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Abstract

In this thesis, different ways to use right-handed Majorana neutrinos to explain the active neutrino
masses as well as the baryon number asymmetry observed in our universe are investigated. It is
shown that the induced lepton number violation can assist baryon number asymmetry generating
models, whose asymmetry without additional lepton number violation is completely washed out
by sphaleron transitions. Extending this investigation to the scotogenic model, also the relic dark
matter abundance observed in our universe can be explained. Furthermore, different mechanisms for
generating a lepton number asymmetry directly via interactions involving right-handed Majorana
neutrinos are investigated. It is discussed that for models in which the Yukawa couplings of the
neutrino sector can be larger than in the type-I seesaw mechanism, the parameter space for thermal
leptogenesis is enlarged. Moreover, it is pointed out that considering thermal mass corrections, only
an induced mass degeneracy of right-chiral neutrinos enables new prospects of leptogenesis.

Additionally, loop corrections for massive vector bosons interacting with each other are investigated
in time-dependent perturbation theory. Studying the case of two interacting massive vector bosons
in a simple example in detail, it is shown that the degree of divergence in the S-matrix is the same
as expected from R¢ gauge.

Kurzfassung

In dieser Arbeit werden verschiedene Mdoglichkeiten untersucht, wie rechtshéandige Majorananeutrios
zur Erzeugung der beobachteten Baryonzahlasymmetrie beitragen kénnen. Es wird gezeigt, dass
die induzierte Leptonenzahlverletzung Baryonenzahlasymmetrie erzeugende Modelle unterstiitzen
kann, bei denen die erzeugte Asymmetrie ohne zusétzliche Leptonenzahlverletzung durch Spha-
leroneniiberginge wieder ausgeloscht wird. Um zusétzlich die beobachtete Dunkle Materie Dichte
zu erklaren, wird diese Untersuchung auf das Scotogenic Modell erweitert. Des Weiteren werden
verschiedene Mechanismen einer direkten Leptonenzahlasymmetrieerzeugung durch Interaktionen
mit rechtshindigen Majorananeutrinos untersucht. Es wird diskutiert, dass sich fiir Modelle, bei
denen grofiere Yukawakopplungen als im Type-I1 Seesaw-Mechanismus moglich sind, der Parameter-
bereich fiir thermische Leptogenese vergrofern. Auflerdem wird gezeigt, dass unter Beachtung ther-
mischer Massenkorrekturen nur eine induzierte Massendegenerierung von rechtschiralen Neutrinos
neue Moglichkeiten fiir Leptogenese eroffnet.

Unabhéangig davon werden Schleifenkorrekturen von miteinander wechselwirkenden massiven Vektor-
bosonen in zeitabhéngiger Storungstheorie betrachtet und dabei der Spezialfall von zwei wechsel-
wirkenden massiven Vektorbosonen genauer untersucht. Fiir ein einfaches Beispiel wird gezeigt, dass
der Divergenzgrad der S-Matrix der Erwartung aus der R¢-Eichung entspricht.
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1 Introduction

The Standard Model (SM) of particle physics — summarizing all of our knowledge about observed
particles and their interaction which can be put together into a consistent theory — is consistent
with most experimental observations referring to particle interactions. However, some observations
cannot be explained by the SM, requiring extensions of the model which are often called physics
beyond the Standard Model (BSM). One open question e.g. is the origin of the neutrino masses
observed in neutrino oscillation experiments, cf. e.g. reference [1, 72]. Moreover, the observed relic
baryon number (B) asymmetry as well as the relic dark matter (DM) abundance, cf. e.g. reference [2],
cannot be explained by the SM only.

In this thesis, extensions of the SM addressing these three problems related to the particle content
of the SM are investigated. The focus lies on right-handed Majorana neutrinos which can naturally
explain the smallness of the observed active neutrino masses and at the same time would naturally
cause lepton number (L) violating processes. These L violating processes can e.g. be used to assist
sources of B violation which individually cannot explain the observed B asymmetry. Furthermore,
under certain circumstances, L violation on its own can generate a non-vanishing L asymmetry
which is partly converted to a B asymmetry by sphaleron transitions.

Moreover, the temperature dependent effective Higgs potential is calculated and the equations
of motion for fields after spontaneous symmetry breaking are investigated. Additionally, loop
contributions for massive vector bosons interacting with each other are considered in time-dependent
perturbation theory. For a simple example, it appears that the loop contributions deviate from the
naive expectation. It is discussed that this deviation is essential when investigating the degree of
diverges in the S-matrix.

First, in chapter [2, quantum field theory (QFT) is introduced and subtleties in the consideration
of local interaction terms arising from theories including massive vector bosons interacting with
each other are investigated. Afterwards, gauge theories are discussed with an emphasis on gauge
fixing and spontaneously broken symmetries. Furthermore, the SM of particle physics is presented
and flavor oscillation as well as CP violation — a key element of baryogenesis — are introduced.
After that, in chapter 3| the focus is shifted to thermal systems including many particles. In this
chapter, among others, the Boltzmann equations describing the time evolution of number densities
and particle-antiparticle asymmetries are derived. Subsequently, in chapter [ the time evolution of
the B asymmetry is investigated in a general setup. In particular, sphaleron transitions, which, as
part of the SM, build the framework for all baryogenesis scenarios, are discussed.

Following this, extensions of the SM which are of relevance to this thesis are presented. First,
in chapter [5| right-handed Majorana neutrinos are introduced, the induced rate of lepton number
violation is calculated, and the basic concept of thermal leptogenesis is briefly discussed. Afterwards,



1 Introduction

in chapter [0 an extended Higgs sector is investigated and thermal corrections to the effective Higgs
potential are discussed. In particular, the inert Higgs model — a two-Higgs-doublet model (2HDM)
with an imposed Z; symmetry — and the scotogenic model — the inert Higgs model extended by
right-handed Majorana neutrinos — are investigated. The scotogenic model suggests itself in light of
this thesis because it includes a DM candidate and allows for larger Yukawa coupling of the neutrino
sector without being in conflict with the Planck bound on the sum of the active neutrino masses,
cf. reference [2|. Consequently, the enlarged parameter space of the Yukawa couplings of the neutrino
sector allows e.g. for new prospects of leptogenesis and, as a byproduct, also the observed relic DM
abundance can be explained.

Subsequently, in chapter [7] the interplay of B — L asymmetry conserving GUT baryogenesis, lepton
number violation induced by right-handed Majorana neutrinos, and sphaleron transitions is presented
in detail. For this, L violation represents an essential ingredient because the B — L conserving
sphaleron transitions would completely wash out the initial B — L conserving B asymmetry without
having an additional source of B — L violation. First, all relevant parts of the time evolution of the
baryon number asymmetry are brought together and, afterwards, the parameter space is investigated
for various benchmark points. Last, in chapter [8] various possibilities to realize leptogenesis based
on right-handed Majorana neutrinos are investigated. For this, the focus lies on Majorana masses
in the region below 10'° GeV, which are insufficient to generate the observed B asymmetry in the
simplest version of thermal leptogenesis. In particular, thermal leptogenesis in light of the scotogenic
model is briefly investigated and, afterwards, possibilities of enlarging C'P violation with the help
of thermally induced mass degeneracy is investigated.

Finally, in chapter [9] the main results of this thesis are summarized.



2 Quantum Field Theory in the Vacuum

Physics is a natural science examining fundamental phenomena of nature to find patterns which are
expressed as laws and equations. In order to develop fundamental theories, the basic assumption is
made that not only individual but all phenomena of nature follow laws.

An essential principle of physics is that the laws of nature are universal, i.e. applicable always
and everywhere. This homogeneity of space and time yields the conservation of momentum and
energy. Furthermore, it is assumed that the laws of nature know no direction — they are isotropic in
space. This causes the conservation of the angular momentum. In addition, it is assumed that the
description of nature is independent of the choice of the inertial frame of reference.

The special theory of relativity (SR) combines these basic principles with the observation that the
speed of light in vacuum is identical for all observers. Consequently, light can neither be a massive
particle nor a wave propagating in a medium (Lorentz ether theory). SR claims that massless
particles always travel with the speed of light while massive particles can only asymptotically reach it
with increasing energy. In addition, the transformation from one inertial frame of reference to another
— known as Lorentz transformation — does not shift time and space independently, cf. equation (A.2]).
Consequently, space and time cannot be treated separately but as a unit called spacetime.

The assumption that gravity and acceleration are locally indistinguishable leads to the general theory
of relativity (GR) which states that spacetime itself does not exist independently of its content.
The connection between spacetime geometry and the energy-momentum tensor is described by the
Einstein field equations . These equations state that massive objects curve the surrounding
space and that the space expands depending on its energy content, cf. equation . The first
prediction can be observed as gravitational lensing while the second one leads to the Big Bang theory
which has among others been confirmed by the observation of the cosmic microwave background
(CMB) and the validation of the Big Bang nucleosynthesis (BBN) predictions.

In general, the content of the universe is observed to be structured into bound objects. During
interactions with high enough energies, the substructure of the objects can be observed. Objects
which have no substructure are elementary particles.

In classical mechanics, free objects can be fully described by their mass, momentum, and position
in spacetime. Furthermore, in classical electrodynamics fields appear which can be excited to
oscillations propagating at the speed of light. However, observations show that this classical picture
breaks down when considering very light objects such as elementary particles. In addition, it cannot
explain the photoelectric effect. To explain observation, the concept of particles and waves as
discrete and continuous objects, respectively, have to be abandoned. Quantum mechanics (QM)
combines both concepts, meaning that all objects have to be described by a time-dependent position
probability amplitude function ¢ (x,t) called wave function. As a consequence, objects can only
either carry a discrete momentum or be localized in space but not both at once.



2 Quantum Field Theory in the Vacuum

In the following, in section the well-known relativistic equations of motion for scalar bosons,
vector bosons, and spin-1/2 fermions are motivated. Afterwards, in section the essentials of QFT
are introduced and the calculation of transition amplitudes based on time-dependent perturbation
theory is investigated. This introduction is done in preparation of the investigation of thermal
systems, cf. chapter [3] and the calculation of propagators and loop contributions in time-dependent
perturbation theory, cf. section Especially for the latter, a fundamental comprehension of
the basics of QFT is of special relevance in order to classify the found discrepancy between loop
contributions from massive vector bosons derived in time-dependent perturbation theory and the
naively expected result. Afterwards, in support of the results from time-dependent perturbation
theory, in section[2.4] the path integral formalism is introduced and investigated in detail for massive
vector bosons.

Because the validity of the derived loop contribution of massive vector bosons is supported by the
fact that the degree of divergence in the S-matrix is the same as expected from R¢ gauge, the
basic concepts of renormalization are summarized in section Furthermore, the resulting scale
dependence of the coupling constants being usually expressed in the form of renormalization group
equations (RGEs) is relevant for the leptogenesis model considered in chapter

In the SM, massive vector bosons only arise from spontaneously broken gauge symmetries. The
usual method to prove the renormalizability of a theory including massive vector bosons arising from
spontaneously broken gauge symmetries is to apply the gauge-fixing procedure. To investigate this
in more detail, first of all, the basic concepts of gauge symmetries and the gauge-fixing procedure
are introduced in section Afterwards, in section the equations of motion for fields after
spontaneous symmetry breaking (SSB) are investigated.

Afterwards, in section the SM of particle physics is introduced. Following, in section
the appearance of the observed flavor oscillations is briefly explained. Finally, in section [2.10] the
effective equation of motion resulting from a non-vanishing interaction rate is introduced and the
resulting C'P violation is investigated.

2.1 Introduction Into Relativistic Quantum Mechanics

Inspired by the observation that the energy of a single photon is given by the frequency times the
Planck constant h = 27TEI (E = 2mv = w), the wave function of a photon — i.e. the wave function of
light — is written as

P(x) = YP(t, ¥) x exp [—i (wt — E?)] = exp [—i (Et - EF)} = e PT (2.1)

where the equivalence of the wave vector (k) and momentum vector (7) is required by Lorentz
invariance and the common abbreviation pr = p#z,, is used. Based on this, the wave function of free
massive objects in position space are written as a superposition of energy eigenstates (oc e~%%):

35 .
W(z) = / (g;)’gc (7) =" (2.2)

'In this thesis all equations are given in Planck units (c=h =G = kg = 1).
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with E; = /p2 + m?. As a consequence, objects cannot be localized and carry a definite momentum

at the same time. This result can be formalized in the uncertainty principleﬂ

oroy =@ —(2))*) (b - (B)*) = 7 (2.3)

=

with the standard deviation of position o, and momentum o,. Moreover, the expectation value of
an operator in position space is defined as

(O@) = WH O () = / B (2) O(x) (x), (2.4)

where (z) and O(z) are the position space representation of [1)(t)) and O(t), respectively:
P(x) = (Zy(1)) (2.5)
with |Z) being the eigenstate of position operator:
%) =Z|7) . (2.6)

Besides, the position operator, one can also define a momentum operator and Hamiltonian with
corresponding eigenstates:

bIp) =Pl  and H[E)=E|E). (2.7)

According to equation (2.1]), the spatial derivative of the wave function is proportional to the
momentum. Based on this, the momentum operator in position space can be expressed as

{Z[pl) = —iVy(x) . (2.8)

Moreover, the time derivative is proportional to the energy, meaning that the time evolution of a
state vector is determined by the Hamiltonian:

s [05(1)) = i [U5(1)) = i3 U (1) [95(0)) (2.9)

where the Schrodinger picture (S) with time-dependent state vectors is used. However, in QM,
only expectation values of operators are observable. Consequently, the time evolution can also be
absorbed into the operators,

905(t)

Ou(t) =U'1)0st)Ut) = %OH(t)—UT(t) o

U(t) = i[Hu, O, (2.10)

known as Heisenberg picture (H), meaning that the state vectors are time independent.

Due to the energy-momentum relation, the time evolution of a free particle can be expressed in terms
of the Hamiltonian. Furthermore, considering an external spacetime dependent potential V' (z), it
also contributes to the total amount of energy. In the non-relativistic limit E ~ m + $2/(2m) this
leads to the Schrodinger equation, cf. equation .

2Note that the uncertainty principle not only holds for deviation of position and momentum but for all pairs of
complementary variables.
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However, due to the insufficiency for the description of highly energetic (|| = m) or massless
particles, a relativistic generalization of the Schrédinger equation is needed. Using the relativistic
energy-momentum relation £ = /p2 + m?2 instead of the non-relativistic one leads to the intuitive
ansatz

zgd)(z) =V-V2+m?y(x). (2.11)

ot

But this equation treats time and space derivatives differently which is not what is expected from a
relativistic equation of motion. Furthermore, the series expansion of the square root in power of V?
leads to a non-local expression [64]. This problem can be circumvented by squaring the operators
on both sides, resulting in the Klein-Gordon equation which is sufficient to describe wave
functions that transform as Lorentz scalars.

Particles with non-vanishing spin and therefore an orientation in space have to be described by
multi-component wave functions which do not transform trivially under a Lorentz transformation.
In general, the wave function of massive spin-1 particles can be expressed in terms of a plain wave
times one of the three orthogonal polarization vectors describing the Lorentz structure, cf. equation
(A.59). The time evolution of the single polarization can be expressed by the Klein-Gordon equation.
By including a projection operator (II", &5 = ef and II", p” = 0) to ensure that only observable
particle states are eigenstates, the equation of motion for a massive spin-1 particles can be expressed

by the Proca equation (A.9)).

More advanced, considering a theory which also includes massless vector bosons, only two polarization
vectors 551, , fulfill the defining conditions are observable. However, these polarization vectors
are not definite anymore because a term proportional to the four-momentum p* can be added without
altering the defining conditions. In addition, these terms proportional to p* also appear in Lorentz
transformations:

Ny, =gl +V1I—aief, +azp”, (2.12)

which yields a non-Lorentz invariant polarization Sunﬂ As a consequence, massless vector bosons
can only give rise to a Lorentz invariant theory if the time evolution is invariant under the transfor-
mation e — e + ap. It can be shown that this condition is fulfilled when the Lagrangian is
invariant under the transformation leading to the concept of gauge theories, cf. section

For spin-1/2 particles, the Lorentz structure is given by so called spinors ¥ which neither transform
as Lorentz scalars nor as Lorentz vectors, cf. equation . In contrast to bosons (particles with
integer spin), the time evolution for fermions (particles with half odd integer spin) is not based on
the Klein-Gordon equation. This is because the probability current resulting from the Klein-Gordon
equation is not positive definite. In QM, this is problematic for all kinds of particles but in QFT, the
probability current becomes a charge current which can be negative. On the other hand, unlike for
bosons, the number of fermions is conserved, requiring a theory with a positive definite probability
current.

Actually, the Klein-Gordon equation is not positive definite due to the squared time derivative
implying that a linear equation in time would circumvent this problem. As Paul Dirac noticed first,

3 Actually, the problem arises because p* is not a valid base vector for massless particles (p? = 0).
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this can be done in a Lorentz invariant way by writing down the equation of motion in matrix form.
Consequently, the time evolution of spin-1/2 fermions is described by the Dirac equation (A.8]).

However, besides the problem of a negative probability current resulting from the Klein-Gordon
equation, positive as well as negative energy eigenstates occur from all derived equations of motion
because they are all base on the relation E? = 2 + m?2. This fact makes arbitrarily small energies
possible as soon as interaction terms allow for the transition between eigenstates of the free equation
of motion.

Furthermore, QM is unable to describe systems with variable particle number, meaning that only
transitions between energy eigenstates induced by external forces can be described but not e.g. the
emission of a photon.

2.2 Introduction Into the Basic Concepts of Quantum Field Theory

To overcome the issues of QM mentioned in the previous section, QFT was developed. Because in
QFT, states with variable particle number are considered, it is convenient to distinguish between
the particle content and the state of the individual particles. Note that in this context, as for the
rest of this work, the term particle does not refer to a classical object but to eigenstates of the free
Hamiltonian.

2.2.1 Essentials of Quantum Field Theory

Starting with the investigation of a non-interacting theory, a multi-particle system with arbitrary
particle content can be fully described by a state vector |F) containing information about the
particle content in momentum space. To determine the time evolution of the system, the information
about the particle content needs to be converted into a set of wave functions. For this reason, an
operator 1 (z) is included, generating the quantum mechanical wave functions whose time evolution
is determined by the quantum-mechanical equations of motion introduced in the previous section.
Thus, only ¢ (z) is time dependent, meaning that here, the Heisenberg picture is considered. More-
over, another operator ¢ (x) can be added which converts the set of wave functions back to a state
vector:

1 (2) S9(@) |F) = 01 (2) B(w) () ) (213)

Because the time evolution of each particle species is described by a different Hamiltonian, it makes
sense to decompose ¥(x) into so called quantum field operators for each particle species ¥;(x),
cf. equation , which only generates the wave functions of the corresponding particle content.
Using this, the time evolution of |F) can be written as a sum of Hamiltonian for each particle
species:

FH (@) S0 ) =i 0] @) @) [P = Y ul@ @ w@) ). (214)

For a detailed derivation of quantum field operators, cf. appendix
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It is useful to consider the complex conjugate of the equations of motion in order to find an
interpretation for the negative energy eigenvalues arising from the relativistic equations of motion.
As long as only the free equation of motion is considered, the resulting equation of motion of
the conjugated wave functions is basically equivalent to the initial equation of motion. However,
considering an interacting theory with particles that are charged under a gauge symmetry, cf. section
the equation of motion in the complex-conjugated picture differs by a sign in front of the gauge
interaction term. Thus, the complex-conjugated picture describes the time evolution of a particle
with opposite charge and is for this reason also called charge-conjugated picture. Such a particle with
an equivalent free equation of motion but negative charge is known as the antiparticle. Thus, the
negative energy solutions which correspond to positive energy solutions in the charge-conjugated
picture, can be interpreted as antiparticles traveling in the inverse time direction. In QFT, this
interpretation can be implemented by defining the quantum field operator such that it not only
produces a particle state but also annihilates an antiparticle state, cf. equation .

This interpretation of negative energy eigenstates as antiparticles is proven by the fact that for each
particle which is charged, meaning that it transforms non-trivially under a symmetry transformation
(e.g. gauge symmetries), an associated antiparticle can be observed. Furthermore, writing down
particle content changing interactions in terms of the quantum field operators given in , the
production and annihilation of particle-antiparticle pairs is predicted. Additionally, at each vertex,
either a particle can be produced or an antiparticle can be annihilated, both with the same coupling
strength. Both of these predictions are in agreement with observations.

A big advantage of QFT is that, due to the introduction of creation and annihilation operators,
particle number violating interactions can be added easily. Generally, using the basic assumption
that the state vector at any given time can be expressed as a superposition of eigenstates of the free
Hamiltonian, any interaction can be written in terms of a local transition probability among state
vectors:

Hy =) cpop [F)(F. (2.15)
F.F"

In QFT, such an interaction term can be expressed by the local action of multiple quantum field
operators:

Hi(z) = el (2)...9f (@) v, (). i (2), (2.16)
k

where k sums all different interaction termsﬁ Note that including particle content changing inter-
actions, |F') as well as 1(z) are time dependent. In detail, the time dependence of ¥ (x) is determined
by the free equation of motion (I:IO) while the time dependence of |F') is only determined by the
particle content changing interactions (I:I 7). Thus, in the following, as not mentioned otherwise, the
time evolution in the interaction picture is considered, cf. equation .

4Note that both expressions of the interaction Hamiltonian are not synonymous because (2.15) only shows the
general structure of transition terms while (2.16| correspond to a Lorentz invariant theory allowing to express
general transition amplitudes in terms of the coupling constants oy and the particle content of the state vectors.



2.2 Introduction Into the Basic Concepts of Quantum Field Theory

2.2.2 Calculation of Transition Rates in Quantum Field Theory

Considering transition amplitudes between eigenstates of the free equation of motion, time-dependent
perturbation theory, for details cf. appendix can be used to express these transition amplitudes
between different state vectors — known as S-matriz — as

ser = X S T ([ a o)) ir)

n

=ZA/Hdw (F'|T1, (2)) . Yy, ()| F) (2.17)

My,

where n runs over all orders in perturbation theory, m, runs over all combinations of different
interaction terms being part of (7:1 1)p(2'), and A is a prefactor containing coupling constants. Note
that here, the particle content of |F') is not assumed to have a distinct momentum but a momentum
distribution and for |F”’), only the content but not the momentum is assumed to be distinct. The
reason for this definition is that the resulting transition probabilities can be used to describe the
time evolution of thermal systems, cf. section

Defining |F") as the state vector with the joint particle content of |F') and |F’), the field operators
can be divided into a set of field operators v;, (x/ ) whose action adjusts the particle content of |F')
and |F"), another set of field operators vy, (x fz) whose action adjusts the particle content of |F”)
and [F") and a set of remaining field operators 1y (2}) ... ¢y, (2;) which together do not alter the
particle contentﬂ.

Furthermore, defining x; = «} — , for i # m, one is only left with a 7, dependence in the plain
waves of ¢, (2} ) and ¢y, (2, ) because it cancels out in the remaining part. Consequently, the
corresponding spacetime integral enforces four-momentum conservation in the limit ¢, — —00
and tgna — 0o. Using this and only considering the connected part of the S—matrixE] the transition
amplitude becomes

k l l k

where the abbreviation dp; = ¢ (p —m?)dp = dp/ (27r) / (2E;) is used and the wave function part
of the quantum field operator zpi k( x), cf. equation , acting on the external states is part of
Ap_ p being defined as

P OL0 B I ) COE) | G

n,Mn 1=1,i#m k

X (FU| T (1), (2n)|[F7) (2 45‘*(2% Zkﬂ>

- iMF_>F/(27T)454<Zk‘ik -~ Zkﬁ>, (2.19)
k l

5When rearranging the quantum field operator, one has to take care of the Lorentz and the spinor structure by

including according summation indices
5The connected part of the S-matrix only considers amplitudes which can be visualized by a connected diagram,

cf. appendix
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with z,,, = 0 and Mp_ @ being the matriz element. Note that it is convenient to visualize the
elements of the perturbation series by diagrams, cf. appendix

Next, for the calculation of the transition probability, one uses

2
< / da ei@f—m)ﬂﬁ) - / dz e'PsP)(2m)4 5% (pi — py) = VT(27)*6* (pi — py) » (2.20)

with VT being the spacetime volume. In addition, using (|A.48]) and (A.45|) or (A.47)), respectively,

( / 1T i, [y (F1 ] o}, @) T @i i) 1 F)
k l l k

— [ Tlaw s Lo (1 757 ) (2:21)
k l

:

is obtained, where fI'(7;) denotes the distribution function corresponding to the state | F >E| and the
sign in front of the second distribution function is determined by the particle species: + for bosons
and — for fermions.

Hence, the transition probability per spacetime volume can be expressed as

e / T b, 1o (5:) T] i [1 ffl@flﬂ|MF%F/|2<2w>454<Zkik _ Zm) (2
k l k l

At this point, it makes sense to introduce the well-known C, P, and T transformations which are of
special relevance in light of this thesis. First of all, the time reversal transformation (7") invert the
time t — —t which in the context of transition amplitudes relates Sgp_.pr and Spr_, . Consequently,
the transition probabilities for both processes, F — F’ and F' — F, are equal if T is conserved.
In analogy, the parity transformation (P) inverts space Z — —Z relating transition amplitudes with
chirality-flipped particle content and the charge conjugation (C') links transition amplitudes where
the particle content is replaced by the corresponding antiparticles. Note, however, historically charge
conjugation is defined such that actually both together C' and P transformations convert particles
into their antiparticles. Because the negative energy solutions of the free equation of motion arising
from a Lorentz invariant theory where interpreted as antiparticles traveling backwards in time,
resulting in an according definition of the quantum field operators, cf. equation , it is implied
that a combination of C, P, and T transformation leave the time evolution invariant which is well-
known as C'PT theorem.

Turning back to vacuum QFT, single scattering processes are studied isolated from the environment
which means that |F”) = |0) and, as a consequence, fjlcj " = 0 are implied. Furthermore, for |F") =
0), |[Mp_p|? is independent of the state vector and the square of Ap_,z» becomes equivalent to
the square of Sp_, v because the expression in equation is one.

Considering simple processes involving only one or two incoming particles with fixed momentum,

"Note that in general, the product of distribution functions become non-trivial when multiple field operators of the
same species contribute. This is due to the fact that the creation and annihilation operators alter the particle
content, implying that the next creation or annihilation operator acts on a field with modified particle content.
However, in most cases, it is a reasonable approximation to assume independent distribution functions of the
individual incoming and outgoing particles.

10



2.3 Derivation of Propagators and Loops in Time-Dependent Perturbation Theory

it is convenient to define the differential decay width in the rest frame of the decaying particle

(fi(ﬁi) = 53(@')/‘/)

M; -
ACissfyfn = VDiosfrofn = ‘;:;Lf’( 464< pr,>Hdpfl, (2.23)

and the differential cross section

Viisissifa M |2 _
doiyiy—frofn = izt _| ZmHQfl f2’] (2m)*s* <pi1 + piy — prz) Hdpfl . (229)
] !

| T3, | Y [s mz,m

with Ala, b, ¢] being defined in (D.5). In the case of only two outgoing particles (n = 2) both
expressions can be further simplified to

Mgl \Pfl |

dr’; = e, 2.25

z%f1f2 3271'2 mz ( )
My Py, |

dCijis—fifs = | ZéZ;J:le ]ﬁfl\ dq. (2.26)
i1

2.3 Derivation of Propagators and Loops in Time-Dependent
Perturbation Theory

According to equation , the simplest non-trivial matrix element appearing in the perturbation
series only contains two quantum field operators acting on a vacuum state. This case is closely related
to propagators, which are of special importance since more complex terms of the perturbation series
can be expressed in terms of propagators.

In this section, first of all, the propagator and loop contributions for scalar bosons are investigated in
time-dependent perturbation theory to get familiar with the formalism. Afterwards, it is discussed
that for massive vector bosons, local interaction terms appear in the interaction Hamiltonian,
which guarantees the Lorentz invariance of transition amplitudes. Subsequently, this investigation
is extended to a theory containing two massive vector bosons interacting with each other. In a
simple example, it is demonstrated that loop contributions only including massive vector bosons
deviate from what is naively expected. Moreover, it is discussed that this deviation is essential in
the investigation of the degree of divergence in the S-matrix.

2.3.1 Propagators for Scalar Bosons and Spin-1/2 Fermions and Introduction of Loop
Contributions

In general, the vacuum propagator in position space is defined by the action of two quantum field
operators on the vacuum state. Hence, the propagator of scalar fields, cf. equation (A.57a)), is given
by

0| Tz +)6' () [0) = / i (O™ + O(—t)e’™) | (2.27)

11



2 Quantum Field Theory in the Vacuum

where the bosonic commutation relation, cf. equation , and the normalization of the vacuum
((0|0) = 1) are used. Furthermore, ©(z) is the Heaviside step function defined in equation (D.9).
Next, it is convenient to use the residue theorem to rewrite equation into the well-known form
of the spacetime propagator, cf. equation :

(01 Té(z +y)4'(y) [0) = lim i i (2.28)

Note that deriving the propagator in this way, the intuitive interpretation is difficult because starting
from operators describing observable particles which fulfill the energy-momentum relation known as
on-shell, a propagator is obtained which can transfer four-momentum which does not fulfill the
energy-momentum relation — known as off-shell. However, as investigated in appendix the
propagator in the given form arises from the quantum mechanical interference of the exchange of
a particle from y to x + y for positive zg and the exchange of an antiparticle from y 4+ = to y for
negative xg, where both, the particle and the antiparticle, fulfill the energy-momentum relation.

Besides, so called tree-level processes where two separated spacetime points are interconnected
by a single propagator, also so-called loop contributions appear in the perturbation theory where
separated spacetime points are interconnected by multiple propagators. In the simplest case of a
tree-level processes where external currents only couple at two spacetime points being interconnected
by a scalar boson propagator, the matrix-element is proportional to the propagator in momentum
space:

i

M x /d@" Ol To(z +y)o' (y) 0) P = ———

2.29
g (2:29)

where p is the sum of the incoming and outgoing four-momenta, respectively.
In contrast, for the simplest loop process where external currents couple at two spacetime points
but are interconnected by two scalar boson propagators, the matrix-element becomes

M / 4z (0] T (x + y)balz + )6} (1) 8 () [0) 7
— lim / dk ! ! (2.30)

e—0t ) 2m) k2 —mi+ie(p—k)2—m3+ie’

where, for simplicity, two different scalar fields (¢; and ¢2) are considered here. Note that the
remaining momentum integral in loop contributions can be divergent. Addressing this issue, renor-
malization can be used to absorb the divergences by redefining the Hamiltonian, cf. section [2.5

Considering spin-1/2 fermions, the propagator in position space is

O T (z+1y)T(y) |0) = /dl?: (@(t)(k +m)e ™ — O(—t)(F — m)ei’m) : (2.31)

Making use of the residue theorem, the propagator in the well-known form, cf. equation (A.61)), is
obtained.

12



2.3 Derivation of Propagators and Loops in Time-Dependent Perturbation Theory

2.3.2 Derivation of the Massive Vector Boson Propagator

The propagator for massive vector bosons in position space is given by
(0] TA"(z +y)(A") (y) |0)
=3 [ dha (OOEEEE e + O-DEDIEE) . @232)
A

Evaluating the polarization sum for massive vector bosons,

. . . o kﬂ ku
2 AEEE)! = (SEN SR =~ + 52 (2:33)
A A
the propagator becomes
- Ny . 4
(O TA (& + ) (A" () 0) = / dica (—g“” + ;ﬁ) (0™ + O(—t)ch) . (234)
A

where the energy of a four-momentum with an index A is determined by the energy-momentum

relation: k4 = k and kY = Ep = k2 +m?3.

However, for massive vector bosons, the propagator in the well-known form, cf. equation ,
cannot simply be derived by making use of the residue theorem because the energy integration path
has to be closed e.g. by adding a path which, for positive and negative xg, leads from kg — oo over
ko — +ioo to kg — —oo, respectivelyﬂ For the scalar bosons and spin-1/2 fermions, the propagators
in the well-known form are obtained, as the remaining part of the integrand (1/(k% — E? + i€) and
(F+m)/(k3 — E? +i€)) converges to zero for kg — =00, implying that the contribution of the path
closing the integration curve vanishes. In contrast, considering massive vector bosons, the remaining
part of the integrand converges to

. Kk —1 . 910910
1 st = —i =& 2.35
o (W 2 ) R_E+i ' omg (2:35)

meaning that the contribution of the integration path closing the integration curve cannot be
ignored.

Thus, the polarization sum has to be excluded from the energy integral when using the residue
theorem, meaning that the propagator is given by the on-shell polarization sum times the scalar
boson propagator:

Hrv —i )
O TA @+ ) W) 10) = [ o (gw - ’“A"'A) e (2.36)

(2m)4 m% ) k% —m? +ie

which can also be written as, cf. equation (D.15),

O A"+ ) (4 () [0) = [ [(g—’”“) i —ig‘”g”o]e—ikx. (2.37)

(2m)4 m% ) k? —m? +ie m?

8The path is chosen such that the exponential function and, for this reason, the integrand does not diverge but

becomes exponentially suppressed in the limit kg — Fico.

13



2 Quantum Field Theory in the Vacuum

However, this propagator is not Lorentz invariant, cf. e.g. reference [68| pp. 274-278], which means
that something must be missing because the Proca Lagrangian, cf. equation , determining
the time evolution of massive vector bosons is Lorentz invariant.
Because the propagator is only relevant for an interaction theory, to address this issue, a general
Lorentz invariant interaction term is added to the Proca Lagrangian
1 m?
L(x) = _ZF’“’FW + 7/1“(9:)14“(90) — Ju(x)At (). (2.38)

Evaluating the corresponding Hamiltonian, an additional local interaction term arises in the inter-
action Hamiltonian [68, pp. 320-323]:

Ty (z) = J,(z) A (z) + | 27%)]2 . (2.39)

Thus, adding the contributions of the local interaction term and the non-local interaction term, the
naively expected Lorentz invariant S-matrix is obtainedﬂ

—3)? 1T 70 (/)12
Spopr = 2) /dy/da: (F'|T (2 + y) A (z + y) A¥ () I, (y)|F) _i/dyw
_ (=) , dk (., kPR i e
-G [ [T s ne) [ (o= ) e

277231 /dy (F'([T7 ()| F) (1 —/dx/dke‘ik“"), (2.40)

where the bottom row is zero ([ dx [ dke ** = [dx§(z) = 1).

Similarly, considering interaction terms involving derivatives of scalar boson field operators, the
resulting propagator is given by
dk kyky i
402 12 _ o2 1
(2m)* m? k2 —m o T i€

w¢wwm+ymmwww»:/ ek (2.41)

) N
with k0 = /k + mg) Furthermore, a similar local interaction term — H(z) = JZ(x)/ (2mi) —is
obtained, ensuring that the S-matrix is Lorentz invariant.

2.3.3 Detailed Investigation of Transition Amplitudes Involving Self Interactions of
Massive Vector Bosons

For now, only an interaction term involving a single massive vector boson has been considered,
cf. equation . Thus, the obtained local interaction term only ensures the Lorentz invariance of
the S-matrix for a theory including no interaction terms involving multiple massive vector bosons.
Thus, to generalize the investigation made in reference [68, pp. 320-323], in the following, a

9Note that here, the vacuum QFT approximation (F"'|A*(x + y) A" (y)|F") = (0| A*(x + y) A (y)|0) is used, which is
sufficient because the additional thermal contributions do not break the Lorentz symmetry.

14



2.3 Derivation of Propagators and Loops in Time-Dependent Perturbation Theory

generalized interaction Lagrangian containing two massive vector bosons interacting with each other

is studied in detail:

Li(z) = —Jy(x)Apu(x) — Tg(2)Bryu(x) — " (2) App(2) Ba (@), (2.42)

with A%, (x) and Bl (x) being two different massive vector fields and J'(z), Ji(x), and J*(z) being
independent of A% (z) and Bf;(x). Note that here, the fields carry the subscript H to highlight that
the fields in the Heisenberg-picture and not in the interaction-picture are consideredﬂ Moreover,
it should be mentioned that the following derivation of the interaction Hamiltonian is derived in
close relation to reference [68, pp. 320-323], meaning that the single steps are adjusted to the
generalized interaction Lagrangian and the different signature of the Minkowski space used in this

thesis, cf. equation (A.1]).

To derive the interaction Hamiltonian, first of all, the conjugated fields need to be calculated:

_ oL@ pou_ 0 =0 N
o 0Lx) B 0 =0
H%,H(«T) = m = —Fg“ - {—80B1@($) OB () p—i (2.43Db)

Because H%, y(x) and HOB7 () vanish, A% (z) and BY(z) are only auxiliary fields which need to
be replaced by their solutions when changing to the Hamilton formalisnﬂ For determining the
replacement, the Euler-Lagrange equations for A% (z) and BY%(x) are considered,

mA Ay () — J4(x) — J°, (2) B (z) = —0,F4° (2.44a)
mpBY(x) — Jh(z) — 1, () Al (z) = —0,Fp (2.44D)

which, using equation (2.43]), can be written as

A0 () = niz, (Vi) + T3(x) + % (@) Bl () (2.452)
B (x) = ﬂ”}i (Vi r(x) + Th(x) + 7,00 Aly () ) (2.45D)

10Tp the QFT Lagrangian, the fields are always considered in the Heisenberg picture because the resulting equations
of motion (Euler-Lagrange equations) also include the interaction terms. In contrast, in the interaction picture,
the equations of motion of the fields are only determined by the free equation of motion.

"This can be understood from the fact that the Lagrangian does not contain time-derivatives of A% (z) and BY(x),
implying that equation cannot arise from Hamilton’s equations.
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2 Quantum Field Theory in the Vacuum

Because A% (r) depends on BY(z) and vice versa, both can be determined iteratively, implying that
both are replaced by an infinite series:

Ayo) = Ly (Van(o) + 30) + 7o) By o)

A
+ 280 (Ot r(a) + S0+, a0+ D)) )
B A
_. % (Vo) +18() | (2.46D)
BY () = n; (vﬁg,mx) (@) + () Al (2)
+ 200 (Vo) + ) + @Bl + 2 L)) e
mA mp
_. Wf (Vg (@) + T8 (@) - (2.46d)
B

Using this, the Hamiltonian can be evaluated, cf. equation .

Following reference |68, p. 321], changing from the Heisenberg-picture to the interaction-picture
(Ap(z) — A(z), Tap(z) — Ta(z), Bu(r) — B(z) and Mpy(z) — Tp(z)), the obtained
Hamiltonian can be split into a free Hamiltonian

ﬂoz/d3 <A()

2
ma
+/d3x; <* (z)? + 2B[VHB( 2)] + [vXé(x)]2+m2BB(x)2> , (2.47)

[VHA( )+ [V x A(z)])* + miA’(:ﬁ)?)

determining the time evolution of the fields, and an interaction part

Hi(z) = =T a(2)A(x) = T p(2) B(x) + J 9 (2) A'(2) B (x) — 5 12 (T3 ()]~

L[ 8() — I @) B ()] [VTia(z) + I ()]

my
+ ml% [J%(:L‘) — Jio(a:)Ai(x)] [VﬁB(x) + Jg)(x)]
+ mA;% JO(2) [ VILa(z) + T4 (2)] [ VIp(z) + J5(2)] . (2.48)

Finally, as argued in reference |68, pp. 321-322], in the interaction-picture, A%(z) and B°(x) can be
reintroduced by defining

1 = 1 _-
A(z) = m—QVHA(x) and B%(z) := m—QVHB(;U) . (2.49)
A B

Using this definition, the equations of motion for A#(x) and B*(x) become the Proca equation,
cf. equation ({A.9)), on which the definition of the field operator for massive vector bosons, cf. equation
(A.57c), considered previously for the derivation of the propagator is based on. Furthermore, the
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2.3 Derivation of Propagators and Loops in Time-Dependent Perturbation Theory

interaction Hamiltonian density becomes, cf. equation (A.81)),

2 2
Hr(@) = (@) Ay(z) + (@) B(@) + I (@) A, () By () + AL | LB@)]

Qm?4 QmZB
n Jﬁ(x)Jo”gw)Bu(fL’) n J%(w)J”ng)Au(ﬂf) n J?;(:v)JZO(JfQ)J%(x)
my mp mymp
0 (1) B, (x))? 0(y )2
+ (7 (225;4( ) + (" (27)7:2:( ) + ... . (2.50)

Including the local interaction terms, it can be shown that, as expected, at tree level, the well-known
Lorentz invariant result is obtained. Considering e.g. the simplest amplitude involving the vector
boson self coupling (S ~ J(z)J"? (z)J5(x)), there are four contributing parts:

Sropr = (=) / dx / dy / Az (F'IT 7 + 9) A + 9) Ay ()07 () By y + 2)By(y + )05y + 2)| F)

0 v
(i [y [ a <F/17W3y<y>3u<y+z>Jg<y+z>\F>

v 0
+ (—i)Q/dx/dy <F’\TJZ(x+y)Au(x+y)Ay(y)J°(§22jB(myF>
B

_i/dy (1 AW T W) Tp W) oy (2.51)

2 2
mymg

Replacing all pairs of field operators by the propagator given in equation ([2.37)), the local contributions
cancel out and the naively expected Lorentz invariant S-matrix is obtained:

e = (=i)? / da / dy / 0z (F'| 7% (2 + )0 () Ty + 2)| F)
dk k“uk‘y —1 —ik’x/ dq doqp —1 —iqz
- oy — . (252
R O S Tl = O o P

2.3.4 Implications on Loop Contributions Involving Multiple Massive Vector Bosons

Next, loop contributions only containing massive vector boson propagators are investigated. Consi-
dering the interaction Lagrangian (2.42]), for the simplest loop contribution only containing massive
vector bosons (S ~ JH7(x)J"P(x)), the naively expected S-matrix is given by

. —i)?
spave, — (71 [do [ty FTdota+ 1)

2
uv _ kMEY op _ 4°q°
X (—i)Q/ dk_9 " e_““/ dg_9 o -ige (2.53)
(2m)* k2 —m? (2m)* 2 —m% ’ '

where the external currents are interconnected by the Lorentz invariant part of the propagators,
cf. equation , because all local contributions are expected to cancel. However, the naively
expected loop contributions lead to difficulties related to the degree of the divergence of the .S-
matrix. The reason for that is that, in the naive form, loop contributions with an arbitrary number
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2 Quantum Field Theory in the Vacuum

of external currents diverge. This issue can be seen e.g. when vanishing external momenta are
considered. In this case, the external currents can be expressed in terms of the metric and the
loop four-momentum k#: JHo = fi(k%)g"’ + fo(k*)k*k®. Thus, the loop integrand containing n
massive vector bosons scales (for fo(k?) = 0) at least like (f1(k?)/ m1247 )" for large k2, implying that
the loop diverges independent of n if fi(k?) contains elements which are not suppressed for large k2
(e.g. f1(k?)  1). Thus, the power-counting arguments cannot be used to prove the renormalizability
of a theory, cf. reference |69, p. 299]E

However, investigating the loop contribution from equation (2.53)) in more detail, there are three
different contributing partg >}

(—)*
2

Spym = / da / dy (F'[T Jyo (z + 1) Jup ()| F)
gap _q°q°

ghv — BB 410 10 Tz o000
dk m2 gr-g —ikx dq m3 g g —iqx
X 1 2 5+ 2 | € 4|72 5+ 2 |©
(2m)t | k2 —m5 m4 2m)t ] ¢ —m3 m%

o vl
. 1 dq 9’ — 2 ga(]gp() o
2 / B 1qx
— dx | — (F'|T Joo () J, F q
+ ( Z) / X m?q < ’ 0 (.’IJ) Op(x)’ >/ (271')4 |: q2 — m2B mZB (&

1 de [9" =B o0
F/ L F my gg —ikx
+ m2B< |TJMO(x)J 0(1:)| >/ (27_‘_)4 L2 7m124 + m124 ]6
. 1 5
—guaive = | g (P T [, F) . 9254
By [ e (FT L)) (2.54)

Thus, deriving the loop contribution for massive vector bosons properly, a result differing from the
naive expectation is obtained because local interaction terms of the form ~ [Joo(x)]™ do not appear
in the interaction Hamiltonian, cf. equation (2.50). However, the remaining loop contribution is still
Lorentz invariant which becomes more obvious when the matrix element is rewritten as

Seom == [ o [ ay P T ate+ 0 a)F) [ [ [ (- H55)

A
op _ 4°¢° P g
x 9277";36—i<m+q>w + / dkp <gUP b ]§B> ’ — e‘“’“B*‘DI] . (255)
g —mp B =M

On first sight, equation does not seem Lorentz invariant because of the appearance of on-shell
four-momenta. Moreover, for the corresponding massive vector boson, only one momentum integral
occurs (dlzz A,B). However, one of the propagators in each loop can be on-shell without breaking the
Lorentz invariance because the remaining four-momentum integrals (dg in equation ) ensure
four-momentum conservation in each vertex. Intuitively, this can be understood from the fact that
cutting one propagator of a loop diagram results in a different diagram with the loop particle as an
external particle (on-shell). The contribution of the resulting diagram is Lorentz invariant because
the other loop propagators are given in the naive, Lorentz-invariant form.

12More precisely, in reference [7], it is stated that the Green functions in unitary gauge are not renormalizable, meaning
that divergences do not cancel until the S-matrix is evaluated.
Qn)

naive

!3Considering more complex matrix-elements (S ~ [J*(z)] that an alike result is obtained: Sp™p —
1/(m%m%)" [ dz (F'|[Joo(x)]*"|F), which can be rewritten into a similar form as given in equation (2.55).
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2.3 Derivation of Propagators and Loops in Time-Dependent Perturbation Theory

Moreover, considering vanishing external momenta again, the external current can be expressed as
JHo = f(k% 5)g"" + g(k? g)k' 5k% g, implying that the sum over all Lorentz indices is independent
of kY 5

mA g p

v v v K1 pkAlp y kAanA B
(fl(kz%},B)gul ! +91(k,24,3)kakAl,B) (9 e mell] NP I A el B 3Hfz ki)
(2.56)

Thus, considering the local interaction terms properly, the propagator part of the loop containing n
massive vector bosons scales as 1/(k?)", implying that the usual power-counting argument can be
used to prove renormalizability. Hence, as expected, the degree of divergence in the S-matrix is the
same as expected from R gauge. Note that the propagator part scaling like 1/ (k%)™ can be seen
from the fact that, after evaluating the Lorentz sum, the residue theorem can be used to rewrite the
loop momentum integral (d];) into the typically investigated four-momentum integral form (dk).

However, to make statements about the degree of divergences in the S-matrix of general theories, this
investigation needs to be extended for a more general interaction Lagrangian of a form containing
an arbitrary number of massive vector fields A;:

=D @) Al Z T () A . (2) Ajy g () + O(A?). (2.57)

However, without evaluating the corresponding interaction Hamiltonian in detail, following the
previous calculation, it can be seen that local interaction terms of the form [J%]" are still absent
in the interaction Hamiltonian, meaning that for self-interacting massive vector bosons as well as
for multiple massive vector bosons interacting with each other, a deviation of the properly derived
loop contribution from the naive expectation is expected. Nevertheless, it should be proven that no
further subtleties especially with respect to higher order interaction terms ~ O(A3%) occur.

Because nowadays, the path integral formalism is typically used for the calculation of transition
amplitudes, the loop contribution of interest will be discussed in the path integral formalism in the
next section.

2.3.5 Implications on Massless Vector Bosons

Finally, considering massless vector bosons, their contribution to the perturbation series is determined
by the massless limit of the massive vector bosons. The reason for that is that the Lagrangian and
therefore the equations of motion of both only differ by the mass term. On first sight, taking the
massless limit for the propagator is non-trivial because of the k*k /m124 term. However, as has
been discussed in section massless vector bosons can only appear in gauge theories, meaning
that the gauge invariance enforces J#(z)k, = 0. Consequently, the k*k”/m? term can simply be
ignored or replaced by k*k”/k? meaning that the propagator in the most general form is given by

equation ((A.63]).

However, this propagator causes problems again when loop contributions only containing massless
vector bosons are considered because in the loop, they count as four degrees of freedom while only
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2 Quantum Field Theory in the Vacuum

two are physical. The reason for that is that the polarization sum does not only sum over the physical
polarizations, cf. equation , but also includes unphysical polarizations. As a consequence, the
naively expected loop contribution contradicts the optical theorem [60, pp. 510-512]. Following
the previous investigation for massive vector bosons, it is indicated that also for massless vector
bosons, one of the propagators in the loop is given by the propagator only including the physical
polarizations. In this case, also the loop contribution is determined by the massless limit of the
massive vector bosons case, cf. equation . The reason for that is again the conservation of the
gauge current, implying that the contribution of the unphysical polarizations vanishes as long as one
of the gauge bosons is on-shell. Thus, contracting the Lorentz indices, a simple loop contribution
induced e.g. by two different massless vector bosons (A and B) interacting with each other becomes

(=)’
2

</

Note that the dk integral cannot simply be rewritten into a four-momentum integral because only

Sropr = —

/dgC / dy (F'|T Jpu( + )" (y)|F)

-~ 1 _. ~ 1 .
[ / dkA?e—Z<kA+Q>w+ / dkBqu—WﬂBﬂ)x]. (2.58)

dq
(2m)?

when one of the gauge bosons is on-shell, the conservation of the gauge current guaranties that only
physical polarizations contributd™]

2.4 Path Integral for Quantum Field Theory

In this section, first of all, the aspects of the path integral formalism relevant for QM are briefly
introduced and, afterwards, the usual method for calculating transition amplitudes in QFT in the
path integral formalism is discussed for scalar boson ﬁelds{T_gl Finally, the path integral for quantum
fields — with a focus on massive vector bosons — is investigated in detail. In particular, it is discussed
that, including interaction terms involving multiple vector bosons, the path integral cannot be
written in the naively expected form.

2.4.1 Path Integral for Quantum Mechanics

It can be shown that a transition amplitude between eigenstates of the position operator Z |z;) =
z; |x;) in QM can be expressed by the path integral

ty

<xf,tf|xi,ti>:/Da:Dp exp z’/dt <p(t)3':(t)—ﬂ(p(t),m(t))> ;z/mppeis, (2.59)

t;

14This can be understood from the fact that Juw (), in general, contains spacetime derivatives acting on the momentum
integrals, meaning that J,,, (z) is not necessarily independent of the loop momenta.

5The introduction to the path integral formalism and the following derivation of the scalar boson propagator are
closely related to the derivations in sections 6 and 8 of reference |64].
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2.4 Path Integral for Quantum Field Theory

where x(t) and p(t) are defined by the action of the position and momentum operators

() = () [p@))  and  plY(t)) = p(t) [(¢)) (2.60)

and the path integral integrates over all phase-space paths (Dx Dp) which fulfill the boundary
conditions x(t; f) = x; ;.

To see the benefit of the path integral formalism, more generalized forms of transition amplitudes
which also include the action of operators can be considered:

(e tp| T 2(t1) ... 2(tn) DY) - .. D(Eh) @iy i) :/Da:Dp z(ty) ... x(ty) p(t)) ... p(th,) e, (2.61)

with t; <ti,...,tn,t),...,t, < t;. Using the modification H(p(t), z(t)) — H(p(t), z(t)) — f(t)z(t) —

»Yn!
h(t)p(t), the generalized transition amplitude can be rewritten in terms of functional derivatives:

) 5
(g g Ta(0) - Bt i, 1) = (=)™ o (5.t t) L6
m 6f ()" dh(,) T,
with (...[...) ), referring to the modified amplitude and the functional derivative being defined as
Y 9g(f(1)) /
g(f(t) = 22 s — 1. 2.63

Furthermore, it is convenient to consider the transition amplitude of the ground state (]0)) and take
the limit ¢; ; — Foo. Additionally, using the modification H— (1-— ie)ﬂ, cf. appendix

0[0) ;p, = tiﬁgorgf%oo/dxfdmi (Olwg, tr) (e, tylwi ti) ; ), (i, t:]0)
_ / DaDp exp |i / dt (p(t)i(t) — (1~ ie)F(p(t), (1)) + F(0)x(t) + h(e)p(1)) | . (264)

is obtained. Next, as in time-dependent perturbation theory, considering transition amplitudes
between eigenstates of the free Hamiltonian in the limit [ dt Hy(p(t),(t)) < 1, the interaction
Hamiltonian can be excluded from the path integral by exchanging p(¢) and z(¢) by functional

derivatives:
000 =ew |1 [ ait (s )
« / D Dp exp |i / dt (p(t)i(t) — (1~ ie)Fo(p(t), 2(1)) + F(1)x(t) + h(t)p(t)) | . (2:65)

Finally, in case of Hy being only quadratic in p(t) the integral over p(t) is Gaussian and can be
evaluated. Furthermore, if the appearing terms, which are quadratic in p(t), are independent of
x(t), the prefactors of the p(t) integration can simply be absorbed into the normalization of the Dz
integral so that the path integral becomes

(0[0) ; = exp z’]odtLI(Zéf ) /Dxexp 2‘]OdtLo(a'c(t),x(t))+f(t)x(t) . (2.66)
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2 Quantum Field Theory in the Vacuum

where the e factor is neglected to obtain the usual fornﬂ

2.4.2 Common Extension of the Path Integral in Quantum Field Theory

The path integral formalism can be generalized to QFTs where instead of position operators Z, field
operators ¢ (z) are considered. Hence, the path integral in QFT integrates over all field configurations
() fulfilling the boundary conditions. Besides, the function f(t) becomes a function of spacetime
and is usually named J(x). Thus, the path integral of a QFT is

20(0) = 000}, = [ Dueesp i [ o (2lunto)) + Saputa)] (2.67)

Excluding the interaction Lagrangian from the path integral by expressing it in terms of functional
derivatives with respect to J(z), the remaining path integral corresponds to a non-interacting theory
including the classical sources J(x). Consequently, for a scalar theory the relevant path integral is
given by

20(0) = [ Docoxp i [ o (=50 02)@u00) - 50m* + €10l + T@)olo) )| . 208)

Next, ¢c(z) and J(z) can be expressed in terms of their Fourier transformed

dk , dk ,
bol(z) = / GroeBe ™ and (@) = / G (e, (2.69)
allowing to rewrite the space integral into a momentum integral
1 dk
3 | Ty [0 =+ 000k + T(R)6(—R) + T(=hyol)] . (270

By transforming ¢(k) — ¢(k) — J(k)/(k?* — m? + ie), the mixed terms disappear. Thus, demanding
Zp(0) = 1 the path integral completely disappears:

i dk  J(k)J(—k
Zo(J) = exp [2/ oL k:2(—)mg n Ze] . (2.71)

Finally, the integral can be transformed back into position space:

2o(2) = e |5 [ vy I@Du(e - )70 (2.72)

with Dg(x — y) being the propagator of scalar bosons, cf. equation .

Using the path integral method, the propagators of fermions , massive vector bosons ,
and gauge bosons can be evaluated in the same way. Furthermore, the well-known Feynman
rules can be deduced.

However, as discussed in the previous section, loop corrections containing only massive vector
boson propagators and derivatives of scalar boson propagators deviate from the naive expectation,
cf. equation . Hence, the question arises whether subtleties of the path integral formalism have
not been considered yet.

6Note that when considering a Hamiltonian which includes a mass term, the factor e can be reintroduced by just
exchanging m? — m? —ie fulfilling the same function and besides allowing to maintain the factor in the Lagrangian.
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2.4 Path Integral for Quantum Field Theory

2.4.3 Subtleties of the Path Integral for Quantum Field Theory

In QM, in position space, all operators can be expressed in terms of the position and the momentum
operator. For both of these operators, eigenstates can be found, fulfilling the relations which
was essential for the derivation of the path integral. In contrast, considering QFT, the state vector
only contains information about the particle content and the relevant operators are the field operators
containing creation and annihilation operators. As a consequence, the action of each field operator
modifies the state vector by altering the particle content, implying that no eigenstates of the field
operator exisdﬂ This modification of the state vector by the action of field operators cannot
be ignored because the creation and annihilation operators have a non-vanishing mass dimension,
implying that the mass dimension of a state vector changes.

This can e.g. be seen considering the action of a single field operator on a full set of states, cf. equation

(S0,
Yi(x) |S) (S| = (HZ (n; — 1)! ) HH/dk” i ];iyni)efiki’nix

i n; i j=1

n;—1 f

H H ai(’%ﬁ) 0‘ HHQZ z,] ><S‘ wl( )7 (273)
i j=1

i j=1

where not only a prefactor is obtained but the full set of states becomes asymmetric. In addition,
including a full set of states into an amplitude at any point is irrelevant because, according to
equation ([2.73)), the operator commutes with it,

[vi(2),15) (SI] =0, (2.74)
meaning that only the action on a distinct state vector is relevant.

To circumvent the issue that relation (2.60) cannot be counted on to replace the field operators
by field configurations, instead, the action of a field operator on a state produced by another field
operator can be investigated:

[ e FL Gty @)@ F)
/ dz / dk i (R)ul (F)e “f'@*y)+ui(1%’)vj(1;‘)e*iki<z*y>) (F'|J'(y)J (z)|F) . (2.75)

Next, the momentum integral can be rewritten into a dk integral by making use of the residue
theorem:

/ / o) kQ' 2ui<k><u2>*(k>e““<x‘y> (F'|.T (y)J ()| F) . (2.76)

Thus, the allowed field values at y are proportional to u;(kz)eiky, where k is determined by the external
momenta. As a consequence, in the path integral, it can be integrated over all field configurations
when u}(k) represents a full basis in the field configuration space.

YTn principle, for bosons, an infinite series of state vectors with increasing occupation number can be defined such
that the action of the annihilation operator results in the same state but this state cannot be normalized.
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2 Quantum Field Theory in the Vacuum

However, as has been discussed in the previous section, this is not the case for vector bosons and
derivatives of scalar boson field operators. Thus, focusing again on massive vector bosons, it makes
sense to start with the investigation of the path integral in the Hamilton form where the path integral
only integrates over Il 4(z) and A(z), cf. reference [68, pp. 389-395]. Starting with the investigation
of a single non-self-interacting massive vector boson, one can in principle evaluate the path integral
of II A(x). However, the obtained Lagrangian is not equivalent to the Lagrangian initially considered,
cf. equation , but still includes the local interaction term, cf. equation .
In contrast, as shown in reference |68, p. 394], the auxiliary field can be reintroduced by subtracting
m? 1 - 2
AH = 7‘4 /dgx (Ao(w) — —5 [VII4(x) + Jg(@]) (2.77)
M4

from the Hamiltonian, cf. equation with J#(x) = 0, and, at the same time, including a path
integral over Ao(x Finally, evaluating the path integral over Ii4(z), the naively expected form
of the path integral — where the action is determined by the initially considered Lagrangian and the
path integral integrates over all field configurations — is obtained.

In contrast, considering the Hamiltonian of a theory including self-interacting massive vector bosons,

cf. equations (2.47) and (2.48]), this trick does not allow to rewrite the path integral into the naively

expected form. However, rewriting the interaction Hamiltonian into the form given in equation
(A.84)), it seems that one can still use the trick to rewrite the path integral into a simpler form. For
that,

At = (w4 = oy @) [ e ()~ o (TTate) + Ji?@)])z

B A
m? T ’
+ TB /d3x (Bo(x) — %[VHB(QC) + J%(:c)])
L
2

B

+ /d3x JO(x)Ai(z) <B0(m) [VﬁB(x) + J%(m)]) (2.78)
can be subtracted from the interaction Hamiltonian and, at the same time, include a path integral
over A%(z) and B°(x). Even though this cannot be used to absorb all local interaction terms, it can
be seen that a local interaction term of the form [J%(x)Ag(z)]? occurs. Thus, it can be expected
that this local interaction term guarantees the equivalence of the loop contribution calculated using

the path integral formalism and time-dependent perturbation theory, respectively.

Note that loops contributions only containing massive vector boson propagators are only induced
by the interaction term Lr(z) = —Ju(x)AY (2)BY (z). Considering only these interaction term,
the equations of motion for A% (z) and BY () in the Heisenberg picture for the two massive vector
boson case become

00 T 00 T

A (z) = mi? (Ao(x) + I (@) By(z) + ng) <J“0(x)AH(x) 47 mg ) > > , (2.79a)
A B A
00 T 00 T

B (z) = miQ <B0(m) + IR (@) Ay () + ng ) (Jo”(m)Bl,(x) + ng ) > > . (2.79b)
B A B

8The introduction of the additional path integral is justified in reference [68, p. 394] with the argument that the
integral over A°(z) only induces a field-independent prefactor because AH is quadratic in A°(z).
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2.5 Renormalization and Renormalization Group Equations

cf. equation (2.46)), with A#(z) and B*(z) being the fields in the interaction picture with A%(z) and
BY(x) being defined in equation ([2.49)). Hence, considering e.g. the loop from the previous section,
cf. equation (2.54)), A% (x) and BY(z) are both determined by the field operators B, (z) and A, (z),
respectively, and the external current J**(x) ~ €. As a consequence, accounting for p°, either
AY(z) or BY(x) can become a field variable independent of the loop momenta integral but not both
at once.

Note that for the same reason, the result from the path integral integrating over all field configurations
for loops only containing massless gauge bosons differs from equation . However, instead of
sticking to the physical field configurations for one of the gauge bosons in the loop, the problem
can also be solved by the well-known gauge-fixing procedure being discussed in the context of gauge
theories, cf. section [2.6]

2.5 Renormalization and Renormalization Group Equations

As was discussed in the previous sections, the perturbation series of an interacting QFT contains
elements where the momentum of the exchanged particles is not fixed due to four-momentum
conservation, cf. e.g. equation H In general, these loop contributions can be divergent.
However, this contradicts the observation of finite transition amplitudes.

In principle, the divergence of a single matrix element could cancel when summing up all matrix
elements contributing to a certain process, but for most of the considered models this is not the
case. For this reason, methods have been developed to erase the unobserved divergences from the
perturbation series.

For being able to erase the divergences, the momentum integral has to be regularized first, meaning
that the divergence appears in the limit of some new parameter. The resulting loop contribution can
then be divided into a finite part depending on the kinematics of the considered process and some
remaining part which diverges. Subsequently, the fact that the masses and coupling strengths can
be measured at least for one specific kinematic configuration is used, to redefine the Hamiltonian
such that it already contains all loop corrections at this renormalization scalﬂ This procedure —
known as renormalization — is essential for QFTs because the concept of a bare parameter, which
does not contain loop corrections, is insufficient considering a theory where the divergences does not
cancel out. In this case, bare parameters are not observable and all predictions have to be expressed
in terms of measured quantities to obtain finite expressions. Note that especially for the mass terms
which are part of the free Hamiltonian this redefinition of the Hamiltonian is essential: Particles are
defined as eigenstates of the free Hamiltonian and are only described correctly when all corrections

Tn detail, these loop corrections always appear when a matrix element defined in equation — which can be
visualized by a connected diagram — contains more than 2n — 2 field operators where n is the number of different
spacetime interaction points.

2ONote that the renormalization scale can be chosen at will because the division of the loop contribution into a
finite and a divergent part is arbitrary. Furthermore, in the literature also other renormalization schemes which
are independent of a renormalization scale are used. However, the resulting amplitudes are independent of the
renormalization scale and the renormalization scheme.
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2 Quantum Field Theory in the Vacuum

to the free Hamiltonian are included.

For more details on regularization and renormalization, cf. appendix

A QFT is called renormalizable if all appearing loop divergences can be absorbed by redefining
the bare parameters of a theory. The reason for this is that one cannot absorb the divergences of
purely loop induced couplings by redefining the Hamiltonian. In detail, only theories in which all
coupling constants have a vanishing or positive mass dimension are called renormalizable because
otherwise an infinite series of bare parameters is needed to absorb all divergences. Consequently,
only interaction terms with up to four bosons and with two fermions and one boson can appear in
a renormalizable theory@

2.5.1 Renormalization Group Equations

Instead of considering a specific renormalization scale, typically, depending on the regularization
method, only a specific part of the loop contribution is absorbed. Considering the commonly used
dimensional regularization, cf. appendix one can e.g. only absorb the poles in € (MS scheme)
or also further universal factors as in the MS scheme, cf. e.g. reference [63]. With this, the running
of the couplings depending on the choice of the arbitrary energy scale i can be expressed in terms
of a differential equation:

dg
dlnp

Blg) = Bl (2.80)
n=1

where (g) is the so-called S-function being independent of p and n is the loop order, meaning that
Bn(g) are the n'" order parts of the S-function. Note that in case of multiple considered coupling
constants, in general, a coupled system of differential equations — known as renormalization group
equations (RGEs) — is obtainedEL

For the SM, cf. section [2.8, only taking into account the gauge couplings, the dominant Yukawa
interactions (top, bottom and tau), and the Higgs self coupling, the RGEs at one-loop order in
the MS scheme are given in appendix The solution of these differential equations are shown in
figure Considering the running of the couplings in the MS scheme, for a process at a kinematic
scale A, the tree-level coupling can be approximated by the coupling strength at u© = A. Doing so,
the logarithms in the loop corrections remain small, meaning that higher order loop corrections to

2nteraction terms involving one fermion and two bosons are forbidden due to the conservation of the fermion number.

22Note that considering RGEs is useful when the kinematic scale of interest deviates significantly from the scale
where the effective couplings are measured. In this case, simply choosing the renormalization scale to be the scale
where the effective couplings are measured, the suppression of higher order loop corrections decreases for larger
scale shifts, meaning that higher order loop corrections become more important. Considering the running of the
couplings instead, this issue is shifted into the RGEs where it is addressed more properly. This can be understood
from the fact that the RGEs consider the . dependence of the parameters of the theory and not loop contributions
to individual processes.

2 Note that a negative value for A is not directly a problem in light of perturbation theory. However, considering
vacuum loop corrections to the effective Higgs potential, the Higgs potential becomes negative as well for large VEV
implying the potential to become unstable. Note that a detailed analysis including higher order loop corrections
shows that the SM Higgs potential is actually at least meta stable.
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(a) Scale dependence of the gauge couplings (¢’ for (b) Scale dependence of the Higgs self coupling (),
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Figure 2.1: Scale dependence of the dominant SM coupling constants in the MS scheme considering
the RGEs of the SM at one-loop order.

the considered process are less important. For this reason, considering thermal systems at high
temperatures, the couplings at u ~ T are used for the calculation of transition amplitudes.

2.6 Introduction Into Gauge Theories

As preparation for the investigations following in the next section, in this section, at first, a short
introduction into the essentials of gauge theories is presented to remind the reader of the basic
concepts. Afterwards, the gauge fixing procedure — representing an elegant solution to the issues
arising from loop corrections including gauge bosons — is introduced.

2.6.1 Essentials of Gauge Theories

In general, any given Lagrangian and therewith the equations of motion can be invariant under
certain transformations. This invariance is of special interest because according to Noether’s theorem,
each of these symmetry transformations correspond to a conserved quantity. Following this, the
system of equations of motion is over-determined. In quantum field theory, two different kinds of
symmetries are distinguished, namely global symmetries, which can be discrete or continuous, and
local symmetries which have to be differentiable and therefore continuous. Hence, local symmetries
are associated with Lie groups.

The local symmetries of quantum field theories are called gauge symmetries and are defined by the
invariance of the action of the Lagrangian on any given state under a local transformation which
can be parameterized by a continuous and differentiable set of functions a(x):

L(2)|qo(z)=0 | F) = L(2)]qa@)=fa(2) [F) (2.81)
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2 Quantum Field Theory in the Vacuum

where f%(z) are arbitrary continuous and differentiable functions and |F') is an arbitrary state
vector.

To obtain the conserved quantity corresponding to the gauge invariance, an infinitesimal set of
symmetry transformation da®(x) is considered:

(L£(2) oo (21500 (2) — L£(2) s (ey0) | F) = < ;;(2)

— OL(x) dii(z) | OL(x) d(Oui(x))
= (Z <8wz(x> daa(x> + 6[8;41/}1(1')] daa(x) >

a?(x)=0

da’(z) + 0(504“(:16)2)) |F)

sa(x) + 0(5aa(x)2)> IF) = 0. (2.82)

a?(z)=0
Considering only leading order terms in da®(z) and making use of the Euler-Lagrange equation,

0L(x) _9 0L(x)

— , 2.83
80i(z) ~ BB un()] (283)
the well-known statement of Noether’s theorem
OL(z d?/%(x))
OuJ M (x =0, < Fy=0, 2.84
; le do(x) a®(z)=0 & ( )

is obtained, saying that for every differentiable continuous symmetry there is a conserved current
JOH(x).

Consequently, fields have to transform non-trivially under a certain group transformation to obtain
a non-vanishing conserved current. E.g. considering an invariance under a U(n) (unitary group)
transformation, the Lagrangian has to be invariant under the transformation

Yi(x) = Yj(z) = "D yy(z) (2.85)

with ¢° being a diagonal matrix and ' being the generators of the SU(n) (special unitary group)
symmetry transformation defined in equation .

Considering a general Lagrangian of a QFT, mass terms are trivially invariant under a U(n) group
transformation while the kinetic terms are not:

m2 () (@) (x) = mPyf (@)i(x) (2.86a)
10,04(2)* = | exp(ia® (2)t*) (8 + i(uar(a) )t s ()
# | exp(ia® (x)t)dyi(x)|* = |0ui(z) [ (2.86b)

Consequently, to obtain a gauge invariant Lagrangian, the derivative of a field transforming non-
trivially under a U(n) transformation needs to be replaced by a covariant derivative

Op — Dy with D, =0, —igA,(x), (2.87)

where A, (z) = A%(x)t* is an element of the Lie-Algebra which transforms as defined in equation

”w
E29).
Next, to make the interaction term induced by the covariant derivative physical and not completely
arbitrary, the local field A,(x) has to be interpreted as a quantum field. Therefore, a kinetic term
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2.6 Introduction Into Gauge Theories

for the gauge field is added to the Lagrangian which also needs to be invariant under the gauge
transformation. This requirement lead to the Yang-Mills actions, defined in equation , which
in case of considering a non-abelian gauge theory (SU(n) with n > 1) give also rise to interaction
terms among the gauge fields.

Because all derivatives of a field transforming non-trivially under a U(n) transformation are replaced
by covariant derivatives, the equation of motion of the gauge field can be expressed in terms of the
conserved current defined in (2.84):

9 oL(x)  0L(x)
1010, Ag(x)]  0AL(x)

= —gJ%(z). (2.88)

Since 9, J**(x) = 0 holds, the k* polarization of the gauge field does not couple to J*¥(z), which
for tree-level processes means that the propagator can be rewritten into a Lorentz invariant form,
cf. section

2.6.2 The Gauge-Fixing Procedure

As was discussed in section for non-abelian gauge theories, one cannot simply count on gauge
invariance to rewrite the propagator into a Lorentz invariant form because non-vanishing loop
contributions from unphysical polarizations are obtained. Moreover, it was investigated that the
contribution of the unphysical polarizations vanishes when one of the gauge bosons in the loop is
considered to be on-shell because in this case, the conservation of the gauge current guarantees
that the unphysical polarizations do not contribute. However, another method to remove the
unphysical loop contributions known as gauge fixing, which uses gauge invariance, is typically used
in literature.

As can be seen in equation ([A.25]), the appearance of the k, polarization is a relic of gauge invariance.
Consequently, one can get rid of the paths of the unphysical polarizations by introducing a Dirac
delta function — fixing the gauge function — into the path integral:

/ DA S(a— f(z)) €5 (2.89)

Next, choosing the gauge function such that 04, is fixed to w(zx), the Dirac delta function is
accompanied by a functional determinant:

/ DA det <§G> 5(G(a)) e, (2.90)

«

with G(a(z)) = 0"A,(z) — w(z). The functional determinant can be calculated by introducing
Faddeev-Popov ghosts to the path integral:

det <‘;§> N / DeDeexp [z / iz (—(8“ca(x))(8ﬂc“($))+gfabc(((?“ca(x))cb(a:)AfL(az))} . (2.91)

Consequently, additional Feynman rules for the anti-commuting ghost fields (¢?(z)) are obtained
which precisely cancel the loop contributions from the unphysical polarizations. To obtain the
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2 Quantum Field Theory in the Vacuum

gauge boson propagator in a nice form only depending on ¢g"” and k*k", a proper superposition of
different w(x) can be used resulting in an additional gauge fixing term in the Lagrangian

1
2¢

with the arbitrary gauge-fixing parameter . The resulting propagator for the gauge bosons is given

by equation (A.63)).

L=Lo— —(0"AS(x))?, (2.92)

2.7 Spontaneously Broken Symmetries

In this section, first of all, the concept of spontaneous symmetry breaking (SSB) is introduced.
Furthermore, the equations of motion for fields after SSB are investigated and issues appearing
when quantizing the resulting equations of motion are briefly discussed.

2.7.1 Essentials of Spontaneous Symmetry Breaking

Considering a theory containing a complex scalar field ¢, the corresponding renormalizable Lagran-
gian ignoring interaction terms with other fields in the most general form is given by

_A
2

2
Ly(x) = 8,01 (2)][0"¢(2)] — mi! ()¢ () (¢T($)¢($)) = 0,01 (@)][0"¢(2)] — V(x). (2.93)

This potential is invariant under a local U(1) symmetry transformation: ¢(z) — €@ ¢(z). To
obtain a stable potential, A > 0 is required while mi can be negative resulting in a minimum of
the potential for non-vanishing field values. As a consequence, the field takes on a non-vanishing
vacuum expectation value (VEV)

| (01610} | = v/V2 #0, (2.94)

with v? = —2mé/)\. Note that the absolute value appears because the scalar field is complex,
implying that the minimum of the potential is not distinct but continuous. However, the VEV is
observable and therefore distinct. Next, the complex scalar field can be globally rotated, ¢(z) —
e®¢(x), such that only a certain component obtains a VEV, (0|¢;|0) = v/2vd;9, where ¢; are the
real scalar field components of ¢.

Defining

() = \2 (v + h(z) +ip(x)) eo, (2.95)

where eg = €% denotes the direction of symmetry breaking, it can be deduced that the fields ¢,
which are orthogonal to the VEV, become massless:

m2
L) = SO h(@)] + SO @[ ()] - (; + j?) [20h(z) + A(z)? + oz
— Sh(@)? — Soh(e) (1) + o@)?) — 2 (@) + (@]’ (2.96)
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2.7 Spontaneously Broken Symmetries

with mi + /202 = 0 in the minimum of the potential. The fact that for each spontaneously broken
symmetry a massless particle appears is known as the Goldstone’s theorem and the corresponding
particles are called Goldstone bosons.

Next, considering the case where the complex scalar field transforms non-trivially under an U(1)
gauge transformation, the corresponding gauge invariant Lagrangian is given by

L(z) = —iFuu(w)F"”(x) + (O — igAu(2)) ¢(@)]T[(8" — igA¥(2)) ¢()] — V(). (2.97)

Defining ¢ again as in equation (2.95)), it can be seen that the VEV does not only break the rotation
invariance of ¢’ but the gauge invariance of the corresponding Lagrangian:

L(x) = Ly(x) - %Fuu(w)F“”(:r) — 9Au(@) [(v + h(2))[0"p(2)] — [0"h(z)]p(z)]
2
+ ‘% [(v+ h(@))? + p(2)*] Au(2) A (), (2.98)

with mi = g%v? being the mass of the gauge boson induced by SSB. Note that in case of spontaneously
broken gauge symmetries, the corresponding Goldstone bosons become unphysically. This can be
understood from the fact that they can be absorbed by an according gauge transformation.

2.7.2 Equations of Motion for Goldstone Bosons and Massive Vector Bosons

Considering the Lagrangian given in equation (2.98)), due to the mixing term (maA,(z)[0"¢(x)]),
the resulting free equations of motion for A, and ¢ are coupled. This becomes clear when considering
the Euler-Lagrange equation for ¢:

O ) = " Be(o) — glo + b)) = 5
oLy Li(w) . OLi(x)

=0 [Oup(z) —mad,(z)] = —Jp(@), (2.99)

COp(z)  Op(x) dlorp(r)]
with
Jp(a) = —g[0" A (2)]h(z) — 294, () [0"h(x)] — g*p(x) Ay (2) A (2)

+ J120h(@) + hx)” + pla)lo(a) (2.100)

for the considered Lagrangian and Lo (z) being the free Lagrangian. Consequently, Lo (z)/0p(z) = 0
is obtained in the minimum of the potential.
Next, the Euler-Lagrange equations for A, are given by

AL (x) OL(z) 1

O gy — 0 ) = gauiey = ~Tha@ - maldup @) + miAu@), (2100
with
Ta (@) = _gj,i((i)) = g (h(2)[0up(2)] — [0 (2)]p(x)) — g* [20h(x) + h(z)* + p(2)?] Au(z) .

(2.102)
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2 Quantum Field Theory in the Vacuum

Using this equation,
M (Japu(z) + maldup(x)] — m%A#(aB)) =0 (2.103)

can be derived with

AL ()

w v — AHHY
0" Fuplw) = 00" et

= —9"J3 ,(2), (2.104)

which vanishes for the considered Abelian case and Ja ,(x) = Jfll, L) + Jfl, (). Putting this into

equation (12.99),

o B dLo()
(@) = Jolw) = 520

(2.105)

is obtained. This important result states that in the minimum of the potential, the amplitude of
coupling to a Goldstone boson with momentum k* is equivalent to the amplitude of coupling to a
vector boson with momentum k* times k*/my4. This fact is well-known as Goldstone equivalence
theorem.

If one now tries to switch to the Hamilton formalism in order to quantize the theory, A%(z) is still an
auxiliary field because I1°(z) vanishes, cf. equation (2.43]) and following. However, replacing A°(x)

by making use of equation ([2.101]),

1 A
Ao(z) = oy (=0 Fio(x) + Ja0 +madop(x)) , (2.106)
A

the conjugated field of ¢ becomes independent of 3%¢p(z):

Il () = dop(x) —madAo(z) = (0'Fio(z) + Jap(z)). (2.107)

1
ma
Thus, 8°p(z) cannot be expressed in terms of II,(z) but only in terms of A°(z) so that naively, it
seems not possible to switch to the Hamilton formalismP?

To overcome this issue, typically, the gauge invariance of the considered Lagrangian, cf. equation
, is used to remove the Goldstone bosons from the theory — known as unitary gauge — or to
derive in analogy to the gauge fixing procedure of massless vector bosons the well-known R¢ gauge
Feynman rules, cf. e.g. references [37, |69, 64].

2.8 The Standard Model of Particle Physics

The SM of particle physics summarizes the knowledge about observed particles and their interaction
which can be put together into a consistent theory. Consequently, the SM does not contain any
particle not observed but it includes interaction terms which are needed to obtain a consistent
theory but have not been directly measured yet (e.g. the Yukawa interaction of the light quarks

%4For switching to the Hamilton formalism, auxiliary fields as well as time derivatives of fields need to be replaced by
fields and conjugated field.
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2.8 The Standard Model of Particle Physics

or the Higgs self interaction). The fermionic particle content of the SM comes in three families
which only differ by their Yukawa interaction. Each family consists of a right-chiral lepton (¢g;),
a left-chiral lepton doublet (¢;), an up-type right-chiral quark (U;), a down-type right-chiral quark
(D;) and a left-chiral quark doublet (Q;). In addition, for each fermion there is an antiparticle with
opposite charge (ZRJ, l;, U;, D;, and Q;). This classification of the fermions is a consequence of the
three gauge symmetries, cf. section being part of the SM.

The Lagrangian of the SM is invariant under a U(1)y x SU(2)r x SU(3). gauge transformation.
The gauge boson associated to the U(1)y is B,(x). The fermionic degrees of freedom forming one
class carry the same hypercharge (Y) determining their transformation behavior

U,(z) = Wi(x) = exp (iYa(z)) ¥;(z), (2.108)

resulting in a different coupling strength to the corresponding gauge boson (D, = 0, —1Y;¢'B,(z)).
The SU(2)1, symmetry has three gauge bosons Wﬁ(aj) (b € {1,2,3}). Left- and right-chiral particles
are distinguished by their transformation behavior under the SU(2)r. Right-chiral particles are
uncharged and therefore singlets under the SU(2); while left-chiral particles transform as doublets
and contain two degrees of freedom. Furthermore, the strong interaction (SU(3).) has eight gauge
bosons called gluons Gf(x) (a € {1,...,8}) and differentiates between leptons which are singlets
and quarks which are triplets under the SU(3)e.

In contrast to U(1) symmetries where the gauge bosons are uncharged under the corresponding
symmetry, in SU(n) symmetries the gauge bosons self interact. As a consequence of this self
interaction, the energy which is needed to separate a bound state diverges. Consequently, fermions
which are charged under an SU(n) and the corresponding gauge bosons cannot be observed as
free particles but only as uncharged bound states. Thus, this so-called confinement does not allow
for distinguishing the single SU(3). triplet components. For this reason, it is not distinguished
between quarks of different color, and they are simply counted as three degrees of freedom. The
same would also be true for the SU(2); doublets without the last ingredient of the SM, the Higgs
mechanism. Besides fermions and gauge bosons, the SM contains a complex scalar SU(2);, doublet
H(x). This doublet is also charged under the U(1)y but not under the SU(3).. Consequently,
besides self interactions and the coupling to the gauge bosons, an interaction term which involves
right- and left-chiral leptons or quarks is allowed. As already mentioned, these Yukawa interaction
terms distinguish the three families. The crucial point of the Higgs mechanism is that H(x) is
spontaneously broken, cf. section meaning that the H(x) takes on a non-vanishing VEV. As a
consequence, the electroweak SU(2)r, x U(1)y symmetry (Glashow-Salam-Weinberg model [31, 65])
breaks down to the electromagnetic interaction U(1)en and the weak interaction which is no longer
associated with a gauge symmetry. While the gauge boson of the U(1)em called photon (A,(x))
remains massless, the three remaining bosons (W= (z) and Z(x)), which are the mediators of the
weak interaction, become massive. Moreover, mass terms between right-chiral singlets and left-
chiral doublet components are induced by electroweak symmetry breaking (EWSB). Furthermore,
confinement is resolved, meaning that the single doublet components can be observed as free particles
which can be distinguished by their masses.

Finally, the basis of three left-chiral quark doublets in which each component @); interacts with
one of the right-chiral quarks (U; or D;) via the Yukawa interaction does not coincide with the
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2 Quantum Field Theory in the Vacuum

basis in which a SU(2);, transformation is diagonal. Consequently, in Yukawa basis conversions
between the different quark families are allowed and can be described by the Cabibbo-Kobayashi-
Maskawa (CKM) matrix, cf. equation (A.93). For the leptons — assuming neutrinos to be massless
— the basis of the doublets is defined such that each doublet just couples to one of the right-chiral
charged leptons.

Defining the direction of EWSB such that only the lower real component take on an VEV, the
SU(2)r, doublets are defined as

U, (z) = (i_g) L W (2) = (\PQQ 8) . and H(z) = \2 (v ;;l (z)) L (2.100)

with the left-chiral neutrinos v;, the left-chiral charged leptons £7, the left-chiral up-type quarks
Qzl, the left-chiral down-type quarks Q?, the Higgs particle h(x), and the VEV of the Higgs field v.
Furthermore, the hypercharge of the different particles

7

2 1
YH = 5, nR,i = —]., YU = g, and YDI = _g, (2110)
is associated to the conserved electric charge (Q) by

Q:tg’—i—Y:%—i—Y, (2.111)

with #3 being a generator of SU(2)y. After EWSB, the gauge bosons of the electroweak interaction
are redefined:

1

Ay(z) = W (g’Wﬁ’(a:) + gBu(z)) , (2.112a)
WE(z) = \}5 (W) 5 W2(x)) | (2.112b)
Zy(x) = ! (—gWi’(:U) + ¢'Byu(z)) , (2.112¢)

VET

such that the photon stays massless while the W*(z) and the Z(x) bosons obtain a mass of

/a2 1 o2
my = gv and mz = g#—i-gv, (2.113)

with ¢’ and g being the gauge couplings of the U(1)y and SU(2) symmetries, respectively. The
gauge coupling constant of SU(3). is in the following called gs.

2.9 Flavor Oscillation

In section transition probabilities among different state vectors induced by the interaction
Hamiltonian are calculated. State vectors with a definite particle content (species and energy)
are considered meaning that all particles are completely unlocalized. However, usually, the focus
is set on transition probabilities for scattering processes of localized particles. Nevertheless, as
long as the annihilation and production region of the initial and final states overlap, the result
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2.9 Flavor Oscillation

from perturbation theory is a very good approximation because the size of the wave packets is so
large that integrating over all spacetime differences is a reasonable approximation. This changes
when two or more locally separated interaction regions become relevant. Such processes are usually
treated as two independent interaction processes which is reasonable as long as a distinct particle is
exchanged between the separated interaction regions. However, if instead a superposition of different
particles is exchanged, interference effects — known as flavor oscillation (FO) — can be relevant. As
a consequence, the squared amplitude for the whole process — production and measurement — and
not for both individually has to be calculated.

Considering a process where an interaction eigenstate which does not correspond to an energy
eigenstate 1;(x) is produced with energy E or momentum p the corresponding wave function is

= Z a;i(z) = Z ajuePi® (2.114)
with Ya? = 1. Furthermore, considering the high energy limit p; = /E%2 — m? ~ E — m?/(2E) or
7 7 (3 7

E; = /p?+m? =~ p+m?/(2p), the wave function becomes

2
Z@zuz Et=xp) exp (—i(E — p;)xp) E:ozzuz B(t—xp) exp< ;nE > or (2.115a)

p(t—xp) S ~ 1o iP(E—Xp) T
Za,uz ») exp (i(E; — p)t) ~ Za,uze PU™Xp) exp (z op t) , (2.115b)

with x, = Zp/p. While the first exponential function is the same for all particle species — just giving
rise to an overall phase factor — the second exponential function induces a particle dependent phase
resulting in a spacetime dependent amplitude for interaction eigenstates which do not correspond
to energy eigenstates.

However, for a realistic derivation of FO, wave packets, which are localized in space and consequently
do not carry a distinct momentum, need to be considered. FO only occurs when the momentum
uncertainty is comparable to or larger than the momentum differences of the energy eigenstates
because otherwise the individual mass eigenstates can be distinguished. Consequently, for being
able to observe FO involving larger mass squared differences, a larger momentum uncertainty is
needed, requiring a more precise localization.

It is notable that this condition directly results from the uncertainty principle (o,0, > 1/2) because
a localization which is roughly smaller than the oscillation length is required (o, < 2E/(Am?)) for
FO to be relevant. Thus, the uncertainty principle requires o, > Am?/(2E).

Note that due to the momentum uncertainty the energy is not definite either, implying that the
oscillation length is not distinct. In the case of E > o, this effect is irrelevant at the scale of the
oscillation length. However, for much larger distances, this effect leads to a damping of FO.

For two reasons, the phenomenon of FO is of special relevance for neutrinos. First of all, they only
interact with other SM particles via the weak interaction, meaning that only eigenstates of this
interaction can be observed. Secondly, their mass differences are very small (< eV), implying that
for relevant energies, the oscillation length is macroscopic and therefore observable. Considering
e.g. neutrinos produced in nuclear reactions (E ~ MeV), the oscillation length is of order ~ km and
~ 30km for Am2,, and Amgol, respectively, cf. equation .
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2 Quantum Field Theory in the Vacuum

Besides, FO effects are also relevant for neutral mesons where the energy eigenstates do not correspond
to a distinct quark content inducing particle-antiparticle oscillations, such as K° — ?0’ DY — ﬁo,

and BY — §0 oscillations.

It can be concluded that FO is relevant when both the production and detection uncertainties are
small compared to the oscillation length or when the free propagation length is comparable to the
oscillation length so that oscillation phenomena become relevant but do not average out.

2.10 Decaying Particles and C P violation

In this section, first of all, the effective time evolution of a particle whose amplitude is damped
by an interaction rate is considered in detail. Afterwards, the amount of C'P violation — being a
key element of all baryogenesis models — induced by the interaction rate part of the effective time
evolution is calculated.

2.10.1 Effective Free Equation of Motion of Decaying Particles

In section time-dependent perturbation theory for QFT is introduced as a general method for
the calculation of transition amplitudes between eigenstates of the time-independent undisturbed
Hamiltonian. At that, the undisturbed Hamiltonian is assumed to be equivalent to the free Hamilto-
nian (ﬂo). This assumption is well motivated from the observation of approximately free particles.
However, transition amplitudes have a pole at an exchanged four-momentum fulfilling the energy

momentum relation of the mediator (p* = m2,_ji.cor

) resulting in a divergent transition amplitude.
This issue can be understood from the fact that the interaction range diverges when the intermediate
state is produced on-shell and, at the same time, at each spacetime point, the intermediate state
has a non-vanishing probability to produce the final state. Actually, the non-vanishing interaction
probability induces a damping of the mediator amplitude, implying that the amplitude of producing
the final state should not diverge but is less or equal to one. Thus, this damping of the mediator,
induced by a non-vanishing interaction rate, needs to be taken into account when mediators are
produced close to their mass-shell. This can e.g. be done by defining an effective equation of motion

including such a damping term.

In practice, divergent transition amplitudes often arise from s-channel diagrams, where the initial
states produce the mediator which then decays into the final state. In this case, producing the
mediator on-shell implies that the mediator can at least decay into the initial as well as the final
state. This damping of the mediator amplitude, induced by a decay width, is not state dependent
but only determined by the theory, meaning that it can be included into the effective equation of
motion without difficulty. Using this, divergences arising from s-channel diagrams disappear and
the resonant part of the cross section becomes the production probability of the intermediate state
times the branching ratio of the decay into the final state of interest.
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2.10 Decaying Particles and C'P violation

To derive the effective equation of motion, it is used that — similar to a measurement — the state
changing interactions induce a damping of the amplitude squared@ In addition, the interaction
amplitude of a state induced by a certain interaction I is determined by the scalar product of the
wave function with the corresponding interaction eigenstate |¢)r). As a consequence, the damping
induced by the considered interaction can be written as

[ @rlo() P _ il (rle(®) |
(Wilp @) P " ey (0)]

where I'; is the interaction rate of [¢7) and the time derivative does not act on |¢;). Furthermore, the

d
d|t =Ty, (2.116)

interaction rate does not damp the whole state but only the part being proportional to the interaction
eigenstate. Thus, the generalized equation of motion including the interaction rate induced by the
interaction Hamiltonian is given by

zjt\w:(H—;';mw»w) ) i= (A= 51) 1) += o) (2117)

where I runs over all relevant interactions and H and I are both Hermitian operators meaning that
il is skew-Hermitian.

This form of the equation of motion is also reproduced considering self-energy corrections II(p?) —
loop corrections with only two external lines — in more detail. In the case where the decay into the
loop particles is kinematically allowed, the self-energy correction becomes complex where, according
to the optical theorem, the imaginary part is given by

1 -
I (%) = / Mg, P (2m) 6" (Pi B Zm) [1d5, = ViTinp 0P, (2118)
l l

with fi...f, being all combinations of loop particles into which the particle i can decay and
Lissiofn (p?) being the decay width of the considered particle in its rest frame, cf. equation (2.23).
This imaginary part of the self-energy correction is non-Hermitian, implying that it cannot be
absorbed into the Hamiltonian using renormalization. As a consequence, the effective free Lagrangian
can be written as

Lef = ¢I(w)8“8u<bi(w) + qﬁ}(az) [ — Re[ll —i/p?Ty(p } oi(x), (2.119)
so that the equation of motion becomes
d2
%) = [vQ +m? + Re[l1(p?)] + i\/ﬁr(ﬁ)} o(z). (2.120)

Using again a Fourier ansatz for the field operators, cf. equation (A.39), the equation of motion in
momentum space is obtained:

K2o(x) = [/f +m? + Re[I1(k%)] + VK20 (k)] (). (2.121)

%The wave function of the scattered particle typically does not interfere in a relevant way with the unscattered one
anymore.
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Approaching e.g. k2 = m? + 9m;I'; with m; and I'; being real, the eigenvalue equation becomes
non-trivial:

[m? + im;Ls| ¢(x) = [m® + Re[ll(m? + im; ;)] + iy/m? + im;T; T(m? + imi1y)] d(z) . (2.122)
In case of m? > im;I;, this approximately simplifies to

im;[T; — D(m?)] = [m® + Re[lI(m?)] — m7] . (2.123)

)
Furthermore, in the limit \/ £ + mf > v/m;l;, the intuitive result

-2 -2 ;
20/ k +m?
-2
is obtained, with m;I';/\/k + m? being the Lorentz boosted decay width.
Note that the propagator resulting from the effective equation of motion modifies to

1
2 .
k2 — m; + zmil“i

, (2.125)

which is well-known as the Breit- Wigner propagator.

2.10.2 CP Violation

This paragraph focuses on the violation of the C'P symmetry — in the following called C'P wviolation
— which is a key element for the generation of the observed B asymmetry, cf. chapter |4 At tree-
level, neglecting the decay width in the generalized equation of motion discussed previously, the
amplitude of processes are in general not C'P invariant because couplings are replaced by their
complex conjugate. However, each vertex and each propagator appears with a factor of ¢ in the matrix
element and, at tree level, the number of both vertices and propagators for interfering diagrams
differ by the same number. Consequently, the C P-transformed matrix element is determined by the
complex conjugate of the considered matrix element, implying that the transition probability is C'P
invariant.

Next, including the decay width of particles, a C'P-invariant complex phase arises from the Breit-
Wigner propagator. As a consequence, interfering diagrams can deviate by a complex phase which
changes under a C'P transformation@ as well as a complex phase which is C'P invariant:

C'P-odd phase: e@eda <X e_wgd};, (2.126a)
C P-even phase: eietin b gieliin (2.126b)

Besides including the decay width, a C'P-even phase also arises from vertex corrections when the
decay into loop particles is kinematically allowed. In this case, the complex phase arises from the

26Tn the SM, a C'P-odd phase naturally arises from Yukawa interactions which, in contrast to the gauge interactions,
arise with complex coupling constants.

38



2.10 Decaying Particles and C'P violation

interference of the decay into the loop particles with a succeeding scattering process producing the
final states. Thus, similar to producing the mediator on-shell, the considered process decomposes
into two distinct scattering processes which each arises with a complex phase of i (M = iMi;Mas).
Nonetheless, in this thesis, the focus is mainly on the CP violation induced by particle decays
which alter the eigensystem. As a consequence, the resulting C'P violation can in principle be large
compared to the C'P violation induced by vertex corrections which are always suppressed by the
additional scattering amplitude.

The CP violation induced by particle decays can be deduced from the eigenvalues of the effective
equation of motion. To find a general analytic expression for the eigensystem, time-independent
perturbation theory can be used when the time evolution can be divided accordingly. In many
cases, it is e.g. reasonable to assume that the interaction rate is small compared to the differences of
the energy eigenstates, meaning that I' can be treated as a perturbation. Consequently, cf. appendix
, the eigensystem is approximately given by

AizEr%w@!F!wz Z’ %W’l , (2.127a)
T'|y;
05) = Iwz>—z<g”| |§>|¢j>- (2.127)
jF#i

At first sight, this does not seem to violate the C'P symmetry because the eigenvalues of the equation
of motion for particles and antiparticles are equivalentlﬂ Note that the equivalence of the interaction
rate of particles and antiparticles is a direct consequence of the C'PT invariance and unitarity of the
S-matrix, implying that, summing over all processes, the production and annihilation probabilities
of a state are equivalent. However, considering only the damping induced by a particular interaction,
C'P violation becomes visible [53]:

. 1
U7 = WilTrles) + 3 > Im
J#i

[wiffw (Wil Cln) (2.128)

E; — E,

Thus, the total interaction rate is C' P invariant but the interaction rates for the individual processes
are not when the involved couplings are complex and multiple processes, inducing non-vanishing
(1;|T1)tb;) with different complex phases, contribute. Furthermore, substantial CP asymmetry is
only achieved when the mixing is not too small, implying that (1 \fh/),> needs to be sizable compared
to Ez — Ej.

Another case of interest, which allows using perturbation theory, is a time evolution operator which

is dominantly diagonal in a certain basis:
H = H, + Hy, with |(Ho)i — (Ho)ji| > |(Hy)ij| for i#7j, (2.129)

Hj being diagonal ((Ho)ij = (E;—il;/2)dij), and H; being off-diagonal. In this case, the eigensystem

27 (4 |D'|4h;) is real because I' is Hermitian
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is approximately given by

(Wl [4y) (5| HL [ ¢bs)
\i = E; —fI‘ +2Z i E])—z'](ri—rj)’ (2.130a)
Hr |
|95) = [4s) +2Z %! 1lvi) ;) . (2.130b)

oy z(l“l — Pj)

Consequently, the interaction rate, being the imaginary part of the eigenvalue, i@

_r, 42 Re[(il Hy|oby) (5[ Hr|i)] + 2(B; — Ej)Im (i Hyleb) (5[ Hr|tpi)]
A(E; — Ej)* + (I — Iy)?

JF
—T, -4 Z J)(Hij* + [Ty 2/4) + (Bi — Ej)Re[ly; ;)] (2.131)
i A(E; — Ej)* + (i — T)? ’ |

with I:IU = <¢z‘ﬂl|¢j> and I';; = <w1|1q1|1,/1J > Thus, the total interaction rate is again C'P invariant.
However, considering a particular interaction process, in case of Im[I'f;;I" ] # 0, a C'P-violating
interaction rate is obtained:

y (Pri — Trg)([Hi 2 + [T31%/4) — (B — Ej)Rel[ (@[T [4;) (v, Hr|)]
Iri=Tri— 42 — 4(]]51 —E)2+ (I - T;)? e

JF
iy ay = P (P o ITl/4) = (B = B (RellrgH ol = Im(CrsT50/2)
e B P -T,)

(2.132)

Note that for I'; — I'; < E; — Ej, the C'P-violating term is equivalent to the one case considered
before, cf. equation ([2.128]).

It can be concluded that substantial CP asymmetry can only be achieved when ]f‘”\ is not too
small compared to [4(E; — E;)? + (I'; —T';)?]/(E; — E;), requiring an interaction rate which is sizable
compared to the energy difference and an interaction rate which is not dominantly diagonal. Conse-
quently, either sizable couplings or small mass squared differences are needed.

Furthermore, it should be mentioned that in the used approximation where the eigensystem is mainly
determined by Ho, FOs become irrelevant because either the off-diagonal interaction rate is small
compared to the oscillation length, or the interaction rate is mainly diagonal in the eigenbasis of the
free equation of motion, or the interaction rate dominates and the eigenbasis is determined by the
interaction eigenbasis. Only in the non-perturbative case where the interaction rate induces large
mixing between the eigenstates of the free equation of motion with energy differences of the order
of the interaction rate, FO becomes relevant.

28 A comparable result can be found e.g. in references |9 124] for the production rate of sterile neutrinos.
2Note that the term proportional to I'; — I'; is induced by the mixing of the undisturbed eigenstates while the term
proportional to E; — E; considers the damping induced by the off-diagonal elements of the interaction rate.
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3 Description of Many-Particle Systems

In this chapter, the focus is shifted from considering the time evolution of a few single particles to
the description of many-particle systems. In principle, also a many-particle system can be described
by an exact state vector. However, considering many particles, an exact description is inconvenient.
To find an effective description, the basic concepts of thermodynamics and thermal equilibrium
are introduced in section Afterwards, in section the focus is turned to QFT again and
the time evolution of the many-particle state vector induced by inelastic scattering processes is
examined leading to the well-known Boltzmann equations. These equations are e.g. essential for the
investigation of particle densities or particle-antiparticle asymmetries of the early universe. Because
the focus in this thesis is on the latter, the Boltzmann equations for chemical potentials are derived
in order to handle the different properties of bosons and fermions properly.

Besides “real” scattering processes changing the state of the system also coherent forward scattering
occurs leaving the state vector unchanged. These processes give rise to an effective potential,
implying that effective masses and couplings become dependent on the state of the system. In
section it is discussed how these corrections can be taken into account, leading to the well-
known formalism of thermal quantum field theory (TFT). Subsequently, in section details of
the approximation of the thermal self-energy corrections are discussed. These thermal masses are
e.g. of relevance to determine which decay processes, being of special interest in light of Boltzmann
equations, are kinematically allowed at which temperature scale. Furthermore, both TFT and the
resulting thermal masses are needed for the calculation of the effective Higgs potential in dependence
of the temperature investigated in section

Afterwards, in section the influence of thermal masses on FO is examined. Finally, in section
the validity of the thermal equilibrium assumption is discussed, allowing to simplify Boltzmann
equations significantly. Moreover, the thermal rates for the dominant Yukawa interactions (top,
bottom, and tau) and the scales at which they reach thermal equilibrium are calculated.

3.1 Introduction to the Basic Concepts of Thermodynamics and
Thermal Equilibrium

In this section, the most relevant quantities describing a system in thermodynamic equilibrium are
shortly motivated. Furthermore, the free energy density, which can be used to deduce equilibrium
states, is introduced. For a more detailed derivation of the given equations and further explanations,

cf. appendix

According to QFT, a system can be fully described as a set of particles ¢ where each particle can
be fully described by their momentum p; and mass m;. Knowing the corresponding state vector for
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3 Description of Many-Particle Systems

a time tg exactly, the time evolution of the full state vector can be calculated. But with increasing
particle number and density — causing a larger number of scattering processes —, the necessary
computation power increases rapidly, meaning that the description of systems with many particles
by an exact state vector is unpractical. To find an effective description, one can use that, independent
of the exact form of the initial state vector, many body systems tend to take on a distribution of
states which can be described by only a few quantities.

Considering an isolated system first, due to elastic scattering processes, the probability of measuring
the system in a certain state is — after many scattering processes (equilibration) — equally distributed
over the entire allowed phase space. During equilibration, the allowed phase space is restricted by
conserved quantities such as energy and momentum. To quantify the distance of a state from its
equilibrium state, it is convenient to define the entropy

s=- [ pio), (3.1)

with the phase space density p. Using this definition, the entropy is minimal when a system is
in a defined state. Moreover, when the entropy is maximal, a system is in its equilibrium state.
Consequently, the phase space density in thermal equilibrium can be obtained by minimizing the
entropy. Thus, demanding an expectation value for the energy as an additional condition,

1
p= Ze_BE (3.2)

is obtained, where 5 = 1/T is the inverse of the temperature and the canonical partition function Z
is determined by the normalization condition:

/p: 1 = Z:/e—ﬁE. (3.3)

Furthermore, considering a system with variable particle content, additionally, an expectation value
for the number of particles can be introduced, resulting in an equilibrium phase space density of the
form

1
. Ee—mmw) 7 (3.4)

where the grand canonical partition function Z is determined by

Z = /S—B(EWN)’ (3.5)

with the chemical potential p.
In the context of this thesis, it is of special interest to assume an expectation value for particle
number differences such as particle-antiparticle asymmetries instead:

1
p= Ee—ﬂ(EﬂLu[Nl—Nz}) ’ (3.6)
with appropriate changes in the definition of Z. As a consequence, the distribution functions for
particles and antiparticles in the presence of a particle-antiparticle asymmetry differ by a sign in
front of the chemical potentials while the absolute values are equivalent (p; = —p;).
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3.1 Introduction to the Basic Concepts of Thermodynamics and Thermal Equilibrium

So far, particle configurations which are in agreement with external conditions have been considered.
The resulting probability to measure a particle in a certain state is determined by the Maxwell-
Boltzmann statistics (B.20)). However, this does not take into account the properties of bosons
and fermions properly. Considering the commutator relations for bosons and the anti-commutator
relations for fermions, the distribution functions of bosons and fermions are determined by the
Bose-Einstein statistics and the Fermi-Dirac statistics , respectively.

Further quantities of relevance in this thesis are the free energy F and the grand potential ) being
defined as

Q=F—uN = ; In(Z) and (3.7)
P -1 =2 p Lz —m@)| =0-1la (3.8)
a ~ 8 ["ou T '

Considering a system with constant temperature (and constant chemical potential), the corresponding
equilibrium state minimizes the free energy (grand potential).
Considering the partition functions for bosons and fermions, the grand potential density is given

by

[Z / PE 1y (1= o ateim) -5 / (;ijrk;ln (1+eﬂ<Ek+ﬂfz->)] (3.9)

According to equation (3.8]), the corresponding free energy density in the limit of small asymmetries
(ui < T') becomes

T4V Z 12T2 +Z

This free energy density is relevant when processes changing the chemical potentials are considered

7T2 1 ,Ufl
720 24 T2

+0 (%)3 . (3.10)

because their equilibrium condition can be obtained by minimizing the free energyﬂ Considering
e.g. a process converting a set of bosons b; and fermions f; into a different set of bosons by and
fermions f, according to equation , the chemical potential of fermions in the limit p; < T
receive an additional factor two, compared to bosons. Thus, the values for the chemical potentials
of the involved particles which can be reached by the considered process are given by

o, =Py, T A, g = 20, =gy, — Ay, =y, — 24 (3.11)

!Note that in the literature, cf. e.g. reference [, the free energy density is sometimes defined similar to the grand
potential, which is only valid as long as the chemical potentials vanish. However, considering particle-antiparticle
asymmetries, terms which are odd in the chemical potentials cancel out so that assuming small asymmetries p; < 7T,
the grand potential and the free energy only differ by a minus sign in front of the dominant p? dependence. As a
consequence, setting the derivative of the free energy to zero, the same result is obtained but now with a maximum
instead of a minimum.

2Note that only processes with interaction rates much larger than the changing rate of the temperature equilibrate
to a state minimizing the free energy because otherwise, the assumption of a constant temperature is not valid.
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3 Description of Many-Particle Systems

Minimizing the resulting free energy density with respect to A, the well-known equilibrium condition

is obtained.

3.2 Derivation of the Boltzmann Equations

In this section, the Boltzmann equations — describing the time evolution of the number density
of each particle species in a thermal system — are derived using different approximations. These
Boltzmann equations are e.g. used for the investigation of the time evolution of particle numbers
and particle number asymmetries in the early universe.

At first, to be able to investigate the time evolution of a thermal system, it has to be described as
a set of particles. Actually, as long as the time evolution of a system is clearly dominated by the
effective free Hamiltonian — describing the time evolution of a state vector which leaves the particle
content unchanged — the description of the state vector as a set of eigenstates of the effective free
Hamiltonian is a good approximation. This is the case when the coupling strength is not too large
so that the perturbation series converges and no bound states are formed. As can be deduced from
the SM RGE, cf. equation , for ;4 2 100 MeV, all SM couplings are perturbative, implying
that the basis of elementary particles can be used at high temperatures (T 2 GeV).

However, when the temperature is close to the binding energy, the interaction Hamiltonian becomes
relevant and bound states begin to form. Consequently, the plasma has to be described in a mixed
basis. When the temperature drops significantly below the binding energy, the particle densities
of the corresponding elementary particles are irrelevant and it becomes sufficient to consider the
distribution functions of bound stated]

In general, many-particle systems can be described by the distribution functions of the single
constituents (elementary particle and bound states) f;. The time evolution of these distribution
functions is determined by the probability of annihilating a state from the distribution function and
the probability of creating a state. As discussed in section these probabilities are determined by
equation , implying that the time evolution of the distribution function of a particle species @
can be written as:

df, o
2Eid—J; _ / (ILdk ) (Tldky, ) Tk g, ) Ty, ) (27) 8 (ks + Sk, + Shy, — Sky, — Shy,)

% (Mg by sty PE) AU )WL = f DL+ f])

— (Mg gy iy by AL ) (Lo ) (L £ )AL — fRD) AL+ fo])| = CLfi]-
(3.13)

3Note that for non-abelian gauge theories, things are more complicated because only uncharged bound states can
exist. However, for temperatures above the binding energy, the particle density is larger than for bound states.
As a consequence, there is a force ensuring that the plasma is uncharged on the bound state scale but the single
particles are not bound together and can be assumed to be approximately free. The reason for that is that the
energy of a bound state is determined by the mass and the kinetic energy of the particle content and the kinetic
energy is — according to QM — determined by the size of the bound state.
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3.2 Derivation of the Boltzmann Equations

Furthermore, the time evolution of a thermal plasma in the early universe is also affected by the
expansion of the universe. Taking this into account, the time evolution of the distribution function
is given by [47]:

Eof 1

& + 5l (3.14)

at (t)EaE

where H(¢) is the Hubble expansion rate being defined in equation (A.5). Next, assuming thermal
equilibrium for elastic scattering processes, only particle densities become relevant. By further

normalizing the number density to the entropy density, the time evolution simplifies to [47]

dYi(t)  dmi(t) 1
dt T dt s(t) s

/dl;/'l Cinelastic[fi] . (315)

Considering particle densities which significantly differ from the equilibrium density at pu; = 0,
Cinelastic| fi] is often further simplified by neglecting the influence of T violation:

’Mifil"‘biln'*}ffl"'bfl""2 ~ ’Mffl...bfl---%ifil...bil...‘2 . (316)

Furthermore, both the Fermi-Dirac and the Bose-Einstein statistics are approximated by the Maxwell-

Boltzmann distribution (f; = e #(Fithi) = ¢=fHi f*9) which — in case of small occupation numbers
— is a good approximation. With this, the time evolution becomes

dY;(t 1/ _ _ A _ ~ ~ - - -
dt( ) _ - (6 By, 5B, _ o~ Bui—SBuy, Eﬁubi) / dk;(T1dky, ) (Idky, ) (Idk y, ) (Tdks, )
X (271’)45(]{21' + Xky, + Xky, — Ek‘ff — Ekbf)|Mifi1...bi1~--—>ff1...bfl...’26_'81% (3.17a)
1 _ _ By — _
R _g (6 E,Bﬂff E5,1—’41)f —e Bui Eﬁﬂ,fi Eﬁﬂbi) "Y’ifilubil"")ffl”'bfl R (317b)

with the spacetime density of scattering ~; Fiyobig o fpy b, in the following called thermal rate.
For a more detailed derivation of the given equations, cf. appendix

It can be assumed that processes producing and annihilating particle-antiparticle pairs are also in
thermal equilibrium. Consequently, only inelastic scattering processes changing particle-antiparticle

asymmetries C/

! elastic Lfi] have to be considered in detail:

dYai(t) _ dYi(t) dYi(t) _ 1 / d; (Clnsiclfi] = Cloaicl ) - (3.18)

dt dt dt S
Using the C'PT invariance of the matrix element
‘2

2

the relations (B.18b)) and (B.19¢)), and p; = —pu;, cf. equation (3.6]),

dY it 1 [ - - - .
2t( ) _ —S/dki(Hdkfi)(Hdkbi)(Hdkff)(Hdkbf)(27r)45(ki + Sky, + Shy, — Tky, — Sh,)

2 ( ZBuys,+XBup Buz+XBus+E By
><[IMz'fil‘..bil---»ffl...bfl...! (e Ty fte Fi TP

_ A 2 ( Buit+SBus,+Shuy, | SORF TR,
Mg ity P (€7D0 E00 g T

x P fi(TLf7,) (ILfy, ) (ILfy, ) (ILf,) (3.20)
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3 Description of Many-Particle Systems

is obtained. Furthermore, defining

2 2
5 B ’Mifil"'bilmﬁffl"'bfl"" - ‘Mffl"'bflu'*)ifil"'bil""
cp =07 = o 2 M : 5 (3.21)
’ Zfil...biln-—}ffl...bfl...‘ + | ffl---bfl"'ﬁzfil---bil---|

using p; = —p;, cf. equation (3.6]), and expanding the collision term up to first order in the chemical
potentials (u; < T') as well as C'P violation (dcp < 1), equation ([3.20]) simplifies to

Aailt) 1 [
Ml _ 2 /dki(Hdkfl.)(Hdkbi)(Hdk:ff)(Hdk:bf)(27r)45(k;i + Sky, + Sy, — Sk, — Shy,)
X [\Mz‘fﬁ...bil-~.—>ff1...bf1...|2 + |Mff1...bf1~--—>ifi1...bi1...|2} FAALf D (LA (ILf ) (L
X (SBuy, + By, — Bui — SBpy, — Py, + 20cp) 757 (3.22)

where the distribution functions f; are evaluated at u; = 0. Again, the evaluation of the momentum
integrals can be simplified by approximating both the Fermi-Dirac and the Bose-Einstein statistics
by the Maxwell-Boltzmann distribution’}

dYaq(t) 1\ d wT? 1 ,
—— ()= =——(z Y — Bui — XPuys, — BBy, + 20
= 5 ) 3 39 . (3Buyp; + S8, — Bui — BBy, — BB, + 20¢p)
X <fyifi1...bi1~--~)ff1...bfl... + ’Yffl.‘.bfl~~~4)if7;1...b7;1...> 9 (323)
with
56P _ fyifil"'bil"'g)ffl"'bfl"' - f)/ffrnbfl“"}ifil~~~bi1~~~ (324)

’Yifil "’bil ~~ﬁff1 "'bfl + 'Yffl...bfl —)Zlebzl

Note that equation ([3.23)) is valid for bosons as well as fermions for which the extra factor 1/2 in
parentheses is obtained.

The equilibrium condition of equation (3.23) is

Sy, + XBuw, — Bui — XBuy, — XBuy, +200p =0, (3.25)

which, in case of vanishing C'P violation, is equivalent to the well-known equilibrium condition
derived previously, cf. equation . On the other hand, a non-vanishing C'P violation induces
non-vanishing chemical potentials in thermal equilibrium, even when their initial values vanish.
However, this statement is based on the consideration of a single process. Considering all processes
instead, as a consequence of the unitarity of the S-matrix, the total interaction rate of a state is
T invariant, implying that in thermal equilibrium, the individual d;p cancel out when summing
over all processesﬂ Thus, the equilibrium condition resulting from the Boltzmann equations always
coincides with the condition resulting from minimizing the free-energy.

4Note that in literature, the Boltzmann approximation is typically used earlier in the derivation so that an equation
for the time evolution of particle-antiparticle number asymmetries instead of chemical potentials is obtained,
cf. e.g. reference [30]. As a consequence, the fact that the same value of the chemical potential for bosons correspond
to twice the amount of particle-antiparticle number asymmetry than for fermions is ignored.

Often, the out-of-equilibrium condition is justified directly or indirectly (e.g. that only a deviation form thermal
equilibrium defines a arrow of time) by the CPT invariance, cf. e.g. reference [21] or [6]. However, the unitarity
of the S-matrix on its own is responsible for the vanishing asymmetries associated to non-conserved quantities in
thermal equilibrium; cf. reference [48] for a detailed investigation.
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3.2 Derivation of the Boltzmann Equations

Since in thermal equilibrium no asymmetry is produced, C'P-violation and at least one particle
involved in a process leaving its equilibrium density is required to generate a non-vanishing particle-
antiparticle asymmetry. To obtain the time evolution of the asymmetry, the contribution from the
other processes compensating d;p need to be subtracted. Furthermore, when elastic scattering
processes are efficient, the deviation from the equilibrium densities of the involved particles can be
implemented by a chemical potential being equivalent for particles and antiparticles u% = p}. Using
this and the Boltzmann approximation (f; = e™? (Bitui) = =B fi%), equation becomes

dYn; (t) - 1

dt _; <’Yifi1...bil~“—>ffl...bfl... + ’yffl...bflu-—)ifil...bil...> [ - ﬁ/-‘cl - Zﬁﬂfl - Eﬁﬂbz

—¥Bu, S8 _Bu S8 —S8u
+ SBug, + B, + dep (e Pl =Pty | o =Bu— VB~ —2)]. (3.26)

Considering this Boltzmann equation, it seems that deviation from thermal equilibrium of any
particle involved in a process is sufficient to generate a particle-antiparticle asymmetry. However, the
total interaction rate of the particle deviating from thermal equilibrium is C'P invariant, cf. section
2.10} implying that for fermion-number conserving interactions, summing over all particle-antiparticle
asymmetries induced by the deviation from thermal equilibrium of the considered particle, a vanishing
total amount of particle-antiparticle asymmetry is obtained. Thus, only particles being involved
in processes as well as their C'P transformed processes (e.g. decaying into particles as well as
their antiparticles) can produce a non-vanishing total amount of particle-antiparticle asymmetry,
cf. reference [47], 48]. Consequently, a non-vanishing fermion-antifermion asymmetry can only be
induced by deviation from thermal equilibrium of bosons coupling to fermion number violation
currents (e.g. leptoquarks) or by Majorana fermions, cf. chapter |5, whose mass terms violate the
fermion number (e.g. right-handed Majorana neutrinos).

Thus, considering e.g. the time evolution of the baryon number (B), C' P-violation, a reaction out of
thermal equilibrium, and obviously a reaction that violates B is required to produce the observed B
asymmetry. Additionally, P violation is needed because otherwise, the asymmetry produced in the
left-handed sector would be offset by the asymmetry produced in the right-handed sector. These
conditions necessary for receiving a net B asymmetry are well-known as Sakharov conditions [62].

The most dominant contribution to the Boltzmann equations usually comes from particle decays
and inverse decays as well as 2 — 2 processes. For the decays and inverse decays the thermal rate
reduces to

mi Ki(2)

Vi frofn = Vi fn—i = ﬁ\/ari—)fl...fn P (3.27)

cf. equation (D.12), with K, (z) being the modified Bessel functions of the second kind.
For a 2 — 2 process, the thermal rate in the common form is derived using equation ([2.24]):

1 dk . _
Yirio—f1fo = 871_/(27_‘_)401'11'2Hf1f2<k)e ﬁko’ (328>

cf. equation (D.13)), which, in case of a cross section that only depends on the Mandelstam variable
s, simplifies to

o0

4
m; ~ Kl (\/EZ)
/yili2—>f1f2 = 647;4 du\/ao-ilig—nﬁfg (U) > y (329)

Umin
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3 Description of Many-Particle Systems

cf. equation (D.14), with w;, = max{(\/ai, +/@;,)?, (\/ap +./as)>} and the reduced cross section
being defined as

a; a; 2
Y =2 >\|:, “a 12:| : 3.30
6w) = 2un [1,%2, 22 ] o () (3.30)
The common abbreviations
2 2
m; S m; Fj
22?7 u_m7127 aj:migv and apj:—?, (331)

are used, where m; is some arbitrary mass scale which is typically chosen to be the largest particle
mass involved in the process.

Note that rewriting the thermal rates in terms of z is useful when the expansion of the universe
is dominated by radiation and no significant reheating occurs. Under these premises, the scale
factor a(t) is proportional to z, which — together with the Friedmann equation — leads to the

relation

1 da(t) 1 da(z)dz _1ldz

H(t) = = — == 32
(t) a(t) dt a(z) dz dt zdt’ (3:32)
where H(t) is the Hubble expansion rate. This, together with the relations
8r3 17
H(T) =/ —get—, 3.33
(1) =\ e (3.330)
27T2 S 3
S = Egeﬁ‘T s (333b)

which are valid during the radiation-dominated epoch, allows to rewrite the time evolution completely
in terms of z so that equations (3.17b)) and (3.23]) become

dz  H(T)s

dY;(t) 1 (eEBuferEBubf _ eﬁuﬂrEb’ufﬁEﬁ#bi) Vifiy obiy s fy by (3.34)
iq---Dig 1%f1? ’

d
2= Bus = (SBugy + DBun, — B — DBpuy, — TBpy, + 2A0p)

(2)3
X H(T)T3 <7if¢1...b7;1---—)ffl...bfl... + ’Yffl...bfl---aifil...bil...> . (335)

mp = v/he/G ~ 1.22 x 10* GeV is the Planck mass and the effective degrees of freedom are defined
by

geri = Y <§i)4+; > <§Z>4 (3.36a)

i=bosons j=fermions

gx= Y <?>3+; 3 (2{)3 (3.36b)

i=bosons j=fermions

where T is the temperature of the entire system and 7T; are the temperatures of the single particle
species. Assuming all particles to be in thermal equilibrium, all T; become equivalent to 71" so that
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3.2 Derivation of the Boltzmann Equations

Jeff = gesff = 106.75 is obtained for the SM. Furthermore, the Hubble expansion rate is simply
proportional to T2

—=: A4T?, (3.37)

with Ay ~ 1.405 x 10718 /GeV for the SM.

Note that in this thesis, the differential equation for SBu; is considered for relativistic particles
(T > m;) because — following from previous assumptions — it is conserved by the expansion of
the universe.

In light of equations (3.34) and (3.35)), the relevant quantity to decide whether a reaction can be
assumed to be in thermal equilibrium or not is v/(H(T)T?). For the decay process, assuming the
masses of all involved particles to be constant or negligibly small,

Yiosfrfn 1 Flafl fn ( )Z < 1,/&Fiﬁf1...fn (3 38)
H(T)T3 T o2 Agmy ~6 Apmy '

is obtained, with | /ar,~ " being constant. Moreover, K 1(2)2* scales like 23 for z < 1, reaches the

upper bound at z ~ 3.4 and scales like ﬁ7e_z for larger z with z = m;/T. In contrast, assuming
all masses to be proportional to the temperature, the relevant ratio becomes

Jiofiodn L VTTimhiecdn g ()3 o (3.39)

)

H(T)T3 — 272 ART

where  /ar and z = m;/T are constant.

i—f1...fn
For the 2 — 2 process, in the high temperature approximation, & is basically constantﬁ and

Yivio—fifa _ 1 1 P x l
H(T)T? ~ 16xt AT M2z >

(3.40)

is obtained. Furthermore, considering scattering processes involving fermions, &(u) in case of a
fermionic mediator scales as u = s/ m%w when the temperature falls significantly below the mediator
mass mys and the relevant ratio becomes

Yivio— f1 fo L T Giiysppp(u)
Jaiaofife 2 T. 3.41
H(T)T3 ~ 27 Agm3, u = (341)

Finally, considering pure bosonic scattering processes, (u) induced by quartic couplings is again
constant. Thus, the relevant ratio for the pair annihilation and pair production rate of ¢ assuming
m; > my, , is given by

Yiiorfrfs _ Vhifavii _ Oiis f1 fo /du\f 1(zv/u) o Ky(22) (3.42)
H(T)T® ~ H(T)T®  64riAnT T Sridpmi 2 '

SIncluding thermal masses, &(u) is usually not exactly constant but still independent of T'.
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3 Description of Many-Particle Systems

3.3 Introduction to Thermal Field Theory

In this section, scattering processes which do not change the state of a system — known as coherent
forward scattering processes — are investigated. Similar processes (self-energy corrections) were
already encountered in vacuum QFT where renormalization is used to absorb these corrections into
the free Hamiltonian (on-shell renormalization), cf. appendix meaning that the time evolution
of a free non-decaying particle is completely determined by the free equation of motion. However,
considering a set of particles, coherent forward scattering processes with the other particles give rise
to an additional non-vanishing contribution to the effective free equation of motion. Consequently, it
is reasonable to absorb this additional contribution into the free Hamiltonian by including an effective
potential, causing that the interaction Hamiltonian still only induces state changing interactionsm

thermal quantum field theory (TFT) was developed to formalize the contribution of coherent forward
scattering processes, cf. e.g. reference [51], for an detailed introduction into TFT. In the previous
chapter, the action of a pair of field operators on a vacuum state as an key element of the perturbation
series was examined, cf. section In analogy, considering many body systems, the action of a
pair of field operators on a general state vector |F') becomes an essential part of the perturbation
series. Consequently, for scalar bosons, the thermal propagator in the position space is defined as

(F| To(z +y)To(y) |F) = / iy [(©(z0) + fo(Br))e ™™ + (O(—w0) + for (By))e™| . (3.43)
Using
£(E) = [ doo 5(00)0 (0~ ;) (349

and substituting p* — —p* for the term proportional to e***, the thermal propagator can be written
as

(F| T(x + ) é(y) |F) = / i / ko fulko)d (ko — Bi) + fir (k)6 (ko + By) ) e
+ / dk [(ao)e ™ + O(—a)e™] (3.45)

Like for the vacuum case, the part being independent of the distribution function can be rewritten
by applying the residue theorem, while the density dependent part can be summarized using the
relation

5(k2 —m?) (5 (ko — Ey) + 6 (ko + Ex) ) . (3.46)

:E

Thus, the thermal propagator for a scalar boson in the real-time formalism is given by

4 i '
DIw) = [ ot (g + 27 (Bl o)+ ©(—ho) s () 8087 i) ) 4. (3a)

“Note that in contrast to vacuum QFT, the properties of the eigenstates of the effective free equation of motion of
particles in a thermal environment are not known from experiment where approximately free particles are observed.
Consequently, the thermal quantities (e.g. thermal masses) need to be calculated using perturbation theory.
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3.3 Introduction to Thermal Field Theory

For deriving the propagator in the imaginary time formalism, typically, the time component is
continued to imaginary time arguments 0 < (zg, ) < i and the time ordered operator is assumed
to order imaginary time [20]. However, this way of deriving the thermal propagator is only reasonable
when the real part of xy vanishes. More generally, the propagator in the imaginary time formalism
can also be derived by rewriting equation as

/d%% L BB ) 8o — Bi) + (= + fir (B) ) 6k + Ex) | e=* (3.48)
aryi2E, |\2 T /B 0— Ek 5 T Jor (Ek 0o+ Eg)|le ™. :
Assuming the particle to be in thermal equilibrium with vanishing chemical potential (n,(E,) =
ny(Ep)) and using

oo

1 1 1
E(l +2/5(Ep)) = 3 ZOO W ; (3.49)

n=—

the propagator in the imaginary time formalism is obtainedﬁ [55]:

o0

d*k = 1 .
Df(a) = [ o5 2 Gpr I Bk Bl (350)

In case of ¢y = 0, the kg integral results in a factor of two so that the well-known form is deduced:

T -\ dSk 1 1 7,];;5
Db (O,SU) _/(277)3/877’__00 W@ . (351)

— 00

[e.e]

Similar to the vacuum propagator, the thermal propagator for vector bosons is simply given by
the scalar boson propagator multiplied with the polarization sum over the physical polarizations.
Furthermore, as discussed in section the vacuum part of the propagator can be expressed in the
common Lorentz invariant form when local interaction terms are included. However, the thermal
part remains unaffected by local interaction terms.

Equivalently, for the thermal fermionic propagator
(FITV(x+y) W(y) |F)
= / ak: [(©(x0) = fr(BR)) (h +m)e™ + (©(=0) — f7(ER)) (—k +m)e™] | (352)

the real-time formalism result is

4 7 .
ST@ = [ gtk +m) iz~ 2 (000 + Oy (ko) 6<k2—m§>] eike
(3.53)
Using
! _ly ! (3.54)

a5, (1 2(E) =5 ZOO (w(2n+1)/B)* + B3

n=—

8Note that in the usual form of the propagator in the imaginary time formalism, the energy integral and the Dirac
delta functions are absent with kg = 27n/8. This does not coincide with the given result, but in case of considering
loops, without external momentum flow — as for loop corrections to the Higgs potential — the result is equivalent.
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3 Description of Many-Particle Systems

the result in the imaginary time formalism is obtained:

4 7T m .
ST (x) =/ ’ k Z m(2n +%1+/5) B [6(ko — E) + d(ko + Ey)] e (3.55)

Again, in case of g = 0, the kg integral can be evaluated:

T -\ d3]{7 1 > k_i_ m T
o (0:7) = / @) B 2 (x@n+1)/B2+EZ (3.56)
with kg = m(2n + 1)/ and the relation
S men+1)/8
nz_: (mr(2n+1)/8)* + E2 =0 aeNT. (3.57)

Using this formalism allows to calculate the matrix element of a process taking place inside a
medium, cf. equation , by replacing the vacuum propagators in the vacuum matrix element
by thermal propagatorsﬂ Note that during this replacement, the diagram should not be split into
two isolated diagrams by the thermal part of the propagator as they are already taken into account
by the Boltzmann equations. This means that each diagram has to be interconnected via vacuum
propagators, implying that only one thermal contribution can appear for each loop momentum
integral. However, considering self-energy corrections, diagrams being split by the thermal part
of the propagators contribute to the imaginary part of the self-energy correction, cf. reference [71].
Consequently, similar to the imaginary part of vacuum loop corrections, cf. section[2.10} this considers
the damping of mediator states induced by the particle decay and scattering processes with other
particles.

3.4 Approximation of Thermal Masses

As mentioned in the previous section, thermal self-energy corrections give rise to an effective potential
which alters the properties of particles inside a medium. Well-known examples for this effect are
the altered speed of light and the altered neutrino masses in a medium resulting e.g. in dispersion of
light and the Mikheyev—Smirnov—Wolfenstein (MSW) effect [73, 58] explaining the observed neutrino
flavor flux from the sun. However, the implications of thermal masses on FO are investigated in
detail in the next section while, in this section, the focus is set on the elaboration of the effective
potential.

Using TFT, the thermal masses are determined by self-energy corrections (II(p?)) replacing all
vacuum propagators by thermal propagators. At that, as discussed in the previous section, only

9Note that in general, considering multiple field operators of the same species, this replacement is non-trivial because
the creation and annihilation operators alter the particle content, implying that the next creation or annihilation
operator acts on a field with modified particle content. However, usually, this effect only leads to very small
deviations so that it is reasonable to only use the derived thermal propagator.
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3.4 Approximation of Thermal Masses

the real part of the self-energy correction contribute to the thermal mass while the imaginary
part considers the interaction rate. However, calculating the thermal self-energy correction Il7(p?),
usually one has to start from only knowing the mass eigenstates in the vacuum. This implies that the
loop integrals have to be renormalized as in the vacuum case. Consequently, the eigenstates of the
effective Hamiltonian differ from the ones used for the calculation leading to a couple of conceptional
difficultied™

The main problem of not knowing the eigensystem of the effective equation of motion in advance
is that the distribution functions assuming thermal equilibrium are unknown. As a consequence,
the result is self dependent because the thermal self-energy corrections depend on the distribution
functions which in turn depend on the effective thermal masses. However, in practice, considering
some self dependent thermal self-energy correction, recalculating the thermal mass iteratively starting
from the vacuum masses, the result typically converges rapidly. Thus, the perturbation series still
converges and can be considered order by order@ However, at the same loop order, diagrams
including corrections to the thermal masses of the propagating particles contribute significantly
more than diagrams without these corrections. This means that using a better approximation for
the distribution functions is for not very large coupling constants more relevant than an additional

thermal loop, cf. appendix

For calculating II7(p?), it is useful to make some approximations. First of all, including thermal
propagators breaks the Lorentz invariance because the distribution functions are not Lorentz invariant.
Thus, II7(p?) is not only a function of p* but also of the four-velocity u* describing the motion
relative to the rest frame of the plasma. However, in many cases, the dependence on u* in the
rest frame of the plasma only gives rise to a small correction so that it is typically ignored and
the distribution functions in the rest frame are used (Ilp(p*,u*) — Tp(p?)), cf. reference [70].
Another approximation which can be made without changing the result significantly is to use
II7(p?) to approximate the effective on-shell mass but to ignore the p? dependence for the further
calculation™]

A very simple approximation for the thermal mass, which is often used, is to consider only first
order corrections (IT1%.(p?)) in the high temperature limit (T > m), meaning that I1}(p?) oc T? is
obtained. As can be seen from the results given in appendix this approximation (m? ~ m3+aT?)
is reasonable if « is not too large.

0T the vacuum case it is typically insisted on renormalizing such that on-shell particles are eigenstates of Hp.
Practically, this is done because the on-shell mass can be measured directly. (For quarks and gluons this is
debatable but only because they do not exist as free particles. However, for their bound states (hadrons) the
on-shell masses can be measured.) Moreover, the propagator contributes most if p? is close to the pole mass which
is given by the mass of the mass eigenstates of Hy. Thus, on average, the perturbation series converges most rapidly
if on-shell renormalization is used. In thermal field theory renormalizing on-shell becomes even more important
because the forward scattering contribution comes always from on-shell particles whose distribution functions in
thermal equilibrium depend on the on-shell masses.

HNote that self-energy corrections to a thermal propagator inside a diagram do not divide the thermal propagator
into two parts but only change the masses the thermal propagators depend on.

2For the vacuum case where the effective on-shell mass is known, this would be pointless but at high temperatures,
where the thermal loop contribution dominates and the on-shell mass is not known from measurement, this
approximation is useful because the thermal contribution only comes form on-shell particles.
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Figure 3.1: Leading order thermal masses of the SM particles being relevant for this thesis,
cf. equation , normalized to the temperature in the high temperature region. The
shown temperature dependence results form considering the one-loop running of the SM
coupling constants.

Within the SM, the thermal masses induced by the gauge interactions, the Higgs self coupling,
and the top Yukawa interaction before EWSB in this high temperature limit are given by equation
(IB.40). Taking into account the one-loop running of the SM coupling constants, cf. figure and
setting the Higgs self coupling A = 0 for large p for simplicity, the resulting thermal masses for the
relevant SM particles in the region 108 GeV < T < 10'6 GeV are shown in figure

3.5 Matter Effects on Flavor Oscillation

Including thermal corrections, the mixing angles between interaction and mass eigenstates as well as
the mass squared differences between mass eigenstates can change. As a consequence, the oscillation
behavior, investigated in section changes when the effective potential is non-diagonal because
otherwise — if all relevant interaction eigenstates interact with the medium with the same strength —
the matter effects just give rise to an overall phase factor. Such an altered oscillation behavior occurs
e.g. considering neutrinos traveling through matter containing a surplus of electrons compared to
muons and taus as it is the case for the earth or the sun.

In general, these matter effects and, for this reason, the effective potential are spacetime dependent,
implying that it is not sufficient to simply decompose the interaction eigenstates into energy eigen-
states with a trivial time evolution. Actually, the time dependence of the eigensystem induces
transitions between the different energy eigenstates where the transition probability depends on
how fast the eigensystem changes. To show this, it can be used that ignoring the state changing
interactions, the time evolution operator (Hamiltonian) is Hermitian, implying that the normalized
eigenvectors v; build an orthonormal basis. Consequently, any state at any time can be expressed
as a superposition of the time-dependent eigenstates

() = Zaxt) vi(t)) (3.58)
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3.5 Matter Effects on Flavor Oscillation

with

ai(t) = (vi(t)[4(2)) - (3.59)

Using this, the time evolution of ¥(t) can be transferred to a differential equation for a;(t),
d d d
s = (G 01 100} + ()] o)
d . A
=S| (5 w0l) - il )

J
. d ) .
= —iF;a;(t) + Z a;j(t) (dt <vi(t)]) vj) = —i Z Heor(t)a;(t) (3.60)
J#i J
where it is used that an infinitesimal shift of a normalized vector is orthogonal to the normalized
vector:

(55 1) o =o. (3.51)

Consequently, transitions between energy eigenstates are suppressed as long as the time derivative
of the eigenvectors is small compared to the mass squared differences. In contrast to this adiabatic
transition, for rapidly changing eigenvectors, transitions between the energy eigenstates become
important. Hence, considering a rapidly changing eigensystem — meaning that the time derivative
of the eigenvectors are dominant — investigating the time evolution in the energy eigenbasis is not
very useful anymore.

A phenomenon of special interest that can arise from spacetime dependent matter effect is a level
crossing where the effective potential gives rise to an effective Hamiltonian with at least two diagonal
elements which are in a certain fixed basis degenerated at a certain time t;c. As a consequence,
the mixing in the considered fixed basis is maximal at ;- while, in case of constant off-diagonal
elements of the Hamiltonian, the difference of the energy eigenvalues is minimal. Moreover, the
mass hierarchy is inverted, meaning that the diagonal element which is larger for ¢ < ¢y becomes
smaller for ¢ > t;o and vice versa. In the simplest case of considering a two component state vector
where the matter effects are purely diagonal in a certain basis, the corresponding Hamiltonian is
given by

Heg = Egls + ——
off 02 + sin20 — cos 26

. AEy (cos 20  sin 26
2

) + V() + V'(t)os, (3.62)

where Ey = (E1,0+E2)/2 is the mean of vacuum energy eigenvalues, AE = E; g— E»  the difference
of the vacuum energy eigenvalues, and V (¢) and V'(t) are effective potentials. Consequently, the
mixing of the first and the second component is maximal when V'(¢)+AEy/2 cos 26 vanish (¢t = t1¢).
During a level crossing, the flavor of a state not only oscillates into another flavor but the flavor
composition of the energy eigenstates completely changes. This behavior can e.g. be seen considering
neutrino oscillation inside of the sun. There, neutrinos within a certain energy range experience an
adiabatic level crossing during their propagation from the core, where they are produced by nuclear
reactions, to the surface, converting the electron neutrinos produced in nuclear reaction mainly into

95



3 Description of Many-Particle Systems

a neutrino mass eigenstate which is dominated by the muon and tau neutrino flavor. This Mikheyev-
Smirnov-Wolfenstein (MSW) effect |73, 58] explains the observed neutrino flavor flux from the sun.

Considering more generally a non-adiabatic level crossing, in many cases of interest, it can be
assumed that in the resonance region, the off-diagonal elements of the Hamiltonian are approximately
constant, cf. equation , and the difference of the diagonal elements changes approximately
linearly, Hy(t) — Ho(t) = ot + O(t?). Within this approximation, the equation of motion in the
resonance region can be rewritten into one second order differential equation, which can be solved
analytically [75]. For this purpose, one defines

i(t) = exp | ~i [ Bt | (0 (3.63)
0

to rewrite the equation of motion into

. exp | —i ftfh(t’)dt’ Lei(t)
drw<t>>=—z'(H1(t) 0 >|¢<t>>+ [ } ]d
0

dt 0 () 4 ep(t)

T
[N}
S
~
<
S~—
QU
~
<
1
U

L, fh(t) f{lz(t)
a (Hm(f) Hz(ﬂ)’mt»' (364

Using H, (t) — Hy(t) = at, the resulting equation of motion for ¢;(t) becomes
d H i/ 2t?
d (al®)) o He0e o) ) (3.65)
dt \ ca(t) Hay (0)e/2 ¢y ()

Next, defining ¢ (t) = e~®/4¢,(t), the second order differential equation

d?

0 == |+ B a0 0] 40 (3.66)

is obtained. Solving this differential equation, the transition probability in the flavor basis (|1)1) —
|12) and [1h2) — |1h1), respectively) integrating over all times is given by [75]

H15(0)Hay (0)

-2
|af

Piransit =1 — exXp (367)

Note that this result is in agreement with the statement that a sufficiently large mixing and a slow
enough transition is needed for having an adiabatic level crossing.

3.6 Details on Thermal Equilibrium

In section it was shown that a process in thermal equilibrium leads to a compensation of the
involved chemical potentials, resulting in condition (3.12]). In this section, this estimation will be
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3.6 Details on Thermal Equilibrium

investigated in more detail. Subsequently, the thermal rates of processes inducing the equilibrium
condition of the top, bottom, and tau Yukawa interaction are calculated.

Considering a single process with a reaction rate I';, the involved chemical potentials u; approach
their equilibrium value p;? being given by the equilibrium condition of the reaction as

t

mO = —/Pﬁﬂt. (3.68)
pi(to) — 1
to
Comparing this result with the cooling of the plasma due to the expansion of the universe,

t

~ exp —/H@ﬁ , (3.69)

to

the assumption of thermal equilibrium is well motivated when a process is efficient (I' > H) for a
sufficiently long period. In this case, the equilibrium condition can be used to simplify a system of
coupled Boltzmann equations involving reactions which are in thermal equilibrium and ones that
are not. In this case, the equilibrium conditions can be used for the reactions which are efficient to
reduce the number of free parameters and rates that have to be taken into account.

However, considering a system of coupled Boltzmann equations involving rates which are efficient for
only a short period or where the interplay of efficient and less efficient reactions is of special interest
(e.g. for the production of small asymmetries such as the observed B asymmetry), it cannot be
assumed that all processes whose rates are efficient to be in thermal equilibrium. Yet, the equilibrium
condition can be used for those reactions which are much more efficient than the investigated ones
and also when the time period of interest is still large compared to 1/T". In addition, processes of no
special interest whose rates are much smaller than the dominant rates of interest can be ignored even
if they are efficient because on the time scale where the process or the interplay of interest is relevant,
processes with much smaller rates do not shift the involved chemical potentials significantly.

3.6.1 Thermal Equilibrium of the Dominant Yukawa Interactions

Within the scope of this thesis, Boltzmann equations are used to calculate the time evolution of B
and L asymmetries involving sphaleron transitions and L violating processes, cf. chapter 4} For the
resulting Boltzmann equations, the transfer of asymmetry between SU(2);, charged and uncharged
particles is relevant because sphaleron transitions and depending on the considered model also the
L violation only act on asymmetries of SU(2); charged particles. In addition, the transfer of
asymmetry between different generations is relevant because the rate of L violation is not expected
to be equivalent for all generations. Hence, to study the interplay of sphaleron transitions and L
violation, the thermal rates for the dominant Yukawa interactions need to be calculated first.

Considering the thermal masses shown in figure for 108 GeV < T < 10'® GeV, the decay of H
into quarks is kinematically forbidden and the decay into leptons is either kinematically forbidden
or strongly kinematically suppressed. Consequently, the shift of asymmetries resulting in the
equilibrium condition is dominated by 2 — 2 processes. Thus, to estimate the temperature where a
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3 Description of Many-Particle Systems

Yukawa interaction becomes efficient, 2 — 2 scattering processes involving the corresponding Yukawa
couplings have to be considered. The dominant processes are given by the Yukawa interaction with
an additionally emitted or absorbed gauge boson. The corresponding Feynman diagrams for the top
Yukawa interaction are shown in figure

J— JR— - - E— /

Q3 Ay Qs H Q s H

U3 - H U3 A,u U3 %/1
\ =~ ~ =~ ~

HN A, gt Qs Ht M“

U3 Qg U3 A;L UN?)

/ _ -
A, Qs Al Joa i~
Us - H Us & UN:;

Figure 3.2: Dominant 2 — 2 scattering processes generating the equilibrium condition of the top
Yukawa interaction: UsQs — HA, (top row), UsH' — Q3A,, (middle row), and U3 A,, —
@3 H (bottom row).

The corresponding matrix elements for the top Yukawa interaction before EWSB are given by

: = R P ps + 1
M1(UsQy — HA,) = 3¢l e "t §g—4— 3 A | Rug, 3.70

iMi1(UsQs n) Y€ " VQs _alt — m2Qg + a2u — m2U3 +oag 5 _ m%{ Uys ( a)

. r Ay Ay TR
iMy(UsHY — Q3A,) = ye Mg, oﬁipg + ozgpui2 + agitipf Ruy, , (3.70b)

s —mg, u—mg, —myy

. o [ ’)/M ’7“ p.u‘ _‘_p/J'
iM3(UsA, — Q3H) = ytel(f)qu) af ;¢U2 + aj s 5 + agH Ruy, , (3.70¢)

[ u—mg, s —mg, —m%

where the kinematic variables defined in equation (D.1)) are used. The index a runs over all group
generators and of is determined by the coupling strength times the generator of the corresponding

gauge group (SU(3)c/SU(2)L/U(1)y):
of = gst3/9t5/9'Yq, o5 = gst3/0/9'Yy, af =0/gt5/9' Y, (3.71)

with the weak hypercharges Yo, = &, Yy, = 2, and Yy = 3.

Taking the average over the different colors of Us, summing over all other external states, and using
the limit of small masses (my,, mqQ,, mu, mar <K s,t,u), cf. equation (D.3)), the squared matrix

3Note that the scattering process involving twice the top Yukawa interaction does not change pu, and the

corresponding equilibrium condition is g+ + Bl = Hmo + pg2 which is irrelevant for vanishing asymmetry
among the doublet components.
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elements averaged over the scattering angle, cf. equation (D.18]), become

2 2
m m
(o)’ In <Q) +(08)In ( §3> +(0f —a3)’ + (of —af + a§>a§] :

[Mi[? = —2|y[* T

(3.72a)
P m2
[Maf? ~ |y [*Tr <a%>2—2<a3>21n< % | — 4afas +2(af - af + af)ag| (3.72b)
S
- m2
[(Msf? ~ [ *Te | —2(af)*In | =2 | + (08)° — dafad + 2(af — a§ + af)ag | . (8.720)

Thus, the sum over all squared matrix elements is given by

My, | = [ Mo + [ Ma]? + [ M3]?

2
m m
~nTr| - (ot <Q> ~ 4(a$)*In <U> ~ (af + 03)* — 200§ + 2(af — o + af)aj
(3.73)
Plugging in of for the SM gauge interactions,

—8|yt|295[ —|—21n< )+21 < m, ﬂ for SU(3).

m2
My, > ~ 2luilPg? [3 —41In <Q3>} for SU(2)r, (3.74)
2
—|ye|* 2= [33—!—4111( >+641 < >} for U(1)y
\

Furthermore, using mq, ~ my, ~ my, cf. figure the thermal rate can be approximated as

is obtained.

4 oo
W ~ T /| My, K (V). (3.75)

(mp+ma)?/T?

with u = s/T?, cf. equation (3.29). The calculation of the squared matrix element can be repeated
for the less efficient bottom Yukawa interaction:

( m2,
—8|ypl?93 [3+21n( > +2ln< ﬂ for SU(3).
m2
| My, | ~ 2 lyl?g? [3 —41In <Q3>} for SU(2), (3.76)
2 2
—‘yb\Q [3+4ln< > —|—16ln< )] for U(1)y
and tau Yukawa interaction:
0 for SU(3).
31, 12,2 mg,
M, |2 ~ 3ly-"g [3 —4ln (;)] for SU(2)r (3.77)

—|yT]2% [13 +41n <

i > +161n <m2 )] for U(1)y
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3 Description of Many-Particle Systems

However, in contrast to the top and the bottom Yukawa interaction, the Higgs decay for the tau
Yukawa interaction is kinematically allowed for 7' < 10! GeV, cf. ﬁgure Thus, the corresponding
thermal rate — which is calculated for a similar process in section — needs to be included. Hence,
the thermal rates for the bottom and tau Yukawa interaction can be approximated by

o0
T4
VD3, ~ m / du\/a|Myb|2Kl(\/a)7 (3-78)
(mp+ma)2/T2
o0
T4 5
Yz ™ oG / dun/a |M,, 2K, (v/a)
(mp+tma)?/T?
3T 2 m2. m2 . m2. m2 .
+ L iy . b iy, R )y (@) . (3.79)
274 167 miy miy mi o Mmip T

where the contribution from the decay is ignored for the region where the decay is kinematically
forbidden.

Note that especially for the tau Yukawa interaction, the approximation my, ~ my, ; ~ my is not as
good as before, but the expected deviation from the exact result is still small because the lower bound
of the integral is only slightly shifted to lower values while the integrand is not significantly larger in
this region. Taking into account the one-loop running of the gauge couplings and the top, bottom,
and tau Yukawa couplings, the thermal rates in comparison to the rate of B violation induced by
sphaleron transitions are shown in figure In detail, Ty, 4 = 670,.4,/T> > H(T) is obtained for
T < 7.7 x 10 GeV, while I'p, ,, > H(T) and L., > H(T) requires T < 2.0 x 101 GeV and
T < 1.2 x 10! GeV, respectively.

Yr

3.6.2 Implication of the Equilibrium Condition

As discussed in section the equilibrium condition of a process on its own is not sufficient
to describe equilibration but only represents a relation of the involved chemical potentials after
equilibration. However, to obtain the values of the individual chemical potentials, starting from some
initial condition, also the relative change of the single chemical potentials mediated by the process
becomes essential. If e.g. an extended Higgs sector with m scalar Higgs doublets is considered, where
the reactions sharing the asymmetry among the different doublets are assumed to be in thermal
equilibrium (#(z) ~ (Hj(x)Hj(af))2 + (Hj(x)H,(a;)F), the corresponding equilibrium condition is
given by

WH, =" = HH,, - (3.80)

Next, to obtain the individual resulting chemical potentials, it is used that a shift of the chemical
potential of one doublet always shifts the chemical potential of another doublet by the opposite
amount. Consequently, the sum over all ;1p, is conserved by the interactions of interest. Thus, the
individual chemical potentials after equilibration become

m
mpm, = pg =Y uf (3.81)
=1
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where ;¥ are the chemical potentials given by the initial conditions "% and shifts induced by

other reactions A,:
pe = pimitial A (3.82)
Taking e.g. also the top Yukawa interaction into account, the equilibrium condition
prprsy + [1Qs — fius =0 (3.83)
has to be fulfilled. In addition, the relative shifts of the involved chemical potentials are given by
AApgsm = 6Apg, = —3Auy, , (3.84)

where the prefactors count the number of degrees of freedom, where bosons obtain an additional
factor 2, cf. equation (B.22)).
Combining these conditions with the ones from the equilibration among the m Higgs doublets,

cf. equation (3.81)),
HH Ry —
- + pg; — pus =0, (3.85a)
AApg = 6Apg, = —3Auy, , (3.85b)

is deduced. Accordingly, the chemical potentials after equilibration are given by

1
pit = g QU — gy 1) (3.86a)
HQs = g (=20 + (3 + dm)ug, + 2mug, ) (3.86b)
s = 3 (dpgr +4mpg, + (3 +2m)ugy,) - (3.86¢)
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4 Violation of Baryon and Lepton number

From cosmological observations, it is known that the baryonic content of the observable part of the
universe mainly consists of matter and not of antimatter. The existence of a significant amount
of antimatter would lead to measurable particle-antiparticle annihilation emitting a characteristic
radiation signal. Furthermore, measurements of the abundance of light elements such as hydrogen,
deuterium, helium-3, helium-4, and lithium-7 produced during the first minutes after the Big Bang
(T'" 2 MeV) — a process known as BBN - are sensitive to the baryon abundance ({2p). An
even stronger constraint baryon number (B) is determined from the measurements of the CMB.
Considering the base-ACDM model, the obtained relic B abundance is given by [47, p.81]
1 npg

——— ~Yp =381 x10"" x (Qph?) = (8.54 £ 0. 10~ 11 41
Tt © VB = 381X 107 (Qh7) = (8544 0.05) x 107, (4.1)

where the recent Planck data for Qgh? is used, cf. equation (C.8)).

The origin of this observed B asymmetry is an open question in particle physics as it cannot
be explained within the SM. For calculations on perturbation level this is obvious because the
interaction terms in the SM, cf. section 2.8 conserve B as well as L. On the other hand, due to non-
perturbative transitions being efficient before EWSB — known as sphaleron transitions —, violation of
B and L occurs, cf. section Since sphaleron transitions wash out B — L conserving asymmetries
in thermal equilibrium, they cannot individually explain the observed B asymmetry. A detailed
investigation, cf. section shows that three criteria — known as the Sakharov conditions — need
to be fulfilled to obtain a final non-vanishing baryon asymmetry [62]:

1. Violation of B
2. Violation of the C-symmetry and C' P-symmetry
3. Out-of-thermal-equilibrium interactions

Sphaleron transitions can only account for the first condition as well as P violation and they only
erase B asymmetries as long as B — L vanishes. Consequently, additional sources for B and/or
L violation and C'P violation are necessary to explain the observed B asymmetry. In section
three popular baryogenesis mechanisms are presented, two of which are of special interest in this
thesis. Afterwards, in preparation for explicit investigations following in chapter [7] and chapter
the interplay of B — L violation and sphaleron transitions is investigated and a general form of the
time evolution of B and L including an additional source of L violation is deduced, in section
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4.1 Rate of B and L Violation Induced by Sphaleron Transitions

4.1 Rate of B and L Violation Induced by Sphaleron Transitions

As was first shown by ’t Hooft in 1976 [38], the electroweak field equations are broken by Adler-Bell-
Jackiw anomalies, in the SM. As a consequence, the electroweak potential has distinct minima with
different B and L while the difference of both, B — L, is conserved. However, in the vacuum only
tunneling processes through the potential barriers separating the topologically different minima —
called instantons — are possible. Thus, the rate of B and L violation is exponentially suppressed
~ exp(—4m/aw ) and can be neglected to a good approximation.

Considering very hot thermal systems (7" 2 100 GeV) thermal corrections to the Higgs potential
shift the Higgs expectation value (EV) so that it becomes significantly smaller until it vanishes at a
critical temperature (7,) and the electroweak symmetry is restored, cf. section In 1980, it was
shown that the exponential suppression of the instanton transitions between the different vacua only
holds after EWSB [52, 35]. For temperatures close to T¢ or higher, non-perturbative transitions over
the potential barrier are possible as well. These transitions — called sphalerons — were mathematically
first described in 1984 [45]. The induced rate of B and L violation due to sphaleron transitions is
only suppressed polynomially, ~ a?,[, [5].

In detail, each transition between different topological vacua converts three left-chiral quarks (anti-
quarks) of each generation into one lepton (antilepton) of the same generation or vice versa. Thereby,
each transition within one generation conserves all charges (color, weak isospin, and hypercharge).
Consequently, 2Q! + Q2 « 2 (2Q, + Q, ¢ 0.) and Q! +2Q? < £} (Q) +2Q. « {)) are the
relevant processes, implying that summing over all generations there are 2 x (2V9) different allowed
sphaleron transitions. As discussed in the previous chapter, cf. section thermal equilibrium
implies equivalence of the transition rates for the back and forth process. Consequently, the sum of
all chemical potentials involved in each of the 2 x (2/V¢9) different relevant transitions has to vanish
in thermal equilibrium. For this condition to be fulfilled,

2nqy + Hqz + e = o+ 2Hqz + (4.2)

is required, meaning that the equilibrium condition of all transitions is equivalent:

Ny

Z(Q,UQg + gz + pg2) = 0. (4.3)
i=1
As has already been discussed in the previous chapter, cf. section the equilibrium conditions
can also be derived by minimizing the free energy F'.
Furthermore, the exact form of the time evolution of B and L resulting from a detailed derivation
is given by [44]

dnB o N2 Fdiﬂ' dF

= 44
dt IVT dng’ (44)
with the volume V' and the sphaleron diffusion constant I'qiyg, which is defined as [44]
. ([Nes(t) — Nes(0)))
Fagig = 1 . 4.
diff V,tlgloo Vit ( 5)
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4 Violation of Baryon and Lepton number

The time evolution of the Chern-Simons number can be expressed as [38]
,
Nes(t) — Neg(0) = 35? / dt’ / A3 €,p0 TI[WH WP (4.6)
0
where WH” is the field strength tensor of the SU(2), gauge symmetry, cf. section The sphaleron

diffusion constant can e.g. be calculated using large-scale lattice simulations where for the SM [19],

1 T>1T.

4.7
exp ((0.83£0.01) L) T < T, (4.7)

Lair ~ (18 + 3)ag, T* x {

is obtained, meaning that sphaleron transitions become inefficient for v? > 1,572 [19).

Moreover, np is also diluted by the expansion of the universe, cf. equation (B.28). Thus, it is useful
to rewrite the differential equation (4.4 in terms of the chemical potential normalized with respect to
the temperature (8 = 1/T') being conserved by the expansion of the universe as long as no reheating

occurs:

dBug 36 ,Tair dF
=N :
dt TS 9 VT dBup

(4.8)

Next, to calculate the free energy as a function of Sup, other reactions which are assumed to be
in thermal equilibrium relate the individual chemical potentials with each other. Moreover, when
not all relevant chemical potentials are related due to equilibrium conditions, additional assumptions
(e.g. initial conditions) have to be made to obtain a definite free energy. Considering a SM-like theory
with Ny generations and m SU(2);, Higgs doublets (N, = 3 and m = 1 for the SM), assuming all
reactions (gauge, Yukawa, and Higgs self-interactions) to be in thermal equilibrium and all charges
to be conserved by the initial conditions, the free energy density in the small asymmetry limit

(u; < T), cf. equation (3.10), becomes |44, 36]E|

F
— =T+ T

L 13m 4 22N (o 4m + 8N,
v 48N, 3m+5N, \' P

2
4
13m+22N96/‘B—L) +O(Bus)” - (4.9)

Thus, the resulting rate of B violation is given by

dbps 3Ny 13m + 22Ny Lgige 4m + 8N,
=— - B 4.1
dt 1 3m+5N, 18 \PME T 13maaan, HEL (4.10)
After EWSB, the rate of B violation is VEV-dependent
dBup 9 (VN Taig 4m + 8N,
— N, (— - _ 4.11

where p(x) for m =1 is given by [13]

3 65+ 136N, + 44N + (117 + 72N,z
"~ 2N, 30+ 62N, + 20N2 + (54 + 33N,)z?

p (@) (4.12)

!The free energy density with m = 1 was first calculated in reference [44] while n%y with arbitrary m can be found in
reference [36].
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4.1 Rate of B and L Violation Induced by Sphaleron Transitions

Ignoring all Yukawa interactions and assuming that the initial B and L asymmetry is completely
stored in the left-chiral sector,

ipitial _ ) fnitial _ iér;,tiial —0, (4.13a)
initial __ | initial ,__  initial __ B ._ HMB
QU THgr T HG = N, T?> "~ 2N,’ (4.13b)
iéntial _ Migr?litial — ierintial _ 37111521' — M2Li 7 (4.13¢)
N,

o 3 np_ 1 ? 1
initial B-L § :

HH 2m T2 am | MP — KL amtPL ( )

where the value of uiﬁ}itial results form conservation of hypercharge, the rate of B violation is
determined by

dBup Ui 1
dr _GNQT; Bup — ZﬁMB—L . (4.14)
1044 T T T T T T
102,
L = i
= ryb Iﬁspha
1
10721—% Ll Ll
1010 1011 1012 1013

T [GeV]

Figure 4.1: Comparison of the rate of fup violation normalized to the Hubble expansion rate,
cf. equation , induced by sphaleron transitions (black line) with the normalized
rate of Sur,, Bup,, and B:“’rg violation induced by the dominant top (red line), bottom
(green line), and tau (dark orange line) Yukawa interaction respectively, cf. sectionm

Comparing the resulting rate of B violation with the rates generating the equilibrium condition of
the dominant SM Yukawa interactions, cf. equations , , and , it can be deduced
that before EWSB only the top Yukawa interaction is much more efficient than the rate of B
violation induced by sphaleron transitions while all other SM Yukawa interactions are significantly
less efficient, cf. figure [4.1l Thus, only the equilibrium condition of the top Yukawa interaction,
cf. equation , can be used while the equilibrium condition of all other SM Yukawa interactions
can be ignored when the rate of B violation induced by sphaleron transition itself and not only the
equilibrium condition is relevant, cf. section|3.6| Using this together with the initial conditions given
in equation , the rate of B violation becomes

dBup m Ui mNy
= 32N, - =
dt s < 97 om+ 1> 75 \PHE T LN, —1) 1 2N,

/BMB—L> : (4.15)
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4 Violation of Baryon and Lepton number

4.2 Diversity of Baryogenesis Models

Sphaleron transitions on their own are insufficient to explain the observed B asymmetry. For this
reason, physicists came up with a great number of models addressing this issue. Here, the basic
mechanism of three popular categories of models are shortly explained to highlight their diversity.
For a detailed, up-to-date investigation of diverse baryogenesis scenarios, cf. e.g. reference [6].

One category are electroweak baryogenesis models [49, 21], which only use sphaleron transitions as
a source of B and L violation. However, to generate a non-vanishing B asymmetry by sphaleron
transitions only, two more ingredients, C'P violation and a strong first order electroweak phase
transition (EWPT), are needed. In these models, the universe does not smoothly transit from
the SU(2);, symmetric to the broken phase. Instead, the phase transition is of first order when
the field value tunnels through the potential barrier separating two distinct minima — one with a
vanishing and one with a non-vanishing EV of the Higgs field — at different spacetime points. Thus,
rapidly expanding bubbles form, where the field inside of the bubbles is in the broken phase while
outside, the state remains in the symmetric phase. Additionally, to have a strong first order phase
transition, the EV inside the bubbles needs to be larger than the temperature, meaning that inside
of the bubbles sphaleron transitions are inefficient. Furthermore, the masses of particles are different
in the symmetric and broken phase, implying that the particles are partly reflected at the bubble
wall — similar to light at the interface of media with different refraction indices.

Finally, CP violation implies that the reflection probabilities of particles and antiparticles are
different, resulting in a net baryon flow through the bubble wall. The resulting surplus of antiparticles
in front of the bubble wall is partly reduced by sphaleron transitions while the surplus of baryons
inside the bubble is secured because sphaleron transitions are inefficient.

However, in the SM, there is no strong first order EWPT, meaning that an extended Higgs sector
including multiple Higgs doublets is required. Furthermore, the C'P violation within the SM is too
small to produce the observed baryon asymmetry so that an additional source of C'P-violation is
needed as well.

Another category of special interest in the scope of this thesis are leptogenesis models where the
observed B asymmetry has its origin in an asymmetry produced in the lepton sector which is then
partly converted into a B asymmetry by sphaleron transitions. There are two main motivations to
let the observed B asymmetry originate in the lepton sector. First of all, in contrast to B violating
models, which are strongly restricted by the lower bound on the proton lifetime, L violation does
not induce nucleon decays allowing for a larger parameter space — larger coupling constants and
lower involved masses. Furthermore, right-chiral neutrinos — representing the simplest extension of
the SM to explain the observed non-vanishing active neutrino masses — are uncharged under all SM
gauge groups. As a consequence, they can have a Majorana mass naturally inducing L violation,
cf. chapter

In the original model suggested in 1986 by Fukugita and Yanagida [26] the necessary C'P violation
has its origin in the Yukawa couplings of the neutrino sector. The out-of-equilibrium condition is
fulfilled if the right-handed neutrinos never reach thermal equilibrium or the production of right-
handed neutrinos falls out of equilibrium when the temperature drops below their mass so that they
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4.2 Diversity of Baryogenesis Models

decay in a C'P violating manner, cf. section Note that also other mechanisms give rise to a
Majorana mass for the left-chiral neutrinos inducing L violation.

Finally, another category which is of special interest in this thesis are Grand Unified Theory (GUT)
baryogenesis models. GUTs aim at unifying the three SM gauge symmetries into one primal
gauge symmetry. Similar to the unification of the electromagnetic (U(1)en,) and the weak force
to the spontaneously broken electroweak force (SU(2)r, x U(1)y), the strong and the electroweak
force are further unified to e.g. a spontaneously broken SU(5)qyr (Georgi-Glashow model [29]) or
SO(10)gur [25]) with SU(3)¢c x SU(2)r, x U(1)y € SU(5) C SO(10).

There are a couple of motivations for this unification. First of all, physicists strive to find a theory
of everything with only one force and a minimal number of free parameters. Moreover, there are
also practical reasons for assuming that the SM forces can be unified. One reason is that GUTs
can explain the discrete values of the hypercharge of SM particles which in principle could have any
value in U(1)y. Another hint at the existence of GUTs can be found by considering the running of
the SM coupling constants g, ¢’, and g, since they have roughly the same value in the SM around
101 GeVEL cf. figure Consequently, the scale where the unified theory breaks down into the
three SM gauge symmetries is usually assumed to be roughly of this order. As for the breaking of
SU(2)1, x U(1)y = U(1)em where the masses of Higgs and gauge bosons are of the same order as
the breaking scale ~ 100 GeV, it is expected that the masses of the particles given by the GUT
breaking are also of the order of the GUT breaking scale. This assumption is also supported by the
fact that the Georgi-Glashow model requires the existence of a scalar color triplet Higgs boson —
also known as leptoquarks — inducing nucleon decays. Thus, their masses have to be greater than
~ 10" GeV [33] to be in agreement with the measured bound on the proton lifetime. However,
particles with so large masses are way too heavy to be produced in current collider experiments,
meaning that it is not expected to observe GUT particles inducing B violation in the near future.
Nevertheless, GUTs naturally lead to B violation and are therefore of interest for baryogenesis.
However, in many GUT-baryogenesis models, an equivalent amount of L violation is induced,
implying that the difference of both (B — L) is conserved resulting in a complete washout of the
produced asymmetry by sphaleron transitions if no further B — L violating processes are active
before sphalerons reach thermal equilibrium. The reason therefore is that in SU(5), B — L is a
conserved quantity. Furthermore, GUTSs of higher symmetry groups such as SO(10) contain U(1)p_1,
as a subgroup which is unbroken above the GUT breaking scale. Consequently, before the GUT
symmetry is broken, only many body decays can violate B — L. However, these many body decays
are too inefficient to explain the observed asymmetry [27].

2Note that in the Minimal Supersymmetric Standard Model (MSSM), all SM coupling constants become equivalent
at ~ 10'° GeV, cf. e.g. review 94. in reference [76]

67



4 Violation of Baryon and Lepton number

4.3 Interplay of Sphaleron Transitions and B — L Violating Interactions
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Figure 4.2: Rate of Bup violation induced by sphaleron transitions (I'spha) normalized to the Hubble
expansion rate H(T") (black line), distinguishing five major regions of interest. In region
I (T <110 GeV) and region V (T > 10'3 GeV), the violation of the baryon number is
inefficient and sphaleron transitions are irrelevant. In region IT (T' ~ 115 GeV) and region
IV (101 GeV < T < 10! GeV), the rate of Sup violation is roughly of the same order
as the Hubble expansion rate, implying that the interplay of sphaleron transitions and
other processes become relevant. In region IIT (120 GeV < T < 10! GeV), the violation
of the baryon number is very efficient, meaning that only the equilibrium condition is

relevant.

After presenting the basic mechanism of various baryogenesis models, in this section the interplay
between sphaleron transitions and other sources of B and/or L violation is investigated in more
detail. Considering the rate of Sup violation induced by sphaleron transitions (I'spha), five major
regions can be distinguished for the interplay with additional sources of B and/or L violation,
cf. figure

In the first region of interest (T > 103 GeV), cf. region V in figure [spha is small compared to
the Hubble expansion rate. Consequently, sphaleron transitions in this region can be ignored to a
good approximation, meaning that only the rates of additional B- and/or L-violating processes are
relevant for the time evolution of the B and L asymmetries. Thus, assuming the additional sources of
B and/or L violation to only be relevant in this region, the resulting B asymmetry is determined by
the B — L asymmetry generated in this region, cf. the equilibrium condition of equation . The
GUT baryogenesis scenarios mentioned in the previous section usually take place in this region.

Next, for 101! GeV < T < 10" GeV, I'spha is comparable to the Hubble expansion rate, cf. region
IV in figure Consequently, the rate of B and L violation induced by sphaleron transitions has
to be taken into account as a part of the Boltzmann equation requiring a more detailed analysis of
the interplay of sphaleron transitions and additional B- and/or L-violating processes.

In the third region of interest (120 GeV < T < 10 GeV), cf. region III in figure sphaleron
transitions are in thermal equilibrium (I'spha > H(T')). Hence, sphaleron transitions do not have to
be taken into account as part of the Boltzmann equations. Instead, the equilibrium condition can be
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4.3 Interplay of Sphaleron Transitions and B — L Violating Interactions

used to simplify the Boltzmann equations. Leptogenesis scenarios are often assumed to take place
in this region.

Moreover, after EWSB sphaleron transitions become exponentially suppressed so that for 110 GeV
ST <120 GeV, Tgppa is again comparable to the Hubble expansion rate, cf. region II in figure
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Figure 4.3: Required value of Sup_r in the SM depending on the generation scale necessary to
obtain the observed B asymmetry of ﬁ,u%nal = —2.4 x 1078, cf. equation . For
the calculation of the critical temperature appearing in the sphaleron diffusion constant,
only the leading thermal corrections to the effective Higgs potential have been taken into
account, cf. equation (6.41)).

The freeze out of sphaleron transitions can be visualized by calculating the initial B — L asymmetry
required to obtain the observed B asymmetry depending on the scale where the B — L asymmetry is
produced, cf. figure As can be seen, an initial B — L asymmetry of order B,uigi_tifl <1077 being
present at T ~ 115 GeV is sufficient to explain the observed B asymmetry if no further source of B
violation is relevant at lower temperatures.

Finally, for T" < 110 GeV the rate of B violation induced by sphaleron transitions is inefficient
(Fspha << H(T)), cf. region I in figure Consequently, this last region is not very promising to
account for the observed B asymmetry because an L asymmetry produced by additional sources of L
violation cannot be converted into a sizable B asymmetry when sphaleron transitions are inefficient.
Furthermore, additional B violating processes being efficient at such low temperatures naturally
imply a decay width of the proton which exceeds the current limits.

In chapter [7] the focus is on the fourth region where the rate of B violation induced by sphaleron
transitions is close to the Hubble expansion rate. Consequently, the interplay of both sphaleron
transitions and B and/or L violation has to be studied in detail.

For simplicity, the initial conditions given in equation are used and only an additional source
of L violation is considered implying that B is only violated by sphaleron transitions. Furthermore,
all other processes, which do not violate B and/or L but connect different chemical potentials,
are assumed to be either in thermal equilibrium or negligibleﬂ Within this set of conditions, the

3 As discussed in section this approximation is reasonable in the second and fourth region when only SM processes
and additional sources of L violation are considered. In detail, in region IV, all SM gauge interactions and the
top Yukawa interaction are way more efficient than sphaleron transitions, while all other Yukawa interactions are
significantly less efficient so that they can be neglected. In region II, all SM interactions are in thermal equilibrium.
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4 Violation of Baryon and Lepton number

quantities being relevant for the time evolution of the B asymmetry reduce to the total amount of
B asymmetry (Bup) and the L asymmetry of each generation L; (Bur, )EI, whose time evolution is
determined by

cs — 1
2N,

d
@/BNL'L = FL,ijB/J’Lj + FL,BBNB + 11spha (BMLZ' - /BNBL> y (4163)

d
aﬁﬂB = _Fspha (BNB - Csﬁ,UJB—L) s (416b)

with I'y ;- and I'y 5 being rates induced by additional source of L violation.

However, the solution of the differential equations [£.16] can be numerically unstable because it
strongly depends on pup_j = up — pr, being defined by the difference of two quantities, each of with
can be large compared to their difference (up, pur > pp—r). To circumvent this problem, the time
evolution of pup_r, = pp/Ng — pr, and pup can be considered instead:

d Bup
— . =Ly .. ., ——— | =T 4.1
ZPrB-1: =Ty </8,UB L; Ng) 1.2BuB (4.17a)
d
%/BMB = _Fspha (/B,UB - CSB,U/B—L) ) (417b)

where the time evolution of pp_ 1, is now independent of the rate of B violation induced by sphaleron

transitions.

According to (4.17)) and considering baryogenesis originating from a B — L asymmetry produced
above the scale where sphaleron transitions become inefficient (" 2 115 GeV), the final B asymmetry

is given by
n m + 2N,
5/1% al = CSB,UB—L(T ~ 115 GGV) = 4mﬁu3_L(T ~ 115 GQV) s (418)
g
cf. equation (4.10). Based on observations,
6 472
Bufinal = —T—Sgygnal = —%gfﬁ x (8.54 £ 0.06) x 10711 (4.19)
is required, which becomes
Buinal — _(2.40 4 0.01) x 1078 (4.20)
for the SM (N, = 3, m = 1, and g3 = 106.75) and
Bulnal — _(2.49 4 0.02) x 1078 (4.21)

for an extended Higgs sector with two scalar Higgs doublets (N, = 3, m = 2, and gfﬁ = 110.75).

4The chemical potentials of additional BSM particles inducing L violation are either irrelevant or can usually be
expressed in terms of Sup and Bur,.
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5 Introduction of Right-Handed Majorana Neutrinos

In the SM, the three left-chiral neutrinos (v, v,, and v;) are massless but from the observation
of neutrino oscillations, it is known that at least two of the three neutrinos have a non-vanishing
mass, cf. equation . Consequently, an extension of the SM explaining these non-vanishing
masses is needed. Because all other masses in the SM besides the Higgs mass are generated by the
Higgs mechanism, it seems natural to introduce right-chiral neutrinos (v**) which are coupled to the
left-chiral lepton doublet (¢) via Yukawa interactions:

_ — — My, /— —
Ly = Z [iquﬁa\Pl@R — Z (yij\I’ngC\IJViR + y:j\I’ViRHCT\IIZJ-) _ QNZ <‘1}CuiR\IIV¢R + ‘lfyﬁllliﬁ) :| )
i J

(5.1)

with H¢ = i09H* and the field operators in the charge-conjugated representation defined in equation
ED).

First, forgetting about the Majorana mass terms (My, = 0), as all other SM particles, neutrinos
obtain a Dirac mass. This simple extension of the SM explains neutrino oscillations but it is difficult
to confirm by experiments because the introduced Yukawa couplings have to be naturally very small
(> yij < 10712) to be in agreement with the limit on the sum of the neutrino masses (3 m, < 0.12
eV [2]), meaning that the coupling of the dominantly right-chiral neutrino energy eigenstate to other
SM particles is tiny. This can be understood from the fact that right-chiral neutrinos are uncharged
under the SM gauge symmetries so that the dominantly right-chiral neutrino energy eigenstate only
couple via weak interaction due to Dirac mass induced mixing. However, this mixing becomes very
tiny for measurable neutrino energies (E > y;;v).

On the other hand, the fact that right-chiral neutrinos are uncharged under the SM gauge symmetries
allows the introduction of Majorana mass terms (My, # 0), which for SM particles are forbidden by
gauge symmetries. However, considering Majorana mass terms, the equations of motion resulting
from Ly become more complicated because they also depend on field operators in the charge-
conjugated representation. In the SM, the Lagrangian can be either written in terms of field
operators or field operators in the charge-conjugated representation so that transition amplitudes
can either be calculated in the usual or the charge-conjugated representation. But the Majorana
mass terms switch between both representation, implying that the equations of motion of both
representations do not decouple. Hence, the SM Lagrangian, cf. equation , and the additionally
introduced Lagrangian including right-chiral neutrinos, cf. equation , in the charge-conjugated
representation become relevant

?\7 = Z [’L\I/CVZR(?\I/;R — Z (y;(j@l,jH\I/;R + yij@VﬁHT\I/lc/j> — @ (@V_R\I/VR —i—@V_R\I/iR) ,

i i i i

( J
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5 Introduction of Right-Handed Majorana Neutrinos

as well as equation for the SM Lagrangian in the charge-conjugated representationlﬂ

That both representations are needed to calculate a transition amplitude involving Majorana masses
seem to be problematic because both representations contain the same creation and annihilation
operators and — ignoring the Majorana masses — independently give rise to the same equations
of motion. Nevertheless, fixing the used representation at one interaction point so that both
representations become distinct at each interaction point, the equation of motion including both
representations can be used as a simple method to calculate transition amplitudes involving Majorana
masses. Because only Majorana masses switch between both representations, the propagators of all
non-Majorana particles remain unchanged:

1T (2 +y)¥s(y)]0) = (0| Ti(x + y)ve(y)]0) = 0. (5.3)

Only for the field operators of right-chiral Majorana neutrinos, representation changing propagators
occur:

0T, + 9T, 0)10) = OT Voo 4 )T ()l0) = [ et a0

I/Z.R y l/z‘R y y (27'(')4 kz - sz\fl 9 .
dk My,  _;
0 \ch U 0 olTw 0 L e 5.4b
OTWale + 9T I0) = OT Ve 4T 00 = [ G e ™ G0

where all other contractions of field operators vanish (e.g. (0|7 V4 (z + y)¥n(y)|0) = 0). Furthermore,
spin sums where the Majorana masses also change among the representations are given by

(01w, z(2) i, p) (i, p| W, 1 (2)]0) = (O r () [i, p) (i, p| U, =Y un(@,n ) =p, (5.5)

(0[P () [i,p) (i, p| W, 2 (2)|0) = (01, r(2) |i, p) (i, pl ‘Ifcyﬁ = a(p R (P) = My, ,
(5.5b)

where the relations v¢(p) = us(p) and u$(P) = vs(P) are used. Note that, considering an antiparticle
instead (|i,p) — |i,p) u yR <> U,r), a — sign in front of My, is obtained. In addition, u,r are
the positive and v VR the negatlve energy eigenstates of the free equation of motion neglecting Dirac
masses inducing mlxmg between left- and right-chiral components. Note that, due to the fixing of the
representation at one interaction point, the second row of equation can only become relevant
when multiple Majorana field operators appear in the transition amplitude. Alike Feynman rules
for Majorana fermions can be found in the literature, cf. e.g. reference [32], where the Majorana
condition is used, meaning that calculations can be completely done in the usual representation.
Nevertheless, charge-conjugated matrices have to be introduced and spinors have to be transposed
meaning that the resulting amplitudes become equivalent.

However, using the derived formalism including both representations, the detailed investigation of
eigenstates including both Majorana and Dirac masses become more obvious. Defining 9, r =

!'Note that the equation of motion for the field operators in the charge-conjugated representation is related to the
equation of motion of field operators by a complex conjugation of the Yukawa couplings and an additional minus
sign in front of the gauge couplings. This is because the same state vector that describes a particle in the usual
representation describes the corresponding antiparticle in the charge-conjugated representation.
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(\I’V’L_R, ‘ljzcjﬁ) and @Z)VjL = (V,2, ¥¢,), the time evolution can be written as

J J

. d 0/ v = T

i bur =7 (VY + My )y, r + Z My Pt (5.62)
J

. d ‘ -

z£w”jL = —szOny Q/JV]L -+ Z My wl/ﬁ , (5.6b)

with

[ yijlg 0
mi; = — . 9.7
1] \/5 ( 0 y:«j[2> ( )

Note that one can always transform to a basis where p || €, so that the time evolution of the
first and third component decouples from the time evolution of the second and fourth component,
which is important because each degree of freedom is considered twice. Next, considering the time
evolution in the rest frame and defining ¢’ = (wylL, e wl’ﬁg’w’/ﬁ’ .. ,zﬂl,ggN), the mass eigenstates

are determined by

0 mp
Ev = ! 5.8
o8 ). o
where the Dirac and the Majorana mass matrices are given by
mi1 o v Mayt 0
mp = with mij; = % <y6] y’-"-) ) (5.9a)
miN, -+ MnyN, Y
M; 0 0 v
0 .
My=10 . 0 with M; = (MN ONZ> . (5.9b)
0 0 M,, '

Furthermore, it can be shown that the eigenvalues of the given mass matrix are equivalent to the
eigenvalues obtained by using m;; = %yij and M; = My, instead. Assuming My, > m;;, the
eigenvalues of the mass matrix at first non-vanishing order are given by the Majorana masses (My;,)
and the eigenvalues of the light mass matrix

* .
(nd)ie = 3 g3 = 2 mi (5.10)
which is known as the type-I seesaw mechanism [59]. This mechanism makes it possible to explain the
smallness of the observed neutrino masses compared to all other Dirac masses which are present in the
SM without requiring extremely small Yukawa couplings. Assuming e.g. y;; ~ 1 and My, ~ 10" GeV
results in light neutrino masses of order 0.1 eV.

Note that the heavy-mass eigenstates (IV;), which are dominantly right-chiral, are usually named
right-handed neutrinos while the light mass eigenstates (v), which are observed in experiments, are
dominantly left-chiral and are usually named active neutrinos. Before EWSB — when the Dirac
masses were zero — chirality and helicity become equivalent (v = N; and I/jL = v;). Furthermore, in
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5 Introduction of Right-Handed Majorana Neutrinos

contrast to only introducing Dirac mass terms, the resulting mass matrix for the active neutrinos,
cf. equation ([5.10)), is also a Majorana mass matrix:

Lo= Z (i\IINia\I/Ni - 2NZ (\IJCNi\PNi + \PquI?Vz)>

%

e mik — il — c
+ Z (Z\I’yja\:[lyj - Z <2J \I/Cyk\llyj + T \IIVk\Iij>> . (511)
J

k

Thus, neutrino-antineutrino oscillations are induced, resulting in the prediction of neutrinoless
double beta decay, cf. e.g. reference [61]. The measurement of such a decay would manifest the
Majorana type of the active neutrino masses. The type-I is the simplest and most popular model
inducing Majorana masses for active neutrinos but there are also other models such as the type-II
and type-11I seesaw mechanisms or radiative seesaw models like the scotogenic model, cf. section
[6.2] accomplishing this task.

Note that the active neutrino mass matrix, cf. equation , is not diagonal in the flavor basis so
that similar to the CKM matrix in the quark sector, also a mixing matrix called Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix occurs in the lepton sector. Defining the PMNS matrix similar
to the CKM matrix, cf. equation , the corresponding angles are constrained by measurement,
cf. equation (|C.6)).

In the following, first of all, the thermal rate of the two-body decay involving Majorana neutrinos,
cf. section and afterwards, the thermal rates of 2 — 2 scattering processes mediated by a
Majorana neutrino, cf. section are calculated. Both of them contribute to the time evolution of
the L asymmetry and therefore are relevant for the investigations following in chapter |7} Finally, in
section CP violation in the context of the two-body decay of Majorana fermions is investigated
and thermal leptogenesis is briefly discussed.

5.1 Thermal Rate of Two-Body Decays Involving Majorana Fermions

Considering the generalized interaction Lagrangian

LD~y U, ()¢ (2)RUN(2) — y* U (x) Lo ()T, (2), (5.12a)
£°5 —y" T ()T () LUS () — y/ T (2) R () W5, () (5-12b)

with a scalar field ¢, a Dirac fermion y, and a right-chiral Majorana fermion N, in case of My >
My + Mg, my > My +mg, or mg > My + m,, a decay of the heaviest particles is induced. The
corresponding matrix elements are given by

—iy'uyRuy for N — x¢
iM = —iy*uyLu, forx— Nol (5.13a)
—iy*unyLvy, for ¢ - Nx

= TMP = |y]°Tr [(px +my ) Rp,,

= 2y *pxpn; (5.13b)
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5.1 Thermal Rate of Two-Body Decays Involving Majorana Fermions

In case of My > m, + mg, in the rest frame of the decaying particle the decay width, cf. equation

EZ). i

2 2

. 20y ExMn [Pyl _ lyil*Mn [ mi o my ) my mg
N—x¢ — 2 + 2 2 20 ar2
KL My, 167 My Mg M My,

_ lyilPma

167

where the abbreviations defined in equation (3.31]) with m; = My are used. The decay width for
my > My + mg is obtained by interchanging N and x:

F—>N¢T:7 1+—F—-——71]A 17777
X 167 m2  m2 m2 ' m?2

(1+ax—a¢))\(1,ax,a¢) , (5.14)

X X x M

|y ]2 1 ag a ag

17,/ 1+ ———= | A2l1l,—. . 5.15
167 Iy (1T ay  ay Tay ay ( )

Finally, for mg > My + m,, the resulting decay width is given by

21y 2By Enx + |Bn1?) Bnl _ yilms <1 M3, m) >\<1 M m)

2 2
Mg My

2
202
¢

r =
¢p—Nx — 2 m2’m

8 my 167
|yi|* My

1 a 1 a

= LN (1 — = 2 a1, —, =) . 5.16

167 a¢< ag %) ( Qg %) (516
In the limit where the mass of the decaying particle is much larger than the masses of the decay
products, the decay width simplifies to
( /@] \/a3) - (5.17)
According to equation ({3.27)), the corresponding thermal rate in case of My > m, + my is given
by

(PNHX¢/FX—>N¢T /Fdwa)

Kl(z)

M4
Wors = G (5.18)

with z = My /T, while in case of my > My + m,, it becomes

mi T, v Ky (2 M K ( )
_ Mg Loony Ka(2) - My Ki(yagz
TeNX T 92 Mg o op2 VO Teonx @ 2 ’ (5.19)

with 2’ = mg/T = ,/agz. Since the thermal rate of the (inverse) decay at T ~ m often dominates the

Boltzmann equations, it makes sense to improve the used approximation by using the Fermi-Dirac
and Bose-Einstein statistics instead of Boltzmann statistics [30]:

0 1
Ki(a; z 1 e*Ei 1 1
B2 2 [ap g —a o [t (5.20)
z 2 e £+ 1 e +1e 2+ 1
Vai -1

with E/ = E;/My. Note that the decay width can be excluded from the integral because it is
independent of .
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5.2 Thermal Rate of Majorana Fermion Mediated Fermion Number
Violating 2 — 2 Scattering Processes

Considering the interaction term given in equation , besides the (inverse) decay, also scattering
processes violating the particle-antiparticle asymmetry of x and ¢ (y¢ — x°¢¢ and xx — ¢“¢°) are
induced.

The matrix element of the process xy¢ — x°¢° mediated by N; (s- and t-channel process) is given
by

M = it ity e (il (521)
Evaluating the spin sum
> Tr[RuS uly Ly oy, s) = Tr[R(ps — m3)L(gh + m1)] = 2(p1ps) , (5.22)

T8

the squared matrix element summed over all spins is given by

M3, (~t+2m2) [ (s +t — 203 ) + 4M3 T3,

> IMP? = ! 5 5 (5.23)
rs [st = M3, (s+¢- M3 + 1% )| + M3 TR, (540 -2M3)
Using equation , the reduced cross section, cf. equation (3.30)), is obtained:
2 2 i \ )
on,s(u /deNS u, x) /dx |§J§| ()\[u,ax,%}Qg +4ax> W
0 0
2u — Au, ay,ag]“5 —4)" + 16ar,,
( [ X ¢>] ) N; (5‘24)

[A[u, ay, ag)x + (2u — AMu,ay,ag]?L — 2+ arNi)} + ary, (2u — A[u, ay, ag)?Z — 4)2

The corresponding thermal rate vys can be evaluated using equation with m; = My, and
Umin = (/Gg + /Ay)*.

However, the resulting thermal rate has to be calculated numerically, which can be difficult when
the decay N — x¢ is kinematically allowed because in this case the s-channel propagator hits the
resonance. Furthermore, as discussed in section this resonant contribution is already taken
into account by the thermal rate of the (inverse) decay yn_.,¢ calculated in the previous section,
cf. equation (5.18). Thus, vy includes Yn—y4/2 [30], where the factor 1/2 appears because N can

decay into both x and x¢. To obtain a numerically stable formula for the subtracted thermal rate
(VR = Y5 — YN—x6/2), YN—yo can be rewritten using equation (D.19):

00 2

4 o0
YNy My, Ki(2) / 1 / Kl /
= d = d 5.25
2 43 TN T " (u—1)? —ary, 6471'4 TN (u,7) (5:25)
—00 —00 0
with
N |yz|4 2 2 1
O'N(U, x) 327 (A[la Ay, CL¢] T+ 40’X) )‘[17 Ax» a¢] (u _ 1)2 _ aFNi : (5'26)
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5.2 Thermal Rate of Majorana Fermion Mediated Fermion Number Violating 2 — 2 Scattering Processes

Consequently, the subtracted thermal rate can be expressed as

4 2 (Vag+y/ay)?
e My, /dx - / du 6 n(u m)Ll(z)
® 64md ’ z
0 —00
Vi K K My, >T [y, 4T
+ / du | Vuons(u, x)M —on(u,x) 1(2) Y ’3/’72 , (5.27)
z 8mOM,
(Vag+y/ax)? '
where the resonance is erased from the integral.
Moreover, the relation
2_umin 1
fdu= [ [fw+ 2~ w)]du, (5.28)
Umin Umin

can be used to subtract terms which are linear in « — 1. This simple trick can further suppress the
maximal value of the integrand by orders of magnitudes because terms which are linear in v — 1
multiplied with the resonance can be very large while terms of higher order in w—1 are unimportant.
This can be understood from the fact that the resonance scales with 1/(u — 1) for (u —1)? > ary, -
Finally, the integral up to umin can be solved analytically, cf. equation :

2 (Vagtyax)®
— [ dx du 6 N (u,x)

Kl(z)
— =—Ar /
z I

Ki(2) [2 arctan <(\/@+ \/@)2 _ 1) +7

ar .

7

0 —00

(5.29)

For the process xx — ¢“¢°, the matrix element (¢- and u-channel process) is equivalent to the matrix
element of y¢ — x°¢°, cf. equation (5.21)). Hence, the squared matrix element summed over all spins
becomes

AMR, (s = 2m3) [(m +m} —s/2 = MR )2 + MZ T,

IM? = [yi]* . (5.30)
; ! )\[(m?j +mi —s/2 = M5 )% (s — 4m3§)(5 —4m2)x? /4, - M3 T3 ]2
Using equation ([D.7]), the reduced cross section can be written as
1
r14 u—2,/a
na(u) = /dx’y” (u — 2ay) <1 - 4%’) Vu =2y
’ 47 u/ \Ju—2,/a,
-1
(@5 + ay 1= /2 + ar,, )
X : .
AM(ag +ay —1—u/2)%, (u — dag)(u — day)z? /4, —ary ]*’
so that the induced thermal rate is given by
o
My, Ky (vuz) My >T |y |'T°
= y d 6 _ " . 5.32
we= gy [ duvasww ey (5:32)

max[4ay,4ay]
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5 Introduction of Right-Handed Majorana Neutrinos

5.3 CP Violation in the Two-Body Decay of Majorana Fermions and
Thermal Leptogenesis

In section the two-body decay width of a Majorana fermion N into ¢ and x is calculated.
The corresponding thermal rate for not too large coupling constants (v’ < 1) clearly dominates
the interaction rate involving the Majorana fermion for the temperature region where it becomes
Boltzmann suppressed (My/10 < T < Mpy). Furthermore, the interaction rate involving the
Majorana fermion is most efficient in the same temperature region (I'/H(T) becomes maximal).
Cf. figure for an exemplary plot of the dominant thermal rates. Consequently, for most lepto-
genesis scenarios, the C'P violation induced by the two-body decay is the essential ingredient for
the generation of an L asymmetry. As was discussed in section the relevant quantity for the
generation of an asymmetry, cf. equation is

IMN—ol® = IMy_zoil? Tnoxe = Togat

5CP,N—>X¢> = (5.33)

IMuoxsl? + IMiogot? Tnoxe + Tioget
As can be deduced from equation [2.132] at least two Majorana fermions decaying both into at least
two different final states, where at least two of the decay products for both Majorana fermions must
be equivalent, are required to obtain a non-vanishing CP Violationﬂ For this reason, in the following,
a model with multiple Majorana fermions NV; decaying into a scalar boson ¢(x) and non-Majorana
fermions ; is considered. In principle also multiple scalar bosons can be considered. However, this
only induces an extra sum over all scalar bosons and does not change the given results relevantly.

N; Xi

NN/XWQXm/Nﬂ

X2

Figure 5.1: One-loop corrections to the Yukawa interaction term ygjﬁx(x)ngT(aj)‘I/N(m), where the

left diagram with ¢f(z) as final state only contributes when ¢(z) is a real scalar field.

As discussed in section due to the unitarity of the S-matrix, only C'P violation of processes
involving fermion number violation can induce a non-vanishing particle-antiparticle asymmetry. Such
a source of fermion number violation are Majorana fermions where the energy eigenstates can decay
into both, particles and antiparticles. This can be seen by considering one-loop corrections to the
Yukawa interaction term jﬁx (z)pT (2) TN (), cf. figure which are all proportional to y;,, Yy, Uy,
so that the induced C'P violation becomed]

Scp o< Y F(My,, My,,) Tm[yh, yrmn i 9i5) (5.34)

m,n

2Note that this statement is also valid for C'P violation induced by vertex loop corrections which is not considered
in section

3Note that all other complex phases arising e.g. from including the decay widths of M. ~; and My, are C'P-even
phases.
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5.3 CP Violation in the Two-Body Decay of Majorana Fermions and Thermal Leptogenesis

implying that summing over all non-Majorana fermions (j) the total amount of particle-antiparticle
asymmetry produced by the decay of N; vanishes. Note that this statement is only valid at one-loop
order. In contrast, e.g. considering two-loop corrections, the C'P violation becomes

5CP X Z f2 (MNN MNn1 ’ MNng ) Im[y’gmzy’:;kzm2y;2m1 ygl’ﬂu y’;lgjy’g] ? (535)

mi,m2,n1,n2

which in case of considering at least three different right-handed Majorana neutrinos does not vanish

when summing over all j.

N¢ N (,") X N¢ Xon Xj

7
I I \ I
SN I¢ I¢T SN I¢

Figure 5.2: One-loop corrections to the Yukawa-like interaction term ~ W, (z)¢f(z)W% (). The
left diagram considers NN;-N,, mixing at first order, the center diagram considers v;-v,

mixing at first order, and the right diagram shows the one-loop vertex correction. The
center-loop correction with ¢f(z) as final state only contributes when ¢(z) is a real scalar
field.

Thus, to obtain a total amount of C'P violation at one-loop order interference with a Yukawa-
like interaction term ~ W, (z)¢f(2)¥% (x), being allowed due to the Majorana mass, need to be
considered, cf. figure In this case, all loop contributions are proportional to y

/%

m y':zm y’;],j so that

the induced C'P violation becomes

Sop o< Y g(My,, My, ) Im[yi, yhm i) (5.36)

m,n
which does not vanish when summing over all final states.

Consequently, to obtain the particle-antiparticle asymmetry induced by the decay of the Majorana
fermion, the interference of the tree-level decay with the loop induced decays shown in figure [5.2
have to be considered. Because here leptogenesis is studied, from now on right-handed Majorana
fermions N; decaying into a Higgs doublet H and lepton doublets ¢; are considered. In this case,
H only corresponds to a real scalar field after EWPT, implying that the center diagram shown in
figure does not induce C'P violation before EWSB.

In the case of not very strongly degenerate masses for the Majorana fermions (E; — E; > I'; — T'j),
the amount of C'P violation originating from the decay width induced mixing between right-handed
neutrinos can be calculated perturbatively in orders of N;-N, mixing. At first order in the mixing,
cf. left diagram in ﬁgure the resulting C'P violation ignoring thermal corrections is given by [17]

MNZ'MN” Im y;myimy;jyij

gave ’ _ 1
P,N;— jH - 2 2 12
87 mzn -« MR, — M3, |yis]

, (5.37)

where My,, My, > my, + mpy is assumed, n sums over all other Majorana fermions, and m over
all decay products. Furthermore, using the same approximation, the C'P violation originating from
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5 Introduction of Right-Handed Majorana Neutrinos

the vertex loop correction, cf. the right diagram in figure is determined by [17]

My, Im [yzmyimy;ijyij} [1 (M]%i+M]2Vn>l (M]%,,JFM]Q\, )]
| e [ 2 e

Jrertex _ i Z
CPNi~GH = g

i VAN |yij|? My, M,
My,>My, 1 My, Im [yﬁmyimy;jy”] (5.38)
16w <= My, |yij|? .

As expected, in case of closely degenerated masses (|My, — My, | < My;,), the CP violation is mainly
determined by the wave contribution and can in principle be sizable even when small couplings are
considered. However, in the typically considered case of hierarchical masses My, > Mp;,, both
contributions are relevant and the total amount of C'P violation becomes

EN, = =—— , .
> (UNisgn ATy g ) 16w 2= M, 3o [yl
3My, 1 |Ynm¥ivimyis| _ 3My, (Y |Ynj | |Yim ||Yi;]
= len,| < i < i . (5.40)
167 m%;#z My, >k lvikl? 167 m%;# My, >k lyinl?
Next, using
S il gim] <3~ lnm Pyl (5.41)
7,m 7,m
and equation (5.10)), the upper bound on the C'P violation can be written as
3My, [Ynm|? _ 3Mn, I
< — < L 5.42
m,n#i n J
Finally, using
0126V = 3 (ml)j; = /AmZy, +/AmZ, ~ 0.06 eV, (5.43)
J
cf. equations and the upper bound on the C'P violation becomesE|
My,
len,| S 220 % 10716 (5.44)

GeV

Considering for simplicity only the thermal rate induced by the two body decay (71%)’ the Boltzmann
equations describing the time evolution of the number density of N;, cf. equation (3.17)), is given
by

dYn, ’Y]e YN,
L= — : = —1 5.45
“dz H(T)s (Y]f,? ’ (5.45)

4This upper bound coincides with the value given in the current literature, cf. e.g. reference [6]
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5.3 CP Violation in the Two-Body Decay of Majorana Fermions and Thermal Leptogenesis

while for the B — L asymmetry, cf. equation (3.26]),

dup—r, 6’711\?. Y, .
= | = L—€eN; | —eq — 1 th > A4
dz H(T)T3 Oé,B/LB L EN; Y;:,? w1 a>0 (5 6)

is obtained, where the number densities of the decay products (¢; and H) are assumed to be in
thermal equilibrium and the non-trivial prefactor « considers the shift of the produced B — L
between different degrees of freedom induced by SM processes. A detailed analysis of the obtained
Boltzmann equations shows that the produced B — L asymmetry generated by the C'P violating
decay of N; is at least roughly one order of magnitudes smaller than |ey,|, cf. e.g. reference |11].
Thus, |en,| ~ 1076 and, consequently, My, > 10'° GeV are required to generate a B asymmetry of
the observed size, cf. equations (4.18) and (4.20)).

Note that this statement is only true if a vanishing initial abundance for N; is assumed. In
contrast, considering a thermal initial abundance, the decay width of N; can be chosen to be so
small that the corresponding thermal rate remains significantly below the Hubble expansion rate
for all temperatures. As a consequence, N; simply decays when the temperature falls significantly
below Mp;, i.e. the age of the universe becomes comparable to the inverse of the decay width. Using
this initial condition, |up_r/€en;,| ~ 1 can be achieved, cf. e.g. reference |11}, and, consequently,
My, 2 10° GeV is required to generate a B asymmetry of the observed size. However, other
processes producing the thermal abundance of N; at higher temperatures are needed.

Note that in order to fulfill the out-of-equilibrium condition, while still maintaining a sufficiently
efficient thermal rate resulting in a maximal ratio for |up_r/€n;,|, the decay rate should at maximum
be of the order of the Hubble expansion rate, cf. reference |11]. Using equations and (5.17),
this leads to the condition

6N, e H |yii]? 1 , 100 .
LA i < J = Iyi Iyi 5.47
zj: H(T)T% ~ & 8wAuMy,  4mAq? ;(m”)ﬂ 0120y 2 (M) = 1 (5:47)

J

where (m,{);k are the active neutrino masses induced by N; by the type-I seesaw mechanism,
cf. equation , and an additional factor of two arises in the decay width since the decay into
doublets is considered here. Thus, the contribution of N; to the active neutrino mass can still be
sizable (~ 1073 eV). Furthermore, the contribution to the active neutrino mass can be larger if My,
significantly above 10! GeV are considered. In this case, larger values for |ey,| are possible and, for
this reason, a less efficient asymmetry generation (smaller |up_r/en;|) is sufficient to explain the

observed B asymmetry.
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6 Investigation of an Extended Higgs Sector With Focus on
the Inert Higgs Model

In section the Higgs mechanism basing on the concept of SSB was introduced. There, only
the most simple case of having one scalar field transforming non-trivially under a certain gauge
transformation was discussed. However, in general, also multiple scalar fields can be introduced,
resulting in an extended parameter space. This extended parameter space e.g. allows for an altered
dynamic of the EWPT and additional sources of C'P violation, which are both required for electro-
weak baryogenesis, cf. section[d.2] Moreover, the additionally introduced scalar particles may include
a DM candidate. Because in this thesis, the focus is on DM, a simple extension known as inert Higgs
model is investigated in more detail. This extension is of special interest because it not only includes
a DM candidate but in combination with right-handed neutrinos — known as scotogenic model — also
allows for a radiative generation of the active neutrino masses which are suppressed compared to the
active neutrino masses induced by the type-I seesaw mechanism. As a consequence, larger Yukawa
couplings of the neutrino sector are allowed without being in conflict with the Planck bound on the
sum of the active neutrino masses, cf. equation (C.7)).

Considering e.g. an extended Higgs sector with m complex SU(2), Higgs doublets (¢;, . . . ¢,) which
all carry the same hypercharge (Y, = Yy = 1/2), the corresponding Lagrangian is given by

m

=5y [(Du¢i)T (D" i) = yipp Vs W pr — y;ff/\pf’QS;r\I’f — Vin(z), (6.1)
i—1

where the m Higgs doublet potential in the most general form can be written as

m i—1
Vin(2) =) [m%wl 6+ 2 (6]67 + Y <A3,ij(¢j 60) (9105) + My (8167)(0]61)
i=1 j=1

M5
#2528 (ol + (6J6] + (4 das(0]6) + Mo (6o )elos +ofon )| 62)

If the potential has a minimum at (¢;) # 0, once again the SU(2); x U(1)y symmetry of the SM is
broken and three of the four gauge bosons become massive:
2 2 12
9~ 9 g +g 02

2 2
miyy+ = =07, my = 1 ,

1 and ma =0, (6.3)

with the VEV v? = 3 (q§i>2. Furthermore, three degrees of freedom of the Higgs sector corresponding
to the Goldstone bosons become unphysical.

In following, the inert Higgs model is investigated and experimental constraints are discussed, cf. sec-
tion Afterwards, in section the scotogenic model — an extension of the inert Higgs model
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6.1 The Inert Higgs Model

including right-chiral Majorana neutrinos — where the active neutrino masses become loop induced
is introduced. Finally, in section thermal corrections to the effective Higgs potential leading to
a restoration of the SU(2)p x U(1)y symmetry are discussed and the temperature dependence of
the inert Higgs potential is investigated in detail.

6.1 The Inert Higgs Model

The inert Higgs model is a 2HDM (m = 2) where the additional Higgs doublet ¢ transforms
non-trivially under an imposed Z symmetry (¢(x) — —¢(x), odd transformation), while all SM
particles including the SM Higgs doublet H transform trivially (H (z) — H(x), even transformation).
Consequently, the Yukawa interaction involving only SM particles and ¢ vanishes, implying that the
masses of the SM fermions are determined by

m?c = yj% (H)? . (6.4)

Furthermore, the imposed Z5 symmetry simplifies the Higgs potential to

Vinert () = mz H' (z) H(z) + m3o" (2)d(x) + %[HT(@H(@“)]Q + %W(fﬂ)ﬁb(x)]z
+ A3 [H () H(2)][6" (x)$(2)] + Ma[H (2)p(2)][¢' () H ()]
A5

+ 5 (H @o@) + [0l @) H@)?) - (6.5)

For the vacuum to be stable, a finite VEV has to globally minimize this Higgs potential, which, at
tree level, leading to the three conditions

M>0,  A>0, and A +Xy? +2\30yl +2M+A5)y >0 VyeR. (6.6a)

To constrain Az, A4, and A5, the left side of the third condition has to be minimized in y, whereas
the boundary conditions (y — 0 and y — 400) are satisfied by the first two conditions. Because
of the absolute value appearing in the third condition, all cases (A3 >0 V A3 < 0 and \y + A5 >
0 V A4+ A5 <0) have to be considered individually which all lead to the condition

‘)\4+)\5| <A/ AAg + A3 (6.7)

Thus, to obtain a potential that is stable at tree level, A3 is not allowed to take on negative values
smaller than /A1 A2. Moreover, Ay and A5 can be further constrained by demanding the conservation
of the same charge for both VEVs, leading to the conditions A5 < 0 and A4 + A5 < 0.

Next, to calculate the VEVs of (H) = vy and (¢) = vy, the inert Higgs potential has to be minimized,
leading to the conditions

A A

<m11 + ?11)%{ + ?;151);) vg =0, (6.8a)
A A

<m22 + gv; + 3245@%1) vy =0, (6.8b)

83



6 Investigation of an Extended Higgs Sector With Focus on the Inert Higgs Model

with A345 = A3 + A4 + A5. For non-vanishing VEVs, it is useful to rotate the fields:

¢1(x) = H(z)cos f+ ¢(z)sinf, (6.9a)
¢o(x) = —H(z)sin 5 + ¢(z) cos 3, (6.9b)

with
tan § = Z—z . (6.10)

Using this redefinition, only ¢; obtains a VEV. Next, to obtain the mass eigenstates, it is useful to
start from

ips(x) + Ho(z)cp + do(x)sp + v
be) = L ( () + ina(z) ) | (6.11b)

o) = L ( p1(2) + ipa(2) ) | 611

in3(x) — Ho(x)sp + ¢o(z)cp

where the abbreviations v = , /v%{ + Ui, cg = cos 3, and sg = sin 3 are used.

Evaluating the mass matrices for (¢;,n;) and making use of the conditions and , it can
be seen that the masses of the Goldstone bosons @1, @2, and @3 vanish while the masses of 11, 79,
and 73 are given by

A A3+ A — A
772727172 = mi + ?31;2 and m7273 = mi %1)2 for vy 7& 0OA Vg = 0, (6.123)
A A3+ A — A
m%m = m%[ + ?31)2 and m?]d = mlzq + %02 for vy =0Avy #0, (6.12b)
Ayt A5
m7271,2 T 9 v? and m7273 = —\s0” for vg 0 A vy #0. (6.12c)

Moreover, the mass matrix of Hy and ¢ is only diagonal if either vy or vy vanishes:

A3+ AL+ A
m%fo = M\ 02 mio = mi wzﬂ for vy # 0, (6.13a)
Ag+ A4+ A
m3, = Xv?  mi, =mi + %# for vy # 0. (6.13b)

If both vy and vg are non-zero the eigenvalues of the mass matrix are given by

v? 2 2 2 2
5 ()\165 + Aasj & (Alc% - )\25%) +4 A3+ A+ As5) c%s% , (6.14)

where the particle with a larger mass is called H and the lighter one h. It is further common to
define

tan(a) = 2cgs8 (A3 + A4 + As) / ()\10% — )\28%) , (6.15)

so one can write Hy = hcosa — H sino and ¢g = hsina+ H cos . Note that using this convention,
in the case of vy = 0 or vy = 0, h corresponds to the remaining physical component of the broken
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6.1 The Inert Higgs Model

field, while H corresponds to the real electrical neutral component of the unbroken field.
For a more detailed discussion of the 2HDM, the interested reader is referred to e.g. reference |10].

Considering the case where only H takes on a non-vanishing VEV, the inert Higgs model contains
the DM candidate ¢¢ = H. For that, H has to be the lightest component of ¢:

A3+ A+ A5 A3

m%, = m?b + fqﬁ < m%i = m%m = m% + ?vz ; (6.16a)
A3+ A+ A5 A3+ A — A5

m%[ = m% fﬁ < m7273 = mé + fUQ, (6.16Db)

requiring As < 0 and Agy + A5 < 0.

Demanding that H individually is responsible for the observed relic DM density, cf. equation ,
the parameter space can be constrained further. Due to the imposed Zs symmetry, the decay of all
components of ¢ is forbidden as long as ¢ remains unbroken (vg = 0). Consequently, only pairwise
annihilation processes can change the total number of H, meaning that the corresponding Boltzmann
equation can be in general written as

2
dY; 1 Y: Y; Y,
H i i n

=— o S 1Sy A Zm ) 6.17

S H(T)s VHH-... ( ng) + i Vin—... Ylgq Y, ] (6.17)

Similarly, Boltzmann equations for 1; are obtained. However, the masses of H and 7; are degenerate
before and almost degenerate after EWSB, meaning that their distribution functions can be assumed
to be equivalent. Thus, four equivalent Boltzmann equations are obtained:

2
de{ “Yannihilation Yf{
= — -1 1
Tz H(T)s YI?Iq ’ (6.18)

with qu = 45/(47g5) 22 K2(2). The thermal annihilation rate (Yannihilation) has been calculated in
equation ({3.42)) and the appearing reduced cross section is taken from reference [28]:

R 1 [3 1
O annihilation = 32771_ 592 + 3929/2 + 59/4 + (2)\3 + )‘4)2 + 3>‘421 + 6)‘§ ) (619)

where only annihilation processes into lighter particles are considered.

According to reference [42], the relic density resulting from a time evolution of the considered form
is given by

3 x 10727 ecm?/s
Qph? ~ o) : (6.20)

with the thermally-averaged annihilation cross section multiplied by the relative DM velocity (ov).
In the considered case, (ov) can be approximated by [2§]

6—annihilation &annihilation —24 3
(ov) =~ R~ x 1.5 x 10" **cm”/s. (6.21)
Sm?{ (mg/TeV)?
Consequently, the resulting condition
Mz \ 2 .
(Tej\{/'> ~ 500 G annihilation Qf{h2 5 (622)
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6 Investigation of an Extended Higgs Sector With Focus on the Inert Higgs Model

allows to express my as a function of A3, A4, and A5 by demanding that the observed relic DM
density, cf. equation (C.8), completely consist of H. Furthermore, assuming A3 = Ay = A5 = 0, this
sets a lower bound of (560 + 50) GeV on mﬁﬂ

Besides the observed relic DM density, the parameter space of the inert Higgs model is further
constrained by various experiments. Independent of H being a DM candidate, collider experiments
constrain mg + my, > mz and mg + my=x > my from measuring the decay width of the Z boson
and the W+ boson. Furthermore, for m i < mn/2, A3+ Ag + A5 can be constrained from invisible
decays of the SM Higgs boson. However, considering larger values of mp, in collider experiments,
H can only be observed as missing transverse momentum where the current measurements do not
put any further constraints on the parameter space of the inert Higgs model.

On the other side, assuming H to be responsible for the observed relic DM density, direct detection
experiments set limits on the DM-nucleon cross section. For the inert Higgs model, H at tree level
only scatters with nucleons via exchange of a Higgs boson. The corresponding spin-independent
cross section is given by [15]

2 I% my
osr = (A3 + A+ As) py— -
Tmy (my +mg)

5 5 (6.23)

where my is the nucleon mass (my ~ m, ~ m, ~ 940 MeV) and fy the Higgs-nucleon coupling
which can be estimated by fy & 0.30 [15] so that

2 m g >>my, T 2
TSI A (A3 M+ A5)" a2 ™2 (A3 + A4 + As)? e\; x 10~ *cm? (6.24)
T (M mg/mp)? m%

is obtained. Comparing this with the constraint from XENON1T’s direct search at 90% CL [4],

osr S 10_45%(:1112 for my 2 50 GeV, (6.25)
the condition
1 /rmg\2
A+ A+ As)? < 7( H ) 2
(Az +Ag+ As) S 10 \Tev) (6.26)

is deduced. Combining this limit with the condition arising from requiring the production of the
observed relic DM density, cf. equation (6.22), the allowed parameter space for A3, A4, and A5
becomes restricted.

Moreover, H can also scatter inelastically via Z boson exchange with nucleons when the mass
difference to 73 is sufficiently small. In reference [43], a lower bound for the mass difference of
roughly 200 keV is foundEL resulting in a lower bound on As:

A 2 -
Mgy — M A — Tz” >9200keV = |As|>3.3x % x1076>2x 1076, (6.27)

~

H

Mn reference [28] a lower bound of 530 GeV is found but it seems that the gauge coupling dependence of Ganninilation
has not be considered correctly in the given form of (ov), cf. equations (C8) - (C14) in reference [28|

In reference [43] considers data from XENON100’s direct search. However, the given lower bound on the mass
difference does change significantly when considering e.g. the current data from XENON1T’s direct search because
it is not limited by experimental sensitivity but the maximal kinetic energy of the DM particle
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where mz 2 560 GeV is used. In principle, a similar lower bound on |A\4 + A5| can be found from the
requirement of not too small mass difference between H and nT. However, considering the one-loop
RGE of the Higgs self couplings of the inert Higgs model, cf. equation a lower bound on A4
is not very relevant because it can only become so small in a very narrow energy scale region. In
contrast, the RGE for A5 is always proportional to A5, implying that A; cannot only be chosen to
be small at one specific energy scale and the limit becomes relevant.

6.2 The Scotogenic Model

In 2006, Ma suggested an extension of the SM called scotogenic model [54] including the inert
Higgs model and right-chiral Majorana neutrinos which also transform oddly under the imposed Zs
symmetry. The Lagrangian is given by

L(x) = Lsmlmy=r=0(z) + (D"¢(2))! (D¢ (x)) = Vinert ()
£ 30 [ @)d (@) = 3 (T, (@06 (@)W, (2) + (015) Ty ()0 (2) e, ()

J
My,

5 (7°,5(2),2(2) + T, (2)W2n(2)) | (6.28)

K3

with Lgns being defined in equation (A.92) and Vipert () being defined in equation (6.5]). Furthermore,
demanding that only the SM Higgs doublet obtains a VEV while the new Higgs doublet remains
unbroken ((H) = v and (¢) = 0), the two Higgs doublets become

1 0
H(z)=— <h(x) N v) and (6.29a)

1 (m@ @) _ 1 (Ve
"= <ﬁ<x> +m3<a:>> V2 (H(:c) +mg(m)) ’ (6.200)

where Goldstone bosons are ignored. The masses of the single components of ¢ have been calculated
in the previous sectionﬂ

2
My= = mg, + 2V (6.30a)
A3+ A — A5
My, =M} 5 2 (6.30D)
A3+ A+ A
mg = mi + %ﬁ . (6.30¢)

Since ¢ remains unbroken, the active neutrino masses in the scotogenic model are not produced by
the type-I seesaw mechanism but become only loop induced. Thus, the resulting Majorana masses

5Note that the VEV is defined differently in reference [54], so that v has to be replaced by v?/2 to match the
definition used in this thesis.
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6 Investigation of an Extended Higgs Sector With Focus on the Inert Higgs Model

for the active neutrinos are now determined by [54]E]

/ 2 2 2 2
Sy NSy N W) VM [ i M Mg
()i = Z(m Si= 2 g mZ — M3, R VP v R VS

2\42 m2 m2 m?

Jk H H n3
- 1 - . (631
Z 167202 (mz — A[]Q\fi 1 A[ZQVi m2, — _;\[2 ZO‘S jk (6.31)

with (m ) being the type-I seesaw mass induced by N;, cf. equation (5.10]). In case of

m2 + m? A3+ Mg
m%—m = \sv? <<m0:Hfm:m3>+TU2’ (6.32)

this expression simplifies to

. A M?2 M2
aly 1= N, =\ N n mg (6.33a)
1672 mo My mO—MN My,
MNi>>m0 A5 MN
2 2In N . 6.33b
> 1o ( 1) (6:530)

As a consequence, Considering e.g. mg ~ TeV and My, ~ 1012 GeV, (mf );k is suppressed by
aly ~ X5 /4 compared to (m ) 1> cf. ﬁgure

0.37 >
02 ]
= L ]
S L i
I d

O I | I | I | I | I
102 1 10° 10* 10° 108 10%
Mn./Mo
Figure 6.1: Suppression of the active neutrino mass generated in the scotogenic model compared to

the active neutrino masses generated by the type-I seesaw mechanism. The suppression

is shown normalized with respect to proportionality factor A5 and in dependence of the
determining mass ratio My, /my.

6.3 Thermal Corrections to the Effective Higgs Potential

In this section, the influence of a matter density pmat on the EV of the Higgs field is investigated.
Like in classical mechanics, a quantum field ¢ takes on an EV (¢) that minimize the energy density

“Note that there is a missing factor 1/2 in the original paper — see e.g. version 1 of reference [56|.

88



6.3 Thermal Corrections to the Effective Higgs Potential

in the state of equilibrium:

1 A
pp = o (FIHF) (6:34)

with H being the Hamiltonian. Assuming that the mass eigenstates in dependence of the EV and
the temperature are known (E;(k)? = k% + mZ; ), cf. section the contribution of the effective

free Hamiltonian is given byﬁ

Nyot

3 -
% < eff free> V:cree level T Z / (;i,]_(];:;El(k) <fl(ﬁ) + ;) ) (635)

where ¢ runs up all degrees of freedom and is +1/2 for bosons and —1/2 for fermions.

The divergent contributions are absorbed by renormalization. However, this subtraction is non-
trivial because thermal loop corrections to the divergent loop corrections need to be considered as
well to cancel the divergences in equation (|6.35)). Thus, the part of equation (6.35)) which is already
considered by the renormalized potential is dimensional regularization (d = 4 — €) given by

4 2 4 2
Mg ; Ao(mg ;) Megs [ 2 my
: i+ i 2 41— A 6.36
64w m2, 6anz (¢ AT m (6.36)

with the Euler-Mascheroni constant v ~ 0.577 and m%’i is the mass of the particle i in the vacuum,
implying that the effective potential in the vacuum in the minimum of the potential is equivalent to
the tree-level potential. Subtracting this, the effective Higgs potential becomes

Nyot 3 4 2
d k efﬂi meff,’i
Verr = tree level T Z / E;i(k )fl( ) 6472 In 2 : (6.37)

my;

Next, when considering thermalized systems, the distribution functions are not independent of the
particle masses. However, the EV takes on the value that minimizes the energy density for constant
distribution functions. To circumvent this issue, e.g. the derivative of the effective potential with
respect to the EV can be considered instead:

d%ff dv;:ree level d3k dE ) 1 d mif“ mgff’i
p Z / filk) £ -5 n 2, ) (6.38)

5Note that an EV being constant in space is assumed for deriving the potential in this form. However, during EWPT,
the field breaks in different directions at different spacetime points. Consequently, an additional energy density
from the non-vanishing field gradient is obtained. However, this energy density does not change the shape of the
potential. For this reason, only the dynamic of symmetry breaking changes slightly because the energy stored in
the field gradient has to be smaller than the energy gained by the shift of the field EV to the minimum of the
potential. Hence, the symmetry breaking process is slightly delayed because a smaller field gradient implies a larger
correlation among field values in space. Moreover, it should be mentioned that the field gradient for spontaneously
broken continuous symmetries flattens with time so that it is observed to be constant on very large scales. The
reason for that is that, in contrast to a discrete symmetry where there are distinct minima separated by potential
barriers, the field value at each spacetime point is in the minimum of the potential. Only the direction of symmetry
breaking varies, implying that flattening the gradient gains energy.
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6 Investigation of an Extended Higgs Sector With Focus on the Inert Higgs Model

With this, the EV minimizing the effective potential can also be calculated for thermalized systems
without difficulty by setting the derivative of the effective potential equal to zero. However, to
ascertain whether the obtained minima of V,g are stable or not, Vg has to be calculated using the
distribution functions thermalized in the minimum. Furthermore, for unstable minima, the effective
potential calculated in this way can be used to determine the tunneling probability to a another

minimumﬁ

Thus, either considering an effective potential with only one minimum or an initial state in a
minimum that is stable on the considered time scales, equation can be used to investigate the
temperature dependence of the EV (e.g. for the expanding universe). Furthermore, to obtain the
typically investigated well-known form of the effective Higgs potential, equation is integrated
over v, including the thermalized distribution functionsﬂ [16, 67, 20, |66]:

4 2
1[1 ( Bk T)} i [ =) | (6.39
/ ntFep (CEW/T) ]|+ g | e (6:39)
where the solution of the remaining momentum integrals are usually series expanded in powers of
meg,; /T, cf. equation (D.10].

Note that for the Higgs boson, here, the full EV induced mass term (m% = 3)\/2v%+m?%) needs to be
considered. However, this causes problems considering an EV corresponding to a negative mass of the

Naot

[ dVe
/dvl d;/ tree level T Z +

Higgs boson. To circumvent this problem, at least in the minimum potential, thermal corrections
to the Higgs boson mass need to be considered, cf. e.g. reference [14]. However, these thermal
corrections are basically equivalent to the corrections to the effective Higgs potential, implying that
the Higgs mass in the minimum of the potential is still determined by Av?. Thus, the issue of
negative Higgs masses can be circumvented by using m,zl = \ov? for the evaluation of the distribution
functions in equation . To compensate the altered v? dependence when using m% = \v? for
the calculation of the effective potential in the common form, cf. equation , the Higgs boson
has to be counted as 3/2 degrees of freedom.

Finally, to calculate the effective Higgs potential, it has to be decided which degrees of freedom are
to be summed over. The intuitive answer would be all observable ones especially relating to the
thermal contributions because only these degrees of freedom are present in the state vector of a
thermal system. However, in references [20, 66|, it is argued that also unphysical degrees of freedom
such as unphysical gauge boson polarizations, Goldstone bosons, and ghosts need to be considered
as part of the sum. Intuitively, one would expect that the contributions from unphysical degrees of
freedom cancel out when they are considered properly. However, comparing the effective potential
calculated in R, gauge with the result form unitary gauge, the altered mass of the Goldstone boson
outside the minimum of the potential (m?@ = &m? + A(v? —v2,)) give rise to extra terms — even in

min
the limit & — oo — which on the other hand are absent in unitary gauge.

50ne should keep in mind that the resulting EV after the tunneling process slightly differs from the value given by
the calculated Veg because the distribution functions change when the system thermalizes again.

"Note that the density-dependent part of the given effective potential coincides with the grand potential density,
cf. equation , being minimized by the equilibrium state for constant temperature and constant chemical
potentials.
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6.3 Thermal Corrections to the Effective Higgs Potential

The argument for trusting the R¢ gauge result given in reference [20] is that the unitary gauge
Lagrangian does not correspond to a renormalizable theory and that for this reason higher-order
loop corrections are expected to remove the discrepancy. A similar argument can also be found in
reference [66], where it is stated that only the effective potential in the renormalizable gauge can be
used to study symmetry breaking.

Considering the SM Higgs sector, the matter density needed to substantially change the effective
potential is so large that the effects are mainly of interest in the very early universe (T' 2 GeV).
As discussed before, at this stage of the universe, all SM particles are in thermal equilibrium.
Furthermore, for calculating the effective Higgs potential, it is convenient to only consider degrees of
freedom which couple strongest to the EV. This means that for the SM, photons, gluons, and light
fermions can be neglected to a very good approximation. Thus, in case of only considering physical
degrees of freedom, one is left with three degrees of freedom for each the massive gauge bosons (W*
and Z°), the Higgs particle, and the twelve degrees of freedom for the top quark:

3N 9g% + 3¢ 2\ 12
~ — = —°. A4
Vi~ Vo (B4 g2 T (6.40)
Moreover, also taking into account the contribution from the three Goldstone bosons, the Re-
gauge result, which is used to approximate the temperature dependence of the EV in this thesis, is
obtained:

T

9 2 3 12
W9, 3y2> 7 (6.41)

VeICfNVO-i-<3/\+ 1 t
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7 L Violation Assisted GUT Baryogenesis

As was discussed in the section many GUT baryogenesis models have the problem that the
produced B asymmetry conserves B — L, meaning that the produced B asymmetry is completely
washed out by sphaleron transitions. Consequently, these models need an additional source of
B — L violation, securing a part of the produced B asymmetry before sphaleron transitions become
efficient.

A simple extension of the SM, inducing B — L violation in the region of interest 10'' GeV <
T <101 Ge\/ﬂ are right-handed Majorana neutrinos (), cf. chapter |5, In light of GUTs, right-
handed Majorana neutrinos can be introduced as singlets under SU(5)guT or embedded into the
16-dimensional representation of SO(10)gur. This interplay of GUT baryogenesis, L violation —
induced by right-handed Majorana neutrinos —, and sphaleron transitions was first suggested in
2002 by Yanagida und Fukugita [27] but no detailed analyses were made. In my master thesis [74],
this idea was further investigated and the Boltzmann equations for a simplified model including
one right-handed Majorana neutrino were solved, but L-violating processes were only partly taken
into account. In the following, this analysis is significantly improved and the model is extended
to a more realistic case involving two right-handed Majorana neutrinos to be able to explain the
phenomenology of neutrino oscillation. Furthermore, additional L-violating processes, which become
relevant when the decay involving right-handed Majorana neutrinos is kinematically forbidden, are
included in the Boltzmann equations. This work has been published in collaboration with Wei-Chih
Huang and Heinrich Pés, cf. reference [40]. Subsequently, an extended Higgs sector is investigated
for being able to explain both the observed B asymmetry and the observed DM relic density. The
results are published in reference [39].

However, before starting with the detailed discussion, it should be mentioned that the calculation
methods used in references |40, 39] have been significantly improved after publication and some
conceptual mistakes have been corrected. The most important differences will be discussed at the
respective places.

In the following, in section the Boltzmann equations for the time evolution of the B and
L asymmetry involving sphaleron transitions and L violating processes induced by right-handed
Majorana neutrinos are derived. Afterwards, in section the general setup and methods which
are used to solve the Boltzmann equations are discussed. Finally, in sections[7.3]- three different
scenarios are investigated in detail and numerical results for parameter scans are shown.

!The region of interest w.r.t. the temperature lies above the scale where sphaleron transitions become very efficient,
cf. region IV and V in figure but below the scale where the GUT symmetry is expected to break down to the
SM.
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7.1 Interplay of Sphaleron Transitions and L Violation Induced by
Right-Handed Majorana Neutrinos

As discussed in chapter [4] the essential ingredients for the Boltzmann equations of B and L are
the rate of B violation induced by sphaleron transitions and the thermal rates of additional B-
and/or L-violating processes. The details of sphaleron transitions have already been investigated
in section For the rate of L violation induced by right-handed Majorana neutrinos, different
processes which are efficient at different temperatures need to be considered. First of all, there
are two-body (inverse) decays involving a right-handed Majorana neutrino, a lepton doublet, and
a Higgs doublet, cf. section These processes are expected to dominate the rate of L violation
within the temperature range where the (inverse) decay is kinematically allowed, the mass of the
decaying particle is sizable compared to the temperature, and the density of all involved particles is
still sizable (My 2 T 2 Mx/10). The corresponding thermal rate is given by

= {WN%H = 27Nax¢\mN—>MN,mX—>mei,m¢—>mH Mpy; > mg; +mu ’ (71)

TH-NE = 27¢*>NY‘mN_>MNZ‘7mX_>mZi’m¢_>mH mpy > My; +my,

with Yy y¢ and v4 Ny being calculated in equations and . Note that the additional
factor of 2 for the thermal rates appears because the decay into doublets is considered. Furthermore,
the calculation of the thermal decay rate — being dominant in the most relevant region (Mpy/10 <
T < My) — is improved by using the Fermi-Dirac and Bose-Einstein statistics instead of Boltzmann
statistics, cf. equation . Note that, at least in the SM, the case my, > My, +mp is not fulfilled
for the temperatures of interest, cf. figure

However, for temperatures where the number density of the right-handed neutrino is already strongly

Boltzmann suppressed (T' < My /10), the dominant L violation comes from the scattering processes

exchanging a right-handed Majorana neutrino: ¢;H < (;H' and ¢;¢; <> HYHT Jlil; <> HH. In case

of My > my, + mpg, the resonant contribution from the s-channel diagram has to be subtracted

because it is already taken into account by yn_.¢, i, cf. section The corresponding thermal
sub

equilibrium rates Y{'s = Yn,s — YN, /8 and v of these processes violating L by two units have

been calculated in section cf. equations (5.27) and (5.32). Note that here, yn_ s, z7/8 instead of
YN, 1 /2 is subtracted because of the additional factor of 2 in the decay width.

Finally, in the region where the temperature become large compared to the Majorana mass and
especially in the region where the decay is kinematically forbidden — neither My, > my, + mpg nor
mp > My +my, is fulfilled — also 2 — 2 scattering processes with a right-handed Majorana neutrino
and a lepton doublet as external particles become relevant. Accordingly, the relevant processes
are given by (;N < Q3Us (vu,s), tiQz <+ NUs (vmy,), tiUs <> NQs (Vau,), LiN < H*A (vas),
UiH <+ NA (yay, ), and 4;A <> NH* (ya4,). For the corresponding reduced cross sections, the results
from reference [30] are usedﬂ where the small mass difference between the thermal masses of my,
and mg,, cf. figure is neglected to approximate vy, = VHt, := YH,- Note that all other 2 — 2
processes with a right-handed Majorana neutrino as external particle involve subleading Yukawa

2In the reference, the other relevant thermal rates are given as well but the result for 7?\]“}; slightly differs from the

exact result calculated in this thesis. For all other thermal rates, the results from the paper were confirmed.
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interactions. Hence, their thermal rates are strongly suppressed (yg, y? < g%,¢"%, y?) as long as the
processes considered before are not kinematically suppressed, which is only the case after EWPT
when the temperature drops below the top quark mass.

Thus, using equation (3.35]), where the thermal rates for the back and forth processes are assumed
to be equivalent, the time evolution induced by the mentioned L-violating processes is given byE|

d 12 YD b nn

— = | = F 4R 4 ) . — —
z B H(z)TS[( 5 T AN T A ) (Bue + Bun) +Vms n}e&ﬂﬂel BrQs + 1us
ny nn

eq) + YH t2 <+ﬁ/‘5& - /BMQs na + ﬂMU?s)

+ YH 4 (ﬁuei — Buros + Buus
N

Ny

ny nn
+ YA,s <neqﬁ,u€i + ﬁuH) + YAt (6“& + ﬁuH) + YA to <BM& + neqﬁl”i’) :| s (72)
N N

with Hgt = Mgz = [be; = L /2.

Next, in general, as discussed in section [3.2] a system of coupled Boltzmann equations is obtained
involving all particle densities which directly or indirectly influence the time evolution of the quantity
of interest. Consequently, as discussed in section [3.6] it is useful to simplify the Boltzmann equations
by neglecting reactions whose influence on the quantity of interest is negligible and assuming thermal
equilibrium for all reactions which are in thermal equilibrium I' > H and are significantly more
efficient than the reactions of interest.

In detail, as discussed in section this means that in the region of interest, cf. region IV in figure
where the focus is set of the rate of B violation induced by sphaleron transitions, only gauge
interactions and the top Yukawa interaction can be assumed to be in thermal equilibrium, while all
other SM processes can be neglected to a good approximation. Thus, the time evolution given in
equation can be simplified using the equilibrium of the top Yukawa interaction, cf. equation
, and the initial conditions given in equation (4.13) allowing to express all involved chemical
potentials in terms of pup and pr,. Note that both sphaleron transitions and the considered L-
violating processes do not alter the form of the initial conditions (uff = —pp—r/(4m) and ug, =
pB/(2Ny)) but only shift up and pr,. Consequently,

1 UB—L  IB
P = T om < om 2Ng> ’ (7:32)
1 UB-L 1B
. = 4m)—— .3b
1 UB—L KB
. = — 2m— 7.
HUs 3+6m( m mNg> ’ (7.3¢)

is obtained as long as only gauge interactions, top Yukawa interactions, sphaleron transitions, and
L violation acting only one left-chiral leptons are considered.

Furthermore, including B violation induced by sphaleron transitions according to equation (4.17)),

3Note that for 'ﬁ\}‘}; and yn,:, a factor of 2 appears because all external particles are doublets and another factor of
2 because both chemical potential — p¢; and pg — contribute twice.
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the time evolution including all relevant processes can be expressed asﬁ

d 6 KB BuB—rL Bus
— L, = ———= |27, L, — — 4vp_ 4
zdzsz L H(z)T? [ VL; (5#3 L; Ng> +47B L2m(1 om) + PYBQNQ(1+2m)
(7.4a)
d Fspha
adl - _ — 7.4b
zPus () (Bup — csBup-1) (7.4b)
with
YL; = +475ub+4’7Nt+7Hs el +YH 4 T YH +7As eq + YA T VAL (7.5a)
nN NN
1 2 n
VB L—L+4’Ysub+47Nt+7Hs+7Ht1 s
2 3 3 n
1 nn 2 nn
+ YH ta §W+3 +YA,s VAL T VA Teq e (7'5b>
N NN
D 3+4m 4dmny
78 = 2+ 4930 + v+ Yas v | s —
2 3 3 ny
3+4dmny  4m nN
+ VH b <3n?\(,1 - 3> + Y45 T YA T ’YA,tgnTa\c; ; (7.5¢)
and
FSpha =3 <2Ng — 277]—{—1) (18 + B)QW? y (76&)
mNg
= 7.6b
“ = MmN, — 1)+ 2N, (7.6b)
cf. equation (4.15)).
Finally, using the approximation yg s, = YH 4, := Y, equation (7.5)) simplifies to
YL, = 2 +4’YSUb+4’YNt+’7Hs ey 2 YA eq + YA + VAL (7.7a)
NN NN
ny n
YB_L =B = 77’:’ +AVRS + AN+ Vs + YH (1 + g ) + 74,5 + 740 T VAL JZ . (7.7b)
N ny
Note that the derived Boltzmann equations are linear in the chemical potentials, implying that the
ratios pp_r/pit and pp/pitital are independent of pigitiel,

For the time evolution of right-handed Majorana neutrinos, number densities and not asymmetries
are considered because asymmetries between N and N€ are erased by the Majorana mass when the

“There are three major differences between this time evolution and the time evolution considered in references [40}
39]. First of all, the time evolution of chemical potentials instead of differences of number densities in the
Maxwell-Boltzmann approximation are considered. Thus, it is taken into account that for the same value of
the chemical potential, each bosonic degree of freedom stores the double amount of particle number asymmetry
as each fermionic degree of freedom. Furthermore, the interplay of sphaleron transitions and Yukawa interactions
have been investigated properly, meaning that the bottom and tau Yukawa interactions are irrelevant and the rate
of B violation induced by sphaleron transitions is determined by equation . In references |40} |39], the bottom
interaction is assumed to be in thermal equilibrium for 7' < 10'? GeV while the tau Yukawa interaction is ignored
for simplicity. Moreover, the rate of B violation induced by sphaleron transitions is not calculated in detail but
only roughly estimated.
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7 L Violation Assisted GUT Baryogenesis

mass becomes sizable (My 2 T'). Furthermore, right-handed Majorana neutrinos are not necessarily
in thermal equilibrium, implying that the ration ny/n%y becomes relevant. For the calculation of
this factor, the small asymmetries of the other involved particles are irrelevant so that the Boltzmann
equation for NV can be considered independently, cf. equation :

dYy W (YN
= — —1 .
z dz H(z)s (Y]f,q > ’ (78)

with [30]

YN =2+ 2VH,s + 2VH 4, + 2VH 10 + 2745 + 2744, + 274t,)
~2(vp 4+ 2vHs +4VH + 2745 + 2744 + 2748,) - (7.9)

Hence, when the reactions involving right-handed Majorana neutrinos as external particles are
efficient, ny becomes equivalent to n?\? and all rates defined in equation (7.7) become equivalent
(vz; = vB—1, = 7B). Consequently, the Boltzmann equation (7.4) simplifies to

d 12 BuB-rL 1 1
— L, = —————="L. .+ — 4 —-1 N
ZdZIBMB L; H(z)T37LZ ﬁ:U‘B L; + m(l + 2m) + Ng ((1 + 2m) > ﬁMB:| 5 (7 Oa)
d o 1ﬂspha
Z%ﬂﬂB = THEe) (Bup — csBup-1) » (7.10b)

resulting in the equilibrium condition

Bup—r  2m
=0
m

Ny

(1+2m)/BMB—Li+ "B . (7.11)

7.2 Approximation of the Thermal Rates of L Violation Induced by
Right-Handed Majorana Neutrinos

Before solving the Boltzmann equations and numerically, all contributing thermal rates
in the temperature range of interest have to be calculated. For the occurring masses, the leading
contribution from the thermal one-loop correction are used, cf. equation for the SM and
equation (B.42)) considering an extended Higgs sector. For simplicity, the thermal contribution
induced by the new Yukawa couplings (y) — coupling left- and right-chiral neutrinos —, cf. equation
, is ignored. This may not seem to be a reasonable approximation because y up to a value
of 10 are investigated. However, for T < My, the thermal masses become suppressed by powers
of T/My and, as can be seen from the numerical results, for My < 103 GeV, only y < 0.3
are relevant. Consequently, for the region where the interplay with sphaleron transitions becomes
relevant, the thermal contributions involving y are either sub-dominant or kinematically suppressed.
Furthermore, the neglected thermal corrections do not change the thermal rates by a lot but mainly
shift the region where both decays N — ¢;H and H — N/; are kinematically forbidden. For the
main part, the region where the decay H — NY; is kinematically forbidden enlarges, meaning that
the resonant behavior in the most important region 1 < z < 10 does not change significantly.
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7.2 Approximation of the Thermal Rates of L Violation Induced by Right-Handed Majorana Neutrinos

Additionally, the one-loop running of the relevant SM coupling constants within the SM, cf. equation
, is taken into accountﬂwhile the running of y and its influence on the running of the other
couplings is neglected. As for the thermal corrections, this represents a reasonable approximation as
long as y is small or the considered energy scale is roughly below My and in the remaining region,
the altered running of the relevant couplings does not influence the presented results significantly.
At one-loop order, only the RGE of A depends on A so that the problem of negative values of A
for > 107 GeV, cf. figure is circumvented by setting A = 0 at the energy scale of interest.
Moreover, considering an extended Higgs sector, the added couplings do not alter the one-loop RGEs
of the SM gauge and Yukawa couplings, cf. equation , so that their one-loop running can be
considered separately, cf. equation

Notice that for the thermal rates only depending on y (vp, 'yjs\‘,lf and yn¢), the running of the SM
couplings only alters the thermal masses which in case of My > my,,my does not change the
thermal rates significantly. Only for the AL = 1 processes, the thermal rates directly depend on
the SM coupling constants, meaning that the running for these rates is more important. In detail,
for the thermal rates, the couplings at the scale u = /s are used while for the calculation of the

thermal masses, the couplings at the average particle energy (1 = pg/n ~ 3T) are chosen, for the
SM, cf. figure

Mn=10"% GeV, y=0.1

[/H=6y/HT?
|_\
<

N |

=
<
»

1014

T[GeV]

Figure 7.1: Rate of pup violation induced sphaleron transitions (straight black line) and L
violation (yp purple line, ’ﬁ\‘,lE dashed blue line, vy ¢ blue line, vy s dashed green line, vg
green line, 4 s dashed orange line, 4 ¢, orange line, and 4 4, dotted orange line) induced
by a right-handed neutrino with a Majorana mass of My = 10! GeV and a Yukawa
coupling of y = 0.1. All rates are normalized with respect to the Hubble expansion rate.
The three dashed vertical lines correspond to three different initial B-generation scales

of interest: z;, = Mn/T;, = 0.2, z;, = Mn/T;, = 3, and z;, = My /T;, = 20.

5The largest impact on the considered equations of motion when considering the one-loop running of the SM coupling
constants is the g dependence of the sphaleron diffusion constant (g o< ¢'°), cf. equation . Because this
effect was not taken into account in references |40} 39|, the used rate of B violation induced by sphaleron transition
is roughly three times smaller than the rate used in references |40} 39].

5In reference [39], the one-loop running of the Higgs self couplings is ignored. However, taking this one-loop running
into account, the benchmark point investigated in reference [39] is disfavored because the coupling strength becomes
non-perturbative at p > 10° GeV which is way below the temperature range of interest.
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7 L Violation Assisted GUT Baryogenesis

An investigation of the thermal rates calculated using the given approximation, cf. figure for
a benchmark point, shows that, as expected for large z (z 2 20), even for small y, the thermal

rates Y and vn¢ together dominate the time evolution, while yp is dominant for 10 > z > 1.

For z < 1, vp, the remaining 2 — 2 processes, and — for large Yukawa couplings — also 715\‘,‘2 and
7, are relevant. Thus, for small Yukawa couplings, in the window where the decay is kinematically
forbidden, the remaining 2 — 2 processes with a right-handed Majorana neutrino as external particle
dominate the rate of L violation.

Note that in the region where the decay H — N¥; is kinematically allowed, no resonant contribution
has to be subtracted from g and 4 because the decays H — HA and H — @3U3 are still

kinematically forbidden, implying that s does not hit the resonance.

Finally, for solving the Boltzmann equations , initial conditions have to be considered. However,
the temperature of the universe after inflation and therewith also the injection scale of the B — L
conserving B asymmetry (z;) resulting from the decay of GUT particles is unknown. It might be
argued that the temperature after inflation has to be at least of the order of the GUT breaking scale
for being able to produce the bosons responsible for the generation of the B asymmetry. However,
as has been shown in reference [46], heavy GUT bosons can also be produced non-thermally due
to the decay of the inflaton field. Thus, in principle, the Boltzmann equations need to be solved
starting from all reasonable initial temperatures. For this, three different regions of interest can be
distinguished. First of all, for z; < 3, the injection of the B asymmetry takes place before L violation
becomes most efficient, implying that in case of My < 10'2 GeV sphaleron transitions can erase a
significant mount of the B asymmetry before L violation becomes most efficient. For simplicity, this
region is represented by choosing z;, = 0.2. For another region of interest, z; is of the scale where
L violation is most efficient, implying that the rate of L violation is only very efficient for a short
period before it is Boltzmann suppressed (z;, = 3). Finally, the injection of the B asymmetry can
be chosen to occur after L violation is most efficient so that larger Yukawa couplings are needed
to obtain efficient rates of L violation. This region is represented by choosing z; right below the
resonance (z;, = ZO)E

In the following, first of all, the simplest case with only one additional right-handed Majorana
neutrino giving rise to a relevant amount of L-violation is investigated, cf. section This case
occurs when either the other right-handed Majorana neutrinos couple so weakly that the induced
amount of L violation is negligible or the induced L violation is only relevant at scales above z;,
or after sphaleron transitions become inefficient (7" < 100 GeV). Subsequently, in section a
simplified model including two right-handed Majorana neutrinos, which are responsible for the
generation of the observed Am? in normal and inverted hierarchy, is considered. Finally, in section
the simplified case with only one relevant right-handed Majorana neutrino is investigated within
the scotogenic model, cf. section [6.2] allowing also for the generation of DM.

"In references |40} [39], for simplicity, only z; = 3 and z; = 10 are investigated to avoid the region where the decay
H — NY; is kinematically allowed. The calculation method of 43% has been improved, cf. section |5.2] because the

numerical integration used before is unstable for z much smaller than 3
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7.3 L Violation Induced by One Right-Handed Majorana Neutrino

In the most simple case where it is sufficient to only investigate the SM extended by a single
relevant right-handed Majorana neutrino, the basis of lepton doublets can be chosen such that
only one of them couples to the right-handed Majorana neutrino of interest. In this basis, the
Yukawa interactions involving right-handed charged leptons in general induce transitions between
the lepton generations. However, as discussed in section the corresponding thermal rates are
small compared to the rate of B violation induced by sphaleron transitions meaning that they can
be ignored to a good approximation. Thus, only the time evolution of one pp_r,, cf. equation ,
becomes non-trivial and a coupled differential equation involving two relevant chemical potentials
(tB—r = pB—r, and pp) is obtained. In this case, the equilibrium condition simplifies to

1

HB-L = Gl (7.12)

where m = 1 and N, = 3 are considered. Using the initial conditions pp_r(2;) = 0 and pp(z;) =
pinitial implies |pp_r(2;)| < |pi548l| /6. Furthermore, the equation of motion for pp determined by
sphaleron transitions implies that |pup(2)| > ¢s(2)|up—r1(2)|, where ¢s(z) for solving the Boltzmann
equation is given by ¢; = 3/17, cf. equation . However, the final value for the B asymmetry

ﬁnal)

(up®) is determined by

28 281 . .. 14 . .. .
final final final 1 1 1
AP = ey (T, = S pgel, < S0yl = gl = 0,059, (7.13)

where @u%nal = (2.40 £ 0.01) x 10~% is needed to produce the observed B asymmetry, cf. equations

and (120).

z=0.2 zi=3 ;=20

1073 ind. o o 001" ot il il
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Figure 7.2: Contour plots of the necessary initial B— L conserving B asymmetry (3 ,uifglitial) to produce
the observed final B asymmetry as a function of the Yukawa coupling (y) and the
Majorana mass of the right-handed neutrino (My). The initial B generation is assumed
to occur at z;; = My/T;, = 0.2 (left panel), z;, = My/T;, = 3 (middle panel), and
zis = Mn/T;; = 20 (right panel). The three diagonal lines in each plot correspond to
three different active neutrino masses resulting from the type-I seesaw mechanism. In the
dark blue region B,uif;‘itial < 1075, in the middle blue region ﬁuigitial < 1074, in the light

blue region B,uiélitial < 1072, and in the remaining region B,uif;}itial > 1072 are required.
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7 L Violation Assisted GUT Baryogenesis

Using this setup, the resulting Boltzmann equation can be solved numerically. The result for the
required initial B — L conserving B asymmetry B,uié‘itial to produce the observed final B asymmetry
for the three different injection scales of interest (z;; = 0.2, z;, = 3, and z;; = 20) as a function of
My and y is shown in figure For all considered injection scales, the necessary value of uié‘itial
becomes large when y is either so large (y > /My x 1077) that the non-resonant L violation
induced by ’yf\}fg and vy efficiently coexists with sphaleron transitions or so small that L-violation
is never efficient (y < 2¢/My x 10719). Because the injection scale in the left panel of figure
(zi, = 0.2) is assumed to be larger than to the scale where L violation is most efficient, the required
ﬁu%ﬁtial becomes strongly suppressed for My < 103 GeV. If, the injection scale is assumed to
be roughly at the scale where L violation is most efficient (middle panel, z;, = 3) the necessary
B uigitial for My > 10 GeV is close to the case of considering a higher injection scale. However, for
My <1013 GeV, a slightly larger value for ¥ is sufficient to explain the observed B asymmetry. The
right panel in figure (zi; = 20) can be explained by the same argument but here, significantly
larger values of y are allowed in the region My < 10'3 GeV because for the same value of y, the
L violation is significantly less efficient, cf. figure [7.1] This can also be seen from the fact that the
region where L violation is never efficient is significantly enlarged so that for y < 0.1, 8 uigitial > 1074

is required while for z; = 3 and z; = 0.2, y ~ 0.01 is still in the region of maximal washout requiring

ﬁuiélitial < 10—

The black lines in figure[7.2] correspond to different active neutrino masses of special interest resulting
from the type-I seesaw mechanism, cf. equation : the black solid line represents an active
neutrino mass of 0.12 eV which is the Planck bound, cf. equation , on the sum of the active
neutrino masses, while the dashed and dotted black lines denote m, = /Am2, ~ 5.0 x 1072 eV

atm —

and m, = w/Amgol ~ 8.7 x 1073 eV, respectively, cf. equation . Thus, for the considered
right-handed Majorana neutrino to contribute significantly to the active neutrino masses, y has to
be in the region between the solid and the dotted black lines. Note that this region, without tuning
the model in this direction, falls right into the region where the necessary initial B asymmetry is
minimal. Thus, it can be concluded that a right-handed Majorana neutrino with My > 103 GeV
can naturally explain both the observed active neutrino masses and the observed B asymmetry when

a B — L conserving B asymmetry of the order ﬁ,uigitial ~ 1076 is injected at T' > My /3.

To highlight the interplay of L violation and sphaleron transitions in more detail, three different
regions of interest are investigated in more detail, cf. ﬁgure First of all, choosing My = 10'° GeV
and y = 1, the corresponding rate of L violation is very efficient before sphaleron transitions are
efficient but become inefficient when sphaleron transitions reach equilibrium, cf. the top left panel in
figure Thus, the generated B — L asymmetry is sizable for all considered z; (,u%nal / uié‘itial > 0.1),
cf. the bottom left panel in figure In comparison, considering My = 10'® GeV and y = 0.01, the
induced rate of L violation is never efficient, resulting in a small generated B — L asymmetry, cf. the
middle panels in figure Finally, choosing My = 2 x 10'2 GeV and y = 0.1, the corresponding
rate of L violation coexists with sphaleron transitions, resulting in a small final B — L asymmetry
for z; = 0.2 and z; = 3 but for z; = 20 — where the rate of L violation is never too efficient — still

8Note that the deviation of the upper boundary of the blue regions from the linear behavior for y > 5 is not a numerical
mis-modulation but the decay width of N becomes comparable to My. Consequently, the I'y dependence of 7%2

and vy, in the limit s < M% is relevant.
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plinal /7 initial  10=3 js obtained, cf. the right panels in figure
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Figure 7.3: Top row: Rate of up violation induced by sphaleron transitions (straight black

line), L violation (blue line), and N interaction (purple line) for three benchmark
points (columns) with different Yukawa couplings (y) and right-handed neutrino masses
(My). All rates are normalized with respect to the Hubble expansion rate.
Bottom row: Time evolution trajectory in the pp-up_r plane starting from an initial
B — L conserving B asymmetry (,uié‘itial) for the three benchmark points. The initial B
generation is assumed to occur at z;; = 0.2 (right vertical dashed line in the rate plots
and purple line in the bottom row plots), z;, = 3 (middle vertical dashed line in the rate
plots and blue line in the bottom row plots), and z;, = 20 (left vertical dashed line in
the rate plots and green line in the bottom row plots).

Finally, it should be mentioned that the statement given in reference [27] saying that for My ~
10'® GeV and y ~ 1, the observed B asymmetry can be reproduced, agrees with the results from

the detailed analysis where this benchmark point falls into the region of minimal required 6,ui§i“al,

cf. figure

In preparation of explaining the numerical results shown in the next section, the required initial B— L
conserving B asymmetry (ﬁuifr}itial) to produce the observed final B asymmetry when assuming the
initial B generation to occur at z; = 6 and z; = 10 is shown in figure As can be seen, assuming
the initial B generation to occur in this region (6 < z; < 10) is of special interest because, for the
active neutrino masses of interest generated by the type-I seesaw mechanism, it allows to secure a
sizable amount of the initial B — L conserving B asymmetry (Buigitial < 1074) even for Majorana
masses of a few 10'° GeV. The reason for that is that for 6 < z; < 10, L violation in the parameter
space of interest is efficient a z; but rapidly becomes inefficient. Thus, efficient L violation occurs
before all asymmetry is washed out by sphaleron transitions but it becomes inefficient when the

sphaleron equilibrium condition is reached.
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Figure 7.4: Contour plots of the needed initial B — L conserving B asymmetry (,B,uigi“al) to produce
the observed final B asymmetry as a function of the Yukawa coupling (y) and the
Majorana mass of the right-handed neutrino (My). The initial B generation is assumed
to occur at z;, = My/T;, = 6 (left panel) and z;,, = My /T;, = 10 (right panel). The
three diagonal lines in each plot correspond to three different active neutrino masses of
special interest resulting from the type-I seesaw mechanism, cf. equation . In the
dark blue region Bu%ﬁtial < 1075, in the middle blue region B,uié‘itial < 1074, in the light
blue region B,u%?mal < 1072, and in the remaining region B,uié‘itial > 1072 are required.

7.4 L Violation Induced by Two Right-Handed Majorana Neutrinos

Next, a more general case involving two relevant right-handed Majorana neutrinos — N; and No,
which are both mass eigenstates — is investigated. Again, it is assumed that the L violation induced
by these two right-handed Majorana neutrinos is the only relevant source of L violation and that the
Yukawa interaction involving right-handed charged leptons are irrelevant. In this case, the lepton
doublets can be rotated into a basis in which only two of the three lepton doublets couple to the
right-handed Majorana neutrinos while the third decouples. For simplicity, it is assumed that the
lepton doublets can be further rotated such that only one of them couples to one of the right-handed
Majorana neutrinos while the other couples to the other right-handed Majorana neutrino.

Thus, the relevant part of the Lagrangian in this rotated basis is given by

2

— _ My, — -

L>) (z\I!Ni(?\I/Ni — U, H1Wy, — 2NZ (TN, Uy, + \IlNi\I/fVi)) : (7.14)
=1

where the neutrinos after EWSB obtain masses of m; = y?v?/(2My,) and my = y2v?/(2My;,) from
the type-I seesaw mechanism, cf. equation (5.10)). Furthermore, to reduce the parameter space, it is
assumed that there is no additional source of neutrino masses requiring either

my = /Am2 ~8.7x 1073 eV
; (7.15)

My = [ Am2, + Am2, = 5.0 x 1072 &V
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in normal order or

my = \/lAmgol + Am2,| ~ 4.9 x 1072 eV
my = /|Am2,,| ~ 5.0 x 1072 eV

atm

: (7.16)

in inverted order to be in agreement with the observations from neutrino oscillation experiment,

cf. equation ((C.4]).

Using these assumptions, the necessary initial B— L conserving B asymmetry can again be calculated
solving the Boltzmann equations taking into account the L violation induced by N; and Ns.
To examine the interplay of both B — L violating rates, the injection scale of the GUT B asymmetry
is assumed to be z; = Mpin/T = 0.2 with Mpin = min{My,, Mn,} so that both rates can coexist
efficiently — as long as their Majorana masses differ by less then one order of magnitude. Furthermore,
the result can be compared with the result from the 341 case choosing z; = 0.2 discussed in the
previous section, cf. the left panel in figure

Now the time evolution of two pp_r, become non-trivial so that a coupled differential equation
involving three relevant chemical potentials (up—r,, #B—1,, and up) is obtained. Consequently, the
equilibrium condition simplifies to

UB—L = %MB; (7.17)
where m = 1 and Ny = 3 are considered. Using the initial conditions pp_r,(2) = 0 and pp(z) =
uigitial, this — similar to equation — leads to the condition
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final final final initial initial initial
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Figure 7.5: Contour plots of the necessary initial B—L conserving B asymmetry ,uigitial to produce the
observed final B asymmetry as a function of the two right-handed neutrino mass, where
My, and My, (horizontal and vertical axis) is responsible for the generation of m; and
ma, respectively, in normal order (left panel) or inverted order (right panel). It is assumed
that the generation of initial B asymmetry occurs at z; = min{My,, My, }/T = 0.2.
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7 L Violation Assisted GUT Baryogenesis

The resulting required value for Bu%}itial to produce the observed final B asymmetry for z; = 0.2 in
normal and inverted order as a function of both Majorana masses My, and My, is shown in figure
Contrary to the naive expectation, assuming one Majorana mass to be much larger than the
other ones, the result from the previous section is not simply reproduced. For My, , My, = 10'3 GeV,
corresponding to the region of maximal washout, the result is indeed identical to the 3+1 result with
m, = 8.7x1073 eV (m, = 5.0 x 1072 eV) corresponding to the dotted (dashed) line in the left panel
of figure Nevertheless, as can be seen in figure considering another right-handed Majorana

neutrino with much larger mass, in this region, still a sizable amount of B violation is secured.
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Figure 7.6: Right panel: Rate of pup violation induced by sphaleron transitions (straight black line),

B—L, violation (blue and green line), and B— Ly violation (red and purple line) where the
blue (red) and the green (purple) lines correspond to two different Majorana masses of a
right-handed neutrino (My, (My,) = 10'2 GeV for the blue (red) line and My, (My,) =
10'% GeV for the green (purple) line) generating m; (ms) defined in equation by
the type-I seesaw mechanism in normal hierarchy. All rates are normalized with respect
to the Hubble expansion rate.
Middle and left panel: Time evolution trajectory in the up-pp_r plane with B — L
corresponding to B— L1 (purple line), B— Ly (blue line), and the sum of both, B—L (green
line) for two benchmark points in the My, -Mpy, plane. For both benchmark points, the
initial B generation is assumed to occur at T'= 5 x min{My,, My, } =5 x 10'? GeV.

As can be seen in figure the reason for that is that the rate of L violation induced by fﬁ\‘,lg
and 7y, of the much heavier right-handed Majorana neutrino is still sizable enough to partly keep
the initial B asymmetry from being washed out. Moreover, this result does not depend on the
exact value of the heavier Majorana mass because the rate of L violation induced by a right-handed
Majorana neutrino for 7' < My is equivalent when the active neutrino mass generated by the type-1
seesaw mechanism is equivalent and y < 5 holds so that I'y is negligibly small.

To understand the shape of the region where the interplay of both Majorana masses is relevant shown
in figure three benchmark points with a fixed initial B asymmetry injection scale (Mpin/2;i =
5 x 10! GeV) are investigated in more detail, cf. figure . First of all, considering degenerated
Majorana masses My, = My, = 10! GeV, the L violation induced by both right-handed Majorana
neutrinos efficiently coexists with sphaleron transitions for a long period, implying that only a
tiny fraction of the initial B asymmetry survives, cf. the right panel in the top row of figure [7.7}
However, considering My, = 2 x 10'2 GeV, L violation induced by Ns is only efficient for a short
period and then falls out of equilibrium rapidly, cf. the left panel in the top row of figure meaning
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Figure 7.7: Top left panel: Rate of pup violation induced by sphaleron transitions (straight black

line), B — L; violation (blue and green line), and B — Lo violation (red and purple line)
where the blue (red) and the green (purple) lines correspond to two different Majorana
masses of a right-handed neutrino (My, (My,) = 1011 GeV for the blue (red) line and
My, = 3 x 10'2 GeV(My, = 2 x 1012 GeV) for the green (purple) line) generating m
(mg) defined in equation in normal hierarchy by the type-I seesaw mechanism. All
rates are normalized with respect to the Hubble expansion rate.
Top right panel and bottom row: Time evolution trajectory in the up-pp_r plane with
B — L corresponding to B— Ly (purple line), B— Lo (blue line), and the sum of both, B—
L (green line) for three benchmark points in the My, -My;, plane. For all three benchmark
points the initial B generation is assumed to occur at 7' = 5 x min{Mpy,, My,} =
5x 10M GeV.

that B — L9 violation is only efficient before sphaleron transitions equilibrate, producing a sizable
amount of B — Ly asymmetry, cf. the left panel in the bottom row of figure[7.7] The same is also true
considering My, = 3 x 10'? GeV where the L violation induced by Nj is only efficient for a short
period, cf. the right panel in the bottom row of figure Consequently, the peaks in the shapes
shown in figure correspond to the region 6 < z; < 10 with one of the right-handed Majorana
neutrinos allowing to secure a sizable amount of the initial B — L conserving B asymmetry even for
small Majorana masses, cf. figure [7.4

Note that both effects highlighted in figures and [7.7 only occur in the approximation where
each right-handed Majorana neutrino couples to one of the active neutrino mass eigenstates and
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7 L Violation Assisted GUT Baryogenesis

that mixing (y12 # 0 and y21 # 0) would reduce the amount of B — L asymmetry produced in
one of the lepton generations. Furthermore, the approximation of ignoring all Yukawa interactions
besides the top Yukawa interaction can still be used for calculating the amount of B — L asymmetry
produced in one of the lepton generations. However, when the other right-handed Majorana neutrino
coexists efficiently with sphaleron transitions so that both equilibrate, the sub-dominant tau Yukawa
interaction transferring the produced B — L asymmetry in one lepton generation with an inefficient
rate of L violation into the other lepton generation with an efficient L violation leads to a washout
of the secured B asymmetry.

Thus, it can be concluded that — independent of the other Majorana mass — having one of the
Majorana masses in the region of minimal required initial B asymmetry (My > 103 GeV, cf. figure
and assuming the B asymmetry injection to take place before this Majorana neutrino falls out
of equilibrium, a sizable amount of B — L asymmetry is produced, meaning that 6u}§‘itial <1076 is
sufficient to explain the observed B asymmetry. However, this statement is only valid as long as the
influence of flavor mixing — inducing lepton asymmetry transitions between the different generations
— can be neglected to a good approximation.

7.5 L Violation Induced by One Right-Handed Majorana Neutrino
Within the Scotogenic Model

In the scotogenic model, cf. section the masses of the active neutrinos are loop induced and
in the limit A\sv? < mg = mi + (A3 4+ Ag)v?/2 < My, given by equation (6.33b). Furthermore,
the Yukawa interaction term y;; W, (z)H(z)Wy,(z) is absent but instead the Yukawa interaction
term y;, Wy, (v)¢°(x) ¥y, (z) involving the additional Higgs doublet ¢ is present. Hence, the SM
Higgs doublet H in all relevant L violating interactions has to be replaced by ¢. Consequently, the
processes inducing the thermal rates vg s, Yi,i,, and g, are forbidden because of the imposed Z3
symmetry. Thus, all relevant thermal rates are given by vp, va.s; YA,t15 VA t2> 718\‘;72, and yn,; where
the Yukawa coupling involving H is replaced by the Yukawa coupling involving ¢ (y — ¢') and mpy
is replaced by m.

Additionally, the reaction transferring a particle-antiparticle asymmetry between both Higgs doublets
(e« HOH (*)) become relevant. The corresponding thermal rate is approximately given by

T T , T4\
Ypp—HH ~ 6471'4/d$\/50-¢¢_>HH(T CL‘)Kl(\/E) = 51975 (719)
0
with
R 8ws [ As 2 )\g
Goo—HH(S) ~ 25049 1H(s) = 64n2s <2> = 3957 (7.20)
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7.5 L Violation Induced by One Right-Handed Majorana Neutrino Within the Scotogenic Model

meaning that it enters the Boltzmann equations asﬂ

d d 12749 HH ‘
3T A2 A2 y
~ WH(T)(BMH — Bug) = 7 (Bum — Big) x 535 x 107 GeV. (7.21)

Consequently, in the region of interest, )\g 2 1/30 is necessary to obtain a rate larger than the rate
of B violation induced by sphaleron transitions.

Moreover, the time evolution considering the inert Higgs model is not expected to significantly differ
from the SM case, cf. figure but the generated active neutrino masses are suppressed by ~ \5/4
in the region of interest. Consequently, it can be estimated that |[As| 2 0.2 is needed to generate
active neutrino masses within the observed rage and to secure a sizable amount of B asymmetry
(1076 < pinitial < 1074) from being washed out by sphaleron transitions.

0.2

0.1

A4

-0.

—_

-0.2

_
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N T T

Figure 7.8: Contour plot of the region in the A3-A4 plane being not excluded at 90% CL by the
XENONIT experiment (blue region) choosing A\s(mp) = —Asm(mp) ~ —0.258. H
is assumed to be responsible for the observed relic DM density, implying that my is
determined by the required annihilation cross section. The darker blue region is more
than one order of magnitude below the 90% CL bound of XENONIT and the straight
black line corresponds to a vanishing DM-nucleon cross section at tree level. The light
and dark gray region correspond to a potential which is unstable at tree level assuming
Xa(mj) = Asm(my) and Aa(mj) = 2Asm(my), respectively.

For this reason, in the following As(mpg) = —Asm(mp) ~ —0.258 is chosen. Using this, the allowed
values of As(m ) and A3(mz) which generate the observed relic DM density, cf. equation ([6.22)), and,
at the same time, are not in conflict with direct detection experiments, cf. equation , are shown
in figure [7.8] The shown straight black line corresponds to Az + A4 + A5 = 0 yielding — at tree-level
— a vanishing DM-nucleon cross section. Note that the parameter space with Ay(mz) > Asm(my) is
excluded by requiring H to be a DM candidate and demanding m 7 to be the lightest component of ¢.

9The factor 12 is composed of a factor of 3 from equation (13.35), a factor of 2 arising from two contributing initial
states, and a factor of 2 from having two initial ¢ and two final H.
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7 L Violation Assisted GUT Baryogenesis

Furthermore, the region with A3 > 2 not shown is completely unconstrained by direct detectionﬂ

N

=
)

=

coupling strength

o
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| N T BT
G102 10° 108 10t 101 10Y
u[GeVv]
Figure 7.9: One-loop running of the Higgs self couplings for the benchmark point Aj(my) =
)\Q(mg) = Ag(mg) = —)\5(mg) = Asm(myp) = 0.258 and )\4(m1~1) = Asm(mp)/2 =~ 0.129
represented by the cross mark in figure

However, considering the one-loop running of the Higgs self couplings, cf. equation , the
Higgs self couplings usually become non-perturbative in the region of interest (u < 10° GeV)
when at least one of them is chosen to be approximately of the order 1 at p ~ TeV without
assuming unnatural cancellation. But having non-perturbative coupling constants does not allow the
investigation of scattering processes involving ¢ in the temperature range of interest. To avoid this
problem, the benchmark point with Ai(my) = Ao(mp) = A3(mp) = —As(mp) = Asm(myp) ~ 0.258
and Ag(m ) = Asm(mp)/2 = 0.129, cf. cross mark in figure is investigated in more detail. These
values for the Higgs self couplings fulfill all requirements and — considering the one-loop running —
correspond to perturbative coupling constants for T' < 1017 GeV, cf. figure Moreover, in the
region of interest (T 2> 10 GeV), A2 > 0.25 holds, meaning that the conversion of the particle-
antiparticle asymmetry among both Higgs doublets is roughly one order of magnitude more efficient
than sphaleron transitions. Consequently, it can to a good approximation be assumed that the
chemical potentials of H and ¢ are in thermal equilibrium, meaning that the time evolution of the
relevant chemical potentials is still determined by equation with m = 2.

Finally, to obtain the observed relic DM density, cf. equation , for this benchmark point,
mjp ~ 878 GeV is required. Consequently, the benchmark point is also not excluded by other

experiments such as collider experiments.

The thermal rates for the benchmark point choosing My = 10'® GeV and 3 = 0.1 are shown in
figure Because of the significantly larger thermal mass of ¢ compared to H, the region where
the decay is kinematically forbidden (yp = 0) moves to larger values of z, cf. figure The other
thermal rates change slightly as well. However, the general picture is still the same so that no huge

1%Tn reference [39], only the DM annihilation cross section induced by As and not the contribution form A4, A5 and
the gauge couplings was considered. As a consequence, the parameter space with Az < 2 was found to be excluded
by direct detection. Furthermore, A5 ~ 1 was assumed. However, taking into account the one-loop running,
this parameter region is disfavored because the coupling constants becomes non-perturbative at scales below the
temperature range of interest.
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Myn=10" GeV, y'=0.1
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Figure 7.10: Rate of pp violation induced by sphaleron transitions (straight black line), pp-pg
equilibration (I'y, straight green line), and L violation (yp purple line, ’yjs\‘,l’l; dashed blue
line, vy blue line, v4 s dashed orange line, 44, orange line, and 44, dotted orange
line) induced by a right-handed neutrino with a Majorana mass of My = 10'3 GeV
and a Yukawa coupling of ¥y = 0.1. All rates are normalized with respect to the
Hubble expansion rate. The three dashed vertical lines correspond to three different
initial B generation scales of interest: z;, = My/T;, = 0.2, z;, = My/T;, = 3, and
Zig = ]WN/Ti3 = 20.

difference to the results from section [7.3] are expected.
Moreover, the equilibrium condition ([7.11)) becomes

8
= — 7.22
HB-L = 331B (7.22)
leading to the condition
8 8 8 . .. 64 . ... L
final final final initial initial initial
= cs(T: = — —— = ~ 0.084 7.23
pp™ = cs(Te)up™L = 5ahB"L < 5333 HB egHB e, (7.23)

where now Bulia! = (2.49+0.01) x 1078 is needed to produce the observed B asymmetry, cf. equation

([@.21).

As expected, the numerical results from solving the Boltzmann equations, cf. figure[7.11} only slightly
differ from the results shown in section It can be seen that the different region shown in figure
are slightly enlarged to higher Yukawa couplings. The reason for that is that for the investigated
benchmark point, mg is larger than mp in the SM, resulting in a slightly smaller decay width and a
shift of the region where the decay is kinematically forbidden, cf. figures and Furthermore,
the Hubble expansion rate and the rate of pup violation induced by sphaleron transitions slightly
change because two Higgs doublets are considered. Hence, the main difference between figure [7.2]
and figure is that the black lines — corresponding to three neutrino masses of special interest —
move upwards as they are here determined by equation (6.33b])) which is suppressed by approximately

[A5]/4. As desired, for the chosen value of A5, the necessary initial B asymmetry in the region of
2

special interest (Am2; < m2 < Am2;,,) is still reachable. But when choosing A5 significantly smaller
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Figure 7.11: Contour plots of the necessary initial B — L conserving B asymmetry (Buinitial) to
produce the observed final B asymmetry as a function of the Yukawa coupling (y)
and the Majorana mass of the right-handed neutrino (My). The initial B generation is
assumed to occur at z;;, = My /T;, = 0.2 (left panel), z;, = My /T;, = 3 (middle panel),
and z;, = My /T;, = 20 (right panel). The three diagonal lines in each plot correspond
to three different active neutrino masses resulting from the scotogenic model choosing
As(mp) ~ 0.258 and my ~ 883 GeV. In the dark blue region ﬁ,u%‘itial < 1076, in the
middle blue region Buititial < 1074 in the light blue region fpiiital < 1072, and in the
remaining region ﬂugitial > 1072 are required.

2

< 1> ho significant amount of B

(A5 < 0.05), even for a generated active neutrino mass of m2 = Am

asymmetry survives.
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8 Thermal Aspects of Leptogenesis

In section the idea of putting the origin of the observed B asymmetry into the lepton sector
(leptogenesis) is motivated. Right-handed Majorana neutrinos, introduced to explain the small
observed active neutrino masses, are a natural source of L violation and, for this reason, are the
essential ingredient for most leptogenesis models. The first and simplest case of a leptogenesis
induced by right-handed neutrinos is investigated in section There, it is found that in the
simplest extension of the SM, where the active neutrino masses are induced by the type-I seesaw
mechanism, Majorana masses larger than 10 GeV are required for being able to produce the
observed B asymmetry. Thus, it is not expected to produce the particles being responsible for
the generation of the observed B asymmetry in experiments in the near future so that proving or
disproving this simple leptogenesis model is difficult.

However, this lower bound on the Majorana mass is deduced from considering non-degenerate but
hierarchical Majorana masses. In contrast, considering nearly degenerate masses (My, — My, <
My, +My;, ), according to equation , the C'P asymmetry is enhanced, meaning that in principle,
much smaller Yukawa couplings are sufficient to generate the required dcp violation of order 107,
Consequently, the Majorana mass of the right-handed neutrino, being responsible for the generation
of the L asymmetry, can in principle be much smaller than 1010 GeV, cf. reference [23]. However,
taking the Majorana masses, which are typically assumed to be independent quantities, to be nearly
degenerate, seems unnatural.

Thus, to naturally explain the observed B asymmetry with Majorana neutrino masses significantly
smaller than 10'® GeV, one can consider other active neutrino mass generation models such as the
scotogenic model, cf. section In this case, larger Yukawa couplings are allowed without being
in conflict with the Planck bound on the sum of the active neutrino masses, allowing for larger C' P
violation. Thermal leptogenesis in the context of the scotogenic model is investigated in detail in
reference [41]. Thus, even though the shown investigation was made independently, the given results
coincide with the results given in this reference.

Instead of considering models with enlarged Yukawa couplings, one can also use thermal mass
corrections to naturally obtain degenerate masses at a specific temperature scale, cf. section[8.2] The
idea of using thermal degeneracy of right-chiral neutrino masses has been introduced in reference [3].
Moreover, here, also the idea of using thermal degeneracy of left-chiral neutrino masses and thermal
degeneracy of left- and right-chiral neutrino masses are discussed. However, both of them do not
allow for new possibilities of leptogenesis and are — probably for this reason — not presently discussed
in literature.
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8 Thermal Aspects of Leptogenesis

8.1 Thermal Leptogenesis With Enlarged Yukawa Couplings

Considering models, such as the scotogenic model, where the masses of the active neutrinos are
suppressed by a afq compared to the masses generated by the type-I seesaw mechanism, cf. equation
, significantly larger Yukawa couplings than in the type-I seesaw mechanism are allowed by
the Planck bound on the sum of the active neutrino masses. Consequently, the upper bound on the
CP violation is shifted, cf. equation :

OtMN

o Gev x 10716 (8.1)

leni| S —
with a =~ (ml{)?j/(O.lQ eV)< 1 being the sum of the active neutrino masses induced by N, in
the type-I seesaw mechanism, cf. equation (5.10|), normalized to the Planck bound on the sum of
the active neutrino masses, cf. equation (C.7). Thus, My, 2 a% X 10'9 GeV is required for being
able to generate a B asymmetry of the observed size.

However, this idea has several weaknesses. First, the out-of-equilibrium condition, cf. equation

(5.47), which now becomes

100 1 L
012 v af, 2~ 1 8.2)
J

still needs to be satisfied, implying that the contribution of N; to the active neutrino masses decreases
as the lower bound on My, gets smaller. Note that this statement is based on the natural assumption
that the suppression of the seesaw mass is comparable for all right-handed Majorana neutrinos

(ol ~ o).
Moreover, the shifting of the lower bound on My, is limited by the requirement that the rate of L

violation induced by N,, needs to be inefficient at 17" ~ My,. The rate of L violation induced by N,
for T' < My, /10 is given by

6 sub ) ~ 9’3/71]‘ o
H(T)T3 <7Nn, T IN) R Z 47"5AHM12\7n - 7r5AHv4 Z

gTAmatm O‘E 2 O/VL 2 T —14
>——a | =) = |— 10 8.3
7o Aqvt alg a%) GeV % ’ (8.3)
cf. equations ((5.27) and (5.32)). Thus, to fulfill both conditions,
oy My, -10 AW —1a My
———x 10 >1 d - 10 N < 1, 8.4
ag GeV % ~ an a’ % GeV ™ (8-4)

ap/al < 10* and, consequently, My, > 105 GeV are requiredﬂ Note that this lower bound is
only valid when assuming a vanishing initial number density for N;. In contrast, considering a
thermal initial abundance for N;, the decay width of NV; can be chosen smaller, implying that the
production of the B — L asymmetry can be shifted to lower temperatures where L violation induced

!'Note that equivalently to the introduction of a suppression factor for the active neutrino masses, ignoring the upper
bound on the sum of the active neutrino masses leads to the same lower bound for My, [12].
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8.1 Thermal Leptogenesis With Enlarged Yukawa Couplings

by N, is inefficient. However, the generation of the B— L asymmetry has to proceed before sphaleron
transitions become inefficient because otherwise, only an L but no B asymmetry is produced. Hence,
it can be estimated that L violation induced by N,, should be inefficient at T, ~ O(100) GeV, meaning
that o”/a% < 10, and, consequently, My, > 10* GeV are required, cf. reference [41].

Considering the scotogenic model, cf. section [6.2] the suppression of the active neutrino masses
compared to the type-I seesaw mass depends on the Higgs coupling A5 and the ratio My, /mo,

cf. equation (6.33)) and figure As discussed in section A5 2> 2 x 1076, cf. equation (6.27),

is required from direct detection experiments, implying that the suppression factors ozfg and o§ are
larger than ~ 107® and 1077 for My > 1 TeV and My > 10° TeV, respectively, cf. figure

~
n

Comparing this to the bound o /a% < 10° with o < 1 for not having efficient L violation at the
scale where sphaleron transitions become inefficient, there is no significant restriction of the lower

bound on As.

Besides the suppression of the active neutrino masses, the scotogenic model also contains a DM
candidate: the lightest component of ¢, cf. section [6.1} Hence, one could get the idea that the
out-of-equilibrium condition can be naturally fulfilled, cf. reference [8], because the density of a DM
candidate has to fall out of equilibrium at the latest when the temperature falls significantly below
the DM mass, to obtain a relic DM abundance. This idea is of special interest in the scotogenic
model, where N; decays into a left-chiral lepton doublet ¢; and ¢, meaning that the decay product
of N; deviates from thermal equilibrium. Thus, for Majorana masses not much larger than the DM
mass (Mpy, 2, mg), for temperatures not much smaller than My, the number density of ¢ naturally
falls out of equilibrium when pair annihilation becomes inefficient.

However, there are two caveats to this idea. First, significant deviation from thermal equilibrium
of the DM density occurs only when the density is close to the relic density, implying that also the
corresponding right-handed neutrino density is strongly Boltzmann suppressed. Furthermore, the
relic DM density is suppressed by at least two orders of magnitudes compared to the B asymmetry
to be in agreement with the observation, cf. equation , because mp 2 560 GeV is required,
cf. section Consequently, the DM density is already smaller than the required B — L asymmetry
when it significantly deviates from the equilibrium density, meaning that it is doubtful that within
this scenario a sufficiently large B asymmetry is generated to explain observations.

Moreover, as discussed in section [3.2] an L asymmetry can only be generated when the particle
inducing L violation fulfills the out-of-equilibrium condition because otherwise the C'PT invariance
and unitarity of the S matrix imply that no asymmetry is generated but only washed out. Thus,
in the scotogenic model, no L asymmetry can be generated by the deviation of ¢ from thermal
equilibrium because the only source of L violation are the Majorana fermion@

2Nevertheless, reference [8] claims that this idea is capable to explain the observed B asymmetry as well as the
observed DM relic abundance. However, in the Boltzmann equation for the L asymmetry given in reference [8|,
an L asymmetry can be generated only from DM being out of equilibrium. Furthermore, the shown numerical
result for the L violation does not seem to agree with the given Boltzmann equations because an L asymmetry is
generated at temperatures where the considered right-handed Majorana neutrinos as well as all components of ¢
are not expected to relevantly deviate from their equilibrium densities.

3Note that considering models where pair annihilation itself induces B/L violation, a net B/L asymmetry can be
generated, cf. reference [18]
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8 Thermal Aspects of Leptogenesis

8.2 Leptogenesis With Degenerated Masses Induced by Thermal
Corrections

As has been discussed in section [2.10] small mass squared differences can induce large C'P violation
even for small coupling constants. However, it seems unnatural to assume strongly degenerate
Majorana masses for the right-handed neutrinos. Consequently, the question arises whether thermal
mass corrections, which can induce degenerated masses more naturally, are capable of significantly
enhancing CP violation, leading to an enlarged parameter space for leptogenesis.

There are basically three different cases of interest which are investigated in the following: Degenerate
masses of right-chiral neutrinos, degenerate masses of left-chiral lepton doublets, and degenerate
masses of left- and right-chiral neutrinos. Note that also temperatures below T, are investigated.
For this reason, here, the distinction between chiral eigenstates and energy eigenstates is of special
relevance.

8.2.1 Thermal Degeneracy of Right-Chiral Neutrino Masses

The idea of naturally increasing C'P violation due to a mass degeneracy of right-chiral neutrinos
induced by thermal mass corrections is investigated in reference [3]. In the following, the basic
mechanism behind this idea is presented and the current bound on the sum of the active neutrino
masses is applied. Note that the shown investigation is based on previous parts of this thesis and,
for this reason, differs from the investigation presented in reference [3]. However, the given results
coincides with the results from reference [3].

Considering right-chiral Majorana neutrinos, which only couple via Yukawa interactions to left-chiral
neutrinos, their thermal mass correction is given by, cf. equation or reference [3],

mi, =% % T2 (8.5)
J
Iyi ;
2 _ (my,)5; 2 o Mn, o ~16

J
When the focus is on non-degenerate Majorana masses (|My, — Mpy,| ~ max{My,, My, }), in the
region where thermal leptogenesis is not capable to generate the observed B asymmetry, the masses
of the right-chiral neutrinos only become degenerate for temperatures much larger than the Majorana

masses of interest. To be more precise, to obtain degenerate masses, for the lighter Majorana neutrino
at least thermal corrections of the order of the heavier Majorana masses are required:

i 2
m2, ~ M3 =  To~ o %Ge\/ x 108, (8.7)
" " ay, MNi

where My, < My, is assumed and T7,¢ is the temperature where the energy difference between the
energy eigenvalues is minimal.

Furthermore, as discussed in the previous chapter, the relevant processes for the production of right-
handed neutrinos are the Higgs boson decay and the 2 — 2 scattering processes mediated via Higgs
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8.2 Leptogenesis With Degenerated Masses Induced by Thermal Corrections

boson exchange. For both of these processes, the interaction rate normalized with respect to the
Hubble expansion rate scales as, cf. equations (3.39)) and (3.40)),

L'y, lyi|> ol My,

i L S— 8.8

H(T) & 2 al, T (88)
J

for T 2 My, where the exact proportionality factor depends on the thermal masses. As can be

seen from figures [7.1] and [7.10] for the SM and the scotogenic model with not too large Higgs self
couplings this proportionality factor is approximately OHGEI:

FN, Oé,ij MN.
— o~ L for T 2> My, . 8.9
H(T) o T ~ (8.9)
Next, in order to fulfill the out-of-equilibrium condition, the interaction rate has to be inefficient
(I'/H(Trc) < 1). On the other hand, the interaction rate has to be large enough to significantly
alter the time evolution during the period when the mixing is enhanced by mass degeneracy. To
determine the temperature range of enhanced mixing, the interaction rate has to be compared to
the energy difference of NV; and N,,:
M

—MJQV Oéi MNY OénMN
Hy —Hpp = ——2+50H(T) | -+ L “ 8.10
= B e e s (S - SR ) (8.10)

with F ~ 3T and

. M} +m}: M3 44l My, M3, L My,
g N T TN Py BN p =16 g TN s ) Qe BN (8.11)
2F 67 6oy GeV 67T ay T
Close to the level-crossing temperature, the energy difference can be approximated as
A M} — M3 H(T, o, My, o M
Hij — Hpp & | — . 2 = +50 (TLC) (;‘/TNZ B 7172 TNn> (T—TLC)
6775 rc \aglpc og e
C My, T—T T-T,
~ 100 H(Tpe) 2 28 2 — 2L W(Ty ) iy~ (8.12)
ag Tre  Tre Tro

where again My, > My, with non-degenerate masses is assumed, requiring o, /afg x My, to be
significantly larger than o /a’é x My, ), and equation (8.7) is used to replace van Thus, I';/(H;; —
H,,) ~ T?./[100T(T — Trc)] is enlarged within a sizable region.

Since only mass squared differences are relevant in the investigated time evolution (I:IU ~ m?j (2FR)),
the induced mixing between right-chiral neutrinos does not violate the fermion numberﬂ7 meaning
that no overall asymmetry is generated but only asymmetries between the different generationsﬁ
Consequently, a net B asymmetry can only be produced when at least one but not all right-handed
neutrinos transfer their asymmetry to the active neutrino sector before sphaleron transitions become
inefficient. Because the Majorana masses mix particle and antiparticle states, the transition of the

In figures and the thermal rate for My = 10"® GeV and y = 0.1 corresponding to o, /oy ~ 1 are shown.
Fermion number violating amplitudes are always odd in powers of the Majorana masses.
5This statement can also be deduced from the fact that the eigenvalues of the effective equation of motion are C'P
invariant, cf. section @
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8 Thermal Aspects of Leptogenesis

asymmetry needs to take place at temperatures before fermion number violation becomes efficient
(I' 2 Mpy). Furthermore, the rate of L violation has to be inefficient for T' > T, so that the
generated asymmetry is not washed out. Thus, to fulfill both conditions, at least one of the Majorana
masses needs to be roughly smaller than T, with its thermal rate being in thermal equilibrium.
On the other hand, in order to avoid efficient L violation the rate cannot be too large either, where
this upper bound on the thermal rate becomes weaker when the Majorana mass gets smaller.

The other neutrinos, whose asymmetries do not contribute effectively to the generation of the final
B asymmetry, can either shift their asymmetries to the active sector and then wash it out by efficient
L violation which becomes inefficient before the other right-handed neutrinos share their asymmetry
with the active sector, or their thermal rate only reaches equilibrium for T" < T.

Next, to calculate the B — L asymmetry generated by this mechanism, the time evolution of the
particle-antiparticle asymmetries for the right-handed neutrinos has to be investigated in detail. In
light of section the number density of IV; at a certain time ¢ can be expressed as [3]

:

¢ ¢
;:Zq% =Y [arri| wadess [ i [ arr ]| (3.13)
‘ 7 o t/

where I';(t) is the production rate of the interaction eigenstate |1;) at ¢t and H(t) is the generalized
time evolution operator defined in equation . Considering this time evolution, as discussed in
section C'P violation in the production rate of right-handed neutrinos only occurs when either
interference with V;-IV,, mixing in the charged conjugated picture or multi-loop mixing including at
least three different Majorana neutrinos is considered. First, including mixing between the pictures,
an additional suppression factor of My, /E appears, implying that the region of resonant enhanced
mixing becomes much smaller. Consequently, in the investigated mechanism only mixing between
multiple right-handed neutrinos can be capable of producing a sizable amount of particle-antiparticle
asymmetry for each IV;.

However, only the masses of two mass eigenstates are expected to become degenerate at a specific
temperature scale. As a consequence, two level crossings are required to induce sizable C'P violation,
cf. equation ([5.35)): The first level crossing enhances mixing between N,, and N,, at T' ~ Trc1
and the second induces increased mixing between N,, and N; at T' = Tpco. Furthermore, to
obtain a non-vanishing C'P asymmetry, in addition to the C P-odd phase also a C'P-even phase is
required, implying that the action of the damping term in the generalized time evolution operator
is essential.

Because

Hyj §50a—§’ My, and Lij < a—?’MN"
H(T) ay T H(T) ~ oy T

(8.14)

are both expected to be small at the region of the level crossings (7" > My;,) both are treated
perturbatively. Thus, the dominant C'P violating contribution includes one mixing between the
right-handed neutrinos induced by I:Iij (larger and C'P-odd phase) and another by I';; (C'P-odd
and CP-even phase). According to equation , the conversion probability between two states
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8.2 Leptogenesis With Degenerated Masses Induced by Thermal Corrections

considering small mixing is given by

P~ on[Hin(to)* 27| Hin (Tio) | _ |Hin(Tpe)? 27 (8.15)
n—i ~ - N = N N = 2 0 .
& (s~ o),y H(TLC)TLC‘%(HM )y, | A0 o]

with «;, being defined in equation 1) As a consequence, the transition amplitude can be

approximated as
Hin(Tro) | 27
Apyyi o —2 ) 8.16

Moreover, the result can equivalently be applied to the mixing induced by I';;, implying that the

produced particle-antiparticle asymmetry for the individual right-handed neutrinos after both level
crossings can be approximated as

A~ ~ o0
YANi ~ 2m Hngnl Finz + annl Hing / AT’ Fnlz(T/)
Y V@nm @iny, \ H(Tro1) H(Tre2)  H(Troa) H(Tie2)

H(T")
2m ( I:Ingru Fing + Fn2n1 I:Iing ) Fn1i<TmaX>

max

~

, 8.17
V%o Ciny \ HTrc1) HTc2)  H(Trca) HTe2) ] H(Tmax) (8.17)

with Tinax = max{Trc1,Trc2} and Y]\e,? ~ 0.002. Next, the fact that I';;, and H;, only differ
by a proportionality factor, cf. equation (8.14), and that oy, > Hi,/H(T) holds can be used to

~

approximateﬁ

Yan, Chon Cin Ly
L S 2 : . 8.18
Y \/ H(Tron) H(Tre2) H(Tmax) (8.18)

Considering o, /O/S ~ 1, My, ~ 100 GeV is required to at least partly shift the asymmetry to the
active sector, cf. equation . Consequently, the natural — assuming no mass degeneracy of the
Majorana masses — level-crossing temperature is of the order 109 GeV, cf. equation , implying
that the interaction rate of the right-handed neutrinos is suppressed by I'y,/H(Trc) < 1077 during
the level crossing, cf. equation . Thus, only Yan,/ Y]\e,? < 10713 can be achieved which is too
small to generate Yp_y, of order 10710, cf. equation .

In contrast, for afg/af, ~ 0.01, My, < 10 GeV can be chosen, requiring Trc < 3 x 10° GeV.
Consequently, the interaction rate at Tr¢ is only suppressed by I';, /H(Trc) < 107 so that it seems
possible to generate a sufficiently large B asymmetry to explain observations (Yay, < 2 x 10710)

without degenerate Majorana massesﬂ

"Note that the proportionality of the results can directly be understood from the fact that [H;,|/H(T) is the mixing
efficiency while |[Hi,|/(H(T)|ain|) is the time scale of enlarged mixing.

8Note that Yan, scales as T2 /H(Trc)? o< y*m3 /Tic o y®m% /M3, which is equivalent to the proportionality given
in reference (3.

9Note that the original considered case, cf. reference [3], is reobtained for a%/af, ~ 0.01 because the bound on the
sum of the active neutrino masses was roughly two orders of magnitudes larger at the time when the paper was
published.

117



8 Thermal Aspects of Leptogenesis

8.2.2 Thermal Degeneracy of Left-Handed Neutrino Masses

Next, considering left-handed lepton doublets, their thermal masses and also their interaction rates
are naturally degenerate because they only differ by their Yukawa interaction. Thus, according to
equation , sizable mixing between the eigenstates of the effective free equation of motion and
e.g. the eigenstates of the weak interaction can be expected. However, as has been discussed in
section at one-loop order only particle-antiparticle mixing induces C'P violation which allows to
produce a non-vanishing L asymmetry. Because particle-antiparticle mixing for left-chiral leptons
is forbidden by charge conservation before EWSB, degenerate masses for the left-chiral neutrino
at one-loop order can only induce relevant enhanced C'P violation in a narrow region between the
EWPT and the scale where sphaleron transitions become inefficient (Tr.c < T < T¢).

Moreover, the interaction rate induced by the weak interaction, cf. equation , is large compared
to the rate of particle-antiparticle mixing, implying that the free propagation length of active
neutrinos is very small compared to the oscillation length. Thus, even though it seems that sizable
mixing can emerge, in fact, neutrinos produced e.g. via Yukawa interactions interact so fast via weak
interactions that no relevant neutrino-antineutrino oscillation occurs in the meantimd™®l Note that a
similar effect can be observed considering e.g. active neutrino oscillations where the mixing between
energy eigenstates and eigenstates of the weak interaction is sizable: When measuring neutrinos at
a distance from the production region which is much smaller than the oscillation length, no sizable
mixing is observed.

8.2.3 Thermal Degeneracy of Left- and Right-Chiral Neutrino Masses

An idea initially investigated in my master thesis, cf. reference |74], is to use mass degeneracy of left-
and right-chiral neutrinos to convert part of the active neutrinos into right-handed neutrinos. In case
of a non-adiabatic level crossing, cf. section [3.5] meaning that the conversion probability, cf. equation
(3.67), is not close to one, the out-of-equilibrium condition can be fulfilled when the thermal rates are
inefficient. Moreover, similar to the case of degenerate right-chiral neutrino masses, it was assumed
that including C'P violation, the conversion probability for particles and antiparticles is different.
Consequently, a net L asymmetry would be shifted to at least one right-handed Majorana neutrino
which is not in thermal equilibrium]}

As was figured out in my master thesis, such a level crossing requires a Dirac mass term in order to
have a non-vanishing conversion probability — neither mass mixing nor off-diagonal interaction rates
are present for a vanishing VEV — implying that the level crossing has to take place in the region
between the EWPT and the scale where sphaleron transitions become inefficient (T'spy, < Tro < T¢).
Consequently, to have degenerate masses in this region, 25 GeV < My, < 30 GeV is required,
cf. equation . Furthermore, to have a non-adiabatic level crossing which still converts a
sizable amount of particles (Piransit ~ O(0.1)), depending on the EV at Tr¢, a Yukawa coupling of

Note that this statement is also valid considering multi-loop neutrino mixing.
"This idea was investigated in detail in collaboration with Tim Brune.
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8.2 Leptogenesis With Degenerated Masses Induced by Thermal Corrections

order |y| > 1079 is needed, cf. equations ([3.67) and (B.41]):

9 9 2 9 2,2

W|2y| v wtl f ~14x Y - x10% GeV Sy x 10841, (8.19)
d ™, H(T)Ti e T
& 2E t=trc dl' 2E |T=T}c

where v S T for T > Tgp, and Trc ~ 100 GeV are used. Comnsequently, for v(Trc) ~ Trc, the
thermal rate of N is inefficient at T (I'/H(T) ~ 107%) and the contribution to the active neutrino
masses induced by the type-I seesaw mechanism is of order 1076 eV.

When this idea was investigated in detail, multiple issues arose. First, C' P violation being capable
of producing a sizable amount of L asymmetry is required. Considering the relevant loop corrections
shown in figure the contribution of the left diagram is only enhanced when degenerate right-
chiral neutrino masses are considered. Furthermore, as discussed previously, the center diagram never
contributes significantly. However, assuming mass degeneracy for left- and right-chiral neutrinos, one
might think that the right diagram shown in figure [5.2] can induce enlarged C'P violation when the
external Higgs in the diagram is replaced by the EV. The resulting diagram considers v;,,-N,, mixing
in the loop at first order and interferes with the Dirac mass term. Thus, considering degenerate
masses for N,, and v,,, the contribution of the loop correction can in principle be enhanced in
comparison to the Dirac mass term. However, even for sizable mixing, the loop correction is still
suppressed quadratically in the Yukawa couplings while the Dirac mass is only suppressed linearly.
Moreover, due to the fact that left-chiral neutrinos interact via weak interaction and the right-chiral
neutrinos do not, the mixing between both is still suppressed by yv/T',, cf. equation , with
I, ~T x 1073, cf. equation , even for exactly degenerate masses. Thus, degeneracy of left-
and right-chiral neutrino masses does not lead to strongly enhanced C P violation. Consequently, for
Majorana masses in the region of interest (25 GeV < My, < 30 GeV), either L violation is efficient
at Tspp or the C'P violation is too small to generate a sizable amount of L asymmetry. The only
way to circumvent this issue is to assume degenerate Majorana masses. However, in this case, also
thermal leptogenesis is capable of generating a B asymmetry of the observed size.

Furthermore, the initial idea of considering v;-N; conversion via a level-crossing does not work
because a resonant particle conversion does not take place. This can also be understood from the
fact that the interaction rate of left-chiral neutrinos is so large that, for a level crossing with a sizable
conversion probability, their free propagation time is small compared to the time scale where the
mixing induced by Dirac masses is large. Thus, the conversion probability becomes very small or
left-chiral neutrinos basically stay left-chiral during their lifetime. Consequently, only the interaction
strength for the dominantly right-chiral eigenstate of the effective free equation of motion becomes
larger during the level crossing due to the increased mixing. Thus, the main influence of v;-N; mixing
is an altered interaction rate of the right-handed neutrino which at maximum is I'y + 2y?v?/T,
cf. equation , and not, as naively expected, proportional to I',.
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9 Conclusion

In the first part of this thesis, the time evolution of a theory including massive vector bosons
interacting with each other was considered in time-dependent perturbation theory. It was shown
that the corresponding interaction Hamiltonian includes an infinite series of local interaction terms.
Considering these local interaction terms properly, at tree level, transition amplitudes of the naively
expected form are obtained. However, for loop contributions, a proper consideration of local
interaction terms results in Lorentz invariant S-matrix deviating from the naive expectation. Fur-
thermore, it was shown that this deviation from the naive expectation is essential for proving that
the degree of divergence in the S-matrix is equivalent to what is expected from R, gauge.
Originally this investigation was made to understand the discrepancy between the R gauge and
the unitary gauge result for the calculation of the effective Higgs potential. However, no intuitive
explanation for the origin of thermal contribution of the Goldstone bosons appearing in R¢ gauge
was found.

Following this, relevant elements for the investigation of baryogenesis with a focus on right-handed
Majorana neutrinos were introduced in a general way. Boltzmann equations in terms of chemical
potentials were derived taking into account that in thermal equilibrium, due to the different statistics,
bosonic degrees of freedom store twice the amount of number density asymmetry as fermionic
degrees of freedom. Moreover, the rate of B violation induced by sphaleron transitions in the
temperature range where sphaleron transitions reach thermal equilibrium (T ~ 102 GeV) was
calculated. In particular, only reactions which are significantly more efficient than the rate of B
violation induced by sphaleron transitions (e.g. the top Yukawa interaction) were assumed to be
in thermal equilibrium while significantly less efficient reactions (e.g. the bottom and tau Yukawa
interactions) were ignored.

In the main part of this thesis, the interplay of GUT baryogenesis, sphaleron transitions, and
L violation induced by right-handed Majorana neutrinos was investigated. For this, L violation
represents an essential ingredient because the B—L conserving sphaleron transitions would completely
wash out the initial B — L conserving B asymmetry without having an additional source of B — L
violation. In particular, it was shown that right-handed Majorana neutrinos in the mass range
My > 10'2 GeV, which generate active neutrino masses within the observed mass range via the
type-1I seesaw mechanism, naturally secures a sizable amount of B — L conserving B asymmetry from
being washed out by sphaleron transitions. Thus, in light of this investigation, GUT baryogenesis
scenarios, which typically have the issue of conserving B — L, are still a possible source for the
observed B asymmetry.

Moreover, this investigation was extended to the scotogenic model, which is a two-Higgs-doublet
model with an imposed Z5 symmetry extended by right-handed Majorana neutrinos. The scotogenic
model is considered here as a simple extension which includes a DM candidate and allows for larger
Yukawa couplings of the neutrino sector without being in conflict with the Planck bound on the sum
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of the active neutrino masses. It was shown that for the scotogenic model, a natural parameter space
is left where a sizable amount of a B — L conserving B asymmetry is secured from being washed
out by sphaleron transitions, active neutrino masses within the observed rage are generated, and the
dark matter relic density can be explained without being in conflict with the current experimental
limits. However, for that, the active neutrino masses generated in the scotogenic model are not
allowed to be suppressed by more than one order of magnitude compared to the active neutrino
masses generated by the type-I seesaw mechanism.

These results can be understood intuitively when demanding that active neutrino masses in the
observed range are induced by the type-I seesaw mechanism. This requires Yukawa couplings of
a size that induces interaction rates for the right-handed Majorana neutrino which are efficient
for temperatures close to the Majorana mass (I'v/H < O(10)) and become inefficient when the
temperature drops significantly below the Majorana mass. Because of this, Majorana neutrinos,
which generate the observed active neutrino masses via the type-I seesaw mechanism, represent a
natural source of B — L violation with a thermal interaction rate of the form required for thermal
leptogenesis.

Addressing this, in the last part of this thesis, general options for leptogenesis with the Majorana
masses of right-chiral neutrinos being the only source of fermion number violation were examined. It
was discussed that for thermal leptogenesis, at least Majorana masses larger than roughly 106 GeV
are required when neither degenerate Majorana masses nor an initial thermal abundance of the
right-handed Majorana neutrinos is assumed.

Moreover, the idea of naturally enhancing C'P violation by thermally degenerate neutrino masses was
investigated. It was found that only mass degeneracy of right-chiral neutrino masses can significantly
increase C'P violation at a specific temperature scale. However, to be able to produce a B asymmetry
of the observed size without considering degenerate Majorana masses, the bound on the sum of the
active neutrino masses requires a suppression of the active neutrino masses by roughly two orders
of magnitudes compared to the active neutrino masses induced by the type-I seesaw mechanism.
Finally, it was discussed that neither degenerated masses of left-chiral neutrinos nor mass degeneracy
of left- and right-chiral neutrinos can enhance C'P violation significantly because the interaction rate
of left-chiral neutrinos via weak interaction in the region of interest is very large compared to the
interaction rate via Yukawa interactions. This can be understood from the fact that C'P violation
enhanced by mass degeneracy originates from C P violating mixing in the generalized time evolution.
This time evolution includes both the free time evolution determined by the Hamiltonian and a
damping factor induced by the interaction rate. As a consequence, even for degenerate masses, the
CP violating mixing is strongly suppressed when the interaction rate is dominantly diagonal.
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A Supplementary Details to Quantum Field Theory in the
Vacuum

A.1 Spacetime Geometry

For the signature of the Minkowski space, the particle physics convention is used, where the Minkowski
metric is defined as

ds? = g dztde’ = dak — da? — da? — dz? = da? — di2, Al
m 0 1 2 3 0

with g, = = diag(+ — ——), xo = t being the time component, and Z the space components.
In this convention, the Lorentz transformation, which transforms a Lorentz vector from one inertial
frame of reference A to another A’ moving with speed ¥ relative to A, is given by

=/

z( =7 (zo — U7) and 7' =~ (& — txo) , (A.2)

with v = (V1 —32)" L

The Einstein field equations are
1
Guw — Agpw = Ry — §Rg,w —Agu = 81T, (A.3)

where the Ricci curvature tensor R, and the scalar curvature R = g"VR,,, can be calculated from
the metric and contain information about the curvature of the space. T}, is the energy-momentum
tensor describing the energy density and its motion.

Assuming the universe to be homogeneous and isotropic (cosmological principle), the Friedmann-
Lemaitre-Robertson-Walker metric is obtained:

dr?
1— kr2

ds? = dt? — a(t)? < + r2d§22> : (A.4)

with a(t) being the scale factor. Considering this metric, Einstein’s field equations simplify to the

Friedmann equations [47]:

1 da(t))? ko Smp(t)+A k
(a(t) dt > a(t)2 a 3 - H(t)z + (Z(t)z ’ (A5a)
1 d?a(t)  —4m(p(t) + 3p(t)) + A .

a(t) dtz2 3 ’

with p and p being the energy density and the pressure, respectively, both being part of the energy-
momentum tensor and H(¢) being the Hubble expansion rate.
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A Supplementary Details to Quantum Field Theory in the Vacuum

A.2 Details on Relativistic Quantum Mechanics

Basing on the non-relativistic energy momentum relation the Schrédinger equation

0

iaw(x) = (—21”62 + V(:c)) W(z), (A.6)

is obtained, where constant terms such as the mass are ignored because physical observables in QM
are always given by the expectation value of operators not depending on an overall phase of the
wave function.

Relativistic invariant generalizations are the Klein-Gordon equation

(2049, — m)o(x) = —(0", + m)g() =0, (A7)
applying to Lorentz scalar fields (spin-0), the Dirac equation
(i) — mIL)W () =0, (A.8)
describing the time evolution of spin-1/2 fermionic fields and the Proca equation
(i28“8u —m?)AY(z) — z’28"8uA“(x) = —(0"0u + m?)AY (x) + 0"0,A"(x) =0, (A.9)

being a generalization of the Klein-Gordon equation for Lorentz vector fields (spin-1). For the Dirac
equation, the abbreviations ¥ = Wi~y and @ = 0#~,, are used where the gamma matrices satisfy the
anticommutator relation

{v*,7"} = 29" 14, (A.10)

with I, being the n x n identity matrix. In this thesis, the Weyl basis is used, in which the gamma

matrices are given by

0 I ; 0 o - 0
0 2 % 7 5 - 0.1.2_3 2

with the Pauli matrices

01 0 — 1 0
o1 (1 0) , o9 (2 0) , and 03 (O _1) ( a)

There are a couple of useful relations for the Pauli matrices:

ol=1), [as 0b] = 2i€4pc0c and {04,000} = 20012 . (A.13)

73 - _ z2 =1, (A.14a)

(’Y“)T _ 707/%),0 ’ (A.14Db)

(V)* = vy (A.14c)

(Y)T = 402t 220 (A.14d)
tr[yHy’] = 4g" (A.14e)
trly# 7] = 4(g" 977 — 9" 9" + g7 g"). (A.14f)
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A.2 Details on Relativistic Quantum Mechanics

Moreover, the wave function in the charge-conjugated representation is defined as
Ve =C(0) = CT =00 =  Te=uT000 =uTC, (A.15)
with the charge-conjugation matrix
C=ir"y" = cCcl=c=cT=-C. (A.16)

The Lorentz transformation of Dirac spinors is given by

is 0. 1.
U(a) = exp =5 01""T + 5T | W(a), (A.17)

where § are rotation angles and tanh(ij) = ¥ are rapidities.

For all previously given relativistic equation of motions a corresponding Lagrangian density can be
defined:

Lilein—Gordon () = (961 (2))(9up(2)) — m*" (x)d(2) , (A.18a)
ﬁDirac(m) = @(1‘)@@ - mI4)\II(eT) s (A18b)

m2
£Proca(x) = _%pr(x)ij(x) + 714“(%)14“(1') s (AlSC)

with the field strength tensor being defined as
FH (z) = orAY () — 0" AH(x) . (A.19)

Furthermore, referring to the Proca Lagrangian for massless vector bosons, the Lagrangian density
of Yang-Mills theories can be defined as

£(a) = 3 [ Fua (@) F(2) = — 1 ()P (), (A.20)

with the generalized field strength tensor
Fun(@) = DAy (@) — Dy Ay (@) = [0,A%(x) — 0,A% (@) + g Al (2) AL ()]t = Fo ()t (A.21a)
and the structure constants
[t%, %] = i fabere. (A.22)
The covariant derivative D,, is defined as
Dy = 0, —igAyu(x) = 0y — igAj,(z)t?, (A.23)

and t* are the generators of the symmetry transformation. Considering an SU(n) symmetry transfor-
mation, the n? — 1 generators are defined by the conditions

n?—1
1 1
a a\t a arb ab - ( abc abc) c
Tr[t*] =0, () =1, and tt _2n5 In+2 E ifeC 4+ d*) t¢. (A.24)

c=1
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The Lagrangian density of Yang-Mills theories is invariant under the transformation

7

g(auG(a(x)))G’l(a(w)) : (A.25)

AL (2) = Ga(2) Au(2) G Ha(a))
with
Gla(z)) = '@ (A.26)

This, according to Noether’s theorem, implies that the current

7(a) = 5D S o)A = AP ) (A2

is conserved (9, J°#(x) = 0).

A.3 Perturbation Theory for Quantum Mechanics

The time evolution of a quantum mechanical system can in general be expressed as given in equation
(2.9), implying that it can be fully described by the wave function ¢(to, Z) at an arbitrary time to
and the Hamiltonian H. Thus, to evaluate 1(z), the equation of motion has to be solved, which is
simple as long as the eigenbasis of H is time independent:

H |¢;) = Ej 1)) - (A.28)

In this case, |¥(tp)) can be decomposed into the eigenstates with a trivial time evolution:
() =D _aje BT ) (A.29)
J

with a; = (¥(to)|1;).

A.3.1 Time-Dependent Perturbation Theory

On the other hand, solving the time evolution for a system with a time-dependent Hamiltonian
can be challenging. Depending on the considered system, different ways of solving the equation
of motion have been established. One often-used method is perturbation theory. In general, the
Hamiltonian can be decomposed into a time-dependent H; and a time-independent part Ho. Using
that the equation of motion for Hy can be solved analytically, cf. equation . The interaction
picture (D) — also known as the Dirac picture — can be defined:

[Wp(8)) = e [ (1)) (A.30a)
Op(t) = ety ()Mot (A.30b)
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A.3 Perturbation Theory for Quantum Mechanics

where the subscript S highlights the Schrodinger picture in which only the state vector evolves in
time. In the interaction picture, the equation of motion becomes

0 A 1. O
imc [Wp(®) = —Hoe ™ [ (1)) + el s (1)
= —Hoe'™ [ih5(t)) + ™10 (Ho + H(1)) [(2)) = (Hr)p(t) [¥p(1)) (A.31)
where (2.9) and [I:IO,I:IO] = 0 are used. Consequently, the time evolution of a state vector in the

interaction picture can be written as

t

Wn(t)) = Texp | —i / a () p(t) | [0 (to)) | (A.32)

to

where the time-ordered product 7 ensures that the product of multiple (Hj)p(t;) is ordered such
that the single (Hy)p(t;) acts on the state vector in the correct time order:

T [ p(t:) = (H)p(t,) ... (H)p(th) (Hi)p(t)), (A.33)
with t] < th <--- <t and {t1,ta...t,} = {t|,th... ¢}
Considering
t
/ dt'(Hp)p(t) < 1, (A.34)
to

writing down the time evolution in the interaction picture is very useful because the series expansion
of the exponential function converges. Thus, the time evolution can be approximated by only taking
into account contributions up to a certain order in (Hj)p(¢).

A.3.2 Diagrammatic Visualization of the Perturbation Series in QFT

diagram

Figure A.1: Representation of some element of the perturbation series in a diagram.

It is convenient to visualize the elements of the QFT perturbation series which diagrams, as for
example shown in figure For that, each spacetime interaction point called vertex is represented
as a point from which lines originate, each line illustrating a field operator, cf. figure Each
of these lines have to be connected to an external particle or to another line from another vertex.
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>.< . .

vertex propagator

Figure A.2: Diagrams are build of vertices and propagators.

Therefore, only field operators which can create or annihilate the external particles, respectively,
can be connected to the corresponding external line and two vertices can only be connected when
outgoing lines correspond to the same particle: one to create the state and the other to annihilate.
As a consequence, diagrams only represent non-vanishing elements of the perturbation series.

[ L J - — — > — — 9
particle scalar boson
ANNNNN\e o > o
vector boson spin-1/2 fermion

Figure A.3: Representation of different particle species in diagrams.

To write down the contribution of a single diagram to the considered matrix element, it also makes
sense to indicate the particle species by labeling the line with the particle acronym. In addition, it
is convenient to highlight the Lorentz structure of the corresponding particle (spin-0, spin-1/2, or
spin-1) separately. For that, particles without requirements on their Lorentz structure are illustrated
by solid lines while scalar and vector bosons are represented as dashed and waves lines, respectively
(with an arrow when particles and antiparticles are distinguishable) and solid lines with an arrow
correspond to spin-1/2 fermions, cf. figure

A.3.3 Time-Independent Perturbation Theory

Another interesting case is to consider a time-independent Hamiltonian H which can be divided into
a part which dominantly determines the eigenbasis Hy and a remaining part H; being considered
as a perturbation. Consequently, at zeroth order in perturbation theory, the eigensystem is only
determined by Hy, whose eigensystem is assumed to be known:

Ho47) = E [47) - (A.35)

Next, treating H; as a perturbation, the eigensystem can be calculated order by order. At first
order, the eigensystem is given by

B} = B + (@Q|H|v)) (A.36a)
OH 0
) = ol + > ) 2 )l "W, (A.36D)
J#i
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A.4 Detailed Introduction of Quantum Field Operators

while at second order, the energy eigenvalue becomes

. | (W91H1[40) |?
E32E9+<w?|H1w?>+Zﬁ'
A

(A.37)

A.4 Detailed Introduction of Quantum Field Operators

To be able to apply the quantum mechanical equations of motion on a state vector |F') which only
contains information about the particle content, quantum field operators convert the state vector
into the corresponding set of quantum mechanical wave functions. In general, the wave function
corresponding to |F') can be expressed in terms of eigenstates of the free Hamiltonian

Houi(F) = Ei(F) ui(k), (A.38)

where 7 denotes the particle species. Because all momenta are allowed in an infinite large space, it
is reasonable to use a Fourier ansatz for the quantum field operators:

i) = / s 3 (F) =% (A.39)

with the Lorentz invariant phase space integral

dk Pk 1 -
/(27T)35(k’2 —m?) :/WM(E) = /dki (A.40)

and the quantum field operator in momentum space

wz(k) = uz(k) az(k’) . (A.41)
Moreover, a;(k) is the annihilation operator whose action on the state vector |F) is defined such
that it erases the corresponding state from the state vector if it is present or erases the entire state
when it is not present:

ai(k)|F) = N |F') , (A.42a)
(k)[0) =0, (A.42D)

with N being a normalization factoxﬂ and |F’) being the state vector with the same particle content
as |F') but with one fewer particle of species ¢ and momentum k. The conjugated of the annihilation
operator (a;r(/g)) appearing in the conjugated quantum field operator is the creation operator adding
the corresponding state to the state vector.

!Considering normalized state vectors ((F|F) = 1), it is difficult to determine N. However, in textbooks,
cf. e.g. reference (68|, the state vector is often normalized such that the delta distribution appearing in equation
is part of the normalization. Using such a normalization for the state vector, a trivial normalization factor
can be assumed (N = 1).
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A Supplementary Details to Quantum Field Theory in the Vacuum

Requiring that an unnormalized one-particle state vector can be generated by just applying the
creation operator on the vacuum state (|0)) and that the action of the quantum field operator on
this state results in the wave function of the corresponding state,

[ sy e al ) 10) L uipre > 10) = (o) 0] (A.43)
the relation
ai(F)al (5) = 2E:(F)(2m)%6° (5 - F) (A.44)

is obtained. Together with equation (A.42b]) and the fact that the action of the creation operator
increases the corresponding occupation number by one, the well-known commutator relation

(a:(R), al (7)) = ai(R)al (7) — a] (B)ai () = 2E,(F)(2m)°6° (5 - F) | (A.45)

is obtained.
At this point, in contrast to QM, the Pauli exclusion principle can be implemented easily by
demanding that the action of the creation operator on an occupied state vanishes:

al (B)al(5)0) = 0. (A.46)

(2

This additional condition leads to the well-known anti-commutator relation

{ai(P), al ()} = ai(R)al (B) + a] (B)ai (F) = 2E,(F)(27)°6% (5~ F) . (A47)

Using this definition of the creation and annihilation operator, the normalization factor in equation
is non-trivial and therefore, defining a normalized state with a certain particle content by the
action of creation operators is difficult. However, using that an unnormalized state can be created
by the action of creation operators, the relation

(Flal(@)ai (F) [ F) = fi(F) 2E:(F)2m)°6° (5 - F) | (A.48)

can be derived, with fZ(E) being the occupation number of the annihilated state.

The normalization condition for the energy eigenstates can be obtained by demanding that the
expectation value of the Hamiltonian is equal to the energy of the state,

[ @i @iv@ir) = [ [, / 4R, ul (R Y Alug(R)e 6% (Flad (F ) () )
= [ dks Bl (s By £ / TE B @AF),  (Ada)

= ul (Kyu; (k) = 2E;(k) (A.49b)
where equation (A.38)), equation (A.48)), and
/ Bz e k)T — oy [fz' (Ei(z%) - Ei(E’)) t] 53 (E - E/) , (A.50)

are used.
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A.4 Detailed Introduction of Quantum Field Operators

Considering the relativistic equations of motion obtained at the beginning of this section, only the
Hamiltonian for spin-1/2 fermions can be determined directly from the Dirac equation. For the
Klein-Gordon and the Proca equation, the Hamiltonian can be derived from the Lagrange density
instead. Hence, the Hamiltonian corresponding to the Klein-Gordon equation is given by

fl— / B i) = / P [r(2)d(x) — L(2)]

= /dSSU [r ()7 () + (Vo(2)) [ (Vo(x)) +m?f (x)d ()], (A.51)
with
m(x) = 8¢a(a;)ﬁ($) (A.52)

Replacing the wave functions by quantum field operators

3 i . o
m(z) = / (;lwl§32uj(k:)a;[(k)elkz, (A.53)

the energy of a state is determined by

/ d’x (FIH(2)|F) = / dli 2(Ei(R))*u! ()i (R) fi(F) = / s B R (A.54a)
= ul(F)u(k) =1. (A.54D)
For massive vector bosons, a similar condition is obtained. However, in the four-vector representation,

where u;(k) is given by the polarization vectors defined in equation (A.59), uI(E)uZ(E) is normalized
to —1 instead.

Next, interpreting the negative energy eigenvalues of the relativistic equations of motion as anti-
particles, the quantum field operators are modified such that they either annihilate a particle state
or create an antiparticle state,

(z) = / dk; (us(R)as(R)e™ + wi(Rb](R)e™) | (A.55)

where the vz(E) are the eigenvectors corresponding to the negative energy eigenvalues

A~

Hu(k) = —E;(k) vi(k), (A.56)

and bj are the creation operators of the antiparticles. Considering quantum fields without charge
under gauge symmetries, particles and antiparticles are indistinguishable, implying that they only
correspond to one degree of freedo (b;[ = a:-r).

2This is also true for particles of the adjoin representation because they carry both charge and anticharge so that the
conjugated of a full set of these particles is equivalent to the full set.
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A Supplementary Details to Quantum Field Theory in the Vacuum

Thus, the quantum field operators for scalar bosons, spin-1/2 fermions, and massive vector bosons
can be defined as

o) = [ b (alBye e+ b (B e (A.57a)
= / dk Z a(k) us (k) e 4 bt () vy (k) ei’m) , (A.57b)
_ / ak S (alF) By e ™+ al () () ") (A.57¢)

A

For spin-1/2 fermions, the eigenstates are defined by the conditions

(k +m)uy(F) = 0, (A.58a)
(k —m)vs(k) =0, (A.58D)
with the spin index ¢, and for vector bosons, they are given by
E; EN = —(5>\)\/ s (A59&)
exp=0, (A.59b)

with the polarization index .

A.5 Propagators and Full Set of States

The propagators in vacuum QFT — resulting e.g. from the path integral formalism —, ignoring the
difficulties arising from self-interacting massive vector bosons discussed in sections [2.3] and [2.4] are
given by

G(z) = tim [ -2 ! e~ike (A.60)

e—0+ ) (2m)4 k2 —m2 + e

for scalar bosons,

dki(k+m)
=1 e A.61
Sr(2) e (2m)* k2 —m?2 + ied (A-61)
for spin-1/2 fermions,
dk k. k —1i -
Guw(z) = I y — = ke A.62
@) = Bm [ o5 <g“ m2 ) K2 —m? + e (A.62)
for massive vector bosons, and
dk k. k —io®
ab : puv —ikx
=1 — sy — (1 =&~ A.
Cule) = i | Gy (9“ =87 >k2+z'ee (4.63)

for gauge bosons where £ is an arbitrary constant which the time evolution does not depend on.
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A.6 Calculation of Matrix Elements Without Using the Residue Theorem

In contrast, in R¢ gauge, the propagators of Goldstone bosons and the massive vector bosons are

given by
dk i ,
= li ke A.64
o= | ey e i (8.642)
. dk ([ —guw + kuk,/m? kyk, /m? »
Y =1 v pvy _ pvy ikx
G(2) e (27T)4Z < k? —m? + ie k2 — &m? + ie ¢
dk Kk —i :
= li — (g — (1 — S —ike A.64b
or | (2m)t (g“ ) §m2> K2 —m? e (A.64D)

In QFT a full set of states for one particle species ¢ can be defined as
o0 n n T n
1 . . .
15) (5], = (Z n,) (H / dk‘i,j) (H cu(kj)) 0) (0 (H aia@-)) S (Ae)
n=0 j j j=1

fulfilling the relation

157 (S]S) (S|, = (Z él) (Z ;) (H/diﬂu) H/dl?:i,j
m=0 """ n=0 =1 j=1
x (Haz(Ez)) 10) (0] (H%(ﬁ)) (Haz(ﬂg) 0) 0f { TT eiky)
=1 =1 j=1 j=1
= (i T;) (i ;) (H/d%i,l> ﬁ/dl}w ﬁﬁzE,(k,)53(E, — k)
m=0 n=0 =1 j=1 I=1j5=1

m T n
X G (Haxa)) 0) (0] (H az-u%-)) —[9) (], - (A.66)

Moreover, considering multiple particle species, the full set of particles contains another product
over all particle species:

i ng f ng
15) (5] = (Hznl,) [T11 [ dkes | {TITLestBen) ) 1oy ol { T[T estBir) ) - (a67)

i mi=0 i j=1 i j=1 i j=1

A.6 Calculation of Matrix Elements Without Using the Residue
Theorem

The vacuum matrix-element including the action of two quantum field operators is proportional to
the propagator in momentum space:

M / dar 0| T + 9 () [0) 7 (A.68)
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A Supplementary Details to Quantum Field Theory in the Vacuum

with p being the sum over the incoming and outgoing external momenta, respectively. Using the

commutation or anticommutation relation given in equation (A.45) and (A.47), respectively, and

the normalization of the vacuum ((0/0) = 1),

<mwa+ww@Mm=/ﬁ%thwﬁxB]()’“ [F1(R) = fa(R)]O(=t)e™)  (A.69)

is obtained with ©(x) being the Heaviside step function defined in equation . Moreover, fl(E)
and f,(k) are functions depending on the particle species: fi(k) = 1 and f(k) = 0 for scalar bosons,
cf. equation , fl(E) =m— E? and fg(E) = E3~° for spin-1/2 fermions, cf. equation , and
f1(k) = —g" + kY k" /m? and f2(k) = 0 for massive vector bosons, cf. equation (2-34). Next, instead
of using the residue theorem, the spacetime integral in equation can also be evaluated:

/ da / i MFRE([f1(F) + F2()] O Em) 4 [£1(R) — fo(R)]©(~t)el Frtro))
=28, /dt ([fl(ﬁ) + f2(9)] O (t)e” Er Pt 4 O(—t) [f1(P) — fo(p)] e Er POl )
-0, ("B R ) s (1 0 (.70

where the well-known replacement F, — FE, — ic is used to evaluate the time integral and the limit
€ — 07 is evaluated after time integration. Hence, the introduction of € enforces the integrand to
vanish at t — j:ooEL

Solving the time integral instead of simply making use the residue theorem helps to understand
the appearance of off-shell states as a QM interference phenomenon. As can be seen from equation
, an off-shell propagator is in fact a superposition of the propagation of an on-shell particle
(Ep = \/P?+m?) from x to y for xy > yo (the O(t) part) and of an on-shell antiparticle from y to
x for yo > o (the ©(—t) part).

Solving the time integral instead of using the residue theorem also works for loop contributions.
Considering e.g. a simple loop containing two scalar boson propagators, the corresponding matrix
element in the common form is given by

dk: dk’' i i
(2m)% k2 — m2 +ie (k)2 — m3 + ie

; S N
el(p k—k')x

M = lim dx/

e—0t

1 1
=1
50t / (2m)* k3 — (Ex +i€)? (ko — po)? — (Ep_i + i€)?

/ A3k 1 1 N 1 1

= —

(27r)3 2By, (By —po)* — B}, (Bp—k +p0)? — E} 2B,
E + Ep,k

dk
E kP — (Ex + Ep_i)?

(A.71)

3The explanation for the substitution E, — E, — ie in physical processes is the assumed localization of particles
— usually described as Gaussian wave packets —, implying that the wave functions of the incoming and outgoing
particles in the limit ¢ — oo do not overlap. Consequently, the probability for producing an intermediate state
vanishes for large At. Furthermore, the limit ¢ — 0" leads to a good approximation as long as the time during
which the two wave packets overlap is large compared to 1/(po — Ep).
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where the energy integral is evaluated using the residue theorem. Solving the time integral similarly
to equation (A.70)), instead, the same result is obtained:

/ 0z 0| Ty (z + y)dala + 1) (1) b () |0) €

= / dx / dk / d;%/(@(t)e*“’f*k’)x +@(—t)ei<k+k’>w)eim

. A.72
Ep 1 p§ — (Ex + Ep)? (A.72)

A.7 Detailed Calculation of the Interaction Hamiltonian for
Self-Interaction Massive Vector Bosons

The Hamiltonian density corresponding to the Lagrangian density including two self-interacting

massive vector boson fields, cf. equations ([A.18c)) and (2.42]),

m2 m2
L) =~ Fa ) PR ) + 2 A () Ay () = 1 Fi ()P () + 2 Bir () By (0)
— J4(@) At (@) = Th(@) Bt (@) = Ty (@) Ay () By (@), (A.73)

is determined by

H(x) = I (@) [0 A pu(2)] + g (2)[00 Brr ()] — L(x)
= —TA[B0AL(x)] — Tip[8oBL(x)] — L(z). (A.74)

Using equations (2.43)) and (2.46)),

QAL (z) = —Tis(z) + VAY () = —Tla(z) + LQ V[VIig(z) + J%(x)]  and (A.75)
my

doBr(x) = —Tip(z) + VBY(z) = —Tip(x) + migV[vﬁB(x) + J9 ()] (A.76)
B
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are obtained, meaning that the Hamiltonian density can be expressed as

H(x) = Tia(2)? + %[vﬁmmvﬁm) +I9(@)] + Tp()? + nsz[vﬁanvﬁB(a:) + I8 ()]

7z [VHA@) + TR — Ta@)AL(e) + 2o T4 (@)IVIa() + I3(@)

= gy @) + TB@ — o) Bu(e) + o Ty (@) + T )

+ 79 (@) Ay () By (2) = —5 Y (@) [VILa(2) + TR ()] By ()

- anBJm(w)A%{(x)[vﬁB(x) +JB (@) + m?jnzB (@) [VILa(z) + T3 (@) Vs (2) + J5 (@)
1

2771124

- 1
HB(.T)Z +

[VﬁA(az)}z + %[V X 121,[,(1')]2 + %miﬁ(m)z

— 2 ]_ — 2 ]_ -
o) [VIp(z)]” + 3 [V x Bp(z)]" + 5mZBB(g;)2

— Ta)Ar(e) - Tn() Bule) + 79 (@) Ay (0) Bl () = 57 IR - 5 RGP

+ mli [J9(2) — J% (&) B (2)] [ViLa(z) + T9(2)]

+ ml% [J%(x) — JO(2) Al (2)] [VITp(z) + J9(z)]

b @) V() + T @)V () + T8(@)] | (A.77)

mymp

Next, changing from the Heisenberg to the interaction picture and using the definition (2.49)), the
interaction part of equation (|A.77|) becomes

Hi(x) = Th(x) Au(2) + Th () Bu(w) + " (2) A, () By () - 2:& RACINS 2,71123 [78(@)]*
o LA+ I @B TR+ o [Tb) + I ) Aute)] ()
1) TR () TR )

A""B
= Ji(@)Au(x) + Th(a) By(w) + I () Ay (@) B (2)
g A+ 5 B = e 70) 1300) T8(e). (A78)
where the relations
00 7/0
T9(a) = J3() + I (@) Bu(e) + TS5
JOO?/O
JB(z) = Jg(z) + J* () Au(z) + =2, (A.79)
My
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A.7 Detailed Calculation of the Interaction Hamiltonian for Self-Interaction Massive Vector Bosons

are used to derive the final form.

Substituting J’(z) and J(z), cf. equation (2.46]), an interaction Hamiltonian density including an
infinite series of local interaction terms is obtained:

2m 2m3, 2m%
00 (g 0 (x 2
" 2771123 (‘]% (z) + 7" (2) Ap(w) — Jzﬂfi) <J91<x> + % (2) By (x) + sz%(%) )>
00y 00(,, (s
= 0 (@) + @) Buw) — T () + ) ) + T >>
A""B B 2
00 T 0 .
X <J%(x) + I (@) Ap(w) - J2m(31) <J2(x) +J%(2)By(x) + ‘]22523 ) >> (A.80)

Summarizing equivalent terms, the first elements of the infinite series of local interaction terms are
given by

B@)° @)

Hi(x) = T4(2) Au(@) + T (2) Bu(e) + J* (2) Au(x) By () + [

Qm?4 QmQB
L BRI EBE) | I | 0TI
A B A"'B
Ov x2)B,(x 2 10 T T 2
LU (232( ) (27)7%‘( Vo (A.81)

Alternatively, using relation (A.79)), one can also rewrite the interaction Hamiltonian as

Hy () = T () Aule) + T () Bu(e) — o [0 = 5 [T8@) + oy J(0) TR )
A B B
b [F0) + I (@) By @)] TR) + () TE ) TR )
A A""B
= JE@)A@) + T Bu@) + 5 TR~ 5 TR+ TR @)
A B B
= T Au(e) + T Bu(a) + 5 [T 4 oy T3]~ o [T8() — Th(e)]?
A B B
(A.82)
Moreover, using
TB) — Jhx) = PO M) + Ly @) IRE), (A8
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A Supplementary Details to Quantum Field Theory in the Vacuum

the interaction Hamiltonian can be rewritten into a form being useful for the investigation in the
path integral formalism:

() = Ja() ) + T @)A) (Bul) + 25 T8) + () Byt + leB (73 ())
2
(@) Ap(2) + g [T2(@)]? — oy [10()]? (AO(x) + 12Jz?<x>)
2mA 2mB m4y

= J4(x)As(x) + Jij($>Ai(:(})Bj($) + J4(2)B;(x) + Jio(x)AZ'(:c) <BD(£I}) + T%J%(x))

2
T (mi, - [JOO(:C)P) (Ao(x) T m%ﬂ?(@) - A g ()] (A.84)

A.8 Supplementary Details to Renormalization

To regularize the momentum integral, an obvious approach is to introduce a cut-off scale Acuioff
up to which the momentum integral is evaluated, meaning that the divergences appears in the
limit Acut-of — 00. However, this simple method breaks Lorentz invariance and gauge symmetry
so that other methods securing both are preferred. The typically used regularization method is
the dimensional regularizatiorﬁ where the four-momentum integral is evaluated in 4 — e dimensions
instead, implying that the divergences appear as poles in €. Because this trick reduces the mass
dimension of the momentum integral, an additional arbitrary energy scale u? is introduced to com-
pensate this.

m2(,,2 m2(,,2 m2

el V2 7§ 01

Figure A.4: Division of the full loop integral (light gray) into a finite scale dependent part that
vanishes e.g. for on-shell particles (white) and the remaining constant part (dark gray)

Next, the regularized momentum integrals — which are functions of the external kinematic scales A;
and additional unphysical parameters induced by the regularization \; — are divided into a scale-
dependent part g; (¥;A;) that e.g. vanishes at the renormalization scale A;r and the remaining
scale-independent part 0;(3;\;) containing the additional unphysical parameters, cf. figure

fn (EiAi7 Ej/\j) = gn (EiAi) + (571(21‘)\1‘) , (A.85)

with g, (¥;A;r)) = 0 and n being the order of the considered matrix element in perturbation
theory.

4Note that this procedure leads to other issues (e.g. defining chirality) but the result is gauge and Lorentz invariant
and methods have been developed to overcome the arising problems.
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Next, renormalization is used to absorb d,(%;)\;) into the Hamiltonian by redefining the parameters
of the theory accordingly. Consequently, the renormalized parameters at the renormalization scale
are given by the sum of the bare parameters and the scale-independent part of all diagrams of
the perturbation series. Choosing e.g. the renormalization scale for self-energy corrections — loop
corrections with only two external lines — to be the on-shell mass,

M shell = Mo+ Y o (Zii) (A.86)

is obtained. With this, the parameters at a different scale are given by the renormalized parameters
added to the sum of all scale-dependent loop contributions:

2
mgff(pz) = mgn-shell + Z g;n (pZ) . (A87)
n

Actually, the division of a matrix element into a scale-dependent and a scale-independent part is
not as simple as indicated here. The reason for that is that each loop isolated from the remaining
part of the matrix element can be divided accordingly but the hole amplitude cannot. However, this
is not a problem but allows the use of the renormalized parameters for calculating the contribution
of a diagram. This can be understood from the fact that exchanging any vertex or propagator of
a diagram of some perturbation series by any diagram of the perturbation series of this vertex or
propagator results in a diagram which is also part of the considered perturbation series.

For this reason, the divergent scale-independent contribution of any loop appearing in an amplitude
can be removed by subtracting the contribution which is already taken into account by using the
renormalized parameters for lower order diagrams. Consequently, the contribution of a loop in any
diagram is only given by its finite scale-dependent part.

Consequently, to calculate the finite scale-dependent contribution of a certain loop, the perturbation
series of each renormalized parameter is considered isolated from its appearance in amplitudes.
At one-loop order, the loop integral can simply be divided into a scale-dependent and a scale-
independent part as discussed before. For higher loop orders, the contribution — which is already
taken into account by using the renormalized parameters for the calculation of the lower order
diagrams — has to be subtracted. This can be done without difficulties because the contribution
which needs to be subtracted is known from the calculation of the lower order loop correction of the
considered parameter, cf. figure for an example. Thus, the scale-dependence of all renormalized
parameters can be calculated order by order.

Using this procedure e.g. for the calculation of the perturbation series of the quartic scalar coupling
(Hi(z) = 216(2)*), it can be estimated that the series converges if A is not to large (A < 1672). In this
case, the scale-dependence of A can be approximated by only calculating lower order corrections.
Furthermore, considering larger scale shifts (A; — A; r), the series converges slower and, for this
reason, higher order corrections become more important.
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(Ge e

Figure A.5: The finite scale-dependent contribution of a diagram being part of the perturbation

series of a renormalized parameter (white) is given by the full loop contribution (light
gray) subtracted by the non-scale-dependent contribution which is adsorbed into the
tree-level coupling (dark gray) and the sum of the contributions which are take into
account by using the renormalized parameters for the lower order diagrams (product of
lower order white and dark gray diagrams)

A.9 Renormalization Group Equations

For the SM, only taking into account the gauge couplings and the dominant Yukawa interactions
(top, bottom, and tau), the RGEs at one-loop order are given by

: 3 5
dclliu - @Ng + 110> 12%2 - ;% 1?5772 ’ (A.88a)
3 3
d?ju - <§N9 - 4?) # = —%9#» (A.88b)
dciisp - (;Ng B 11> 1232 - _71(95;2 , (A.88c)
dcllitu - (‘893 - 292 - ;77)9’2 + gy? + gyf + y?) % : (A.88d)
dcf?jlbu - (‘893 - %92 - %9'2 + %yf + gyf + y?) v (A.88¢)
déii/:# — (—ng - %g@ +3y; + 3yp + 23;3) 1é/;2 , (A.88f)

where N, is the number of generations, which is 3 in the SM. Furthermore, considering the inert
Higgs model, cf. section the RGEs at one-loop order for the Higgs self couplings are given by
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10]
Ay 1 29 n 2 2 2 2 9
dinp 167 120 = 9¢° = £ + 12y + 12y + 4y | A+ 4(As + Ag)As + 227 + 2[As]
9 4 2 2 12 3 14 4 4 4
+5\9 + 299"+ 29 ) — 12y — 12y, —dyr |, (A.89a)
4 5 25
d\ 1 9
dhfﬂ = 1672 [ (1% —9g% — 5g’2> Ao+ 4(A3 + A)As + 202 + 2|25 )2
9 4 2 2 12 3 4
1 H o A.89b
+4<g+599 +25g , (A.89D)
d\ 1 9
dln?’u = 2 { <6/\1 +6A2 +4\3 — 9g° — 59'2 + 6y; + 6yj + 2y3> A3
2 2 9 4 2 2 12 3 4
+ 2(A1 4+ A2)Ag + 207 + 2| A5 +Z g —gg g —l-%g , (A.89c¢)
A 1 2 9 2 2 9 o 9 5 p
= 2 2 ANy — - = 2 hd
dln g 167r2[<)\1+ A2+ 83 +4Ay — 997 — g + By + Oy + 2y | A+ 8[As|7 + 9797
(A.89d)
dAs 1 2 9 1 2 2 2
T = 162 2X1 +2X2 + 8A3 + 13Ay — 99” — 59 + 6y; + 6y, + 2y7 | As . (A.89¢)

Note that the other SM RGEs given in equation are unaffected by the Higgs self interaction
and that the SM case is obtained by setting Ay = A and Ao = A3 = Ay = A5 = 0.

As boundary conditions for the RGEs given in equation , the values of the couplings at the
Z-pole (1 = my) in the MS scheme are used [57]:

ay(mz) = 9’(2;2)2 — 0.0169225 = 0.0000039 , (A.90a)
ag(mz) =2 (TFZ S 0.033735  0.000020, (A.90D)
as(my) = gS(TTrZ)Q = 0.11730 = 0.00069, (A.90¢)
ae(mz) = yt(TWZ)Q — 0.07514, (A.90d)
ap(my) = W =2.064 x 1077, (A.90e)
ar(myg) = yT(ZTZ)Q =8.077 x 107¢, (A.90f)

(A.90g)

Furthermore, for the SM case, the boundary condition for A can be extracted from the measured
Higgs boson mass and the VEV:

m2
Amp) = T?h ~ 0.258. (A.91)
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A.10 Standard Model Lagrangian

The SM Lagrangian density, describing the time evolution of the SM particle content, cf. section
in the Yukawa basis is given by

Lo (@) = T, (@) (i + 9,156 (@) + g0 (2) + ¢ Vo, B() ) Vo, (x)
+ 900, (2)Vij (BW' (2) + B (2)) o, (2) + Vs (@) (id) + 9,156 (2) + ¢ Vi B() W, (2)
+Wp, () (i + 95156 () + ¢V, B(2)) U, () + Uy, () (i + Vi, B(2)) Ve, (2)
+ Ty, () (10 + gW' (@) + 'V, (@) B() ) We,(x) - [yUﬁQi (x)H Uy, ()
+yp, B, (2) HV p, () + yey, T, (2) HWg, () + hic] — G (2) G (2)
W @)W (@) — B (@)B () — mi H (@) H () — 2 (H (@) H ()’
+[(9— iatsWht@) iV Bu(@)) H)] ' [ (0 — igtWi(2) — i/ YurBu()) H()] . (A92)
with H¢ = i09 H*. Moreover, the CKM matrix is defined as

1 0 0 cos 613 0 sinfge or cosfis sinfio 0
V;j = 0 COS 023 sin 023 0 1 0 —sin 912 COSs 012 0 5
0 —sinflag cosfog — sin fy3etcr cos 613 0 0 1
(A.93)

cf. equation (C.5|), for the observed values of the four angles. Moreover, the field strength tensors,
cf. equation (A.21]), associated to the SU(3)., the SU(2)r, and the U(1)y gauge symmetries are
given by

G, () = 0,Gy(x) — 0,G5 () + g5 [5G ()G () (A.94a)
Wi (x) = 0, Wy (x) — O, Wi(x) + gfs chb( Wi (), (A.94D)
By (x) = 8, B(x) — 8, B%(x) . (A.94c)

The SM Lagrangian density in the charge conjugated picture is determined by
L () = —Lau(e) = Tq,(2) (i - 9,156 (2) - g3 (@) - ¢'Yo, B()) ¥, (2)
- g% (2)Vij (B0 (@) + BW(2)) W, (@) + oo, () (i0) — 9,156 (2) — o' Yo, B(x)) W (@)
+ T, () (i) — gut§0" () — o' Vi, B(2)) W, (2) + Toryy (2) (i8) — 'V, B(2)) WG, ()
+ @ @ (z’a — ghyW' (@) — 'Y (2) Blx) ) W5, (2) - [ya% (x) H (=)
by, W, (2) HOW, (2) + i, T, (2) HOWS, (1) 4 huc] — Gl (2) G (2)
— T WP (@) — B (@) B () — m H (@) () — L (B @) ()
+ [(au +igthWh(z) + ig'YHBu(x)) HC(Q;)}T [(% +igthWh(z) + z'g’YHBH(:U)> HC(.r)] . (A.95)

meaning that all charges become negative and all Yukawa couplings complex conjugated.
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B Supplementary Details to the Description of Many Body
Systems

B.1 Introduction Into Basic Concepts of Thermodynamics

To quantify the distance between a state and its equilibrium state, it is convenient to define the
entropy, which is minimal when a system is in a defined state. Moreover, when the entropy is
maximal, a system is in its equilibrium state. Additionally, defining the entropy as an extrinsic
quantity — meaning that the entropy of a state of a joined system is given be the sum of the
entropies of the subsystems — the entropy can be defined as

= Si+58j=—- / pipi(In(p;) +In(p;)) = — / pip; In(pip;) , (B.1b)

where p is the phase space density. Next, demanding an expectation value for a non-conserved
quantity,

(A) = /Ap = A, (B.2)

this additional condition can be taken into account by using the method of Lagrange multipliers:

S:—/pln(p)—;/\i (/Aip—.Az) : (B.3)

Maximizing the entropy results in the equilibrium condition given by
p = exp (1 — Z /\Z-Ai> . (B.4)
i

Considering e.g. a system which is thermally coupled to an environment — e.g. physically separated
systems in thermal contact or single particle (species) inside a medium —, due to energy exchange,
the entire system (system plus environment) equilibrates, meaning that the expectation value of
the energy per particle is equivalent for all subsystems. Thus, equilibration transfers energy and
therewith phase space from one system to another, where the phase space volume increases for
increasing energy. In case of only demanding an expectation value for the energy,

(E) = /Ep ¢, (B.5)
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instead of fixing it, the additional condition alters the phase space density after equilibration:
1
_ 1 -BE
=—e , B.6
pP== (B.6)
where the so called canonical partition function Z is determined by the normalization condition:

/p:1 = Z:/e—ﬂE. (B.7)

At this point, defining the entropy as an extrinsic parameter is useful because it can be considered
differentially in linear dependence to the energy which is also extrinsic:

dE =T4dS, (B.8)
where the temperature T' > 0 is a factor of proportionality which is related to S:
/Ep = _E%Z = —E)aﬂln(Z) (B.9a)
== [omip) =~ [ PP l-BE-m(2) ~w(2) - 5 m(z)  (Bb)
égzgé%_ (B.9¢)

Together with equation (3.2]), this implies that the average energy of a system in thermal equilibrium
is proportional to T

Next, systems with variable particle content can be considered. If an expectation value for the
number of particles is demanded,

- /Np N, (B.10)

according to equation (B.4) this results in:

p= ge_BE_VN, (B.11)

where the so called grand canonical partition function Z is again determined by the normalization
condition,

Z= / e PEIN (B.12)

Because the particle number is also an extrinsic parameter, it can be set differentially in linear
dependence to the energy:

dE = udN, (B.13)

with the chemical potential pu. As for the temperature, a similar relation among the chemical
potential y and v can be found:

0
_ /Np_ -5, (). (B.14a)
0 0
S=- /pln(p) =In(Z2) - 58—5 In(Z) — 78—7 In(2) (B.14b)
dN dN dS B 11
dE S 1B ; = (B.14c¢)
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Using this, the grand canonical partition function in its common form is obtained:
= Z = / e AEFIN) (B.15)

It might seem confusing to call i chemical potential because only an expectation value for a particle
number is assumed. However, assuming an expectation value for a number density can be done for
various reasons. First of all, one can examining subsystems which can exchange particles with other
subsystems. Starting from considering two subsystems which are thermally coupled and are both in
an equilibrium state and assuming the particle densities of both subsystems to be different, particles
will diffuse from one subsystem to the other when particle exchange is allowed, meaning that the
particle densities of both subsystems becomes equivalent. Next, to obtain different particle densities
for both subsystems in thermal equilibrium, one of the subsystems has to be more attractive which
— according to equation — is the case when the energy of a particle changes when it passes
between the subsystems. This is e.g. the case when the considered particle reacts chemically with
other particles whose densities are different in both subsystems and which are not exchanged. On
the other hand, also the number densities of the product and the reactant of a chemical reaction
can be considered. Because there is an energy difference between reactant and product, the reaction
evolves energy in one direction and resorbs energy in the other direction, implying that the number
densities of reactant and product are different in thermal equilibrium, cf. equation (3.4)).

However, the chemical potential also appears in systems where an asymmetry between different
particles is settled by external conditions and secured by conserved quantities. In this case, the
chemical potential does not have a chemical origin, meaning that — allowing for a change of the
asymmetry — it equilibrates to zero.

Furthermore, the chemical potential is relevant when considering the distribution functions of a
system with constant particle number. In this case, the chemical potential is used to normalize the
distribution functions such that the correct number density is obtained.

Until now, only thermally coupled systems have been considered. However, volumes (V') can be
exchanged between subsystems as well. This case is much more intuitive because one can easily
think of a movable wall separating two systems. The expectation value of the force that a system
puts on the wall results from elastic scattering processes where particles are reflected on the wall.
Consequently, the so called pressure p depends on the average energy (temperature) and the particle
density. If the pressure is different on both sides of the wall, there is a net force, resulting in
a motion of the wall. Due to the motion of the wall, reflected particles on the side with higher
pressure lose energy, while particles on the side with lower pressure gain energy. In addition, the
number densities change, implying that the pressure on both sides equilibrates. The differential
equation for the energy change is thereby given by dEE = —pdV so that the well-known formula

dE:TdS—pdV-i-,uidNi, (B.lﬁ)
is obtained.

Next, to obtain the distribution functions for particles in thermal equilibrium, it has to be taken
into account that each eigenstate of a system can be either occupied or not. Consequently, the grand

145



B Supplementary Details to the Description of Many Body Systems

canonical partition function for bosons is

1
B(E+p
2y, = § :e b)) — — (B.17)

where each state can be occupied multiple times. Hence, the corresponding distribution function is
given by the Bose-Einstein statistics:

10 1
ol = Zp, OB, )Z = B Etm,) 1’ (B.18a)
=1+ il = BB+, )fb (B.18b)

In contrast, for fermions, each state can only be occupied once resulting in the Fermi-Dirac statistics:

Zp =1+ e PEL) (B.19a)
1 9 1
g = B.19b
i Zr0(Buy,) T BT 11 ( )
=1 — fjd =P Fhur) o, (B.19c)

Only in the limit of low occupation probabilities (5(F + ;) < 1), both statistics become equivalent
to the Maxwell-Boltzmann statistics:

fE4 = e AEFm) (B.20)

For the Boltzmann statistics, the corresponding number density is given by, cf. equation (D.17)),

e Bhip, 3K2(6m2) Tm e—ﬁuzjj

(T B.21
nl( ) m; 27726mz 7T2 ’ ( )
while the number densities for bosons and fermions in the limit u;, m; < T become
C(S) 3 Hby 2
3C(3) 3 Hfio
(T) = T° — —=2T°. B.22b

B.2 Details on the Derivation of Boltzmann Equations

The time evolution of distribution functions is determined by the probability of annihilating a state
from the distribution function and the probability of creating a state, which are both determined by
equation . Consequently, the time evolution of the distribution function of a particle species i
can be written as:

dfi

2F;—
dt

= / (Wdk ,)(dky, ) (Tdk s, ) (dky ) (27)*6 (ki + Sky, + Shy, — Sky, — Shy,)

XM s g iU (T ) (UL = f )LL)
M, sty (T I ) (1 F)(TL = F]) T+ f])] = CIf] (B.23)
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B.2 Details on the Derivation of Boltzmann Equations

Furthermore, the time evolution of a thermal plasma in the early universe is also affected by the
expansion of the universe. Considering a single particle in an expanding isotropic and homogeneous
universe described by the Friedmann equations (A.5)), its momentum is red shifted:

= ki(to)exp | — / H()dt' | . (B.24)

to

a(to)

ki = Ei(to) a(®)

Thus, neglecting interaction terms, the distribution function is simply shifted to lower momenta,
implying that the time evolution of an isotropic and homogeneous distribution function f;(x,k) =
fi(Es,t) is given by

2
fi(Eit) = fi \/(Ez(to);((tto))> +m?, o (B.25)

dfi 1 da@) ki 0f, . ki 0f;

= — = — . B.26
dt  a(t) dt E OF ®) E OFE ( )
Consequently, the time evolution of the distribution function in general is [47]:
~2
i gk 0 Lo (B.27)

dt H( )EZ- OE = 2F;

Next, the collision term C[f;] can be divided into one part Ceglastic|fi] containing all elastic scattering
processes which only change the particle momenta but not the particle species and one part Cipelastic| fi]
containing all inelastic scattering processes changing the particle species. In many cases, it can
be assumed that the elastic scattering processes are in thermal equilibrium, meaning that the
distribution functions are determined by the equilibrium distribution functions (Fermi-Dirac or Bose-
Einstein statistics). Under this assumption, the distribution function only depends on the particle
density, meaning that the equations of motion can be rewritten in terms of particle densities [47]:

dni (t)
dt

= _BH(t)nz(t) + /dl;:z Cinelastic[fi] ; (B28)

where the conservation of the particle number by elastic scattering processes is used:

dNZ' (t) dni (t) dV(t)

S v+ @ Lo (B.29)
dni(t) 1 dv(t) o, 1 da(t)dni(t) dn;(t)
i v a WS e - g (B-30)

By normalizing the number density to the entropy densityﬂ
s=S/V=(p+p)/T. (B.31)

with the energy density p and the pressure p, equation (B.28|) can be further simplified to [47]

dy; d n; 1 [ dn; 1d 1 [ -
dt(t) = CltT;((tt)) = g ( ndt(t) - denz(t)> = g /dkz Cinclastic[fi}a <B32)

for a derivation of this relation see [47, pp.65-66]
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where the conservation of the entropy S is used:

1 11 1
ds _y 4 1Byl

lds _d1  1d5 _d1 i 1 1 daf(t)
sdt AtV Sdt  dtV

i = S = —3H(t). (B.33)

w
S
—
~
~—
IS8
~

In addition, Cipelastic|fi] can be simplified further as well since for the equilibrium densities, the

relations (B.18b]) and (B.19¢) can be used to obtain

Chnelastic | fi] = — / (Wdk ,)(dky, ) (Tdk s, ) Mdky, ) (27) 6 (k; + Sky, + Sky, — Sky, — Sky,)

ePritXBu g, +3 By,

2 by
e 5ﬂff+ ﬁ/‘«bf _ |M’?f by 1
Lo

2
X [’M‘Zfll "'bil ---Hffl "'bfl

x K f(TLf 5 ) (T ) (ILf 7, ) (Lo, ) (B.34)

1 *)Zfll ...bi

with KO = k0 + k), + Sk = TkY, + Sk .

B.3 Thermal Masses

B.3.1 Second Order Thermal Self-Energy Correction

The thermal one-loop self-energy correction in ¢* theory (Hj(z) = %qﬁ(m)‘l) is given by

w7) = [ (d4’“ ( Z' +27T(f(Ek)@(Ek;)+f(—Ek)@(—Ek))5(k;2_m2)>

2 ) ent \B2—m2
m? ~
_ _;ﬁ%ﬂ) + )\/dk F(Ey). (B.35)

where the divergent vacuum loop correction is completely canceled when the renormalization scale
is chosen to be the on-shell mass in the vacuum. Thus, at one-loop order, the thermal mass is only
determined by the remaining integral, which, in the limit 7" > m, can be series expand in powers of

m/T (I} ~ XT?/24 + O(m/T)), cf. equation (D.11].

For the two-loop self-energy correction, the contribution of the diagram which does not contain
thermal corrections to the propagator masses can be written as

=/

2 47 4 i
0% =i [ s [ oyt (e + 27 UBOB(ED + S BOB(E)a(s* ) )

k2 —m

x <k"217712 + 27T(f(Ek’)@(Ek/) + f(—Ek/)@(—Ek/))5(kl2 — m2))

" (<p+ k +Zl>2 —2 T2 (JENOE) + [(-ENO(-E))3((p+ k + K)* - m2>) .

(B.36)

As for the one-loop correction, the pure vacuum contribution is canceled by choosing the renorma-
lization scale to be the on-shell mass in the vacuum. Furthermore, the divergent contribution from
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the part with one distribution function and two vacuum propagatorsEI:

)\2 d*F i
R R

7 7
B.37
X<(p+k‘++k’)2—m2+(p+k‘+k’)2—m2>’ (B:37)

m?2

is canceled by the vacuum one-loop vertex correction (=~ A\/(1672)), meaning that this correction
partly takes into account vacuum one-loop corrections to A for the thermal one-loop self-energy
correction.

The contribution with two distribution functions and one vacuum propagator is given by

A2 ~ ~/ )
22/, 2y _ -
p+Ekt+k-)2—m?2 (+k +ET)2-—m2 (p+k +E)2—m?

> . (B.33)

Considering p* = (m,0,0,0) this integral becomes

1 00

1
132 (m?) ~ /d /dEE E /dE/E/ By

m

2 1
+

o0

A2 T m(Ejy + Ep +m) + 2y By
dE E dEy f(Ew) |1
644/ K f( k)/ kf(k)[n( m(By + By +m)

m m

9l (m(Ek — B+ m) — 2EkEk/> +n (m(—Ek — Ep + m) + 2EkEk/> :|
m(Ey — Ex +m) m(—FEy — Ep +m) '

(B.39)

Calculating this integral in the limit 7' > m, H%Q(mQ) ~ A2T?%/(321%)T? ~ 3\ /(2n%)I1L is obtained
for m < T. Moreover, considering larger masses (e.g. m? = 2I1}% ~ \T?/12), H%Q(gﬁ) becomes
further Boltzmann suppressed.

Finally, the contribution with three distribution function is further suppressed. Moreover, as
discussed in section it does not contribute to the thermal mass but contributes to the damping
in the generalized equation of motion, cf. equation .

In contrast, considering the thermal one-loop self-energy correction (m? = 2I1% ~ A\T?/12) for the
calculation of the thermal one-loop self-energy, the result is shifted by H?F/ (p?) ~ —V3)/(2m)ILL,
cf. equation (D.11)), which is by a factor /v/3X less suppressed than I1%(p?).

2The + index of the momentum distinguishes between positive and negative energies.
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B.3.2 Leading Order Thermal Mass Corrections for the SM and Relevant Extensions

Within the SM, the thermal masses induced by the gauge interactions, the Higgs self coupling, and
the top Yukawa interaction before EWSB in the high temperature limit are given by [70, |30]

392 +912 y A
2 t 2
= (2L 42 T B.4
M ( 16 t g ; (B.40a)
3 2 12
o %T% (B.40D)
My, = % : (B.40¢)
2 9s 9" ; 2
= o2 Sis2t ) T B.40d
mQ, <6 288+ Z316) ’ (340D
mg, = (96 + 2 + 5i3 L ) T2, (B.40e)
92
mp, = <S > : (B.40f)
2 _ 11g2 5
me =5 T2, (B.40g)
11¢?
m2, = TgTQ, (B.40h)
11 /2
m2 = l—gTQ. (B.401)

Extending the SM by right-chiral neutrinos — transforming as singlets under all SM gauge groups —,
the induced thermal masses in the high temperature limit are

3 /2

39° +¢” i |
my, = 3721’2 Z ” T2, (B.41b)
mie =Y ’:‘/Z’TZ. (B.4lc)

Considering the inert Higgs model, the thermal masses of the Higgs particles in the high temperature
limit are given by [50]:

392 + g'2 y2 3A1+2A3+ A\
2 t 2
my="—2 44 T T T B.42
32 +9% 3 +2X3+ M
2 2
= T2, B.42
e < 6 12 (B.42b)
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B.4 Thermal Rate for the Production of Left-Chiral Neutrinos After
EWSB

The thermal interaction rate of active neutrinos can be approximated by the thermal decay rate
of the SU(2)z, and U(1)y gauge bosons whose thermal masses are sufficiently large, cf. figure
The corresponding decay width can be calculated similarly to the decay width of the scalar boson
considered in section [5.1} The corresponding matrix element is given by

My, Lz = 19 DLy, (B.43)
o ¢)’ s P
= ’MAM—WZ-ZI.’Q = 3 —g“ _ A2A Tr [(pg — mfi)'YuL]ﬁ,,.%}
mA g 7
2, .. 1
my

with (¢')? = ¢?/2 and m4 = my for the decay of the W* boson and (¢')? = (¢% + ¢'*)/4 and
ma = my for the Z boson decay. Note that here, the decay of W* and Z bosons is considered
because the focus is on the thermal decay rate after EWSB.

In the rest frame of the decaying particle (E4 = ma and |p,] = 0), cf. equation (D.4)), the decay

width, cf. equation ({2.25), is

FAMHVZ'ZZ' = U7 m?q
Tl B R R E R A (B.45)
™ mA mA mA mA mA

Thus, the corresponding thermal rate, cf. equation (3.27), becomes

2 2 2 2
. g*m3, T ) m?, _omg (my, —mj.) NE m;, mg, K (@) (B.46a)
7W;—>Vi€i 19273 ml2/V m%[/ m%/[/ "m2 . m2 1 T ) .

w My
Vposii X e |2 ———— | AL, = — K1<7>
pi 38473 m%  m7 m?, m%’ m3, T
(B.46b)

Using this, the order of the thermal interaction rate of active neutrinos after EWSB can be approximated
as:

6
Lo 5 (Mgt 3mm)

_ 3 QQm?/V 9 _ ml2’7, _ m%'z _ (mw — mi) N mz%l mi K (mW)
323 | T2 m%/v m%/V m%v ’ m%v’ m%,[, '\
+ 2 22— = A1, Ki(—)|. (B47)
272 mQZ m2Z m‘é m2Z mQZ T

This production rate in the region of interest (Tspr, < T S Te) is shown in figure Thus, the
thermal interaction rate for active neutrinos is roughly of the order T',, ~ T x 1073.
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Figure B.1: Approximate thermal interaction rate of neutrinos normalized with respect to the
temperature as a function of the temperature.
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C Relevant Measured Observables

The measured masses of the Higgs and the massive gauge bosons are given by [76]:

my = 80.379 £ 0.012 GeV, (C.1)
myz = 91.1876 + 0.0021 GeV , (C.2)
mp = 125.10 +0.14 GeV . (C.3)

The neutrino mass differences observed in neutrino oscillation experiments are [76]:

Am? = Am§2 = (—2.546f8:8%) x 1073eV? inverted order, (C.4a)
Am?Z,,, = Am3y = (2.453 £0.034) x 1073%eV?  normal order, (C.4b)
Am?2, = Am2, = (7.53+0.18) x 10 V2. (C.4c)

The measured angles of the CKM matrix are |76]:

sin?(012) = 0.22650 + 0.00048 (C.5a)
sin?(013) = 0.003611 050058 » (C.5b)
sin?(Oq3) = 0.0405370:00083 (C.5¢)
dcp = 11967009 (C.5d)
and for the PMNS matrix [76]:
sin?(012) = 0.307 £ 0.013, (C.6a)
sin?(0©13) = (2.18 £ 0.07) x 1072, (C.6b)
sin?(©g3) = 0.547 + 0.021 inverted order, (C.6c)
sin?(@93) = 0.545 £ 0.021 normal order, (C.6d)
dcp = (1.36 £ 0.17) x . (C.6e)

The bound on the sum of all active neutrino masses at 95 % CL is given by |2]|1_-I

> m, <0.12eV. (C.7)

The observed relic baryon and DM abundance for the base-ACDM model at 68 % CL are IQ]EI
Qph? = (2.242 +0.014) x 1072, (C.8a)
Qpavh? = 0.11933 4 0.00091 . (C.8b)

The measured temperature of the CMB is [22]

T = (2.72548 £ 0.00057) K . (C.9)

!The strongest bound from combining multiple measurements taken from p. 48 of reference [2].
2The values for Qgh? and Qpum are taken from Table 2 of reference [2].
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D Kinematics and Integrals

D.1 Kinematics of 2 — 2 Scattering Processes

The Mandelstam variables are defined as

s=p2 = (p1+p2)” = (ps+ps)°, (D.1a)
t=p} = (p—ps)> = (pa—p2)°, (D.1b)
u=p; = (p1 —ps)’ = (p3 — p2)°, (D.1c)
and fulfill the relation
s+t+u=pt+ps+p3+pi=mi+m+mi+mi. (D.2)

In the limit of negligible small masses (m? +m3+m3+m? < s,t,u), all relevant kinematic variables
can be expressed in terms of s and x = cos6:

t= —g(l—m), (D.3)
w=—2(1+z), (D.3b)
P1P2 = P3ps = ; ; (D.3c)
p1p3 = p2p4 = Z(l —x), (D.3d)
P1P4 = P2p3 = Z(l + ), (D.3e)

with 6 being the angle between p; and ps.

On the other hand, considering sizable masses, the energies and momenta of the single particles in
the center-of-mass frame are given by

s+ m%g — m%,l s+ m§’4 — mi?’

Eio = FEs 4= D.4
1,2 2\/5 9 3,4 2\/5 ) ( a)
Als m% mg] Als m% mi]
o — |». — [ SRs'T) D. = |n —= Ml Ran-tanns 2} D4b
‘pl‘ ’p2| 2\/5 ) ’p3| |p4‘ 2\/5 ) ( )
with
Xa,b,d = Va2 + b2 + ¢ — 2ab — 2ac — 2bc. (D.5)

If both incoming and both outgoing particles have the same masses (m; = mg = m; and mg = my =
my), this further simplifies to

S . . 1 . . 1
E1=E2=E3=E4=\2[ |p1|:\p2|:§\/5—4m?> |p3|:\p4|=§\/s—4mfc, (D.6)
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and

1
t:(pl—pS)QZm?+m2_2<5—\/s—4m? 5—4m3¢x), (D.7a)
2 2 2 1 2 2
u = (p1 — pa) :mi+mf—§ s+ 1/s—4m; s—4mfx , (D.7Db)

is obtained.

Considering m; = ms and me = my instead, t simplifies to

1 1—=x
t= (pl - P3)2 = 2m% - % ((5 + m% - m%)Q - )‘[87 m%,m%ﬁx) = _)‘[S7m%7 m§]2(28) . (Dg)
D.2 Integrals and Functions
The Heaviside function is defined as
0, forxz<0
S = ’ . D.9
(z) {1, forxz >0 (D-9)

The series expansion of the contribution of a single particle to the free energy density in powers of
the particle masses divided by the temperature for vanishing chemical potentials is given by|[20]:

Fhoson d3k
boso :T/ln {1—exp(— k2—|—m22/T)]

Vv (2m)3
~ —W;? m§Z2 - TEZ - 6?7?2 [l (Z}E) + 2y — g - 2111(477)] , (D.10a)
Ffe;r/nion = T/ (;erl;?) In {1 +exp(—+/k2 + m?/T)]
~ 77;;?)14 - ngz - GTEQ [ln (;ﬁ) +2v— g - 2111(71')] , (D.10Db)

with the Euler-Mascheroni constant v ~ 0.577. Using this, the following integral occurring in thermal
self-energy corrections is given by

T2 _ mT _ m? m?
R d F 57— B — [ln <ﬁ) +2v—1-— 2ln(47r)] for bosons
/dki filBy) = 553 = 2 . , (D.11)
m; 5 -9 [ln <ﬁ) +2y—1-2 1H<7T)} for fermions .

Using the Boltzmann approximation and equation (D.16)), the thermal decay rate can by evaluated
analytically:

Vis frovefr = Vfroefnri = /d%i(ﬂd/}fi)(%)%(ki — Skp) M2 .p e

o
2
> _BE: m; _BE:
= / dki 2milisp, e = G Jar / dB;\ B} —m3 e
m;

o0

mi Ki(2)

4
. ~ ma
= ﬁ ar, ., /dx\/wzie x _ ﬁ?m , (D.12)

z
1

155



D Kinematics and Integrals

where equation (2:23) and the Lorentz invariance of dky, is used to rewrite the thermal rate in terms
of the decay width I';_, ¢, _¢,. Moreover, using equation (2.24)), the thermal rate for 2 — 2 scattering
processes can be expressed as

Yirie—f1fa = /d];hd];hd];fld];fl (27T)45(ki1 + kiQ - kf1 - kf2)|M‘121i2—>f1f2675k0
dk -~ - 0ivi _
N / i, i, (27) (K — ki, — kyy) 0 P22 ~Pho

(2m) A1, ]
1 dk Bko

N

=3 W”iliwflfze_ )

S

(D.13)

which, in case of a reduced cross section only depending on the Mandelstam variable s, further
simplifies to

oo 50 EZ
1 N - _ =)
Yivio—sf1fo = 611 / dsa(s)/d’k‘_ae BV s+k
Smin 0 S+k
2 7 0
_om du 6 (u) u / di\/2? — 1 eV
6474
Umin 1
LT K (vuz)
m; . 1 (vuz
= Gart | wuolu)—— (D.14)
Umin

The non-Lorentz invariant part of the massive vector boson propagator can be rewritten as

B / dk KRG / db [ROR - KARG R0 g,
(2m)* m% k2 —m? (2m)* ‘m124 | m?4 k% —m?
_ / dk [(kg — BR)g"g" — (ko — Bk (¢"g" + ¢"'¢™) KR 1 ] g,
(2m)t mZ (kg — E) mi k? —m3
dk [gh0g"0 kPR 1 ,
—i/ o EA | ek (D.15)
(2m) iy m5 k2 —m?
Further integrals used in this thesis are
/dx\/ 2?2 —1e” " = Ky(a), (D.16)
1
r K
/dw gPeoVItet — ﬂ, (D.17)
a
0
i 1 1 b
a—
d =-1 D1
/ R bn<a+b>7 (D-18)
“1

T2

Joeho o L (2) e ()] o

1

156



Bibliography

K. Abe et al., Solar neutrino results in Super-Kamiokande-III,
Phys. Rev. D 83 (2011) p. 052010, arXiv: |[1010.0118 [hep-ex].

N. Aghanim et al., Planck 2018 results. VI. Cosmological parameters, (2018),
arXiv: [1807.06209 [astro-ph.CO].

Evgeny K. Akhmedov, V. A. Rubakov, and A. Yu. Smirnov,
Baryogenesis via neutrino oscillations, Phys. Rev. Lett. 81 (1998) p. 1359,
arXiv: hep-ph/9803255.

E. Aprile et al., Dark Matter Search Results from a One Ton-Year Ezxposure of XENONI1T,
Phys. Rev. Lett. 121 (2018) p. 111302, arXiv: [1805.12562 [astro-ph.CO].

Peter Brockway Arnold and Larry D. McLerran,
Sphalerons, Small Fluctuations and Baryon Number Violation in Electroweak Theory,
Phys. Rev. D36 (1987) p. 581.

Dietrich Bodeker and Wilfried Buchmuller,
Baryogenesis from the weak scale to the GUT scale, (2020), arXiv: 2009.07294 [hep-ph].

M. Bohm, Ansgar Denner, and H. Joos,
Gauge theories of the strong and electroweak interaction, 2001,
ISBN: 978-3-519-23045-8, 978-3-322-80162-3, 978-3-322-80160-9.

Debasish Borah, Arnab Dasgupta, and Sin Kyu Kang,
TeV Scale Leptogenesis via Dark Sector Scatterings, Eur. Phys. J. C 80 (2020) p. 498,
arXiv: [1806.04689 [hep-ph]l

D. Boyanovsky and Chiu Man Ho,
Sterile neutrino production via active-sterile oscillations: The Quantum Zeno effect,
JHEP 07 (2007) p. 030, arXiv: hep-ph/0612092.

G. C. Branco et al., Theory and phenomenology of two-Higgs-doublet models,
Phys. Rept. 516 (2012) p. 1, arXiv: |1106.0034 [hep-ph].

W. Buchmuller, P. Di Bari, and M. Plumacher, Leptogenesis for pedestrians,
Annals Phys. 315 (2005) p. 305, arXiv: hep-ph/0401240.

W. Buchmuller, P. Di Bari, and M. Plumacher, Some aspects of thermal leptogenesis,
New J. Phys. 6 (2004) p. 105, arXiv: hep-ph/0406014.

Y. Burnier, M. Laine, and M. Shaposhnikov,
Baryon and lepton number violation rates across the electroweak crossover,
JCAP 0602 (2006) p. 007, arXiv: hep-ph/0511246.

157


http://dx.doi.org/10.1103/PhysRevD.83.052010
https://arxiv.org/abs/1010.0118
https://arxiv.org/abs/1807.06209
http://dx.doi.org/10.1103/PhysRevLett.81.1359
https://arxiv.org/abs/hep-ph/9803255
http://dx.doi.org/10.1103/PhysRevLett.121.111302
https://arxiv.org/abs/1805.12562
http://dx.doi.org/10.1103/PhysRevD.36.581
https://arxiv.org/abs/2009.07294
http://dx.doi.org/10.1140/epjc/s10052-020-8052-1
https://arxiv.org/abs/1806.04689
http://dx.doi.org/10.1088/1126-6708/2007/07/030
https://arxiv.org/abs/hep-ph/0612092
http://dx.doi.org/10.1016/j.physrep.2012.02.002
https://arxiv.org/abs/1106.0034
http://dx.doi.org/10.1016/j.aop.2004.02.003
https://arxiv.org/abs/hep-ph/0401240
http://dx.doi.org/10.1088/1367-2630/6/1/105
https://arxiv.org/abs/hep-ph/0406014
http://dx.doi.org/10.1088/1475-7516/2006/02/007
https://arxiv.org/abs/hep-ph/0511246

Bibliography

[14]

[15]

[16]

[17]

158

M.E. Carrington, The Effective potential at finite temperature in the Standard Model,
Phys. Rev. D 45 (1992) p. 2933.

James M. Cline, Kimmo Kainulainen, Pat Scott, and Christoph Weniger,
Update on scalar singlet dark matter,

Phys. Rev. D 88 (2013) p. 055025, [Erratum: Phys.Rev.D 92, 039906 (2015)],
arXiv: 1306.4710 [hep-ph].

Sidney R. Coleman and Erick J. Weinberg,
Radiative Corrections as the Origin of Spontaneous Symmetry Breaking,

Phys. Rev. D 7 (1973) p. 1888

Laura Covi, Esteban Roulet, and Francesco Vissani,
CP wiolating decays in leptogenesis scenarios, Phys. Lett. B 384 (1996) p. 169,
arXiv: hep-ph/9605319.

Yanou Cui, Lisa Randall, and Brian Shuve, A WIMPy Baryogenesis Miracle,
JHEP 04 (2012) p. 075, arXiv: 1112.2704 [hep-ph].

Michela D’Onofrio, Kari Rummukainen, and Anders Tranberg,
Sphaleron Rate in the Minimal Standard Model, Phys. Rev. Lett. 113 (2014) p. 141602,
arXiv: [1404.3565 [hep-ph].

L. Dolan and R. Jackiw, Symmetry Behavior at Finite Temperature,
Phys. Rev. D9 (1974) p. 3320.

Glennys R. Farrar and M.E. Shaposhnikov,

Baryon asymmetry of the universe in the minimal Standard Model,

Phys. Rev. Lett. 70 (1993) p. 2833, [Erratum: Phys.Rev.Lett. 71, 210 (1993)],
arXiv: hep-ph/9305274.

D.J. Fixsen, The Temperature of the Cosmic Microwave Background,
Astrophys. J. 707 (2009) p. 916, arXiv: 0911.1955 [astro-ph.CO].

Marion Flanz, Emmanuel A. Paschos, Utpal Sarkar, and Jan Weiss,
Baryogenesis through mixing of heavy Majorana neutrinos, Phys. Lett. B 389 (1996) p. 693,
arXiv: hep-ph/9607310.

Robert Foot and R.R. Volkas,

Studies of neutrino asymmetries generated by ordinary sterile neutrino oscillations in the
early universe and implications for big bang nucleosynthesis bounds,

Phys. Rev. D 55 (1997) p. 5147, arXiv: hep-ph/9610229.

Harald Fritzsch and Peter Minkowski, Universality of the Basic Interactions,
Phys. Lett. B 53 (1974) p. 373.

M. Fukugita and T. Yanagida, Baryogenesis Without Grand Unification,
Phys. Lett. B174 (1986) p. 45.

M. Fukugita and T. Yanagida, Resurrection of grand unified theory baryogenesis,
Phys. Rev. Lett. 89 (2002) p. 131602, arXiv: hep-ph/0203194.


http://dx.doi.org/10.1103/PhysRevD.45.2933
http://dx.doi.org/10.1103/PhysRevD.88.055025
https://arxiv.org/abs/1306.4710
http://dx.doi.org/10.1103/PhysRevD.7.1888
http://dx.doi.org/10.1016/0370-2693(96)00817-9
https://arxiv.org/abs/hep-ph/9605319
http://dx.doi.org/10.1007/JHEP04(2012)075
https://arxiv.org/abs/1112.2704
http://dx.doi.org/10.1103/PhysRevLett.113.141602
https://arxiv.org/abs/1404.3565
http://dx.doi.org/10.1103/PhysRevD.9.3320
http://dx.doi.org/10.1103/PhysRevLett.70.2833
https://arxiv.org/abs/hep-ph/9305274
http://dx.doi.org/10.1088/0004-637X/707/2/916
https://arxiv.org/abs/0911.1955
http://dx.doi.org/10.1016/S0370-2693(96)01337-8
https://arxiv.org/abs/hep-ph/9607310
http://dx.doi.org/10.1103/PhysRevD.55.5147
https://arxiv.org/abs/hep-ph/9610229
http://dx.doi.org/10.1016/0370-2693(74)90406-7
http://dx.doi.org/10.1016/0370-2693(86)91126-3
http://dx.doi.org/10.1103/PhysRevLett.89.131602
https://arxiv.org/abs/hep-ph/0203194

Bibliography

Camilo Garcia-Cely, Michael Gustafsson, and Alejandro Ibarra,
Probing the Inert Doublet Dark Matter Model with Cherenkov Telescopes,
JCAP 02 (2016) p. 043, arXiv: |1512.02801 [hep-ph].

H. Georgi and S.L. Glashow, Unity of All Elementary Particle Forces,
Phys. Rev. Lett. 32 (1974) p. 438!

G. F. Giudice, A. Notari, M. Raidal, A. Riotto, and A. Strumia,
Towards a complete theory of thermal leptogenesis in the SM and MSSM,
Nucl. Phys. B685 (2004) p. 89, arXiv: hep-ph/0310123.

S.L. Glashow, Partial Symmetries of Weak Interactions, Nucl. Phys. 22 (1961) p. 579.

J. Gluza and M. Zralek, Feynman rules for Majorana neutrino interactions,
Phys. Rev. D 45 (1992) p. 1693.

Eugene Golowich, SCALAR MEDIATED PROTON DECAY,
Phys. Rev. D 24 (1981) p. 2899.

Walter Grimus and Luis Lavoura,
Renormalization of the neutrino mass operators in the multi- Higgs-doublet standard model,
Eur. Phys. J. C 39 (2005) p. 219, arXiv: hep-ph/0409231.

David J. Gross, Robert D. Pisarski, and Laurence G. Yaffe,
QCD and Instantons at Finite Temperature, Rev. Mod. Phys. 53 (1981) p. 43.

Jeffrey A. Harvey and Michael S. Turner, Cosmological baryon and lepton number in the
presence of electroweak fermion number violation, Phys. Rev. D42 (1990) p. 3344.

Gerard 't Hooft, Renormalizable Lagrangians for Massive Yang-Mills Fields,
Nucl. Phys. B 35 (1971) p. 167, ed. by J.C. Taylor.

Gerard 't Hooft, Symmetry Breaking Through Bell-Jackiw Anomalies,
Phys. Rev. Lett. 37 (1976) p. 8.

Wei-Chih Huang, Heinrich Pas, and Sinan Zeifiner,
Scalar Dark Matter, GUT baryogenesis and Radiative neutrino mass,
Phys. Rev. D98 (2018) p. 075024, arXiv: 1806.08204 [hep-ph].

Wei-Chih Huang, Heinrich Pés, and Sinan Zeissner,
Neutrino assisted GUT baryogenesis - revisited, Phys. Rev. D97 (2018) p. 055040,
arXiv: [1608.04354 [hep-ph]l

Thomas Hugle, Moritz Platscher, and Kai Schmitz,
Low-Scale Leptogenesis in the Scotogenic Neutrino Mass Model,
Phys. Rev. D98 (2018) p. 023020, arXiv: 1804.09660 [hep-ph].

Gerard Jungman, Marc Kamionkowski, and Kim Griest, Supersymmetric dark matter,
Phys. Rept. 267 (1996) p. 195, arXiv: hep-ph/9506380.

Shoichi Kashiwase and Daijiro Suematsu, Leptogenesis and dark matter detection in a TeV
scale neutrino mass model with inverted mass hierarchy, Eur. Phys. J. C 73 (2013) p. 2484,
arXiv: 1301.2087 [hep-phl].

159


http://dx.doi.org/10.1088/1475-7516/2016/02/043
https://arxiv.org/abs/1512.02801
http://dx.doi.org/10.1103/PhysRevLett.32.438
http://dx.doi.org/10.1016/j.nuclphysb.2004.02.019
https://arxiv.org/abs/hep-ph/0310123
http://dx.doi.org/10.1016/0029-5582(61)90469-2
http://dx.doi.org/10.1103/PhysRevD.45.1693
http://dx.doi.org/10.1103/PhysRevD.24.2899
http://dx.doi.org/10.1140/epjc/s2004-02075-0
https://arxiv.org/abs/hep-ph/0409231
http://dx.doi.org/10.1103/RevModPhys.53.43
http://dx.doi.org/10.1103/PhysRevD.42.3344
http://dx.doi.org/10.1016/0550-3213(71)90139-8
http://dx.doi.org/10.1103/PhysRevLett.37.8
http://dx.doi.org/10.1103/PhysRevD.98.075024
https://arxiv.org/abs/1806.08204
http://dx.doi.org/10.1103/PhysRevD.97.055040
https://arxiv.org/abs/1608.04354
http://dx.doi.org/10.1103/PhysRevD.98.023020
https://arxiv.org/abs/1804.09660
http://dx.doi.org/10.1016/0370-1573(95)00058-5
https://arxiv.org/abs/hep-ph/9506380
http://dx.doi.org/10.1140/epjc/s10052-013-2484-9
https://arxiv.org/abs/1301.2087

Bibliography

[44]

160

S. Yu. Khlebnikov and M. E. Shaposhnikov,
The Statistical Theory of Anomalous Fermion Number Nonconservation,
Nucl. Phys. B308 (1988) p. 885.

Frans R. Klinkhamer and N. S. Manton,
A Saddle Point Solution in the Weinberg-Salam Theory, Phys. Rev. D30 (1984) p. 2212.

Edward W. Kolb, Andrei D. Linde, and Antonio Riotto, GUT baryogenesis after preheating,
Phys. Rev. Lett. 77 (1996) p. 4290, arXiv: hep-ph/9606260.

Edward W. Kolb and Michael S. Turner, The Farly Universe, Front. Phys. 69 (1990) p. 1.

Edward W. Kolb and Stephen Wolfram, Baryon Number Generation in the Early Universe,
Nucl. Phys. B 172 (1980) p. 224, [Erratum: Nucl.Phys.B 195, 542 (1982)].

V.A. Kuzmin, V.A. Rubakov, and M.E. Shaposhnikov,
On the Anomalous Electroweak Baryon Number Nonconservation in the Farly Universe,
Phys. Lett. B 155 (1985) p. 36.

M. Laine, M. Meyer, and G. Nardini,
Thermal phase transition with full 2-loop effective potential, Nucl. Phys. B 920 (2017) p. 565,
arXiv: 1702.07479 [hep-ph]l

Mikko Laine and Aleksi Vuorinen, Basics of Thermal Field Theory, vol. 925, Springer, 2016,
arXiv: 1701.01554 [hep-ph].

Andrei D. Linde, Infrared Problem in Thermodynamics of the Yang-Mills Gas,
Phys. Lett. B96 (1980) p. 289.

Jiang Liu, Phenomenological description of an unstable fermion, (1993),
arXiv: hep-ph/9304213.

Ernest Ma, Verifiable radiative seesaw mechanism of neutrino mass and dark matter,
Phys. Rev. D73 (2006) p. 077301, arXiv: hep-ph/0601225.

Takeo Matsubara, A New approach to quantum statistical mechanics,
Prog. Theor. Phys. 14 (1955) p. 351,

Alexander Merle and Moritz Platscher, Parity Problem of the Scotogenic Neutrino Model,
Phys. Rev. D92 (2015) p. 095002, arXiv: |1502.03098 [hep-ph].

Luminita N. Mihaila, Jens Salomon, and Matthias Steinhauser, Renormalization constants
and beta functions for the gauge couplings of the Standard Model to three-loop order,
Phys. Rev. D86 (2012) p. 096008, arXiv: 1208.3357 [hep-ph].

S. P. Mikheyev and A. Yu. Smirnov, Resonant neutrino oscillations in matter,
Prog. Part. Nucl. Phys. 23 (1989) p. 41.

Peter Minkowski, p1 — ey at a Rate of One Out of 10° Muon Decays?,
Phys. Lett. B 67 (1977) p. 421.

Michael E. Peskin and Daniel V. Schroeder, An Introduction to quantum field theory,
Addison-Wesley, 1995, 1SBN: 978-0-201-50397-5.

Werner Rodejohann, Neutrino-less Double Beta Decay and Particle Physics,
Int. J. Mod. Phys. E 20 (2011) p. 1833, arXiv: 1106.1334 [hep-ph]l.


http://dx.doi.org/10.1016/0550-3213(88)90133-2
http://dx.doi.org/10.1103/PhysRevD.30.2212
http://dx.doi.org/10.1103/PhysRevLett.77.4290
https://arxiv.org/abs/hep-ph/9606260
http://dx.doi.org/10.1016/0550-3213(82)90012-8
http://dx.doi.org/10.1016/0370-2693(85)91028-7
http://dx.doi.org/10.1016/j.nuclphysb.2017.04.023
https://arxiv.org/abs/1702.07479
https://arxiv.org/abs/1701.01554
http://dx.doi.org/10.1016/0370-2693(80)90769-8
https://arxiv.org/abs/hep-ph/9304213
http://dx.doi.org/10.1103/PhysRevD.73.077301
https://arxiv.org/abs/hep-ph/0601225
http://dx.doi.org/10.1143/PTP.14.351
http://dx.doi.org/10.1103/PhysRevD.92.095002
https://arxiv.org/abs/1502.03098
http://dx.doi.org/10.1103/PhysRevD.86.096008
https://arxiv.org/abs/1208.3357
http://dx.doi.org/10.1016/0146-6410(89)90008-2
http://dx.doi.org/10.1016/0370-2693(77)90435-X
http://dx.doi.org/10.1142/S0218301311020186
https://arxiv.org/abs/1106.1334

Bibliography

[71]

[72]

73]
[74]

A. D. Sakharov,
Violation of CP Invariance, ¢ Asymmetry, and Baryon Asymmetry of the Universe,
Pisma Zh. Eksp. Teor. Fiz. 5 (1967) p. 32, [Usp. Fiz. Nauk161,61(1991)].

Matthew D. Schwartz, Quantum Field Theory and the Standard Model,
Cambridge University Press, 2014, 1sBN: 978-1-107-03473-0, 978-1-107-03473-0.

M. Srednicki, Quantum field theory, Cambridge University Press, 2007,
ISBN: 978-0-521-86449-7, 978-0-511-26720-8.

Steven Weinberg, A Model of Leptons, Phys. Rev. Lett. 19 (1967) p. 1264.

Steven Weinberg, Gauge and Global Symmetries at High Temperature,
Phys. Rev. D 9 (1974) p. 3357.

Steven Weinberg, Perturbative Calculations of Symmetry Breaking,
Phys. Rev. D 7 (1973) p. 2887.

Steven Weinberg, The Quantum theory of fields. Vol. 1: Foundations,
Cambridge University Press, 2005, 1SBN: 978-0-521-67053-1, 978-0-511-25204-4.

Steven Weinberg, The quantum theory of fields. Vol. 2: Modern applications,
Cambridge University Press, 2013,
ISBN: 978-1-139-63247-8, 978-0-521-67054-8, 978-0-521-55002-4.

H. Arthur Weldon, Effective Fermion Masses of Order ¢T in High Temperature Gauge
Theories with Exact Chiral Invariance, Phys. Rev. D26 (1982) p. 2789.

H. Arthur Weldon, Simple Rules for Discontinuities in Finite Temperature Field Theory,
Phys. Rev. D 28 (1983) p. 2007.

R. Wendell et al., Atmospheric neutrino oscillation analysis with sub-leading effects in
Super-Kamiokande I, II, and III, Phys. Rev. D 81 (2010) p. 092004,
arXiv: [1002.3471 [hep-ex].

L. Wolfenstein, Neutrino Oscillations in Matter, Phys. Rev. D 17 (1978) p. 2369.

Sinan Zeifiner, “Majorana-Neutrino unterstiitzte GUT Baryogenese”,
MA thesis: Fakultdat Physik, Technische Univeritat Dortmund.

Clarence Zener, Nonadiabatic crossing of energy levels,
Proc. Roy. Soc. Lond. A137 (1932) p. 696.

P.A. Zyla et al., Review of Particle Physics, PTEP 2020 (2020) p. 083C01.

161


http://dx.doi.org/10.1070/PU1991v034n05ABEH002497
http://dx.doi.org/10.1103/PhysRevLett.19.1264
http://dx.doi.org/10.1103/PhysRevD.9.3357
http://dx.doi.org/10.1103/PhysRevD.7.2887
http://dx.doi.org/10.1103/PhysRevD.26.2789
http://dx.doi.org/10.1103/PhysRevD.28.2007
http://dx.doi.org/10.1103/PhysRevD.81.092004
https://arxiv.org/abs/1002.3471
http://dx.doi.org/10.1103/PhysRevD.17.2369
http://dx.doi.org/10.1098/rspa.1932.0165
http://dx.doi.org/10.1093/ptep/ptaa104

	Introduction
	Quantum Field Theory in the Vacuum
	Introduction Into Relativistic Quantum Mechanics
	Introduction Into the Basic Concepts of Quantum Field Theory
	Essentials of Quantum Field Theory
	Calculation of Transition Rates in Quantum Field Theory

	Derivation of Propagators and Loops in Time-Dependent Perturbation Theory
	Propagators for Scalar Bosons and Spin-1/2 Fermions and Introduction of Loop Contributions
	Derivation of the Massive Vector Boson Propagator
	Detailed Investigation of Transition Amplitudes Involving Self Interactions of Massive Vector Bosons
	Implications on Loop Contributions Involving Multiple Massive Vector Bosons
	Implications on Massless Vector Bosons

	Path Integral for Quantum Field Theory
	Path Integral for Quantum Mechanics
	Common Extension of the Path Integral in Quantum Field Theory
	Subtleties of the Path Integral for Quantum Field Theory

	Renormalization and Renormalization Group Equations
	Renormalization Group Equations

	Introduction Into Gauge Theories
	Essentials of Gauge Theories
	The Gauge-Fixing Procedure

	Spontaneously Broken Symmetries
	Essentials of Spontaneous Symmetry Breaking
	Equations of Motion for Goldstone Bosons and Massive Vector Bosons

	The Standard Model of Particle Physics
	Flavor Oscillation
	Decaying Particles and CP violation
	Effective Free Equation of Motion of Decaying Particles
	CP Violation


	Description of Many-Particle Systems
	Introduction to the Basic Concepts of Thermodynamics and Thermal Equilibrium
	Derivation of the Boltzmann Equations
	Introduction to Thermal Field Theory
	Approximation of Thermal Masses
	Matter Effects on Flavor Oscillation
	Details on Thermal Equilibrium
	Thermal Equilibrium of the Dominant Yukawa Interactions
	Implication of the Equilibrium Condition


	Violation of Baryon and Lepton number
	Rate of B and L Violation Induced by Sphaleron Transitions
	Diversity of Baryogenesis Models
	Interplay of Sphaleron Transitions and B-L Violating Interactions

	Introduction of Right-Handed Majorana Neutrinos
	Thermal Rate of Two-Body Decays Involving Majorana Fermions
	Thermal Rate of Majorana Fermion Mediated Fermion Number Violating 2→2 Scattering Processes
	CP Violation in the Two-Body Decay of Majorana Fermions and Thermal Leptogenesis

	Investigation of an Extended Higgs Sector With Focus on the Inert Higgs Model
	The Inert Higgs Model
	The Scotogenic Model
	Thermal Corrections to the Effective Higgs Potential

	L Violation Assisted GUT Baryogenesis
	Interplay of Sphaleron Transitions and L Violation Induced by Right-Handed Majorana Neutrinos
	Approximation of the Thermal Rates of L Violation Induced by Right-Handed Majorana Neutrinos
	L Violation Induced by One Right-Handed Majorana Neutrino
	L Violation Induced by Two Right-Handed Majorana Neutrinos
	L Violation Induced by One Right-Handed Majorana Neutrino Within the Scotogenic Model

	Thermal Aspects of Leptogenesis
	Thermal Leptogenesis With Enlarged Yukawa Couplings
	Leptogenesis With Degenerated Masses Induced by Thermal Corrections
	Thermal Degeneracy of Right-Chiral Neutrino Masses
	Thermal Degeneracy of Left-Handed Neutrino Masses
	Thermal Degeneracy of Left- and Right-Chiral Neutrino Masses


	Conclusion
	Supplementary Details to Quantum Field Theory in the Vacuum
	Spacetime Geometry
	Details on Relativistic Quantum Mechanics
	Perturbation Theory for Quantum Mechanics
	Time-Dependent Perturbation Theory
	Diagrammatic Visualization of the Perturbation Series in QFT
	Time-Independent Perturbation Theory

	Detailed Introduction of Quantum Field Operators
	Propagators and Full Set of States
	Calculation of Matrix Elements Without Using the Residue Theorem
	Detailed Calculation of the Interaction Hamiltonian for Self-Interaction Massive Vector Bosons
	Supplementary Details to Renormalization
	Renormalization Group Equations
	Standard Model Lagrangian

	Supplementary Details to the Description of Many Body Systems
	Introduction Into Basic Concepts of Thermodynamics
	Details on the Derivation of Boltzmann Equations
	Thermal Masses
	Second Order Thermal Self-Energy Correction
	Leading Order Thermal Mass Corrections for the SM and Relevant Extensions

	Thermal Rate for the Production of Left-Chiral Neutrinos After EWSB

	Relevant Measured Observables
	Kinematics and Integrals
	Kinematics of 2 →2 Scattering Processes
	Integrals and Functions

	Bibliography

