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Abstract

The Laplace type operator arising as a commutator of two symplectic Dirac operators intro-
duced in [9] in the context of Schrodinger picture and rediscovered in [|4] as a commutator of
two to each other formal adjoint differential operators in the Fock picture admits a natural

geometric interpretation, which is described in this thesis.
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Introduction

The symplectic Dirac operator is constructed in complete analogy to the Dirac operator on
Riemannian manifolds. That means, one has to think first of all about the structure group an
almost symplectic manifold (M,w) admits as well as the symplectic spinor space to construct
a symplectic spinor bundle §. While it is always possible to provide a symplectic manifold
with an Mp¢-structure, one has only to bother about the symplectic spinor space, which in
contrast to the Riemannian setting can not be chosen as finite dimensional. The Bargmann
transform enables to choose a symplectic spinor space between the so called Schridinger and

Fock pictures.

In the Schrodinger picture one uses the space of square integrable functions L?(W') with W a
Lagrangian subspace of a symplectic vector space (V,€). With the assumption (M,w) being
metaplectic this approach was used in [9] to construct two symplectic Dirac operators D and D,
which in their definitions only differ by the way of identifying the tangent bundle of M with the
cotangent bundle. On the one hand, it can be achieved by means of w and, on the other hand
with the aid of a Riemannian metric g, which is defined by means of an w—compatible almost
complex structure J on M. The two different Dirac operators arise then as the compositions of

the maps occurring in the diagram below.

D
r(g)_v_m(T*Mw)gr(TMw)—cz_m(S)
D

It was then observed, that the commutator P := i[[),D] yields a second-order differential
operator, which was shown to be a Laplacian and to admit a decomposition similar to that of
Weitzenbdck decomposition, which however in the Kéahler case becomes the initial Weitzenbock

decomposition.

In the Fock picture one uses, after choosing an {2-—compatible complex structure j on V', the
Segal-Bargmann spaces. These are spaces of entire functions on the complex vector space V},
which are square integrable with respect to a parameter-scaled Gaussian weight function. The

set of all monomials on V; constitutes an orthogonal basis for all Segal-Bargmann spaces, which



justifies the name of this approach. That is, a Segal-Bargmann space is isomorphic to a Hilbert
space completion of the direct sum of the symmetric powers of V;. By a particular choice of
a Segal-Bargmann space it was shown in [4], that by using a unitary connection on M with
vanishing torsion vector field the operator P arises up to a scalar multiple as a commutator of
two to each other formal adjoint operators D9 and D%!. These operators, referred to as the
symplectic Dirac-Dolbeault operators, describe the additive splitting of D after decomposing the
covariant derivative according to the decomposition of the tangent bundle into the eigenbundles

of the chosen w—-compatible almost complex structure J on M.

As in [9] the Weitzenb6ck-type decomposition was described in the Fock picture and, besides,
it was shown, that the operator D0 involves only the creation part, while the operator D!

only the annihilation part of the symplectic Clifford multiplication C1.

In this thesis we are staying in the settings used in [4] to give an interpretation of the Laplacian
P. In order for the thesis to be relatively self-contained we divided it into four parts. In the be-
ginning we shortly describe the basic structures, objects and constructions on symplectic vector
spaces in order to provide a symplectic manifold with a structure of an almost Kéahler manifold.
After this we describe the canonical Hermitian connection on almost Kéhler manifolds. It was
the very first observation, although stated at the very end of the thesis, that the type of torsion
of the canonical Hermitian connection yields primarily the Weitzenbock decomposition of P on

almost K&dhler manifolds.

In the second part we briefly recall the Lichnerowicz Laplacian Ap, and its restriction to the
symmetric algebra. We then introduce Laplacians ALY and A%! on the complex symmetric
algebra arising from Ay, after the complexification of the tangent bundle and complex bilinear

extension of the canonical Hermitian connection, when considering an almost Kéhler manifold.

The third chapter deals with the central extension of the metaplectic group Mp and its
maximal compact subgroup MU¢. We discuss the existence and classification of Mp—- and
Mpc—structures on almost symplectic manifolds and describe in the end the correspondence

with Spin— resp. Spinc—structures.



In the last chapter, we first motivate at the beginning, why and how the fibers of the symplectic
spinor bundle can be chosen to consist only of polynomials. This happens basically by passing
in the Fock picture to the maximal compact subgroup of Mp°, since, while the Lie group Mp°©
does not leave the polynomials invariant, the restriction to MU® not only leaves the space of
polynomials invariant, but also preserves their degrees. Moreover, the action of MU¢ turns out
to be quite natural when identifying the polynomials with symmetric tensors, meaning, that

the actions in the diagram below commute.

MU® x Pol(V;) Pol(V;)
(U(V;) xSh) < S*(V}) S*(V})

Furthermore, since the Lie group MU°® is maximal compact in Mp°, the symplectic spinor
bundle S can be associated to the MU°¢ reduction and with the observation made on the action
of MU¢ on polynomials, we can omit the Hilbert space completion of the Seagal-Bargman space
and focus on its dense subspace consisting of polynomials. The resulting Hilbert space bundle
happens to be isomorphic to the tensor bundle L ® S*°(M) for some Hermitian line bundle
L over M, which only depends on the choice of the Mpc—structure. After this, regarding a
symplectic manifold as almost Kéhler equipped with the canonical Hermitian connection we
adjust appropriately the Clifford multiplication and give then an interpretation of the symplectic
Dirac-Dolbeault operators and prove in the end the main theorem of this thesis, which can be

stated as follows.
Theorem. If the line bundle L is trivial, the operator P coincides with —A0.
That is, we show, that by systematically using the maximal compact subgroup MU¢ rather

than all of Mp¢, we recover the operator P as an operator associated to the Hermitian structure

in a very natural way, and whence gain some better insight into its significance.






Chapter 1

Preliminaries

1.1 Symplectic and complex vector spaces

This section deals with the Lie groups occurring on a symplectic vector space and the induced
(Hermitian) inner product on the corresponding (complex) symmetric algebra. What follows

in this section is partially based on Chapter I in |15].

Definition 1.1.1. A bilinear form ) on an m-dimensional R-vector space V is called sym-

plectic iff:

i) Q is skew-symmetric, i. e. Q(u,v) = -Q(v,u) for all u,v eV, and

i1) ) is non-degenerate, i. e.
Qu,v)=0 forall ueV = wv=0.

The pair (V, ) is referred to as a symplectic vector space.

Any finite-dimensional symplectic vector space (V,£2) is of even dimension, that is dimV = 2n

for some n € N, and admits a basis {e1,...,en, f1,..., fa}, such that
Q(ei,ej) ZO:Q(fi,fj) and Q(@i,f]’) =(5ij

for all 1 < 4,7 <n. Such a basis is called a symplectic basis. The corresponding dual basis
{el,....en, f1,..., f*} is given with respect to £ by

el (v) = -Q(f;,v) and fi(v) = Q(ej,v). (1.1)

A subspace W of V' is referred to as Lagrangian if the restriction of 2 to W vanishes identically
and dim W = 1 dim V.
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Remark 1.1.2. i) The standard symplectic vector space is the Euclidean space R?" with the

skew-symmetric form €2y, which is represented by the matrix

0 1 ERanQn'
-1 0

0 1
-1 0

That is

Qo (v, w) ZUT( )w v, w e R*™,

i1) For every symplectic vector space (V,€2) of dimension 2n there exists an isomorphism
U: (R Q) — (V,Q), such that ¥*Q = Q4. This isomorphism is explicitly given by

21

n
2n .
R*" > . — szej +Zn+jfj7
j=1
22n
where {e1,...,en, f1,..., [n} is a symplectic basis for (V,Q) as above. Such an isomor-

phism V¥ is called a symplectic isomorphism.

i11) An immediate consequence of i) is, that a choice of a symplectic basis for (V,Q) yields
a symplectic isomorphism of (R?" €)) to (V,Q). This allows the symplectic bases to be
considered as the symplectic isomorphisms of (R??,()) into (V).

The set of all automorphisms F': (V,Q) — (V,Q) satisfying F*() = Q defines a subgroup of
GIL(V), which will be denoted as Sp(V') = Sp(V,Q), and is called the symplectic group. If we
think of a symplectic basis for (V) as a symplectic isomorphism of (V,2) to (R?",€) as
described in the remark, then the composition of maps defines a free and transitive action of
Sp(V, Q) on the set of all symplectic bases for (V,Q).

1.1.1 Almost complex structures. A complex structure j on a real vector space V is a
linear map j : V - V, such that j2 = —I,. The pair (V,j) can also be viewed as a complex
vector space, which will be for the sake of distinction denoted by Vj, where the multiplication

by complex scalars is given by

(x+iy)v:=2v+yjv
for v eV and x,y € R. Some basic properties of (V) are listed below.

i) A real subspace U of V' is a complex subspace of V; if and only if jU = U.
it) If F'e GI(V), then F e GI(V;) if and only if [F, j] =0.
itg) If {vy,...,v,} is a complex basis for V}, then the set {v1,...,vp,jv1,...,jv,} is a real
basis for V.
iv) The Lie group GI(V;) acts freely transitively on the set of all complex bases for V.



1.1. Symplectic and complex vector spaces 7

1.1.2 The connection between the symplectic forms and almost complex structures.
It is a well-known fact, that any even-dimensional vector space can be equipped with both a
symplectic form and an almost complex structure (cf. [15], Proposition 4.1). Moreover, both of

the structures can be adjusted to each other in the following sense

- any symplectic vector space (V) admits an Q-compatible complex structure j. That is
Q(jv, jw) = Qv,w) VoweV and
Q(v,jv) >0 vV veV {0}

The set of all such almost complex structures on (V,2) will be denoted by J(V,2).
- any vector space V with a complex structure j admits a symplectic bilinear form 2, such

that j is compatible with 2. The set of all such symplectic forms is denoted by &(V, j).

The triple (V,€,7), where j is an Q—compatible complex structure on a symplectic vector space

(V,Q), can be given additional structures and can be treated as

- an Euclidean vector space (V, g) with the inner product

g(v,w) = Q(v, jw). (1.2)

The subgroup of elements in GI(V') preserving g is the orthogonal group O(V') = O(V, g).

- a Hermitian vector space (V;, h) with the Hermitian inner product
h(v,w) = Q(v, jw) —iQ(v,w). (1.3)
The subgroup of elements in GI(V}) preserving h is the unitary group U(V;) = U(V}, h).
Proposition 1.1.3 (Cf. Lemma 2.19 and Proposition 2.22 in [15]). If j is an Q-compatible
complex structure on a symplectic vector space (V,) and g and h are defined as above, then
Sp(V,Q) nGI(V;) = Sp(V,Q2) nO(V,g) = O(V,g) n GI(V;) = U(V}, ).
Moreover, the unitary group U(V;) is a maximal compact subgroup of both Sp(V') and GI(Vj).

Remark 1.1.4. i) The upper relation among the three Lie groups can be interpreted as fol-

lows. Let {ej,...,e,} be a unitary basis for V;. Then we have

h(e;,ex) = di BN Q(ei, jex) = Oik and Q(eier) =0

— g(ei, ex) = i and g(jei,ex) =0
for all 1 <i,k <n and, since {ej,..., e, je1,...,je,} is a real basis for V| it follows, that
{e1,...,en,je1, ..., je,} is both symplectic and orthonormal.

i1) Since det F' =1 for any F € Sp(V), it follows, that U(V;) c SO(V, g).
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Theorem 1.1.5 (Cartan-Iwasawa-Malcev theorem). Every connected Lie group G contains at

least one maximal compact subgroup K and it holds
i) K is connected.

i1) For any other maximal compact subgroup K c G there is some g € G, such that gKg™' = K .

iti) The homogeneous space G[K is diffeomorphic to some Euclidean space R™.
The last point from the Cartan-Iwasawa-Malcev theorem provides the following observation on
the spaces J(V,Q) and &(V, j).
Proposition 1.1.6. The spaces J(V,2) and S(V,j) are contractible.
Proof. The symplectic group acts transitively on J(V, ) by conjugation and, since the unitary
group is an intersection of Sp(V') with GI(V;), it follows, that U(V}) is the isotropy group for

this action. That is
J(V,Q) = Sp(V)[U(V;).

On the other hand, the map
GIV) x 6(V.j) — &(V.j),  (4.Q)— 4770
defines a transitive action with isotropy group isomorphic to U(V;). That is,
S(V,j) = GL(V;)[U(V;).

The assertion follows by the Proposition and Cartan-Iwasawa-Malcev theorem éiz). [

1.1.3 The basis for V' and the corresponding dual basis. We continue dealing with the
triple (V,€,7), where j is an Q2—compatible complex structure on the symplectic vector space
(V,92), and the corresponding 2-forms g and h as defined in (1.2)) resp. (1.3

Let V¢ :=V ®g C be the complexification of V. The complex linear extension of j to V¢ yields

a splitting of V¢ into i—eigenspaces of j
Ve=V'e V",

where jv = iv for v € V/ and jw = —iw for w € V”. The corresponding decomposition of the

complexified dual space we denote accordingly as
Ve =V Vol

that is V(1.0 = V7 and V(01 = V* Consider further the complex bilinear extension of the

inner product g to V¢, also denoted by ¢, and the canonical projection

1
O: V>V D(v):= §(v—ijv),
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which is a C-linear isomorphism if regarding it as a map from V; into V. Then it holds

g(v,w) =0,

whenever v, w € V¢ are lying in the same eigenspace of j, and
— 1

for all v,w € V. This observation provides us on the one hand with a Hermitian inner product
on V¢ by defining (v, w) := g(v,w). On the other hand, by setting

vi(w) = g(v,w) and g(7% w) = 7(w)

for v,w € V¢ and 7 € V¥, we conclude, that for all 1 <m <n

0% =21, and 07 =2u,, (1.5)

0,, =20, and 0, =2u’, <

where
., U,} is the corresponding basis for V'’ that

- {wy,...,u,} is a unitary basis for V}, {uy,..

means u; = ®(uy) for all 1 <k <n, and

- {04,...,0,} is the corresponding dual basis for V1.0,

Denote by ¥ : V" — V10 the inverse of the dual map V. o v
j

®* that is

v \%
U(P)=pod VoV, ) n| | | 19

Vb v

If we additionally denote by {¢1,...,¢,} the dual basis

for V;* corresponding to {ui,...,u,}, then Vi o VO

V1<ik<n.

(Uo) (w;) = (P 'w;) = r(u;) = O

So it holds
Wy =0, V1i<k<n. (1.7)

1.1.4 The induced Hermitian inner product on S*(V¢). Denote by TV the tensor
algebra of V* and by S*(V}") := @2, 54(V") its subspace consisting of symmetric tensors. The

canonical projection sym : @7 V;* - S1(V}*) is given by

(1 © - ©0,) = 3 Vo(s) ® - ® oy = -,

0eGy

The symmetric product of two symmetric tensors ¢ € SP(V;*) and ¢ € S2(V*), defined as
(oY =sym({ @) e SPTI(V]), (1.8)
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provides the vector space S "(Vj*) with a structure of a commutative algebra. That is, the sym-
metric product is commutative, associative and satisfies the distributional law. The Hermitian

inner product on S*(V}) is then induced by the Hermitian inner product on V;* and is given
by

0, ifp+q
(ﬁl"'ﬁpawl“'wq) = (1-9)
Zaeep Hf:l(ﬁa(i)a wz’), ifp=gq.

Consider now the rth symmetric power of the complexified dual vector space V{*. The decom-

position V¢ = V10 @ V0! results in the decomposition

S'(VE) = @ SP(V) e SV = SPa(V).
p+q=r
The complex bilinear extension of the inner product g on V' yields a symmetric form on V¢,

also denoted by g, by setting
9(0,9) = g(9*, ¥*)
for ¥, € V¥, which similarly vanishes identically on V19 ® V1.9 and V%! @ V%1 such that the

induced Hermitian inner product on V¥ is given by

(0,9) = g(0,9). (1.10)

This in turn provides the complex symmetric algebra S*(V¢) with a Hermitian inner product

defined in the same manner as in ((1.9).

Remark 1.1.7. Note, that for all v € Vi and ¢, 1 € S*(V) we have

(vag¥)=(¢, v o).

1.1.5 The induced action of the unitary group on S*°(V). The standard action of
U(V;) on V; induces the dual action of U(V;) on V" given by

(k- ¢)(v) = d(k™v),

for ke U(V;) and ¢ € V;r. The corresponding action of U (V;) on the space of symmetric tensors
on Vj, induced in turn by the action of U(V;) on the tensor algebra of V", is given by

(p(k)(O))(v1,...yvy) = C(k Moy, .. k7 ,) (1.11)
for ¢ € S9(V}).

Remark 1.1.8. If we use the identification of the symmetric tensors with homogeneous polyno-

mials of degree ¢ given by
f(z)=¢(z, ..., 2)
for (€ SU(V}), f e Hy(V;) and z € Vj, then
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i) the symmetric product (|1.8)) corresponds to the pointwise product of two functions and
i1) the action in (|1.11)) coincides with the action of GI(V;) on the functions on V; given by

('(A)f)(2)=f(AT2)  AeGUV)).

By using the isomorphism @ : V; — V' the unitary group U(V;) can be let act on the space of

symmetric tensors on V. For this purpose we simply continue the above calculation
C(k™ vy, k7 ) = QKO (D (vy)), ..., kO (D(v,)))
= U W) (K0 (vy),... kT 07 (v,))
= (VOET O (vh), . KT (V)
E(@RD) (V1) ., (PROT) T (v,)),

where v; := ®(v;) € V' for all 1 < <n and £ := ¢ € V10, This is exactly the behaviour one
would expect by changing the spaces.

Lemma 1.1.9. The induced group action of U(V;) on S¥O(V') is given by

(DU (E) V1, vy) = E(K vy, ... K™V, (1.12)

where K = ®kd1.

1.2 The canonical Hermitian connection

If a manifold M admits a non-degenerate 2-form w, then the pair (M,w) is called almost
symplectic, and if the 2-form w is additionally closed, then the pair (M,w) is referred to as a

symplectic manifold.

Definition 1.2.1. An almost complex structure J on an almost symplectic manifold (M,w) is

called w—compatible, if it satisfies
W(JX,JY) = w(X,Y) VX,YeTM
w(X,JX) > 0 ¥ X e TM~ {0}
In the Corollary we will show, that any almost symplectic manifold (M,w) admits an w—

compatible almost complex structure J. Thus, (M,w) can be equipped by means of such J

with a Riemannian metric g, obtained by setting

g(X,)Y)=w(X,JY)
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for X,Y e TM. In particular, J is orthogonal with respect to ¢ and the fundamental form of g

is exactly the 2-form w. Besides, the 2-form
h(X,)Y):=g(X,Y)-iw(X,Y)

for X,Y € TM defines a Hermitian metric h on M. The corresponding unitary frame bundle
U(M), which is by the same argumentation as in the Remark i) a subbundle of both the
symplectic frame bundle Sp (M,w) and the special orthogonal frame bundle SO (M, g), yields
a principal U(V;)-bundle over M.

An almost complex structure J is called integrable if its Nijenhuis tensor N vanishes identically,

where

N(X,Y) = [JX,JY]-[X,Y] - J[X,JY] - J[JX,Y]
for vector fields X and Y on M.
Lemma 1.2.2. i) The Nijenhuis tensor is of type (2,0), that is
N(JX,Y)=N(X,JY) = —JN(X,Y)

for all XY €T M.

ii) For a torsion-free connection V on M the Nijenhuis tensor can be rewritten as
N(X.Y) = (Vux))(Y) = J(VxJ)(Y) + J(Vy J)(X) = (Vv I)(X).
iii) For a unitary connection ¥ on M the Nijenhuis tensor takes the form
NX,Y)=T(X,Y)+JT(JX,)Y)+JT(X,JY)-T(JX,JY).

Theorem 1.2.3 (Newlander-Nirenberg). An almost complex structure J on a manifold M is

integrable if and only if M admits local holomorphic coordinates for J around each point of M.

1.2.1 The canonical Hermitian connection. A symplectic manifold, whose compatible
almost complex structure is integrable, is a Kdhler manifold. In this case the Levi-Civita

connection V of the Kéhler metric g satisfies
Vg=Vw=0, T=0 and VJ=0.

On the other hand, if the almost complex structure is not integrable, it yields V.J # 0. However,
the reduction of the group structure of M to U(V;) yields a connection, which by the Proposition
[L.1.3]satisfies V.J = 0, Vg = Vw = 0. Among all such unitary connections there is an exceptional

connection, which distinguishes itself from the others by the type of its torsion.

Definition 1.2.4. i) The connection V defined by
- 1
VxY :=VxY - §J(VXJ)(Y),

for X, Y eI'(T'M), is called the canonical Hermitian connection.
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i1) If we denote by u(V;)* the orthogonal complement of u(V;) as a subalgebra of so(V),
then the corrective term 7y := —3.J(VxJ) defines a section 7 € I'(T*M ® u(V;)*), which
is referred to as the intrinsic torsion of the U(V;)-structure on M (induced by J ).

To determine the type of the torsion T(X,Y) = 7xY - 7y X of V we recall the correspondence
between 7 and the Nijenhuis tensor of J and dw. The torsion turns out to be of type (2,0),
and thus, the torsion vector field of V vanishes identically. In what follows, we base ourselves
on the Section 2.2 of Chapter 10 in [5] by Paul-Andi Nagy.

We consider the image of Vw under the skew-symmetrization map alt : T*M ® A% - A3, which
can be expressed in two different ways. On the one hand, a direct calculation yields immediately
alt(Vw) = & dw and, on the other hand

VxWw = —Txw, (1.13)
which is to be understood in the following sense
(Txw) (¥, 7) = (Fx) (¥, Z) + (7Y, Z) + (¥, 7 2)
=9(JxY, Z) + g(JY,7x Z)
=29(JrxY,7Z) =2w(rxY, Z).
To obtain another expression for alt(Vw), we introduce the tensor field N defined by
Nx(Y,Z)=g(N(Y, 2), X).
Then it holds by Lemma [1.2.2]
Nix(Y,Z)=Nx(JY,Z) = Nx(Y,JZ) (1.14)

and the covariant derivative of w can be now expressed in terms of the tensor N and the exterior

differential of w as follows
2(Vxw)(Y,Z)=-N;x(Y,Z) +dw(X,Y, Z) —dw(X,JY, ] 7). (1.15)
Applying the skew-symmetrization to the upper equation yields

2alt(Vw)(X, Y, Z) = %((wa)(Y, 7) = (Vyw)(X, Z) + (V20)(X,Y))
- %(—/\/Jx(Y, Z) +dw(X,Y, Z) - dw(X, JY, T Z)
+ Ny (X, Z) —dw(Y, X, Z) +dw(Y,JX, ] Z)

Ny (Y, Z) +dw(Z,X,Y) - dw(Z, ] X, JY)).
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In order to interpret the occurring terms we introduce an operator acting on 3-forms
F)(X,Y,Z) =a(JX,)Y, Z)+a(X,JY, Z) + a(X,Y, ] Z)
and observe, that
J(Jdw)(X,Y, Z) = Jdw(JX,Y, Z) + J*dw(X,JY, Z) + J*dw(X,Y, JZ)
= —dw(X,JY,JZ) -dw(JX,Y,JZ) - dw(JX,JY,Z)
Alt(N) (X, Y, Z) = é(/\/x(y, Z) + Ny (Z, X) + Ny (X, Y)
- N(Z,Y) = N (X, Z) = Nig (Y, X)) (1.16)
- SN (Y, 2) =N (X, 2) + N (X, )
J(alt(M))(X,Y, Z) = alt(N)(JX,Y, Z) + alt(N) (X, JY, Z) + alt(N ) (X, Y, J Z)

Nox (Y, Z) = Ny (X, Z) + Ny (X, Y),

such that together with the equation (|1.13]) we obtain

2
3

< —dw = -J(alt(N)) + J(J*dw).

1 1
dw = —gfj(alt(/\/')) +dw + gﬁ(J*dw)

To proceed further, we recall the decomposition of A3 = A3(T*M) into the real invariant
U(V;)-modules (for the details of the decomposition cf. [19])

A3 = )30 @ )21
where
A30 = {aeA3 |a(JX,)Y, Z)=a(X,JY, Z)=a(X,Y,JZ) VXY, ZeTM}

AL ={a e | a(JX,JY,2)=a(X,Y,2) = -a(X,JY,JZ) VX,Y,ZeTM}.

Decomposing dw € A3 along the decomposition A3 = \3.0 @ A% yields
~(dw)®® = (dw)*' = J(J* (dw)>*) + J(J*(dw)?") = J(alt(N))

Nt —(dw)>* = J(J* (dw)>®) = J(alt(N)),

since J acts on \%! as J*.
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Since
(T (dw)PO)(X,Y, Z) = J*(dw)* (X, Y, Z) + J* (du)*O(X, JY, Z) + J*(dw)**(X, Y, J Z)
= (dw)PO(X,JY, JZ) - (dw)PO(JX,Y, T Z) - (dw)*O(J X, JY, Z)
= 3(dw)*(X, Y, Z)
and alt(A') € A0, it follows
LI (dw)™ = 3alt(N) = alt(\) = %J*(dw)?”o.

Decomposing the spaces A% = A20+ AL and A3 into the (real) invariant U(V;)-components and
restricting the skew-symmetrization map to T*M ® A\*? we obtain by the Theorem 2.1 in [§]

the following diagram.

alt

T*M @ \*0 A3
SU(V;) SUV))
AOe W, @ A2 A0 @ A2

The space W, denotes whereby the kernel of the skew-symmetrization map (cf. [6], Lemma

2.1). So the tensor A splits by Schur’s lemma as

N=N+§J*(dw)3’0 eWy & N0 (1.17)

with A € W,. With the aid of dl.l3|), (]1.15[) and dl.l?[) we state the following theorem.

Theorem 1.2.5. The intrinsic torsion T € T*M @ u(V;)* of an almost Hermitian manifold M

is entirely determined by (dw,N) e A3 oW, and vice versa. In particular,

e M is Hermitian iff T € A>! and

o M s almost-Kdihler iff T € Ws.
If we assume M to be almost Kéhler, i. e. 7~ N , then by the equation it holds
9(rv(X), Z) = g(rx(Y), Z) + g(72(X),Y)
= g(T(X)Y),2)=~g(12(X),Y) (1.18)
and
9(rix(Y), Z) = g(-Jx(Y), Z) = g(7x (JY), Z) (1.19)
so we obtain the following result.

Corollary 1.2.6. If M is an almost-Kihler manifold, then the torsion T of V is of type (2,0)
and

Nx(Y,Z) =49(T(Y, Z), X) or equivalently N(X,Y)=4T(X,Y).
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1.2.2 The curvature of the canonical connection. The following section is based on the
Section 2 in [16]. We keep considering an almost Kéhler manifold (M,w,J). Denote by R
the curvature tensor of the Levi-Civita connection V and by R the curvature of V. A direct

calculation then yields

R(X,Y)=R(X,Y) +alt(VT)xy = [Tx, Ty ] + Tirx vy X)

= R(X,Y) +alt(Vr)xy -7(X,Y) +77(X,Y). (1.20)
H_/ ~— —
eso(2n) eu(n)t cu(n) cu(n)*

Since R € A2 ® u(V}), its corresponding 4-tensor lies in
Ao\ = (A0 At e A = 2 (A M) e A2(A ) @ (W20 e ALY
and it therefore splits accordingly as R = Ry + Ry + R with
Ry e S2(AMY), Rye A2(AM') and Rye A0 @ \bL.

Consider next the terms occurring in the equation ((1.20)) depending on 7.

i) Since V is unitary and 7x € %0, it follows (Vx7)y € A%0. That means alt(V7) € A2 ® \%0

and it splits along the decomposition A2 ® A\29 = (AL @ A20) @ (A20 @ A20) as
alt(V7) = alt(V7); +alt(V7)s.
i1) Since T € Wh, we have by the relation (|1.19))
72 e AL @ AL = S2(AL1) @ AZ(ALY),

so 72 splits as
?=5+A

with S e S2(AL1) and A e A2(\L1).
ii1) Similarly, since 7 € W,, we have by the relations (1.18) and ((1.19) 77 € S2(A29).

S2(AL) @ S2(020) @ A2(A\M1) @ A20@ ALl ALL @ )20

R Rl + RQ + Rg

alt(VT) alt(V7)s + alt(VT);
7‘2 S + A
T T
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Next we observe, that
R(X,Y,Z,W)-R(Z,W,X,Y) =alt(VT)xy (Z, W) - 72(X,Y)(Z,WV)
—alt(VT) zw (X, Y) + 72(Z,W)(X,Y)
= alt(VT)xy(Z, W) —alt(VT) zw (X, Y) - 2A(X, Y, Z,W).

Since R and A are elements of A2® A\l'1, we obtain after projecting the equation onto A20 ® \20
that alt(V7)y € S2(A209). Moreover, if we project the upper equation onto A2(Ab!) and A20@ -1
we obtain

Ry=-A and Ry=alt(V7)}

respectively. The corresponding 4-tensor of the Riemannian curvature tensor R of V is an
element of S?(A?), which splits as

S2(A?) = S2 (AN @ A\20) = S2(AL)) @ S2(A20) @ (A20 @ ALY),

Ry R
n- 1 12 ’
R, Ry

Rl € 52()\1,1)’ R2 € 52()\2’0), ng € )\1,1 ® )\2,0.

and thus, R can be written as

where

We conclude by comparison the algebraic types of the occurring tensors in ((1.20), that

Ry =Ry - SeS2(\), Ry = —Ae A2(\L),
Ry = alt(V7)r e A20 @ ALL) Ry —alt(V7)s + 77 =0 € S2(\20).
Lemma 1.2.7. With the upper notations it holds
R=(R,-5)-A+alt(Vr);.

Remark 1.2.8. If the tensor S additionally decomposed as S = S®+S~, where S satisfies the first
Bianchi identity, then the component RK := Ry —Sb = Ry + S~ of R satisfies all the requirements

of a Kdhler curvature, that is an element of S?(Al!) satisfying the algebraic Bianchi identity.






Chapter 2

A short digression of Lichnerowicz

Laplacian

The main purpose of this chapter is to introduce a Laplacian defined on the complexified
symmetric algebra of an almost Kéahler manifold using the canonical Hermitian connection.

which was firstly defined by André Lichnerowicz in his paper [14] in the Riemannian setting.

2.1 Symmetric algebra of M

We begin by describing a natural Laplacian acting on the sections of the symmetric algebra of
M as it was introduced in the original paper [14] by André Lichnerowicz. For this purpose we
consider a Riemannian manifold (M, g). The Riemannian metric g on M induces analogously
to a Riemannian metric on S*(M) = @50 S9(M), i. e., if ;. 4, and 9;, ,;, denote the
components of the tensor fields ¢, € S*(M), then

<90a1/]) = @jl."jqwjy..jq) (21)

where it-da = ghit...glajap; ,;and g denotes the components of the inverse matrix (g;;).

Similarly, a connection V on T'M induces a connection
V:D(S*(M)) »T(T*M ® S*(M)).
To describe V locally, we observe first, that the induced connection V* on T*M is given by
(V) (Y) = X(I(Y)) - 9(VxY)

for XY e '(TM) und ¢ € I'(T*M). Thus the induced connection V® on the tensor bundle
T*M®1 is given by

(V?}C)(Yl,---,Yq)=X(C(Y1,.--,Y2,))—ZlC(K,--~,VXYV,---,Y;)-
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The restriction of Vx to S?(M) can be rewritten, if an element ¢ of S?(M) is written in terms
of some local frame as ¢ = ¢;, ., pi, @ ... @ p;, for ¢; € T*M. The covariant derivative of ¢ in
the direction X then reads

q
VxC =deiy i,(X) i, @0 @i, + iy iy ) (Vi) © i, @ 0Py, 00 ;.
v=1

Since ¢ depends only on the number of times each ¢, appears in the product, we may rewrite
Cas (=cqp]' @0 pn", where pp” = ¢, ©--©,, and obtain the following compact notation.
Lemma 2.1.1. Let {ey,...,e,} be a local frame for TM and {p1,...,,} be its dual frame.
Writing ¢ = cop® as above yields

VC=dea® ™= ), LY 5 om ® r @ (e, 2 C),

v,k,m=1

where F7Vn,k denote the Christoffel symbols of V. The curvature tensor R of V is given by

R(€j>€k)C=—Z e Pm © (€ 1Q).

i,m=1

Remark 2.1.2. i) If V is metric, then V is also metric with respect to the induced metric.
ii) The linear part of V is induced by the standard group action of GI(V') on S*(V*)

(k ’ C)(viu s 7Uiq) = C(k_lvila SR k_lviq)
for ke GI(V') and ¢ € S*(V*). (Cf. the action in (1.11)).)
The L2-inner product defined on the compactly supported sections of S4(M) is given by

(o) = [ (o) M. (22)

Let V be induced by a metric connection V on M and ¢ € S9(M) and ¢ € T*M @ S9(M). Then

we observe for an orthonormal frame parallel at a point

<©(p>¢> = Z;( )]21 i ¢]zl dp
j=
) Z_; (veﬂ(p)m...z‘p (e; - w)il'"i”

(Veg%ej 1)

e

{p,ei 10) - Z @, Ve, €5 1),

<
]
—_

By integrating the last equation the first sum vanishes, since ¥.7_; e; - (0, e; 11)) = div(Y") for
Y =Y (@, e; 19)e;. We thus have shown the following lemma.
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Lemma 2.1.3. The formal adjoint of V* : T(T*M ® S*(M)) — I'(S*(M)) is given with respect
to a local orthonormal frame parallel at a point by

n

Z j - ve]

Corollary 2.1.4. With respect to an orthonormal frame {ei,...,e,} parallel at a point the

Bochner Laplacian V*V of a metric connection is given by

n

- i (e;jaVE)==->V

j=1 j=1

2.1.1 The Lichnerowicz Laplacian. The Laplacian introduced by André Lichnerowicz on
the tensor algebra @ T M®" should have generalized the Hodge-de Rham Laplacian when re-
stricting to the exterior algebra. It turned out, that the restriction of the Lichnerowicz Lapla-
cian to the symmetric algebra coincides with the commutator of the symmetrized connection
with its formal adjoint (cf. [20], p 147). In what follows, we shortly describe the mentioned

commutator.

The symmetrized connection is given as the composition 6 := sym o ¥

sym

SUT*M) Y T*M e S9(M) 25 5e71(M),
which by the Lemma [2.1.1| can be expressed as follows.

Lemma 2.1.5 (Symmetrized connection). Let {e1,...,e,} be a local frame for TM and denote

by {p1,...,¢n} its dual frame. Writing { = cap® as above yields

5= 0k © Ver. (2.3)
k=1
Remark 2.1.6. If V is induced by a metric connection, then the formal adjoint 6* of 6 coincides
with V*. To observe that in terms of a local orthonormal frame {ey,...,e,} parallel at a point
we have

n

(0p,C) = Z SOkGVek<PC :Z Vek%ek—lﬁ Z (p,er1C) - (90761@—'@6,@0
k=1 k=1

and, since Y7 e - (@, er 2¢) =div(Y) for Y = Y7, (p, ex 2 ()ey as above, it follows
§C=VC==) e VL.
k=1
Lemma 2.1.7. The principal symbol of 6 at some x € M and 6 € T M ~ {0} is given by

p8(5)($, G)Cx =0o gx
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Proof. 1t is a short verification of the definition (cf. [23], p. 115). Since we deal with a real
first-order differential operator, we choose a smooth function f € C* (M), such that df, = 6 and
observe with the Lemma [2.1.5] that

ps(8)(2,0)C, = z ok © Ve ((F - £(2))0)s
- kilsok o dfa(ex)Cs

= ane(ek)sokQCz ZQGCx'
k=1

The same calculation made for the formal ajoint of § yields
ps(6*)(x,0)¢, = =07 1 ¢,
and, in particular, we have by the equation (2.4) in 23]
ps([0%,0])(,0)¢ = ~0% 100 ( +0 0 07 1¢, = ~9(0,0) G,
which motivates the following definition.
Definition 2.1.8. The commutator Ay := [6*,0] is called the Lichnerowicz Laplacian.
The Lichnerowicz Laplacian is a self-adjoint, elliptic and type preserving second order differen-

tial operator and has discrete eigenvalues with finite multiplicities on compact manifolds (cf. 3]
or [2|, p. 465).

Theorem 2.1.9. [t holds
AL=V*'V-R,

where the linear part R depends only on the curvature of V and is explicitly given by

= JS vic. (.. ) . Js omt pm o ) ) ) )
R(C)h---lp - Z g T1C4, 4 §Z1---Zk-1 St+1--+lp Z g9 Rjikil Ch---lk—l Slk+1--2-1EU+1-lp "
k k=l

Proof. As before we choose an orthonormal frame parallel at a point and observe, that

§6¢ = 86%C = Y —e; 1V, 00 = p; © Ve, ¢

=1

= Z —€5 @ej((pk‘ ©) @ekC) +p; O @ej (ekz - @ekg)
7,k=1

=- Z @e,ﬁekc - Z YL @e; @eﬁekg +; e J @ej@eké’
k=1 k=1
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n

= @*ﬁg Z (pk @ e] _ (VQJ VekC VQkVQJC)

Jk=1
=V'V( - Z Yr O e; R(ej,ek)g,
.

where the last equation holds by the choice of the frame. Write the linear part using the Lemma
2.1.1| out, then

R(C) =- Z Ry 010 (€5 3 0m @ (€; 2C))

i,7,k,m=1

S Ry 000 (pm0 (e e 00))~ S Rl op (e 10)

i,5,k,m=1 i,5,k=1

== > Ry 00 (emo(ej e 3C))+ D rick vr 0 (e; 1C)
i,5,k,m=1 i,k=1

and by writing ¢ = ¥ §,..i, ¥i, © - © ¢;, we obtain the desired expression for R(()

n g
R(C)jl"'jq = Z Z ICjg4 le"'js—lijsﬂ-"jq Z Z szsh le"'js—lijs+l"'j7'—1kj7'+l"'jq'
i=1 s=1 i,k=117,5=1
r+s

Remark 2.1.10. The linear term of the Lichnerowicz Laplacian can also be written as

RO (Y., Y,) = Zg(mc i) Y YY)

~

n q R

_ZZ C(R(e;,Y3)Y50 65, Y50, Yoo YY),
J= 7'5:
rs

2.2 Complex symmetric algebra of M

Consider an almost symplectic manifold (M, w) together with an w—compatible almost complex
structure J. The complex linear extension of J to the complexified tangent bundle Tz M yields a
decomposition of Tc M into the direct sum of +i—eigenbundles of J as TcM =T"M &T" M. This
in turn induces a decomposition of the complex cotangent bundle as TZM = THOM & T M,
which results in the type decomposition of the complex symmetric algebra. That is, for some

r € N it holds
S"(M,C)= @ SP(T"'M) e SY T M) = @ SPI(M). (2.4)

p+q=r p+q=r
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Lemma 2.2.1. i) The complex bilinear extension of the induced Riemannian metric on

S*(M) to S*(M,C) yields by setting

(0,0) = {0, ¥) (2.5)

a Hermitian metric on S*(M,C) and a corresponding Hermitian L?>-product on the com-
pactly supported sections of S*(M,C) as in . Moreover, the type decomposition
is orthogonal with respect to this Hermitian L*—producfl]
i1) If V is a unitary connection on (M,w,J), that is V.J =0, then
1. the complex bilinear extension of V remains metric with respect to the induced Her-

matian metric in
2. Vx respects the decomposition of Te M =T'M & T" M for all vector fields X on M.

2.2.1 Symmetrized connection. Consider the complex bilinear extension of an arbitrary
connection, also denoted as V : TeM — T M ® Tc M and the corresponding induced connection
v on S*(M,C). It is a well-known fact, that the exterior derivative d : A*(M,C) — A**}(M,C)

splits because of the type decomposition

A"(M,C) = @ AP9(M)

p+q=r

for re Ny as d = d"9 + d?>~1 + d12 + d%'. In particular,
df =d"Of + d*'f (2.6)

for all f e C(M). As already seen in the Section the exterior derivative can be thought
of as a multiple of the skew-symmetrization of a torsion-free connection. We describe next
an analogous type decomposition of a symmetrized connection. To observe that consider the

symmetrization of V¢ for some & € SP4(M) with p+q =71
8¢ (Xo, ..., X,) = iv&.g(xo, XX,
for X; € TcM for all 0 <i <r. Since on the symmetric tensors of rank one we have by
5 e SO (M) @ SV (M) @ SO (M),
we obtain by induction and the Leibniz’s rule the following observation.
Corollary 2.2.2. The map 6 : S*(M,C) - S**1(M,C) splits as

_ £1,0 2,-1 -1,2 0,1
0=0""+0"""+0 "+,

'Note, that each space SP*?(M) is an irreducible representation of U(V}).
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where
51,0* 50,1*
i’ . o K’ , s
Sp.q Sp+lq Sp.q Sp.a+l
o0 50,1
§-1.2* 521
i’ . R K’ , s
Spq Sp-1,q+2 Spsq Sp+2,9-1
5-1.2 521

2.2.2 Observation on the (-1,2) and (2,-1) parts of §. For the first we observe, that for

any symmetric tensor ¢ and a function f e C* (M) we have

0(f8) =df @&+ fo¢

The left hand side of the upper equation decomposes by types as in the Corollary (2.2.2)), while
the decomposition of the right hand side yields by ([2.6])

AV foe+d" fot+ fOL06+ f027 16+ fo 126 + fOOLE.
By comparing the types we obtain the following lemma.

Lemma 2.2.3. The parts =12 and 6*>~' are tensorial, that is

PNfE) = FPTIE and 8TVE(fE) = fo1

for all feC=(M).

Next we give explicit expressions of 712 and §%~! first for a unitary and then for a torsion-free
connection. We denote the decomposition of an X € TcM as X = X'+ X", with X’ e T"M and
X" eT"M, and consider a symmetric tensor £ € S%1(M). Then 6%71¢ € S20(M) and since §1.0¢
and 0%1¢ vanish on T"M ® T'M we obtain

(*TI)(X,Y) = (67 (X",Y)
= (05) (X", Y)
= (Vx ) (V") + (Vyr€)(X)
= X" E(YT) = (VX Y) + Y- E(XT) - E(Vyv X)
==E(Vx Y +Vy X')

= —£((Vx Y+ vy X)").
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Analogous calculation for 6-12¢ and & € S1O(M) yields
(0712 (X, Y) = =§(VxnY" + Vyn X")

= £((VxY" + 9y X")),

which provides together with the Lemma i1) 2. and the Leibniz’s rule the following ob-

servation.
Lemma 2.2.4. If the connection on M is chosen to be unitary, then §~12 = 5§21 =0.

Remark 2.2.5. In particular, the (-1,2) and (2,-1) parts of the symmetrized connection does
not provide any information about the integrability of J, if the connection is chosen to be
unitary. Note also, that the statement of the lemma holds also true for the skew-symmetrization

of a unitary connection.
For a not unitary connection we continue the above calculation and obtain
AV Y +Vy X')=VxY -VxJY +Vy X =V vy JX
—i(VxJY +VxY + VyJX + Vv X).

In particular, for a torsion-free connection a the straightforward calculation yields, because of
ny = VyX + [X,Y],

AV Y +Vy X)) ' ==((VixJ)(Y) = J(VxI)(Y) + (Vv J)(X) - J(VyJ)(Y))"

AV Y+ Vyn XT) = =((Vux ) (V) = J(Vx T)(Y) + (Vv J)(X) - J(Vy ])(X))"
If we define
NY(X,Y) = (Vax ))(Y) = J(VxJ)(Y) and  N*(X,Y):= (Vv J)(X) - J(Vy ) (X),
such that N = N! - N2. Then by setting
N:=N'+ N?
it holds
(VY + vy X')" = —iN(X, Y)"
and

1 ~
(VX"Y” + VY"X”)I _ _ZLN(Xa Y)/

so that we proved the following result.
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Lemma 2.2.6. If V is a torsion-free connection on M, then
1 612, if £eD(THOM)
4 §271¢,if €eD(TO'M).

Remark 2.2.7. The table lists the information one gets from the (skew-) symmetrization of the

complex bilinear extension of a connection depending on its type.

connection V skew-symmetrization symmetrization
torsion-free d-12 d*>-1 ~ N* 612 521« N*
unitary (altov) 12 (altov)2t=0| 6712462°1=0

Proposition 2.2.8. [t holds

i) NeS2(M)e®TM, that is, N is symmetric, and
i) N =0 if and only if N = 0.

Proof. The assertion i) follows by definition. For ii) the direction ,=* holds trivially, while

the opposite direction follows by considering the tensor
B(X,Y,Z)=w((VyxJ)(Y) = J(VxI)(Y), Z) =w(N'(X,Y), Z).

Since N = = N2 by assumption, B is skew-symmetric in the first two variables, i. e. B(X,Y,Z) =
-B(Y,X,Z). On the other hand, J and VxJ are anti-commuting skew-symmetric opera-
tors, so by skew-symmetry of w the tensor B is symmetric in the last two variables, i. e.
B(X,Y,Z)=B(X,Z,Y). By taking the circular permutations we obtain
B(X,Y,Z)=-B(Y,Z,X)=B(Z,X,Y)=-B(X,Y, Z),

which implies B =0 and hence N'! =0, since w is non-degenerate, and the assertion follows by
i). m
Remark 2.2.9. A manifold M is Kéhler if and only if the Levi-Civita connection satisfies

5712 = 6271 = 0,

2.2.3 Frames and coframes for 7'M resp. T'°M. We keep considering the complexified

tangent and cotangent bundles and their decompositions into +i—eigenbundles of J.

The complex bilinear extension of g to Tec M, also denoted by g, satisfies g(X,Y") = 0, whenever
X, Y eT'M or X,Y € T"M. Identifying the complex vector bundle T;M with T"M by means

of the canonical C-linear isomorphism

1
©:TM —T'M, ®(X) = Zx = (X ~1JX) (2.7)
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we then have for all X,Y e T, M
= 1
9(Zx,Zy) = §h(X,Y). (2.8)

So we deduce, if {ey,...,e,} is a unitary frame for 7, M and

L = (I)(em)a Zm = (I)(em)7 L<m<n,

are the corresponding frames for 7'M resp. 1" M, then the dual frames Z; and Z ¥ for TOM
resp. TO' M are given by

Zn =27 and Z =27 = (Z:)fF =27, and (Z})% =2Z,. (2.9)

m

2.2.4 Curvature on S%°(M) induced by a unitary connection on M. By linearity of
curvature tensors we consider a pure symmetric tensor £ := Z;™' @ - @ Z*"" € T(S%0(M)) to

determine its local expression. So

Y o(RN(X,Y)Z)0 Z{™" 00 Z o0 2

i=1

R(X,Y)¢

i(R*(X,Y)Z;) o(Z; 2(Z;" 00Z " 0-0Z"))
=1
= (R (X.Y)Z) 0 (Z16).

If the connection on the manifold is chosen to be unitary, then R(X,Y)(T'M) < T'M for all
X, Y € Tc M, thus we have for some Z € T"M

(RY(X,Y)Z{)(Z) = -Z{ (R(X,Y)Z).

and using a unitary frame {ej,...,e,} we can further write

R(ej, ex)(Zm) = ZRé,km
Then
2 (e, e)2) = 3% o 25 (8 B s 20 = 3 B = 3 R Z312).
which proves the following lemma.

Lemma 2.2.10. Let R be the curvature tensor on S4O(M) induced by a unitary covariant

derivative on M and {e1,...,e,} be a unitary frame for T;M. Then

R(ej,ep)€ = Z ot Do © Zi JE.

i,m=1
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2.2.5 Lichnerowicz Laplacians associated to 610 and §%!. We assume the manifold to be

almost Kéhler equipped with a unitary connection. According to the equation ([2.3)) we observe
with regard to the Lemma [2.2.4] that because of

7 . 7 * 1 * 7 % * 4 * 7 %
€k=Zk+Zk, J6k=Z(Zk—Zk) and ekZE(Zk +Zk), (Jek) :_§(Zk_Zk)

for all 1<k <n, we have for all symmetric tensors ¢ of type (p,q)

2n
6C = Z Pr© ﬁekc

k=1

D2+ Z;) 0V 42,8+ (ZE - Z;) ©V 5 7(
k=1

N | —

M=

ZyoVg(+ 2 0vz(. (2.10)

k=1

By comparing the types Yy Z; © Vz,( € SP*1a(M) and Y Z; @ V¢ € SPa+1 (M) we have

the following result.

Lemma 2.2.11. For a unitary connection it holds

M =3ZrovsC and 0™'(=)>Z;oVz(.

k=1 k=1

Analogously, we determine the local expressions of the formal adjoint operators of 619 resp.

50,1
(610): SPa(M) > SPL9(M)  and  (6%1)*: SPU(M) - SPL(M).

Using the equality Z; = 27" and Z; = 2Z} we obtain

(5¢,0) = ki(Z; 0V nC ) + (7 ©V5,(,0)
=1
O (V26 Zia) + (§5,.C, 2 1)
k=1

=-2 Z(Cyzk—lﬁzk?ﬁ) + (Cyzk—'@z,ﬂ/}) —Zk'(C,Zk—”/J) —Zk'(C,Zkﬂ/J)-
k=1
Since the last two terms equal to div(Y;) and div(Y3) for
V1:=23(C, Zp a0) 2y and  Ya:=2) (C, Zp 19)Zy,
k=1 k=1

it follows again by comparing the types the local expressions of the formal adjoint operators.

Lemma 2.2.12. For a unitary connection it holds for a local unitary frame parallel at a point

M C=-2%"2,1V5C and 6V(=-2) Z, V7 (.
k=1 k=1
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Lemma 2.2.13. Let 0 € T M ~ {0} for some x € M and { e T'(S»9(M)). Then the principal

symbols of 0%0 and 0% are given by
ps(0Y0)(2,0)¢, =100 ¢, and ps(6°h)(z,0)¢ =i0™ @ ¢,

where 10 := Y7 0(Zy) Z; and 091 := Y3 0(Zy,) Z; are the corresponding projections of 6 onto
TYOM resp. TOLM .

Proof. Choose a function f € C* (M), such that df, = 6. Then by definition we obtain

Ps(80) (2,0)C, = i8S — F(2)C)o = ;(Z; 092 (f - F(@)0))s

i ki(z,: © Z4(f)O)a = iIie(Zk)Z; ©C.
=1 =1

The formula for ps(0%!) follows analogously. O

With the Remark and above lemma we have
ps(6"0)(x,0)¢ = -i(0°)* 2¢,  and  ps(6%)(x,0)¢ = -1(0M0)F 1 ¢,.
In particular, we have
ps([620,50 1) (2,0)G, = 00 © (0"1)# 2, — (O1)* S0 o,
= _9(01707 0071) Cac
1
- _59(67 H)Cm
ps([6%1, 6 ) (2, 0)¢ = 0% @ (0"°)% 1 ¢, - (0M°)F 10" 0 ¢,
= _9(00717 0_170) Cac
1
- _Eg(eae)Cm

Lemma 2.2.14. The operators AL0 := 2[§19 610" and A0 := 2[§%1 591" define Laplacians
on each SP4(M).

Corollary 2.2.15. The Lichnerowicz Laplacians AY0 and A% can be locally written as

ALO = 42@23_@%( +4 Y Zr 0 Zy 2 R(Zy,, Z;)C
J

jk=1

<

AM =43 V5 V7C+4 Y Z5 0 Zy 1 R(Zy, Z;)C.

j=1 Gk=1

M=
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Proof. The proof is a straightforward calculation using a unitary connection and a frame parallel

at some point of M.
[51,07 51,0*]C — 51,051,0*C _ 51,0*517OC

=2 ) ~Z;0Vz(Z; AV z,C) + 2, AV z,(Z; © V()
k=

J=1 7,k=1

=2V Vz( 2ZZ*®ZkJR(Zk,Z)C

j=1 J,k=1
The formula for A%! follows analogously. O

Remark 2.2.16. The Lichnerowicz Laplacians A% and A%! can be locally also written as

AI’O = —ﬁ*ﬁc +4 Z Z; ® Zk _ E(Zk, ZJ)C —iZ]%(ej, Jej)(

Jk=1

A = +4 Y 200 Zy s R(Zy, Z;)C+1Y. Riey, Je;)C.
j=1

J,k=1

Just observe for this purpose, that

4iV2C( , Zj) = 4Z(VZV2+VVZZX
j=1

7=1
2n
- Z;(Vej ve] VVE e])SO_IZ;(VBJVJe] vJe] ve] vve Jej— VJe e])C
J J

2n n
= Z v 6]7 6]) Z(vej vJej - vJEj v@j - VT(ej,JEj)+[6j,J6j])C
j=1 i=1

n

—iZ}?(ej,Jej)C

and analogously

42 VZC(Z]‘, Z]) = _ﬁ*ﬁ@ +iZR(€j, Jej)C.
=1

=1






Chapter 3

Metaplectic structures on manifolds

3.1 The group Mp¢(V,Q)

In the following we keep considering a triple (V, €2, j), where (V,€) is a symplectic vector space
and j an Q-compatible complex structure on V', and the induced 2-forms g and h (cf. the
definitions in and (1.3))). We will hence omit the reference of the triple in the notations,
i. e. we shall write throughout this section e. g. Sp, Mp instead of Sp(V,Q), Mp(V,Q) etc.

As already mentioned in the first chapter, the unitary group U(V;) is a maximal compact
subgroup of Sp. Thus, the symplectic group is connected and non-compact and the inclusion

t:U(V;) = Sp induces an isomorphism between the corresponding fundamental groups
m(Sp) 2m(U(V;)) 2 Z. (3.1)

Hence, there is up to isomorphism a unique connected space Mp, such that 7 : Mp 2, Sp.
Besides, Sp is a Lie group, that means Mp may be equipped with a unique structure of a Lie

group, such that © becomes a Lie group homomorphism.

Definition 3.1.1. The Lie group Mp is called the metaplectic group.

Note, that since the Lie group Mp is a double cover of the symplectic group, the kernel of the
covering map 7 is a subgroup of Mp consisting of two elements and can be hence identified
with Zy, that is ker 7 := {[}. The quotient of the direct product Mp x S! by the two-element
subgroup generated by (-I,-1) is a well-defined Lie group and will be denoted by Mp°. That

1S

Mp©:= Mp xz, S".
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The following Lie group homomorphisms arise in a natural way
o: Mp® — Sp, o([A,z])=7m(A)
C:Mpc— S, U([A,z]) =22
L:St— Mpc,  u(2):=[1,z]

and yield the non-split short exact sequences

1

(3.2)

On the other hand, the sequence of the double coverings

=g x/
Mp xSt —>Mp°p4>5’pxS1,

yields a sequence of injective group homomorphisms between the corresponding fundamental
groups

Zol7 —— m(Mpt) ——— Z o Z.

Lemma 3.1.2. The fundamental group of Mp°© is isomorphic to Z & Z.

3.1.1 A Lie group homomorphism from U(V;) to Mp°c. We observe, that there is a
Lie group homomorphism from U(V;) to Mpc. The existence will essentially follow from the

following proposition.

Proposition 3.1.3 (Lifting criterion (cf. [11], Proposition 1.33.)). Let p: X — X be a covering
and f:Y — X be a continuous map with Y path-connected and locally path-connected. Then
there is a lift f:Y — X of f if and only if im(f.) € im(p.).

We apply the lifting criterion to the injective Lie group homomorphism
f:UWV;)— SpxSh,  f(k):= (k,detk)
and the double covering

p:Mp®— SpxS', p([A,z]) = (7(A),2%),
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such that we obtain the following diagram
Mp°©

l’”

U(Vvj;) _J Sp x St.

Now we observe, that the inclusion U(V;) < Sp and det : U(V;) — S! induce isomorphisms

between the corresponding fundamental groups, thus
im(f,) = {(m,m) eZ* | meZ}cm(SpxSh).

On the other hand, the fundamental group 71 (Sp x S') 2 71 (Sp) & m1(S') 2 Z & Z has exactly

three non-conjugate subgroups of index 2
Ze2Z, 2ZeZ, {(m,n)eZ*|m+n=0 mod?2},

so there are up to isomorphism three non-equivalent double coverings of Sp x S', which can be

listed directly, namely

Sp x St ‘ Mp xSt ‘ Mp©
(9:2) — (9,22) | (4,2)— (7(A),2) | [A 2] — (7(A),22)

The first two coverings correspond to Z @ 27 and 27Z & Z respectively, such that
im(p.) = {(m,n) €Z* | m+n=0 mod 2}.

It follows, that im(f,) € im(p, ), thus the lifting criterion yields the existence of a desired lift f
of f to Mp°©.

Corollary 3.1.4. There is a Lie group homomorphism f: U(V;) — Mpc, such that

O'Of~ = ldU(VJ)

3.1.2 The double covering of the unitary group. To give an explicit description of f , We
have to look by its construction at the preimage of U(V;) c Sp under the covering projection

7, since it is involved in o. We define
MU = 7' (U(V;)) € Mp
and state the next proposition.

Proposition 3.1.5. MU = {(k,{) eU(n) xS' | (? =detk}.
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It is clear, that both of the spaces in the upper proposition are double covering spaces of the
unitary group. That is, the assertion follows, once it is shown, that the both of the spaces are

connected, where the connectedness of MU follows immediately from the next lemma.

Lemma 3.1.6. Let p: X — X be a regular n—covering and Y a path-connected and locally
path-connected subset of X. If there is a lift i of the inclusion v:Y < X, then the preimage of

Y by p is homeomorphic to the disjoint union of n copies of Y.

Proof. For all y € Y there is exactly one § € p~'(y) satisfying ¢ € im(Z). Thus the statement

follows immediately by continuity and injectivity of 7. ]

Proof of the Proposition [3.1.5. Since the image of 7, is a proper subgroup of 7 (Sp), while the
map ¢, is by the equation (3.1)) an isomorphism, there is by the lifting criterion no lift of the
inclusion ¢ : U(V;) < Mp. Thus, MU is path-connected.

To see, that {(k,() e U(n) xS' | ¢? = det k} is connected as well, we construct a path connecting
all the possible elements with the identity (/,,1). So let k be an element of U(n) and c :
[0,1] — U(n) be a path with ¢(0) = I, and ¢(1) = k. The composition 7 := det oc being a
continuous path in St lifts under the double covering S! — S! to a unique path 7 in S! starting

at 1 and ending at some (; € S' with {(;,{1} = Vdet k. That is,

:Y(O) =1, :}/(1) =( and :}/(t)z = P)/(t)a Vte [Oa 1]'

The point now is to find a path connecting (k,(;) with (k,( ;). Consider for this purpose a
loop in U(n) at k defined by

e27rit

[:]0,1] — C™™, (1) := ' k.

Then it yields
1(0)=1(1)=k and §(t):=deti(t) = > det k.

That means, ¢ is a loop in S! at detk, which is a representative of the generator of 7 (S').
That means further, that any of the two lifts of § under the double covering S' — S! is not a
loop, but a path connecting ¢; with ¢_;. If 4 is the lift starting at ¢;, then the path product of
~ with o vields a desired path. O]

Having the description of MU the lift f: U (V;) — Mp* of f being a well-defined Lie group

homomorphism can be now by the definition of f explicitly described as

F(&) = [(k, ), €],
where k € U(V;) and &2 = det k.
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3.1.3 A maximal compact subgroup of Mp¢. The Cartan-Iwasawa-Malcev theorem yields
the existence of a maximal compact subgroup in Mp°¢ and with the next lemma we obtain a

candidate for such a subgroup.

Lemma 3.1.7. Let A : G — H be a surjective Lie group homomorphism between two Lie
groups G and H, where H is non-compact. If K ¢ H is a maximal compact subgroup of H,

then A"1(K) is a mazimal compact subgroup of G.
Proof. Let G’ be a compact subgroup of G such that
AMNHK)eG cq. (3.3)
Applying A to (3.3]), we obtain by surjectivity of A
K= X\YK))cMG")c\G)=H. (3.4)

Since A is a Lie group homomorphism, A\(G’) is a compact Lie subgroup of H and because K
is maximal compact, it yields by (3.4)

MG =K or MNG") =H,
where A\(G') # H, since H is non-compact. So the only possible case remains A(G') = K.

Application of A~! yields

G s AH(NG)) = V1K),
so we get the inclusion G’ ¢ A"1(K') and together with the inclusion in the equation ([3.3)) we
obtain the equality G' = A" (K). O

Since U(V;) is maximal compact in Sp and o : Mp® — Sp is a surjective Lie group homomor-

phism, the preimage of U(V;) under o, denoted by
MU =0 (U(V))) = {[(k,€),2] | (k,€) e MU, z€S'},

is by the previous lemma a maximal compact subgroup in Mp°. The next corollary describes
the structure of the Lie group MU°.

Corollary 3.1.8. There is an isomorphism MUz U(V;) x SL.

Proof. Consider the map
X:MUC_>Sla [(k7€)72]'_>5712'

Then y is a well-defined Lie group homomorphism, which induces by definition of f a short

exact sequence

U)oy — s 1,
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which is left split by the Corollary[3.1.4] The splitting lemma provides an isomorphism between
the Lie groups MU*® and U(V;) x St given by o x x. O

Remark 3.1.9. The inverse of o x y is given by f - .

3.1.4 A subgroup of Spin¢ isomorphic to MU°. By the Remark |1.1.4] the unitary group

U(V;) can be also thought of as a subgroup of the special orthogonal group SO(V'). The
inclusion U(V;) = SO(V') induces a surjective group homomorphism between the fundamental
groups (cf. [18], pp. 263), therefore there is no lift of the inclusion to the double covering
p: Spin — SO(V'). For this reason, the preimage of U(V;) c SO(V) under p, denoted by
SpU, is path-connected and thus a double covering of U(V;) as well.

Spin +— SpU MU ———— Mp
2:1lp \ / wlm
SO(V) > U (V) « Sp

As the fundamental group m;(U(V})) is isomorphic to Z and there is only one subgroup in Z
of index 2, the groups MU nad SpU are isomorphic as (connected) covering spaces of U(V}).
Hence, each of them can be regarded as a Lie subgroup of both Spin and Mp.

The Lie group Spin¢, defined in complete analogy to Mp® as
Spin® = Spin xz, S',

where Z, is identified with ((-I,-1)) and {£I} = kerp, possesses a subgroup isomorphic to MU®.
To determine this subgroup, consider the Lie group homomorphism A : Spin® — SO(V'), which

is defined analogous to o. That is,

A([A, 2]) = p(A).

Then SpU¢ := A=Y (U(V;)) is the desired subgroup, i.e. SpU¢ = MU¢. Furthermore, the quotient

Spinc/SpU¢ describes the space of all complex structures on V' with fixed orientation, since
Spin®[SpU° = SO(V)[U(V;).

Remark 3.1.10. The restriction of A to SpU¢ coincides with the restriction of ¢ to MU®.

3.2 Reductions and extensions of structure groups

This section, which is largely based on the Section 2.5. in 1] and Chapter 2 in [12], intends to

recall some basics on constructions of principal bundles over a given manifold. Let G and H be
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some Lie groups and A : G — H a Lie group homomorphism. A bundle map ¢ of a principal
G-bundle P — M into a principal H-bundle () — M is called A\—equivariant if for all p € P
and g € GG it holds

©(p-g) = 0(p)-Ag)-

3.2.1 Reduction of the structure group. Let np: P — M be a principal G-bundle and
A: H — G be a Lie group homomorphism. A A-reduction of P is a pair (@, f) consisting of
a principal H-bundle 7g : Q — M and a smooth map f: () — P such that

i) mpo f=mg and

i1) f is A—equivariant. }c N }c /
X 7'('Q
These requirements for ) and f can be illustrated /

by the commutativity of each part of the diagram on Qx H vy @
the right. If H ¢ G is a Lie subgroup of G and A is the inclusion map then a A-reduction (@, f)
of P is simply referred to as a reduction of P to H.

By an appropriate choice of an open subset U of M, we can achieve R (U) = UxG
the following identification
f idy xA
15 (U)=~UxG  and  Qu:=7g5 (U)=~UxH.
o' (U) =~ UxH

That is, the map f can be locally thought of as f|Q ~idy x \. As
U

a consequence, the local properties of A\ can be carried over to f, e. g.
e if )\ is a covering map, then the same holds for f.

e if H ¢ (G is a Lie subgroup of G and A = ¢ is the inclusion map, the map f:(Q — P is

then an injective immersion, i. e. f(Q) is a submanifold of P.

Theorem 3.2.1 (Cf. Satz 2.16 in [1]). Let G be a connected, non-compact Lie group and P
be a principal G-bundle over a manifold M. Then P is reducible to every maximal compact

subgroup K c G.

Definition 3.2.2 (Isomorphic principal bundles). Two principal G-bundles 7 : P - M and
'+ P' - M over the same manifold M are said to be isomorphic, if there is a G—equivariant

and fiber-preserving diffeomorphism ®: P — P".
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Theorem 3.2.3. Let M be a manifold, G, H be some Lie groups, A\: G — H be a Lie group
homomorphism, K ¢ H a Lie subgroup of H and L:=X"Y(K) c G . Let further

o wpr: P'— M be a principal G-bundle, G

e mp: P —> M be a principal H-bundle, + /

o mo:Q — M be a reduction of P to K and /
e p: P — P be a \-equivariant bundle map. Q Q

Then the restriction of wpr to Q' := = 1(Q) is a principal L-bundle over M.

Proof. Let U be an open subset of M such that we obtain the diagram on the right. Since we

can locally identify the map ¢ with idy x A,
idU XA

UxG ~ 7l (U) —2—np(U) ~ UxH

we obtain
o (15" (U)) = U x L. .
ldUXLK

Therefore, ()’ is locally trivial and because

: . o (U) =~ Ux K.
@ is fiber-preserving the fibers of @)’ are

especially given by
Q= ¢ (7 ({2}) = ¢ (Qu)-

Let p € Q. Then there is some x € M such that p e P/. Since L is a subgroup of GG, the action
of L on P} is fiber-preserving, i. e. p.l € P! for all [ € L. Further it yields for all [ € L

e(p) =o(P) A1) Q. = plep™(Qu)=Q,, VieL.
So L acts fiber-preserving on the fibers of @)'.

Let next py,ps € QL = ¢ 1(Q). Then p(p1),p(p2) are some elements of @, so there exists an
unique k € K such that p(ps) = ¢(p1).k. Regarding p; and p, as elements of P, there exists an
unique g € G such that py = p1.g. Applying ¢ yields

Qx> p(p2) = p(p1)-A(9)

and we have g € A71(k) c L. So the action of L on @)/, is transitive. Suppose next, there is some
l € L such that p; = p;.[. Again, if we think of p; as an element of P, and [ as an element of G
it then yields [ = 1. As a result we deduce that L acts fiber-preserving, freely and transitively
on the fibers of Q). O

Remark 3.2.4. If we let in the previous theorem the Lie group K be maximal compact in H then
L =\1(K) is by the Lemma maximal compact in GG. That is, the principal G-bundle P’

is reducible to L, where the reduction is given by ¢~1(Q) with the obvious inclusion.
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3.2.2 Extensions of principal fiber bundles. Next, we briefly sketch the inverse procedure
to the reduction of the structure group. For any Lie group homomorphism A : H — G consider

the action of H on G given by
HxG— G, (hyg) — h.g:=X(h)g
and form then for a principal H-bundle () over M the associated fiber bundle
P:=Qxg\G
over M with fiber G. Such fiber bundle P is then referred to as the A\—extension of Q.

Theorem 3.2.5 (Cf. [1], Satz 2.18). Let A\: H — G be a Lie group homomorphism and Q) be
a principal H-bundle over M. Then it holds

i) The A—extension P:=Q xy G of Q is a principal G-bundle over M.
it) Let f:Q — P be the map f(q) =[q,1g]. Then (Q, f) is a A-reduction of P.

i1i) Let P be a principal G-bundle over M and (Q, f) be a A-reduction of P. Then P is

1somorphic to the A—extension of Q.

At the end we also observe, that if we let in the Theorem the group H be a closed subgroup

of G and consider the action of G on the homogeneous space G/H
GxGIH —G[H,  (g,[a]) — [ga],
then there is a bundle isomorphism
PxgGJH = P/H, [p,g.H] =~ (p.g).H. (3.5)

Theorem 3.2.6 ( [1], Satz 2.14). A principal G-bundle is reducible to a closed subgroup H c G
if and only if the associated fiber bundle P xg GJH admits a global section.

Corollary 3.2.7. Let M be a manifold. Then it yields

i) If M admits a non-degenerate 2-form w, then it admits an w-compatible almost complex
structure J.
ii) If M admits an almost complex structure J, then it admits a non-degenerate 2-form w

compatible with J.

Proof. If M carries a non-degenerate 2-form w, then the symplectic frame bundle Sp(M,w)
yields an Sp-structure on (M,w). A choice of an Q-compatible complex structure j for (V,2)
yields by the Theorem a U(V})- structure on M. Applying the Theorem to Sp(M,w)
and U(V;) and the fact

SV, U(V) = T (V,Q)
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we obtain an w-compatible almost complex structure J as a global section of the fiber bundle

Sp(M,w) xgp (Sp/U(V;)).

On the other hand, any almost complex manifold (M, .J) admits a non-degenerate 2-form.

Indeed, if ¢ is an arbitrary Riemannian metric on M, define a 2-form ¢’ on M as
J(X,)Y)=9(X,Y)+g(JX,JY), X, Y eTM.

Then ¢’ is a Riemannian metric on M as well, which additionally satisfies J*¢g’ = ¢’, and the

corresponding fundamental form w’ on M defined as
W(X,Y):=¢(JX,Y), X, YeTM,
is a non-degenerate 2-form, which satisfies the both conditions in the Definition [I.2.1] O
3.2.3 Pullback bundle. If 7: E — M is a principal G-bundle over M and f: N — M is
a smooth map between two manifolds, then the pullback of E by f, defined as
ffE={(zr,e)e NxE | f(x)=7(e)} c Nx E,

with the projection

pry: f*E— M, (z,e)—=x

is a principal G-bundle over M. The projection on the second factor yields a bundle map from

*E to E. In particular, there is an important special case given by the smooth map
g v
f=A:M-—MxM, z~(r,)

and a principal (G x H)-bundle E = P x Q over M x M, where P and () are principal G- resp.
H-bundle over M. The pullback of P x @) by A, denoted simply by

Py Q= AP xQ),
is then a principal (G x H)-bundle over M.

PxyQ—"2 s PxQ
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3.3 Existence and classification of the Mp(V,)-structures

For an almost symplectic manifold (M,w) we de- P x Mp —a¢xn— Sp(M,w) x Sp

fine an Mp-structure as a pair (P, ¢), where

e P — (M,w) is a principal Mp-bundle over ;)

V and ¢ Sp(]\v/[,w)
an
\w Sp/
e ¢: P— Sp(M,w) a m—equivariant bundle K‘ e
map. (M, w)

That means, that each part of the diagram on the right commutes. There is a topological

obstruction for a manifold to admit an Mp-structure, which is related to the Spin-geometry.

Theorem 3.3.1. An almost symplectic manifold admits a metaplectic structure if and only if
it admits a spin structure, i. e. if and only if the second Stiefel-Whitney class wo(M) of M is

trivial.

Proof. Suppose, (M,w) admits a metaplectic structure (P,¢). Then U(M) defined as the
preimage of U(M) under ¢ is by the Theorem a principal MU-bundle over M. Since
the Lie group MU can be by the Section thought of as a subgroup of Spin the associated
fiber bundle

Pspin = Z;{(M) X vr Spin

is a principal Spin—bundle over M. Together with the Spin—equivariant bundle map
19:Pspm—>SO(M)7 ﬁ([ﬂ’B])ng(ﬂ)p(B)?

for @ e U(M) and B e Spin, the pair (Psp,,?) is a Spin-structure on M.

The very same argumentation and construction applied to the preimage of U (M) under ¥ yield

an M p-structure on M. O

It is not hard to see, that isomorphic M p—-structures induce isomorphic Spin—structures over
M and vice versa. Indeed, if there are two isomorphic Mp-structures (P, ¢) and (P’,¢') on M,
i. e. there is an Mp—-equivariant and fiber-preserving diffeomorphism & : P — P’. Then the
restriction of ® to U(M) yelds a well-defined isomorphism between (M) and ¢"~1(U(M)). So



44 Chapter 3. Metaplectic structures on manifolds

the induced Spin—structures are isomorphic as well. By the same argumentation we conclude,
that isomorphic Spin—structures induce isomorphic Mp-structures on (M,w). We state this

result in the following corollary.

Corollary 3.3.2. There is an one-to-one correspondence

<>

metaplectic structures on M spin structures on M

{ Isomorphism classes of } 1:1 { Isomorphism classes of}

3.4 Existence and classification of the Mp°(V,{2)-structures

We define the Mp¢—structure on (M,w) in complete analogy to the Mp-structure as a pair
(P, ), where

e P— (M,w) is a principal Mpc-bundle over M and

e v: P— Sp(M,w) a o—equivariant bundle map.

Theorem 3.4.1. A manifold admits an Mpc-structure if and only if it admits an almost

complex structure.

Proof. The structure group of any almost complex manifold can be reduced to the unitary
group, since any complex vector bundle admits a Hermitian metric. By using the map f from
the Corollary the Mp°—structure is obtained by the associated principal M p¢—bundle

U(M) “Uwy),f Mp°©

and the map ¢: [q, A] — q.0(A).

For the converse, if M admits an Mp°—structure, it admits by definition an almost symplectic
form and the assertion follows by the Corollary [3.2.7] O

3.4.1 Reductions of the Mpc-structure to MU°. Let (M,w) be an almost symplectic
manifold, J an w-compatible almost complex structure on M and U(M) the corresponding
unitary frame bundle over M. Assume further, there is a principal S'-bundle £ — M. Then
the pullback bundle

UM) xpy L=A(UM) x L)
of U(M) x L under the diagonal map A: M — M x M, x+~ (x,z) is a principal (U(V;) x St)
-bundle over M. By identifying U(V;) x St with MU¢ via the Corollary as a subgroup of

Mp©, the extension
(UM ) xpr L) xpgye Mp*©
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is a principal Mp°-bundle over M and U(M) x,; L is by the Theorem its reduction to the

maximal compact subgroup.

(UM) x5 L) Mm (M, w)
Sl
(UMY a1 L) u(M) c

MU*

The map ¢ : (U(M) xps L) xprie Mp® —> Sp(M, w), given by
v [(u,r), Al — u.0(A),

yields an Mpc—structure on M. On the other hand, since M U*¢ is maximal compact in M p®, any
principal Mp°—bundle P — M is reducible to MU¢. That is, there is a principal M U°-bundle
@ — M such that

P = Q xpype Mp©. (3.6)

In the following, we will see, that any such reduction () is isomorphic to the pullback bundle
U(M) xp; L for some principal S'-bundle £ over M.

Denote by 9tp® the set of all isomorphism classes of Mp¢—structures on (M,w). Since the ex-
tension of two isomorphic principal MU¢-bundles to M p¢ by injection result in two isomorphic

principal M p®—bundles, we consider the two maps

—_— My

{ Isomorphism classes of } A
T

principal S!-bundles over (M,w)

by defining
A (L] — [((UM) xpr L) xprpe Mpe, )]

T: [(P9)] — [Qxuuex S,

where P is realized as the extension of some principal MU¢-bundle () — M as in (3.6]).

Let £ € [£] be a representative and consider the image of £ under T o A. Define then the map
between these two principal S'-bundles by

[ (UM) xpr L) xpppe, ST — L, [(u,r),(] — (Cr. (3.7)

Then f is obviously smooth and fiber-preserving. Moreover, f is well-defined, that is, if (k, \) €
MU?¢, then for any other representative of the class [(u,7),(] it holds

F(LCu,r) - (B A) x (B, A7) = f([(u-k, Ar), A7) = G



46 Chapter 3. Metaplectic structures on manifolds

Besides, f is S'-equivariant

S([Cu,r),¢1-A) = f([(u, ), ACT)
= A¢r = f([(u,7),¢]) - A

for A e S'. As an S'—equivariant bundle map between two principal S'=bundles f is an isomor-
phism, therefore T o A =id.

On the other hand, the image of a representative (P, ) under T is the principal S'-bundle
Q) xnuey St, where @ is a reduction of P to U(V;), such that P = @ xppe Mp©. Recall next,
since we can think of () as a submanifold of P and of U (M) as a submanifold of Sp(M,w), the

restriction of ¢ to () is by definition o—equivariant, i. e.

o(p-(k,N) =o(p)-o(k,A) =9(p) -k

for all (k,\) e MU®. Using additionally the embedding of @ into @ xppe, St via ¢ — [g¢, 1]

we define the map

f1:Q — (UM) xy (Q xpvenSY)), ¢ — (0(q),[4,1]),

which is clearly well-defined, fiber-preserving and smooth. Furthermore, f’is M U¢—equivariant,

since

f'(a-(k.N)) = (6(q-(k, M) [a-(k, A), 1])
= (¢(q)-k, [g, x(k, A)])
= (¢(q)-k, [, A])
= (¢(q)-k,[g,1].2)
= (¢(a), [q,1])-(k, A) = f'(q)-(k, A).

So as an MU¢-equivariant bundle map between two principal MU¢°-bundles f’ is an isomo-

prhism, which implies, that the map Y is the right inverse for A.
Remark 3.4.2 (Cf. |23], pp. 103-105). Any differentiable complex line bundle over M is uniquely

determined by its first Chern class in the second cohomology group H?(M,Z) and vice versa.

Thinking of line bundles as elements of H?(M,Z) yields the following theorem.
Theorem 3.4.3. Any almost symplectic manifold (M,w) admits an Mp°—structure and there
s an one-to-one correspondence

1:1

HX(M,Z) <> 9pC.
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Remark 3.4.4. In view of the Remark we note, that any reduction of Mp°—structure (P, )
to MU°¢ is of the form:
e (UM)) = UM) xy L

for some principal S'-bundle £ over (M,w). In particular, there are two distinguished M p°—structures:
i) if the principal S'-=bundle £ is chosen to be trivial, then
UM) xp L2UM)
and it follows
P (U(M) xar £) %pse Mp*
= UM) xp v,y 7 Mp©.

So under the above correspondence the trivial principal S'-bundle corresponds to the
unitary frame bundle. This Mpc-structure is also referred to as the canonical one.

i1) if M admits a symplectic form w with integral cohomology class, then there is a (holo-
morphic) line bundle L with ¢; (L) = [w].

3.4.2 The action of H%(M,Z) on Mp°. Let (P,¢) be an Mp°—structure on M and L be
the corresponding line bundle over M. By identifying kero ¢ Z(Mp°) with S! it yields

MPC Xker o Sl = Mpca [[A7Z]Z27€]kera = [AaZ€]Zz' (38)

Lemma 3.4.5. Let L be a Hermitian line bundle over M and LX) the corresponding principal
St—bundle, then
(P XM L(l))/kera

18 a principal Mp¢—bundle over M, which corresponds to the line bundle L ® L.

Proof. We identify by the equation ((3.5|)
(P s LOY fuaro B (P g LOY xppyens Mp®
and define
F i (Pxpy LYY xppenst Mp® —> (UM) xpr (£ OLYD) xypre Mp°©
with the mapping rule

F: [([(w,1), A],¢). B] — [(u.1 ), AB].

F' is obviously smooth and fiber-preserving. Moreover, it is well-defined, since for all (k,&) €
MU€¢ and C' € Mp° one has

[([(u.1),AL,Q), B] = [([(u,])-(k,&), (k,§)"".A], (), B]
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= [([(uk,&D), (k,£)7.A],C), B]
[([(u.1),AL.©), B] = [([(u,1),A],€)(C,€).(C,&)".B]
[([(u,1), AC],¢€), 671 C ' B]

and

F([([(uk,€D), (k,6)7.AL,Q), B]) = [(uk,&leC), (k&) AB]
= [(u,1©¢).(k,&), (k,§)" AB]
= [(u,l® (), AB]
F([([(u,1),AC],¢€),67'C'B]) = [(u,1® (), ACEC'B]
= [(u,1©¢).£ ¢ AB]
= [(u,l®(),AB].

Further, F' is M pc—equivariant, since for all C' e Mp° it yields

F([([(w,1),A],0). B].C) = F([([(u.1),A],¢),BC])
= [(u,l® (), ABC]
= [(u,1®(),AB].C

= F([([(u,0), A],¢), B]).C.

Having this correspondence we describe the induced action of H2(M,Z) on Mp©.

Corollary 3.4.6. Let P — M be a principal Mpc—bundle and I. — M a Hermitian line
bundle over M. If we think of I as an element of H*(M,Z), then the action

H*(M,Z) x Mp® — Mp°©
(]L’7 P) — (P XM L(l))/kera

18 simply transitive.

Proof. Let L be the corresponding line bundle of P. Then the statement follows immediately
by the Theorem [3.4.3] and Lemma [3.4.5] since

(P XML(l))/kem ~ LOL ~ (L) + ¢ (L).
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3.4.3 Mp°-~ and Spin°-structures. Let (P, ¢) be an Mp°—structure over (M,w). Denote
as usual by @ the reduction of P to MU®. Then by identifying MU¢ with SpU¢ c Spin® we
obtain a Spin¢—structure given by the principal Spinc—bundle

E = Q xgpye Spin’
and the Spin®—equivariant bundle map

v E—S0V),  ¥(lg,A]) = v(q) MA).

On the other hand, any Spin°-structure (£,7) on an almost complex manifold is by the
Theorem reducible to SpU¢. That is

E = Q xgpue Spin®

for a principal SpU¢-~bundle ) — M. Realizing SpU° as a subgroup MU° of Mp° yields an
M pe—structure (P, ) given by the principal Mp°~bundle

P:=Q xpye Mp*
and the Mpc—equivariant bundle map

p:P—5Sp(V),  w(lg,A]) = ¢(q).0(A).
This observation leads to the following lemma.

Lemma 3.4.7. On an almost complex manifold (M, J) there is an one-to-one correspondence

between the Spin®— and M p°—structures.

Remark 3.4.8. The previous lemma does not hold without the assumption on the manifold to
be almost complex, since the class of manifolds admitting a Spin¢—structure is bigger, than
the class of manifolds admitting an almost complex structure and thus an almost symplectic
structure. For example, S* admits as a four dimensional manifold a Spinc—structure (cf. [22]),

while the only spheres admitting an almost complex structure are S? and SS.






Chapter 4

The symplectic Dirac operator and the

corresponding Laplacian

In this last chapter we describe the symplectic Dirac-Dolbeault operators when acting on the
dense subbundle consisting of polynomial-valued spinor fields. In order to do so, we describe
first the identification of this subbundle with the tensor bundle L® S*°(M) and adjust then the
symplectic Clifford multiplication. After this, we describe the geometric interpretation of the
symplectic Dirac-Dolbeault operators and their commutator. We keep considering a complex
structure j on (V,2) and an almost complex structure J on (M,w) as compatible with 2 resp.

w and the naturally arising (Hermitian) inner product resp. metric on V resp. M.

4.1 Symplectic spinor bundle

We begin with the description of, how a symplectic spinor space, that is a vector space carrying
a representation of the metaplectic group, can be obtained. The most common way to do so is

to consider the Heisenberg group H(V,(2), that is a Lie group V x R with the multiplication
1
(v,t)(w,s) = (v+w,t+s- 59(1}, w)),

and its unitary irreducible representation, which is known to be either one-dimensional or

infinite-dimensional depending thereby on some parameter A € R.

If v denotes an irreducible representation of H(V, ), then A appears by Schur’s lemma when
restricting v to the center {0} xR of H(V,) and is therefore referred to as the central parameter
of . The Stone-von Neumann theorem (cf. [7], (1.59) Theorem) gives a complete classification
of all unitary irreducible representations of a Heisenberg group with A # 0. It states, that any
unitary irreducible representations of the Heisenberg group on a complex separable Hilbert space

with the same non-zero central parameter are unitarily equivalent.



52 Chapter 4. The symplectic Dirac operator and the corresponding Laplacian

For the explicit description of this classification one usually uses the Schrédinger representations
on L2(W) for a Lagrangian subspace W of (V,Q). That is, if V is written as V = W @ U, then

2z+Aw,u)

(ea(u, 1) ) () = €™ e =2 [ (2 + ),

where v = w +u with w € W and u € U(cf. 7], Section 3 in Chapter 1). For our purposes it is
more convenient to realize the symplectic spinor space as a Segal-Bargmann space, denoted by
F., instead of L?2(W'). These are defined as follows

feF. = 1) f:V;>C entire and

]2
e dz < o0,

2) [fle=x)™ [ IFGF e

where ¢ > 0 and dim¢(V;) = n. The change of the Hilbert spaces is justified by the isometries
B, : L2(W) — F. called the Bargmann transforms (cf. |7], Section 6 in Chapter 1). On this
space the unitary irreducible representations of the Heisenberg group corresponding to \ = —%
translates to the unitary multiple of the wunitarized translations on F, (cf. [10], Section 4.1).
That is

_2it (22-v,v)

(ve(v,8) f)(z) =€ e 2 f(z-v).
One of the advantages of using a Segal-Bargmann space is that the set of all monomials on
V; is a complete orthogonal basis for any F. with ¢ > 0. In particular, the Segal-Bargmann
spaces are Hilbert space completions of the polynomial ring Pol(V;) and, if we identify the
polynomials with the symmetric tensors S *(Vj*), it follows, that each F. is a Fock space with

respect to its Hermitian inner product.

We fix in what follows a unitary irreducible representation t of H(V,2) on some Segal-Bargmann
space F. with the central parameter A\. Then the group Mp¢ appears in this context by observ-
ing, that the action of the symplectic group on H(V,(2), given by

79 H(V,Q) > H(V, ), 74(v,1) := (gv,1)

for g € Sp, preserves its center. Hence the composition t9 := v o 7, defines another unitary
representation of H (V) on F., which remains irreducible and has the same central parameter
A. That means, there is by the Stone-von Neumann theorem a unitary operator U, € U(F.),
such that

Ugord =tolU,. (4.1)

By Schur’s lemma the operator Uy is determined up to a scalar multiple by an element of the
circle group. The collection of all possible (g,U,) € Sp x U(F,) satisfying (4.1]) defines a Lie
group isomorphic to Mp¢ (cf. |12], Section 2.2). The natural representation of Mp® on F,

obtained by the projection on the second factor

o: Mp* — U(F,), (9,Uy) — U,
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is surely unitary and faithful, however not irreducible (cf. [21], 4.15 Corollary). Its restriction
to Mp was explicitly calculated for the generators of Sp (cf. [7], Chapter 4, Sections 2 and
3), which reveals, that the subspace Pol(V;) c F,. is not preserved under the action of Mp.

Besides, the action of MU involves a square root of a complex number
Uif(2) = det™2 (k) f (k'2),
which needs some additional clarification. This ambiguity caused by the square root can be

bypassed by passing to the group Mp° and the fact, that any representation of Mp extends to
a representation of Mp° by setting

o([A, AN = Ae(A)f
for all [A,A\] € Mpc. Then by the identification of MU® with U(V;) x S! as in the Corollary
3.1.8] the action of MU¢ is given by

(o(k, Ur) £)(2) = Af(K"2), (4.2)
where (k, \) is the corresponding element of (k,Uy) in U(V;) x St.
Remark 4.1.1. This formula reveals two crucial properties of the MU¢-action on polynomials.
First it not only leaves Pof(V;) invariant, but also respects its decomposition by degrees, and
secondly, it coincides according to the Remark with the induced action of the unitary
group U(Vj) together with the the obvious action of S' when identifying Pol(V;) with S* (V).

This observation leads to the following lemma.

Lemma 4.1.2. The diagram below commutes.

MU® x Pol(V;) Pol(V;)
g[ [: (4.3)
(U(V;) xS x 5°(V7) x{poo) 5 (V7)

The space of smooth vectors F° of o, this is a subspace of F., on which the Lie algebra
representation g, of mp® is well-defined, is dense in F. and contains Pol(V;) (cf. [13], Theorem
3.15). To obtain the description of the action of the Lie algebra mu¢ of MU® we identify mu¢ with
u(V;)@u(1) via the isomorphism o, x y. from the Corollary[3.1.8 That means, for cach = € muc,
which we identify with (0,(Z), x«(Z)) := (k, 1), we consider the curve (exp(tx),exp(tu)) and

differentiate the equation (4.2)) at ¢t = 0. Then we obtain

(0N = 51 (olexp(ir, 1))

= | esp(n) flexp(tr) ' 2) (44)

= puf(2) = (9:1)(r2)
for all f e Fe.
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4.1.1 Symplectic spinor bundle. Let (P, ) be an Mpc—structure on (M,w) determined by
a line bundle L. For a fixed ¢ > 0 the symplectic spinor bundle can be defined as the associated

Hilbert space bundle
S~ = P XMpc“Qfoo

and with the aid of an w—compatible almost complex structure J on M the symplectic spinor

bundle can also be written as
8~ = Q )<JMUCHQ.F'OO7

where @) is a reduction of P to MU¢. As mentioned above, the space of polynomials Pofl(V;)
is invariant under the restriction of o to MU* and is a dense subspace of F°°, which allows to
consider the well-defined subbundle

S = Q XMUC,g ’POE(V;)

lying dense in S. If we additionally decompose Pof(V;) by degrees as
Pol(V;) = G%Hq(vj),
=

where H,(V;) is the space of homogeneous polynomials of degree ¢ on Vj, then by the Remark
[4.1.1] we obtain a well-defined vector bundle

Sy = Q xarve.p Hy (V). (4.5)

Being a complex vector bundle, it follows further by writing the restriction of o to MU*® as

0=x-(0 o0) (cf. the notation in the Remark i1) and Corollary [3.1.8|)
Sq = Q XMU<,x-(g'00) ((C ®c HQ(V;))
(@ xarvex €) ®c (@ Xnrve,goo He(V))

2 (Lxst C) @ (UM) xuvy),0 Ha(V5))-

112

Recall, that the line bundle £ xg1 C occurring above is isomorphic to the line bundle L, which
we chose for constructing the principal Mp°—~bundle over M (cf. the Section and, in

particular, the bundle isomorphism in (3.7])).

Finally, if we identify
H,(V3) = S1(V)7) = 1V = 59(V)

by the isomorphism @ and let the unitary group U(V;) act on S*0(V') as described in the
Section then it yields

U(M) XU(Vj),Q' Hq(‘/}) = Z/[(M) XU(Vj),ﬁ Sq(Vl’O) = Sq,O(M).
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Lemma 4.1.3. There is a bundle isomorphism

S=LeS(M).

Proof. To obtain the assertion we continue the above calculation

S = Q XMUC,,Q POE(‘/]) = @Q XMUC,Q Hl](V?)
q=0

Y

Lo S™(M)=Le S (M)
q=0

g
o

= L®S*O(M).
]

Remark 4.1.4. Thinking of § as in the above lemma provides the following basic observations.

1) If the line bundle L is chosen as
i) holomorphic, then § is holomorphic, provided J is a complex structure on M.
i1) trivial, then § is isomorphic to the symmetric algebra of T10M.
2) A natural covariant derivative on S is obtained by choosing a covariant derivative V on
TM, which induces a covariant derivative V on S*°(M), and a covariant derivative v’
on the line bundle L. By defining

V=V el+1leoV

we obtain a covariant derivative on S.

4.2 Symplectic Clifford multiplication

By taking the complexification of V' and the complex bilinear extension of the inner product
we transfer the symmetric product and the contraction to the symmetric tensors on V10 by

defining the linear maps
c,a:V — End(S*°(V)), c(v)¢:=v'o(¢ and a(v)(:=v I,

where v = %(v —ijv) € V' as defined in the Section . These operators satisty the following
properties:
i) Since for any v € V we have ®(jv) = i®(v) = iv, the operator ¢ is j—antilinear and a is

j—linear. That is

c(jv) = -ic(v) and a(jv)=ia(v).
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it) For all ke U(V;) it yields
c(kv)(k-C) = k- (c(v)S)
a(kv)(k-C) = k- (a(v)C).

(4.6)

i71) The commutation relations
[c(v),c(w)] =[a(v),a(w)]=0 and [a(v),c(w)]= %h(v,w)id.
iv) With respect to the induced Hermitian inner product on S*°(V") it holds
(a(v)¢, <) = (¢, e(v)() (4.7)
for all v eV (cf. Remark [I.1.7).

Define for a symplectic vector space (V,Q) the symplectic Clifford algebra, denoted by CI1(V'),

to be a unital associative algebra over C generated by V' with the relations
veow-w-v=1Q(v,w)l

for all v,w e V. If CI(V) is additionally equipped with the Lie bracket

[a,b] :==a-b-b-a
for a,b € CI(V), then (CI(V'),[-,-]) becomes a Lie algebra. The linear map

cl:V — End(S*°(V)), c(v) :=c(v) - a(v) (4.8)
satisfies then for all v,w eV
[cl(v),cl(w)] = cl(v)cl(w) - cl(w)cl(v)

= [a(w), c(v)]+[c(w), a(v)]

= %h(w,v) - % h(v,w)

=1Q(v,w).
That is, ¢l defines a (symplectic) Clifford multiplication (cf. [17], Definition 10.1.4).
To define the (symplectic) Clifford multiplication on S, we write by Lemma m

TM=Q xppe, V' and S =Q Xpue ypo0 STV,

that is, any & € I'(S) is of the form £ = [¢,(]. Write additionally X = [¢,v] e ['(T'M) and define
the operators C' and A by

C:TM®S—S, Xot&—[qgc)]=2%0¢

A:TM®S — S, X®&{—[q,a(v)(]=2Zx 2&.
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Then C' and A are globally well-defined operators, since for all (A, k) € MU®¢ we have by the
equation (|4.6|)

Clg- N ER), ko) ([g- LR ATET-O]) =g (A k), A ek o) (K- ()]
[a- (&), A (e(v)0)]
= [q, c(v)(]

= C(lg,vD([a: <D

and analogously
Allg- A R), K o)) ([ RN (R Q) = Allg v]) ([a: D).
Lemma 4.2.1. The bundle map Cl:=C — A defines a (symplectic) Clifford multiplication.

Remark 4.2.2. The operators A and C' acting on holomorphic symmetric tensors inherit the

properties i) —iv) from the operators a and c listed above. That is

i) C(JX)=-iC(X) and A(JX) =i A(X).

i1) the commutation relations

[C(X),C(Y)]=[A(X),A(Y)]=0 and [A(X),C(Y)]= %(X,Y)id. (4.9)

i11) the operators A and C' are adjoint to each other with respect to the induced Hermitian

inner product on §. That is

(C(X)E, &) = (&, AX)E) (4.10)

for any X € T M.
4.2.1 Parallelity of the Clifford multiplication. We observe next, that the operators C'

and A are parallel. Since by the definition of S the covariant derivative on M has to be chosen
as unitary, we obtain for all X e I'(T'M) and £ € I'(S). Then it yields

Vx(C(e;)€) =Vx(Z)) @&+ Z;0VxE
and on the other hand we have

O(Vx€))6 = Zyye, ©6 = (VxZ,) O
and

C(e;)Vx& =2 @ Vx&.



58 Chapter 4. The symplectic Dirac operator and the corresponding Laplacian

By observing, that for all Y € THOM we have
(VX Z)(Y) = X(Z4(Y)) - Z2(xY) = X(Z(Y)) - (V<Y Z,)
= X(Z)(Y)) - X (Y. Z;) +{Y,Vx Z;)) = (Vx Z;)" (V).
we conclude, that
Vx(C(er)§) = C(Vxer)§ + Cler)VxE
for all X e I'(T'M). Similarly, the operator A satisfies
Vx(A(e;)§) =Vx(Z; 2€) = (VxZ;) 2§+ Z; 1VxE
= A(Vxe;)§ + A(e;)Vx§
since V is unitary and C-linear
Zyxe; = %(vxej -iJVxe;)=VxZ;.

Lemma 4.2.3. The Clifford multiplication as well as the operators A and C' are parallel with

respect to a covariant derivative induced by a unitary connection on M.

4.3 The Laplacian induced by a symplectic Dirac operator

We begin this section with the definition of the symplectic Dirac operators on an almost sym-
plectic manifold (M,w), describe then its splitting into the symplectic Dirac-Dolbeault operators
when decomposing the complexified tangent bundle by means of an almost complex structure

and give at the end the mentioned relation to the Lichnerowicz Laplacian.

Definition 4.3.1 (Symplectic Dirac operator). The symplectic Dirac operator D is defined as

the composition of the maps
D:T(8) =T (T*M ®S8) =, I(TM &8) -5 T(S).

If the tangent bundle T'M is identified with T*M by means of ¢ instead of w, the arising

operator is called the J-twisted symplectic Dirac operator

D:T(8) —=T(T*M®S8) 2, I(TMeS8) <5 T(S).

The two different ways of the identification of the tangent bundle with the cotangent bundle,
give rise to the two different symplectic Dirac operators. To describe them locally we use a
special local frame {ey,...,eq,} for TM, where {ej,...,e,} is a local unitary frame for 7, M
and e, = Jeg for all 1 <k <n, and refer to it also as unitary (see also the Remark i)).

To keep the notation short the Clifford multiplication will be simply denoted by a dot -.
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Proposition 4.3.2. Let {ey,...,ea,} be a local unitary frame for TM. Then it yields

2n 2n ~ 2n
Dézzej'vJejgz_Zjej‘v€j€ and D§=Z€j've‘j§-
j=1 J=1

=1

As already described in the Section the decomposition of TxM into the eigenbundles of J

and the complex linear extension of V yields the decomposition
V;O =Vyz, and vggl =Vzy

where 2Zx = X -1JX as in the Definition This results in the decomposition of the

symplectic Dirac operator as
2n m
D1,0€ = — Z Jej-Vé;O and DO,lg - _ Z Jej-vg;l ‘
j=1 j=1

Definition 4.3.3. These operators are called the symplectic Dirac-Dolbeault operators.

Proposition 4.3.4. The symplectic Dirac-Dolbeault operators satisfy

D=D"Y 4+ D% and D=i(D"% - D). (4.11)

Proof. The first equation is obvious. The second equation follows essentially by the indepen-

dence of V of the chosen local frame. That is, if {eq,...,es,} is a local unitary frame for T M,
then {Jey, ..., Jey,} is a local unitary frame for TM as well and thus
~ 2n 2n 1 1
DE=Y Jej-Vie,& = Jej- (V50 6+ V5L E)
j=1 j=1
2n 2n
=2 Je (V2,8 +V2,,8) =) Jew (Vi€ + V_iz,6)
=1 =1
2n

2n 2n
=2, Je (Ve -ivete) =iy Jej - (ve€) i), Jej- (Ve'E)
=1 P

.
1l
—_

- —iDW0¢ +iD%1¢.
O

Next we observe, that the operator D19 can be expressed only in terms of C' and the operator

D% only in terms of A and the corresponding projections. That is, for all £ € T'(S) we have

1 2n 1 2n .
D¢ = 2 ;Jej “V(ej-ide;)§ = _5(; Jej Ve, € ~1Jej- Vie;€)

1 2n ]
= (Z ej-Vie,§ +iJej Ve, )

=3 2
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12n

= 5(;(0(%) - A(ej) + Clej) + A(€5))V e;€)

2n
j=1

In addition it holds

2n 2n 2n 2n
Z C(ﬁj)VJejg = - Z C(Jej)Vejﬁ ZZZ C(@j)vejf = Z C(Ej)Viejf
J=1 J=1 j=1 j=1
so we finally obtain
Lo 1 2n 2n
D>°¢ = 5(2 C(ej)Vye,&+ Y. C(e)Vie,6)
j=1 J=1
1 2n 2n L0 ) n Lo
= 5(2 C(€j)Vie;-isen€) = ), Clej)V . £ =21), Clej) Vel
j=1 j=1 J=1

With the same argumentation and calculation we obtain for all £ € I'(S)

2n n
DYg==%" A(Je;)velé=-2i )y, Ale;)Ve'E.

j=1 j=1

The obtained expressions of the symplectic Dirac-Dolbeault operators in the above lemma

allows to formulate the following theorem.
Theorem 4.3.5. i) The operator DO coincides with the symmetrization of V0, that is
DY =isymo v1Y.

ii) If dw = 0 and V is the canonical Hermitian connection on M, the symplectic Dirac-
Dolbeault operators are formal adjoint to each other with respect to the induced Hermitian

L?—product on the compactly supported sections of S.

Proof. The first statement follows from the previous calculation and the definition of C', namely

DY =21y C(e;)Ve ¢ = izl 2770V z,E= izl 77 0V zE.
J= J=

j=1

for £ e I'(S). For the second statement we observe, that by definition of A we have

DOE=-2i)" Ae;)Ve'E=-21) Z; 1V 3¢,

j=1 j=1

and a straight forward calculation yields

(DM€, )2 = (€, D) +[ div(Y) dM
M

with Y = 37, (€, Z; 1v)Z;. Thus the assertion follows by the Corollary 2.2.7 in [9]. O
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A short straightforward verification of the definition analogous to that made in the Lemma

2.2.13| yields the following lemma.

Lemma 4.3.6. Let (x,0) e Ty M ~{0} and &, € S,. Then the principal symbol of D0 is given
by
ps(D'0)(z,0)&, =100 0 &,, (4.12)

where 00 = 377, 0(Z;)Z7 is the projection of 6 onto T M.

Having the principal symbol of D10 the principal symbols of D, D and D%! are then obtained
by the equation (4.11)) and the Theorem i). In particular, we have

ps(DON)(z,0)¢, = ps(DYO)*(x,0)€, = —i(0ON)# &,

such that the commutation relation (4.9), ensures the operator P := 2[ D40, D%] to define a
Laplacian. It was shown in [9], that on K&hler manifolds the operator P satisfies the Weitzen-
bock formula. The following theorem shows, that for the canonical Hermitian connection the

Weitzenbdck formula also holds on almost Kahler manifolds.

Theorem 4.3.7. With respect to the canonical Hermitian connection on an almost Kdhler
manifold the Laplacian P satisfies the Weitzenbock formula and, if L is trivial, then P coincides

with the Lichnerowicz Laplacian —Ab0,

Proof. Denote by V=V'®1+1®V a covariant derivative on L ® S*°(M) as mentioned in the
Remark 2), where V is induced by the canonical Hermitian connection on M. Then for a

local unitary frame parallel at a point we obtain on the one hand

DYDY (@) =-2iD"(). Z; 1Vz (A ) = -21D" (Y Z; 1 (VzA®p+Ae Vz,9))

J=1 J=1

=-2iy Dl’O(V'Zj)\ ® Z; 1) +iDM (A @ 54 p)

=1

Zy QVZR,(V’Z)\@)Z]- Jp) - ZZ]: @vzk()\@(;l,o*(p)
1 ’ k=1

=2

s

J

=2

J

LR

1 V% V7 A®ZL 0 Zj 1p+2 2; VyA® §H(Z; 1)
J:
-3 VAR Z; 0 p-Aed 08y
k=1

=2 > V’Zkv’ZjA@aZ,;@ZngmzZv'ZjA@(_@Zj<p+ZjJ51,og0)
Jik=1 j=1

— Y VAR Z; 00 - Ae 606 g
k=1
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and on the other hand

DYDY\ ® p) = iDO’l(Z VZA®ZL 0 p+A®Z; O V2.0))
k=1

=i DON (VA ® Zf @) +iD% (A ® 60p)
k=1

=23 Z;j V7 (VyA®ZL0p)+2) Z; 1Vz (A p)
=1

=1

=2 )V VZA®Z 12 0= Y VA0 8 (Z; 0 p)
Jk=1 k=1

+22V )\®Z 2800 -\ @ 610510
7=1

=2) V5 V7A@ p+2 Z Vy Vo A®ZL 0 Zj 1
7=1 J,k=1

- I;V’Z,A ® (-2Vz 0+ Z; 06" )

+2Zv A®Zj 1600 - @it 6.
7=1

Denote the curvature of V by R then we obtain further

P(A®p)=2[D" D™](A® p)

:—4ZV Vi A®p- 42}%’( VZAN® ZE© Z; 1
7,k=1

—4) VEA®VZp+ VA @V p-A@ Ay
=1

=-43"Vv, 7 V2, A® ¢ - 423'( AR ZE @ Z; J¢

Jj=1 j,k=1

_4; V3 A®VZp+Vy A® V¢

—4Z>\®VZ Vz,p -4 Z A® Z; @ Z; JR(Zj, Zi)p

7,k=1

Zn: z,(A® ) - 4ZZ*®Z IR(Z5, Zr) (A @ )
= k=1

=V'VIA® ) -4 > ZF o Z; aR(Z;, Zy) (A @) +1Yy R(e;, Je;) (A @ ).

jk=1 j=1

The comparison with the Theorem [2.2.15| completes the proof. ]
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Remark 4.3.8. i) If the curvature tensor R of V is decomposed by types as described in the
Lemma [1.2.7]
R=(R,-5) - A + a(Vn),

——
eAZ(AL1) 2.0 )\1:1

eS2(AL1)
then the linear part of P involving V7 vanishes identically, simply because of its type,

and moreover it holds

n

n =
> Ao Z; ©Zy, @ Zy 1 Zi 1 p = = Y, Al 7004 37 dp
1,5,k,m=1 t,3,k,m=1

i'm

- Y AL Z0Z50Zy 3 Zidp

i,5,k,m=1

= - jgﬂ A 230250 Zi 1 2y dp,
Since additionally the Ricci tensor is symmetric, we conclude, that the terms of R occur-
ring in the linear part of P involve only R; and S.
i1) For the proof of the the Weitzenbock formula of P we could have used the expression of
P calculated in the Proposition 10 in [4], which reads

2n
Po=-Dp+Vp+ip, Jejer (Rlej,en) = Vi, o)) P
jik=1
Then with respect to the canonical Hermitian connection on an almost Kahler mani-
fold the term involving 7 vanishes by definition. Further on, by using additionally the

definition of the Clifford multiplication the operator P can be written as

Py =-Ap+ f: (C(ej)Aler) - A(e;)C(ex))(R(ej, €x) = Vi, e0)) P (4.13)

Jik=1
To see, that the term involving the torsion vanishes for the canonical Hermitian connection

as well, we observe, that

2n n
Z O(ej)A(ek)vT(ej,ek)(p = Z O(ej)A(ek)vT(ej,ek)(p+ C(Jej)A(ek)vT(Jej,ek)gp

J,k=1 J,k=1

+ C(ej)A(Jek)vT(ej,Jek)gp + C(Jej)A(‘]ek)vT(Jej,Jek)gp

= D, C(e)A(er) Vie, ey +1C(€) A(R)V sie, o) ®

k=1
- ic(ej)A(ek)vJT(ej7ek)(p - C(ej)A(ek)vT(ej,ek)go
=0

and with the same calculation the sum Y74, (C(e;) A(ey,) ~A(e;)C(€x))V(e, ¢, vanishes

as well.
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