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Abstract

In many situations, it is crucial to estimate the variance properly. Ordinary variance
estimators perform poorly in the presence of shifts in the mean. We investigate an
approach based on non-overlapping blocks, which yields good results in change-
point scenarios. We show the strong consistency and the asymptotic normality of
such blocks-estimators of the variance under independence. Weak consistency is
shown for short-range dependent strictly stationary data. We provide recommenda-
tions on the appropriate choice of the block size and compare this blocks-approach
with difference-based estimators. If level shifts occur frequently and are rather large,
the best results can be obtained by adaptive trimming of the blocks.

Keywords Blockwise estimation - Change-point - Trimmed mean

1 Introduction

We consider a sequence of random variables Y/, ..., Y, generated by the model

K

Y, =X+ ) s, )
k=1

Most of the time we assume that X,,...,Xy are iid. random variables with
E (Xt) = u and Var(X,) = o2, but this will be relaxed occasionally to allow for a
short-range dependent strictly stationary sequence. The observed data y,,...,yy
are affected by an unknown number K of level shifts of possibly different heights
hy, ..., hg at different time points ¢#,, ..., fx. Our goal is the estimation of the vari-
ance 2. Without loss of generality, we will set 4 = 0 in the following.
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418 I. Axt, R. Fried

In Sect. 2 we analyse estimators of o> from the sequence of observations (Y,),5 by
combining estimates obtained from splitting the data into several blocks. Without the
need of explicit distributional assumptions the mean of the blockwise estimates turns
out to be consistent if the size and the number of blocks increases, and the number
of jumps increases slower than the number of blocks. If many jumps in the mean are
expected to occur, an adaptively trimmed mean of the blockwise estimates can be used,
see Sect. 3. In Sect. 4 a simulation study is conducted to assess the performance of the
proposed approaches. In Sect. 5 the estimation procedures are applied to real data sets,
while Sect. 6 summarizes the results of this paper.

2 Estimation of the variance by averaging

When dealing with independent identically distributed data the sample variance is the
common choice for estimation of 6. However, if we are aware of a possible presence
of level shifts at unknown locations, it is reasonable to divide the sample Y, ..., Yy
into m non-overlapping blocks of size n = | N/m|and to calculate the average of the m
sample variances derived from the different blocks. A similar approach has been used
in Dai et al. (2015) in the context of repeated measurements data and in Rooch et al.
(2019) for estimation of the Hurst parameter.
The blocks-estimator 62y, of the variance investigated here is defined as

m
> \ean = % Z:, S, ©)
J=
,n are the observa-
tions in the jth block. We are interested in finding the block size n which yields a
low mean squared error (MSE) under certain assumptions.

In what follows, we will concentrate on the situation where all jump heights are pos-
itive. This is a worse scenario than having both, positive and negative jumps, since the
data are more spread in the former case resulting in a larger positive bias of most scale
estimators.

1 n v v 1 n
where §? = — 31 (¥, - Y)% ¥;=-¥_ Y, and ¥,,.... Y

2.1 Asymptotic properties

We will use some algebraic rules for derivation of the expectation and the variance of
quadratic forms in order to calculate the MSE of 62y, see Seber and Lee (2012).
Let B be the number of blocks with jumps in the mean and K > B the total number of
jumps. The expected value and the variance of 62y, are given as follows:
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B
— 1
2 — 2, L T
E(a Mean) =0"+ =1 jgl H; Ap;,

) 1 ‘n-3)
V() = (2 SO 5

where v, = E(X‘l‘), A=1,- 1,,13, [, is the unit matrix, 1, = (1, ..., DT and Hj con-
tains the expected values of the random variables in the perturbed block j=1,...,B,
e, ui= (... 1) = EY;),....EX;,)". The term ijA,uj/(n —1) is the
emplrlcal variance of the expected values E(Y;,), ..., E(Y;,) in block j. In a jump-
free block, we have MJ.TA ;= 0, since all expected values and therefore the elements

of p; are equal.
The blocks-estimator (2) estimates the variance consistently if the number of
blocks grows sufficiently fast as is shown in Theorem 1.

Theorem 1 LetY,, ..., Yy withY, =X, + Zszl Wl from Model (1) be segregated
into m blocks of size n, where t,, ...ty are the time points of the jumps of size
hy, ..., hg, respectively. Let B out of m blocks be contaminated by K 1s -+ Kg jumps,
respecnvely,2 with Z K K =K(N). Moreover, let E(|X|*) < oo,

K (Zle hk) = o(m) and m — oo, whereas the block size n can be fixed or increas-

. = 1
ing as N - oo. Then 6%, = — ij_l Sf — o2 almost surely.
o j=

Proof Without loss of generality assume that the first B out of m blocks are contami-
nated by Kl, . KB jumps, respectively. Let the term S2 denote the empirical vari-
ance of the uncontaminated data in block j, while S2 is the empirical variance when
K level shifts are present. Moreover, Y, ..., Y]n are the observations in the jth

block i, =E(Y;,)and u; = —Ztl (Y, ’)Thenwehave

o~

UzMean=nl/lZSj2=rL Z SZ +_2

j=1 j=B+1
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For the second term in the last Eq. (3), we have almost surely
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B

m(n -1 ]Zl ;( )_(j)(ﬂj,t - ﬁj)
B n

S =1 m(n—l) ZZ|( _)_(j)H(#j,t_ﬁj)’

S =1 m(n - 1) Z Z |( )_(j)|

2 o 1% _
mni1§ZE§’(Xj,z_Xj)|—>0.

The term é Zjil i > |(XN - ?1-)| in (4) is a random variable with finite moments

“

if n and B are fixed. This random variable converges to the term
E(i Z:;l ’(XN —)_(j)|) almost surely if B — oo. In the case of B — oo and n — oo
this term converges to E (|X1 I) almost surely due to Theorem 2 of Hu et al. (1989)
and the condition E(]X,|*) < oo, since sz -F S]2> are uniformly bounded with
P(|Sj2 —-FE (Sj2>| > f) — 0V due to Chebyshev’s inequality and Var(SjZ) — 0. More-
over, we used the fact that B|Zf:1 hk| < K|sz:1 hk| = o(m).

The following is valid for the third term in (3):

n

B

1 —\2
—~ (s = 1)
szln P ).t J 4 ~

IA
S
M=
S

| | —
N
M=
=
~

1]
3w
=

| 1S
VN
|M>=

=
N———
[}

o

The first term of the last equation in (3) converges almost surely to o2 due to the
results on triangular arrays in Theorem 2 of Hu et al. (1989), assuming that the con-

dition E(]X,|*) < co holds, since sz -E (Sf) are uniformly bounded with
P( |Sj2 -E (Sj2>| > f) = 0V¢ due to Chebyshev’s inequality and Var(sz) — 0. Appli-
cation of Slutsky’s Theorem proves the result. O

Remark 2

1. If the jump heights are bounded by a constantz > h,, k = 1, ..., K, the strongest
restriction arises if all heights equal this upper bound resulting in the constraint

K (Zszl hk> = K3h? = o(m). Consistency is thus guaranteed if the number of
blocks grows faster than K>,
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2. By the Central Limit Theorem, the estimator 62y, is asymptotically normal if
no level shifts are present and the block size n is fixed. Its asymptotic efficiency
relative to the ordinary sample variance is

v ot(v=3) ) A

Var(S?) N T No-1) 47 TWNI) Now V-0
- = = 4(n—3) o*(n-3)
> Tfv _ c4(n-3) y, — 282 vy, — 22
Var(a Mean) m( n n(n—1) > 4 (n—=1) 4 (n=1)

in case of i.i.d data with finite fourth moments, where

~ 1(vy o*'(n=3)
Var(aZMean> = Var Z 52 Var(SZ) —~ <—4 - m)

n

(see Angelova (2012) for the variance Var(Sf) of the sample variance).
E.g., under normality the efficiency of the blocks estimater with fixed n is
(n—Dn!

3. The asymptotic efficiency of the blocks-estimator relative to the sample variance
is lifn — oo.

The next Theorem shows that S'EMem is asymptotically not only normal but even
fully efficient in case of a growing block size.

Theorem 3 Assume that the i.i.d. random variables Y,, ...,Yy are segregated into
m blocks of size n, with m, n — oo such that m = o(n),n = o(N). Moreover, assume
that v, = E(X‘ll) < o0. Then we have

\/N(gEMean - 0'2> —d> N(O, v, — 64).

Proof Rewriting the estimator 62y,,, we get

—\2
—~ 2
GzMean B 0-2 m(n ) Zj 1 Zt 1 ( Xj) c

o2 1w _ ooy
Var<o- Mean) m( n n(n—1) >
m _ m 3 2
\/_m(n i) Z- Zt- ‘,t m(n— 1)2 Xj o
[ o*n=3) .
Va n—1

For the second term of the numerator in (5), we have that

(&)
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n—1 — n—1n
= (6)

E<
n o’ m n o 5
=\/mn — =4/— o° =0,
n—1n nn—1

since m = o(n). Convergence of the term (6) in mean implies convergence in prob-
ability to zero. Application of the Central Limit Theorem to the remaining terms of
(5) yields the desired result. O

)-S5 a(5) - v

J=1

Remark 4 In the proof of Theorem 3, we have assumed that m = o(n), i.e., the block
size grows faster than the number of blocks. This condition can be dropped using
the Lyapunov condition under the assumption of finite eighth moments, as will be
shown in the following. We set

2 _ 2
SI.J o

with E(7; ;) = 0 and ZJ’L E(T[.ZJ) = 1 Vi, where i denotes the ith row of the triangular
array. The Lyapunov condition [see corollary 1.9.3 in Serfling (1980)] is the
following:

36>0: lim 2E(|TiJ|2+5) =0
[—)00J=1

With 6 = 2 and existing moments v, ..., vg of X, we get

m; m

i i 1 4
4y _ 2 2
2T = 2 2'E<<Sw“’ )>
=1 P Rl )
n? 4 n;—1
m; 1
= — 2-0 = -g(vy, ., )
m; o4(n;=3) n:
n_?<v4 - n;—1 ) l
o)
m;
where g is a function of the existing moments v, ..., vg with g(v,, ..., vg) = O(1).

See Angelova (2012) for the fourth central moment of the sample variance. There-
fore, the condition m = o(n) can be dropped.
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2.2 Choice of the block size

When choosing blocks of length n = 2, the estimator /G\l%/[ean results in a difference-

based estimator which considers | N/2 | consecutive non-overlapping differences:
[N/2]

> 1 2

O Meann=2 = 3IN/3] ; (Yo = Yyt)™.
Difference-based estimators have been considered in many papers, see Von Neu-
mann et al. (1941), Rice (1984), Gasser et al. (1986), Hall et al. (1990), Dette et al.
(1998), Munk et al. (2005), Tong et al. (2013), among many others. Dai and Tong
(2014) discussed estimation approaches based on differences in nonparametric
regression context, Wang et al. (2017) considered an estimation technique which
involves differences of second order, while Tecuapetla-Gémez and Munk (2017)
proposed a difference-based estimator for m-dependent data. An ordinary difference-
based estimator of first order, which considers all N — 1 consecutive differences, is
[see, e.g., Von Neumann et al. (1941)]:

N-1

—~

2 1
02 piy = N-D) Z (Y —Y) = 2N

J=1

YAy, (7

where A = ATA and A such that AY = (Y, - Yy, ..., Yy — YN_I)T. Theorems 1.5 and
1.6 in Seber and Lee (2012) are used to calculate the expectation and the variance of
the estimator o2

o~ 1
E< 2 > = 52 S IA ,
O Diff o 2(N 1)/4 H

Var(;EDiﬂ‘> = 1

T (V44N = 6) + 26" + 407 U Ay + 4vy " Aa),

where y = E(Y), v; = E(X!) and a is a vector of the diagonal elements of A.
When no changes in the mean are present both, the difference-based and the
averaging estimators, are unbiased. For the variance of the estimators we have

Var(a2 4N -6 ot

aI(" Diff) VAN T o -
S o\ _u otn-3)

Var(" Mea“) N Nu-1)

For example, for N = 100 and a block size n = 10, we get Var(gEMean> = 0.0222,
while Var(g'\zDiff) = 0.0302. Therefore, when no changes in the mean are present

the block-estimator can have smaller variance than the difference-based estimator. In
Sect. 4 we compare the performance of the proposed estimation procedures with
that of the difference-based estimator (7) in different change-point scenarios.
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In the following, we investigate the proper choice of the block size for the estima-
tor 62y All calculations in this paper have been performed with the statistical
software +R+, version 3.5.2, R Core Team (2018). .

For known jump positions the MSE of the blocks-variance estimator o2y,
can be determined analytically. The position of the jump is relevant for the perfor-
mance of this approach. Therefore, it is reasonable to consider different positions
of the K jumps to get an overall assessment of the performance of the blocks-esti-
mator. For every K € {1,3,5}, we generate K jumps of equal heights h =6 - o,
with 6 € {0,0.1,0.2,...,4.9,5}, at positions sampled randomly from a uniform
distribution on the values max, (N — |N/n|n)+1,...,N —max, (N — |[N/n]n)
without replacement, and calculate the MSE for every reasonable block size
n € {2,3,4,...,|N/2]}. This is repeated 1000 times, leading to 1000 MSE values
for every h and n based on different jump positions. The average of these MSE val-
ues is taken for each /2 and n. Data are generated from the standard normal or the 75
-distribution.

Panel (a) of Fig. 1 shows the block size n,, which yields the least theoretical
MSE value of the estimator 62, depending on the jump height 2 = 6 - ¢ with
K € {1,3,5} jumps for N = 1000 observations and normal distribution. We observe
that i, decreases for 62y, as the jump height grows. Blocks of size 2 (resulting in
a non-overlapping difference-based estimator) are preferred when 4 ~ 46 and K = 5,
while larger blocks lead to better results in case of smaller or less jumps.

80
1

60
L

@

MSE-optimal block length
20 40

0.006
1

(b)2

=

0.004

0.002

Fig.1 a MSE-optimal block length n, of EEMean, b MSE regarding n, of ;'EMean and ¢ MSE of
;EMW when choosing n = K—\/ﬁ for K = 1 (solid line), K = 3 (dashed line) and K = 5 (dotted line) with
N =1000,Y, =X, + Z,{il hl,, where X, ~N(0,1)andh =6 -0, 6 € {0,0.1,...,5}.
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On variance estimation under shifts in the mean 425

Panel (b) of Fig. 1 depicts the MSE of (/TEMean for the respective MSE-optimal
block size n,. In all three scenarios the MSE increases if the jump height gets
larger. Different values for the optimal block size n, are obtained in different
scenarios, i.e., for different K and & = 6 - 6. As the true number and height of the
jumps in the mean are usually not known in practice, we wish to choose a block
size which yields good results in many scenarios. We do not consider very high
jumps any further, since they can be detected easily and are thus not very interest-
ing. The square root of the sample size N has proven to be a good choice for the
block size in many applications, see e.g. Rooch et al. (2019). Moreover, in the
upper panel of Fig. 1, we observe that smaller block sizes n are preferred when
the number of change-points is high. If the estimation of the variance is in the
focus of the application, we suggest to choose the block size depending on K:

{352}

which gets smaller if the number of jumps increases, resulting in many jump-free
and only few contaminated blocks. Otherwise, if testing is of interest in view of The-
orem 3, we suggest a block size which grows slightly faster than \/ﬁ , e.g.

n = max { l?—gJ ,2 }, which yields similar results as (8).

Remark 5 For large N we get m =N/n = \/]TJ(K + 1). In this case the number of
jumps needs to satisfy K = o(m'/?) = o(N'/6K'/3), i.e., K = 0o(N'/*) can be tol-
erated, see Remark 2. An even larger rate of shifts can be tolerated by choosing
m = N /c for some constant c, i.e., a fixed block length n. However, this reduces
the efficiency of the resulting estimator in the presence of a small rate of shifts, see
Fig. 1. For example, for the standard normal distribution, the asymptotic relative
efficiency of the blocks-estimator 62y, is (n — 1)n~! < 1 and that of the difference-
based estimator [as defined in (7)] is 2/3 [see e.g. Seber and Lee (2012)].

Panel (c) of Fig. 1 shows the MSE of the estimator ﬁMean with the block size
n chosen according to (8). For K € {3,5} there is only a moderate loss of per-
formance when choosing n according to (8) instead of n,, which depends on the
number of jumps K and the height # = 6 - 6. In case of K = 1 change in the mean
the performance of the blocks-estimator worsens slightly.

Table 1 shows the average MSE of the ordinary sample variance for normally
distributed data and different values of K and A, with N = 1000. Again, 1000 sim-
ulation runs are performed where jumps are added to the generated data at ran-
domly chosen positions. We observe that the MSE becomes very large when the
number and height of the level shifts increases. Obviously, the blocks-estimator
62 jean Performs much better than the sample variance.

The results for data from the #s-distribution are similar to those obtained for
the normal distribution, see Fig. 7 in “Appendix.” Again, the blocks-estimator
with the block size (8) [Panel (c)] performs well and does not lose too much
performance compared to Panel (b) of Fig. 7, where the optimal block size is
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426 I. Axt, R. Fried

Table 1 MSE of the sample variance for normally distributed data and different K and /2, N = 1000
K h

0 1 2 3 4 5
1 0.0020 0.0362 0.5404 2.7202 8.5845 20.9459
3 - 1.1540 18.3869 93.0310 293.9704 717.6425
5 - 6.7829 108.3786 548.5482 1733.5569 4232.1758

considered. Similar results are obtained for N = 2500, see Figs. 9 and 10 in
“Appendix”.

As the number of change-points K is not known exactly in real applications, there
are several possibilities to set K in formula (8):

1. Use n = max { ng , 2} with a large guess on the value of K.
2. Pre-estimate K with an appropriate procedure.
3. Use prior knowledge about plausible values of K.

We will discuss the first two approaches in the following two subsections.

2.3 Using a large guess on the number of jumps

If many change-points are present, a small block size should be chosen, while larger
blocks are preferred in the case of only a few level shifts. If a practitioner does not
have knowledge about the number of jumps in the mean we recommend choosing a
rather high value K in the formula (8), which results in small blocks. Doing so we
are usually on the safe side, since choosing too few blocks can result in a very high
MSE, while the performance of the estimator does not worsen so much when choos-
ing many blocks.

As an example we generate 1000 time series of length N = 1000 with K =3
jumps at random positions. Figure 2 shows the MSE of 62;.,, d\(/e_pending on the

jump height h=éd0, 6 € {0,0.1,...,5}, when choosing n = K—ﬁ with values
K €{0,1,...,6}. We observe that choosing a too small number of blocks (i.e., a too
large block size) results in large MSE values if the jumps are rather high. On the
other hand, the results do not worsen as much when choosing unnecessarily many
and thus small blocks. Figure 8 in “Appendix” shows similar results for K =5
jumps.

Choosing n = 2 results in a non-overlapping difference-based estimator which
performs also well but loses efficiency compared to the block-estimator with grow-
ing block size, which can be fully efficient, see Remarks 2 and 5.

We will not consider the block-estimator with the block size n depending on the
choice of some large value of K instead of the true one in the following investiga-
tion, since it is a subjective choice of a practitioner.

@ Springer



On variance estimation under shifts in the mean 427
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Fig.2 MSE of ;EMean when choosing n = K—\/i for true K=3 (—), K=0 (—) K=1 ( )
K=2 ( ) K=4 ( ) K=5 ( ) and K=6 ( ) with N =1000 and
h:&-a,ée{0,0.1,...,5},Y,:Xt+2i=1 hI,Z,k,whereaXt~N(O,1)ande,~t3

2.4 Pre-estimation of the number of jumps

We will investigate the MOSUM procedure for the detection of multiple change-
points proposed by Eichinger and Kirch (2018) to pre-estimate the number of
change-points K. According to the simulations in the aforementioned paper, this
procedure yields very good results in comparison with many other procedures for
change-point estimation. We will describe the procedure briefly in the following.

At time point ¢ a statistic T, y is calculated as

t+G t
T,(G) = < v, - )

where G = G(N) is a bandwidth parameter and G <t < N — G. In what follows,
we will set the bandwidth parameter to G = \/ﬁ . The estimated number of change-
points K is the number of pairs (v;, w;) which fulfil

7 N( )|>DN(G,6N) for t=v,...,w,
tN
ITin(GI
<Dy(G,6y) for t=v,—1w;+1
tN

w; —v; 2 nG  withO < < 1/2arbitrary but fixed,
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where Dy (G, éy) is a critical value depending on the bandwidth parameter G and

a sequence 8y — 0 and 72, is a local estimator of the variance at location 7. In a

window of length 2G, the location 1 is treated as a possible change-point location. A

mean correction is performed before and after the time point # for computing 72, .
The corresponding estimated change-point locations 7, ... ,/t\;( are

|7, N(G)I
iSISW; TZ,N

More information on the procedure can be found in Eichinger and Kirch (2018).
We will use the MOSUM procedure to estimate the number of change-points K in
the formula (8) for the block size n. The corresponding blocks-estimator is denoted

~—~mosum
as 62, - In Sect. 4 we will see that the performance of the two blocks-estimators
mosum
azMedn [as defined in (2)] and onedn is similar in many cases.

Moreover, we introduce another estimation procedure which is fully based on the
MOSUM method, for comparison. We divide the data into K + 1blocks at the esti-

mated locations tl, ..., 7> of the level shifts. In every block j=1,... ,K + 1, the

-~~~ mosum

empirical variance S2 is calculated. A weighted average 62,  of those values can

be computed to estlmate the variance, i.e.,

/\mosum Z S2 (9)

where n; is the size of block j =1, ..., K.

2.5 Extension to short-range dependent data

Since many real datasets exhibit autocorrelation, we investigate the averaging esti-
mation procedure under dependence. We consider a strictly stationary linear process
(X)) With X, = 3 ° w;{,_;, where ¢, are i.i.d. with mean zero and finite variance
and (y,);5 is a sequence of constants with ) > w; < co. The autocovariance func-
tion is defined as y(6) = E((X, — E(X)))(X,;s — E(X,,5))), 6 €N, and is absolutely

summable in this case, i.e., Z;x’:o ly(6)] < oo.

Theorem 6 Consider a strictly stationary linear process (X,),»| with an absolutely

summable autocovariance function and Y, = X, + Zszl Wl i-e., data with K level

2 —~
shifts. Moreover, let K(Z,’;l hk) = o(mlog(N)™!). Then 62\ = i 2 sz - o2
in probability.
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On variance estimation under shifts in the mean 429

Proof Without loss of generality assume that the first B < K out of m blocks are per-
turbed by K jumps in the mean. Furthermore, let 4 = E(X;,)Vj.t, u;, = E(Y;,) and
M= % > E (Yj,) Let the term sz,o denote the empirical variance of the uncontam-
inated data Xj Lsee- ,Xm in the block j =1, ...,m, while sz’h is the empirical variance
in the perturbed block j =1, ...,B.

Then

P[P c) =
m B

m B
1 2 , 1 2 2
ZZ Sj’0+Ej:ZISj’h_U

Jj=B+1

B n
1 | 2 _
w2507 G 2T K =) (10)
j=1 j=1 t=1

> Xy, — 1)

3=
.M"’
NS}

€
> =
3)

=
B n
1 1 —\2_ €
+P ;Zn_lz(”j,t‘%‘) >§>

TRRA—

j=1 t=1

For the first term A,  of (10), we have:
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Il
-
~
1l
—_

(1)

m(n— 1) 2 X = M)(ﬂ—f}.)_dz

j=1 t=1
(s

2
+P<‘ (n_l)Z(X )

1

m n

>£>
3

1
e 1)1722% W? — o>

> -
j=1 t=1 6)
> _>

The first term of (11) converges to zero, since the term — v Z Z'; 1( u)?is a
consistent estimator of ¢ and N

= — — 1. For the second term of (11) we
(n 1) N—m
___n S Y o 2
E< >_m(n—1)j=21E<(X-’ ,u))
o o = rO+2F2 70
——I)ZVar(X-)S( — .

have

N NF
m(n_l);(X, n)

—0,

due to absolute summability of the autocovariance function y, which implies con-
vergence in probability. Therefore, the second term of (11) converges to zero. Alto-
gether, the sum (11) converges to zero.

The second and the third terms A,  and A; y of (10) converge to zero due to the
following considerations:
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B n
E(,,% 2 . DRI ﬁ,-))

j=1 =1

B n
1 2 —
- m ng n—1 ; E(Xj,r)(ﬂj,r - Mj)

1 e 2u
%Zn_l Z(ﬂj,t_”j)=0
J=1 =1
lw 2 <
Var<; Z p— ZX.;‘J(/‘./,: - P‘j)>
Jj=1 =1
B n
= —V.
mz(n —1)2 ar<; ; ks = >

B n
- mz(n— 1)2 COV(Z ZXJI(”JI Hj), Z ZXI_S(IMIA Mz))

j=1 =1 =1 s=1

n B n

B
2 Z 2 Z | = w1 Ly — 1y | Cov(X; 1, X, )

j=1 =1 I=1 s=1

hk> Z |Cov(X, . X))l

j=1 =1 I=1 s=

N-1
mz(n -2\ & hk> <NV‘”(X1 )+2 gl, ly @) (N — u)>

K [
< m2(n — 1)2<Z > <Var(XL1)+2u§ |7(M)I)

— 0,

IA

mz(n —1)2

IA
/\

I
N
M= I

mz(n —1)?

»

due to absolute summability of the autocovariance function y and the condition
<Zk 1hk> = o(mlog(N)™"). Therefore, the term A,y converges to zero in rth

mean with r = 2, which implies convergence in probability. The argument in the
probability A; y is deterministic. Set ey = log(N)~!. For large N we have
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2
since K(Zle hk> = o(mlog(N)™") holds. Altogether we get the result

- p
2 2
0“Mean —> O+ O

Remark 7 If the jump heights are bounded by a constant & > h, k =1,..., K, the
strongest restriction arises if all heights equal this upper bound resulting in the con-
straint K3h% = o(mlog(N)™").

3 Trimmed estimator of the variance

So far we have considered cases where the number of changes in the mean KX is
rather small with respect to the number of the blocks m and thus to the number
of observations N. However, there might be situations in which level shifts occur
frequently. Asymptotically, the blocks-estimator o2, [see (2)] is still a good
choice for the estimation of the variance as long as the number of level shifts
grows slowly, see e.g. Theorem 1. However, if many jumps are present in a finite
sample the blocks-estimator is no longer a good choice and will become strongly
biased. We propose an asymmetric trimmed mean of the blockwise estimates
instead of their ordinary average, i.e., large estimates are removed and the aver-
age value of the remaining ones is calculated. We do not consider a symmetric
trimmed mean, since the sample variance is positively biased in the presence of
level shifts, so that estimates from blocks containing a level shift are expected to
show up as upper outliers. Moreover, we suggest using rather many small blocks
to account for potentially many level shifts. In the next Sects. 3.1 and 3.2, the
choice of the trimming fraction is discussed.

3.1 Estimation with a fixed trimming fraction

The trimmed blocks-estimator is given as
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. m—|am]
62Tr,a = CN,Tra LamJ Z S(/)’ (12)
where Szl) < <L S(Zm) are the ordered blockwise estimates, m is the number of

blocks and CN!Tr,a is a sample and distribution dependent correction factor to ensure
unbiasedness in the absence of level shifts. In practice this constant can be simulated
under the assumption of observing data from a known location-scale family. For
example, for standard normal distribution, @ = 0.2, N = 1000 and n = 20 (m = 50)
we generate 1000 samples of length N = 1000 and calculate the average of the
uncorrected trimmed variance estimates. The reciprocal of this average value yields
Ciooo1r02 = 1.198.

As an example, we generate 1000 time series of length N € {1000,2500}
from normal and fs-distribution. We add K=N-p jumps to the gener-
ated data at randomly chosen positions, as was done in Sect. 2.2, with
p € {0,2/1000,4/1000,6/1000,10/1000} and height i € {0,2,3,5}. We choose
n =20 to ensure that the number of jump-contaminated blocks is sufficiently
smaller than the total number of blocks.

Table 2 shows the simulated MSE of the trimmed estimator (12) for
a € {0.1,0.3,0.5}. Clearly, the performance of the trimmed estimator depends on
the number of jumps in the mean and the trimming parameter . Larger values
of a are required when dealing with many jumps but lead to an increased MSE if
there are only a few jumps. Therefore, it is reasonable to choose a adaptively, as
will be described in the next Sect. 3.2.

3.2 Adaptive choice of the trimming fraction

Instead of using a fixed trimming fraction, we can choose a adaptively, yielding

the adaptive trimmed estimator o2, .4 with

Table 2 Simulated MSE:10?
of 627, , for normally and #5

-distributed data with N = 1000 a=01 a=03 a=05 a=01 a=03 a=0.5
and different «, 1 and K

>~
=

N(O, 1) 15

0 0 024 0.28 0.35 239 4.56 7.05
2 2 028  0.30 0.38 1.89 3.96 6.39
8 026 0.28 0.35 1.50 3.51 6.01
4 2 035 034 0.39 149 3.12 5.50
8 053 043 0.46 1.61 2.76 5.13
6 2 054 046 0.48 122 247 4.81
8 2.80 0.54 0.51 8.74 1.99 4.32
10 2 1.14  0.76 0.67 2.03 1.58 3.56
8 69.38  1.04 0.77 199.96 1.43 2.79
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R . = gm]
62Tr,ad = CN,Tr,ad m S2 ( 1 3)

- Laadapth j=1 25

where S2 < -+ < §? are the ordered blockwise sample variances and a,y
(¢Y] (m) adap

adaptively chosen percentage of the blocks-estimates which will be removed.

. is the

3.2.1 Estimation under normality

We use the approach for outlier detection discussed in Davies and Gather (1993) to
determine a,4,,, assuming that the underlying distribution is normal. In this case,
the distribution of the sample variance is well known, i.e., in block j we have that

(n— 1)512
T4 = ~

J 02 n—1

Since the true variance ¢ is not known, we propose to replace 2 by an appropriate

initial estimate, such as the median of the blocks-estimates, i.e.,
) 2 2
02 \ted = CyMed - med{S7],....S 1, (14)

where Cy 4 1s a finite sample correction factor. Subsequently, we remove those
values

. =D
Tj = (15)

2
0" Med

which exceed g 2 A= the (1 — f,,)-quantile of the )(3_ [-distribution, with
B,=1-1=pY™ and pe(0,1). (16)

We will refer to the adaptively trimmed estimator based on the approach of Davies
and Gather (1993) under normality as GzTr’a "

The choice of g, results in a probability of 1 — f that no observation (block in our
case) is trimmed if 7, ..., T, are i.i.d. )(3_]-distributed, i.e.,

(T, < 32 1=, > T, < qx,f_],l—ﬂm) = <P(T1 < qx,f_,,l—ﬂm)>
=(1-8,)"=(a=p/) " =1-p.

Furthermore, we expect that roughly m - §, blocks are trimmed on average in the
absence of level shifts. The following simulations suggest that the adaptive trim-
ming fraction is slightly larger than §, which can be explained by the fact that we
need to use an estimate such as o2, instead of the unknown 2. We generated
10,000 sequences of observations of size N € {1000,2500} for g € {0.05, 0.1}.
Table 3 shows the average number of trimmed blocks in the absence of level shifts.

@ Springer



On variance estimation under shifts in the mean 435

Table 3 Average number of N

trimmed blocks in the absence

of level shifts for normally 1000 2500
distributed data and different N

and f for the estimator ;;::Z 0.05 0.0647 0.0583
’ 0.1 0.1268 0.1208

We suggest choosing a small block size, e.g. n = 20, to cope with a possibly large
number of change-points. In this way, it is ensured that the number of uncontam-
inated blocks is much larger than the number of perturbed blocks. Moreover, we
choose f = 0.05.

The correction factor in (13) needs to be simulated taking into account that the
percentage of the omitted block-estimates is no longer fixed. Therefore, for given N
and f we generate 1000 sequences of observations. In each simulation run we calcu-
late the block-estimates S].2, j=1,...,m, and the initial estimate of the variance

62 \1eq- Subsequently, we remove the values /7\"1 =(n- l)Sj2 /6% \1eq Which exceed the
quantile ¢ 2=, Then the average value of the remaining block-estimates is com-
puted. The procedure yields 1000 estimates. The correction factor is the reciprocal

of the average of these values. For N = 1000 and § = 0.05 the simulated correction

factor is C?{%SO,TM 4 = 1.0020, while for N = 2500 we have Cg's(z)jo,n,a 4 =1.0009, so

both are nearly 1 and could be neglected with little loss.

3.2.2 Estimation under unknown distribution

When no distributional assumptions are made and the block size n is large, one can
use that ﬁ(SJ2 - 0'2)/ y/vs — o* is approximately standard normal if the fourth
moment exists.

The fourth central moment v, = E ((X1 —-EX 1))4> needs to be estimated prop-

erly in the presence of level shifts. We can estimate it in blocks and then compute
the median of the blocks-estimates /i, ;4> as Was done in (14). Then, values

A - ~ /\2

which exceed the (1 — f,,)-quantile of the standard normal distribution are removed.
The corresponding adaptively trimmed estimator is denoted as ¢2 where, again,
p = 0.05 [see (16)] will be used in what follows.

Table 4 shows the average number of trimmed blocks in the absence of level
shifts for normally distributed data, analogously to Table 3. We observe that the
average number of trimmed block-estimates is much larger than the values for the
trimming procedure which is based on the normality assumption.

Tr,ad’

Remark 8 We do not use distribution dependent correction factors for the estimators
Hynmeq @and o2y4, since the underlying distribution is not known. The asymptotic
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Table 4 Average number of B N

trimmed blocks in the absence

of level shifts for normally 1000 2500

distributed data and different

values of N and g for the n=20

estimator o2y 0.05 12327 2.1748
0.1 1.6007 2.8159

n =40

0.05 0.4018 0.6036
0.1 0.5676 0.8829

distribution of the blockwise empirical variances is normal and therefore, for large
block sizes, the distribution is expected to be roughly symmetric. A correction fac-
tor can then be neglected with little loss, since the sample median of symmetrically
distributed random variables estimates their expected value.

3.3 Choice of the trimming fraction based on the MOSUM procedure

In Sect. 2.4 we have used the MOSUM procedure proposed by Eichinger and Kirch
(2018) to estimate the unknown number of jumps K. The corresponding estimate
K can also be used to determine the trimming fraction a of the trimmed estimator

in (12), i.e., we can set a = K /m. We will denote the corresponding estimator as
~—~~mos

65, 2q- We compare the average number of trimmed blocks for the three estima-

mos  —~~norm —~other
Tr,ad’ o Tr,ad and O-ZTr,ad
observations of length N = 1000 for different values of K and %. To every sequence
we add K jumps of height & at randomly chosen positions, as was done in Sect. 2.2.
Table 5 shows the average number of trimmed blocks for data sampled from the

standard normal distribution and the corresponding MSE in different scenarios.

tors o2 in a simulation study. We generate 1000 sequences of

Table5 Average number K & ? MSE

of trimmed blocks (K) and

re.sul.ting MSE for normally ~3MOS MO _~other  3MOS <3NOM _~other 3
distributed data, N = 1000 and O Trad O Trad O'maq @ Trad @ Trad O qag O Mean

different values of K and &

0 0 009 011 041 023 023 026 0.22
2 2 206 045 138 025 026 029 0.25
2 5 206 1.82 213 024 023 026 1.20
2 8 207 19 220 023 023 025 6.71
6 2 552 110 3.05 030 053 047 0.33
6 5 563 516 526 029 026 029 1.91
6 8 568 551 543 043 023 027 11.20
10 2 840 1.66 420 034 111 1.11 0.46
10 5 872 816 789 037 033 039 2.18
10 8 878 872 822 084 027 032 11.65

@ Springer



On variance estimation under shifts in the mean 437

Moreover, the MSE of the averaging estimator o2
comparison. smos
We observe that ¢2 Trad trims more blocks on average and yields a smaller MSE

is displayed in the table for

Mean

ther

m
and o2 Trad

than 62T > od if the jumps are small. The MSE of the averaging estimator

-~~~ mos
onean is similar to that of 62, _, in that case. As opposed to this, the three trimmed

. . . . > . . . 2
estimators trim similarly many blocks on average if the jumps are large, with 6=,

/\other mos
and o2, leading to smaller MSE values than o2

Trag- Lhis can be explained by the
fact that the former methods base the decision whether to trim a block or not directly
on the criterion whether the empirical variance in a block is unusual or not. The
averaging estimator o2y, is outperformed by the three trimmed estimators when
dealing with large jumps.

For the heavy-tailed f5-distribution, the results are found in Table 6. The MOSUM-
based procedure yields slightly better results for large jump heights, i.e., & > 2, since
the adaptively trimmed estimators overestimate the number of contaminated blocks
in many cases. For small jumps, the adaptively trimmed procedures yield smaller
MSE values. The three trimmed estimators perform better than 62y, in every case.

The results for the data generated by the AR(1) model with ¢ = 0.5 are displayed
in Table 7. The MOSUM-based/\ E}g&)ﬂ(q:edure/\tg}rlrelrs considerably more blocks than the

adaptively trimmed estimators o2, and o2, yielding higher MSE values. More-

Tr,a Tr,ad

over, the averaging estimator 62,;.,, is outperformed by the adaptively trimmed esti-
—~norm —~other

2 2 i
mators 62, and 62, in every case.

—~~norm —~other
We conclude that the estimators 0'2T a0 and 0'2T . Perform better when dealing

with large jumps and normally distributed data. For small j jumps less contaminated
blocks are trimmed by the adaptively trimmed estimators resulting in a higher MSE
values in many scenarios. In this case the MOSUM-based estimator 0'2Tr‘a 4 yields
the best results which are similar to those of 62,,. For heavy-tailed data, the
MOSUM-based procedure is preferable under large jumps but is inferior to the other

Table 6 Average number K & ? MSE

of trimmed blocks (K) and

resulting MSE for #s-distributed MO SHOMM _~other  —3MOS  ~SNOMN _~other 5
data, N = 1000 and different O rrad O Trad O maq O Trad O Trad O p,g O Mem

values of K and &

0 0 0.07 204 156 217 298 281 2.11
2 2 206 226 185 216 254 233 2.29
2 5 205 355 299 163 272 246 4.01
2 8 204 373 306 174 290 2.6l 8.80
6 2 545 238 226 381 191 191 1.85
6 5 557 612 543 198 258 251 3.93
6 8 565 686 587 219 278 256 1548
10 2 832 260 279 497 161 294 2.87
10 5 8.64 848 741 204 243 374 4.57
10 8 874 9.63 818 249 253 306 1399
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Table 7 Average number =
- s K h K MSE
of trimmed blocks (K) and
resulting MSE for data SSMOS SNOM _sother  <3mOS 31O _~other <
generated from the AR(1) model O Trad O Trad GZTLad 0 Trad O Trad ozTr’a a O Mean

with ¢ = 0.5 and N = 1000 for

different values of K and A 0 0 5.08 0.66 127 6.01 2.69 1.84 1.17
2 2 679 1.04 184 677 251 1.64 5.46
2 5 647 229 275 594 269 1.80 2.65
2 8 6.37 248 283 572 272 1.72 1.32
6 2 941 154 282 726 174 1.16 20.85
6 5 9.00 533 555 543 250 1.64 1241
6 8 896 580 571 526 258 154 3.29
10 2 11.53 199 365 737 122 104 4202
10 5 1126 8.02 7.87 472 2.06 1.37  29.70
10 8 1130 892 827 452 240 135 1375

trimmed estimates if the jumps are small. When dealing with positively correlated
—~norm —~other

processes the adaptively trimmed estimators azTr’a 4 and azTna o perform best. There-
fore, the choice of the most appropriate estimator depends on the knowledge about
the underlying distribution and the height of the jumps.

In the simulation study in Sect. 4, we concentrate on the adaptively trimmed esti-

—~norm —~other
> > . . . .
mators 6, and o Trad SINCE they yield very good results in many scenarios, and
on the averaging estimator o2y;,,, since it performs well when dealing with a few
small jumps and independent data.

4 Simulations

In this section we compare the estimators 62y ... 62pig> 62105 With the block size
~—~~norm —~other
n =20, 02, .q With the block size n = 20 and f = 0.05, ol .q With the block size

n =40 and g = 0.05, gﬁ:im and Ezaosum in different scenarios. We generate 1000
sequences of observations of length N € {200, 1000, 2500} from the standard normal
and the #5 distribution. We add K jumps of heights 4 € {0, 2, 3,5, 8} to the data at ran-
domly chosen positions as was done in Sect. 2.2. K is chosen dependent on the num-
ber of observations, i.e., K = p - N with p € {0,2/1000,4/1000,6/1000, 10/1000}.

Table 8 shows the simulated MSE for the normal distribution. The estimators

~—~~mosum

EEMCM and 62, yield similar results. We conclude that the estimation of the
number of jumps K [required in the rule (8)] does not have a large effect on the esti-
mator. The estimators o2y, and ¢2,,  yield, the best results if the jump heights
are not very large, i.e., h < 2. However, the MSE of taking the ordinary average is
much larger than that of the other estimators if the jump heights are large. Large
jumps result in large blockwise estimates, which have a strong impact on the ordi-
nary average. o

The trimmed estimator o2, , yields the best results among all methods consid-

ered here for normally distributed data if the jumps are rather high. When many

rm
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—~norm —~other —~mosum —~~mosum

Table 8 Simulated MSE-10? of (;EMean, ;EDiﬁ, ;—3Tr,0,57 0% 1rad> O Trad” O Mean AN o2y,  for normally
distributed data and different sample sizes N, jump heights % - ¢ and number of jumps K = p - N with

p € {0,2/1000,4,1000,6/1000, 10/1000}

Koo Cren o Cwes O s Oven Tw
N =200
0 0 1.10 1.51 1.64 1.10 1.38 1.19 0.98
1 2 1.34 1.54 1.77 1.54 1.79 1.29 2.92
3 1.81 1.60 1.87 1.43 1.50 1.73 1.01
5 5.23 2.03 1.94 1.32 1.46 5.00 0.95
8 26.31 4.41 2.01 1.30 1.48 24.27 0.99
2 2 1.56 1.57 2.28 2.15 3.11 1.59 2.13
3 2.25 1.76 2.45 2.13 2.37 2.40 1.11
5 7.15 3.21 2.52 1.55 1.94 7.27 2.40
8 37.09 12.17 2.38 1.34 1.77 40.25 5.95
N = 1000
0 0 0.21 0.30 0.35 0.23 0.27 0.22 0.18
2 2 0.25 0.30 0.38 0.29 0.28 0.27 0.21
3 0.36 0.31 0.35 0.25 0.25 0.40 0.21
5 1.23 0.37 0.36 0.23 0.26 1.28 0.30
8 6.47 0.72 0.35 0.20 0.24 6.69 1.04
4 2 0.29 0.31 0.39 0.39 0.34 0.29 0.23
3 0.46 0.33 0.41 0.38 0.26 0.47 0.30
5 1.79 0.56 0.42 0.25 0.27 1.96 0.79
8 10.40 1.95 0.46 0.24 0.27 10.57 4.48
6 2 0.32 0.32 0.48 0.59 0.49 0.33 0.33
3 0.51 0.38 0.49 0.49 0.35 0.55 0.63
5 2.03 0.87 0.47 0.26 0.27 2.29 2.31
8 11.68 4.01 0.51 0.25 0.28 13.25 15.74
10 2 0.46 0.34 0.67 1.16 1.16 0.40 0.55
3 0.66 0.50 0.71 0.88 0.58 0.71 1.79
5 2.28 1.87 0.72 0.32 0.38 3.07 11.23
8 12.36 10.57 0.77 0.27 0.32 18.10 69.41
N =2500
0 0 0.08 0.12 0.13 0.08 0.10 0.09 0.08
5 2 0.11 0.12 0.15 0.14 0.11 0.12 0.09
3 0.17 0.13 0.14 0.11 0.10 0.18 0.14
5 0.70 0.18 0.15 0.10 0.10 0.76 0.36
8 4.08 0.53 0.15 0.09 0.10 4.40 2.14
10 2 0.13 0.13 0.17 0.27 0.18 0.13 0.16
3 0.21 0.15 0.19 0.20 0.12 0.24 0.44
5 0.87 0.37 0.21 0.11 0.11 1.02 2.39
8 4.99 1.76 0.18 0.09 0.10 6.43 12.63
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Table 8 (continued)

— —~ — ~—~norm o~ th ~—~~mosum ~~mosum

K h 0% Mean o %1005 O Trad 0'2;:; " Mean oy

15 2 0.15 0.13 0.23 0.47 0.33 0.15 0.38
3 0.26 0.19 0.27 0.37 0.15 0.27 1.27
5 1.19 0.68 0.28 0.13 0.11 1.27 8.19
8 7.03 3.81 0.24 0.08 0.11 7.54 53.93

25 2 0.21 0.16 0.47 1.22 0.96 0.19 2.00
3 0.39 0.32 0.51 0.94 0.32 0.38 7.90
5 1.86 1.68 0.54 0.17 0.17 1.82 52.63
8 11.14 10.37 0.48 0.11 0.13 11.16 356.78

. /\other no
small level shifts are present 2 outperforms o2 Trad’ although the latter makes

/\other

use of the exact normality assumption. The estimator 2., tends to remove more

Tr,ad

block-estimates than ;Enorm in the absence of level shifts, see Tables 3 and 4.

Tr,ad

other
Therefore, we also expect that more blocks are trimmed away by 0'2T raq if level

shifts are present, reducing the risk of including perturbed blocks in the trimmed
—~other
2
estimator o Tr.ad’

The trimmed estimator 0'2Tr0 s with a fixed trimming fraction also yields good
results. However, this estimation procedure requires the knowledge of the under-
lying distribution to compute the finite sample correction factor, see Sect. 3.1.
The difference-based estimator 62, performs well as long as the jumps are mod-
erately high.

Table 9 shows the results for the f5 distribution. The estimation procedures

—~norm

07 5paq @nd 0 ;trha 4 yield the best results in this scenario.

In Table 10 the simulated MSE is presented when the data is generated from
the autoregressive (AR) model with ¢ = 0.5, i.e., the data is positively correlated.
The performance of the difference-based estimator worsens considerably then.
This is due to the fact that this estimation procedure makes explicit use of the
assumption of uncorrelatedness. While o2,z underestimates the true variance
drastically (resulting in a high MSE value) when no changes in the mean are pre-
sent, the performance seems to improve slightly when dealing with many high
jumps. This can be explained by the fact that the positive bias, which arises from
the jumps, compensates for the negative bias which arises from the (incorrect)
assumption of uncorrelatedness. The blocks-estimator 62, exhibits a simi-
lar behaviour, since the block size is small when the number of jumps is high,
while correlated data require large block sizes to ensure satisfying results. For
dependent data the best results are obtained when using the adaptively trimmed
estimators. Since the variance o2 is underestimated when the data are dependent,
the values T in (15) and (17) get larger resulting in a higher trimming parameter

Xydapt- Therefore more blocks are trimmed away ensuring that the perturbed ones
are not involved in the calculation of the overall estimate.
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Table 9 Simulated MSE-102 of 02y @2 pittr 1105

—~norm —~other —~mosum

o Tr,ad’ o Tr,ad’ o Mean

and o2

—~~mosum

w

for ts-dis-

tributed data and different sample sizes N, jump heights /4 -6 and number of jumps K =p - N with

p € {0,2/1000,4,1000,6/1000, 10/1000}

Kook Cven o Tmes Ona P Cwen O
N =200
0 0 11.56 12.53 7.80 8.16 9.38 10.60 8.93
1 2 12.24 12.62 8.57 7.78 10.85 12.69 17.70
3 13.48 12.80 9.22 8.75 11.63 12.88 11.62
5 23.04 13.98 9.85 8.89 10.49 21.03 9.35
8 79.79 20.62 9.33 8.51 9.86 78.54 10.94
2 2 12.67 12.70 10.82 8.28 17.25 10.50 17.78
3 14.42 13.23 11.72 11.60 27.34 15.19 11.15
5 28.38 17.27 13.08 10.16 31.33 29.36 16.02
8 111.37 42.16 12.35 8.84 16.83 129.94 21.69
N = 1000
0 0 2.26 2.50 1.40 2.24 2.80 1.87 2.01
2 2 2.37 2.51 1.61 1.82 2.38 243 2.32
3 2.66 2.53 1.64 1.99 2.65 2.52 1.93
5 5.02 2.69 1.70 2.33 2.88 4.72 2.69
8 20.46 3.68 1.64 225 2.60 21.87 3.90
4 2 2.48 2.52 1.80 1.59 2.19 2.06 2.37
3 2.94 2.60 1.94 1.91 2.51 2.98 2.96
5 6.69 3.21 1.86 2.09 2.62 6.59 3.88
8 29.63 7.10 1.82 2.17 2.54 33.05 9.51
6 2 2.56 2.54 2.30 1.64 2.46 225 2.42
3 3.09 2.71 222 1.86 247 2.96 3.37
5 7.34 4.08 2.48 2.05 2.39 7.76 6.59
8 33.98 12.80 2.34 2.06 2.60 39.50 39.14
10 2 2.95 2.61 3.07 2.26 4.61 2.49 3.15
3 3.52 3.07 3.40 2.98 4.90 3.82 6.11
5 7.89 6.86 3.71 2.13 3.17 11.64 26.66
8 35.75 31.04 3.93 2.20 2.89 50.17 175.67
N = 2500
0 0 0.89 1.00 0.58 1.32 1.81 0.83 0.94
5 2 0.97 1.01 0.65 0.79 1.28 0.90 0.79
3 1.15 1.02 0.70 0.99 1.37 1.19 0.87
5 2.67 1.18 0.69 1.20 1.45 2.67 2.14
8 12.06 2.14 0.73 1.25 1.55 12.94 797
10 2 1.02 1.02 0.92 0.55 0.93 0.87 1.12
3 1.24 1.09 1.03 0.74 1.20 1.48 2.03
5 3.03 1.70 0.99 1.02 1.23 3.53 6.21
8 14.40 5.56 0.95 1.23 1.38 17.91 36.37
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Table 9 (continued)

o~ —~ — ~—~norm o~ h ~—~~mosum ~~mosum
K h 6% Mean i %105 0% rad o? ;t,:; 02 \ean o’y
15 2 1.09 1.04 1.24 0.65 1.02 1.17 1.64
3 1.40 1.20 1.38 0.86 1.05 1.39 4.19
5 4.00 2.57 1.40 1.00 1.10 4.24 24.28
8 20.18 11.25 1.34 1.15 1.24 21.27 159.02
25 2 1.25 1.11 2.45 1.63 3.28 1.15 7.77
3 1.75 1.56 2.85 2.23 2.30 1.67 21.70
5 5.77 5.35 2.94 0.89 1.19 5.95 145.89
8 32.04 29.47 2.78 1.11 1.18 31.27 951.03

Figure 3 shows the simulated MSE dependent on the AR-parameter
¢ € {0.1,...,0.8} in four different scenarios: no jumps, few small jumps, many

small jumps, and many high jumps. We observe that the performance of all estima-
/3 /E /E /Enorm /Eother /Emosum /Emosum
tO1S 6 \ean» O7Difts 0 11050 O Trad® O Trad® @ Mean aNd 0%y worsens when the

strength of the correlation (expressed by the parameter ¢p) grows. When no changes
in the mean are present [see Panel (a)] the estimators underestimate the variance
more as ¢ gets larger. On the other hand, large level shifts result in a positive bias of
the estimators. Therefore, when many high jumps are present [Panel (d)] the results

are better than in the case of many small jumps [Panel (c)]. This is more obvious for
/\mosum
the estimators o2 Mean> aleff and 62, . The trimmed estimation procedures do not

suffer much from the increasing strength of correlation in our example. The aver-

aging approach (;EMean yields good results if the dependence is rather weak and if
only few small jumps are present. The performance of the weighted average o2,
worsens drastically when many high jumps are present. During this estimation pro-
cedure, the data are segregated into few blocks at estimated change-point locations.
The approach is highly biased in the case of many and high level shifts if the number
of change-points is underestimated. This is sometimes the case if two level shifts are
not sufficiently far away from each other, see Eichinger and Kirch (2018).

Based on_the simulation results we recommend using the averaging estimation
procedure azMedn if the data are not expected to be correlated or heavy-tailed and
the jump heights are rather small. Otherwise, if either no information on the dis-

tribution, the dependence structure of the data and the jump heights is given or the
—~other
jumps are expected to be rather large, the adaptively trimmed procedure o2, can

be recommended.

5 Application

In this section, we apply the blocks-approach to two datasets in order to estimate the
variance.
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—~norm —~other —~mosum

Table 10 Simulated MSE 10% 0f 02 yteqns ®nyits 211055 ©pras g Ooanens and 02y for data gen-
erated from the AR(1) model with ¢ = 0.5 and different sample sizes N, jump heights % - ¢ and number

of jumps K = p - N with p € {0,2,/1000,4/1000, 6,/1000, 10/1000}

Koo Cren o Cwes O s Oven Tw
N =200
0 0 5.21 44.79 7.18 592 4.95 27.83 5.02
1 2 9.75 43.01 6.08 4.78 5.15 32.52 6.05
3 7.84 41.08 5.94 5.30 5.31 30.28 5.17
5 4.69 34.70 6.00 5.31 5.06 24.75 5.35
8 19.66 21.60 5.74 5.14 4.73 18.98 5.51
2 2 20.08 41.81 5.50 4.82 6.08 35.01 5.84
3 15.88 37.36 5.14 5.29 6.45 31.92 5.31
5 7.75 26.00 4.98 5.30 5.25 21.20 6.05
8 18.98 6.77 5.00 5.37 4.86 16.33 14.93
N = 1000
0 0 1.31 44.58 5.32 2.72 1.90 18.58 1.02
2 2 5.12 43.84 4.59 2.16 1.53 24.74 1.11
3 4.24 43.00 453 2.40 1.77 22.73 1.05
5 2.10 40.32 4.54 2.57 1.78 20.18 1.12
8 2.60 33.96 4.54 2.60 1.71 14.36 1.76
4 2 11.48 43.01 4.05 1.87 1.50 29.51 1.12
3 9.41 41.39 3.87 1.98 1.51 26.50 0.99
5 4.66 36.13 3.92 2.39 1.61 21.68 1.85
8 1.98 24.60 3.72 2.42 1.68 11.80 8.29
6 2 20.15 42.53 3.61 1.51 1.23 33.68 1.02
3 17.05 39.82 3.46 1.80 1.32 30.27 1.07
5 9.76 32.04 3.49 2.45 1.37 22.29 3.69
8 1.90 17.06 3.56 2.64 1.66 10.47 19.47
10 2 40.98 40.84 2.81 1.10 1.11 38.31 0.89
3 37.03 37.04 2.49 1.36 1.38 34.43 2.06
5 25.41 25.13 2.59 2.32 1.38 23.44 14.21
8 7.94 6.07 2.44 2.52 1.35 7.12 122.52
N =2500
0 0 0.51 44.46 4.83 2.16 1.41 13.95 0.38
5 2 7.50 43.79 4.30 1.65 1.05 22.84 0.38
3 6.45 42.93 432 1.79 1.18 21.52 0.40
5 3.68 40.15 4.34 2.09 1.24 18.08 0.75
8 0.64 33.80 432 2.20 1.22 12.27 3.50
10 2 20.78 43.04 3.78 1.23 0.78 31.08 0.36
3 18.76 41.45 3.72 1.44 0.92 29.04 0.60
5 13.30 36.13 3.74 1.93 1.08 23.45 3.77
8 3.93 24.69 3.59 2.09 1.08 12.97 22.39

@ Springer



444 I. Axt, R. Fried

Table 10 (continued)

—~~ —~ — ~—~norm o~ th ~—~~mosum ~~mosum
K h O_ZMean 62Diﬁ' 62Tr,0.5 O Tt ad 0'2;:; 62Mcan O'ZW
15 2 28.58 42.44 3.38 0.94 0.59 37.94 0.45
3 25.87 39.86 3.16 1.06 0.80 35.29 1.75
5 17.91 32.15 2.98 1.76 0.97 27.69 14.74
8 5.13 16.92 3.10 2.08 0.96 13.55 78.80
25 2 41.03 41.11 2.46 0.47 0.47 40.96 1.97
3 36.83 36.80 2.09 0.59 0.59 36.77 11.09
5 25.48 25.06 1.99 1.49 0.73 25.45 89.71
8 6.84 5.78 2.07 2.00 0.88 6.84 556.63
o T
oN 1
@ ,’/
(@2 ’ ()2
0 |
o
o |
o T T T T T T T T
0.1 02 03 04 05 06 07 08
o <
N N
9 9 /
(c)2- (d)2-
0 | 0 |
5] s 5]
/t
o | e e o | :
o T T T T T T T T o T T T T T T T T
0.1 02 03 04 05 06 07 08 0.1 02 03 04 05 06 07 08
o ¢
. . —~~ —~ ~~norm /\Other — ~—~mosum
Fig.3 Simulated MSE 0f 62y1eun (—), 0%pigr (- = -), 025,y € ) 5 02000 (077, 02705 (= =), 02y

with bandwidth G = v/N () and o2, with bandwidth G= /N (- - -) for a K=0,h=0, b

K=2h=2,cK=10,h=2andd K = 10,h = 8 with N = 1000, Y, = X, + Zkk=1 hl,, . where X, origi-
nates from the AR(1)-process with parameter ¢ € {0.1,0.2,...,0.8}

5.1 Nileriver flow data

The first dataset contains the widely discussed Nile river flow records in Aswan
from 1871 to 1984, see e.g. Hassan (1981), Hipel and McLeod (1994), Syvitski
and Saito (2007), among many others. We consider the N = 114 annual maxima
of the average monthly discharge in m3/s, since these values are often assumed
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Fig.4 Maximal monthly discharge of the Nile river at Aswan in the period 1871-1984

Table 11 Rounded estimates

S2 /E /3 /3 /Enorm ——~other /EmOSle /Emosum

(-1073) of the variance for the O Mean O°Diff O°Tr05 O rag 0%p,y O Mem O w

annual maxima of the average

monthly discharge of the Nile 1871-1984

river in Aswan 3244 2123 2219 2564 2122 2122 2684 2076
1903-1960

2129 2396 1815 2041 2278 2278 2003 2129

to be independent in hydrology. The maxima are determined from January to
December. The flooding season is from July to September, see Hassan (1981).
Figure 4 shows the annual maxima of the average monthly discharge of the Nile
river for the years 1871-1984.

The construction of the two Aswan dams in 1902 and from 1960 to 1969 obvi-
ously caused changes in the river flow, see Hassan (1981) and Hipel and McLeod
(1994). We used Levene’s test [see Section 12.4.2 in Fox (2015)] to check the three
segments of the data (divided by the years 1902 and 1960) for equality of variances.
The null hypothesis of equal variances was not rejected with a p value of p = 0.40.

A Q-Q plot of the data indicates that the deviation from a normal distribution
is not large, see Fig. 11 in “Appendix”. With f = 0.05 and n = 10 (m = 11 blocks)

. . . . —~norm —~other
no blocks are trimmed away during the trimming procedures 62 and o
Tr,ad Tr,ad

The ordinary sample variance of the entire data yields the value 3,243,866, see
Table 11. For the blocks-estimator of the variance from (2) we choose the block
size according to (8) with K =2 getting n = LM/SJ = 3. All blockwise esti-
mators examined in this paper yield much smaller variance estimates for the
whole observation period, ranging from 2,075,819 to 2,684,368.
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= -5 -5 —5norm —~other —~mosum
We conclude that the procedures ¢2y;.... 6 pi> O 1055 O Trad® O Trad* O Mean

and o2y,  perform better than the ordinary sample variance, since the estimated
values on the whole dataset are similar to those for the period 1903—1960 in between
the changes.

5.2 PAMONO data

In the second example, we use data obtained from the PAMONO (Plasmon Assisted
Microscopy of Nano-Size Objects) biosensor, see Siedhoff et al. (2014). This tech-
nique is used for detection of small particles, e.g. viruses, in a sample fluid. For more
details, see Siedhoff et al. (2011). PAMONO data sets are sequences of grayscale
images. A particle adhesion causes a sustained local intensity change. This results
in an obvious level shift in the time series of grayscale values for each correspond-
ing pixel coordinate. To the best of our knowledge, a change of the variance after a
jump in the mean is not expected to occur. A Q—Q plot of the data indicates that the
assumption of a normal distribution is reasonable, see Fig. 12 in “Appendix”.

In Panel (a) of Fig. 5 we see a time series corresponding to one pixel which
exhibits a virus adhesion, therefore revealing several level shifts in the mean of the
time series. N = 1000 observations are available. Panel (b) of Fig. 5 shows a boxplot

_—
Q
N
Intensity
0.46 0.48
1 1

0.44
1

0.42
L

Time

epoocomo ®o0 O

(b)

|

T T : T T T
0.00005 0.00010 0.00015 0.00020 0.00025

Fig.5 a Intensity over time for one pixel and b a boxplot of variances for the virus-free pixels together

with the ordinary sample variance of the above data ( ) and values of 62y,, and 625 (—), 627,05
/Eﬂﬂrm /Eolhcl' /Emosum /Emosum
(_ - _)’ O Trad (G .)’ o Tr,ad (_ ’ _)’ 0" Mean (_ - _) and o w (_ - _)
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of 101,070 values of the ordinary sample variance for time series which correspond
to pixels without virus adhesion.

Since changes in the mean are not expected there, we use these data to get some
insight into the typical value range of the variance. The sample variance of the con-
taminated data (upper panel) is 1.59 x 10~* which is not within the typical range of
values, since it exceeds the upper whisker of the boxplot. The other estimation proce-
dures discussed in this paper yield values within the interval [1.1 X 107, 1.2 x 1074]
which are well within the interquartile range. We conclude that these approaches
yield reasonable estimates for these data.

5.3 PAMONO data with trend

Again, we consider a PAMONO dataset, see Sect. 5.2. Panel (a) of Fig. 6 shows
a time series corresponding to a pixel, which seems to exhibit a virus adhe-
sion as well as a linear trend. Panel (b) of Fig. 6 shows the differenced data, i.e.,
Y,-Y,_,,t=2,...,388.

The differences of first order appear to be independent and scattered around a
fixed mean. Few large differences can be observed which presumably originate from
the jumps in the mean at the corresponding time points. The existence of the trend
could be explained by the fact that the surface, on which the fluid for virus adhe-
sion is placed, was heated up over time. N = 388 observations are available. We

apply the estimation procedures o2y, [using K € {1,...,5} in the formula (8)],
/E /5 /Enorm —~other —~mosum /Emosum .
O7Dift> 0°Tr0.5 O Trad® O Trad> O Mean aNd 0%y to the data and get estimated

—_—
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1 1 1 1

!
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Fig. 6 a Intensity over time for one pixel and b corresponding differenced series
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values for the variance, which range from ;Mean =0.95x 107 (with K =5) to
~—~~mosum

o2y
26.48 x 107, which is much larger than the other estimates. According to our expe-
rience the PAMONO data can be assumed to be uncorrelated after differencing. The
sample variance of differenced data is 1.93 X 1079, which is an estimator of 202,
yielding the value 0.97 X 1076 as an estimate for ¢, which is near the estimated
value of 62jeun-

We conclude that the proposed procedures yield reasonable results even in this
situation, where a linear trend is present.

=1.66 X 107%. The empirical variance of the observations has the value

6 Conclusion

In the presence of level shifts, ordinary variance estimators like the empirical vari-
ance perform poorly. In this paper, we considered several estimation procedures in
order to account for possible changes in the mean.

Estimation of 62 based on pairwise differences is popular in nonparametric regression
and works well in the presence of level shifts and an unknown error distribution if the
data are independent and the fraction of shifts is asymptotically negligible. However, we
have identified scenarios where estimation based on longer blocks is to be preferred.

If only a few small level shifts are expected in a long sequence of observations
our recommendation is to use the mean of the blocks-variances 62y,,. This estima-
tion procedure does not require knowledge of the underlying distribution, performs
well in the aforementioned situation and is asymptotically even as efficient as the
ordinary sample variance if there are no level shifts.

If many or large level shifts are expected to occur we recommend using the adap-
tive trimmed estimators (/73;::2 and gitrh:; These procedures are constructed for
independent data and use either the exact y>-distribution or the asymptotic normal
distribution of the blockwise estimates, where the second and the fourth moments
need to be estimated. We have found these trimming approaches to work reasonably
well even under moderate autocorrelations, although many blocks are trimmed away
then, presumably due to the underestimation of the unknown variance in the formula
(17). Therefore, when no changes in the mean are present the trimmed estimators
suffer efficiency loss. On the other hand, we expect that many perturbed blocks are
trimmed away in the presence of level shifts reducing the bias of the estimator. The
trimming approach could be extended to dependent data in future work.

In many applications we rather wish to estimate the standard deviation o, e.g.
for standardization. If only few jumps of moderate heights are expected to occur,
either the average value of the blockwise standard deviations or the square root of

the blocks-variance estimator ¢2 can be used. Otherwise, the square root of the
—~other
trimmed estimator 62, , can be recommended. For a large sample size N the finite
sample correction factors can be neglected with little loss, see “Appendix”.
An interesting extension will be to consider situations where not only the level but

also the variability of the data can change. Suitable approaches for such scenarios

Mean
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might be constructed by combining the ideas discussed here with those presented
by Wornowizki et al. (2017), where tests for changes in variability have been inves-
tigated using blockwise approaches, assuming a constant mean. This will be an issue
for future work.
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Appendix
Blockwise estimation of the standard deviation

In many applications, we do not wish to estimate the variance o2 but rather the
standard deviation o, e.g. for standardization.

Estimation by the blockwise average

We will consider the two blocks-estimators

m
1
~corr _ ~ _
OMean,1 — Cy,10Mean,1 = CNJ% Sj and (18)
J=1

“Scorr _ ~ _
Mean,2 — CN,QUMean,Z = CN,2

1 m —
; Zl SJ2 = CN,2 V UzMean’ (19)

J

where Cy | and Cy, , are sample dependent correction factors to ensure unbiasedness
when no changes in the mean are present. The block size n can be chosen accord-
ing to the rule (8). If the number of change-points is not known in practice, it can be
estimated as is done in Sect. 2.4.

For normally distributed data, the correction factors Cy | and Cy , can be deter-
mined analytically. To derive the correction factor Cy; for the estimator Eﬁégnyl,
we will first consider the exact distribution of the empirical variance when dealing

with jumps in the mean in order to derive the distribution of Gy, in (18). Given
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independent identically normally distributed data X
1)s?
ey )( , in a jth jump-free block with n observations. The situation is differ-

O'
ent in the presence of jumps. Without loss of generality the following lemma is
expressed in terms of the first block consisting of the observation times t =1, ... ,n
and containing K; < K jumps.

15 e ,X_,-’n it is well known that

Lemma 9 Assume that X,,...,X, ~M0,0%) and Y, = X+Zk‘1hk1,>,k for
t=1,...,n. Then we havef0r52 nil 2,21(Y Y) that

n—1 2 2 . . . .
= ST~ X, A (the non-central chi-squared distribution),

1 —\2 K
where A = =t Z?:l (lul,t - :“1) s Hiyp = Zk 1 t>tk and u; = Z?:l Zk=l1 thtZtk'
Proof Y, = X1 +u; and Y, — Y, =X, - X, - + My t=1,...,n, are independ-

ent, since X, and X, — X L are independent and the remaining terms are deterministic
constants. Hence, Sf and Y, are independent. Furthermore,

g(%m:g(”‘?lfl—ﬁl)z
2(1) 2(%
+2< >§<Y y1>

Lg (Yl ;41) +0="

)

1

+ X

O'

o

-7 2 )
with Z” <M> ~ ;(2 ap since Y,Vr are independent and 1X ~ 112 The

moment-generating function at z € R of both sides and the 1ndependence of S2 and
Y | yield:

Az
(1 —2-2)_”/zexp<l_l2Z

> =Mp @) =M@ Mp()
=Muwig() - (1-2-2)7"/?
52 21

S Miip@ = (=272
52 "l

In the following, we assume that B < K blocks are contaminated by Kl, ey I~(B
jumps, respectively, with Zk . Kk K. Without loss of generality assume that the
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jumps are contained in the first B blocks, while the last m — B > 0 blocks do not
contain any jumps. The square root of a ;(2 —distributed random variable

(n— 1)52/6 is y-distributed with n — 1 degrees of freedom and non-centrality

parameter \/_, see e.g. Miller (1964). We hence have Vn—1S;/c ~ y,_ LV
j=1.....,m, where ;=0 for the Ilast blocks j=B+1,....m, ie,
Vn— 1Sj/0 ~ Yn_1- The expected value of §; is given as

2 .
ES)=o V2 TOsw Fi (05,0501 - 1), ~0.54) =: 6C, .

V= 11050 = 1)
(20)

where F| (a,b,z) represents the generalized hypergeometric function, see Olver
et al. (2010) for more details. When no changes in the mean are present we have that
A; =0V and therefore F ;(=0.5,0.5(n — 1), —0.54;) = 1. The exact finite sample
correction factor is given as

Vvn—1T00.5n-1))
\/E I'(0.5n)
which is the reciprocal of the term C, , in (20) when no level shifts are present,

since Fii(= 0.5,0.5(n—-1), - O.SAj) =1,j=1,...,m,in this case.

For the second estimator (19), we have the following statements on its expecta-
tion and a suitable finite sample correction factor:

~ -1 n
O_COIT — C o n S2 +
Mean,2 N,2 \/m < o2 z

E(a5m,, ) = oV2 _ TO5mn—1+1)
Mean2 ) = N2 = 1) TO5m(n— 1)

B
X Fy | <— 0.5,0.5m(n - 1),-0.5 ) /1j>

J=1

CN,] =

s

B 1/2
1Y)

j=B+1 j=1

1= CN20Dy 5 g

Vmn=1)  TO.5mn - 1))

Cyo = V2 TOS0m(n—D+1)

We used the fact that Gy, , follows a scaled y, , distribution with u = m(n — 1)
degrees of freedom and the non-centrality parameter v = \/ZJ | 4;, since
n=l ym LB a0 - -

g, ZJ_B +1S )((m _Bn—1) and ~ Zj:l Sj )(B(n—l),zj’:l y Using this information
we can determine the expectation of the estimator straightforwardly, see Miller
(1964) and Olver et al. (2010). The correction factor is the reciprocal of D, ; = .

where we have F| (—O.S,O.Sm(n -1),-0.5 Zf:l /1]) = 1 in the absence of level
shifts.
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The following consistency statements are valid for the two introduced uncor-
rected estimators Gy, | = i 21 S [as defined in (18)] and Gyiegnp = 4/ i e sz
[as defined in (19)] of o

Corollary 10 Under the conditions of Theorem 1 the estimators Gy, | and Oyeq,
converge almost surely to o, as N — oo.

Proof The strong consistency of Gy, follows immediately from the Continuous
Mapping Theorem.
FOr Gyjeqn - We have due to Theorem 2 of Hu et al. (1989) that

1 Z (Sj - E(Sj)) — 0 almost surely,
S

since S; — E(S;) are uniformly bounded with P(|S; — E(S;)| > 1) — 0Vt due to Che-
byshev’s inequality and Var(S;) — 0.

Let S, , be the sample standard deviation in the perturbed block while S, is the
estimate in the uncontaminated block. We have that

m B
1 ~
P D (S —E(S;)) = Buteans — Z E(Sj) + ), E(Sj,h)>’
= ~B+1 =
i.e., it suffices to show i (ij s E(Sio) + ZJ VE( jh)) — o. For the first of these
two terms, we have

Z E(SLO) = mT_BE(S,’O) — 0 a N — oo,

J=B+1

since the consistency and the decreasing variance of S, ; implies convergence of the
expectation, see Lemma 1.4A in Serfling (1980).
Using Jensen’s inequality we get for the second term

L3 ks - £ 2 A(V5)
z\(he 2 ”"“Ji’”“""‘ﬁ”z)

=

_1 ( >+Z (i = _li 2+Z (4 = %)
_mjzl\ n—l T m ° n—l

t=1 Jj=1

[
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Table 12 Simulated finite sample correction factors for the adaptively trimmed estimation procedures
for normally and #s-distributed data as well as for the stationary AR(1)-process with normal errors and
parameter ¢ € {0.3,0.6}, denoted by AR(0.3) and AR(0.6)

NO, 1) ‘s AR(0.3) AR(0.6)
o N = 1000, n = 50 1.0025 1.0660 1.0213 1.0939
Trad N = 5000, n = 100 0.9999 1.0413 1.0108 1.0450
g N = 1000, n = 50 1.0082 1.0666 1.0310 1.1179
O Trad N = 5000, n = 100 1.0014 1.0334 1.0135 1.0550

where y;, and y; are defined in the proof of Theorem 1.

Remark 11 The correction factors Cy ; and Cy , from (18) and (19) satisfy

Cy;—~1 and Cy,—>1 as N - oo,

where Cy | = 6/E(Oyteqn1) and Cy » = 6/E(Gyeqn») in the absence of level shifts.
This can be shown with Lemma 1.4A in Serfling (1980), since Gyjeqq | and Gyjeqnn
are consistent estimators and their variances tend to zero
which implies convergence of the means and thus the above statement. Therefore,
for large N and n we can neglect the correction factors and use the estimators Gy, |

Zcorr ’\corr : :
and Gy, , instead of G5 qand oyt | with block sizes n — co.

Trimmed estimation

When dealing with a large number of level shifts, as is discussed in Sect. 3, the
square root of the variance estimator azTr aq from (13) can be used to estimate the
standard deviation ¢. For large N and n, a correction factor to ensure unbiasedness
when no changes in the mean are present can be neglected. Table 12 shows the sim-
ulated finite sample correction factors for normally and #5-distributed data as well as
for the stationary AR(1)-process with normal errors and parameter ¢ € {0.3,0.6}.
We observe that the correction factors are nearly one except for strongly correlated
data, i.e., AR-process with parameter ¢ = 0.6.

See Figs. 7, 8,9, 10, 11 and 12.
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Fig. 11 Q-Q plot of the maximal monthly discharge of the Nile river in the period 1871-1984
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Fig. 12 Q-Q plot of a pixel with a virus adhesion from the PAMONO data
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