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Chapter 1

Random Schrodinger operators

In statistical physics and in particular in solid state physics, one is interested in the
behavior and properties of matter which consists of many atoms or molecules. The
challenge is to derive macroscopic properties of a material like electrical conductivity
or insulation from the interactions of its microscopic constituents. The proper
description on the microscopic level is provided by quantum mechanics.

A moderately sized system involves 10%* and more particles, which have to be
modeled on the configuration space (R3)1023. Naturally, one tries to simplify this
model. From the point of view of one electron, the rest of the solid can be modeled
as an external potential. This approach reduces the configuration space to R?,
but neglects the influence of the electron on the crystal, which is a reasonable
simplification. The external potential captures the influence of the nuclei and the
remaining electrons on the electron and is often called background potential. We
will also assume that the material does not change over time, i.e., the background
potential will be constant in time. This simplification is justified by the fact that
the nuclei are much heavier than the electron and accordingly move much slower.

Many solids are crystals, where the atoms are arranged in a periodic lattice
structure, so periodic background potentials seem to be a good choice. To take
full advantage of the lattice structure, the crystal is assumed to extend to infinity.
The study of wave phenomena in such periodic potentials is called Bloch-Floquet
theory. A fundamental result is that the energy the electron can have is restricted
to certain intervals, called bands. This band structure allows to explain many
physical properties of solids, including electrical conductivity of metals and even
optical properties.

Of course not all physical effects are captured by this model. An example is
superconductivity, which specifically needs the interactions within pairs of electrons.
For many materials, the assumption of perfect periodicity is an oversimplification,
too. In most crystals, the periodic arrangement of atoms is only a local property,
the regular regions are separated by grain boundaries. And even in supposedly
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periodic domains, there are irregularities in form of impurities, foreign atoms or
missing atoms.

To study the effects which are suppressed by ignoring the non-periodicity,
Philip Warren Anderson introduced the so-called Anderson model in [And58|. The
formerly periodic background potential is now perturbed by random impurities.
The distribution of the impurities is chosen homogeneously to ensure that the
material remains homogeneous. The task is now again to study the motion of one
electron in this random potential. If we interpret the impurities as foreign atoms,
we can model a mixture of different metals and thus alloys, too. Accordingly, the
model is also known as alloy-type model. Anderson argued that enough randomness
changes the electrical behavior of the matter under consideration from conductor to
insulator. This phase transition caught the attention of many researchers in physics
and in mathematics and lead to numerous publications in the field of random
Schrodinger operators.

To continue the discussion on a slightly more technical level, we briefly review
some standard notions and notation from quantum mechanics. A quantum particle
is represented by its wave function ¢, also called the state of the particle, which
is a normalized vector in the Hilbert space L?(IR?) with inner product (p1, pa) :=
[ ¢1(2)p2(z) do. For each measurable set A C R?, [pla|® = [,|o(@)° dz is
the probability of the particle to be found in the region A. Note that due to
the normalization, the probability for the particle to be somewhere in space is
fR3|g0(:17)|2 dz = |J¢||3 = 1. The state of the particle will change over time, so it is
a function ¢: R — L*(R?). Given an initial state 1y at time 0, the time evolution
of the particle is governed by Schridinger’s equation

i = Hip, (0) = o,

where 9 is the time derivative of 1 and H is the Hamiltonian. We use physical
units to suppress Planck’s constant and the mass of the particle.

Mathematically, a Hamiltonian is a self-adjoint operator on L?*(IR?), and this
immediately implies that the solution operator to Schrodinger’s equation is a unitary
and thus preserves the normalization of states. Physically, the Hamiltonian is the
observable for the total energy of the particle. This means that the expectation
value of the energy of a particle in the state ¢ is (¢, Hp). The total energy is the
sum of the kinetic energy T" and the potential energy V', i.e. H =T + V. We do
not take spin and magnetic fields into account, so the kinetic energy is the Laplace
operator T" = —A. The potential energy is a multiplication operator with the
potential

Vi LA(RY) = LA(RY), (Vo)) = V(2)e(a).

As custom, we use the same symbol for the potential as a function of space and
the potential as an operator on L?(IR3). The domain of the multiplication operator
has of course to be restricted if the potential is unbounded.
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This is the point where the modeling discussed above enters the formalism. Let
the contribution of one atom located at the origin to the potential be encoded in
the single site potential f € L*(R?). Then an infinite crystal with atoms of this
type at every site of the lattice Z* has the Z3-periodic potential

Of course, we assume that this sum converges almost everywhere. In the alloy-type
model, each lattice site is assigned an atom randomly:

Vo(z) = Z (W) f(x — k).

keZ3

Here, f is the shape of an atom, but the charge of the nucleus is changed by the
independent and identically distributed random coefficient Ay(w). There are many
other random potentials considered in the literature. A Hamiltonian which is the
sum of the Laplace operator and a random potential is called a random Schrédinger
operator.

Formally, Schrodinger’s equation is solved by

1/J<t) — e_thl/J().

But apart from the fact that e7'#* is unitary, it is very hard to actually determine
the behavior of the solution, especially for long times. The RAGE theorem, named
after Ruelle [Rue69], Amrein and Georgescu [AG73|, and Enss [Ens78|, states that
the long time behavior of solutions to Schrédinger’s equation is intimately related
to the spectrum of the Hamiltonian, see e.g. [Cyc+87|. More precisely, absolutely
continuous spectrum corresponds to scattering states, while point spectrum indicates
localized eigenstates. Thus, roughly speaking, absolutely continuous spectrum
corresponds to a material that allows the electron to travel, a behavior which makes
the material an electrical conductor, while localized eigenstates trap the electron
and make the material an insulator. There are several precise notions of Anderson
localization but the intricate details are beyond the scope of this introduction.

According to the RAGE theorem, it is vital to study the spectrum of random
Schrodinger operators. For periodic potentials, the spectrum consists of intervals of
absolutely continuous spectrum. Therefore, if a periodic crystal provides electrons
in such a band, the material is a conductor, which is the case for metals. For
random Schrédinger operators like the alloy-type model, the situation is more
complicated.

One might expect that the spectrum of a random operator is random. But
for the Anderson model and in fact many random Schrodinger operators, spatial
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homogeneity makes the spectrum almost surely constant, meaning that there is a
closed set ¥ C R such that, for almost all realizations of the random potential, this
set X is the spectrum of the corresponding Schrédinger operator. From an ergodic
theory point of view, this is understandable as follows. The homogeneity of the
material makes the operator family ergodic. In the alloy-type model, the choice
of i.i.d. random variables A is the reason for this. Now, similar to the fact that
invariant R-valued random variables on an ergodic dynamical system are almost
surely constant, the invariance of the spectrum, i.e. a set-valued random variable,
under translations guarantees that it is deterministic, too. By the same reasoning,
the components of the spectral measure according to the Lebesgue decomposition
are deterministic, too.

To study the spectrum and its types, one needs efficient tools. One such tool is
the integrated density of states (IDS). The IDS is a function that assigns each energy
threshold the number of quantum mechanical states per unit volume with energy
below its argument. To fill this description with life, we describe one common
way to construct the IDS rigorously. First, we fix a large rectangular box in the
configuration space and define the operator H% := —A+V,, on (a domain in) L?(Ay)
using suitable boundary conditions, for example Dirichlet or Neumann boundary
conditions, such that HL is a self-adjoint operator. We call the operator HEZ the
restriction of the operator H, to the box Ay with Dirichlet or Neumand boundary
conditions and use the notation HL := H,|y,. We also refer to HZ as finite volume
operator or finite volume approrimation of H,. Next, it is well-known that the
finite volume operator has discrete spectrum consisting purely of eigenvalues. We
count the eigenvalues below a given energy threshold with multiplicity, and the
resulting number is the value of the eigenvalue counting function corresponding to
this finite volume operator. Then, we normalize the eigenvalue counting function
with the volume of the box we restricted the original Hamiltonian to. Finally,
we take the limit L — oo of box size to infinity. This procedure gives a limiting
function, which is the IDS, and illustrates the interpretation of the IDS given above.

By construction, the normalized eigenvalue counting functions are monotonically
increasing, and the IDS is too. Its Stieltjes derivative is a positive measure, called
the density of states measure (DoS). The topological support of the DoS is the
spectrum of the Hamiltonian, so the IDS encodes spectral information, even though
it cannot distinguish between the spectral types.

A natural question to ask is whether or not the IDS can distinguish between
random and non-random operators. For a deterministic Schréodinger operator like
the Laplace operator without a potential or with a periodic potential, the IDS
usually behaves like a polynomial close to the infimum of the spectrum. For example,
straightforward Fourier analysis shows that the IDS of the Laplace operator —A
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on R? is

(277—?)d ) )(E),

where 7, is the volume of the unit ball in R?, see [RS78, p. XIII.15].

In contrast, for random Schrédinger operators like the Anderson model, the
IDS behaves radically different at the infimum of the spectrum. Typically, the
IDS of a random Schrédinger operator with sufficiently strong randomness is, close
to the bottom of the spectrum, exponentially small. This phenomenon is called
Lifshitz tails in honor of [Lif65].

To understand this change of behavior of the IDS at the bottom of the spectrum,
we return to the definition of the IDS. The first step in order to count eigenvalues is
to restrict the Hamiltonian to a large but finite box with, say, Neumann boundary
conditions. For Lifshitz tails, we are interested in small energies. We study the
ground state of the random Schrédinger operator HZ = (—A + V)[4, restricted to
the box Ay, := [0, L) of side length L with the minimax principle:

Ey(HY) = inf (o, Hlp) = inf ((p,—Ap) + (0, Vo)),

llella=1 llell,=1

where ¢ ranges over all normalized functions in the domain of the Laplace operator
which are supported in Ay. For the sum to be small, both the expected kinetic
and potential energy have to be small. In order for the kinetic energy (p, —Agp) to
be small, ¢ has to be close to the ground state of —A. Let us try the ground state

= |AL|_1/21AL as a test function. If the support of the single site potential f is
contained in Ay, the potential energy is

(oVer) =i [ Vede = 3w ) [ rads @)

|AL| Ar keA aVAL

which is the average of the potential over the box Ay. Now we isolated the cause of
the phenomenon of Lifshitz tails. Since, for averages of i.1i.d. random variables, the
probability concentrates around the expectation, the probability of the average to
be small, in particular smaller than its expectation, is exponentially small. Morally,
this is the reason why states with small energy are exponentially rare, and this
translates to Lifshitz tails of the IDS.

When we add a non-negative potential, we shift the spectrum upwards, and
the IDS decreases. In order to prove Lifshitz tails at the appropriate location, we
have to identify the bottom of the spectrum. In the i.i.d. alloy-type model, a
sufficient condition on the random variables A\, in order to not move the infimum
of the spectrum is that the topological support of the law of A\, contains 0. This
condition can be rephrased as follows: each neighborhood of 0 contains A, with
positive probability. With the help of independence and the second Borel-Cantelli
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lemma, one finds a sequence of increasing boxes in configuration space with very
low potential. A Weyl sequence argument on these boxes shows that the infimum
of the spectrum remains unperturbed, i.e. inf o(H,,) = 0 almost surely.

This qualitative argument can be strengthened quantitatively. In fact, one can
give a lower bound on the IDS matching the upper bound on a logarithmic scale.
Of course, quantitative conditions on the random variables are needed. A typical
result states that if the probability of Ay being less than a threshold € > 0 is at
least polynomial in €, then the limit

logllog N ()|
V= 1M —
ENEy IOg(E — E[))

exists almost surely and is strictly negative. This means in a sense that N(FE)
behaves like exp(—(E — Ep)¥) as E N\ Ej.

In most of this thesis, the quantum mechanic setup is simplified once more using
the tight-binding approximation. There, instead of the configuration space R?,
one considers the discrete lattices Z?, d > 2, or more general discrete groups,
see Chapter 2. Let us explain the quantum mechanical construction for Z? here.
The wave functions will be normalized vectors in the Hilbert space ¢2(Z%). The
observable for the kinetic energy is the discrete Laplace operator —A: (?(Z%) —
(*(Z%) given by

(—Ap)(2) = > (f2) = )

YEZ |ly—zll;=1
This bounded operator mimics the negative sum of second derivatives on R¢ because

d

j=1
where the standard basis vectors ey, ..., eq4.

Potentials are functions V: Z¢ — R, and the corresponding observables their
multiplication operators on ¢2(Z<). The discrete alloy-type potential is, as before,
composed of a single site potential f: Z¢ — R and independent and identically
distributed random variables )\, k € Z%, via

Vo(x) =Y Melw)f(z — k)

keZd

The Schrodinger operator H = —A + V is, as before, the sum of the kinetic
and the potential energy. The IDS is obtained as the limit of the normalized
eigenvalue counting functions of H restricted to finite boxes Aj := [0, L)d aWVAS
L € N. The restricted operator H|,, acts on the finite dimensional Hilbert space
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(*(Ar). We usually use the basis (d,),ca, of Kronecker delta functions to describe
the finite volume operators by their representing matrices. The total number of
eigenvalues is the volume of A; with respect to the counting measure. Thus, in the
discrete setting, all normalized eigenvalue counting functions map into the interval
[0, 1], and so does the IDS. These effects and the fact that H is bounded are the
main technical advantages of the discrete model with respect to the continuous
one. Luckily, the physical phenomena we are interested in also appear in discrete
models. The interested reader can consult e. g. [Kir07] for more details on random
Schrodinger operators including a discussion of boundary conditions for restrictions
of discrete operators.

There is another way to express the IDS which is particularly simple in the
discrete setting. Consider the spectral distribution function (SDF), which is defined
as follows. Given a random Schrédinger operator H,,, denote by 1(_o g(H.,)
its spectral projection on the interval (—oo, E]. The SDF is then the function
N:R =R,

N(E) = E[(d0, 1 (o0, (Hw)d0)],

where 8y € (?(7Z4) is the Kronecker delta function on 0. There is an analogue formula
for the continuous setting, too, see e.g. Chapter 8. The famous Pastur—Shubin
formula states that the IDS equals the SDF, see [Pas71; Shu79; PF92|, and connects
the infinite operator and its finite volume approximations. Note that the SDF
does not rely on the choices made in the construction of the IDS like the boundary
conditions for the finite volume approximations or the sequence of bounded cubes
([-L, L] or [0, L]), but only on the operator H,. When we generalize the setting in
Chapter 6 to more general groups than Z?, the Pastur-Shubin formula serves as a
test that we found the correct function.

Properties and the behavior of the IDS at the bottom of the spectrum have
also been studied for discrete models. For Laplace operators on discrete graphs see
e.g. |[PT18|, for a comparison of periodic and random operators with Lifshitz tails
see [AV09].
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Chapter 2

Groups

One key feature of the configuration space R?® of quantum mechanics is that R? is
also a group and acts on itself by translations. The laws of physics are invariant
under translations, see e. g. [APP18|, a fact that leads to conservation of momentum
and the theory of relativity. We also use the group structure of R?, or rather the
group action of its subgroup Z* on R? in the construction of periodic and random
potentials. Under this point of view, the simplification to Z3, or more generally Z?,
introduced at the end of the previous section, is quite natural.

The underlying geometry has of course some impact on the physical systems
built on it. From a physical point of view, Z¢ with d € {1,2,3} are the most
relevant configuration spaces. On the other hand, many results of ergodic theory
have been generalized to more general group actions. It is valuable to study if and
how results for Z? carry over to different geometries and to see which features of Z?
are responsible for which physical properties. Here is how one has to modify the
basic definitions, in particular the Laplace operator, on finitely generated groups.
A group G is finitely generated if there is a finite subset S C G such that all g € G
can be expressed as a product of elements of S. See Figure 2.1 for an illustration
with G = Z2. Note that it is common practice to denote the group operation of an
abelian group as sum and the group operation of a non-abelian group as product.

Usually, we assume without loss of generality that S is symmetric with respect
to the group inversion: S = S~!:= {s7! | s € S}, and that S does not contain the
identity element id € G. The Cayley graph I'(G, S) of a finitely generated group G
with respect to a symmetric set of generators S has as a vertex set the group G
itself, and two vertices g, h € G are connected with an edge if and only if gh=! € S,
or equivalently, if there is an s € S such that ¢ = sh. The edge (g, h) is then
labeled with the generator s = gh™! € S. Consequently, the set of neighbors of ¢ is
S~tg = Sg. Note that Cayley graphs are regular, which means that every node has
the same degree, i.e. the same number of neighbors. Cayley graphs are directed
graphs, which is necessary for the labeling. But since S is symmetric, all directed

17
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T T T T T T T T

€9 (5,1):€1+61+€1—|—61+62+61
—€ €1

.

Figure 2.1: Z? is generated by {(1,0),(0,1),(—1,0),(0,—1)}

edges occur in pairs with opposing orientation, which can be easily visualized as
undirected edges, if we decide to ignore the labels in an appropriate context.

Each undirected graph comes with a metric on its set of vertices, which measures
the length of the shortest path in the graph between points, counting each edge
with length one. In the case of Cayley graphs with respect to symmetric generating
sets, this metric is called word metric, because the distance between g, h € G is
the length of the shortest word representing gh~!:

d®(g,h) = inf{r €Ny |3si,...,s,€S:gh™ = Hi_l sj}.

=

We also denote |g|g := d°(id, g).

As an example for a Cayley graph, consider G = Z? and S = {*ey, ..., *e4},
where ¢e; is the j-th standard basis unit vector, which is indicated in Figure 2.1 for
d = 2. Figure 2.2 shows a finite part of the Cayley graph of Z? with respect to the
generator {£ey, tey, (61 — e9)} with directed edges.

Regular tree graphs, see Figure 2.3, are examples for Cayley graphs, too. If the
degree d = 2k of the tree is even, then it is the Cayley graph of the free group Fj
generated by the symmetric set S = {a,...,a;'}, see Figure 2.4. For odd
degree d = 2k — 1, one can use the group generated by k generators ay, ..., a; (and
their inverses), but subject to the relation a; = a,;l. In the resulting Cayley graph,
the two branches labeled with a; and a,;l are identified, so the degree is 2k — 1 = d.
Another possible construction is as follows. Consider the group generated by d
generators aq, ..., aq subject to the relations a? =id for all j € {1,...,d}. This
last approach actually works for even and odd degree d.

There are many definitions of Laplace operators on graphs, but for regular
graphs like Cayley graphs, most of them are equivalent to each other. We will focus
on the following straightforward generalization of the previous definition on ¢%(Z?).
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Figure 2.3: Regular trees with degree d € {3,4}.
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Figure 2.4: The Cayley graph of the ball Bj of radius 3 in F3, with a := ay, b := as,
A:=a ! and B :=b~!. The arrows indicate the corresponding generator: x — y
means ax =y, r — ¥y is synonymous for bxr = y.

For a finitely generated group G with symmetric generator S, we will call

A (G) = (G), (Af)g:=(Asflg=>_(f(h) = f(g))

heSg

the Laplace operator on ¢*(G) or on G, for short. Of course, it depends on S, too,
but we often suppress S in the notation. It is now straightforward to generalize
the alloy-type model and the SDF to finitely generated groups. For the IDS, we
also need ergodicity and an analogue for cubes.

The group action of GG on itself from the right, i.e.,

GxG—G, (g,h)— hg™,

extends to the Cayley graph: G x I'(G, S) — I'(G, S). On vertices, the action is
(g,h) — hg~', while on edges, it is (g, (h,h')) — (hg~',h'g~1). Note that for all
g,h,h' € G, we have (h'g~1)(hg™)™t = W'h™!, so edges map to edges. Even more,
the group G acts transitively on the vertices and on the labeled edges of its Cayley
graph, and all graph isomorphisms which preserve the labels stem from the group
action. Note also, the Laplace operator commutes with the group action, which
can be of great help to understand the spectrum of the Laplace operator.
Ergodic theory provides a large toolbox to deal with group actions. Especially
amenable groups are well understood. A group G is amenable if it contains finite
subsets with arbitrarily small boundary to volume ratio. In a discrete group, there
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3
Il

Figure 2.5: In Z4, the interior S-boundary of a box F), of side length n satisfies

F,| = 4(n — 1). The boxes form a Falner sequence: |81|;£F‘”| = 421 B2 .

’ int

are different notions of boundary. For a finite set K C G, the K-boundary of a set
F C @ is the union of its interior and its exterior K-boundary:

1nt U F\ gF ag(tF_U((gF)\F):<KF)\F7

geK

OF = (8111; ) (agct )

A Fylner sequence is a sequence of non-empty finite subsets F;,, C G, n € N, such
that

where S is a finite generating set. A group is amenable if and only if it contains
a Folner sequence, see [Fol55]. We will see soon that whether or not a sequence
is Folner is independent of the choice of the generating set S. The Euclidean
lattices Z? are examples of amenable groups. The cubes F,, := ([0,n) N Z)? can
serve as a Fglner sequence, see Figure 2.5.

For all finite K’ C G, the K-boundaries along Folner sequence (F},), get small:

~0. (2.1)

In particular, this shows that amenability is independent of the choice of the
symmetric finite generating set S. To see (2.1), note that A\C' C (A\B)U(B\C) for

arbitrary sets A, B, C, so that, by induction, (¢F")\F C Ulgls ((H;C s ) (seF)\F))
for all g = H'fiﬁ s; € K with s; € S. We estimate for F' C G

|9‘s

|(9F) \F|<ZIF\ (50" F)| < lglslo5. Fl,
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and analogously

l9ls lgls
Pon = 3| (IT )P\ ()| < Y IP ()] < ol

Combined, we get

O8I <Y (IF\ (9F)| + [(gF) \ FI) < 205F1 Y gl

geK geK

which proves (2.1).

Another interpretation for a Fglner sequence is the following. For g € GG, the
boundary 919} F,, = (gF,) A F, is the symmetric difference between F' and F shifted
by g. We can thus rephrase (2.1) as follows: A Fglner sequence is asymptotically
invariant with respect to the shift by g € G.

Studying amenable groups is useful in order to see how far one can get only
with this one feature of Z¢. Here are some properties of amenable groups and their
actions. A finitely generated group G is amenable if and only if for each compact
space X and every measurable G-action on X, there exists a G-invariant probability
measure on X, see [Wei00|]. Amenable groups are the natural setting for Birkhoffs
pointwise ergodic theorem, see [Lin99|: Assume that an amenable group G acts
measure preservingly on a probability space X. Lindenstrauss’ theorem states that
for a (tempered) Folner sequence (F},), and an integrable observable f € L'(X),
the averages

gGF

converge for almost all z € X. This theorem is extraordinarily useful when dealing
with averages, for example in equation (1.1).

In amenable groups, Falner sequences are the natural generalization of cubes
in Z?, and they can be used to define the IDS. As in Z?, one restricts the random
Schrédinger operator to the set F),, with small boundary and counts the eigenvalues
of the resulting matrix. The limit of the eigenvalue counting functions along a
Folner sequence exists, see Chapter 5.

As mentioned above, Anderson predicted transport for low randomness and
insulation for large randomness. While the latter has been proven in a variety of
settings, the former is still out of reach, at least on Euclidean geometries like R3
or Z%. But on regular trees, |[Kle98] showed that the alloy-type model exhibits
absolutely continuous spectrum for low randomness. This is another reason to
consider different geometries, it might help to develop tools in random Schrédinger
operators applicable in Euclidean lattices as well.
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Figure 2.6: The S-boundary of balls in trees is large.

Figure 2.7: The canopy tree with branching number 2 has many leaves. The next
zoom level extends along the dashed line.

Unfortunately, free groups are not amenable, and regular trees allow no Fglner
sequences. For example, the interior S-boundary of balls in the 4-regular tree
graph contains more than half of the balls vertices, see Figure 2.6. Of course,
there might be more cleverly chosen subsets with smaller boundaries. To eliminate
this possibility, let us consider the spectrum of the Laplace operator on amenable
groups. The /?-normalized indicator functions of sets of a Fslner sequence form a
Weyl sequence, and its Rayleigh ratio converges to 0. Since —A is a non-negative
operator, the infimum of its spectrum on amenable groups is 0: info(—A) = 0.
This property actually characterizes amenable groups, see [Kes59a]. But on a tree of
degree d > 3, the infimum of the spectrum of the operator —A is (v/d — 1—1)? > 0,
see [Bro91; Warl3|. Therefore, free groups can not be amenable.

In [AWO06], the authors study the eigenvalue counting functions on the balls of
a regular tree and their limit. The limiting function equals the SDF on an infinite
graph that they call canopy tree, see Figure 2.7. The canopy tree is isomorphic to a
horoball of the regular tree, a concept which is analogous to horoballs in hyperbolic
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Figure 2.8: The discrete torus Zig X Zg is the image of a homomorphism that
separates the points in all balls of radius 2.

geometry, see [Woe00, (12.13)]. We saw in Figure 2.6 that each ball in the tree
contains many leaves, and that means that the leaves are still visible in the limiting
graph. In order to define the IDS on free groups and regular trees, we need a
different concept.

A group G is residually finite if the group homomorphisms from G onto finite
groups separate points in G. This means, for each g, ¢ € G, g # ¢/, there is a finite
group H,, and a homomorphism h,,: G — H, s such that h,,(g) # hgy(9')
in Hy,. For each finite subset X C G, the product homomorphism hg :=
I, yergrg Pog: G - 1, yex g2y Hog is one-to-one on K. Let Hy := hx(G) be

the image of G under hg, which is a finite group, and hx: G — Hg, hi(g) := %K(g)
For a generator S of G, hi(S) is a generator of H, because each hg is onto. The
Cayley graph of Hy with respect to hx(S) induces a graph of hi(K), and the
Cayley graph of GG with respect to S induces a graph on K. By construction, these
two induced graphs are isomorphic. This allows us to use the Laplace operators
on Hg, with K,, /G as a substitute for the restrictions of Laplace operators on a
Fglner sequence. The construction is illustrated by the example of Z? and finite
tori (Z/nZ) x (Z/n'Z) as quotients, see Figure 2.8.

Free groups happen to be residually finite. For example, each element s of a
generator S and n € N, n > 2, give a homomorphism G — Z/(nZ) as follows.
Write g as a word in the generator, count how often s occurs and substract the
number of occurrences of s~!. The difference modulo n is well defined and will
be the image of g. These homomorphisms separate already all group elements
which can not be written as words with the same letters in different order. Explicit
constructions to separate all words in Fj, can be found in Chapter 6. The notion
of residually finite groups allows us to define the IDS of the Laplace operator on
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Figure 2.9: Amenable Gruppen und residuell endliche Gruppen sind sofisch.

trees, and indeed, with this construction, the Pastur—Shubin formula holds true,
see also Chapter 6.

As we saw, free groups are not amenable but residually finite. There are
also examples of amenable groups which are not residually finite. In [Gro99|,
Gromov introduced a class of groups which contains all amenable and all residually
finite groups and many more. Weiss coined the term sofic groups for this class
in [Wei00|, see Figure 2.9. A finitely generated group G with generating set S
is sofic if its S-edge-labeled Cayley graph is well approximated by finite S-edge-
labeled graphs I' = (V, E), in the following sense. Consider a vertex v € V and a
non-negative integer r. The balls of radius r around v in I" and around id € G
in the Cayley graph I'(G, S) induce S-edge-labeled subgraphs of I" and I'(G, S),
respectively. Let us call v an r-inner vertex if these subgraphs are isomorphic
with an isomorphism that preserves the labels. The r-boundary 9"T" consists of all
vertices of I' which are not r-inner vertices, see Figure 2.10. The group is sofic
if there are finite S-edge-labeled graphs I',, = (V,,, E,,), n € N, such that, for all
reN,

or,
lim | |

n—oo ’Vn‘

=0.

For amenable groups, the approximating finite S-edge-labeled graphs are induced
by the Cayley graph of G on the sets of a Fglner sequence. For residually finite
groups, the approximating graphs are the Cayley graphs of the finite groups Hx
from above, where we choose K as the ball of radius r around id € G. In this case,
the r-boundary is empty since Hy acts transitively on the vertices of its Cayley
graph and preserves the labels, so all r-balls are isomorphic as labeled graphs.
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Figure 2.10: Two 2-inner vertices v and v”, while w is in the interior 2-boundary.

The class of sofic groups is quite large. In fact, so far no discrete group has
been identified to be not sofic, to the authors best knowledge. With the local graph
isomorphisms, the approximation of the Cayley graphs can be lifted to approximate
operators on sofic groups by matrices on the finite S-edge-labeled graphs. We
explain this strategy to define the IDS on sofic groups in the next Section 3.1. See
also Chapter 6 for more details.



Chapter 3

Concentration inequalities

3.1 McDiarmid’s inequality and sofic groups

We summarize the results of Chapter 6 and highlight the use of McDiarmid’s
concentration inequality. For this section let G denote a sofic group. As detailed
above, this encompasses amenable and residually finite groups. We consider a
deterministic and translation invariant operator A: ¢*(G) — ¢*(G) and ask how
to construct approximating matrices. Recall that on a sofic group G, there are
approximating graphs with many interior points. For each interior point v of the
approximating graph I' = (V, E), there is a local graph isomorphism ¥, that maps v
to id € G and the, say, r-ball around v to the r-ball of id in G while preserving
the S-labels on the edges, see Figure 2.10. With the local isomorphisms, we copy
the matrix elements of A in order to define an operator on £(V'). By construction,
this resulting resembles A for nearby vertices.

Of course, each matrix element can be copied with many local isomorphisms,
so there is a question of well-definedness to address. Luckily, translation invari-
ance comes to the rescue and resolves this issue. The local isomorphisms locally
preserve the group structure, as the paths from h to g are preserved by all local
isomorphisms which preserve large enough balls. The labels effectively prohibit
the local isomorphisms from rotating the graph and from swapping vertical and
horizontal edges, see Figure 3.1. By translation invariance, the matrix element
(64, Ady) between two vertices g, h € G depends only on gh™!, so it is safe to use
any local isomorphism. The eigenvalue counting functions of the matrices obtained
by this construction indeed converge and define the IDS. The limit equals the SDF,
that is: The Pastur—Shubin formula holds true. For more details, including precise
formulas, see Chapter 6.

For random operators, the situation is more complicated because the matrix
elements are random variables themselves and their values are no longer translation

27
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Figure 3.1: Labels and translation invariance guarantee well-defined matrices.

invariant. Only the probability distribution of the random variables is invariant.
So, instead of copying the values of the matrix elements, we have to copy the
distribution of the matrix elements. We use the distributions to independently
sample new matrix elements for the finite dimensional approximation, see Chapter 6
for the exact procedure. By this construction, the eigenvalue counting functions
of the operators on the finite graphs are independent of the matrix elements of
the original operator. But the expectation of the eigenvalue counting functions
converges, and the limiting function equals the SDF.

The next step is to improve the convergence of the expectations to almost sure
convergence of the random variables themselves. This is where the phenomenon of
concentration of probability enters. Consider the eigenvalue counting functions with
a fixed argument as functions of the random entries of the matrix to R. We need
that the eigenvalue counting function viewed in this way concentrates its image
measure around its expectation. The suitable tool is the following concentration
inequality due to McDiarmid.

Theorem 3.1.1. Let X = (Xy,...,X,) be a family of independent random vari-
ables with values in R, and let f: R™ — R satisfy the bounded differences assump-
tion, i. e., there is a constant ¢ € R such that, whenever x,x’ € R™ differ only in
one coordinate, we have

|[f(z) — f(@) <e.
Then, for u = E[f(X)] and any € > 0,

P(f(X) — | > €) < 2exp (—2—) |

nc

Different proofs can be found in numerous places, e.g. [McD89, Lemma 1.2],
[McD98, Theorem 3.1|, and [BLM13, Theorem 6.2|. For our application at hand,
we need that the eigenvalue counting functions meet the bounded differences
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assumption. The following proposition allows to control how much eigenvalue
counting functions change by the rank of a perturbation.

Proposition 3.1.2. Self-adjoint n X n-matrices A and C satisfy
[Natc — Nall, <1gC/n.

The proof in [LSV11, Proposition 7.1] relies on the minimax principle for
eigenvalues of self-adjoint operators, see e.g. [RS78, Theorem XIII.1|. To apply
the proposition in our context, we consider the eigenvalue counting functions as
functions of the random matrix elements. Each such matrix element accounts for a
perturbation of at most rank 2, because of the symmetry of self-adjoint matrices,
so that eigenvalue counting functions satisfy the bounded differences assumption
and McDiarmid’s inequality applies. From here, standard calculations reveal the
almost sure convergence of the eigenvalue counting functions, see Chapter 6.

3.2 Glivenko—Cantelli theory and uniform conver-
gence

In the following, we want to motivate the results of Chapters 4 and 5. For the
Euclidean lattices, the IDS of the Laplacian can be calculated, see [PT18], and it
turns out to be continuous. For the regular tree with degree k + 1, the DoS of the
Laplacian is explicitly known as

k+1 /4k — (B —k —1)2
or (k+12—(E—k—1)2

R > E +— 1;(E) (3.1)

where T = [(vVk — 1), (V/k + 1)?] is the spectrum of the Laplacian, see [Kes59b;
McK81|. Its antiderivative, the IDS, is thus continuous, too, see Figure 3.2. A
simple argument in [DS84] shows that the IDS is continuous for many ergodic
random Schroédinger operators on amenable groups. Also, Wegner estimates can
be used to see the continuity of the IDS. But there are also random Schrodinger
operators with discontinuous IDS. Examples are the Laplacians on percolation
graphs and certain Anderson models on percolation graphs, see [SSV19].
Continuity of the IDS is important for many reasons, in particular, for continuous
IDS the limit in the construction of the IDS is actually better than pointwise: The
pointwise limit of probability distribution functions on R to a continuous limiting
probability distribution function f is actually uniform, see [Bau92, 30.13 Satz|. The
argument uses finitely many sampling points and interpolates between them with
the monotony of probability distribution functions. Unfortunately, this strategy
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Figure 3.2: The denstity of states and the integrated density of states of the
Laplacian on a regular tree of degree 3

seems to be not suitable to derive error estimates and a speed of convergence of
the IDS.

In Chapters 4 and 5, we prove almost sure uniform convergence of the eigenvalue
counting functions for a large class of random Schrodinger operators on amenable
groups without taking advantage of continuity of the IDS. In fact, our results
apply to random Schrédinger operators with discontinuous IDS, too. To explain
the strategy, let us first consider the Anderson model with independent matrix
elements and increasingly relax our assumptions.

Our key ingredient is Glivenko—Cantelli theory. Recall the classical Glivenko—
Cantelli theorem:

Theorem 3.2.1 (Glivenko—Cantelli). Let X, X;: Q@ = R, j € N, be independent
and identically distributed random variables with probability distribution function
Fo =P(X < -): R — [0,1]. The empirical distribution functions are F,, :=
221 X 00t R = [0,1]. Then, we have E[F,] = Fyy and

n—o0

|F — Fooll,, —— 0 almost surely.

The quantitative version of this classical theorem is a concentration inequality:

Theorem 3.2.2 (Dvoretzky—Kiefer—Wolfowitz [DKW56; Mas90|). Under the as-
sumptions of Theorem 3.2.1 and for all € > 0, there is a sequence of events )z,
n € N, such that

P(Q.,) >1— 2~ gnd |F — Foll  1a., <e (neN).

en —

If one can make sure that the set {w € Q | ||F,, — Fx||,, < €} is measurable,
one can write this shorter as

P(||F — Foollo, <) > 1— 272,
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For a direct application of these two classical results, we consider a diagonal
random operator V: 2(Z%) — (*(Z%), (V4)(z) := V(2)1(z), where the matrix
elements V(z), z € 74, are independent and identically distributed. This is actually
the potential of the classical Anderson model. Its eigenvalues are exactly the
values V(z), and the eigenfunctions are d,, z € Z%. The eigenvalue counting
functions along a sequence (Ap) are thus the empirical distribution functions of
the i.i.d. family of random variables {V (z) | z € A}, and Theorem 3.2.2 provides
almost sure uniform convergence and an estimate for the speed of convergence,
even for discontinuous limiting functions.

In order to treat more general random Schrodinger operators, for example
the Anderson model with the random Schrédinger operator —A + V,,, we have
off-diagonal matrix elements to take into account, and the eigenfunctions are not
as localized as in the previous example.

Consider the one-dimensional case d = 1 and a finite discrete interval A =
{0,1,...,L — 1}, L € Z, L > 2. Instead of considering each element of Ay
individually, we form larger chunks Ay of length k& € Z, k < L and partition A; =
ez Ak(t) with Ag(t) :== Ap N (Ag +1). On each Ay(t), we count the eigenvalues,
and then we compare the sum of these with the one of Ay. Proposition 3.1.2 allows
to bound the difference to the order k7.

Now we need a more powerful Glivenko—Cantelli-type theorem to deal with the
sample of independent eigenvalue counting functions.

Theorem 3.2.3 ([DeH71; Wri81]). Let X, X;: Q — R¥, j € N, be . i. d. random
variables with independent components and

M= {f: R¥ = [~1,1] | f is monotone in each coordinate of its argument}.

Then, almost surely,

n—o0
— 0.

sup —Zf (X)]

femin

Furthermore, for all € > 0, there are constants a.,b. > 0 and a sequence of events

(Qen)n such that

P(Q) > 1—be ™" and sup —Zf (X)) 1., <e.
femin

To recognize Theorem 3.2.3 as a generahzatlon of Theorems 3.2.1 and 3.2.2,
consider the case k = 1 and note that M; := {1(_wy | t € R} is a subset of M
and that

[Fn = Fllo, = sup|Fu(t) — F(t)| = sup
teR fem'n

Zf (X)]]
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In the case k > 2, the assumption that the components of the random vectors
are independent can be weakened but not dropped. There are counterexamples
that show that some condition of this kind is necessary, see Chapter 4.

For our application we have to check that eigenvalue counting functions are
monotone in the random potential. This can be done with the minimax principle.
In fact, increasing the potential means increasing the Rayleigh quotient. This
monotony survives the minimum and the maximum and thus carries over to the
eigenvalues.

Up to now, we know how to compare the eigenvalue counting function on A to
the expected eigenvalue counting function on Ay, and that, in the limit L — oo,
the error we make is of the order 1/k. The last and final step towards almost
sure uniform convergence with error estimate is to perform the limit £ — oo and
to see that the expectation of the eigenvalue counting function on A, converges.
In fact, we prove that the expected eigenvalue counting functions on A, form a
Cauchy sequence in the Banach space of bounded and right continuous functions,
see Chapter 4. To identify the limit as the spectral distribution function, we refer
back to the results about sofic groups.

In higher dimensions d > 2, the ordering of the base (,),cza is not given. As a
consequence, the block diagonal structure of the representing matrix of the sum
of the operators on Ag(t) is not that obvious. Nonetheless, the generalization to
d > 2 is straightforward. We cover large cubes A = {0, ..., L — 1}¢ with smaller
cubes Ay with an error estimate of the order of 1/k which corresponds to the
boundary to volume ratio of cubes. By Theorem 3.2.3, the average of the eigenvalue
counting functions on the smaller cubes converges uniformly to a their expectation
with high probability. The expectations form a Cauchy sequence, and the limit is
identified as above.

The results in Chapters 4 and 5 are actually more general than indicated above.
We use an abstract framework of what we call almost additive fields which includes
the setting of the IDS of alloy type model but also, for example, Laplacians of site
percolation graphs and their IDS.

In Chapter 5, we generalize the almost sure uniform convergence to amenable
groups and face various geometric and probabilistic challenges. As outlined in
Chapter 2, the substitute for cubes in Z¢ are Fglnersequences. Unfortunately, we
used more properties of cubes than their small boundary to volume ratio: We also
used cubes as tiles to cover larger cubes without overlap. It is unknown if there
is a Folner sequence with the additional property that every set in the sequence
covers the group in a similar fashion as the cubes in Z¢. Instead, we utilize quasi
tilings as introduced in [OW87| and studied quantitatively in [PS16]. A quasi tiling
relaxes the properties of tilings in several ways. Instead of one tile which covers
each group element exactly once, one uses several tiles of different sizes to cover
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Figure 3.3: One circle covers 90.69%, two circles cover 95.03%, and three circles
cover 97.17% of the plane. The radii are 1, 0.15, and 6.28 - 1072,

most of the group, and one even allows for some controlled overlap between certain
shifted tiles. An impression of how much of the plane can be covered with only a
few circular tiles is given in Figure 3.3.

To deal with quasi tilings is more laborious than working with tilings. The
possible overlap of certain tiles destroys the independence of the sample. If we
remove the overlap from the sample, we loose the identical distribution. The
solution is to independently resample the overlap conditioned on the rest of the
tile. The geometric control of the size of the overlap allows us to estimate the error.
For details, see Chapter 5.

Our results do not only apply to the IDS. Instead, we employ a framework
which is suitable to treat the IDS but also different intensive quantities like relative
clustersize in percolation theory.

3.3 Hoeflding’s inequality and Lifshitz tails of the
Anderson model on the Bethe lattice

In Chapter 7 we prove Lifshitz tails of the Anderson model on regular trees. In
the physics literature, a regular tree graph is called Bethe lattice in honor of Hans
Bethe. The conjecture about Lifshitz tails on the Bethe lattice was made in [KH85].

As described above, for Lifshitz tails the concentration inequality is a central
part of the argument, even more, concentration of probability is the moral source
for the phenomenon of Lifshitz tails. But due to the geometry of the Bethe lattice,
the application of the actual inequality is buried deep in the proof. We will unpack
some of the stumbling blocks here. This will also explain why it took so long to



34 CHAPTER 3. CONCENTRATION INEQUALITIES

implement a rigorous proof even though Lifshitz tails were studied before in a wide
variety of settings including Cayley graphs of exponential volume growth, see e. g.
[AV09].

The exponential growth of the balls and the non-amenability of the Bethe
lattice create major problems for the traditional reasoning behind Lifshitz tails. The
heuristic outlined in Chapter 1 works only in an amenable setting. One compares the
restriction of the operators with Dirichlet and with Neumann boundary conditions
along a Fglner sequence. Because the boundary is negligible in the limit when
compared to the volume, the choice of boundary conditions does not change the
limiting object. The contrary happens on the Bethe lattice. The fraction of nodes
in the boundary is bounded from below, so the choice of boundary conditions
manifests itself in the limit. One says that the Dirichlet-Neumann bracket does
not close.

Another efficient tool in the amenable setting is perturbation theory. A key
requirement for this to work is a spectral gap between the ground state energy and
the second eigenvalue, which does not close too rapidly with the growing size of
the box. In Euclidean settings, the gap is of the order of L=2, while the distance
between the infimum of the spectrum of the unrestricted Schrodinger operator and
the ground state energy of the restricted operator itself is of order of L=2, too.
On the Bethe lattice, the gap is of the order of L3, and the shift of the ground
state energy with respect to the infimum of the unrestricted operator is L=2. This
discrepancy fails perturbation techniques.

Instead, we reformulate the problem of Lifshitz tails with the Laplace transform
of the IDS. From there, we can relate the problem to the location of the ground
state energy on the finite box using techniques from mathematical physics. Instead
of a box, though, we use balls of the Bethe lattice, see Figure 2.4, or, to be precise,
symmetric rooted trees, which are balls that miss one of the branches from their
center, see Figure 3.4. The symmetric rooted trees have the advantage that one
can write down an orthonormal basis of eigenfunctions of —A. The ground state,
see Figure 3.5, has an interpretation for the symmetric random walk with killing
terms in the root and on the leaves. The symmetry of the trees helps to split the
degeneration of the eigenvalues.

In the light of Chapter 6, our usage of balls in the Bethe lattice might seem
surprising. The result there suggests to use the sofic approximations in order to
deal with the IDS of the Bethe lattice instead of the canopy tree, see Figure 2.7. In
Chapters 4 to 6, we use inequalities involving the rank of matrices. This approach
is to blunt in the current setting. Instead, we rely on spectral information. Close
to the leaves, the eigenfunctions with low eigenvalue are exponentially small in the
height of the tree. In fact, the eigenfunctions suppress the boundary of the tree so
that, at least at the bottom of the spectrum, the spectral behavior of the Bethe
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Figure 3.4: A symmetric rooted tree, left: embedded in the Bethe lattice and right:
with the root at the top and the generations below

Figure 3.5: The ground state on the symmetric rooted tree.
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lattice and the canopy tree coincide.

After having dealt with all these difficulties, we have to, similarly to the amenable
case outlined in Chapter 1, bound the probability that the potential energy (p, V,,¢)
is smaller than its expectation for states ¢ with low kinetic energy. This is where
the Hoeffding’s concentration inequality enters. In general, Hoeffding’s inequality
states that the sum S, of independent random variables X; with values in bounded
intervals [a;, b;], j € {1,...,n}, satisfies

P(S, > ) < eXP<_%>

for all kK > E[S,]. As arandom variable, (p, V,,¢) has expectation p := E(p, V) =
0|3 - B[V,,] and variance Var(p, V@) = ||l¢||; - Var V,,. Furthermore, Hoeffding’s
inequality specializes as follows. For all k > u, we have

(K — p)?
P ({p, Vo) = &) < exp <_2||<p||j VL, — E[Vw]HLoo(IP))

Here, we see the influences of three different ingredients on the exponential decay:
the distance to the expectation & — p, the size of the potential |V, — E[V,][| oo (p),

and the term ||<p||ztl which is proportional to the variance of the potential energy
of ¢. States with low kinetic energy are more or less flat, and indeed, the smallest
value of ||¢||; of all normalized ¢ € £3(1,...,n) is attained at the constant wave
function @eonst = (n~1/2);, with the value HgoconstHj = n~!. In symmetric rooted
trees, the number n of random variables grows exponentially in the height of the
tree. Therefore, small potential energy is double exponentially unlikely in the
height of the tree. This strong result is barely enough to prove Lifshitz tails for the
Anderson model on the Bethe lattice. For more details please refer to Chapter 7.

3.4 Bernstein’s inequality and Lifshitz tails in Eu-
clidean space

Chapter 8 establishes Lifshitz tails in full generality for continuous random Schrodinger
operators on R? with non-negative random potential. First, we consider the breather
model, where the single site potential is given by

=14

for a measurable set A C (-3, %)d C R? and a real parameter A € [0,1]. The
random breather potential

Vo(@) =Y frw(z—k)

kezd
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is not linear in the randomness. In fact, its derivative in the sense of distributions
is not even a measure. Classical results about Lifshitz tails employ Temple’s
inequality, which treats the randomness as perturbation, see [KM83; Sto01; KV10].
It is unclear whether this approach can be implemented for the breather model.
The perturbation result which is robust enough to be applied to the breather model
is an inequality by Thirring. It allows us to extract the average over the random
variables A\;. We then apply Bernstein’s concentration inequality, which states
that the sum S,, of n non-negative i.i.d. random variables with positive and finite
expectation satisfies
P(S, < 1iE[S,]) < exp(—Ch)

for a suitable constant C' > 0 independent of n.

Despite its apparent simplicity, the breather model turns out to include all
major obstacles one has to tackle to address Lifshitz tails in a positive random
potential. The Thirring argument does in fact not rely on the breathing structure.
The important property to shift the eigenvalues and produce Lifshitz behavior is
that the potential is strictly positive on a set with positive measure with a positive
probability. The lower bound for the potential translates into an upper bound for
the IDS and is used in Chapter 8 to prove Lifshitz tails. Said strategy applies to
general non-negative random potentials. The formulation of conditions for a lower
bound is more involved because the random potential is more general. A suitable
version is contained in Chapter 8.

About this thesis

This thesis is a collection of five original research articles, which form the remaining
chapters. For convenience, we give a short overview.

Chapter 4 is devoted to uniform convergence of the IDS on lattices, cf. Section 3.2.
It is taken without changes from [SSV17].

Chapter 5 generalizes Chapter 4 to the setting of amenable groups and coincides
with [SSV18].

Chapter 6 establishes the IDS on sofic groups, see Section 3.1. It has appeared
in [SS15].

Chapter 7 proves Lifshitz tails behavior for the IDS of the Anderson Hamiltonian
on the Bethe lattice, cf. Section 3.3. It has not been published yet, but a preprint
can be found in [HS14].

Chapter 8 deals with Lifshitz tails of continuous random Schrédinger operators
with monotone random potentials, as described in Section 3.4. Part of this material
has been published in [SV17], the whole work [SV] is in preparation.
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Abstract

We develop a Glivenko—Cantelli theory for monotone, almost additive functions of i.i.d. sequences of
random variables indexed by 74 Under certain conditions on the random sequence, short range correlations
are allowed as well. We have an explicit error estimate, consisting of a probabilistic and a geometric part. We
apply the results to yield uniform convergence for several quantities arising naturally in statistical physics.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

The classical Glivenko—Cantelli theorem states that the empirical cumulative distribution
functions of an increasing set of independent and identically distributed random variables
converge uniformly to the cumulative population distribution function almost surely. Due to
its importance to applications, e.g. statistical learning theory, the Glivenko—Cantelli theorem
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is also called the “fundamental theorem of statistics”. The theorem has initiated the study of
so-called Glivenko—Cantelli classes as they feature, for instance, in the Vapnik—Chervonenkis
theory [24]. Generalizations of the fundamental theorem rewrite the uniform convergence with
respect to the real variable as convergence of a supremum over a family (of sets or functions) and
widen the family over which the supremum is taken, making the statement “more uniform”.
However, there are limits to this uniformization: For instance, if the original distribution is
continuous, there is no convergence if the supremum is taken w.r.t. the family of finite subsets
of the reals. Thus, a balance has to be found between the class over which the supremum is
taken and the distribution of the random variables, the details of which are often dictated by the
application in mind. Another important extension are multivariate Glivenko—Cantelli theorems,
where the i.i.d. random variables are generalized to 1.1.d. random vectors with possibly dependent
coordinates. Such results have been obtained e.g. in [18,22,2,30]. In contrast to the classical one-
dimensional Glivenko—Cantelli theorem, where no assumptions on the underlying distribution
is necessary, in the higher dimensional case, one has to exclude certain singular continuous
measures, cf. Theorem 5.3. The multidimensional version of the Portmanteau theorem provides
a hint why such conditions are necessary. We apply these results in Section 5.

To avoid confusion, let us stress that uniform convergence in the classical Glivenko—Cantelli
Theorem and in our result involves discontinuous functions, so it is quite different to uniform
convergence of differentiable functions, as it is encountered e.g. with power series.

In many models of statistical physics one shows that certain random quantities are self-
averaging, i.e. possess a well defined non-random thermodynamic limit. This is not only
true for random operators of Schrodinger type, cf. e.g. [21,16,27], but also for spin systems,
cf. e.g. [5,6,28,29,1]. Note however that the latter papers, studying the free energy (and derived
quantities), heavily use specific properties of the exponential function (entering the free energy)
like convexity and smoothness. We lack these properties in the Glivenko—Cantelli setting and are
thus dealing with a completely different situation. The geometric ingredients of the proof of the
thermodynamic limit can be traced back to papers by Van Hove [23] and Fglner [4]. This is why
the exhaustion sets used in the thermodynamic limit are associated with their names.

While standard statistical problems concern i.i.d. samples, an independence assumption
quickly appears unnatural in statistical physics. Neighboring entities in solid state models (such
as atoms or spins) are unlikely to not influence each other. In order to treat physically relevant
scenarios one introduces a geometry to encode location and adjacency relations between the
random variables, which in turn are used to allow dependencies between close random variables.
In the present paper we choose Z¢ as our model of physical space, although our methods should
apply to amenable groups as well, at least with an additional monotile condition. The focus on
74 allows us to avoid technicalities of amenable groups with monotiles and can thus present our
results in a simpler, more transparent manner. Furthermore, we can achieve more explicit error
bounds due to the simple geometry of Z¢.

Our main result is Theorem 2.6, which is a Glivenko—Cantelli type theorem for a class
of monotone, almost additive functions and suitable distributions of the random variables,
allowing spatial dependencies. Our precise hypotheses are spelled out in Assumption 2.1 and
Definition 2.3. The theorem can be interpreted as a multi-dimensional ergodic theorem with
values in the Banach space of right continuous and bounded functions with sup-norm, i.e. a
uniform convergence result. Under slightly strengthened assumptions we obtain an explicit
error term for the convergence, which is a sum of a geometric and a probabilistic part,
cf. Theorem 2.8. While earlier Banach space valued ergodic theorems, e.g. [10,11], have been
restricted to a finite set of colors, we are able to treat the real-valued case. To do this, we have
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to assume a monotonicity property, which is satisfied in most cases of interest. We obtain a
more explicit convergence estimate than [10], as well. This is due to the fact that we assume a
short range correlation condition, while [10] assumes the existence of limiting frequencies. The
Glivenko—Cantelli result is applied to several examples from statistical physics in Sections 7 and
8. The flexibility and generality of our probabilistic model is displayed in the Appendix.

For the proof we use two sets of ideas. The first one concerns geometric approximation
and tiling arguments for almost additive functions based on the amenability of the group Z¢
going back to the mentioned seminal papers of Van Hove [23] and Fglner [4]. In the context of
Banach space valued ergodic theorems they have been used for instance in [9,12,13,10,11,17].
The second ingredient of the proof is multivariate Glivenko—Cantelli theory, as developed in
[18,22,2,30]. Our Theorem 5.5 shows that in our setting a large deviations type estimate derived
by Wright can be applied. The latter is a modification of the Dvoretzky—Kiefer—Wolfowitz
inequality [3,14].

The structure of the paper is as follows: In Section 2 we present our notation and the two
main theorems. Section 3 contains an intuitive sketch of the proof in the case 74 = 7. Section 4
geometric tiling and approximation arguments, Section 5 multivariate Glivenko—Cantelli theory,
Section 6 the proof of the main theorem, and Sections 7 and 8 examples.

2. Notation and main results

The geometric setting of this paper is given via Z¢, which gives in a natural way rise to a graph
(Z4, £). Here, the set of edges & is the subset of the power set of Z¢, consisting exactly of those
{x,y} € Z% which satisfy ||y — x||; = 1. As usual ||x|; = Zle |x;| denotes the £'-norm in
Vi By F we denote the (countable) set which consists of all finite subsets of Z4. For A € F, we
write | A| for the number of elements in A. The metric on the set of vertices 9: Z% x Z¢ — Ny is
defined via the ¢!-norm, i.e. for x, y € 74 we set 0(x, y) := |ly —x||1. For two sets Ay, Ay C 74
we write 0(A1, A7) := min{0(x, y) | x € Ay, y € A>}. In the case that A = {x} contains only
one element we write 0(x, Ay) for 9({x}, 47).

For A C Z¢ we write A + z := {x +z | x € A}. A cube of side length n € N is a set which is
given by ([0, n)? N Z4) + 7 for some z € Z4.

Using the metric 9, we define for r € Ny the r-boundary of a set A € Z¢ by

(A ={xeA|ox,ZN\A) <r}U{x € ZN\A | o(x, A) < r).
Moreover, we set
A= N\ (A) = {x € 4| o(x, ZN\A) > r). 2.1)

If (A;)nen (or short (A,)) is a sequence of subsets of 74, we write (A7) nen or (A7) instead of

((An)r)neN-
Note that for a cube A,, of side length n and r < n/2 we have

|4,| = n¢, A7 = —2r)¢ and [0 (A,)] = (n+2r)" — (n —2r)°.

In the following we introduce colorings of the elements of Z4. To this end, let A C R be the
set of possible colors. The sample set, which describes the set of all possible colorings of Z¢ is
given by

)= AZd = {w = (0;),eza | 0; € A} C RZ’,
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For each z € Z9 we define the translation
10— 2, (o) =on., (el (2.2)

i.e. Z4 acts on 2 via translations. For 4 € F we set 24 = A) = {0 = (w7)zen | w; € A} and
define I14: {2 — (24 by

IIf(w) = wp = (0)en Torw = (w;),cpq € 12

We simplify II, := IIj;) for z € Z¢. As usual, A is equipped with the Borel o-algebra B(A)
inherited from R. Let B({2?) be the product o-algebra on (2. Let [P be a probability measure on
(12, B(£2)) satisfying:

Assumption 2.1. (M1) Translation invariance: For each z € 74 we have P o rz_l =P.
(M2) Existence of densities: There are o-finite measures ., z € Z<, on (A, B(A)) such that

for each A € F the measure P4 = P o H/TI is absolutely continuous with respect to
A = @,cn Mz on (24, B(£24)). We denote the density function by p4 = %. The

measure P, is called a marginal measure of P. It is defined on ({24, B({24)), where
B({2,) is again the product o -algebra.

(M3) Independence at a distance: There exists r > 0 such that for all n € N and non-empty
Ay, ..., A, € Z% with min{d(A;, A;) | i # j} > r we have py = ]_[’}:1 p4A;> where

Remark 2.2. e The constant » > 0 in (M3) can be interpreted as correlation length. In
particular, if r = O this property implies that the colors of the vertices are independent.

e Conditions (M2) and (M3) are trivially satisfied, if P is a product measure.

e For examples of measures P satisfying (M1), (M2) and (M3) we refer to Appendix.

In the following we deal with partial orderings on {2 and {24, A € F. We write < «’ for
w, o’ € £ if we have w, < o) forall z € 74, and analogously for 2.
We consider the Banach space

B :={F: R — R | F right-continuous and bounded},

which is equipped with supremum norm || - || = | - || co-
We now introduce a certain class of B-valued functions.

Definition 2.3. A function f: F x {2 — B is called admissible if the following conditions are
satisfied

(i) translation invariance: For A € F, z € Z% and w € 2 we have
fh+z,0) = f(4, ro).
(ii) locality: For all A € F and w, o’ € 2 satisfying I14(w) = IT4 (") we have

fA, @) = f(A, o).
(iii) almost additivity: There exists a function b = by: F — [0, 00) such that for arbitrary
w € {2, pairwise disjoint Ay, ..., A, € Fand A := U?:l A; we have

[reto =Y rano]| < b,
i=1 i=1

and b satisfies
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e b(A) = b(A + z) for arbitrary A € F and z € Z¢,
e 3D = Dy > 0 with b(A) < DJA]| for arbitrary 4 € F,
o lim;_, oo b(A;)/|Ai| = 0, if (4;);en is a sequence of cubes with strictly increasing side

length.

(iv) coordinatewise monotonicity: There exists a sign vector s € {—1, I}Zd such that for all
Ae Fandallw, o € 2,z € Aand E € R we have

WA\(z} = wi/l\{z}’ w; < 0);

f(A, w)(E) < f(A, w)(E) ifs(z) =1, whereas
= | f U o)(E) = f(4w)E) ifs(z) =—1.
(v) boundedness: We have

sup || f ({0}, w)|| < oo.
wel?

Remark 2.4. e Property (ii) can be formulated as follows: f (4, -): {2 — B is II1-measurable.
Property (ii) also enables us to define f1: 24 — B by fa(wa) = f(A, w) with A € F and
w € §2.1f |A| = 1, we can identify 24 = A4 and A. With this notation, (v) above translates
into

sup || fioy(@)]| < oo.
acA

e In our examples in Sections 7 and 8, b(A) from (iii) can be chosen proportional to |9 4],
the size of the 1-boundary of A € F. Accordingly, we call the function b = by boundary
term for f. For quantitative estimates it is handy to require additionally that there exists

r = r} e Nand D' = D} > 0 such that

b(A) < D137 A|
for all cubes A € F. We call such a function b a proper boundary term.

e It is natural to call f with the property
n
fd,0) =" f(Ai, o)
i=1

.....

additive with respect to the disjoint decomposition (A;);—1...., of A € F. Hence, it is again
natural to call (iii) almost additive, since the error term 27: | b(4;) is in some sense small.
Alternatively, (iii) could be called low complexity or semi-locality of f. The information
contained in f (A1), ..., f(4,) does not differ much from the information contained in f(A).

e Our examples in Sections 7 and 8 deal with antitone admissible functions, i.e. (iv) is satisfied
with s(z) = —1 forall z € Z7.

e If f is admissible, then

Ky o= sup[ L4l | e 2 4 ¢ F\(2}] < o0 2.3)
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To see this, we choose A € F and w € {2 arbitrarily and calculate as follows:

I o)l < | fho) = r o + |3 iz o)
ze zel

<Y b+ Y Ifdz) o)l

zed zed

< DA + Z If ({0}, T—)|l < (D + su}()Z I1f ({0}, ) )14l
ze/ we

Thus, K ; < D + sup,eg | ({0}, @)l < oo.

Definition 2.5. For K, D, D’ > 0 and ' € N, we form the set
Uk p.py ={f: F x 2 — B| f admissible with Ky < K, Dy < D, D} <D
and r} <r')
where K¢, Dy, D’f and r} are the constants from Definition 2.3 associated to f.

Let us state the main theorem of this paper.

Theorem 2.6. Let A C R, 2 = AZd and (12, B(£2),P) a probability space such that P
satisfies (M1), (M2) and (M3) with correlation length r € Ny, and let f: F x {2 — B be an
admissible function. Let further A, := [0, n) N Z¢ for n € N. Then there exists a set 2 € B(2)
of full measure and a function f* € B such that for every w € 2 we have

’ f(Al’l’w) _

lim
| An]

n—odo

[ =o. (2.4)

Remark 2.7. e The following special case illustrates the relation to the Glivenko—Cantelli
theorem. Let P := (X). . 14 be a product measure on X ; R, where u is a probability measure
onR, and let f(A, w)(E) == .. 4 X(~o0,E](@;) for A € F,w € 2and E € R. Then f is an
admissible function. The quantities f(A,, @)(E)/| A, = | A~ Zze/l,, 8w, ((—oo, E]) turn
out to be the distribution functions of empirical measures. Theorem 2.6 now states that the
empirical distribution functions converge uniformly. The limit f* is of course the distribution
function of u: f*(E) = u((—o0, E]) forall E € R.

e We emphasize that the statement of Theorem 2.6 does not contain the measurability of the set

{oea =o.

Instead, the claim is that this set contains a measurable subset 2 of full measure. If the
probability space was complete, the above set would be measurable, too. We write all
almost sure statements in explicit fashion, in order to avoid a completeness assumption and
measurability issues.
e The limit function f* inherits the boundedness from f, since there exists w € {2 such that
741 < timsup(| L2 — g2 4 | L0 ) < k).

n—oo

1 f(Anva)) _ *
Jdim | SA T

e Note that Theorem 2.6 readily generalizes to absolutely convergent linear combinations of
admissible functions in the following sense. Let K, «j € R, j € Nsuch that ) jeN e j| < 00
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and fj, j € N, admissible functions such that Ky, < K for all j € N. For each j € N,
Theorem 2.6 provides a limit function f7. * We let f:=) o;fjand f* =) «; I *. Now fix

¢ > 0, find J € N such that Y % i=J laj| < 5% and note that by the triangle 1nequahty for all

w € {2 we have

[y, w)_ fj(A U)) >)<

lim sup‘ AT
n

n—oo

< lim sup(z lo ’

L e R ||))

+j=2;|aj|(‘

< €.

This shows that the coordinate-wise monotonicity (iv) can be somewhat weakened.

e By a Borel-Cantelli argument employing Theorem 5.3, the sequence of cubes /A, can in fact
be replaced by an arbitrary van Hove sequence (/1 )neN, as long as for each A, there exists a
collection of translates which tiles Z4. The set 2 will depend on the sequence, of course.

Next, we state that for functions with proper boundary terms the convergence in Theorem 2.6
can be quantified by error terms. For the definition of the empirical measure Ly, see (4.6) and
the notation ( f, v) is introduced in (4.7).

Theorem 2.8. Let A C R, 2 = A% and (02, B(§2),P) a probability space such that P
satisfies (M1), (M2) and (M3) with correlation length r € Ny, and let A, = [0,n) N Vi
forn € N. Let K, D, D’ > 0 and r' € N. Then, there exists a set 2 € B(2) of full probability
such that, for eachm,n € Nwithn > 2m > 4r and v € f), we have

Sup ‘ f(/ln’ 0)) _
Fell p oy 140l
22d+1<(2K + Dym? + D'r? N 2(K + D)r? + 3D/r/d>
n—2m m —2r
+  sup | fars Licn —Paz) |
feuK,D,D/,r’ |Am| ’

where f* is the limit given by Theorem 2.6 applied to f. Furthermore, for all m € N and
w € (2,

lim sup || (far, Ly —Par )| =0.

n—oo
feuK,D,D’,r/

Even more, for each ¢ > O there exist a = a(e, m, K) > 0 and b = b(e, m, K) such that for all
n € N there is a measurable set {2(g, n) with P(£2(e,n)) > 1 — bexp(—a |n/m]?) and

sup  [[(far Lo —Pa )| <e forallw e 2(e, n).

feuK,D,D’,r’

Remark 2.9. e It would be interesting to find an optimal explicit expression for a and b in terms
of &, m,and K.
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e As before, the monotonicity can be weakened, see Remark 2.7. Note in particular, that a
convex combination of functions in Uk p p/, still obeys the quantitative estimates given by
K, D, D' and r’. The statement of Theorem 2.8 remains valid for the convex combination
since the geometric part is derived without the use of monotonicity and the argument from
Remark 2.7 applies to the probabilistic part.

Corollary 2.10. Under the conditions of Theorem 2.8, there exists a set 2 € B() with
P(2) = 1 such that for all w € {2, we have
Ay, ) (E
sup  sup S )(E) ~E)| == o0. (2.5)
fGUKVD’D/’r/ EeR |An|

If furthermore for an admissible f, f(Ay, w): R — R is an isotone function for all A, and
w € {2, then the limit function f* € B is isotone, too. In particular, cumulative distribution
functions are preserved.

Proof. By Theorem 2.8, we have

d d
0< Iim H f(An’ w) * < 22d+1 2(K + D)r + 3Dr’ m— 00 0.
n—o00 feu |A | o ;
Recall that the norm in B is the sup norm || - || = supgcg | - (E)] to see (2.5).

If the functions f, , := f(4,, ®)/|A,|: R — R are increasing, then for all E, E’ € R with
E < E'and e > Owe findn € Nsuch that || f,,., — f*|| < ¢&/2and

FHE) < fa(E)4+¢e/2< fu(E)+¢/2 < fH(E") +e.

Since ¢ > 0 was arbitrary, f* is increasing, too.  [J
3. Ilustration of the idea of proof

Let us consider the exemplary situation of dimension d = 1 and independently chosen colors,
i.e., the constant r from (M3) equals 0. In this case, the idea of the proof of Theorem 2.6 is
illustrated in the following line:

M 1 @ 1 ©
—f([() mk), o) ~ — S Ly i) X s P) > I~ 3.1

where 0 < m < k. Assume that n = mk and A,, = [0, n). Then the left hand side in (3.1)
equals the approximant in Theorem 2.6. The function f, : {20,y — B is defined by f,,(w) =
(0, m), @) for o € ]Y[ajn)({a)}), cf. Remark 2.4. L7 (B) is the empirical probability
measure counting the number of occurrences of elements of B € B({)o »)) at the positions
[jm,(j+1m),j=0,1,...,k—1linow,i.e.

1 « 1 «
Lo B&omw) = (0.1, Ly 1= Y Smoom = T D gy (3:2)
We use the shortcut notation

1 k—1
U L) = [ @) ALl (@) = L 3 F(Uim 4 Dm).).
10.m) j=0
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Let us discuss the three approximation steps separately.

(1) The “(é)” means that the two expressions are getting close to each other if m increases. To
see this we use almost additivity of an admissible function, cf. (iii) of Definition 2.3. The
detailed calculations will be presented in Section 4.

(2) In the second step we compare the empirical measure L, . with the marginal measure
Pn = Pjo,m). The method of choice is a multivariate Glivenko—Cantelli theorem, which
we apply in a version of DeHardt and Wright. In this particular situation it shows that

for increasing k the expression (f,, L%mk) converges to (fy, Py) almost surely. This
approximation step is explicitly discussed in Section 5.

(3) In the last step we make intensive use of almost additivity of f in order to obtain that
({fm, Pp) /m)y 1s Cauchy sequence in B. As B is a Banach space, we can identify the limit

with an element f* € B. The details are found in Section 6.

Remark 3.1 (Frequencies). From the discussion of step (1) above it is clear that the empirical
measure counts occurrences of patterns at the positions [jm, (j + 1)m) for j =0, 1,...,k — 1.
Thus, the corresponding sets are disjoint and their union covers the whole interval [0, n),
n = mk. In this sense, the present technique of counting occurrences differs from the counting
in certain papers. For instance in [10,11], the authors count occurrences of patterns at each
possible consecutive position, ignoring the fact that they may overlap. In our setting, this would
correspond to the situation where the empirical measure is defined to count occurrences at all
positions [j, j +m), j =0,1,...,m(k — 1), 1.e.,
1 mk—1)

W . Fw .

LY . B(Qom) — (0,11, Ly, = T ]z:(:) 8(t;0)0m - (3.3)
However, both ways of counting can be related to each other. The link can be seen best by
comparing with the average

1 mk—1) 1"

| k=2
mk—1) Z S(tj)om = . Z m;&rmﬁw)m,m, (3.4)

j=1 i=1

where the first observation 80)[0’,”) is discarded. Indeed, for large n = mk, the difference be-
tween l_,%’ ,, and (3.4) vanishes. The right hand side of (3.4) shows that l_,,‘;;’ ,, 1s essentially a con-
vex combination of empirical measures of the type (3.2). As k — 00, all the empirical measures
of type (3.2) in (3.4) converge to the same limit [P,,, rendering the convex combination harmless.
Recall that in the approximation first the limit k — oo and afterwards the limit m — oo is
performed. This shows that the empirical measure defined in (3.3) converges to the same limit as
the empirical measures in (3.2).

4. Approximation via the empirical measure

In the following we show how to estimate an admissible function f in terms of the empirical
measure. As in Theorem 2.6, let A4, = ([0, n) N Z)d for eachn € N.

Our aim is to approximate for m < n the set A, using translates of the set A,,. To this end,
we define the grid

Ton = 1{t € mZ | Ay +1 C Ay} 4.1)
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Thus, we have |T,, ,| = ln/m ]9, Alnmim = UteTm (A +1t) = Ay + Thyn, and

A\ nymim S 3™ (A,) orequivalently A} C Apy/mjm. 4.2)

As in Remark 2.4, define for an admissible f and A € F the function

fa: 24 — B, fa(w) = f(A, @) where ' € H/Il({a)}). (4.3)
By locality (ii) of Definition 2.3, f, is well-defined. In the case A = A,,, we write

fn=fa, and fi' = fan (4.4)
for m € Ny. Next, we introduce the empirical measure Lj, , by setting for w € {2 andm,n € N:

1
Ly, B(£24,) — 10, 1], Ly, = Z Sz, - (4.5)

|Tm,n | [ETm,n

Here, 6,,: B(§24,,) — [0, 1] is the point measure on w € {24 . In the same manner, we define
Ly, as an adaption of Ly, , which ignores the r-boundary of A,,. The precise definition is the
following: for r € Ny we set

1
L3 B(Q2y) — (0,11, L% = > oy, - (4.6)

|Tm,n | teTm,n

The variable r we used here will eventually be the constant from (M3), but here in Section 4 we
do not need that specific value.

As illustrated before in Section 3 we use for A € F, a bounded and measurable f: 24 — B,
and a measure v on ({24, B(f2,)) the notation

(f,v) 1=f f(w)dv(w). 4.7
2

Lemma 4.1. Recall A, = ([0, n) N Z)2. For any admissible function f: F x 2 — B we have,
forall w € 2 and alln,m,r € Nwithn > 2m,

”f(/ln,a» e L)

' < b(ALn/me) (2Kf _+_D)|am(/1nm)|

nd m4 |ALn/me| |A?|
b(Ap) +b(A)) + (Kf + D)|0" (Ay,
Jr()()(f )I()I. 4.8)
| A
Moreover,

A n L
lim fim | LA @)  Yme Lnin) | (4.9)

m— 00 n—> 00 nd md

Proof. Let w € (2 and n,m,r € N be given such that n > 2m. This condition ensures that
A" # . First we verify (4.8), and afterwards we show that this implies (4.9). By the triangle



C. Schumacher et al. / Stochastic Processes and their Applications 127 (2017) 179-208 189

inequality we obtain

H f(/ln,a)) (fin> Lm.n)

md |An| |A|_n/mjm|
n no - f(/ll_n/mjm, w) H n ’ f(ALn/me’ w) _ {(fm> Ly ) '
|A|_n/mjm| |ALn/me| md
, La) . r’ Lra)
1 Sfm m,n)md<fm m.n) 4.10)

We bound the four terms on the right hand side separately. To estimate the first term, we use
| Alnmim| = 147}, see (4.2), and obtain

RIS SRS B B B 1 e R 0 )
[ Appymiml [ Aal AR 1 A5] | A || A7) | A1 A}
Applying the bound given by (2.3) in Remark 2.4, we get
' fhn,0)  f(dn, @) |8’"(/1,’1”)|. @11
|An| |ALn/me| |A?|

In order to find an appropriate upper bound for the second term in (4.10) we use almost
additivity (iii), the inclusion (4.2) and A, ,, := A,\A|n/m|m to obtain
H f(/lm w) — f(/ll_n/mjm’ w) H < b(ALn/me) b(;ln,m) ”f(;ln,ma w)||
|A|_n/mjm| h |A|_n/mjm| |A|_n/mjm| |A|_n/mjm|
< Cpmm) - DAl Kl
|ALn/me| |A|_n/mjm| |ALn/me|
o b(Amim)  (Ky+ D)|8m(/1?)|.
|ALn/me| |A?|

To approximate the third term in (4.10), we calculate using translation invariance (i) of admissible
functions

(e L) = f funl@) dLE (@) =
-QAm

(4.12)

/ Jm (a) ) dS(t,a))Am (CU )

|Tm I’l| ZGT
= > fa(@o)a,) = >l +1, o). (4.13)
| Ton | (T | T (T
This and (iii) of Definition 2.3 give
FApymim» @) (fms Ly ) ‘ 1 H
- = ©) = Y fln+1,0)
|ALn/me| |Am| |T , 1€Tm.n
1 b(Am)
<— b(A, +1) = ) (4.14)
| Ton || Am | ,; | A

Finally, we estimate the fourth term. In the same way as in (4.13) we obtain

Z fA +1t, w).

| mn| IET

(for Lin) =
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Application of the triangle inequality, A,,\A4}, = A4,, N 9" (A,;) € 3"(A,,) and (iii) of
Definition 2.3 as well as (2.3) lead to

1 fns LG ) — (s L) < S A +1,0) = FA +1,0)]

€Tmn

Tl
1

~
| T ,n

> () + b(An\AL) + 1 f (A \A}) + 1. )]

te€lmn
< b(A;,) + (Kp+ D)|9" (An)]. (4.15)
It remains to combine (4.10) with the bounds (4.11), (4.12), (4.14) and (4.15) to obtain (4.8).

Let us turn to (4.9). As required, we first perform the limit n — oo. In (4.8), the bounding
terms affected by this limit vanish, due to property (iii) and the fact that Z¢ is amenable:

(b(/an/me) 2Ky + D)Ia’"(/lT)l) _0
|ALn/me| |AZ1| .

Secondly, we let m — oo. Since b(A) ) /|A,| < b(A})/|A},| for m > 2r, this takes care of the
remaining terms of the upper bound in (4.8).

m b(Am) +b(4,) + (Ky + D)[3" (Am)]

Thus, (4.9) follows. [

lim

n—oo

0.

Remark 4.2. Let us emphasize that the statement of the lemma is not an ‘“almost sure”-
statement, but rather holds for all w € (2.

5. Application of multivariate Glivenko—Cantelli theory

We briefly restate multivariate Glivenko—Cantelli results in Theorem 5.3 and apply this result
to our setting in Theorem 5.6. To do so, we need some notions concerning monotonicity in RX.

Definition 5.1. Let £k € N.

e Lets € {—1, 1}, The closed cone Cy with sign vector s is the set

.....

The closed cone with sign vector s and apex x € RF is Cy(x) := x + Cs.
e A function f: R¥ — R is monotone, if it is monotone in each coordinate, i.e. there exists
s € {—1, 1}¥ such that, for all x, y € R¥,

yels(x) = f(y) = f(x).

e Aset T C R* is a monotone graph, if there exists a sign vector s € {—1, 1} such that, for all
xe?7?,

T NCs(x) € aCs(x),

where dC denotes the boundary of C in RX.
e Aset T C RFKis a strictly monotone graph, if there exists a sign vector s € {—1, 1}* such
that, forall x € 7,

T NCs(x) = {x}.
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Remark 5.2. e This notion of monotonicity is compatible with (iv) in Definition 2.3.

e We want to emphasize that in the above definition a second meaning of the notion of a graph
was used. In Section 2 a graph was introduced as a pair consisting of a set of vertices and a
set of edges. In contrast to that, Definition 5.1 states that a monotone graph is a certain subset
of R¥. In order to distinguish both meanings we will always insert the term monotone when
speaking about subsets of R

The following theorem is proven in [30, Theorems 1 and 2]. Recall that the continuous part (.
of a measure u on R¥ is given by uc(A) == u(A) — Y rea m{x} for all Borel sets A € B(RK).

Theorem 5.3 (DeHardt, Wright). Let (12, A, P) be a probability space and X;: 2 — Rk,
t € N, independent and identically distributed random variables with distribution u, i.e.,
w(A) = P(X; € A) forall A € BR). For each J C {1,...,k}, J # @, let u’ be
the distribution of the vector (X{ )jes consisting of the coordinates j € J of the vector

1 n
. k :
L,: 2 xBRY >R, L@A) = - Y 8%,

t=1

the empirical distribution corresponding to the sample (X1, ..., X,), n € N. Fix further M > 0
and let

M = {f: R > R | f monotone and sup | f (R")| < M}.

Then the following assertions are equivalent:

(1) Forall J C{1,...,k}, J # O, the continuous part ,uCJ of the marginal w’ of | vanishes
on every strictly monotone graph T C R :
ul(T)=0.
(ii) There exists a set £ € A of full probability P(§2") = 1 such that, for all w € (2,
sup [(f, L — p)| —= 0.

fem
(ii1) Forall € > 0, there are a = a(e) > 0 and b = b(e) > 0 such that for all n € N there exists
an (2, € A, such that for all o € (2 ,,, we have

sup [(f, L\ — )| <e and P(2,) > 1— bexp(—an).
fem

Remark 5.4. Note that if we knew that the set {w € {2 | SUP £e M [{f, Lf,w) — u)| = €} was
measurable, we could rephrase (iii) as follows. For all ¢ > 0, the probabilities P(sup ;¢ r

[(f, L,(lw) — )| = &) converge exponentially fast to zero as n — oo.
We provide a sufficient condition for (i) in Theorem 5.3 and apply the theorem to our setting.

The idea to use product measures in the context of Glivenko—Cantelli type theorems appears
already in [22].

Theorem 5.5. Let (1 be a measure on RX which is absolutely continuous with respect to a
product measure ®§-=1 Wj on R*, where wj, j €1{1,...,k}are measures on R. Then, for each

strictly monotone graph T C RF we have uc(Y) = 0, where . is the continuous part of L.
Moreover, (1) from Theorem 5.3 is satisfied.
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Proof. Let p be the density of u with respect to ®];-=1 w j. We define the set of atoms of 1,

S::{xeRklu{x}>0}, and S;:={x; eR|u;{x;} >0} (ell,....,k}).

Then we have S € §; x -+ x S, and for each x = (x1,...,xx) € §1 X --- X S, we have
k
plxy = p o) [y, (5.1)
j=1

This implies in particular that for all x € S§; x - -+ x S¢\ S, we have p(x) = 0.
In order to prove (1) = 0 it is sufficient to show

()= ) pxl. (5.2)

xeSNT

We will prove this by induction over k. If k = 1 then a strictly monotone graph is a singleton,
i.e. T = {x} for some x € R. Thus, (5.2) holds true. In the case k > 1 we assume that (5.2)
holds for k — 1 and proceed by disintegration. Note that, for z € R, the cross section 17, =
{y € R"1 | (y,2) € T} is itself a strictly monotone graph in Rk, Using the cross section
- R S R, p.(v) == p(y,2), z € R, of the density, we define the cross section p, =

0z ®];;} w j of the measure p. By Fubini’s Theorem, the disintegration of w is
k—1

p(d(y, 2)) = p:(3) Q) 11 (dy)) ® i (dz).
j=1

By the induction hypothesis we obtain

W(T) = / ( f XTZ(Y)Mz(dy))Mk(dZ)
R \JRt-!

~ [ mmm@ = [ ¥ b, (53)

yeSNT,

where S := S| x - -+ x Sg_;. The next aim is to show that the set Z := {z € R | SN T, # a}is
countable. To this end, we will use that S is countable, define two mappings

0:S—>(SxRNT and ¥:(SxRNT —> 2

and show that they are surjective. We first define ¢. Let (y, z), (v,2') € (S x R) N T be given
and assume without loss of generality that z < 7. Let s € {—1, 1}* be the sign vector of 7" from
Definition 5.1, and, again without loss of generality, consider the case s(k) = 1. Then we have

Cs(y’ Z) m T - {(y9 Z)} and Cs(y’ Z/) m T - {()’9 Z/)}
As z < 7' and s(k) = 1, we have Cy(y, z) 2 Cy(y, Z), such that we obtain

(0,2} =C(y, )N T 2C(y, )N T ={(y,2)}.

This shows that if y € S is such that there exists an element z € R with (y, z) € 7, then this z is
unique. Let 4 € (S x R) N 7 be arbitrary but fixed and set

_ _ if T, and
p:S—> (SxR)NT, p(y) = {zy I if E{yy’}Z)xeR) marllf =0o.
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This ¢ is well-defined and surjective. The mapping ¥ is defined by
v:SxRNY > Z, Yz =z

To check that v is surjective let z € Z be given. Then there exists y € SN 7. Thus, by definition
of 7, we have (y,z) € T and (v, z) € S x R. This shows that (y, z) is in the domain of ¥ and
v(y.2) =z

The surjectivity of ¢ and ¥ and the fact that S is countable show that Z is countable. Therefore
the last integral in (5.3) is actually a sum:

ZEIE BD MW ERIICED S SRS PHE B SRt

yeSN7T, Z€8k yeSN7T, xeSNT

Here, the last equality follows from (5.1), | (SN T.) x{z} 2 SN 7, and the fact that p

vanishes on

7€ S8k

UGN 1) x z\NESNT) S8 x - x Si\S.

Z€Sk

This finishes the induction and we obtained (5.2) and uc(71) = 0.
LetJ C{1,...,k}suchthat J # @ and J¢ := {1, ..., k}\J # @. Define p’ : R/ — R via

JoJy (I
pl@?) = /Rﬂp(x)d@uj(x ),

JEJ©

where x = (x’, x’°) € R/ x R’. The function p” is the density of the marginal ./ of p with
respect to (X) jes Mj, since by Fubini for all A € B®R)

k
W W = [ e d@ i = [ 06D d@ ),
i=1

jeJ
Thus, the above calculation applies for all marginals of w, too. This shows (i) from
Theorem 5.3. [

Now we approximate the empirical measure Ly, using the measure P, see step (2) in

Section 3. The connection to Assumption 2.1 is established by Theorem 5.5. As announced
before we apply the multivariate Glivenko—Cantelli Theorem 5.3 for the proof of Theorem 5.6.

Theorem 5.6. Let A, = [0,n) NZ¢ n € N, aset A C R, 2 := AZd, a probability space
(12, B({2), P) such that P satisfies (M1), (M2) and (M3) and an admissible function f be given.
Besides this let for m,n € N and € (2 the empirical measure Ly, be given as in (4.6) and let
Py, == Par be the marginal measure, where r is the constant given by (M3). Then there exists a

set 2 € B(2) of full measure, such that for all @ € 2 and all m € N:
Tm [(fs L = ) Il = 0. (5.4)

Furthermore, for K, D, D' > 0 and r' € N, we have for all w € Q2 andm € N

im sup (f, LG — Ph) | =0. (5.5)

n—oo
feuK,D,D’,r’
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Additionally, for each ¢ > O there exist a = a(e,m, K) > 0 and b = b(e, m, K) such that for
all n € N there is a measurable set §2(e, n) with P(2(e,n)) > 1 — bexp(—a |n/m]%) and

sup (S Lo —Po) Il <& forall o € £2(e, n). (5.6)
fGUKVD’D/’r/
Proof. Let m € N be given. We set k = |A;, | and embed 2, < R*. Fix an admissible

function f. For each E € R, there exists a monotone and bounded function gr’m ox RF - R
which extends f,, ()(E): 24 — R, ie. f(0)(E) = g;LE(w) for all w € 24 . In fact, g;LE
can be bounded by kK , where K is the constant introduced in (2.3). Thus, the set M s :=
{g,rn’E | E € R} is monotone and bounded by kK 7, see Remark 2.4.

In order to apply the Glivenko—Cantelli Theorem 5.3, we enumerate [0, c0)? N mZ¢ with a
sequence (f¢)¢en such that, forall g € N,

{t1,...,t,a} =0, mq)d NmZ-.
Consider further for each ¢ € N the mapping
Xp: 02— Qpr C RX, X;(w) = HA’rn(tt;lw).

By (M3) the random variables X/, £ € N are independent with respect to the measure P on
(12, B(§2)). Moreover, applying (M1) shows that X}, £ € N, are identically distributed. By
definition, the empirical measure of X/, € € {1, ..., |T;;.»|}, where |1}, ,| = |n/ de, is exactly
the empirical measure L, given in (4.6). According to (M2), the measure P!, is absolutely
continuous with respect to a product measure on {24- . We trivially extend P}, and Ly to

measures on R¥ (and use the same names for the extensions). This allows to apply Theorem 5.5,
which gives (i) of Theorem 5.3. Thus, the Glivenko—Cantelli theorem implies that (for the m € N
chosen above) there is a set {2,, € B(2) of probability one such that for each w € (2,, we have

| L = Bo) | = sup [(g, Ly, — P | =0,
gGMf

since the supremum is bounded by the supremum in (ii) from Theorem 5.3. By the same token,

n— oo
sup H (fims Lfn“; —-P) ” = sup sup ‘(g, L;f"n — IP’;)! — 0.
felk p.p v felg p.pr s 8EMy

In the light of that, the claimed convergences in (5.4) and (5.5) hold independently from m for
allw € 2 :=",,cy {2m. To obtain (5.6) we apply Theorem 5.3, (iii). O

6. Almost additivity and limits, Proof of Theorem 2.6

Next we investigate the expression (f,, , P ) for large m. This is the third and last step in our
approximation scheme. Thus, this step brings us in the position to prove our main results, namely
Theorems 2.6 and 2.8.

Lemma6.1. Let A C R, 2 = AZd, a probability space (§2, B(§2), P) such that P satisfies
(M1), (M2) and (M3), an admissible function f and the sequence (Ay) with A, = ([0, n) N
7Z), n e N be given. Besides this, let r be the constant from (M3) and let for m € N the
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marginal measure Py, = P 4r and the function [, be given as in (4.4). Then there exists a
function f* € B with

lim —0. 6.1)
m—0oQ

(s Pr)
a0

Furthermore, we have, with b and D from Definition 2.3 and Ky from Remark 2.4, for all
m e N

H( > P
md

b(A” ) 10" (Am)]
e RSO

—f*<

Proof. Let us define F': F — B by setting for each A € F:
F(A) = (fa,Pa) = /Q fa(w) dP y(w) = '/Qf(/l,w)dP(w).
A

With this notation, it is sufficient to show that (F(A},)/ m?) ey is a Cauchy sequence.

First, we note that F is translation invariant, i.e. F(A+t) = F(A). To see this, use (M1) and
(1) of Definition 2.3. Note also, that F' is almost additive with the same b and D as f, see (iii) of
the same definition. Furthermore, it follows from Remark 2.4 that F' is bounded in the following
sense: For all A € F, we have F(/A) < K 7| A| with the same constant K 7 as in (2.3).

Next, assume that two integers m, M with m < M are given. As in (4.1), set

Ty = {t € (MZ)* | Ay +1 S Ay}

We are interested in an estimate of the difference

F(AY,)  FAY)
S(m, M) = ij — mdm (6.2)
To study this we use the triangle inequality and get
o(m, M)
§(m, M) < T‘i‘ﬁ(m,M) (6.3)
with
a(m, M) = HF(A;W) — Y F,+0)|,
tGTm’M
| FAL) FA, +1)
B(m, M) = H e D 77 [
tET,mM

In order to estimate «(m, M), note that

A?\/I = UzeTm,M(A’r" + I)U<A§VI n UteTm,M ((Am N ar(Am)) T t))OAﬁ/I\(ALM/me)'
This and (iii) of Definition 2.3 yield

am, M) < D7 (b +b(Ahy N (A N3 (A)) +1)

tely,m
+ || F (A N (A N0 () + t))H>

+ (AW \ A tymim) + 1 F A\ At ymm) |
<N, m1b(A},) + (K f + D) | T m10" (Am)| + (K ¢ + DY AW N\A M /mm]-
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Here, we also used translation invariance of F and property (v) of Definition 2.3. Dividing this
term by M¢ and using |T;, pr|m¢ < M? as well as (4.2) leads to

a(m, M) _ b(A;,) 10" (Am)] 10" (Am)|
7 < md +(Kf+D)T+(Kf+D)T-

To estimate B(m, M) we apply again translation invariance of F' and obtain

(1 M/m)? ,
—(W— 7 )nF(A )l

F(A,) | Tn Ml F (A,

Using the properties of the boundary term b, the above bounds on «(m, M) and B(m, M)
yield
lim lim é6(m, M) =0. (6.4)
m—00 M— o0
This is equivalent to (F(A},)/ m?),,en being a Cauchy sequence. To see this in detail, choose
¢ > 0 arbitrarily. Then, by (6.4), there exists mo € N such that limy;_, 6 (mg, M) < g/4.
Therefore, we find M € N satisfying §(mg, M) < ¢/2 forall M > My. Now, let j, k > M be
arbitrary. Then we obtain using the triangle inequality

|- < | |-
jd kd jd md md kd

= d(myg, j) +3(mo, k) < ¢

This shows that (F'(A},)/|Am|)men 1s a Cauchy sequence and hence convergent in the Banach
space B.

Now, that we know that the limit f* exists, we can study the speed of convergence.

(fm> o) % S P e Py :
|- g ] - g
< im (S g ) < P (e, 4 )T i bl
M— o0 m m

Now we are in the position to prove the main theorem of this paper.

Proof of Theorems 2.6 and 2.8. The proof is basically a combination of Lemmas 4.1 and 6.1
and Theorem 5.6. We choose {2 as in Theorem 5.6, r as the constant from (M3) and f *e B
according to Lemma 6.1. Then we have for arbitrary m € N and w € (2:

J (A, @) _ [, 0) (S Licn) n (fns Linen) — (fons P
nd < nd md md md
Nl cny
y .
m

Each of the above mentioned results controls one of the error terms on the right hand side, which
leads to

f(AI’H C())
| 4n|

_f*

< Gm,n) +m™|(fh, LE2y — (fo Ph |
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with
b(Apnymim) QK + D)[3"™ (A7) 2b(A;) +b(Ay) +2(K + D)[0" (Ap)]
G(@m,n) = .
|ALn/me| |Ar’111| |Am|

Taking first the limitn — oo and afterwards the limit m — oo on both sides proves Theorem 2.6.
To establish Theorem 2.8, we use the additional hypotheses on the boundary term and
estimate G (m, n). First we note for n > 2r

d
10" (A = (n+2r)% — (n —2r)¢ = Z (‘?)(1 — (=DM @r)ind—i g 22t dyd=1
j=0 \J

Therefore,
b(An) _ 137 (AID _ 22D
N V M

holds for all n > 2r’. With A" = Ap_om + (m,m, ..., m),itis now straightforward to verify

2K + D)m? + D'r'? N 2(K + D)yrd +3D'r? )

G(m.n) < 22d+1(
n—2m m —2r

(fho Lmn) — (fr,Ph) | follow from Theorem 5.6. O

The two claims about sup sy |[(fin

7. Eigenvalue counting functions for the Anderson model

In the following, we introduce the Anderson model on Z? or, more precisely, on the graph
with nodes Z¢ and nearest neighbor bonds. For the corresponding Schrodinger operators we
show that the associated eigenvalue counting functions almost surely converge uniformly.

The Laplace operator A 0274 — 02(Z%) is given by

Ap@ = Y (p(x)—¢@) (e
x:0(x,z)=1
In order to define a random potential, we introduce the corresponding probability space. We fix

the canonical space {2 := AZd, where A C R is an arbitrary subset of R. As before we equip {2
with B({2), the o-algebra on {2 generated by the cylinder sets. Moreover, we chose a probability
measure P: B({2) — [0, 1] satisfying (M1), (M2) and (M3). In particular, a product measure
P = [],cz u is allowed, where p: B(A) — [0, 1] is a measure on (A, B(A)). An alternative
way to specify such a product measure is to say that the projections {2 > (wy)xez — ®w;, 2 € Z,
are A-valued i.i.d. random variables.

The random potential V = (V,),c is now defined by setting for each w = (w;),cya € 2

Vi 228 = 022,  (Vop)2) = 0,0(z) (¢ € £2(29), 7z € 29). (7.1)

Together, the Laplace operator and the random potential form the random Schrodinger operator
H = (Hy)wen:

H,: 0*(Z%) — ¢>(79), H, =—-A+YV,. (7.2)

This operator is almost surely self-adjoint and ergodic by (M1) and (M3). Thus, the spec-
trum o (H,) of H,, is a non-random subset of R, cf. [16]. In the following we are interested in the
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distribution of o (H,) on R. The function which describes this distribution is called integrated
density of states.

Let us define finite dimensional restrictions of H. To this end, consider for a given set A € F
the projection

pa (2 — ), (pap)@) =), (pet*(Z, ze) (7.3)

and the inclusion

ig: £2(A) — €27, (i190)(2) = {*”(Z) ifz € 4, (p € 2(N),z€Z%. (1.4)

0 otherwise,
Now, for any w € (2 and A € F we set
HY: () — 20y,  HY = paH,iy.
The corresponding eigenvalue counting function is given by

(4, @) = (R 3 x 5 Tr(oo (HL) ) (7.5)

Here, X(—oo,x] (Hafl) denotes the spectral projection of Hafl on the interval (—oo, x]. Thus,
f (A, w)(x) equals the number of eigenvalues (counted with multiplicities) of Hcf which do
not exceed x.

Lemma 7.1. The eigenvalue counting function f: F x {2 — B given by (7.5) is admissible in
the sense of Definition 2.3. It admits a proper boundary term, and possible constants for f are
D=D =8 K=9andr' = 1.

Proof. We verify (i)—(v) of Definition 2.3.

(i) Let A € Fand z € Z% be given. Using the definitions of the potential V,, in (7.1), the
translation 7, in (2.2), the projection p 4 in (7.3) and the inclusion i 4 in (7.4) we obtain

PAVe.wid = PA+z Vol Atz

This generalizes to Ht/zlw = Haﬁl“ and hence implies for each x € R
FA, 70)(x) = Tr(x(—oox) (HE,)) = Tr(X(—oox] (HAT)) = f(A+ 2z, 0)(x).

(ii) Let A € F be given. Obviously, for all w, " € {2 with ITj(w) = I14(w") we have Hcf =
Hﬁ' Thus, we obtain f (A, w) = f(A, &).

(ii1) In order to show almost additivity, we make use of the following estimate, which holds for
A" C A € F and arbitrary w € (2:

If (4 @) = f(A, )|l <4A\A. (7.6)

This bound can be verified using the min—max-principle, cf. appendix of [11]. Now let
n € N, disjointsets 4; € F,i = 1,...,nand 4 := |J/_, 4; € F be given. With triangle



C. Schumacher et al. / Stochastic Processes and their Applications 127 (2017) 179-208 199

inequality and (7.6) we obtain for each w € 2:

S
. Hf(A’w) _ f(L:JI Al o) H + Hf(L:JI Al o) - gf(A,-,w) H
< 4§|81(A,-)| T Hf(L:JlAl‘”) - gf(A"l’“’)‘
+i;”f(/1il,w)—f(/1i’w)”

<80+ Hf(L_JIAI‘”) ‘;f(A"l’“’)H'

In order to deal with the last difference, we use that the operator in consideration has hopping
range 1, which gives for 4 := | J!_, /ll.1 :

A _ Mg
H} =@ H,".
i=1

: A . . Al
Thus, the eigenvalues of H Cgl are exactly the union of the eigenvalues of the operators H,, ',

i = 1,...,n. This implies
fo)=>" fAl w)
i=1
and hence
n n
Hf(A,w)—Zf(Ai,mH <8 [l
i=1 i=1

We set b: F — [0, 00) and b(A) := 8|3'(A)|. Let A € F and z € Z%. Then obviously
b(A+z) = b(A) and b(A) < 8|A], and for any sequence of cubes (A,) with increasing side
length, we have b(A,)/|A,| — 0asn — oo.

(iv) For A € F and w € {2 we denote the |A| eigenvalues of Ha/} (counted with multiplicities)
by E1(Haf1) <0 < E|A|(Haf1). Choose n € {1, ..., |A|} and w < &/, i.e. for each z € Z¢
we have w, < .. By the min—max-principle we get for the nth eigenvalue:

A . A
E,(H)) = min rwrgﬂwa,w)
dimU)=n lel=1

= min max ((H2¢, 9) — (Va — V)@, 9)) < Eq(H2).

UQRA . weU,
dim(U)=n lel=1

Therefore, we have for each x € R the inequality f (A, w)(x) > f(A, o) (x).
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(v) Let arbitrary w € {2 be given. Since the operator Hj)o}

If{0}, )l =1. O

has exactly one eigenvalue, we have

Let us state the main result of this section.

Theorem 7.2. Let A, := [0, n)? N Z%. Moreover, let A C R, 2 = AZ" and (2, B(12),P) be a
probability space satisfying (M1)—(M3). Consider the random Schrodinger operator H defined
in (7.2) and the associated f given in (7.5). Then there exists a set 2 e B(2) of full measure,
such that for all w € Q:

lim
Al

n—oo

— £ =0, (7.7)

where f* € B is given by
JHx) = E({(80, X(~00.x1 (Hw)d0))- (7.8)

Here, 8o € 02(Z%) is given by 80(0) = 1 and 8o(x) = 0 for x # 0. Moreover, x(—oo,x](Hy) is the
spectral projection of H,, on the interval (—oo, x]. The convergence is quantified by

H fdn,0) _ 2d+1<26md + 8 N 34r9 4 24>
| Apl b n—m m—r
o |(far Linn = Par)|| 19)
feuK,D,D’,r’ |Am|

forn,m e N,m < n.

Proof. By Lemma 7.1 we know that the eigenvalue counting function f: F x £ — B is
admissible. Thus we can apply Theorem 2.6 and obtain that there exists a function f € B and a
set {21 € B({2) of full measure such that for each w € (2; we have

| 4]

lim — fH =0. (7.10)

Thus, it remains to show that f equals the function

fFR—[0,1], 7)) = E{80, X" .21%0))-

Here we use ergodicity of H and infer from [16, Theorem 4.8] that the there is a set {2 € B({2)
of full measure such that for each w € (2

i J(Un, 0)(x)
m —

n— 00 |An|

= f7(x) (7.11)

for all x € R which are continuity points of f*. By definition, this is weak convergence of
distribution functions. Thus, as for all ® € 9 N {2 we have that f(A,, w)/|A,| converges
weakly to f* and uniformly to f, which implies f = f*. O

Remark 7.3. e The limit f* of the normalized eigenvalue counting functions is called the
integrated density of states or spectral distribution function of the operator H. The fact that f*
can be expressed as the function given in (7.8) is often referred to as the Pastur—Shubin trace
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formula, named after the pioneering works [15,20]. For more recent results in the specific
context we are treating here, c.f. [27,19,13] and the references therein.

e Let us also emphasize that the f* is a deterministic function. On the one hand this is
interesting as this implies that the normalized eigenvalue counting function converges for
almost all realizations to same limit function. On the other hand this is not surprising as we
mentioned that H is ergodic, and in this setting it is well-known that the spectrum (as a set) is
deterministic, see for instance [16].

e The result is easily generalized to sequences of cubes (4,), of diverging side length with
Ay € Ay The validity of the Pastur—Shubin formula shows that the limit f* is independent
of the specific choice sequence of cubes (4,),.

e The statement of Theorem 7.2 has been obtained before in a different setting. In [10,13]
ergodic random operators have been considered. The assumption of ergodicity concerns the
measure [P (in our notation) and is weaker than the assumptions (M1)-(M3) which we use
here. With this regard the result of [13] is more general than the one obtained here. However,
under the mere assumption of ergodicity it is not possible to obtain explicit error estimates as
in (7.9). The paper [10] obtains an error estimate, similar to, but weaker then (7.9). There the
setting is also different from ours here: .4 needs to be countable and instead of a probability
measure properties of frequencies are used.

e Similar, but weaker results have been proven for Anderson-percolation Hamiltonians in [25,
26,13]. These models are particularly interesting since their integrated density of states
exhibits typically an infinite set of discontinuities, which lie dense in the spectrum. The
random variables entering the Hamiltonian may take uncountably many different values.

8. Cluster counting functions in percolation theory

We introduce briefly percolation on Z¢. Percolation comes in two flavors, site and bond
percolation. We focus on site percolation here. Part of the results have already been obtained
in [17]. However, we go far beyond since we not only obtain convergence of densities, but are
even able to identify the limit objects.

As before, we let {2 = RZ’, We fix the alphabet A := {0, 1} and a probability measure
P: B({2) — [0, 1] which is supported in AZ ¢ B(12), i.e. IP(AZd) = 1. A configuration w €
A7 C 2 determines a percolation graph I, = (Z¢, £,) as follows. The set of vertices of I,
is Z¢, and an edge connects two vertices if and only if they have distance 1 and are both “switched
on” in the configuration w = (w;),c7d:

Eo =X,y CZ |0(x,y) = |, 0y = 0y = 1}.

By this, the percolation graph I, is well-defined for P-almost all v € 2, and I, is a random
graph. For our purposes, we want [P to satisfy (M1), (M2) and (M3). This setting includes but is
not limited to the product measure P = [, .z« u, where u: B(R) — [0, 1] is any probability
measure supported on A.

We need some standard terminology of graph theory. Let I' = (V, £) be a graph. For each
subset A C V of the set of nodes, I" induces a graph I'd := (4, £4) by

EV=fec&|eC Al

A walk of length n € NU {0, oo} in the graph I is a sequence of nodes (Zj)’}=0 € (Z%"*! such
that {z;, z;j41} isan edge of I',i.e. {zj, 241} € £, forall j € NU {0}, j < n. Note that a finite
walk of length n contains n edges but n 4+ 1 nodes.
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If the walk (z j)’}:o has finite length n < oo, we say that it connects the points zg and z,,.
Being connected by a walk is an equivalence relation on the nodes. We denote the fact that two

points x, y € Z¢ are connected in the graph I" as x =N y.
The equivalence classes of «~ are called clusters. Let A C 74 and x € A. The cluster of x
in the percolation graph Fafl restricted to A consists of all nodes which are connected to x by a
walk in chl:
A

Fa)
CMw) =y e Z | x <% y),

. d
again for w € A A Z%and x, y € A.
8.1. Convergence of cluster counting functions

We now define a cumulative counting function for clusters. As before, let F be the set of finite
subsets of Z¢ and B the set of bounded functions from R to R which are continuous from the
right. The function f: F x {2 — B counts the number of clusters in I’} which are smaller then
the given threshold:

f o)) = |[[cMw) |z € 4, 1CHw)| < 1} (8.1)

Note that f counts clusters and not vertices in clusters.

Lemma 8.1. The cluster counting function f: F x {2 — B given by (8.1) is admissible in the
sense of Definition 2.3 and permits a proper boundary term. Possible constants are D = D' = 2,
r'=1land K = 3.

Proof. We verify (i)—(v) of Definition 2.3.

(i) Let A € F and x,z € Z? be given. The percolation graph I, is determined by the
configuration w € (2, for almost all w € 2. The shifted configuration gives shifted clusters,
ie.

ICA(r0)| = ICLF (o)
forall x,z € 74, Accordingly, for all A € R,
f o)) =| {CAro) | x € 4, |CH o) < A} |
= {CF @) | x € A ICEF (@) <A} |= fF(A+ 2, 0) ).

(ii) Fix 4 € F and 0, ' € 2 with wy = ';, where w4 := (wy),e as before. The edges of
Fafl are determined by w 4. Hence, Fafl = Fﬁ, thus CZ/1 (w) = CZ/1 (o) for all z € A, and we
obtain f (A, w) = f(A, &').

(iii) In order to show almost additivity, fix @ € 2, n € N and disjoint sets A; € F, j €
{1, ..., n}. We name the union A := U'}Zl Aj.Forx e R,

Y ) o))
j=1
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is the total number of clusters of size not larger than x in the graphs chl . Whenever
(A, Ay) = 1, the graph I' 651 could contain edges connecting a point in A; with a point
in Ay, depending on w. Each of these edges join two possibly different clusters, so for each
edge, there are two less small clusters and one more large one. By this mechanism, the
number of clusters below the threshold x changes at most by twice the number of added
edges. We note

e\ e
j=1

and conclude

ZWAI

fA, @) (x) =) f(A), 0)(x)
j=1

n
<2) 8'4;]
j=1

for all x € R. The choice h(A) := 2|3' A| for A € F gives a proper boundary term for f,
cf. Lemma 7.1.

(iv) Let A € Fand w, o’ € 2, w < '. Then each edge of I, is also an edge in Iy: &, C &,
As reasoned in (iii), a new edge never increases the number of clusters below a threshold
x € R, so

fA, 0)(x) = f(A, o) x).
(v) Forallw € 2, £({0}, w)(x) = 0 forx < 1 and ({0}, 0)(x) = 1 forx > 1. [

Theorem 2.6 and Lemma 8.1 immediately give the following.

Corollary 8.2. Let A, :=[0,n)?NZ% forn e Nand f: F x 2 — B be the cumulative cluster

counting function given in (8.1). There exists a set Ncn of full measure and a function f* € B
such that, for each w € {2,

m (| ——— —

n— 00 |An|

Forallm,n € N, m < n, we have

) [y, o)

_f*
| 4]

<2d+1<8md+2 N 1()rd—|—6)+ sup H(f/l;n,erﬁc,Un—PA;)H
h | A '

felg p.p

n—m m —r

8.2. Identification of the limit

In the previous section we studied the convergence of the counting function in (8.1)
normalized with |4, |. Next, we give a brief overview on closely related convergence results.
We sketch the proofs only briefly since these results are not in the main focus of this paper. The
heart of the section is that we do not just give statements about convergence, but even present
closed expressions of the limits.

We start with defining

Ko(4) = [{Cl@) | x € A}, (8.2)
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which counts the number of all clusters in Fafl. Using this quantity we set:
al () = | A" HCH () | x € An, |CI ()] = m},
by (@) = Ko(A) T H{CI (@) | x € Ay, IC{" (@)] = m}l,  and
¢ (w) = A, x € Ay | |CL ()] = m},

where again 4, := [0, n)? N Z¢ forn € N.
Lemma 8.3. In the above setting, we have almost surely
L m) 1
lim a{" (@) = —P(ICol = m),
n— o0 m

lim b (w) = —P(|Co| =m), and
n—o0 Km

lim ¢ (w) = P(|Co| = m),
n—oo
where k = E(|Co|™").

Note that the existence of the limit in the case corresponding to a,(lm) was treated in Section 8.1.

The existence of the limits in Lemma 8.3 has already been proved in [17] in the setting of bond
percolation. However, the authors did not give explicit expressions for the limit objects. For the
proof of Lemma 8.3 one may use Theorem 2.6 in combination with the d-dimensional version
of Birkhoff’s ergodic theorem, see [8], and the fact [7] that for almost all w:

i Key(Ay)
m —— =

n— 00 |An|

The above convergence results can again be extend to the associated distribution functions. To
formulate the corresponding result, we introduce for n € N and w € {2 the maps O}, ¢/, ¥ :
R — R by setting for each m € N

onom = 3 alP ) = G (@) | x € Ay, | )] < m)]|
g A, |
Lm] A, A,
nepy () {Cy" () | x € Ay, |Cx" ()] < m})|
P (m) = b (a)) = , and
¢ ;;” Ko(An)
[m ]
: [{x € Ay | |Cx(w)] < m}]
T m) =Y e (w) =
’ Z; | A

Moreover, we define the deterministic functions @, ¢, ¥ : R — R by

L 1
Om) =) SPCOI =) @(m)i= 2OGm). and ¥ (m) = P(Col < m) (8.3)

j=1

form € N.
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Theorem 8.4. In the above seiting, we can find a set 2cn of full measure such that for all
w € {2 we have

lim |0 — 0| =0, lim |9) — ¢| =0 and lim |¥]! — ¥| =0.
n— oo n— oo n— oo
Here || - || denotes the supremum norm in B(R).

Let us give a brief sketch of the proof. The convergence of O, and 9 follows rather direct
from Theorem 2.6 and Lemma 8.3. However, in order to obtain the convergence of ¥ one has
to apply a different scheme, which was used in the context of the eigenvalue counting function
in [13, Section 6]. The strategy consist of the following steps: One first verifies weak convergence
of the distribution functions and second, shows that v}/ ({A}) — v({A}) for each A € R. Here v
and v} are the measures corresponding to ¥ and ¥, respectively. Both steps together imply
uniform convergence. To verify these convergences one applies again Lemma 8.3 as well as
Birkhoff’s ergodic theorem.

Remark 8.5. The first statement of Theorem 8.4 identifies the limit f* from Corollary 8.2,
namely it shows f* = @, where O is given in (8.3).

Appendix. Examples of measures

Let us discuss three classes of examples of measures P satisfying (M1), (M2) and (M3).

(a) Countable colors: Consider the case d = 1 and let A = Np. Let 2 = RZ and fix an arbitrary
product measure P: B({2) — [0, 1] with support

suppP € A%,

We define a transformation of . To this end, let constants ¢, B, ¢, ¥—c41, ..., 0 € Ng be
given and consider the function

0: 02— 0, () =B+ ) ww, i
k=—c

We define P :=Po ¢~ 1. Let us check the conditions (M1), (M2) and (M3) for . In order to
check (M1) let z € Z be given. Then, using stationarity of the product measure P,

Lo ‘L’Z_1 =Po (1 O(p)_1

Po ‘L'Z_1 =Po 7
:]f”o(gao‘rz)_1 z]fl’o‘rz_1 op ! :]f”ogo_1 =P.

Let us verify condition (M2) for P. We define for each A € F the function
pa: AV >R, x=(x)zen b pa(x) =PUT (X))

Then p, is the density of the marginal measure P, with respect to the counting measure
on Ny, since we have for each 4 € F and A € B(A%)

PA(A) =) PUT ((x) = ) pax).

xXeA xeA
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(b)
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It remains to verify condition (M3). To this end, let Ay, ..., 4, € Z with min{0o(4;, 4;) |
i # j} > 2c be given. Then, using the definition of ¢, we have for each x = (x;),cq € A :=

U?:l 4;

n
PUL (D) = Bog™ o I Y ((xh) = [[Bo ™ o 11 H(tx)),
i=1
which proves that p4 = [[/_; pa,-
Normal distribution: Here, we treat the case d = 1, A = R, 2 = RZ and set P =
X,z N, 1): B(£2) — [0, 1], where (0, 1) is the standard normal distribution. For
ceNpand B, ¢, ¥—¢41,...,0 € Rweuse

.
@: 2 — 0, (p(w);, =B+ Z Qpwz—k
k=—c
to define P := P o ¢~ . As before, the conditions (M1) and (M3) are implied by the choice
of ¢ and the product structure of P. For (M2), let A C Z be finite and first assume that
A=la,b]NZ,a,b € Z. We define the matrix

Ay € RAx{a—c ..... b+c}’ (AA)i,j =

where o = 0ifk & {—c,...,c}. Recall that Py = Po gl o II;' =P o (I4 0 9)~'. For
w € (2 we get

) (p(w)) = ApIlig—c.b+c) (@) + Beq,
whereeq = (1,..., DT € R4, Now, it follows that P 4 1s normal distributed with mean
Be, and covariance matrix A AAZ. Note that A AAI is invertible since the rows of A4
are linearly independent. Thus, the measure [P, is absolutely continuous with respect to the
multi-dimensional Lebesgue measure.
In the situation where A is not of the form [a, b] N 7Z, consider the interval I =
[min A, max A]NZ. The measure P 4 is a marginal measure of P; and therefore has a density.

(c) Abstract densities and finite range: In the following we develop a more general example

with densities. Again, we consider for simplicity reasons the case d = 1, however this
is easily generalized to higher dimensions. Choose A, B € B(R) and independent B-
valued random variables X', x € Z with density g: A — R,;. We use the abbreviation
Xim.ey = Xm, ..., X¢). We utilize a function ¢: B! A to introduce the A-valued
random variables

X, = gD(XEx,x—l—k]) x € 7.
We require from ¢, that there is a function ¥ : A x B¥ — B such that

V(@ (X[0.k1), X[1,k]) = X0

for all x0.x] € BK*1. Further, ¥ shall be continuously differentiable w.r.t. its first argument:
Y’ := D1y. An example of such a pair of functions is

1 K k
o (x[0,k) = P ZXJ', v (&0, x(1,61) == (k + D& — ij',
j=0 j=1
where A := B = [0, 1] and ¥’ (&0, x{1.4]) = k + 1. In this example, (Xy), is a moving
average process. By suitable modifications, all moving average processes are seen to be
included in our setting.
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Proposition A.1. Fix a finite set A C 7. Under the specified circumstances, the joint distribution
of (Xx)xen, is absolutely continuous with respect to Lebesgue measure on A4,

Proof. Without loss of generality, we treat only the case A = {1, ..., ¢}. By construction, for
Aq, ..., Ay € A measurable,

p=P(X1€Ay,...,X¢ €Ay
L+k

¢
= / dxprerny [ xan @Gmm)) - [T g

By Fubini and induction on j € {0, ..., £}, we see

P =f dS[Lj]f dxpjt1,e+4
Apx-xAj Bt—itk

j , , ¢ 0k
< [TGew@EMMW' G- [T xaw@Cmme) - [T gGm).
m=1 m=j+1 m=j+1
where ¥\ = (&, x{j21 j+x1) and, for 1 < m < j, the term i) = ~(j_1)|
i = S XL+ ’ S Js Xm = Xm o xjr§5 x4, k)

is generated from i,g{ -b by substituting x; by ¥ (§;, x[j+1, j+k])- For the induction step use the

substitution &; := @ (x[/, j+k]) OF Xj = V¥ (&, X[j+1,j+k]) in
/l;,deXAj(¢(x[j’j+k]))fj(xj)g(xj)

=/_d&jfj(*ﬁ(&j,x[j+1,j+k]))g(lﬁ($j,x[j+1,j+k]))|lﬁ/($j,X[j+1,j+k])|,

Aj

for any x(j11,j44) € B¥ and suitable fj: B— Ry.For j = ¢, we conclude

l L+k
p= f dép1,e f dxperrern [ [ (@ GENWENN) - [T gCom)-
A Xx--xAy Bk m=1 m=¢+1

We hereby identified the density with respect to the product Lebesgue measure on A¢. [
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We consider random fields indexed by finite subsets of an amenable dis-
crete group, taking values in the Banach-space of bounded right-continuous
functions. The field is assumed to be equivariant, local, coordinate-wise
monotone and almost additive, with finite range dependence. Using the the-
ory of quasi-tilings we prove an uniform ergodic theorem, more precisely,
that averages along a Fglner sequence converge uniformly to a limiting func-
tion. Moreover, we give explicit error estimates for the approximation in the
sup norm.

1. Introduction. Ergodic theorems for Banach space valued functions or
fields have been studied among others in [6, 7, 11] in a combinatorial setting. The
three quoted papers consider different group actions in increasing generality: the
lattice Z¢, monotilable amenable discrete groups and general amenable discrete
groups, respectively. Note that amenability is a natural assumption for the validity
of the ergodic theorem, as shown explicitly in [14]. Already before that combina-
torial ergodic theorems for Banach space valued functions have been proven in the
context of Delone dynamical systems; see [8] and the references therein.

The combinatorial framework offers the advantage of a minimum of probabilis-
tic or measure theoretic assumptions, the necessary one being that frequencies or
densities of finite patterns are well defined and can be approximated by an exhaus-
tion (corresponding to a law of large numbers). A disadvantage of the combina-
torial approach chosen is that the range of colors (or the alphabet corresponding
to the values of the random variables) needs to be finite. Also, the derived ergodic
theorems are in a sense conditional: The convergence bound depends on the speed
of convergence of the pattern frequencies.

Our present research aims at dispensing with the finiteness condition on the set
of colors. The price to pay is that we have to assume more probabilistic structure
and in particular independence or at least finite range correlations. In return, this
structure yields automatically quantitative approximation error bounds. No extra
assumptions on the speed of convergence of the pattern frequencies are needed.
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For the case of fields defined over Z¢ and Z?-actions, we have established such an
ergodic theorem in [12], which takes on the form of a Glivenko—Cantelli theorem,
and which we recall now in an informal way.

THEOREM A ([12]). Let A, = [0,n)? NZ, and o = () yez0 € R be an
i.i.d. sequence of real random variables. Assume the field

f: P(Zd) x R = B .= {D: R — R | D right-continuous and bounded}

is Zd-equivariant, monotone in each coordinate wg, local and almost additive, that
is, for disjoint Q1, ..., 0y CZ% and Q := U?_; Qi we have

n
<> 190il,
oo i=l1

where 0 Q; denotes the boundary set. Assume furthermore that f~, := sup,, || f (id,
w)|loc < 00.

Then there is a function f*: R — R such that for each m € N, there exist
a(m), b(m) > 0, such that for all j € N, j > 2m, there is an event Qj , C RZd,
with the properties

“f(Q,w) — Y f(Qi,0)
i=1

P(Qj,m) = 1 — b(m)exp(—a(m)|A ;)

and

f*

Hf(Aj,w)
|Aj

6d +3+2 1 4
22d+1<( +3 42 fo0)m + +_>.

Va)EQj’mZ ]—21’)1 "

o0

In particular, almost surely we have lim,,_, || f(|1[\\n7|°) — *loo = 0.

For a precise formulation of the properties of the field f, see Section 2. Let us
note that in our theorem f takes values in the Banach space B of right continuous
and bounded functions with sup-norm while in [6, 7, 11] an arbitrary Banach space
was allowed. This restriction is due to our use of the Glivenko—Cantelli theory in
the proof, and currently we do not know how to extend it to arbitrary Banach
spaces.

Naturally, one asks whether the above result and its proof extend to general
finitely generated amenable groups. In this case, obviously, the boundary has to be
taken with respect to a generating set S C G, and the sequence of squares A, has
to be replaced by a Fglner sequence. Indeed, if G satisfies additionally,

(H) There ex1sts a Fglner sequence (A, )qen in G, and a sequence of symmetric
grids T, =T,”' € G such that G = UteT At 1s a disjoint union.

the proofs of [12] apply with technical, but no strategic, modifications, as sketched
in Appendix B.
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However, it is not clear in which generality assumption () holds. In fact, the
existence of tiling Fglner sequences (for general amenable groups) has been in-
vestigated in several instances. It turned out that there exist useful additional con-
ditions which imply the validity of (H); cf. [5, 16]. For instance, a group which
is residually finite and amenable contains a tiling Fglner sequence. Unfortunately,
there is a lack of the complete picture: It is still an open question whether there
exists a tiling Fglner sequence in each amenable group.

Since this question seems hard to answer, Ornstein and Weiss invented in [10]
the theory of ¢-quasi tilings. The idea is to consider a tiling which is in several
senses weaker as the one in (H). For a given € > 0, one has the following proper-
ties:

e the group is not tiled with one element of a Fglner sequence, but with finitely
many elements of this sequence; the number of these elements depends on ¢;

e the tiles are allowed to overlap, but the proportion of the part of any tile which
is allowed to intersect other tiles is at most of size €. This property is called
g-disjointness;

e cach element of a Fglner sequence with a sufficiently large index is, up to a
proportion of size ¢ the union of e-disjoint tiles.

The authors showed that each amenable group can be e-quasi tiled. In [11], these
ideas have been developed further in order to obtain quantitative estimates on the
portion which is covered by translates of one specific element of the tiles. The
proof of our main result, which we state now in an informal way, is based on these
results on quasi tilings.

THEOREM B. Let (A,) be a Fplner sequence in a finitely generated group G.
Let w = (wg)geG € RC be an i.id. sequence of real random variables. Assume the

field
f:P(G) x RO — {D: R— R | D right-continuous and bounded},

is G-equivariant, monotone in each coordinate wg, local and almost additive, that
is, for disjoint Q1, ..., 0, € G and Q :=J7_, Q; we have

n
<Y 190il,
i=1

where 0 Q; denotes the boundary relative to a set of generators S C G. Assume
furthermore, that foo :=sup,, || f(1d, ®)|cc < 00.

Then there is a function f*: R — R such that for each § € (0, 1), there exists
a(8) > 0, such that for all sufficiently large j € N, there is an event Q2 s C RO,
with the properties

Hf(Q,w) - f(Qi, )
i=1

o

P(2,5) = 1 —exp(—a(8)|A;l)
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and

Vo € Q5 £ = (37 f + 841S| + 131)6.

o0

'f(Aj,w)_
|A

In particular, almost surely we have lim,_, || fﬁi\\:’l]') — *lloo =0.
For a precise formulation, see Definition 2.2 and Theorem 2.5. To achieve the
error bound in the theorem, we work with an e-quasi tiling with & = §2.

REMARK 1.1. Let us sketch the difference between the proof of Theorem B
(see also Theorem 2.5 below) and the Theorem 2.8 of [12] sketched as Theorem A
above. There we heavily relied on the fact that Z¢ can be tiled exactly with any
cube of integer length. Since a general discrete amenable group need not have such
a tiling, we have to modify the geometric parts of the proof and use ¢-quasi tilings
as in [10, 11]. Since quasi tilings in general overlap, we lose independence of the
corresponding random variables. This requires a change in the probabilistic part
of the proof and in particular the use of resampling.

The structure of the paper is as follows. In Section 2, we precisely describe the
model and our result. In Section 3, we summarize results about e-quasi tilings,
which are fundamental for our proof. The error estimate in the main theorem and
the corresponding approximation procedure naturally split in three parts, which are
treated consecutively in Sections 4 to 6. Section 4 is of geometric nature. Section 5
is based on multivariate Glivenko—Cantelli theory. Section 6 is geometric in spirit
again. In the Appendix, we prove a resampling lemma and indicate how the proof
of [12] could be adapted to cover monotileable amenable groups.

2. Model and main results. We start this section with the introduction of
the geometric and probabilistic setting: We recall the notion of a Cayley graph
of an amenable group G, introduce random colorings of vertices, and define so-
called admissible fields, which are random functions mapping finite subsets of G
to functions on R and satisfying a number of natural properties; cf. Definition 2.2.
We are then in the position to formulate our main Theorem 2.5.

Let G be a finitely generated group and S = S~! € G \ {id} a finite generating
system. Obviously, G is countable. The set of all finite subsets of G is denoted
by F and is countable as well. Throughout this paper, we will assume that G is
amenable, that is, there exists a sequence (A,),en of elements in F such that for
each K € F one has

A, AKA
2.1) | An nl nooo
| Anl
Here, KA, :={kg |k € K, g € A,} is the pointwise group multiplication of sets,
A, AK A, denotes the symmetric difference between the sets A, and K A, and | A|
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denotes the cardinality of the finite set A. A sequence (A, ),eN satisfying property
(2.1) is called Fglner sequence.

The pair (G, §) gives rise to an undirected graph I'(G, §) = (V, E) with vertex
set V := G and edge set E := {{x, y} | xy~!l e S}). The graph I'(G, S) is known
as the Cayley graph of G with respect to the generating system S. Note that by
symmetry of S the edge set E is well defined. Letd : G x G — Ny denote the usual
graph metric of I'(G, S). The distance between two nonempty sets A1, A2 € G is
given by

d(Aq, No) = min{d(x, y)|xeA,ye Az}.

In the case where A1 = {x} consists of only one element, we write d(x, A;) for
d({x}, A>). The diameter of a nonempty set A € F is defined by diam(A) :=
max{d(x,y) | x,y € A}.

Given r > 0, the r-boundary of a set A C G is defined by

(A :={xeA|dx,G\AN) <rlU{xeG\A|dx,A)<r}
and besides this we use the notation:
A=A\ (A)={xeA|dx,G\A)>r}.

It is easy to verify that for a given Fglner sequence (A,),en, or (A,) for short,
and r > 0 we have

" (A "
(2.2) lim M=0 and  lim Al =1.

=00 |A,] n—>oo|An|_

Moreover, if (A,) is a Fglner sequence, then for arbitrary r > 0 the sequence (A})
is a Fglner sequence as well. Conversely, in order to show that a given sequence
(Ay) is a Fglner sequence, it is sufficient [1, 13] to show for n — oo either
AnASA (A
(2.3) PnbSAal_ o 1A
| Anl | Anl
Let us introduce colorings of the group G [or equivalently colorings of the ver-
tices of I'(G, S)]. We choose a (finite or infinite) set of possible colors A € B(R).
The sample set,

Q I.AG = {CO: (a)g)geG | wj € -’4}’

is the set of all possible colorings of G. Note that G acts in a natural way via
translations on €2. To be precise, we define for each g € G

2.4) Tg: Q— Q, (Tgw)x = Wy, (x € G).

Next, we introduce random colorings. As the o-algebra, we choose B(£2), the
product o -algebra on €2 generated by cylinder sets. Oftentimes, we are interested
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in (finite) products of A embedded in the infinite product space 2. To this end, we
setfor AC G

Qp 1= AN 1= [(wg)gen | g € Al
and define
IMy: Q— Qp by (HA(a)))g::a)g for each g € A.

As shorthand notation, we write w, instead of IT (w). Having introduced the mea-
surable space (€2, B(2)), we choose a probability measure P with the following
properties:

(M1) equivariance: For each g € G, we have P o Ty =P

(M2) existence of densities: There is a o -finite measure o on (A, B(A)), such
that for each A € F the measure Py :=Po HXI is absolutely continuous with re-
spect to up = Qgep o on 4. We denote the corresponding probability density
function by pp.

(M3) independence condition: There exists r > 0 such that for all n € N
and nonempty Ay, ..., A, € F with min{d(A;, A;) | i # j} > r we have pp =
1_[7:] pA ;> Where A = U’}:] Aj.

The measure Py, is called the marginal measure of P. It is defined on (24, B(24)),
where again B(£2,) is generated by the corresponding cylinder sets.

REMARK 2.1. (a) The constant r > 0 in (M3) can be interpreted as the cor-
relation length. In particular, if r = O this property implies that the colors of the
vertices are chosen independently.

(b) (M2) is trivially satisfied, if P is a product measure.

In the following, we consider partial orderings on €2 and on R, respectively.
Here, we write w < o’ for w, o’ € Q, if forall g € G we have wg < wé. The notion

x <x'forx,x'e R¥ is defined in the same way. We consider the Banach space
B:={F: R— R| F right-continuous and bounded},
which is equipped with supremum norm || - || := || - || oo-
DEFINITION 2.2. Afield f: F x Q2 — B is called admissible if the following
conditions are satisfied:
(A1) equivariance: for A € F, g € G and w € 2 we have
F(Ag.w) = f(A, Tg0).

(A2) locality: for all A € F and w, ' € Q satisfying [T (w) = [T (@') we
have

A @)= f(A, o).
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(A3) almost additivity: for arbitrary w € €2, pairwise disjoint Ay, ..., A, € F
and A :=J;_; A; we have

fA 0) =) f(A, )
i=1

<3 b(Ap),
i=1

where b: F — [0, o0) satisfies:

b(A) =b(Ag) for arbitrary A € F and g € G,

dD s > 0 with b(A) < D¢|A| for arbitrary A € F,

lim; o0 b(A;)/|Ai] =0, if (A;);en is a Fglner sequence.

for A, A" € F,wehave b(AUA") <b(A)+b(A), b(ANA") <b(A)+b(A),
and b(A \ A") <b(A) +b(A).

(A4) monotonicity: f is antitone with respect to the partial orderings on 2 C
RS and B, that is, if w, o’ € Q satisfy w < ', we have

fA, @) (x) > f(A, &) (x) forall x e R and A € F.
(AS5) boundedness:

sup | £ ({id}, w)|| < oo.

we

REMARK 2.3. e Locality (A2) can be formulated as follows: f(A, -) is

o (ITp)-measurable. This enables us to define fa: Q2p — B by fa(wp) =
f(A, w) with A € F and w € Q.

e We call the function b in (A3) boundary term. Note that the fourth assumption
on b in (A3) was not made in [12]. Indeed, this inequality is used to separate
overlapping tiles and is unnecessary as soon as the group has the tiling property
(EB). This fourth point is used only in Lemmas 3.5 and 5.3.

e The antitonicity assumption in (A4) can be weakened. In particular, our proofs
apply to fields which are monotone in each coordinate, where the direction of
the monotonicity can be different for distinct coordinates. For simplicity reasons
and as our main example (see [12]) satisfies (A4), we restrict ourselves to this
kind of monotonicity.

e As shown in [12], a combination of (A1), (A3) and (A5) implies that the bound

K :=sup{|f(A,0)|/|IA]|weQ, AcF)

(2.5) < Dy + sup| £({id}, )| < oo.
we

DEFINITION 2.4. A set U of admissible fields is called admissible set, if their
bound is uniform:

Ky :=sup Ky <00
feu

and each for each f € U/ condition (A3) is satisfied with the same boundary term b.
In this situation, we denote the constant in (A3) by Dy,.
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Let us state the main theorem of this paper.

THEOREM 2.5. Let G be a finitely generated amenable group with a Fglner
sequence (A,). Further, let A € B(R) and (2 = A%, B(R2), P) a probability space
such that P satisfies (M1) to (M3). Finally, let U be an admissible set.

(a) Then there exists an event Qe B(2) such that IP’(Q) = 1 and for any
f € U there exists a function f* € B, which does not depend on the specific Fplner
seqeunce (A\,), with

VYo € Q: lim

n—oo

=0.

' [hn o) .

| Anl

(b) Furthermore, for each € € (0, 1/10), there exist jo(¢) € N, independent
of Ky, and a(e, Ky), b(e, Ky) > 0, such that for all j € N, j > jo(e), there is an
event Qj ¢ k,, € B(S2), with the properties

P(Q2je,k,) = 1 = b(e, Ky) exp(—a(e, Ky)lA )

and

‘f(Aj,w)
| Al

< 37Ky + 47Dy +47)/¢ forallwe Qj ¢k, andall f €U.

_f*

For examples of measures P satisfying (M1) to (M3) and of admissible
fields, we refer to [12]. The generalization of the geometry from the lattice
7 to an amenable group G does not affect the examples. See also [9, 15]
for a discussion of models giving rise to a discontinuous integrated density of
states, which nevertheless can be uniformly approximated by almost additive
fields.

3. Outline of e-quasi tilings. Let us give a brief introduction to the theory of
g-quasi tilings. The main ideas go back to Ornstein and Weiss in [10]. However,
the specific results we use here are taken from [11]; see also [13].

Let (Q,) be a Fglner sequence. This sequence is called nested, if for all n € N
we have {id} € O, C Q,+1. Using translations and subsequences, it is easy to
show that every amenable group contains a nested Fglner sequence; cf. [11],
Lemma 2.6.

We will use the elements of the nested Fglner sequence (Q,) to e-quasi tile ele-
ments of a given Fglner sequence (A ;) for (very) large index j. The next definition
provides the notion of an «-covering, e-disjointness and e-quasi tiling.

DEFINITION 3.1. Let G be a finitely generated group, o, ¢ € (0,1) and [
some index set.
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e The sets Q; € F,i € I, are said to a-cover the set A € F, if:

(1) Uies Qi €A, and
(i) [ANUier Qil = afAl.

e The sets Q; € F,i € I are called e-disjoint, if there are subsets QO,- CQ;,i€el,
such that for all i € I we have:

@ 1Qi\ o <¢|Qil, and
(i) Q; and Ujeng Q; are disjoint.

e The K; € F,i €1, are said to e-quasi tile A € F, if there exist T; € F,i €1,
such that:

(i) the elements of {K;7; | i € I} are pairwise disjoint,
(i1) foreachi € I, the elements of {K;¢ | t € T;} are e-disjoint, and
(i11) the family {K;T; |i € I} (1 — 2¢)-covers A.

The set T; is called center set for the tile K;,i € 1.

Actually, the details in this definition are adapted to our needs in this paper, as
is the following theorem. The general and more technical versions as well as the
proof of can be found [11]. See also [10] for earlier results.

Roughly speaking, the following theorem provides, in the setting of finitely gen-
erated amenable groups, e-quasi covers for every set with small enough boundary
compared to its volume. Additionally, the theorem also provides control over the
fraction covered by different tiles with uniform almost densities. To quantify these
densities, we use the standard notation [b] :=inf{z € Z | z > b} = infZ N [b, 00)
for the smallest integer above b € R and define, forall e > 0 andi € N,

In(e)
In(1 — &)

THEOREM 3.2. Let G be a finitely generated amenable group, (Q,) a nested
Folner sequence and ¢ € (0, 1/10). Then there is a finite and strictly increasing
selection of sets K; € {Q, |n € N}, i € {1,..., N(e)}, with the following quasi
tiling property. For each Fglner sequence (A j), there exists jo(¢) € N such that for
all j > jo(e),the sets K;,i € {1,..., N(¢e)}, are an e-quasi tiling of A j. Moreover,
forall j > jo(e)andalli € {1, ..., N(s)}, the proportion of A j covered by the tile
K; satisfies

(3.1) N(s)::’r W and n;(e) :=e(l —e)NE,

\K; T/ | g2
L —pi(e)| <

3.2
2 |Aj N(&)’

where Tij denotes the center set of the tile K; for the e-quasi cover of A ;.

To make full use of Theorem 3.2, we need some properties of the densities n; (¢).
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LEMMA 3.3. For N(¢) and n;(¢) as in (3.1), the following hold true:

(a) Foreache € (0, 1), we have

N(e)
l—e<) mE)=1-1-" <1.
i=1

(b) Foreache e (0,1/10) andi €{1,..., N(¢e)}, we have

&
m <ni(e) <e.

(c) For a bounded sequence (a;)icn and € € (0, 1/10), we have the inequality

N(e)

D aini(e)

i=1

S A\/E+A8a

where A :=sup{|a;| | i € N} and A :=sup{|a;| |i e N,i > e 1/2) In particular,
N(e)

lim n; () < liminf|w;|.
S\O;aﬂ?z( ) < amin o |

PROOF. Part (a) is an easy implication of the sum formula for the geometric
series. We refer to [11], Remark 4.3, for the details.

Let us prove (b). By definition of n;(¢), we have n;(¢) < €. In order to see the
other inequality, we note that

In(e)
ni(e) = e(1 — &)V O™ > g(1 — g)hl=a =2,
Thus, it is sufficient to show that ¢ > 1/N(¢). To this end, note that by definition
of N (¢) the following holds true:

EN(E) > eln(e)
~In(1—¢)

Using the assumption ¢ € (0, 1/10), a short and elementary calculation shows that
the last expression is bounded from below by 1.

To verify part (c), set N} := le=1/2] .= supZ N (—oo, £~1/2], and calculate as
follows:

N(e) N N(e)
Do) <D aimi(e)|+| Y, aini(e)| < ANJe+ A; < AVe + A,.
i=1 i=1 i=Nz+1

Note that it is easy to show that for 0 < & < 1/10 we have N(¢) > NF > 0, such
that both sums are nonempty. [

Next, we derive a useful corollary of Theorem 3.2.
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COROLLARY 3.4. Let a finitely generated group G, a subset A € F and ¢ €
(0,1/2) be given. Assume furthermore that the sets K; € F, i € {1,..., N(¢)}
are an e-quasi tiling of A with almost densities n;(¢) and center sets T; € F,
i €{l,...,N(e)}, satisfying (3.2). Then we have for each i € {1,..., N(¢)}, the
inequality estimating the “density” of the tile K;:

ITil _mi(e)] _ , mie)

— — <d4e .

Al K] |Ki]

PrROOF. Wefixi e{l,..., N(¢)}, employ e-disjointness and the density esti-
mate (3.2) and deduce
KillT| _ |KiT;] e?
(1—e¢) < <ni(e) + —.
Al Al — N(e)

Therefore, with part (b) of Lemma 3.3, we get

2
Tl mie) _ @)+ e mie)

Al K| T (1 —e)|Ki] |K;|
2
_8771'(8)4‘%
(1 -¢)|K;
2en;(e) <4877i(8)
T (1-9|Ki| T Kl

Equation (3.2) gives also a bound for the other direction. To be precise, we use
2 T T
€ SlKlTllilKlHTll
N(e) = |A| |Al
and again part (b) of Lemma 3.3 to obtain

(3.3) ni(e) —

2
T mie) _ e —§e  me) e emie)

Al K| T |K Ki| ~ N@IK|~ K|
This implies the claimed bound. []

Finally, we provide a generalization of almost additivity for sets which are not
disjoint, but only e-disjoint. The proof can be found in [13], Lemma 5.23.

LEMMA 3.5. Let G be a finitely generated group, f an admissible field with
boundary term b and ¢ € (0, 1/2). Then for any e-disjoint sets Q;,i € {1, ..., k},

we have for each w € 2
k
‘ f(Q,0) =) f(Qi,w)
i=l1
where Q = Uf:l Qi and Dy is the constant from (A3) of Definition 2.2.

k
<eBK;+9Dp)|01+3) b(Q)),
i=1
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4. Approximation via the empirical measure. Given some Fglner sequence

(A ;) and an admissible field f, the aim of this section is the approximation of the
f(Aj,0)
. . . |Aj| . .
ciated empirical measures; cf. Lemma 4.3. This second sequence needs to satisfy
certain additional assumptions, namely we need that (Q,) is nested and satisfies

for the correlation length r € Ny from (M3) that the sequences
b b(Q"
( (Qn)>’ ( (Q,,)) and
| Onl | Onl

ar
<%) converge monotonically to 0.
n

That these sequences converge to zero is clear by the fact that (Q,) is a Fglner
sequence and b a boundary term in the sense of Definition 2.2. In order to obtain
the monotonicity in (4.1), we choose a subsequence of (Q,,). These considerations
show that each amenable group admits a nested Fglner sequence (Q,) which sat-
isfies (4.1). These terms will be used in the error estimates in the approximations
throughout this text. To abbreviate the notation, we define

X{b(Qn) b(Qy) 19" (Qn)l
10al * 1Qnl ™ 104l

forn € Nand ¢ € (0, 1/10). Note that (8),), is a monotone sequence and converges
to 0, and that by Lemma 3.3(c)
N(e)

(4.3) S Bini(e) < Ble) =5 0.

i=1

expression using elements of a second Fglner sequence (Q,) and asso-

4.1)

4.2) :3;/1 = } and B(e) := ﬁi\/g‘l'/g/“/\/g]

REMARK 4.1. For the proof of Theorem 2.5, we additionally have to ensure
B, < (2n)~! for all n € N while taking the subsequences above. We will track the
boundary terms throughout the paper and use B(¢) until the very end, where we
simplify the result by applying

The cost of this additional condition on the boundary terms is that, via Theo-
rem 3.2, jo(¢) in Theorem 2.5 will potentially increase. But up to here, we deal
only with the geometry of G and still have that jo(¢) depends only on ¢.

Moreover, let us emphasize that when considering an admissible set ¢/ the value
/€ gives a uniform bound on B(¢) for all f € U, since in this situation all f € U
are almost additive with the same boundary term b.

Define for an admissible field f and A € F the function
44)  fa:Qa—B, faw):i=f(A, o)  where o €T, ({0}).
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Note that by (A2) of Definition 2.2 we see that f, is well defined (and measurable).
In the situation where we insert elements of the Fglner sequence (A ) or (A}), for
some r € Ng, we write

(4.5) foi=fn, ot fyi=far.
For given K, T € F and w € €2, we define the empirical measure by

(4.6) L®(K,T): B(Qkr) — [0, 1], L?(K,T) = T Z St ) -
teT

Given ¢ € (0, 1/10) and sequences (A ;) and (Q ;) as above, we obtain by The-
orem 3.2 finite sets K;(¢), i =1,..., N(¢) and (for j large enough) center sets
Tl.J (¢) which form an ¢-quasi tiling of A ;. In this setting, we use for given w € €2,
e€(0,1/10),r >0,i € {1,..., N(¢)} and j € N large enough the notation

4.7) Ly () := L(K(e), T/ () and  fi(e) == fx,ce)
as well as
(4.8) L7%(e) == L*(K[(e). T/ (e)) and f/(e) := fxr(e)-

Here, the reader may recall that K (¢) = K;(¢) \ 9" (K; (¢)).
Moreover, we use for A € F, a measurable f: Q25 — B and a measure v on
(24, B(25)) the notation

(fo0)i= [ @) dv@).
Qp
LEMMA 4.2. Let f be an admissibleﬁeld andlet K, T € F and w € Q2. Then

Z f(Kt,w).

teT

(fx, L(K,T)) = T

PROOF. We calculate using linearity and (A1) of Definition 2.2:

(fx, L”(K,T))= / fr (@) dL(K, T) ()

|T|Z/ fr (@) d8(z,0) (@)

teT

Z fx (o))

teT

LY f(kt.w).

teT

K

G

We proceed with the first approximation lemma.
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LEMMA 4.3. Let G be a finitely generated amenable group, let f be an admis-
sible field and let (A,,) and (Q,,) be Fplner sequences, where (Q,,) is additionally
nested and satisfies (4.1). Then we have for all w € 2 that

N(e) r 7w
A, (fi (e), L;7; (¢))
4.9) lim lim UACSIN > mile) 4 LJ =0,
e\0j—o00 |Aj| P |K; (&)
where K;(¢),i € {1,..., N(¢)} are given by Theorem 3.2. Moreover, we have for

arbitrary ¢ € (0,1/10) and j > jo(e), with jo(e) from Theorem 3.2, the inequality

(Aj.0) & (). L) H
A 2 &=

i=1

<OK;+15Ds)e +12(2+ K5+ Dys)B(e).

PROOF. Let € € (0,1/10) and j > jo(e) € N be given, where jo(¢e) is the
constant given by Theorem 3.2. We estimate using the triangle inequality
f(Aj, ) 1% U(ﬁ’(e),ijjf)(e))
JAN T n; (e
4] ’ Ki(e)]

i=1

(4.10) N N
<a(e, )+ Y _ bi(e, )+ Y cile j),
i=1 i=1
where
N(e)
a(e, j) —A—“f(A,,w) > > f(Kie)n, o)
| | i= lteTij(s)
_ f(Ki(e)t, w) (fi(e), LY (&) H
bi(e, j):= — - : d
©7 H T O ke "
teT! (¢)
. 771'(8) r r,w
ci(e, j) 1= g Ui ). LEj @) =7 @), LiF @)

Here, the expressions L“’ (¢) and fi(e) are given by (4.7). Let us estimate the
term a (e, ]) To this end denote the part which is covered by translates of K;(¢),
ief{l,...,N(e)} by
. N(e) .
Rl(e):= | Ki(®T/(e) S A;.
i=1
Then we have, using the properties of the e-quasi tiling and part (a) of Lemma 3.3,
N(e) N(e)

. . 2
Rie)| = Y |Ki)T/ (¢)] = 1A Z(m(e) i )) > (1= 26)]A],
i=1 i=1
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which in turn gives |A ; \ Rl-j (e)| < 2¢|Aj|. We use this and Lemma 3.5 to calculate

IAjla(e, j) < BK ;s +9Dp)elA |+ 3b(A; \ R (¢))
, Ne)
+ ARl @) +3D° Y b(Kie)n)
i=1 er (6)
<BK;4+9Dp)e|lAj|+ (Kf+3Ds)|A;\ R (o)

N(e)

+3 31T/ (o)|b(Ki (o))
i=1
N(e) )
<(5Ky+15Dp)e|AjI+3 ) _|T/ () |b(Ki(e)).
i=1

By e-disjointness and (3.2), we obtain
! j j
§|Ki(8)HT,' ()] < (1 —e)|Ki(e)||T; (e)]|
(4.11) <|Ki@)T/ ()|

&2
—)IA ],
< (we)+ 5 )1
which together with (b) of Lemma 3.3 gives

N(e)

ST ()|b(Kie))
i=1

My g2 \ b(K;(e))
<20A,| ;(m@w N(E)) i
N(e)
(K (8))
41A ;
=M L mE@T T
This implies the following bound:
N(e) )
4.12) a(e, j) < (5K s +15Ds)e + 12 Z |(If((8))|)

To estimate the second term in (4.10), we apply Lemma 4.2 to obtain

Y fKi@r.0)=|T @) (fi(e), L ().

1T/ (¢)
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Thus, by Corollary 3.4 and the fact ||{ fi(¢), L;‘fj ENl < Kr|K;(¢e)|, we have for
eachie{l,..., N (e)}

T/ (&) |(fi(e), LY (e)) . (fi(e), LY ;(¢)) H

bi(e, j) =
(e.J) H A K ()]

RACINIG

4.13
19 AL |Ki(e)]

[{fie), L3 ;@)

<4877i(8)
~ |Ki(e)]

Let us finally estimate the term c; (e, j). By Lemma 4.2, we have for each i €

K¢|Ki(e)| =4K ren;(e).

I(fite), LY, (s)) —{ff (&), L))

< ey 2 Ko = (K@)

teT/ (¢)
(4.14) §|Tfl( g S b(KI(e) + b9 (Ki()) N Ki(&))
i \& teTij(s)

+ | £ (0" (Ki ()t N K;(e)t, w)]|
<b(K!(e))+ (K¢ + Dy)|3"(Ki(e))|.

Together with (4.10), the estimates for a(e, j) in (4.12), for b; (e, j) in (4.13) and
for ¢; (¢, j) in (4.14) yield

fhj o) & (S LT @) H
H a0 K

1=
N(e)

<(5Kf+151)f)e+122 ni (o) LK ©)

|Ki(e)]

N(e)

+) ni(e)(41<fs +

i=1
<(OK;+15Dy)e

b(K[(e))+ (Ky+ Df)|ar(Ki(8))|)
|Ki(e)l

NE) | i .
1123 iy 2Ki@) +bUKT @) + (Ky + DI (KieN]

|Ki(e)l
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To verify (4.9), recall that we assumed that (Q,) satisfies (4.1). By the choice of
K;(¢) in Theorem 3.2, this gives

fhj o) & (f©). LT @) “
H ISR SR o]

<(9K; +15D)e

Y : r O
P12 o) b(Qz)+b(Q,)-|-|élif+Df)|8 (00
i=1 i

<Q+Ks+Dyf)B

<OKf+15Df)e+ 122+ K5+ Dy)B(e).

The last inequality follows from (4.3). As this bound holds for arbitrary ¢ €
(0,1/10) and j > jo(e), this particularly proves (4.9). [

5. Approximation via Glivenko-Cantelli. In this section, we aim to apply
a multivariate Glivenko—Cantelli theorem in order to approximate the empirical
measure using the theoretical measure. Recall that a Glivenko—Cantelli theorem
compares the empirical measure of a normalized sum of independent and identi-
cally distributed random variables with their distribution. At the end of this section,
we will apply the following Glivenko—Cantelli theorem which was proved in [12]
based on results by DeHardt and Wright; see [3, 17]. Monotone functions on R¥
were defined in (A4).

THEOREM 5.1. Let (2, A, P) be a probability space and X;: Q — R,
t € N, independent and identically distributed random variables such that the
distribution p := P(X € -) is absolutely continuous with respect to a prod-

uct measure ®]z=1 e On Rk, where g, £ € {1,...,k}, are o-finite measures

on R. For each n € N, we denote by Lﬁ,w) = %2?215& the empirical dis-

tribution of (Xt)ieq1,...,.n). Further, fix M € R and let M = {g: RF 5 R |
g is monotone, and sup, i |g(x)| < M}.

Then, for all k > 0, there are a = a(k, M) > 0 and b = b(x, M) > 0 such that
forall n € N, there exists an event Qc ,. m € A with large probability P(S2 n p) >
1 — bexp(—an), such that for all w € Q2 . m, we have

sup (g, L — w)| <.
geM

In particular, there exists a set Q2 € A with P(Qo) = 1 and supgeMl(g,

,(f)) — )] m>Oforallcoe$20.

In the present situation, we encounter several challenges when applying Theo-
rem 5.1, caused by our tiling scheme:
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e Each A is tiled using N (¢) different shapes. Thus, the corresponding random
variables (for different shapes) are not identically distributed.

e In an e-quasi tiling, translates of the same shape K; are allowed to overlap.
Thus, the corresponding random variables are not necessarily independent.

The first point can be handled by applying Glivenko—Cantelli theory for each
shape K; separately. The second point is more challenging. The core of the fol-
lowing approach is the “generation of independence” by resampling of the over-
lapping areas using conditional probabilities and controlling errors introduced on
the altered areas with their volume. Let us explain this in detail.

Fixe>0,ie{l,...,N(¢)} and j € N, j > jo(e) (cf. Theorem 3.2), and con-
sider Figure 1, which sketches a tile K = K;, a finite set A = A j, and the transla-

tions Kt,t e T := T.j (¢), of K = K; from an e¢-quasi tiling. The sets

(5.1) U= (KO (Ki(T )\ {t}) € G, teT,
are marked with stripes. Their distance is at least
(5.2) d(US U = d(KIt, G\ Kit) >r,  t#T,

so the colors there are P-independent from each other. Unfortunately, if we take
only the values on U"/'!, t € T, we will end up with an independent, but not idepti-
cally distributed sample. We therefore resample independent colors in K" \ U/,

_____________________

Kty

Kts

@

5

FIG. 1. e-covering and independence structure: The set A = A ; C G is e-quasi covered by copies

of K = K; with centers in T = Tl.j e)={n,..., t5}. The sets U' = U""J"!  t € T, here marked by
diagonal stripes, have at least distance r and satisfy |U'| > (1 — &)|K|.

ii:::::; ////

Kty // 4,‘

Kis
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Fortunately, the sets U’/+ are large enough to compensate this small random per-
turbation. The following lemma specifies the resampling procedure.

LEMMA 5.2. Let e > 0 and I := U] Uy (o) ((G. 1)} x T/ (e). There ex-

ists a probability space (2, B(2),P) and random variables X, XHit Q> Q,
(i, j,t) € I, such that for all (i, j,t) € I:

(i) X and X" have distribution P,

(i) X and X' agree on U"J"' P-almost surely, and

(iii) the random variables in the set { X"/ ’t/}t,eT‘j (&) 4T€ P-independent.
PROOF. Theorem A.1 solves the problem of resampling in an abstract set-

ting. We apply the result here as follows. Since we use the canonical proba-

bility space in our construction, we apply Theorem A.l1 with (S,S) := (22, A),

X :=ida, I = U U0l N} x T/ (e), and Yy := o (), j' € 1.

Theorem A.1 provides the following quantities, which we here want to use as

(2,AP) :=(Q AP), X :=Xo, and X"/ := X forall j'= (i, j, 1) € I. The

properties (i) and (ii) follow directly from Theorem A.1(1), (i1). With (5.2), Theo-

rem A.1(iv) implies (iii). [

Next, we control the error we introduce by using our independent samples in-
stead of the dependent ones.

LEMMA 5.3. Fix e > 0, an admissible f and U C K € F. For w, ® € Q2 with
wy = oy, we have
| f(@. K) — f(@, K)| <2b(K)+22Ds 4+ K7)|K\ U|.

In particular, in the notation from (4.4)—(4.8) and with the corresponding empirical
measure

Li7(e) = —
" 1T/ (o)

Y. Swxiitwg . (@EQ),
1T/ (¢)

we have for P-almost all w € Q2 that

I(f7 (&), LI ¥ () = L7 %(@))] <2b(K] (&) + 22Dy + K )e| K] ().

PROOF. The values of w on U determine f(w, K) up to
| f (@, K) = f(w, V)]
<|f(@ K) = f(@.U) = fl, K\U)| + | f(, K\U)|
<bU)+b(K\U)+ | f(o, K\U)|
<bU)+(Ds+Kyp)|K\UJ.
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With the fourth point in (A3), we can continue this estimate with
b(U)<b(K\(K\U))<b(K)+b(K\U)<b(K)+DsIK\U|.

We now employ the triangle inequality to show the first claim: For w, ® € Q2 with
wy = oy, we have

|f(@. K) = f@. K|
<2(b(K)+ @Dy + Kp)IK \U)).

This calculation allows us to change w on K \ U to the independent values pro-
vided by Lemma 5.2. To implement this, observe that for P-almost all w € 2 and
alli e{l,...,N(e)}, jeN, j> jo(e)and t € Tij(e), the set U"/>! from (5.1) ex-
hausts K (¢)t up to a fraction of &: |K[ (¢)t \ Ubit < | K] (&)|. By construction,
on U’/ the colors are preserved: U/ C {g € Kl (o)t | Xq(w) = ng’j’t@)}. To-
gether with Lemma 4.2 and the triangle inequality, this immediately implies for
P-almost all w € 2 that

If7 ). L7 @) — L7 @)

1 .
<—— Y |f(K[ @) - f(K[ @1 X" ()]
T/ e
<2b(K!(€)) +22Ds + Ks)e|K! (¢)|. O

The empirical measure L;’f@) formed by independent samples should converge
to

IP): (8) = ]P)Klr(g).

The following result makes this notion precise. It is the main result of this section.

PROPOSITION 5.4. Let G be a finitely generated amenable group, let A €
B(R) and (Q := A%, B(Q),P) a probability space such that PP satisfies (M1) to
(M3). Moreover, let (A,) and (Q,) be Folner sequences, where (Q,) is nested
and satisfies (4.1). For given € € (0,1/10), let K;(e),i € {1,..., N(¢e)}, and jo(e)
be given by Theorem 3.2. Furthermore, let U be an admissible set of admissible
fields.

Then, for all k > 0, there exist a(e, k, Ky1), b(e, k, Kyy) > 0 such that for all
J = jo(e), there is an event Q2 ¢  k,, € B(S2) with large probability

P(Q2j6.c,ky) = 1 — b(e, k, Kyp) exp(—al(e, k, Kiy)|Aj)
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and the property that for all w € Qj ¢ « k,, and f € U, it holds true that

NE (ffe), L) N NEAORAC)
D A I Ly o T H

i=1
<2B(e) +22D; + K ) + .

In particular, there is an event Qe B(2) with IP’(Q) =1 such that for all w € Q,
we have

N(e) f'r(é‘), L;’;)(S) N(e) (fr(é‘) P’ (¢)) H B

Z S ey TR L K ()]

i=1
PROOF. Fix f elU. Fore € (0,1/10), j € N and w € 2, two applications of
the triangle inequality give

lim sup
eNO rey

N(e) fr(g) Lrw N(e) fr(e),IP’r(E))
Ar(e, = i - l
76 @) ;”( Kl Zl IKi(e)] H

N(e)
(53) Z”n(’(())l\}f()L ’(6) — Pl (o))

N(e) N(e)
< inf (Z i@y, j.e.0) + Y 0@y, j. e, w))

weX~ ({0} i1
where w € 2 extends w, that is, X (w) = w in the notation of Lemma 5.2, and
I(f] ), L9 (e) — L7 %(e))]
|Ki(e)]
(7 (e), L5 (&) = P (o))l
|Ki(e)]
By Lemma 5.3 and assumption (4.1), we see that for all w € Q with X (w) =

. 2b(K; (¢)) 2b(Q;)
Vl(l’],g,Q)ElKirT)l'Fz(sz'FKf)g 105l

With Lemma 3.3(a) and (4.3), we yield the deterministic upper bound

and

v, j, & @) =

v, j, & w) =

+202Df + K p)e.

N(e)
Y 0@, j e, ) <2B(s) +22Dy + K p)e
i=1
forallwe X Y(w) C Q. By now, our overall inequality (5.3) reads
N (e)

(54) Ag(e,w) <2B(e) +22Ds + Kyr)e + Xlnlf( Z ni(e)y2(i, j, &, w).
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To deal with y,, recall that the norm on the Banach space B our admissible fields
map into is the sup-norm. We translate the sup-norm into the Glivenko—Cantelli
setting as follows. Let

My =gl p: REIEOI SR of () i= f{ (@) (E)/|Ki(e)| | E €R}.
Therefore, we can write
y2(i, j, & @) = sup (g, L]7(e) = Pi(e))| < sup sup (g, L (e) — P (o).
gEMy feu geMy

From (2.5), we see that the fields in My, := ¢y My are bounded by Ky, As
assumed in (A4), the fields in Mj, are also monotone. By Lemma 5.2(iii), the
samples are independent, also. This is crucial in order to invoke Theorem 5.1.
We thus obtain that, for each k >0, e € (0,1/10),i € {I,...,N(¢)} and j € N,
Jj > jo(e), there are a; = a(i, e, «x, Ky) > 0, b; = b(i, e, «x, Kyy) > 0 and Qi’j =
2 e ky € B(£2) such that

P(Q; ;) > 1—biexp(—a;|T/ (e)]) and  sup 120 j.& @) <«.

wE; ;
We need this estimate for all i € {1, ..., N(¢)} simultaneously and consider
N(e)
Q = QJ e, Ky *= 9 Je

i=1

To estimate the probability of 2 j is the next step. From (3.3) and Lemma 3.3(b),
we note that

g2 ) Ajl (e

j (g) — '
1T/ (¢)] > (771(8) 1K;(e)| = N(s)lKi(8)|| it

N(¢)
With the definition
N(e)
(I—¢)e . a;
= : d b=b =23 b,
4= ek = TN i e K@) ki =2 ) bi

i=1
we get E(Qw-) > 1 —b;exp(—alAj|) and

N(e) N(e)
bexp(—alAl|)
E(Q,-)=1—E(LJIQ\Q,-,;>21—;E(@\Qu)zl— .
Next, we should transition from (£2, B(£2), P) to (2, B(£2), P). The set X (22 i) <
2 seems to be a good candidate, because for all w € X (2 i) there exists w €

X 1{w)h) N ﬂN(S) 2 and thus we can estimate

N(e) N(e)

inf Z ni(€)y2(i, j, & @) < Z ni (&) < k.

weX~({w) ;T
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Together with (5.4), this inequality shows the claimed bound on A (¢, w) for all
we X(L)).

Unfortunately, the image of a measurable set under a measurable map is not
necessarily measurable, but only analytic; see [2], Theorem 10.23. At least the
outer measure of our candidate is bounded from below by

P*(X(Q))) := inf P(B
(X)) BEB(©@).X(2)CB B

— inf P(X € B)
BeB(Q),X(2;)CB

> inf_ P(Q)
BeB(S),X(,)CB

=P(Q;) > 1 —bexp(—al A;l)/2.

From [2], Lemma 10.36, we learn that P* is a nice capacity, and the Choquet
capacity theorem [2], Theorem 10.39, states for the analytic set X (£2;) that

P(X(Q))=  sup  P(K).
KgX(Qj) compact

Thus, there exists a compact subset 2 .« x,, € X (2 i) with probability at least
1 —bexp(—alAj)).

We complete the proof with a standard Borel-Cantelli argument to show that
exists as claimed. For all « > 0, the events

00 o0
Ay = U ﬂQj,S,K,Ku

n=jo(e) j=n
have probability 1, since
(0.¢] (0] (0.¢] )
D PR\ Qjewky) < Y. bexp(—alAjl)<b Y exp(—a) <oo.
J=jo(e) J=Jjo(&) j=Jjo(e)

Note that by (5.4), (¢) — 0 and by construction of Ay, for all w € A,, we have

lim sup A r(e, w) <«k.
eN\0 feg f

Thus, the event Q := ey A1« has full probability P(Q) = 1, and for all w € &,
we have lime\ osup sy Ay(e, w) =0. U

6. Almost additivity and Cauchy sequences. The following calculations are
devoted to a Cauchy sequence argument to obtain the desired limit function f*.
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LEMMA 6.1. Let G be a finitely generated amenable group, let A € B(R) and
Q=A% B(Q),P)a probability space such that P satisfies (M1) to (M3). More-
over, let f be an admissible field and (Q,) a nested Fplner sequence satisfying
(4.1). Then there exists f* € B with

N(e) r r
(fi' (). Pi(e)) .,
Zm() Koo f

where for k € N and ¢ € (1/(k+ 1),1/k) the sets K;(¢),i € {l,...,N(¢)} are
extracted from the sequence (Qy+k)n via Theorem 3.2. The approximation error is
bounded by

& @Ry
;m(s) Ko )

hm

<OK;+11Ds)e+5@+ K¢+ Dy)B(e).

PROOF. In order to prove the existence of f*, we study for ¢,8 € (0, 1/10)
the difference

N(e) r(e). P, N(3) - r
D&, §) i (fi(e), P (e)) (f7(8),Pi(8)) H

. J J _ (8 i 4
LOT e &R G)

i=1
Our aim 18 to show limg\ olimg\ o D(g,§) = 0. To prove this, we insert terms
which interpolate between the minuend and the subtrahend. These terms will be
given using Theorem 3.2. For each ¢ € (1/(k+ 1), 1/k], we apply Theorem 3.2
to choose the sets K (¢), j =1,..., N(¢), from the Fglner sequence (Q,4«)neN.
The particular choice of the sets K;(¢), j =1,..., N(¢), as elements of the se-
quence (Q,+k)n ensures that for given § > 0 we find ¢y > 0 such that for arbitrary
¢ € (0,&0) each Kj(¢), j =1,...,N(¢), can be §-quasi tiled with the elements
Ki(8),i=1,...,N(8). As in Theorem 3.2, we denote the associated center sets
by Ti] (8), where we emphasize the dependence on the parameter §.
For K € F, we use the notation

(6.1) F(K):=(fk,Pk)

and hence for the tiles Kj(e), i =1,..., N(¢g), we write F(K/ (¢)) := (f/ (¢),
IP”(¢)). The function F is translation invariant, that is, for all K € F and r € G we
have F(Kt) = F(K).

With the convention (6.1) and using the triangle inequality, we obtain D(g, §) <
Di(e,8) +Dy(e, §), where

N(e) F(K"(¢e)) — ZN(‘” |T’((S)|F(Kr(8))
Di(e,d) := j :
1(€,8) ;771(8) K (el

N(e) N(6) J r N(5) r
" iz | T (OIF (K[ (8)) F(K!(3))
Date =] 2 mi(® K () - L O H

j=1 i=1
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The translation invariance of F and the triangle inequality yield

N(e) 7’](8) N()
6.2) Di(e.d) <) —L—|F(Kj@)—) > F(K/©®)n)
— |Kj(e)l
] 1 = 1Z‘ETI-J(5)
We decompose K ; (¢) in the following way:
N(5) N(6)
Kiey=1J) U K/ @®rUK(@e)\ U Ki(8)T/ (8)
i=lter/ (5)

N(3) . NS
U((K;(g)\ U K/ &1/ (3)) U (Ki(8) N 3" (K;(8)))T/ (3))

=: oy U Uas.
By definition of the function F, the almost additivity of the admissible field

f inherits to F. Note that §-disjointness of the sets K;t, t € Tij (8) implies &-

disjointness of the sets K1, t € Tl.j (8). Therefore, applying almost additivity,
Lemma 3.5 and the properties of admissible fields and the boundary term we obtain

N (5)
F(Ki(e)— ) Z K((S)t‘
i=1ye1/ (5)
N(5)
F(K’(e)) ZF(al 'F(al)— Y ) F(K[©® H
i= 1t€Tij((S)
P + | F e
3
< b(ai)+8BK;+9Dys)|K;(e)|
i=1
N(6)
+3>° > b(K[(®) + Kyloo| + K flas]
i= lteTJ
<8(BKs+9Dys)|K ()|
N(6)
+43° > b(K[(®)+ (Kf+ Dp)lea| + (Ks+ Dy)lazl.

Next, we estimate the sizes of @, and «3. For a3, we drop some of the intersections
in its definition. In order to give a bound on the size of oy, we use that K j’ (e) 1s
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(I — 2¢)-covered by {K/ (8) | i}, more specifically, part (iii) in Definition 3.1. We
obtain
N©)
o] <28|Kj(e)| and o3| < ) |T/(8)]]0" (Ki(d))],
i=1

and therewith achieve

N(6)

F(K7(&) =Y Y. F(K[©®))

i=1 [ETij((S)
<8GKs+11Dp)|K(e)|

N ()

+ 31T/ (8)|(4b(K[ (8)) + (K7 + D )| (Ki (9))])-
i=1

This together with (6.2) and part (a) of Lemma 3.3 yields
Di (¢, 98)

N(¢e)
< Z(S(SKf+11Df)nj(8)

j=1

NG o eNT (8
s %(@(K{ )+ (Kf+ Df>\8’(1<i<5>)|>>
J

i=1
< 5(5Kf + llDf)

N(e) N(5)

OIS, )
+y Y L= K, (4b(K[ (8)) + (K s+ Dy)|d" (Ki(8))]).
j=11i=1

As § is assumed to be smaller than 1/10, we can apply Corollary 3.4, which gives
for arbitrary i € {1,..., N(§)} and j € {1,..., N(¢e)}

J : . .
|77 ()| < 1i (8) +45m(5) <5 ni®)
|Kj(e)| — IKi(®)]  |Ki(®)] — |Ki(3)]

Inserting this in the last estimate for Dj (e, §) implies together with part (a) of
Lemma 3.3 that

Di(e,8) <5(5K s+ 11Dy)

- 5mi®)
+ Z X, (6)|(4b(K () + (Ky + Dp)[0" (Ki(8))]).
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Now, we use the monotonicity assumption in (4.1), which allows to replace the
elements K; (8) and K; () by O} and Q;, respectively,

Di(e,8) <6(5Ks+11Dy)
(6.3) N@) 5 (8
+ 3 2 b(00) + (K + Dl (@)

i=1

Let us proceed with the estimation of D; (e, §):

N(5) N(e) J

177 ()
6.4 Da(e,8)=| Y F(K] (5 Rirass '
(6.4) 2(e, 8) ; ( <>)(;"1(8)|K,.(8>| |K,-<8>|>H

With the triangle inequality, Corollary 3.4 and part (a) of Lemma 3.3 we obtain

N(e) J
RO
21O |I<i<a>|‘
N(E) J N(e)
O e
= J()‘|K,-<e>| ol | Z " ke
N(e)

45771(3) eni(8) _ 4dni(8) | eni(d)
- Z i )IK ©)) IKi(5)| = K ()] " 1K (&)

This together with (6.4) gives the bound

46n; (8) n en; (8)
|Ki(®)|  |K;(5)]

N(6)

(6.5) Dae,8) < > Ky|K] (8)\(
i=1

) 4Kf3+Kf8

Thus, the estimates of D (¢, §) and D; (e, §) in (6.3) and (6.5) together yield
D(e,8) < Kre+30OKs+11Dy)
(6.6) NO) 50:(8)
+) X (4b(QF) + (K5 + Dy)|0"(Q:)])
1

i=1

for all § > 0 and ¢ € (0, 9(6)). Applying part (c) of Lemma 3.3, we see

lim lim D(e, §) =
$N\0eN0

Using a Cauchy argument and the fact that B is a Banach space, we obtain that
there exists an element f* € B with

N AR THON A
S PR e I b
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In order to get the error estimate for finite § > 0, we use (6.6), Lemma 3.3(c) and
(4.1) as follows:

& (0. Pi@)
(8 J J ¥
]2 O e 7

= lim D(e, 8
81\% (e,9)

N (5)
5, (8
<OK;+11Dp)s+ 3 g_')
i=1 l

<OK;+11Ds)s+5@4+ K+ Ds)B(S). O

(4b(Q;) + (K + Dp)[3"(01)])

7. Proof of the main theorem. We will prove a slightly more explicit state-
ment which tracks the geometric error in terms of ¢ and the probabilistic error in
terms of « separately. Theorem 2.5 is implied by the choice « := /e. Recall that
B is the Banach space of bounded and right-continuous functions from R to R.

THEOREM 7.1. Let G be a finitely generated amenable group. Further, let
A€ BMR) and (2 = A%, B(),P) a probability space such that P satisfies (M1)
to (M3). Finally, let U be an admissible set of admissible fields with common bound
Ky cf. Definition 2.2.

Then there exists a limit element f* € B with the following properties. For each
Folner sequence (Ay), € € (0,1/10) and k > 0, there exist jo(e) € N, which is
independent of k and Ky, and a(e, k, Ky1), b(e, k, Kyy) > 0, such that for all j €
N, j > jo(e), there is an event Qj ¢ , k,, € B(S2) with the properties

P(Q2j 6.c,ky) = 1 — b(e, k, Kyp) exp(—a(e, k, Ky)|Aj)

and

JAj,0)
|A

<QB7K;+471Ds+46)/e+k  forallw € Qe x, andall f €U.

f*

PROOF. We follow the path prescribed in the previous chapters and:

e quasitile Aj, j > jo(e), with K;(¢),i =1, ..., N(¢) (see Theorem 3.2),

e approximate |A;|7!f(A;,®) with the empirical measures L;:;f)(s); cf.
(4.8) and Lemma 4.3,

e express the empirical measures by their limiting counterparts P} (¢) with
Lemma 5.4, and

e use the Cauchy property of the remaining terms to obtain a limiting function
f*; see Lemma 6.1.
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To confirm the error estimate, we employ the triangle inequality

fhj o)
' |Ajl /

o) YO (o), L)
@) , i iJ
A 2 &= H

i=1

N(e) fr(S) Lra) (e)) N(e) (flr(&‘),P:(g))
+;m(8) Kol 2O ke H

i=1

_f*

N(e) r r
S @), Pie)
il P2y ey

By Lemmas 6.1 and 4.3 and Proposition 5.4, we immediately get that there is an
event Q € B(Q) with full probability P(Q) = 1 such that lim\ o lim;_, oo A(e,
j,w) =0 for all w € Q. Furthermore, Lemma 5.4 provides the event 2 . . ;,
with probability as large as claimed, and by collecting all the error terms and by
Remark 4.1, we see that for all € € (0,1/10), j > jo(¢), k >0, f €4 and w €
2 ¢« Ky (see Lemma 5.4),

‘ fAj,0)
< (37K + 47D + 46)/5 + .

| Al
Note the uniformity of the last inequality for all f € U/ is also discussed in Re-
mark 4.1.

To see that the limit f* does not depend on the specific choice of (A ;) use the
following argument: Every two Fglner sequences can be combined two one Fglner
sequence, which yields by our theory a limit f* € B. As the two original sequences
are subsequences, they lead to the same limit function f*. [J

=1 A(g, J, ).

< (20K ; +30Df)e + (17K + 17D s + 46)B(e) + k

APPENDIX A: CONDITIONAL RESAMPLING

In Lemma 5.2, we need to remove the dependent parts of samples. We achieve
this by resampling the critical parts of the samples, keeping the large enough al-
ready independent parts. This is done by augmenting the probability space to pro-
vide room for more random variables. The problem of resampling turned out to be
treatable in a much broader setting, so a general tool is provided here.

THEOREM A.l (Resampling). Let (2,.A,P) be a Borel probability space,
(S,S8) a Borel space and X : Q — S an S-valued random variable with distri-
bution Py ;=P o X~ 1: S — [0, 1]. Further, let I be an index set, and for each
Jj€l,letY; €S beao-algebra.
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Then there is a probability space (2, A, P), such that for all j € I, maps as
indicated in the following diagram exist and are measure preserving, and all the
diagrams commute almost surely:

QAP (Q, A, P)

/\

(5,8,Px) — (S,Y;,Pxly,) +— " (S,S,Px)

This means in particular that Tlg is measure preserving, and that, for all j € I:

(1) the random variable X j has distribution Py,
(i) for each measure space (T,7T) and each Y;-T-measurable map g: (S,
Vi) = (T, T), we have g(Xo) = g(X ) P-almost surely.

Furthermore, the joint distribution of (X ;) je; has the following properties:

(iii) For each finite subset F C I and A = X
Px-almost surely that

P(XpeAr|Xo=)=[[PX;€4;1Xo=)=[]Px(4; V).
jeF JjeF

jeF Aj, where Aj € S, we have

In particular, the random variables X j, j € I, are independent when conditioned
on Xp.

(iv) If, for a (not necessarily finite) subset J C I, the o-algebras Y;, j € J, are
Px -independent, then the random variables X ;, j € J, are P-independent.

Since Iy is measure preserving, (£2, A, P) extends (€2, A, P). Property (i) justi-
fies the name resampling. Statement (ii) says that in X ; the information contained
in ); is preserved throughout the resampling, j € /. Point (ii1) states that the new
random variables copied only the information from };, j € I, and not more. In
(iv), we learn how to provide independence of the resampling random variables.

PROOF. We define the spaces and maps as follows:
Q=0xS8, A=AeS¥,
y: @ — Q, o(w, (s))jer) ==,
Xo: 2— S, Xo(w, (s))jer) == X (w),
Xi:Q— 8, Xj(w, (St)ker) :=s;j.

We now define the measure P via Kolmogorov’s extension theorem; see [4], The-
orem 14.36. We need a consistent family of probability measures. For a more uni-
fying notation, we augment Iy := {0} U /. Fix a finite subset F C Ip. If 0 € F, we
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define a probability measure PF. A® S®F\MO 5 [0, 1]. In the case 0 ¢ F, we de-
fine a probability measure PF. 8®F 5 [0, 1]. If 0 € F, then choose Ag € A; oth-
erwise, let Ag := Q. Forall j € F\ {0}, welet A; € S. Now let Ap := X Aj
and

JjeF

(A.1) PF(Ap) ::]E[IAO [] Px(4; |y,-)ox].
JEF\{0}

Here, E denotes integration with respect to [P. By the extension theorem for mea-
sures (see [4], Theorem 1.53), (A.1) defines a probability measure. The family
(PF) F C [ finite 18 consistent. For example, for finite subsets 0 ¢ F € J C [
with the projection H{p: S/ — §F and Ap = X Aj with A; € S, we have
(M)~ "(AF) = Ap X X jcj\p S. Thus,

JEF

P () am) = x| TTPxa; 19 TT Pxs130)| =P (4,

jeF jeJ\F

where Ey is integration with respect to Py. The remaining cases 0 € FF € J, and
0 ¢ F but 0 € J work analogously. By Kolmogorov’s extension theorem, we have

T F.
exactly one measure P := 1<£an1 P A— 0, 1].

We now verify the properties of PP. Let us first check that 1y is measure pre-
serving. Indeed, for A € A, we have

P(Ip € A) =P%(A) =E[14] = P(A).
Now we already know that Xy = X o [ is measure preserving, also.
Ad (i): Forall j € I and B € S, we have
P(X; € B) =PY)(B) =Ex[Px(B | ¥;)] = Ex[13] =Px(B).

Ad (ii): Let j € I, (T,T) be a measure space and g: S — T be );-T-
measurable. We determine the joint distribution of X and X ;. By (A.1), we have,
for B, B’ € T, that A:= g~ '(B) € Yjaswellas A" := g (B e Y, and

P(g(X0) € B,g(Xj) e B)=P(Xoe A, X; € A
=P (x~1(A) x A)
=E[1x-14)Px (A" Vj) 0 X]
(A.2) =Ex[1aly]
=Px(ANA)
=P(Xoe ANA)
=P(g(Xo) € BN B'),
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where in the last line, we used that AN A’ =g '(B)Nng '(B) =g (BN
B’). Now, since the rectangles {B x B’ | B, B’ € T} are stable under inter-
sections and generate 7 ® 7T, equation (A.2) determines the distribution of
(8(Xp),g(X;)): 2 — T2. Note that the measure which is concentrated on the
diagonal {(z, t) | t € T} with both marginals equal to Py o g~ ! satisfies (A.2), also.
Therefore, P(g(Xo) = g(X;)) = 1.

Ad (iii): Fix a finite subset FF C I and A; € S for j € F, and let Ay :=
XjeFAj.Forall B € S, we have

E[1lix,es)P(XF € Ar | X0)] = E[1ixyeB)Ell(x ear) | Xol]

=E[lix,eB)l{xrear)]
=P[Xoe B, Xr € AFr]

=POYF(x~1(B) x AF)

=E| L) [ Px(dr 19 o X |
JEF
=E[1{XOGB} 1—[ Px(Ar|Yj)o Xo]-
jeF
Since 0 (Xg) = {{Xo € B} | B € 5}, this proves
P(XreAr|Xo) = [[Px(X; €A;1Y)) o Xo
JEF
P-almost surely. For F' = {j}, we get P(X; € A; | Xo) =Px(X; € A; | );), also.
The claim is the factorized version of these statements, which exist because (S, S)

is a Borel space.
Ad (iv): For F C J finiteand Ap = X ;p

P(XreAp) =E[P(XF € Ar | X0)]

Aj with Aj € S, we use (iii) to get

=E[1‘[ Px(A; | V)0 Xo}
jeF
— By [T Px4; 1))
jeF
The o-algebras V;, j € F C J, are Px-independent. This independence is inher-

ited by );j-measurable functions like Px (A; [ J);). We can therefore continue the
calculation with

P(XFeAf)= 1_[ Ex[Px(A;|1YV)]= 1_[ Px(A;) = 1_[ P(X;€Aj).
jeF jeF jeF

Since the cylinder sets generate S®/ | this is the claimed P-independence. [
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APPENDIX B: PROOF SUMMARY FOR MONTILABLE AMENABLE
GROUPS

The proofs of [12] concerning the case G = Z¢ can be generalized to apply to a
finitely generated amenable group G if it satisfies the tiling property (H).
We list the major changes which are necessary for this purpose:

(a) Instead of defining the set 7, , using multiples of m (cf. equation (4.1) in
[12]), we employ the grid T}, namely, we set

(B.1) T :={t € Ty | At S Ap}

Thus, T, , contains the elements of 7, which correspond to translates of A,
which are completely contained in A,. Using this definition, the empirical
measures are Ly and Ly are given accordingly.

(b) One needs to verify the following basic result. Given a tiling Fglner sequence

(A,), we have:

(1) for each m € N, the sequence (A, T n)nen 1s a Fglner sequence;
(ii) foreachm,n € N, we have A, C 8P (A,) UA;, T n, where p(m) =
diam(A,,); and
(iii) for each m € N we have lim,,_, oo |Apl/|Tim.n|l = |Aml.

(c) Points (a) and (b) allow to prove an equivalent version of Lemma 4.1 of [12] in
the situation of amenable groups with property (H), by following exactly the
steps of the proof presented therein.

(d) Besides Lemma 4.1 in [12], also Lemma 6.1 in [12] needs to be slightly
changed. In fact, again by using (a) and (b) the proof can directly be adapted
to the situation where G is amenable and (A,) is a tiling Fglner sequence.

(e) In the end, the proof of the main theorem reduces basically to an application
of the triangle inequality, the new versions of Lemma 4.1 and Lemma 6.1 as
well as Theorem 5.6 in [12]. Note that Theorem 5.6 need not to be adapted as
it is independent of the geometry.
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Approximation of the Integrated Density
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Abstract. In this paper, we study spectral properties of self-adjoint op-
erators on a large class of geometries given via sofic groups. We prove
that the associated integrated densities of states can be approximated
via finite volume analogues. This is investigated in the deterministic as
well as in the random setting. In both cases, we cover a wide range of
operators including in particular unbounded ones. The large generality of
our setting allows one to treat applications from long-range percolation
and the Anderson model. Our results apply to operators on Z?, amenable
groups, residually finite groups and therefore in particular to operators on
trees. All convergence results are established without an ergodic theorem
at hand.

1. Introduction

The study of self-adjoint operators on discrete structures has a long history
in mathematical physics, both in the deterministic as well as in the random
case. The investigation of spectral properties of such operators is motivated
as essential features of solutions of differential equations are encoded in the
spectrum of the corresponding operator. However, it is in many cases hard to
obtain results on the spectrum by directly studying the operator. One way to
overcome this difficulty is to study the integrated density of states (IDS) as a
rather simple object which still carries much information about the spectrum
of the operator.

In order to define the IDS, one chooses a sequence of finite-dimensional
self-adjoint operators approximating the original operator in a suitable sense
and considers their eigenvalue counting functions. For each A € R, this func-
tion returns the number of eigenvalues of the approximating operator (counting
multiplicity) not larger than A. The IDS is then defined as the pointwise limit
of the normalized eigenvalue counting functions, if the limit exists. In this sit-
uation, it is in many cases possible to show that the IDS equals the so-called
spectral distribution function (SDF), given via a trace of certain projections,

) Birkhiuser
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see (2.3). This equality is called the Pastur—Shubin trace formula. Depending
on the context, the SDF is sometimes called von Neumann trace, see for in-
stance [23], and in other situations, the associated measure is known as the
Plancherel measure or Kesten spectral measure, see e.g. [9].

Two questions arise:

(a) Does the limit of the eigenvalue counting functions exist?
(b) Does the Pastur—Shubin trace formula hold?

The investigation of these questions has a long history. In the seminal
papers, [33,42], the existence of the limit was first rigorously studied. The
authors studied random ergodic and almost periodic operators in Euclidean
space. To the present day, many results were obtained in random as well as
in the deterministic settings and for various geometries. Convergence results
on manifolds for random and periodic Schrédinger operators are studied in [2,
22,37,44,45] and in the discrete case for finite difference operators on periodic
graphs in [9,13,30,31,47]. Note that the approximability of the zeroth ¢2-
Betti number can be interpreted as the evaluation of the IDS at one single
point. Therefore, it is important to mention the works [14-16,24,27], where
this problem was studied.

In the present paper, we study the questions (a) and (b) in a very broad
background. First, the class of operators we treat is very large, in the de-
terministic as well as in the random setting. The operators are defined on
(?(@), where G is a finitely generated group, which is detailed in the follow-
ing paragraph. We assume the deterministic operators to be self-adjoint and
translation invariant, and we require that the finitely supported functions are
a core. In the random situation, we require translation invariance in distribu-
tion, some independence and a classical moment condition (3.2) on the matrix
elements. These assumptions imply essential self-adjointness of the random
operators on the compactly supported functions. This class of random Hamil-
tonians includes famous random models from mathematical physics such as
the Anderson model on Cayley graphs and the Laplacian of percolation graphs.
Note that our methods allow for unboundedness of the operators and of their
hopping range in the random and in the non-random case.

Second, our geometry is very general: We can treat any finitely generated
sofic group, cf. Definition 1.1. The notion of sofic groups goes back to Gromov
[19] and Weiss [48] and was later on studied for instance in [7,8,11,17,34,
43,46]. This class of groups contains all amenable groups, all residually finite
groups and therefore especially all groups of sub-exponential growth as well
as some exponentially growing groups, as for instance the free group. It was
shown in [11] that there exist sofic groups which are not limits of amenable
groups. Moreover, there is no group which is known to be non-sofic.

The Cayley graph of a sofic group with a finite generating set can be
approximated with a sequence of finite graphs. We extend this approximation
to the level of operators, leading to an appropriate definition of the IDS. We
establish the Pastur—Shubin trace formula in the deterministic and in the ran-
dom settings. Hence, we give positive answers to the questions (a) and (b) in
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very general situations. The deterministic result Theorem 2.4 should be com-
pared to [27, Theorem 2.3.1]. While Liick covers residually finite groups and
bounded operators, we treat the more general class of sofic groups and allow
for unboundedness of the operators. The random results have, to the best of
our knowledge, never been achieved in this generality.

With stronger assumptions on the geometry, uniform convergence of
the eigenvalue counting functions can be obtained. For example, sufficient
conditions are G = Z% [21] or amenability of G [26,36]. For a survey on
uniform convergence for operators on groups and additional references, we
recommend [41]. Similar results are possible for operators on Delone sets
[25].

The physical relevance of our results is underlined by Theorem 3.10, which
states that the topological support of the measure associated with the SDF
equals the spectrum of the operator. For a detailed study of related results,
we refer to [23] and the references therein.

As mentioned, our results apply to the free group and therefore to regular
trees. The approximation of trees via finite volume graphs is an intensively
studied problem, see e.g. [4] and references therein.

The main obstacle is the non-amenability of trees, i.e., the average over
a ball depends drastically on the contribution of the boundary sphere of the
ball. The sphere of the ball has nodes of altered degree and that prevents
good approximation properties. As a result, instead of the Cayley graph of the
free group, [4] approximated the canopy tree, which highlights the leaves of
degree 1. The analogous phenomenon was encountered in [44,45] in the con-
tinuous setting. In order to construct good approximating graphs for regular
trees, one resorts to regular graphs. As shown by [29], the correct strategy
in order to approximate the regular tree is to avoid large quantities of small
cycles. Other possibilities to improve the approximation properties of balls
are studied in [18]. There the authors insert weighted edges connecting the
boundary elements.

Our results show that the definition of sofic groups gives a natural crite-
rion for the choice of the approximating finite objects. We hereby open the way
to explore phenomena like eigenvalue statistics, which depend by definition on
suitable approximations, for a wide variety of models. In [4], the authors study
Poisson statistics vs. level repulsion for the canopy tree. We expect sofic ap-
proximations to be a good starting point to treat this topic in more models
with absolutely continuous spectrum.

Let us describe the content of the paper in detail. First, we detail the
setting, give the definition of sofic groups and fix notation. Section 2 is de-
voted to the proof of Theorem 2.4, the convergence result for deterministic
operators. In Sect. 3, we study questions (a) and (b) for random operators on
sofic groups. We define the class of random operators we study henceforth on
sofic groups. Section 3.1 is the version of Sect. 2 for random Hamiltonians.
Here, we define the finite-dimensional approximating operators and show the
convergence of their eigenvalue counting functions in expectation, see Theo-
rem 3.5. In Sect. 3.2, we improve the convergence of the expectation values
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to almost sure convergence. The means of choice here is a well-known concen-
tration inequality by McDiarmid. Note that all of our convergence results are
established without an ergodic theorem at hand.

Section 4 contains an example, namely long-range percolation on sofic
groups, in Sect. 4.1. For free groups, the IDS is known explicitly. We give two
explicit constructions of deterministic sofic approximations for the free group
in Sect. 4.2. We illustrate our deterministic convergence result for the free
group with two generators with numerical implementations.

Four appendices finish the paper. Thanks to M. Hansmann, Appendix A
presents a class of deterministic, unbounded operators on Z which fit in the
setting of Sect. 2. In Appendix C, we explicitly construct random self-adjoint
operators on countable groups, which are translation invariant in distribution,
employing techniques from [35]. The proofs in Appendices B and D are rather
folklore. We include them since we did not find appropriate references.

1.1. Setting and Notation

Let G be a group and S C G a finite and symmetric set of generators. The
Cayley graph T' = I'(G, S) is the graph with vertices G and a directed edge
from g € G to h € G, if gh~! € S. We label the edge between g and h with
gh™!. For any graph (V, E) the graph distance dVE) . V x V — Ny is given as
the length of the shortest path between the arguments, ignoring the direction
of the edges. We denote the ball around v € V of radius » > 0 with respect
to dV*F) by BY (v). If (V, E) = T'(G, S), we write B¢ := BY (id), where id is
the identity of G.

Definition 1.1 (cf. [48]). In the above setting, G is sofic, if for all € > 0 and
r € N there is a finite directed graph (V. ., E, ¢), edge labeled by S, which has

a finite subset w{? C V,. e such that:
(S1) sofic]S1 for all v € VT(E) the r-ball around v in the graph distance of
(Vie> Er ) is isomorphic as a labeled graph to T'|gg,
(S2) sofic]S2 [V;Y| > (1 — )|V,

The approximating graphs (V,.., E,..) are called sofic approximations.
Note that the property of being sofic is independent of the specific choice of
the symmetric generating system S, cf. [48]. The class of sofic groups is quite
large. In fact, there is no known example for a (finitely generated) group which
fails to be sofic. As already proven by Weiss, amenable as well as residually
finite groups are sofic. In particular, finitely generated free groups are residually
finite and hence sofic.

Except otherwise mentioned, we assume that the group G is infinite and
sofic. In order to simplify notation, we choose some function ¢: N — (0, 00)
with lim, .. €(r) = 0 and fix for each r € N a graph (V,. (), By ¢(ry) and a

subset V;(gzr) satisfying (S1) and (S2). We abbreviate

Iy = (‘/7"7E7”) = (‘/7“,6(7")7 Er,e(r)): Vr(o) = V(O) d, = dVrEr) (1.1)

re(r)?
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FicURE 1. Illustration of Lemma 2.2. Note that all paths stay
inside the solid balls

Throughout the paper, we deal with the Hilbert space £2(G) of square sum-
mable functions on G. We denote the Kronecker delta d, € ¢*(G) at g € G
by d,: G — {0,1}, ie., 64(h) = 1 iff g = h. The set of compactly sup-
ported functions on G is Dy := lin{é, | ¢ € G}. In this sense, a function
¢ € %(G) is called compactly supported (or finitely supported) if the set

spt(¢) :={z € G | ¢(x) # 0} is finite.

2. Deterministic Approximation Results

Let A: D C (2(G) — £?(G) be a self-adjoint operator satisfying

(A1) assumption]core The set of compactly supported functions Dy is a core
for A.

(A2) assumption]transl A is translation invariant, i.e. a(g,h) = a(gh’, hh') for
all g,h,h' € G,

where a(g, h) := (04, Adp) is the matrix element of A at g,h € G. Note that
Assumption (A1) implies ||Ad,4||3 = >, cqlalg, h)]? < oo for all g € G.

Remark 2.1. The operators fulfilling Assumptions (A1) and (A2) can be un-
bounded. An example of such an operator on Z is constructed in Appendix A.

Since G is sofic, we have, for each v € VT(O), an isomorphism of labeled
graphs
U, .,: BY"(v) — BS. (2.1)

Note that for v, w € VY with d-(v,w) < r, we have
Uy (w) = (W (’U))ila (2.2)

since the labels along a path from v to w are preserved and equal the inverse
labels of the reversed path. In particular, we have V¥, ,(v) =id € G for all v.
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FI1GURE 2. Illustration of Remark 2.3

Lemma 2.2. Letr € N. If z,y € V,. and v,w € VT(O) fulfill x,y € B:,//TQ(U) N

B

7ﬁ/z(w), then we have

Uy (2) (P (1)) ™ = Vo (2) (T () 7

Proof. Let x,y € V, and v,w € V¥ be such that x,y € B;//B(v) N B;%(w).

Then k := d,(z,y) < r and hence all shortest paths in I', connecting x and y
are completely contained in BY"(v) as well as in BY"(w) (Fig. 1). We consider
one of these shortest (directed) paths from z to y. Let (sq,. .., sk) be the vector
of the labels of this path. Then, we have, by the properties of ¥,.,,

\I!r,v(x)(qu,v(y))_l =81 Sk(‘l’r’v(y))(\lfhv(y))_l =81 Sk.

As we also have U, () = 51 5,(Vrw(y)), the claim follows. O

We define the approximating operator A,.: £2(V,.) — ¢?(V,.) on the graph
I',. by

(A f)(z) = Z ar(z,y)f(y), where

yeVr
@.9) (V4 (2), Urn(y)) if v eV ay € BY(v)
ar(x,y) :=
Y 0 otherwise.

This operator is well-defined by Lemma 2.2. Note that A, is a symmetric and
hence self-adjoint operator on £2(V,.).

Remark 2.3. The reason why we use r/6 instead of /2 is the following. In the
proofs of Theorems 2.4 and 3.5, we need to ensure that y € B;/}”z(w) whenever

weV ze B:,/}G(w) and a,(x,y) # 0, see Fig. 2.

We can then use Lemma 2.2 and Assumption (A2) to change the reference
point v in the definition of a,.(z,y) to w. As BY"(w) is the domain of ¥,.,,,
we have a corresponding statement in BS. Note that /6 is an upper bound.

Any function p(r) < r/6 with lim,_,~ p(r) = oo is permissible, see Eq. (3.4).
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Define for each » € N the normalized eigenvalue counting function NN,
of A, by

NR—[0,1], N = [{eigenvalues of Aﬁ/nlot larger than )\}\’

where the eigenvalues are counted with multiplicity. If the limit of these func-
tions for r — oo exists (in an appropriate sense), this limit is called the inte-
grated density of states (IDS) of A. We denote by E) the spectral projection
of the operator A on the interval (—oo, A\]. With its help, we define

N:R — [0, 1], N()\) = <5id7E/\5id>~ (23)

This is a distribution function for a probability measure and is called the
spectral distribution function (SDF) of A. The next theorem shows that the
integrated density of states exists and equals the spectral distribution function.
In other words, we prove the Pastur—Shubin trace formula.

Theorem 2.4. Let N and N, be given as above. Then
lim Np.(A) = N(A)
at all continuity points A of N.
In the proof of Theorem 2.4, we will use the following well-known lemmas.

Lemma 2.5. Let H: D(H) — (*(G) be a self-adjoint operator with domain
D(H) C *(G), and assume that Dy C D(H) is a core of H. Then, for all
z € C\R,

(= — H)(Do) = {t € *(G) | (z = H)"'¢ € Do}
is dense in (%(Q).

Proof. Since Dy is a core of H, it is dense in D(H) with respect to the graph
norm ¢ — [|¢|[z == [£]] + [[HE]|. The map

z—H: (D(H), || |u) = (¢*(G), ]| - [I2)

is continuous and subjective. The statement follows. 0

Lemma 2.6. Let N, N1, No,...: R — [0, 1] be probability distribution functions.
Then the following are equivalent.

(i) lim,_, oo N,.(A) = N(X) for all continuity points A of N.

(ii) lim, oo [(z2 = A)"HN,.(N) = [(z = A)"'dN(N) for all z € C\R.

For the proof of Lemma 2.6 we refer to Appendix B.

Remark 2.7. If one of the assertions holds true, the sequence N, is said to
converge weakly to N. The function C\R — C, z — [(2—A)"'dN () is called
Stieltjes transform of the distribution function N. One can rephrase (ii) as
follows. The Stieltjes transforms of IV, converge pointwise toward the Stieltjes
transform of N.
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Proof of Theorem 2.4. Fix z € C\R and define

D, = ‘/(z ~AN)NN, (M) — /(z ) taN O

By Lemma 2.6 it suffices to show that lim, ., D, = 0. As a first step, we
denote the multiplicity of A € o(A4,) by m) and calculate

/(z —A) YN, () = |é | Z ma(z —\) "t = |‘i | Tr((z — A.)7H)
2 " xea(A,) "

LS (5 (2 — A5, (2.4)

Vel S

On the other hand, the spectral theorem gives

/(z CATLAN() = (i, (2 — A)16a).

Therefore, by the Cauchy—Schwarz inequality, the bound ||(z—A) 71| < [Sz| ¢
and Condition (S2), we obtain

1
D, = ‘ S (G0s (2 = A)7180) — (Sia, (2 — A)716a)
|‘/T" UGVT
1
Sy 2o [0 (2= A)700) = (B, (= = 4) 7o)
" ’UGVT(O)
1
A Y ooz = 4,)7160) = (dia, (= = A) 1 6ia))|
" veV,\ Vi
2
< sup |(0w, (2 — Ap)710,) — (6ig, (2 — A) " Hig)| + |;(:|) (2.5)

veV?

Note that the resolvents live on different spaces, which makes their matrix
elements difficult to compare. We overcome this difficulty by introducing local

analogues of A, on £2(G). To this end, we extend for each v € V% the graph
isomorphism form (2.1) to an injective map

\I/;w: V., — G.
Note that we do not require that \Il;m is a graph isomorphism but an injection
of the set V,. into the set G. This map induces a projection
Cro: L2(G) = 2(V2), Dpo(f) = fo W, (2.6)
We use this projection to transport A, to £2(G) from the point of view of v:
Ay =05 A D, P(G) = E2(G),

N

and set (g, h) := (dg, Ar0p) for g,h € G. The operator z — /Alm has block
structure, and with W (v) = id, one easily verifies

(85, (2 — Ap)710,) = (8iq, (2 — Apy) "H0ia).
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We plug this into (2.5) and insert 1 € ¢?(G) for later optimization. Use the
second resolvent identity to deduce

2(e(r) + [|0ia — 2|2)

D, < sup |(ia, ((z — Ar) ™t = (2 — A) 1)) +

UEV’I‘(O) |%Z|
< sup |(G, (z — Arp) " HA = A, ) (2 — A1) + 2(e(r) + [10ia — ¢l2)
UGVT(O) ’ ’ |§Z|
1 » _ 2(e(r) + [|0ia — ¢
< g S (A= A= A0l + (er) lg; l2) o
veV,

Let us choose i appropriately. For an arbitrary x > 0, Lemma 2.5 provides

Y € (2(G) with
16a — ¢l <& and ¢ :=(z—A)"'¢ € Dy.

For r > 6diam(spt ¢), we continue to estimate, using the properties of the

approximation AT,U, v E VT(O), and the Cauchy—Schwarz as well as the triangle
inequality:

1/2

(A= Ay0)82 = ( Z ‘ Z <5g,(A—A1‘,’U)5h>¢(h>‘2)

geG\BS); he€spt ¢

<ole( XY lale.h) — . m)E)

gEG\BE ; hespt ¢

<ol (( X tate.wP) "+ (X lanntatP) ). @

QEG\BS/G QEG\BE/G
hespt ¢ hespt ¢

By Remark 2.3, G,,(g9,h) # 0 with h € spt¢ C B,/ implies g € BTG/Q.
Therefore, employing Lemma 2.2, we can estimate

Y > lanulgn)’

h€spt ¢ geG\BS4

= > > lar (2, y)I*

yEV v (spt @) 2EB, T, (v)\B) 74 (v)

> > |a( Ty (), Uro ()

YEWry (spt @) 7€ BT, (v)\ B,/ (v)

<Y g P (29)

h€spt ¢ geG\BF4

IN

These considerations lead to

. 1/2
4= Aol <2lole( ¥ 3 latahP)

h€spt ¢ geG\BS
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By Assumption (A1) and [spt ¢| < oo, the last expression converges to 0 as
r — 00. According to (2.7),
limsup D, < 2k/|3z|.

00

Since k was chosen arbitrary, we obtain lim, ., D, = 0. ]

3. Approximation Results in the Random Setting

We study the existence of the IDS for random operators on sofic groups. First,
we introduce the random operators and state relevant properties. Detailed def-
initions are given in Appendix C. Then, we investigate the eigenvalue counting
functions of suitable approximating matrix operators. Proceeding in two steps,
we first show convergence in mean, see Sect. 3.1, and improve this to almost
sure convergence in Sect. 3.2. Through this, we again obtain a Pastur—-Shubin
trace formula.

For the construction of the random operators, we proceed as follows. Let
G be a finitely generated sofic group. Further, let P12 :={e C G | |e| € {1,2}}
be the set of all edges of the complete undirected graph with vertex set G.
Moreover, fix independent random variables X.: Q@ — R, e € Pj 2, such that
for each x € G the random variables in

{X(gnyl 9, h € Gz e{gh™" hg~'}} (3.1)

are identically distributed. Note that in (3.1), z = id € G gives the set of all
random variables Xy = Xy, /1, g € G. We require further

E[(Z|X{id7g}|>2} < . (3.2)

geG
Using these random variables, we define
a(g,h) = Xigny —adg(h) > X(ng) (3.3)
9'€G\{g}

for g,h € G and a parameter a € R. In the following lemma, we use these
random variables a(g, h) to define an adapted random operator. Afterward,
we discuss the particular choice of the matrix elements a(g, h) in (3.3).

Lemma 3.1. There exists a random operator A = (A“)),cq with the following
properties.

(i) For all w € 2, the operator A : D(AW)) — (2(G) is self-adjoint, and
the compactly supported functions Dy are a core for A,
(ii) For almost all w € Q, the matriz elements of AW gre given by

(84, A8,) = a“) (g, h).
(iii) We have
E[|48:a)13] = B[ (Y la(g, i)]) | < 0.

geG
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(iv) The operator A is translation invariant in distribution.
(v) The resolvents w — (z — AW~ 2 € C\R, are strongly measurable.

Remark 3.2. By (ii), the operator A is, for almost all w € €2, uniquely deter-
mined by the matrix elements (3.3).

Proof. The moment condition (3.2) implies

E[(gm(gg,idn)z} [(Zp{m 2 +aZ|X{1d 31) }

el
zeG
Thus, the lemma follows from Appendix C. 0

In the case a = 0, the operator is a version of the adjacency matrix on
graphs with vertices in G' and random edge weights. For a = 1 and X443 =0
a.s. we obtain randomly weighted Laplace operators on such graphs. More
generally, one interprets the diagonal terms X,y as random potential. This
well-studied setting is known as Anderson model. For all these reasons, we call
the random operators (A“)),cq random Hamiltonians.

Remark 3.3. The spectrum of our random Hamiltonians is almost surely de-
terministic. In e.g. [10,23,35], statements of this kind are a consequence of
ergodicity. Since our operators share their probability space with the finite ap-
proximations, they are not ergodic. However, with an adapted choice for the
probability space, the operators of Lemma 3.1 are seen to be ergodic. For the
case of G = Z%, this is implemented in [35]. Unfortunately, such a probabil-
ity space is to small to support the independent approximating operators. Of
course, the spectral properties of the operators persist when represented on a
different probability space.

Note that the argument to establish deterministic spectrum does not
require an ergodic theorem but only the fact that invariant functions are almost
surely constant. One can adapt the proof of [23, Theorem 5.1] to our setting
of non-ergodic operators, too. The group G acts equivariant on /2(G) and the
probability space. As a substitute for ergodicity of the action of G on the
probability space, one uses that all G-invariant random variables which are
measurable with respect to the o-Algebra generated by the matrix elements
of A are almost surely constant. For more details see [23] or the references
therein.

The next well-known lemma gives sufficient conditions for boundedness
and for unboundedness of the operators in consideration. The proof is deferred
to Appendix D.

Lemma 3.4. Let A be the random Hamiltonian defined above with the random
variables X(4ny, g,h € G, and D := sup || X{ia,g} |00 € [0, 00].
(i) If D = oo, then A is unbounded.
(ii) If D < oo and A is of finite hopping range, i.e. X¢4py = 0 whenever
d(g,h) > R for some fized R € N, then A is bounded.
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3.1. Approximation in Mean

Let A = (A®),cq be a random Hamiltonian, as outlined in Lemma 3.1
We consider the approximating graphs I';., » € N, and use the simplified no-
tation (1.1). Recall the graph isomorphisms ¥, ,: BY"(v) — BY v € V,,
from (2.1), too.

Let us define finite-dimensional approximations A,: (2(V,.) — (*(V})
of A. For Sect. 3.2, we generalize r — 1/6 from Remark 2.3 to p: N — R
satisfying

p(r) < % and p(r) /= . (3.4)

Let

Cr(e) :={ve v | z,y € B;/(TT)(U)}

for each e = {z,y} € Pl(TZ) = {e C V.| |e] € {1,2}}. For each such edge e =
{z,y}, we fix a random variable X . If there exists a vertex v € Cy.(e), let X7
have the same distribution as X(g,  (2),9, ,(y)}- Otherwise, set X7 := 0. We
also require all random variables in

{X. | eePLQ}U{XﬂreN,eePfg}

to be independent. Use Lemma 2.2 and (3.1) to see that the distribution of X
does not depend on the choice of v € C).(e).

We are now in position to define the approximating operator Aq(f“’):
2(V,) — 2(V,), w € Q, by its matrix elements. With the same o € R as

in (3.3), we set

for all z,y € V,.. This operator is symmetric and hence self-adjoint. Note, too,
that A% has hopping range 2p(r),i.e. a.(x,y) =0, assoon as d,.(x,y) > 2p(r).

As in Sect. 2, we define eigenvalue counting functions. For each w € ()
and r € N, we set

_ {eigenvalues of A not larger than A}
N Vel ’

N&:R = [0,1], N“(\):

where the eigenvalues are counted with multiplicity. Similarly as before, we
define

N R = [0,1]), N = (5iq, B 61a), (3.5)
where E/(\w) is the spectral projection of A“) on the interval (=00, Al
We also need their expectation values, i.e., the functions N,., N: R —
[0,1],
N(\) =E[N(\)] and N,(\) =E[N,.()\)]. (3.6)
The function N is called spectral distribution function of the random opera-
tor A.
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Theorem 3.5. Let N, N: R — [0,1] be as above. Then
lim N,.(\) = N(\)

r—00

at all continuity points A of N.

The proof of Theorem 3.5 largely follows the lines of the proof of
Theorem 2.4. Lemma 2.6 is ready for use, but Lemma 2.5 needs a rather
technical upgrade. Lemma 3.6 states in essence that the compactly supported
random vectors constitute a core of A.

Lemma 3.6. Let A = (A“),cq be a random operator such that all realiza-
tions A are self-adjoint and share Dy as a core. Let further k > 0 and
z € C\R. Then there exist a radius n € N and a random vector ¢r: Q — (%(Q),
such that

E“W — 5id||2} <k and spt((z — A(w))_lw(w)) C Bf
for all w € Q).

Proof. Fix k > 0. For each n € N, we define the set
My, = {weQ|3f € 3(G): spt((z — A" f) C BY,|If — ball2 < 5}

The measurability of M,, , C  follows from the strong measurability of the
resolvents of A = (A“)) cq and

Mue= (VU [ {weQ|l,-A“)"nI<5) 3T

meN fEB geG\BS

where B C {f € £2(G) | ||f — duall2 < & + L} is countable and dense. To
prove (3.7), we note that the inclusion “C” holds because of the continuity
of f s {8y, (z — AW =1 f) uniformly in g. The reverse inclusion “2” requires
more care. For each w in the set on the right-hand side of (3.7), we find for
all m € N a function f,, € B, such that |((z — A“)~1f,,)(g)| < L for all
g € G\BY(id). The condition f,, € B implies in particular

SUp || fmlloo < sup || finll2 < sup || frn — diallz + [[diall2 < 2+ 5.
meN meN meN

Thus, (fmn(9))men is a bounded sequence for all g € G. A diagonal argument
extracts a subsequence ( fy,, )ren for which (f,,, (9))ken converges for all g € G.
Let f := limy_,oo fm, be the pointwise limit of these functions. Then, we obtain
by Fatou’s Lemma that f € £2(G) and

If = Gall < 5 and spt((z—A“)"'f) € BY.

This shows w € M,, ,, and (3.7).
For each w € (), the compactly supported functions Dy are a core for
A Hence, for each w € Q, Lemma 2.5 provides a function f € /(@) with

| f — didll2 < 5 and (Z_A(w))—lf € Dy,

We rephrase this as
U M=

neN
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In fact, the sequence (M, x)nen increases, so we conclude P(M,, ) T

This enables us to choose n € N large enough such that P(My; ) < 5.
For the choice of ¥, note that the set

—_~—

Mn,l-@
= {(w,f) € My, x C2(G) | spt((z = A) 1) C BF | f = biallz < 5}
= [ {wHeaxt@)|(z-AY) "5, ) =0,[If - dall2 < 5}

geEG\BY

is measurable, since the factors of the scalar product are measurable, see Propo-
sition C.3. The measurable choice theorem by R. J. Aumann, see [1, 18.27
Corollary], hands us a measurable section, i.e., a random vector

V' M, . — £?(G) whose graph is contained in ]\/4;/,.C We extend ¢’ to ¢: Q —
(*(G) by 0 on M,, ., which has the required properties:

Bllv — dualls] <E[5-xar, ] +Elxarg ] =5
and spt((z — A@)"1(w)) € BY for all w € Q. O

Equipped with this keen edge tool, we proceed to the proof of
Theorem 3.5.

Proof of Theorem 3.5. Fix z € C\R and let

D, = ‘R/(z ) lANL() — R/(z _lavy).

By Lemma 2.6, we need to show lim, ., D, = 0.
The following integral is in fact a finite sum. Thus, by linearity of E and
the calculation (2.4),

/(z —A)"YN,.(\) =E /(z — A) YN, (N)

R R

By definition, the Riemann-Stieltjes integral is the limit of a sum. The bound-
edness of A — (z — A\)~! and dominated convergence allow us to interchange
limit and expectation. We thus obtain

/(z _ AN\ =E /(z — )TN | = B[, (2 — A)'6a)]. (3.8)

The last equality follows from the spectral theorem. Analogous to (2.5), we
achieve

2¢(r)
Ren

D, < sup
UEVr(O)

E[(5,, (2 — Ay)"16,)] — E[(da, (2 — A)~16:0)]] ‘ + (3.9)
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As before, we use @, ,, from (2.6) to transport A to (?(G) from the point of
view of v:

AL = @7 AWD, ,: 2(G) — 2(G).
Again, we have, for all v € VT(O),
(0v, (2 — Agw))_léﬁ = (ia, (2 — A(w))_151d>'

T,

The matrix elements of A, , and A are independent and will thus not
cancel each other at the end of the proof. But we arranged that corresponding
matrix elements have the same distribution. Under the expectation and from
the point of view of v, we can adapt the approximation to A. Define a substi-
tute approximating operator 1217(%) 2(G) = (*(G) of A by copying matrix
elements from A®):

a(“’)(g,h) if g,hEBg’zr) g#h
d&"‘;)) (9,h) == Xy (w) — O hec{g) dgfﬁ)) (g,h') ifg=he Bp(r)
a%) (g,h) otherwise.

Here, X4 (w) is the first summand in the definition of the matrix element

a)(g,g), see (3.3), and a'%) (g, h) := (5,, AL 6),) is the matrix element of A').
By construction, the distribution of a,,(g,h) equals the distribution of
arv(g,h) for g, h € G. Thereby, as intended,

E[(0ia; (z — Arw) " '6ia)] = E[(Sia, (2 — Arp) " 61a))-

This is the point, where Lemma 3.6 enters. We fix x > 0 arbitrarily and
get a radius n € N and a random vector 1:  — ¢?(G) such that

Ellle = diall] < &

Furthermore, ¢(w) = (z — AW~ lh(w), w € Q, is supported in BS and
bounded by

lo(@)ll2 < [I(z = A“) " (w)ll2 < (1+K)/|S2].

Following the strategy from (2.7), we introduce v into (3.9) and apply the
second resolvent identity:

D, < sup |]E[(5id, (z — AT,U)_I&dﬂ - E[<5ida (2 — A) ” + 2e(r)

veV, ¥ |\SZ’
< sup [B[(Ba (5 = Ane) ™ — (2 — A) 1)) + 22 HEN = Sl
vevi? R
! i -1 €(r)+w
< 577 S EI(A - An)(z = )7 olle] + 2= (3.10)

We study the expectation in the last line. Use the subadditivity of the
square root in

E[l(A— Aol =E[(3](A-Adno@)) ] < 77 0) +lalTs(0)

gelG
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to separate the off-diagonal terms in 77 (r) and the diagonal terms in T3 (7).
The expressions 17 (r) and 73 (r) are detailed in the subsequent paragraphs.
For r > n, bound T} (r) as in (2.8):

i) =E[( Y |3 (g g m)om)] )]

gGG\B hEBG

Ellol:( Y Y Jala.h) amg,h)\z)m]

9gEG\B,,, he BS

< (X Elatenr)) (X Elaenr) ).

geG\BS, geG\B,
heBE heBE

In the last step, we used Jensen’s inequality. We proceed as in (2.9), using
E[dr,v(ga h)] = E[ar,v (g,h)], and obtain

sup T7(r) < 1+K(Z E{ Z ‘a(g,h)|2]>1/2r_)—°°>0

0 Ny4
veV,? | | h€BT  geG\BS,,

by dominated convergence, since E[||Ady(|3] < oc.
For a # 0, the diagonal term

: ~ ) o\ 1/2
T3 (r) = lo| B[ (D [(ah,h) = aru(h, 0)o(R)[*) ]
heBS
is dealt with as follows, using Jensen’s inequality and [|¢||s < ||®||2,

() < E[léloe( D | Y (aralhig) —a(hg))\z)m}

heBS geG\BS,,

2\ 1/2
< % arw(hyg)l + > Ia(h,g)|)) }
heBg QEG\BP(T) gEG\BP(T)
- A ) o N 1/2
R (S X w3 wa)T)"
heB& EG\Bp(T) QGG\BP(T)

Broadening the argument from (2.9) and taking advantage of the independence
of the involved matrix elements, we see for h € BS:

El( X laneno)) | =E[ X (b g)llans(h o]

geG\BS, g,9'€BS\BS

p(r) p(r)
= Y Ellarn(h9)Ellans(h g+ Y. Eflanu(h.g)]
979’ EBG\BP(T) 9eBy \BP(T)
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< Y EflalhgE[alh, )]+ Y E[la(hg)’]

g#g’EG\Bf(r) gEG\BpG(T)
2
=E[( Y latngl) ]
9EG\BL,
We deduce
1+/§3 2 1/2 r—00

sup T2<)<2\/_|c»‘(ZE[( Z ‘a(h,g)DD =0,
veVt? heBY  geG\BY,,

again by Lebesgue, this time with E[[| A8, |] < co. Now conclude from (3.10)

2K
limsup D, < —
r—00 |\SZ‘
Since k > 0 was arbitrary, we reached D, 0. U]

3.2. Almost Sure Weak Convergence

In Theorem 3.5, we achieved weak convergence of the eigenvalue counting
functions in expectation. Here, we improve this result to weak convergence for
almost all realizations. Again, this results in a Pastur—Shubin trace formula.

The following concentration inequality from [28, Theorem 3.1] is our main
tool.

Theorem 3.7 (28, Theorem 3.1]). Let X = (X4,...,X,) be a family of inde-
pendent random variables with values in R, and let f: R™ — R be a function,
such that whenever x,x’ € R™ differ only in one coordinate, we have

[f(z) = f(=)] < c.
Then, for p:=E[f(X)] and any € > 0,
2¢2

P(F(X) =l = ) < 2exp(— 5 ).

We need to strengthen the assumptions (3.4) on p, namely, p must not
grow too fast:

—1 and p(r) —= co. (3.11)

This is a conservative approach. See Remark 3.9 for possible relaxations in
more restricted settings.

Theorem 3.8. Let N, and N be as in (3.5) and (3. 6) and p according to (3.11).
Then there is a set Q € A with full probability, P(Q) = 1, and

: (w) — N
lim N (A) = N()

at continuity points X of N, for all w € Q.
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Proof. Denote the set of continuity points of N by C and let A € C and € > 0.
For r large enough, we have by Theorem 3.5

P(INA(A) = NI > €) < PN, (A) = No(N)] = € — [N, () = N()))
< P(IN(A) = N.(V)] > €/2). (3.12)
We want to apply Theorem 3.7. Each random variable on a bond of the

graph I',. in a sofic approximation has bounded effect on the eigenvalue count-
ing function, namely

NS A) = NI < ¢ =2/ |V

for all w,w’ € Q which differ only on a single bond. This is clear as the
associated operators differ only by a rank 2 perturbation, see [26, Appendix].
We conclude from (3.12) and Theorem 3.7

STR(N(A) - NN 2 ) < 22exp<—

reN reN

E%V?P)

1
3. (3.13)

where n,. is the number of random variables entering V..
By construction, n, is bounded by

e < |Vo[|[SPPPOHD = |V, ||S|7W15T = |V, |/r < [Vil?/ /7.
Use r < |V,| for the last step. We conclude from (3.13)

D PNA) = N > €) <2 exp(—€’/r/8) < .

reN reN

This is by definition almost complete convergence of N,.()\) to N(\) and
implies almost sure convergence, i.e., the existence of Q) € A with P(2)) =1
and

N#IA) 25 N (we ).
Since N is monotone, the set of discontinuities R\C is at most countable.
Let M be countable and dense subset in C. Then, the set € := (7, .,, {2 has
probability 1, too. Now fix w € Q. We know for all A € R
limsup N (A) < inf  lim N (\)= inf  N()=N(\),

r—o0 T NEMN[A,00) T—00 N EeMN[\,00)

since N is monotone and continuous from the right, and M is dense. In the
other direction, for all A € C, we have

lim inf N () > sup lim N (\) = sup N(\) = N(\).
L NEMN(—oo,\] "7 N eEMN(—o0,\]

Hereby, lim,_, N#w)()\) exists and equals N(\) for all w € Q and A e C. O

Remark 3.9. In many cases, we can allow p to grow much faster than permitted
by (3.11). Let m,(r) denote the number of non-trivial random variables in
{a(x,y) | =,y € B/g’zr)}. The condition
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S gVel/me) < o

reN

for all ¢ € (0,1) is sufficient for (3.13) to be finite.
Assume that A has finite hopping range, i.e., there exists R € N such

that a(x,y) = 0 whenever d(x,y) > R. For instance, this is the case in the
|S|®
2

well-known Anderson model. Then m, < ( ), and consequently

Zq\VT|/mp(r) < qu/(lng) <

reN reN

for all ¢ € (0,1), since r < |V,.|. Thus, for operators with finite hopping range,
p(r) := r/6 suffices, as in the deterministic setting.

Complementary to Remark 3.3, Theorem 3.8 shows that the integrated
density of states is deterministic. The following result sheds more light on the
relation between the spectrum and the IDS.

Theorem 3.10. The topological support of the measure v associated to the
IDS N equals the almost sure spectrum of the random operator (A(‘”))weg.

Proof. The proof is a boiled down version of [23, Corollary 5.4]. The key ob-
servation is that the measure v is a spectral measure for (A)),cq, i.e., for
any Borel set B € B(R),

v(B) = /dN =0 < Eg‘)) =0 for almost all w € €, (3.14)
B

where E](Bw) = y(A®)) is the spectral projection of A“) corresponding to B.
If E,(Bw) = 0 for almost all w € €2, then, analogous to (3.8),

V(B) = / AN = E[(3, B 6.0)] = 0.
B
In the opposite direction, we are given

0 = v(B) = E[(diq, E_(BW)éid” = E[{(dy, E(BW)(SQH

for all ¢ € G. We obtain <5g,E](3w)5g> = 0 for all ¢ € G and for almost all
w € ), since the integrand is never negative. The Cauchy—Schwarz inequality
gives, for all g,h € GG and almost all w € €,

(59, ESV61) 2 < (84, ES6,) (00, B 5,) = 0.

Thus, v is a spectral measure of (A“)),.

Now, choose B := R\sptv to be the complement of the topological
support of v. By (3.14), E](Bw) = 0 for almost all w € €. This means that
BNo(A®) = { for almost all w € Q. So o(A“)) C spt v for almost all w € Q.

By Remark 3.3, the spectrum of the operators A, w € Q, is almost
surely equal to a non-random set ¥. We let B := R\X be the almost sure
resolvent set and conclude v(B) = 0 by (3.14). Thus, the topological support
of v does not intersect the resolvent set, and we see sptv C 3. (]
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4. Examples and Applications

As an application, we show in Sect. 4.1 that the well-known percolation model
on sofic groups is covered by our abstract theory. In Sect. 4.2, we describe two
approaches to obtain sofic approximations for the free group.

4.1. Percolation

In this section, we apply our results to percolation models on graphs. We
will study the approximability of the IDS of the corresponding Laplacian.
The models in consideration will contain short-range as well as long-range
percolation on sofic groups.

Let G be a finitely generated sofic group and S a finite, symmetric set
of generators. Let I'c, = (V, E¢,) be the complete graph over the vertex set
V =G, i.e., the edge set is

Eo=P:={e CG|le| =2}
Furthermore, let p € £1(G) be such that

0<plg)=plg") <1

for all g € GG, and consider, for distinct g, h € GG, independent Bernoulli random
variables Xy, py with P(Xy, ny = 1) = p(gh™!). For each w, we define a random
subgraph I', = (V, E,,) of I'¢, by

w=1{€ € Fe | Xe(w) =1}

The size of the support of p distinguishes different cases. If spt(p) = S, we deal
with the (typical) percolation model of the Cayley graph I' = I'(G, S). If spt(p)
is a finite set, the model is referred to as short-range percolation. Note that
under this assumption, I',, is of uniformly bounded vertex degree. Otherwise,
|spt(p)| = oo leads to long-range percolation. An application of the first lemma
of Borel-Cantelli shows that p € £1(G) implies that T, is almost surely locally
finite, see [3, Lemma 3.2]. However, there is almost surely no uniform bound
for the vertex degree. Also, there exist with probability one edges of arbitrary
length, measured in the word metric induced by the generating system S. This
implies that the Laplacian that we define now is almost surely unbounded and
not of finite hopping range.
The matrix elements of the Laplacian are given by

X if
a(w) (.CC, y) — {z.,y} Y 7é 3{7 (41)
— > ts X{zz}(w) otherwise.

Obviously, we are in the setting of (3.3). In order to apply Lemma 3.1, it
remains to observe that (3.2) follows from

a[(% Xean)

zeG

< Z X{ld a:}]E X{ld y} + ZEX{Id x}] HpH%—}_ Hle
7y€G zeG
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3 2
ab” pap

siX] /T o

abA g b2 Aba

bQAﬁ’\\ Ab\I/ab //ﬁbQCL

AbA —5 pa ba — aba
bA2 7\ f ba?
A3ﬁ—>:A2—>A id a—>a2§a3
BA? f $\ Ba?
ABA — BA Ba — 4Baq

32A7 AB/]TB\"CLB X\B%
aBA Q/T B? X\}S ABa

bAB / T\ baB

A’B a’B
BAB g2 p3 ,p2Beb

F1GURE 3. The Cayley graph of the ball B3 of radius 3 in F5,
with @ := a1, b := as, A := o' and B := b~ !. The arrows
indicate the corresponding generator: © — y means axr = y,
x — y is synonymous for bx =y

Therefore, there exists a random Hamiltonian A = (A,)wecq with the proper-
ties (i)—(v) of Lemma 3.1 and matrix elements given by (4.1) almost surely.
This operator is the Laplacian of random graph I' = (I',,)wecq. Theorem 3.8
gives almost sure weak convergence of distribution functions for almost all w €
Q). Of course, the same holds for Schrodinger operators.

In more restricted settings, stronger results are available. For instance,
in [3,40], the authors consider long-range percolation models over amenable
groups and obtain uniform convergence of the eigenvalue counting functions.
However, their methods rely massively on the existence of sets with an arbi-
trary small boundary, which is per definition not the case for non-amenable
groups.

4.2. The Free Group
1

The free group Fs, = (Ss) with s € N generators S; := {a1,...,as,a7 ",
...,a; '}, see Fig. 3, is an example of a sofic group, which is residually fi-
nite but not amenable.

We provide two explicit constructions for sofic approximations, along
which the eigenvalue counting functions converge. The first approach is rather
geometric and goes back to [5], while the second one uses algebraic properties
of special linear groups. A relevant property of a graph is the length of the
smallest circle, called girth. Both presented strategies construct finite Cayley
graphs with arbitrarily large girth. In [20], a third approach is suggested, but
it seems not as straightforward.
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b2

B2

F1GURE 4. The action of the permutation pél) on By and of

ps) on By

4.2.1. Geometric Approach. Let B, be the ball of radius r € N in F centered
at the identity id, with respect to the metric on the Cayley graph I'(Fs, Ss).
A short calculation reveals

B, = 5(2s S—_l)lr -1 (42)
For each generator x € S, we define the permutation p;(f) on B, by
P (w) 1= {xw_l B B (zw € B,)
wy wy ..ow,t (xw ¢ By)
for reduced words w = wywsy ... w,, € B, with w; € Ss, 7 € {1,...,m}, see

Fig. 4.
The permutation pgf) maps elements of B,._1 to their neighbors in direc-
tion z and members of the sphere B,\B,_; are sent into B\ B, _s.

The group H, := <{p§;r) | © € Sg}) generated by this permutations is a
subgroup of the symmetric group Sp, on B,.

The map Sg > z — pér) € Sp, has an extension to a group homomor-

phism g,: Fy — H, C Sp, via g.(wy ... wy,) = pE,fE 0. Opg,l. We consider
the normal subgroups G, := ker p,- of Fi.

Observe that a non-empty reduced word w = ws ... w,, € G, is either
the identity w = id or has at least length m > 2r + 1, since the orbit of the
identity id € B, passes each sphere: g,(w;...w;)(id) € B;\B;_; for j < r
and o, (w; ... w;)(id) € B,\Ba,—; for j > r. Therefore, the girth of H, is at
least 2r + 1 and (), G, = {id}.
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We have now checked that Fj is residually finite. The corresponding sofic
approximations of F are the Cayley graphs of H, with respect to the genera-
tors {p;(,;r) | x € Ss}, r € N. Note that since H,. is a group, all balls in H,. are
isomorphic, and we set ,«(O) =H,, reN.

The Cayley graph of (Fy, Ss) is a regular tree. For such graphs, the deriva-
tive of the spectral distribution function for the adjacency operator is explicitly

calculated in [29] as

sv/4(2s — 1) — 22
S \/ﬂ(452 ) X[0,2vzs—T) ([])- (4.3)

This shows in particular that the spectral distribution function, which equals
according to Theorem 2.4 the integrated density of states, is continuous. We
conclude that the limit in Theorem 2.4 exists for all A € R and is actually
uniform in .

A criterion for the quality of the approximation should measure the
growth of the radius r in Condition (S1) relative to the growth |V,| of the
approximating graphs as well as the proportion of |VT(O) | in Condition (S2). In
the case of the free group, we have T(O) = V,., so the growth of the girth v(H,,)
compared with the growth of the groups H,, appears to be a reasonable choice.

The best possible situation is

V(H,) > Clu|H,| (4.4)

for some C' > 0.
This is so, because an s-regular graph with girth v contains at least
|B|(y—1)/2)| vertices, so

| H,| > 1By a1,)-1) 2| = LO(H) = 1)/2] In(2s — 1),

Equations like (4.4) have far reaching implications, see e.g. [6]. The trivial
upper bound to |H,| is the number of permutations on B,.:

5(2s—1)" =1
| < 1B, = ( 25— 1) )
s—1
The geometric approach does not provide the optimal bound (4.4). This suc-
ceeds in the following section using an algebraic approach.

4.2.2. Algebraic Approach. According to [32, Theorem 4] and the Nielsen-
Schreier theorem, the group

Fy = <((1)%)7(%(1))> C SL(Q,Z)

is (a faithful representation of) the free group with two generators. Note that
for all such matrices, the diagonal elements are odd, while the off-diagonal
entries are even. The set S := {(32),(39), (5 12): (% 9)} is a symmetric
generator.

To see that F5 is residually finite, we introduce the normal subgroups

G, ={A€eF,|A=1 (mod 2n)}
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(a) The Cayley graph of H7 has 336 nodes and girth 6. The ball of radius 2 around
the identity is marked with black nodes. Each node is center of an F>-ball of radius 2.
The red and the blue lines indicate shortest circles. The high symmetry of the graph is
indicated by these colored paths which are translates of each other. The nodes were
found by a breadth-first search. Whenever an already found node was encountered
again, a gray line was added to indicate the neighborship in the Cayley graph of H~.
H~ is Ramanujan.

1 : : 1
0.8} : 0.8 | ]
0.6} . 0.6 | ]
04t 1 04| .
0.2t f ] 0.2} ]
oL . | . ‘\ o L
-4 -2 0 2 4 4 4
b)yn=r1 (c)n=11

FiGURE 5. a Cayley graph of H;, b, ¢ numeric visualisations
of the density of states (green), the integrated density of states
(red) and the eigenvalue counting function of the adjacency
matrix of H,, (blue). Colors appear only in the online version
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of Fy, where 1 = (}9) and A = 1 (mod 2n) <= 3B € Mat(2,Z): A =
2nB + 1. We further utilize the component-wise norm

m<a b) = maX{’a|v |b|7 |C|7 |d|}

cd

Multiplication by any generator increases this norm at most by a factor 3:

Miqp =Myq2a+b) < 3Mgp-
(e8)1) — (eaeda) =7 (20
By induction, a word sj---s, of length r > 2, composed of generators
S1,...,8- € 5, is bounded by

Mg, .s, < 5-372

since mg, s, < 5 for all s7, 59 € S. This means that all entries of words of length
at most r are confined to {—5-3"72,...,5.-3"72} C {1-2.37"1 ... 2.37"1 -1},
Therefore, for 2n > 2-3"~1, we have BI2NG,, = {id}. By this, F} is residually
finite.

The corresponding sofic approximations V,. are the Cayley graphs of

H, :=F/G,={Amod2n | A € Fy}

with respect to the generating set S, where n > 3"~!. Asin Sect. 4.2.1, we can
choose VT(O) =V,.

The size of H,, is at most |H, | < n3, since each matrix element is either
an even or an odd number between 0 and 2n — 1, and by det A = 1, the fourth
entry is determined by the other three. So for n := 3"~!, we obtain

< 3(7”71) < 3('7(Hn)73)/2 < 37(Hn)/2
[Hn| <3 <3 <3 ,

since the girth y(H,) is at least 2r+ 1. Therefore, (4.4) holds with C; = 2 In3.
See Fig. 5 for numerical visualization of the eigenvalue counting function of
the adjacency operator of the Cayley graphs of H; and Hi; in comparison
with the integrated density of states of Fy, cf. (4.3).
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Appendix A. An Unbounded Translation Invariant Operator

We present an example of a self-adjoint, translation invariant, and unbounded
operator A on Z for which Dy is a core. The operator is constructed in Fourier
space as multiplier M : D(M) — L?(S!) with an unbounded real-valued func-
tion m € LP(S1), p € (2,00). By this, 4 is self-adjoint, translation invariant,
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and unbounded. To prove that Dy is a core, it suffices to show that the trigono-
metric polynomials 7 are a core of M. To this end, we verify

M§M|Loo(51), M‘Loo(sl)ngc(Sl) and M’C(Sl)§M|T.

For the third inclusion, let f € C(S') be given. Note that by Weierstraf’
theorem, the trigonometric polynomials are dense in C(S!) with respect to
supremum norm, cf. [39, Theorem 4.25]. Thus, we find a sequence (f,) of ele-
ments in 7 with lim,, o ||f — fnl||lcoc = 0. This implies lim,, .|| f — fnl/z2 = 0.
Moreover, we obtain

lm ||Mf—Mf,| g2 = lim [|[m(f — fu)llez < lim ||mlzz]|f — fulleo = 0.

This proves the third inclusion.
To show the second inclusion, let f € L°(S!) and r € (2,00) such that

1 =141 We choose a sequence f,, € C(S') with f, BN f. Then,
2 T D n— 00

IM fr, — Mflla < |mllpll fn — fllr ——> 0.

Thereby, f € D(M|c(s1y) and M|csnyf = Mf.
To prove the first inclusion, let f € D(M) be given, i.e., f € L?(S') and
Mf e L*(S'). Split

1
m= — +my with my := (x[0,150|m[) - m.
my

Note m1,mo € L>(St) and milf € L?(SY). Therefore, we find g, € L*(S?1)
with g, L—2> f/my. Set f, :=mig, € L>(S'). We obtain

2 2 1
fo o | and Mfy = go+mafy <5 —f +maf = Mf.
1

Thus, Dy is a core for A.

Appendix B. Weak Convergence

We thank the referee for simplifications in this proof.

Proof of Lemma 2.6. Let N, N1, Na,...: R — [0, 1] be probability distribution
functions. By the portmanteau theorem, (i) is equivalent to

lim /deT :/de for all f € Cp(R). (B.1)

r—00

Thus, (i) implies (7). Conversely, consider the set
lim / fdN, = / de}.
T— 00

R R

This is a linear space and closed with respect to || - ||so-limits. By (i),

R:={R>z~ (z—2)"'|2€C\R} CS,

S:z{f:R—MC




Vol. 16 (2015) Approximation of the Integrated Density 1093

and since S is a closed linear space, it contains the || - || s-closure of the linear
span of R, too:

linR CS.

Note now that R separates points and is closed under conjugation, and for
any x € R, we find f € R with f(x) # 0. Below we show that linR is an
algebra. These facts allow us to apply the Stone—Weierstrass theorem [12],
which implies Cy(R) = lin R C S, establishes (B.1), and finishes the proof.

To show that lin R is in fact an algebra, we first verify R? C lin R, i.e.,
that products of functions in R are contained in lin R. For f(z) = (z — z)~!
and g(z) = (w — x)~! with w,2 € C\R, w # 2, we see, by partial fraction
expansion,

x— f(x)g(zr) = ! ( Lo )ElinRgm.

w—2\2—X w—T

For f(z) = g(z) = (w —z)~1, w € C\R, choose a sequence (wy,)n, w, € C\R,
with w,, # w for all n € N, converging to w and note that

1 1 ‘ |wn - ’UJ| n—00

sup > 0.

el (W —12)2  (w, —2)(w — )

Thus, R? C lin R, and consequently (lin R)? C lin(R?) C lin(linR) = lin R.
Now let f,g € linR. By definition, we find sequences (f,) and (g,)
in lin R converging to f and g, respectively, with respect to || - ||oo-
We obtain

Hfg - fngn“oo S ||(f - fn)gHoo + ||fn(g - gn)”oo
<|f = fallsollglloo + [ falloollg = gnlloe === 0,

—Sw P Sw,|

since the convergent sequence (|| fy, |l )n is bounded. For each n € N, we know
fngn € (linR)? C linR, so there is a sequence (h})gey in lin R with

1 fngn — B loo 2222 0.

By a diagonal argument, fg € lin R. More precisely, for all € > 0 there are
n,k € N such that || fg — fngnlleo < /2 and || frngn — A} ||cc < €/2. Then, we
have

We conclude (linR)? C linR, i.e., linR is an algebra. 0J

Appendix C. Random Operators on Countable Groups

Let G be a countable group. Let (€2, A,P) be a probability space and let
{a(z,y) =a(y,z): Q= C |,y € G}

be a set of random variables on (€2, A, P), such that for each z € G

a(z,y) 4 a(rz,yz), (C.1)
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i.e., a(z,y) and a(zz,yz) are identically distributed. We assume further
2
E[(Zm(g:,idn) ] < 0. (C.2)
zeG

Lemma C.1. For almost all w € ), the matrix operator AW, acting on Dy
via
(A ) () =D a“Nz,y)fy) (z€q), (C.3)

yed@

15 well defined. The famaly A= ([l(“’))weg 1$ a random operator and satisfies
for each x € G

E[]|403] < E[IlAdialli] < oo

Proof. According to [35], an operator valued function A: w — A®) with a
common core Dy is measurable, if the functions

— (v, A@ ) TIEI;O Z Z “) (&, y)w

x€BE (id) yGSth

are measurable for all v € £2(G) and w € Dy. Since limits of sums of random
variables are again measurable, A is measurable.

From (C.1) and (C.2) follows
E[14613] < E[146,13] = E[ (Y la(z.ia)]) ] < o0
zeG
for each x € G. A direct consequence is P(||Ady|l2 = o0) = 0 for all z € G,
which implies that A is P-a.s. well defined on Dj. [l

Since our operators are up to now only defined on Dy, we need the mul-
tiplication operators 7 : £2(G) — Do, 7r(f) := xrf with the indicator func-
tions xp of finite sets F© C G. The following lemma is adapted from [35,
Proposition 4.1].

Lemma C.2. Let A, B: Dy — (?(G) be random operators. Assume joint trans-
lation invariance of A and B and E[||Adia|1], E[||Bdia|1] < oo. Then, for all
r e G andr e N,

E[|Ampe Bé: 3] < | BISE[IAdallt],

where || Bl| oo is the £2°-norm, of the random variable w +— || B™)|| with operator
norm.

We say that the operators A and B, with matrix elements a(z,y), b(z,y),
x,y € G respectively, are jointly translation invariant, if

IP’((a(:c,y), b(z, y))%yeF € E) = ]P’((a(a:z,yz), b(xz, yz))xyeF € E)

for all z € G, F C G finite and E € B(CI' x CI').



Vol. 16 (2015) Approximation of the Integrated Density 1095

Proof. Let a(x,y) := (05, Ady) and b(z,y) := (64, Bdy), z,y € G, be the matrix
elements of A and B. Then we get

E[||Ampe Bé,|3] = E[(Anpe By, Arpe Bé,))
< Y E[[(4d,, 46.)b(y, 2)b(z, )]

y,2€G
= Z E [| (Ady,-1, Aig)b(yz~ 1, zz1)b(id, a:z_l)ﬂ ,
Y,z

where we used joint translation invariance of A and B. We re-index the sums
to rearrange the terms and use the Cauchy—Schwarz inequality:

= E[[(A8,, Asia)b(y' z2 7 b(id, a2 )]
Y,z

=" E[(40,, A5a)| Y Ib(y',2")bid, ')

<> B8y, 45)11 B3, |2 Béialls]
< ||B|IA Zy/E[|<A5y/,A5id>|]

Now, as B is out of the way, we expand the scalar product and use translation
invariance again and re-index the sums once more:

L=1BIY EHZza(z,y’)a(z,id)H
= IBIZ Y, E[‘Zza(id,y’z_l)a(id, z—l)H
<|1BI% Y, Ella(id,y'z"a(id, 2~1)]]
= IBIZE|Y la(id,y")| Y _lalid,=")]
= 1BI2E[ (3 atid )]) | = IBIZE[IA5q]3).

O

Proposition C.3. There exists Q € A of full measure such that for all w € Q
the operator AW defined in (C.3) is essentially self-adjoint. In particular, Dy
is a core for AW,

Proof. The proof of [35, (4.2) Theorem]| for essential self-adjointness generalizes
to our more general setting.

The operators are symmetric. By the basic criterion for self-adjointness,
[38, Theorem VIIL.3, p. 256f], for all z € C\R, we have to show that (z —
A(”))DO is dense in ¢?(G) with probability 1. For this, it suffices to approxi-
mate d, for arbitrary g € G.

Define for » € N the bounded random matrix operator [15“’)
via its matrix elements

al)(

, acting on Dy,

(w)(

z,y) = X[, (|a“) (2, 9)|) X 5o (@) (¥)a“ (z, ).
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Using Lebesgue’s dominated convergence theorem, continuity of squaring and

monotone convergence, we see that the operators Afnw) approximate AW) in
the following sense:

Tim E[|(A~ A.)5a)3] = lim E[(YJa(hid) —a (h,id)]) |

hedG
- E[(%g&m(h, id) — &T(h,id)|>2] — 0,
since

D 10 (g,id) — al) (g, id)] < 2 [a“)(g,id)| = 2| A“Gallx

geG geG
uniformly in » € N and ]E[||2A5id||ﬂ < o0. Consider for r,n € N the element
fg(‘f;,),n = Taia)(z — A£“>)—159 € Dy. We will show that its image under

z— A converges to 4 for a suitable limit in » and r. Therefore, we estimate

= [|(z - A( ))WBg (2 = A) 714,
(e~ A9 mpg + my ) c — A1,

< (A = ALY )z + ) lma e (2 = A 71l as. (C4)

g,r,n

with O(r) 1= sup,eqlz — AL |l2 < 0o. Note limy, o0 [T pe (2 — AL) 716,15
=0 and
Irepe(z — AL 716,12 < |S2] 7

uniformly in n € N. By Lebesgue, there exists for all > 0 an n = n(r,g) € N
such that

C(rE[llme\pe (z = Ar)"1oylla] < 1/r. (C.5)
Also, in expectation, the first summand in (C.4) can be controlled by
Lemma C.2 and |[|(z — flq(ﬁw))_lH < |Sz|~! with the bound
(B, = A fyrala)® < E[I(A = A)fyrall3]
<1tz = A)THZE[I(A = A)diallf]
< 32| ?E[lI(Ar - A)galF] 0.

Together with (C.5), we infer from (C.4)
]E[”(z - A)fg,r,ﬁ - 59”2} H—OO> O,

i.e., convergence in L!. Thereby we find a subsequence (ry)ren and a set QCQ
of full measure, such that for all w € 2

lim [[(z = AL £ o
—00

9,7k, (T, 9)

— dgll2 =0,

and essential self-adjointness of A®) is shown. U]
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Given the set Q from PropositionC.3, denote for all w € Q the self-adjoint
extension of A“) by A“) and define the random operator A = (A“)) cq by

4@ AW for we
T lId for w e Q\Q.

For the sake of completeness, we state the following well-known Corollary.

Corollary C.4. The resolvents w + (z — A@)~1 2 € C\R, are strongly mea-
surable.

Proof. Fix z € C\R and denote for w € 2 by A ?(G) — £*(G) the self-
adjoint operator with matrix elements

(w)(ﬂU y) = X[0,r] (|<5a:,A( )§ >|)XB§(1d)(fU)XB§(id)(1/)<5a:7A(w)5y>~

Note that this is operator is not translation invariant in distribution but has
only finitely many nonzero matrix elements.

By Cramer’s rule, the resolvent w — (z — A&“))—l is weakly measurable.
Since £?(G) is separable, by Pettis’ measurability theorem, the resolvent is in
fact strongly measurable. We will now show that the resolvents of A, converge
strongly to the corresponding resolvents of A. This will show measurability
of A.

Since A®) and A are self-adjoint, ||(z — A@))~1| < 1/|S2| and anal-
ogously for AW, Therefore, fix some w € Q, ¢ € (*(G) and kK > 0. By
Lemma 2.5, there exists ¢ € £2(G) with

1€ —)la <k and ¢ := (2 — AW~ e Dy,
Thus, by the second resolvent identity,
H((z = AN = (2 = AF)" )El\z

<|[((z = A7 — (z = AN |, + 2)1€ — ¥l|2/[S2]
< |l(z — AW THAW) — A<w>><z — ATy + 26/ |3z

< (||(A(w) - Aq(ﬂw))ﬁbﬂz + 2f$)/|32|-
Now, we use that for all x,y € G
0y () = (0, AW5,)
to obtain, employing dominated convergence,

lim sup|| ((z — AN (7 — AW~ fHQ < 2k/|3z|.

T—>00

As k > 0 was arbitrary, this concludes the proof. (]



1098 C. Schumacher and F. Schwarzenberger Ann. Henri Poincaré

Appendix D. Conditions for (Un-)Boundedness

Proof of Lemma 3.4. Let D = oo and let m > 0 be given. Note that condi-
tion (3.2) implies that

k=B [Xpanl] < oo
z#id

Without loss of generality, we assume m > 2k|al. As D is assumed to be
infinite, there exists z € G such that

1 X (id 21 [0 = m. (D.1)

Let us distinguish two case. In the first case, we consider the situation where
there exists z € G\{id} satisfying (D.1). Then obviously the probability
P(a(id, z) > m) is strictly positive. In the case where there exists no z € G\ {id}
satisfying (D.1) the same holds true, however, we need a short calculation to
see this. In this situation, we have || Xiqy|/cc = 00. By definition of a(id, id),
we have by triangle inequality

Bafid,id)) = m) > F(IXuy | ~[o 30 Xao|zm)
zeG\{id}

> P(\X{idﬂ > 2m, ‘Oé Z X{id,z}‘ < m)

zeG\{id}
< m)

= P(’X{ld}| Z 2m)P(‘a Z X{id,z}
zeG\{id}

As [[X{ay|loo = 00 we get P(|X(qy| > 2m) > 0. We use the Tschebyscheff

inequality to obtain

]P)(‘Oé Z X{id,z}

2€G\{id}

|al 1
< >1——FE E Xy > —.
> m) = m {id,z} | = 9

2€G\{id}

This gives P(|a(id, id)| > m) > 0. Together with the previous case, we showed
that whenever D = oo, there exists z € G such that P(|a(id, z)| > m) is posi-
tive. Furthermore, by construction we have that the random variables a(z, zx),
x € G, are independent and identically distributed, such that we get

Z P(|la(z, zz)| > m) = occ.
el

Now, Borel-Cantelli gives that for almost all w € €2 there are infinitely many
x € G such that |a)(z, z2)| > m. For each such w, we choose one of these x
and obtain (A“)§,,)(x) = a¥)(x, zx). Hence,

AW || > [|A“)5,]l2 > m.
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Let D < oo and A be of finite hopping range R. We set m := (1 +
|ao||Br|)D. Then, we have

P(Jz,y € G with a(z,y) > m) = (U{w€Q|a(xy >m}>
r,yelG

<Z ({weQ|a(z,y) >m}) =

z,yeG

Using this we get for f € £2(G) and almost all realizations w €

4@ =] ¥ a@ww)sw| <Y m ¥ i)

veG weBE (v) veG weBE (v)
<> m?BEl > |f(w)* <m?BEPIfII5
veG ’UJEBg(’U)
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THE ANDERSON MODEL ON THE BETHE LATTICE:
LIFSHITZ TAILS

FRANCISCO HOECKER-ESCUTI AND CHRISTOPH SCHUMACHER

ABSTRACT. This paper is devoted to the study of the (discrete) Anderson
Hamiltonian on the Bethe lattice, which is an infinite tree with constant vertex
degree. The Hamiltonian we study corresponds to the sum of the graph Laplacian
and a diagonal operator with non-negative bounded, i.i.d. random coefficients
on its diagonal. We study in particular the asymptotic behavior of the integrated
density of states near the bottom of the spectrum. More precisely, under a
natural condition on the random variables, we prove the conjectured double-
exponential Lifshitz tail with exponent 1/2. The result is a consequence of
some estimates on the Laplace transform of the density of states, which is also
related to the solution of the parabolic Anderson problem on the tree. These
estimates are linked to the asymptotic behavior of the ground state energy of
the Anderson Hamiltonian restricted to trees of finite length. The proofs make
use of Tauberian theorems, a discrete Feynman—Kac formula, a discrete IMS
localization formula, the spectral theory of the free Laplacian on finite rooted
trees, an uncertainty principle for low-energy states, an epsilon-net argument
and standard concentration inequalities.

CONTENTS
1. Introduction 2
1.1. Main results 4
1.2.  Discussion 8
1.3. Strategy of proof 11
2. Lifshitz tails: The lower bound 17
2.1. Locating the ground state on a finite rooted tree: The upper bound 17
2.2.  The lower bound on N (FE) 21
3. Deterministic preparations 24
3.1.  The spectrum of the adjacency matrix on a finite rooted tree 24
3.2.  The IMS localization formula. 31
3.3.  An uncertainty principle 35
4. Lifshitz tails: The upper bound 38
4.1. Bound by a probability 38
4.2. Reduction to a smaller scale 44
5.  Main probability estimate 46
5.1.  Cutoffs in energy and space 46
5.2.  The epsilon-net argument 52



2 FRANCISCO HOECKER-ESCUTI AND CHRISTOPH SCHUMACHER

5.3. Concentration inequalities 54
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1. INTRODUCTION

In this paper we are interested in a tight-binding, one-body Hamiltonian of a
disordered alloy. This Hamiltonian is known as the Anderson model, and it was
introduced in its most simple form by the American physicist Phillip W. Anderson
in 1958 [And58|. Given the extensive mathematical and physical literature on the
subject, see e.g. [Abr10, and references therein|, we defer the discussion and review
of the literature until after the rigorous statement of our results.

The underlying physical space of our model is assumed to be a Bethe lattice, this
is, an infinite regular graph with no loops and constant coordination number &k + 1
(see fig. 1). The Anderson model in this setting was introduced very early by
Abou-Chacra, Thouless and Anderson in [ATA73]. A number of physical and
numerical (e.g. [KH85; MF91; MD94; BAF04; AF05; MGO09|) as well as rigorous
mathematical works (e.g. [KS83; Aiz94; AK92; Kle96; Kle98; ASW06; AW11b;
AWI11la; Warl3|) in this setting have been since published.

N

S
W

FIGURE 1. The Bethe lattices with coordination numbers k + 1 € {3,5}.

The study of transport properties of disordered models leads to the spectral theory
of random Schrodinger operators. The prototypical example of these operators
is the Anderson Hamiltonian. An important quantity of study is the integrated
density of states, which is a function we denote by N. The numerical value N (F)
counts the available energy levels below the energy E per unit volume. Under very
general assumptions, the support of the derivative of this function coincides with
the spectrum of the Hamiltonian in consideration. The study of its asymptotic
behavior when we approach the bottom of the spectrum Ej has attracted a lot of
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attention since Lifshitz’ remark |[Lif65]. The physicist noted that in presence of
disorder this asymptotic behavior is drastically different from the one of the free
operator. Indeed, as soon as the disorder is non-trivial, this function exhibits a very
fast decay at the bottom of the spectrum Ej. This behavior has also drawn the
attention of many mathematicians, as it can be used as one of the main ingredients
of the rigorous proofs of the occurrence of Anderson localization. In the setting
of our paper, it was conjectured, see |[KH85; BST10; BS11], that the integrated
density of states exhibits a double exponential decay with exponent 1/2, i.e. that
for some suitable € > 0

(1.1) exp(—ee_l(E_EO)_l/Q) <N(E) < exp(—eE(E_EO)_l/Q) for £ € (Ey, Eo + €).

In the literature (e.g. [Warl3, eq. 5|) one also finds this written in the somewhat
weaker form

log log|log N'(E)| 1

ENEy log(E — Ey) 2
The purpose of this paper is to prove this conjecture. To do so, we study the
Laplace transform ¢ — N (t) of the measure dNV( - ) and we establish asymptotic
bounds for large t. We will see that for a suitable e > 0 and all ¢ large enough

(1.2) exp (—t (Eo + @)) <N(t) < exp <—t (EO + @)) .

These bounds are of independent interest, as they are related to the long-time
behavior of the so called parabolic Anderson problem in the annealed regime. This
long-time behavior is in turn related to the location of the ground state energy
of suitable finite-dimensional approximations of the Anderson Hamiltonian. We
discuss this circle of ideas, which is well known in the literature, after stating
rigorously our results.

Most of the novelty of this work lies in the proof of the bounds on the ground
state energy EL of the Hamiltonian restricted to finite symmetric rooted trees T~
of length L (see fig. 2, where L = c0). In absence of disorder, it behaves as

(1.3) Ey+CL™?,

up to smaller terms. In presence of disorder, one expects heuristically that the
ground state of the disordered Hamiltonian restricted to 7 lives in some smaller
subtree of length r = C"log L on which the random potential is essentially zero.
Hence, with good probability we should have

(1.4) Bl = Ey+C"(log L)?,

which is the order of the ground state energy of the free operator restricted to
this subtree. The length scale log L. appears naturally as one balances out the
probability that the random potential is small in a subtree, which is exponential
in the number of random variables (we find about k" of them in a subtree of
length r), and the number of trees of length r (there are about kL= < k%) in
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Boole’s inequality. As for the shape of this region, symmetry considerations might
suggest that the ground state localizes to a ball. As it turns out, symmetric rooted
trees provide a tractable, good approximation for the balls of the Bethe lattice
(which are also finite trees).

Let us finish this short summary by emphasizing that the usual rigorous argument
does not work in our setting, the culprit being (i) the exponential growth of the
trees and (ii) the spectral gap of the free Laplacian restricted to trees, which is of
order L3 and thus too small, compared with (1.3) and (1.4). As a consequence of
(i) we are not able to use Dirichlet—Neumann bracketing and (ii) renders impossible
the approximation of the ground state of the perturbed operator by the ground
state of the free one. We discuss later the new ideas required to overcome these
two problems.

Let us now introduce some notation and the rigorous statements of our results.

1.1. Main results. Let " be an infinite graph and denote by ¢?(T") the space of
square summable functions defined on the vertices of I'. Let Ar be the associated
(negative definite) Laplacian operator, i. e.

Ar: (A(T) = A(T)
(Arp)(v) =Y (p(w) = p(v)), veT.

Here the index w ~ v runs over all neighboring nodes w € I' of the node v € T'.
Let us define a random potential on this graph, i.e. a diagonal operator

VI () — (T
(Vo9)(v) = wyp(v), veT,

where w := {w, }yer is a sequence of non-trivial, bounded, non-negative, independent
and identically distributed random variables. We will also assume that

essinf wy = 0.

This is no additional restriction given that we can always shift the energy through
a translation. We are interested in the random operator

(1.5) Hl == —Ar + V],

where A denotes a (strictly) positive coupling constant. We will call this Hamiltonian
the Anderson model on I'. Choose some 0 € I' and let us define its associated
integrated density of states as

(16) NT(E) = El{0, Lo (HD)0),
which is a function of the energy E € R. Here, and in the rest of the paper, 1g
denotes the indicator function of the set S, the operator 1(_o g (HY) is the spectral

projector on (—oo, E], defined by functional calculus, and d, € ¢*(I") denotes
Kronecker’s delta. The function E — NT(FE) is positive, increasing, and takes
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values in [0, 1]. It is the cumulative distribution function of the density of states
measure, which we denote by dN.

If one assumes that H. is ergodic [PF92; CL90|, then (1.6) is independent of the
choice of 0 € I', and we know that there exists some set ¥ C R such that

(1.7) Y =o(HL) = o(—Ar) + A suppwy = suppdN™,

for almost every w. This is the case if I" is the graph Z? or the Bethe lattice B
defined below. We will denote by Ej the bottom of the almost sure spectrum, i.e.

Ey:=inf¥ =info(—Ar).

It is well known that the asymptotic behavior of the integrated density of states
close to the bottom of the spectrum Ej is very different in the presence of disorder
(see remark 1.2 below or [KMO06] for a survey). In this work, we study this behavior
on a graph known as the Bethe lattice, which we define as an infinite connected
undirected graph, with no closed loops and degree constant and equal to k + 1.
For k = 1, we obtain with this definition the graph Z. From now on we fix k > 2
for the rest of this paper and we denote this graph by B. Whenever we omit the
index I' it will be assumed that I' = B.

This paper is devoted to the proof of the following theorem.

Theorem 1.1. Let k > 2 and H,, be the Anderson model on the Bethe lattice of
degree k + 1. If

(1.8) v := limsup \/Elog‘logIP’(cug < /i>| <1,
K\0

then inequalities (1.1) hold true, and thus

log log|l E 1
(1.9) liy 08logllos V(B 1
ENEy 10g(E — E()) 2

Remark 1.2.

e The fact that the integrated density of states decays faster in presence of
disorder has been known to hold rigorously since the works of Nakao [Nak77| and
Pastur [Pas77] on R?. Analogous results have also been obtained in the discrete
setting I' = Z<. In this case, if A = 0 in (1.5), then

logNZ'(E)  d
p 1\HE10 logg(g’/’——;b)) =3 (Van Hove singularity)

while as soon as A # 0, (and with a restriction analogous to (1.8))

log|llog NZ(E)|  d o
A og(E L) 2 (Lifshitz tails)
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e In absence of disorder, the density of states of the free Laplacian on the Bethe
lattice can be calculated explicitly, see [Kes59; McK81],

(1.10) dNO(E) = d(do, 1(—oc,r1(—A8)d0)
k+1 4k — (B —k — 1)
7 (h+ 1) —(E—k—1)

— 1,(E) dE

with [ := o(—Ag) = supp dNy = [(Vk — 1)%, (Vk + 1)2]. In particular, we see that
for any k > 2

logNo(E) . 3

EuEy log(E — Ey) 2

e The double exponential decay of the integrated density of states in (1.9) stems
from concentration inequalities, which are exponential in the volume of shells of
the Bethe lattice, and the fact that the volume of these shells grows exponentially
with their radius.

e Condition (1.8) tells us that the distribution of the random variables should
not decay too fast when we approach 0. It is satisfied, for example, by uniform or
Bernoulli random variables. We provide in the text a slightly weaker version for
which we can prove (1.9) but not (1.1). If this last condition is not satisfied, it is
indeed possible to show that the lower bound fails (see lemma 2.3). Similar results
are known to hold true in the Euclidean settings (see [KMO06]).

To establish our main result, we will study the Laplace transform of dA/. The
study of the integrated density of states through the Laplace transform of its
derivative goes back at least to Pastur [Pas71]. This last work together with the
celebrated result of Donsker and Varadhan [DV75| on the asymptotic of the Wiener
sausage were used to give the first rigorous proof of the existence Lifshitz tails
for the continuous Anderson model with Poisson impurities, see [Pas77; Nak77].
Similar ideas work in the discrete setting [BK01]. The spectral theorem shows
that the Laplace transform of the density of states measure dN is the continuous
solution u: [0, +00) x B — [0, +00) of a heat equation associated to H, evaluated
at one point. Thus, the proof of our main theorem will be a consequence of our
next result, which is related to the following Cauchy problem:

(1.11) %W v) = Apu(t,v) — Vou(t,v), for (t,v) € (0,00) x B

u(0,v) = dp(v) for v € B.
The solution ¢ +— u(t, - ) is the solution to the heat equation with random coefficients

and localized initial datum dy. Again, 0 € I' is here any point of the lattice and
the results are independent of this choice.
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0

FIGURE 2. The infinite rooted tree with two children per parent.

Theorem 1.3 (Annealed regime). Assume (1.8). Then there exist € > 0 and
t* > 0 such that for all t > t*,

(1.12)  exp (—t (EO + @)) < E[u(t,0)] < exp (—t <E0 n @)) .

Remark 1.4. Obviously exp(—t(Ey + |O((logt)™2)])) = exp(—|O(t(logt)~?)|) but
the quantity Ey + |O((logt)~?)| should be regarded as an energy in the spectrum %
close to the bottom Ej.

The long term behavior (1.12) at the node 0 € T" of the solution to the heat
equation (1.11) is well approximated by finite volume versions of the same problem
(using e. g. Feynman—Kac formula). More precisely, we will look at the solution
to the Cauchy problem on a ball B* of radius L = t with Dirichlet boundary
conditions, i.e. we require that the solution is zero outside this ball. The solution
of the finite dimensional problem is then bounded above by a term of the form
e_tE“(HWlBL), where Eas(Hw\BL) denotes the smallest eigenvalue of H,, restricted
to the ball BL. A crucial ingredient of our proof consists in replacing the balls B*
by finite symmetric rooted trees T,

Let us introduce some more notation. We let 7 be a rooted tree with branching
number k, this is an infinite connected graph which has no closed loops and such
that the degree is constant and equal to k+ 1 on every site, except at one particular
site 0, which has degree k and is called the root of the tree (see fig. 2). Note that
we can embed this infinite graph into the Bethe lattice B. In this note we consider
finite versions of this tree, namely, for any integer number L > 0 we denote by 7%
the subtree of T of finite depth L, consisting of all those sites at a distance L — 1
or smaller from the root 0:

T ={veT:d"(0,v) < L1}
Here d'( -, - ) denotes the graph distance associated to the graph I'. By introducing
the notation (which we repeatedly use later) |v| = d” (0,v) + 1 for the “level” of the
node v, we can also write 7% = {v € T: |v| < L}.

These finite symmetric rooted trees look like the balls BY C B, centered at 0,
after removing entirely one of the branches attached to the center of the ball. Note
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that 7% is a finite connected graph which has no closed loops and such that the
degree is constant at each site except at the root and at the leaves {|v| = L}. We
also picture these finite subtrees as subsets of the infinite Bethe lattice B. Let now

HY = H,|T"

be the Hamiltonian H,, restricted to the subtree 7% of length L with Dirichlet
(also called simple) boundary conditions. We denote by Ek; the random ground
state energy of HL i.e.

EL = inf <H£g0, <,0>.

llpll2=1
We can now state our last main result.

Theorem 1.5. Assume (1.8). Then there exist € > 0 and L* > 1 such that for all
L > L* we have

Ey+e(log L) < Bl < Eg+ ¢ '(log L) 2
with probability at least
1 —exp(—€l).
To finish the presentation of our results, let us note that an immediate corollary
of theorem 1.5 is that

(1.13) lim w

=—-2 a.s.
L—oo  loglog L s

In fact, the Borel-Cantelli lemma implies this, since

— _/log(EL — F, 1 -
= log log L log log L =

L _ . .
% < =2 a.s., and analogously for the other direction.

For comparison, in absence of disorder we obtain (see section 3):

Vikn?

so that limsup;_,

L. Ly _ 4
(1.14) By := Ees(—Ap|T") = Ey + m +O(L™)
which implies
L
i 108 — Eo) _
L—00 log L

1.2. Discussion. The results we presented concern an operator which appears
naturally in the study of the macroscopic properties of crystals, alloys, glasses, and
other materials. If one looks at the Schrédinger equation
do _ pr 2

(1.15) Yae = e R

p(0) =o€ C(I),  lpolz =1
then the Anderson model HY defined by (1.5) describes the Hamiltonian governing
the behavior of a quantum particle having an initial state ¢y in a disordered
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medium. Its integrated density of states measures the “number of energy levels
per unit volume” and is a concept of fundamental importance in condensed matter
physics, as it encodes various thermodynamical quantities of the material, spectral
features of the operator and properties of the underlying geometry.

The Anderson model has been the subject of hundreds of physical and mathe-
matical papers. One of the most studied mathematical features of this model is
the phenomenon known as Anderson localization, i.e. that the spectrum of the
random operator exhibits pure point spectrum with probability 1, for any strength
of disorder, whereas the free operator has only absolutely continuous spectrum.
We invite the interested reader to consult the monographs [CL90; PF92; Sto01;
His08; Kir07].

One of the hallmarks of Anderson localization is the so-called Lifshitz tails
behavior, i. e. the exponential decay of the integrated density of states at the bottom
of the spectrum. It is well known that such a decay, together with additional
assumptions on the regularity of the random variables, provides one of the main
ingredients to start the multi-scale analysis, see e.g. [GK13|, or to satisfy the
fractional moment criterion (JAM93]). These strategies have been successfully
applied to prove the existence of localization in a neighborhood of the spectral
edges, for example when the graph is Z¢ (the model introduced originally by P. W.
Anderson in [And58]) or its continuous version on R?.

The Bethe lattice is of interest in statistical mechanics because of its symmetry
properties and the absence of loops. It allows to obtain closed solutions for some
models, e. g. in percolation theory and the non-rigorous scaling theory of Anderson
localization. In our setting, the resolvent of the operator H, on the Bethe lattice
admits a recursive representation (see e.g. [Ros12|), but in this work we make
no use of these formulas. It was for these reasons that the model was studied
in [ATA73|, and it enjoys some renewed interest in the physical community (see
e.g. [BST10; BS11]). Because of its exponential growth, it is also of interest in
connection with the configuration space of many-body problems [Alt+97].

Perhaps one of the most striking features of the operator defined on the infinite
tree B is the absence of pure point spectrum at weak disorder [Kle96; AW11b;
AW11a|. For a survey on recent progress on the spectral properties of the Anderson
model on the Bethe lattice see [Warl3]. At weak disorder, thus, this model exhibits
no Anderson localization, even near the spectral edges where Lifshitz tails take
place. For the Anderson model on the Bethe lattice, the existence of a Lifshitz tail
does not imply localization. We remind the reader that in the Euclidean case, the
absence of localization at higher energies and therefore the existence of a spectral
transition is still an open problem.

The parabolic problem (1.11) is the heat equation associated with the Anderson
Hamiltonian and is well studied under the name of Parabolic Anderson model. Tt
describes a random particle flow in the tree B through a random field of soft sinks,
which can also be seen as traps or obstacles via the Feynman-Kac formula. There
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is an additional interpretation in terms of a branching process in a field of random
branching rates. We refer the reader to [GK05; KW] for a survey. In this context,
one is usually interested in the behavior of the total mass ||u(t, - )||; of the solution
for large ¢t > 0, which is also the behavior of the solution to the heat equation with
initial datum u(-,0) = 1 at one point. Because of the exponential growth of the
graph, we were not able to study this quantity. However, theorem 1.3 is a first step
in this direction.

A related question of interest, which remains unanswered in this paper, is whether
there is intermittency in this setting. Following the heuristics described in [KW],
intermittency can be understood as a consequence of Anderson localization. On
the other hand, Lifshitz tails have been proved as a by-product of the proof of
intermittency in the parabolic Anderson model in [BKO1|. Given that we may have
absolutely continuous spectrum in spite of the existence of Lifshitz tails, the answer
to this question is an interesting subject for further studies.

This discussion would not be complete without citing some previous results. The
Lifshitz tails behavior for a percolation model on the Bethe lattice was studied in
[Rei09], see also [MS11]. In [Sni89] similar bounds to ours are obtained for A/ and
for A in the hyperbolic space, which is the continuous analog of the Bethe lattice.
In our setting, Lifshitz tails were studied in [BS11; Ros12|, where in particular a
rigorous lower bound

lim inf log log|log N (E — Ej)| > _1'

E—Ey log(E — Ey) 2
is established. A proof of any type of decay other than the trivial one has resisted
several attempts to be rigorously proved. We will try to explain now why.

The first problem concerns the finite-dimensional approximation of the infinite
dimensional operator. In the standard setting of the Anderson model I' = Z?, if we
let

Api={veZ ||v]|e < L},
then the thermodynamic limit of the normalized eigenvalue counting functions

w16 REHADNDE) s (AL
L—oo #AL L—oo #AL
exists almost surely for every E where A is continuous. In this setting as well
as in the continuous version on R?, the limit defined in (1.16) is independent of
the boundary conditions. That this limit coincides with the averaged spectral
function N at these points is known as the Pastur—Shubin formula. There is a
wealth of results in this direction in different settings. It holds in particular on any
amenable graph T' (like Z%) if we choose the sequence Ay, as a Follner sequence.
The limit (1.16) may have different limits depending on the choice of boundary
conditions when the graph is not amenable [AWO06]. In particular, the usual
Dirichlet-Neumann bracketing is of no hope. A similar phenomenon occurs on the
hyperbolic space [Sni89; Sni90|. This leaves us with the problem of finding the
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right finite volume approximations. In [SS14] it is proved that the Pastur—Shubin
formula holds in great generality. This setting includes the Cayley graph of a
free group. The finite volume approximations are the analogs of the periodic
boundary conditions in the Fuclidean case. Unfortunately, the rate of convergence
of the approximations to the averaged spectral function (1.6) is unknown. An
approach of a different vein was explored in [Geil4|. Here one looks at this problem
on random regular graphs. It is indeed known, since the pioneering works of
Kesten [Kes59] and McKay [McK81|, that the density of eigenvalues of the free
Laplacian of random regular graphs converges to the measure given by (1.10). This
approach introduces another source of randomness and seems difficult to study. We
avoid these difficulties altogether by approximating the integrated density of states
only at low energies. This strategy works because low energy eigenfunctions have
exponentially small values on the leaves and counter the exponentially growing
number of leaves, see section 3.1 and [Bro91].

In this work we consider Dirichlet restrictions of the operator to finite trees 7%.
We show that these are good approximations as long as we look at the bottom
of the spectrum. The problem then reduces, as usual, to that of finding good
upper bounds on the ground state energy F¢s(H,|T") with good probability. In
the standard Anderson model on Z%, one usually uses Temple’s inequality, [Sim85],
or Thirring’s inequality, [KM83], or perturbation theory, [Sto99|. Unfortunately,
they are all based on the premise that the ground state of the perturbed operator,
modulo some small error, should look like the one of the free operator. This reduces
the problem to study only the effect of the random potential on the ground state of
the free operator. The error term in these methods is related to the spectral gap of
the free operator, i.e. the distance between the first and the second eigenvalue. In
the Euclidean setting both the first and the second eigenvalue of the free operator
with Dirichlet boundary conditions are of the same order L2, whereas in our
setting we have (1.14) but the second eigenvalue of —Ag| T behaves as

Ees(—Ag|TH) + O(L7).

See section 3 for these calculations. This behavior renders the use of the methods
named above impossible. Also, the ground state of the perturbed operator is
fundamentally different from the ground state of the free operator. Roughly
speaking, the random potential restricts the ground state to a subtree of length on
the scale of the logarithm of the radius of the ball, see section 2. Therefore, the
ground state of the free operator is not a good test function to compare with the
one of the random operator.

1.3. Strategy of proof. In order to make the reading of this paper easier, we
provide here a road map for the proofs and a table of notations in page 16. This
will also allow us to comment on some results and acknowledge some sources. To
simplify the (not necessarily rigorous) exposition, we assume k = 2 and ¢ > 0 a
small constant which may change from line to line. We also write A < B, B 2 A
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if there exists a constant ¢ such that A < ¢B; A< Bif A< Band A2 B. As
usual, to prove theorem 1.1 we prove lower and upper bounds separately.

1.3.1. Lower bound. We first prove lower bounds on the integrated density of states,
which is easier. This is done in section 2. Note that a rigorous proof of the lower
bound was already obtained in [BS11] and [Ros12]. Our method is not very different
from the one in [Ros12], but we do identify the sharper condition (1.8). Another
novelty is that we also obtain a precise lower bound for the ground state energy
on finite rooted trees. Indeed, as will be clear, to obtain the lower bound of the
Lifshitz tails it is enough to prove that for large L

(1.17) EL < Ey+ ¢ '(logL)™2

holds with not too small probability (we actually prove that this holds with
probability 1 — exp(—k¢L), see proposition 2.1). This is, as usually, proved by
finding a suitable test function.

Our proposition 2.1 corresponds to the upper bound in theorem 1.5. It is proved
by localizing the test function to a subtree of length log L (see fig. 3 in page 18).
This is crucial to prove that the almost sure behavior of EL; is of order (log L)™2
for large L. We show then that this upper bound implies the lower bound in (1.2)
(corollary 2.5) and a Tauberian theorem (lemma 2.6 and proposition 2.7) gives the
lower bound in (1.1).

1.3.2. Upper bound. In section 3, we introduce some elements and tools we will need
in the course of the proof. Because these calculations make no use of randomness,
we decided to isolate them in their own section.

We first study the spectral theory of the free Laplacian on finite trees, calculating
explicitly all the eigenvalues and an orthonormal basis of eigenfunctions (lemmas 3.1
to 3.3 and 3.5). The eigenfunctions have their support confined to disjoint subtrees.
This property is crucial when we study the action of the random potential in
section 4.

We then prove an analog of the Ismagilov-Morgan—Sigal (IMS) localization
formula on trees (proposition 3.6). The proof is of interest on its own as it can be
adapted to very general discrete settings (see remark 3.8). In this work, we have
decided to prove it only for functions in ¢*(Z) (lemma 3.7) and then carry it over
to the tree by means of the spectral theory of the free Laplacian developed earlier
in this section.

We finally prove in this section an uncertainty relation for truncated eigenfunc-
tions on the tree. Explaining the details here would make this road map too long,
but see below how this truncation is used. We also prove first this property for
functions in ¢?(Z) and then use the spectral theory to prove it on ¢*(T%).

In section 4 we prove the upper bound in (1.1). It proceeds roughly as follows.
The first step is a Tauberian theorem. It is an elementary consequence of an upper
bound on the integrated density of states for energies close to Ey using the large
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time decay of the Laplace transform N(t) of its derivative (proposition 4.2). We
include it for the sake of completeness. It says the following: if for some ¢ > 0

(1.18) N(t) < exp(—t(Ey + c(logt)™?)) fort>>1

then
N(E) € exp(—e Py for E— By < 1.

We then do a reduction to a finite scale (proposition 4.3). We show that we can
restrict the operator to a ball, as long as the ball grows linearly with the time %:

N(t) = E(6, e 8,) < E(S, e HB"50) + e with t = (L and ¢ > 1.

The approximations H,|B* considered in this step correspond to the Hamilton-
ian H,, restricted to balls of radius L with simple (also called Dirichlet) boundary
conditions. A proof using the Feynman-Kac formula is contained in [Ros12] (follow-
ing [BKO1|). We provide a somewhat elementary proof of this fact, which appears
to be new in this context. The idea is to compare the series expansion of both
e tHe and e tH«B" and expand the matrix products of the terms (8, (—tH,,)"8)
as products of paths from dy to dy of length at most n/2. This is a discrete version
of the Feynman—-Kac formula. Because the coefficients of both H,, and its approxi-
mation coincide in a large ball, the error we make is easily estimated by the tail of
the exponential series.

The next step consists in simply replacing the operator by its ground state energy
(lemma 4.4). Using a spectral decomposition of dy in terms of the eigenfunctions
of H, leads to an upper bound of the form

(1.19) (5o, e~ HeIB" 50y < ot Has(HulBY),

It is easy to see (lemmas 4.5 and 4.6) that every ball is embedded in a finite
symmetric rooted tree and that we can replace the ball by a tree 7~ because

exp(—tEgs(H,|BY)) < exp(—tEgs(HY)) where H: = H,|T".

This is crucial in our argument, as we are able to use the spectral theory on the
tree as a makeshift “Fourier transform” in the probability estimates we describe
below. Using the two last inequalities and taking the expectation in (1.19) we see
that (lemma 4.7) for any £ > 0

E(dy, e HIB"5) < e7'F 4 o P(EL < E).

As (1.18) and the proved lower bound (1.17) suggest, one should take £ = Ey +
C(log L)~? in the last inequality. Note that Egg(—A|T*) = Ey + CL™2 is not
even of the same order. We perform then a reduction to a yet smaller scale.
By using the IMS localization formula we go from the scale L to r = ¢ tlog L
(proposition 4.9). By doing this, we trade energy for probability: the number of
subtrees of length log L is about kX198 L < kL = k() and thus
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It is clear now (replacing r > 1 by L > 1 below) that we need to prove
(1.20) P(EL < Ey+CL™?) e €D > 1,

for some € > 0. After choosing 0 < € < ¢, we obtain (1.18). Proving this last
bound occupies the last section of this paper.

To prove (1.20) we proceed as follows. We first note that functions with low
kinetic energy average the random potential and this pushes their energy away from
the bottom of the spectrum. First we show that (up to an error) we can assume
that the (random) ground state ¢’ of HL is a linear combination of low energy
eigenfunctions. Using our uncertainty relation, we can furthermore replace these
eigenfunctions by truncated versions. The rest of the proof is a careful analysis
of the action of the random potential on functions of this type. The truncation is
necessary to exploit the averaging properties of the eigenfunctions away from the
root in the concentration inequalities.

Let us be more precise. Every eigenfunction of A|TT is supported in some subtree
of .V of length L—|v| rooted at v € T (see section 3). We index the eigenfunctions
U, by their anchor v € T* and their mode (or frequency) m=1,...L — |v|. Tt
is not hard to see (lemma 3.3) that the eigenfunctions ¥, ,, close to the bottom Ej
satisfy

Cm 2
L—|v]+ 1)
We deduce then that the eigenfunctions ¥, ,, having small energy, i.e. those for
which

<AT\I/7J,TTZ7 qjv,m> ~ EO + <

Cm 2
— ) <BL?
(L —|v| + 1) b
satisfy both that their modes are bounded by £ (uniformly in L), i.e.
(1.21) m < 3

and that the distance of their anchors to the root of 7% is bounded linearly in L,
i.e.

The subscript A here stands for “anchor”. The reader may imagine that the ground
state is (up to an error) “bandlimited in Fourier space”.

After this projection in “Fourier space”, we introduce a truncation in physical
space. This is necessary because low energy functions are not “flat” in the usual
sense. The reader will convince herself by looking at the ground state of Arr, which
is radially symmetric and thus exponentially decaying from the root. Nevertheless,
these functions distribute evenly their #2-mass in the transversal direction. We can
thus throw away some of the mass close to the anchor and control precisely the error
by doing so with our uncertainty principle. Let us call ¢ the (random) ground
state of HEZ we obtain after applying the spectral projection and the truncation.
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Most of the averaging now takes place away from the anchor in the radial
direction. Let us look at the potential energy of pl. If we center the random
variables

(Voph, ") = (Vo = Bwo)@™, ™) + (Bwo) 0" l2
then the first term in the sum is close to zero with good probability. The second
term of the sum is of order 1, which implies that we are far from the bottom of the
spectrum.

We proceed now to explain the probability estimates. To show that the potential
energy is concentrated around its mean we may use Hoeffding’s inequality, which
tells us that for fixed ¢ € £2(T*) and k > 0 we have

(1.23) (Ve — Ewo)e, 9)| S
with probability at least

1 — exp(—O(r*/ Var[((V., — Ewp)ep, cp}]))
Cauchy—Schwarz then tells us that

Var[((V,, — Ewo)e, ©)] < llell3.

We cannot apply this inequality with ¢* directly because it depends on the
realization w. To get rid of this problem, we exploit first the spectral theory of the
free Laplacian. Because some spectral projectors have disjoint support, we are able
to reduce the metric entropy in the second step, which is a classical e-net argument.
The problem is now reduced to estimate the probability that inequality (1.23) holds
for every ¢ chosen from a fixed e-net. The last part of the calculation is thus a
uniform estimation of the /*-norm of functions both restricted in “Fourier” space
and truncated in physical space, which decay exponentially fast in k€.
This finishes our presentation of the proofs and the introduction.
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Table of Notation
I' £ A graph. When it is missing from the notation we assume that I' = B
—Ar £ Graph Laplacian of the graph I'
B £ Bethe lattice of degree k (infinite graph)
BY £ Ball of radius L of the Bethe lattice B
TL £ Rooted tree of length L (every node has k children but the leaves)
Ey £ Bottom of the spectrum, Ey := inf o(—Ag) = (Vk—1)? = inf o (H,,)
E¢s(H) = Ground state energy of H, i.e. Egg(H) := inf)y,=1(p, He)
N £ Integrated density of states of H,, on B
NE & Expected integrated density of states of H,, on BY
dN £ Density of states measure
N £ Laplace transform of the density of states measure dN
H|T' £ Restriction of the operator H with simple b.c.
P £ Probability
E £ Expectation
8; 2 Kronecker’s delta, i.e. §;(j) = 1 for 4 = j and zero elsewhere
dr(-, -) £ Graph distance associated to I
BE £ Ball of the Bethe lattice of radius L centered at v
L' £ The subtree of T* with root in v (of length L — |v| + 1)
Tk = Augmented finite tree, i.e. T,V := T* W {*} and d(x,0) = 1
lu| £ Distance to x € TL, i.e. [v] = d(*,v) = d(0,v) + 1.
HE £ Anderson Hamiltonian restricted to 7* with simple b.c.
1g = Indicator function of the set S
u ~ v 2 u and v are neighbors, i.e. d(u,v) = 1
Ar £ Adjacency matrix of the graph T
V,V* £ Forward gradient on Z and its adjoint
n. £ Partition of unity on Z
Ta,r £ r-scaled, radially symmetric partition of unity on 7~
Ciys 2 The constant in the error of the IMS formula
EEL) £ An energy defined as E}J)L) = 2Vk COS(%), see lemma 3.3.
T 2 0% = 1o (k+ 1+ ALTE) = 11 o0y (AL TE)
b 2 b g
B®) £ ynit ball of 2(TF)
BSY 2 unit ball of ¢2(TL)
w, = One of the non-trivial, bounded, i.1i.d. random variables
w £ Expectation of the random variable w,

p. t.o.
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Table of Notation (continued)

~ A . ~ _
w, = Centered random variable @, = w, — @
A .
w4 = Sup-norm of the random variables wy = ||wo||oo
~ A . ~ _
@4 = Sup-norm of the centered random variables @, = ||wy — @||oo

2. LIFSHITZ TAILS: THE LOWER BOUND

In this section we prove the upper bound in theorem 1.5, the lower bound in
theorem 1.3 and the lower bound in theorem 1.1.

2.1. Locating the ground state on a finite rooted tree: The upper bound.
Denote by Ej the infimum of the spectrum of the free Laplacian A on the infinite
rooted tree with k children at each node, i.e. Ey := (vVk — 1)?. As we will see in
section 3.1, the ground state energy of the free Laplacian restricted to the finite
tree T of length L (with the root on level 1) reads

s
L+1

Eos(—A|T") = By + 2vVk(1 — cos( )) > Eq.

The distance between these two values is thus of the order of L=2 as L — co. By
adding a nonnegative random potential V,,, we increase the ground state energy by
at least inf V,(TT). Our first proposition gives a probabilistic upper bound on the
random ground state energy EL; of the random operator HY := —AL +V,, on TL.

Proposition 2.1. Assume that the single-site potentials V,,(v), v € T, satisfy
(2.1) v := limsup v/k log|log P(V,,(v) < k)| < 1.
k\0

Fiz Cy > 1+ 7*VEk(logk)?/(1 — v)? and € € (0,1). Then there is a scale Ly =
Lo(k,v,Ch,€) such that, for all L > Lo, we have

P(Eg < Eo+ Ci(log L)) > 1 — exp(—k").

Remark 2.2.

e Condition (2.1) restricts the tail behavior of the distribution function of
the single site potentials at 0. This guarantees large enough probability for
small single site potentials. The result shows that the ground state is shifted
from the scale L= not further than (log L)~ with probability exponentially
close to 1 as L — oco. Without condition (2.1) the distribution of the single
site potentials could have topological support bounded away from 0, which
would shift the spectrum by a positive distance almost surely.

e The upper bound on the ground state provides a lower bound on the
integrated density of states, see proposition 2.7. The classical assumption
for a lower bound on the IDS on Z? is that the cumulative distribution
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FIGURE 3. Support of test function ¢, in the tree based at v € Sp_410g1-

function of the single site potentials vanishes not faster than a polynomial
at 0:

(2.2) 3Ch, 1 > 0: Ve > 0: P(w < &) > (Cor)”.

This is e. g. satisfied for the uniform distribution on an interval [0, a|, a > 0,
and all non-degenerate Bernoulli laws. Condition (2.2) implies v = 0 and
thus (2.1).

Proof of proposition 2.1. Let v := W%/m and note that
0<y<(1—-v)/logk.
We denote by
Stoxs = {v € T%: o] = [L—ylog L1}

the sphere of T* at level [L — ylog L] and by 7,% the subtree of 7% rooted at v.
Define the function ¢, € (*(T*) by

_ 2 o |wl = [+ 1 L
gpv(w) = ]_7;L<'LU)\/<L — |’U| I 2)k\w\—|v|+l SIH<WW>, (U) c T )

The support of the function is then T.F, see fig. 3. In section 3 we will see that ¢,
is the normalized ground state of the free Laplacian restricted to T.F, trivially
embedded in 7X. We also see that the corresponding eigenvalue is

T T
kE+1— 2\/Ecos<—) =(Wk—-12%+ 2\/%(1 - cos(—)).
|ylog L] +1 ( ) |ylog L] + 1
We will use the states ¢, v € Sp—y10g 1, @s test functions to probe for the ground
state energy of HE. In the quadratic form (—Ag,, ,), we sum only over the support
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of ¢,. Hence, (—Aw,, p,) is the eigenvalue of ¢, on TF. Since 1 — cos(z) < z%/2
for all x € R, we see that

™Vk < B ™Vk
(ylog L] +1)2 =" 7 12(log L)*

We ask the potential to be small on at least one of the subtrees T.F, v € S L—~log L-
To this end, let x := (log L)™2 and

<_A(;0va 90v> < EO +

Q) :={w: I € Spq10gr: max V,(w) < k}.
weTk

For all w € Q) , we have

Eg < inf  ((=Apy, ) + (Vipu, 0u))

VESL 105 L
Vk
7?(log L)?

For the probabilities, this implies
P(Q)) < P(Ek < Eo+ Ci(log L)72).

We have to estimate P(€2}) from below. Choose § € (0,1 — v — vlogk). From
v < 1and (2.1), we get an L{, > 0 such that, for all L > L{, and all w € T,

log P(V,,(w) < k)| < exp(s~2(v +6)) = L.

g E0+ +K,< E0+Cl(10gL)72.

We use this to build a lower bound of P(€2}) in several steps. Note that for each
v € S_+10g L, the subtree T.F rooted at v has #T.F = Z}léog” ki klrlosLl+1
kL7'°8* nodes. Therefore, we have

}IOgP(ggf? Vi(w) < H)‘ = Z ‘log}P’(Vw(w) < K)‘ < kLylosk+v+s.

weTk

Together with #8y,_+10g 1, = kIL77108L1=1 > pL=vloeL=1 e get the lower bound

/ f— — —
PO =1- [ (1~ B(may Vw) < w)
'UESLf'ylogL

=1- 1-— —l|logP <
[I (1—exp(—log (mas Vi, (w) K))))
VESL_ylog L

#SLf'y log L

>1-— <1 _ eXp(_kL'ylogk+V+5)>

k‘.Lf'y log L—1

>1-— <1 _ eXp<_kL'ylogk+l/+6)>

From log(1 —p) = — >, p’/j < —p, we see
(1 —p)* = exp(zlog(l — p)) < exp(—pz)
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for all p € [0,1] and = > 0. This yields
P(Q))>1- exp(— exp(—kL”lOgH”%) kL_“OgL_l)
=1—exp(—exp(Llogk — kL #F+0H — (ylog L+ 1) log k)).

The important fact here is ylogk + v+ < 1. Thus, for all € € (0, 1), the exponent
satisfies

Llogk — kLY8ktv+0 _ (ylog L + 1) logk > eLlogk
as soon as L is large enough, say L > Ly > L{,. The proposition readily follows. W

We address briefly the question of the optimality of condition (2.1). Let us first
note that to prove the lower bound for the Lifshitz tails with exponent 1/2 it is
enough to prove that for every n € (0,2) we have

Egs < Eog+ (log L)™", L>1

with good probability (compare this to the consequence of proposition 2.1). This
leads us to consider the slightly weaker condition

vn € (0,2): limsup /" log{logIP’(Vw(v) < /<a)| =0,
K\0

which is implied by condition (2.1). The following lemma shows that we can not
expect to do better than this.

Lemma 2.3. Suppose that for some n >0

(2.3) lim\Sélp wL/m log|log P(V,,(v) < k)| > 0.

Then, if " > n and { > 0, there is a sequence L; — oo for which
P(Ez > Eo+ (log L;)™) > 1 — exp(—CL;).
Proof. We start with the simple bound

L .
Eg > Lo+ 52% Vio(v).

Then, it is enough to prove that for ' > n and ¢ > 0, there is a sequence L; — 0o
satisfying

(2.4) P(min V,(v) > (log Lj)_nl) > 1 — exp(—(Lj).

veT i

Condition (2.3) implies for any ” > 0 such that n < n” < 7 there exists some
sequence r; — 0 satisfying

[log P(V,(v) < k)| = exp(s; 7).
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We can always assume that the x; are small enough by removing some elements

of the sequence. Letting L; = [exp(nj_l/ 7’,)1 this implies that for any ¢ > 0 there
exists some L* such that for all L; > L*

[log P(V,,(v) < (log Ly)™")| = exp((log L;)"/"") > (L.

Using the independence of the random variables and the fact that [log(1 —p)| < 2p
for 0 < p < 1, we see that for any ¢ > 0 there is some sequence L; — +00 so that

log P(min V,,(v) > (log L;)™") =} log(1 —P(Vu(v) < (log L;) ™))
veT"i veTti
= #T" log(1 - P(V,(0) < (log L;)™"))
> —2kM P (V,(0) < (log L;) ™)
(2.5) > —2kelEPi~¢Ls

In particular, using that (2.5) is small and exp(—z) = 1 — z + O(2?), we see that
for any ¢ > 0 there exists some sequence L; — oo satisfying (2.4). This finishes
the proof. [

If we assume condition (2.3) with n < 2, this last result and the methods we
introduce later in section 4 can be used to prove that there exists some sequence
E5 ™\ 0 for which

log log|log N'(E%)| 1

lim su < ——.
j—>oop log(E§ — Ey) 2

It is thus impossible to obtain the lower bound in proposition 2.7 under this
assumption.

2.2. The lower bound on N(F). The upper bound on the ground state in
proposition 2.1 implicates a lower bound on the integrated density of states N,
formulated in proposition 2.7. The strategy of proof is the same as in [Rosl2,
section 2.1]. Nonetheless, proposition 2.7 improves the prerequisites under which
the lower bound holds, cf. remark 2.2.

The following lemma is taken from [Ros12, section 2.1.1] and adapted for trees T*
instead of balls of the Bethe lattice. Please keep in mind that the integrated density
of state NV does not depend on L. Nonetheless, the finite trees are useful to estimate
the Laplace transform of dA/.

Lemma 2.4. For all L € N, t > 0 and E' > Ey, it holds true that
N(t) > e P P(Eg < E')[#T".

Due to the change of notation and for the convenience of the reader, we repeat
and detail the proof.
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Proof. Let L € Nand E € R. Denote by Il := 1(_ g)(H.,) the spectral projection
of H,. According to (1.6), the integrated density of states is given by

N(E> = E[<607HE50 #TL Z E 5U7HE(5 (#TL)_IE[tr(lTLHElTL)].

veTL

For the Laplace transform of A, the spectral theorem gives
N(t) = / e MAN (V) = (AT Eftr(1ye exp(—tH,)172)]

for ¢t > 0. [Sim05, Theorem 8.9] states
(2.6) tr(1yz exp(—tH,)171) > tr(exp(—tHY)),

where HL := 1,0 H,17.. This is easily seen with help of spectral measures. Due
to the convexity of A — e, for each v € T, Jensen’s inequality gives

(5o expl~tHL)8) = [ exp(~t3) s (1) > exp(~ [ Adus, (1)
- exp(—t(&,, Hw5U>) = eXp(_t<5va 1TLHw1TL5v>>
= ((5v,exp(—tH£)(5v>,

where y5, is the spectral measure of H,, with respect to &,. Summing over v € TL,
we obtain (2.6). The Laplace transform is thus bounded by

N(t) = #TH)Eltr(exp(—tHL))] = (#T7) " Elexp(—t Eg))-
The Markov inequality reduces the last expectation to a probability
P(EL < E') < P Elexp(—tEL))
and finishes the proof. [ ]
The following corollary provides the inequality on the left hand side of (1.2).

Corollary 2.5. We assume (2.1) and let Cy be the constant in proposition 2.1.
Then we have for t > 0 large enough that

N(t) > %exp (—t(EO + %))

Proof. We choose L = |v/t|. Note that for ¢t > 1

L—1
TL _ Zkz < kL < e\/flogk'

1=0



THE ANDERSON MODEL ON THE BETHE LATTICE: LIFSHITZ TAILS 23

From proposition 2.1 we see that P(EL; < Ey + Cy(log L)™2) > 1/2 for t > 0 large
enough. Now use lemma 2.4 with the choice E' := Ey+ C(log L)~ > Ej to obtain

N(t) = exp(—t(Ey + Ci(log L) ™))P(Efs < Eo + Ci(log L) 2) /#T*
> %exp(—t(Eo + Ci(log|[Vt])™%) — Vtlogk)

WV

1
> 5 exp(—t(Eo + 5C, (logt)?)).

In the last line we have used that
t(Ci(log|vt])?) + Vilogk
t(5C (logt)=2)
as t — +oo. [ |

—4/5 <1

As known from Tauberian theorems, the behavior of N (t) as t — oo and the
behavior of N (E) as E \ Ey are related. The following is taken almost verbatim
from [Ros12, (2.27)].

Lemma 2.6. For allt > 0 and E > Ey, it holds true that
N(E) = PN (t) — e HE-E0),
For completeness, we give the short proof.
Proof. Integration by parts, with vanishing boundary terms since N'(Ey) = 0, gives
N(t) = / e AN () = / tePAT() dA

Eo EO

E 00
<N(E) / te™ dX + / te” A\ < e PON(E) 4+ e7E.

Eo E
This is equivalent to the claim. |

Together with proposition 2.1, lemmas 2.4 and 2.6 are all that is needed to prove
the lower bound of the Lifshitz tails. More precisely, we obtain the following.

Proposition 2.7. Assume (2.1) and fix Cy as in proposition 2.1. Then there exists
A > Ey such that, for all E € (Ey, A), it holds true that

N(EB) > k220 (VEOTEE9) 1.

In particular,
.. .loglogllog N(E)| 1
lim inf > ——.
ENE,  log(E — Ey) 2

Proof. Lemmas 2.4 and 2.6 concatenate to
N(E) > (#TL)_le_t(E'_EO)[P(EgS < B — e HE-E0)
= (#TH) L PIP(EL < E') — 1)e(F-E0),
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which is true for all ¢ > 0 and E, E’ > Ey. We choose E' := (Ey + E)/2. This
ensures £ — E' > 0 and will enable us to choose ¢ large enough to make the lower
bound positive.

But first we have to deal with the probability. In order to apply proposition 2.1,
we let L := [exp(y/2C1/(E — Ey))]. That way, E' > Ey + C;/(log L) and,
provided E — Ej is small enough so that L is large enough,

P(EL < E) > P(EL < Eg+ Ci(log L)72) > 1 — exp(—k?) > 1/2.
Up to now we know, for all ¢ > 0 and L large enough,
N( ) ((2#7~L> 1 tE Eo)/2 _ 1)e—t(E—E0).

It is time to choose ¢ := 2log(4#T ") /(E — Ey), that is, (2#T %) lellF~F0)/2 = 2
and

(#TL) > K2k > ik—2—2exp( 201/(E—E0)).
16~ 16 ~ 16

It is now easy to read the exponent of £ — Ej from the limit inferior of this lower

bound on the Lifshitz tail behavior, i.e. —1/2. This finishes the proof. |

N(E) > exp(—2log(4#T")) =

3. DETERMINISTIC PREPARATIONS

We develop the spectral theory of finite rooted trees. The spectrum was already
calculated in [RRO7|, but we need the eigenfunctions, too. The radially symmetric
generalized eigenfunctions for the (infinite) Bethe lattice were calculated in [Bro91].

Recall that we denote by 77 the (nodes of the) rooted tree of length L with k
children at each node except the leaves, by 0 the root of the tree and by |v| =
d(0,v)+1 the “level” of the node v. For indexing reasons, we introduce the notation
TL .= TE w {x} for the (nodes of the) rooted tree of length L augmented by a
vertex * with || = 0, such that  is a parent of the root. Any function in ¢£2(7T%)
is understood as an element of ¢2(7TL), too, with the value 0 on *.

3.1. The spectrum of the adjacency matrix on a finite rooted tree.

Lemma 3.1. For each m € {1,..., L}, the radially symmetric function defined by

2 mm
T 20 vh) = | e (1 1)

is a normalized eigenfunction of the adjacency matriz AR of the rooted tree T
with eigenvalue

PRAE 2\/ECOS<LWT1>.
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Proof. Let 0 := 1% € R. We check first the eigenvalue equation for v € Th:

APy = Y yh(w)

weT L w~v

= /i sin((lo] = 1)) + k[ g2 sin((Jo] + 1)6)

= /i - 2sin1o16) cos(0) = Ak (v),

The third equation employs sin(a + ) = sin(«a) cos(f) + cos(a) sin(B), «, 8 € R.
We check now that they are normalized. This is seen via

HwL HQ Z ’wL ( )‘2 Z 2 Sin2(6£) 1 i (2 2i6¢ 72i0£)
mil2 m L+1 2(L +1)
veT L =1 /=1
_ 1 <2L e 621(%+1)0 e e—ziFL+1)0> .
2L+ 1) [ — o0 ] — 20
where we used eI — ¢£2mim — 1 in the last step. [ |

Since the radially symmetric functions on 7% form a linear subspace of £2(T%) of
dimension L, lemma 3.1 lists all radially symmetric eigenfunctions of A%, We now
construct the remaining non-radially symmetric eigenfunctions on 7. Recall that,
for each v € T, we denote by T.F the subtree of TZ rooted at v and of length
L—|v|+1

Let ve TE1 CTE and u € T.E, u ~ v. The node u is the root of a subtree T.-
isomorphic to 75~I’l. According to lemma 3.1, we have L — |v| radially symmetric

. . L—|v
eigenfunctions 15 ,"!

by

I—lv 2 ) mm
B ) = \/(L T 1— [o kel sin( 7 - oy D)

for w € TF. We trivially extend ¢L,"! to a function on 7T by assigning 0
to the complement of 7,7. For a given v € TZ, we will agglutinate below the
functions wﬁ,_mw, u € TE u~wv,atv,see (3.2).

Note that 75" = {v} U {u € T,* : u ~ v} is isomorphic to 72 as a graph. The
matrix representation of A with respect to a basis (d,;v € T?) with the root as
the first entry is

,me{l,...,L — |v]}, of the adjacency matrix of T.*, given

011 ... 1
1 00 0
100 ... 0
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with dimensions (k+1) x (k+1). The kernel of A® on 7?2 has dimension k—1, so we
can find k£ — 1 normalized and orthogonal real eigenvectors 1/}1)%]-, jed{l,...;k—1},
of A® associated to the eigenvalue 0 on TS These eigenvectors assign the

. 1
value 0 to v, since for any u € 73", u # v, we have

Uy (v) = APy (u) = 04y (u) = 0

)

We set
(3.2)

] Z ¢ L |v|

ueTE u~v

To unify notation, we define W2, =k and ¢ (v) := 1 for the root v of T%,
too, as well as

7o {1} for v = % and
UL, k=1 e TR

We call a triple (v, j,m) L-admissible if v e Tt j € J,, me{l,...,L— |v]}.

Lemma 3.2. The vectors \Ifﬁjm with (v, j,m) L-admissible are normalized eigen-

vectors of AR with eigenvalues \E. = AL = o /K COS(%); respectively,

v,7,m

and form an orthonormal basis of (*(TL).

Proof. Let (v, j,m) be a L-admissible. In the case v = %, lemma 3.1 tells us that

L im =k is a normalized eigenfunction of A, From now on, we let v € 7=,
Note that
(3.3) D i) = APy () = 0y (v) =

ueTE u~v

Since WL ;m 18 pieced together from eigenfunctions on trees with the same eigenvalue,

the only node we need to check is v itself. We use (3.3) to see that
AL ()= Y U () = 0= A%, 00 (v).

ue€TE w~v

Thus, all ¥}, are eigenfunctions of A"

Orthonormality is our next goal. For v € 7L, m € {1,...,L — Jv|}, m' €
{1,...,L} and j € {1,...,k — 1}, we have

<\Ilflm ’L)jm Z ¢Uj w ’71/)L |U|>

u€T L u~v

since (Y%, 5;,L|U|> is constant in u and (3.3). For (v,j,m) and (v,j',m’) L-
admissible with v,v’ € TL~! we distinguish the following cases.
o If AL, # AL, then (WL, WL ) =0, since AP is symmetric.

v,j,m v,j,m?» * v’ m!,j’
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o letv#£0v. Ifve TL or v € T.F, then the argument from above for v/ = x
applies. If v and v have disjoint subtrees, then the supports of Wl im

and W[, , . are disjoint. Either way we reach (W], Wl . .)=0.

e Assume v =o', A}, = AL .. We thus have cos(#fw) = cos(#fw).
Since =7 € (0,7) and cos|(o,r) is injective, we deduce m = m’. Conse-
quently,

1 7 N —lv L—|v
(Wh Ul = T Uk W)l

w,u €TL uu/ ~v

= Z ¢ () 0,5

uETE u~v

since w and 1/1L , are orthonormal and w ;(v) =0.
We now know that the set of all UL~ with (v,7,m ) L-admissible is orthonormal.

v,5,m
To identify this orthonormal set as a basis, we simply count all L-admissible

triples:

L—|v] k—1 L—|v]|
> ZZl—ZH > 22!
veTE-1j€Jy m=1 veTL-1 j=1 m=1

L—1 L—1
_L+ZI# Wk —1)(L—0) = —1)<L2k5’1—26k"1>
/=1 /=1

kL 1—1_LkL—1(k—1)—(kL—1)>_k;L—l
k—1 (k—1)2 k-1

— L+ (k-1)(L

This is exactly the dimension #77% = Y7 k! = E=1 of 2(Th), |

We study the behavior of the principal eigenvalue )\*L,1,1 of AF) as a function
of L and identify the states in its vicinity. This will be used in section 5, and it is
a crucial part of our argument.

Lemma 3.3. Let L € N. For € R we define E = 2\/Ecos( ’BLJ;ll) ) For
L-admissible (v, j,m) and B € [0, L], we have

L m
Mo € 1B A ) = ol S@+1)(1-2) = mefl,.... |B+1]}

Remark 3.4. Note that E\") = EéL)\gzo =M1

Proof. Remember that 1 — %2 cosr < 1— % + ﬁ for all x € R. This reveals

() <o)~ () T <alth)
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’f * V1 Vg V3 Uy Vs Vg U7
l
Uy oo 1 PN
V2 Us 2 ° °
Vg U5 Usg U7 3 ° ° ° °

A

e

>@

FIGURE 4. The action of the map ~ is indicated with the dotted arrows.

For < L, we use that cos |jo - is strictly decreasing to obtain

+1 m [v]
AL 2 B = m__ b — <
vm Lri—Jo SLt1 G+l L+1
m
= Pl <EH)(1-"0) = m< 81,
ol <+ D(1- 55 15+ 1)
Next, we study the spectral projections
L—|v|
(3.4) Py C(TY) = (T"), Poye= Y (o, UL,
m=1

of AW for v € T~ and j € J,. We introduce the map

TLATH - D PeAdll+.. LY,

veTE i€y
(3.5) Yo g(2) o= k-T2 N g ) N (P (w)
ueTE u~v wEﬂL,|w|:z

for z € {|v| +1,...,L}. For a rough illustration see fig. 4. The map ~ has been
sketched in [AWO06, Proposition A.2] and it is similar to an infinite dimensional

version in [AF00].

The action of = is best illustrated on radially symmetric eigenfunctions ¢
of A As we will see in lemma 3.5, they are mapped to functions supported on

{1,...,L}, and in the process, the exponential weights k{*I=1/2 are removed:

— 2
(Wm)er(2) =\ 777 Sm(LTﬁ)
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for z € {1,...,L} and m € {1,...,L}. The result is an eigenfunction of the

adjacency matrix of Z restricted to {1,...,L}. Given a non-radially symmetric
eigenfunction \Iffjm of A(F) 7 reconstructs the underlying radially symmetric

eigenfunction, removes the exponential weight and presents the result as a function
on the copy of {|v| 4+ 1,..., L} which is indexed by (v, j):

(36) i) = [ = (T = = D)

for z € {|v|+1,...,L} and (v, j,m) L-admissible. This is again an eigenfunction
of the adjacency matrix of Z restricted to {|v| +1,..., L}.

We define the adjacency matrix on the image of =, which is the Hilbert sum of
the (2-spaces of segments of Z. The direct sum of the adjacency matrices of the
segments of Z is the natural choice. For ¢ € @, ; *({|v[+1,...,L}), it is given by

(Ap)uy(2) = (Azpo)(2) = uj(z — 1) + g, (2 + 1)

forve TEY j€ Jy, z € {|v[+1,..., L}, and with the boundary values ¢, ;(|v]) :=
QOU,]'(L + 1) = 0.

Lemma 3.5. For all ¢ € (*(TT), we have the following.
(i) The map = conjugates A" and VEA: @ = \/EA\QZJ\
(ii) The map = is unitary: |2 = ||¥]l2. In particular, o(A®)) = Vko(A).
(iii) Let v € TL7" and j € J,. The subspace P, jl*(T*) contains ¢ if and only if
supp(v)) € 7,0\ {v} and

(w5, () = p(w)y, (u)

for all u,v' € T.F with u,u’ ~ v and all w € TF,w' € TY such that |w| = |v'|.
(iv) For all radially symmetric functions n: T* — C, i.e. n(w) = nz(|wl|) for all

w e TY and an nz: {1,...,L} — C, we have P,;n = nP,; and (n¢),,; =
Nz for allv € TE, j € J,. Here, ny denotes the multiplication with the

Proof.  Ad (i). We study the linear map ~ on the orthonormal basis \Iff jm- TO
this end, let (v, j,m) be admissible, v’ € Tt7!, j' € Jy and z € {|v/| +1,...,L}.
For v' # v or j # j, we have Py Wl =0 and ergo (¥}, ) ;(2) =0, too. So
from now on, we assume v’ = v and j/ = j. We then have P, ;U2 =¥l = For

U7j7m v7j7m.
ueTE u~wvand we TE, we find

W w) = 3wk ()l M w) = vk (W)@ m.r

weTE uw ~v
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With )| jo|m, = \/(L+1_\U|)2k\wl—\vl—1 Sin(L—f—l B |(|w| [v])). We now see
DL ) (2) = f—G—lol-1)/2 T oL
( v,j,m)%] (Z) ¢v7j (U) v,],m(w>
ueTl u~v weTE, |w|=z
= =kl=1/ Z w ( ) Z Lz, |v|,m,L
ueTE u~v weTE, |w|=2

—(z—|v|—-1)/21.2—|v|—1
L e L

2 . < mm ( H))
S111 Z — |V .
L+1—v| L+1—|vl

We now identify \115 ;m as an eigenfunction of A. Let Q= and note that,

L+1 | |
for z € {|v|y,..., L}, by the angle sum and difference identities,

sin(p(z — 1 = [v])) +sin(p(z + 1 — [v]))

= sin(p(z — [v])) cos(¢p) + cos(p(z — |v])) sin(¢p)
+sin(p(z — |v])) cos(p) — cos(p(z — |v])) sin(yp)

= 2cos(p) sin(p(z — [v])).

The boundary values sin(¢(|v]—|v])) = 0 and sin(g@(L+1—|v|)) = ( are satisfied, too.
Thus, \/_A\IJL =\ Wl = =NV, =A L)\IJL m for all L-admissible

v,J,m v,5,m = v,], v,3,m
(v,,m).

Ad (ii). We have to check that the image of an orthonormal basis is again an

orthonormal basis. Let (v, j,m) be admissible. The fact that ||‘II,U mlls = 1is
seen exactly as the normalization part in 1 in lemma 3.1. Let (v, j',m’) be another

admissible triple. For (v, 7) # (v, j'), UL and L. have disjoint support and

v,j,m v,j,m

are thus orthogonal. In case (v,j) = (v/,7’) and m # m/ \vajm and \Pfjm re
orthogonal, too, since the corresponding eigenvalues \Z im 7é ML jrme With respect
to the symmetric operator VEA are not equal. Finally, = is surjective, since the
dimensions of its preimage and its image agree.

Ad (iii). Fix v € 77! and j € J,. We denote the linear subspace defined by
the condition in (iii) by va By construction, W[, € D,;, so P, ;(*(T") C D,;.
Furthermore, dim(D, ;) = L — |v|, since the condition allows one degree of freedom
per sphere of 7.\ {v}. On the other hand, dim(P, ;¢*T.F) = L — |v|, because the
vectors Wl m € {|Jv]+1,..., L}, are a basis of P, j¢*T,". The statement follows.

Ad (iv). Let v € £2(T*) and 7, nz be given as in the statement. Because of (iii),
nP, ;v € P, jl*(T*). This and the fact that the spectral projectors are orthogonal
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implies that P, ; and multiplication with 7z commute:
7](7]¢ ( ZPU jw) :va,jO]Pv’,j’w) :an,jw'
’U/7j/

We use this in

My ;(2) = k~CEPIE02 N )y ST (Py(n) (w)

ueTE u~v weTk |w|=2
= nZ(Z)k*(zflvFl)/Z Z ¢1J}_J(u) Z (Pv,ijw)
ueTE u~v weTE, |w|=2
= 112(2) 0,5 (2)- u

3.2. The IMS localization formula. In this subsection we provide a proof of
the following proposition. It will be needed in section 4 (proposition 4.9).

Proposition 3.6 (IMS localization formula). There is a constant Crys > 0 such
that for each r > 2, we have a partition of unity {na, taso C (*(TF), consisting
of radially symmetric functions normalized to Za>0 niT = 1, such that for all

Y € 2(T*) we have
<A(L)77Z}7¢> 2 Z<A( 77(1 T¢ Na T¢> -

a=0

— 115

Furthermore, the support of 1., s a union of disjoint trees of length at most r.

The proof of proposition proposition 3.6 is made in two steps. We first prove this
formula for the discrete, one-dimensional Laplacian. Then, we carry this formula
onto the tree by means of the spectral theory of the rooted tree.

3.2.1. The IMS localization formula on Z. In this subsection we consider the
discrete Laplacian

Ay:=7t—2471
on (?(Z), where 7 is the translation operator, i.e. given by (7f)(z) = f(z + 1) for
f:7Z — C and z € Z. Note that on (?(Z) we have 77! = 7*. We will also employ
the discrete gradient

Vi=1r—-1.

Lemma 3.7. Let f € (*(Z). For any partition of unity {n.}, normalized so that
S nz =1, we have

(=02f. 1) <32 (=Balmaf)mad) + |32, (0211515

Remark 3.8. (1) In the proof, we actually show the operator equality

Az =Y ma(=Aa)na = =3 (V)7 + (Vna)* 7).

Thus, the reverse inequality holds, too.
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d . . . d . .
) : 74 — = j )
(2) On Z¢ the Laplacian decomposes: Azs = Az,. Thus, we immediately
get the d-dimensional IMS formula

d
_AZd - Za na(_AZd)na = _% Za Zj:1((vj77@)2 T+ (V;na)2 T;)’

where (7;f)(2) = f(z + ¢;) — f(2), and V; = 7; — 1 is a discrete partial derivative.

(3) Actually, the above formula holds on the Cayley graph of any finitely gener-
ated group, as long as the generator does not contain an idempotent element. This
is proved basically with the exact same proof as given below for Z, except that
one has to read the notation higher dimensional. To be more precise, let S be the
generator corresponding to the Cayley graph. Since the group acts on itself, we get
for each s € S a translation 7, f(2) := f(zs). We treat

T = (Ts)5637 V= (VS)SES
as columns and V* as row and use matrix multiplication when interpreting
V'V =) ViV.=A
sES
We also have to write sums whenever appropriate.

(4) The formulation of lemma 3.7 with the quadratic form instead of the operators
has the advantage, that it is easily restricted to subgraphs, e.g. G = {1,..., L}.
All we have to do is to note that ¢*(G) is embedded trivially into ¢?(Z). The
corresponding operator to the restricted quadratic form is the restriction with
simple boundary conditions.

(5) Thanks to the simple boundary conditions, the adjacency operator Az :=
7714+ 7= Ay + 2 is only a shift of the Laplacian Az. Lemma 3.7 transfers to Az:

> (Bamafonaf) = |32, (7?15 + 211713

>3 (Amafonaf) = | 32 (V0| _IIAI5

since Y, nZ=1.

(6) Another noteworthy generalization of lemma 3.7 is the following. Note
that any multiplication operator commutes with the multiplication of n,. Thus,
lemma 3.7 holds for Schrédinger operators, i.e. —A+V with a potential V: Z — R
acting via multiplication.

Proof of lemma 3.7. We follow the proof of [Sim83, Lemma 3.1|, the analogous
statement on R?. With the above definitions,

Az = —-V*V.
For f,g € (*(Z), it is easy to check that
V(fg)=(V)rg+f(Vg) and V*(fg)=(V'[)m"g+f(V'g).
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Using this and —V*7 =V as well as —7*V = V*, we immediately calculate
Az(fg) =—=V'V(fg)=-V*(Vfrg+ [Vyg)
=Azfg—=VfVirg=V'f1"Vg+ [ Azg
=Azfg+VfVg+V'fVig+ fAzg.
Consequently,
[f,=Az] = (Azf) + (V) V + (V) V™.
To compute [f,[f, —Az]], consider, for g € (*(Z),
[f.=Az](f9) = (Azf)fg + VIV (fg) + V[V (fg)
= f(Azf)g+ V[ (Vfrg+ fVg)+ V[ (V' fT7g+ V)
= f(Azf +(VHV+(V )V )g+ (V) g+ (V[ g
flfs=Dzlg + (V) 19+ (V*f)*m°g.

Thus,
L 1f =0z = =(V )P — (V*f)* 7~

On the other hand, expanding the commutators yields

L 1f, =2z = [f. f(—Az) + Az f] = = fPAp 4+ 2f Az f — Ag f>.

We combine the last two formulas for f :=7,, sum over a and use y_, 72 =1 to

derive
A, — Za Na(—Az)1, = —2 Za((vna)2 4 (V)2 ).
For f € (*(Z), we see

(=53 (V)7 + (V)P )

< (|22, |+ |32, ) = [ 32, oma?|| i1
Thus,
(=221, ) = 3 (=Baraf)ma)| < || 32, (Vna)?| 1715
The triangle inequality finishes the proof. |

3.2.2. The IMS localization formula on the tree. The discrete IMS formula is also
valid on trees, in a very general setting. Indeed, points 3 and 4 of Remark 3.8 hint
at the following way of proving the IMS localization formula on a tree of bounded
degree. First note that the Cayley graph of the free group with s generators is a
tree of degree 2s. Then we can embed the bounded degree tree into the Cayley
graph of a free group, and restrict to the subgraph again. It is enough for our
purposes to consider a radially symmetric partition of unity, so that instead we
will use in this section the spectral theory of the rooted trees to extend the IMS
formula on Z to trees.
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Proof of proposition 3.6.  Step 1. Fix ng € C'(R, [0, 1]) with support supp(nr) C
[—1, 1] such that, for any = € R,

Z(UR(x — a))2 = 1.

a€Z
We define a partition of unity on 7Z as follows. For r > 2, let
2x
(3.7) Mra: L= Ry pa(@) = | ——a).

This gives a partition on Z satisfying # supp 1z, < . Furthermore, by the mean
value theorem and suppnr C [—1, 1], we get

‘an,r,a(l')’ = |77]R (27"_1(.7: +1)— a) — R (27”_133 . &)‘

< 2r7! sup |7]['R (27“_1(:U +&) — a)’
£€l0,1]

< 2r~! SUP’U&(RN ) 1[2r—lz—1,2r—1(x+1)+1](a)-
There are at most two values of a € Z where the gradient is nonzero, since r > 2

and 2r 'z +1)+1— (2r~'z — 1) = 2+ 2/r. We can thus bound the following
sum by

Z(an,r,a<x>)2 < 4SUP|771§(R)’27“72 Z 1[2T—1x—1,2r—1(x+1)+1](a) < C137072

a€Z a€Z

with C3 := 8sup|7 (R)|?.
Step II. We now define the partition on the tree. Let

(3.8) Nra: T —[0,1], 1r0(V) == nz4.a(|v]).
With this definition we have
Z(Ur,a)Q =1

aeN
on 7. The support of each 7,, is a disjoint union of rooted trees of length at
most r, see fig. 5. For ¢ € £2(T*), we employ remark 3.8 and learn that

(ADy, ) = (A0, §) = VE(AD, D)
=VEY ((AD)othog) = VEY (Azthog,bug)
>VEY. (3 (Azlrnabo)smeratbos) = Calldusl/r?)
=S VEY (Aalnat), g e, ;) — Consll 0113/
=3 (AD(00t), 1a) — Consl| DI/

= Za<A(L) (nr,aw)a nr7aw> - CIMSHJH%/Tzv
where Crys := C5Vk. [ ]
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FIGURE 5. Shells of a tree split in trees

3.3. An uncertainty principle.

3.3.1. On a finite segment of Z.. Let us first prove a one-dimensional version of propo-
sition 3.10. Afterwards, we transfer the result to the tree with lemma 3.5. To this
end, let L € N and v € T.F7!. Consider a function ¢ € 2({|v| +1,..., L}), which

can be written in the orthonormal basis of eigenfunctions of —Az|{|v|+1,..., L}
as
2 . /mm(z — |v|))
o= D, am L+1— [ Sm(L—|v|+1 '
1<m<L—|v|

Given § > 0, we define the spectral projector pév"L on 2({|v] +1,...,L}) via

2 . (mr(z—|v])
R S s 1)
=2 o L1 o "\ —[+1/)

1<m<B+1

ze{|lv|+1,...,L}.

Lemma 3.9. Let L € N, 3> 0,0 <6 <1 and v € T be fized, such that
lv] + 1+ 0L < L. Define, for p € (*(|v| +1,...,L}), the truncation

To16% = L{jul+1+16L1,..,.L}P-

Then, for |v| < (1 — m)(L + 1), we have

11— T7, ) PE " olle < V216328 + 12 PY oo
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Proof. We fix ¢ € *(Jv| +1,...,L}) and calculate, using Cauchy—Schwarz,

[v[+[6L] |B+1]

2 mn(z — |v])
|v|,L
0= T Bl = oy 3 |32 w200

=ol+1 m=1
(6] 541 B+1

<o (X tenf) X ({7 )

Now using ||pgv"L<p||§ = Zf;” |t |?, and sin(t) < |¢, valid for all ¢ € R, the last
line is smaller than

ZHPM L HZ 9 [6L] |B+1] 27T2”P\U| L ”2 o [6L1  |B+1]

L+1—|U’ZZ<L—|—1— ) L+1—\v|3Z mzm
( ) (6+1) HP[LULL(PH%-

N (L+1 = |v])?

Note that the assumption |v| < (1 — L + 1) implies

5+1)(

L _ B+l
L+1—|v] T L+1

L<LpB+1.
This bound and taking the square root yields the result. |

3.3.2. On a finite rooted tree. For any 5 > 0, we recall the definition of

(L) ._ p+1
(3.9) EP = 2\/Ecos<L . 17r>

() E(L | of the principal

from lemma 3.3. We want to study the neighborhood [E

eigenvalue E(() ) of the adjacency matrix on the rooted tree 7%. We define the

spectral projector of A on the energy interval [E5 (&) o0) as
L L
W0 T = CTH, Mle= 3 (o W) W
’ v,jm: AL >E(L)

v,7,m*=

We also define the space truncations

Tio|5: KZ(TL) - 52(7'L)7 Tl 59 = PlizeTr )e|> o] +1+6L})

and a truncated version of HEEL()L)

H(L(L) ‘ (TL) — €2(TL) H( ()L)SO = Z <90’ \I[v] m>ﬂv| 5\1[1)] m*

>

v,j,m: )\v]m/
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FIGURE 6. Illustration of (3.10). The subtree T.” is indicated with

solid edges. Nodes in the support of functions truncated with Tj, s
in 7.F are filled black.

It is straightforward to check on the eigenbasis that It <)L)IP’U]- =T}y s b, JH(L&), SO

(3.10) H(L(L) = TP JH( }L)
7]
Proposition 3.10. Let Le N, 3> 0 and 0 < § < 1. Then, for any p € (*(T*F),
HH e — 1 L>90H2 V2?2 (3 + 1) HH 1 Pll2-
Proof. We will show equivalently that

L = (L
Vi € I, (T Nl = 0 el < V282(8 + 1)
Indeed, it follows from (3.10) that if H(L()L>g0 = 0 then fISEL()L)cp = 0. We assume thus
5
from now on that ¢ = H;L()L)go. For such @, we see, by (3.10),

(L) 09)
(HEéL) HE(L>)90 Z(lTL - T|v|,6)Pv,j90-

7j

By lemma 3.5, we know that P, s commutes with the radially symmetric truncation.
Thus, by the orthogonality of the projections P, j,

2
H( (L>90 HE<L) ||2 = HZ iy — T\vl,é)%DHQ = ZHPm(lTL - T\UM)S‘)H;'
v,j
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We study this norms via the unitary =, see (3.5) and lemma 3.5. For each v, j, we
have
A

1P (e = Ts)el, = [ (Pos (g = Ths) @)l = [1((re = Tis)e),, 1,
= | (gotry = Tops) Posi |,
We learn from lemma 3.3 that the coefficients (v, jm)v,jm Of
Y= H(E(L)SO = Z Ay, jm L,jm
v,jim
vanish as soon as |v| > (L + 1)(1 — %) or m >  + 1. Therefore, we have

B+1
Dyj = P|v|’L@,’j, and we can thus invoke lemma 3.9 to conclude

|| (L)‘P HE(L) 90”2 27?253 (B+1 ZHSOUJHQ = 27253(5 + )GH‘PH%

7]
Since ¢ = HEEL()L)go, this is what we set out to prove. ]
5

4. LIFSHITZ TAILS: THE UPPER BOUND

This section is devoted to the proof of the following theorem.

Theorem 4.1. Let Ey := (vVk — 1)%. Then,
log log|log N (E)| 1

lim sup ——.
bor,  log(E—Ey) 2

This theorem provides the converse to proposition 2.7. Note that no condition
on the random variables is needed for the upper bound.

4.1. Bound by a probability. We remind that £ — N (E) denotes the integrated
density of states given by (1.6), which is monotone and thus the cumulative
distribution function of the measure dN called the density of states measure,
and 0 < t — N(t) is the Laplace transform of dA/. We start by proving the
following Tauberian theorem, which links the long time behavior of N to the low
energy asymptotic of V.

Proposition 4.2. Let N be the Laplace transform of the density of states mea-
sure dN'. Suppose that for some n > 0,

(4.1) lim sup e'(Fot1ee )™ A7 (1) <

t—o0
with By := (Vk —1)%. Then,
log log|log N (E)| 1

lim sup < ——.

E—FEy log(E - Eo) n
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Proof. Assume that inequality (4.1) holds. Then, there exists some ¢t* such that
for all ¢t > t*,

(4.2) N (t) < 2exp(—t(Ey + (logt)™™)).
Clearly, for £ > Ej,
E E 00
NE) = [ an () < e / AN () < o / AN (V) = o ENT (1),

Fo Eo Eo
and by (4.2), for large t,

N(E) < 2exp(t(E — Ey) — t(logt)™).
Now we choose t as follows
t=tE):= exp((Z(E - EO))*l/”).
We see that, for small £ — Ej,

N(E) < 2exp (—(E — Ey) exp((2(E — Ey) /7))
< exp (—%(E — Ey) exp<(2(E - EO))—I/U>> 7

and
log|log N'(E)| > log((E — Ey)/2) + (2(E — Ep))~"/".
Now we take another logarithm and divide by log(E — Ej) < 0:

loglog|log V'(E)| _ log(log((E — Eo)/2) + (2(E — Ep))~''")

log(E — Ey) log(E — Ey)
1
_ log((E — Ep)/"og((E — Ep)/2)+277) 1 p\um 1
log(E — Ej) U U
Taking the lim sup proves the proposition. |

The rest of this section will be devoted to prove that, as a consequence of
theorem 4.10, condition (4.1) holds for any n > 2. This proves theorem 4.1.

Our next proposition compares N to a finite dimensional analog NZL. For any
I' C B, we denote by H,|I" the operator H,, with simple (sometimes called Dirichlet)
boundary conditions, i.e. the operator defined by

ler = 1FHw1F7
or equivalently, writing H, (v, w), v,w € B, for the matrix coefficients, it can be
defined by
H,(v,w) ifv,wel
0 elsewhere.

(4.3) (H,|T) (v, w) := {
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Remember that BY denotes the ball of radius L of the Bethe lattice. Let us define
the averaged spectral density N'X of H,|BY by

NE(E) := E(00, 1( oo, (Ho|B¥)do).
In particular, its Laplace transform can be written
NL@#)=E [(50, e*tHw\BL(s@] .
Note also that, using functional calculus, we have
N(t) = E [(8,e 8))] .

In the following proposition we compare these two quantities. We define w, :=
l|wol|oo for further use.

Proposition 4.3. Let N be the Laplace transform of dNE. Pick some positive
constant ¢ > *||H,|| = 2((Vk +1)® +wy) and let L = [Ct]. Then, for anyt > 1
the following holds:

IN(t) = NE()| < et
Here, ||H,|| = sup 2.

Proof. Assume ¢ > €?||H,| and ¢t > 1. First let us note that H, is a bounded
operator and (we actually have |[H,|| = (k + 1+ 2vk) + ||Viu|lso). This allows us
to expand the exponential as a sum like

L
—t)" —t)"
( n!) (00, H}00) + E ( n!) (00, H.}d0),

n=0 n>L

<50, e_tH“’ (S()> =

which is also valid if we replace H,, by H,|B. It is easy to see that the two first
terms of this sum are 1 and —tH,,(0,0) = —t(H,|B*)(0,0) respectively. Expanding
the matrix product, we see that, forn e N, 2<n < L

(00, H]00) = Z H,(0,21)H, (2, x3) - - - Hy(2p—2, pn_1)Hy(T-1,0).

Now, using that H,(v,w) = 0 for v,w € B* satisfying d(v,w) > 1, the last sum
reduces to

(4.4) Z Hy(pos p1)Ho(p2,p3) - Ho(pr—2, Pn1) He(Pn—1, Pn),

where we have written (po,...,pn) : 0 ~ 0 to denote a path (po, ..., p,) € (B)"*!
(which may include loops) starting at 0 and ending at 0. In particular, if (po, ..., py) :
0~ 0,

d(po, pi) < Z d(pj;pj+1) <n< L forany 0 <i<n,

0<j<n—1
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i.e. the paths in the sum (4.4) are entirely contained in B*. Using (4.3), we see
that for 2 <n <L

(G0, Hioo) = Y [ (HolB") (i1, p:) = (60, (Ho|B")"d0).

(po,---,pn ):0~0 1<i<n

Thus, the first L + 1 terms of the expansions of (&y, e = 8g) and (8y, e H=IB"§,)
coincide, and

(80, e d) — <50,e_tH“"BL50>| < Z |<50,Hn50 |+ Z (0, (H.,|B")"d0)]

n>L ' n>L
Z HH "
n>L )

Here, we used the Cauchy-Schwarz inequality and ||H,|BY|| < ||H,|. Let us
estimate this error with
tL—‘rn

n __ L+n L+n
22 |H I QZ L_|_ [ Ho| = Z L+n)(L+n)e (L+n)||Hw||

n>L . n>1
Z et||H,, Len

n>1

where we have used n! > v/27n(n/e)” > 2n"e " and (L+n)~! < L™!. In particular,
if L = [(t], we see that

t| H, |\ "
(=D < e

and as ¢ > e?||H, | and ¢ > 1, we can bound the error as
tn
[ (30,07 00) = (80, ™% d0)| < 3 I < D eI < o7
n>L n>1

The geometric series ), e™" = (e —1)7" < 1 enters in the last inequality. Taking
the expectation ends the proof. |

We will now study the large time behavior of M.

Lemma 4.4. Let I' C B be finite and H,|I' the restriction of H, with simple
boundary conditions. Then

E [<507 e—tHw|F50>} E [ —tFes( Hw\l")}

Proof. Fix a realization w and let {\;; ¢; bier = {\i(w); ¥i(w) }ier be a complete set
of (eigenvalues, eigenfunctions) of H,|I". Then, writing

do =Y aiw)ii(w)
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FIGURE 7. A ball B2 centered at v, indicated with solid edges and
filled nodes, is contained in the tree 7.

we see that, as Egg(H,|T') = minger A\;(w) and > |ay|* =1,
<5O; e—tHw\F50> _ Z|ai(w)’2e—t>\i(w) < Z|O&i(w)|2€_tE”(HW|F) — o tBes(Hu|T)

i€l i€l
Taking the expectation in this inequality yields the desired result. |

The following two lemmas link the behavior of the ground state energy of the
Hamiltonian on a ball to the one on a finite rooted tree. This is needed in order to
use the spectral theory developed in section 3. The trick is to embedd a ball in the
Bethe lattice in a finite symmetric rooted tree, cf. fig. 7. Of course, the ball is not
centered at the root of the tree, but taking advantage of the translation invariance
of the Anderson Hamiltonian on the Bethe lattice, as soon as we take expectations,
the location of the ball is arbitrary.

Lemma 4.5. Let L > 1 and BL a ball of radius L centered at v € B, i. e.
BE = {w e B:dg(w,v) < L}.

Then, for every v € B with |v| = L+ 2 there exists a rooted tree T3F C B, of length
3L, which contains BE.

Proof. Label the k branches of the Bethe lattice by the nodes € T satisfying
|z| = 1 and assume that d(0,v) = L + 1. Then, there exists a unique minimal
path [0,v] = (0, vy, v9,...,v) of length L + 1. Because d(vy,v) = L, we know that
v € BY. In particular the whole ball is contained in the branch of the Bethe lattice
v1. Now choose k — 1 other branches to form the infinite rooted tree 7. The result
is now clear because by definition 72 := {v € T : |v| < L} and for any = € BE we
have |z| < 2L+ 1 < 3L. [ ]

Conversely, it is easy to see that 7% C BE, for all L > 1. This leads to the
following lemma.
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Lemma 4.6. For any L > 1 and |v| = L + 2,
Egs(Ho|By) < Egs(Ho|T?") < Eos(H,|B*)
Here T3 is the tree satisfying BX C T3L C B3L.
Proof. Let v € B with |v| = L+ 2 and T3% be the rooted tree containing BZ. Then
Ees(Hu|B,) = inf (Hup,)< inf (H.p¢)

pe?(BY) PEL*(T?F)
llell2=1 lllla=1
- Egs(Hw’TgL) < Egs(Hw|T3L).
The second inequality is proved analogously. |

Using translation invariance, we can translate the point where we calculate the
integrated densities of states A" and N'Z. Proposition 4.3 tells us then that it is
enough to study, for some v € B with |v| = L + 2,

NE@) =E | (8, e HelBigy|

We remind that BZ is the ball centered at v.
From now on we write H- := H,|T*. The next lemma is a simple bound on the
expectation by a probability.

Lemma 4.7. For anye >0, L > 1 andt > 1, we have
(4.5) E[e tPelti)] g o~UEot2elost)™) 4 o~tEop(Boo(HE) < By + 2¢(logt) ™).
Proof. We have indeed for all £ > Ej
E[e~ "] = E[(Ligezyzmy + N <my)e 2]
e 4o PP(Eg(HEY) < B). u
We summarize the results of this section in the following proposition.

Proposition 4.8. Assume that € > 0 and ¢ > *|Hy|ls = 2 (Vk + 1)® + wy)
satisfy

(4.6) lim sup e“%/SP (Eos(HY) < Eo + 4e(log L)7?) < 1.
L—oo
Then, we have
(4.7) lim sup e/ (Fore(os D) A7 (1) < 1.
t—o0

Proof. Let t > 1 and L = [(t]. Then,
exp(t(Eo + e(logt) *))N (1)
< exp(t(Ey + e(logt) ™)) (NE(t) +e7) by proposition 4.3
exp(t(Ey + e(logt) ™)) (E[e Pesi] 4+ =) using lemmas 4.4 to 4.6
efet(logt)*2 + eft(Confe(logt)’Q) + eet(logt)*2]P) (Ecs(Hij) < Ey+ 26(log t)fz) ’

/

NN
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using lemma 4.7. Note that ( > FEj, so for the first two terms in this sum we have

e—ctllogt)™? 4 (—H(—Eo—(logt)~2)) fZ%
For the third term, noting that e®®(os)™* < e<BL/C and that

DRy (m)) o, 1

4e(log(3L))~2 T2 logt 2

yields the result. n

It is not hard to see that (4.7) implies (4.1) for every n > 2, so that theorem 4.1
is a consequence of condition (4.6).

4.2. Reduction to a smaller scale. In the following lemma we trade energy for
probability. The IMS localization formula (proposition 3.6) furnishes a crucial
ingredient of the proof.

Proposition 4.9. For every € > 0 there exists L* > 1 so that for any L > L* and
r=le2logL|,

4 1+C
P (Ecs(H ) < Ep + m) < Eexp((r+1) Ve p <E05(HT) E, + + IMS) .
Proof. Assume both
(4.8) r=lelogL| =7 >2
and
4 4
(4.9) EGS(H ) < Eo+ €

——— < Ey+ —.
(og L S 707 52
Let {n.,}. be the family of spherically symmetric functions on T* given by
proposition 3.6. They satisfy
> (ar(v))’ =1

for all v € T, and
Saur = Supp ., C T
If oL is the normalized the ground state of HZ, then the IMS formula and the
normalization Y, ||p&ena. |3 = 1 yield

CIMS
Ees(HE) = (pbg, Hrplg) > ZEGS(H£|Sa,r)||SOés77a,rH§ —5 lvesls
. L C’IMS
> min Ees(H |Sayr) — H‘PGS”2
I CII'IS
> min__ Eg(HLT)) — —5-llegslls.

veTL: TrCTEh
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The last estimate is true by proposition 3.6, which states that S,, is the disjoint
union of finite subtrees of length at most r. From (4.9) we deduce then

_ . 4+ C,
erticp, e HLT) < Bt =575

and thus

4e
P( E,(HY) < E,
( ool FL) 0+(logL)2)

4+ C;
< 2 P (Ecs(Hfmr) S Eot+—3 MS)

veTL: TroTh

4
< k'P (EGS(HZ;) B+ Sf”s) .
T

To end the proof, note from (4.8) that L < e("+bve, |
We state the main probability estimate, which we will prove in the next section.

Theorem 4.10. For every 3 > 0 there exists some eg > 0 and L* > 1 so that for
any L > L*,

(4.10) P (Ees(HY) < Eg+ f'L7%) < exp(—exp(eg L)).
We first state and prove the following important corollary.

Corollary 4.11. For any € > 0 small enough and any ( > 1 there exists some
L* > 1 such that for all L > L*

4e
P Eegs(HY) < Ep+ —— ) <e -
(otity < 50+ 5, 75) <
In particular, condition (4.6) of proposition 4.8 holds.

Proof. Let ' > 4(4 + Ciys). Then, by theorem 4.10, which we assume to hold true,
we get € > 0 and r* > 1 such that for all » > r*, we have

4+4C
(4.11) P (EGS(H;;) < B+ +r2 I’”) < exp(— exp(egr)).

Now fix 0 < € < €3, and let r := [e"/?log L]. In order to make sure that r > r*,

we need L > exp((r* + 1)/€). We estimate, using proposition 4.9, (4.11), v/e < €z,
and L > L*

4

P (E,;S(Hj) < By + @) < exp(exp((r + 1)v/€) log k — exp(egr))

< exp(— exp(eﬁ/r)/2) < exp(—e_eﬁ’Leﬁ’/ﬁ/Z) < exp(—CL)

with L := max{exp((r* +1)v), exp((EE2E 1) ve), (260 (V00 m
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5. MAIN PROBABILITY ESTIMATE
We remind the reader that
—AB = ]{3 -+ 1 — AB

where Ap is the adjacency matrix of the infinite Bethe lattice B with symmetric
spectrum o(Ag) = [-2vk, 2v/k]. Thus, the Anderson Hamiltonian H,, defined by
(1.5) satisfies
H,=k+1—-As+V,,.
We introduce the restriction of Az to the finite rooted tree 7, which we denote
by A, Note that A" is also the adjacency matrix of 7. Any property
of the ground state energy Egs(HZ) can be restated in terms of the principal
eigenvalue AP of the operator AP = AW VQSL), which we define as
AL = sup (g, APp) =k + 1 — Eg(HL).

llella=1

We have indeed for L € N and § > 0 the equivalence
Ees(HY) < By + L2 <= AP > 2Vk — BL2.

If we take 3 < Vk7?, then this inequality almost surely does not hold (trivial and
obviously not very useful for our purposes). We restate theorem 4.10 as follows.

Theorem 5.1. For every 3 > 0 there exists some eg > 0, L* > 1 so that for any
L>1L~,
AP < ok — L2
with probability at least
1 — exp(—el).

This section will be devoted to the proof of theorem 5.1. Note that it furnishes
the lower bound of theorem 1.5.

5.1. Cutoffs in energy and space. We claim first that, in order to attain an
energy Fy + O(L72) close to the bottom of the spectrum of HL (i.e. the top of

the spectrum of AEJL)), a state must have both low kinetic energy and its potential
energy close to the bottom of the spectrum. This will force the potential energy to
deviate considerably from its mean, see proposition 5.4, which happens only with
double exponentially small probability, see proposition 5.5.

To exploit the low energy of the states considered, we cut off all energies above
a threshold. We implement this with the spectral projectors

. (T — (T

Mo = 1p o (AP)p = > (koo
AL >F

v,j,m*=
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where £ € R and the sum is taken over L-admissible indexes (v, j,m) with
eigenvalue bounded below by E, see lemma 3.2.

Recall that at the beginning of section 3 we introduced a vertex * and the
notation 7.*. We used them to index the eigenvalues and eigenfunctions on the
tree, see lemma 3.2.

Definition 5.2. For every v € T.*7!, define the orthogonal spectral projectors
(51) P’U = Z P’U,j
Jje€Jv

using the notation from (3.4).

Remark 5.3. Here are some properties of these projectors. Let v € T.L~!. Then

e If x, = 152 is the characteristic function of the subtree T.L, then for any
we T

P’LU:P'LUX’L):X”U-PU)'

In particular P, = P,xy = XoFPb.
e If we denote by suppp the support of ¢ € (2(T*), then for any w €
TLfl \ TLfl

supp (Pq,go) N supp(ngp) =J.

Given § € (0, 1), the truncated spectral projector ﬁ;L()L), see (3.10), can be written
5

with this notation as
(5.2) M) = Y TR,
veT ™!

We note, for further use, that for any v € 7271,
= (L L
(5.3) M p, = T, s P,

This is easily seen using the commutativity and orthogonality of the spectral

projectors. Using lemma 3.3, we also note that if |v| > (1 — ﬁ)(l& + 1) then

(5.4) P =o.
We finally introduce a notation for the centered potential:
(5.5) VI v 51,

where w is the expected value of the potential. We remind that the quantity

E[gL) = Wk cos(w;rll)“) was introduced in lemma 3.3. Let us now state the
proposition.
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Proposition 5.4. Let ' > 0. For every > (' large enough, there exists some
0 =0 >0 and L* > 1, so that for any L > L*, then, the following inequality holds:

5 VT 1 <0 (%00 5 2)

lolla<t

where we have introduced the notation

Vb = (HEﬂ v (L),

with ﬁ%) defined as in (5.2).
The key estimate is then given by the following proposition.

Proposition 5.5. For any 8 > 0 large enough, let 6 = 63 > 0 given by proposi-
tion 5.4. Then, for L large enough,

P( sup |(V Mo, 0)| > :}—6) < exp(—Cray, 0k").
lella<1

Let us first prove proposition 5.4. We thereby reduce theorem 5.1 to proposi-
tion 5.5. The proof of proposition 5.5 is at the very end of this section. It hinges
upon a series of lemmas and propositions which occupy the rest of this paper.

Proof of proposition 5.4. Fix a realization w of the random potential with the

property
D> ok —p L2
Then, there exists a p € ¢2(TL) with ||¢||2 = 1 such that
(AP o, o) > 2Vk — FL72,
or, equivalently,
(2VE = AP, ) + (VPp,0) < F'L7,

using ||¢||2 = 1. Note that the principal eigenvalue of A is smaller than 2v/k.

Thus, both 2vk — A% and Vw(L) are non-negative operators. This implies that we
have both

(5.6) (2VEk — AP)p, ) < BL72
and
(5.7) (VP ep, 0y < B'L2.

We now proceed as follows. In a first step, we introduce the energy cutoff H(L()L)
Eg

into (5.7). Here, (5.6) tells us how to choose § in order to keep the truncated
version of (5.7) powerful enough. In a second step, we bring the spatial cutoff

in 11¢ ()L) into play. This time, we have to choose ¢ > 0 small enough, depending

on f3.
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For the first step, let us write
(5.8) Hgé)m = 1pirr) — HEEL[(})
and w; = ||V, ]|oc. Then, we find that

<VQEL)S07 @) = <VL§L)H( ()L>907 ' (L)S") + 2§R<V(L I’ <)L)907 H%)L)@ +
+ <V£L) Hiﬁ)@ @, Hgm@
> (VP00 T ) = 20 [T, el T2 ol
This, (5.7) and HH( (L)ngQ 1 imply that

_ L
<Vu5 )H;;<)L)%H( ()L>90> <AL+ 2w+”H§E()L)SO”2‘
)

49

We use now def. (5.5) in order to center the random variables so that their mean is

zero. This gives,

(L) (L L
(5-9) <Vw HEE;L)SOaH;()L)SO) B/L +2W+“H <L)90”2_WHH <L)90”2

Using the non—negatiwty of the operator 2vk — AL, we see that

(2VE = AT o 1Py = 37 (2vVE = AL, WL, o)

Mo >F

v,5,m~

N

Aﬁj m=—00
= ((2Vk — A®)p, ).
We use this with (5.6) to deduce that

(V=AM I, o 10 p) <AL
B

and thus, using the definitions (5.8) and (3.9), this implies that
2 -
(VE B [ ol < 517

Hence, using cos(z) > 1 — 22/2,

+1
2\/E%H <L)‘PH2 <L,

el < o o < e

and thus

Y VE= AL 0)
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From now on we assume we have chosen (3 so large that
1 25
— < min{1 \/5, w/ (8w
] \/ 7 {1/v2,0/(8wy)}
)

B+ 1)
L
B

oo|8

This choice implies
HH (L)SOHQ

1/2 <
We deduce from (5.9) that, for L? > 83’ /@
(D) (L
H;()L) o, 11 ) <

v (L)
For the second step, let us now replace ) B by - (L) We denote @, := ||V, —@||0o

E(L)‘P

Choose 0 < § < 1 satisfying
V28 (B+ 1) < @/(320,).
Then, proposition 3.10 tells us that
20, |1 go—ﬁ( % © e ol < E
+|| E(L) EEL) ”2 A || EéL) ||2 X 16
Using this and HH (L)ngg 1, we deduce
L) (L L (L) (L) L L
V., H(EE)L)SO7H(E§L)(p> Vo, HEE()LﬁOa ' ()L)S0> +(V,, (H (L) — 1 <)L)907H( ) 90> +
(L)
+ <v 1y (M0 = T00%)
8
w
Y + 2W+||H (L)‘P E/(sL)SOHZ < 16
We have thereby proved that, for L large enough
w
{w AfuL) > 2\/E—B’L 2} C {w : sup | (L()L) I ()L)g0>| 1_6}
lell2<1
[ |
is adapted to the energy decom-

This proves proposition 5.4
The spatial truncation we introduced into V,;
position of the argument. More specifically, eigenfunctions with different anchors
are treated differently. We therefore split the probability into different components

depending on the anchors, see lemma 5.7
We now prove a simple lemma.

1 and ¢ € (*(T*). Then

(L +Dlell3-

Lemma 5.6. Let L
> el <
UGTL E
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Proof. We have v € TF and w € T, if and only if v lies in the shortest path from x
to w, which we write v € [*,w]. Thus,

S el < D el =D D xle)]> = > lp(w)]? Z 1.

veT k-1 veTE veTE weTk weTk VE[*,w]

Now it suffices to remark that the maximum length of any shortest path from * to
any point of the tree is smaller or equal to L + 1. |

We introduce the following quantity. For any given L > 1, v € TZ, and w € T%,
define

1
(5.10) 2(Lyv,w) = 5 (L4 1) 2

We also adopt the convention 0/0 = 0.
Lemma 5.7. Let L > 1, k > 0, BY) the unit ball of (*(T*) and £, F C BW).
Then the following inequality holds true

P(sup [(V{Pp,v)| > r)
peEWEF

(VAP Py, Pap)|
< ]P’< sup > K= L,v,w).
22 B e, T L)

,U€7;Lfl wE%L71

Proof. First let us remark that for any ¢ € £(T") we have ¢ = 37 ;-1 P, and
thus, using remark 5.3, we see that

sup [(V P, 9)| < sup

(V9 S P Y b))

peEEYEF peEEEF veTl1 wG’TL_l
(5.11) sup D Y (VP P, Pud).
<p65¢e]~‘ veTE~ T -1

The proof now proceeds as follows. In order to prove the inequality P(A) <
> P(B;), we will show that (), Bf C A°. To do so, fix w with the following

property: forall p € £, € Foo e T we TE!,
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Then, for any ¢ € £,9 € F, we can use assumption (5.12) to bound

2 ) > (VPP Pl

veTE P weTk !

o Pl Yo REDEP g

veT,L 1 weTF 1
1/2
(5.13) <x (Zumu) (Z 0
veTE™ veTE 1

where we have used Cauchy—Schwarz in the last line and furthermore defined

Z k=D Pl

wez];Lfl

Using Cauchy—Schwarz and P, = P, ., (remark 5.3) in this last quantity, we see

that
YooBi< Y ) KR
veTE ! vETEF L weTd ! weTE ™t
We can use polar coordinates to estimate the first sum over w. Indeed, note that,
for n > |v|, the number of elements of the sphere {we TF':|w|=n} is bounded
by k"Il Thus, 3, .r s kT (lwl=lol) Z o1 < L+ 1. With the orthogonality
of the P, and lemma 5. 6, we see that

> BIK(LA1) Y vl < L+ 123

veT k1 veTE 1

We insert this bound into (5.13), apply >, crz-1 [Pyl = [[¢l|3 once more, and
plug the result into (5.11), to see that assuming (5.12) for all ¢ € £,¢ € F,v €
TE 7 w e TE leads to

sup [V, )| < k.
peEWEF

This finishes the proof. |

5.2. The epsilon-net argument. The next problem we deal with is the fact that
the ground state of H,, is random. This is reflected in proposition 5.4 as follows.
The supremum is inside the probability, so that ¢ and 1) are adapted to w. In order
to remove the supremum, we approximate the ball with a finite e-net and show,
with a union bound, that it suffices to consider only the elements of the net. The
following two lemmas implement a classical e-net argument.

Lemma 5.8. Let v € T2 and BSY be the unit ball of Im P, = P, (3(T")).

Then there exists a finite set M, C B so that for any ¢ € B there exists some
p e M, so that

lo — Pl < 1/8
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and furthermore

#M, < 3ok(L=lv])

Proof. The existence of an e-covering of the unit ball of a finite dimensional space
having a cardinality smaller than (4/€)9, where d is the dimension of the space, is a
well-known fact, which can be established by scaling and volume counting, see for
example [Pis99, formula (4.22)]. It suffices now to remark from the definition (5.1)
that

dimIm P, < k(L — |v])
to establish the result. [ |

Lemma 5.9. Let a scale L > 1, a constant k > 0, B the unit ball of 2(T*) and
sets £, F C B be given. Further, we fiz, for each v € TLL, some set M, given
by lemma 5.8. Then, the following inequality

ViP P, P,
p( s 057Pop, Put)

ctmer [ PogllalPutt]:
< S PV, Pud)| > 2KE(L, v, w)|| P ]| Pudll2)

€N e M, peM,y,

> nE(L,v,w))

holds for allv € T, we TE .

Proof. Fix v € TE7!, w € TE~1. Using the fact that P? = P,, we see that
~ Pv

V( o P, P (Y2 P ww
(V" Pop, Putb) = < NPella” | Putdllo

MPplall Put ]
We deduce that

VP Py, P, ~
wp N 2 PO s T P, P,

peewer | Popll2||Putdll peBSY peB(H

We remind the reader that 0/0 = 0.

Let M, M,, be the %—coverings of BT()L), B given by lemma 5.8, respectively.
Suppose that £’ > 0 and that

B N AT -
(5.14) (VI Pp, Puth)| < S|Pl Putd 2

for all p € M,, Y € M,,. Assume furthermore that

(5.15) (VP Pyp, Po)| < 26| Poplla]| Putd |2
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for every Y E B 3 w e BV, Using the definition of M,,, M,,, we see that for any
Y E B 1/1 e B¢ , there exists some ¢ € M,, 1) € ./\/lw such that

(VI P, Puth)] < (VPP vsa, Py + [(VEP Py (@ — ), Pud))]
+’< U(Pa w(w_w»‘
<K /24 2"6'||Pv(s5 — o)z + 26| Pu () — )2
SK24K/4+K/4=F.
We deduce that if ]<l~/w(L)Pv<p, P,)| > k' then we cannot have both (5.14) and (5.15).
We use this below with «’,2«’,4x’,.... Thus,

IP’( sup (VSR Py, Put)|
veeer ||[Popll2|| Putd]l2

n’) < IP’( sup (VI P, Puth)| > ff’)

peB" peB)

< Z P(K‘ZSL)PUQ@PU)J)H > ’{/HP?J@H?”PUJ@Z)H?)
PEMy,YEMy,

+P sup |<‘~/U§L)PU§0, P,y > 2/<;’>

peB{™ weBL

<Y BERE P > 28 Pplal Putlll).

=1 GeM,PpeEMy

Now we choose k' := kZ(L,v,w), and lemma 5.9 is proved. [ |

5.3. Concentration inequalities. With the lemmas we have up to now, we
can attack the probability in proposition 5.5, but we will accumulate sums over
veTEF L weTEFYi>1, ¢ € M, and Y € M,,. The probabilities we sum
over in the end should be very small in order to get a meaningful upper bound.
We estimate these probabilities in proposition 5.10, which is the main probability
estimate.

We remind the reader that =(L, v, w) was defined in (5.10) just before lemma 5.7,

and that V") = (HEEL()L))*V(L)H W We further recall that V is the centered
8

potential see (5.5), and that the random variables w, are bounded almost surely,
so V] <
Proposition 5.10. Let Le N, g € (0,L], v € T*', we T}, 6 € (0,1), and
peM, ve M,. Then

!<f45 VP,3, Puth)| > KE(L, v, w) HPHL&JH |2, H;L( al,

Wy = [lwp — @||oc almost surely.

holds true with probability smaller than
2 eXp(—Ck@hg/‘iZl{‘aL) .
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Here,
— ~2 16 4\—1
Cro,p = (6407k°(B+1)")7 > 0.

To prove proposition 5.10 we will need the following two lemmas, the proofs
of which are just below the proof of proposition 5.10. The first one is just an
application of a well-known sub-Gaussian estimate.

Lemma 5.11. For all L > 1, k > 0 and any ¢, ¥ € (*(T1), we have

2

(L) K
PV, @, ) > k) <2exp( — =555 |-
( ) ( 2w3||90||3||¢||i>

After applying lemma 5.11, we will be interested in certain ¢*-norms. The
following estimate is tailored to our needs.

Lemma 5.12. For all L€ N, € (0,L], v e TE ™, € TE! satisfying x| > |v],
and p € (2(T"),

8KkS(B+1)*

hennf ol < S0

kDRI, o

holds true.

We now prove proposition 5.10.

Proof of proposition 5.10. First, recall (5.3). This allows us to write
P,VP, = P, (i (L)) v, p,
5
—(L
- HLﬂ()L)PwTIwIﬁVSJ )TIvIﬁPvH;L()L)v
8 5

since the operators Tjs 5, Ps, and x, are self-adjoint. Furthermore, note that
Tiw,s = Tﬁul s and recall from remark 5.3 that P, = P,X.. The diagonal operators

Tiw|,s, Xw and VEJL) commute, so
> (L)
PquEL)PU = H(ELE%)L)PwTiwL(SVw Xwﬂw|757‘iv|,6PUH%)L) .

Finally, compute T}, 57)s,s = Tjw|s- This leads us to study the quantity

X(z,v,w) := <Vw( P,p, wz/1>
L) ~ L) 7
= <Vw Xwﬂw|,6PvH§E[(B)L)§07 Tiw|,5PwH(E[(3L)Q/}>:

which is a sum of independent, bounded random variables. Note that the number
of nodes in {z € T.L7! : |z| = |w| + [6L]} is smaller than or equal to k/°“1. Use
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this and lemma 5.12 to calculate

[ Tjuot 6P HE<L>¢H4 > HXwaH;L;m%ﬂﬁ@fw zg%HXwaH%)MHi
ol i
e Ll R
and
HXleszstH%)m@Hi: > lwr H;Lm I < k“”xngaL)glllxvaséllj
Wi i=t

8. Eﬁ + 1§ g 2ul=FoL1+20 | p, @
L+1)2

With these estimations, lemma 5.11, tells us that, if &' > 0,

sl

/1,2

R IO T
/2(L+1>2k\w\—|v|+f5L]
1623K°(8 + 1)1 P11 o # ol ol

log(P(|X (z,v,w)| > ') /2) < —

We plug in
k' =KE(L, v, w ”PH <L> ” | P HE<L>¢H2
and get
log (3P(X (1 v.w)| > KE(L. v, w)| P 8], | PaTI, 611,)
K201
642 kS (B + 1)+
This finishes the proof, m

Proof of lemma 5.11. Fix p,v € £?(T*). The expression
J— L _
V0 0) = 3 (w0 = @)e(0)u(v)
veTL

is a sum of #7 independent random variables, namely {(w, — @)@(v)¥(v)}yerr,
all of them having mean zero. For every v € T*, we have almost surely

(W = @)Y (V)] < @1lp()P(v)].
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To bound the probability in question, we use Hoeffding’s inequality ([Hoe63|) and
Cauchy-Schwarz:

Hm«m”—wwww>n><%ﬂ%zeﬂ@éilmwwm9

2

—K
S .
h 2% I llzl N2

Proof of lemma 5.12. Let ¢ € £*(TT). To simplify notation, we let ¢ € PUH%)L)W(TL)I
For any L-admissible (v, j,m), let a, ;. be defined by

[B+1]

()0_ Z Zav]m v,7,m)

m=1 jeJ,

and thus 3=, |awjml* = [l0]l5.
Using Cauchy—Schwarz,

|B+1]

”XIQD||4_ Z ‘ Z Zavjm v]m )’4

’LUGTL m=1 jeJ,

(X Sol) ¥ (S Shutof)

m=1 jeJ, weTE ~m=1 jeJt,
[B+1]

(Y] T v LWHD%

weTE ~m=1 jeJy ueTE u~v

Again with Cauchy—Schwarz and then with the definition (3.1) of G we see

Z\Zq% W) <Y P Y )

J€Jv ueTF u~v J€Jv ueT} u~v uETE u~v
- 2k?
S Tl - D

We use all this in the estimate above and derive

[B+1]

4k* wl—lv
|%M<EWF@WMZ(Zk<“ﬁ

weTL

4k4L6+1J2 wllv
<ol 3 i

weTL
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The remaining sum can be treated with radial coordinates:

L L
Z fo=2(lwl=lol-1) < Z pl—lel =20=lol=1) _ p—le|-2lo|+2 Z L

weTk (=lal i=lal
—lal 3
k K —a(al—pol)

< k*\x|72|v|+2 — k
1—k1 k-1

Since k > 2, we can beautify k3/(k — 1) < 2k? and get
8KkO| B3+ 1)2

41.=2(lz[=[v])
x ~ k
el < it ol
Because of (5.4), we can assume |v| < (1 — ﬁ)(L + 1). This is equivalent to
L _ < B and the claim follows. |

Tti—Jo] N L+1

We finally are in position to finish the proof of the key probability estimate.

Proof of proposition 5.5. We need to bound

» _IP< sup [(VPp, )| > @> <P< sup (V. )] > 32)

lell2<1 16 lolla<l
from above. Let us define
&= F = {p e I, (A7) : llplle < 1}

By definition of ‘ZSL), see proposition 5.4, and by (5.3), we have

sup [(V Mo, o)| < supsup[(V Mo, ).
lella<t peE wEF

Using this, we can estimate with the help of lemma 5.7 and see

- (L) .
(5.16) p < Z Z ]P’( sup [V "Pop, Puth) >3—E(L,v,w)>.

2 \eder [Pl Pt

The terms in the sum (5.16) can be bounded using lemma 5.9,

() p
P( |(V™ Py, Put))| >

sup

E(L v w))
eetwer Popll2l Pl

Gin <X X B(lPRe ww>21325<L,v,w>HPm|2||Pw«z||2),

€N Ge My, PEMuy
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where, for v € TL M, C (TE) with #M, < 32 see lemma 5.8. Using
P32 = || P, H( ,» valid for all ¢ € ¢2(T"), proposition 5.10 tells us that

P(W; Po3, Put)] > 225 2(Ly 0, w) | Plal| Putll )

SP(KV(L v P w1/1>| > 21§E(L v, w HPH <L)@H HP HE(L wllz)

< 2exp(~Crz. 52 ok KE)

D W TR
Plugging back into (5.17) and using #M, < 32*L,
. ( (VS Pyp, Put)

sup
pEEYEF HPvSDH HwaH2

-2
Z Z Wo 52i7.6L

€N e M, peM,y,

-2
2kL 2 W 5L
<2-32 E exp(—C&m’gQ —1024k )

1€EN

The remaining sum can be bounded with a geometric series, since for all z > log 2,
we have

Zexp(—aﬂg’) < Z (e7") = o= <2
ieN i=1

Finally, put this back into (5.16), to get, for all L € N large enough,

-2
Z Z 2kL W= 5L
432 exp(—CH,@hﬁ@k )
veT ! wE’E,L_l
4J:2Lg92kL ( C @ k,aL>
xp( —Cro. g—— }
P\ TR 57094
Taking L large enough, we get

@
P < eXp(—On,w+,ﬁmk§L) -

The end. |
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LIFSHITZ ASYMPTOTICS IN CASE OF MONOTONE RANDOM
BREATHER POTENTIALS

IVAN VESELIC AND CHRISTOPH SCHUMACHER

ABSTRACT. We recall the construction of the integrated density of states
(IDS) of random Schrédinger operators on R¢ with periodic background
potential. For all non—negative random potentials, we prove Lifshitz behav-
ior at the bottom of the spectrum, which is that for low energies, the IDS is
exponentially small. The theory is developed for the breather potential and
generalized to all non—negative random potentials in a second step. We use
the Lifshitz tails result to prove an initial length scale estimate which may
in turn be useful in a proof of Anderson localization via multiscale analysis.
Finally, we use complement the Lifshitz behavior with a lower bound.
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1. INTRODUCTION

1.1. Random Schrédinger operators and the IDS. We consider Schrédinger
operators on L?(RY) with a random, Z%ergodic potential. More precisely, we
fix a measurable space (Q2,.49) and a jointly measurable single site potential
u: Qo x RY — R. With the notiation uy := u(), - ): R? = R, X € Q, it
becomes obvious that €y serves as an index set for a whole family of single site
potentials.

The single site potentials are combined randomly on R%. To this end, we
use the canonical probability space (€2, A,IP) with Q := Q)4 Qo and an i.i.d.

1



2 IVAN VESELIC AND CHRISTOPH SCHUMACHER

family of random variables \;: Q — Qy, indexed by k € Z¢, via

(1.1) Wi RO R, Wa@)= Y upwl@—k)  (weqQ),
kezd
We assume that there exists p > max{2,d/2} such that

esssupp |uy,| € LP(¢Y),

where LP(¢') is the set of all (equivalence classes of) functions f: R? — R
such that || xp > cza [ f(- — k)|HLp < oo with the indicator function yp of
the fundamental domain D := [0,1)? of Z¢. Under this assumption, the ran-
dom potential (1.1) is in L (R%), uniformly in w € Q. An application of

loc,unif
the Kato—Rellich theorem, see e.g. [RS78, Theorem XII1.96], for a 7%-periodic
potential Vjer € L*(R%,R), the operators

(1.2) Hper := —A+Voer and  H, := Hper + W,

are self-adjoint on the domain dom A of A and lower bounded uniformly in w €
Q.

The joint measurability of the single site potential implies the measurablilty of
the family (H,,)weq, cf. [KM82b]. Moreover, (H,),ecq forms an ergodic family
of operators in the following sense. Let U: Z? — B(L*(R%)), (U(2)f)(x) =
f(x + z) be the unitary representation of Z¢, acting by translation. There is an
ergodic Z%-action ¥: Z¢ x Q — Q on (9, A, IP), which satisfies

Hy(zw) = U(x) 'H,U(x) (x € Z%w e Q).

Hence there exists a closed set ¥ C IR and an event €' € A of full probability,
such that for all w € €, the spectrum of H,, coincides with X, cf. [KM82b].

For the definition of the integrated density of states (IDS) N: R — R for
(H,)weq we follow [Pas80; KM82a]. Denote for L € N and = € R?

Ap:=[-L, L) Ap(z):=Ap+z, F:={Ar(z)|zecZ%LecN}

Neumann (N), Dirichlet (D), periodic (P) and Mezincescu (M) boundary con-
ditions, a specific choice of Robin boundary conditions, see Section 1.2, give rise
to self-adjoint restrictions H**, § € {N,D, P, M}, of an operator H to the
box A € F. We defer detailed definitions to Section 1.2. We write in short
HEE = ghLt,

It is well known, see [KM82a; Ves08], that the finite volume restrictions of H,,,
w € £, have compact resolvents, so that their spectrum is purely discrete. The
eigenvalue counting functions

n*(E, Hy, A) = Tr (X (—o0,py (H)M))
and its normalized versions
NYE, H,,A) := |A|"'nf(E, H,, A),

are thereby well defined forw € Q, E € R, A € Fandf € {N,D, P, M}. Again
we write briefly nﬁL(E, H,) :=n*E, H,,AL), L €N, and analogously Ng.
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The eigenvalue counting functions are equivariant, i.e. for all k € Z¢, E € R,
Ae F,weQandte{D,N,P M} we have

Nﬁ(Ea Hﬂ(k‘,w)a A) = Nﬁ(‘Ea Hy, A+ k)

Moreover, as we will see in Section 1.2, n’¥ and n™ are subadditive, i.e. for any
A € F given as a finite disjoint union A = Uj A; of cubes A; € F,

n*(E, Hy, A) < Zj nf(E, Ho,Ay) (€ {N,M})

holds. Together with the ergodicity of (H,),cq, it follows that there exists for
each F € R an event Qg € A of probability 1, such that for all w € Qp

Jim N}(E,H,) = inf BINL(E.H)] (€ {N,M}).

Analogously, n” is superadditive, and, w. . 0. g., for the same event Q5 we have
lim NP(E,H,) = sup E[NP(E,H,)] (we Qg EcR),
L—o0 LEN

cf. [KM82a].
We are now in position to define the IDS of (Hy)ueq in two steps. For
fe{D,N, M} and w € Q := nEEQ Qpg, the function

Nt Q> R, NYE):= Jim Ni(E' H,)
—00

is well-defined, non-decreasing and does not depend on w almost surely. The
IDS N: R — R of (H,)weq is the right continuous version of Nt
N(E):= lim NYE')=if{NYE)|E ecQn(E _
(B)i=  lim | NH(E) = mt{NH(E') | E' € QN (B.c0)}

As indicated by the notation, the IDS N is independent of the choice of bound-
ary conditions. This can be infered from [KM82a; HS04] as follows. See also
[Hup+01; DIMO1]. Since Neumann and Dirichlet boundary conditions bracket
Mezincescu boundary conditions, it suffices to show

L—oo

NN(E,H,) - NP(E,H,) =20  (fora.a.wandall E € R).
This is proved in [KM82a, Theorem 3.3] under the additional assumption that
the Laplace transform
E[Trexp(ftg(fAN’D + q(Vper + W.)))] < 00

for some ¢ > 1, tg > 0. Here, Tr denotes the trace of operators. If we split
Voer = Vi —V_, V4, V_ >0, by [HS04], the above condition is satisfied as soon
as V_ is relatively form bounded with respect to —ANP, vV, + W, € LL (D),
and
Trexp(ANP —2V.) < 0.
But all this follows from V,e; € L>(IR?) and [KM82a, Proposition 2.1].
The right continuity of N implies

N(E) > inf BINL(E. H.)] (¢ € {N,M})
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for all E € R. Indeed, for all e > 0 we find an ' € QN (E,) and an L € N
with

N(E) +2¢ > NY(E') + ¢ > E[N!(F', H,)] > E[N!(E, H,)).
Actually, for every continuity point E € R of N we have
(13) N(E) = inf BIN}(E,H)] (€ {N,M}).

Indeed, by continuity of N in E, there exists for all € > 0 a 6 > 0 such that for
al LeNand F',E" € Qsuchthat E—§d < E' < E”" < E, and § € {N, M},

N(E) - < N(E') < NYE") < B[N} (E", H)] < B[N} (E, H.)].
By an analogous argument we have for continuity points E € IR of NV

(1.4) N(E) = Egg]E[NLD(E,H.)].

Note, that in [BK11] the continuity of N is proved for d € {1,2,3} and
bounded W,,. For specific types of W,,, Wegner estimates are available, im-
plying the continuity of the IDS, see e.g. [Ves08; Nak+15].

1.2. Boundary Conditions. We have used above that the eigenvalue counting
functions are equivariant and sub- resp. superadditive. These properties are
inherited from the corresponding properties of the respective operator family
(H({J\’ﬁ)w€Q7A€]-‘. The latter is equivariant, if U(z) " H) U (z) = Hg(’i’w), for
all z € Z%, all A € F and almost all w € Q. All boundary conditions we consider
lead to equivariant operator families.

With Dirichlet boundary conditions, the family (HUI_},D)WeQJ\eJT is subadditive,
meaning that for all disjoint unions A = JA; € F of cubes A; € F, we have

AP < @ HYY

see [RS78, p. 270, Proposition 4]. Superadditivity is defined with the opposite
inequality and applies for Neumann boundary conditions:

P ui"™ <m.

Covariance of N¥ is implied by equivariance of (Hu/}’ﬁ)weg,/\ef- Superaddi-
tivity of (H2**) implies subadditivity of n®, and subadditivity of (HA*#) implies
superadditivity of nf. This is because the smaller operator has more eigenvalues
below a given threshold.

In the case Vper = 0, Neumann boundary conditions work well for our pur-
poses. Otherwise we have to resort to Mezincescu boundary conditions. Like
Neumann boundary conditions they lead to equivariance and superadditivity.
But they additionally preserve the ground state energy of the periodic operator:
inf o (HXM) = inf o (Hper), A € F.

Following [Mez87; KW05; KW06; KV10], we define Mezincescu boundary
conditions as Robin boundary conditions with a specific function py € L (0A, o),
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where o is the surface measure on the boundary A. This means, —AYM s the
operator associated with the sesquilinear form

(15)  (pd) e /A V@) V() do + /8 A @) oldo)

with the Sobolev space H!(A) as its form domain. Here and in the following,
we use the same name for a function on A and for its trace on JA. The domain
of —AMM turns out to be the set of ¢ € H2(A) which satisfy prp + %n =
on OA, where % is the outer normal derivative. Also, on its domain, —AMM
acts as usual as the negative of the sum of the second derivatives. The details
for case of von Neumann boundary conditions py = 0 can be found found in
e.g. [Sch12a, section 10.6.2]. The general case py € L*(A) can be established
analogously.
Note that for all py € L>(0A), we have

(1.6) HAP > ghM

in the form sense, where HAM .= —AMM | Vper + Vio. In fact, the form which
defines the Dirichlet Laplace operator is the restriction of (1.5) to H}(A).

Mezincescu's choice for the function py is constructed as follows. Note that
the restriction Hpw of Hyer to D = [0,1)% with periodic boundary conditions
has a positive and normed ground state ¥p € H!(D), ||[¥pl|, = 1. If we extend
Up periodically to R¢, we obtain

(1.7) U e L®(RY) N HL (RY).

In fact, by [Sim82, Theorem B.3.5], ¥ is continuously differentiable with a Holder
continuous gradient. Since —A is elliptic, Harnack's inequality, see [Sim82,
Theorem C.1.3], applies:

(1.8) 0<V¥_ :=min¥(R?Y) < ¥, :=max ¥(RY) < oo.
We now define py := —%‘g—g on OA. Equivariance of (Hﬁ’N[)WGQ,Aef is clear

from construction, and superadditivity is shown in [Mez87, Proposition 1].
Next, we argue that, for all A € F,

(1.9) Ey(HAPY = By (HAM) = inf o (Hper).

per per

By construction, ¥ satisfies the eigenvalue equation Hpe, ¥ = El(Hgf)\I/.

Since W is bounded, [Sim82, Theorem C.4.1] implies Ey(HN) € o(Hper)-
On the other hand, ¥ is positive, so that El(HEe’rP) <inf o(Hper) by [Sim82,
Theorem C.8.1]. Thus we conclude El(HI/)\e’f) = inf o(Hper). Furthermore,
for all A € F, the function ¥, := |A|71/2XA\IJ is in the domains of H&f and
of Hf)\e’ﬁw, and an eigenvector with the eigenvalue El(Hﬁ’rP). Again by positivity
and [Sim82, Theorem C.8.1], W, the ground state of Hf,\e’ﬁ” and of Hf)\e’ﬁw. That
proves (1.9)
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A = supp uq

SUPP Us3
—H (o)

Supp 13

FIGURE 1. Support of single site potential u) for different val-
ues of \ with circular base set A

For Vper = 0 we have Ey(—ALN) = ™ The spectral gap between the two

412
lowest eigenvalues of Hé‘e’f\/] satisfies, for some C; > 0 and all L € IN,
(1.10) Ex(HpM) — Ev(HRM) > €1 /12,
cf. [KS87].

2. THE BREATHER MODEL

For the breather model, we consider a specific measurable space €2 := [0, 1]
and a specific single site potential u: [0,1] x R? — R. Choose a measurable
11

set AC D := [—§,§)d C RY of positive Lebesgue measure and a coupling

strength p > 0. The single site potential is defined via
(21) u(A, ) := pxaa(z),

see Figures 1 and 2 for illustrations. As in Section 1.1, the random variables
Ae: Q — [0,1], k € 7Z, shall be independent and identically distributed. We
require 0 to be in the support of the distribution of Ag:

(2.2) Ve > 0: P{\o < e} >0,
but of cause we want randomness, so we assume
(2.3) P{X\ =0} < 1.

Note that the distribution of Ay may but does not have to have an atom at 0 € R.
Choosing this specific type of single site potential (2.1) in the random potential
in (1.1) and the corresponding random Schrédinger operator (H,,),ecq gives rise
to the random breather model.

The basic main result of this chapter is the following.

Theorem 1. The IDS N of the random breather model with single site potentials
given by (2.1) satisfies a Lifshitz bound, i.e. 3C5,C3 > 0,FE' > Ey: VE €
(Eo, El] :

(2.4) N(E) < CQ(E — Eo)d/2 exp(—C’g(E _ E0>7d/2).

Before we prove Theorem 1 in Section 2.2, we show that the support condi-
tion (2.2) ensures the following well known lemma.
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Lemma 2. For the random breather model with (2.2), we have
(2.5) Ey =info(Hy,) for P-a.a. w € Q.

Proof. We have W, > 0. Hence by the min-max-principle inf o (H,,) > Ej.

For the other inequality, namely inf o(H,,) < Ej for a.a. w € {2, we construct
for a.a. w € € an approximate eigenfunction for H,,. We use a mollyfier x €
(R4, [0, 1]) with xp < ¥ < xa,, or rather %,,1.(y) i= X((y—=)/L), o € 24,
L € N. Our ansatz for the approximate eigenfunction is

Vo =V Xo,L/[|V - XaLll; € dom(A),

with ¥ from (1.7), for suitable z € Z% and L € N to be choosen later. We have
to bound

I(He = Eo)t Llly < [|(Hper = Eo)ta,zllz + [Weothe Lll,-

Lemmas 3 and 4 provide for P-almost all w € Q and all L € N an z € Z% such
that

I(Ho — Eo)vrll, < (Ca+ 1)/L.

This suffices to conclude inf o(H,,) < Ejy. O

The following lemma provides the non—-random estimate used in Lemma 2.
Lemma 3. There exists a constant Cy > 0 such that all L € N

[(Hper — E0)¥e,zll; < Ca/L.
Proof. We use (—A + Vper)¥ = EoV for
[(Hper = £0)(¥Xa,L)lly = [12V¥ - VXa,L + PAXe Ll
< 2[xXAL () VP2 VXe,Llloo + 1P oo | AXz L5
A short calculation shows
IVXaille = L7 VRl and A% L]y = LY AK,:

Furthermore,

IXaL @) VIl = L2 X, V¥l and (| WRerlly > LY Uxp]|, = LY.
We combine this to get

2lxa, VY5 I VX + P4 ]|AX|,/L
H(Hper_EO)\I}m,LHQS HX 1 HQH XHLoo +H XHQ/

and choose Cy := 2[|xa, V¥ |l5[[VXl| oo + W [|AXI5. U

Lemma 4 deals with the random part in the estimate from Lemma 2.

Lemma 4. There exists a set Qpc € A of full probability P(Qpc) = 1, such
that for all w € Qpc, € > 0 and L € N, there exist © € 7% satisfying

WoWarlly <e.
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supp ui

FIGURE 2. Support of single site potential u) for different val-
ues of \ with arbitrary base set A

Proof. Let I, := Z4 N Ap and Iy(z) := 2 + I. Foralla > 0and L € N,
the Borel-Cantelli lemma provides us with a set 2, 1, € A of full measure, such
that for all w € Q4 1, there exists * =z, o, € 7% such that

(2.6) sup Ap(w) < a.
kGIL(a:)

We let Qpc = ﬂaeQ,a>0 Nren Qa,z € A and note that P(Qpc) = 1, and
that (2.6) holds for all « > 0, L € N, and w € Qpc. Furthermore, (2.6) implies

SUDger, (o) |Uap(w)lla < 1/ Al Hence,

Waxar@llz < D llunge) (- = K)lly < nyfad|A| # 11

kelr (x)
and
Ihdl ypy/ oAl #11,
Wy Llly < ||‘1’Xa:,L||2H wXap (@]l [¥Xe,L |

Now choose a := (&[|¥Xa,1|lo/(Vyur/|A] #IL))Z/d to finish the proof. O

2.1. Temple vs. Thirring. The method of [KV10] is not applicable to the
potential (2.1), at least not directly, because of the use of Temple's inequal-
ity [Tem28]. Provided that ¢ is a vector in the domain of a lower bounded
self-adjoint operator A with F;(A) = info(A) being a simple eigenvalue and
Ey(A) = inf(c(A) \ {E1(A)} being an eigenvalue, and v € R a number such
that info(A) < (¢, AyY) < v < E3(A), then Temple's inequality states that
the lowest eigenvalue E;(A) of A is lower bounded by

1A% — (&, Av))?
v—(y,Ap)

Here (1), AvY) can be considered as the first order approximation to E1(A). In-
deed, it is a true upper bound. To obtain a lower bound one has to subtract

Er(4) = (¢, AY) —
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a normalization of the second order correction || Ay||? — ({1, Av))2. This ex-
pression is non-negative, since it is a variance. In our application, considering
eigenvalues close to zero, (1, Av) is small, consequently is ((1/, A1)))? quadrat-
ically small and thus negligible. If the single site potential u(\, z) = xxa(z) is
a characteristic function of A\A, we have

(W, u(\, )*) = (¥, u(A, )

and if the translates k + \A, k € Z¢, do not overlap for any allowed value of ),
e.g. is A is small, then we have for the resulting breather potential W, in (1.1)
again

(U, W) = (¥, W)

The natural choice of a test function ¢ is the ground state of Hééﬁw with eigen-

value E; (Héey) = 0. Then we have

IHEMp|| = (v, H5 M)

hence the second moment is equal to the first one and cannot be considered as
small correction. Note that the difference v — <w,H£’M¢) is bounded by the
gap between the first two eigenvalues of H5™ | typically of order L=2. Thus,
dividing by this number actually makes the correction term even larger.

It turns out that Thirring's inequality [Thi94, p. 3.5.32] is better adapted to
the model under consideration. It was used before in [KM83] in a similar context.
For the readers convenience we reprove Thirring's inequality here.

Lemma 5 (Thirring). Let V be an invertible, positive operator on the Hilbert
space H, P: H — P(H) C H an orthogonal projection and suppose, that the
operator PV~ P* € B(PH) is invertible. Then

P*PVIPHTlP <V,
In consequence, if H is a self-adjoint operator on H, bounded from below, and
El(H) < E2(H) < E3(H) <. < Eoo(H) = inerss(H)

is the sequence of eigenvalues of H below E+ (H), counted with multiplicity,
then for alln € N

E,(H+P*(PV'P*)7'P) < E,(H+V).
Proof. Let Q := V_%P*(PVflP*)*lPV_%. Note that because of
QX =V P (PV PPV IPH(PVIPY) TPV T = Q = @,

Q is itself an orthogonal projection. Therefore @ < Idy, i.e. (¢, Q¢) < (¢, )
for all b € H. This directly implies

* —1 px\—1 1 1
PY(PVT'P) T P=V2QV2<V.
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By the min-max-principle, see e.g. [Thi94, 3.5.21], for all n € N
E,(H + P*(PV~'P*)7'P)
= inf  sup (¢, (H + P*(PV'P*)7'P)y)

HCH  yen’
dim(H)=n [y]|=1
< inf  sup (¢,(H+ V)W) =E,(H+YV) O

HCH  pen

dim(H)=n =1
We actually need only the following special case of Lemma 5.

Corollary 6. Let » € H be a (normalised) ground state of H, i.e. Hi) =
Ei(H)y and ||¢|| = 1, and P = Py, the orthogonal projection onto span{t} C
H. Then

min{Ey (H) + (4, V')~ By (H)} < Ey(H + V).
Proof. Since PH is one dimensional,
PV7IP* = (P, PV P*Py) = (P*Py, V' P*Py) = (1, V1),

where the scalar on the right hand side is interpreted as multiplication operator
on PH. We use the min-max-principle to show

E\(H + P*(PV'P*)"'P) > min{Ey (H) + (), V')~ !, By (H)}.

Then Corollary 6 follows from Lemma 5.

In order to apply the min-max-principle, we decompose the arbitrary vec-
tor ¢ € H of unit length |l¢|| = 1 into ¢ = o) + ¥+ with ¥ orthogonal
to 1. Self-adjointness of H gives us (1), Hy~) = 0. In addition we know
(Wb, Hb) > By(H) [t 2 = By(H)(1 - [af?). We now see

(0, (H + P*(PV'P*) "' P)y)
= |al* (¥, HY) + |a* (0, Vi)™t + (vt Hyt)
> |af* (B (H) + (0, V7R + (1 — |af*) Ba(H).

The last expression is affine linear in |a|* € [0,1], so the minimum is realised for
ol € {0, 13 0

2.2. Proof for the breather model.

Proof of Theorem 1. We adapt the notation of the introduction to the present

situation. For this, we shift the fundamental domain D, := [—3,1)? of Z%.
The advantage is that suppuy C D, for all A € [0,1]. We define a relevant
index set I, := [~L, L)Y NZ% for L € N and shift the box Ay, := I}, + D,, too.

With | - | for Lebesgue measure and # for cardinality of sets we have in particular
# I1,-|D.| = |AL|. Since we will only use Mezincescu boundary conditions in this

proof, we drop the M in the notation for finite volume restrictions of operators:
HL .= gELM = ghcM,
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By adding a constant to the periodic potential Vjer, we can without loss of
generality assume

(2.7) Ey = 0.

We also need to show (2.4) only for points E of continuity of N, since N is
monotone and the right hand side is continuous in E.
We single out the following properties of the single site potential:

(2.8)  un, = UXsuppuy, < 1xD. Lebesgue-a.e., and Ejsuppuy,|] > 0,

where the first conditions holds IP-almost surely. These are the properties of u
we will actually use. This will be useful in Theorem 10, where we can recycle
large parts from here. Note that we do not require precise information about the
level set {x € R? | uy(x) = p}. In particular, the breathing structure is actually
irrelevant.

For non—negative single site potentials it is well known that, using (1.3),

N(E) < E[NL(E, H,)| = E[x{p, (nz)<py NL(E, He)]

< E[Xg,z)<py Ni(E; Hper)]
< NL(E, Hper)ﬂ){w; EI(HU%) < E}

for L € N and points E € IR of continuity of N. Since N, (E, Hpe;) ~ CoEY/?
as E N\, Ey = 0 uniformly in L € N, see [Sto01, p. 4.1.8], it is sufficient to
derive an exponential bound on the probability that the first eigenvalue E1(HZ)
of HZ does not exceed E for a suitably chosen L = L.

In order to apply Thirring's Corollary 6, we need the potential to be strictly
positive. We therefore regularise the potential by letting

Hé = —AL + Vper —~r and V,:=W,+vL
with 7z := C1/(2L?) and C; from (1.10). This shift by 7, scales like the gap
between the first and the second eigenvalue of (—A + Vper)L, cf. (1.10).

Recall from (1.7) the Z-periodic function ¥: R? — (0,00). As pointed
out in Section 1.2, the normalised ground state W, of HE is given by ¥} =

|AL]_1/2XAL\II. Due to the normalisation (2.7), the ground state energy of H}'
is E1(HY) = —v1. Furthermore, by (1.10),

C
(2.9) Ey(Hg) > L% =7 (LEN).
We define for all k € Z¢, L € N the random variables X}, S;: Q — [0, 1],
1 ) 1
210) Xip(w):=— V(z)"dx and Sp:i=-— X
( ) |DC| SUPP U, (w) ‘ )’ #IL kEZIL

The values of X}, and Sy, are in [0, 1] because of ||Wxp, ||, = 1. The next lemma
employs the properties (2.8) of the single site potential. We postpone the proof
to page 13.
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Lemma 7. Forall LEN, L > Ly := { %ﬂ

%LSL(M) < By (HE) + (W, v lwp )
From ¥(z) > ¥_ > 0 and (2.8) we have E[Xy] > 0. We define the crucial
length Lg:
LE = L\/ Cl/(QE)J
and see, using (2.9), that for all L e N, L < Lg,

E < (1’12
212

=71, <7 < E2(Hyp).

On the event {w: £} (HfE) < E%}, Thirring's inequality Corollary 6 implies for
al LeN, Lo < L < Lg,

%LSL(M) < By(HE) + (0, V1)) < By(HE) < E < By(HE).
Let Lg := [/C1E[Xo]/(8E)|. We use Xy < 1 to check that for E small
enough, Lo < Lg < Lp. Hence, since E[Xo] = E[SL] ist constant in L,
P{w: By(HL?) < E} <P{%£S;, < E} <P{S1, < iE[S1,]}.

Finally, observe that the random variables X, k € 7, are independent
by (2.8). The standard large deviation estimate in Lemma 8 bounds this proba-
bility by e~2"C5L% with some positive constant Cj, since # I, = (2Lg)%. We
see, from the definition of Lg,

N(E) < C2EY? exp(—27C5LE) < CoEY? exp(—C3E~?)
with C3 = C5(2+/CiE[X0]/8)", which is (2.4). O

Lemma 8. Given a sequence Xy, k € N, of non—negative . i. d. random variables
with 0 < E[X1] < co. Let S, := 157 | X;. Then there exists C5 > 0 with

P{S, < E[S,]/2} < e n.
Proof. Observe that for all non—negative numbers ¢ > 0 by independence

IP{Sn < %E[Sn]} = E[X{exp(nt(]E[Sn]—QSn))Zl}]
< B [exp(nt(E[S,] — 25,))]

= H E[exp(t(E[Xk] - 2Xk))]'
k=1

The identical distribution of the random variables X}, shows
P{S, < FE[Sy]} < (E[exp(t(E[X1] — 2X1))])" = exp(nlog M (1)),
employing the moment generating function
M(t) := Elexp(t(E[Xo] — 2X0))] (t € R)
of the random variable E[X(] — 2X.
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Note, that M(0) = 1 and M'(0) = E[E[X,] — 2X,] = —E[X,] < 0.
Therefore we find s > 0 with M (s) < 1, which proves the claim with C5 :=
[log M (s)]. O

Proof of Lemma 7. As V,, does not vanish, VJl is well-defined as a multiplica-
tion operator. By construction, we have

- Uy (z)]? 1 U ()|
U, Vo :/ | dz = dx
WV = | e YT a L, Vel
_ 1 1 U ()
#1 |DC| De+k Vw(x)

kel

Using ||¥xp,||3 = 1, we treat the summand, introducing X:

1 U(z)|? 1 U(z)|?
P, @R
|De| Dotk V() |De| De Uk,w(x) + L
_ (Xk(w) n 1—Xk(w)) _ L pt oy — pXe(w)
p+ L YL YL p+L '

The average over k € I, now reads

<\IIL7 Vw—lq/L> — K + YL — H’SL(W> )
(1 + L)L

The inequality L > Lg implies 77, < p. Hence, using Sp, > 0, too,

wSLw) gy O

Ey(Hy) + (U, V)~ =
V) (W, Vo) ¥y — pSp(w) ~ 2

3. REDUCTION TO THE BREATHER MODEL

In the present section we reduce a far more general situation to the set-
ting (2.8). This shows Lifshitz tails for a broad family of random potentials. In
the generalization we keep the independence of the single site potentials, but we
do not require them to be identically distributed any more. For well-definedness
of the random Schrédinger operator and to be able to perform the mentioned
reduction we need to impose some uniformity conditions on the single site po-
tential.

We start with some notions capturing a kind of uniformness of the single site
potentials.

Definition 9. Let \;,: Q — Qq, k € Z%, be a family of random variables on the
probability space (Q, A, P) and u: Qy x R% — [0, 00) measurable.
e A measurable function U: R? — R is an (almost sure) bound on u, if

sup uy, <U DPP-a.s.
kezd
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e A bound U € LP(¢') on u with p > max{2,d/2} is a localizer for u.
As usual, U € LP({*) means

10loqeny = | 3 [0C =)
kezd

LP(De)
, )% is a fundamental domain of the lattice 7.°.

p-non—degenerate with > 0, if

Jnf P{[{z € De|ur.(@) = p}| = pu} > .

[N

where D, = [—
e The function u i

0

We say that u is non—degenerate, if there exists a ;1 > 0 such that u is
u-non—degenerate.

Note that u is non—degenerate if and only if

inf IE/ min{uy, (x), 1} dz > 0.
kezd D.

Under the additional assumption that uy,, k € 7%, are identically distributed,
this is furthermore equivalent to uy, # 0 on D, with positive probability. Note
also that the single site potential of the breather model (2.1) is y-non—degenerate
for some p > 0 and has as a localizer U := pxp, .

Let u: Q9 x R? — [0, 00) be a measurable, non—degenerate single site poten-
tial with a localizer. Via (1.1) we form the random potential (W,,)wecq, and by
(1.2) we get the operator Hp,, with periodic background potential and the ran-
dom operator (H,,),cq. Both operators are well defined on the domain of —A,
see [Kir81, p. 19, Satz 1].

Since we dropped the assumption of identical distribution, translational in-
variance is lost, too, and the IDS may cease to exist. We therefore state the
conclusion in the following theorem directly on the probabilities of low eigenval-
ues for finite volume restrictions of a suited scale. We will again consider only
Mezincescu boundary conditions and suppress the superscript M.

Theorem 10. Let u: Qy x R? — [0,00) be measurable and non—degenerate
with a localizer, and let \;,: Q — Qq, k € Z%, be independent random variables.
For (H,,) as in (1.1) and (1.2), there exist C7,6 > 0 and E' > Ey such that for
all E € (Ey, F']

(3.1) P{w e Q: B (H-?) < B} < exp(—Cr(E — Ey)~2),
where Lg = [ 0/(E — EO)] and Ey = inf o (Hper).

Remark 11. In the case of an ergodic operator family (H,)ycq, the IDS N
exists, and a direct consequence of Theorem 10 is Lifshitz behavior at Ey:

3C2, 03 > 0,E' > Ey: VE € (o, E']:
N(E) < Ca(E — Eo)"? exp(—C3(E — Ep) %) < exp(—C3(E — Fo)~2).
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Remark 12. Of course, (3.1) is only interesting if Ey € o(H,,) almost surely.
This holds true, if additionally

(3.2) Ve > 0: kingd]P{Hu,\kHLz(@) <e}>0.
This is a generalization of (2.2), where we assumed translational invariance.

To prove Ey € o(H,,), proceed as in the proof of Lemma 2. All we have to
change is the proof of Lemma 4.

Proof of (3.2) = Lemma 4. Let L € N and denote the localizer of u by U.
We estimate

IWeoslly < IWortagalls € D2 | D2 (- = Wxpss|
JelL(z) kezd

= > H D ) (- k)xo. |, = > HZ ur @)~ OxDe ||,

jelL(z) kezd jelL(z) tezd
y

> (HZ“AH(W)(' —Oxoc|, > unw (- = Oxo,
LeZNIR

jGIL(x) fEIR

IN

< HZUA(M) O)xo. +#IL'H > U(- = Oxp, ,
J€IL1r(z) LelR LeZN\IgR

< > ||u/\j(w)HL2(£1)+#IL'H > U(- —k)xp. ,
J€lr+L keZN\Ig

Because of U € LP(¢') C L2(¢Y), the last term vanishes for R — oo. We fix
€ > 0 and choose R € N so large that

> U(- —Dxo.

KGZd\IR

_ el
2 2\D+#IL '

By (3.2), the Borel-Cantelli lemma provides us again with a set Qpc € A of
full probability with the following property. For all w € Qp¢ and L € N we find
T =Ty € 7% such that for all j € I, p(x)

el Xa,Lll
||u)\3(w)HL2(€1) =20, #11.p
Combined this reads:
”Ww\II%L”2 < \I/—&-HWw)Zx,LH2/H\I/>~(x,LH2 <e O
Example 13 (general breather model). Let Qg := [0, 00) and u; € L=(R%, Q)

be non—vanishing and compactly supported, and define for A > 0 the breather
type single site potential

u: [0,00) x R = [0,00), u(A,z) = {gl(x/)‘)

Further let A\, k € Z%, be independent and identically distributed non-negative
random variables, such that P{\g < e} > 0 for all ¢ > 0 and P{\g = 0} < 1.
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Then, the family (H,,).cq is ergodic, and consequently the IDS N is well-defined
and shows Lifshitz behavior as in Theorem 1.

Proof of Theorem 10. As in Section 2.2 we use D, := [—3, 2]¢ for the funda-
mental domain, Iy, := [~L, L)? N Z for a relevant index set with L € N and
Ap = Ij, + D, for the closed cube of side length 2L. The superscript © de-
notes the restriction of operators to Ay, with Mezincescu boundary conditions,
cf. Section 1.2.

Without loss of generality we assume that Ey = inf o(Hper) = 0.

We will reduce the model to a random Schrédinger operator with simplified
single site potential with properties described in (2.8). For this purpose we
employ for pu > 0, such that v is p-non—degenerate, the cut—off operator

(33) AM: Lp(Rda [Oa OO)) — Lp(Rdv {07 M})' Auu = WX {qeDc|u(q)>pu}-

The non-linear operator A, is weakly measurable, since it maps measurable
func’Eiohs u on measurable images @ := A,u = puxp, - (X[u,00)©%)- The random
Schrédinger operator

f{w = —A+ Vper + Vw with Vw = Z ﬂkk(w)(' — k)
kezd

has bounded potential and is thus well defined on the domain of —A.
Since @ < w and thereby V,, < V,, we have H,, < H,, for P-almost all w € (.
And since Mezincescu boundary conditions depend on V., and the periodic

background is the same for (H,,) and (H,,), for all the finite volume restrictions
AL < Ht

for P-a.a. w € Q and all L € N. It therefore suffices to show the upper bound
of the theorem for H,, instead of H,. By the non—degeneracy of the single
site potential, we henceforth reduce ourselves without loss of generality to the
situation (2.8) and skip from now on the ~ in the notation.

The random variables X}, k € Z, defined in (2.10), are now no longer iden-
tically distributed. But their expectations still share a positive infimum:

E[Xy] = IE/ |0 (2)[* dz > U2 E|suppuy, | > 9242 =: 8> 0.

SUpp U,

Of course, E[SL] > 3, too. We adapt the definition of Lg, substituting

for E[X]:
[C18 e 5o C1
8E |'T T8

With this change we can inherit a large part of the proof of Theorem 1. In
particular, we get for all E > 0 small enough

LE =

P{w: By (H:?) < B} < P{Sy, < B/2}.
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Lemma 8 is replaced by the Bernstein inequality Lemma 14, cf. [Sch12b], and
gives

P{w: Ey(HLP) < E} < P{SL, < 5}
< exp(~5 #11,) < exp(~CrE~Y2),
with C7 := 325%/2/16. a

Lemma 14. Given independent and non—negative random variables X} : Q0 —
[0,a], k€N, with 0 < B <E[Xy] < 1. Let S, := 257 | X Then

P{S, < 5} < exp(—zn)-

Proof. Let

 Xi — BXG]
N o

The exponential moments of Y}, are, for |h| < 1/2, bounded by

Yy €[-1,1] (ke N).

oo oo
RTE[Y,™ h?
Elexp(hYy)] = ) % <1+ SR <1+ h? <t
m=0 ’ m=0

Therefore we have
E[exp(t(S, — ESy))] = H E[exp(2£Yy)] < exp((at)?/n)
k=1

for all [t| < 5%. Now we employ Markov's inequality with a parameter t € [0, 5-]:

P{S, < 5} < P{S, —BS, < -5
= P{exp(—t(S, — ES,)) > exp(5t/2)}
< exp(—ft/2)Elexp(—t(S, — ESy,))]

< exp((at)?/n — Bt/2).

The minimum is achieved for ¢t = %n < 5= and establishes the Lemma. O

4. INITIAL LENGTH SCALE ESTIMATE

We state and prove an initial length scale estimate. Such estimates serve
as base in an induction scheme called multiscale analysis to proof localization,
cf. [KSS98; Sto01]. As for other random Schrddinger operators, initial length
scale estimates follows from our main result, low probability for low eigenvalues,
by a Combes—Thomas estimate, Lemma 15. We therefore state the initial length
scale estimate as a Corollary to Theorem 10.

In this section, we have to deal with Dirichlet and Mezincescu boundary con-
ditions, and we denote them explicitly again. We further denote the distance
between two sets A, B C R? by

dist(A, B) :=inf{|z —y| | z € A,y € B}.
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We will use the following Combes—Thomas estimate, as found e.g. in [Sto01,
Theorem 2.4.1 and Remark 2.4.3], with Dirichlet boundary conditions and adapt-
ed to our needs:

Lemma 15. Let w € Q. Let further p, W,, and H,, be as in (1.1) and (1.2),
and let My > sup,cgal|WuX(gz+1)ll,- Then there exist Cs = Cs(Mw) and
Cy = Co(Myy) such that the conditions
(i) A CR? an open cube, A, B € B(A) s.t. § := dist(A, B) > 0, and
(i) E < Ey(H5P),
imply the estimate
C
||XA(E - HS’D) 1XBH < El(TSD)—E eXp(_CQ(El(Ho[}’D) - E)(S)
With this tool we prove the following corollary to Theorem 10.

Corollary 16 (Initial Length Scale Estimate). Let (H,,).,cq and Ey := inf o(Hper)
be as in Theorem 10, ¢,k € N, and L := (*. Let further A, B € B(AL) be as
in Lemma 15 with distance ¢ := dist(A, B) > 0.
Then there exists C1g > 0 such that with Cg, Cy from Lemma 15:
P{w: |[xa(Eo + L™%/% — HEP) Iy p|| < CsL¥* exp(—Cyd /L") }
>1- 2d 1, (1-1/K)d exp(—CloLd/H).

Remark 17. Usually one arranges 6 > L/3. In this case, the upper bound in
the event

CsL/* exp(—Cyd/L*/%) < CsL* " exp(—Co L' =2/%/3)
vanishes exponentially, given k > 2.
Proof of Corollary 16. Let E := Ey + ¢=2. For all w € Q with El(Hcf’D) >
Eo + 2¢72, we have by Lemma 15
Ixa(Eo+ 072 = HEP) Iy p|| < Csl? exp(—Cyd/02).
Therefore we estimate
q:=P{w: |xa(Eo+ L2 — LDV U g > CL¥/* exp(fC'gé/LZ/"“)}
< P{w: Ey(HXP) < By +207%}
from above. By (1.6), Ey(H5™) < Ey(HEP), so
q <P{w: BEy(HEM) < Ey + 2072},
We now introduce more Mezincescu boundary conditions and lower the eigen-
values further: H£’M > @kelw HU/JVJrk’M, where I, ,:= A N 072, Thus:
g <P{w: E1( @ HYM) < Ey+207%}
kel ¢

< > Plw: By(HSM) < Eg+ 2077}
k?GIL,g
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Now we invoke Theorem 10 and conclude
q < (200D exp(—c(2072)7Y2) = 2=V oy (—Cyo L"), O

5. THE LOWER BOUND

For an ergodic operator family (H,,)wcq the IDS N exists and in the setting of
Theorem 10 shows Lifshitz behavior at Fy. A lower bound on N is more involved.
If we strive only for the exponent in the exponent, we have by I'Hépital’s rule

Cm(-m(N(E)) _ - In(Ca(E — Eo)~¢)
lim sup < lim
ENEo IH(E — E()) ENEp 1H(E — Eo)
o (B E)(—§Cs(E—Eo) 2 d
= lim =——.
ENEo Cs(E — Ep)~% 2
Under moderate additional conditions, Theorem 18 shows that the limit of the
logarithms actually exists and equals —d/2. We use the norm || £, (10 =

ZkeZd Hpr7D+k'

Theorem 18. Let (Hy),ecq be an ergodic random operator with measurable
single site potential u: Qo x R? — [0,00) and IDS N: R — [0,1]. We assume
that the random variables \i, are i.i.d., again. The single site potential has a
summable decay:

(5.1) 3C e > 0: Yk € Z%: |Juxy ||, pyp < ClIEI T as,
and low values of the single site potential are not too improbable:
(5.2) Jdag,n > 0: Vo € [0, ap]: IP{||u,\OH€1(Lp) <a}>al

Then we have

.. In(—=In(N(E))) d
5.3 1 f > — .
(5:3) }Erilb% In(E — Ey) — min{2,¢}
Remark 19. To understand the decay condition (5.1) better, note that it is
a quantitative version of an upper bound, see Definition 9. Also, consider its

following consequence. There exists C11 > 0 such that for almost all w € Q) and
R>0

Wl = || 3 wnr(- =B < 3 luneo o
keZd P kezd

Ci1
< R Z (@) e (zry-

kelg

We can hereby controll the norm of W,, on D with the norm of the single site
potential in a box of side length 2R, where R is determined by the allowed error.

Remark 20. The requirement (5.2) is a quantitative version of (3.2). Note
also, that in the case € > 2 the limit exists and is equal to —d/2. In specific
models (alloy type with long range single site potentials) one can derive upper
bounds on the IDS which match the bound (5.3) also in the case € € (0, 2).
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Proof of Theorem 18. The proof follows the line of [KS86]. We denote the
restriction of H,, to A with Dirichlet boundary condition by HLP. By (1.4)
and Cebysev's inequality we see
N(E) > LB[NP(E, H)]
(5.4) > L P{we Q: N(E,H,) > 1}
= L™P{w e Q: info(HLP) < E}.

For all ¢ € D(HX)\ {0} holds by the min-max-principle for a.a. w € Q

(0, HSP )
[lo]|?

To continue estimate (5.4), we use a smoothly truncated Version ¢ = xp ¥ of
the periodic solution W: R? — R of (—A + Vper)¥ = 0 with [[¥, 5 = 1,
see (1.7). Here, xr, = x(- /L) is a properly scaled mollifier function, i.e.
X € C*®(R%,[0,1]) such that ¥|x, /o = 1 and supp(x) C interior A;.

inf o (HE2P) <

Lemma 21. There exists a constant C19 > 0 such that for a.a. w € Q and all
LeN

(oW, HE P (209))
I
Proof. It suffices to show
(X¥, (Hpt' — Eo)(XLV)) < G
FATE -
We use (—A + Vper)¥ = FEoW¥, the fact that ¥ is real-valued and ¥(RY) =
[W_,¥,] C (0,00), cf. (1.8):
D= (Rp¥, (=A + Vper) (X1 9)) — Eoll %095
=¥, (AxL)¥ +2(Vxe)VY)
= —(xp V% AXz) — 2(XLUVY, VXyL).

<>2L\115 Ww)ZL\I/> @
BeAdE L?

—FEy <

Now partial integration gives
D = (V(x19%),VX1) — 2(X. ¥VY, VY1)
= ((VXp)¥?, Vir) = [9VRL3-
Finally, the rescaling produces the needed factor:
D = L7 ((VR)(- /L)) ¥y = LW (L )Vl < L2 V[ 25-
Combined with
Ixe®ll3 = LN (L x5 > LYIxI592,

T2 . ) .
we see that Cjy := (%) is a valid choice. O
LU
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Remark 22. Note, that Lemma 21 does neither follow from nor imply Lemma 3,
since

(Re¥. (HEP — B)Re®) _ [|(Hyer — E)& W)y _ Ca
B4k - XLy L
is not strong enough, while ||(Hper — Eo)(X1V)||, cannot be controlled by
(oW, (Hper” = Eo) (X1 V).
Lemma 21 and the choice L := [1/2C12/(E — Eo)] allow us to continue

the estimate (5.4):
N(E) > LyP{w: info(HL®P) < E}

e,V Wk, W) C
> LEdIP{w: (Xep T, XL ) 4 < E—Eo}
(5.5) IXLeYll5 Ly
W, o2 -
> Lt {w: ————0E < b EO}.
||XLE\IJ||2 2

Next we break Ay, into copies of the fundamental domain D := [0, 1)%, using
p,q € [1,00], I%—Fé =1
W, 1920, IV
Xl LEw2

- 5 (e [, ¥se) (g [, o)

1

24|12 1 >
_ H Hq,'D ( Z Ww(x)pdm)pv

7
v # 1, velr JD+k
E

for P-a.a. w € Q, L € N. We return to inequality (5.5) and use Ci3 :=
w2 )
241w,

PAL L

(5.6) ME= LEdIP{““ (#ILE keZIL:E|WW(x)H%+k>p < (- EO)CB}

> Lp"P{w: Vk € I, |[Woll,py < (E— Eo)Cis}.

The next step is to reduce the condition on W, to a condition the single
site potentials uy, (), using the decay estimate from Remark 19. To garantee
(Wallppir < (B — Eo)Chs for all k € I, it suffices to establish

Cn _ (£ —Ey)Cs (£ — Eo)Cs
R < s and  [lu, w)ller ey < 2 H#len

for all k € Ir,,+r. The first condition is met for
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To establish the second condition, we use the equivalence relation "ag ~ bg
as I\  Ey" defined as limp\ g, ag/br € (0,00). Observe that, as £\, Ey,
Lg+ Rp ~ (E — Eo)™? + (B — Eo) ™/ ~ (E — Eo)7V/%,
where we let € := min{2,¢}. Since # I, +r, = 24(Lg + Rg)? and (E —
Eo)' /e % as E \ Ey, the second condition is implied by
Hu)\k(w)Hfl(LP) < Cu(E - EO)H(d/g)

with a suitable C14 > 0 and E — Ey small enough.
We continue (5.6), using the independence of \; and (5.2):

N(E) > Lp"P{w: Vk € I, IWolly s < (B — Eo)Chs)
5’ d/e
= LE HkGILE+RE IP{HU)\kufl(LP) < C14(E — E0)1+( / )}

> Lgd(CM(E — EO)1+(d/€))n #1LE+RE,

By assumption, the estimate for the probability works for E — Ey < ag. With
C1s, Cs > 0 such that # ILE"FRE < 015(E*E0)7d/6_ and LEd > C5(E*Eo)d/2
we see

N(E) > C5(E . Eo)d/2 (014(E - E0)1+%)7]C'15(E—E0)7d/€.
We isolate the topmost exponent by

In(—In(N(E))) S

n(E—Eo)
In(—In(C5(E — Eg)"?) — nCi5(E — Ep)*“In(Cra(E — E)'*¥))
n(E — Eo)
LN
g,

as I'Hépital’s rule shows. Note In(E — Ey) < 0 for E — Ey < 1. O
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