus for Fractional Brownian Motion and
Related Processes. Springer, Berlin-Heidelberg (2008).

M. Moers - Hypothesis testing in a fractional Ornstein-Uhlenbeck model.
International Journal of Stochastic Analysis (2012).

I. Nourdin - Selected Aspects of Fractional Brownian Motion. Springer,
Mailand (2012).

I. Nourdin, G. Peccati - Normal Approximations With Malliavin Calcu-
lus. Cambridge University Press (2012).

I. Nourdin, G. Peccati - The optimal fourth moment theorem.
Proc. Amer. Math. Soc., 143(7), 3123-3133 (2015).

I. Nourdin, G. Peccati, M. Podolskij - Quantitative Breuer-Major theo-
rems.
Stochastic Process. Appl. 121(4), 793-812 (2011).

I[. Nourdin, G. Peccati, A. Réveillac - Multivariate normal approximation
using Stein’s method and Malliavin calculus.
Ann. Inst. Henri Poincaré Probab. Stat. 46 (1), 45-58 (2010).

I. Nourdin, G. Poly - Convergence in law in the second Wiener/Wigner
chaos.
Electronic Communications in Probability 17 (36), 1-12 (2012).

I. Nourdin, T. Tran - Statistical inference for Vasicek-type model driven
by Hermite processes.
Preprint, to appear in Stochastic Processes and their Applications (2017).

D. Nualart - The Malliavin Calculus and Related Topics. Springer, Hei-
delberg (2006).

D. Nualart, S. Ortiz-Latorre - Central limit theorem for multiple stochas-
tic integrals and Malliavin calculus.
Stochastic Processes and theis Applications, 118, 614-628 (2008).

153



[59]

[63]

[64]

[65]

G. Peccati, C. A. Tudor - Gaussian limits for vector-valued multiple
stochastic integrals.
Séminaire de Probabilités, XXXVIII, 247-262 (2005).

V. Pipiras, M. Taqqu - Integration questions related to fractional Brow-
nian motion.

Probability Theory and Related Fields, 118(2), 251-291 (2000).

V. Pipiras, M. Taqqu - Are classes of deterministic integrands for frac-
tional Brownian motion on an interval complete?

Bernoulli 7(6), 873-897 (2001).

V. Pipiras, M. Taqqu - Long-Range Dependence and Self-Similarity.
Cambridge Series in Statistical and Probabilistic Mathematics. Cam-
bridge University Press (2017).

N. Privault, A. Réveillac - Stein estimation for the drift of Gaussian
processes using the Malliavin calculus.
The Annals of Statistics, 36(5), 2531-2550 (2008).

L. Quer-Sardanyons, S. Tindel - The 1-d stochastic wave equation driven
by a fractional Brownian sheet.
Stochastic Processes and their Applications, 117, 1448-1472 (2007).

B. L. S. Prakasa Rao - Statistical Inference for Fractional Diffusion Pro-
cesses. Wiley Series in Probability and Statistics, Chichester, John Wiley
& Sons (2010).

M. Renardy, R. C. Rogers - An Introduction to Partial Differential Equa-
tions. Springer, New York (2004).

L. R. Rifo, S. Torres, C. Tudor - Comparative estimation for discrete
fractional Ornstein-Uhlenbeck process.
Stochastic Models, 29, 291-305 (2013).

T. J. Rivlin - An Introduction to the Approximation of Functions. Dover
(2003).

L. C. G. Rogers - Arbitrage with fractional Brownian motion.
Mathematical Finance, 7 (1), 95-105 (1997).

G. Samorodnitsky - Long range dependence.
Foundations and Trends in Stochastic Systems, 1 (3), 163257 (2007).

R. Shevchenko, M. Slaoui, C. A. Tudor - Generalised k-variations and
Hurst parameter estimation for the fractional wave equation via Malliavin
calculus.

To appear in Journal of Statistical Planning anf Inference (2019).

154



[72]

R. Shevchenko, C. A. Tudor - Parameter estimation for the Rosenblatt
Ornstein-Uhlenbeck process with periodic mean.
Statistical Inference for Stochastic Processes (2019).

R. Shevchenko, J. H. C. Woerner - Inference for fractional Ornstein-
Uhlenbeck type processes with periodic mean in the non-ergodic case.
Preprint, arXiv:1903.08033 (2019).

M. Slaoui, C. A. Tudor - Limit behaviour of the Rosenblatt Ornstein-
Uhlenbeck process with respect to the Hurst index.
Theory of Probability and its Applications, 98, 173-187 (2018).

S. Torres, C. A. Tudor, F. Viens - Quadratic variations for the fractional-
colored stochastic heat equation.
FElectronic Journal of Probability, 19(76), 1-51 (2014).

F. Treves - Basic Linear Partial Differential Equations. Academic Press
(1975).

C. A. Tudor - Analysis of Variations for Self-Similar Processes. A Stochas-
tic Calculus Approach. Probability and its Applications (New York).
Springer, Cham (2013).

C. A. Tudor - Analysis of the Rosenblatt process.
ESAIM: Probability and Statistics, 12, 230-257 (2008).

C. A. Tudor, F. G. Viens - Statistical aspects of the fractional stochastic
calculus.
The Annals of Statistics 35 (3) 1183-1212 (2007).

A. B. Tsybakov - Introduction to Nonparametric Estimation. Springer,
New York (2009).

O. Vasicek - An equilibrium characterization of the term structure.
Journal of Financial Economics, 5(2), 177-188 (1977).

M. S. Veillette, M. S. Taqqu - Properties and numerical evaluation of the
Rosenblatt distribution.
Bernoulli, 19(3), 982-1005 (2013).

P. Walters - An Introduction to Ergodic Theory. Springer, New York
(1982).

W. Xiao, W. Zhang, W. Xu - Parameter estimation for fractional
Ornstein-Uhlenbeck processes at discrete observation.
Applied Mathematical Modelling, 35, 4196-4207 (2011).

155



[85]

Y. Yamamoto, N. Kitahara, M. Kano - Long memory effect of past cli-
mate change in Vostok ice core records.
Thermochimica Acta, 532, 41-44 (2012).

L. C. Young - An inequality of the Holder type connected with Stieltjes
integration.
Acta Mathematica, 67, 251-282 (1936).

C. Zeng, Y. Chen, Q. Yang - The fBm-driven Ornstein-Uhlenbeck process:
Probability density and anomalous diffusion.
Fractional Calculus and Applied Analysis, 15(3) 479-492 (2012).

156



