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Abstract

We present an approach for quantum impurity systems (QISs) that extends the
numerical renormalization group (NRG) to an open quantum system (OQS) formula-
tion. The continuous conduction band is divided into an arbitrary Wilson chain and a
set of reservoirs without affecting the local bath hybridization function. One reservoir
is coupled to each chain site and is treated by the Bloch-Redfield formalism (BRF),
which includes the Born-Markov approximation (BMA).

This open chain formalism (OCF) yields true thermalization in local time-dependent
non-equilibrium expectation values (TD-NEVs), as well as finite lifetime in local
equilibrium spectral functions (ESFs). It reproduces the t — oo steady-state predicted
by the NRG and the correct relaxation rates in the resonant level model (RLM).
By enlarging the Wilson chain, the accuracy of the BMA, especially with respect
to short-time dynamics, is increased. The formation of Hubbard-peaks and the
Kondo-resonance are reproduced for the single impurity Anderson model (SIAM).

The BMA in second order results in the persistence of finite-size oscillations to some
degree, which can be damped by the well-established procedure of z-averaging. We
find the BRF to be inadequate for interacting models, if the local Coulomb repulsion
exceeds the conduction bandwidth, and discuss several options to improve the OCF
for this parameter regime.

Since the motivation for this thesis is of pure methodological nature, we restrict
to the most simple quantum impurity models (QIMs) to benchmark our algorithm.
However, the OCF is as versatilely applicable to more complex models as the pure
NRG. Consequently, our approach can be adapted to e.g. multi-impurity models, as

well as simulate local transport properties in and out of equilibrium.



i

Kurzfassung

Wir prasentieren einen Ansatz zur Behandlung von Quantenstorstellensystemen,
der die numerische Renormierungsgruppe (NRG) zu einem offenen-Quantensystem-
Formalismus erweitert. Das kontinuierliche Leitungsband wird in eine beliebige
Wilsonkette und einen Satz von Reservoirs aufgeteilt, ohne die lokale Badhybri-
disierungsfunktion zu beeinflussen. An jedes Kettenglied wird jeweils ein Reservoir
tiber den Bloch-Redfield Formalismus (BRF) angekoppelt, der eine Born-Markov-
Néherung (BMN) impliziert.

Dieser offene-Wilsonketten-Formalismus (OWF) garantiert eine echte Thermal-
isierung fiir lokale nicht-Gleichgewichtsdynamik, sowie eine endliche Lebenszeit fiir
lokale Gleichgewichtsspektralfunktionen. Der Ansatz reproduziert die von der NRG
vorhergesagten Gleichgewichtswerte fiir t — oo und die korrekten Relaxationsraten fiir
das Resonanzlevel-Modell. Durch Verlangerung der Wilsonkette wird die Genauigkeit
der BMN, speziell fiir die Kurzzeitdynamik, erhoht. Die Formierung der Hubbardhiigel
und der Kondoresonanz kénnen fiir das Einzelstorstellen-Anderson-Modell reproduziert
werden.

Die BMN in zweiter Ordnung ist nicht in der Lage, die Oszillationen, die durch
die Banddiskretisierung im Kontext der NRG entstehen, vollstandig zu dampfen, kann
jedoch durch die wohlbekannte z-Mittelung konstruktiv erganzt werden. Es stellt sich
heraus, dass der BRF nicht effizient ist fiir wechselwirkende Systeme, in denen die lokale
Wechselwirkung die Bandbreite iibersteigt. Hierzu diskutieren wir mehrere alternative
Optionen.

Die Motivation zu dieser Arbeit ist rein methodologischer Natur, weshalb wir uns
auf die einfachsten Quantenstorstellenmodelle beschranken. Der OWF ist allerdings
ebenso vielfiltig einsetzbar wie die NRG selbst, und damit anwendbar auf z.B. Multi-

Storstellenmodelle oder lokalen Gleichgewichts- und Nicht-Gleichgewichts-Transport.
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1. Introduction

Solid state physics is a materials science, that is intended to explain macroscopic be-
havior of crystalline solids, such as the conductivity of heat or electric current, by
understanding their properties on a microscopic, i.e. atomic level. On this scale, it is
often indispensable to consider quantum mechanical effects. A typical sample used in
experiments contains a particle number of the order of 10%. It is clearly impossible
to solve such a system, when considering all quantum mechanical particle interactions.
This is why physicists reduce the complexity of the problem by concentrating on single
weakly or non-interacting electrons. However, this method fails to describe materi-
als, in which strong correlation effects play a dominant role. These materials show
unusual, and often technologically useful, electronic and magnetic properties such as
superconductivity [1, 2], Mott insulation [3, 4] or heavy fermion behavior [5, 6].

One example of a strong correlation effect was discovered in the 1930’s in a gold
sample contaminated with iron atoms [7]. At very low temperatures of a few Kelvin,
the sample displayed an increase of electrical resistivity upon further lowering the
temperature, which contradicted the traditional perspective at that time. In the 1960’s
Jun Kondo was able to explain the resistivity minimum by an interaction between the
magnetic moment of the iron impurities and the conduction band electron spins of
the gold atoms [8]. This so-called Kondo effect is not restricted to magnetic impurities
diluted in a host metal, but can also be observed in quantum dots (QDs) [9]. These are
artificial atoms that confine a localized charge in all space dimensions. The localized
spin of an electron can be used as a qubit and can be manipulated by coherent laser
pulses, which builds the foundation of quantum computing [10, 11, 12].

The basis of theoretically describing a QIS, such as the above mentioned localized
iron impurities coupled to the itinerant gold electrons, is the reduction of the complex
many-body interactions to an effective QIM. The SIAM [13, 14, 15] is a basic QIM,
which is capable of describing the Kondo effect and is connected to the Kondo model
by a Schrieffer-Wolff transformation [16]. It contains a single orbital hybridized with a

non-interacting band of conduction electrons. By the introduction of a local Coulomb
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repulsion between electrons of opposite spin, the STAM is able to explain the formation
of a local magnetic moment and ultimately the Kondo effect itself. From the SIAM
one can derive even simpler models as the (interacting) RLM [17, 18].

A variety of methods has been applied to approximately solve QIMs in an analytical

1. A major challenge to those approaches is the applicability

and numerical manner
over a wide range of energies, spanning from the width of the conduction band to the
exponentially small temperatures, at which the Kondo effect emerges. One of the most
successful approaches is the renormalization group (RG) [20, 21], which provides an
effective low-energy Hamiltonian by iteratively integrating out high-energy modes and
thus renormalizing the energy scales of the system. From the RG, Kenneth Wilson
developed the NRG in the 1970’s [22], with which he was able to solve the Kondo
model. The NRG is based upon a logarithmic discretization of the conduction band
energy spectrum. These discrete modes are iteratively coupled to the impurity to form
a so-called Wilson chain. The logarithmically decreasing coupling parameters embed
an energy hierarchy that reveals the RG character of this method and allows for a
truncation of high-energy states of the system. This truncation is the numerical aspect
of the NRG and allows to significantly increase the system size.

Since its development, the NRG has successfully been applied to calculate local
equilibrium and non-equilibrium quantities of QIMs [23, 24, 25]. The drawback of
this method are finite-size effects due to the band discretization [26, 27, 28], which
inevitably neglects modes from the energy continuum. In TD-NEVs, this translates to
back-reflections of charge along the Wilson chain [29, 30], due to the decreasing chain
parameters, as well as reflection at the end of the chain, which ultimately leads to
revival effects of charge at the impurity and prohibits a thermalization of the system
[31]. In ESFs the discretization of the band continuum prohibits a finite lifetime of
local excitations, which is a practical obstacle for the depiction of the spectrum [32].

Throughout the years, several attempts have been made to improve the finite-size
effects of the NRG. One of the basic concepts to restore the continuum is z-averaging
proposed by Oliveira et al [33]. Here the results are averaged over several Wilson
chains, which differ by a shift of the discretization of the conduction band. Thus
finite-size oscillations in equilibrium [26] and non-equilibrium [29] quantities can be
reduced. However, a thermalization to the correct steady-state is not achieved. For
spectral functions it is customary to artificially broaden the spectrum with a Gaussian

[34] or a Lorentzian [32]. This renders satisfactory results for low-energies, but over-

1A detailed overview can be found in Ref. [19], Chap. 1.



Introduction 3

broadens the spectrum at higher energies. Furthermore, in the SIAM the ESF can be
slightly optimized by a correction of the self-energy [35]. However, a natural intrinsic
broadening is still not provided.

Giittge et al proposed a hybrid NRG+DMRG approach [36]. Here an effective tight-
binding chain is coupled to the end of a Wilson chain. The Wilson chain is treated
with the NRG, while in the tight-binding chain a truncation of high-energy states is
not possible. Thus, a density matrix renormalization group (DMRG) [37] is required,
which is more versatile, since it discards those states, which have a small contribution
to the ground state instead, and is thus applicable for arbitrary tight-binding chains.
A drawback of the DMRG is the fact, that it is basically restricted to ground state,
i.e. temperature T' = 0 calculations. The NRG+DMRG approach has been shown
to produce accurate results for the interacting resonant level model (IRLM) [36], but
provides neither a true thermalization for longer times, nor a finite lifetime.

In this thesis we propose an OCF by hybridizing the NRG with a BRF [38, 39, 40].
To be precise, a Wilson chain with reservoirs coupled to each chain site is constructed
by a continued fraction expansion (CFE) [41]. This open Wilson chain (OWC) re-
sembles the exact continuum of the conduction band. The reservoir-chain coupling is
performed by a BRF, which is a coupling in second order of the hybridization strength.
This formalism includes dissipation, since the reservoirs absorb surplus charge and can
thus reduce back-reflections. Furthermore, the BRF includes a true thermalization to
the steady-state predicted by the NRG, as well as natural broadening of the local ex-
citations. In the limit of a small discretization parameter and a long Wilson chain, the
system becomes exact in the sense, that the reservoirs resemble a small perturbation
to the Wilson chain, which is approximately exact in second order.

Above we have introduced the reservoirs as a correction to the Wilson chain to
restore the full continuum. However, the opposite perspective is possible as well. At
the foundation of the BRF lies the BMA, which assumes the hybridization between the
local system (impurity) and the bath (conduction band) to be the smallest energy scale
of the total QIS. By extracting modes from the bath and coupling them to the impurity,
the local system is expanded and the remaining bath modes are re-coupled from the
impurity to the single chain sites. From that perspective, the Wilson chain acts as a
buffer zone [42, 43, 44] and the system becomes exact, if the energy levels of this buffer
zone are sufficiently dense, which is in accordance with the criterion above. Typical
approaches use an equidistant energy spacing, while we use a logarithmic spacing due

to the Wilson chain energy hierarchy.
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Dorda et al [45, 46] have used the auxiliary master equation approach (AMEA) as
an OQS approach, that is to some degree similar to our OCF formalism. In contrast,
an arbitrary system with few degrees of freedom (DOF) instead of a Wilson chain
is chosen as an auxiliary buffer zone between the impurity and the reservoirs. The
coupling is treated with a standard Lindblad formalism [47, 48], where all Lindblad,
as well as buffer zone, parameters are fitted to resemble the exact bath hybridization
function for the local Green’s function as accurately as possible. The group is able to
reproduce the STAM spectral function well in both equilibrium and non-equilibrium. In
contrast, we rigorously derive the OWC parameters to obtain an exactly defined system.
This gives a physical justification of our method, which goes beyond the argument of
rendering adequate results. The NRG allows us to efficiently calculate large systems,
where the Bloch-Redfield tensor (BRT) can be solved exactly by including the secular
approximation. Furthermore, the BRF is more complex than the Lindblad formalism,
which is the reason, why the group could not reproduce the SIAM results for a single
chain system with the AMEA.

This thesis is organized as follows: In Chap. 2 we introduce the relevant QIMs of
this thesis and review their most important features. In Chap. 3 the NRG is derived
in the canonical way and is adapted to the calculation of TD-NEVs and ESFs. Also
the finite-size properties of the Wilson chain are discussed, which are the motivation
for our OCF. The BRF is reviewed in Chap. 4 and the implications of the BMA are
illustrated for the atomic RLM and SIAM, respectively. In Chap. 5 we present the
CFE, which is then used to extend the system Hamiltonian by a Wilson chain and
thus to construct an OWC. Exemplarily for the RLM, we illustrate how the BMA is
improved by the Wilson chain or how the OQS formulation of the BRF introduces true
relaxation and broadening to the Wilson chain. The OCF is adapted to the NRG in
Chap. 6, by introducing several approximations for a truncation of high-energy states
in the OWC that do not corrupt the fundamental properties? of the time-dependent
density matrix. In Chap. 7 the OCF is tested for interacting QIMs, i.e. the IRLM
and the SIAM, respectively. Especially, we extend the investigations of Chap. 4 with
respect to the suitability of the formalism for all energy ranges of the local Coulomb
repulsion in relation to the bandwidth of the conduction band. Finally, in Chap. 8 we
conclude the findings of the thesis and propose ideas regarding a further application
and extension of the OCF.

Throughout this thesis we presume A = 1 and kg = 1. Consequently, frequencies

%i.e. positive semi-definiteness, hermiticity and the conservation of the trace for all times



and temperatures are interpreted as energies and time is an effective inverse energy.
We will denote D as the bandwidth of the conduction band for the sake of convenience,
although, strictly speaking, it is the half bandwidth. The Fermi-energy ep is defined
as zero in this thesis and the hybridization I'" will be our favored energy scale, since it

is invariant under poor man’s scaling.






2. Quantum Impurity Maodels

In the middle of the last century researchers began to discover that impurities in metal
alloys can have interesting impacts on physical properties of the host material. Since
those days, theorists developed several models to describe impurities on a quantum
level, i.e. QIMs, as well as versatile methods to solve those models analytically and
numerically. Impurities can influence transport properties of the host material. One
of the most important impurity effects is the modification of electrical resistivity at
low temperatures, which was discovered in 1934 [7]. This effect was explained by Jun
Kondo in 1964 [8], although it took another 10 years to find a satisfying theoretical
treatment of the Kondo effect, until Wilson developed the NRG [22]. Nowadays, several
experimental realizations of the Kondo effect are possible (see Sec. 2.6), spanning from
magnetic adatoms on non-magnetic surfaces to localized electrons serving as QDs.

In a QIM, the impurity is described as a small subsystem with a finite number of
DOF. An example could be a single energy level in the outer orbital of a 3d or 4 f atom.
An electron can be localized in this orbital, but in comparison to the other electrons
of the atom, it is confined less strongly and can thus hybridize with the environment
of the impurity. Furthermore, if the spin of this level is not compensated by another
electron of the atom, an effective magnetic moment is generated, which makes the
impurity magnetic. The distribution of impurities in a real material can be assumed to
be random. In this thesis we concentrate on simple metals as the host material, which
are characterized by a broad conduction band of s or p states. We approximate those
(itinerant) conduction electrons as non-interacting particles moving within a periodic
potential. For that reason, it is convenient to express the conduction band by the

one-particle Hamiltonian

Hg =) 60l 100 (1.0.1)

k,o

(t)
k

. annihilating (creating) a free conduction electron of wave-vector k and spin

with ¢

o with an associated energy ex. The free electron gas Hg is mathematically simple
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and thus many physical properties are trivially known, which simplifies calculations.
Without loss of generality, we define the absolute conduction band excitation energies
as limited by an upper bound D, called bandwidth. Due to the large number of free
electrons at O(10%), the band can be treated as a continuous spectrum.

Charge transfer between the impurity (local system) and the band is mediated by a

hybridization Vi via the term

Hsp = Z Vk(dlck,a + CJlrc,oda)a (1.0.2)

k,o

1(3 ) The normalization

with a local operator d((,ﬂ and a conduction band operator ¢,
factor of 1/v/ N is absorbed in the definition of Vi, where N is the total number of
conduction band electrons and goes to infinity for a continuous band. The spectral

coupling function is given as
Tw) =7 V2w — a). (1.0.3)
Kk
We can define
Veg, = Z ViCy o (1.0.4)
Kk

with c((;[(), annihilating (creating) a Wannier state localized at the impurity. V is the

k-independent hybridization, defined by V2 = >, V4, which follows from the normal-
ization of the band operators. If the bandwidth D is the dominant energy scale of the
system, we can assume the wideband limit D > I'. Furthermore we approximate the
conduction band density of states (DOS) as a flat band

polw) = %@(!D\ —w). (1.0.5)

The spectral coupling function (1.0.3) then reduces to

[(w) =T6(|D| —w), (1.0.6)
where ' = 7V2py(er = 0) = % can serve as the energy scale of the system. The

flat-band assumption is thus valid, since we are not interested in the influence of an

energy dependent coupling function I'(w) onto the local dynamics.
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If the local impurity potential is strong enough, i.e. I' > D, a bound state with
an itinerant electron below the conduction band can likely occur, meaning that its
wave-function falls off fast with the distance to the impurity. If the potential is not
sufficiently attractive, still a so-called virtual bound state is possible. Here the free
electron is localized for a finite time in the vicinity of the impurity, and the wave-
function has a narrow peak at the impurity site, called virtual bound state resonance.
However, this state is not a real bound state, since the wave-function becomes a Bloch

state far from the impurity.

2.1. Kondo Effect

In 1934, de Haas et al found that impure gold wires have a resistivity minimum at low
temperatures [7]. To this point, resistivity was believed to entirely stem from electron-
phonon and electron-electron scattering, which would predict it to monotonously de-
crease with temperature [49], plus a residual contribution of the impurities, which
results in a constant resistivity for 7" — 0. The resistivity minimum was later found to
be contributed to magnetic impurities in a non-magnetic metal. In 1964, Jun Kondo
was able to theoretically describe the origin of the resistivity minimum on the basis of
the s-d model (see Sec. 2.2). He realized that at low temperatures the effective interac-
tion between the localized impurity electron spin and the conduction band electrons is
increased. In this case higher order perturbation terms are important to electron scat-
tering. Kondo calculated second order terms, i.e. two-step electron scattering, which
yield a contribution o< —¢impJ InT" to the resistivity, with J being the Heisenberg ex-
change coupling, cimp the concentration of impurities and 7" being the temperature.
This finding explained the resistivity minimum for J > 0 (anti-ferromagnetic case),
but implied a divergence for 7" — 0. In contrast, real materials exhibit a resistivity
plateau below a certain temperature, called Kondo temperature Ti. It was shown, that
including higher order terms did not help and that any perturbative approach breaks
down below Tk.

Understanding the origin of the resistivity plateau while simultaneously including
the phenomenon of the resistivity minimum is called the ”Kondo problem”. It turned
out, that the cause of this plateau lies in the fact, that the local spin is screened more
and more by itinerant electrons, when the temperature is lowered [22], i.e. the impurity
spin forms a quasi-particle together with a free electron state of opposite spin [50]. This

special fragile state can only be formed, if the thermal energy is sufficiently low to not
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let kinetic processes break up the bond. The increase in resistivity, observed in real
materials by lowering the temperature below Tk, is attributed to the so-called Kondo
resonance. It is expressed as a peak in the local impurity density of states around the
Fermi level.

In 1974, Kenneth Wilson developed the NRG (see Chap. 3), which is a non-

perturbative approach, capable of solving the Kondo problem.

2.2. Kondo Model

Experimental data [51] suggested that the depth of the resistivity minimum was pro-
portional to the concentration ¢, of magnetic impurities in the sample. Based upon
that finding, Jun Kondo realized that the minimum can be attributed to independent
impurities. For that reason, he used the s-d exchange model to explain the resistance
behavior at low temperatures. This model describes the local magnetic moment in the
d-shell of a single impurity coupled to s-like electrons of the conduction band via a
spin-spin Heisenberg interaction. In the context of the Kondo effect this model is also

called the "Kondo model”. The isotropic version of the s-d model is given by
Hg = Hg + JSimp - S. (2.2.1)

Here the first term is the conduction band part of Eq. (1.0.1). The second term
accounts for an effective Heisenberg interaction J between the local impurity spin Sin,

and the total conduction electron spin

S = % Z Z CLUO'UU/CI(,J/. (2.2.2)

k.k’ 0,0’

o is a vector comprising the three Pauli matrices, and 1 (]) accounts for the first
(second) index of those matrices. For an anti-ferromagnetic interaction (J > 0) the
conduction band electron spins align anti-parallelly to the impurity spin. This enables
spin-flip scattering processes between two degenerate states. With Eq. (2.2.1) Kondo
perturbatively calculated contributions to the resistivity p by considering all possible
scattering processes (k’, 0’| T |k, o) [8]'. The second order term in J yielded the already

known potential scattering contribution Rj.p,, which is constant in the temperature 7.

LT is the T-matrix, which is a sum of terms that include Hyq, as well as the retarded Green’s function
of the free electrons in increasing order. The state |k, o) refers to the wave vector k and the spin
component o of a conduction band electron. For details see [6].



2.3. Kondo Problem 11

By going to third order in J, spin-flip terms need to be considered, leading to

p(T) = Rimp (1 — 4Jpo(er) In (%) + ) . (2.2.3)

The logarithmic term arises from conduction band spins scattering at the local mo-
ment, and is present in analog calculations for quantities like the local magnetization
or entropy as well [6]. Kondo showed [8], that (2.2.3) is already in good agreement
with experimental data of dilute Fe in Au for low temperatures. However, in the limit
T — 0 the resistivity diverges to infinity, which is unphysical. Kondo’s perturbative
calculations are no longer valid below a certain temperature, i.e. the Kondo tempera-
ture Tk. Finding a theory for the physical behavior of magnetic alloys in this regime

is referred to as the "Kondo problem”.

2.3. Kondo Problem

Following Kondo’s publication in 1964, many researchers were inspired to solve the
Kondo problem. As it turned out, higher order terms could not cancel the divergence.
Abrikosov [52] improved Kondo’s theory to find second order terms proportional to
(1+2Jpo(erp) In (kBT))_l. He was able to resolve the divergence for 7' — 0, but in the
anti-ferromagnetic case J > 0, he obtained a singularity at

Tk = Ee*l/WPO% (2.3.4)
which is here identified as the Kondo temperature. In quantum-field theories, such a
logarithmic singularity is called an infra-red problem.

A fruitful approach was developed by Anderson [53], referred to as "poor man’s
scaling”. He realized, that the divergence is generated by terms of the type In(e/D).
If the system was renormalized in a way, that D is reduced, the occurrence of the
divergence could be successively shifted to smaller energies €. A smaller bandwidth D
corresponds to the highest bath excitations being eliminated. Anderson chose a more
general version of (2.2.1), i.e. the anisotropic Kondo model (AKM)

Haxnm = Hp + J.S5,,5% + %Jl (StpS™ + SmpST) (2.3.5)

imp imp

with anisotropic coupling parameters J; and .J,. Here J, determines, whether the cou-
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pling is ferromagnetic or anti-ferromagnetic and J, > 0. Anderson applied a perturba-
tive RG procedure, yielding an effective low-energy model with renormalized coupling
parameters. In lowest order these parameters satisfy the simple flow equations

dJ, dJ,

= -2 2
dln D potid dln D

= —2poJ7. (2.3.6)

It is convenient to plot the solutions of Eq. 2.3.6 in a diagram with J, on the horizontal
and J; on the vertical axis. The flow for decreasing D is then depicted as arrows.
Depending on the initial values for the coupling parameters, different fixed points of
the flow can be reached by lowering D. For J, < —J, we reach a ferromagnetic fixed
point with J;, = 0. Here spin-flip processes are suppressed, leading to the formation
of a stable local magnetic moment. For that reason it is called the local moment fixed
point (LMFP). In all other cases, the couplings diverge to positive infinity, which is
the strong coupling fixed point (SCFP). The line |J,| = —J, represents a transition
of the Kosterlitz-Thouless type.

In the isotropic case, for weak coupling ppJ < 1 and for a constant DOS of the
conduction band, the Kondo temperature (2.3.4) is found to be constant under the
flow of D. By applying the poor man’s scaling in third order, one obtains an improved

version of (2.3.4) as

D
Tk = k—\/2p0De’1/(2Jp°). (2.3.7)
B

With poor man’s scaling the Kondo problem can be solved in higher order perturbations
due to the down-scaling of D. The ferromagnetic case is exactly solvable this way.
However, in the physically more relevant anti-ferromagnetic case, the coupling diverges
when lowering D, as mentioned above. For that reason, a perturbative treatment is no
longer possible and calculations are restricted to D ~ max{kpT, kpTk}.

Numerous attempts have been made in the 60’s and early 70’s to tackle the Kondo
problem perturbatively, however, all approaches failed for anti-ferromagnetic coupling
between the local moment and the conduction band. In 1974, K. G. Wilson [22] was able
to solve the Kondo problem for the s-d model by applying a logarithmic discretization
to the conduction band. The relevant energies of the Kondo problem span from the
bandwidth D to small temperatures kgT' < D, leading to the divergence of ln(%)
(see Eq. (2.2.3)). Wilson discretized this energy spectrum in a way, that the natural
logarithmic function is divided into a finite number of identical terms. Hence each

energy scale contributes equally to the expression. Upon that idea, Wilson developed
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the NRG approach to the Kondo problem, which is non-perturbative and thus avoids
the infra-red divergencies. In 1980, Wilson’s numerical results were later confirmed by
analytical calculations [54, 55] using the Bethe-ansatz technique [56]. As the NRG is
the foundation of our OQS approach, it is discussed in detail in Chap. 3.

2.4. Single Impurity Anderson Model

Anderson introduced the SIAM Hamiltonian

Hgiam = Hs + Hsp + Hp (2.4.8)
Hs = ¢4y did,+Udid,dld,. (2.4.9)

to explain the formation of local magnetic moments in a metallic environment. This
model comprises a free electron bath Hg of Eq. (1.0.1), coupled via the hybridization
term Hgp of Eq. (1.0.2) to the local impurity Hg. This impurity has an energy level
€q and an on-site Coulomb repulsion U, if the impurity site is doubly occupied. In
that sense, the STAM can be interpreted as an atomic Hubbard model [57]. For the 3d
electrons of transition metals, as well as the 4f electrons of rare earth elements, the
Coulomb interaction is on the order of several eV according to theoretical estimates
[58] and experimental results.

In contrast to the Kondo model, the SIAM does not only include spin-flip terms,
but also allows for charge fluctuations. The interaction term is a product of four
operators and thus makes the model non-trivial. Originally, the four operators were
approximated by a Hartree-Fock term [13], which is bilinear in the operators and
includes local expectation values. This allows for an analytical treatment, but inhibits
the formation of the local magnetic moment and thus destroys the Kondo effect.

Obviously, the trivial limits of the model are the free orbital regime Vj, = 0 and
the non-interacting case U = 0. Let us first consider the former case. Here the local
impurity state decouples from the conduction band and can have the following three
occupation states: (i) an empty impurity with energy Ey = ep = 0, (ii) a singly
occupied impurity with E, = ¢4 and (iii) the doubly occupied state with Fy = 24+ U.
Case (ii), where the impurity is occupied with one electron, represents a local magnetic
moment of spin +1/2. If E, lies below the Fermi energy ep and Ey — E, > €p, then
case (ii) is thermally favored and so a local moment is formed in this atomic limit.

Now, by including a small hybridization Vi, the STAM Hamiltonian (2.4.9) can be



14 2. Quantum Impurity Models

shown by a Schrieffer-Wolff transformation [16] to be identical to the Kondo Hamilto-
nian (2.2.1) in lowest order in Vi. Here we use the identities ST = d%di, ST = dIdT
and S* = %(nay — nay) of local operators with ng, = dfd,. In the symmetrical
case ¢ = —U/2, the effective exchange coupling between the localized spin and the

conduction electrons is

_4V2 4T

J -
U wpoU’

(2.4.10)

which is always > 0, i.e. the coupling is anti-ferromagnetic, and thus the spins are
favored to be aligned anti-parallelly.

The case kg7 < U < D and V =0 (i.e. J =0 in the s-d model) corresponds to the
LMFP, where the impurity is magnetic and is decoupled from the conduction band. If
then U/T — 0, the free orbital fixed point (FOFP) is reached, where all local states
are degenerate. This fixed point is not included in the Kondo model. If, on the other
hand, V' — oo (i.e. J — o0) for finite U, we obtain the SCFP, where the impurity is
so strongly coupled to the operator ¢, of Eq. (1.0.4), that this subsystem effectively
decouples from the remaining band excitations. More details on the fixed point regimes
of the STAM can be found in Sec. 3.6.

Poor man’s scaling can be applied to the SIAM as well. A reduction of the band-
width leads to a renormalization of the parameters €4, U and V', respectively [59]. The
hybridization I' is a scaling invariant and can thus serve as a general energy scale.
When D reaches the order of the other parameters, perturbation theory begins to
break down, i.e. no further renormalization is possible. If D is the smallest system
energy, real charge fluctuations between the impurity and the conduction band are
prohibited. However, virtual fluctuations are possible and can be taken into account
by transforming to the s-d model.

If, starting from the local moment regime, the parameters ¢ and U are varied so
that either |Ey — ep| or |Ey — ep| approaches the hybridization I'; the impurity is no
longer singly occupied, i.e. local charge fluctuations have a relevant impact. This is
called the ”intermediate valence regime”, which is the regime of interest for certain
rare earth compounds, where the f-levels lie near the Fermi level [6]. Here I' is not the
smallest energy scale, i.e. Vi cannot be treated as a perturbation parameter, and thus
Eq. (2.4.9) can no longer be approximated by the s-d model.

The SIAM is the most simple model for describing magnetic impurities in metals.

However, in some materials other aspects, such as orbital degeneracy, Hund’s rule
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couplings, spin orbit interactions and local environment effects need to be considered
[60, 61, 62]. This would lead to more complicated impurity Hamiltonians Hy,, with
higher dimensionality. Other possible extensions are a multi-impurity Anderson model
or coupling between impurities [63].

In the context of the NRG, different QIMs can relatively flexibly be incorporated
into the algorithm. Since the main focus of this thesis is to extend the NRG to an OQS
approach (see Chap. 4), we restrict our investigations to the most simple models and

leave more sophisticated examples to later applications.

2.5. Interacting Resonant Level Model

In 1970, Anderson and Yuval showed, that at low temperatures the s-d model (2.2.1)
can, for a particular coupling J, = Jr (the Toulouse limit [53]), be interpreted as a
much simpler model, called RLM [64]. Here the energy scale I needs to be replaced by
the Kondo temperature Ti. This effect is represented as the Kondo resonance in the
local spectral function of the Kondo model. The Hamiltonian of the RLM is similar
to the STAM (2.4.9), but the spin DOF is omitted and thus the Coulomb repulsion is
dropped. Vigman and Finkel’shtein [65] later proposed a generalization of the RLM,
which is referred to as the interacting resonant level model (IRLM) in the literature,
by adding a Coulomb interaction U between the impurity and the conduction band
electrons. The IRLM is the minimal model for describing valence-fluctuating systems.
Both the RLM and the IRLM describe a phase-shifted Fermi liquid [66, 67]. In the

interacting case, the RLM Hamiltonian is extended by

Hy = U(dtd — (dTd)o)(cleq — (cheo)o). (2.5.11)

Here (did)y = (clc,)o = L are the ground state expectation values at eq = 0 for half

2
filling. This way, €q = 0 is the resonance point of the system. By implementing a per-
turbation theory for small U, a treatment for the Kondo problem for low temperatures
was found without the need for a renormalization. In the non-interacting case, the
spectral function is represented by a Lorentzian shaped resonance around the impurity
level ¢4 with a width of I" (see App. A.1). By introducing U > 0, this energy scale
is renormalized to the effective value I'cg, which is comparable to the Kondo tempera-
ture Tk. The low-energy fixed point of the IRLM is equivalent to its non-interacting

counterpart for the renormalized hybridization I' — T'es [68].
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The additional DOF of the IRLM allows one to map a general AKM onto this
spinless model [65, 18], since both models have similarities with respect to, for example,
the partition function and the susceptibility. Here we can substitute the transverse
coupling by J, = 2V and the longitudinal coupling by .J, = v/2U + (2 — v/2)/p, [67].
Consequently, for a special U < 0 a Kosterlitz-Thouless type transition can be reached.
Lowering U from here on lets one enter the ferromagnetic case, while by increasing U
Fermi-liquid behavior is observed. A mapping of the AKM onto a spinless model can
be advantageous for numerical reasons.

Foundational work regarding the IRLM has been done by Vigman [65], as well as
Schlottmann [68, 18]. Camacho et al [69] investigated the IRLM in equilibrium, while
Giittge et al [30, 36], as well as Nghiem et al [70] applied it to non-equilibrium dynamics
in single-band systems. There also exist numerous applications to two band systems

(71, 72, 66, 73, 74, 75].

2.6. Experimental Realization of the Kondo Effect

In the following we present two possibilities to detect the Kondo effect in a real ex-
periment. The explanations are inspired by Ref. [76] and the reader is referred to this

source for further information, as well as Ref. [77].

Quantum Dots

Nano-scale lithography enables the building of devices that allow for realizing the
Kondo effect with scalable parameters. QDs are examples for such devices, which
represent artificially localized electrons coupled to a lead of free electrons. The mag-
netic moments occur due to the very small capacitance C'. Here the free electrons are
represented as a two-dimensional electron gas, located at the interface of two semi-
conducting layers. By applying a gate voltage Vj, electrodes on the surface are neg-
atively charged to confine the electron gas between them. A special configuration of
those electrodes lets one separate a relatively small number of electrons of the gas to
form a QD. Varying V, allows to influence the size of the QD and thus the orbital
levels. By placing contacts with a voltage V' in the electron gas, a controllable current
I is induced, that can be directed through the QD. Depending on the direction of the
current, one part of the gas serves as the ”"source” for the QD, while the other one is

called the "drain”. Here the local energy level ¢4 of the impurity, the hybridization I'g
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(I'p) to the conduction band electrons of the source (drain), as well as the bias voltage
are tunable. External parameters like the temperature T and a magnetic field B are
variable as well [78]. In order for the QD to be magnetic, it needs to comprise an
odd number of electrons, with the highest energy level being occupied by one spin—%
electron.

By varying the gate voltage V, and measuring the conductance dI /dV for different T,
the Kondo effect can be observed. When sweeping V, several dips of the conductance
appear, which can be explained by the ” Coulomb blockade”. To understand this effect,
consider that an itinerant electron, entering the QD from the source, needs to overcome
the Coulomb-repulsion U % of the locally confined electrons. Thus, when the Fermi-
energy lies well below U, a Coulomb blockade is formed, where further transitions to
the QD are inhibited. For lower temperatures this effect is enhanced. By varying V,
the local energy level €4 can be tuned in such a way, that either the highest occupied
or the lowest unoccupied state of the QD lies around the Fermi-level, which supports
the conductance of electrons. For temperatures 7' < Tk the Kondo-effect emerges [79].
In a three-dimensional material with magnetic impurities, we expect the conductivity
to decrease (i.e. the resistivity to increase) with further lowering temperature, since
the increased interaction leads to stronger electron scattering. This can be observed in
QDs with an even number of electrons. However, in a voltage gate regime, where the
number of electrons in the QD is odd (i.e. the QD possesses a net spin), the interaction
helps to overcome the Coulomb blockade and thus increases the conductance. This can

be explained by the Kondo resonance.

Scanning Tunnelling Microscopy

Above we have discussed the Kondo effect for an artificial magnetic impurity. However,
the anomalous conductivity behavior was first discovered in an impure metal. To
examine the effect in those metals, the scanning tunnelling microscopy (STM) can be
used. This technique is capable of imaging surfaces with atomic resolution, as well as
even physically moving atoms. Here a non-magnetic metal with magnetic impurities
(adatoms) on its surface serves as the sample. The STM spectroscopy uses a conducting
tip to measure the conductance (which is proportional to the local density of states) at
different points of identical distance to the sample. At each point, the bias voltage V
between the sample and the tip is varied to obtain conductance curves. If the sample
temperature is well below Tk, the Kondo resonance can be observed as a dip of the

conductance around V = 0, if the tip is located in proximity to an impurity. The dip
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can be explained by increased electron scattering off of the impurity or the screening

cloud of free electrons. For experimental measures of the Kondo effect with STM see

e.g. Ref. [80, 81, 82].



3. Numerical Renormalization Group

In the previous chapter we gave an overview of different QIMs and their applications.
Here we focus on the NRG as a powerful method to solve these models. One major chal-
lenge for theoretical models when dealing with QISs is the fact, that the environment
typically comprises a wide range of excitation energies. Any suitable model thus needs
to include the high-energy bandwidth as well as arbitrarily low energies at the same
time. When treating such a system perturbatively, the coupling to those low energies
often causes so-called ”infra-red divergences” [6], which poses a limit to the accessible
energy range. Unfortunately, the inclusion of exponentially small energies is essen-
tial for the Kondo problem discussed in Sec. 2.3. Consequently, a non-perturbative
approach is required, that is able to describe a small impurity coupled to a broad con-
tinuum of energies. The RG [53] allows to bridge between distant energy scales by
performing a series of renormalization steps. The NRG developed by Wilson [22] is a
specific numerical implementation of this approach that is entirely non-perturbative. It
is based upon a logarithmic discretization of the conduction band with a discretization
parameter A. The advantage of the discretization is a separation of the energy scales
of the system, allowing to neglect certain high-energy states, whose contributions are
thermally suppressed. This truncation of states significantly reduces the Hilbert space
of the system, enabling a numerical treatment. When applying truncation to the cal-
culation of time-dependent operators, one needs to pay special attention not to neglect
essential information or to ”over-count” certain states. This can be ensured by using
the Anders-Schiller basis (ASB), which will be addressed in detail in Sec. 3.7. In the
case of an OQS approach to the NRG, the correct handling of the truncation is rather
complicated and hence we devoted the entire chapter 6 to it.

When applied correctly, the truncation of high-energy states does not significantly
impair the results (see Sec. 3.3). However, the discretization itself has major conse-
quences, as it turns the QIS into a closed system, which lacks true dissipation and a
finite lifetime of impurity excitations. This will be explained in Sec. 3.8 to 3.10. Sev-

eral canonical methods for compensating the discretization errors are introduced. In
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contrast, the main objective of this thesis is to establish a new method for recovering
the continuum and thus correcting the most relevant discretization errors by introduc-
ing true dissipation to the system. This will be addressed in detail in the subsequent
sections.

The presentations of the NRG follow the review by Bulla et al [25] and include the
references [22, 14, 15, 26].

3.1. Discretization of the Bath Continuum

As a basis for our considerations we start with the Hamiltonian

H= Himp + Hbath + Himp—bath (311)
of a general QIS, where
Hyatn = Z €40 Cry (3.1.2)
kv

describes a continuum of energies €, within the bandwidth D, while
Himp-bath = Z Vi (d,,CL,, + dlck,,) (3.1.3)
kv

is the coupling term between the impurity site and each bath excitation with hybridiza-
tion Vj. Here dY’ annihilates (creates) an impurity excitation while cgy) annihilates
(creates) the k-th bath mode. The general flavor index v can e.g. denote the spin of
the particles, will be dropped from here on and can be recovered at the end. Note that
the Hamiltonians Hyan and Hippbatn are basically identical to the definitions (1.0.1)
and (1.0.2), respectively. We choose a different notation here, that is in accordance
with typical NRG notation. The notation of Chap. 2 will be recovered in Chap. 4,
since in the context of the BRF a different partitioning of the total QIS is required.
In contrast to Chap. 2, we restrict to the absolute wave-vectors k = ||k|| from now
on, which implies s-wave like conduction band states. The impurity Hamiltonian Hjpyp
can be customized to specific QIMs. We concentrate on fermionic operators only, even
though the NRG formalism can be adapted to bosonic models or combinations of both

as well (see spin-boson model [83] or Bose-Fermi Kondo model [84]).
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The impurity Greens function for a simple single orbital QIS is given by
Gaat(2) = (z —ea — 2(2) — A(2)) ", (3.1.4)

with €4 being the impurity level energy. The model specifications made in Hjp,,, enter
the self-energy Y(z), while all bath information is aggregated in the so-called spectral

coupling function (or hybridization function)

6—0t

M(w) = lim JmA(w —i6) =7 Y " VZ6(w — e) (3.1.5)

with

Alz) =) “f“’Ek. (3.1.6)

z

Consequently, all transformations of the total Hamiltonian that keep I'(w) unchanged
do not influence the impurity dynamics and are thus equivalent. We assume that
the support of I'(w) lies within the interval [—D, D]. The Hamiltonian (3.1.1) can be

expressed as the continuous version

H = Hypp + /D deg(€)ala, + /D deh(e) (dal + d'a,) (3.1.7)
-D -D

by mapping the conduction band onto a one-dimensional energy representation of s-
wave symmetry'. Here g(€) is the dispersion, while h(e) denotes the hybridization.
The s-wave conduction band operators ald satisfy the standard fermionic commutation
relations. It has been shown [85] that the functions g(e¢) and h(e) can be directly related
to the hybridization function I'(w). This means that for a given I'(w) one function can
be chosen relatively freely, while the other one is then determined [25].

The continuous conduction band is logarithmically discretized, as shown in Fig. 3.1.
The parameter A > 1 defines intervals with discretization points z, = £A ™", n =
0,1,2,... and a width of d, = (1 — A"')A™". This logarithmic discretization is the
optimal choice for infra-red problems, such as the Kondo problem, since each interval

1

equally contributes to a logarithmically diverging integral [ dee '. The number of

intervals needed to reach a specific energy scale is determined by the choice of A.

li.e. the diagonal free electron part of the Hamiltonian is turned into a semi-infinite tight-binding

chain by a Lanczos algorithm
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Figure 3.1.: Illustration of the bath discretization and the construction of the Wilson
chain. On the top, the system of Eq. (3.1.1) is depicted for the RLM
with a local energy level ¢q. The bath modes are characterized by the
wavevector k. Beneath the bath, the conduction band spectrum is plotted
on an energy axis, discretized with the parameter A. At the bottom, the
Wilson chain is depicted, which is constructed from the QIS, where each
chain site corresponds to a single mode extracted from each discretized

interval.

The continuous operators are expressed in a Fourier expansion
} : E : gt
Can\pnp + a’np\Ijnp( )
n=0 p=—o00

on each interval n with

N eQTripe/dn/\/a 7/\—(n—&-l) <e< A"
Wi =1 ¢

else.

(3.1.8)

(3.1.9)

This shifts the e-dependence of the operators to exponential functions. If we define the
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hybridization function to be section-wise constant on each interval, i.e.

h(e) = hE

n’

Tpy1 < € < xy, (3.1.10)

only the p = 0 modes survive the integration in (3.1.7) which means that only the
p = 0 modes directly couple to the impurity. It is important to note, that a sectionwise
constant hybridization function h(e) does not imply any restrictions on I'(e), since all
remaining e-dependence can be shifted into the dispersion g(e).

If the expansion (3.1.8) is applied to the conduction electron part, the p # 0 do not
vanish automatically. In fact, neglecting those terms is the discretization of the bath,
which is the essential part of the NRG. This step is justified by the fact, that only
the p = 0 modes directly couple to the impurity while the coupling between different
p-modes is o< (1 — A~!). Thus the approximation becomes exact in the limit A — 17.
The neglection of the p # 0 modes has proven in numerous cases to be a well-justified
approximation [22]. However, in more complex cases like spectral functions or non-
equilibrium dynamics this discretization largely impacts the results. This point will be
addressed in the second half of this chapter.

So far, the Hamiltonian is expanded in the operators a.,. The part Hinpbatn in (3.1.1)
can be reinterpreted as the coupling of the impurity site to an operator f, defined by
\%4 féT) =>, ch,(j). The operator fy corresponds to the conduction band spin S the
impurity couples to in real-space in the Kondo model (cf. Sec. 2.2). Constructing a
()

new set of mutually orthogonal operators fny; from the a, operators by a standard

tri-diagonalization procedure, namely the Housholder algorithm, that uses fél) as a
reference point, leads to a conduction band in the form of a tight-binding chain with

the zeroth site coupled to the impurity. In particular we obtain

N¢ No—1

He =Himp +V (d'fy + dff) + 3 cufif+ 30 ta (i + £ufla) - (3110)
n=0 n=0
with N¢ being the chain length. In the exact case, we have a semi-infinite chain with
N¢ — o0. Equation (3.1.11) is called Wilson chain and its parameters are the on-site
energies €, and the hopping matrix elements ¢,. While the initial values ¢, and ¢, can
be calculated analytically, the remaining chain parameters are defined by a recursion
relation (cf. Appendix A of Ref. [83]). If we presume a general hybridization function,
the recursion relations can only be solved numerically. However, for a constant and

symmetric hybridization function I'(w) on the interval [—D, D], we have €, = 0 for all
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n, and [22]
1 — Afnfl
th =S A2 (3.1.12)
\/1 _ A72n71\/1 — A—2n-3
with
D
S = 5(1+A—1) (3.1.13)
for the hopping elements?. In the limit of large n this reduces to
tn — SAT2, (3.1.14)

In this section we have transformed the general QIM of Eq. (3.1.1) into the one-
dimensional representation (3.1.11) with logarithmically decreasing hopping parame-
ters t,. Obviously, the Wilson chain is not exact, since the p # 0 terms have been
neglected. However, the chain model does have a physical meaning in the three-
dimensional case. Each chain site can be interpreted as a shell of conduction band
states which is located concentrically around the impurity. The zeroth Wilson chain
site represents the shell with the maximum of its wave-function closest to the impurity
and is coupled to the next closest shell, and so on [22, 6].

In a practical application the length N¢ of the Wilson chain needs to be chosen
finitely. Besides the neglect of the p # 0 modes, this adds a second approximation to
the model. To assess the effect of a finite N¢, consider a semi-infinite chain and choose
an arbitrary chain site n. By artificially switching off the hopping parameter ¢, the
first n chain sites are decoupled from the semi-infinite rest chain. In this context, ¢,
can be seen as a perturbation parameter. If the n-th chain site is far remote from the
impurity, ¢, is small and the quality of the approximation is high. In second order the
contribution of ¢,, is O(Sn./A) (see Ref. [14], Appendix F) with Sy, being an effective
inverse temperature of the Wilson chain that grows by N¢ and A (see Eq. (3.5.28)).
Thus the chain length N¢ defines the accuracy of the procedure.

2For details on the calculation see Ref. [85]. Here a pseudo-gap system I'(w) o |w|" is considered.
By setting » = 0 a constant hybridization is obtained.
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3.2. Renormalization Approach

In the previous section we have described the mapping of a general QIM to a semi-
infinite chain, whose hopping terms exponentially decrease with the distance to the
impurity. For this model an iterative RG procedure can be set up by defining (3.1.11)
as a Wilson chain of length N¢. The chain of length N¢ + 1 can then be constructed
by adding the N¢ + 1-th chain site with the coupling ¢y, which represents the lowest
energy scale of the new system. We define

_ ANc/2
HNchl - THNCJFl (3215)

so that the eigenenergies of Hy, 1 are ~ O(1). The recursion relation

Ayesr = VAo + Ine (floSven + frofhen) (3.2.16)

can be understood as an RG transformation step Hy, 1 = RG[Hy,]. For more details
on the RG see e.g. Ref. [6]. Note, that the on-site energies are ¢, = 0, assuming a
symmetrical DOS. On each iteration step the Hamiltonian is inflated by a factor of
VA, and a new site is coupled to the end of the chain. Consequently, the starting point
of this NRG procedure is

B A—1/2
Hyg=0 =

H,, (3.2.17)

which corresponds to a two-site system of the impurity and the zeroth conduction
electron site.

We defined the dimensionless hopping parameters
tn = t,A"?/8S, (3.2.18)

which converge to 1 for large n. For a bosonic bath we have £, « A™ and so a similar
scaling can be defined [86].

From Eq. (3.2.15) it follows, that the total scale of a Wilson chain of length N¢ is
given by

wrg = SA~We=D/2, (3.2.19)

which we refer to as the ”"NRG scale”.



26 3. Numerical Renormalization Group

We can define the many-particle energies EN¢
Hy, |r; No) = ENe|r; No) 7 =1,..., Ns (3.2.20)

with the eigenstates |r; N¢) and Ng being the dimension (number of states) of Hy,..
The assumption that the energies EN¢ resemble the exact eigenspectrum of the Wilson
chain of length N¢ is referred to as the standard "NRG approximation” [22]. The RG
flow can be characterized by this chain length dependent energy spectrum.

We want to point out the versatility of the NRG as an impurity solver. In the iterative
scheme of the NRG method additional flavors, e.g. the spin or a channel DOF, can
easily be included. Fruthermore, the recursion relation (3.2.16) is independent of the
starting point Hy. Thus, the impurity Hamiltonian H;,, may be chosen freely and so
the NRG can be adapted to different QIMs. In the context of a numerical realization
the free electron part can be implemented as a basis class while for each impurity
model a new class can be derived from it, inheriting its properties. Any addition to the
program can in turn be derived from this class. In fact, for this thesis we have used an

existing NRG code, that exploits this efficient architecture.

3.3. Truncation Scheme

In the RG procedure described above the Fock space dimension grows by a factor of
d for each added chain site. In the case of the STAM we have d = 4, since the spin
is included as a DOF for each particle. This exponential growth quickly sets a limit
to the application of the method. Here Wilson’s idea of discarding a fraction of %
of the eigenstates by each iteration comes into play. By this truncation of states the
Fock space dimension is kept constant for all iterations. To be precise, the Wilson
chain is iteratively enlarged by additional chain sites until a certain number Ng of
states is reached. Now the Hilbert space of the system is truncated by discarding the
respective number of high-energy states on each consecutive iteration. This seemingly
drastic approximation is justified by the exponentially decreasing hopping parameters
t,. With each added chain site the total eigenspectum of the Wilson chain undergoes a
correction of the order of t,,. If N is large, the relative correction of the high energies
is negligible. Consequently, the eigenspectrum of a short Wilson chain adequately
defines the high-energy states while long chains are required to correctly calculate the

low-energy states.
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The discretization parameter A defines how many iterations are required to reach a
certain low-energy scale. By choosing a large A the effective energy scale is significantly
decreased by each NRG iteration. Consequently, low-energies are reached fast and, at
the same time, the number Ng of states kept on each iteration can be chosen to be
small. However, the prize one pays are discretization artifacts, such as unphysical
oscillations in non-equilibrium dynamics. To combat this effect, z-averaging can be
applied, which will be described in Sec. 3.10.

The truncation scheme used in this thesis is implemented as follows. The Hamilto-
nian is constructed iteratively without truncation until a Fock space dimension > Ng
is reached. Now all higher energies are discarded until we are left with Ng states,
which will be kept and used to build the new Hamiltonian. The iteration of the first
truncation is defined as n = ny,;,. From here on a fraction of % states is discarded on
each iteration to keep the Fock space constant in dimension. In Fig. 3.3 the quality of
different values for Ng is examined for the non-equilibrium case.

In addition to the rescaling of the Hamiltonian and the truncation of high-energy
states, on each iteration step n the eigenenergies are shifted by an offset AE, = —E[,
with EJ being the ground state energy of iteration n. Consequently, the ground state
energy is zero at each iteration and the total offset grows with each step. This ensures
that in the Boltzmann term e % no divergences occur due to negative energies, which
could pose a problem to the natural limitation of computer data types. Furthermore,
the offset in combination with the rescaling by v/A on each iteration and the truncation

of high energies keeps the eigenspectrum within a constant window of [0, O(1)].

3.4. Explicit Algorithm

Here we give an overview over the basic application of the NRG method and discuss
how the successive enlargement of the Wilson chain is executed in practice.

The first step is to identify the symmetries of the system by finding operators, which
commute with the Hamiltonian. These symmetries cause the Hamiltonian to be a
block-diagonal matrix, with each block labeled by a distinct set of quantum numbers
defined by those operators. In the SIAM the particle number operator

N¢
n=0

Qne =Y <Z Fhotng = 1) (3.4.21)
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and the z-component

z 1 Al T
Ske =520 0flofu (3.4.22)

n=0 o

of the total spin fulfill these criteria. Each Hamiltonian H v, is thus divided into inde-
pendent blocks with quantum numbers defined by the eigenvalues of the corresponding
operators (Qng, S},,) to the eigenstate |r; Nc) defined by Eq. (3.2.20).

Let |k;n) denote a kept eigenstate of the NRG iteration n. To each of those kept

states we can construct d = 4 states of the new basis as

|k, 0 + 1) = [k;n)
k,osn+1) = [l [kn)
|k, 2sn+1) = fl+1¢fl+1¢ kin), (3.4.23)

where the order of the chain operators in the last line is convention. From here on we
define a € {0, 0,2} as the general DOF for the new site.

Suppose we know the quantum numbers of the state |k;n), then the quantum num-
bers of the new four states are defined as well. Now we can use Eq.(3.2.16) to calculate

the new Hamiltonian in the new basis as

(kya;n+ 1| Hyy [K,o/sn+1) = \/KE,?ékk/(Sa’a/

i D ks U (Flofuio + Fun s ) K alsm 1) (3.4.24)
For symmetry reasons we are left with the calculation of
(kyasn+ 1 £ froro K o sn+ 1) = (kyasn + 1| £ [K,5n + 1) 00 g0 (3.4.25)

The operator f,., acts on the n+1-th chain site and thus reduces o’ by o. Since f]  is
diagonal in the DOF of chain site n+1, we obtain the restriction o/ —o = «. To calculate

the remaining term (k,a;n + 1| fI_|k',a;n + 1), we require the transformation

rin) =3 Prila]]s,a;n — 1) (3.4.26)
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with

Prsla] = (s,a;n —1|rin), (3.4.27)
which is calculated on the previous NRG iteration and then stored®. The Hamiltonian
(3.4.24) can now be diagonalized to obtain the new eigenbasis |r;n + 1), which is then

divided into kept and discarded states.

3.5. Thermodynamic Expectation Values

To calculate thermodynamic quantities, a temperature of the system needs to be de-
fined. Due to the properties of the Boltzmann distribution, we can define a narrow
temperature window, within which the NRG calculations of a finite chain are valid.
The upper limit of this window is determined by the number Ng of kept states, while
the lower limit is given by the NRG scale wy, (see Eq. (3.2.19)). By choosing a spe-
cific finite chain length N¢, we accept the neglect of the following chain sites, which
would generate an increasingly small energy correction AEy, to the eigenspectrum.

(E+AENG) a0 ¢7PNeF | the temperature

For these corrections to be negligible, i.e. e Nc
has to be chosen such that T, > AFEy., so the lower limit is given by the NRG
scale. A truncation of the high-energy states, on the other hand, implies, that states
down to a certain energy Fonax are negligible, i.e. e #NcPmax x~ 0. This is fulfilled for

Tn, < Eyax. In practical applications we define the system temperature as
7 7D —1\ A —(Ng—1)/2
TNC = wNC/ﬁ = 5 5(1 +A )A c . (3528)

with 3 € [0.5,1] [25]. When referring to a temperature of the finite chain, always
the definition (3.5.28) is used. The temperature decreases when increasing N¢ or A,
respectively. This corresponds to reaching a better resolution of the smallest ener-
gies. With the system temperature defined, thermodynamic impurity quantities can
be calculated, where in the most simple examples only the eigenspectrum enters. Equi-
librium expectation values of local system operators Os, like the occupation operator

ng = d'd of the impurity, require the knowledge of specific matrix elements. Assuming

3The conventional way of calculating the matrix elements (3.4.25) is to define an operator O,, that
creates a particle with quantum number « on the n + 1-th site [87]. The fermionic operators are
than commuted to bundle all operators that act on the site n + 1, which influences the sign of the
total expression. This composite operator can be defined by a simple chart, while the remaining
part is calculated on the iteration n.
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that we diagonalized a Wilson chain of length N¢, with Ng being the number of kept

low-energy states, the expectation value of the local operator is given by

1 dXNS N
(Os) = — > e e (rNe| Os|ri Ne) (3.5.29)
Nc r=1

where Zy,, is the partition sum and the index r sums over all low-energy eigenstates
left at the last NRG-iteration. In (3.5.29) we omit the high-energy states of iterations
< Ng, since their contribution is suppress by the Boltzmann factor. To evaluate the
expression, the matrix elements (r; N¢| Os |r; N¢) are required, which can be obtained

by a successive application of the unitary transformation (3.4.26).

3.6. Energy Flow and Fixed Points

A fixed point in the RG procedure is a Hamiltonian H which is not altered by the
RG step, i.e. H = RG[H] . In the context of the NRG, a fixed point is reached, if
the eigenspectrum of the Wilson chain is not changed by adding two additional sites.
Two sites are required here, since the Wilson chain exhibits an even-odd behavior with
respect to its length. This effect is typical for fermionic finite-size systems. The reason
for the even-odd behaviour in the SIAM lies in the fact, that for an even chain length
N¢ there is on average an even number of electrons in the system, which can build
pairs to form the ground state, called singlet state. Those singlets have a spin of zero,
since the spins of two fermions compensate each other. Chains with odd length posses
an additional spin doublet. Particle-hole symmetric even chains have an eigenspectrum
which is half positive, half negative. In the ground state, the negative half will be fully
occupied with two electrons each. For odd chain lengths we have an additional zero
eigenvalue.

A flow diagram in the context of the NRG is defined as the eigenspectrum ENc
plotted against the chain length N¢. As explained in Sec. 3.5, a higher chain length
corresponds to a lower effective temperature of the Wilson chain. Sections of the
flow diagram, in which the eigenspectrum is constant under a small variation of N¢,
correspond to an approach to a fixed point. In between those sections we have crossover
regimes, where the system transitions from one approximate fixed point to another.
The choice of local parameters has an impact on the length of those constant sections
and thus on the position of the crossover regimes.

Let us discuss the fixed points of the STAM as an example. The argumentation here
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follows the work of Krishna-murthy et al [14, 15]. As a first step, we choose the local
parameters, i.e. the impurity energy eq, the Coulomb repulsion U (see Sec. 2.4 for
details) and the external magnetic field B. Since the magnetic field is not included in
the above mentioned literature, we set B = 0. The local parameters define the energy
required to occupy the impurity states |0),|o) and |2), respectively. A higher energy
relates to a lower probability for the state to be occupied. A large U decreases the
probability for double occupation. A large and positive €4 favors the empty state, while
a negative €4 leads to single occupation. If the external magnetic field is chosen B # 0,
we introduce a discrimination of the single spin states to the system.

Depending on the occupation of the impurity we distinguish five different fixed points.
In the FOFP all four states are degenerate and thus equally occupied. The frozen
impurity fixed point (FIFP) allows only for the empty state, while the LMFP comprises
only singly occupied states. The valence fluctuation fixed point (VFFP) prohibits the
doubly occupied state and the SCFP effectively decouples the impurity and the zeroth
Wilson chain site from the rest of the chain. The LMFP can be reached by choosing U
large and €4 < 0. Thus the singly occupied state represents a local magnetic moment
with two degenerate spin states. The FIFP and the VFFP are only accessible in the
asymmetric case g # —U/2. The former can be obtained, if €4 is the dominant energy,
so an occupation of the impurity is energetically prohibited. The latter is reached, if
U is dominant and e¢q4 — 0, so the empty and the singly occupied state are degenerate,
while the doubly occupied state is prohibited. In the FOFP all impurity states are
degenerate, which can only be realized if T" is the dominant energy and thus all states
are equally thermally accessible. Finally, the SCFP implies that the hybridization
I' x vV between the impurity and the zeroth bath mode is dominant. In this case,
those two sites effectively decouple from the remaining bath.

A flow diagram starts at high 7" and then successively lowers the temperature (i.e.
Ng is increased). Depending on the relative value of the particular parameters in
comparison to T, different fixed points are approached. In the case of the symmetrical
Anderson model (SAM) we start with the FOFP and transition to the LMFP, before
finally reaching the SCFP. This fixed point is stable*. The temperature regime at
which the crossover from the LMFP to the SCFP happens is defined as the Kondo-
temperature Tk (see Sec. 2.1). If U < T, the LMFP is skipped and the system directly
transitions from the FOFP to the SCFP.

4For more details, e.g. on the Fermi-liquid behavior at very low temperatures, see Ref. [6].
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3.7. Complete Basis Set

To calculate local dynamical properties, such as the single-particle Green’s function or
non-equilibrium expectation values, a restriction to the basis of the last NRG iteration
(as in Eq. (3.5.29)) is not sufficient. In fact, we need to define a complete basis set
and a corresponding reduced density matrix for each NRG iteration, which will be
elaborated on in this section.

So far, we have interpreted the NRG formalism as an iterative enlargement of a
Wilson chain and, by that, as an iterative enlargement of the Fock space as well (if
no truncation of states is applied). However, for the purpose of evaluating dynamical
expectation values of physical operators, a different point of view proves to be advan-
tageous. Consider to start at a full Wilson chain of length N¢, but with all hopping
terms t,, set to zero. Thus, the Fock space of the system is of dimension d"¢ times the
impurity DOF. By applying the NRG algorithm of iteration n (starting with n = 0),
the hopping element ¢, is switched on. At this point, each eigenvalue and eigenstate
of the system is degenerate by a factor of d¥¢=". This factor is defined by the number
of DOF of the residual chain (which is called the ”environment”). The d DOF of the
n-th site are labeled by «,,. Thus, an eigenstate of the iteration n can be written as
|7, en;n) with e, = {@y41, ..., an. } being the entire environment.

Up to iteration m = ny;, the eigenbasis of the Hamiltonian H,, still comprises a
complete basis of the full Fock space of the chain of length N¢, since the environment
€n,.., provides the degeneracy. To keep the dimension of the problem numerically man-
ageable, the eigenstates are divided into the low-energy kept states |k, e, . ;7mn) and
the high-energy discarded states |l, €, . ;Tmin). The labeling of the indices distinctly
defines a state as "kept” k or "discarded” [. Only the kept states |k, ap, ., €n, . +15 Pomin)
are used to span the new subspace. However, together with the discarded states they
still form a complete basis. To maintain this completeness after the next iteration
we have to combine the discarded states |l,e,_ . ;7Tmin) of iteration nmy;, with those
discarded states |l e, . +1;7min + 1) of the next iteration as well as the kept states

|k, €n,in+1; Mmin + 1). This leads to a completeness relation
1, = Z Z 1l,e;m) (L, e;n| + Z |k, e;m) (k,e;m)]. (3.7.30)
N=Nmin [,e k.e

for a chain upto the iteration m. Note that from here on we will use the general

environment index e, if no further specification is required. By performing the entire
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NRG algorithm up to m = N¢ and defining all eigenstates of the last iteration as

discarded, one can identify a complete basis

N¢
1y, = Z Z 1l,e;n) (I, e;nl, (3.7.31)

n=nmin l,e

also known as the ASB [23], as a sum over all states discarded in the NRG algorithm.

By subtracting both equations, one can express the kept states

N¢
D lkoesm) (kesml = > Yl esn) (I e;nl (3.7.32)
k,e

n=m+1 le

as a sum of all following discarded states. Note that to exploit the complete basis set,
information on the discarded states needs to be memorized on each NRG iteration.
Let us now consider the trace of a product of two arbitrary Wilson chain operators A
and B, which is a generalized form of calculating expectation values. We use definition
(3.7.31) to define an ASB for the evaluation of the trace and insert 1,, between the two

operators to obtain
Tr{AB} =X +Y

N n—1
X = ZC: ST D e Al in) (U ¢in'| Bl e;n)

n=nmin le n'=nmin ',e’

Nc¢
Y= > > (LenlAlrein) nein| Bl en). (3.7.33)

N=Nmin [, 7,e

The sum over the indices r includes kept and discarded states, while [ and I’ only
include discarded states. In Y only one NRG iteration n enters, while in X matrix
elements enter, that couple two different iterations n and n’. These matrix elements

are complicated to calculate, wherefore we rewrite it in the form

Nc N¢
X = Z Z Z Z<l,€;n’A’l/’e/;n/> <l/,e/;nI’B’l,e;n>

n'=nmin l,e n=n/+1 1

Nc¢
= D D> (kem[ Al ¢sn) (I ¢sn| Bk, ein) (3.7.34)

n'=nmin ke U,



34 3. Numerical Renormalization Group

by using (3.7.32). We arrive at

N¢
Tr{AB} = Z Z Z (rye;n| Als,e';n) (s,e'sn| Blr,e;n). (3.7.35)

N=Nmin 7,5¢k,k’ e,e’

which is a sum over equal shell contributions only [29]. Here the indices r and s
can either be kept or discarded but the kept-kept combination is excluded from the
summation. Let us now assume that A is a local operator, i.e. it only acts on DOF of
the NRG iterations n < ny, (as an example consider the non-equilibrium expectation
value of the impurity occupation number. Here A = ngq and B is the time-dependent
density matrix). Such a local operator is diagonal in the environment DOF e, meaning
that Eq. (3.7.35) can be written as

Tr{AB} = Z > A (n)BE(n). (3.7.36)

N=Nmin 7,s€k,k’

Here the reduced operator

B (n) = (s,e;n| Blr,e;n) (3.7.37)

e

has been introduced. Let us assume that the operator B is time-dependent, then Eq.
(3.7.37) yields

S (s.esnl Bt) Ir,esn) = 3 (s, esn| e B0)e ™ |r, 5 m)

€ €

~ e B Bred (), (3.7.38)

Here B(0) is defined by the initial Hamiltonian H'. Furthermore, we have used the
NRG approximation of Sec. 3.2, which assumes that the eigenenergies E' of NRG
iteration n represent the exact spectrum of the Wilson chain, as well as a ”full Hamil-
tonian approximation”, that assumes that the discretized Wilson chain Hamiltonian
Hy,, represents the full Hamiltonian H. In fact, no other approximation has entered
the expression so far, since complete basis sets have been used. The full Hamiltonian
approximation is well justified in certain regimes, but induces finite-size effects in dy-
namic properties, since the Wilson chain is a closed system that lacks true dissipation.
These effects are well understood and will be discussed in Sec. 3.8 to 3.10 in more

detail.
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3.8. Spectral Function

Let us proceed to the calculation of impurity spectral functions with the NRG. The
single-particle retarded Green’s function (GF) is defined by

Gap(t) = —iO@)Tr{p[A(t), Bl.} = —iO(t)Tr{Ax(t)} (3.8.39)

with [A, B]. = AB—¢BA and ¢ = 1 for bosonic operators A, B and ¢ = —1 for fermionic
operators. The time-dependency is included in the operator A(t) = eIt Ae=* in the

first step. By defining

= [B, pl.. (3.8.40)
we can shift the time-dependency to x(t) = e *Htyeft. By choosing A = d, and
B = d} as fermionic impurity operators, we obtain the local GF. The spin-index o will

be omitted from here on. Equation (3.7.36) can easily be adapted to this case as

Ga(t) = —iO(t Z Z drs(n) x5 (ns )

N=Nmin 7,S&€k,k’

~ —iO(t Z D d ()X (n)el PO (3.8.41)

N=Nmin 7,5¢k,k’

where in the last step the NRG and full Hamiltonian approximations have been applied.
The calculation of the matrix elements d,.s(n) = (r;n|d|s;n) follows the procedure

explained in Sec. 3.5. The reduced operator

Xed(n) = (s, esn| [d', pl |r, e;m) (3.8.42)
requires knowledge of the equilibrium density matrix p. We use the ASB to obtain the
full density matrix (FDM) [88]

N¢
1 1
_ — ,BH _ — No—m —BE™ |7. .
p=e =2 > d > e lm) (1m) (3.8.43)
M=Nmin l
Here the factor dN¢~™ stems from the summation over the environment DOF e for all
iterations > m. Instead of 1y, one could use 1,, here to make sure, that m < n, which

limits the number of summation terms in (3.8.41). Also, the fact that all discarded
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states are orthogonal to each other combined with (3.7.32) yields

(kyesn|le'sn'y =0, n>n/, (3.8.44)
which excludes numerous terms in (3.8.41). The overlap elements can be obtained by
successively applying the unitary transformation (3.4.26) to reduce n down to n’. It
is possible to approximate the density matrix in the spirit of the NRG by the last

iteration

1
ZNe

p R Z e PEC |l; Nc) (l; N¢| (3.8.45)

l

which simplifies the calculation but is only valid if A is chosen large enough. It is
obligatory to inversely run through all NRG iterations in order to calculate the reduced
operator x™4(n), or rather the reduced density matrix p™4(n), from the respective
iteration n + 1. For an application of the NRG to spectral functions see [24, 88]. In
[89] the time-dependent spectral function is covered, which will not be discussed here.

From (3.8.41) the single-particle equilibrium spectral function can be calculated by

performing the half-sided Fourier transform
Gy(z) = / dte™ Gq(t) (3.8.46)
0

and then taking the imaginary part to obtain
1. -
Ad(w) = — —JmGd(z =w + 20 )

_! Z 3 ()X )5(w—(E;f—Eg)>. (3.8.47)

N=Nmnin T,S€k,k’

The spectral function Aq(w) is expressed as a sum of delta-distributions. First of all,

since only ASBs have been employed, the sum rule

Z N dru ()X () = Tr{pld. d].} (3.8.48)

N=Nmin 7,s¢k,k’

is still fulfilled (see appendix A of Ref. [24]). Secondly, the Wilson chain is a closed sys-
tem, so its time-evolution is purely unitary and thus its excitations lack a natural finite

lifetime. In our OQS approach we solve this problem by introducing true dissipation
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to the system (see Chap. 4 and 5). In the closed system case, the delta-distributions
of Eq. (3.8.47) need to be broadened artificially to display a continuous spectrum.

Typically, a logarithmic Gaussian of the form

e‘b2/4 n(w/w 2
Mw —wy) — NG exp (— <w) > (3.8.49)

is chosen [34]. This ensures that excitations with positive energies w, have no weight

in the negative half w < 0 and vice versa. Also, the logarithmic function allows for a
higher resolution of smaller energies. For the smallest energies w, =~ 0, a Lorentzian
broadening

1 b

Ow —wn) = T (W — wy)? + b2

(3.8.50)

needs to be chosen [32]. Both broadening functions are normalized and thus they
maintain the sum-rule (3.8.48).

Let us turn to the SIAM (cf. Sec. 2.4) as a standard model for the application of
the NRG to spectral functions. The local one-particle GF for complex frequencies z

can be defined as

o) o

Go(2) = ((d,, d))(2) = (2 — €4 — Do(2)) (3.8.51)

via its one-particle self-energy 3, (z) = A(z) +XY(z2) as in Eq. (3.1.4). The hybridiza-
tion A(z) is trivially known. The non-trivial extension to the spectral function is the

introduction of the local Coulomb repulsion U, expressed in the correction

2V (z) = ng((’?) (3.8.52)

The term
F,(z) = ((d,did,,d}))(2) (3.8.53)
defines another GF for a composite impurity operator with ¢ = —o. Now two possible

ways for calculating the GF emerge. The first one is to directly calculate G,(z) from
Eq. (3.8.41), which is referred to as the raw Green’s function. The second way is
to calculate F,(z) and G,(2) via (3.8.41) and then build the self-energy (3.8.52) from
those two quantities, which then gives the final GF (3.8.51). This way is superior to the
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Figure 3.2.: The local spectral function Aq(w) for the STAM in the particle-hole sym-
metric case g = —U/2 for T'— 0. The NRG parameters are Ng = 30, A =
3,D = 100I', Ng = 500 and an artificial broadening of b = 0.8 has been
chosen.

raw GF, since a quotient of two numerical functions F,(z) and G,(2) is relatively stable
with respect to numerical errors (for more details see Ref. [35]). When calculating the
self-energy by simply inverting Eq. (3.8.51), numerical errors of the method add up to

cause an unphysical case, where
Jm¥Y(2) <0 (3.8.54)

is not always fulfilled. This could be tackled by increasing the artificial broadening b of
the delta-peaks to avoid unphysical oscillations, which in turn washes out information
from the spectrum. The effect of the self-energy correction (3.8.52) is to smooth out
the curve for small energies, while peaks at high energies are more pronounced. In the
SIAM this relates to the Kondo-resonance and the Hubbard-peaks, respectively. The
calculation of F,(z) in the NRG is straightforward by setting A = d_dbd, and B = d,
in Eq. (3.8.39).

In Fig. 3.2 we plot the spectral function of the SAM. In the non-interacting case
U = 0 one obtains a simple Lorentzian of width ", which can be derived analytically (see

App. A.1). On the other hand, the interacting case U > 0 reveals non-trivial physical
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properties. For w ~ 0 (SCFP) we observe the so-called Kondo-peak (or Abrikosov-
Suhl resonance), which can be attributed to spin fluctuations. For the particle-hole
symmetric case, the value Aq(0) = 1/#I" is given by the Friedel sum rule. At the
Kondo temperature w ~ Tx the system transitions into the LMFP and the spectral
function drops to almost zero. From here on, the spectral function grows again to form
the so-called Hubbard satellites around w = ¢q and w = €¢q + U, respectively, which are
generated by charge fluctuations. For higher temperature the FOFP is reached and
the spectral function approaches zero at w — +oo.

The spectral function of the SAM is a typical medium for benchmarking the NRG
approach. Due to the truncation, the Kondo-peak is underrated by a few percent in
the raw GF. Furthermore, unphysical oscillations occur, which can be damped by
the self-energy correction (3.8.52). The artificial broadening according to Eq. (3.8.49)
tends to give too much weight to higher w and by that over-broadens the Hubbard

satellites.

3.9. Non-Equilibrium Dynamics

Besides spectral functions the non-equilibrium dynamics of a local system operator Og
can be calculated in a similar way, but faces different challenges due to the discretization

of the bath. We obtain the time-dependent expectation value

No
Os(t) = Te{p(t)Os} = Y > Ops(n)pd(n)e' P —Fr (3.9.55)
N=Nmin 7,5¢k,k’
from Eq. (3.7.36) by choosing A = Og and B = p. Equation (3.9.55) is the ”fundamen-
tal TD-NRG equation”, and the tool used for its calculation with the NRG is called
time-dependent numerical renormalization group (TD-NRG) [29, 23]. The calculation

of the reduced density matrix
pgef(n) = Z (s,e;n|p'|r,e;n) (3.9.56)

turns out to be more complicated than in the case of spectral functions. Suppose we

consider non-equilibrium dynamics as the transition from an initial to a final state at
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t = 0 induced by the time-dependent Hamiltonian
H(t) = H'O(—t) + H'O(t). (3.9.57)

Typical time-dependent parameters can be the impurity parameters, as well as the
hybridization V' between the impurity and the Wilson chain. The initial FDM at t = 0
is then defined as

No
; 1 i 1
i_ —BH' _ —BEY . .

pr=e = 5 E e PN ) (A 6, (3.9.58)

V=Nmin A,E

which describes a system prepared with the initial parameters of H' at ¢t — —oo. This
system is thus assumed to be well thermalized at ¢ = 0. In order to distinguish the
eigenstates of H' from those of H', we use the corresponding Greek letters instead of the
Latin ones for the initial basis states. The unitary time-evolution of the time-dependent

density matrix
p(t) = e 't ittt (3.9.59)

is determined by the final Hamiltonian. For that reason, Eq. (3.9.55) is expressed in
the eigenstates of H' and we are assigned to calculate overlap elements (s, e;n|\, €; )
of initial and final basis states of different NRG iterations n # v to obtain the reduced

density matrix (3.9.56). We define a complete initial basis set of

I =1r4+1° = Z\Q,en (0,€;n| + Z >IN vy (N6, (3.9.60)

V=Nmin \,e€

where ) denotes discarded states at iteration v < n and ¢ denotes kept and discarded

states at iteration v = n, and insert it into Eq. (3.9.56) to obtain

red( + ) . + - )
pap(n ZIZ Z ST e B (s el (15 + 1) [N ev) (N e ] (1 +1;) [ren) .

e V=Nmin A€

(3.9.61)

By neglecting the 1, term, the reduced density matrix is referred to as pjff (n) in

the literature [23]. This assumption is exact, if p' can be restricted to the last NRG
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iteration, as in Eq. (3.8.45). We then obtain

(I,e;n| 15 |\; Ng) = Z Site (K, e;n|\; Ne) (3.9.62)

for n < Ng and
(I;n| 1, |X\; Ne) = S (3.9.63)
for n = Ng. The overlap matrix elements
Spp = (rinlo;n) (3.9.64)

can be calculated straightforwardly by running two independent NRG algorithms for
H' and H' each, and combining all eigenstates at each iteration n. The elements
(K, e;n|A\; No) can be obtained as described in Sec. 3.8. Thus, after completing the
NRG runs, we start with pred(NC) in the initial eigenbasis and successively calculate
its contributions for different NRG-iterations n < N¢ by applying Eq. (3.4.26). Each

prd(n) is then turned into the final eigenbasis by

) ZSSKSSH/pfi n), (3.9.65)

where only kept indices k of the initial basis enter.

Let us discuss the limitations of the approximation of Eq. (3.8.45). As already
mentioned, the quality of the NRG can always be improved by increasing the chain
length N¢ and thus reducing finite-size effects. However, the effective temperature
of the system is defined by N¢ (see Eq. (3.5.28)). Thus, to calculate systems with
large N¢ and finite temperature at the same time, 3 needs to be decreased. However,
this impairs the approximation (3.8.45), since now energies of iterations n < N¢ have
a significant contribution as well. In that case we need to include all iterations and
calculate all parts piF(n), pi - (n), p;;F(n) and p; (n), respectively. In fact, it can
be shown, that pf~(n) = p;7(n) = 0 and that the terms p;"(n) and p; . (n) can be
calculated efficiently for the FDM by a recursive procedure, starting at n = N¢ [90].
However, in this thesis we restrict to the approximation (3.8.45) and thus we need to
chose =~ 1.

In Fig. 3.3 we display the convergence behavior of the non-equilibrium impurity

occupation for the chain length N¢ (panel (a) and (b)) and for the number Ng of kept
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Figure 3.3.: The impurity occupation number for the RLM. We have chosen D =
100, €l = —¢, = T and the remaining NRG parameters according to
the labeling with = 1. The analytical solution of App. A.2 for T — 0 is
added as a black dashed line.

states (panel (c¢) and (d)) with respect to the discretization parameter A. We use the
RLM as the most simple benchmark model here. As expected, the curves converge
faster, if A is chosen to be large. In that sense, a large discretization parameter is
superior, since less chain sites and less kept states are required to obtain a convergence
to the exact discretized result, at least for short times. However, the drawback of a
large A is displayed as well, since it increases the amplitude of unphysical oscillations.
This discretization effect will be investigated in Sec. 3.10 in more detail. Note that the
chain length N¢ influences the effective temperature of the Wilson chain and thus the
equilibrium values, most prominently in the blue curve of panel (a), since here T'~ T.
Furthermore it is worth mentioning, that the NRG works astonishingly well even for a
small number of kept states Ng compared to the total system dimension. This is seen
in TD-NRG calculations [23], as well as for equilibrium spectral functions [24].

In Fig. 3.4 we display the revival effect. With increasing chain length N¢ the
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Figure 3.4.: The impurity occupation number for the RLM. We have chosen D =
100T, €}, = —€, = T', Ns = 100 and B = 1. The chain length N¢ is varied
and the discretization parameter is adjusted to meet the temperature 7' =
1073T for all curves. The analytical solution of App. A.2 is added as
a black dashed line and a version of the purple curve that is artificially
damped with «a,, = w, is added as a black dotted line.

occurrence of finite-size oscillations is delayed and so the time point, at which the
numerical solution significantly deviates from the analytical one, is shifted to the right.
At the same time, A is decreased, which damps the unphysical oscillations discussed
above [30].

Independently of the choice of parameters, the TD-NRG is not able to allow for true
thermalization, since the chain length N¢ is still finite and charge reflections at the
end of the chain are inevitable. A simple solution to imitate an OQS is to damp the
oscillating terms of the off-diagonal part of the density matrix (ODDM) by a factor of
e~ (see the black dotted line in Fig. 3.4), where the damping factor a,, is chosen in
accordance with the NRG scale w,, (see Ref. [23]). This damping relates to an artificial

broadening of the respective energy modes. The system now thermalizes for ¢ — oo to
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a steady-state predicted by the diagonal ensemble [91], which is obtained by averaging
Eq. (3.9.55) over t € [0,7] and then letting 7 — oo. This is effectively identical
to setting » = s. However, this steady-state value is not equal to the Boltzmann
distribution, and thus the correct steady-state within the NRG approximation is not
reached. This is fixed by the OWC approach that we propose in Chap. 5.

3.10. Discretization Artifacts

When investigating QIMs that exceed the most simple case of the RLM, often flavor
DOF (e.g. spin or multi-channel) need to be included. This increases the factor d,
by which the Fock space of the Wilson chain is augmented at each NRG iteration. If
the number Ng of kept states is limited due to practical reasons, the discretization
parameter A needs to be increased to justify the truncation of high-energy states. The
numerical cost can thus be reduced by 1/In(A). However, increasing the discretization
takes one further away from the continuum limit A — 17. As a direct consequence of
the discretization, the hybridization function I'(w) is systematically underestimated.
Therefore, the correction factor A, is typically used to increase the coupling V' and
thus to accelerate the convergence to the continuum limit [14, 27]. For a constant

hybridization the analytical correction [14]

1A+1

Av=53

In(A) (3.10.66)

is included in all our NRG calculations.

A pronounced consequence of the choice of higher A are so-called discretization
artifacts [26]. These are expressed as unphysical oscillations around the exact solutions
with an amplitude that grows rapidly with A. We can significantly suppress these
oscillations by simply averaging over several identical configurations of the NRG with
slightly varied discretization. This is nowadays referred to as z-averaging [33]. Here
we average over N, Wilson chains, each discretized differently. To be precise, the

discretization scheme is altered by choosing
A7 <e<l, (0<z<1) (3.10.67)

as the first discrete interval of the bath instead of A™' < ¢ < 1 (cf. Sec. 3.1). The

subsequent discretization points x, are still scaled by a factor of wm—il = A and thus

the renormalization scheme of the NRG is not affected by the introduction of z. In
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fact, if the influence of z was extended to the relation of the discretization points, i.e.
ﬁ = A?, z would merely cause a rescaling of the parameter A — A?. Instead, by
solely varying the entry point of the discretization scheme, the sliding parameter z
simply yields a logarithmic translation of x,, while not affecting the renormalization.
In contrast to Eq. (3.1.12), the chain parameters €, and ¢, need to be calculated
numerically, even for a constant density of states. Only for z = 1 the standard scheme
is recovered.

For this thesis, a z-averaging is implemented as follows. The program is performed
N, times where 2z, = k/N,, k = {1,..., N, } is chosen. After completion the results are
simply averaged. The bare minimum for the z-averaging is z; = 0.25 and 25 = 0.75,
which already significantly damps finite-size effects [26].

The procedure has already been applied to non-equilibrium dynamics [29, 23, 92, 93].
Here we can see, that the tolerance of non-equilibrium dynamics to a large discretization
parameter A is lower than that of equilibrium properties. Wilson has early pointed out
[22], that all values A < 3 reflect the continuum adequately in the latter case. However,
the effect of the finite-size oscillations in the non-equilibrium case is significantly larger
in a comparable range of A [23]. Here a z-averaging is of high importance even for
A < 3.

In Fig. 3.5 the effect of z-averaging is displayed for different values of N,. Obviously,
for tI' > 6 the TD-NRG curves perform oscillations around the curve, which can be
obtained by an artificial relaxation of the ODDM (dotted curve). These oscillations are
damped for increasing NV, so that the undamped curves converge to the damped ones
for shorter times. However, as discussed at the end of Sec. 3.9, the correct steady-state
(indicated by the black dashed line of the analytical solution) is not reached in any of
both cases.

It has been shown by Giittge et al [30], that the source of the discretization artifacts
are back-reflections of charge at each chain site due to the discontinuous transitions
between the discrete excitations. If one considers a tight-binding chain of finite length,
after the local quench at ¢ = 0 all charge is transported through the chain and si-
multaneously reaches the end of the chain. It is then reflected back and reaches the
impurity again after a certain time. This revival time is influenced by the chain length.
In a Wilson chain with A > 1, the hopping elements decrease logarithmically with the
chain site n, leading to back-reflections at each site. Approximately only the fraction
of 4/(A + 1)* is transported from site n to n + 2 [19]. In contrast, the charge, that

reaches the last chain site and is reflected here, is relatively small in a Wilson chain.
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Figure 3.5.: The real-time impurity occupation for the RLM. We have chosen D =
100, el = —€, = ', Ng = 100, N¢ = 20,A = 4 with 3 = 1. The 2-
averaging is performed with different values for N,. An artificial damping
with «,, = w, is supplemented as a purple dotted line for N, = 16. The
analytical solution of App. A.2 is added as a black dashed line.

Also, the charge velocity is proportional to the hopping parameters and is therefore
decreased throughout the chain for A > 1. In that way, the Wilson chain allows for a
temporary thermalization as well as an increased revival-time at the cost of finite-size

oscillations.

3.11. Hybrid-NRG Approach

Above we have mentioned several ways to combat the finite-size effects in the Wilson
chain. The z-averaging can, to a certain degree, smooth the oscillations induced by
back-reflections at each chain site, but is not capable of reproducing the exact solution
of the continuum. An artificial damping with a fixed damping factor allows for a true

thermalization for ¢ — oo, but damps finite-size oscillations in an uncontrolled manner



3.11. Hybrid-NRG Approach 47

and reaches the same incorrect steady-state as z-averaging. The best results can be
obtained by reducing the discretization parameter significantly to around A = 1.05
[19], which practically entirely prevents back-reflections of charge. The chain length
is required to be increased accordingly to obtain a sufficient energy resolution. Also,
the revival time is increased by increasing the chain length, since it takes longer for
the charge to flow along the chain. The required chain length is around N¢ = 500 to
well reproduce the continuum solution, which is infeasible in the context of most NRG
applications.

A more efficient approach to that is the double Wilson chain [36]. Here a relatively
short Wilson chain (N¢ &~ 30, A ~ 1.8) is followed by an effective tight-binding chain
(N¢ ~ 100, A ~ 1.05), coupled to the end of the first chain. This double Wilson chain
is capable of reproducing the results of the Wilson chain mentioned above (N = 500,
A = 1.05) with significantly less computational cost. The idea of the double Wilson
chain is to rapidly reduce the effective bandwidth of the system with a relatively large A,
but keep this chain short, in order to avoid back-reflections. From a classical standpoint,
these reflections first occur at site n, where the hopping parameter ¢, is below the
hybridization V. When constructed with the lowered effective bandwidth, the second
Wilson chain requires less chain sites to obtain the same energy resolution as the pure
Wilson chain.

Even in this shorter Wilson chain, truncation of eigenstates is inevitable. However,
for A = 1.05 a truncation of high-energy states is effectively impossible. An elegant
solution to that is the hybrid NRG-DMRG approach [36]. Here a Wilson chain of
length M and a discretization A ~ 1.8 is constructed and the TD-NEV is calculated
with the TD-NRG. In contrast to the approach presented in Sec. 3.9, the states at
iteration M are divided into a kept and a discarded part and from the kept low-energy
sector a time-dependent correction term to the TD-NEV is generated. The kept sector
is treated as an effective low-energy impurity, which is couple to a tight-binding chain.
This way, the discretization error in the low-energy regime of the system is significantly
reduced. Due to the missing energy-hierarchy, the tight-binding chain is treated with
a time-dependent DMRG approach to allow truncation.

Although the NRG-DMRG approach significantly reduces the finite-size oscillations
in non-equilibrium dynamics, it has several drawbacks. Firstly, due to the application
of the DMRG, this hybrid approach is restricted to temperature T' = 0. Secondly, at a
certain chain length the revival-time effectively cannot be increased further, since even

for a small A back-reflections dominate local dynamics before the reflections from the
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end of the chain reach the impurity. The approach yields excellent results up to times

= 100/T", but does not reach a true thermalized steady-state. Thirdly, the approach
does not include a finite-lifetime for local excitations, and so it is not suitable for the
calculation of spectral functions.

In this thesis we propose a different hybrid-NRG approach. Here we construct reser-
voirs, that recover the continuum limit and couple one single reservoir to each site of
the Wilson chain. This way, surplus charge is absorbed into the reservoirs and back-
reflections are reduced. Also, the low-energy reservoir at the end of the chain prevents
the revival-effect and thus allows for true relaxation. To couple the reservoirs to the
Wilson chain we will choose the BRF. Since this is a perturbative approach in second
order, we expect some reflections to persist on intermediate time scales. However, in
the BRF, the correct steady-state (in the limit of the NRG) is always guaranteed. This
formalism generates relaxation rates, which translate to natural broadening parameters
and thus it is suitable for ESF as well. Here we consequently expect the broadening
induced by the BRF to be too narrow and finite-size oscillations to occur. The BRF
will be explained in detail in Chap. 4, while its application to the Wilson chain for
the RLM is covered in Chap. 5 and to the NRG in Chap. 6, respectively. Finally, in
Chap. 7 the OCF is tested for non-trivial interacting QIMs.
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In the previous chapter the NRG has been discussed as a powerful tool to calculate
QISs. The formalism is made for accessing a wide range of energies, spanning from
the entire width of the band to the exponentially small Kondo temperature. To meet
this requirement, the band is discretized logarithmically and only a finite number of
excitations from the infinite environment of the QIS is taken into account. This is due
to the fact, that the NRG is effectively a closed system formalism, meaning that each
system DOF is considered explicitly. The restriction to a finite - and thereby closed -
system is thus of pure practical nature.

Closed systems are by nature conservative, meaning that quantum numbers such as
charge or spin are constant due to an absent interaction with an environment. Dis-
sipation of impurity quantities is limited to the size of the closed system and a true
relaxation is impossible. Here lies the strength of OQS formalisms. If one is solely in-
terested in the properties of the impurity, an explicit formulation of single environment
modes is not necessary. Instead, the continuum is basically treated in a statistical way,
which is perfectly sufficient to introduce true dissipation and thermalization into QISs.
Needless to say, those OQS formalisms are not exact either. To be precise, several
indispensable approximations restrict the system to certain parameter regimes, and
thereby make small energies inaccessible, which are essential to the Kondo problem.
From this standpoint, a hybrid approach between a closed system impurity solver like
the NRG and an OQS formalism appears to be a promising attempt to combine the
strength of both worlds. This connection is made in Chap. 5 and 6, where we discuss
the construction of an OWC. In Chap. 4, however, the focus lies solely on a didactic
introduction to the OQS formalism of our choice, namely the BRF. In the following
sections this formalism is explained in the way it is presented in typical literature and
its limitations are discussed in detail. Related links are provided at certain points, if

further information to the respective topic is desired.
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4.1. Open Quantum System

In the theory of OQSs a microscopic quantum mechanical system of finite DOF interacts
with a large system in the thermodynamic limit, called the environment or bath. The
strength of the theory lies in the fact that if one is interested in the characteristics
of the microscopic system only, one does not have to deal with an infinite amount
of bath DOF. Instead, the knowledge of macroscopic bath quantities, like e.g. the
temperature or the DOS, is sufficient to obtain detailed insight into the microscopic
system (simply called "system” from here on). Unlike the unitary time evolution of
time-independent Hamiltonians, the theory of OQSs is able to include phenomena like
dissipation and fluctuation. The evolution of the density matrix is typically described
by a Lindblad or Bloch-Redfield equation. This equation has countless applications in
condensed matter [94], quantum optics [95], quantum information [96] and decoherence
[97]. An interesting work in the context of this thesis has been published by Schwarz
et al [98] who use the Lindblad equation to describe transport phenomena.

In many instances, a quantum mechanical system of finite DOF is treated as isolated,
we called it a "closed” system. Neglecting the explicit interactions with the rest of the
universe is often crucial for a quantitative treatment of a problem. In reality, how-
ever, no isolated systems exist, as an interaction with the environment is unavoidable.
Therefore, an approach is required which includes dissipative terms without having
to deal with the potentially infinite environment DOF. Dissipation is defined as the
transformation of directed (usable) kinetic energy into an undirected form. This is
realized by a relatively small, well-defined system which transfers energy to a large
environment. This energy is then irreversibly lost, which is often associated with an
increase in entropy. In classical mechanics friction is a typical mechanism that trans-
forms kinetic into thermal energy which then dissolves into the environment. The latter
is often so large, that its temperature is effectively not affected by the small system.
Dissipation can thus be seen as an irreversible energy flow that breaks time-reversal
symmetry.

To describe dissipation, i.e. the change in local parameters like energy or particle
number, a mathematical formulation of the interaction with an infinitely large envi-
ronment is required. For that purpose the microscopic system is described by reduced
operators that contain the relevant environment information, while only living in the
local Hilbert space. Two approaches that meet these requirements are the Lindblad for-

malism and the BRF. Here the evolution of the reduced density matrix is described by
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a von-Neumann equation, which is a quantized version of the Liouville equation. The
BMA is applied, which assumes that the environment is large in relation to the local
system and that the system-bath coupling is weak. Due to the additional dissipation
terms in the equation of motion the effect of an open system can be described, including
a relaxation into a true thermalized state. The BMA turns the von-Neumann equation
into a simple master equation in the context of a linear response theory. Therefore,
the solutions of these equations contain exponential decay terms of the form e=7t. The
coefficients v can be seen as friction parameters that mediate the process of dissipation
into the environment, where v = 0 accounts for the thermalized steady-state of the
system. The parameters of the Lindblad master equation are more general, while the
parameters of the BRF are directly derived from bath properties. For more details on
the differences of the Lindblad and the BRF see e.g. Ref. [99, 100].

The Lindblad formalism guarantees the fundamental properties of the density matrix,
meaning positivity, hermiticity and the conservation of the trace. In this chapter we
show that our formalism does not violate these properties. The conservation of the trace
in the context of OWC is discussed in detail in Chap. 6. For an alternative introduction
to the Lindblad or Bloch-Redfield equation and discussion of the approximations see
(39, 101, 40].

The foundation of the formalism described in the subsequent section basically follows
Ref. [40]. We restrict our considerations to a fermionic environment. A comparable

approach to bosonic systems can be found in Ref. [102].

4.2. Density Matrix of an Open Quantum System

The subject of our study is a small localized system S with a finite number of levels
that interchanges energy with a large environment or bath B. For that purpose we

begin with a QIS Hamiltonian in the general form
H = Hg + Hg + Hgp, (4.2.1)

where Hg and Hg are Hamiltonians for S and B, respectively, and Hgsg is an interaction
Hamiltonian. The reservoir is only of indirect interest and its properties only need to
be specified in general terms. In our case, the general temperature and the energy DOS

need to be defined. To calculate the time-evolution of the density matrix the quantum
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mechanical Liouville equation, i.e. the von-Neumann equation
p(t) = ilp(t), H] (4.2.2)
is used. We transform it into the interaction picture using Hy = Hg + Hg
pl(t) = el p(t)e ot (4.2.3)

Since the coupling between the system and the bath is considered to be weak, the

oscillations generated by e*fot

and using (4.2.2) leads to

are relatively fast. Taking the time-derivative of (4.2.3)

) =i [p(), Hia(8)] (4.2.4)
introducing the time-dependent hybridization term
Hig(t) = ot Hyge™ ot (4.2.5)

in the interaction picture. Integrating (4.2.4) for t > 0 and plugging the obtained p'(t)

back into this equation yields

P (t) = iRi(t) — Ra().
Ry(t) = [p(0), Hin(0)]

Ralt) = [ de{[00), B (9]  Hi(0). (42.6)

Even though the coupling term Hgg explicitly appears only in first and second order,
this equation is still exact, since higher orders of Hsg are embedded in the time-
dependent density matrix p!(t).

The strength of the BRF for OQSs lies in the fact that if one is interested in the
local system S there is no need to worry about the composite system S ® B in detail. If
Os is such a desired operator in the Hilbert space of S, we can calculate its average in
the bath DOF if we have knowledge of the local contribution of p(t) alone. This local
part is called the reduced density matrix pg(t) and is defined as

ps(t) = Tre{p(t)} (4.2.7)
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by tracing out the bath environment degrees of freedom (EDOF). The expectation

value of a local operator can be written as

(Os(t)) = Trsan{ Osp(t) } = Trs{ Osps(t)} (4.2.8)

By using ps(t) we can consider the influence of the environment, and at the same time
express the expectation value of local operators in the local space only. Our objective
is thus to derive an equation for the reduced density matrix. For that purpose, we
take the trace over the bath DOF on both sides in Eq. (4.2.6). We assume that the
compound system is in thermal equilibrium, and that system and bath are decoupled
for times ¢ < 0, meaning that no correlations between S and B exist. The initial density

matrix

#1(0) = p5(0)ps (4.2.9)

then factorizes into a separate system and bath part. This assumption already elimi-

nates the first term of Eq. (4.2.6), namely

Trp{ Bu(t) } = Tr{[05(0)pm, Hip (0] } = [p5(0). €™ (Hsp)pe ] (4.2.10)
by employing the cyclicality of the trace and efof = ¢iflsteiflst gince Hg and Hp
commute. Note that we have defined

(1) = Tra{ (1)} = e pgt)e 1 (42.11)

with the cyclicality of the trace in Eq. (4.2.3). Since we assume that in the interaction
Hamiltonian Hsg bath operators only occur in linear form, (Hgsg)p vanishes and likewise
does TrB{Rl (t)} The second order term Rs(t) remains and encodes the influence of

the bath B onto the system S. Thus, the von-Neumann equation becomes

L) = —TrB{Rg(t)} . (4.2.12)

At a first glance, this integro-differential equation resembles a typical Picard-Lindelof

problem by defining

P(t) = ~Ro(t) = [(t, p1(1)). (4.2.13)



54 4. Bloch-Redfield Formalism

The solution can then be obtained by

t

hea(®) = 90)+ [ dsfs.ply(s). (12.14)

with the initial value pjg(¢) = p'(0). The time-dependent operator pj,(t) is calculated
iteratively until the desired convergence at | = [ is reached. However, since Ry(t)

contains bath operators via Hgg, Eq. (4.2.13) cannot be written in the simple form

A(E) = it oh(®) (4.2.15)

by performing a trace over the bath DOF. Hence, the reduced density matrix can
only be calculated after completion of the final step . Up to that point, the bath
operators remain and yield more and more complex entanglement of the bath modes
with each iteration step. Even though it can be shown analytically (see App. C)
that only bath correlations up to quadratic order appear in expression (4.2.14), still all
bath indices are coupled indirectly rendering even the evaluation of pb] (t) practically
impossible. Any further thoughts regarding the decoupling of certain bath modes, e.g.
in the fashion of the NRG formalism, shall not be subject of this thesis. The first
order term, ph] (t), which can be interpreted as a second order perturbation in Hgg,
however, can be calculated analytically and can thus serve as a benchmark for very
short-time considerations of various QIMs (see Eq. (4.6.1.70)). To reliably reach more
relevant timescales and, in addition, simulate correct thermalization a different route
needs to be taken. Equation (4.2.15) can be realized by defining a factorization of the
density matrix in the spirit of Eq. (4.2.9) for all times ¢ > 0. This allows one to trace
out the bath DOF and thus to set up an integro-differential equation in local system
parameters only. In fact, different approximations are necessary to solve this equation,

which we will elaborate on in Sec. 4.3.

4.3. Born-Markov Approximation

The first approximation we need in order to locally treat OQSs is the one which has
the most impact at the same time, the so called Born approximation (BA) [39, 103].
Recall, that we defined the interaction term to be turned on at ¢ = 0, so correlations

between the system and the bath will still occur for positive times. We consider the
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density matrix to have a product form

pl(t) = ps(t)ps. (4.3.16)

for all times t > 0. This is defined as a BA. It is motivated by the assumption
that the coupling term Hgg is weak relative to Hs and Hg and that there are no
feedback processes onto the bath, so pg is left unaltered. To understand the origin
of this approximation consider the full density matrix p(t) = Le AHsTHptHsn) a5 an
expansion in the interaction Hamiltonian Hgg. Since terms of the order of O ((8Hsg)")
lead to O ((ﬁHSB)"H) in Eq. (4.2.6), we consider terms with n > 1 to be negligible,
if the coupling strength is small compared to the temperature. The factorization of
the density matrix in Eq. (4.2.6) is crucial to trace out the bath DOF and thus to
handle OQSs within our approach. Nevertheless, by neglecting correlations between
system and bath modes, fundamental effects which rely on feedback processes, like the
formation of the Kondo-singlet, cannot be explained. The recovery of those correlations
is discussed in Chap. 5.

Let us briefly investigate the influence of the temperature on the approximation. In
the limit 8 — 0 the approximation becomes exact. In the case of finite temperature
the effect is more pronounced. If the coupling is of the order of the local energies and
the bath dispersion, a huge error can be expected in the limit of low temperatures.

To proceed with the evaluation of Eq. (4.2.6), we rewrite it as

t
0 = [ dsTea{ [ (e - s)om. Hlg(t — 5)] Hiy (0]} (4.3.17)
0
where we have substituted ¢’ = ¢ — s for the sake of convenience.

As a first step (before applying any further approximations) the master equation

(4.3.17) is written in the eigenbasis of the finite system Hamiltonian Hg, yielding

pat) == / A5 Ratnn (1, 8) pron(t — 5), (43.18)

where the indices a,b, m,n denote the eigenstates of Hs. We have introduced the
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two-times-dependent BRT

Rab,mn(tv 8) = 55“ Z F:l,lm(tv S) + 5am Z F;l,lb<t7 3) - P:b,am@? 8) - F;b,am@’ 8)7
l l

(4.3.19)
comprising the damping tensors
szrb,mn(ta 8) = TTB{PBHab(t)Hmn(t — S)}
F;b,mn(t7 S) - TrB{pBHab(t - S)Hmn(t>}7 (4320)

where pa(t) = (a| pi(t) |b) and Hy(t) = (a| Hig(t) |b) are the operators in the local
eigenbasis. To proceed, let us introduce an explicit form of Hgg in analogy to Eq.

(1.0.2). We assume a bilinear single-particle coupling between the local and the bath
DOF that reads

Hip(t) = 3 Vi (£1®)e, ) + F(D)el()). (4.3.21)

Here f accounts for the annihilator of a local state in the Hilbert space of S and ¢
annihilates a bath state. The momentum index k sums over the bath DOF and V}
is the corresponding hybridization. The appearing operators can easily be augmented
by further indices (e.g. a spin or channel index), yielding more specific hybridization
Hamiltonians. For the purpose of presenting the principal calculations, these DOF will
be neglected for now.

Inserting Eq. (4.3.21) into the equations (4.3.20) of the damping tensors, bath
correlation functions emerge. Considering the case of a bath Hg = ), ekcick of non-
interacting fermions in thermal equilibrium (cf. Eq. (1.0.1)), the time evolution of the

bath annihilators simplifies to ¢ (t) = cx(0)e | yielding the correlation functions

Cols) =) Vchk/TrB{chk(t)cL (t - s)} = 3 VR fs(—ep)ei
k

kk'

Ch(s) = Z Vka/TrB{pBCL(t)ck, (t — s)} = Z V2 fa(ep)e™** (4.3.22)
k

kK’

for a particle and a hole respectively. The Fermi function fz(ex) = (cl(0)¢,(0))p has
been introduced with 8 being the inverse temperature of the environment. To deal

with the infinite bath continuum, the sum over the bath excitations k is turned into an
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integral by introducing the DOS p(e), such that p(e)de gives the number of excitations
within the interval € to € + de. The spectral coupling function (see Eq. (1.0.3)) is then
defined as

I(e) =nV3(e)ple) =7 Z V,fé(e —€), (4.3.23)
k
turning the bath correlation functions of Eq. (4.3.22) into

Conls) = % /_ " 4 (e) 5 () e (4.3.24)

[e.9]

For a symmetric spectral coupling function the bath is particle-hole symmetric, yielding
Cy(s) = Cu(s) = C(s). Using the definition fu;(t) = (a] st fe=#Hst |b) = f, et for
the system operator in the local eigenbasis with wy,, = F, — E} being the difference of

local eigenenergies, the damping tensors (4.3.20) become

Ft—zi_b,mn(t7 S) = ei(wab+w7"")t [flbfmncp(s) + fabf;nch(s)} e_iw"ms
Dyt 8) = €t [ fCo(s) + fun S Cils)| €7 (4.3.25)

The second canonical approximation at this point is the Markov approximation (MA).
The master equation (4.3.18) is non-Markovian, since the dynamics of p§(¢) depends
on its entire history 0 < s < ¢, meaning that feedback processes between S and B
are possible. This renders a complicated integro-differential equation. By assuming
Markovian behavior those rebound processes are neglected which considerably simpli-
fies the equation by lifting the convolution integral. The question arises under which
circumstances this assumption is justified. The reader shall be reminded, that even
though the BA neglects correlations between S and B, correlations between the single
bath modes still occur. These correlations are expressed by the bath correlation func-
tions Cp/u(t) of Eq. (4.3.24). For large times ¢t — oo, these functions decay entirely,
since the exponential terms e¥ oscillate rapidly in this case and thereby cancel the
kernel under the integral to zero. We define the time scale of the decay of Cp,/,(t) as
the bath correlation time tg. If ¢ is considered to be small in comparison to the local
time scale t5 on which the density matrix varies, then local information decays rapidly
in the bath, rendering B a constant background for S. This inhibits feedback loops of
information going from S into B and then back to S and thus provides a Markovian
system. It is left to show that tg < tg.



58 4. Bloch-Redfield Formalism

By the above made assumption that the coupling term Hgg is weak, the changing
rate of the density matrix is small. Consequently, the density matrix can be seen as a
slowly varying operator compared to the bath correlation time tg. Let us consider a

constant spectral coupling function
L(e) =TO(D — |e]) (4.3.26)

to exemplarily calculate the correlation function C'(¢). The bandwidth D serves as an

upper limit for the bath energies and the normalized bath DOS becomes
1
= 0(e — = —0O(D — |¢|). 4.3.27
0 = 320l — ) = 5500 | (1.327)

For a hybridization V' that is independent in k, we can derive

2DT
V=== (4.3.28)

(0

with Eq. (4.3.23). From Eq. (4.3.24) we obtain

VZ2sin(t/tg)

ReC'(t) = —————— 4.3.29
() =520 (13.29)
for the real-part with the correlation time ¢tg = 1/D. The imaginary-part vanishes for

high temperatures and is

V2 cos(t/tg) — 1
JmC(t) = ——————— 4.3.30
for T = 0.

In Fig. 4.1 the correlation functions are displayed on scaled axes. In the wideband
limit D > T the correlation function C(t) converges to I'é(¢), which is the desired
behavior for the MA. Further discussion can be found in Sec. 4.6 and 5.3.3.

When tp is considered to be small, the master equation (4.3.18) can be simplified
twofold. The first approximation step is to replace py,(t — s) by pmn(t) under the
integral. Since correlations are practically vanished for ¢ > tg, the upper limit of the

integral can be set to oo, which is the second approximation step. We end up with

pab(t) = - Z Rab,mn(t)pmn(t)’ (4331>
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Figure 4.1.: The dimensionless correlation function C(t)/V? versus dimensionless times

t/tp for a constant spectral coupling function. For JmC'(t) we chose T' = 0.

where Rgpmn(t) = fooo dsRapmn(t, s). Thus we obtain a Markovian equation, where the
dynamics of the density matrix at time ¢ only depends on its current state.
It shall be mentioned here, that the second approximation step is clearly problematic

for short times ¢t < tg. Here, a major part of the correlation function is falsely included
in the integration and thereby in the relaxation rate of p(t).

Let us investigate the master equation for short times, to obtain a non-Markovian
estimation in the regime, where the MA is most problematic. In Eq. (4.3.25) we set

t = s = (0 to obtain the damping matrices. The initial value of the correlation functions
is C(0) =12 =

p- VTQ The damping matrices are now given by

V2
Fzztb,mn(07 0) = 7 [f;bfmn + fabf;mi| :

(4.3.32)
The master equation (4.3.18) becomes

t
pab(t) - - Z Rab,m’rL(Oa O)/ dspmn<t
mn 0

—5)~ =Y Rapon(0,0)tpmn(t).  (4.3.33)

On the r.h.s. of the equation the first MA has been executed. The convolution integral
yields a cosine-type short time evolution of the density matrix, while the first MA yields
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a Gaussian-type density matrix. In any case, the first non-vanishing contribution of
t is quadratic. This is in accordance with p(t = 0) = 0, which can easily be deduced
from Eq. (4.3.18).

We proceed to the Markovian time scale of t > tg, where the damping matrices are

transformed into

F;rb,mn(t) = ei(wabJFWm")t [f;rbfmncp<wmn> + fabf:rmch(wmn)]
F;b,mn(t) = ei(wab—i—wmn)t [f;bfmnog (wba> + fabfrt@ncﬁ (wba)i| . (4334>

Here we have defined the greater/lesser reservoir Green’s functions (RGFSs)

Com(w) = /0°° dsCpp(s)e 50"
I'(Fw') f5(w)

w —w

D (Fw) fs(w) + %PV / W

— 00

(4.3.35)

as the half-sided Fourier transform of the correlation functions. PV denotes the Cauchy
principal value. Naturally, the imaginary part of the RGFs is connected to the real
part via a Kramers-Kronig relation.

The stage is set for the third and last approximation, the so-called secular approx-
imation. It is based upon the secular effect which, in general, denotes a separation of
the time scales of a system. In our case, we consider the local dynamics of pi(t) to
happen on a much larger time scale than the fast oscillating terms e*“art@mn)t in Eq.
(4.3.34). This assumption is again based on a weak coupling Hgg and thus a slowly
varying density matrix. In this approximation, the master equation is secularized, i.e.
averaged over the rapidly varying terms. As a result, those terms average to zero and
any modulations over these short times are washed out. The only surviving terms
are those that fulfill w,, + w,m, = 0. Hence, the exponential functions are turned into

Kronecker-deltas and the damping matrices reach their final form

FZb,mn = 5wab+wmn,0 [f;bfmncp(wmn) + fabf;znch (wmn)
_ (FJr )* (4336)

F;b,mn ab,mn
In Sec. 4.6 and 5.3.3 the occurring local energies are compared to the time scale of the

local dynamics to discuss the accuracy of the approximation. To this end, the BRT is
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time-independent rendering the master equation (4.3.18) to become
pav(t) = =Y Rabmnprun(t), (4.3.37)
with the final time-independent BRT

Rab,mn = 517” Z F;—l,lm + 65”” Z F;l,lb - F:b,am - FT_Lb,am' (4338)
l l

The first two terms of the BRT maintain particle number, and will thus be referred to
as the unitary part, while the latter (dissipative) part connects two different particle
subspaces. Equation (4.3.37) is a Lindblad-type master equation, where in canonical
Lindblad theory, the entire BRT is denoted as the dissipator.

The BRT can be seen as a Lindblad super-operator or as a matrix R, if the density
matrix is expanded as a super-vector. In the latter case, the master equation has the

simple solution
p(t)) = e |p(0)) = D ce™ Jur), (4.3.39)
!

with ¢, = (w;|p(0)). Here a bi-orthonormal eigenbasis of the BRT has been defined
with left and right eigenvectors (w;| and |v;), respectively, fulfilling (w;|v,) = Opn.
This establishes the requirement for diagonalizing the BRT. Equation (4.3.39) is a
sum of exponential decays supplemented by oscillations induced by the imaginary part
of A;, which is often referred to as the Lamb-shift. As mentioned above, Eq. (4.3.39)
resembles the dynamics well for large times. The correct equilibrium value for ¢ = 0
is included as |p(0)) = >, ¢ |v), which can be used to check numerical calculations.
The correct gradient |p(t = 0)) = 0, however, is not given. This can easily be seen
by setting ¢ = 0 in the master equation (4.3.37). The gradient can only be zero if
R |p(0)) = 0, which implies that the expression (4.3.39) is constant in time.

With Eq. (4.3.39) and (4.2.8) at hand, physical properties can be calculated in the

system Hilbert space. The non-equilibrium expectation value of any local operator Og
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is given by

(Os(t)) = Tr{eiHstose—iHsthS(t)}
- Z Z(OS)ab ¢ (Jur))pq art=N1

= Xy et (4.3.40)
7l
where in
Xip= > (0s)abcr (|02))a (4.3.41)

ab

all identical energy differences wq, = wy are aggregated and w; y = wy —JmA;. Here the
real part Re)\; allows for true relaxation of the system into the steady state, while the
Lamb-shift JmJ); induces small supplemental oscillations. The closed system solution

is recovered by setting the relaxation rates A; — 0. Equation (4.3.40) then becomes

(Os()cc =D (08)as D _ 1 (J1) o "

ab

- Tr{eiHstOSe—”HsthS(O)}. (4.3.42)

4.4. Adaptation of the Bloch-Redfield Equation to the
x-Operator

The time-dependent retarded equilibrium Green’s function (TD-EGF) is defined as
Gas(t) = —iOWTH{p[A(1), B}, (4.4.43)

with [A(t), Bl = AB — ¢BA and ¢ = 1 for bosonic operators A, B and ¢ = —1
for fermionic operators (cf. Eq. (3.8.39)). The time dependency is included in the
operator A(t) = et Ae=it By exploiting the cyclicality of the trace, we can define
x(t) = e B, pl.e'f*. Replacing A — d and B — df, with d¥) being the local
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fermionic annihilation (creation) operator!, we obtain the local GF
Ga(t) = Gaat(t) = —iO(t) Tr{x(t)d}, (4.4.44)

with x(t) = e ! (der + dTp) ¢!t being a fermionic operator as well. In the spirit of
Eq. (4.2.8) the trace is split into a system part S and a bath part B. This way Eq.

(4.4.44) can be expressed in terms of local quantities only leading to
Ga(t) = —iO(t)Trg{e st yg (t)es'd}, (4.4.45)

where x&(t) = TrB{eiHotx(t)e*iHot} is the reduced operator in the interaction picture.
To calculate x§(t), the BRF discussed above needs to be adapted to this new fermionic

—iHt

operator. Since x(t) =e et this operator evolves in time like the density matrix

and thus the von-Neumann equation (4.2.2) can, analogly to p(t), be used as the entry

point of the BRF. The BA

X' (t) = xs(t)ps (4.4.46)

(cf. Eq. (4.3.16)) can be performed since d' is a local operator and y is linear in
its constituents p and df. The bath equilibrium density matrix pg is then used to
construct the correlation functions. The formalism deviates by a sign from the BRF
for the density matrix, since y has fermionic properties. By commuting x&(¢) with
a bath operator c,(j), which is necessary to build the correlation functions Cj/,(s) of
Eq. (4.3.22), the sign of the dissipative part of the BRT is changed. This sign change,
however, does not impact the following Markov and secular approximation (MSA) and

thus we end up with the master equation

Xab(t) = - Z Rab,mnan(t>; (4447)
where
Ratn = 0n Y Ui+ am D Tt + Ui + Do (4.4.48)
I !

INote, that we choose d, instead of f for the local operator here. f shall denote a general operator
of the system Hamiltonian Hg, while d is restricted to a specific impurity operator.
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is the new modified BRT. The only difference to Eq. (4.3.38) lies in the sign of the
last two terms.

It should be mentioned here, that the sign of the dissipative part does not have a sig-
nificant effect on the overall dynamics of x(¢), if the system is particle-hole symmetric,
since the dissipative terms always come in pairs of positive and negative sign, medi-
ated by the local operators f(*). The major difference between the master equations
for p and x lies in the fact that different particle number subspaces &,, are coupled.
The unitary terms of the BRT maintain the particle number of the operator, that
shall be evolved in time, while the dissipative terms change it by one. The density
matrix p is a block-diagonal operator in &,,, i.e. the unitary part couples G,, to G,
while the dissipative part couples it to &, 1 and &,,11, respectively. On the other
hand, y is a fermionic operator in the sense that it couples G,, to &,, ;. The unitary
part of the BRT maintains this scheme, while the dissipative part couples (&,,,1,S,,)
to (6,,6,-1) and (S,42,S,.41), respectively. This fact has a major impact on the
numerical implementation of the BRF in the context of the NRG, which operates in
sub-blocks defined by quantum numbers.

With the formal solution

X(1) = e x(0) = D cre™" fun) (4.4.49)

l

one can write the TD-EGF in the eigenbasis of the local Hamiltonian Hg to obtain

Ga(t) = =i0(t) > Y dapcr(|vr)Jpae™= N (4.4.50)

with the local annihilator d. A half-sided Fourier transform yields

Z Z dapCy |Ul>)
W+ Wep — Jm/\l + Z%Q)\l

= 4.4.51
Zw"f_uﬂf‘f‘l%e)\l ( )
where
Wap=wWs
Yip= Z dap c1 (|v1))ba (4.4.52)
ab

takes the role of a spectral density, in which all identical energy differences wq, = wy
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are contained. From here, the spectral function

1 Z Re\; ERQYE,JC — (w + wl,f) ’JmYLf

1
Ag(w) = ——TImGy(w) = —
a(w) = =—ImGa(w) = o B

(4.4.53)
fil

can be derived. Clearly, Jie); serves as a natural broadening for the lifetime of local ex-
citations, while Jm\; produces an energy shift. Equation (4.4.53) resembles Lorentzians
with weight JReY]  supplemented by a further term. It is easy to prove that our repre-
sentation of the spectral function does not violate the sum rule. The Lorentzians are
each normalized by nature, independent of their energy shift. The second term can be
shifted to reveal its anti-symmetric nature and thus it vanishes when integrated over
the entire real axis. It is left to show that val ReY; r = 1. We obtain

ZYl’f = Zdab Zcz (\Uz>)ba = Zdab Xba(o)
fil ab l ab

=" (ald (dips + psd) |a) = Trs{ps{d, dT}} ~1, (4.4.54)

which is the required proof. The closed system solution is contained in Eq. (4.4.53) by

setting \; — 0, like in the non-equilibrium case above. We obtain

1
Ag(w) = — D 6w+ wy) ReYip — JmY],p/(w + wy)
fil

1
= > dapxva(0)6(w + wap) (4.4.55)
ab

since Y, JmY; ; = 0.
If the short time approximation (4.3.33) is applied to the Green’s function (4.4.50),

A2

a time-dependence o< e™ """ arises, leading in turn to a Gaussian broadening in the

spectral function.

4.5. Features of the Bloch-Redfield Equation

Let us investigate some features of the above derived equation (4.3.37). Especially, we
want to ensure that the applied approximations do not corrupt the fundamental prop-
erties of the time-dependent density matrix, i.e. positive semi-definiteness, hermiticity
and the conservation of the trace for all times.

Firstly, the secular approximation adds an interesting feature to the BRT. The
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Kronecker-deltas can be extracted from the damping matrices in Eq. (4.3.19), leading

to
Rab,mn X 5wab,wmn~ (4556)

The unitary part of the BRT is now proportional to d,,,, and d,, , respectively. Note
that the local operators f*) demand, that a,m (b,n) originate from the same particle
number subspace of the Hilbert space. If there are no degeneracies within a subspace,
we can replace d,, , — Ogm. This is the case for all models investigated in this thesis,
i.e. the RLM, the IRLM and the STAM.

The BRT reads in its simple form

Rab,mn = 5amébn Z (Fal,la + FZUb) - Q%QFnb,am- (4557)
l

The unitary part can be incorporated into the density matrix by defining
Pap(t) = X1 Taiel poy () Tu)"t (4.5.58)

and then rewriting the master equation (4.3.37) for p,,(t). However, this is no simplifi-
cation to solving the master equation and is only intended to justify the term "unitary”
in this context.

It is easy to conclude Raqmn = RagmmOmn, Which means that the evolution of the
diagonal part of the density matrix (DDM) is independent of the ODDM. For the
DDM we can explicitly write

Raa,mm = 2Re |:5am Z Fal,la - Fma,am . (4559)
l

Obviously, the diagonal elements Ry, mm = 29R¢ Y, L'y of the BRT are given as a
linear combination of the off-diagonal elements Ruqmm = —2Rel4,0m,a # m (note,
that g0 = 0). For that reason, the rank of the matrix is one below its dimension.
Consequently, the matrix is singular and automatically contains one eigenvalue that is
equal to zero.

Secondly, we investigate the conservation of the trace of the density matrix. By
switching summation indices in ) = RaammpPmm(t), one can show that the two parts
of the BRT cancel each other out leading to ), paq(t) = 0, which is equivalent to the

fact that the trace of the density matrix is conserved.
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The positive definiteness of the density matrix, i.e. puq(t) > 0Va, can be shown for
all times ¢ > 0. Since a master equation does not change the sign of any component
of its function, we can guarantee that sgn(p,.(t)) = const for all indices a and times ¢.
Thus, the positive definiteness of the density matrix is always given if the initial value
p(t = 0), which is an extrinsic quantity to the formalism, is positive definite.

The hermiticity of the density matrix is conserved as well. Note that the definition of

the RGFs (4.3.35) implies that G(w) = G*(—w). From the symmetry [T%, .1 =T7, 1
it follows that
2b,mn = Rba,nm; (4560)

which means that the master equation (4.3.37) yields identical dynamics for p and pf,
respectively.

We show that the density matrix reaches the correct Boltzmann form pgna oc e ?Hs
in the steady-state. This is equivalent to prove that pg,, is a stationary solution
of the master equation. Plugging pgna into Eq. (4.3.37) leaves us to show that
3. Ragmme PPm = 0. This is easy to see by considering that fs(w)e® = fz(—w).

In order for a master equation of the form p = — Rp to reach a finite steady state, at
least one eigenvalue needs to be zero, while the other eigenvalues are positive. This is
guaranteed for any finite Liouvillian (i.e. the BRT) by Evans’ theorem [104, 105] and
the existence of the zero-eigenvalue is shown above. The normalized eigenstate of the
zero eigenvalue (called Gibbs state or Kubo-Martin-Schwinger state) is equal to the
final equilibrium density matrix. The existence of only one zero eigenvalue determines
that the number of possible steady states is also one.

That means that
the master equation (4.3.37) couples pup(t) and pp,(t), iff wep = wWimpn. The BRT is

Above we have mentioned that Rep gy, is proportional to d,,, w,...-
thus diagonal in the energy differences w,, and can be written as an array R(wg) of
quadratic block-matrices. Each of those blocks is considerably smaller in dimension
than the whole BRT, making an exact diagonalization of the BRT possible. The by
far largest block is the part of the DDM for the subspace w,, = 0. This block has
dimension n X n, where n is the system Hilbert space dimension, and provides n real
eigenvalues, although it is an asymmetrical matrix. The complex conjugate eigenvalue
pairs A = = + iy are connected to the energy differences +wy, # 0. This immediately
follows from the above derived identity Eq. (4.5.60). For details on the eigenspectrum
of the BRT the reader is referred to Ref. [106, 107]. One has to bear in mind that
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information on the particular indices is lost by reducing the BRT to R(wg). This
reduction is only expedient if the desired expression relies on the energy differences
wa = FE, — Ey alone, instead of the single local energies E,. This is given for TD-NEVs
(4.3.40), as well as the ESFs (4.4.51).

In general, the BRT is asymmetric, i.e. Rgpmn 7# Rpnab, Which holds for each
block-matrix. However, its eigenvalues are not automatically complex. As an example
consider the w,, = 0 sub-block, which is asymmetric, but has real eigenvalues. The
other sub-blocks have complex eigenvalues, whose imaginary parts are entirely defined
by the imaginary part of the BRT. Thus the imaginary part of the BRT defines the
Lamb-shift and artificially neglecting it deletes the Lamb-shift.

4.6. Discussion of the BMA

In the following section we discuss the approximations of the BRF, i.e. the Born,
the Markov and the secular approximation. We investigate their impact on local non-
equilibrium real-time dynamics in Sec. 4.6.1 and on local equilibrium spectral functions
in Sec. 4.6.2. For this purpose, we choose the most simple case of a spinless local
two-level model, which resembles the RLM in the limit of an exact coupling. Here
analytical solutions are available (see App. A.2), which make this model a perfect
benchmark. A non-trivial extension of the RLM can be obtained by include a spin DOF
for all fermionic particles as well as a local Coulomb-repulsion. This local Hubbard-like
model resembles the SIAM in the exact limit. Although no analytical solution exists,
this model has been extensively studied for over 60 years and is well understood (see
Sec. 2.4). The spectral coupling function I'(w) for the BRF is in all cases considered
to be constant on the interval [—D, D] (see Eq. (4.3.26)). The application of a more

general power-law spectral coupling function to the BRF is discussed in App. B.

4.6.1. Non-Equilibrium Real-Time Dynamics
Non-Interacting Model

We start with a simple two-level system

Hs = eqd'd (4.6.1.61)
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as the local Hamiltonian with energy e; and df) being an annihilator (creator) of a
local mode. The state |0) shall be the empty state, while |1) denotes the excited case.
Let us briefly discuss the energy scales of this model. The local energy of S is €4, while
the maximum scale of B is given by the bandwidth D and the hybridization strength
between both systems is I'. If the local energy level exceeds the bandwidth, transitions
between S and B are prohibited. In the context of the BMA we expect good results,
if I' is small in comparison to the other energies. Large temperatures should even out
the difference between the energy scale and by that improve the BA even if I" is large.
The bandwidth D influences the correlation time tg and a large D is expected to yield
good results in the context of the MA even for short times.

We will investigate local non-equilibrium occupation ng(t) = (d'd)(t) for the discon-
tinuous parameter quench e4(t) = €,0(—t) + €{O(¢). If unambiguous, we will omit the
superscript ”f” for the final system parameters for the sake of clarity.

We obtain

na(t) = Tr{e—iHstpg(t)eiHstnd} = pn(t), (4.6.1.62)

with p11(t) = (1] p§(t)|1). The system is considered to be in thermal equilibrium
for ¢t = 0, which implies that the initial density matrix p11(0) = fz(€}) is given by the
Fermi function. To calculate the occupied state component pq;(t) of the time-dependent
density matrix, Eq. (4.3.18) is used, i.e. no Markov or secular approximation has been

applied so far. The non-vanishing components of the damping matrices are given by

F&,lo(t s) = C(s)e ", F1+o,01<t, s) = C(s)e’”,
Lor10(t, ) = C*(s)e’e, o0 (t,8) = C*(s)e s, (4.6.1.63)

At this point it is obvious that the oscillating terms e!@st@mn)t yanish and thus no
secular approximation is required or even possible. By exploiting the conservation of
the trace, poo(t) + p11(t) = 1Vt > 0, we end up with the equation

p11(t) = —/0 dsf(s)pu(t—s)+ g(t) (4.6.1.64)
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with

fls) = —/ OOdeF(E) cos((€ + €q)s)

—00

_2 sm((D+ed) )—i—sm((D—ed)s)

I

/ds/+oodef (€) fa(€) cos((€ — €q)s)

_2p /_D geSnlle=calt) o (4.6.1.65)

T € — €q

for the non-equilibrium density matrix in the BA. Here we have inserted Eq. (4.3.26).

Let us first calculate the equilibrium values of this equation. p;1(0) is chosen extrin-
sically and is thus exact within the limitations of the BA. The time-derivative p1;(t)
vanishes at ¢t = 0, which yields the correct short-time behavior. To calculate the limit
t — oo, we have to consider several things. Firstly, the function f(s) decays on a
time scale 1/D, meaning that the system becomes Markovian and a full MA can be
performed. The sinc-function under the integral of g(t) converges to a delta function
for large times, so that g(t — o0) = 2I'f3(eq)©O(D — |eq|). Equation (4.6.1.64) thus

turns into

p11(t) = —20(eq) (p11(t) — fa(ea)), (4.6.1.66)

which has the simple solution

na(t) = (foleq) — falea)) e V" + fo(ea) (4.6.1.67)

for the local occupation. The steady-state in the limit ¢ — oo is hence given by fz(eq)
which is, once again, exact within the BA.

Note, that in Eq. (4.6.1.67) the full BMA has been performed, leading to a simple
exponential decay on the time scale 2I". Since the equilibrium values of ng(t) are
independently of the MA given by a Fermi distribution, one can assess the error of the
BA by calculating the relative difference Angq between the Fermi value and the exact
impurity occupation. For our simple problem the impurity spectral function Aq(w) is

a Lorentzian of width I' with an energy shift that vanishes in the wideband limit (see
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Figure 4.2.: The relative difference Angq of the exact impurity occupation ng and the
Fermi function f(eq) for different bandwidth D and temperature 7. The
local energy has been chosen as eg = —0.1D.

App. A). The equilibrium occupation can thus be calculated via

ng = /+<><> dw fg(w)Ag(w). (4.6.1.68)
In Fig. 4.2 the relative difference Anq = (fz(€a) —na)/fs(€a) is plotted for a variation
of D and different temperatures. The local energy €4 is chosen to be —0.1D, to allow
for transitions between S and B. For large values of ¢4 and D the hybridization I" can
be seen as small and thus the systems S and B are approximately decoupled, which is
the favored regime for the BA and consequently Ang is low. A large temperature T'
evens out the effect of a relatively larger I' and by that improves the approximation.

To assess the MA, Eq. (4.6.1.64) needs to be solved numerically. Alternatively,
the convolution integral can be factorized by using the first MA, which simplifies Eq.
(4.6.1.64) to

p11(t) = —F(t)p11(t) + g(t), (4.6.1.69)

where F'(t) is the antiderivative of f(s). However, by using the full MA one ends up
with Eq. (4.6.1.66).
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Figure 4.3.: Plot of the impurity occupation nq(t) vs. dimensionless time ¢I" for T" =
0.1'. The bandwidth D and the local energy €4 have been varied in the
following way: (a) eq = 1,D = 10, (b) g = 1,D = 100, (c) € = 10, D =

100, (d) e = 1, D = 1000, (e) eq = 10, D = 1000, (f) eq = 100, D = 1000.

All values are given in units of ' and € = —eq. The blue lines are the
canonical BMA (4.6.1.67) and the orange lines are the BA plus the first

line for comparison.

MA (4.6.1.69). The analytical solution (A.2.22) is added as a black dashed

As a benchmark for the above discussed approximations, an exact solution of the

two-level model in the wideband limit can be calculated with the Keldysh formalism

(see App. A.2).
In Fig. 4.3 the local dynamics is investigated to assess the Born and the first MA.

The curves are artificially scaled to the exact equilibrium values to allow for a better

comparison of the qualitative shape of the curves. We have chosen the temperature

T = 0.1I', where the low temperature limit is practically reached. As argued above,

the effect of the approximations is most pronounced for low temperatures. The BMA

is plotted as a blue curve, while the first MA is given as an orange curve and the exact

solution is added as a black dashed line.
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An interesting point is revealed in this plot, i.e. the effect of the MA goes beyond
the correlation time tg = 1/D. For t = 0 the approximation is worst, since here the
function falls off exponentially instead of being constant. The effect of the MA is
carried on until the steady-state is reached at around ¢ = 2I'. In turn, the relative
value of the local energy e4/T" has a strong effect on the short time behavior of the
curve, improving the MA for large values. Mathematically, this can be seen in Eq.
(4.6.1.64) by varying D and €4. Both generate oscillations in f(¢) and g(t). Since we
choose ¢4 < D, the local energy is responsible for the slowly oscillating terms and thus
defines the relevant time scale for the MA. In the general damping matrices Ffb,mn(t, s)
of Eq. (4.3.25) this effect is mediated by the complex exponential terms e™*, which
oscillate in a frequency given by the eigenenergies of the system Hamiltonian Hg and
thereby define the dominant time scale on which the BRT Ry (%, s) converges to its
steady-state predicted within the MSA (see Eq. (4.3.18) versus (4.3.37)). For small
eq ~ I' the global rate of the master equation dampens the density matrix before the
BRT is converged to its steady-state. In this case, the MA is off until the steady-state
has been reached, as can be seen for the blue curves in Fig. 4.3. The bandwidth D,
as the largest energy of the "unperturbed Hamiltonian” Hy = Hs + Hp, controls the
very short time behavior where the density matrix is approximately constant. Note
that the exact solution always fulfills n4(t = 0) = 0 (even for panel (f)), but that the
time scale until the exponential decay steps in is short due to the large D.

Two things shall be mentioned here. Firstly, the exact solution is, as discussed
above, only defined for the wideband limit. We artificially supplemented the equations
by the real-part of the impurity self-energy (see App. A.2) to correct the equilibrium
values, but still the qualitative shape of the black dashed curves in the panels (a) to
(c) cannot be trusted, since we are not in the wideband limit here. Secondly, in Fig.
4.3 the first MA has been used for the orange curves. The effect of this approximation
in comparison to the pure BA is still unclear.

To illustrate the two points above, the impurity occupation nq(t) is plotted in Fig.
4.4. Several approximations (solid lines) are compared to the exact curve in the limit
t — 0 (red dashed line), which is obtained by calculating the density matrix ph} (t) via
Eq. (4.2.14). This yields

(t) =pn(0) — 25 [g(D — eas1) + (D + ;)] pur (0)

4 2£ 9(D + ea:t) — glea: )] (4.6.1.70)
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Figure 4.4.: The impurity occupation nq(t) vs. short dimensionless times tI'. The
parameters have been chosen as T'= 0.1, ¢ = 1 and D = 10 and D = 1000
for (a) and (b) respectively in units of I". The blue line is the canonical
BMA (4.6.1.66), the orange line is the BA plus the first MA (4.6.1.69) and
the green line only includes the BA (4.6.1.64). Here three different value
for the number Ny, of mesh-points are given (dotted line: Nyme = 1000,
dashed line: Nijme = 5000, solid line: Nijme = 10000). The exact short
time dynamics (4.6.1.70) are added as a red dashed line for comparison.

with g(e;t) = tSi(et) + % and Si(z) being the sine integral function.

The blue curve is the full BMA, the orange one is the first MA and the green lines
depict the pure BA. Here three different value for the number Ny, of mesh-points are
plotted to rule out the effects of numerical inaccuracy. The influence of the second MA
turns out to be weak, since the green curves are almost identical to the orange ones. A
large bandwidth D shortens the correlation time and thereby the time scale on which
the convolution integral is relevant. In the wideband limit the first MA becomes exact
in the limitations of the BA. By comparing to the red dashed curve, one can deduce
from the figure that even the first MA is exact for short times and that the second MA

is responsible for significant deviation from the exact solution for short times.
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Apart from the above discussed approximations, the strength of the BRF in the
BMA definitely lies in the thermalization process itself. By including a full environment
continuum in the OQS, a true thermalization is guaranteed. Also, the relaxation rate

of 2I" resembles the exact rate of the analytical solution well.

Interacting Model

To investigate a more complex model, we can add the spin as a DOF for each particle
of the fermionic system. A Coulomb repulsion U and an external magnetic field B can
be added as well to obtain

Hy =" (6(1 - %B) Ny + Ungn, . (4.6.1.71)

(e

The Hamiltonian resembles the impurity part of the SIAM, i.e. an atomic Hubbard
model. We have to consider the four states |0),[1),]]) and |2) of the occupation on
the local site. We define

pre=(tps It = (Upslh)
poz = (0] ps [0) — (2] p§ [2) (4.6.1.72)

and exploit the conservation of the trace of the density matrix to obtain

na =1— pop2
1

S, = EPN (4.6.1.73)

for the impurity occupation and magnetization, respectively. If we restrict ourselves to
the SAM for the final parameter set, i.e. €] = —U"/2 and Bf = 0, the symmetries in
the BRT yield

poalt) = —%/ ds/ " e () f5(e) cos((e + U/2)3)poalt — 5)

t +00
pry(t) = —%/0 ds/ del'(€) f5(€) cos((e — U'/2)s) py,(t — s). (4.6.1.74)
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Again, the secular approximation has not been used. With the first MA, the equations

can be solved leading to

nq(t) =1— pog(O)e’F(JrU;t)

S,(t) = %pN(O)Q_F(_U;t) (4.6.1.75)
with
F(U:1) = % /_ () fo(e) 1= C(szEUj;;/ 2t). (4.6.1.76)

In the limit of a large bandwidth D and large times, we obtain F(U;t — oo0) =
AI'(=U/2) f3(=U/2)t and end up with

nd(t) —1— p02(O)€—4F(—U/2)f5(—U/2)t

1
S,(t) = 5,ou(0)e—“(*U/?)fﬁ<+U/2>t. (4.6.1.77)

Note, that for 2D < |U| the BRT vanishes and so the density matrix is constant over

time. For the initial parameters B'/2 = ¢, = T', U' = 0 we obtain

pr(0) = 5 = f3(T)

poal0) = py,(0) (4.6.1.78)

The STAM is a non-trivial model, meaning that no exact solution for the problem exists
to estimate the quality of the BMA. However, the results of the TD-NRG (see Sec.
3.9 or Ref. [29]) can be used as a guideline. The first MA (4.6.1.75) is expected to be
a good approximation, if the local energy U is large compared to the hybridization T'.
Low temperatures 7" might enhance the effect of the BA. The full BMA (4.6.1.77) is a
good estimate if additionally the wideband limit D > T" is assumed.

In Fig. 4.5 the first MA (dashed lines) is compared to the BMA (blue solid line).
A temperature of 7" = I" and U € {I',5I,10I'} have been chosen for the sake of
presentation. If the temperature is significantly higher, the U-dependence of the curves
gets evened out, while a lower temperature enlarges them and by that significantly slows
down the relaxation of S,(t). The effect happens analogly for smaller and larger U,
respectively. The time-axis has been chosen logarithmically, which amplifies differences

in the short time behavior. If U is small, we basically obtain the two-level model
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Figure 4.5.: Semi-logarithmic plot of the impurity occupation nq(t) and the magneti-
zation S,(t) vs. the dimensionless time ¢I" for temperature 7= I". We dis-
play a quench from Bi/2 = ¢, =T and U = 0 to B = 0 and ¢ = —-U"/2.
The Coulomb repulsion is U = T for (a),(d), Uf = 5T for (b),(e) and
Ut = 10T for (c),(f). The orange, green and red dashed curves are the first
MA (4.6.1.75) for bandwidth D = U,2U and 10U, respectively. The blue
curves are calculated via Eq. (4.6.1.77).

discussed above with €}, = 0 and a different initial value. Thus, the first MA approaches
the BMA solution in the wideband limit. The red dashed curves are basically converged
for large D but still differ from the BMA. Analogly to the two-level system it shows,
that controlling the bandwidth D, and thereby the correlation time of the bath, is not
enough to justify the MA. Instead, increasing the local energies is required as well.
Apart from that, the system shows a transition between the equilibrium values given
by the Fermi distribution, which is exact in the BA. The gradient of the curves at
t = 0 is almost zero for the magnetization and slightly larger for the occupancy. The
first MA is able to guarantee a gradient of zero for ¢t = 0.

The relaxation rate of the functions in the BMA scales with 4I" f3(£U/2) (see Eq.
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(4.6.1.77)). The TD-NRG solution suggests a scaling with the Kondo temperature Tk
[29]. In the SAM, Tk can be approximated for weak coupling as

Ty = De & (4.6.1.79)

(see Eq. (2.3.4) and (2.4.10)). Let us quickly compare this to the time scale of the
magnetization in the BMA (4.6.1.77). We want to explicitly show that f5(U/2) o Tk.
For BU > 1 we approximate the Fermi function as f3(U/2) ~ e™#Y/2. The time scales
are proportional, if T" = %F ~ I', which is similar to the temperature of Fig. 4.5. In
this approximation, U has to be chosen well above I', which is fulfilled in panel (f).
This is another example for the quality of the BMA.

Let us conclude this section by investigating TD-NEVs in the interacting case for
large local parameters, i.e. U > 2D. We restrict to T = 0, which simplifies Eq.
(4.6.1.74) to

4T (" sin((D — U/2)s) + sin(U/2s)

por(t) = —— i ds . po2(t — s)
pru(t) = —g 0 g5 5D + U/Q)j) —sin(U/2s) 1), (4.6.1.80)

Those equations can be solved numerically to obtain the local non-equilibrium occu-
pation and magnetization in the BA. By applying the first MA, we can solve the
equations analytically to obtain Eq. (4.6.1.75) with

F(U:t) = g (9(U/2:4) + g(D — U/2:4)), (4.6.1.81)

where the function g(e; t) is defined in Eq. (4.6.1.70).

In Fig. 4.6 we display the above discussed approximations for 7" — 0 and large U/ D.
For U < 2D the occupation number in the BA converges to the correct steady-state
of 1 (green curves in Fig. 4.6 (a) and (b)). However, in the case U > 2D (green
curves in Fig. 4.6 (c)), nq(t) oscillates around 1 —0.5 exp( — %
and converges to 0.5 for U — oo. The magnetization S, (t) oscillates for arbitrary U

> for large times

and large times around 0.25exp( - %) (green curves in Fig. 4.6 (d), (e) and
(f)). The correct steady-state of 0 is reached only for U — 0. This suggests a large
error of the BA for large U/D. The first MA has no relevant impact on the steady-
states (orange curves in Fig. 4.6). However, the second MA (blue curves in Fig. 4.6)

completely prohibits transitions between S and B for U > 2D and thus has an even
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Figure 4.6.: Impurity occupation n4(t) and the magnetization S,(t) vs. the dimen-

sionless time tI' for temperature T = 0. We display a quench from
B'/2 =€, =T and U' = 0 to B! = 0 and €| Ut/2. The Coulomb
repulsion is Uf = 0.5D for (a),(d), U' = 1.9D for (b),(e) and Uf = 3D
for (c),(f). We have chosen a bandwidth of D = 10I". The orange dashed
curves are the BA and the first MA (Eq. (4.6.1.75) with Eq. (4.6.1.81)).
The green dashed curves represent the pure BA of Eq. (4.6.1.80). The
blue solid curves are the full BMA calculated via Eq. (4.6.1.77) and the
red dotted curves are the exact short-time solutions via Eq. (4.6.1.82).

stronger impact on the steady-states than the BA. Additionally, for S,(¢) the Fermi-

function erases all dynamics for finite U and 7" — 0 due to the second MA (see Eq.

(4.6.1.77)).

The effect of the first MA is to damp short-time oscillations (compare orange and
green curves in Fig. 4.6 (a), (b) and (d)). For large U/D, the differences between the

two curves
this case.

For shor

vanish, suggesting that the first MA does not have a significant effect in

t times, the second MA turns the actual t? dependency of the TD-NEV
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into a linear dependency in ¢ (see Fig. 4.6 (a) and (b)), which is identical to the
non-interacting case (see Fig. 4.4 (a)).
To estimate the effect of the BA on short-time dynamics consider Eq. (4.2.14). We

obtain

nalt) = 1= pra(0)(1 ~ F(+U;0)) = 1= pa(0)(1 = V27 + = VAU 4 (1))
1

S,(t) = §pu(0)(1 — F(=U;t)) = %pu(())(l -V + %VQU%”‘ +9O(19), (4.6.1.82)
which resembles Eq. (4.6.1.75) for short times. The curves of Eq. (4.6.1.82) are
plotted in Fig. 4.6 as red dotted lines. It is depicted, that the dashed lines reproduce
the correct short-time dynamics well, while the green lines are a slight improvement
to the orange ones. Equation (4.6.1.82) shows the typical short-time behavior of Eq.
(4.3.32), which scales by the squared hybridization V2 = 2DT'/7 in quadratic order in
t. The Coulomb repulsion U first appears in fourth order in ¢. For increasing U the
curves become flatter (not explicitly shown), suggesting a decreasing relaxation rate.
Interestingly, the red dotted curves converge to the green dashed ones for large U/D.
This suggests, that the validity of short-time approximations is extended to later times,
if U is increased.

From Fig. 4.6 we can conclude, that for large U/D short-time dynamics are most
impaired by the second MA, as is the case for the non-interacting QIM as well (see
above). The first MA damps some oscillations on intermediate time scales, but does
not relevantly influence dynamics. Also, its influence vanishes for U — oo. On the
other hand, the BA has a significant impact on large time scales, as it corrupts the
steady-state. Its influence on intermediate time scales, i.e. on the relevant relaxation
rates of the TD-NEV, cannot be estimated at this point, since no exact solutions for
the STAM are available. More details on the case of large local energies can be found
in Sec. 4.7.2.

4.6.2. Equilibrium Spectral Functions
Non-Interacting Model

The spectral function Aq(w) (see Eq. (4.4.53)) of the impurity can be calculated for the
two-level system described above in a similar manner as the non-equilibrium occupation
number. As a first step, the time-dependent reduced operator x(¢) is calculated in the

interaction picture with the master equation (4.4.47) before the MA is applied. For



4.6. Discussion of the BMA 81

the TD-EGF, only the component xio(t) is relevant. We obtain
t
Yolt) = — / ds F(s)xao(t — ) (4.6.2.83)
0
with

+o0
fls) = le“ds/ del’(€) cos(es)

m (o)
2 . sin(D

_ 2 pgieasSIn(Ds) (4.6.2.84)
s S

Note that Eq. (4.6.2.83) is independent of the temperature. For large s the oscillating
terms in f(s) cancel each other out, letting the expression vanish in the limit s — oc.

To evaluate the steady-state of the function we can thus use the MA which gives

X10(t) = —(I'(ea) + iv(€a))x10(t) (4.6.2.85)
with
+(€) = ImC(e) — ImC(—e) — gm (g - E) | (4.6.2.86)

where C(€) = Cpn(e) is the correlation function according to Eq. (4.3.35) for a sym-
metric spectral coupling function. Obviously, the function x10(¢) vanishes for t — oc.
The t = 0 value is given by x10(0) = (1] dfps + psd'|0) = 1. According to Eq. (4.4.45)
we obtain the TD-EGF

Gq(t) = —iO(t)eca)t—icat=Tlca)t (4.6.2.87)

From here we obtain the spectral function

1 F(Ed)

Aaw) = T T ) T

(4.6.2.88)

which resembles the exact spectral function of the RLM (see Eq. (A.1.10) in the
appendix).

In Fig. 4.7 the functions B(t) = —ImG4(t) and A(w) are plotted in the BMA (black
dashed line), in the BA plus first MA (blue line) and in the BA only (orange line),
respectively. Note, that the BMA renders the exact solution. This implicates that the
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Figure 4.7.: Plot of B(t) = —JImGq(t) and A(w) = —ImG4(w) /7 of the two-level model
vs. dimensionless time tI" and energy w/I" respectively. The bandwidth
has been chosen as D = 10I" ((a),(c)) and D = 100T" ((b),(d)), respectively.
Different approximations according to the BRF are displayed. The blue
lines are the BA plus the first MA and the orange lines only include the
BA (4.6.2.83). The BMA according to Eq. (4.6.2.85) is added as a black
dashed line. The parameter e = ' has been chosen.

MA compensates the error done by the BA. However, both effects are minor. When

the Green’s functions are transformed into spectral functions, one can see that there is

no sharp cut-off for w = +D in the blue and orange curves. The convolution integral
is able to compensate that with a smooth transition (panel (c)). The first MA lacks a

cut-off and makes the spectral function too narrow. This effect is not due to numerical

inaccuracy but a flaw of the approximation. The deviation from the exact solution is
decreased by increasing the bandwidth D (panel (d)). A larger local energy €4 simply

adds oscillations in y10(t), which translate to an energy shift in Aq(w).
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Interacting Model

Let us conclude this section by applying the BRF to the atomic Hubbard model
(4.6.1.71). Since the local operator df) gains a spin DOF o, we obtain one TD-EGF
for the spin up and one for the spin down case. Since we again restrict ourselves to
the absence of an external magnetic field, those two GF's become identical. We define
Xo(t) = dip + pdl which has only two non-zero components Xoo(t) and Yoz () with
o = —o. Note that x is expressed here in the interaction picture representation. The
equation of motion reads
x(t) = —%F /Ot ds@e‘ws/2 2x(t — 5) — e V)" (t — s) (4.6.2.89)
with x(t) = x,0(t) = x35(t). For the first time, oscillating terms enter where the
secular approximation can be applied by replacing e=V* — 4y;. Note, that the U = 0
case recovers the non-interacting model (4.6.1.61), which we have calculated above. If
U is large compared to I', the secular approximation can be applied and is expected to
yield good results, since in this case the oscillating terms average themselves to zero.
For U = 0 the secular approximation does not have to be applied and is thus exact.
For small finite U, however, it will deviate significantly from the exact solution. To be
precise, the secular approximation artificially sets e=*V* — 0 for U > 0. For U — 0
those terms are not recovered leading to a discontinuous jump of the function x(¢).
To investigate this jump we first calculate the BMA of Eq. (4.6.2.89). We obtain

x(t) =—2(0(U/2) +iv(U/2)) x(t) + T'(U/2)0uox(t). (4.6.2.90)

For U > 0 the Kronecker-deltas vanish and the spectral function resembles two
Lorentzians of width 2I" at positions w = £(U/2 — v(U/2)), which is in accordance
with analytical predictions [108]. They can be interpreted as so-called Hubbard peaks.
In the wideband limit the Lamb-shift v(U/2) vanishes. In the non-interacting case we
end up with the analytical solution of the RLM (4.6.2.88) for ¢4 = 0.

The case U > D can be investigated by applying the secular approximation e~ —
0 on the r.h.s. of Eq. (4.6.2.89) and replacing @ — D. The equation can now
be solved by a Laplace transform and yields x(t) = x(0) for U > D. The spectral
function is thus represented by two delta-peaks at w = +U/2. If the local energies
exceed the bandwidth, transitions into the bath are suppressed and thus the lifetime

of local excitations goes to infinity if the bandwidth vanishes.
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Figure 4.8.: The spectral function A4(w) = —ImGq(w)/7 of the symmetrical atomic
Hubbard model ¢g = —U/2 for (a) D = 10I" and (b) D = 100I", respec-
tively. The Coulomb repulsion U has been varied. In the case U = 2D we
have shifted the bandwidth by +0.1. The solid lines are the solution in
the BA, the additional Markov plus secular approximation is added as a
dotted line of the same color. The exact non-interacting solution U = 0 is
added for comparison as a black dashed line.

In Fig. 4.8 we have plotted the spectral function in the above discussed approxima-
tions. It is shown, that by lowering U, Eq. (4.6.2.89) (solid lines) allows for a smooth
transition to the U = 0 case (black dashed line). In contrast, the secular approximation
(dotted lines) applied in Eq. (4.6.2.90) deviates from the exact curves for small U.

For large D (i.e. panel (b)) the MA becomes reliable and so the solid and dotted
curves for U = 20I" match nicely. If, on the other hand, U > 2D, the MA cuts out
the excitations at w = £U/2 (magenta dotted curve in panel (a)). In a non-Markovian
environment, these excitations persist, even for large U > D (magenta solid curve in
panel (a)). Numerical calculations for U > D show, that those peaks are basically
Lorentzians with a width oc D. They are located at w = £(U/2 + dgpniry) With a shift
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Oshift X %. Consequently, we obtain delta-peaks at w = £U/2, if D — 0, which is in
accordance with the estimates made above.

Raas et al [109] have examined the Hubbard peaks of the SAM for U > 2D with
DMRG calculations and backed their results by Fermi’s golden rule considerations.
They found dgyee < V2/U for a semi-elliptic DOS of the bath, which is in qualitative
accordance to our findings, considering that we have chosen a constant DOS. The width
of the Hubbard peaks has been found to be oc V4/U?%. This qualitatively contradicts
our findings, which suggest that the width is independent of U. The deviation can only
be attributed to the BA in second order.

Aside from the approximation effects, the BRF, even in the rough BMA, reveals the
correct physical behavior with regard to the Hubbard peaks located at w ~ +U/2 (see
Fig. 3.2). A small shift is included as well, that slightly shifts the peaks away from the
center, depending on the bandwidth D. The Kondo resonance, however, is not included
in such a crude approximation since all occurring energies are nowhere near the scale
of the Kondo temperature Tx. Here the BRF faces the standard problem of the widely
stretched energy scale required to explain the Kondo effect. The extension of the local
system by the wide energy range of the NRG seems to be a promising approach to
accomplish this task and will be further investigated in Chap. 5. Applying the BA in
higher order is another possibility to resolve smaller energies. This will be addressed

in the following section.

4.7. Improvements of the BMA

We have investigated the effect of the single approximations of the BRF in Sec. 4.6.
Several aspects have turned out to be problematic in this context.

The second MA impairs short-time dynamics by restricting to exponential decay
terms in the time-domain, which translates to Lorentzians in ESF. This is only correct
in the limit, where the bandwidth D significantly exceeds the hybridization I'. In Sec.
4.7.1 we briefly discuss an analytic solution for a general OQS in second order in I,
that yields the exact short-time dynamics, but diverges for larger times.

The secular approximation relies on large system energies and becomes problematic
for U ~ I' in the interacting case. However, this problem only appears in ESFs. The
BA has a lesser impact on TD-EGFs, but significantly impairs the steady-states in
TD-NEVs, since they are only calculated locally for the finite system in the BMA.

The fundamental part of this thesis is to improve the above mentioned points by
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enlarging the system Hamiltonian by certain bath excitations. If the system part
resembles the equilibrium values more precisely, the BA is improved. Also, the coupling
to the remaining bath is decreased, which generally improves the BMA. The sharp
cut-off of the bath spectral coupling function is smoothed out, allowing for excitations,
which exceed the bandwidth, to transition into the bath, which improves the second
MA. Also, by enlarging the system Hamiltonian, small local energies are compensated
for, which aids the secular approximation.

A simple way to enlarge the system Hamiltonian would be to successively decouple
modes from the bath and couple them in the form of a tight-binding chain to the
impurity. However, in this approach exponentially small energies, which are essential
to the Kondo effect, cannot be reached. For that reason, we choose a Wilson chain
with logarithmically decreasing coupling parameters, as is explained in detail in Chap.
5. The chain constructed in this way is called OWC. The Wilson chain allows for
a truncation of the Fockspace of the system Hamiltonian, which is the foundation of
the NRG. This way, the system Hamiltonian can be enlarged significantly, which is
expected to improve the BMA even further. The implementation of the NRG to the
OWC is covered in Chap. 6.

However, there is one case, in which the BMA is not expected to significantly improve
by implementing the OWC, i.e. for large local energies, which exceed the bandwidth.
The reason for that is a systematic shortcoming of the BA in second order, as will be
explained in Sec. 4.7.2. This can be compensated for by either extending the BA to
fourth order (see Sec. 4.7.1) or transitioning the interaction Hamiltonian Hgsp (see Sec.
4.7.2). Both cases will be discussed briefly in the following sections, but will not be

covered quantitatively in this thesis.

4.7.1. Higher-Order Formalism

Since the conventional BRF is calculated up to second order only, we suffer several
errors due to the dependence on weak coupling to the bath. In principle, the integration
and substitution of the density matrix in the von-Neumann equation could be iterated

more often, to acquire the integro-differential equation (4.2.6) in higher order. Let us
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exemplarily investigate the fourth-order equation:

pl(t) = / dty [ [p'(0), Hsp(t1)] , Hep(t)]

# [ [ [ [0, (00, 0] (0] 0
(4.7.1.91)

At this point, the trace over all bath DOF is performed on both sides of the equation.
First and third order terms cancel out due to particle conservation of the bath, which
is why we have already omitted them in Eq. (4.7.1.91). We are able to solve the
second order part of the equation analytically, so the MSA only need to be applied
to the fourth-order part. By expressing the equation in the eigenbasis of the system
Hamiltonian Hg and substituting the integration variables t3 = t; — s and t, =t — &/,

respectively, we obtain

Pab(t) ) + Z/ dtl/ ds’ / dsRabmn(t t1, 8,8 ) pmn(ts — 8),
t1—t+s’

(4.7.1.92)

which is analog to Eq. (4.3.18). Here we have condensed the first term on the r.h.s.
of (4.7.1.91) in the expression R2,(t). The BRT R}, .. (t,t1,5,5') is still a fourth-order
tensor with respect to the local DOF. However, it includes four nested commutators,

which yields a total number of 16 terms. If we assume

Halt) =3 Ve (£, + £, (0, (1) (4.7.1.93)

for the interaction Hamiltonian Hig(t) with a general bath DOF v and perform the
trace over the bath DOF, we end up with 12 non-vanishing combinations of operators
and indices for each of those 16 terms. Here we consider the fact, that all operators
are fermionic, which excludes most combinations. Each non-vanishing term includes

the two sums ), >, .. Let us exemplarily calculate one of the 12 possible terms of
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the type pl(t; — s)Hig(t; — s)Hig(t — s')Hig(t,)Hig(t). We start with

S [an [ [T s = )t = = L0 <
v t—tp t1—t+s’

x> V,fV,f,TrB{chL,V, (ty — s)ck (t — 8 ), (tl)cky(t)}, (4.7.1.94)

kK

where we have already used the BA of Eq. (4.3.16). Since k # £/, the second line can

be transformed into

- Z VkQVkQ/TI"{pBCLV,CLUCk/V/CkV}e_iekS,e_iek'S = Chy,,(—S,)Oh,V/(—S) (47195)

kK

with the definitions of Sec. 4.3. The correlation functions demand that s, s’ < ¢ty and
consequently ¢ — ¢t; < tg. In the spirit of the MA, we assume the bath correlations to
decay fast in comparison to the local dynamics, i.e. tgI' < 1. With this argument we
can substitute pL(t; — s) — pL(t1) and substitute all #; — ¢ in the time evolutions of
the local operators. This is the first MA. Now we express Eq. (4.7.1.94) in the local
eigenbasis (as has been done in Eq. (4.7.1.92)) to obtain

D > Sampun(®) (nl £y 0) (c| £, d) {dl £l £ 10) P BNX (¢, B,y — B, Be — Ey),

v,V mncd

t t t—T
X(t,w,w) :/ dT/ ds'/ dsChp(—8")Ch (—s)e" o'’ (4.7.1.96)
0 T s'—7

where we have substituted ¢; = ¢t — 7. According to the secular approximation, we

can set e!(En—Ep)t

— 0p, 5, , which reduces the number of summation terms. The only
time-dependency of the new BRT lies in X (¢,w,w’). It can be shown numerically, that
this function decays on a similar time scale as the correlation functions, implying that
we can set X (t,w,w’) = X(t = oo,w,w’) = X(w,w’), which is the second MA. Now
X (w,w’) can be calculated analytically, leaving two integrals over € and €', respectively
(see Eq. (4.3.24)), which need to be treated numerically.

We have seen, that the fourth-order BRT can, in principle, be calculated analogly
to the second order BRT by applying the BMA. We obtain a similar tensor with
four independent local indices, which can be diagonalized and then yields exponential
decay terms for the time evolution of the density matrix. A huge advantage of this
approach lies in the fact, that in order to solve the differential equation (4.7.1.92), we

can integrate R? () analytically, since it solely comprises exponential functions. This
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means, as argued above, that we not only improved the BA to fourth-order, but that
we improved the MSA as well. A MA in second order provides a significant error in
the dynamics for short times. In contrast, we have shown in Fig. 4.4, that a density
matrix, which is exact in second order, yields the correct short-time dynamics up to
a certain time, before the error of the MA in fourth-order starts. By reducing the
impurity-bath coupling strength, we can shift this time to the right. At a certain time,
the density matrix is thermalized and the contributions that are affected by the MA
are entirely damped. In this context, we expect the fourth-order BRF to significantly
improve the short-time dynamics, which is a major shortcoming of this formalism.
Since the numerical effort of the construction of the fourth-order BRT is tremendous
compared to the second order, one might suggest a hybrid approach. For the long-time
dynamics, the canonical BRF in second order is applied. To obtain reliable short-time
dynamics, the second order contribution R?,(t) is calculated exactly. By decreasing the
coupling strength, both approaches are expected to continuously transition into each

other at a certain time with only small deviations.

4.7.2. Adaptation to Large Local Interactions

In Sec. 4.6 the BMA proved to be problematic in the case, where the local energies
exceed the bandwidth. Especially the BA turned out to yield the wrong dependency of
U in both TD-NEVs and ESFs. In Sec. 4.3 we have performed the BA, which effectively
resembles a perturbative coupling of the impurity to the bath in second order in the
hybridization I'. In a simple view, this approximation is always applicable, if T" is
sufficiently small. However, let us discuss a case, where the BA is insufficient.
Consider the SAM with a Coulomb repulsion U that is large in comparison to the
bandwidth D. Here the local one-particle state is favored and transitions between the
impurity and the bath are restricted to spin-flip processes. However, the BA in second
order, as performed in Sec. 4.3, only accounts for hopping processes of particles with
the same spin. Consequently, the BA can be applied in higher order, as discussed in
Sec. 4.7.1, to include higher-order coupling terms. However, the resulting BRT is very
complicated and a practical implementation is hardly possible, unless new symmetries
are found or further approximations are performed. An alternative approach would
be to transition to a model, that only includes spin-flip processes, i.e. the Kondo
model. For a small hybridization V}, we can transform the STAM via a Schrieffer-Wolff
transformation [16] (see Sec. 2.4). In the context of the BRF, the system parameters

are renormalized and the interaction Hamiltonian Hgg, which is linear in the local
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operators, is turned into an expression, which is bilinear in the local operators. This
is the Heisenberg spin-interaction of the Kondo model (see Eq. (2.2.1)). The operator
Hgg is proportional to the spin-coupling J, which in turn is proportional to VFQ (see Eq.
(2.4.10)). Consequently, the coupling parameter is small if U/D is large, suggesting
it is an adequate choice for the BMA. Now, even in second order in J the required
spin-flip processes are included. The BRT is here proportional to J2, and consequently
the eigenvalues are as well. This, in turn, leads to a scaling of the relaxation rates and
broadening parameters with U2

In this approach, the interaction Hamiltonian (4.7.1.93) is replaced by
Hgg = Z g (SJFCLJ,CHT + S’CLTCM + Sz(c}ﬁck,T - CLCM)) (4.7.2.97)
kk!

with the coupling
Jkk’ = Vka/ ((Ek — €+)71 - (Ek - 67)71 —+ (Ek’ — 6+)71 - (Ek/ — 67)71) (47298)

and €, = eq + U, e. = ¢q4. According to Schrieffer and Wolff [16], the Coulomb
interaction is in the symmetrical case eq = —U/2 renormalized to U — U = U48V?/U.
With Eq. (4.7.2.97) inserted into Eq. (4.3.20), we obtain the time-dependent damping

matrices as

F+

dpmn(ty8) = e Cartemn ) (GG S S+ S5y Sn) € C ()
r

t,s) = eCartwmn)t (G4 G 4 S S+ S5,S%,) e W C(—s),  (4.7.2.99)

ab,mn(

with the time-dependent correlation function
“+o0o +00 )
/ N i(e—e)s
-5 / de / 4ET(ET(€) fole) fo(—)e
(e—e )t —(e—e )T+ (d—e) = (- e_)_1)2 : (4.7.2.100)

Here we exploit the fact, that the bath modes are degenerate with respect to the spin
DOF. In the symmetrical case and for U > D, only terms with ¢, ¢’ < U contribute.

Here we can approximate

(e—e) P —(e—e )T+ (d—e) ' —(—e )= -8/U, (4.7.2.101)
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and consequently C(s) oc U72. In the MSA we obtain

+
Fab,mn
I

ab,mn

- 6wab+wmn,0 (S;E)S;m + S(;)ST_‘Y_LTL + S(jbsrzrm) C(wmn)
= (Th ) (4.7.2.102)

ab,mn

with the RGFs
Clw) = / dsC(s)e =075 (4.7.2.103)
0

given as the half-sided Fourier transform of Eq. (4.7.2.100).
We were able to show here, that the BMA reproduces the U~2-dependence of its
eigenvalues, as is predicted by analytical considerations, if the SIAM is transformed

into the Kondo model.

4.8. Summary

We have investigated the BRF as a perturbative approach to OQSs. This approach
yields true thermalization in non-equilibrium dynamics as well as a finite lifetime of
local exciations. It is applicable to any QIM, arbitrary bath DOS and can even be
adapted to treat transport phenomena. The BRF relies on the BMA which is exact
in the limit of a small hybridization I' between the local system and the environment.
We have discussed the BRF in great detail in the case of an impurity coupled directly
to a bath with a constant DOS. Especially, we have investigated the influence of the
single approximations. The hybridization strength between the system and the bath is
here the central quantity. The BMA can only be justified, if the hybridization is well
below the system energies, the temperature and the bandwidth.

In non-equilibrium real-time dynamics the BMA allows for a true thermalization on
the correct time scale, as has been shown for the RLM and the STAM. The BA mainly
influences equilibrium values and reduces them to the local values of a closed system.
This approximation can be improved by increasing the temperature. The MA can be
separated into two parts. The first approximation is the most essential one, that allows
one to split the convolution integral and thus to solve the time-evolution of the density
matrix analytically. This approximation relies on a short bath correlation time, i.e. a
large bandwidth, and only has a minor effect. The second MA in combination with

the secular approximation makes the BRT time-independent and thus yields a simple
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master equation for the density matrix, that can be solved by matrix diagonalization.
These approximations are essential to treat large local systems, however, their impact
on short-time dynamics can be significant, since the time-evolution of the density ma-
trix is now restricted to exponential decay terms, which do not necessarily reflect the
correct physical behavior. In order to improve the MSA, the local parameters, as well
as the bandwidth, need to be increased in comparison to the hybridization. Also the
second MA demands that the bandwidth is the largest energy scale of the system, as
otherwise transitions into the bath are prohibited and the dynamics are frozen out.

The ESF's for the constant bath DOS have been calculated as well. Here the OQS
character of the BRF yields a natural broadening of local excitations. Interestingly,
the BMA reproduces the exact solution of the RLM and deviations can only be found
in more complex models such as the STAM. To investigate ESFs, the TD-EGFs can
be examined in a first step, since they exhibit a similar influence of the BMA with
respect to the MSA as TD-NEVs. In contrast, the BA does not impact the steady
states of TD-EGFs, but short-time dynamics. In ESFs it is shown that the second
MA cuts off excitations that lie outside the band. The secular approximation has a
significant impact for small local energies and generates a discontinuous transition of
the interacting to the non-interacting case in the SAM. Here the BA predicts Hubbard
peaks with a width of 2T, if U/D is small, and a width proportional to the bandwidth,
but independent of U, if the interaction is large compared to the bandwidth. This
finding contradicts Fermi’s golden rule estimations, which predict a dependence of
(D/U)2.

In contrast, in TD-NEVs the relaxation rates decrease with increasing U, when the
SAM is chosen. This behavior is understandable in the context, that a large U/D
strongly confines the local single electron and inhibits transitions to the conduction
band. In that case, the BA produces a wrong steady-state and its influence on the
relaxation rates is unknown. A restriction to a perturbative coupling in second order
in [' is expected to be a systematic problem here. However, since the BA is the
foundation of the BMA, it cannot be avoided in this context. Also, the implementation
of a BA in fourth order is practically infeasible at this point. Hence, for large U/D
one might suggest a Schrieffer-Wolff transformation to the Kondo model, where one
obtains a small coupling of J oc U~!. If the BMA is carried out as a perturbation in
J, relaxation rates o< J? are expected, which resembles analytical predictions.

In the following chapter we present the OCF that redefines certain excitations of

the bath into the system Hamiltonian. Thus, the BRF is applied to several separate
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reservoirs, that are coupled by an increasingly small hybridization to the system. In
that way, the BMA can successively be improved and the results are expected to

converge to the real physical solutions.






5. Open Wilson Chain

The Wilson chain of a fixed length derived in Sec. 3.1 is a closed system, i.e. it does
not include dissipative processes. Thus, parameters like energy and particle number
are conserved within the system. In the case of real-time dynamics, so-called Pointcaré
recurrences are unavoidable in conservative systems. They have been referred to as
"revival effects” in Chap. 3. To allow for dissipation, a bath with an infinite amount
of DOF is required. The objective of this chapter is now twofold. Firstly, we recover
the p # 0 modes as so-called high-energy reservoirs and the oddment of the truncated
Wilson chain as a low energy reservoir (for details see Sec. 3.1). This is achieved
by successively decoupling the discrete Wilson chain modes from the infinite bath
under the restriction that the bath spectral coupling function to the impurity is not
altered by that process. The remainders of the bath are then carefully collected to
form the reservoirs. Up to this point, the formalism is exact and recovers the full
continuum that has been discarded by the closed Wilson chain (CWC) for arbitrary
A > 1. Our second objective is to then couple the reservoirs to the chain and thus
to turn the latter into an OQS. Here, the BRF from Chap. 4 comes into play to
calculate the time-evolution of the density matrix. In this context the CWC constitutes
the system S. The main purpose of the BRF is to extend the CWC by a natural
intrinsic relaxation rate to introduce dissipation and thermalization. This is a way to
reduce the discretization artifacts discussed in Sec. 3.10. Since the BRF is a second-
order Markovian coupling mechanism, it brings back approximations to the OWC.
To improve these approximations, the system Hamiltonian Hg needs to be enlarged so
that it resembles the equilibrium density matrix more adequately. Here the equilibrium
values are reached with increasing precision by increasing the chain length N¢.
Chapter 5 is organized as follows. In Sec. 5.1 we explain the process of constructing
the above described reservoirs. In Sec. 5.2 the construction of the BRT for the OWC
is illustrated. By diagonalizing this tensor, the time-dependent density matrix of the
OQS can then be calculated. The quality of the BMA for different parameter regimes

is discussed in Sec. 5.3. Here we restrict to a pure theoretical level by estimating the
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validity of the approximations based on the OWC parameters calculated in Sec. 5.1.
In Sec. 5.4 we cover the numerical implementation of the OWC. In the sections 5.4.1
and 5.4.2 the OWC is realized to calculate TD-NEVs and ESFs, respectively. Here
the reservoirs are coupled to a Wilson chain, which is treated exactly by restricting
to a short chain length. The sections thus serve as a benchmark to test the BRF for
the OWC without including relevant numerical errors. The adaptation of the OCF to
the NRG, i.e. a truncated system eigenbasis, includes further challenges and will be
covered in Chap. 6. Finally, in Sec. 5.5 we summarize the findings of the chapter.

The formalism for iteratively calculating the reservoirs comes in the form of a so-
called CFE. It should be mentioned here that the CFE of the GF is a well-established
tool to map QIMs to a chain [110, 111, 112]. Bruognolo et al. [113] constructed an
OWC similar to the formalism described below. They used the reservoirs to calculate
corrections to the on-site energies ¢, to ensure a correct energy shift ReX(0) of the
entire system. This effect is only relevant for a non-symmetric bath spectrum I'(w)
as it occurs in bosonic systems. In our approach, however, all reservoir information is
perturbatively included. Thus, the OWC in combination with the BRF turns out to
be a powerful tool for incorporating dissipation and thermalization effects, as well as
a finite lifetime, to the CWC.

5.1. Continued Fraction Expansion

The calculations of this section follow Ref. [113, 114], where the CFE for OWCs was
first introduced. We present the formalism for a spinless OQS, which resembles the
RLM. The extension to the spinful case (i.e. the STAM) is straightforward.

For the simple RLM (cf. Sec. 2.5) the Hamiltonian can be written as

H = e d'd + Z Vi(d'e, + chd) + Z €xCley, (5.1.1)
k k

comprising a local level with energy €; and an infinite fermionic bath with excitation
energies €. The hybridization strength between the impurity level and the bath exci-
tation with momentum k is Vj. The normalization factor of 1/ V/N is absorbed in the
Vi’s, where N is the number of bath particles. The GF of the impurity level, governing

its dynamical properties, can be calculated in a simple manner by using the equation
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of motion (see App. A.1) leading to

Gar(w) = (w—eq — B(w)) " (5.1.2)
Here
Sw) =) VPG, a(w) (5.1.3)
k

is the self-energy with G, +(w) = (w—e€,+ i0")~! being the GF of the non-interacting
bath. From Eq. (4.3.23) \];vekrecognize [(w) =ImE(w) =7, V26 (w—e€;) as the spec-
tral coupling function!. This function contains all information on the bath spectrum
and its influence on the impurity [113]. Now by coupling off certain modes of the bath
and in this way creating new baths and a new local system, the local GF (5.1.2) needs
to be conserved in order for this process not to influence the impurity dynamics.

In a zeroth step we start by decoupling the whole bath from the impurity and couple
it to a single bath mode. This mode is then coupled to the impurity constructing a
two-orbital system, analogly to Eq. (1.0.4). We define this system as the foundation
of the chain with length N = 1, while the index of the chain sites here starts at zero.
Note that this definition deviates from the one introduced in Chap. 3, where we would
have defined N = 0 in this case. However, from now on we will stick to the new
definition.

The Hamiltonian now reads

H = eqdtd + V(d'fy + fod) + eo fd fo + Z ‘/(J,k(f(];co,k + C(T),kfo) + Z EO,kC(T),kCO,k'
P p

(5.1.4)

Here the impurity solely couples to the newly defined zeroth mode féﬂ via the hy-
bridization V' (see Eq. (4.3.28)), while the zeroth mode couples to the entire zeroth
(1)
0,k

bath modes ¢y The GF of the impurity thus becomes

Gaat(w) = (w—€ — VQGfOJJ (W)™t (5.1.5)

with Gfo fl (w) being the GF of the zeroth site that has just been constructed. The
level coupled to the bath has simply been shifted from the impurity to the zeroth chain

IT(w) is called hybridization function in the context of the NRG [25]
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site meaning that its GF becomes
Gy (@) = (w—eo = Tow)) ™" (5.1.6)

The function ¥y(w) again serves as a self-energy that contains all information of the
remaining bath. To conserve impurity dynamics, i.e. to retain the self-energy in Eq.

(5.1.5), we require

Y(w) = VQGfoyfg(w). (5.1.7)
Together with Eq. (5.1.6) we obtain the simple equation
Yo(w) =w — € — VX Hw) (5.1.8)
for the new self-energy. The on-site energy is given by
1
=3 dwwl(w), (5.1.9)

where the prefactor acts as a normalization. The on-site energy can thus be seen as
the first momentum of the spectral coupling function. If we consider the fact that the

spectral function is normalized by definition, Eq. (5.1.7) leads to

VZ= l/dwr(w), (5.1.10)

™

which defines the hybridization strength V' by the bath.
The system now describes a ”super-impurity” of two sites connected via V', with one

site being coupled to a bath with a spectrum of I'g(w).

5.1.1. Construction of an Open Chain

To construct an open chain we proceed by repeating the above described procedure
of extracting one mode from the bath and coupling it between the last chain site and
the new bath. By retaining the self-energy y(w) in Eq. (5.1.6) we arrive at the new

self-energy

Yi(w) =w—e — VIS (w). (5.1.1.11)
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Here 1} enters as the coupling strength between the zeroth and the first chain site. It
can be calculated similarly to Eq. (5.1.10) as Vi = £ [ dwlo(w).
Iterating the above given steps leads to the CFE

Y1 (W) = w — 1 — VS w). (5.1.1.12)

with

1
€En+1 = m/dwwfn(w) (51113)

n

for a chain of length N with a reservoir I'y_1(w) coupled to the last chain site. The

coupling constants are defined by

VZ= l/d<,urn(w). (5.1.1.14)

"o
For a constant DOS the coupling constants are given by [115]

1
V, = D" (5.1.1.15)

VAn?2 +8n+ 3

This equation can easily be derived? by evaluating

_ A—n—1
t, =S 1-A A2
V1I— A-2n-1,/] — A-2n-3

(5.1.1.16)
with
D
S = 5(1+A*1) (5.1.1.17)

(see Eq. (3.1.12)) for A — 17. In Fig. 5.1 the numerically calculated coupling constants
V,, are compared to the analytical values of Eq. (5.1.1.15). The excellent consistency
of the results guarantees sufficient numerical accuracy.

For n — oo the coupling constants converge to V,, — D/2, which partially resembles
a tight-binding chain with hopping parameters t = D/2. Considering a symmetrical

DOS, the orbital energies €, vanish. The recursion relation of Eq. (5.1.1.12) can now

2To be precise, A is replaced by 1 + € and for each occurring power of A a Taylor expansion around
€ = 0 is used in first order. Then € is set to zero to obtain the solution.
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Figure 5.1.: The coupling constants V,, calculated numerically via Eq. (5.1.1.14) for
iteration n in comparison to the analytical solution of (5.1.1.15).

easily be solved for its steady state by evaluating

Y(w) =w— %. (5.1.1.18)

For the self-energies we obtain

S(w) = w =+ Vw? — D?O(|w| — D) n @'isz —w?0(D — |w|)
2 2 '

(5.1.1.19)

The solution is ambiguous since Eq. (5.1.1.18) is a quadratic equation in 3(w). The
real part either goes to zero, which is the physical solution, or diverges for large absolute
values of w. In our case, the imaginary part f(w) is always positive for energies within
the bandwidth D.

In Fig. 5.2 the reservoirs are displayed for the first 20 iterations of the recursion
relation. Since the axes are scaled by the bandwidth D, no system parameters enter
the calculation. A fast convergence to the steady-state solution (5.1.1.19) within the

interval [—1, 1] is apparent.
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Figure 5.2.: Self-energies %, (w) calculated via Eq. (5.1.1.12), rescaled by the band-
width D versus the rescaled energies w/D. The steady state solution 3 (w)
of Eq. (5.1.1.19) is added as a black dashed line. The real part it connected
to the imaginary part by a Hilbert transform.

5.1.2. Adaptation to the Wilson Chain

The coupling parameters V,, of Eq. (5.1.1.14) are the maximum values one can reach
by using the entire remaining bath to construct the rest chain at each iteration. By
splitting off a certain part, the remaining bath yields a smaller coupling parameter
t, < V,. Since the coupling parameters t,, decrease along the chain, it is convenient to
split the bath into a high- and a low-energy reservoir, i.e. I'y(w) = I'(w) + I'k(w). If
the low-energy reservoir is then used to construct the remaining chain, the support of
the reservoirs FS/ L (w) shrinks with each iteration analogly to the coupling parameters
tn. This fact is advantageous for a renormalization procedure (see Sec. 5.1.3). Note
that the high-energy reservoirs cannot be neglected here. Instead, in order to retain
the correct impurity self-energy they still remain coupled to their particular chain site.
This way we construct a chain of coupling parameters ¢,, with a high-energy reservoir
I'(w) coupled to each chain site and a full reservoir T'y,(w) coupled to the end of the
chain (see Fig. 5.3).



102 5. Open Wilson Chain

Vv o t1

Figure 5.3.: Illustration of the OWC. The impurity level (blue) hybridizes via V' to the
Wilson chain. The chain sites (red) are coupled by %, to each other, while
the n-th high-energy reservoir (gold) is coupled by ¢/, to the n-th chain
site. To the last site n = N, a full reservoir is coupled by V. The modes
of the n-th reservoir are denoted by ez, .

To split the reservoirs, a cut-off function F(w,w?) is defined with

Iy (w)
I (w)

(1= F(w,w;))Ta(w),
F(w,wd)T,(w). (5.1.2.20)

For each iteration n it can be tuned by a particular cut-off-frequency w$. By definition
of the high- and low-energy reservoirs it is required that F'(0,wS) = 1VwS € R and that

the function monotonously decreases for increasing |w|. The most simple choice would
¢

©) = O(wS —|w|). However, since one needs to calculate Rexn/" (w)

obviously be F'(w,w
from T'n/" (w) via a Kramers-Kronig relation, a smooth function is chosen. Kinks in the
curve lead to logarithmic divergences and should be avoided from a numerical point.

For that reason, we choose

F(w,wS) = e~ @/ (5.1.2.21)
The cut-off frequencies wS are defined by
g 1 C
tr =— [ dwF(w,w, ) (w) (5.1.2.22)
T

and need to be chosen in a way that recovers the Wilson chain parameters ¢,. To
C

n?’

numerically determine the value of w,’, an approximation algorithm is required. We
chose Newton’s method (see App. D), where on average four steps are required to

reach a relative convergence radius |r| < 107"
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The coupling ¢/, to the high-energy reservoirs is determined by

™

(t)? = l/dw(l — F(w, )N (w). (5.1.2.23)

To proceed in the algorithm one has to keep in mind that Eq. (5.1.2.20) only determines
ra/ Mw) = JmEn/"(w). To obtain the real part of the low energy reservoir, and thus
to get X (w), a Hilbert transform of the imaginary part is required.

The recursion relation now becomes
Yo (W) = w — €1 — 2(ZE (W), (5.1.2.24)

since the new reservoir of iteration n+ 1 is constructed from the low energy part of the
previous reservoir n only. Since only the imaginary part of 3,41 (w) is relevant for the

algorithm, it is sufficient to calculate

Tt (w) = £2 Ly (w) (5.1.2.25)
T (RS (W) + (TEw))> o
instead of Eq. (5.1.2.24). In any case, the orbital energies
~ L[4 Ik (w) (5.1.2.26)
enﬂ—ﬂ% wwl'y (w 1.2

vanish for a symmetric spectral coupling function I'(w) of the bath. Note that the

parameters defined by

(V2)? = l/dan(cu). (5.1.2.27)

™

are for A > 1 no longer identical to the V,, defined in Eq. (5.1.1.14). In fact, we
obtain V! < V,, for all n > 1, since the subsequent reservoirs are constructed from
the remaining low-energy ones. The coupling ¢/ to the high-energy reservoirs (cf. Eq.
(5.1.2.23)) can thus be calculated via

() = (V) — 2. (5.1.2.28)
The hopping parameters ¢,, defined in Eq. (5.1.2.22), can now be chosen extrinsically.

The hopping parameters for an OWC with a constant DOS are given by Eq. (5.1.1.16).
The OWC reservoirs obtained in that manner are plotted in Fig. 5.4. Here the
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Figure 5.4.: The high-energy reservoirs I'!(w) (top) and the low-energy reservoirs I'(w)
(bottom), rescaled by the bandwidth D. The even iterations are plotted
on the left and the odd iterations on the right. A = 2 has been chosen.

discretization parameter A enters, which defines the coupling parameters t, of the
chain. With each iteration n the reservoirs shrink roughly by a factor of v/A on both
axes, analogly to the NRG energy scheme, letting the reservoirs vanish as n — oc.

The question arises whether the Wilson chain hopping parameters ¢,, are below V!
for all iterations n. That determines whether an OWC of an arbitrary discretization
parameter A > 1 can be realized. To answer that question, we recall that the hopping
parameters t, for A — 17 converge to V,, of Eq. (5.1.1.15), meaning that the OCF
without bath splitting produces a Wilson chain in the limit of A — 17 with an addi-
tional reservoir at the end of the chain. Here we obtain ¢, — V! — V,, and ¢/, = 0.
Now, by increasing A the coupling to the high-energy reservoirs appears and increases.
The Wilson chain parameters t,,, in turn, decrease below V,,. Thus, it can be expected
that V,, > V! > t,, for all n > 1. For the starting point of the recursion, namely n = 0,
the condition Vi = Vj > ¢, is always fulfilled, which can be seen by comparing Eq.
(5.1.1.15) to Eq. (5.1.1.16). The analytical solution V; = D/v/3 can furthermore be
used as a measure for the accuracy of the numerical calculations.

To find a more intuitive explanation to the question, whether the OWC is con-
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Figure 5.5.: The OWC parameters V!, t,, and ¢, scaled by the bandwidth D and plotted
for the first 30 iterations. The discretization parameter has been chosen
as A = 1.05 (blue), A = 1.33 (orange) and A = 2.59 (green). The discrete
values are connected by a line for the sake of clarity.

structable for all A > 1, we point out the similarities of the CWC and the CFE. In
both cases the construction of the chain is based upon the fact that the self-energy
Y (w) of the impurity level is not altered (see Sec. 3.1). In contrast to the CWC, the
OWC is an exact formalism which conserves the full continuum?3. The OWC can thus
be seen as an extension of the CWC or the CWC as a sub-part of the OWC. The
parameter A here decides where to divide the system (i.e. the CWC) from the bath.
Aside from the DOS, which enters by the spectral coupling function of the bath
and the cut-off function F'(w,wS) that influences the smoothness on the edges of the
reservoirs, the only parameter that specifies the recursion relations is A. For a constant
DOS it is thus sufficient to only investigate a variation of the discretization parameter.
Since all A-dependence of the algorithm is encoded in the reservoir parameters V!, t,

and ¢/, we stick to them to investigate a variation of the discretization parameter.

3To be precise: when applied to calculate a time-dependent density matrix, the OCF is not exact
either, since here the approximations lie in the BRF, which couples the reservoirs to the chain, see
Sec. 5.2
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and t/, (see Eq. (5.1.2.23)) are plotted for
different values of A. For A = 1.05 (blue curves) the parameters V! and t,, change slowly

In Fig. 5.5 the coupling parameters V¢,
with n and no particular even-odd behavior can be detected. For A = 1.33 (orange
curves) and A = 2.59 (green curves) the parameters decay more rapidly and slight
oscillations between even and odd iterations are depicted for V, and t/. A detailed
discussion of these findings follows in Sec. 5.1.3.

In the limit of A — 17 the high-energy reservoirs slowly vanish and consequently the
t/’s do so as well. In this way, the latter serve as a measure for the size of the additional
reservoirs on chain site n while the ¢,, determine the Wilson chain. When A is increased
from A = 1, the coupling parameters t/, are increased as well. As Fig. 5.5 illustrates,
the ¢ ’s first increase with iteration n to a maximum value and then slowly decrease to
zero. The iteration n,,., of the maximum value decreases with increasing A and goes to
infinity if A — 17. For the first iterations the ¢/ ’s of small A (blue curve) lie below the
coupling parameters for the larger A’s (orange and green curves). Then, however, the

higher A curves rapidly drop beneath the blue ones and go to zero much faster. The

maximum iteration ny., roughly corresponds to a temperature T, . = D/2. Here, T,
is the effective temperature of a Wilson chain of length n defined by
D —1\ A —(n—1)/2
T, = 5(1 +ATHA (5.1.2.29)

(see Eq. (3.5.28)).

5.1.3. Rescaled Reservoirs

The Wilson chain parameters t,, are proportional to A~"/2. Consequently, the relevant
energy scale of the Wilson chain is downscaled by a factor of v/A for each iteration.
As mentioned above, the reservoirs exhibit a similar scaling behavior. As a result of
the constantly shrinking scale, the numerical evaluation of large iterations n becomes
increasingly problematic. That suggests a renormalization of the reservoirs in the
manner of the NRG, which leads to similar even-odd steady-states of the reservoirs. In
addition, a logarithmic mesh for the w-axis is chosen, ensuring an adequate resolution
even for the smallest energies of the system.

In principle, the starting point of the recursion can be scaled arbitrarily, as long as
both axes are dilated by a factor of v/A on each iteration to ensure convergence. How-

ever, to obtain reservoirs that match the Wilson chain parameters, the dimensionless
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hopping parameters need to be scaled as t,, = ¢, /w, 1 with the "NRG-scale”

D
wn =5 (1+ AHA-(=D/2 (5.1.3.30)

(see Eq. (3.2.19)). Consequently, the starting point of the recursion is the spectral
coupling function

I’} (@) = I'(w)/wo, (5.1.3.31)

rescaled on both axes by wy. The subscript ”—1" and the superscript "L” are pure
definition to match the notation of the algorithm. In that way, V_; =¢_; = V shall
hold as well. The following steps are defined for an iteration n, starting with n = —1.

For a given rescaled low-energy spectral coupling function Fz (@), which is the imag-

inary part of the rescaled low-energy self-energy fi (), the orbital energy
_ 1 =L,
€1 = —5 | dwwl, (@) (5.1.3.32)
i,

can be calculated. The energies €,.1 play no role in the algorithm, but since for a
symmetrical DOS they are always zero, they may serve as a measure for numerical
accuracy. As a first relevant element, the real-part of the self-energy is given via a

Kramers-Kronig relation

L

- 1 T,
RS (@) = — / dw’_"(w_), (5.1.3.33)
T w—w
The spectral coupling function of the subsequent iteration is given by the recursion
relation
=L
2 I, ()

T@) =1, (5.1.3.34)

(9%&2(@))2 + (Fi(w))Q '

The three latter equations are scaled by a factor of w,;; on both axes. However, to
proceed in the algorithm, T, 11 (w) needs to be scaled by wnia = wni1/VA, so we make

the substitution

Tpi1(@) = T (@VA) VA (5.1.3.35)
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The hybridization

(Vo)? = l/clwfn+1(w) (5.1.3.36)

™

can be calculated as a measure for the size of the full reservoirs, but again has no rel-
evance for the algorithm. Now the extrinsic Wilson chain parameter ,,,; is calculated
according to Eq. (5.1.1.16) and is used to determine the cut-off frequency @S, via

_ 1 _
fpr = = / A F (@0, )T 41 (@) (5.1.3.37)
™

The low-energy spectral coupling function fi @) = F(@,0)T,4+1() and its high-
energy counterpart fff @) =T, (@) — fj; +1(@) are then stored for later usage.

Let us wrap up the algorithm. An arbitrary spectral coupling function I'(w) is
chosen as defined in Eq. (5.1.3.31). Then the three steps Eq. (5.1.3.33), (5.1.3.34) and
(5.1.3.37) are performed iteratively for each site of the chain to obtain the high- and
low-energy reservoirs.

In Fig. 5.6 the reservoirs TS/L have been determined by the rescaled algorithm
described above. In comparison to Fig. 5.4, both axes are scaled by the NRG scale w,
(see Eq. (5.1.3.30)), meaning that I',(@) = ', (w)/wne1 and @ = w/wy,41. A clear even-
odd behavior of the reservoirs can be observed. Even though the Wilson chain coupling
parameters t,, do not explicitly show this behavior, the resulting eigenspectrum does.
Details on this can be found in Sec. 3.6. The alternating scheme of the energies of even
and odd chains is also reflected in the reservoirs, which can be seen as a complement
to the chain.

Let us discuss the scaling of the reservoirs. To start with the vertical axis, we derive

T,(0) = x/KFE";(lo) = fg‘lfn_Q(O) (5.1.3.38)

from Eq. (5.1.3.34), since %eiﬁ(@) = 0. The rescaled hopping parameters ¢, go to
1 for large n. Hence, on the vertical axis the rescaled reservoirs experience a distinct
steady-state for even and odd iterations.

To investigate the scaling of the horizontal axis, we recall that the cut-off frequency

wC is a measure for the width of the n-th reservoir and, in this way, for the scaling

of the horizontal axis. It is left to calculate the scaling of w®. The integral of Eq.
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Figure 5.6.: The high-energy reservoirs FS (W) (top) and the low-energy reservoirs fi ()
(bottom), rescaled by the NRG scale w,,. A =2 has been chosen. Legend
as in Fig. 5.4.

(5.1.2.22) can be approximated by

t,

Q

1
I,.(0) / dwF(w,wS) ~ 0.577T,(0) ¢, (5.1.3.39)

™
since the cut-off function F(w,w?) defines the shape of the curve. From here we can

conclude

= T4 (0), (5.1.3.40)

C

. experience the same scaling as the height

meaning that the cutoff frequencies w
[,,41(0) of the reservoirs. This statement analogly counts for the rescaled parame-
ters wS and T',,,1(0), respectively.

The validity of this finding is shown in Fig. 5.7 for rescaled parameters I',,;1(0) (see
Eq. (5.1.3.38)) and @$ (Eq. (5.1.3.37)). As suggested in Eq. (5.1.3.38) and (5.1.3.40),
both parameters scale by v/A for higher iterations n, as can be seen by the steady-

state of the rescaled parameters. The difference of the steady-states for even and odd
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Figure 5.7.: The rescaled quantities T',,11(0) and @S, plotted for different iterations n
and discretization parameters A.

iterations is increased with A and scales roughly by v/A. The rescaled reservoir width
w¢ shows a dip at n & Nyay, comparable to t/, (see Fig. 5.5).

In Fig. 5.8 the reservoir parameters are plotted for the first 30 iterations. As done
above, they are each scaled by a factor of w, 1 to reveal their converging behavior. In
contrast, the absolute parameters in Fig. 5.5 fall off to zero. Let us elaborate on the
effect of A on the single OWC parameters. First of all, the steady-state value for all
parameters is reached within the first 10 iterations for A > 1.5. For a smaller A — 17
the convergence is significantly delayed. As discussed above, the maximum value of
~ D/2. The steady-state can reliably be

assumed at the iteration ngg that translates to an effective temperature of T, = 0.1D.

the absolute parameters is reached at 7, .
Secondly, the oscillations between even and odd iterations are most pronounced for
higher A. Both characteristics coincide with the Wilson chain eigenspectrum. Lastly,
A influences the rescaled steady-state value of the reservoir parameters V;L and 7,,, and
thus the coupling strength to the full and high-energy reservoirs respectively. This

behavior also coincides with the Wilson chain spectrum.
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Figure 5.8.: The rescaled reservoir parameters V;,fn and f;, plotted for the first 30
iterations. The discretization parameter has been chosen as A = 1.1 (blue),
A = 1.1° (orange) and A = 1.11% (green). The discrete values are connected
by a line for the sake of clarity.

5.2. Calculation of the Bloch-Redfield Tensor

To explicitly calculate the time-dependent density matrix p§(t) of the OWC, we need
to combine all elements we have deduced so far. First of all, the CWC of length N¢ is
constructed according to Sec. 3.1 and is part of the new local Hamiltonian Hg. Here,
all impurity parameters, as well as the bandwidth D and the discretization parameter
A are defined. An adapted version of the reservoirs is then built to turn the CWC into
an exact OQS. The total system Hamiltonian is extended by a bath part

No—1

Hy = Y Hga, (5.2.41)
n=0

comprising all reservoirs, and an interaction part

No—1

Hsp = ) Hsin (5.2.42)

n=0
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with the bilinear Hamiltonian
Hpn = 1 (flewe + fuchi) (5.2.43)
k

The operator ff;r) is the Wilson chain operator of the n-th chain site, while cg)k stands

for an excitation in the n-th reservoir. The BREF is performed with the interaction
Hamiltonian (5.2.42) and consequently the BRT is given as a sum over the index n.
To be precise, we need to calculate an independent BRT for each chain site n with a
given global inverse temperature S of the system. The chain operator T(LT), as well as
the reservoir I',,(w), is different for each chain site n, while the local eigen-states and
-energies are defined by the Hamiltonian Hg of the Wilson chain of length N¢.

Let us discuss the precise way to optimally construct the single BRT's for each Wilson
chain site m. Here we assume the iterative construction of the CWC in the spirit of the
NRG, while still treating the Wilson chain exactly and not truncating any eigenstates
of the Hamiltonian. First of all, on each iteration n of the CWC construction we build
the RGF of site m = n. Since we assume symmetric bath spectra, there is particle-hole
symmetry for the correlation functions, i.e. Cp(w) = Cy(w) = C(w). This way, only
one RGF needs to be calculated for each iteration. After completion of the CWC, we
parallely construct a BRT for each chain site m and then merge all parts at the end.
We choose a logarithmic w-mesh, to allow for a sufficient resolution of exponentially
small energies. The RGF at energy w is then calculated by interpolation, which is a
limiting factor concerning runtime. For that reason, we construct a matrix from the
RGF with indices (a,b) and components C(wg), i.e. for each difference wy, = E, — Ey,
of local eigenenergies. This way, each relevant energy wgy, only needs to be evaluated
once.

For the construction of the BRT of site m we take Eq. (4.5.57) as a basis. The
unitary part and the dissipative part are then handled independently. We define a
vector 7 with (7), = >, Tu. and the unitary part is calculated from (7), + (7);.
The dissipative part, on the other hand, has a contribution, iff the Kronecker delta
0w,y +wmn,0 15 Unequal to zero, which is fulfilled only for specific combinations of indices.
Furthermore, since the dissipative part is proportional to the Fermi-function, one half
of the non-zero components is effectively cut out for 7" — 0.

The most effective and, at the same time, most complicated aspect of optimizing
the construction of the BRT is the exploitation of quantum number symmetry. The

CWC algorithm naturally divides the Fockspace into independent sub-matrices defined
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by quantum numbers, such as particle number and spin. In all non-zero components
pap Of the density matrix, both indices a and b originate from the same subspace.
According to Eq. (4.3.37), the indices (a,b) need to form a pair of identical quantum
numbers and (m,n) need to be such a pair as well. This significantly reduces the size
of the BRT. For the unitary part we have (m,n) = (a,b). For the dissipative part we

need to construct
otiam € 3 (F)am (F)on + (Fouma () p - (5.2.44)

Here the index pairs differ by one particle of spin v. This way, we only need to construct
certain combinations of indices, which further reduces the building time of the BRT.
In the dissipative part another symmetry, i.e. Eq. (4.5.60), can be exploited. Thus it
is sufficient to explicitly calculate the cases a > b,m > n.

The case of the operator x, = pd!. + d p is more complicated, since it connects two
subspaces, which differ by a particle of spin 0. According to Eq. (4.4.47), this also
counts for the index pairs (a,b) and (m,n), respectively. For that reason, a separate
BRT for each value of o needs to be calculated and stored. Combined with the index
v, the BRT connects a maximum of three adjacent subspaces.

Note that even with the application of the symmetries mentioned above and with
proper parallelization, the construction of the BRTs still poses the bottleneck of the

OCF with respect to runtime and memory demands.

5.3. Assessment of the BMA in the OCF

The purpose of the construction of the OWC is to improve the BMA. The Wilson
chain corresponds to the local system S, while the reservoirs constitute the bath B.
In Chap. 4 it has been argued that in order for the BMA to be applicable in the
N¢ = 0 case, the hybridization strength I' = % has to be way below the impurity
energies and the bandwidth D of the bath. Our approach is to increase the system
and bath parameters in relation to the hybridization by transitioning to the N¢ > 0
case. This is expected to improve the BMA, which relies on the hybridization to be the
smallest parameter of the total OQS. The OCF is then, to some extend, applicable for
arbitrary impurity parameters and bandwidth. To evaluate the relation of the S and
B parameters to the hybridization, we require a way to quantify the specific S and B

energy scales depending on the length of the OWC.
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In the first step of the OCF, the system energy scales are defined by the impurity
parameters only, which depend on the specific QIM. Then Wilson chain sites are
added to the impurity, influencing the system eigenspectrum by the introduction of
the hopping parameters ¢,,. These parameters can thus be used to define the system
energy scale for an OWC. For the first chain sites, the ¢,’s are on the order of the
bandwidth, then they decay rapidly, depending on the choice of A. It is thus left
to estimate, in what way the exponentially small local energies of a sufficiently long
Wilson chain impact the quality of the BMA. Here we expect an influence especially
in the second MA and the secular approximation. The former relies on a fast decay
of the damping matrices (see Eq. (4.3.25)) with respect to the time s to safely extend
the integral over s up to infinity. However, the damping matrices do not only comprise
the correlation functions C(s), but also oscillating terms e™*  which oscillate with
frequencies w, defined by the system Hamiltonian eigenenergies. Besides a small bath
correlation time tg, the second MA requires large system energies, to guarantee a fast
decay of the damping matrices. The secular approximation, on the other hand, is the
neglect of t-dependent rapid oscillations in the master equation. It also relies on large
system energies and is discussed in detail in Sec. 5.3.4.

In the following section we will firstly discuss the system, the bath and the hybridiza-
tion parameters of the OWC in Sec. 5.3.1 to lie the foundation of our argumentation.
Secondly, the contribution, and thus the relevance, of the single reservoirs depending
on the chain site number m is estimated in Sec. 5.3.2. Finally, the MA and the secular
approximation are discussed in detail in the sections 5.3.3 and 5.3.4, respectively. With
the insights of Sec. 5.3 we will then have a perspective to understand and assess the
OWC results in the sections 5.4.1 and 5.4.2 with respect to the BMA.

5.3.1. OWC Parameters

In the case of N¢ = 0 (see Chap. 4), the bath energy scale has been defined by
the bandwidth D. The equivalent in the OWC would be the width of the reservoirs
I',(w). Here we recognize that the shape of I'(w) is mainly determined by the cut-off
function F(w,w?). By setting F(wos,wS) = 0.5 one can see that the half mean width
wos ~ wS. That means that the cut-off frequency w¢ is a measure for the width of the
n-th reservoir, high- and low-energy reservoir alike.

The hybridization strength between the chain site n and the corresponding reservoir
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Figure 5.9.: The OWC parameters t,,, [, and w¢ scaled by the bandwidth D and plot-
ted semi-logarithmically for the first 30 iterations. The discretization pa-
rameter has been chosen as A = 1.05 (blue), A = 1.33 (orange) and
A = 259 (green). The discrete values are connected by a line for the
sake of clarity.

can then be defined as

(5.3.1.45)

This quantity plays the role of the hybridization I" between the impurity and the bath
and the question, whether it is small in comparison to the other energy scales is the
key point of the BMA.

In Fig. 5.9 the parameters t,, ", and w$ are plotted for the first 30 iterations. The
energy axis has been chosen logarithmically to compare the various energy scales of
the parameters. It can be seen that the hybridization I, lies well below the other
parameters for all iterations n. By increasing A, the difference between I') and the
other parameters shrinks, which indicates that the BMA is impaired.

Obviously, the discretization parameter has a significant impact on the OWC. How-
ever, the role of the bandwidth with respect to the quality of the BMA has changed. In
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Figure 5.10.: The sum of the OWC parameters t,,, [ and wS up to iteration n scaled
by the bandwidth D and plotted semi-logarithmically for the first 30
iterations. The discretization parameter A has been varied. The discrete
values are connected by a line for the sake of clarity.

Chap. 4 the impurity was directly coupled to the bath, hence the bandwidth directly
influenced the hybridization between the system and the bath and thus the BMA. Now,
the impurity is coupled to the OWC, which comprises the CWC and the reservoirs.
The BMA only influences the coupling of the reservoirs to the single chain sites within
the OWC. All parameters of the OWC are scaled by the bandwidth, i.e. in the OWC
alone, the bandwidth has no relevance at all, especially not with respect to the BMA.
The bandwidth now only defines the size of the OWC in comparison to the impurity
and the coupling I' between the impurity and the OWC. From this standpoint, a
small bandwidth is preferable, since here the impurity parameters are relatively large,
which improves the MSA. However, the overall quality of the BMA is expected to be
independent of the bandwidth.

The representation in Fig. 5.9 is suitable for investigating single chain sites. To
evaluate the global effect of the OWC onto the BMA we plot the sum of the parameters
upto iteration n in Fig. 5.10. Crosses have been chosen instead of stars to better depict

the steady-states. For increasing chain length the difference between the hybridization
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[V and the other two energy scales is increased. This effect is largest for small A. Here
the coupling to the reservoirs is weak, while with each iteration a relatively high energy
excitation is extracted from the bath and added to the chain, translating to a large
t,,. If the coupling t,, to the rest-chain is large, the width of the subsequent reservoir
is large as well. We can thus conclude that the BMA is best for a small A, while it
can always be improved by increasing the chain length. For large A, however, this
improvement is small.

One point is left to mention here. If the system Hamiltonian contains exponentially
small energies, i.e. in the impurity or as hopping parameters for large n, these energies
are reflected in the local eigenspectrum. Consequently, the second MA, as well as the
secular approximation, are affected for n & npyay, since here the hybridization I', is
relatively large. This is expected to impair short-time dynamics of the time-dependent
density matrix. However, the influence of the first reservoirs of long Wilson chains on
the BRT is small, as will be discussed in Sec. 5.3.2.

It is relatively simple to assess the applicability of the BA in the OWC, as it is a
perturbative coupling of the reservoirs in second order in the hybridization between the
reservoir and the system. Thus, if the hybridization is relatively small in comparison
to the other OWC parameters (which is proven in Fig. 5.9 and 5.10), the BA can be
expected to yield good results. With increasing chain length, more and more excitations
are extracted from the bath into the system. Thus the coupling from the system to the
remaining bath (comprising the reservoirs) is decreased and the BA is improved. The
main impact of the BA on the time-dependent density matrix lies in its equilibrium
values, since in the dynamics of the master equation the hybridization is still included.
The equilibrium values, however are defined by the CWC, which is known from NRG
calculations to well reproduce physical values, if N¢ is chosen large enough.

An assessment of the MSA is more complicated and consequently we devoted Sec.
5.3.3 and 5.3.4 to that topic.

5.3.2. Contribution of the Single Reservoirs

The OCF is based on a separate reservoir coupled to each single chain site n via
distinct hybridization strengths. The BMA is effectively applied to each chain site, so
it is advisable, to (a) assess the quality of the BMA depending on n and (b) estimate
the contribution of the n-th reservoir to the total BRT.

The behavior of the eigenspectrum of a Wilson chain is well-known. Here lower

and lower energy modes are added to the chain with each iteration, while for a given
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effective temperature T}, the high-energy modes are suppressed by the density matrix.
The chain operators are expected to give the largest contribution for n = N¢, while
shrinking by a factor of v/A for each step backwards along the chain, since the overlap of
CWC eigenstates is (r,e;n|r’,e/;n’) oc A="~1/2 (see Sec. 6.1.4). Since the operators
appear in quadratic order in the BRT, the scaling effect is quadratic as well. The
reservoirs, in turn, are largest for n = 0 and shrink on both axis by a factor of around
Vv/A. Note that the scaling arguments only count for n > ny., with ny., being defined
= D/2. Since the RGFs are proportional to the
reservoir spectral functions, they damp the BRTs of higher n by a factor of v/A with

by the effective temperature 7, ..
each site along the chain. This effect, however, is not expected to fully compensate the
quadratic scaling of the chain operators, making the later sites n =~ N¢ dominant in
comparison to the first sites n < Ng. Another factor that enhances the contribution
of later sites to the BRT is the shape of the reservoirs in relation to the distribution of
the eigenspectrum.

To illustrate this effect, the RGF G, (w) (see Eq.(4.3.35)) are plotted for the first
30 iterations for two different values of A in Fig. 5.11. The real-part of the functions
comprises a product of the reservoir spectral functions I, (w) and the Fermi-function,
while the imaginary-part is obtained from a Hilbert transform of the real-part.

We know from the considerations above that the reservoirs are not converged yet
after 30 iterations for A = 1.05, while for A = 2 the steady-state has been reached after
around 10 iterations. In this context, it may seem confusing at first that the RGF's
need around 20 iterations to reach a steady-state for A = 2. This is, however, due to
the Fermi-function. At a fixed temperature T' the Fermi-function practically appears to
relatively broad functions as a Heaviside-function ©(—w), while it is effectively constant
at % for functions that are very narrow in relation to the temperature 7". Since for a
larger A lower energy scales are reached, the two peaks of ReG,,(w) (Fig. 5.11 (e) and
(f)) become more and more symmetric, until ReG,,(w) — 0.5I',(w) in the limit of large
n. Here the Fermi-function is effectively constant on the support of the reservoir.

To estimate the contribution of the RGFs to the BRT with respect to the chain
site number n, we have to consider the distribution of the eigenspectrum of the Wilson
chain. At a given iteration n, we know that the eigenspectrum of the Wilson chain spans
from energies of the order of the bandwidth D down to the exponentially small ”NRG-
scale” wy.. From Fig. 5.11 we can see that each G,(w) has its major contributions
for energies w ~ w,. Additionally, JmG, (w) has a significant contribution for small

energies as well on the first Wilson chain sites, i.e. if n is small. The imaginary-part



5.3. Assessment of the BMA in the OCF 119

|’§ (a) (b)

Figure 5.11.: The rescaled RGFs G, (@) versus the rescaled energies w. We start with
iteration n = 0 (red) and proceed through the physical color spectrum to
n = 30 (violett). The real-part is plotted in panels (a), (b), (e), (f) and
the imaginary part in panels (c), (d), (g), (h), respectively. For the upper
four panels a discretization parameter A = 1.05 has been chosen, while
we have A = 2 in the lower four panels. The curves are constructed for
T =1TI.

of the RGFs, in turn, defines the Lamb-shift generated by the imaginary part of the
BREF. Considering the fact that in the logarithmically discretized bath the low-energies
of the eigenspectrum are most relevant (see Sec. 3.3), the real-part of the BRT that
defines the relaxation rates and the natural broadening, is mostly dominated by the
last sites of the OWC.

To sum up, the contribution of the chain operators grows by a factor of A for each
iteration, while the reservoirs shrink by v/A, leading to a dominant contribution for
n &~ N¢. The shape of the RGFs suggests that ReG,,(w) and JmG,(w) have a similar
contribution for n &~ N, while the ReG,,(w) are damped more strongly for n < N¢.

What can we assume regarding iterations n > N¢g? The chain operators will damp
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the BRT components by ANe=" while the reservoirs are further damped by v/A with
each iteration, leading to a damping factor of \/K3 with each iteration. Since the
RGF's shrink on the w-axis as well, the eigenspectrum of the Wilson chain is relatively
enlarged which further decreases the contribution of iterations n > N¢, making them

negligible. This fact will be relevant later on in Sec. 6.1.3.

5.3.3. Impact of the Markov Approximation

Before we proceed to calculate physical properties with the OCF, let us estimate the
effect of the MSA. More precisely, we want to assess how the Wilson chain influences
the applicability of those approximations. In the simple No = 0 model of Sec. 4.6
we required to be in the wideband limit in order to ensure short correlation times.
Furthermore, large local energies ¢4 > [' were required to let the BRT from Eq.
(4.3.19) decay fast with s compared to the local time scale defined by I'. Since the
BRT is a linear combination of the damping tensors, it is them we need to investigate.

For particle-hole symmetric reservoirs the damping tensors are basically given by

(C)aealt s) = €t [ (£l () + ()ap(Fulla] Cul)e ™ (5.3.3.46)

for the n-th chain site. If the correlation time of C,(s) is short, the MA can be
applied without restriction. Thus, the correlation functions C),(t) make an important
contribution to the behavior of the density matrix in the master equation (4.3.18), since
they contain the entire information on the n-th reservoir. The reservoirs are responsible
for any true dissipative processes. The time-dependent correlation functions are defined

by the reservoir coupling function T, (¢) as

() = % / " AT () 5 ()i (5.3.3.47)
(see Eq. (4.3.24)). Since the reservoir functions I',,(€) are symmetrical, the Fermi-
function fz(e) vanishes in ReC,,(t) and thus the real-part is independent of tempera-
ture. The imaginary part vanishes in the limit of high temperatures, where the Fermi-
function is constant, and is maximal for T" = 0.

The correlation functions C,,(t) are plotted in Fig. 5.12 for A = 1.1. For such a
small discretization parameter the even-odd behavior is small and the decay rate of
the amplitude low. This provides a smooth transition between the iterations which

is preferable for plotting even and odd curves for high iterations n within one single
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Figure 5.12.: The time-dependent correlation functions C,,(t)/D? versus the dimen-
sionless time tD. We start with iteration n = 0 (red) and proceed to
n = 10 (violett). The real-part is plotted on the top while the imaginary
part is plotted on the bottom. A discretization parameter A = 1.1 and a
temperature 7" = 1I" have been chosen.

figure. The correlation time is defined as the time ¢t = t..,, when the envelope function
of ReC'(t) has sufficiently decayed. According to the figure that time can be estimated
as teorr ~ 20/ D for chain site number n = 10.

The question remains, how the correlation time scales with A and with the iteration
n. For higher A there is a larger energy separation between the iterations, leading to a
faster change in the correlation functions. For that reason, the scaling of the correlation
functions needs to be investigated.

The maximum value at ¢ = 0 is given by

+00 400 /)2
C’n(O):% / 4T () fol€) = — / deT () = (tg). (5.3.3.48)

00 27 —00

The correlation functions are expected to decay quadratically with the reservoir cou-
pling parameters ¢/, when the iteration number n is increased above np... Let us

develop an approach to determine the correlation times. We approximate the spectral
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functions by a box function
[ (w) =T,(0)0(ws — |w)), (5.3.3.49)

whose dimensions are determined by the findings made above. The real-part of the

correlation function is then given as

r,(0) [*en T,,(0) sin(wSt
ReC,(t) = () / de f5(€) cos(et) — Lnl0)sin(wnt) (5.3.3.50)
T e T t
The envelope function can be obtained by setting the sine-function to 1, which removes
the oscillations. For the initial value ¢ = 0 it follows ReC,,(0) = L@y The time

™

when the envelope function is decayed to 10% of the initial value is then given by

10
tno1 = @ (5.3.3.51)

C

. can hence be used as an estimate for the inverse correlation

The cut-off frequencies w
times. This suggests that teoy, o A2, meaning that the correlation times grow
significantly for large A. Note that feon, ~ 1 /wﬁbJ is consistent with the finding of
Sec. 5.1.3 that the cut-off frequencies are a measure of the width of the corresponding
TeServoirs.

As a possible absolute measure for the MA, the correlation times can be determined
graphically. The axes need to be rescaled by w, to depict larger values of A. To find
the correct scaling we investigate the convergence of the correlation functions C,,(t).

For this purpose, we exploit the convergence of the reservoirs I, (w) and define

Cn(t) = %/00 del,,(€) fa(e)e™

[e.9]

_ wTQH—l /Oo d—f (_)f*(_) i€t
- el'n(€)f5(€)e

—00
= w2 ,1C, (%) (5.3.3.52)
with the dimensionless time ¢ = tw,,; and the dimensionless inverse temperature

B = Bwni1. From here it is obvious that the correlation times scale with A™?, while
the amplitude of the correlation functions scales with A™". For a fixed temperature
T the dimensionless inverse temperature 3 decreases along the chain, meaning that

JmC, (%) is maximal for small n.
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Figure 5.13.: The real-part of the rescaled time-dependent correlation functions
ReC,,(f) versus the dimensionless time . We start with iteration n = 0
(red) and proceed to n = 17 (violett). As arrows with the same color
scheme, ¢, o is added to the horizontal axis. The discretization parame-
ter A has been varied according to the notation on the right. The panels
on Lh.s. depict the even and on the r.h.s. the odd chain sites.

In Fig. 5.13 the real-part of the rescaled time-dependent correlation functions C,, (%)
is plotted for different iterations n and different discretization parameters A. The be-
havior is similar to the reservoir functions with respect to the even-odd convergence.
The number of iterations n has been chosen in such a way that a sufficient convergence
is reached. For a Wilson chain of length N¢, the effective temperature can be defined
as Ty, = wn, (see Eq. (3.5.28)). Convergence is thus reached when the effective tem-
perature drops below a convergence temperature 7,,... As discussed above with respect
to Fig. 5.9, a temperature of 7., = 0.1D is sufficient for appropriate convergence.

We have already pointed out that the time ¢, o 1, when the envelope of the correlation
function has dropped below around 10% of its initial value, appears to be a promising

candidate to estimate the correlation times. For that reason, those times are added in a
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rescaled version as arrows on the horizontal axis. The figure suggests that in our chosen
parameter interval of A the correlation times can reliably be estimated as teomn & 5.
For an exemplary effective temperature of 7' = 0.1I" this relates to the absolute times
I'teorrn = 50, which is way above typical time scales of the local density matrix. Any
local system would be thermalized for a long time before the reservoir correlations have
decayed. In this context, the MA appears outright unsuited. However, as discussed
above, the correlation times of the reservoirs, which are mediated by their particular
widths, are not the only relevant time scale for the convergence of the BRT to its
steady-state. From Eq. (5.3.3.46) it follows that the damping tensors are proportional
to C(s)e™*, meaning that the decay rate with respect to s is not only defined by the
oscillation frequency of the correlation function C'(s) but of the sum with the system
energies as well. Further assessment of the quality of the BMA approximation is given
in the subsequent section. Here, local non-equilibrium dynamics as well as local spectral
functions are investigated for small chain lengths. The OWC results are compared to
the closed chain and the influence of the parameters onto the bath discretization and
the BMA is discussed. In Chap. 6 the truncation scheme of the NRG is implemented
into the BRF to construct chains of higher length N¢ and thus to access parameter

regimes more favorable to the above mentioned approximations.

5.3.4. Accuracy of the Secular Approximation

The block-diagonalization of the BRT is based on the secular approximation, i.e.
Reaped X 0wy twg0 (see Eq. (4.5.56)). Within this approximation we consider rapidly
oscillating terms in the master equation for the density matrix to average out. How-
ever, a Kronecker-delta here implies that only those frequencies with wy, + weq = 0 can
contribute to the dynamics of the density matrix. A more realistic definition would be
to define a small A that determines the window of relevant energies. The Kronecker-
delta is in this way replaced by the Heaviside function ©(A — |wap + weq|), where in the
case A — 0 the Kronecker-delta is recovered.

The specific choice for A now needs to be discussed. Let us therefore consider the

most simple case of a one-dimensional master equation without secular approximation

p(t) = —ye™ip(t), (5.3.4.53)

which represents a differential equation with an oscillation frequency? w and a re-

4Note that in the secular approximation we would choose w = 0 here.
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spective relaxation rate 7. The purpose of Eq. (5.3.4.53) is to resemble the master
equation (4.3.37) before the secular approximation has been applied. The relaxation
rate v is then defined by the damping matrix elements of the BRT and w is a difference
of eigenenergies of the system Hamiltonian. Equation (5.3.4.53) can be expanded to
a sum over j of different parameters ; and w;, however, this would not impact the
following argumentation.

To assess the quality of the secular approximation depending on the parameters

and w, we solve the master equation (5.3.4.53) to obtain

p(t) = p(0) f(w/v;ty) (5.3.4.54)
with
flw;t) = exp (i(e™ — 1)/w) . (5.3.4.55)

If Eq. (5.3.4.53) comprises a sum of different frequencies w; and rates ;, then the
solution represents a product function of the type of Eq. (5.3.4.55).

In what cases is the secular approximation e™* — §,, o appropriate in Eq. (5.3.4.53)7?
Obviously, for w — 0 we can substitute et — 1. No secular approximation is neces-
sary here. A slight increase of w will not significantly change the resulting p(t), which
justifies the introduction of a small interval [—A, A}, in which all frequencies are ac-
cepted as effectively zero. On the other hand, by increasing the absolute value of w
beyond A, a regime is entered, in which the secular approximation is no longer appli-
cable. The other extreme of the spectrum is w/y — oo. Here f(w/v;ty) =~ 1V, i.e.
p(t) = const and we can safely replace €' — 0 in Eq. (5.3.4.53), which means that the
secular approximation is perfectly justified. Consequently, our objective is to estimate
the interval, in which the secular approximation is expected to yield a significant error.

In Fig. 5.14 the function f(w/v;tvy) of Eq. (5.3.4.55) has been plotted for different
values of w/v. Curves with w ~ ~ already significantly deviate from the w = 0 curve.
This suggests to choose A < 1072y. On the other hand, the secular approximation
requires all frequencies w > A to be at least around 10%y to justify neglecting them.

The purpose of the investigation of Eq. (5.3.4.53) is to estimate the error of the
secular approximation in the OWC. The energy scale 7 is here given by the single
reservoirs, which span from the order of the bandwidth D down to exponentially small
energies of the scale of the effective Wilson chain temperature. The frequency w rep-

resents the system energies, i.e. the eigenenergies of the Wilson chain Hamiltonian.
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Figure 5.14.: f(w/~;tv) plotted versus dimensionless time ¢y to estimate the cut-off
frequency A for the secular approximation. The real-part of the function
is depicted as a solid line, while the imaginary part is not plotted, but
exhibits a comparable convergence behavior.

These energies are of a comparable order as the reservoir coupling functions r L(w).
Consequently, the case w/y < 1072 can only be fulfilled for small system energies and
for reservoirs of the first chain sites. However, these sites are least relevant for the
dynamics of the time-dependent density matrix, as has been discussed in Sec. 5.3.2. In
most relevant cases w/v < 1072 can only be fulfilled, if the indices of w,p, +w.g combine
in such a way that the net result is zero. Thus, A can effectively be chosen as zero, in
the limit of the numerical accuracy of the eigenenergies.

At this point, it cannot simply be estimated, to what extend the other case, w/vy >
103, is fulfilled for all w > 0. The most relevant chain sites at the end of the chain
are attributed with the smallest reservoirs, however, for exponentially small system
energies, the secular approximation might not be applicable. Note that I" defines the
actual relevant time scale for the dynamics of the density matrix. Thus all oscillations
with w < I" will be damped before they have any relevant contribution to the dynamics.
If n is large, then w, is small and the critical frequencies are small as well.

To quantitatively support the arguments made above, we plot 1“H+L() in Fig. 5.15.
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Figure 5.15.: w/I',,(w) plotted versus the positive dimensionless energies w/w, for A =
2. We consider high- and low-energy reservoirs for chain sites n = 5, 6.

The filled area under the curves represents the critical frequency interval
in which w/T',(w) < 10.

Since the reservoirs are symmetrical, we restrict to w > 0. We can deduce the frequency,
below which the secular approximation is no longer applicable, as around 3.5w,, for
high-energy and 2.5w,, for the low-energy reservoirs. For any frequency below that, the
secular approximation is considered to produce a significant error. In the case of the
high-energy reservoirs, w < 0.2w, is accepted as well.

If n is large enough that w, < I', the oscillations induced by the problematic fre-
quencies have no impact on the total dynamics generated by the master equation. If n
is small, and consequently w,, is relatively large, a large amount of problematic oscilla-
tions can occur that possibly impact the dynamics on time scales ~ 1/I". However, as
argued above, these chain sites do not significantly contribute to the overall dynamics
and thus one is advised to choose N¢ as high as possible with a preferably low effective
temperature to maximally reduce the impact of the secular approximation.

We conclude that w/v is always large in the relevant cases, except for the case
wep = By — By = 0, where the energies are identical. The application of a Kronecker-

delta for the secular approximation is thus justified within the limit of the expected
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machine precision of the system eigenenergies. As a criterion for the maximum value
of A we can use the above mentioned block-diagonal structure of the BRT. The largest
subblock of this matrix connects the DDM and has the associated energy wy, = 0. The
eigenvalues of this submatrix are entirely real and semi-positive (for details on that
see Sec. 4.5). If, by choosing A too large, too many components are assigned to this
subspace, complex eigenvalues emerge. In other cases, eigenvalues with negative real-
part may occur. Thus, A will be chosen sufficiently small to avoid these unphysical

cases.

5.4. Numerical Implementation of the OCF

In this section we present results for local impurity quantities of the OWC in the RLM.
We choose a chain length N < 10 to be able to treat the spectrum of the Wilson chain
exactly and calculate TD-NEVs and ESF's. Truncation of high-energy states is covered
in Chap. 6.

The TD-NEVs are investigated by calculating the impurity occupation number
(nq(t)) according to Eq. (4.3.40). Firstly, two separate CWCs are constructed par-
allely. The first chain is constructed for the initial parameter ¢q = € to generate
the initial density matrix. For the second one we choose the parameter ¢q = € to
obtain the eigenbasis of the final Hamiltonian. With these elements we are able to
simulate a sudden quench at t = 0. In all cases, we choose €} = —¢, > 0, to obtain a
symmetrical relaxation process from the impurity site into the bath in the sense that
(nq(0)) — 0.5 =0.5 = (nq(t — o0)) > 0.

The ESF Aq(w) is calculated via Eq. (4.4.53) and only one CWC is necessary. Here
€q = 0 is chosen, since this value corresponds to a symmetrical spectrum around w = 0.

The CWCs are constructed iteratively in the spirit of the NRG, even though no
truncation of eigenstates is applied. At each iteration n we calculate the respective
reservoirs I'n/" (w) and from here on the correlation functions C,(w) according to Eq.
(4.3.35). After completion of all iterations n < N¢, the BRT is constructed for all sites
of the Wilson chain and then diagonalized exactly by exploiting its block-diagonality
with respect to the system energy differences (see Eq. (4.5.56)). The construction of
the BRT can be parallelized for each chain site and the diagonalization is parallelized
for each block. This way the program is almost entirely parallelized, and we have used
a maximum of 12 threads.

We have chosen a logarithmic frequency mesh in accordance with the logarithmic
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discretization procedure of the CWC formalism. This ensures an adequate resolution
of the different energy scales of the Wilson chain. We choose a symmetric energy mesh
with

w; = 2D (wne_16/(2D))*N™ i € [0, Ny /2] (5.4.56)

for the positive half of the spectrum. Here D is the bandwidth, wy,_1 is the NRG-scale
at the last chain iteration and ¢ is the relative maximum resolution of the mesh. We
have chosen § = 5-107%.

To construct the BRT of the m-th chain site, the particular correlation function
needs to be evaluated at specific system energy differences w,;,. Since the energy mesh
of Oy, (w) is fixed, the values C,,(w,p) are evaluated via a linear interpolation between
the mesh points. This approximative step does not impair the results in any significant
way, however, it takes up most of the runtime. The number of mesh points V,, is thus
not only a marker for the numerical accuracy of the BRT, but also for the runtime of
the program. We have chosen NV,,, = 103 in all cases to obtain a sufficient resolution of
the correlation functions for all iterations n. To justify our choice of the mesh for the
correlation functions, let us briefly discuss the drawbacks of alternative construction
schemes.

One option is to collect all eigenenergy differences wg;, of the complete CWC Hamil-
tonian, before calculating the reservoirs. These energy differences are ordered and used
to construct the mesh for the reservoirs. This way we do not evaluate the reservoirs for
continuous energies w, but for discrete indices a,b. Hence no interpolation is necessary
and the construction time of the BRT would be decreased significantly. Here the num-
ber N, of mesh points is not necessarily equal to the quadratic number N of CWC
eigenenergies, since several energies w,;, can be degenerate. In fact, Ny, is here equal to
the number of blocks of the BRT. However, if the chain length is large, the number of
necessary mesh points by far exceeds Ny, = 103 and this likely also counts in the case
of a truncated eigenbasis of the Wilson chain. Even though the construction time of
the BRT is now decreased, the construction time of the reservoirs and their respective
RGFs is significantly increased. Since the CFE algorithm is iterative (see Sec. 5.1),
no parallelization with respect to the iteration n is possible here. Furthermore, the
numerical stability of integrating over these specific meshes is uncertain and needed a
more careful investigation.

A second option is to exploit the steady-state of the correlation functions C),(w) (see
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Sec. 5.2). At a certain effective temperature 7)., =~ 0.1D, which depends on the chain
length N¢ and the discretization parameter A, an even-odd steady-state of C),(w) is
reached (see Sec. 5.3.3). From here on, the correlation functions are simply scaled by
a factor of A on both axes for each increment of 2 of the iteration number n, meaning
that

Chio(w) = Cp(wA)/A (5.4.57)

for n > ngs. Thus, by rescaling the BRT of chain site n and the respective eigenenergies
wap by a factor of \/annss7 the correlation functions Cy(w) and Cy11(w) could be
reused for all consecutive chain sites and N, could be kept relatively low. However,
in order to use this scheme, we require effective temperatures of the Wilson chain well
below 0.1D. Also, the logarithmic discretization of Eq. (5.4.56) is so well-adapted to
the energy spectrum of a Wilson chain, that the number of required mesh points is
almost independent of the effective temperature. For that reason, we discarded the
two alternative mesh schemes and accept the linear interpolation.

Besides the construction of the BRT, the second bottleneck of the program is the
diagonalization of the BRT and the construction of physical quantities. The block-
diagonality of the BRT with respect to the system eigenenergy differences w,;, allows for
a second parallelization. The diagonalization within these ”energy-subspaces” is exact.
Since we choose N, = 103, the diagonalization of the BRT takes up a similar amount
of time as its construction. Thus, a reduction of N,, could in the best case reduce the
total program runtime by around 50%. The energy-subspaces of the BRT are highly
inhomogeneous in dimension, with the subspaces for wy, &~ 0 being the by far largest
ones. The question, when to interpret two energy differences w,;, and w.q as degenerate
and thus, when to assign them to the same subspace, influences the size of the blocks
of the BRT. However, if energies are interpreted as degenerate for A < w, - 1075, the
results are practically converged to the A = 0 version®. The largest blocks of the BRT
could be diagonalized numerically to accelerate the program. A Lanczos method would
be appropriate here, since it significantly reduces the number of eigenstates to the low-
energy ones, which are most relevant for the long-time behavior of the time-dependent
density matrix and thus for the relaxation. A concrete implementation of the Lanczos
method for the diagonalization of sub-blocks of the BRT is described in Sec. 6.1.8. For

the construction of the y-operator, which is required for ESFs, the w,, = 0 subspace

5For details on A and the closely linked secular approximation see Sec. 5.3.4
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is not included in the BRT, since x,, = 0. This decreases the CPU time required for
the diagonalization.

For the following results of the OCF we have chosen N, = 10, €, = ¢ = —T,
D = 100", Nc = 10 and A = 2, if not stated otherwise. The dimensionless inverse
temperature § is adapted to always guarantee 7 = I'. A black dashed line, added to
the figure, in any case represents the analytical exact solution for the RLM (see App.
A), both for TD-NEVs and ESFs.

As mentioned above, we restrict to the two-level problem with an impurity Hamil-

tonian
Hipp = €qd'd (5.4.58)

coupled to a closed and open Wilson chain, respectively. In the thermodynamic limit
this resembles the RLM. Since its exact solution is known analytically, it serves as the
perfect toy model to benchmark the OWC results.

5.4.1. Non-Equilibrium Real-Time Dynamics

We investigate the impurity occupation number

na(t) = Tr{eiHstnde—iHsthS(t)}
- Z Z(nd)ab Cl (|Ul>)ba eiwabt*)\lt
ab 1

= Xy ettt (5.4.1.59)
f.l

with X; p = Y™ (na)acr (1) )pa and wy ; = wy —JImN; (see Eq. (4.3.40)). The CWC
solution is obtained by setting the eigenvalues \; of the BRT to zero. The CWC solution
accounts for a correct short-time behavior by the oscillation frequencies wy, while those
oscillations stay coherent on longer timescales and thus yield charge reflections back
to the impurity site. The real-part of \; generates a relaxation of these oscillations,
while Ao = 0 of the w; = 0 subspace accounts for the long-time steady-state. For that
reason, we refer to Re)\; as the relaxation rates. The Lamb-shift JmJ);, on the other
hand, adds slow oscillations to the ODDM.

In Fig. 5.16 the impurity occupation is displayed for chain length N¢ € [0, 10]. Here
N¢ = 0 accounts for the system being reduced to the bare impurity, while No = 1 adds

the zeroth Wilson chain site to the system Hamiltonian. With increasing chain length
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Figure 5.16.: Impurity occupation ng4(t) for various chain lengths Ng. Even chain
lengths are depicted in the upper panels (a) and (b) while odd chain-
lengths appear in the lower panels (c¢) and (d). On the r.h.s. in panels
(b) and (d) we present the OWC solutions, on the Lh.s. in (a) and (c)
only the CWC is displayed.

Hg grows, and thus the BA is improved. This translates to improved equilibrium values
nq(t = 0), both for the CWC (depicted on the left) and the OWC (on the right). The
steady-state ng(t — 00) = 1 — nq(t = 0) is reached with a deviation of 0.1%, which
solely stems from numerical inaccuracy by choosing N,, = 103. This shows that the
OWC curves relaxate to the equilibrium value predicted by the CWC.

An interesting feature of Fig. 5.16 is the difference between even and odd chain
lengths. The equilibrium values nq(t = 0) approach the exact solution (black dashed
line) from below (even N¢) and above (odd Ng), respectively. This suggests that the
even-odd behavior is incorporated in the energy spectrum of the Wilson chain and
that it converges for long chains. Indeed, it is a well-known fact, that the spectrum
of the Wilson chain exhibits an even-odd behavior. Since in the CWC the particle

number is conserved, the one-particle subspace is sufficient to understand this effect.
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The one-particle contribution to the equilibrium occupation number is
ny = (2)71(1,0,0,..|e "% 1,0,0,..). (5.4.1.60)

In the Wilson chain the hopping parameters tq, t1, ... are defined by the bandwidth D,
while the local impurity energy shall be |eq| < D. For odd chain lengths the spectrum
is almost symmetrical around the Fermi level, while for even chain lengths a small
eigenvalue Fy =~ €4 is always present. The corresponding eigenstate has a strong overlap
with the one-particle impurity state and so Ey always has the dominant contribution
to the equilibrium value of the impurity occupation. Since for short chains Ej is much
smaller in absolute value than the smallest eigenenergies of odd chains, nq(t = 0)
always deviates more from half-filling for even chains. With increasing chain length
the logarithmically decreasing Wilson chain parameters ¢,, split up the eigenspectrum
for small energies and thus decrease the even-odd effect.

The closed chain real-time dynamics
nh(t) = (Z)71(1,0,0,...|e e P 1 0,0, ) (5.4.1.61)

for the one-particle subspace can be explained in a similar manner®. For No = 0 the
impurity is isolated and so no transitions are possible. For even chain lengths No > 0
the eigenenergy Fj still has the dominant contribution to the state where the impurity
level is occupied. Here, the oscillation frequency is wy = Ey— Ey = 0. Oscillating terms
are added with a small amplitude and this effect increases with the chain length. The
N¢ =1 case describes a simple oscillation between the impurity and the zeroth Wilson
chain site with a frequency €2 =~ 2V. With increasing chain length the eigenenergies
closest to the Fermi-level shrink, and thus the oscillation amplitude is decreased. In
any case, the even and odd chains slowly converge to each other with increasing chain
length. The convergence can be accelerated by choosing a higher A, which ensures that
the small energies converge to each other faster.

To explain the behavior of ng(t) in the OWC, a different argumentation is required.
The initial equilibrium value is reached by definition for ¢ = 0, while the final steady-
state is always reached by construction (see Sec. 4.5). At temperatures 7' = I, the
Lamb-shift is much smaller than the relaxation rates. Hence, the slow oscillations it
generates are already damped by PRe); before they can contribute to the dynamics.

Thus, the difference between even and odd chains lies in the dominant relaxation

6Note, that we quench the Hamiltonian at ¢ = 0 from the initial one H' to the final one H'.
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rates. For each chain the eigenvalue \; = 0 of the energy subspace with wy = 0 has
an important contribution as it defines the steady-state. Even chains always have a
real eigenvalue \; =~ 2I" with a large weight ¢;. The eigenvalues with largest weight for
odd chains are (besides \; = 0) a complex conjugate pair z,z* with ez > TJmz and
MRez > 2I". With increasing chainlength, even and odd chains align.

Let us explicitly cover the relevant dynamics of the first OWC curves of Fig. 5.16
for —ef = T' < D. In the N¢ = 0 case we observe a simple exponential decay with
a relaxation rate v = 2I'_;(el)) = 2T, i.e. the reservoir evaluated at the lowest local
one-particle energy €. If we proceed to Ng = 1 the dynamics is oc cos(2Vt)e 7. Since
v =Tu(V) = %D > 2V, the oscillating term is almost immediately damped by the
decay term and so no oscillations can be observed in the figure. Note, that the cos(2V't)
term resembles the oscillations that occur within the CWC one-particle subspace. The
relaxation rate v is, once again, given by the reservoir coupling function at the lowest
one-particle energy. If the chain length is increased then the dominant relaxation rate
7 is basically defined by the last reservoir I'y,_1(w) of the chain at w ~ 0. Since
the reservoirs shrink with the iteration n, the relaxation rate of odd chains decreases
further. However, with increasing chain length an eigenvalue emerges in the wy = 0
subspace that converges to 2I" from above and thus becomes the dominant rate of the
relaxation. Even chains possess this eigenvalue of 2I" for all chain lengths and thus
exhibit the correct relaxation rate even for short chains.

To illustrate these findings, we have plotted the single contributions to the occupation
number nq(t) in Eq. (5.4.1.59) in Fig. 5.17. We represent wy as blue points, Re); as
orange crosses and JmJ); as green stars. The specific energy value of these components
is plotted on the horizontal axis, while their respective weight | X ;| in the expression
for nq(t) is plotted on the vertical axis. While the PRe); are semi-positive, w; and
Jm)\; are located symmetrically around w = 0. To avoid redundancy, most negative
energies are cut off on the horizontal axis. The value wy is associated with ), | X,|
and the values Re); and JmA; with > | Xy[. This way, Fig. 5.17 gives an overview
over the most important relaxation rates and oscillation frequencies of the RLM for
short OWCs. In turn, these elements explain the resulting non-equilibrium curves of
Fig. 5.16.

The symbols at the upper left of each panel represent the steady-state of the occu-
pation number for A\; = 0. The height of each symbol is proportional to its importance
in the expression. Consequently, the second most important eigenvalue of the BRT has

a large real-part for odd chains that constantly shrinks with increasing chain length
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Figure 5.17.: A display of the single components of Eq. (5.4.1.59) for different chain
lengths N¢. wy (blue points), PRe); (orange crosses) and Jm); (green
stars) are plotted on the z-axis in units of I' and their respective weight
| X ] on the y-axis. Odd chains are plotted on the Lh.s., starting with
Nc =1 at the top and even chains starting with N¢ = 2. Both axes are
scaled by I'.

(see the orange crosses in the Lh.s. panels). On the other hand, smaller eigenvalues
gain importance with N¢ and eventually converge to 2I'. For even chains this eigen-
value is present for all chain lengths (single upper orange crosses in the r.h.s. panels).
The imaginary-part of the eigenvalues (green stars) is always way below its respec-
tive real-part and thus the Lamb-shift induces slow oscillations, which are damped
almost immediately. The blue points represent the influence of the CWC. As long
as wy < Re);, the CWC oscillations are damped by the relaxation rates. For longer
chains, however, the influence of those oscillations in the occupation number grows in
their absolute values as well as their weight relative to the relaxation rates. For that
reason, the damping of the CWC oscillations happens later in time for longer chains

and the influence of the CWC on the short-time dynamics grows, which explains the
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Figure 5.18.: Impurity occupation nq(t) for chain length No = 10. In each panel a
different parameter is varied. We have varied (a) the bandwidth D, (b)
the impurity level €4, (c) the temperature 7" and (d) the discretization
parameter A. In all panels, except for (c), the temperature is chosen
to be T = TI'. In all case, 8 has been adjusted to reach the desired
temperature. The OWC is depicted as a solid line, the CWC as dotted.
The OWC without the Lamb-shift is presented as a dashed line and the
analytical solution according to App. A.2 is added as a black dashed line.

"bumps” in the r.h.s. panels of Fig. 5.16 for longer chains. Since the CWC is known to
yield the exact short-time dynamics increasingly well with longer chains, those unphys-
ical bumps are expected to converge to the exact dynamics with increasing N¢g. This
will be investigated in Chap. 6, since truncation of the high-energy states is required
to calculate chains with N¢ > 10.
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In Fig. 5.18 the OWC with (solid lines) and without (dashed lines) Lamb-shift is
compared to the CWC (dotted lines) in different parameter regimes for a chain length
of N¢ = 10. Obviously, the effect of the Lamb-shift is small. Only by increasing A
a significant influence of the Lamb-shift can be observed. As predicted in Sec. 4.6,
increasing the local parameter ¢4 improves the MA, while increasing the temperature
T improves the BA.

5.4.2. Equilibrium Spectral Functions
In analogy to Sec. 5.4.1, we start by defining the TD-EGF

Ga(t) = —i0(t)Tr{pld(t), d"]}
= 3y peenst-Rent (5.4.2.62)

of the impurity in the time domain (for details on the definitions see Sec. 4.4). The

GF in the frequency domain is obtained via a half-sided Fourier transform
Ga(w + i0+) = / dt Z }/l7fei(w+wl,f)t—m,\,t
0 T
(5.4.2.63)

_Zw—kwlf—l—ziﬁe/\l
slightly above the real axis in the complex plain. The ESF of the impurity follows as

1
Ag(w) = ——JmGd(w +1i07)

__Z%Q)\lmenf_(W‘{’W[f)Jinf

(5.4.2.64)
(w +wip)? + (ReNy)’

The CWC solution can be obtained by A\; — 0. Since the CWC spectrum naturally
consists of delta-peaks, it is artificially broadened by a logarithmic Gaussian and, for
small w, by a Lorentzian. Details on this broadening scheme can be found in Sec. 3.8.
A broadening of the ESF peaks relates to a damping in the time domain. Consequently,
a small/large relaxation rate of the OWC translates to a narrow/wide broadening of
the spectrum peaks.

An initial value G4(t = 0) = 1 corresponds to the sum-rule of the ESF and should

always be fulfilled. In fact, this value is a simple way to assess the correctness and the
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Figure 5.19.: The time-dependent retarded Green’s function G4(t), calculated via
(5.4.2.62), versus dimensionless time ¢I" for the CWC (left panels (a) and
(c) ) and the OWC (right panels (b) and (d) ). The analytical solution

e Tt is added as black dashed lines for comparison.

numerical accuracy of the method.

In the case of the RLM and a constant DOS, G4(t) resembles a simple exponential
decay with rate I', while the corresponding ESF is a Lorentzian of width I" (see App.
A.1). This once again makes the RLM the perfect foundation to benchmark the OCF
before proceeding to non-trivial models in Chap. 7.

We begin by choosing a discretization parameter of A = 2 and a bandwidth of
D = 100T", as already done in the previous section. The chain length is varied and the
temperature is in all cases adapted to be T'=I'. We choose an impurity energy at the
Fermi-level to obtain a symmetrical spectral function around w = 0.

In Fig. 5.19 the TD-EGF Gq(t) is plotted to compare the CWC and the OWC.
Firstly, Gq(t = 0) = 1 is always fulfilled, which is clear in view of the fact, that it is
solely defined by the closed chain and no numerical approximation has been performed

here. Secondly, the CWC resembles the analytical solution for short times well, while
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it then exhibits periodic revival oscillations and does not approach a steady-state. The
OWC solution, on the other hand, relaxates to its steady-state. Here the even-odd
behavior resembles the non-equilibrium dynamics of Fig. 5.16 for similar reasons. The
steady-state Gq(t — oo) = 0 is guaranteed by the fact, that x,, = 0, and so the
corresponding BRT does not include the w; = 0 sub-space. However, this subspace is
the only one that includes the \; = 0 eigenvalue responsible for a finite steady-state of
the system. Thus, all eigenvalues of the BRT occur in complex conjugate pairs with
Me); > 0 and lead to a complete dissipation of x(¢). The "bumps” around ¢ =~ I" in the
OWC solution stem from the influence of the CWC, which becomes dominant on short
time scales if the chain length is increased. This effect has been well covered in Sec.
5.4.1. The corresponding spectral functions could be obtained by a numerical Fourier
transformation. However, we analytically calculate them from the parameters Y; s, wy
and \; as in Eq. (5.4.2.64).

In Fig. 5.20 the spectral functions are plotted in an analog manner to Fig. 5.19.
The dominance of the one-particle energies ~ +V in the even chains is depicted as
the two peaks in the upper panels. Those peaks are expected to merge in the limit of
long Wilson chains. The CWC shows a reverse behavior with increasing chain length.
Here the dominant contribution to the ESF starts around the local energy level and
then splits up into two peaks and thereby decreases the height of the resulting peak.
However, in the limit of long Wilson chains the CWC is expected to yield good results
for the spectral function. Similar to the non-equilibrium case in Sec. 5.4.1, the BRT
contains the 2I'-eigenvalue for all odd chain lengths, and thus the correct Lorentzian
is obtained in each case. The "bumps” of Fig. 5.19 translate to small oscillations at
the sides of the Lorentzian. However, with increasing chain length, the CWC solution
of G4(t) is valid for increasingly longer time scales, which is the same effect as seen in
nq(t). Under this aspect, the unphysical oscillations are expected to vanish for longer
chains, and the OWC is expected to converge to the correct solution. This will be
further investigated in Sec. 6.2.

At low temperatures, the OWC solution of y(¢) exhibits an interesting behavior,
i.e. the contribution of the dissipative part of the BRT shrinks, making it effectively
diagonal. Since the off-diagonal elements of the BRT, i.e. the dissipative part, are
proportional to Fermi functions and the Fermi function vanishes for positive energies,
the BRT becomes a triangular matrix, if 7' is sufficiently small. Consequently, the
dissipative part has no influence on the eigenspectrum of the BRT. In fact, those

elements have no impact on x(¢) at all. This can be understood by examining the
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Figure 5.20.: The spectral functions Aq4(w), calculated via (5.4.2.64), versus dimension-
less energy w/T" for the CWC (left panels (a) and (c) ) and the OWC (right
panels (b) and (d) ). The analytical solution is added as black dashed
lines for comparison. The CWC curves are broadened with a logarithmic
Gaussian factor of b = 0.8 and we choose a bandwidth of D = 1001I".

operator x(0). In the untruncated system eigenbasis we obtain

6_/8Em + e_BEn

Xomn(0) = (m| x(0) |n) = Z dr . (5.4.2.65)

If both eigenenergies E,,, F,, > 0, the expression vanishes for 7' — 0. In general, x,,,(0)

is damped quickly, if the energies are relatively large. Let us define the equation

Oab = Z Rab,mnpmn (54266)

in the system eigenbasis, with O and P being arbitrary local operators and R being
the BRT. To examine the off-diagonal elements, consider a # m and b # n, i.e. the

BRT is equal to the dissipative part, which is « dg,_g, £, 5, f3(Fa — En) (see Eq.
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Figure 5.21.: Relative (and thus dimensionless) difference AA4(w) of the OWC ESF
with and without the dissipative part for different temperatures 7'. The
chain lengths are chosen as (a) Nc =6, (b) Noc =7, (¢) Nc =8 and (d)
Nc =9.

(4.5.57)). These elements are non-zero, ift £, — F,, = E, — E,, < 0, which means, that
the indices m and n are associated with relatively large eigenenergies. If we choose
P = x(0), then the elements P,,, of large eigenvalues E,,, E,, are zero and the operator

O is independent of the dissipative elements. As a consequence, the expression

X(8)) = e~ x(0)). (5.4.2.67)

has no contribution of the dissipative elements.

Up to this point, the discussion has been rather intuitive. To prove the statement,
that the dissipative part of the BRT can effectively be neglected for 7' — 0, we have
plotted the relative difference of the OWC ESF Ag4(w) with and without the dissipative
part of the BRT in Fig. 5.21. The inverse temperature 3 has been varied to set different

temperatures T'. Since the spectra are symmetric, we have restricted ourselves to the
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positive part of the spectrum. The differences decrease with lower temperature, as has
been suggested above. For even chain length the diagonal version of the BRT becomes
exact at T" < 0.1I". For odd chains a small difference between the spectral functions
remains. With increasing chain length, we expect the even-odd behavior to reduce and
the influence of the dissipative part to decrease further for small temperatures.

With a diagonal BRT, the computation simplifies significantly. We can express the
unitary, i.e. the diagonal, part of the BRT as Rupap = 1o + 1} (cf. Sec. 5.2). It is thus
sufficient to construct and store the first order tensor 7, = ), I'q 0. The GF can then

be expressed as

dabXba(O)
= E 4.2,
Gd<w) — W+ Wy + Z-(Ta + TZ) ) (5 68)

which represents a simplification of Eq. (5.4.2.63) by neglecting the dissipative part
of the BRT. The diagonal elements r, 4+ r; of the BRT serve as direct broadening
parameters for the CWC spectrum. In contrast to Eq. (5.4.2.63), we have changed
the indices here. The index [ can be dropped, since no diagonalization of the BRT is
necessary and the index f is split up into a and b according to we, = wy. The reduction
to the diagonal part of the BRT renders a diagonalization obsolete. Furthermore, there
is no requirement to construct a fourth order BRT, but instead the first order tensor r
is sufficient. Thus the program complexity of the OWC reaches the orders of magnitude
of the CWC. In this regime, the alternatives to optimize the construction of the RGF's

mentioned at the beginning of this section are relevant.

5.5. Summary

We defined a CFE, that restores the continuum for a logarithmically discretized bath
by iteratively coupling reservoirs to the Wilson chain, and thus constructing an OWC.
To adapt the formalism to arbitrary discretization parameters A > 1, the low-energy
reservoir at the end of the chain is at each iteration n divided into a high- and a low-
energy part by a cut-off function with a cut-off frequency wS. The remaining OWC
is then constructed from the low-energy reservoir. Since there are strict criteria for
the cut-off function, its precise form does not significantly influence the RGF's and is
effectively no DOF of the OWC. The OCF is adaptable to arbitrary bath DOS, where
symmetric spectra are preferable to simplify the algorithm. To numerically calculate

the reservoir coupling functions, which shrink exponentially with n, a logarithmic mesh
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needs to be chosen. The finite number of mesh points represents a source of numerical
inaccuracy, however, with our chosen number of 10®> mesh points, this inaccuracy is
negligible.

The purpose of the extension of the system part by the Wilson chain, and thus the
construction of the OWC, is to improve the BMA. As pointed out in Chap. 4, the
BMA is based upon the assumption that the hybridization between the system and
the bath is small with respect to the other parameters of the OQS. This criterion
is now shifted to the hybridization between the single chain sites and the respective
reservoirs. We have shown, that the system energies of the OWC are defined by the
local impurity parameters, as well as the Wilson chain coupling parameters ¢,,. The
bandwidth D only influences the coupling between the impurity and the OWC and
has no direct effect on the BMA. The width of the reservoir coupling functions can be
estimated by w¢, and we have shown, that all parameters mentioned above are larger
than the respective hybridization ¢/, to the single reservoirs. In the limit of A — 1%,
the t/’s vanish and the BMA becomes exact.

The most significant error of the BMA is expected to occur for the first chain sites
n < Ng, which is due to the fact that the ¢ increase with n, if n is small, and only start
to decrease for an effective Wilson chain temperature below 0.5D. If A is small, n is
required to be relatively large for the reservoir hybridization to be small. Nevertheless,
the contribution of the first chain sites to the total BRT is increasingly small with
decreasing effective temperature.

The reservoir coupling functions exhibit an even-odd behavior and a scaling of A
between each iteration n and n + 2. This behavior is already known from the level
spectrum of the Wilson chain, which exhibits two distinct fixed points. An increase of A
enhances the difference between even and odd iterations. For an effective temperature
of 0.1D, the steady-state of the RGFs is reached and thus the even-odd effect has
effectively vanished.

The even-odd effect is also depicted in TD-NEVs, TD-EGFs and ESFs, respectively,
for CWC and OWC curves alike. With increasing n these differences even out, and
the solutions converge to the exact solution, in the limit of the BMA. The RLM has
been examined for chain lengths N¢ < 10 to allow for an exact treatment without
truncation of high-energy system eigenstates. This way, we can assume the impact of
numerical errors on the solutions to be minimal.

In TD-NEVs the steady-states are in the BMA completely defined by the system

eigenenergies. For increasing chain length the Wilson chain is known to reproduce
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these equilibrium values well. Additionally, the BRT provides a thermalization on the
correct time scale for the RLM. The MSA restricts the time-evolution of the density
matrix to exponential decay terms and thus a physically correct short-time behavior
cannot be simulated by the BMA. However, we were able to show, that the CWC
solution begins to dominate for short times, if the chain length is increased, which
improves the OWC curves. In that context, the OWC in the BMA in second order
seems to be an adequate approach for TD-NEVs.

The TD-EGFs show a similar behavior as the TD-NEVs. Short-time dynamics is
governed by the CWC, while the reservoirs allow for a complete relaxation within few
units of 1/T". In contrast to TD-NEVs, the steady-states of the TD-EGFs are not
influenced by the BMA, and are thus exact up to numerical precision. With increasing
chain length N and discretization parameter A, unphysical oscillations appear due to
the discretization error. These oscillations translate to bumps in the outer regions of
the respective ESF. We expect the CWC TD-EGF short-time dynamics to improve
for smaller A and thus the bumps in the OWC ESF results to be reduced.

For low temperatures, the dissipative part of the BRT appears to be negligible when
calculating ESFs. A reduction of the BRT to the unitary part has the potential to
spare a significant amount of runtime, making the OWC program runtime comparable
to that of the CWC. This will be especially relevant for large Wilson chains, since here

the effective system temperature is naturally lower, if all other parameters are fixed.
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Up to this point we have restricted our investigations of closed and open Wilson chains
for purely practical reasons to chain lengths N¢ < 10 . The Hilbertspace of a Wilson
chain grows exponentially by a factor of d with each additional chainsite. The local
Hilberspace dimension d = 2 of the simple RLM is increased, if DOF such as spin or
additional channels are included. This sets a rather tight limit to the application of a
Wilson chain. Furthermore, dynamical quantities require long chains in order to avoid
major finite-size effects to occur up to a certain point in time of interest. Long chains
also allow for reaching exponentially small energy scales, and even the Kondo scale,
without choosing a large A and, thereby, suffering significant discretization errors (see
Sec. 3.10). For Wilson chains of length N¢ > 10 the NRG introduces a truncation
scheme that discards certain states at each iteration to keep the Hibertspace constant.
Thus, the complexity grows linearly with N¢, instead of exponentially. Initially, the
NRG has only been applied to the equilibrium case (see e.g. Ref. [22]). Though,
within the last 20 years significant progress has been made in applying the NRG to
the calculation of non-equilibrium dynamics and spectral functions [29, 23, 24, 88|.
The suitability of a truncation scheme for all of these cases is based on a simple fact.
Since the construction of a Wilson chain implies a logarithmic discretization of the
band, a wide range of energies is included in the system, spanning from the bandwidth
D down to the effective temperature Ty, of the Wilson chain of length N¢ (see Eq.
(3.5.28)). By increasing N¢, while keeping A fixed, Ty, can be decreased quickly by
orders of magnitude. Low-energy states S(E — E,) < 1 are favored by the Boltzmann-
distribution. At 7' =~ T, high-energy states with £ — E, > Ty, can reliably be
neglected since the density matrix damps their contributions (see Sec. 3.3). This
truncation scheme has already successfully been applied to an NRG hybrid approach
(see Sec. 3.11). Our objective is to apply the NRG to the OWC to construct a hybrid
system, which combines the properties of a true OQS with the versatility of the NRG.

Note that flavor DOF, such as spin or band indices, of local operators is omitted since

it does not impact the following argumentation. Where necessary, the incorporation of
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DOF is explicitly addressed.

6.1. Master Equation for the Truncated Wilson Chain

We start with the time-evolution of an arbitrary local operator
Os(t) = Tr{e—iHsthS(t)eiHstOS}. (6.1.1)

By choosing pg(t) as the reduced density matrix obtained by the BRF the limitations
of the BMA are included in the system. The quality of the approach is then determined
by the system Hamiltonian Hg. In Chap. 4 we have reduced Hg to the bare impurity.
In Chap. 5 the local system has been enlarged to a relatively short Wilson chain, which
already significantly improved the BMA. Consequently, Eq. (6.1.1) has been expressed

in the complete basis
1= |r; Ne) (r; Nel (6.1.2)

of a Wilson chain of length Nc. Here |r; N¢) denotes an eigenstate of the CWC
Hamiltonian and the sum runs over all of those eigenstates. In the context of the NRG,
at iteration n = npy;, the truncation scheme starts, i.e. all eigenstates are divided into a
discarded set of high-energy states |/; nyin) and a kept set of low-energy states |k; npin)-
With increasing NRG iteration n the number of possible configurations of charge on
the Wilson chain grows. To account for that fact, an index e is added to the system
state, which aggregates all EDOF of the rest chain No — n. The state |r,e;n) is thus
degenerate by a factor of dV¢~" to be compatible to the states of higher iterations > n.
The basis

1nmin = Z |Ta €, nmin> <T7 €; nmin| (613)

e

is still complete, if r includes all kept and discarded states on iteration n.,. By
dividing the kept states |k, e; nyin) into kept and discarded states on iteration npy, + 1,
a different set of basis states is obtained. By defining all states of the last iteration

n = N¢ to be discarded, we can write a complete set of eigenenergies in the context of
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a truncated Wilson chain as

Z Z|len len|+2|kem (k,e;m| (6.1.4)

n=nmin l,e

with ny,im < m < Ng. The exact case without truncation is recovered for ny;, = Nc.
The time-evolution of a local operator Og in the basis of the truncated chain is given
by (cf. Eq. (3.9.55))

S Y amnoneEE 619

N=Nmin 7 S¢{k) k)/}

where

A nit) = 1 s cinl A0 i)

= Ze Aate (s e;n| pf |y esn) . (6.1.6)

is the time-dependent density matrix, which is reduced both with respect to the trace
Trg over the bath DOF and the sum over the rest chain environment e. The quan-
tities A\, are the eigenvalues, pg/l the r.h.s./Lh.s. eigenoperators of the BRT and
Co = Tr [plaps(t = 0)] To obtain (s,e;n|pl, |r,e;n), the BRT has to be diagonal-
ized in the complete eigenbasis 1,, of the truncated Wilson chain. For that reason, we
rewrite the BRT of Eq. (4.5.57) in the form

Rizgs = 613624 Y (Tiss1 + Do550) — 20015, Reliz 13 (6.1.7)
5

with the damping tensor

Nc

1231 = Z Cm,p<w34>f£1,12 m34 T C'm,h(W34)fm,12 :n,34‘ (6.1.8)

m=0

The numbers in the subscript are defined by i = |r;, e;;n;) and thus account for a kept

or discarded state at iteration n;. The sum over 5 needs to comprise the complete basis
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set 1,,. The master equation is consequently given by
pra(t) = — Z Riz34p34(t), (6.1.9)
34

where ) ., needs to comprise complete basis sets as well. For each element n of the
sum over all truncated NRG iterations in Eq. (6.1.5) a basis set 1,, needs to be chosen,
that includes the kept states of iteration n and the discarded states of iterations m
with npp <m < n.

In its most general form, the BRT Rj34 may couple states of four independent
NRG iterations. For n = ny;, the BRT is self-contained on its iteration, while for
n = Ng all iterations > n;, are coupled. To assess the dimension of such a tensor,
let us first estimate the number of states of the complete basis set. Independent of
the iteration n the total number of states that comprise the complete basis set 1,, is
around NgdV¢~mmin . The definition of the EDOF e keeps this number constant over all
iterations. Obviously, this number is equal to the number of states of the untruncated
Wilson chain and is thus exponentially large. The TD-NRG overcomes this problem
by reducing the sum over two complete basis sets in Eq. (6.1.5) to a sum over n and
r,s. The EDOF are condensed in the reduced density matrix (see Eq. (3.9.56)). A

similar strategy can be used in the master equation (6.1.9) to reduce it to

Nc
pr2(t) = — Z (Tis51 + D5 50) pr2(t) + 2 Z Ong.na Z Oz w34 Z Rel'y2,13034(1).
5 n3,M4=Nmin r3,ra¢{k,k’'} €3,e4

(6.1.10)

While the unitary part immediately follows from the Kronecker-deltas in Eq. (6.1.7),
the origin of the summation in the dissipative part is not so obvious. Let us for that

reason explicitly show that

N¢

Z5w12,w34r42,13,034(t)= Z Ong.na Z 5w12,w34zr42,13p34(t). (6.1.11)
34

Nn3,M4="Nmin r377’4§é{k3,k3/} €3,€4
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Firstly, we reverse the second MA and the secular approximation to obtain

Z 6w12,w34r42,13p34 (t)
%ZZ/ds o (5) (1 F0)12) (1] £t = 5) )

+ Con(3) (41 £, (0 12) (1] 11, — )13 ] 31 o5(0)14)
= [ s 3 1 Xaes) + Yialt.s) ) G100 1) (6.1.12)

0 34

with
X12 t 3 Zomp fJr |2> <1|fm(t_8)
Vialt, s Zomh £)12) (1] £t — ). (6.1.13)

The sum over 3 can be dropped while the sum over 4 corresponds to a trace. The last
line of Eq. (6.1.12) is the trace of a product of two operators and thus it can be treated
analogly to Eq. (6.1.5). By reapplying the two approximations, Eq. (6.1.11) is shown.

The EDOF are still coupled in the master equation (6.1.10), which makes it prac-
tically impossible to be calculated. By choosing ny = no = n, e; = e; = e and
performing the sum over e, we construct the reduced density matrix of Eq. (6.1.5) on
the Lh.s. of the master equation. To discuss the EDOF we investigate the unitary and

the dissipative part separately in the subsequent sections.
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6.1.1. Unitary Part of the Master Equation

The unitary part comprises two terms of the type

Z Z ['i551012(t)
- Z Z Z ( m,p(Ws1) f, m 15/ m51 T th(w51)fm715 7L751> p12(t)

e m=0

Z ZZZ[ mp(ElL — B (ry,esn| £, |5, e5in”) (Is, 550 £ [y, 5m) +

n'=nmin 5 e5,e m=0

+ Coun(E] — E) (ri,e5n| £, |5, e5507) (I, es3 0| £ 1, €; n>] (r1, e;n| pg(t) |ra, e;m)

> 30D [Cunl B = B E) () + Cuun B = B3 (F) ()| i (i),

n'=nmin s m=0

(6.1.1.14)

In the first step we simply inserted Eq. (6.1.8). In the second step we defined
> 515) (5] = 1y, with ns = n’ and expanded the short-form notations in their ex-

plicit form. In the last step we have used
(s,e;n| ps(t) |r,e;n) = pred(n; t)d" e, (6.1.1.15)

which is in accordance with Eq. (6.1.6), and defined

(Fin )yt (1, mg) = d™—Ne Z (r1,ex;mal fl Ira, €23 ma) (ra, e2;mal f,, |71, €15 na)

€1,€2

(Fn)it(na,mg) = d™—Ne Z (r1,exinal f, 12, €25 m2) (ra, eaimol 1, |r1, erina) .

€1,€2

(6.1.1.16)

The explicit calculation of (F,,)" (ny,ns) and (Fp,)" (n1, ne) is described in Sec. 6.1.4.
The last line of Eq. (6.1.1.14) includes the discarded states of all iterations n’ > n.

However, these states can also be expressed by the kept states of iteration n and so we
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can substitute
S [Cunl B = B )it (1) + Con (R = )y (n0)| g, (n: 1)

530S [Conn B, = ER)Fn )iz n,m) + Conn (B2, — B (Fo)2 (1, m)] 5 (5 1).
(6.1.1.17)

The indices 75 here include kept and discarded states of the iteration n.

6.1.2. Dissipative Part of the Master Equation

The off-diagonal elements of the BRT are defined by the dissipative term of Eq.
(6.1.10), where we have

Nc
E : (57137n4 E (5w12,w34 E 9%F42,13034(t)
n3,M4=Nmin r3,raé{k,k'} e,e3,e4
N¢
= T
- } : On s § : Ouri waa § : E , falwis [ m,p W13>fm,42 m,1371
n3,MN4=Nmin 7“3,7“4¢{k,k,} e,e3,eq m=0

+ I h<W13>fm 42 :n,lzs] p3a(t)

Nc
Z TR S B 10

n/=nNmin 73 7‘4¢{k k, e,e3,eq m=0

X [Fm,p(Efl - Efgl) <7’4; 64;”/| f; \7’2,6;“> <7’17€;n\ Jm |’f’3, 63;”’) +

+ Lmn(E) — E"/) (ra,eq;n'| £, [ra, e;m) (i, e;n| £l |rs, es; n’>}ﬂ34(75)

red .
Z Z Opy, g,y - EY, To (B}, = Ey)pr, (n's 1)
n’ =Mmin T3 7'4¢{k? kJ,
min(n,n’) B
Z Do (B2, = B2 (Fn) 2 m') + T (B = B Pz ().

(6.1.2.18)

Here, similar steps have been performed as in Eq. (6.1.1.14) and the Kronecker-deltas
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Ogn _pn pn'_pgn add another restriction to the sums. We have defined
1 3 T4

T

(Fm):;:z (n7 n/) = dnliNC Z 563,64 <T47 €4; Tl/| f;rn ’T27 €; n) <T’1, €; n| fm |T37 €3; Tl/>

€,€3,€4

(Fm)iiiii(n,n’) =g e Z Oeg,eq (Tas ;1| £, 12, €5m) (r1, e3m fil |73, e3;m) .

€,€3,€4

(6.1.2.19)

In the last step of Eq. (6.1.2.18) we have introduced our first approximation in the
context of expressing the master equation for the truncated system. Here we assume
that the index m < n,n’, which we denote by the local operator approximation (LOA)
(see Sec. 6.1.3). This approximation allows us to interpret the chain operators ﬁg) as
local operators with respect to the EDOF e, e and ey, respectively!.

Consequently, for n’ > n we obtain e3 = e4 in Eq. (6.1.2.19), which allows us to
substitute (rs, es;n’| p§(t) [ra, ea;n’) = pred (n';¢)d” ~Ne. Furthermore, the sum over
es cancels out the factor of "' ~N¢ and the sum over e yields another factor of d" .
Since we assume n’ > n, this factor enlarges the particular terms. However, if the
temperature is sufficiently low, the Fermi-function fz(E}, —E%’ ) suppresses these terms,
since B — E:;/ > 0 in most cases. Additionally, the overlap (r,e;n| fy(,;r) |7’ esn’) is
expected to decrease if |n — n/| is large. For that reason, the terms n’ > n can be see
as negligibly small.

The case n’ < m needs to be treated with more caution. The indices e in Eq.
(6.1.2.19) demand the last Ng — n elements of ez and e, to be identical and here the
reduced density matrix can be constructed. However, the first n — n’ elements are
not necessarily identical, since the operator |ry, e;n) (11, e;n| is not diagonal in these

EDOF. Here we require a further assumption of
(s,e;n| ps(t) |r, €;n) = p=d(n; t)d" N6, (6.1.2.20)

i.e. we assume that the density matrix is diagonal in the EDOF for all times ¢. This
restriction demands e; = e, and so the sum over es yields a factor of d"~", while the
sum over e yields d¥=". Together, both factors cancel out d” "¢ in Eq. (6.1.2.19).
Opposed to the case n’ > n, the Fermi-function has a relevant contribution for all

. . / .
temperatures, since in most cases £, — E’ < 0 if n’ < n. Hence, these terms are

Tt should be stressed, that in the original NRG context, only sites < nmin are defined as ”local”.
Here we expand this term to all sites that are equal or below the respective indices n,n’.
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neither damped by a pre-factor, nor by the Fermi-function and the assumption Eq.
(6.1.2.20) needs to be evaluated.

Obviously, the density matrix is diagonal in the EDOF in the equilibrium case t —
o0, since the density matrix relaxates into the Boltzmann distribution in the final NRG
basis. For t = 0 this does not hold and the density matrix is not diagonal in the EDOF
(see Sec. 3.9). To assume diagonality for all times thus generates an error of, up to
this point, undefined quantity in the short-time behavior. However, one has to keep in
mind, that the error grows with n — n’ and vanishes for n’ — n. As mentioned above,
the overlap (r, e;n| f,SP |7, e';n') is expected to decrease, if |n — n’| is large. From that
perspective, the terms n’ ~ n have the most important contribution in the master

equation and the approximation is well justified.

6.1.3. Local Operator Approximation

Let us discuss the impact of the approximation m < n,n’. In fact, our argument is
that Cppm(E? — E7) is negligible, if at least one of the numbers n,n’ is smaller than
m. We have already mentioned this approximation in Sec. 5.3.2, however, here we
want to give a more rigorous justification.

To assess the LOA, we present the NRG spectrum for the first n = 20 iterations in
Fig. 6.1. For demonstration purposes we have chosen the small number of Ng = 30
kept states (green lines) and thus the truncation of the high-energy states (red lines)
starts at ny,;, = 3. Since we restrict ourselves to the spinless RLM, d = 2 and thus 30
states are discarded at each iteration. Note that we have plotted the absolute energies
and so no ground-state-shift has been applied (see Sec. 3.3). The black dashed lines
represent the edge of the effective support of the correlation function C,(w) (called
correlation width), which is roughly given by +5w,, with w,, being the NRG-scale (see
Fig. 5.11).

To assess the approximation, several different cases need to be addressed. In the first
part of the last step in Eq. (6.1.1.14), n’ < n is always fulfilled and the energies El’;/ are
all discarded. Let us first concentrate on the case n’ < n. Here, the energy difference
El’;f)/ - B! ~ El’;/ > 0 is mainly defined by El’;/. In Fig. 6.1(a) we can see, that the
discarded energies of iteration n are well outside of the correlation width of iterations
m > n. Thus, Cypm(ER — E) — 0 and the approximation m < n,n’ becomes exact
for n’ < n.

The other extreme case, n’ = n, is more problematic in the context of the LOA.

Figure 6.1(b) shows, that only some kept-discarded energy differences (blue lines) lie
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Figure 6.1.: Eigenenergies of the truncated Wilson chain for different NRG iterations n.
The vertical axis is given in units of I and scaled logarithmically. We have
chosen D = 100I" and A = 2. In panel (a) we present the bare energies
Er, divided into kept states (green) and discarded states (red). All values
are shifted by an offset of +152I" to allow for a logarithmic presentation.
In panel (b) we plot the energy differences AE,, = E — E? within one
iteration, where we distinguish discarded-discarded (red), discarded-kept
(blue) and kept-kept differences (green), respectively. The plot is symmet-
rical on the vertical axis and thus the negative half is omitted. As a black
dashed line 5w,, is added.

outside of the correlation width for n < m. All other energies can only be neglected
if n < m and if A is large. Precisely, we expect to neglect significant contributions of
the correlation functions for relatively large n’,n and n’,n # N¢. However, compared
to the total number of all possible combinations of the indices n’,n, m the effect of
the approximation m < mn,n’ is to decrease the relaxation rates of the density matrix
by only a small amount. Since the master equation is significantly simplified by the
LOA, we accept this small additional error. Furthermore, the contribution of the chain
operators of site m is small in the basis of iteration n, if n < m, as discussed in Sec.
5.3.2.
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6.1.4. Calculation of the Matrix Elements of the Chain Operators

We turn to the explicit calculation of the tensors F,,,,(ni,ns) of Eq. (6.1.1.16). The
case n; = ng = n is trivial. Since the chain operators are assumed to be local, they are
diagonal in the EDOF ey, e5. Thus we obtain

(Fn)rs(n,n) =d" N02661,62 T17€1,n|fm |r2, e23n) (ra, e23n| f, 11, €15m)

€1,€2

= (ryn| £l |rosn) (rasnl f,, |ri;n) . (6.1.4.21)

The prefactor is cancelled by the trace over e;, and we have defined the chain operators
in the basis of the NRG iteration n without the EDOF.

Let us proceed to the case ny < ny. We insert two complete basis sets 1,,, into Eq.
(6.1.1.16) to obtain

(Fa)it(n,ng) =d™ N " (ry, x| £l L, [ra, €23 n2) (r2, 23ma] 1o, £, |71, €15 m0)

€1,€2

—qm—Ne Z Z (rv,ex;m| f, |k, ex;na) (K, eq; na|ry, eg; ng) X

k,k/ €1,e2
X (1o, ea;nolk' er;na) (K, ersnal f, |11, €15 na)

=dm 2N S (el S k) (Kl £ fram) . (6.1.4.22)
kK’

As above, the chain operators are diagonal in the EDOF and thus demand that e =
¢ = e;. Of the complete basis set 1,, only the kept states of iteration n; have a
contribution, since the discarded states of iterations n, are orthogonal to all states of
iterations ny > ny. In the last step we have summed over ey, which yields a factor of

dNe—m2 . We are left with the calculation of the general overlap tensor

S =N " (k& malrsna) (' nol K @) (6.1.4.23)

e

where the index € sums over all d"2~™ EDOF which occur on the iterations n; + 1 to
ny. Consequently, we need a way to successively transition the state |r;ns) down to a

state of iteration n;. The first step can be performed as

7 n9) = 1py_1 |75 ) = ZPﬁ; Yal |k, a;ng —1). (6.1.4.24)
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From the complete basis set 1,,_1 only the kept states of iteration ny — 1 remain, since
the discarded states of iterations < ny are diagonal to |r;ns). The index a runs over
all d EDOF of the no-th chainsite. The real matrix elements

Pz ta] = (k, a;ng — 1|75 no) (6.1.4.25)

are an integral part of the conventional NRG algorithm (see Sec. 3.4) and connect the
tensor-product state |k, a;ne — 1) to the eigenstates of the subsequent NRG iteration.
If Eq. (6.1.4.24) is inserted into (6.1.4.23), we can define the overlap tensor recursively
via
(n1,n2) no—1 no—1 (n1,m2—1)
Spwio = ) P2 [a] P12t o)y, (6.1.4.26)
kK a
Since liZ}ﬁi) is not defined for n; > n, the recursion starts at

Spps ™) = GO (6.1.4.27)

and then successively increases ny. The overlap tensor is a tensor of fourth order in the
state indices and of second order in the iteration indices. Thus its dimension is of the
order NZN§. If each NRG iteration is handled separately, the OWC requires around
N¢ BRTs of the order Ng. These tensors are highly sparse, but yet their construction
constitutes a bottleneck to the total program. Consequently, the construction of all
required overlap tensors is not feasible with typical modern workstations. A more

efficient way of recursively calculating the tensors F,.,,,(n1,ny) is to define

(F)it,, (01, m2) Zsk’;}ﬁ;S (roynal f1 |ksng) (K nq| £, e na) (6.1.4.28)
kK’

which is only of third order in Ns. Equation (6.1.4.26) can be inserted here to define

the recursion relation

(Fo)itrg(ni,no) = > P2t o] PRt o] Fi (ng, g — 1) (6.1.4.29)
kK o

with

(Bn)it (ny,ng = ny) = (riyma| £ Iresma) (rssma| £ 1715 00) (6.1.4.30)

273
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as the recursion start. The required tensor can be recovered by

(Fn)ya(na,mg) = d™ "2 (Fy)iL, (01, ma). (6.1.4.31)

272

The case n; > ny can simply be obtained via

(Fon)it(n1,n2) = (Fr)i2, (na, ny). (6.1.4.32)

Here, the horizontal line indicates that the chain operators f, and f! are switched.
Let us discuss a useful approximation to conclude this section. In Eq. (6.1.1.16)
the operator (F,);(n1, ny) includes two different EDOF, e; and ey respectively. Since
the sum over these EDOF is included, the terms of fI and f  cannot be treated
independently. That is the reason why we need the third order tensors (F,);L,., (n1, n2).
However, if we approximate the EDOF of the lower NRG iteration as independent, we
can separate those terms. To illustrate that idea, we choose n; > ns, without loss of

generality, and obtain

(Fin)rt(n,ng) = d™~Ne Z (r1,ex;nal fl 12, €23 m2) (ro, e2;nal £, |71, €15 n1)

€1,€2

=3 [traemmal £ i) |

o> [Z (ra, €252 [, |7’1;n1>r. (6.1.4.33)

e2

The EDOF e, are redefined as
€y = {ég,él}, (61434)

where €, denotes the EDOF for the chainsites ny 4+ 1,...,n7. The LOA demands that
m < nq,ny and thus the chain operators are diagonal in the EDOF. For that reason,
we can set €, = e;. We sum over e;, which yields a factor of d¥¢="t that cancels out
the factor of d"*~"c. Consequently, we are left with the sum over €, which means that
all combinations of EDOF {a,+1, ..., &, } contribute to the sum. In the last step, we
interpret the sum over €; as two independent sums and thus we are able to factorize
(Fn)ii(ny,n2). We denote this approximation by the name factorized local operator

approximation (FLOA).
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6.1.5. Single Shell Approximation

Let us discuss another approximation, the single shell approximation (SSA), that is
equally useful as the LOA. The objective of this section is to reduce the master
equation (6.1.9) to Ng — npyi, isolated equations, which each only include one single
NRG iteration n. The term ”shell” originates from the fact that in the context of
the Wilson chain each chain site corresponds to an energy shell, which is arranged
concentrically around the impurity.

As illustrated in Eq. (6.1.1.17), the unitary part of the master equation comprises a
sum of kept and discarded states on the iteration n’ = n, and discarded states for the
iterations n’ < n. The energy of these latter discarded states is typically larger than all
energies on the iteration n (see Fig. 6.1). Consequently, EZ;/ — EI. > 0 in most cases.
The real-part of the correlation functions is ReCy,(w) = I'y(w) fz(w) and the Fermi-
function suppresses all positive energy contributions. Hence, the terms with n’ < n
can be neglected in the last line of Eq. (6.1.1.14), if the temperature is sufficiently low
(and this is typically the case in systems, where a truncation of high-energy states is
justified).

However, the imaginary part of the correlation functions is not proportional to the
Fermi-function and thus its is not suppressed for positive energies. Neglecting the
terms n' # n is expected to produce a relatively large error in the Lamb-shift. In Sec.
6.1.9 we discuss the effect of the truncation on the Lamb-shift and propose several
approximations. Since the impact of the Lamb-shift on the final result is relatively
small, we can set the imaginary part of the BRT to zero to obtain a valid approximation.

For the dissipative part a different argument holds to calculate the master equation
within one single NRG iteration. As discussed in Sec. 6.1.2, terms in which the
absolute difference of n and n’ is large have an increasingly small contribution in the
master equation. Furthermore, the Kronecker-delta ¢ Bn —Ep B By in Eq. (6.1.2.18)
adds another restriction that favors n = n’. Here all terms are prohibited, which do
not fulfill £ — B, = Eﬁ; — Eﬁ: . Since this restriction originates from the secular
approximation, a small energy window A might be chosen and all combinations of
energies might be accepted which suffice |E' — E" — E™ + E™| < A (see Sec. 5.3.4).
In any case, it is unlikely to find identical energy differences E)! — EI. for 71 # 73 on
different NRG iterations n and n’ (the case r; = 9 and r3 = r4, which allows for n # n’
is discussed in Sec. 6.1.7). In this context, the approximation n = n’ appears valid for

the dissipative part as well.
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In the SSA the master equation (6.1.10) can be turned into

p‘;‘iig (n;t) = — Z Z S8 (Wrgry ) (@Wrgry )Fffﬁg,rm pﬁ?ﬂz (n;)

m=0 rs

- Z Z f8(@rgry ) Dim (@Wrgry )Fr(;ﬁg,mm p?i% (n;t)

m=0 rs

+ 2 Z Z (5Eﬁl —Ep Er —Ep, J8(Wrirg ) L (Wryrg )Fffﬁg,m pfﬂz(i; (n; 7).

m=0 r3ry

(6.1.5.35)

The indices r; denote kept and discarded states. We assume a particle-hole symmet-
ric bath continuum and defined the general spectral coupling function I',,(w) for the
reservoirs, which stands for a high-energy reservoir if m < N¢ and a complete reservoir

if m = Ng. Furthermore, the short-form notations

P, (nit) = (risn| ps(t) [rasm)
FX) vors = (riinl [l [rasm) (rasn] fi [rasm) + (rsn fy [rasn) (rasnl £, [rasm)

(6.1.5.36)

have been used.

The master equation (6.1.5.35) constitutes the bare minimum for an OWC formu-
lation in the context of a BMA. The fundamental physics of the correct relaxation
time and steady-state value are already well included in this crudely simplified version
of the complete master equation (6.1.9). With increasing chain length, the short-time
behavior is also reproduced correctly, since here the CWC dominates (see Sec. 5.4.1).
However, one major problem arises in the context of the SSA. Over time, the weight
of the density matrix relaxates from the high-energy states into the low-energy states.
Since all iterations are disconnected in our approximation, the weight flows from the
discarded-discarded sector of iteration n into its respective kept-kept sector, where the
latter is not included in the summation of Eq. (6.1.5) and so relevant information is
lost. In a correct formulation, the high-energy states would serve as source terms for
the low-energy states and thus transport information from the beginning of the Wilson
chain up to its end. This source term effect will be discussed in more detail in the

following section.
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6.1.6. Source Term Effect

As already mentioned, the time-dependent density matrix performs a transition from
a mixed state at ¢t = 0 to a Boltzmann distribution for ¢ — oo in the context of the
BMA. Consequently, information flows from the high-energy states to the low-energy
states and so the complete master equation (6.1.9) can be interpreted as a differential
equation that uses the high-energy states as source terms for the low-energy states. To
explicitly prove this fact, we recall from Eq. (6.1.3) that 1, . yields a complete basis
set including only the NRG iteration n = ny;,. If we choose this basis set for all indices

r*d(1m; ) can be calculated exactly

1,2,3,4,5 that appear in the master equation?, p
within one single NRG iteration only, since it is an isolated quantity with respect to
the lower energy states of the Wilson chain. The SSA or any other approximation
besides the LOA is not required in this context. Starting from the initial time ¢ = 0,
all indices of the density matrix will relaxate into the kept-kept sector (i.e. the low-
energy sector) to form the Boltzmann distribution for t — co. However, this sector has

red (nmin ; t)

no contribution in the final expression (6.1.5) and so the contribution of p
will vanish entirely.

In fact, the information of the kept-kept sector is not lost over time. For iterations
n > N, we formulate the master equation with complete basis sets 1,, and so pred(n; t)
is connected to all previous iterations, which serve as source terms for the lower energy
states of iteration n. The information that would dissipate into the kept-kept sector

4 (Nmin; ) now flows into pd(nyi + 15t) and then, later on, dissipates into its

of p
respective kept-kept sector. In this way, information flows from the early high-energy
iterations to the later low-energy iterations. Since for n = N¢ all states are discarded
by definition and thus included in Eq. (6.1.5), p*4(N¢;t) aggregates all information for
t — oo. If one applies the SSA, the iterations are not connected and so all information
of the iterations n < N¢ is lost for t — oo. The physically most relevant effect of this

is a continuous loss of the trace

Nc
Trps(t) = Y > pu(nst). (6.1.6.37)
N=Nmin [
The total trace of the density matrix is supposed to be normalized to 1. Instead, if
each NRG iteration is treated separately, the trace is conserved on each single iteration

only (see Sec. 4.5). Since the discarded-discarded sector for iterations n < N¢ is

2... and apply the LOA, which we assume from here on
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Figure 6.2.: nq(t) versus tI" for N¢ = 10, A = 10, D = 100I', 7" = 0.01". The number
of kept states is chosen as Ng = 30 (blue), Ng = 50 (orange), Ng = 100
(green) and Ng =max. (red). The corresponding half trace of the density
matrix is added as dashed lines of the same color and the Lamb-shift is set
to zero. The analytical solution is added as a black dashed line.

depopulated over time, only >, pu(Nc;t) contributes to the trace for t — oo and so
the trace of the density matrix relaxates to a steady-state < 1. In Sec 4.5 it has
been shown, that the density matrix thermalizes to the Boltzmann distribution in the
context of the BMA. However, it is only guaranteed, that the single components of the
DDM fulfill the Boltzmann distribution relative to each other, i.e.

peed(n;t)

) e PEL-Fy), (6.1.6.38)
bb ’

lim;, o

The absolute weight Z,(t — 0o) is not automatically correct, i.e. equal to >, e P57
In Fig. 6.2 the impurity occupation number nq4(t) for the RLM is plotted against
the dimensionless time ¢I'. A chain length No = 10 has been chosen to allow for a
comparison with the non-truncated case. Furthermore, A = 10 is picked to be quite
large in order to maximally enhance the effect of the loss of the trace of the density

matrix. The functions are practically converged for Ng = 100, while for a lower number
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of kept states the curves start to deviate significantly from the untruncated case. Since
the CWC is still almost exact for Ng = 30, the deviation is to be attributed mainly to
the loss of the trace. In the trace of the density matrix (dashed lines) this behavior is
clearly depicted.

In the following section we discuss several ways to recover the conservation of the

trace for a truncated Wilson chain.

6.1.7. Conservation of the Trace of the Density Matrix

We presume the SSA for all truncated NRG iterations. Here all kept and discarded
states are included within one iteration. As discussed above, the trace of the density
matrix is not conserved in that case, leading to an unphysical drop of local operator
expectation values Og(t) over time. In the following we discuss four simple ways to
compensate for that trace loss. Here each approach yields different results, which is

why a comparison of the approaches is required to assess their validity.

Ad-Hoc Compensation of the Trace Loss

A simple way to compensate for the loss of the trace is to substitute the density matrix

by a normalized version

() = — (). (6.1.7.39)
Tr [Ps(t)}

An alternative approach would be to only normalize the DDM and to keep the ODDM
unchanged.

Another simple possibility to keep the trace of the density matrix constant is to
artificially include the kept-kept sector in Eq. (6.1.5). Normally, one would calculate
prsd(n;t) for each iteration n separately with the master equation, including all kept
and discarded combination. As an initial value the entire equilibrium density matrix
prsd(n;t = 0) is used. Then the kept-kept sector is cut out for all times to construct
Os(t). Alternatively, we only cut out the kept-kept sector in the initial value prsd(n;t =
0) and calculate the time-evolution from here on. By this ”over-counting” of the kept
states, a relaxation of the density matrix into the low-energy sector is included. The
relaxation time of the high-energy states into the low-energy states is considered to
be approximately correct within the SSA. In the case of iterations n &~ n;,, the

coupling to the lowest energies is missing. However, this coupling is considered to have
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a relatively weak influence. For iterations n =~ N¢ the source term effect is missing,
but since we include the kept-kept sector in Eq. (6.1.5), no information is lost. Per
definition, the trace is conserved for all times. The steady-state value ng(t — o0) is
met correctly as well, since the density matrix converges to the correct Boltzmann-
distribution, on the one hand, and, on the other hand, keeps the trace constant.

A third, fairly simple way to combat the loss of the trace would be to artificially

red (

rescale the density matrices p™“(n;t) to ensure the correct values of Tr [pred(n; t)} for

all times. Let
ZE () = pisd(nit), Z(t) =Y o (m), (6.1.7.40)
k l

where k/l sums over all kept/discarded states of iteration n. In the SSA we obtain

ZXPH(t) + Z35¢(t) = const,
Z3(t — 00) = 0, if n < N¢ and
Z35¢(t) = const, if n = Ng. (6.1.7.41)
Obviously, Zginmm Zdise(1) = const is not fulfilled this way. Hence, one could define a
time-dependent scheme to correct for the unphysical loss of Z35¢(¢). Since the correct
behavior of the trace is unknown with respect to the single iterations n, we propose a
scheme, that uses the portion lost in the discarded-discarded sector as a source term

for later iterations. Precisely, we successively substitute the single shell values

isc isc Zgisc (t) — isc isc
z3se(t) — 74 (t)+ZTC(O) > [Ze(0) = Ze(t)] (6.1.7.42)

with ZS:C (t) being the start of the procedure, since we know that this iteration is given
correctly in the SSA. The density matrices p™d(n;t) now need to be scaled to match
the calculated Zd¢(t).

To conclude the list of simple approaches to conserve the trace let us mention the
case, where we separate the time-evolution of the DDM from the one of the ODDM.
The ODDM is calculated via the conventional SSA, while for the DDM we approximate
the master equation (6.1.5.35) even further by neglecting the coupling of the discarded
states and the kept states. In fact, we demand that r; = [; for all indices. This
decoupling keeps information from dissipating from the discarded into the kept sector.

Thus, the trace of the discarded part of the density matrix is conserved on all iterations.



164 6. Hybrid NRG-BRF Approach

102 —
10—3 3 \/

1074 E

107> E

|Ang(t)|

106 E
1077 E

108 3

tr

Figure 6.3.: Absolute value of the relative difference Anq4(t) of the approximate and
the exact results versus tI' for No = 10,A = 10, D = 100I',T = 0.01T.
The Lamb-shift is set to zero. The number of kept states is chosen as
Ng = 30 in the approximate cases. We include the cases in which the
whole occupation number is weighted by the time-dependent trace (blue),
only the DDM is weighted by the trace (orange) and the case where we
include all kept states and simply cut out the kept-kept sector for ¢t = 0
(green). The vertical axis has been chosen logarithmic.

In Fig. 6.3 we compare three different cases of approximately recovering the trace
of the density matrix. We plot the relative difference Anq(t) of each approximation
with the exact version, where no truncation of high-energy states has been included.
The blue curve represents the impurity occupation nq(t) in the SSA, divided by the
time-dependent trace of the density matrix Trp(¢). This case is realized by calculating
the density matrix coupling all states and cutting out the kept-kept sector in the
equilibrium particle number operator nq. The kept-kept sector is thus automatically
cut out in Eq. (6.1.5). The orange curve is similar to the blue curve, only here we
treat the DDM and the ODDM separately and solely divide the former by the trace
of the density matrix. The green curve is constructed by cutting out the kept-kept
sector in p(t = 0) only, to correctly meet the equilibrium value nq(t = 0), and then

including all kept states from here on. By this ”over-counting” of the kept states a
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relaxation of the density matrix into the low-energy sector is included, as argued above.
Instead of relaxating into the last iteration n = N¢, the density matrix relaxates into
the kept-kept sectors of all iterations without down-scaling these iterations over time.
This allows to recover the untruncated results almost exactly. For that reason, we
favor this approach as the most simple way to calculate non-equilibrium dynamics for
a truncated OWC.

Even though the previously discussed approaches produce results that match the
analytical solution quite well, they lack a physical motivation and thus cannot be
trusted to yield correct results in all cases. For that reason, we propose two alternative
approaches which are significantly more tedious, but can be derived systematically.

Here a correct coupling of all NRG iterations is included.

Iteration Coupling for the Diagonal Part of the Density Matrix

We rewrite the master equation for the DDM as

it (mi0) = =3 [ ma), (1) = S (nam)pi, ()| (6.1.7.43)
2

with

min{ni,na}

S, m2) S2fa(Bi2 = B2) Y [Tupl(Bi = B ()b (i, ma) +

m=0

Do (B3 = B (F)id (o) (6.1.7.44)

The set 2 in Eq. (6.1.7.43) can be chosen freely, as long as it comprises a complete basis
set. For this approach we choose »,|2) (2| = 1,, to exploit the source term effect.
The r.h.s. of Eq. (6.1.7.43) can thus be divided into a part pr®d(n;t) which includes
kept and discarded states and a part pffd(ng; t),ny < ny which solely includes discarded
states. This second part comprises the source terms which vanish in the limit ¢ — oo.

We thus define

n1—1
p(ni;t) = =X (ny)p(ng;t) + Z Y (n1,n2)p(ng; t) (6.1.7.45)
with the vector
red

(p(n;1)), = pr(n;t) (6.1.7.46)
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and the matrices

( 7‘17“2 E :'T1T3 ny, n3 ri,2 T —ror) (nh nl)
3

(Y(n1,12)),,p, = Zrar (M2, 11) 00, 1, (6.1.7.47)

The first matrix X (n;) is solely defined on iteration n; and can thus be diagonalized

r/1 _ /\1 r/1‘

as X (n1)pa The source terms p(ng;t) for ny < ny are already known.

Equation (6.1.7.45) can be solved as

ni—1 t

p(nl, t) :e—X(nl)tp(nl;t _ O) _ e—X(nl)t Z / dt/eX(nl)t/Y(nh ’]’LQ)p(’rLQ, t)
N2=Nmin 0
ny—1 t
—Ze . rl[ - Y Y(nl,m)/ dt'e" p(na;t)|,  (6.1.7.48)
N2=Nmin 0

_X(nmin)tp(nmin; t =

where the time integral can be calculated recursively with p(nym;t) = e
0).

The realization of this approach in the TD-NRG program works as follows. First we
need a complete TD-NRG run to construct the reduced density matrices p(n;t = 0) for
each iteration. Then we need a second TD-NRG run to construct the X (n) and Y (n,n’)
matrices. On each iteration, X (n) is diagonalized and p(n;t) is constructed via Eq.
(6.1.7.48). The time integral can either be calculated analytically or numerically. The
analytical expression is rather complicated, since it includes multiple nested integrals
over exponential functions. In any case, it should be stressed that this approach is
relatively fast, since the matrices X (n) have the dimension dNg x dNg, which is equal
to the size of the NRG Hamiltonian, and can thus be diagonalized quite efficiently.
Simultaneously, the BRTs for the ODDM are set up for each iteration and then stored
on the hard drive together with the DDM p(n;t). Alternatively, if the analytical
integration is chosen, it would be sufficient to save the matrices X (n) and Y'(n,n'),n’ <
n. Finally, on the backward TD-NRG run the DDM and the ODDM are combined to
construct the time-dependent Og(t) via Eq. (6.1.5).

A more simple, but at the same time more runtime consuming alternative would be

to directly solve the master equation

N¢

it (ny;t) = — Z ZRh,lz(nl,W)Pf;g(nz;t) (6.1.7.49)

n2=Nmin l2
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by diagonalizing the BRT

Rll lo nla TLQ Z Z Syl nl) ns 6711 n25l1 lQ] - Elzll <n27 nl)- (61750)

N3=Nmin I3

Here we choose 1y, as a complete basis set to obtain a master equation that only
includes discarded states. The BRT (6.1.7.50) is a large matrix that couples all NRG
iterations. Therefore, its dimension is dNg(N¢ — nmin). The calculation of all ten-
sors (Fy,);1(n1,ny) that appear in the BRT (6.1.7.50) is theoretically possible via the
procedure detailed in Sec. 6.1.4. However, since the weight of the components of the
BRT shrinks exponentially with increasing |n; — ns|, the tensor =, (n1,ns) is calcu-
lated exactly only for |n; —ng| < 1. A tridiagonal Z;,;,(n1,n2) is already sufficient
to guarantee the conservation of the trace. This can be seen by a summation over all
discarded states in Eq. (6.1.7.43). Precisely, we obtain

n1+1<N¢
red
DN IR SRS SHS
N1=Nmin 1 N1=Nmin N2=N1—1>Nmin l1,l2

[Ehlg(nlanz)ﬁﬁfﬂ (n1;t) — gy (na, na)piss (nas t) | (6.1.7.51)

The conservation of the trace is shown by switching n; <> ns and l; <+ l5 in one of the
two terms on the r.h.s. of the equation which leads to Trps(t) = 0. At first, it might
seem confusing, that the trace is already conserved in the tridiagonal case. In fact,
even the diagonal case =, (n1,ng) X 0p, n, conserves the trace, as has been explained
above. However, this SSA in combination with the decoupling of kept and discarded
states is a very rough approximation that does not include any source term effect, since
the iterations are not connected. In the tridiagonal case, all iterations are connected
and information is allowed to flow from the high-energy states down to the low-energy
ones. Since a direct coupling of distant iterations |n; — ng| > 1 is not included, this
information flow is expected to be rather slow though. For that reason, we propose an
approximation for the tensors =;,;,(n, ng) with |n; —ns| > 1. In fact, the explicit form

of Zy,1,(n1, n9) is of less importance, since as long as
Eniy (N1, m2) o fo(ER — Ep) (6.1.7.52)

is fulfilled, the correct steady-state of the density matrix (which is the Boltzmann-

distribution) is always reached for t — co. The other components of Z;,;,(n1, ng) only
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influence the relaxation rate and the short-time dynamics. Furthermore, as explained
above, the single components with |n; —ns| > 1 are expected to be exponentially small,
and so their exact value is of little importance. It is rather their sheer number and
their role as mediators between distant iterations that makes them important for the
correct relaxation time of the density matrix. To find an adequate approximation for
particular components, we concentrate on approximating the most complicated part of

=11, (n1,m2), which is the chain operators. In fact, we propose to choose
(Fr)pa(n1,m2) = pidq, guerd™mm2)—m2 (6.1.7.53)

which covers the degeneracy in the EDOF, the correct subspace combinations and, by
that, it also reproduces the correct scaling of the exact equation. Here (); stands for the
number of particles in the subspace of the state r;. The chain operator f,(,P annihilates
(creates) a particle, and thus the tensor only has contributions for specific indices ry, rs.
If the chain operators have an additional flavor index, e.g. a spin or a channel DOF,
these restrictions to the states have to be covered by additional Kronecker-deltas. The
factor p is of entirely artificial origin and allows for a scaling of these approximative
components. Per default, yu = 1.

We investigate the effect of coupling all NRG shells in the master equation for the
density matrix and depict the results in Fig.6.4.

In the simple SSA (blue curve) the trace of the density matrix decreases, since
information of the iterations n < N¢ is lost over time, and so the curve drops to
an unphysical steady-state, which lies significantly below the real steady-state of the
Boltzmann-distribution. By including the kept-kept sector for ¢ > 0 (orange curve)
the trace is conserved and the NRG equilibrium value, i.e. the Boltzmann-distribution
indicated by the black arrow, is met with machine precision. Since for all solid curves
of Fig. 6.4 a z-averaging with N, = 4 has been used, the N, = 1 version of the curve is
added as an orange dashed line. Here the effect of the z-averaging becomes apparent,
since it damps the unphysical oscillations. For the green curve we have chosen the SSA
and additionally decoupled the kept states from the discarded states in the master
equation. In other words, we have solved the master equation (6.1.7.49) with the re-
striction of a diagonal tensor =, (n1,n2) X 0p, n,- Here the trace of the density matrix
is conserved for all times, since no information from the high-energy states is lost into
the kept-kept sector. However, this also implies that the terms Z3¢(¢) do not relaxate

in a correct way. Hence, even though the density matrix comprises the Boltzmann-
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Figure 6.4.: Impurity occupation nq(t) versus ¢I" in the RLM for N = 50,A =
1.59, D = 1000I',7 = 0.01I'. The Lamb-shift is set to zero. We have
performed a z-averaging with N, = 4. The number of kept states is chosen
as Ng = 1000. We compare the SSA (blue, orange, green) to a coupling
of adjacent shells (red) and an approximate coupling of all shells (purple).
The blue and orange curves include kept and discarded states, while the
green curve only couples discarded states in the density matrix. In the
orange curve, all kept states are included in the final expression, as for
the green curve in Fig. 6.3. The black arrow on the right indicates the
equilibrium NRG value. The analytical solution is added as a black dashed
line. The N, = 1 counterpart to the orange curve is added as a dashed
line.

distribution for ¢ — oo, a wrong steady-state is reached. This fundamentally changes
when adjacent shells [ny — ny| = 1 are included in Z;,;,(n1,n2) (red curve). Now the
correct steady-state can be reached for ¢ — oo, since all information will flow from
the high-energy to the low-energy states, if ¢ is chosen sufficiently high. However, the
relaxation time clearly is significantly too low. The reason lies in the fact, that terms
with [n; — ns| & Ng — N are missing in =, (n1, ne), which means that the highest
energy states do not couple directly to the lowest energy states, but instead have to

take the ”"long route” via all iterations that lie between n; and ny. For that reason, we
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have included a coupling of all shells with approximate values for the chain operators
for |[ny —mns| > 1 (purple curve). Here the relaxation rate is met correctly, and the short
time dynamics seems to be even more accurate than for the orange curve. However,
one has to keep in mind, that though the approximation (6.1.7.53) is considered to
have the correct magnitude on average, its concrete impact on the dynamics cannot
be estimated. In this context, the short time behavior of the purple curve in Fig. 6.4
is to be taken with caution. Furthermore, the BRT (6.1.7.50) that couples all shells
is relatively large, as discussed above. For that reason, an exact diagonalization is no
longer possible. We use a Lanczos-method instead, to numerically calculate the rele-
vant eigenvalues. This method is rather efficient here, since the BRT is a sparse matrix
due to the Kronecker-delta in Eq. (6.1.7.53). The Lanczos-method induces an un-
evitable numerical error to the results. Its accuracy is defined by the ”Lanczos-depth”
Mpan Which we have chosen to be 1000 for the results shown in Fig. 6.4. On the one
hand, this Lanczos-depth is a measure for the maximum time we can reliably resolve
the calculated curve. In our case, this time is chosen to be large enough to guaran-
tee that the density matrix is relaxated before significant errors occur. This way, the
occupation number has a constant steady-state for all times. On the other hand, the
Lanczos-depth controls the accuracy of the mr., calculated eigenvalues and -vectors
of the BRT. This numerical inaccuracy is the cause for the minor oscillations of the
red and purple curve, as well as the fact, that the steady-state is not met exactly for
the purple curve. However, for my., = 1000 the diagonalization of the BRT for DDM
is already the bottleneck of the program and thus could not have be chosen higher on
our workstations. In the following section 6.1.8, the Lanczos-method, adapted to our

case, is discussed in more detail.

6.1.8. Biorthogonal Lanczos Method

This section is intended to give a short introduction to the biorthogonal Lanczos
method [116] for diagonalizing non-hermitian matrices R # Rf. The main intention,
however, is to adapt the Lanczos method to the particular case of diagonalizing the
BRT of Eq. (6.1.7.50). The Lanczos method is a diagonalization scheme that calculates
the mya, extreme eigenvalues of R. Their corresponding eigenvectors can be obtained
as well which, in turn, requires more memory capacity. The bottleneck of the method
regarding its complexity is a matrix-vector multiplication, which has to be performed
2myan-fold in the course of the algorithm. If my,, is chosen to be much smaller than

the dimension D of R, the method is efficient for diagonalizing R. Another factor
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for the efficiency is the sparseness of R, which can be exploited to accelerate multi-
plications. The BRT of (6.1.7.50) is sparse, since only specific combinations of states
contribute to the BRT, as has been argued above. The BRT of the DDM is real, but
the Fermi-functions cause it to be non-symmetric and thus the biorthogonal version of
the Lanczos method is required.

The conventional Lanczos method starts by choosing a, to some degree, arbitrary

normalized starting vector ¢, and than spanning the so-called Krylov-space
A = L0 Repy, ..., R™an 1o 1, (6.1.8.54)

This Krylov-space is then orthonormalized by a Gram-Schmidt method to obtain the
Mpan Lanczos-vectors ;, where ¢ = 0 serves as a point of reference for the orthonormal-
ization procedure. The Lanczos-vectors can thus be written as a linear combination of
the Krylov-space vectors. As a by-product of the Gram-Schmidt procedure, a tridiag-
onal matrix 7" of dimension My, X Mpa., can be constructed, whose eigenvalues (called
Ritz values) are the desired my,, extreme eigenvalues of R. To obtain the correspond-
ing eigenvectors of R (Ritz vectors), the eigenvector-matrix of 7" needs to be multiplied
by the matrix of the Lanczos-vectors. The specific my., Ritz vectors of R are thus a
linear combination of the Lanczos-vectors and of the Krylov-space vectors at the same
time.

Since for non-symmetric matrices the left and right eigenvectors generally do not
coincide, the biorthogonal version of the method requires an additional left starting
vector ¢, which spans the corresponding Krylov-space with the adjungated matrix
R' similar to Eq. (6.1.8.54). The orthogonalization then generates left and right
Lanczos-vectors ¢,; and ¢;, respectively, which fulfill the biorthonormality criterion
@; - p; = 0;;. All quantities involved are no longer real, but in general complex. The
explicit algorithm we have used is described in App. F and is taken from netlib.org
[117].

To ensure optimal compatibility of the Lanczos method to our BRT (6.1.7.50), we
have to choose the normalized version of the vector p(t = 0) as the starting vector for
both ¢, and ¢,. Here p(t = 0) is the diagonal part of the reduced equilibrium density
matrix that includes all discarded states of all truncated iterations. To justify this
choice, we define R as the BRT that connects all iterations according to Eq. (6.1.7.50)
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and write the time-dependent DDM as

p(t) = e Mpt=0) =Y (_kt!)kRkp(t —0), (6.1.8.55)

where we have expanded the exponential function as a simple Taylor series in the
second step. Obviously, the first my,, elements of the series are proportional to the
vectors of the right Krylov-space (6.1.8.54). Suppose we diagonalize R exactly and
find all D eigenvalues A\, and corresponding left and right eigenvectors w,, v,. Let us
divide these eigenenergies into the first my,.,, that are found by the Lanczos-method as
the Ritz values, and the remaining ones. As discussed above, the corresponding my,an,
right eigenvectors of R are part of the right Krylov-space K&™t». Since all elements
of K™an are linearly independent, each of them is biorthogonal to the D — my,, left
eigenvectors of R. We can exploit that fact by inserting a complete basis set of D

eigenvectors into Eq. (6.1.8.55). We then divide the sum over k into the three parts

MTan—1
(t) = LZ: (S TREA(t =0
p(t) = o Vala p(t=0)+

k,a=0

+ Z L wawl Rep(t = 0) + O(tP). (6.1.8.56)

k,a=mpan

The first part contains the lowest powers of ¢ and is thus relevant for the short-time
dynamics. As it contains the Krylov-space vectors, it is biorthogonal to the remaining
D — my,., eigenvectors of R. In this context, the Lanczos-method is exact up to times
defined by my.,. In the second part the contrary argument holds. If one performs a
Lanczos-method with mp., = D steps, one would find, that the remaining D — my,.,
eigenvectors are part of the subspace spanned by the Krylov-space vectors Rip(t =
0) with ¢ € {mpan,..., D — 1}. For that reason, the first mp,, eigenvectors have no
contribution here. Since D is large in our case, the third part of Eq. (6.1.8.56) will
only be relevant for times, where the density matrix has already thermalized and thus
this part can be neglected in our argumentation.

We have seen, that the short-time dynamics is well covered by the Lanczos method,
but what can we say about the long-time behavior and the steady-state in particular?
As discussed in Sec. 4.5, all eigenvalues of the BRT are semi-positive, which includes
exactly one zero-eigenvalue, which is part of the DDM and thus of R. Since the Lanczos

method is intended to find the extreme eigenvalues of a matrix first, we can be sure to
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find the zero-eigenvalue in any case and in that way the steady-state will be reached.
The objective is now to choose my., large enough that the density matrix is practically
thermalized before the error of the Lanczos method grows to be significant.

It should be mentioned, that the Ritz values and vectors found be the Lanczos
method are not expected to be identical to the corresponding exact eigenvalues and
-vectors. In fact, with increasing mrp., the extreme Ritz values converge to the exact
eigenvalues, while the Ritz values in the middle cannot be trusted at all. However,
only the smallest eigenvalues of R are relevant for the time evolution on intermediate
and large time scales, since the MA is expected to impair the behavior on very short
times in any case. Also, the choice of the correct initial states has a huge impact on

the quality of the results, as has been argued above.

6.1.9. Correction of the Lamb-Shift

We have already mentioned, that the SSA is expected to generate a relatively large
error in the imaginary part of the BRT and thus in the Lamb-shift. The part of the
BRT, which generates the time-evolution of the DDM, is entirely real and thus the
steady-state of the density matrix is not impaired by this error.

In Fig. 6.5 we present approximative curves to recover the correct Lamb-shift for the
truncated OWC in the SSA. If the Lamb-shift is artificially set to zero, the truncated
and the untruncated curves align (as shown in Fig. 6.2). The blue dashed curve is
the exact untruncated case, where in the orange case we restrict the number of kept
states to Ng = 100. This value guarantees an almost complete conservation of the trace
(see Fig. 6.2), while it clearly reveals the error of the Lamb-shift at the same time.
Here we observe wrong oscillations in the short-time dynamics, which are damped over
time, since all complex components of the BRT, relevant for the ODDM, decay to zero.
The remaining curves represent an extension to the SSA by including the coupling of
different shells in the unitary part of the BRT. Precisely, the terms n’ < n of Eq.
(6.1.1.14) are recovered for r # ry. The terms n’ > n are already included in the
kept states of n. The components r; = ry are real and would only impact the trace.
For n’ < n — 1 we use the approximation from Eq. (6.1.7.53) with a factor of u # 1.
The green curve only includes the adjacent shell coupling n’ = n — 1. It is clearly
a good interpolation between the orange curve (truncated OWC without Lamb-shift
correction) and the blue dashed curve (untruncated OWC). The dotted line represents
the solid green curve in the FLOA. Since we observe almost no deviation, the FLOA

appears to be a valid approximation, at least if [n; — ng| is small.
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Figure 6.5.: nq(t) versus tI' for No = 10,A = 10,D = 100I',7 = 0.01". The blue
dashed curve represents the untruncated case (”untrunc.”), while the num-
ber of kept states is chosen as Ng = 100 for the solid curves. Here the
orange curve represents the case, where no correction to the Lamb-shift
has been attempted ("no corr.”). The remaining curves include the Lamb-
shift correction for all iteration where the approximation (6.1.7.53) is used
with the factor p. The green curves (1 = 0) consequently represent the
|n —n'| <1 case. Here the FLOA is added as a green dotted line.

When increasing p the approximate operators are added to couple more distant it-
erations. When p > 0.03 the qualitative shape of the curve is significantly impaired by
the approximation. For that reason we propose to choose p fairly small. The approx-
imation (6.1.7.53) is necessary in Fig. 6.4 to artificially obtain the correct relaxation
times, but the qualitative behavior is captured fairly badly by it. A calculation of the
exact operators for n’ = n — 2 is possible in principle and would be our recommenda-
tion, if further improvement of the Lamb-shift is desired. However, we will not go this
route in this thesis.

Apart from the truncation error, the influence of A needs to be discussed regarding
the Lamb-shift. Precisely, we want to differentiate between the oscillations induced by
a wrong Lamb-shift and those of the discretization error by choosing a large A. As in

the previous cases, we have chosen a large discretization parameter A = 10 to illustrate
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Figure 6.6.: nq(t) versus tI" for No = 10, A = 10, D = 100T", 7' = 0.01I". No states have
been discarded. The dashed colored lines represent the curves without
Lamb-shift. The z-averaging has been used with different values for N,.
The analytical solution is added as a black dashed line.

the truncation effect. For a smaller A the effects are significantly less pronounced
for a chain of length No = 10 and would only emerge if the chain is elongated and
smaller energies are reached by the NRG. It is well understood (see Sec. 3.10) that a
large A generates a large discretization error, which includes unphysical oscillations in
non-equilibrium dynamics.

These oscillations are depicted in Fig. 6.6 (blue curves). Here the difference between
the curves with (solid lines) and without Lamb-shift (dashed lines) is illustrated as well.
The canonical way of compensating these oscillations is by implementing a z-averaging
over N, independent Wilson chains (see Sec. 3.10). As shown in the figure, this method
significantly smooths the oscillations. The fact that the difference between the curves
with and without Lamb-shift persists, even for N, = 12, shows that the oscillations

induced by the Lamb-shift are not an artifact of the discretization.
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6.2. Results for the Spectral Function

In the following section we discuss the adaptations, which are required to calculate
OWC ESFs for a truncated system eigenbasis. The influence of the truncation of high-
energy states, as well as the NRG parameters A and N, is investigated. We basically
ourselves to methodological considerations in the RLM. The extension to interacting
QIMs is covered in Chap. 7.

6.2.1. Calculation of the y-Operator for a Truncated OWC

The calculation of the y-operator implies different challenges compared to the density
operator p, since it has a different subspace structure. In the master equation of the
density matrix we have coupled different NRG iterations only for the DDM (see Sec.
6.1.7). In the y-operator the diagonal elements equal zero, and so the elements Ryq mum
of the BRT are irrelevant. From this perspective, the SSA should be sufficient, when
truncating high-energy states in the master equation of y. The imaginary part of the
BRT possibly includes growing errors when the number of truncated states is increased,
which is why the Lamb-shift correction (see Sec. 6.1.9) might be necessary here.

In order to validate our hypotheses, we plot the ESF of the RLM with different
numbers Ng of kept states at each iteration in Fig. 6.7. Since the NRG is the foundation
of our OCF, we take the artificially broadened CWC as a guideline for the effect of
the truncation. In Fig. 6.7 (a) we can see, that the CWC ESF is basically converged
for Ng = 100. In contrast, the OWC curve in Fig. 6.7 (b) requires Ng = 500 for
convergence, suggesting that the SSA alone is not optimal in our case. To identify
the source of the error, we compare the OWC (c) without Lamb-shift and (d) without
dissipative part, respectively, with the complete OWC curves. We observe, that the
Lamb-shift only has a minor influence on the curves and on the truncation as well. In
contrast to the calculation of the density matrix, the dissipative part seems to be the
relevant factor, which influences the truncation error, since the OWC curves match the
convergence behavior of the CWC, when the dissipative part of the BRT is switched
off. Due to the different subspace structure of the y-operator, energy combinations
E — E} = E,’fg’ — Eﬁ; with n # n/ are assumed to occur and to have a significant
contribution in the master equation. However, implementing a master equation, which
includes a coupling of x(n;t) for different iterations n is not feasible at this point.

We have shown in Sec. 5.4.2, that the influence of the dissipative part of the BRT

on the y-operator becomes irrelevant if 7" is sufficiently small. When calculating OWC
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Figure 6.7.: Spectral function Aq(t) versus dimensionless energy w/IT" for No = 10, A =
2, D =100I',T7 =T in the RLM with ¢4 = 0. The number of kept states
Ny is varied and the untruncated curve is in each panel added as a black
line. We plot the (a) CWC, (b) OWC, (¢) OWC without Lamb-shift and

(d) OWC solution without dissipative part, respectively.

ESFs with a truncated system eigenbasis we thus recommend to concentrate on the
low temperature case. Here the BRT can be treated as diagonal and the coupling of
different NRG iterations in the dissipative part is hence obsolete. This also significantly
reduces program runtime. The imaginary part of the BRT can either be set to zero, or
a Lamb-shift correction according to Sec. 6.1.9 can be implemented. In the following
we choose T' < 0.1I" and neglect the Lamb-shift.

6.2.2. Discretization Artifacts in OWC ESFs

Apart from the effect of truncating high-energy states, there is another source of error
for the OWC ESFs. The curves in Fig. 5.20 exhibit increasing oscillations when the
chain length is increased. This effect shows in TD-NEVs as well (see Fig. 5.16).
By increasing the discretization parameter A, this effect is enhanced (see Fig. 6.6).

Obviously, the unphysical oscillations are not generated by truncation of high-energy
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Figure 6.8.: Time-dependent equilibrium impurity Green’s function G4(t) with ¢q =
0, D = 100I', Ns = 1000 for the RLM. The chain length N¢ is varied and
the discretization parameter A is adapted to guarantee T'= 0.1I". On the
Lh.s. we plot the CWC solution (panel (a)) and on the r.h.s. the OWC
solution (panel (b)). The analytic solution is added as a black line.

states, but instead by the discretization of the NRG itself. We know from TD-NEVs
(see Fig. 6.4), that the discretization error of a Wilson chain of an effective temperature
T can be improved by decreasing A and simultaneously increasing N¢ to maintain a
fixed temperature.

In Fig. 6.8 we have applied this approach to the TD-EGF for the RLM at an effective
temperature 7' = 0.1I", which approximately corresponds to the low-temperature limit.
Since the function G4(t) is time-dependent, it exhibits similar effects as non-equilibrium
curves of local operators. Since the ESF is unambiguously connected to the TD-EGF
via a Fourier transform, the latter is a perfect testing ground for the OCF.

The oscillations of G4(t) are significantly reduced in the CWC solution in Fig. 6.8,
if A is lowered, and the short-time dynamics approaches the exact solution. The
OWC solution is identical to the CWC solution with additional natural damping of
the oscillations. Thus the OWC exhibits the expected behavior, which is similar to

OWC non-equilibrium dynamics, although some oscillations remain, that are damped
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only on very large time scales (not shown). This indicates, that some eigenvalues of
the BRT that correspond to relevant excitations of the Wilson chain are too small
to induce a significant damping. This behavior has already been observed for the
ODDM in TD-NEVs and has been countered by z-averaging (see Fig. 6.4). Since
the discretization error of G4(t) translates to unphysical oscillations in the ESF, one
is advised to incorporate z-averaging. We will leave this to future investigations and
concentrate on the effect of lowering A on the discretization error in ESF's.

By lowering A, while still maintaining a constant effective temperature, the chain
length needs to be increased. For long OWCs a truncation of the system eigenbasis is
inevitable. However, if one truncates a significant number of high-energy states with
a small A — 17, a large truncation error can be expected. We accept this error in
our investigations to illustrate the discretization effect on ESFs. However, we then
require a way to distinguish the discretization error from the truncation error, i.e. we
need benchmark curves, that include an analog truncation error, without suffering the
discretization error. Obviously, the exact solution for the RLM is not suitable here.
The CWC curves include the truncation error, however the Gaussian broadening of the
curves is artificial and to a small degree arbitrary, even for small w. For that reason
we introduce a different, more natural broadening scheme for the CWC spectrum, that
will serve as a benchmark to assess the discretization effect of the OWC curves for a

truncated system eigenbasis.

6.2.3. Comparison of Different Broadening Schemes

In Fig. 6.9 we illustrate the discretization effect on ESFs. The OWC solution (Fig. 6.9
(¢)) exhibits large oscillations, induced by finite-size effects, that are reduced when A is
lowered, while simultaneously maintaining a fixed effective temperature by increasing
the chain length N¢.

In Fig. 6.9 (a) the canonical Gaussian broadening scheme of the CWC ESF (see
Eq. (3.8.49)) is displayed. Here for |w| < 0.22I" the Lorentzian broadening (see Eq.
(3.8.50)) is used.

Friedel’s sum rule demands Aq(w = 0)['r = 1. The curves in Fig. 6.9 clearly violate
this rule, especially for low A. This is partially due to the truncation error, which is
generated by choosing a number of Ng = 1000 kept states at each iteration. A small
discretization parameter even enhances this effect. Nevertheless, in the OWC curves
of Fig. 6.9 (¢) we cannot trivially distinguish between the truncation effects and the

errors induced by the discretization. As mentioned above, the CWC solution with
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Figure 6.9.: Equilibrium impurity spectral function A4(t) with eq = 0, D = 100T", Ng =
1000 for the RLM. The chain length N¢ is varied and the discretization
parameter A is adapted to guarantee T' = 0.1I". We compare the canonical
Gaussian CWC broadening with b = 0.8 (panel (a)) to the sinc-broadening
with v = 0.2I" (panel (b)) and Lorentzian broadening by the BRF (panel

().

Gaussian broadening in panel (a) does not provide a reliable benchmark for the OWC
solutions here, since the broadening is artificial.

In Fig. 6.9 (b) we depict A4q(w) obtained by a sinc-broadening. This broadening is
based on the assumption, that the CWC TD-EGF

Gacwe(t) = —iOt) > duxpa(0)e™" (6.2.3.57)
ab

approaches the exact physical solution for short-times ¢t < T, if A is sufficiently small.
The time T can be increased by increasing N¢. Since Gq4(t) converges to zero for

t — oo, we can always choose the parameters in such a way, that for t = T the GF has
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sufficiently decayed. Thus we define the energy-dependent approximate GF as

z(w—i—wab)T -1

T
G = dtG et = S L) E———— 6.2.3.58
d,cwc(w) /0 d, cwc Z bXb @ + wop ( )

and the spectral function is consequently given as

Agowe(w Z dapXpa(0)sinc (w —;wab) (6.2.3.59)

with the broadening v = 1/T and sinc(z) = sin(x)/x. According to Fig. 6.8 (b),
Ga(t) has, for a sufficiently small A, effectively decayed to its theoretical steady-state
at T =5/, i.e. v =0.2I". Given that it is chosen small enough, the precise choice of
the broadening ~ has only a numerical impact on the solution and not a physical one.
Details on the sinc-broadening can be found in App. G. Here we illustrate, exemplarily
for the RLM, that a superposition of different oscillations, as they occur in the CWC
TD-EGF in Eq. (6.2.3.57), can reproduce decoherence up to a certain time 7". This
time T is finite, but arbitrary, if the numerical accuracy is adequately adapted by
increasing the system size. One can thus choose T" for the TD-EGF arbitrarily, as long
as Gq(t) has sufficiently thermalized for ¢ > T and as long as N¢ is chosen large enough
to guarantee for a sufficient numerical accuracy. In turn, the arbitrariness of 7" and the
broadening v = 1/T', respectively, support the assumption, that the sinc-broadening is
a natural broadening, which is effectively not impacted by the choice of T'. We can thus
assume, that the curves of Fig. 6.9 (b) are correct in the limit of the truncation and the
discretization error, whereby the discretization error is reduced in the green curve. The
latter shows a good agreement with the green OWC curve of Fig. 6.9 (c), suggesting,
that the broadening induced by the BRT is of the correct order of magnitude.

6.3. Comparison to the Auxiliary Master Equation

Approach

Dorda et al [45, 46] proposed an approach, which is in some way similar to the OCF.
After we have revised our approach in detail, we now compare it to the AMEA for
QISs. Here a number of Ny discrete modes are extracted from the bath to form an
auxiliary system and are coupled to the impurity (central region). In contrast to the
OCF, the AMEA is not restricted to Wilson chains, but allows for an arbitrary set of
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energy levels and hybridizations in the system. The auxiliary modes are then coupled
to continuous reservoirs via a Lindblad approach [47, 48] to form a buffer zone [42, 43,
44) between the impurity and the bath. This approach implies Markovian reservoirs,
however, the resulting local dynamics is non-Markovian, as in the case of the OWC.
The precise Lindblad master equation to calculate the reduced time-dependent density

matrix in the interaction picture is given by
) 1
o) == ST ({eh(0), £1,) = 26,0501 )
,J

- <{pls(t), fifl} = ZprIs(t)fj> . (6.3.60)

To define the auxiliary system, as well as the Lindblad parameters TV a fit is
performed, which is intended to optimize the effective bath hybridization function of
the system (cf. Sec. 5.1) with respect to the physical one for a given number Ng. Dorda
et al restricted their calculations to a particle-hole symmetric SIAM, to reduce the
number C'(Ng) of free fit parameters. Additionally, they compared different geometries
of the auxiliary system, which significantly reduce C'(Ng) as well, and found that a
double chain is significantly superior to a single chain or a star geometry to reproduce
a flat DOS [46]. Since the OWC corresponds to a single chain with on-site reservoir
coupling in this picture, the findings suggest, that the Wilson chain is an inadequate
choice for a buffer zone.

However, one can not simply compare the Lindblad formalism to our BRF. To re-
produce the chain geometry in the system, one has to set i = j in Eq. (6.3.60), which
then translates to the summation index n over the single chain sites in Eq. (5.2.42).
To turn the Lindblad equation (6.3.60) into a Bloch-Refield equation (4.3.36), two
steps are still missing that reveal the complexity of the latter. Firstly, the introduc-
tion of the secular approximation, i.e. the Kronecker-delta, allows one to exploit the
block-diagonal structure of the BRT and thus to efficiently diagonalize it. In contrast,
Dorda et al diagonalize the entire tensor using Lanczos exact diagonalization or matrix
product states [46]. Secondly, and most importantly, the operator ri/? fn needs to be
turned into a different operator, that is a complex combination of the system operator
fn and the corresponding RGF C,,(w) (see Eq. (4.3.36)), evaluated at an energy, which

depends on the components of the system operator. Precisely, this means

TY2 (al fo |b) — Co(Eo — Ey) {al fo |b), (6.3.61)
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with |a) being a system eigenstate with the corresponding eigenenergy E,. The r.h.s.
of Eq. (6.3.61) is thus a complex operator, that is not linearly dependent on f,, and
thus the Bloch-Redfield master equation (4.3.37) cannot be reproduced by the Lh.s. of
the equation, i.e. the Lindblad equation (6.3.60). To achieve this, in each term of the
Lindblad equation one of the system operators would have to be replaced by an entirely
new operator, whose components would need to be included in the fit process. This, in
turn, would render the fitting of the auxiliary system effectively infeasible. In contrast,
the Bloch-Redfield equation could be turned into a Lindblad equation by assuming
Cy(w) = const. This implies the high-temperature and wideband limits, respectively,
as well as a constant reservoir coupling function I',,(w) (see Eq. (4.3.35)).

Despite the incompatibility of both approaches, two key points might be transferred
to the OCF. Firstly, the bath hybridization function is an excellent measure for the
quality of the approximation. In the case of the OWC, we guarantee to maintain
this function by the implementation of the CFE (see Sec. 5.1), but then distort it
to a certain degree by the BMA. By calculating the bath hybridization function of
the OWC from the GF of the zeroth Wilson chain site, while decoupling the impurity
(i.e. setting V' = 0), one would obtain a measure for the quality of the BMA, that
only depends on the size and the shape of the OWC, i.e. on N¢ and A, respectively.
Secondly, the superiority of the double chain in relation to the single chain in the
AMEA might inspire one to consider two OWCs, by splitting the bath into a high- and
a low-energy part, before constructing the chains. This would render a high-energy
chain with a gapped bath hybridization function and an additional low-energy chain
with a renormalized bandwidth. In general, one could imagine to investigate numerous
buffer zone geometries in the AMEA with respect to their bath hybridization function
convergence per C'(Ng). The best choice is then reproduced rigorously as close as
possible in the spirit of the OWC, which would give a physical justification to the
approach, as well as render a possible opportunity to exploit a truncation scheme or

system symmetries.

6.4. Summary

One of the key components of the NRG is the truncation of high-energy states, which
allows for the CPU time to increase linearly with the Wilson chain length, instead of
exponentially. To exploit this effect with the OCF, the ASB needs to be inserted in

the master equation of the density matrix, leading to a coupling of all energy shells of
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the NRG. Since a full treatment of this master equation is infeasible on modern work-
stations, we discussed several approximations and their impact on the OWC solution
in this chapter.

For TD-NEVs a time-dependent density matrix is calculated via the master equa-
tion. Here it turned out to be sufficient to couple different shells in the DDM only, to
guarantee physical behavior such as the conservation of the trace and a correct thermal-
ization. Additionally, more efficient alternatives have been discussed, that artificially
conserve the trace of the density matrix.

For ESFs a compound operator of the density matrix and an impurity creator is
evolved in time in the master equation. Due to its inner structure, this operator has
a trace of zero, which renders a conservation of the trace obsolete. In contrast, the
coupling of different iterations is relevant for the dissipative part of the BRT. However,
for sufficiently low temperatures, this part has no influence on the compound operator
and can safely be neglected.

The imaginary part of the BRT enters as a small Lamb-shift in all OWC results.
When truncating high-energy states, this Lamb-shift has shown to induce a dispropor-
tionately large error. We outlined a procedure how to compensate this error, however,
we chose to simply neglect the Lamb-shift for practical reasons.

The discretization scheme of the NRG is known to induce a finite-size error to the sys-
tem. This error has an influence on OWC dynamics in both TD-NEVs and TD-EGF's,
which is especially strong on intermediate time scales, where the relaxation terms have
not yet damped the unphysical finite-size oscillations. In ESFs these oscillations occur
analogly, effectively washing out low-energy information of the spectrum. Here the z-
averaging is a simple scheme to compensate for this finite-size error, as has been shown
for TD-NEVs. In ESFs we leave the investigation of the compensation of finite-size

effects to future works.



7. Interacting Quantum Impurity
Models

In Chap. 5 and 6 we have applied the OCF to the RLM to benchmark the approach
with respect to the BMA and the truncation of high-energy eigenstates, respectively.
In this chapter we test our formalism with relatively simple QIMs that include a local
interaction term U, namely the IRLM (see Sec. 2.5) and the SIAM (see Sec. 2.4). Here
no exact solutions are known, however, numerous analytical and numerical predictions
to those models are available [36, 109, 13, 22, 29]. The purpose of this chapter, and
of this thesis in general, is not to reveal new physics, but to establish our OCF and to

assess its applicability in a variety of testing grounds.

7.1. Local Non-Equilibrium Real-Time Dynamics

In this section we investigate TD-NEVs for the IRLM and the SIAM, respectively.
The results are obtained analogly to Sec. 5.4.1, but for the interacting case. When a
truncation of high-energy states is applied, the trace of the density matrix is conserved
by artificially normalizing nq4(¢) with the numerically calculated Trp(t), if not stated

otherwise.

7.1.1. Interacting Resonant Level Model

We proceed to our first non-trivial QIM for the OWC by adding a Coulomb repulsion U
between the impurity and the zeroth Wilson chain site. This is denoted by the IRLM.

The impurity Hamiltonian becomes

Hip = €ad'd +V (d*fo + dfg) +U (d*d — %) (fgfo — %) : (7.1.1.1)

Here the zeroth site of the Wilson chain is included in Hjy,p, and so the remaining OWC,

as well as the zeroth reservoir, couple directly to this ”super-impurity”. For vanishing
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U the system resembles the RLM. We will restrict the non-equilibrium dynamics to a
quench with €}, = -, =T at t = 0.

The impurity dynamics corresponds to an oscillation with frequency

O =/E2+4V2, (7.1.1.2)
d

which is identical to the CWC dynamics of the RLM for N¢ = 1, and an additional
slow decay with a relaxation time 7. This motivates the analytical solution [30] for the

occupation dynamics

na(t) =(ng — ng)e™" +ngy

+A (Cos(Qt)\/l — cos?(f)et/Tet/(AT) sin(Q)e_t/T> (7.1.1.3)

in the limit U > D, T (see App. E). Here

™ Q (U\?

T= 56 DT (5) (7.1.1.4)
is the above mentioned relaxation time and A and 6 are constants, which are to be
defined by a fitting procedure. In the limit of U/D — oo the relaxation time 7
diverges, meaning that the ”super-impurity” is practically decoupled from the OWC
and the zeroth reservoir. For U — 0 the relaxation time 7 vanishes, instead of being
of the order of I', proofing that the expression of Eq. (7.1.1.4) is not valid for small U.

Let us exemplarily compare 7 of Eq. (7.1.1.4) with the relaxation rate of the shortest
OWC possible in the IRLM, which has a length of No = 1. The dominant relaxation
rate in the BMA can be derived analytically as

7 =R (U2 - V) + Co(U/2+ V) | (7.1.1.5)

for g < D, where Cy(w) is the correlation function of the zeroth reservoir. Since the
support of the reservoir spectral function is limited to the bandwidth, the relaxation
rate is always zero for U > 2D + 2V, meaning that here the reservoir does not accept
any charge from the system and so we basically obtain a closed system. This effect can
already be seen for U > 2V in the limit of 7" — 0, since here the Fermi-functions in
Co(w) produce a sharp cut-off.

In Fig. 7.1 the relaxation rates of Eq. (7.1.1.5) are compared to the analytical
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Figure 7.1.: The relaxation rates of the OWC of chain length No = 1 for different
temperatures T, calculated via Eq. (7.1.1.5). As a comparison, the rate
calculated according to Eq. (7.1.1.4) is added as a black dashed line. The
axes are both scaled by the bandwidth D and plotted logarithmically.

prediction of Eq. (7.1.1.4) for different temperatures 7. For small U both results
deviate significantly from each other. In this case the OWC is superior to the analytical
prediction, since the relaxation rate is finite. By increasing U, the intercept of the
analytical prediction and the OWC solution is located at U ~ 0.2D. Here U is still
considered to be small and Eq. (7.1.1.4) does not hold. For large U the OWC rates
quickly drop below the analytic prediction. A behavior oc U2 cannot be observed. The
reason is that the relaxation rates of the OWC are always composed of the correlation
functions evaluated at different Wilson chain energies. The parameter U only directly
influences the eigenspectrum of the Wilson chain and not the values of the correlation
functions, and so the relaxation rates cannot be a simple function of U. The inability
of the OWC to reproduce 7 o< U? clearly is a consequence of the BMA in second order,
as discussed in Sec 4.7. In the following we concentrate on the effect of increasing the
chain length N¢ on the results, especially the relaxation times.

When comparing curves for different chain length N, the temperature needs to be
adapted by 3, as has been done in Fig. 5.16, since a different temperature leads to
different equilibrium values. A finite U has a similar effect on the curves. It has been
shown (see Sec. 2.5 or Ref. [68]) that the fixed points of the IRLM are identical to
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those of the RLM, if T" is replaced by an effective hybridization I'eg. This is identical
to a rescaling of the energies, which allows for the equilibrium values of the IRLM to
be identical to those of the RLM. The non-equilibrium dynamics, however, deviate
strongly from the RLM for finite U, independent of the choice of I'eg. To be precise, a
finite U effectively suppresses the coupling of the Wilson chain to the super-impurity
and so charge is reflected back from the zeroth chain site to the impurity, leading to
oscillations that relaxate on a time scale of 7 into the chain. In the CWC of finite
length we experience an unphysical revival effect at a certain time, when charge is
reflected at each site of the chain back to the impurity [19]. With increasing U this
effect occurs more early in time. In the limit of U — oo dissipation is suppressed and
any chain basically resembles the CWC with N¢ = 1.

What is the precise influence of increasing U on short OWCs? In chains with an
even number of sites the dynamics in the non-interacting case are almost entirely
determined by the DDM, which yields the relaxation rate of 2I'.. When U is increased,
the DDM quickly changes to be constant in time and thus it no longer has an impact on
the relaxation of the system. This way, the oscillations induced by the CWC become
dominant on short time scales. On longer time scales the real-part of the ODDM damps
these oscillations with a lower relaxation rate and thus inhibits the revival effect. The
Lamb-shift is weak and does not significantly impact the occupation dynamics.

Odd chains show a different behavior. Here the ODDM is prominent also in the
non-interacting case. When increasing U the influence of the DDM again vanishes, but
the relaxation rate of the ODDM is much lower than that of the even chains. In this
way, the IRLM shifts the ratio of the effective relaxation rates of even and odd chains.

In Fig. 7.2 the impurity occupation ng(t) is displayed for two distinct sets of pa-
rameters. The CWC curves are plotted on the left and the OWC curves on the right,
respectively. Obviously, the OWC has a higher relaxation rate for short times than the
CWC. This is the case for all combinations of parameters and a considerable numerical
inaccuracy can be excluded, since the only numerical parameter here is Ny, (see Sec.
5.4), which is chosen high enough for sufficient convergence. One possible reason for
the discrepancy between CWC and OWC relaxation rates are finite size effects in the
CWC. Reflections of charge back onto the impurity can lead to a slower relaxation.
These revival effects are expressed in oscillations of the envelope of the function (see
the upper left panel). In the figure it is not possible to exactly estimate up to which
time the CWC curves can be interpreted as approximately correct, as it is possible
for the RLM . For that reason, the relaxation rate of the CWC cannot be used as a
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Figure 7.2.: Non-equilibrium occupation number for different parameter sets. The up-
per two panels (a) and (b) are created with No = 7,A = 2,7 =T and the
lower two panels (c) and (d) with N¢ = 10,A = 5,7 = 0.1". Different
values for U are chosen, as depicted in the legends of the panel. On the
Lh.s. in panels (a) and (c) the CWC results are presented, while on the
r.h.s. in panels (b) and (d) the corresponding OWC version for identical
parameters is shown. A fit with the function (7.1.1.3) is added as dashed
lines in the same color for the OWC.

benchmark for the OWC solution.

As expected for an OQS, the OWC relaxates to the correct steady-state, while per-
forming oscillations with a constant frequency. Increasing U increases the relaxation
time 7, which is explained by the fact, that U holds back charge to the impurity and
thus slows down relaxation. To estimate the quality of the OWC results we use the
analytical prediction Eq. (7.1.1.3) for local non-equilibrium dynamics n4(t). By choos-
ing Q = 0, Eq. (7.1.1.3) yields the envelope function. By demanding that the first

derivative of the envelope function with respect to time ¢ is zero at ¢ = 0, one obtains
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the restriction

A

sin(f) = —W.

(7.1.1.6)

This restriction is equal to the fact that p(t) = 0, which follows from the von-Neumann
equation. However, if we apply the MA, this correct short-time behavior cannot be
fulfilled by the BRF. Instead, the only possible choice is # = 7, which reduces nq(t) to
a sum of exponential decay terms.

We have fitted Eq. (7.1.1.3) to the OWC data in Fig. 7.2 (dashed lines). The
qualitative concordance for U > D is significant and suggests, that Eq. (7.1.1.3) is
applicable even when U is of the order of the bandwidth. For U > 10D the fitted
frequencies of the OWC comply with Eq. (7.1.1.2) within a variance of 5%. The
relaxation times 7, however, are lower than predicted, and increasingly deviate from
Eq. (7.1.1.4) for higher U.

To quantitatively investigate this behavior, we examine the OWC solutions for the

effective hybridization I'eg. All parameters are now expressed in the new energy scale

I
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The ratio FLH is predicted [36] as
I (Te <1,
Lot D
a =25 — 8,
2 U
0 = —arct —— . 7.1.1.8
— arctan (4 D) ( )
In the limit of U/D — oo we obtain FLH = Fgf. Hence, the bandwidth cancels out in

all parameters and the relaxation rate is 7' ~ 0.717 (%)2 for g = Ieg.
In Fig. 7.3 the rescaled curves for Ng = 7 are plotted for the CWC (top) and the
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Figure 7.3.: Non-equilibrium occupation number for different U/D for No = 7,A =
2, D =100I',T7 =T. On the top we present the CWC, in the middle the
corresponding OWC without and on the bottom the OWC with Lamb-
shift. For the violet curve U/D = 0 has been chosen, while we have
U/D =2"n € Ny up to the red curve. A fit with the function (7.1.1.3) is
added as dashed lines in the same color for the curves with U > D of the
OWC with Lamb-shift.

OWC with Lamb-shift (middle) and without Lamb-shift (bottom). I" has been rescaled
to meet the equilibrium values defined by the NRG. Clearly, the CWC and the OWC
(without Lamb-shift) solutions coincide in the oscillation frequency, which is given by
Eq. (7.1.1.2). As already mentioned, the oscillating part of the OWC occupation
number for U > D is entirely defined by the CWC plus a small Lamb-shift, that
vanishes for U > D, so this does not come as a surprise. The contribution of the DDM
basically vanishes for large U and so the relaxation rate of the OWC is defined by the
real-part of the ODDM.

To compare the OWC to the analytical predictions for I'/T'eg, 2 and 7, we have fitted
the OWC curves of Fig. 7.3 with Eq. (7.1.1.3) and plotted the results in Fig. 7.4.



192 7. Interacting Quantum Impurity Models

——
] —— o ——

.,
.
.,

-~
. -~
" -

frea,, =~
[ ET N SN
e —~

1 2 4 8 16 32 64 96128 192256

Figure 7.4.: Effective parameters I'/Teg, Q/Teg and 77 'Teg for different U/D. The
dotted lines are the pure theoretical predictions via Eq. (7.1.1.8) and
(7.1.1.7). The dashed lines are the parameters calculated via (7.1.1.7) for
a numerically determined I'/T'oz. The stars represent the fitted parameters
of Fig. 7.3. We have chosen No = 7,A = 2, D = 100I',7 = I". The
horizontal axis, as well as the vertical axis for the green curves, are chosen
logarithmically. The red stars are calculated for No = 7,A = 1.2, D =
100, T = T, where (3 has been adapted accordingly. The red stars are
additionally shifted upwards by a factor of 10* to facilitate their comparison
with the green stars.

The parameters of Fig. 7.4 have been calculated as follows. The blue dotted curve
is obtained via Eq. (7.1.1.8) with D = 100I'ss, while the dashed line is obtained by
comparing the equilibrium values for U > 0 with those of the non-interacting case and
varying I' /T'eg in the first case until those values align. The orange curves are calculated
via Eq. (7.1.1.7). Again, we have chosen ¢q = I'eg and D = 100Teg. The dotted orange
curve is calculated from the values I'/T'eg from the dotted blue line and the dashed
line vice versa. The orange stars are the fitted OWC parameters. The relaxation rates

of the green lines are obtained via Eq. (7.1.1.7) by using the values I'/T'eg and Q/Teg
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from the dotted and dashed curves, respectively. The stars again represent the fitted
parameters, while we have maintained A at 2 for the green stars and changed A to 1.2
for the red ones. For the fitting process we expanded the time-axis up to tI' = 105, to
reliably measure the large relaxation times that occur for larger U/D.

A systematic deviation of the fitted parameters (stars) from the analytical predictions
(dotted lines) is apparent. However, if we correct the effective scale I'/Teg for the
numerically determined values (dashed lines), we obtain a much better agreement with
the fitted parameters €2. There seems to be a systematic deviation of the effective scale
for the CWC equilibrium value, which seems logical in view of the fact that we have
chosen a chain length of No = 7. For longer chains we expect Eq. (7.1.1.8) to be met
with more precision.

The fitted relaxation rates 771 (green stars) differ significantly from the analytical
predictions (green dashed and dotted lines). Equation (7.1.1.3) only holds for large
U/D, so we expect an error of the green dashed and dotted curves for small U/D. We
have shown in Fig. 5.16 that the OWC relaxation rates are too large for No = 7 in
the non-interacting case, and consequently we expect the green stars to be slightly too
high for small U/D in Fig. 7.4. Furthermore, the fitting process with Eq. (7.1.1.3) is
not reliable here, since the fit-function is not suited for small U/D. For intermediate
values of U, i.e. U =~ 10D, the green stars lie below the dashed line, which suggests that
the relaxation rates generated by the BRT are too small, if we consider the analytical
predictions to be correct in this regime. The BMA is performed in second order only,
meaning that the coupling to the reservoirs, and consequently the relaxation, is too
weak in this approximation. For U > 50D the relaxation rates converge to a constant
value, which is independent of U. This behavior is a strong contradiction to the
expected U2?-dependence of the relaxation rates.

To compare the influence of A, we added the case A = 1.2 as red stars, scaled by
a factor of 10%. Obviously, the relaxation rates generated for this small discretization
parameter are significantly lower than those for A = 2. This can be explained by the
fact, that the reservoir coupling is naturally weaker for small A. Additionally, the red
stars reach their steady-state value significantly later than the green stars. In fact,
in the range U/D € [8,32] the curves exhibit the predicted U~2 behavior. A smaller
A allows for a better resolution of large energies, which is to be preferred in the case
U > D and might explain the behavior of the red stars in comparison to the green
ones. However, the slower convergence for smaller A is also in accordance with the

slower convergence of the reservoirs to their steady-state (see Fig. 5.8).
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Up to this point it is not clear, whether the parameters can be further aligned to
the analytical predictions by varying the Wilson chain parameters. A larger A appears
to be beneficial in the sense, that the relaxation rates approach the correct order
of magnitude. However, a lowering of A, and consequently a slower relaxation, could
possibly be compensated for by increasing the chain length. Thus we expect to improve
the relaxation rates for U > D by increasing the chain length and simultaneously
choosing a relatively small A, which is better suited for the resolution of high energies.
To attain longer Wilson chains, we proceed by introducing the truncation of high-energy
system eigenstates to the IRLM.

In Fig. 7.5 we have plotted the impurity occupation nq4(t) for different values of U
for relatively long Wilson chains of length N¢ = 50 with Ng = 103 retained states at
each NRG iteration. To extract the relaxation times 7, a fit with Eq. (7.1.1.3) has
been performed. The success of this procedure is very susceptible to the correct choice
of the initial value for the oscillation frequency 2. One can either guess this value from
the shape of the curves, or use the envelope function of the curves, which are obtained
by artificially neglecting the CWC oscillations, i.e. setting E* — E™ — 0 in Eq. (6.1.5).
The envelope function is obtained from Eq. (7.1.1.3) by setting €2 = 0. Furthermore,
the fitting process of the OWC curves can be simplified by choosing § = 7/2 for all
curves, as has been mentioned above. The fitting process with Eq. (7.1.1.3) confirms
this choice of 8 for U > 4D.

In Fig. 7.5 the fitted functions (dashed lines) deviate more from the original curves
(solid lines) than in Fig. 7.3, where the differences are practically not existent. This
stronger deviation can be attributed to the truncation of high-energy states in Fig.
7.5, as well as to the fact, that the OWC solution contains more different relevant
relaxation rates, if the chain length is larger.

The parameters obtained from Fig. 7.5 are depicted in Fig. 7.6. The latter is an
analog comparison to Fig. 7.4. In contrast, in Fig. 7.6 the relative deviation of the
numerically calculated I'/Tog is significantly reduced from approximately 650% to 13%.
This is due to the higher accuracy of NRG equilibrium values for longer Wilson chains.
A large value of U obviously increases the chain length N¢, which is necessary to reach
a sufficient convergence here. The U-value at which all three parameters are effectively
converged is not significantly changed. However, the most relevant difference lies in
the relaxation rates 771. In Fig. 7.4 the rates converge to a value, which is effectively
constant in U for approximately U > 16D. In contrast, in Fig. 7.6 a U2 dependence
can be observed for U > 96D, which is the predicted physical behavior. According to
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Figure 7.5.: Figure taken from Ref. [114]. Non-equilibrium impurity occupation versus
dimensionless rescaled time tI'oq for different values of U. T'/Tg has been
adapted to align the equilibrium values of the curves. The Wilson chain
parameters are A = 1.59, No = 50, D = 1034, which yields an effective
temperature of T = 0.01T.g. We retained Ng = 10° low-energy states
at each iteration and averaged over N, = 4 values of z. The Lamb-shift
has been set to zero and the curves are artificially renormalized by the
trace of the density matrix, since no coupling of iterations has been per-
formed in the BRT. The non-interacting analytical solution is added as a
black dashed line. The colored dashed lines are the fitted curves with Eq.
(7.1.1.3).

the discussion above, we assume this is due to the longer Wilson chain in combination
with a lowered A. We expect the relaxation rates to converge to a constant value, if
U is chosen to be sufficiently large. The relaxation rates (green stars in Fig. 7.6) are
too large in comparison to the analytical predictions (green dotted and dashed lines).
We have shown in Fig. 7.4, that the choice of the discretization parameter impacts the
steady-state, which is due to its influence on the quality of the BMA. Thus we expect

a smaller A to better reproduce the correct steady-state of the relaxation rates.
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Figure 7.6.: Effective parameters I'/Teg- D /Tegr, Q/Teg and 7.5 /T (U/D)? for different
U/D. The figure is to be understood analogly to Fig. 7.4. The dotted lines
are the pure theoretical predictions via Eq. (7.1.1.8) and (7.1.1.7). The
dashed lines are the parameters calculated via (7.1.1.7) for a numerically
determined I'/Tog. The stars represent the fitted parameters of Fig. 7.3.

In the context of a BMA in second order, one might expect the relaxation rates of the
OWC curves to lie below analytical predictions, instead of above. This might be the
case for the BA, however the other approximations involved, especially the second MA,
potentially falsely increase the components of the BRT. We know from calculations
for the non-interacting case, that the influence of the second MA (which is basically
expressed by an impairment of the short-time dynamics) is reduced by increasing the
chain length (see Fig. 6.4). This is based on the fact, that the relaxation of the curves
is mainly influenced by the DDM. However, the relaxation rates for large U/D are
mainly given by the ODDM (see Fig. 9.2). Here, the influence of the second MA is
still unknown.

To assess the effect of the single approximations for large U/D, one could calculate

the OWC N¢ = 1 curves for a non-Markovian reservoir, as has been done in Sec. 4.6.1
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for the N¢ = 0 case. For a local Hilbertspace dimension of 4 one obtains a BRT of 4*
components, which is the reason, why we do not attempt to calculate it in the non-
Markovian case here. However, by separating the DDM and the ODDM as explained
in Sec. 4.5, as well as restricting to the ¢/ = 0 case and exploiting all symmetries of
the BRT, the calculation might be possible.

Let us summarize our findings regarding the suitability of the BMA for OWC
TD-NEVs in the case U > D. For short chains the predicted U2 behavior of the
relaxation rates could not be reproduced, which is expected to be mainly based on
the BA. A significant increase in the chain length is able to generate the correct U-
dependence, which supports this hypothesis. Still, the absolute value of the rates is
too large. This can be attributed mainly to the second MA by influencing the ODDM,
which is most relevant to the local dynamics for large U/D. From calculations in
the non-interacting case we know that a lowering of A improves short-time dynamics,
which is connected to the second MA (not shown). The hypothesis, that a lowering of
A improves the absolute value of the relaxation rates is supported by the short chain
calculations in Fig. 7.4.

Additional calculations and figures for the OWC TD-NEV in the IRLM can be found
in App. H.

7.1.2. Single Impurity Anderson Model

As the second non-trivial model investigated in this thesis, we turn to the STAM. This
model has been discussed in detail in Sec. 2.4, 3.6 and 4.6. Compared to the RLM,
we add a spin DOF and a Hubbard-like local Coulomb repulsion U. In the IRLM
the energy U favors the super-impurity (impurity plus zeroth chain site) to be singly
occupied and by that induces local Rabi-like oscillations. The effect of U in the SIAM is
similar, as it prohibits a doubly occupation of the impurity site. However, the dynamics
is entirely different, as in the STAM no direct hopping between the local spin-up and
spin-down state is possible. In analogy to Sec. 4.6, we consider the impurity occupation
na(t) = ny(t) +n,(t) and the impurity magnetization S,(t) = O.5(nT(t) - m(t)). Here
ny(t) denotes the time-dependent expectation value of the |o) (o| + |2) (2| operator.
In Fig. 7.7 we examine the impurity occupation and magnetization for a quench,
which is inspired by Ref. [118] and [29]. Here we start with a spin-polarized state, i.e.
the local energy levels are By = E} = 0 and E| = Fy = I', so that the empty and
the spin-up state are thermally favored. We then quench at t = 0 to the particle-hole

symmetric case by switching off the external magnetic field and adapting U and eq4.
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Figure 7.7.: Non-equilibrium impurity occupation n4(t) (panels (a) and (b)) and mag-

netization S, (t) (panels (c) and (d)) for different values of the Coulomb re-
pulsion U. We switch from ¢, = —0.5T', Bl =T, Ul = 0to €}, = —~U/2, Bt =
0 at t = 0. The initial hybridization is I = 0 in panels (a) and (c¢) and
[ = T in panels (b) and (d). The final hybridization is I = ' in both
cases. The Wilson chain parameters are Ne¢ = 30, A = 1.66, D = 20T,
so that a temperature of T = 0.01I is reached. We have used Ng = 103
states and N, = 4. The CWC solution is added as dashed curves and the
horizontal axes are chosen logarithmically.

Here the local eigenenergies are Ey = Ey = 0,Ey = E| = —U/2, so the system is

spin-degenerate and the singly occupied state is thermally favored. Consequently, the

magnetization drops to zero for long times, while the occupation converges to 1, which

is the equilibrium value of the SAM. We have chosen the temperature as the smallest

energy scale and the bandwidth relatively small, to simulate the strong-coupling fixed

point for t — oco. In the case I = 0 we have the free-orbital fixed point for ¢ = 0,

since the impurity is decoupled from the Wilson chain. The case I'' = I' corresponds

to a valence-fluctuation fixed point. The impurity levels of those cases are depicted
in Fig. 7.8, while Fig. 7.7 compares the OWC dynamics (solid lines) to those of the
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Figure 7.8.: Impurity level energies for the spin-polarized valence-fluctuation fixed
point g = 0.5I'; B = I', U = 0 (panel (a)), the local-moment fixed point
ea = —U/2,B =0 (panel (c)) and a hypothetical transition state (b).

CWC (dashed lines). In contrast to Ref. [29], we have used a smaller number NV, in the
z-averaging and no artificial damping of the ODDM. Thus the finite-size oscillations
in the CWC solution are still visible, while the OWC curves thermalize to the correct
steady-state value. For short-times the OWC version relaxates faster than the CWC,
which is the well-known effect of the MA. Since the magnetic field is turned off, the
magnetization drops to zero for ¢ — oco. This behavior is well reflected by the OWC,
while the CWC solution maintains a residue magnetization. Intuitively, one would
expect the magnetization to steadily drop after the magnetic field has been turned off.
Instead, we observe a bump around ¢I" &~ 10, which is most pronounced in Fig. 7.7 (d),
as here the magnetization is even increased on intermediate times.

To understand this behavior, consider Fig. 7.8. Recall that we have defined the
magnetization as o< ny —ny. At t = 0, the empty and the spin-up state are degenerate,
meaning that the impurity is not fully occupied with the spin-up electron (see Fig. 7.8
(a)). By quenching to the symmetrical case, the levels of the singly occupied states are
decreased (Fig. 7.8 (c¢)). Thus, the empty state is now thermally less accessible and
the probability is effectively shifted to the spin-down state. However, the dynamics
between the two steady-states is dominated by the fact, that at first this probability is
shifted from the empty state and equally distributed between the two singly occupied
states, leading to additional occupation of the spin-up state. This additional occupation
then relaxates onto the spin-down state, until both spin states are degenerate, and is
responsible for the bump of the impurity magnetization on intermediate time scales.
Note, that this bump already partially shows in Fig. 4.5, where the most simple case
of No = —1 has been assumed (i.e. no Wilson chain). The transition between the
two states can be depicted by the energy levels of Fig. 7.8 (b). This panel does not

represent an actual physical state of the system, but merely serves to illustrate the
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Figure 7.9.: Non-equilibrium impurity occupation nq(t) and magnetization S,(t) for
different values of the Coulomb repulsion U. The parameters are identical
to Fig. 7.7. Here the horizontal axis is scaled by the respective Kondo
temperature Tk, calculated from the impurity susceptibility via [14].

change in occupation probability right after the quench.

Another physically interesting feature is the relaxation time of the curves. For small
U, all relaxation happens on the time scale of the hybridization I'. In the context of
the STAM, the Kondo temperature Tk is an important energy scale as well. For that
reason, we have scaled the curves of Fig. 7.7 by the Kondo temperature and replotted
them in Fig. 7.9. In fact, the magnetization in Fig. 7.9 (c) reveals the expected
relaxation behavior [119, 29], since the curves overlap at tTx ~ 1. The OWC curve for
U = 161" is an exception, since it relaxates too fast. Here the Kondo temperature is
so low, that it is on the same magnitude as the system temperature. In other words,
thermal processes overlap the Kondo effect. If the temperature would have been chosen
lower by increasing N¢, we would expect the red solid curve to better match the dashed
one. In fact, the deviation between the OWC and the CWC is increased in all curves

if U is increased. This supports the assumption made in Sec. 7.1.1, that the MA is
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impaired for large U/D. In the red curves we have chosen U ~ D, which is why we
expect the most impact of the BMA on the relaxation rates here.

Further figures for the TD-NEV in the SIAM can be found in App. L.

7.2. Equilibrium Spectral Function

In this section we investigate the TD-EGF and the ESF for the IRLM and the SIAM,
respectively. The results are obtained analogly to Sec. 5.4.2, but for the interacting
case. Note, that for the SIAM the y-operator has a spin index. Consequently, two

separate BRT are calculated and diagonalized, one for each spin value.

7.2.1. Interacting Resonant Level Model

As demonstrated in Fig. 7.2, a large local interaction U induces an effective separation
of the zeroth chain site from the remaining Wilson chain. The local Hamiltonian of the
super-impurity resembles the SAM with the one-particle energies —% and the zero- and
two-particle energies —l—%. The oscillations of G4(t) are dominated by transitions from
the one particle subspace to the zero- or two-particle subspaces, respectively, leading
v _ (_Q) =U

4 1 2

In Fig. 7.10 we examine the TD-EGF for even and odd chain lengths and different

values for U and D, respectively. The local oscillations with frequency U/2 are shown

to frequencies

in Fig. 7.10 (a) and (c), where we have Gq(t) = cos(%t) for large U and short times.
In contrast to the non-equilibrium impurity occupation in Sec. 7.1.1, the oscillations
are influenced by U and independent of any scaling ['cg.

For larger times, the relaxation rates, that are generated by the OWC, enter. In
Fig. 7.10 (b) it is displayed, that for U > D and N¢ = 6 the envelope function of the
oscillations can be approximated by a single exponential decay rate o. This rate turns
out to be proportional to the bandwidth D, which is plausible, since « is defined by
the eigenvalues of the BRT, and the BRT is proportional to the correlation functions,
which scale with the bandwidth. For odd chain length (Fig. 7.10 (d)) the relaxation
rate is significantly smaller, which again matches with all observations made so far for
the OWC. For higher chain length, the rates of even and odd chains are expected to
coincide.

In Fig. 7.11 we investigate the OWC ESF for U > D and an exact Wilson chain of
length No = 6. We observe Lorentzian-type excitations at w = 4(U/2 + dgpig;), which
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Figure 7.10.: The TD-EGF Gq4(t), calculated via Eq. (5.4.2.62) in the IRLM, versus
dimensionless time %Ut and tI', respectively. The U = 0 curves are
unscaled with respect to the horizontal axis. The analytical solution for
U = 0 is added as black dashed lines for comparison. The black solid line
in panel (b) represents exp(—at) with v = 0.08D. The panels (a) and
(c) are a zoom for short times, while panels (b) and (d) are plotted semi-
logarithmically to reveal the relaxation behavior. The NRG parameters
are chosen as in Fig. 5.19 with a chain length of N¢ = 6 (panels (a) and
(b)) and N¢ = 7 (panels (c) and (d)), respectively. The bandwidth is
D = 100T".

translate to the local transitions mentioned above. In the low-energy regime, the RLM
excitation at w = eq4 = 0 is displayed, which is suppressed, if U is increased. To
evaluate the IRLM curves, we need to recall Eq. (5.4.2.63) and (5.4.2.64), respectively.
The weight and the position of the excitations in the OWC ESF are defined by the
CWC, while their broadening and a small shift are generated by the real- and the
imaginary-part of the eigenvalues of the BRT, respectively. In Fig. 7.11, all peaks
are broadened proportionally to the bandwidth D, which originates from the influence

of the reservoirs in the BRT, similar to the decay rates mentioned above. The only
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Figure 7.11.: The OWC ESF T"'A4(w) for the IRLM with e¢q = 0, versus dimensionless
energies w/D and w/U, respectively. A discretization with A = 1.2 is
plotted in panels (a) and (b) and A = 3 in (b) and (d). We choose a
chain length N¢ = 6 and adapt 3 to obtain 7' = I'. In panels (a) and
(c) the bandwidth D = 100I" is maintained and U is varied. In contrast,
U = 10007 is fixed in panels (b) and (d) and D is varied.

dependence of U is expressed by the position of the high-energy peaks, as well as by
the weight of the low-energy excitations, which are solely defined by the influence of
the CWC.

The U-independence with respect to the broadening has already been observed in
the SAM for large U > D in Sec. 4.6.2. Here we have coupled the bath directly
to the impurity and the influence of the single approximations was illustrated. The
MA cuts off the high-energy peaks, that lie outside the band. In contrast, Fig. 7.11
illustrates, that a Wilson chain of length N = 6 is sufficient to improve the MA in
such a way, that those high-energy excitations are recovered. On the other hand, the
same scaling behavior of the peaks with respect to U and D is observed, i.e. the width

of the peaks is still independent of U and only depends on D. In contrast, the width of
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the peaks is expected to be proportional to U2 [109]. To obtain an analytical estimate
of the precise behavior of G4(t) in the case U > D, one could perform a perturbative
calculation similar to App. E. Here we expect oscillations with a frequency of U/2
and a dominant decay rate oc U2, Broadening parameters, which are constant in U
for large U/D correspond to the relaxations rates found for TD-NEVs (see Fig. 7.4)
and for TD-EGFs (see Fig. 7.10). The fact, that the broadening is converged for
significantly smaller U (U = 6D in Fig. 7.11 versus U = 50D in Fig. 7.4) might be
attributed to the different chain length and the even-odd effect. A slower convergence
for smaller A, as seen for TD-NEVs, cannot clearly be observed.

The findings of Fig. 7.11 suggest, that the BRF is not suitable to reproduce a direct
dependence of local parameters for the broadening of ESF's, if U > D. We assume, that
this can be attributed to the BA, since here the local and the bath density matrix are
separated, leading to the case, in which the BRT is scaled by the reservoirs, i.e. bath
quantities, only. This is a systematic problem of the BA in second order, wherefore we
propose a BRF in fourth order (see Sec. 4.7.1) or a transition to a different QIM (see
Sec. 4.7.2) for U > D.

However, the relaxation rates plotted in Fig. 7.4 for TD-NEVs might inspire one to
an alternative approach. By increasing the chain length and simultaneously lowering
the discretization parameter, we obtain an OWC with a large number of site, where the
reservoir coupling functions have not converged to their steady-state yet. We expect
this regime to resonate with a slower convergence of the eigenvalues of the BRT (i.e. the
relaxation rates and the broadening parameters generated by the BRF) with respect to
U, meaning that the relevant eigenvalues will be in the regime oc U2 for higher values
of U, as found in Sec. 7.1.1. In any case, we expect the OWC solutions to converge to
a constant value for U — oo, implying that the BRF in second order is not suitable

for arbitrary large U.

7.2.2. Single Impurity Anderson Model

We conclude our investigations with the OWC ESF in the STAM. We choose N¢ = 5,
to match an IRLM of length No = 6. The impurity of the STAM then resembles the
super-impurity of the IRLM, which in turn includes the zeroth Wilson chain site.

In Fig. 7.12 the OWC ESF is plotted in a similar manner as in Fig. 7.11. Again,
U influences the position of the high-energy peaks (here called Hubbard peaks), but
not their widths. Additionally, the shift dg,; observed in all cases discussed above,

effectively vanishes. Only for large bandwidths, a small dgpire < O from the w = +U/2
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Figure 7.12.: The OWC ESF I'd4(w) for the symmetric Anderson model, versus di-
mensionless energies w/D and w/U, respectively. A discretization with
A = 1.2 is plotted in panels (a) and (b) and A = 3 in (b) and (d). We
choose a chain length No = 5 and adapt /8 to obtain 7' = I'. In panels
(a) and (c) the bandwidth D = 100T" is maintained and U is varied. In
contrast, U = 1000I" is fixed in panels panel (b) and (d) and D is varied.

points can be observed (Fig. 7.12 (b)), which is induced by the Lamb-shift and is
not reproduced in the CWC solution (not shown). Also, increasing A reduces the
Lamb-shift effect (Fig. 7.12 (d)) and thus makes the curves more symmetric around
w==xU/2.

In contrast to the solution in Sec. 4.6.2, there is a smooth crossover of the OWC
SIAM curves between the U < 2D and the U > 2D case. This suggests, that the
discontinuity of the transition of the curves in Sec. 4.6.2 is induced by the BMA and
that the OWC well compensates for that. In fact, even the sole addition of the zeroth
Wilson chain site to the OQS is sufficient to restore the Hubbard peaks, which are cut
off for U > 2D by the MA. However, in short OWCs of even chain length, the spectrum
is effectively cut off for |w| > D and the Hubbard peaks appear as narrow delta-peaks.
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With increasing chain length, these peaks are broadened until they converge to the
odd chain curves. This is another example for the even-odd effect of short OWCs. In
the IRLM this effect occurs in a similar manner. However, as mentioned above, the
super-impurity needs to be interpreted as the local system here, meaning that even
chains generate physical curves and odd chains display the delta-peaks for large U/D.

In 2004, Raas et al [109] used DMRG calculations, i.e. a linear bath discretization,
to investigate ESF for a SAM in the U > D regime. They found g, o< J and the
width of the Hubbard peaks oc J?, with J oc V2 /U, which is in accordance with Fermi’s
golden rule considerations. Figure 7.12 is constructed to be comparable to the results
of the paper. Since a smaller A should be more suited to recover the DMRG results,
we have plotted the ESF for two different values of A. However, the discretization
seems to have no effect on the U-dependence of the high-energy peaks. This suggests,
that the deviations cannot be attributed to the logarithmic discretization of the Wilson
chain. Also, numerical inaccuracy can be excluded here, as argued above. For that
reason, the cause of the deviations of Fig. 7.12 from the DMRG results has to lie in
the BMA. Comparable to Fig. 4.8, the OWC results show the same independence of U
with respect to the width of the Hubbard peaks in the U > D regime, which suggests
that the BA has the most relevant contribution to the deviations.

To investigate the low-energy spectrum of the SIAM, a longer chain length, and thus
truncation of high-energy states, is required.

In Fig. 7.13 the ESF is plotted for the SAM. The Hubbard peak is clearly visible
at w~ U/2 = 10T". The Kondo resonance at w = 0 has a width, which corresponds to
the Kondo temperature. The CWC curves (dashed lines) do not reproduce the exact
solution here due to a limited chain length. The OWC curves (solid lines) basically
resemble the dashed lines, but oscillate around them. This is a typical indicator of a
finite-size effect (see Fig. 6.6), which can be compensated for by z-averaging. Figure
7.13 reveals, that the BRF is able to reproduce the small energy scale of the Kondo
temperature. Thus we conclude that, in contrast to the U > D regime, the BMA is
well suited to treat the U < D interacting case.

7.3. Summary

The BRF provides a thermalization on the correct time scale for the non-interacting
RLM and for interacting models as well, if the local Coulomb repulsion U is small
compared to the bandwidth. In the case U > D the CWC reproduces the correct
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Figure 7.13.: Equilibrium impurity spectral function A4(t) for the SAM with ¢; =
~U/2 = —10T", D = 1001, N¢ = 30, A = 3,7 = 107°T. The number Ng
of kept states is varied. The CWC is depicted as dashed lines and the
respective OWC as solid lines of the same color. The axes are chosen
logarithmically and we restrict to the positive half of the spectrum.

oscillation frequency of local Rabi-like oscillations in TD-NEVs. Perturbative consid-
erations predict a quadratic increase of the relaxation times 7 in U. For short Wilson
chains (N¢ = 7 in our example), we observe a quadratic behavior in a small region
around U = 10D and then 7 converges to a value, which is constant in U. We were
able to show, that an increase of the chain length to N = 50 yields the correct U de-
pendence for 64D < U < 256D. At this point, it is not clear, whether 7 approaches the
constant regime for larger U, i.e. it is not clear, whether an increase of the chain length
simply delays the convergence of 7 to a constant value. Furthermore, the steady-state
of 7 and 7/U?, respectively, exceeds the analytical predictions. Again, an increase in
the chain length significantly reduces this deviation. Here the discretization parameter
A has an influence as well, as it decreases the steady-state when A is decreased. We thus

propose to choose the OWC to be as long as possible with an adequately small A — 1T
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to optimally reproduce interacting models in the U > D regime. However, the trunca-
tion scheme of the NRG is not adapted to small A, since here the separation of adjacent
energy scales is too small. For large U a tight-binding chain treated with DMRG or
an open NRG+DMRG might represent a fruitful approach here. Also the extension of
the BRF to fourth order or the modification of the model via a Schrieffer-Wolff trans-
form are worth considering here. Both approaches include a coupling of fourth order
system operators to the reservoirs. These couplings are relevant for U > D, since here
an effective local moment is formed, and so spin-flip processes are the dominant local
interaction.

For IRLM ESFs we do not possess an analytical approximation, that aids in es-
timating the quality of the OWC solutions. In the symmetrical case ¢4 = 0, the
model converges to the SAM for large U/D, which we can use to benchmark the so-
lutions. Aside from the Kondo resonance, the SAM exhibits its main excitations at
w = +(U/2 + dsnit), called Hubbard peaks. Fermi’s golden rule considerations suggest
that g is proportional to the spin-coupling J o« V?/U and that the width of the
peaks is proportional to J2. In contrast, we find the width of the Hubbard peaks to be
constant in U in the limit of large U/ D, for each the IRLM and the STAM respectively.
This is the identical behavior observed for the short chain TD-NEVs, since the broad-
ening parameters, as well as the relaxation rates, both stem from the eigenvalues of
the BRT. Due to finite-size oscillations, we were not able to evaluate ESFs for longer
Wilson chains at this point. However, from the parallelism of the relaxation rates and
the broadening parameters we assume, that the broadening of the Hubbard peaks will
be proportional to U~2, if the Wilson chain is sufficiently long. Also, we apply the same
argumentation as above for a possible improvement of the formalism with respect to
the U > D case.



8. Conclusion

We have implemented an OQS approach for QIMs. For this purpose, we extended the
NRG formalism by reservoirs that are coupled to each Wilson chain site via a BRF.
In contrast to closed system approaches, this allows for true dissipation of quantities
in local TD-NEVs, as well as a finite lifetime of excitations in local ESFs. The OQS
character of the approach is mediated by a time-dependent density matrix, which is
defined by a von-Neumann equation. In the context of the BRF, this equation can
be turned into a simple master equation, which is then solved by diagonalizing the
so-called BRT. Here the BMA is necessary, which assumes a large bath and a weak
coupling to the system.

We have investigated the BRF in the most simple case of a direct coupling of the
impurity to the bath, where the effect of the single approximations included in the BMA
can be examined in detail. It has been shown, that the BA impairs equilibrium values,
while the MA mainly influences the short-time behavior of time-dependent quantities.
However, in this simple approach, a relaxation on the correct time-scale, as well as
the correct broadening of local excitations are already included for the non-interacting
RLM.

The main component of this thesis is the improvement of the BMA by the construc-
tion of an OWC. Here discrete excitations are extracted from the bath and are included
in the system Hamiltonian in the canonical manner of the NRG. The remaining bath
parts are collected as reservoirs and coupled to the Wilson chain to restore the contin-
uum. We were able to explain, how the BMA is improved by iteratively enlarging the
system Hamiltonian, while simultaneously decreasing the effective hybridization to the
remaining rest-bath. Due to the logarithmic discretization of the bath, discretization
errors occur in the OWC solutions, that are already well-known from NRG calcula-
tions. These errors are expressed as unphysical oscillations in TD-NEVs and ESFs,
and can be compensated for by a standard z-averaging. We have proofed that fact for
TD-NEVs, while it is still left to show for ESF's.

When increasing the Wilson chain length, a truncation of certain system eigenstates
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is required to keep the Fockspace dimension manageable. When calculating dynami-
cal properties with the NRG, all truncated iterations need to be included to avoid a
violation of the sum-rule. For the OWC, we analogly need to include a coupling of all
truncated iterations in the master equation, due to the application of an ASB. This
coupling imposes infeasible demands with respect to CPU time and memory to modern
workstations, which is the reason why we discussed and implemented several approx-
imations to the BRT. In the SSA, the coupling between different NRG iterations is
neglected. This significantly affects the Lamb-shift, which is yielded by the imaginary
part of the BRT. We discussed a possible way to correct the Lamb-shift, however we
decided to simply neglect it, since its influence on the solutions is exponentially small,
if the discretization parameter is small. In TD-NEVs the SSA yields an unphysical
loss of the trace over time. Here we discussed a coupling of all NRG iterations for the
DDM, as well as efficient alternative approaches. In ESFs the coupling of different
iterations is relevant for the dissipative part of the BRT. We have no practical way of
including the iteration coupling here, however, in the limit of low temperatures, the
dissipative part has no influence on the ESF and can safely be neglected. In that case
the BRT is diagonal, which significantly simplifies calculations.

Since the purpose of this thesis is of methodological nature, all points above have been
investigated for the simple RLM, where analytical solutions are available as benchmarks
for the OCF. To proof that our formalism is also applicable to non-trivial models, we
have included a local Coulomb interaction to investigate the IRLM and an additional
spin DOF for the STAM.

If the local Coulomb interaction is relatively small, i.e. within the bath bandwidth,
it can be treated as an effective correction to the RLM in the context of the BRF. In
TD-NEVs the relaxation rates generated by the BRT are modified by the local inter-
action and in the case of the IRLM, additional local Rabi-like oscillations are induced,
which are solely defined by the CWC. In the SIAM a scaling of the magnetization
with the Kondo temperature has been found for the OWC solutions, which is in ac-
cordance with TD-NRG calculations. For ESFs the OCF is capable of reproducing the
Hubbard-peaks of a width of 2I" and, within the limits of the discretization error, the
Kondo resonance is of the width of the Kondo temperature. The secular approxima-
tion can lead to a discontinuous transition, if the interaction is turned on, however, this
transition can be smoothed, by increasing the Wilson chain length. We conclude, that
the BRF is well applicable to interacting QIMs, if the interaction energy lies within
the range of the bandwidth.
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If the local interaction exceeds the bandwidth, the BRF faces two major problems.
Firstly, the MA prohibits transitions between the impurity and the band, which can
easily be corrected by increasing the chain length. Secondly, the BRT, and consequently
its eigenvalues, is independent of the interaction energy due to the BA, which leads to a
corruption of the relaxation rates in TD-NEVs, as well as the broadening parameters in
ESFs, respectively. We have shown, that this error can also be corrected by increasing
the chain length, however, a significantly larger increase is required here compared to
the correction of the MA. Furthermore, the relaxation rates obtained from the OCF are
significantly larger than analytical predictions suggest, which can be compensated for
by decreasing the discretization parameter. Considering these facts, the BMA in second
order appears to be systematically maladapted to relatively large local interactions.
The OCF is capable of compensating for that to a certain degree by increasing the
system size, however, we propose to try different approaches, such as a BMA in fourth
order or a Schrieffer-Wolff transform of the QIM, to more efficiently treat interacting
models.

Due to its logarithmic discretization of the bath, the OCF is confined to QIMs. How-
ever, in this wide range of applications, the approach is versatile. The construction of
the reservoirs is independent of the precise form of the impurity and so, e.g. multi-
impurity models can be investigated as well. In the BRF we have included the spin in
the STAM as a DOF. Here we could add arbitrary DOF, e.g. different channels and
by that extend the OCF to multi-channel models. By manipulating channel chemical
potentials, local transport processes can be investigated. Our work was confined to
a constant bath DOS, but the BRF can easily be adapted to, e.g. gapped systems.
Bosonic systems are considerable as well. Furthermore, we have restricted ourselves to
a single quench in non-equilibrium dynamics. Multiple quenches would be possible as
well to simulate pulses for QDs. To better adapt our formalism to high-temperature
calculations, one would need to extend the density matrix by a FDM approach. How-
ever, caution is advised when truncating high-energy states in ESFs in the regime of
high temperatures for the reasons mentioned above.

In principle, the OCF can be applied to all problems the NRG is suitable for. This is
due to the fact, that the BRF is independent of the impurity Hamiltonian and adaptable
to different chain geometries. Solely the hybridization term has a major effect on the
BRF. Here we have restricted ourselves to the canonical bilinear Hamiltonian, while it
is, in principle, possible to adapt the formalism to higher order terms, as they appear

e.g. in the Kondo model.






9. Appendix

A. Analytical Calculations for the Resonant Level
Model

In the following analytic calculations we restrict to the RLM, i.e. a QIS comprising
a local two-level system hybridized with a bath of non-interacting fermions (cf. Eq.
(5.1.1)).

A.1. Equilibrium Spectral Function

We begin by calculating the equilibrium GF Gy 4t(2) of the local impurity level using

an equation of motion
2Gap(z) = ({A, B}) + Gram,p(2), (A.1.1)

with the complex energy z = w + id. For a decoupled impurity, i.e. V = 0, we obtain

1
= A12
Gaai(2) o ( )
for the retarded GF, yielding a spectral function of a simple delta-peak
1
Agat(w) = —= lim ImGy 4(2) = d(w — €q), (A.1.3)

T 6—0t

which translates to an infinite lifetime of the impurity level due to a missing dissipation
mechanism into the bath. The DOS of the bath

pw) => A, W)= D o(w—e) (A.1.4)

k

follows analogly.



214 9. Appendix

For the coupled problem V # 0 the GF reads

1

= (A.1.5)

Gd,dT (Z) =

containing the self-energy

Vi 2
20 = Y PG, 4 (2) = Y L (A.16)
k k

By assuming a constant DOS
() = —=0(D — |w]) (A7)
rw) =55 w|), 1.
where D is the bandwidth, the imaginary part of the self-energy becomes

ImY(w) = lim Jm¥(z) = -I'O(D — |w]|) (A.1.8)

6—0t

with I' = % (see Sec. 5.1), while the real part

(A.1.9)

T W —w T

% ~ ' _
sﬁez(w):l/ dw’M:—Eln’g+Z

— 00

can be obtained by a Kramers-Kronig relation.

This result can now be inserted into Eq. (A.1.5) to calculate the spectral function

1 r
T (w—€q — ReX(w))? 412

Ad,dT (CU) = (All())
of the impurity site. In the wideband limit w < D (which coincides with a constant

DOS) PReX(w) vanishes, so we are left with a simple Lorentzian

1 r

Ad,dT(W) = % (UJ _ ed)Q + F27

(A.1.11)

with a broadening of I', resulting in a finite lifespan of the impurity level. The curve
is centered around w = €g, supplemented by a potential additional shift for a non-

vanishing real part of the self energy.
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From the spectral function the equilibrium occupation

(ng) = / 0o f5(0) Ayt () (A112)
of the local level can be calculated with fs(w) = (1 + eﬁw)_1 being the Fermi function

for the inverse temperature 3. In the limit of T — 0 we obtain

1 1
(nq) = 3 - arctan (%) . (A.1.13)
For I' — 0 the impurity decouples from the bath, which is the V' = 0 case discussed
above. The spectral function consequently turns into a delta-peak leading to (nq) =

fs(w), i.e. the impurity occupation is solely defined by the Fermi-function.

A.2. Non-Equilibrium Occupation Number

The calculations of this section are based upon Ref. [29, 23]. We investigate exact
non-equilibrium dynamics of the impurity occupation in the RLM by using a Keldysh
formalism [120]. The considerations partially rely on the wideband limit D > T
and the occuring integrals can be evaluated analytically for vanishing temperature 7T'.
The non-equilibrium case is provided by a time-dependent impurity level e4(t) and
hybridization V() in the Hamiltonian.

To begin with, we identify the impurity occupation
na(t) = (d'(t)d(t)) (A.2.14)

as the equal-time version of the lesser GF
Sa(tt) = / dr / 47 G (4, 7) 55 (7, 7)) G (7, 1), (A.2.15)

where < is the lesser self-energy. GZ/;T is the retarded /advanced GF, which obeys the

equation of motion

(i — €a(t)) Gl (1) = ot —t') + / dry/*(t, 7)GY g (7 1), (A.2.16)

—00
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Here enters the retarded/advanced self-energy

/et ) = Fi0((t — )V )V (H) / N dep(e)e =), (A.2.17)

—00

To simplify the integral we now assume the wideband limit which leads to a constant
fermionic DOS p(e) = pr. Together with Eq. (A.2.16) we obtain

G;fgf (t,t") = FiO(£(t — t'))exp <— /t/t dBieq(0) £ F(é’)) : (A.2.18)

where we have introduced the definition I'(t) = 7wppV?2(t). Analogly to Eq. (A.2.17)
the lesser self-energy is given by

Yo (tt) = V(t)V(t')/ dep(€)e™ =) f4(e). (A.2.19)

Plugging the derived equations into Eq. (A.2.15) yields
na(t) = i (0.6) = [ dep(e)fae) A O (A.2.20)

with

Vi Ve it v
_ . . . e (1 +Th)t +
Diti(el —e)  Tf+i(el —e) I+ (el — ¢)

Ale,t) = / t A7V (7)exp (—m— / td@ied(0)+l“(9)>

e . (A.2.21)

In the last step we have restricted ourselves to a discontinuous parameter quench from
the initial values €, Vi, T to the final ones €5, VI ' at t = 0. Note that in Eq. (A.2.19)
and (A.2.20) a general p(e) can be maintained even though previously a constant DOS
has been proposed. This allows for approximate corrections of the DOS in cases that
deviate from the wideband limit. In the case of 7' — 0 a closed analytical form can be
found. For details, see Ref. [23].

In the equilibrium cases, t = 0 and ¢t — oo, Eq. (A.2.20) yields the expression of
Eq. (A.1.12). If one recalls that here also the wideband limit has been considered by
neglecting the real part (A.1.9) of the self-energy, it seems reasonable to substitute it
back into the GF-like terms of Eq. (A.2.21). This makes up for the approximation
done in Eq. (A.2.17), at least with respect to the equilibrium values.
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If A(e,t) is plugged into Eq. (A.2.20), one obtains a function of the type
ng(t) =(nl, — nf)e " 40l + e L + e UL (1), (A.2.22)

with nl,nf being the equilibrium values. The first two terms on the r.h.s. of Eq.
(A.2.22) resemble the simple 2I'-decay of the BRF solution Eq. (4.6.1.67), while I5(t)
adds an oscillation that decays with I" and fulfills I5(0) = —1I;.
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B. Different Spectral Coupling Functions

The BRF can easily be adapted to more general spectral coupling functions I'(w).
In Sec. 4.3 and 4.6 all I'(w) can be replaced, which does not require any additional
calculations, if the BMA is applied.

Introducing a power-law spectral coupling function [85]
[(w)=T{1+7r)D"w/"0(D — |wl|), (B.23)

we can recognize the case of a constant function by setting r = 0. For » = 1, we can

replace all spectral coupling functions in the BMA by
2T
P(w) = 5 wlO(D — |w]), (B.24)

which simply rescales the relaxation rates generated by the BRT by % < 2. The
Lamb-shift vy(w) (see Eq. (4.6.2.86)) is replaced by

Y (w) = 1 /00 de& = iwln |u|, (B.25)

T ) o €—w @D

and vanishes in the wideband limit D > |w|.

C. Higher Order Terms in the Von-Neumann Equation

We discuss a perturbative solution to the von-Neumann equation
20 = i [0'(0), Hin(0) (C.26)
(see Eq. (4.2.4)) and the evaluation of the thermal expectation value of a local operator
(Os(t)) = Trs{eiHstOSe’iHstTrB [,}(t)} } (C.27)

Here we concentrate on the impurity occupation operator Og = nq = d'd and the
RLM. Other choices for the local operator and the QIM are possible as well but the

calculations would require appropriate adjustment.
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The local system Hamiltonian in the RLM is simply given by
Hg = eqd'd, (C.28)

while the hybridization to the non-interacting fermionic bath is in the interaction pic-

ture defined as
V(t) = Hig(t) ka @' (B)ei () + d(t)e ()] (C.29)

By defining the local eigenbasis {|0),|1)} and considering a bath of non-interacting

particles, we can rewrite these Hamiltonians as
Hs = eq|1) (1] (C.30)
and

V(t) = 3 Vi [10) (1] el 1) (0] ek (C.31)
k

respectively. If we define the non-equilibrium case by a quench
a(t) = €,0(—t) + €4O(t) (C.32)

of the local impurity energy and assume the impurity and the bath to be separated for
t <0, the initial reduced density matrix is given by

ps(t = 0) = fa(—ca) |0) (O] + fa(eq) 1) (1], (C.33)

with fz(€) being the Fermi-function for the inverse temperature /3.

The local impurity occupation can now be written as

na(t) = Trs{ndTrB [pl(t)] } = Trg{ps(t =0)Trp [i Rgn(t)i| } (C.34)
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with
Rugalt) = = [ dtos [t [V i),V ). Bal0)]
Ro(t) = na. (C.35)
The first order term
[V 02,V 02 ml| = 20 3V cos (e — et = 1)

_ Z Vk1 ‘/;CQC-I];;I ck2 (ei(ekl —Ed)tl—i(6k2 —ed)tg + ei(ekl —ed)tg—i(6k2—€d)t1)

kiko
(C.36)
can be obtained by switching the indices k; <> ko in two terms and exploiting
1) (1 eryek, = 10) (O] ef, eny = 11) (1] O — € e (C.37)

To incorporate (C.36) into (C.34) one needs to calculate the trace over all impurity
and bath DOF, which simply yields

ot V]

_ %/mder(e) (Fa(e) — () cos (€ — ea)(ta — £1)). (C.38)
Here we have turned the discrete sum over k into an integral over € by defining the
spectral coupling function as in Eq. (4.3.23).

The true challenge now lies in the calculation of higher order terms of Rs,(t) with
n > 1. Deriving higher order terms from the first branch of (C.36) is fairly simple,
since no bath operators are involved and so the sums over the bath DOF will never

be entangled. The second branch contains the operators cLl ¢y, and for that reason the
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evaluation in higher orders is not as apparent. Let us calculate

V(ta), [V(1),chy ] | = 3 Vi Vi eitseateitan—eans

ks
- Z VkaQCL Ckei(EkZ_ed)tl_i(ek—ed)b
1
kks
+ V;ﬁ ‘/kz (Cchg Chy — nd)ei(ek2_5d)t2_i(ek1 —€ca)t1
Vi Vi (¢, €, — nag)e!(amed il etz (C.39)

Interestingly, no bath correlations higher than second order emerge. With (C.36) and
(C.39), nq(t) can straightforwardly be calculated up to fourth order, since the first two
terms of (C.39) vanish in the final expression. With each order of n, these terms add
one summation over the bath DOF. A neglection of those terms would only affect third
order contributions in £ and then have an increasing effect on higher order terms. If
we assume a weak coupling between the impurity and the bath, this approximation
appears to be legitimate.

In any case, one is left with the integration of increasingly nested exponential func-
tions. We do not want to proceed on this path, since this thesis is intended to restrict
to the BMA. However, we want to point out, that the above discussed method is
basically adaptable to arbitrary QIMs, since local and bath operators are entirely de-
coupled. Also, the calculation of a TD-EGF is possible as well by replacing (C.34)
by

Galt) = —z'@(t)e’“dtTrS{dTrB [Xl(t)} } (C.40)

where y = dfp + pd!.

D. Numerical Determination of the Cut-Off

Frequencies

C

n

The cut-off frequencies w,’ are defined by

gl / A, ()T (w) (D.41)

™



222 9. Appendix

with F,(w) = e/ «n)' The problem is equivalent to finding the root of

+00
f(z) =nt2 — / dwe™" 1", (w). (D.42)
To find a starting point zo, we approximate e *"/*" ~ 1 — wt/xt and set f(xy) = 0.

The constant term yields 7(V)? by integration over w. We end up with

4 e ww4fn(w)
xo—/_ d T (D.43)

o0

with ()2 = (V)2 — 2.

Now Newton’s method is implemented as

T4l = T — f’(fL’ )
m

4h(zy,) + 7t — g(z)

- (o) T (D.44)
with
g(x) = /+OO dwe™" /"', (w)
hig) — o wt s Jt
() = /OO dwﬁe Iy (w). (D.45)

The radius of convergence is defined as r = 1 — z,,,/2,,41. The algorithm is iterated

until |r| < 1077 is reached.

E. Interacting Resonant Level Model in the Strong

Coupling Limit

Here we derive an analytical investigation of the IRLM in the limit of large U > D, T.
The calculations basically follow the thoughts of Avi Schiller, presented in the thesis
of Fabian Giittge [19], Appendix D, and in Ref. [36].

We start with the IRLM Hamiltonian (see Sec. 2.5), cast into the shape of a semi-

infinite Wilson chain (see Sec. 3.1). The impurity part of the Hamiltonian is given
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by
i tg— 1Y (e L
Himp = Edd d + Uldd-— 5 CoCo — 5 . (E46)
A diagonalization of Hjy,, yields the eigenvalues
EO - U/4
E:t = €d/2 - U/4:tQ/2
Ey=e4+U/4 (E.47)
with Q2 = €% + 4V2. The eigenstates are given by
0} =10,0)
|£) = £a4 |1,0) + a5 |0, 1)
12) =[1,1) (E.48)

and o2 = (Q +¢4)/(29). For large U the one-particle eigenstates |+) become a low-
energy subspace and so for temperatures well below U the higher energy states |0) and
|2) are thermally inaccessible with respect to the rest of the system. This motivates a

Schrieffer-Wolff-type transformation [16]
Heyp =5 HeS' 5 (E.49)

that decouples the high-energy sector from the rest of the system up to a certain order
in ty. Here ty is the Wilson chain coupling parameter between the zeroth and the first

chain site. As a perturbation part of the Hamiltonian we choose

Hy=to (ffo+ 1), (E.50)

while Hy = H — H, resembles the unperturbed part. Note, that H; is the only part
of the total Hamiltonian H that changes the particle number of the local "super-
impurity”. To ensure that in (E.49) no terms appear, that are linear in ¢y, S needs to

be chosen to be proportional to ¢y and

H, +[S, Hyl — [ST, Hy) = 0 (E.51)
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needs to be fulfilled. In that case we obtain
Huyg = Hy+[S — ST, Hi] + O(td). (E.52)

For a large U we can approximate Hy — Hiyp in the commutator and so the require-

ment of (E.51) can be turned into
[S, Hip) = —tofd fr. (E.53)

By expanding the zeroth chain site creator fg in the local eigenbasis (E.48) one arrives

at

oy o _ o QL

S =to | = 12y (1] = = 2+ =0 - =
DEQ—E+|><+‘ EQ—E,’>< ’+E+—EO|+><‘ E,—EO

=) O] /1.
(E.54)

Since U is considered to be the largest local energy, we can substitute the four denom-
inators of (E.54) by +£U/2.

For infinite U, charge on the impurity is expected to oscillate between the two low-
energy states |£) with the frequency Q = F, — E_. If U is finite, the charge relaxates
from |4) to |—). According to Fermi’s golden rule the transition rate is then, in first

order, given by
7! = 2| (+] He | =) 20202 (E.55)

Here, (+| Hegr|—) = 4;;53 follows from the Schrieffer-Wolff transform (E.52). p; is the

local DOS at the first chain site. In the spirit of Sec. 5.1 we can connect the GF of the

zeroth and first chain site operators by

1

Golz) = z — €y — t3G1(2)

(E.56)

(see Sec. 5.1). In the particle-hole symmetric case we have ¢y = 0 and ReG;(0) = 0.
This gives an equation for the DOS p;(0) = —2ImG;(0) at w = 0. For a constant DOS
we set pg = 1/(2D) and obtain t3p; = 2D /72. One ends up with

™ Q (U\°
= () E.
"= 956 DT (D) (E-57)



F. Algorithm for the Biorthogonal Lanczos Method 225

With the considerations made above the local observables can now be calculated in the

limit of large U. We start with a time-dependent system state
Zcp Je™ P [p) @ [, (1)) - (E.58)

Here, the local part and the bath part |V, (¢)) are factorized in the spirit of a BA for

a weak coupling ty. For the impurity occupation number it follows

na(t) = (U(t)|d'd ¥ (t))
— a2 () + a2 (t) — 2aia_cs(t)e ()zm{ it <\If_(t)|\11+(t)>}. (E.59)

According to Fermi’s golden rule the state |+) decays with a rate 771

Y (H|() = | (+]¥(t)) |* < e7/7. Combined with the fact that the states (E.58) are

normalized to 1, we obtain the time-dependent coefficients

, meaning that

cr(t) = e (0)e™ 7

e_(t) = /1 - E (et (E.60)

Equation (E.59) can be written as

na(t) =(ng —ng)e™/" +ngy

+ A (cos(Qt)\/l — cos?(f)et/Te /() sin(@)e‘t/T> , (E.61)

where the quantities A and 6 are undefined and need to be determined numerically by
a fitting procedure. Equation (E.61) resembles a decay of the impurity on the timescale

7 with damped Rabi-oscillations with a frequency of €.

F. Algorithm for the Biorthogonal Lanczos Method

In the following we explicitly describe the Lanczos algorithm we have used to diago-
nalize the BRT R (cf. Eq. (6.1.7.50)). All elements of the algorithm are considered
complex. Vectors are written with a bold font and the scalar product ” -” implies, that
the first vector is conjugated complexly.

As a first step we declare the matrices ¢, ¢ to store the left and right Lanczos vectors
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¢,; and ¢;, respectively, and choose the starting vectors

_ ., _ pt=0)
by =Py = M (F.62)

We define the temporary vectors

r= RCPOJ
s =R, (F.63)
declare the values «, 3,7, w and set

Furthermore, we declare the matrix T', which is initialized as a zero-matrix of dimension

MLan X Mpan and set
T[0,0] = a. (F.65)

The following steps are performed in a loop for i € [0, mpa, — 1].
We start with

B=/|w|
v =w"/p (F.66)

and compute the new Lanczos vectors:

Pit1 = r/f
b1 =8/7". (F.67)
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We may re-biorthogonalize the new Lanczos vectors with respect to all vectors j < ¢:

)

Pit1 7 Pit1 — Z <¢J : ‘Pi+1) Pj
j=0

Qiy1 = Piyq — Z (Soj : ¢i+l) P, (F.68)

J=0

This process can be repeated until the vectors are sufficiently converged. We continue

by setting

r =Ry, — 79,
S = RT@H — B b (F.69)

and
o=y T
Now the parameters are stored in the 7" matrix:

Tli+1,i+1 =a,
Tli,i+ 1] =7,
Tli +1,4] = 8, (F.71)

which concludes the loop iteration.

As a measure for the numerical accuracy of the algorithm
detgplp =1 (F.72)

has to be fulfilled.
The matrix 7' is now diagonalized to obtain the Ritz values. The right eigenvectors

of T" are stored in a matrix U. We calculate the left and right Ritz vector matrices
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W,V by using the Lanczos vectors

I
IRSEIRS

U,

V
w=¢U™M)". (F.73)
The bottleneck of the algorithm regarding program complexity is the matrix-vector
multiplication (F.70). Here it is important to exploit the sparsity of the matrix R.

A typical criterion for the numerical break-down of the algorithm is that any of
the values [|r[],]|s||,|w| = 0. In that case, one has to choose new starting vectors
and restart the algorithm. The data computed up to this point, however, is valid to
calculate the first Ritz values and vectors. In our program, a break-down of that kind
has never occurred. In some cases, o might diverge. Here the algorithm has to be
interrupted early enough, but still all calculated values are valid, since an eigenvalue
E — oo has no contribution in the final result. To combat this divergence, one might
repeat the re-biorthogonalization (F.68) or simply choose a slightly different set of

system parameters.

G. Sinc-Broadening for the RLM Equilibrium Spectral

Function

In closed systems the TD-EGF Gy(t) is given as a sum of oscillating terms (see Eq.
(6.2.3.57) for the CWC). Consequently, the respective ESF resembles a sum of delta-
peaks. We investigate a simple broadening scheme for closed systems, that provides a
natural, non-arbitrary broadening for the spectrum. This sinc-broadening procedure is
based on the assumption, that G4(t) thermalizes due to decoherence and that finite-size
oscillations do not occur up to times ¢t = T'. By assuming that G4(t) is zero for t > T,
the function can be Fourier transformed to obtain an ESF with a natural broadening
v=1/T.

Let us investigate this procedure for the simple RLM with the local energy level
€q = 0 and a constant bath DOS. Here the exact GF

Ga(t) = —iO(t)e (G.74)

is known. In Fig. 9.1 (a) we have Fourier transformed (G.74) over the interval ¢t € [0, T
and plotted the resulting ESF. We can see, that the curves quickly converge to the
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Figure 9.1.: Spectral function calculated by (a) integrating (G.74) over the interval
t € [0,T] for different values of 7" and (b) applying (G.77) for different
ratios Ny /T.

exact solution of a Lorentzian of width I', if T is increased. In this trivial example, T'
can be chosen arbitrarily large. However, in a closed system, the maximum value of T
depends on the size of the system. If T"is chosen too large, finite-size oscillations are
included in the ESF.

Let us proceed to a more complex problem, in which we express an arbitrary function
Gla(t) on the interval ¢ € [0, 7] as a sum of oscillating terms, which resembles the CWC

expression of Eq. (6.2.3.57). We obtain a Fourier series

Np

Gacwe(t) = —iO(t) Z ape™™’, (G.75)

k=—Ng

with frequencies wy = 2mk/T. This function can resemble an arbitrary analytical
function for ¢ < T" and is periodic with 7. The number Ng of terms in the expression
defines the numerical accuracy of the series and needs to be increased, if T" is increased.
The periodicity of the Fourier series on the interval [¢t,¢ + T') is an analogue to the
finite-size nature of the CWC. The ratio Ng/T can be chosen in such a way, that
the maximum energy wy, equals the bandwidth D of the system. From a numerical
standpoint, Ng loosely corresponds to the chain length N¢ and should be chosen as

large as possible.
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For the GF (G.74) the coefficients of (G.75) are given as

1 /7 ‘ e TT _ 1
ay = T/o dtGq cwe(t)e™r = T 2k (G.76)
and we obtain an energy-dependent GF of
T ;_ et —1
Gacwe(w) = /0 dtGq cwe(t)e™ ZNF U o (G.77)

after a Fourier transform up to ¢t = 7. For T — oo the w-dependent part of the
functions approaches delta-peaks. However, the coefficients a; are affected by T as
well and compensate this effect, if Ny is chosen large enough.

In Fig. 9.1 (b) we display the convergence of the ESF calculated from (G.77) with
the ration N/T. For N, = TT oscillations close to the exact solution are visible,
which resemble the finite-size effect of the OWC solution. By increasing the numerical
resolution NN, per considered interval 1", the curves quickly approach the physical so-
lution. This behavior is similar to the OWC solution of Fig. 6.9 (c¢), where the energy
resolution can be increased by increasing the Wilson chain length and simultaneously
decreasing the discretization parameter. We have shown, that the resulting ESF curves
are independent of the broadening v = 1/T, given that T is chosen large enough for the
TD-EGF to have sufficiently decayed and that the numerical accuracy (in our case Ny)
can be adapted to adequately suppress finite-size oscillations on the respective interval
te0,7].

H. Additional Calculations for the IRLM

In the following we present additional figures for TD-NEVs in the IRLM, calculated
with the OCF. Consequently, this section is a continuation of Sec. 7.1.1.

In Fig. 9.2 we compare the non-equilibrium dynamics of the IRLM to the RLM.
As in the previous sections, N¢ is chosen relatively low to allow for a comparison to
the exact OWC (that is the OWC without truncation of high-energy states) and A
is chosen large at the same time to exaggerate the effects of the Lamb-shift and of
truncation at the same time. In Fig. 9.2 (a) and (b) we investigate the curves for
their particular parts. The green dashed lines only include the DDM and represent a

simple relaxation with rates almost independent of U on the effective scale 1/Tg. For
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Figure 9.2.: Non-equilibrium impurity occupation for No = 10, A = 10, D = 100", T' =
0.01T". On the Lh.s. we plot the RLM and on the r.h.s. the IRLM with
U = 100D. We have chosen I' = 8.289 - 1073 o for the U = 100D curves.
Panels (a) and (b) show nq(t) in the untruncated case for the CWC (blue,
dotted), OWC (orange), DDM only (green, dashed) and without the CWC
oscillations (red). Panels (c) and (d) show the relative difference |Ang(%)]
of the untruncated OWC solution and a truncated one with Ng = 30 (blue),
Ng =50 (orange) and Ng = 100 (green) kept states without Lamb-shift.

the red lines we have artificially set the oscillatory terms e(®* =)t in Eq. (6.1.5) to
zero. Thus the dynamical behavior is here solely generated by the OWC. Similar to the
green curves, the red curves in (a) and (b) are almost identical and differ by a maximum
relative difference of around 13% on intermediate time-scales. Consequently, the major
influence of the interaction U is to induce Rabi-like oscillations between the impurity
and the zeroth Wilson chain site, which are included in the CWC. The contributions
of the BRF to the result are expressed as certain relaxation rates for the DDM and the
ODDM, which appear to be independent of U, at least if the temperature is sufficiently
low.

To further investigate this point, we need to increase N¢ to reach low temperatures
without choosing a large A and thus generating large discretization errors. Longer

OWCs require a truncation of the high-energy states. For that reason, we investigate
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Figure 9.3.: Relative difference |Ang| between the equilibrium impurity occupation of
U =0and U > 0. In the case of finite U, a scaling of the parameters with
['/Teg = Lo/ D has been applied. We have chosen A = 2, D = 100, €4 =
[er, Ns = 300 for all curves. The chain length N has been varied to reach
the indicated temperatures and fine adjustments have been made by tuning

B.

the influence of truncation on the OWC in Fig. 9.2 (¢) and (d). Here we show the
relative difference between the truncated and the untruncated eigenbasis for different
numbers of kept states Ng without Lamb-shift. Obviously, a value of Ng = 100 already
yields a good match with the untruncated case. Note that the total number of states
is d?>TNce = 2048 in our case, so keeping Ng = 100 per NRG-iteration is a significant
reduction of this number. The effect of the Lamb-shift for U > 0 is a small increase of
the oscillation frequency 2. This deviation grows if Ng is reduced, which means that
the Lamb-shift is more susceptible to a reduction of the eigenbasis.

In Fig. 7.4 we have seen that the IRLM values I'/Tog, 2 and 7 deviate from theoretical
predictions, especially in the limit U — oo. To investigate this observation further, let
us first concentrate on the equilibrium case and I'/T .

In Fig. 9.3 we depict the relative difference |Anq| of the equilibrium NRG values
nq(U = 0) and nq(U > 0). The finite U value is plotted on the horizontal axis in
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dimension of the bandwidth and in the U > 0 cases the parameters are scaled by
['/Teg = T'eg/D, which is the theoretical prediction for the limit of U — oo accord-
ing to Eq. (7.1.1.8). The temperature has been varied, since the equilibrium values
coincide for all values of U in the case T — oo and start to increasingly deviate, if
the temperature is lowered. Independently of the temperature, the NRG values are
practically converged for U > 10D and the convergence scale is almost identical for all
investigated chain lengths. We expect this scale to change depending on the choice of
A, analogly to Fig. 7.4.

The impact of U on the equilibrium value is highly dependent on the temperature.
As for other local quantities, such as €4, the relative and absolute influence of U on the
equilibrium value is increased, if the temperature is lowered. This is due to the fact,
that a small inverse temperature 3 in the Boltzmann factor strongly damps variations
in the local parameters. By decreasing the temperature, i.e. increasing (3, the influence
of these variations on the total NRG equilibrium value is enhanced. Here T' = 0.1I'¢
can be seen as an effective low-temperature limit, since a further lowering of 7" does
not significantly impact the U-dependence.

We proceed to the frequency 2 of the Rabi-like oscillations, defined via Eqs. (7.1.1.2)
and (7.1.1.3). This frequency is a dynamical quantity in the sense, that it only occurs in
non-equilibrium quench dynamics. In Fig. 9.2 it has been shown, that these oscillations
are solely generated by system Hamiltonian eigenenergies, i.e. by the CWC. For that
reason, the pure TD-NRG without an OQS extension is the most simple system to
study the effect of 7" and U on the frequency (2.

In Fig. 9.4 we plot nq(t) in the CWC case for increasing U. The Coulomb-interaction
favors the ”super-impurity” site, consisting of the impurity and the zeroth Wilson chain
site, to be half filled. Consequently, any relaxation into the chain is suppressed for large
U. The theoretically predicted oscillation period 27lz/Q = 27/ \/m ~ 3.336
(black dashed line) is met within 1% for U > 100D. Note, that we choose I'/Teg =
Lot/ D according to Eq. (7.1.1.8), so the equilibrium values do not exactly align. For
lower temperatures, the influence of U is most pronounced, as it induces the local
Rabi-like oscillations. For higher temperatures, thermal fluctuations hinder this effect

and consequently, a larger U is required to obtain comparable local oscillations.
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Figure 9.4.: Non-equilibrium impurity occupation of the CWC. The parameters are
A = 2,D = 100, eq = Ieg, Ns = 100 for all curves. The chain
length N and 8 have been varied to reach the indicated temperatures.
['/Te = I'e/ D has been chosen according to Eq. (7.1.1.8). The theoreti-
cal prediction for €2 in the limit U — oo has been added as a black dashed
line.

. Additional Calculations for the SIAM

In the following we present additional figures for TD-NEVs in the STAM, calculated
with the OCF. Consequently, this section is a continuation of Sec. 7.1.2.

Both spin states of the STAM can be discriminated by an external magnetic field B.
For that reason, we start by a quench B' = —B to Bf = B, where the local parameters
eq and U are set to zero for all times. The occupation number is constant over time and
the magnetization dynamics is entirely driven by the switch of the external magnetic
field.

In Fig. 9.5 S.(t) is depicted in the limit 77 — 0. For ¢I" > 10 in panel (a) the
CWC curve oscillates around the steady-state value defined by the DDM for ¢ = 0 (for
details see Fig. 3.4 for the artificially damped CWC curves). The OWC solution, on
the other hand, thermalizes to the correct equilibrium value defined by the Boltzmann

distribution (i.e. £0.5 for B — oo) with a deviation of under 1%. The z-averaging
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Figure 9.5.: Non-equilibrium impurity magnetization S, () for different values of the
external magnetic field B. We switch B' = —B to B' = B at t = 0 and
keep ¢ = U = 0. The NRG parameters are Nc = 50, A = 2, D = 1007,
so that a temperature of T~ 107°T" is reached. We have used Ng = 300
states and N, = 12. In panel (a) we compare the CWC (dashed lines)
and the OWC (solid lines). The Lamb-shift is set to zero. In panel (b) we
artificially exclude the CWC oscillations and plot the ODDM (solid lines)
separated from the DDM contribution (dashed lines). The time axes are
plotted logarithmically.

performed only smooths the unphysical oscillations induced by the discretization for
intermediate times. Apart from some small oscillations that occur around ¢tI" = 1 the
magnetization performs a simple quench, which is (on a logarithmic scale) symmetrical
around a point (£,0). Interestingly, ¢ decreases with increasing B, which implies that
the relaxation is accelerated when the difference between the initial and the final state
is increased. We know, that for sufficiently long chains the CWC solution converges
to the exact solution for short times, i.e. quadratic dynamics in ¢t. The OWC solution
experiences an over-exaggerated relaxation due to the MA (see Sec. 4.6). Consequently,
the OWC curves are shifted to the left in the figure. The influence of B is here a
stretching of both axes in the sense that this shift grows with B, as does the difference

between the equilibrium values. The Lamb-shift is set to zero in the figure, since it
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Figure 9.6.: Non-equilibrium impurity occupation ngq(t) for different values of the
Coulomb repulsion U. We switch € = —I" to €} = T" at ¢ = 0 and keep U
and B = 0 constant. All other properties of the plot are identical to Fig.
9.5.

only has a small contribution that vanishes for larger B in the exact case and induces a
large error, when truncating high-energy states. In Fig. 9.5 (b) the contribution of the
reservoirs to the dynamics is examined by artificially neglecting the CWC oscillations
(see Fig. 9.2, red curves). For small B the dynamics is almost entirely carried by the
ODDM, while for increasing B the DDM dominates.

In Fig. 9.6, we quench the impurity energy ¢4 for different U > 0 without an
external magnetic field. This way, the magnetization is zero, and we obtain the pure
effect of a variation in U. Obviously, an increase of U decreases the equilibrium values
na(t = 0), since a large local Coulomb repulsion depopulates the |2) state. However,
the relaxation rate is not influenced by a variation of U. This holds for the CWC
solution (see Fig. 9.6 (a), dashed lines), as well as the OWC solution (Fig. 9.6 (b),
solid lines). Consequently, in this case U only impacts the equilibrium values and has
no influence on non-equilibrium dynamics. This especially means that the eigenvalues
of the BRT are independent of U, which can be attributed to the small temperature
chosen for the curves of the figure and the small U < D. The CWC solution shows
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the same independence of U with respect to the relaxation rate. Thus we can conclude
that this effect is not caused by the BMA, but that it is of physical origin.

Note, that the choice of parameters in Fig. 9.6 is similar to the quench investigated
for the IRLM in Fig. 9.2. However, the resulting dynamics is fundamentally different.
In the IRLM, the hybridization V' mediates a hopping between the two local states.
Charge can only dissipate via the zeroth Wilson chain site. This leads to damped
oscillations of the impurity occupation number. In the STAM, no hopping between
the two local singly occupied states is possible and charge can dissipate directly from
both sites. Thus we observe a simple relaxation process, with U only influencing the
equilibrium values. Furthermore, we chose U > D in the IRLM case to obtain the

damped oscillations. In the case U < D, almost no oscillations occur.
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