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Introduction

Dunkl processes gained importance in physical mathematics in the last decades, [10] R0].
However, in the field of statistics, these processes remained invisible. Statistical inference
for Dunkl processes, that is, the estimation of the involved multiplicities or the dimension
of a Dunkl process, has not been investigated until now. The multiplicities of a Dunkl
process are of special interest since they determine the jump activity. If at least one
of the multiplicities is sufficiently small, the number of jumps on any finite interval is
almost surely infinite. As a first step to provide statistical inference, we consider different

variations of a Dunkl process and present estimators for these variations.

In the first chapter we start with a brief overview of the essential aspects of the Dunkl
theory relevant for this thesis and how a Dunkl process relates to well-known processes.
We introduce Dunkl operators, which are generalizations of the directional derivatives,
[27]. By using these operators to define a Dunkl process, this jump process can be viewed
as a generalization of the Brownian motion generated by the Laplacian, [74] [76]. The con-
tinuous part of this process is obtained by a projection. This is the so-called radial Dunkl
process, also known as the multivariate Bessel process. The Euclidean norm of a Dunkl
process behaves similarly to that of a Brownian motion, since in both cases we receive a
classical Bessel process. In this context, we also consider a type of polynomial processes
generalizing the classical Bessel process. Both of these processes admit a stationary mod-
ification whose appropriate power turns out to be a Cox-Ingersoll-Ross process. We also
discuss the relationship between the parameters of the Dunkl process and the resulting

transformations.

In Chapters [2| and |3, we focus on estimators for the multiplicities of a Dunkl process
and its dimension. We present well-established methods for inference when the likelihood
function is unknown or too complicated. Keeping in mind that observations of a Dunkl
process can be transformed into observations of other processes introduced in Chapter
we can consider transformations of a Dunkl process and still receive estimators for the

parameters of the Dunkl process itself.
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In Chapter [2, we concentrate on martingale estimators at low frequency data for the
index parameter of a Bessel process and, as an extension, polynomial processes. Since
these processes are non-ergodic and most results for inference are developed for stationary
and ergodic diffusions, we transform them into processes with such properties by adding
a mean reverting term. First, we give an overview of the known results, see [11], 59, 78],
which we then apply to our modifications. We published and discussed the optimality of
the resulting martingale estimators based on one eigenfunction in the case of a modified
polynomial process and on up to two eigenfunctions for the modified Bessel process in
[44]. In addition, we will here study the martingale estimator for any finite number of

eigenfunctions and apply these results to our original Dunkl process.

Taking a closer look at the estimators from Chapter |2 we will recognize that they depend
only on a particular transformation of the data which is a realization of a Cox-Ingersoll-
Ross process. In Chapter [3| we hence focus on estimators for this process. A few settings
of parameter estimation for the Cox-Ingersoll-Ross process were already studied. For
when the process is observed continuously, the asymptotics of the maximum-likelihood
estimator was analyzed in [4], 5] [7T]. Considering low frequency data, that is, the distance
between observations is fixed, local asymptotic normality was proved for moment-matching
type estimators in [72]. Despite the popularity of the process in applications, parameter
estimation for high-frequency observations has not been fully resolved and will be further
explored by us. We apply the Gaussian quasi-likelihood method, another alternative to the
maximum likelihood estimator when the density is unknown or too complicated. For this
purpose, the density is approximated by the Gaussian density. Even if the Cox-Ingersoll-
Ross process has a non-central chi-squared density which is far from being Gaussian, this
local approximation works well. We introduce a preliminary estimator that is already
considered in [72], then prove asymptotic normality for one-step improvements towards
the Gaussian quasi-maximum likelihood estimator. We show that all these estimators
are asymptotically equivalent to the Gaussian quasi-maximum likelihood estimator and
compare them in a simulation study. This chapter is partially incorporated in the paper
[21]. In the end, we contrast the estimators introduced in Chapter [3{ and the martingale
estimators from Chapter

A key difference of these estimators lies in their asymptotic behaviour. The martingale
estimators are consistent for every parameter value whereas the estimators introduced in
Chapter [3] require the almost sure positivity of the underlying process. Turning to a dif-
ferent subject, we examine in Chapter [ the times when a multivariate Bessel process hits

the boundary of the Weyl chamber. In the one dimensional case, which is a classical Bessel
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process, the Weyl chamber represents the origin. This conflicts the positivity assumption
above. Hence, we concentrate on the critical cases where the estimators of Chapter |3 do
not converge, that is, when the classical Bessel process hits the origin almost surely. Since
this process is already well studied, we gather known results from the literature on hitting
times and infer new formulas. Then, we focus on its return times to the origin. On the
one hand, this set of return times has Lebesgue measure zero almost surely, but on the
other hand, its cardinality is infinite almost surely. Therefore, Luqin Liu and Yimin Xiao
[61] considered the fractal Hausdorff dimension for the times when self similar processes
reach the origin. In particular, they cover a classical Bessel process hitting the origin. We
present these calculations and proofs pertaining to the classical Bessel process. In the end,
we transfer these calculations to the Hausdorff dimension of the times when a multivariate
Bessel process hits the Weyl chamber’s boundary. We published this extension in the
preprint [43].

We provide further introductory remarks on the various topics at the beginning of the
corresponding chapter. This includes motivation and illustrations based on the underlying

formulas and would therefore go beyond the scope of the introduction.
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1 Preliminaries and background

1.1 Dunkl process

We begin the preliminaries with an overview over one of the central objects in this thesis,
namely the Dunkl processes and then elaborate on different variations of these processes.
In this section our main reference is [75] and the references therein, for example [27] 28], 29,
74]. In the whole thesis, we denote by (Q, F, (Ft)t>0. IP’) the underlying filtered probability
space. Unless otherwise specified, we regard the canonical filtration with respect to the

corresponding process (X¢)i>0: Ft := U(XS |s < t).

The name of the Dunkl processes is taken from the eponymous operator originated from the
field of harmonic analysis. Charles F. Dunkl has introduced Dunkl operators in his paper
[27] about 30 years ago. These operators are widely used for the generalization of analytic
structures. Dunkl operators play a role in various areas of mathematics and mathematical
physics, [10L [80]. The Dunkl processes themselves were not treated until almost ten years
later when Margit Rosler solved the heat equation with respect to the Dunkl operator,
[74]. Through this discovery these operators gained relevance in stochastics by Margit
Rosler and Michael Voit introducing the Dunkl processes, [76]. Since these processes find
their origin in the harmonic analysis, we start with a short analytical introduction of the
Dunkl operators, defining the main elements and explaining the core steps before moving

on to the stochastics.

An essential component of Dunkl operators are root systems. In this regard, we consider
the Euclidean space (RN (. >) with the standard Euclidean inner product (x,y) = x1y1 +
.-+ 4+ ayyn and an orthogonal reflection operator for a € R\{0} defined by

oo(z) =2 —2 (o, @)

(o, a)

We occasionally omit the braces of the argument x in favour of a more concise notation.

Any finite set R € RV\{0} which is invariant under the orthogonal reflections along its
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own elements, that is, 0,(R) = R for all a € R, is called root system. In particular, o € R
implying o,(a) = —a € R justifies the restriction to one half of the root system, denoted
by Ry. In formulas, we decompose the root system into R = R.U(—Ry) separated by
a hyperplane (8)* with ¢ R and (a,) # 0 for all @ € R. The generated group
G = G(R) := (04 : @ € R) is called the reflection group associated with R. We use this
reflection group to define a parameterized modification of the usual (partial) derivatives

with respect to the standard basis vectors, eq,...,exn.

Definition 1.1: Let k£ : R — C be a multiplicity function, that is invariant under the
natural action of G on R, then the Dunkl operator T;F = T} (k) is defined on C*(R") by

b T Koy LT Toer)

(o, z)

T f(x) =

aER4

fori=1,...,N.

Obviously, we could specify the Dunkl operators in terms of partial derivatives with respect
to arbitrary basis vectors € RY instead of the standard basis vectors but we will only
consider ey, ..., ey throughout this thesis. Upon closer inspection, we observe o () =
oq(x) for ¢ € R\{0}. Accordingly, different combinations (k, R) may result in the same
operator. In order to avoid redundancy, the assumption that R is a reduced root system,
that is, for all & € R holds RN Ra = {—a, a}, is hence reasonable. The Dunkl operator
satisfies many properties that also apply to the derivative, for more details see [75]. Thus,
this motivates the generalization of the well-known Laplacian A, the Dunkl Laplacian on
C?(RNM):

N
= Z TiR o TZR.
i=1
The explicit form
A f(a) + 3 ko) [HETIED L yqpllostl JOT )

ac€RL

for f € C*(RY) was proved in [27, 29]. Obviously, Af = A applies. From now on, we
assume non-negative real multiplicity functions, in formulas, k(«) > 0 for every o € R
In the upcoming examples of possible root systems, we note that we can still define the

Dunkl operators for complex multiplicities k : R — C, but do not pursue this for the
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application in stochastics. Furthermore, the corresponding Dunkl operators and Dunkl
Laplacian also live on the same spaces of functions as above which means on C*(R") and
C2(RN), respectively.

A Brownian motion is generated by %. This important Feller process takes a key role
in financial mathematics, [13], and physics, [31]. Thus, it is evident to regard processes
generated by this generalization of the Laplacian. For this, the existence of a unique

solution of the heat equation for Dunkl operators, which is

{ Abu(t,z) = %u(t,x), (t,x) € (0,00) x RY

with initial value f € C°(RY) and solution u with u(-,z) € C'((0,00)) and u(t,-) €
C%*(RY), is essential. For more details we refer the reader to [74]. The solution gener-
ates a contraction semigroup which provides a Markov process according to [76]. Hence,
Dunkl processes are the cadlag (i.e., left-limited and right-continuous) Markov processes,
whose infinitesimal generator is ATE on the domain of all twice continuously differentiable
functions f with (o, Vf(z)) = 0 if (a,z) = 0. Due to the non-singularity we require
this reflection which means the probability that the generated process is at such points,
(o, z) = 0, is zero. By observing the explicit formula , the behaviour of the associated
process can already be specified. Especially, % generates an N dimensional Brownian mo-
tion and the expression containing V f generates a drift, cf. [32, Chapter 5.3 Stochastic
Integral Equations|. Analyzing the last term in , we contemplate jump processes as
in [32, Chapter 4.2 Markov Jump Processes and Feller Processes|. Here, E is a state space
with Borel o—algebra B(FE). Jump processes are generally provided by an operator of the

form

Af(x) = Ax) / (F@) — F(@)) ulz, dy), (1.2)

E

where p is a transition function on F x B(FE) and A a non negative function on E. For a
fixed x € E, u(z,-) is a probability measure specifying the possible jumps from z. Further,
A describes a function on E, which determines the probability of a jump from the state x.

In the case of a Dunkl process

N(wv ) = Z Caéaax

a€ERL
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is a sum over point measures, meaning we randomly achieve an orthogonal reflection
along the roots. Moreover, the jump activity depends on the multiplicity function. This
relationship has already been analyzed in more detail: If k(a) > % applies for all « € Ry,
the number of jumps on any finite interval is almost surely finite, cf. [22] Proposition
3.5].

For the introduction of the transition density of the Dunkl process we first need the
Dunkl kernel Ey gr(z,y) for z,y € RY, which is the unique solution f := Ex(-,y) of the

eigenfunction problem

Tin = yf, fori=1,... N,
fo = 1

The existence was proved in [75], 2.27 Theorem|, which in turn goes back to [70, Proposition

6.7]. Using this kernel, we specify the transition density

1 _ el ®+llwl?

T Yy
t,x,y) = e 2 F —,—= | w
pk,R( bl y) tﬁ+%ck k?,R (\/z \/{) k,R(y)7

describing the probability of going from z to y € RV after a time ¢t > 0, with the sums of

multiplicities

k=rkR) = > k(a),

aERL

the weight function

wr(@) = wyp(x) = [] (o, z)[H

aER

and the normalizing constant

- 2
ek = ck(R) == /e_l 3 wy, r(x) d.

In this thesis, we first focus on the one dimensional case and proceed to the potentially
multivariate Dunkl processes of type Ay_1 and By. In the one dimensional case the root
system is R = {—1,1} and the corresponding Dunkl operator with multiplicity parameter

k > 0 is given by
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Hence, we obtain the Dunkl Laplacian

/ p—
Apfz) = f'(x )+2kf( ) 1 IE :”132 /(@)
Accordingly, in wu(x,-) = d_, is the point measure in —z and A\(z) = % In other

words, the only jumps of a one-dimensional Dunkl process are reflections and owing to
the behaviour of A, the probability for a reflection of the values close to zero is large
and decreases with increasing distance to zero. Many explicit results are known for the

one-dimensional Dunkl process. Here, the transition density is

1 _ =12 +w? x 2%k
P — A A
Il (k + 1) Vit Vi

The Dunkl kernel has among others the integral representation

??‘

1
F +
E ($ y /eta:y k 1(1+t) de.
—1

Since we can define Ej, for k € C as well, we remark that the condition k£ > 0 is essential

for this expression to be valid. Furthermore, we contemplate the root system
Av_ri={+£(e; —¢)|1<i<j<N}

with the standard basis vectors ey, ..., ex on RV and the corresponding reflections 04 =
O¢;—e; exchanging the components z; and x; of a vector z € RY. Since the transpositions
(i) generating the symmetric group Sy act like 0;; on RY, we derive G(An_1) = Sn.
For a fixed multiplicity parameter k > 0 the Dunkl operators are

T»AN_lf( ) a —|-]{7 Z f Ul] )

t 0
€Ty — T4
Z 1<i<j<N J

and therefore the Dunkl Laplacian is

A?N‘lf(x):Af(x)—l—% Z { ! (8 —aij>f(x)+w

T; — X \0x;
1<i<j<N L7* J ¢

In particular, the jumps of a Dunkl process in the Ay_1 case are exchanges of two com-
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ponents. The transition density is given via

. 5%) Wy, ()

1 I Y
Pray (b2Y) = —mm v ¢ ¥ Bravo,
th—5—+3

<

2 Ck
with
2k
way W)= [ lv—ul*
1<i<j<N
The root system By incorporates additionally the sign changes o; := o, of the i-th
component. Thus, to maintain a root system, the composition 7;; := Oe;te; = 0ij0i0]

needs to be taken into account, which exchanges the ¢th and jth component and changes

their signs. The resulting root system is
By:={=%¢|1<i<NjU{£(eite)|[1<i<j<N}.

The associated group is generated by o;; (as in the case Ay_1) and the sign changes o,
which explains why we obtain |G(By)| = 2V N!. We regard a fixed multiplicity parameter
of the form k = (k1, ko) € [0,00)%, where ki and ko correspond to the sign changes and

the o;; or 7;;, respectively, and obtain the associated Dunkl operators

1Y) = )+ IO g, 5 [T S o) T

ox; T; T; — T T, +x;
t v 1<i<j<N ¢ J v J

Consequently, we yield

Y19 al 1 1 )
AP f) = Af@) 420 Y 5 @) 42 3 (S ) g i@
i1 Li ) ij=1 i j ) j i
J#

(xi — x5)? (i + x5)?

N
s Z f(UifU)xz— f(z) ok Z [f(Uz'jﬂU) — f(z) n f(rijx) — f(x)] .
i=1 i

1<i<j<N

Here, the possible jumps are determined by o;,0;; and 7;;. The transition density is

specified by

1 )2 +wl? Ty
t = T = =
pk,BN( 7«T7y) tk1N+k2N(N—1)+ Cke k,BN <\/E, t> 'LUBN(y)

NE

10



1.2 Multivariate Bessel process

with
N
wpy @) = [T 1wl T o — "2 lw + g,
i=1 1<i<j<N
N
k k
=T T 1o —v1"
i=1 1<i<j<N
For later reference, we emphasize that the used sums of multiplicities are
k(k,An_1) = S k= %’
1<i<j<N
w(k R) = ]Vl J<
IQ(]{?,BN) = Zk1+2 Z kzzkﬁleLkQN(N*l)
i=1 1<i<j<N

in the special cases of the root systems Ay_1 and By.

1.2 Multivariate Bessel process

With the introduction of Dunkl processes the G-radial part of the Dunkl process, which is
also called multivariate Bessel process, immediately appears as well, [76]. This process is
a continuous version of the Dunkl process and is obtained by a projection of the Dunkl
process onto a proper quotient space called Weyl chamber. To explain this in more detail
we need a few definitions. We assume a reduced root system R and define a Weyl chamber

Wg to be a fixed connected component of
RN\ U ()t = {z eRY |Va € Ry : (a, ) #0}.
aER

The Weyl chamber is obviously not unique and the number of possible Weyl chambers
depends on the cardinality of R since the root system is reduced. For this purpose, we
briefly look at some root systems considered in this thesis. In Figure we illustrate the

hyperplanes (a)* associated with the roots « in the case

o))

11
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(left image) and

Figure 1.1: Hyperplanes belonging to the roots of A; (left) and As (right) and examples
of reflections along the roots.

vectors in RY. Since we incorporate the sign changes in the By case as opposed to the
Apn_1 case, already for N = 2 there exist 8 = |Bs| possible Weyl chambers in the By
case in contrast to 2 = |A;| in the Ay_; case. In general, since the root system R is
reduced the number of Weyl chambers is equal to |R|. In the By case (see Figure a
Weyl chamber corresponds to an ordering of the norm of the components as well as one
specific combination of their signs. Based on the reflections along the roots visualized in

the figures above, we consider on RY the following equivalence relation:
x~py:=daeGR):o4(x)=y.

The properties of an equivalence relation can be easily seen by using the group properties
of G(R). In Figures and we either connect points in the same equivalence class,
which we denote by [-]gr, with dashed lines or use the same symbol in the case By which

equals the one dimensional case. In the case Ax_i, the equivalence class of z € RY

12



1.2 Multivariate Bessel process

9 L
O-=---fp---- o}
o’ 1+ 0
N RN
1 , <
| O Q :
I I I I Il | ! P! — ! |
LT O 1 O LT f ; — - 0 T
0 —2 | -4 b1 12
| N 7
w o-t+0 l
Q -1+ 0
JC S o
_2 4

Figure 1.2: Hyperplanes belonging to the roots of B; (left) and By (right) and examples
of reflections along the roots.

contains arbitrary permutations of its components:
(@lay = {y €RY |o ~ay , y} = {y € RY [3r € Sy i 7(2) =y}

In particular, for A; this means that we receive two elements in each of the equivalence
classes, see Figure When N = 1, there exists only one reduced root system, except
for multiples of the roots, By = {—1,1}. Hence, we get exactly two Weyl chambers, which
are separated by the origin, and so we have [z]; = {—x,z} for any = > 0, left-hand side
in Figure In the case By we already have more roots and hence hyperplanes along
which we reflect, right-hand side in Figure

Ultimately, we immediately recognize that for the corresponding quotient space the iso-
morphism RY /G(R) = Wg holds. Now, starting with a Dunkl process (Et) >0 associated
with the reduced root system R with non-negative real multiplicity function & on Ry the
G-radial part of the Dunkl process or multivariate Bessel process is (YtR)t>0 = (W(Et))t>0,
the canonical projection on RY /G(R). In particular, we fix one Weyl chamber Wg and
choose the unique element m(z) € WrN[x]g. By the insights of the previous section, jumps
of the Dunkl process are orthogonal reflections along its roots, so by fixing the Weyl cham-

ber we eliminate the process’s jumps and therefore its discontinuity points. Indeed, this

13
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projection of a Dunkl process is almost surely continuous and its generator is

Lrf(x) = fAf + ) k(e ( )

acR4 >

with f € C2(Wg) N C%(Wg) such that (o, Vf(x)) = 0 if (a,z) = 0, see [76, Theorem
4.10]. The last condition guarantees that the probability the generated process is at the
boundary equals zero. Due to the non-singular boundary, we require such a reflecting
boundary. Moreover, this is a Feller processes and as such it satisfies the strong Markov
property. This fact follows from [76, Proposition 4.5] and [74, Theorem 4.8]. We can also

specify the associated stochastic differential equation

vk = dB,+ Y h(a) Sy dt,

aERL
}/OR = Yo €< WRa

where (By);>0 is a standard multivariate Brownian motion. The singularity in the drift,
provided that at least one multiplicity k(«) is different from zero, raises the question
whether this stochastic differential equation has a unique strong solution. Therefore, it is

essential to rephrase this to

AV = dB,+ > k(a)Vlog ((o, Vi) dt = dB, — VO(V;F) dt

acRy

with

— ) k() Viog (v, z)).

aER

According to [26, Theorem 1] by using [24] there exists indeed a unique strong solution.
In particular, this proof is an extension of [19, Theorem 3.1], where we find the proof of

the case Any_1, to arbitrary root systems.

Furthermore, the transition probability density
_ =l +y)?
2t

a,r(t,2,y) = ——x—JrR (x, y> Wi R <y> ;
cpt? \/z \/i \/E

of starting in x and ending in y in the corresponding Weyl chamber after a time t > 0,

[25, Eq. (2)], is specialized for R € {An_1, By} by choosing the corresponding forms for

14



1.2 Multivariate Bessel process

wy, g, the normalization constant ¢, introduced in Section and the Dunkl-type Bessel
function associated with R and k defined by

Jk,R(‘Tﬂ y) = ‘G(]-R)|

Z Ex(wz,y)

weG(R)

for z,y € RY. Qr,r denotes the corresponding distribution. For a neater notation, we

omit R if the underlying root system is evident. A useful inequality
e~ lelllvll < Jer(z,y) < ellzll-lyll
arises immediately from [75, 2.31 Proposition].

Analogous to the Dunkl process, we gain a characterization when all multiplicities are
greater than % In this case, the process almost surely never hits 0Wg := {3: € Wr|3a €
R: (z,a) =0} in finite time, [I9, Proposition 4.1], whereas the first time the process fulfills
(YE ) = 0 is almost surely finite for every o € R, with k(o) < %, [26, Proposition 1].

In the following, we choose the Weyl chamber
Wg:={z¢€ RY |Va € Ry : (a,z) > 0}.

Now, we take a closer look at the special cases. The one-dimensional case is the well-
known classical Bessel process which justifies perceiving the G-radial part of the Dunkl
process as their multivariate extension. More details on this process will be given in the

next section.

As mentioned above, the unique strong solution of a multivariate Bessel process in the
case Ay_1 was proved before introducing Dunkl processes and specifically the multivari-
ate Bessel processes for arbitrary root systems R. This particle system is furthermore
equivalent to the Dyson model, which is widely studied in mathematical physics, [30]. In

particular, the multivariate Bessel process of type Ayx_1 is described by its generator

Cavaf@ =504k Y A (o ) g

1<icyan B T %
<i<GSN
N
A 1 0
= — k .
> @)+ Zx_ 5l @)
J#
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1 Preliminaries and background

We can also state the stochastic differential equation given via

N
dYxZ‘ = dBiit+k > yA,iyA_ dt,
j:1 t,1 t,J
J#i
YOA == y € WAN*I
fori =1,..., N, where (B)t>0 is a standard multivariate Brownian motion. The process

lives on the closure of the Weyl chamber Wy, |, = {z € RN |z; < -+ < xn}, which
means Y;! € Wy,,_, for all ¢.

The case B; obviously equals the one-dimensional case, that is, a classical Bessel process.
Generally, the By case is component-wise equivalent to the square root of the Wishart-
Laguerre process studied in mathematical physics, [I7, [60]. Similarly, the multivariate
Bessel process of type By lives on the closure of Wg, = {z € RN 0 <z <+ <zxn}.

This process is defined by its generator

N N
A 1 0 1 1 0
Coyf(e) = 310+ Y S g 1)+ S (=597 ot @
J#i

or equivalently via the stochastic differential equation

N

B _ . 1 1 1
AYi = dBu+higydt+h 3 (nﬁ_yt,’gj + Yt%yt%) dt,
J#i
YOB = yec WBN
for i =1,..., N with a standard multivariate Brownian motion (B;)¢>o.

1.3 Bessel process and polynomial processes

The origin of Brownian motion is in the field of botany, when Robert Brown observed
the irregular movement of pollen in water nearly two centuries ago, [16]. The relevance of
Brownian motion in mathematics began with the existence proof of Norbert Wiener almost
one century later, [84, [85]. In this context, it was Henry P. McKean jr. who introduced the
Bessel process almost 40 years later as the Euclidean norm of this process, [66]. The origin
of the name comes from the eponymous functions that appear in the transition density

and were named after Friedrich W. Bessel to acknowledge the groundwork, [77]. Recalling

16



1.3 Bessel process and polynomial processes

that the Brownian motion is generated by % and for our Dunkl Laplacian Ag = A holds,
we could regard Dunkl processes as a generalization of the Brownian motion. The question
then arises naturally whether there exists a similar result for the Euclidean norm of an

arbitrary Dunkl process which was answered by Margit Rosler and Michael Voit in [76].
The classical Bessel process of index 9 > —% is the Markov process with generator

_ Lo N1,
Lof(@) = 35" @)+ (943 ) 17
for f € C%([0,0)) with f(0) = 0. We can also specify the associated stochastic differential

equation, that is,

{dYt = dB;+ (0 +3) & dt, 13)

Yo = 90 >0

for a one dimensional Brownian motion (Bi)i>0. If (E¢)i>0 is a Dunkl process, then
(Yy)e>0 := (||=¢]|)e>0 represents a classical Bessel process of index ¥ = s+ 4 —1 > —1, cf.
[76, Theorem 4.11]. Sometimes the term classical Bessel process of dimension d is used
because the Euclidean norm of a d dimensional Brownian motion, case k = 0 and N = d,
is a Bessel process with index ¢ = %l —1> —%. We further observe that the projection
used to obtain a multivariate Bessel process is norm-preserving, therefore ||7(Z)|| = ||Z¢]|
holds for every ¢ > 0 and hence the Euclidean norm of the multivariate Bessel process
is also a Bessel process with index ¥ = k + % -1> —%. There exists a unique strong
solution of based on [48, Example 8.3]. However, since in the one dimensional case
the discontinuities of a Dunkl process are reflections, its m projection is identical to the
Euclidean norm of the process and hence it is a classical Bessel process. Accordingly, we

have already explained the existence of a unique strong solution in the previous section.

The density with respect to the Lebesgue measure of the classical Bessel process is provided
by

2 . Z:By _12+y2 219_’_1
t = — ]]_
Qﬂ( ,a:,y) (2t)19]_"(,l9 ¥ 1)]19 ( P > € 2ty (0,00)

for every x,y,t > 0 where

1
. L F(ﬁ + 1) eisz — s —% s
)= e | 0

17



1 Preliminaries and background

is the spherical Bessel function of the first kind with index ¢ (see for instance [49]). Qy
denotes the corresponding distribution. We notice that (Y;);>0 is a Feller process [73}, p.
252] and hence has the strong Markov property [73, p. 102 Theorem 3.1]. Thus, (Y;)i>0 is
a time homogeneous strong Markov process on [0, 00), which is a well-known fact for the

Bessel process.

By supplementing another parameter p < 1 we obtain an intuitive generalization of the

Bessel process to a polynomial process given by the stochastic differential equation

p+1
{ dYyp = Y, dBi+ (9+5) Y/, dt, (1.4)

YvO,p = y >0

or equivalently through the generator

Lopl @) = 371100 + (94 5 ) 27 @)

for f € C?([0,00)) with f(0) = 0. For p = —1 we receive the Bessel process. There exist
other types of polynomial processes, but for our purposes we will just concentrate on these.
In order to discuss the existence of a unique strong solution we reformulate the stochastic

differential equation to

2 1-p _ptl 1 1+p _p+3
=T, Ly

1 p—1 1 _p+3
L dBt+<19+2>Y 2 dt—%Y

1-p

Hence, the process (f/w) >0 = (ﬁYtpT) . fulfills the stochastic differential equation
= ’ t>

- 1- 2 dt
dY;, = dB; + <q9+ ) =

09 1\ dt
4B+ (2 ) 4
t+(1—p+2> ’

which is as well a classical Bessel process with index % > —% for every ¢ > %. Thus, the
existence of a unique solution and the strong Markov property for a Feller process transfers

from the classical Bessel process to the polynomial process (Y;,)¢>0. This polynomial

18



1.4 Modified polynomial process

process can thus be seen as a natural generalization of the classical Bessel process, but

also as a simple transformation of it.

1.4 Modified polynomial process

Since polynomial processes and in particular a classical Bessel process are non-ergodic and
most results on parameter estimation for diffusions are developed for ergodic diffusions,
we introduce a modification of a polynomial process which is ergodic. We consider the

generator

Loapf(z)= %xpﬂf”(a?) + [(19 + ;) P — a:c} f'(x)

for f € C?([0,00)) with f(0) = 0 and some fixed o > 0, p < 1 and the parameter ¥ > —1.

We can also state the stochastic differential equation

.
{ X,y = X2 B+ [(0+3) XF, —aX,,] dr, (15)

XO,p = x29>0

where again (B;)¢>0 is a Brownian motion. The equation is similar to the equation
defining a polynomial process except for the drift term —aX;, d¢, which we add to ensure
ergodicity and stationarity. Further details on ergodicity and stationarity are given below.
In particular, (X;o)i>0 describes a Cox-Ingersoll-Ross process, more details on which
will be given in the next section. In this paragraph we examine the essential properties
of the process (X;p)i>0 that we need for the analysis of our martingale estimators in
Chapter We keep in mind that we derive all properties also for the special case p =
—1, the stationary version of the Bessel process. In order to accurately characterize the
relationship between polynomial processes and their modifications, we consider a space

time transformation

Yip = f(t)Xg(t),p (1.6)

with suitable functions f,g € C!([0,00)) such that (Y;,):>0 is a polynomial process. In
particular, g shall increase monotonically with ¢g(0) = 0. For reconstruction of (X¢):>0

from (Y%)¢>0 it is sufficient to claim f(t) # 0 for every ¢ > 0. Our aim is to choose f and

19



1 Preliminaries and background

g such that the stochastic differential equation
L\ v
dYtp—Yt th+ 19+§ Y;,dt

holds for some Brownian motion (W;)¢>0. Using first product rule for It integrals leads

to

dY;,p d(f(t)Xg(t),p) = f(t) ng(t)7p =+ Xg(t)7p df(t) + [f()v Xg(-),p]t
=0

f(t) [Xgé)’p dBy) + <19 + > X0 pd9(t) — aXya ,dg(t)| + Xowy f'(t)dt
= SOVTTIX, o Wik (95 ) 10037, 0
+ Xy (= af(t)g'(t) + f'(t)) dt
B jo = oy, aw+ <19 " ;) ()79 (Y, dt
+ Xgyp( — af(t)g'(t) + f/()) dt
e OY,E AW, + <z9+ ;) FO)'Frg (Y], dt
+ Xy p(— af (D9 () + £(1)) dt

where [f(-), Xg(.)ple 18 the covariation process of f(-) and X, at time t. The validity
of the third equality was proved in [68, Theorem 8.5.7 (Time change formula for Ito
integrals)] whereas the covariation process [f(-), X,(.) pl¢ is zero since f is of finite variation
as a continuously differentiable function. To this end, we use the mean value theorem to

immediately observe a zero quadratic variation

é\f(tk)—f(tkl)\ <kl’rllaX {1f (k) — f(ti 1)\} \f(tk)—f(tk,l)\

-

| f(tk) — f(tr—1)]
(th—1
= max {[f'(&)|(tx — tr—1 t —tp—1
k=1,...,m {| }z; k_tk 1 ( )
|f(tk) = f(te—1)|
< max ’ max —1 tr — tp_
_SE[O,t}‘ { k k—1) Z tk—tk . (tr k—1)

t

—>0-/|f’(s)|ds:0

0
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1.4 Modified polynomial process

for some partition of the interval [0, ] with mesh tending to zero and apply the inequality
[F(), Xg(yp)7 < IfO]er [Xg( ples B4, 1.5.7 Problem (iii)] afterwards. Comparing the differ-

ential equation with our preliminary considerations, we receive the following conditions:

P04 (1) = 1
—af(t)g't)+ f'(t) = 0,
9(0) = 0.

With a few easy arithmetic steps we solve this differential equation by

&) = /A -pat+1.

By ([1.6) we obtain
X, ! Y
tp = T 1 Lg (),
P flg i) O (1.7)
= exp(_at)Yexp((lfp)at)fl .
— ({d-pa P

In the following, we check that (X;,)i>0 is indeed stationary and ergodic and determine
the invariant measure. We notice that, due to the singularity in the fraction of the drift

divided by the squared volatility, we initially have to consider some positive interior point

€.

Proposition 1.2: The density of the invariant probability measure with respect to the

Lebesgue measure on (0, 00) is provided by

2942

. 1—p 2c =P o941 ——fj" P
Mﬁm(‘r)r<2ﬁ+2) (1—])) T e P
1-p

for p < 1. Therefore, (X¢yp)i>0 is stationary which means if Xqp ~ pg, then X, ~ g,
for all t > 0.

Proof: We use [42], 9.13 Proposition] for the proof. First, we calculate the measure for a
fixed € € (0, 00):

’ 9+ 1) yP — 20y
s(z) = exp(— / ( 2y)p+1 dy)
3
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1 Preliminaries and background

200

= exp < (20 + 1) log (g) + 7(3;1—1’ — 51—1’)>

p

—(209+1)
(7)) e (e-em)

We receive the invariant probability measure by normalizing the inverse of this measure s
with

[o.¢] o
/ 1 _ (219+1)€12“p§2/x219+1 exp(_ 2a xlp) da
s(x) 1—p
0 0
oo 2041, p
_ §7(2§+1)61 o g2 / 1 —py i-p T1-p " dy
2c 2c
0
_ 6*(2’”%12%52 L-p\ T (20l
N 1— 200 1—p
- 57(2%1)6121&2 1—p\ 7 (2042
N 1—-p 2ce 1—p

In the case of a polynomial process, in formulas o = 0, the inverse of the scale measure
is not normable. In particular, there cannot exist an invariant probability measure and

accordingly the process is not stationary.

T
Definition 1.3: A stationary process (X;)i>o is called ergodic if %th dt converges to
0

E (X;) in squared mean as T — oo.

Corollary 1.4: The process (X;p)i>0 is ergodic.

Proof: 1t suffices to show
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1.4 Modified polynomial process

(cf. [78, Condition 3.1] and the remarks afterwards), which is partly already proved in
Proposition [T.2] We deduce

0
e—%62£2ﬁ+1 ¢
o0 T = 00,
=0
o0 oo
/s(a:) de — §219+1/ ~(2041) , 25 @€ g0 _ oo
3 €
O
Corollary 1.5: The (1 — p)nth moment of the invariant measure is
oo 20942
r (77 + ) 1 n
(1-p)n — 1=p —Py.
/.T Mﬁ7p(:l:)dx F(219+2> < 20 > ;o neN.
0 1-p
Proof: By a short calculation, we obtain
0o 219+2 0o
x(l"’)"uﬂ(x) dz =2 1=p g (1=PIn+20+1 _7361 " dw
r <219+2)
0 1-p 0
A S 9
_ 1—p 2c 2122/ 1—p Ti+21+p1+1 pey%
F<219+2> 1-p 2 7/ 2
1-p 0
r (77+ 219+1+p + 1) (1 p>n+20+1+p+1 2119+p2
a 2042 2
) ;
2042
B F<n+ 17p) (1—p>"
- 20+2 2 '
() e
O

23



1 Preliminaries and background

In particular, for a Bessel process, in formulas p = —1, Corollary implies the even
moments are easily computable. In this case we additionally use the space-time trans-
formation to derive the distribution of (X;);>0 = (X¢,—1)¢>0. By using the well-known
distribution of the Bessel process (Y;)i>0 we yield

1.7
P(X; <z|Xo=ux) LD P(chp@anq <exp(at)z|Yy = 1:)
2a

) exp(at)z .
B . iy .
= (2exp(2at)fl )ﬂf(ﬁ 4 1) / J9 < exp(2at)—1 )

2 2a
2 2
7ty 2041
eXp ( 2exp(2at)71 ) Y dy
2a

~ 2a%(exp(2at))?t! I 2acexp(at)
(9 + 1)(exp(2at) — 1)? 0/‘719 (myexp@at) — 1) '

 + 4% exp(20
exp (—am + y* exp( 04)> 2041 gy,

exp(2at) — 1
z
(. 2aexp(at) 22 + y?exp(201)\ 9911
—C e St — d
9,0t /]19 (zxyexp@at) ] eXp | —« exp(2at) — 1 Yy Yy
with
207 (exp(2at))?+1

Coae = T'(0 + 1)(exp(2at) — 1)

We denote the density of X; with starting point x by py(z,-,t) and the distribution of X}

by Py. For simplicity we omit the index p = —1 in the case of a Bessel process.

1.5 Cox-Ingersoll-Ross process

Within financial mathematics, a Cox-Ingersoll-Ross process is commonly used to describe
interest rates. This model was introduced by the mathematicians John C. Cox, Jonathan
E. Ingersoll and Stephen A. Ross in 1985, cf. [23]. In the last section we have already men-
tioned that the stationary version of the polynomial process (X;p)¢>0 is a Cox-Ingersoll-
Ross process for p = 0. It will turn out that this process to the power 1 — p becomes a
Cox-Ingersoll-Ross process for arbitrary p. In particular, in the case of a classical Bessel

process the square of the corresponding stationary version is such a process.
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1.5 Cox-Ingersoll-Ross process

We assume a three dimensional parameter 6 := (o, 3,7) C (0, 00)3, then the Cox-Ingersoll-

Ross process (Z;)i>0 = (Zf ) is the Markov process with generator on C?(R)

>0

Lof(@) = 5 f"(@) + (o= Ba) (@)

or equivalently is the solution of the stochastic differential equation

{ dZt = (Oé — BZt) dt + vV ’}/Zt dBt, (]_8)

Zy = z9>0,

where (Bt):>0 is a Brownian motion, see among others [23] and [38]. It is known that
admits a unique strong solution, cf. [48, Example 8.2]. Due to the comparison theorem
for one-dimensional diffusion processes in [73, Chapter IX. Theorem (3.7)] for a > 0 the
Cox-Ingersoll-Ross process is non-negative at any time ¢. Additionally, if 2o > ~ holds,
(Zt)¢>0 stays positive almost surely, see [23]. Furthermore, the transition density with
respect to the Lebesgue measure on (0, 00) is well-known, cf. [23] and [6, Eq. (1.5)], which

is a noncentral chi-squared density given by

CIR _ 2 Yy o\3 26 x4+ elly 28,/Ty
) = Sy () e (-5 Y ) <7nh<g)> )

for every z,y,t > 0 and v = 270‘ — 1 with

o0

I,(z) := Z mp(yin_i_l) (g>2n+’/7

n=0

that is, the modified Bessel function of the first kind. We denote the distribution by QgIR.
By an analogous calculation as in the previous section in Proposition [1.2] we receive the

density of the invariant probability measure with respect to the Lebesgue measure on
(0, 00),

see also [55, p. 22], and hence we verify the stationarity and ergodicity similar to Corol-

lary [I.4] for which we assume Zy ~ 7.
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1 Preliminaries and background

Corollary 1.6: The gth moment of the invariant measure is

Proof: We can easily verify

o0 2a

1 (28\ 5 [ gezay _2
/wqm(x)d:r: 5 (ﬁ> i /acq+2v =% 4y
r(2)\ v

0

0

In particular, the gth moment is finite if ¢ > —270‘.

Lemma 1.7: The conditional mean and conditional variance are

E(Z| Zy,) = e P00 7, + %(1 _ e—,B(t—tO))

Y

Var (2] Ziy) = & (1 - e77710)) [e—ﬂa—to) Zio + % (1- e—ﬁ(t—m))] ,

=

Proof: Applying 1t6’s formula

A(®2,) = LAz, + Z,dePt + [eﬁ',z.]t

———
=0
€6t |:(Oé — 5Zt) dt + vV ’}/Zt dBt] + ﬁ@BtZt dt
= ae’tdt + /77, dB;

yields

t t

eﬁtZt—eﬁtOZtO :a/eﬁsds—l—/\/stst
to

to
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1.5 Cox-Ingersoll-Ross process

t

(eﬁt 76&0) +/eﬁs\/7Zs dB;. (1.10)

to

Q@
Hence, we deduce

t

E(Z|Z,) = et 7, + % (1-e20=0) 4 7e R / ¢**\/Z,aB,| 7, )
to

MW 7, 4 % (1 o) (1.1)

almost surely since

E(/(eﬁs\/Z)st) =

t

to to
t

to

= 5 . e
r(%) 28 /
28 270‘ _2a_q
N A Ty
L(%) 28 g g
a (et — ¢2Bto)
= 252 < 00,

cf. [68, Theorem 3.2.1 (iii)]. Furthermore, applying It6 isometry yields

E ((Zt _E [Zt|zt0})2|zt0) L0 -2ty ((/teﬁs\/Zst>2 ‘ Zt0>

()
to
t
ve PR (/62'8825 ds ‘ Zt0>
to

t
= ~e 2B / PSR (Zs| Z4,) ds

to
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t

11 76_2&/6265 (e—ﬁ(s—to)ZtO + % (1 _ e—ﬂ(s—t0)>> ds

to
t

— ’}/62Bt/€'8(s+t0)2t0 + % (6268 _ eﬁ(8+t0)> dS

to

_ %e—%t [(ePt+to) — 200 7,

+% (625 — et0 — geBltio) 1 2625'50)]
-1 [(e—w—m - ) 7+ 2 (1 e—w—twﬂ
_ % (1= epte) [e—ﬁ(t—to) i + % (1- e—ﬁ(t—to))} ‘

O]

For later reference, we state a few basic tools for the Cox-Ingersoll-Ross process.

Lemma 1.8: We assume 2« > ~, which means that the origin is non-attracting, and
consider equidistant times ¢; = jh,, for j = 0,...,n with h, > 0, h, — 0 and nh, = oo

as m — 00.
(i) For every p < 270‘, we get

sup E(Z;p) < 00.
te€(0,00)

(ii) For every p > 1, there exists a constant C}, > 0 such that

sup E (|2 — Zs|P) < Cplt — s]%.
$,t€[0,00): 0<|t—s|<1

(iii) For every p < %(270‘ — ), we get

N A 26\"T (% —»)
nhﬁngoﬁz:ztgﬁl = /’Z pﬂ-é'(z) dz = <’7) ﬁ
Jj=1 0

in probability.

28



1.5 Cox-Ingersoll-Ross process

(iv) For every p < %a and any €, > 0 with lim ¢, = 0, we receive
n—oo

n
. e _
lim Y 7,7 =0
n—oo 1 4 Jj—1
Jj=1

in probability.
(v) We have

Jm S (2,) = [ Hem ) d:
i=1 5

in probability for each C1([0, c0))-function with f and f’ being of at most polynomial

growth for x — oo.

In [5] we find statement (i) as Proposition 3 and (ii) as a combination of Propositions
4 and 5. Statements (iii) and (iv) can be found in [0, Lemmas 3.1 and 3.2]. The last
statement is then a conclusion in conjunction with the ergodic theorem since (Z;)i>0 is

(exponentially) strong-mixing by [35], Corollary 2.1].

Example 1.9: If we go back to the stationary modification of a polynomial process as in

Section which was introduced as the solution of
e )
AX,, = X, 2 dB; + [(19 + 2) X7 - aXW] dt,

we can easily show that (X 1-p is a Cox-Ingersoll-Ross process. By using [t6’s formula,

t,p )t20
we derive

- . 1—p)(=p) op-
dX; P = (1 - p) X, dXy, + (1?2)(19))%; LA[X )

- 1 p+1_
R A A M
(1 =D)(=P) o—p-1owpil
+ th,gf Xgp d
L - 1-p
_ [Tp(2§+1—p)—a(l—p)X;pp} dt—i—(l—P)Xt,; dB;.

Therefore, (th ;p ) is a Cox-Ingersoll-Ross process with parameter

>0

e=<1;p@ﬂ+1—pxau—pxu—pv)
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In particular, we can apply Lemma to achieve

_ a1 (— L, 229+ 1-p) (1) (f—
E(th,pp’Xto,p) — e—a(-p)(t to)thof_,_ 2 =) ( _ e—a(l-p)( to))
(1 (£ _ 204+1—p (1) (.
all 1 a(l
— e—a(1-p)(t to)XtO’;’ T(l_e (1-p)(t to))
and
1-p _ (1_p)2 a(1-p)(t—to
Var (X, | Xuag) = s (1-e )
P
() (to) yl—p , 2o (20 +1—p) a(l—p)(t—
[e (-p)(t to)Xtof—k - 201 —p) (1—6 (1=p)(t tO))
_(1-p —a(1-p)(t—to)
= (e )
o 1—p)(i— 1— 204+1—p —a1—p)(i—
{e a-ne-toglor  ZAIZP () et |
In the case of the stationary version of a Bessel process p = —1, these formulas simplify
to

vt 9 +1 2a(t—
E(X?| Xy) = e 2000 X2 (1 — em2a=h0)),
2 0+
2 _“ o —2a(t—t0) —2a(t to) 2 o —2a(t—t0)
Var(Xt|Xt0)_a(1 e )[ X +7(1 e )]

Since we require the formula of the conditional expected value for X;lo later in Chapter

as well, we calculate

E (X} | Xy,) = Var (X7 | Xy,) + E (X7 |Xt0)2
= 2 (1 - e—2a(t—to)) |:€—2a(t—t0)tho n 1927—;1 (1 B 6—2a(t—t0)>]
* <€_2a“‘t0)X30 2 - e—2a<t—to>))2
= e elTIXG + é (1—ematm) {(20 1 g)e2elto) x2

4 (W +1)(0+2) (1 _ 6—2a(t—t0)>:|'

2
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2 Martingale estimation functions for the
Bessel process

The content of this chapter is partially incorporated in the article

Martingale estimation functions for Bessel processes
Statistical Inference for Stochastic Processes 25, 337-353 (2022).
Nicole Hufnagel, Jeannette H. C. Woerner.

2.1 Existing results on ergodic diffusions

In this section, we introduce the theory of martingale estimation functions studied by

Michael Sgrensen [78]. An estimation function
Gn(’ﬂ) — Gn(’ﬂ,XtO, . e ,th)

depends on the parameter of interest ¥ and observations of a process (X¢);>0 at discrete
time points tg,...,t,. If the function G, is additionally a martingale, we speak of a

martingale estimation function. Our estimator itself is a solution of the equation
Gr(9) = 0.

We will discuss the existence and uniqueness of this solution later. Martingale estimation
functions provide a well-established method for inference in discretely observed diffusion
processes, when the likelihood function is unknown or too complicated. The idea behind
martingale estimation functions is to provide a simple approximation of the true likeli-
hood, which forms a martingale and hence under suitable regularity assumptions leads to
consistent and asymptotically normal estimators. We will focus on two examples approx-

imating the likelihood function. One way is by Taylor expansion leading to linear and
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2 Martingale estimation functions for the Bessel process

quadratic martingale estimation functions, cf. Bo M. Bibby and Michael Sgrensen [11].
Another possibility is to use the eigenfunctions of the associated diffusion operator, cf.
Mathieu Kessler and Michael Sgrensen [59].

The general setting, which we present below, is based on [78 1.3 Martingale estimating
functions|. We consider low frequency data, so in particular equidistant time observations
XA, ..., XpA with a fixed A > 0, of a one dimensional diffusion process defined through

the stochastic differential equation
d)(tL = a(Xt,ﬁ) dt+b(Xt,19) dBt, (21)

where (By)i>0 is a Brownian motion and ¥ € © C R. The functions a and b are given
such that a weak solution exists and are assumed to be smooth enough sucht that its
distribution Py is unique. The state space is I C R, a not necessarily finite interval. We
assume a positive transition density on I with respect to the Lebesgue measure denoted
by py(t, z,-) for the density after time ¢ conditioned on the starting point x. Furthermore,
we presume Xy ~ pg so that the process is ergodic with invariant probability density
1y with respect to the Lebesgue measure and hence the distribution of two consecutive

observations is determined by

QA (dz, dy) = pg(2)pe(A, z,y) dz dy. (2.2)

In both cases that we examine, the martingale estimation function can be written in the

following form:

n

Gn(0) = ZQ(X(i—l)A: Xia, V), (2.3)

=1

with a suitable function g, which will be specified later. Let the true value ¥y be in
the interior of ©. For the function g we require a few conditions, which we combine
from [78, Condition 1.1 and Eq. (1.17)] adapted to our setting and receive the following

properties.

Condition 2.1: (i) The function g(-,-, ) is integrable with respect to Q% for all ¥ € ©

and its integral with respect to Qg is equal to zero.

(ii) The function g(z,y,-) is continuously differentiable on © for all x,y € I.
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2.1 Existing results on ergodic diffusions

(iii) The function !% g(-,-,9)| is dominated for all ¥ € © by a function which is integrable
with respect to QZ.

(iv) The integral f(do) := [ [ 8%05](3:, y,ﬁo)on(dx, dy) has a value different from zero.
11

(v) The integral v(dg) := [ [ g*(z,y,90)Q%(dz, dy) is finite.
1T

In particular, due to the Markov property the first condition ensures that G, is a mar-
tingale, while the last guarantees the applicability of the law of large numbers. These
conditions enable us to state the existence of an estimator which is consistent and asymp-
totically normal. For more details and the proof of the following theorem, see [78, Theorem
1.5].

Theorem 2.2: Under Condition 2.1] there exists a solution of
Gn(9y,) =
with a probability tending to one as n — oo under Py, such that

(i) lim Oy = ¥¢ in probability,

n—oo

(i) lim (9, —09) =N (0, v(%o) ) in distribution

n—oo f2 (790)

under Py, .

As mentioned, martingale estimation functions grant simple approximations of the true
likelihood function. We take a closer look at the maximum likelihood estimator itself, see
[78, 1.3.2 Likelihood inference]. We assume that the transition density is differentiable
with respect to J. In our case, the diffusion process (X;);>0 is a Markov process and

therefore the corresponding log likelihood function is denoted as

l,(9) = Z log py(A, X(i—ya, Xia)
i=1

and the estimation function, in this case called score function, is

sn(9) = =1, ()

a0
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2 Martingale estimation functions for the Bessel process

_ L &po(A, X(i_1yas Xia)
(A, X(i—1)a, Xia)

=1

The mazimum likelihood estimator is a solution of s, () = 0. Now, we want to establish

a connection to martingale estimators and for this we calculate

pﬁ(Av X(i—l)Aa y) dy

; Zpo(A, X-1)a, Xin) |7 _/a%pﬁ(A,X(i_nA,y)
pﬁ(Avx(ifl)Ain ) (l_l)A pﬁ(A,X(ifl)A,y)

0
= %/pﬂ(AaX(i—l)A>y) dy = 0.
I

Ey indicates the expectation with respect to Py and F;_1)a = o(Xa,..., Xi_1)a) in-
dicates the canonical sigma algebra of the process. In this chapter we write the index
¥ attached to the expectation to emphasize the dependence on the parameter. This is

especially significant when we calculate derivatives with respect to 9.

Hence, the score function s, is itself a martingale with respect to (F;a)ien when the inte-
gral and derivative are interchangeable. Furthermore, the maximum likelihood estimator
as a solution of s,(9¥) = 0 is in fact already a martingale estimator and fulfills the state-
ment in Theorem Nevertheless, we intend to simplify the estimator by now using
approximations, especially as we consider Bessel processes in Sections [2.2] and [2.4] and

thus a Bessel function is contained in the density.

In the following, we introduce an estimation function based on [11] and a concise summary
of the derivation. For this, we discretize the continuous-time score function and optimize
it. First, we derive the likelihood function by finding an equivalent probability measure.

We apply Girsanov’s theorem and for this purpose we define

'_ [ a(X,,0) 1 [ a?(X,,9)
Zf-exp( [ 2 b ®
0 0

on the interval 7 € [0, ¢] with a given constant 0 < ¢ < co and
th = Zt dPﬁ

on Fi. Assuming (Z:).gpo, is a martingale with respect to (Fr)rgjo and Py, then,
according to Girsanov’s theorem [68, Theorem 8.6.4], Q¢ is a probability measure on F;.

Hereafter, the likelihood function is obtained with respect to the probability measure @,
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2.1 Existing results on ergodic diffusions

which enables us to derive:

L) = —= =271

From here on, we use the same simplifications and approximations as in [I1] to obtain an
intuitive linear martingale estimator. First, using an It6 and Riemann sum we approxi-
mate
zlAv) AnaXz 1)A719)
= exp (Xia — Xi-1)a .
(ZbQ X(z 1A ) ' = 22;1)2)(1 1A>I9)

In particular, assuming b to be independent of ¢ facilitates the derivative of the approxi-

mated log likelihood function, the approximated score function:

3 _ - %G(X(i—nmﬁ)

(Xin — X(i—1)a)

i—1 —1)A)
_A " a Xz DA )6639 (X(i—l)Av’ﬂ)‘
— b?(X(i—1)a)

For simplicity, we use the same estimation function in the case of dependence on ¥,

n 9
fa(X(ifl)Afﬂ) Z 1) A, (X(Zfl)Aaﬁ)
Sp(9) =Y & Xia — X(i_1ya) — A ,
) P b (X(i—na,v) (Kia = DA Z b2( X(Z 1)A,19)

To ensure a martingale with respect to (.FnA) we subtract the compensator, that

neNp’
is,

: 9\ Pi i—1 -1A) — = bQ(X(ifl)Aﬂ” I\AIA [ (—1)A (i-1)A
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2 Martingale estimation functions for the Bessel process

_A En: a(X(i—l)Ay ﬁ)%a(X(i—l)Aa V)
— b*(X(i-1)a, )
and maintain

n

S, — Z Ey(Si(9) = Si—1(9) | Fi—1)a)
i=1

C’%G(X(i—l)Aa 79)
b? (X(ifl)Au 19)

(Eo(Xia | Xi—1ya) — Xi-1)a)-
=1

In order to avoid being limited by this specific weight, we consider

n

En(9) = ZW(X(ifl)Aaﬁ)(Eﬂ(XiA |X(i71)A) - X(z'fl)A)
i=1

with an F;_j—measurable arbitrary weight w(X(;_1)a,-) which is continuously differen-
tiable with respect to ¢. By construction, the function 3, is a martingale estimation
function. The optimal estimation function of this form in the sense of Vidyadhar P. Go-
dambe and Christopher C. Heyde [37, [41], which means having the smallest asymptotic
confidence interval around the true value ¥y and an estimator with the smallest asymptotic
dispersion, is given by

L Eo(Xia | Xi-1)a)

X ) 7 2.4
(X(i-1)a,9) Var y(Xia | Xi—1)a) Y

see [I1, Eq. (2.10)]. Similar to the mean, Vary represents the variance with respect to

. . . . . %Q(X(i—l)Av’&)
Py. For small A the fraction in (2.4) is an approximation of W, see for more
details [11, Eq. (2.11) and (2.12)].

In the case of the estimation function X,, we can simplify Condition As ¥, is a
martingale, (i) is already satisfied. The differentiability in (ii) can be inferred from w and

the conditional expectation Eg(X Al Xo= :c) Furthermore, by short calculations,

10) = [ [ 4 (wle0) - BolXal Xo = 0)) ) QU (dz, dy)
I I

— //(88190.)(1’,19)(?4—]Eﬁ(XA|X0:$))
T T

— w(z, ) 0

5 BalXa X0 =) ) QY de. )
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2.1 Existing results on ergodic diffusions

@ / D 2, 9) / (y— Eg(Xa | Xo = 2))po(A, 2, y) dy po(a) da
I 1

=0

0
= [ [ pol@ ) dyee )5 Bo(Xa | Xo = oho(a) da
I I

and

[ @) Bo(xXa] Xo = 2)*Q% (ds, dy)
I

?(x, )/(y— Ey(Xa|Xo =)’ po(A,z,y) dy g () dz
I

w?(x,9) Var y(Xa | Xo = z)puy(z) du,

ISl
S— Y T —

&

8

53

we receive the desired properties such that Theorem hOldSH This specific case can be
found in [11, Theorem 3.2].

Condition 2.3: (i) Forall z € I and ¥ € ©, w(z,¥) and Ey(Xa | Xo = x) are continu-
ously differentiable with respect to .

(ii) The function

Ei?w(x,ﬁ)(y — Ey(Xa | Xo =2)) —w(x,'ﬂ);?IEﬁ(XA\XO =x)

is dominated in z,y € I for all ¥ € © by a function which is integrable with respect
to Q% (dz, dy).

(iii) The integral

does not vanish at 9.

!The derivative always refers only to the following function otherwise the term to which the derivative
refers is enclosed in brackets.
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2 Martingale estimation functions for the Bessel process

(iv) The integral
o(0) = [ (e, 0) Varo(Xa | Xo = Do (2) d
T

is finite at .

In the case of the discussed optimal weight (2.4)), the formulas

f) = —/w(x,ﬂ);ﬁ Ey(Xa|Xo=2)uy(x)dx
T

0
Es(XalXo=2) 0
oY
. FEe(X Xy = d
Var 9(Xa | Xo=2) 0OV 2 (Xa | Xo = z)pp(w) dz

B _/ (L Eg(Xa|Xo = x))ZMx) .

Var y(Xa | Xo = 2)
and

() = /wQ(:n,ﬁ) Vary(Xa | Xo = z)py, (x) dz
T

i) XAl X 2
9(Xa | Xo =)
oY
= \% XA | Xo= d
/ ( VarEﬂ( | A 33) arﬁ( A| 0 a:),quo(x) x
1

= —f(0)

simplify the reciprocal of the asymptotic variance

L L) [ EaNal %= D)

o2(9)  w(W) Var y(Xa | Xo = z)

= /w(:z:, 19)8%9 Ey(Xa | Xo = z)py(v)dx. (2.5)
T

Now, we present an estimator based on eigenfunctions, cf. [59]. For this, we consider the

corresponding generator of the diffusion

Lopf(x) = alz,9)f (z) + %bz(:r, ) f" (x) (2.6)
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2.1 Existing results on ergodic diffusions

and search for eigenfunctions ¢, (-,9) € C3(R) of L, with eigenvaluesﬂ Ap (V) given via
Ea,bﬂpn(l', v) = _)‘77(19)9077(1'7 ).

For the construction of a martingale estimator, the following lemma is fundamental, cf.

[59, Chapter 5. Eigenfunctions and martingales] and [78, Theorem 1.16].

Lemma 2.4: If the integral

[ (o) vz omotare

R

is finite, then
M o(Xe, V)
is a martingale or, equivalently, in formulas

E g (¢n(Xe,9) | Xs) = e Mg, (X, 0).

Proof: Using It6’s formula leads to

9 1y, 0°
d (eknt@n(Xt» 19)) = )‘neAtSDn(Xta v)dt + eknt%Son(Xta V) dX; + §e>\"t 02 on(Xe, V) d[ X

(2.0 0
N (Ao (X, 9) + 0(Xi,9) 2 g (X, 9) )

B
At 0 L 2 0?
+ e’ b(Xt,ﬂ)%QOW(Xt,ﬁ) dBt + 58 nth (Xt,’lg)w@n(Xt,ﬁ) dt
)
= M Aoy (Xe,9) + Lappy(Xe,9)) dt + e M'b(Xy, 19)%%(&, ¥) dB,
=0

0
— 6>\77tb(Xt, ﬁ)%@n(Xt, 19) dBt

Hence, this process is a local martingale. Then, the conclusion that this is a true martingale

follows immediately by first using Burkholder inequality and Holder inequality afterwards

[E < sup
s€[0,t]

2Technically, the eigenvalue is —\, (1), but we omit the sign to simplify the following calculations.

y 2
/ e 18b( X, 79)889071()(57 ) dBg D]
xr
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2 Martingale estimation functions for the Bessel process

[E <O/t P (Xe, ) (ai«pn(Xgaﬁ)fdﬁ)
<CE <O/t 2np2(Xe, ) <§E%(X§,19)>2dg>
_C/ 2Anﬁdg/zﬂ 1) ( on(2, 0))2 o(z) dz

2)\n

_ ce%] g bQ(x,ﬁ)<£gpn(w,19)>2u19(as) da.

Since this expectation is finite due to the assumption, the martingale property holds by

1

zr

the dominated convergence theorem. O

For the construction of the estimation function, we assume m eigenfunctions ¢; ordered

with respect to increasing eigenvalues A; satisfying Lemma Therefore,

1
NE

g(flf,y,"ﬁ) : 9](3372%19)

<.
Il
_

I
NE

wj(z,0) <cpj(y,19) — Ey(pj(Xa,9) | Xo = m))

<.
Il
—

Wi (z,9) (QOj (y,9) — e (ﬂ)A(Pj (@, 19))

I
NE

.
Il
.

leads to a martingale estimation function of the form with arbitrary weight functions
wj. We choose an increasing order since most information is gathered through the eigen-
functions belonging to the smallest eigenvalues. Under the assumption of Lemma[2.4] g has
the desired martingale property (i) in Condition and hence the function f simplifies

to

f0) = [ [ 550te..0)@4(ds, ay)
I 1

S )
x] e
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2.1 Existing results on ergodic diffusions

- ;//8319 (WJ(QU 9) (5 (y, ) (x 19)) QA (dx, dy)
=177

> </8819w (= 19)/(%(3“9) eV 2pi(,9))po (A, z,y) dy py(x) d
j:l I T

=0

// aa((pj(yvﬁ)_e_AjASOj(xvﬁ))Qg(dxa dy))
Z//“’J ) (03 0s9) — 0, ) QA )

Additionally, we compute

o(9) = / / (2,9, O)QA(dz, dy)
I I
2

= // Zm:wj(w J) (goj(y,é‘) - e_AjAst(xaﬁ» QA(dz, dy)

= 33 [ [t (s - o).
I 1

wj(x, ) (wj(y,ﬂ) — e‘“’%j(fﬂﬁ)) QA(dz, dy)

[ (600 = i) (6i09) = 2,00 polA,.9) dy o) da
1

=wij(x,9)
= ZZ/WJ x, )wi(z, V)wij(x, ) py(x) dz
I

and summarize the conditions such that Theorem [2.2] is valid for this estimator besides
the requirement from Lemma We collect the corresponding conditions, which can be

found in [59, Condition 4.2], see also [59, Theorem 4.3] for the respective theorem in the

case of eigenfunctions.

Condition 2.5: (i) The function g;(x,y, ) is continuously differentiable on © for every

41



2 Martingale estimation functions for the Bessel process

z,y € 1.

(ii) The function !% g(- -, 19)} is dominated for all ¥ € © by a function which is integrable
with respect to QZ.

(iii) The integral
10 =Y [ [ rw0) 55 (030.0) = 450, 0) @4 (Ao, ay
I I

7j=1
does not vanish at Jg.
(iv) The integral
v(9) = Z Z wj(z, V)w;(x, V)wij(z, V) py(x) da

=1 j=1

with

wij(z, V) := / (%‘(y,ﬂ) - e_AiAsoz'(xﬁ)) (%‘(yﬂ?) - 6‘AjA¢j(xﬂ9)> (A, z,y)dy
I

is finite at vy.

In the case of a single eigenfunction the notation
[eelNee)
o) = [ [ P 0)@4 (ds. ay)
0 0

is more concise. We intend to discuss optimality in this case likewise. Toward this goal,

we examine weights that depend on the previous observation and the true parameter,

Z Z Wi (X(i1ya, 9) (95(Xia, 0) — e N%p;(2,9)).

i=1 j=1

The optimal weights w7 in the sense of Vidyadhar P. Godambe and Christopher C. Heyde
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2.2 Martingale estimating functions based on eigenfunctions

[37] are given in [59, p. 305], which are specified by the equation

Uiz v Ulm ) U1

Ulm Umm W, Um

involving
uij(x,9) = Eﬁ((@i(XAﬂ9) - 6_AiASDi($ai9))(90j(XA,19) - B_AjAQDj(%ﬁ)) | Xo = $>

for 1 <i<j<m and

vj(x,) = —E@(aaﬁ(goj(XA,ﬁ) — e*’\jAgpj(a:,ﬁ)) ‘Xo = a:)

forj=1,...,m.

2.2 Martingale estimating functions based on eigenfunctions

We present in this section a light entry-level example of a non-ergodic process on which
we apply the results from the previous section. Our aim is to estimate the dimensionality
or index parameter ¥ € © C (—%, o0) of a classical Bessel process specified in Section

via the stochastic differential equation

dY; = dBi+ (V+3) 3 dt,
Yo = yo >0,

where (B)¢>0 is a Brownian motion. We proceed similarly to [II] and [59], introduced
in Section to construct martingale estimation functions for our parameter of interest
9. Since a Bessel process is non-ergodic, we transform it into a stationary and ergodic
process by adding a mean reverting term with speed of mean reversion a > 0 in the drift,
that is,

AX, = dBi+|(9+1}) 4 —aXi| a,
Xy = o > 0.

We call this process a modified Bessel process, for more details see Section We assume
Xo ~ gy and observe the modified Bessel process at discrete times, that is, XA, ..., X,A.
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2 Martingale estimation functions for the Bessel process

Lemma 2.6: The eigenfunctions of the generator

Coaf(@) = 51" @)+ | (945 ) 1 - aa] 1)

which are the solutions of Ly ¢, = —\,¢;, are given by

7
)\77 = 20[’)7, 8077 Z, 19 Z ’[M»]_))ll'(alz)la n S N,
=

_ T(e+l) _

with the Pochhammer symbols (z)o := 1 and (x); : SOR z(x+1)...

leN.

Proof: First, we calculate the image of the monomials

Eﬁ,al :07
Lyar = (ﬁ—i—l) 1—a:z:,
' 2/ x
1 1\ 1
l -2 -1
=Zl(l=1 i [
Ly ox 2l(l )+ [(19—1— 2) . aw] x
2
l(lz 9) 1o ol

(x+1—-1) for

for I > 2. Due to the last line, we require the eigenfunctions to be the sum of at least

two monomials with difference two in the degree. Furthermore, we observe in the second

line that the coefficient belonging to x shall be zero. In combination with the previous

condition, the eigenfunctions thus consist of the sum of even monomials. We assume

n

on(x) := Z !

=0

with ¢y = 1 and compute

o (25(2524‘ 2n) S22 2alx2l)

I
\E

Eﬁ,a‘Pn (Z’)

=1

I
\E

2004+ 1) (14 1+ 9)epyr 22 Z 2alc;z?!

N
Il
o

U+ + 1+ — 2alcl)m2l

M=

= 01(2?9—|—2) +

=1
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2.2 Martingale estimating functions based on eigenfunctions

' U
==X\ Z az?.
1=0

Equating the coefficients of 20 and 2?7 directly yields

61(261 + 2) = _>‘777
2am = Ay,

or ¢; = — g3k, respectively, while for the coefficient of 22! ensues

204+ D)1+ 1+ 9)cq1 — 2ade = =N

= —2anq
foralll =1,...,n7—1. The result follows from solving the equation by ¢;+; and successive
substitution
Cl41 = ¢ al=n+1) — = o (=m)i
+ I+ 1) +1+1) I+ D0+ 1)

Remark: The eigenfunctions of this Lemma coincide with the even eigenfunctions of
a modified Dunkl process of dimension one. We consider the following eigenfunction

problem
. A &0
Revw = (2250 2 ) g = —aus.
kYu < 9 ; Z; 8.731> (0 (%
We call the process generated by &k a modified Dunkl process. This equation is solved
by
Aok = V], b = H,

cf. [75, 2.58 Corollary (i)], for v € N and the generalized Hermite polynomials H¥. For
more detailed information on these polynomials the reader is referred to [81]. The extent

to which these two results are related can be seen if we examine the one-dimensional
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2 Martingale estimation functions for the Bessel process

Dunkl process. In this case, there exist simple explicit formulas

_1
HE (@) = (—1)722lL, % (a2),

k41
Hf, (@) = (<1227 gL, 2 (o)
for n € N with the generalized Laguerre polynomials

LP(x) = lxﬂvefrﬁ (anrpef:r:)
" n! ox"

for p > 0. From the Laguerre polynomials

Li(z)=—2+p+1,

I3(a) = 2a = 2(p+ 20+ (p+ (o +2)],

we thus derive the first Hermite polynomials

1
= 2 k- =
g

3 3
Héf(x) = _1'23'2!$L]f+2(x2) -3 [x?’ _ <k‘—|— 2) x] ’

_1 2 1
HE () = 2% 211 2(552):% [x42(k+;’) z? + (k+2) <k+;’>]

We compare now this result with the eigenfunctions of the modified Bessel process by

setting o = 1,

22 1

gol(x,ﬁ)zl—ﬁurl :—?9+1 [x2—(19+1)}
1 9+3
:—ﬂgjﬁHz (),
CUQ .’E4
po(x,0) =1 (z)

B ESRACESCES)
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2.2 Martingale estimating functions based on eigenfunctions

T 16(0 + 11)(19 +2) (2% — (20 + 4)2® + (¥ + 1) (3 + 2)]
1 9+1
Wi @

and the corresponding eigenvalues A\; = )\2719 1= 2and Ay = A 4941 = 4. This connection
is not surprising, since the Euclidean norm of a Dunkl process equals a classical Bessel
process. In the case of a modified Dunkl process, we preserve as eigenfunctions not only
the sum of even monomials. Omitting the jumps produces a loss of information, thus
we presumably can obtain a better estimator for the Dunkl process by examining the

Hermite polynomials instead of ¢,.

We return to the modified Bessel process. According to Lemma the property

[ 9 ? 2a19+1 i 9 ? 2041 —ax?
/ ((.%8017(%,1%) /W(d$) = IM/ <8x(p77(:13,19)> x e dr < co
0 0

for the polynomials ¢, is sufficient to deduce

Eg (¢y(Xin,9)[Xi_1)a) = e 2 (Xi_1a, 9).

Consequently, we may use the general theory on estimators based on eigenfunctions in-
troduced in Section [2.1l However, in our case we will calculate the involved quantities
and obtain explicit results. For the first eigenfunction ¢q(z,d) =1 — g—_ﬁ we consider the

estimator based on the martingale estimation function

n

Gn(9) =) (p1(Xia,9) — e 1201 (X(i_1ya, V)

=1
—_ i 1— aXizA _ ef2aA 1— aX(Qi—l)A
= ¥ +1 9+ 1
— n(l _ 6—2aA) @ Z (X2 o Q_QQAXQ- >
9+1 iA =1A ) -

i=1
The unique solution of G, (1/9\n) =01is
. 2 —2aA 2
N o Zl (XiA —e X(¢—1)A)
1=

Oy = — P ~1. (2.8)
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2 Martingale estimation functions for the Bessel process

Now, we may deduce consistency and asymptotic normality along the same lines as for

general martingale estimation functions.

Theorem 2.7: For every true value 99 € © C (—%, 00), we have

(i) lim U, = Y in probability and

n—o0

(i) lim 7 (J, — o) = N(0,02()) in distribution

n—o0

under Py, with o2 () := (99 + 1) 1o

Proof: The proof is straightforward. We first validate the assumptions in Condition
For the calculation of the asymptotic variance we will need the symmetric distribution QZ

of two consecutive observations X;_1)a and X;a on (0,00)2. Tt is given by

QA (dz, dy) = py(2)py(A, z,y) dz dy

with
Oy = 4027 (exp(2aA)) V! '
(9 + 1)2(exp(2aA) — 1)?
We define

9(z,y,9) = p1(y,9) — e M ()
_ 1 - ayQ o 67204A 1 o Oij
9+ 1 9+ 1

a continuously differentiable function with respect to 9. The absolute value of the deriva-

tive

9 _ @ 2 _2aA, 2
8199(.%.’3/,?9) - (19+1)2(y e € )

—2aAw2)

is dominated by 4a(y? + e , which is independent of ¥ and square integrable with

respect to QZO. Moreover, the symmetry in = and y of the density of QZO implies

OOOOa
Z//aﬁgw’ y,90) Q%X (dz, dy)
0 0
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2.2 Martingale estimating functions based on eigenfunctions

=Gt [ [k 2o
0 0

>0

>0

Owing to the exponential function in Q% and g(-,-,?) being a polynomial, the integral

//92 z,y,90)Q% (dz, dy)
0 0

is ﬁnite, which completes the proof of (i) and (ii) according to Theorem and Condi-

tion Therefore, we are left with the task of computing o2(1Jy). Due to Theorem
v (o)

the asymptotic variance is given by o?(dg) = F2000)" Because of

2
2 —2aA a9 & _2aA, 2
={(1—- —
9 (z,y,9) (( e %) gi¥ tae 1‘)
2 2 —daA
2x
— (] — 202 «a 4 Q7€ 4_ (] _ 204
=™+ Gy Yoy ~ o)y

2

N (1 B 6—2aA)2ae_2aA x2 B 2a26—2aA x2y2
J+1 (¥4 1)2
= (1- e—QaA)Q 1 e—2aA)?92_<:1 (y2 _ e—zanz)
2 2,—2aA
@ 4 —daA_ 4\ 207 2 2
o W e ) -

and the symmetry of QZO, we get

o) = (1 22 (1= 20 / / PQU (s, )
1 4aA <X
19:—1—6 //1:4 Q% (dz, dy)
00

20&267204A
o T 17 //wzyQQ (dw, dy).
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2 Martingale estimation functions for the Bessel process

Furthermore, we derived in Corollary

/ / 221Q% (dz, dy) =

/ 2 g, (2)py (A, x,y) da dy
0

e}

" /pqs(A, z,y) dy p, (z) dz
0

0\8 0\8

=1

F(T]+190+1)

2n S s
x Mﬁo anl—‘(ﬁo + 1)

\8

190+1)

o'l

Additionally using the explicit formula of E g, (X2 | X(i—1)a = ) in Example we

conclude

//nyQQﬁ (dz, dy) = //nyQ/wo 2)po(A, z,y) dy dw
0 0 0 0

o0

= /w /yzm(A,w,y) dy p, () do
0

0

2 E y, (XiQA ’X(i—l)A = fU)/Wo (z)dx

[0}

/ v

in: / (2o = L o202 ) g ) o
0
(0

)(190 +2) e20A (Yo + 1)2 (6—2(1A

a? -1
_ (190+ 1)2 —2aA190+1
N a? te a?
Applying these formulas, we establish
f00) = (=) // 72Q (da, dy)
1— eanA
- Yo+ 1
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2.2 Martingale estimating functions based on eigenfunctions

v(¥g) = (1 _ e—2aA)2 <1 2a Jo + 1) 042(1 + €f4aA) (W +1)(Po + 2)

B Yo+ 1 . o (790+1)2 o?
202208 (190—1—1)2 n —oaraUo +1
— €
(¥p +1)2 a? a?
—9any2 , Vo +2 _daA —2aA _ _—dan 2
:—(1—6 a)‘}'m(l‘{’e a)—2€ a — € am

Jo + 2 U

= (-1 1 Qe=2e N _ 6—4aA) LYo + RN g
Yo+1  Jpg+1

B 1— e—4aA B (1 _ e—QaA)(l 4 e—QQA)

Yo+ 1 N Jdo+1

Hence, we infer

Let us discuss the results. Looking at the asymptotic variance, we see that it decreases
when aA is increasing. This seems surprising at first glance, since it implies that the
asymptotic variance decreases when the distance between observations increases, as we
keep the mean reverting parameter « fixed. Notice, that we have the observation scheme
XA, -+, XnA, hence n — oo and A — 0 such that nA — oo would correspond to con-
tinuous observations. However, keeping in mind that equidistant observations for the
stationary version of the Bessel process (X¢)¢>0 mean that the distance between two ob-

servations of the underlying Bessel process (Y;):>0 is exponentially growing

Xt = e_atYEQatfl,
2

which leads to a fast growing observation interval. This might capture the non-stationary
behaviour of the original Bessel process. Furthermore, we see that the asymptotic variance

tends to infinity as the mean reverting parameter tends to zero.

Having a closer look at the estimator, we see that it only depends on the square of the
observations, hence we could reformulate our problem and consider the squared process
Zy = X?. As explained in Example this results in

dZ; = 24/Z; dB; + (20 4+ 2 — 202 dt,
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2 Martingale estimation functions for the Bessel process

an equation describing a Cox-Ingersoll-Ross process. We consider now the canonical linear

martingale estimation function

n

Sn(@) = (Zia — B(ZialZi-1)a))

i=1
- NS TS
= Z (ZlA — Z(ifl)Ae 20l + T(e 2ol _ 1))
i=1
9 +1
= = —Ga(9).

For ¥ > —%, the unique solution of 3, (En) = 0 is again

~

azil (XEA — X(%._l)Ae_MA)

"o n(l — e 204)

Hence, we see that the two estimators coincide. In Theorem [2.7|we have already established

the consistency and asymptotic normality of 1§n

The next step is to increase the flexibility of ¥, by adding the weight w depending on the
parameter of interest and the previous observation
- 2 2 —2an , VF1 0 9aa

w(?, X—1ya) | Xia = Xji_1)ac + T(e 1),

=1

where w(-, X(;_1)a) 18 (XA, ..., X(;_1)a)—measurable to keep the martingale property
and continuously differentiable to apply our method. Using the same technique, we search
for the optimal estimator with the smallest asymptotic variance. Considering this second
approach via linear martingale estimation functions for the squared process allows us to

easily determine this optimal estimator. By ({2.4]) the optimal weight is given by

D E9(X2 | X(_1)a)
Var (X2 | Xi-1)a)

w(?, Xi—1)a) =

176_QQA
T3 o
T o) (X + B (- e 70)
_ 1
- — - — ]
2X(21—1)A6 208 4 %(1 — e~204)
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2.2 Martingale estimating functions based on eigenfunctions

Unfortunately, the equation defining the optimal estimator

n

1
Z 2 “2aA | O+1 “2aAY
2X 2a —+ T(l — € 20 )

(-1)A
9+1
<XA XT_pyae 8 4 —— (e — 1)) =0
o
is not explicitly solvable with respect to ©¥. However, we can nevertheless determine the
improvement in the asymptotic variance. Therefore, we have to establish the finiteness
of

T 9
/w(ﬁo, X(i—1)A)7aﬂO E 9o (X7 | X(i—1)a ) o (2) da
0
70 1 Loe®
_ . X X
2X2_ )Ae—QaA T JatL(] — o—20h) o o

—- 9o (z) dx
/ fazjaiXQ 1ya +P0 + s

0
7 1

dz —
/ Mﬁo ) v 1904—1’
0

the reciprocal of the asymptotic variance, that is, the asymptotic information, cf. ([2.5)).

Consequently, we can deduce that a lower bound of the optimal variance is given by ¥+ 1.

Figure [2.1] shows the asymptotic information of the 10.000 simulated optimal estimator
(trlangles) and U, (dots) for n = 1.000. The solid line corresponds to the calculated
asymptotic information of @L in Theorem The dotted line represents our computed
bound above. As the lines nearly touch around A = 3, the improvement of the optimal
estimator quickly tends to zero. Starting from the value A = 1, the simulated asymptotic
information is almost the same for both estimators. Beforehand, the improvement is
clearly visible but we do not want to maintain such a high variance as we can choose the

value of aA so that the asymptotic variance is close to the lower bound.

We take a closer look at the asymptotic variance of 9, from Theorem which decreases
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2 Martingale estimation functions for the Bessel process
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Figure 2.1: The asymptotic behaviour for « = 1,29 = 0.1,9g = 3.

monotonously in aA:

14 e 204

lim (190—|—1) AZQ90—|—1.

aA—0o0 1 — e 2

Due to the fast convergence to the lower bound ¥g + 1, we can for practical purposes

restrict ourselves to the estimator 1/9\71 and hence have an explicit estimator.

We can transfer this result to the Dunkl process. Previously, we established that the
eigenfunctions ¢; coincide with those of a modified version of the one-dimensional Dunkl
process. Now, we consider a potentially multidimensional Dunkl process (Z;):>0. Since its
Euclidean norm is a classical Bessel process of index ¢ = f<;+% —1 we can give an estimator
of k € K C [0,00), that is, the sum of the multiplicities, assuming the dimension N is

known. For this reason, we know that (efo‘tHEexp(zat) H) +>0 18 the corresponding stationary
2a -
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2.2 Martingale estimating functions based on eigenfunctions

version of the classical Bessel process, see (1.7). We define

n ‘ |
. Oéi; (e—QazAHE%ﬁim H2 — e‘2a(l—1)AHEW H26_20‘A) ) g
n - n(l — 6*205A) 5
a fj (e—%ciAHEM H? — 7 2(+DA |2 pzag-na) Hz)

= - 2a

n(l — e-204) 2

N

analogously to (2.8)) and obtain the following corollary from Theorem

Corollary 2.8: For every true value kg € K C [0,00), we have

(i) lim &, = ko in probability and
n—oo

(i) lim v/n(Rn — ko) = N(0,0%(kg)) in distribution

n—oo

under Py, g with 0%(kg) = (Féo + %)% where kg denotes the corresponding true

multiplicity function.

The asymptotic variance increases with the dimension of the Dunkl process so that the
estimate becomes less accurate. We analyze this corollary for specific root systems. First

of all, in the one dimensional case k is equal to the multiplicity k, which we then estimate

directly. In the An_1 case, k(k, An_1) = w holds and hence N(Qﬁﬁl) estimates the
multiplicity.

In the By case we have two multiplicities which means we cannot say anything about the
specific values since k(k, By) = k1N + ko N(N — 1) holds.

Conversely, if we assume k to be known, we can estimate N by considering the estimator:

1= 2a 2a 2
= — 2K.
" n(l — e 20R)

N NI 12 o —2a(+DA = _ 2
20&21 € Hr—texp(ZazA)H e Huexp@a(zq)A)H

As before, the parameter N is obtained via an affine linear transformation of ¥ and hence

the asymptotic behaviour of ]/\7n is inherited from 5,1
Corollary 2.9: For every true value Ny € N, we have

(i) lim N, = Ny in probability and

n—oo

95



2 Martingale estimation functions for the Bessel process

(i) lim \/n(N, — No) = N'(0,0%(No)) in distribution

n—o0

under Py, p with 0(No) == 4(k + %) 12:222

2.3 An extension to some polynomial processes

In the previous section, we introduced an idea of performing a martingale estimating
function while using an ergodic transformation of a non-ergodic process, the Bessel process.
In particular, this seems like a straightforward method to deal with non-ergodic processes.
The question arises whether this can find applications for other processes. We aim to
extend the developed technique to some larger class of processes. We consider some non-

ergodic polynomial processes solving the stochastic differential equation

pt+1
{ Yy, = Y7 dBi+ (94 3) Yy, dt, (2.9)

}/07]3 = x20>0

for a Brownian motion (B;);>0, the parameter of interest ¥ € © C (—1,00) and the
additional parameter p < 1. Note that for p = —1, we get the Bessel process back.
We briefly analyze a martingale estimator based on the first eigenfunction with the same

technique as before. Using the space-time transformation

. _—at
Xt,p =€ YE<1—p)at_1

i-pa P

for some o > 0, we receive by It6’s formula an ergodic and stationary version

pt1
{ dXep = X7 dBe+ [(0+3) X7, — aXy,] dt, (2.10)

X07p = xo > 07
for more details see Section The corresponding generator can be stated as
1 +1 pn 1 /
Lyapf(r)= §3Up @)+ [0+ 3 2P —azx| f'(x).

The first eigenfunction arises after a brief calculation. We suppose a monomial of degree

at least two

-1 1
Lyopr” = 77(772 ):np+1+’7_2 + Kﬁ + 2> P — am} nz'!
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2.3 An extension to some polynomial processes

-1 1
= <77(772 ) + 9+ 2) TP o

and immediately see by choosing n = 1 — p that the formula

Eﬁ,a,pxl_p _ (1 _Z;)(_p) L9+ % _ a<1 _ p)l‘l_p

_ 204+1—p
—all - lep 27 17 ° F
a(l—p) <:E 5 )
can be used to read the first eigenfunction

204+1—p
2c

1—
Pip =T P

with eigenvalue A1, = (1 — p)a. We assume (X;,)i>0 to be stationary, that is, Xo, ~
9. p, and assume Xa p,..., XA, to be discrete observations of (2.10). We consider the

estimator based on the martingale estimation function

(P10(Xinp,9) — e P201 5 (X(i—1yap: 9))

M:

Gnp(V) =
1

%

(XA — e Omaxin ) - 2192#71(1 —erlmPed),

I
AM:

=1

The unique solution of Gn,p(@%p) =0is

1-p —(1—-p)aA
5 _aXi L (Xiap = Xihae ) 1y (2.11)
n,p — (1 — e (l—p)aA) 2 ‘

Next, we review how this process is related to a linear martingale estimation function. In
particular, (th’;p ) >0 18 again a Cox-Ingersoll-Ross process due to Example where we

as well calculated the conditional mean

204+1—p o
—a(l—-p)A y1 all A
E"g( zAp|XZ 1)A7p) (1-p) X(l I])_)A +T(1—€ (1-p) )

Thus, we receive the linear martingale estimation function

n

E"vp(ﬁ) = Z (XzAp Eﬁ( 1‘1&7117)’X(i—1)A,p))
=1

(11— 20+1—p, _(_
1 al 1-p)aA
- Z < lA,p z Zi)A,pe (1=r) + 20 (6 (1) - 1))
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2 Martingale estimation functions for the Bessel process

= Gn,p(ﬁ)

and see that the unique solution of ¥,, (¥, ;) = 0 is again (2.11]).

Theorem 2.10: For every true value ¥g € © C (—%, 00), we have

~

(i) Ynp — Yo in probability and

(ii) \/ﬁ(gmp —g) = N(0,02(0)) in distribution

—_ —(1-p)a _ _
under Py, with o?(tg) := (=2te s o Glotlonlion),

Proof: Obviously, (1) and (2) from Condition [2.3|are satisfied. As o?(¥) € (0, 00) applies,

the convergences (i) and (ii) are given if the equation

2 v(Yo)
o“(¥g) =
o) = a2
holds, where
ro
1—
1) =~ [ 2 Bo(XE Ko = 2)ape) o
0
ool o
= _/a (1 —e ) A) o p() da
0
e—(l—p)aA -1
= - ,
o(0) = [ Var (X5 | Xop = 2)paplo) do
0

We have already performed the main calculation in Chapter [I] The conditional variance

of Xi_pp given Xy, is determined by

_ 1— R
Varﬂ(th,pp|Xto,p) = 1-p) (1 — eo1-p)(t t0)>.

(%

|:e—(1—p)a(t—t0)Xt10T; + %Z% (1 _ e—(l—ph(t—m))] 7
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2.3 An extension to some polynomial processes

see Example Combined with

fe’e) 2942
Pt 88) 1
P F(M) 2c
0 1-p
2042 1-p 9+1
B l—p. 20«

we establish

v(¥) = / Var g(X5 | Xop = @) p(x) dz
0

_ (1 ;p) (1 _ e—a(l—p)A) .

1 B 204+1—p 1
(1-p)aA 1-p - (1-p)aA
/ [e x P4 — <1 e )} g p(x) dz

o « 4o

_(d-p (1 _ efa(lfp)A) ‘ [e(1p)aA79 tl ZW+l-p (1 B e(lp)aA)]

and hence the equation o2(dg) = ;((1;900))2 is valid. O

We want to increase the flexibility of ¥,, , using the same scheme as for ¥,, = 3, _1 and

once more obtain the optimal weight

_ % Ey (XilA_,]; | X(z’ﬂ)A,p)
Var g (Xiap | Xi—1)ap)

w(ﬁv X(i—l)A,p) :
B 1

@HIPP) (] _ o~(1-p)ad) 4 (1 — p)X(IZZq) ape TPl

for the estimation function

- _ _ Cdean 2041 —p
Zw(’ﬁ?X(’L*l)A,p) (XZIA,Z;) — X(liflj)[)A,pe (1 p) A + T(e (1 p) A — 1)) ;
i=1

cf. (2.4). As before, we cannot explicitly derive the estimator as a solution of

n

1
— W@_e (1-p) A)Jr(l_p)X(li_z;)A’pe (1-p)ai
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2 Martingale estimation functions for the Bessel process

_ _ 1 204+1—p, _(_
1-p 1-p (1-p)aA (1-p)aA _
<vap Xinapt Tt T e 1)> -0

but we can analyze the improvement with respect to the estimator 1/9\7171,. Using the formula
(2.4), we have to establish the finiteness of

o0

0 _
/ (w(7907 X(ifl)A,p)% Eﬁ(XilA,f, | X(il)A,p)) po,(z) dz

0
)
_ 1 q
o (290+1—p)(1—p) + (1—p)e—(1-pP)ad L 1_p Hﬁo(m) €L
0 4
4

a(l—e=(1=P)ad)“*(i—1)Ap

S@h+l-p)-p)

the reciprocal of the asymptotic variance, to achieve consistency and asymptotic normality.

Comparing this result to the limit

(1—p)(Wo + D)e==PoA (29 +1— p)(1 - p)

. 2 IERT
akglooo- (190) o akgloo 1— e*(lfp)aA 4
_ (200 +1-p)1—p)
4 7

we recognize a fast convergence to the asymptotic variance’s lower bound of the optimal
estimator. This result resembling the case of the Bessel process justifies the restriction to

the explicit estimator @L,p from a practical point of view.

2.4 Estimator based on two and more eigenfunctions

Now, we turn back to the modified Bessel process and try to improve the asymptotic vari-
ance further by considering martingale estimation functions based on two eigenfunctions.
Yet, this approach suffers from the drawback that we do not get explicit results for the
estimators anymore, but we do for the asymptotic variance at least for weights depending

only on the unknown parameter.

As in the previous sections we start with a class of martingale estimation functions with
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2.4 Estimator based on two and more eigenfunctions

weight depending on the unknown parameter only. We consider

n

2
Gra() == 373 wi(9) (i5(Xia 9) — 205X 1ya,0) )

i=1 j=1

where wy and ws are continuously differentiable functions only depending on 19E| Under
suitable conditions on the interaction between the weights w; and the eigenfunctions, we

can easily achieve a consistent and asymptotically normal estimator.

Theorem 2.11: If for every ¥ € ©

1— 67204A 1— €f4aA

fen,w2,0) = w1 (9) —5—— +wz(ﬂ)m

£0

~

is satisfied, then there exists a solution of Gy, 2(¥p,2) = 0 with a probability tending to

one as n — oo under Py,. Furthermore, for every true value ¥y € © C (—3, 00) we have

(i) ILm 1/9\n,2 = 1J¢ in probability and

(i) Lm /A(Ons — Vo) = N (0 M) in distribution

nosoo 7 2 (w1,w2,90)

under Py, with

1 o 6—40¢A 2 o 26—8@A
(190 + 1)(190 + 2)‘

v(wl, w9, 190) = w% (190)

Proof: As by the assumption f(-,-,9) # 0 for every ¢ € ©, we conclude wq(d) # 0 or
wa(¥) # 0 and consequently v(-,-,79) # 0 for every ¥ € ©. Using again Theorem we
only have to establish the formulas of f and v given in Condition In our calculations

below we need the following straightforward properties

(a) Q% symmetric,

@)f@ﬂ%ﬁwﬂ%ﬂMM@deQ

(c) [ (@, 9)ps(x)dx =0 for j = 1,2,
0

3In the last section, we considered G ,. Here, Gy is not meant to be the special case p = 2. To
distinguish these two estimators, we could alternatively write Gy,1,» to emphasize that one eigenfunction
is considered and accordingly name the estimator 1/9\71,171,. Since we are examining these estimators in
different sections, we leave it this way to simplify the notations.
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2 Martingale estimation functions for the Bessel process

) [ 2?uy(z) de = (1’;:7"1)" for n € N.
0

Statement (d) was proved in Corollary Furthermore, we verify

O/Oosom,ﬁwx) dz = 07(1 - ;fl) o) dz

@1 Q '19+1

I+1 a7
7 7 OZIZ O[QLU4
= [(1-2
[etematerar= [ (1-2 4+ S (e
0 0
Wy _ 9410
and
[ erd)ente, psa)do = [ eaenoe)de ~ [ oo (o) do
0 0

( [ azx? 5 ozt a3 b d
_/0 <_q9+1+ (19—1—1)2_(19—%1)2(19—#2))“19(3:) v
(@ 204+2) v+3
T I+1  9+1

=0.

Step 1: We separate the proof into two steps. Looking at the definition

2 o0 o0
(3
flwr,w, ¥) = Z//wl o (ile,9) = e 22 0;(y,9)) QA(dz, dy)
0

i=1 0

in Condition the first step is to obtain the explicit expression given in Theorem
We can easily calculate the two summands

Ji 12
[ w1055 (o1(2,9) = 201(5.9) Q4 (do, dy)
0

o 20 T
D w1 - ) [ [ S 0)QA(dr,
0 0
£2) 2
Wl(ﬂ)( 2 A // 19_'_1 2p19 A x y);w( )dxdy
0 0
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2.4 Estimator based on two and more eigenfunctions

2

= wl(é‘)(l—e_zaA //Pﬂ (A, z,y)dy (ﬁfl)Qﬂﬂ( ) dx
0 0

and similarly

[ elne o] a
[ [ w55 (eafe,0) = 42y 9) @4 (o, )
0 0

Qa1 =) [ Zia(r,0)uole) d

Nasg

o0

_da 0 az? ozt
= w@)(1-e A)/Bﬁ <1_219+1 + (19+1)(19+2))“19(x)d$

7 20 + 3)a?
=i =) [ (2w - Gt e’ oo
0
(d) 4o 29+ 3
= w2V) %) <19+1 q9+1)(19+2)>
—4o¢A
= wy (V)

(29+ D0 +2)

Step 2: According to Condition we receive

2
= wi(®)w;(9)wi; (V)
ij—1

wij (9) :=//(90¢(yﬂ9)—emw@ﬁ))-(w(y,ﬁ)—eAj%j(%ﬂ)) Qa(dz, dy).
0 0

In the following, we explicitly compute these integrals, starting with wy;. If we take a look
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2 Martingale estimation functions for the Bessel process

at the proof of Theorem we recognize the already calculated value

wll(ﬁ):77<1_
0 0

For the next term wy2(¥) = w21 (1), it holds

2 2 2 —4aA
N _1l-—e
‘ (1 ﬂ+&)> Qalde, dy) = =575
/:/(wﬂyﬁ)—6_MA¢Nwﬂ%)(¢x%ﬂ)—6_%A¢ﬂxﬂﬂ)Qa(¢mdw
00
© e 0e%) /901 z,9)p2(@, V) py(x) da
0

(20 4 otad) / / o1y, O)pa(, )Qa (e, dy)
0 0

o

8

b
(_) _(e—ZaA —404A (101 ()02 x ﬂ)QA(dZL‘ dy)

0\8 o

(1 ] 1) polA,2.) dypa(ar Do)

0

)

( —2aA —4aA /
0
[e's)

—~

©) (¢—208 4 g—daly = x)p2(x, V) py(x) da

0
[
A

(6—204A 4o 22e —2aA +1— 6—206A> @Z(xa 19)/119(213) dx

v+1

2,.6

_4ch +€—6aA < 2 alr ) ( )d
X i
0+1 CECED) A

0
a —4aA+e—6aA x
(©) ale )/ﬁmxﬁuﬂ)d
0
i/
0

—4aA 6aA
@5—7523——W+1—ﬂ0+m+0+ﬂ
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2.4 Estimator based on two and more eigenfunctions

and similarly we obtain for waa (1)

// (p2(y,9) —6_4O‘A<p2(x,19))2QA(dx, dy)
0 0

@ _SQA /cp% x,9)puy(x dx—26_4°‘A//g02 x,9)pa2(y, ") Qa(dx, dy)
0 00

1 2*26_80‘A
S WH1)W+2)

For the last equation we verify the two integrals separately

o

//902(x719)902<y719)QA(dx7 dy)
0

_ 20 o a? 4
= / (1 R + mx >¢g(w,19)p,9(A,:C,y)u,9(:c) dydz
0

(c) 2c T

—_— 2 —
- TUr1 Ey(XA | Xo = z)pa(x, V) py(z) dx

0
Tornw+ 19+ 2) / E9(XA | Xo = 2)pa(, ) pg(z) da. (2.12)
0

We contemplate

\-'8

Ey(X3 | Xo = z)pa(2,0)py(z) dz

/Oo(ﬂezm E(eﬂaa _ 1)> o, %)y (z) dz
0

0

g

(%

o0

—

= 62%/%2902(1‘719)%9(@ dz =0
0

~

and if we directly omit in the integral (2.12]) the summand of

Ey(XA|Xo=1) =e "2t + é (1 — e 208) | (20 + 4)e 20852
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2 Martingale estimation functions for the Bessel process

L0+ 12)29 +2) (1 3 6_2a(t_t0>)] ’

which is independent of x, cf. Example we obtain

[e.o]

/ E (XA | Xo = 2)p2(z, )y () dz

0
00

P ea(a, (o) da e [ gl Dpao(a) da
0

(©)

0o
20+4 (672OLA o 67404A /
«

0

oAl [ gt (@, 9) g (z) da

4aAo/x4 (1 19+ 1w +Cf§f;+z>) o () da

() e—4al
= 5 (O + D@ +2) =200+ 2)(9 +3) + (9 4 3)(9 + A)]

6—4aA

=— (0% + 30 4+ 2 — 9(J + 3)]
267404A

a2

Consequently, we have

2c a? Q¢4

I S R T § TRy B>
26—4aA
CERICED)

//mﬁm y,9)Qa(dz, dy) =
0 0

Therefore, we are left with the task of calculating

o0

/ A, O)pp(x) do =

0

@2() (201(2) — 201(x) + @2()) po () da

o0

/
{W (= 201(2) + pa(x)) po(z) dz
0

=
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2.4 Estimator based on two and more eigenfunctions

[e.o]

—

C

~

4
z)d
(19+1 )0+ 2) /x ol .
0
e 22
D+)@12) @ @+D@12)

1]
o

Ultimately, we receive

™ 9 e 26—4aA
waal?) = (1+¢7°%) oo — 2
1_26—80¢A
ICERICESN

Our aim is now to find the w;’s which lead to the smallest asymptotic variance as A — oo.
Therefore, we define for fixed ¥ € © the approximating functions

wi (V) 203 (9)
911 (W10 +2)

~ w1 (9) wa (1)
Flon,we) o= 5o + W+ 10 +2)

U(wr,w2) =

for which

v(@) B

PO pw|

aA—00

holds. This property justifies the search for the global minimum of

(w1, wo
(wl, LUQ) — %
f?(wi,w2)
To establish the minimum we first simplify the function
~ w 2w?
U(wi,wa) 741 T o

~2 i
Flove) (4 + geite)

(9 + 2)w? + 2w?
= (¥ 9
@10 +2) ((19+2)w1 +w2)2

o t(w1,w2)
= (W+ 1)+ 2)71"2(&)1,@02)
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2 Martingale estimation functions for the Bessel process

and determine the first derivatives

f3(wi,w2)

i 5((}.}1, WQ)

O fQ(wlv O‘)?)

=0+ 1)(9+2)
209 + 2wy - ((04+201 + wa) — ((L+2)07 + 2w3) - 2(V + 2)
((29 +2)w; + w2)3

wiwg — Qw%
((29 +2)w; + wg)?’7
s (9 + 2)wy + wg) — 2((0 + 2)w? + %) - 1

(0 + 2)wr +w2)®

2wiws —w%

(9 + 2wy + LUQ)S‘

=209+ 1)(0 + 2)*

i 5(&)1, WQ)

Oun fQ(wlv w2)

= (0 +1)(9+2)

=20+ 1)(9 + 2)?

Taking into account the properties of the w;’s in Theorem [2.11] we get as possible minima

wy = 2w9 # 0 with value

U(2wp,wa) 200 +1)(0 +2)
F2(2ws, ws) 20 +5

In order to check if we indeed have minima, we consider w; # 2wy and see

(20 4 5) (9 + 2)wi + 2(29 + 5)w}
(20 + 5) ((29 + 2wy + wg)Q
20+ 2)2w? + 4(9 + 2)wiws + 2w%>
(20 4 5)((9 + 2w + w2)”
(9 + 2)w? — 4(9 + 2)wiwa + 2(209 + 4)w3
(20 +5) (0 + 2)wr + w2)2
w? — dwwy + 4w3
(20 4 5) (9 + 2)wi + w2)”
(w1 — 2w2)?

(20 4 5) (9 + 2)wi + w2)” =0

= (9+1)(0 +2)

=W+ 1) +2)?

= (0 + 1)(0 + 2)2

Hence, these critical points are global minima. Finally, we may specify the improvement

of the asymptotic variance

209 + 1) (9 + 2)
20 + 5

20+5-2(0+2)  J+1

941 =
+ 20+5 20+5

>0

— (9 +1)
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2.4 Estimator based on two and more eigenfunctions

if we consider the asymptotic behaviour A — oco. Hence, we see that the relative im-
provement in comparison to ¥ + 1, the bound of the asymptotic variance in the case of

only one eigenfunction, is ﬁ and decreases as 1 increases. However, for the boundary

1
—3

Dunkl process equals a Bessel process, we still preserve an improvement of 20% in case

case ¥ = we get an improvement of 25%. Recalling that the Euclidean norm of a
¥ = 0, which for a Dunkl process separates between finite and infinite jump activity.
In Figure the asymptotic information, the reciprocal of the asymptotic variance, is
visualized for various ©. We can distinctly see that especially for A > 1 not only the

absolute, but also the relative improvement decreases significantly with increasing o.

25t 7

asymptotic information

Figure 2.2: Comparison of the asymptotic information from Theorem (solid line) to
the one from Theorem (dashed line) for w; =2 and wy = 1.

As a second step we may consider weights which also depend on the observations. Note that
though we may determine the optimal weights as solutions to a system of linear equations
with coefficients depending on higher order conditional moments, which is theoretically
feasible, we cannot provide an explicit result for the optimal asymptotic variance. Hence,

we are not able to quantify the improvement compared to the simpler weights before.

If we take into account weights w? that additionally depend on the trajectories, that is if
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2 Martingale estimation functions for the Bessel process

we consider estimation functions

n 2

Z Z w;(X(i—l)Av 79) (¢J (XiA, 19) - G_Aqubj (l‘, ’19)),

i=1 j=1

the optimal weights are specified in (2.7) by an equation

*
up wz ) (wi\  [wn
ui2 uz2 ) \wj v

Now, we evaluate the elements of this matrix. By means of the calculations from Sec-

tion [2.2] we recognize

% Q
<P1(yﬂ9) —e€ 2 A@l(x719> - _m<y2 — Eﬁ(Xi ’XO = .’IJ)>7

which implies

upp(z,9) = Eg((g@l(XA,ﬁ) — e_QO‘Agol(:U,ﬁ))2 | Xo = :U)
2

(0% 2
ST IR
OZ2 2
(1_6_206A)2 + 2az’ (e—2aA _e—4aA)
N J+1 (¥ +1)2 '

Using Lemma [2.4] we evaluate

un(e, 9) = B (p2(Xa,d) = " a(a, 9))*| Xo = )

zz m((m(xA,ﬁ) — Ey(pa(Xa,9)| Xo = 2))%| Xo = x)

a?
= Eﬁ([MM(Xi — E9(XA| Xo =)

2 2
— (XA - Eg(X% | X0 = x))] ‘Xo - a;)
ot 402
(9 +1)%(9 +2) Vars (X3 [ Xo =) +
403

CWF1)2(0+2) (Eﬂ(Xg|X0 =) - Ey(XA|Xo=12)Ey(XZ|Xo :x))

WV&I‘&(X% ’X(] = x)
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2.4 Estimator based on two and more eigenfunctions

and similarly

uie(x,9) = Eﬁ((@l(XA, ) — efzaAgol(ac, 19)) ((pQ(XA,ﬂ) - 674O‘A<p2($,19)) | Xo = w)

24 a? 9 9 A .
2 T Il%((xA — Eo(X3 | Xo =) (X4 — Eo(X4 | X0 =) | Xo :x>

202

(¥ +1)?

2
+ Eﬂ((Xi—Eﬁ(Xi|X0=$)) |X0::L“)

3

_’(19+1)2(19+2)<

E(XR | Xo =) = Ey(X& | Xo = 2) Ey(XA | Xo = 7))

202 9
+ mV&I‘ﬁ(XA |X0 = .’E)

All these conditional expectations within the matrix can be calculated but this notation

is more concise. We can easily work out

vi(z,9) = —Ey ((98@“ [gol(XA, J) — e_QO‘Agol(x,ﬁ)] ‘ Xo = x)

= _Eﬂ<8819[1— ﬁilXi—e_Qo‘A(l—ﬂLng)} ‘Xo :ZL‘>

a — szl
=~ 1 (Bo (XA 1 Xo =) —e720%?)
_19?- ; (x2€—2aA _ 19;_1(6—2(1A —1) - e—zanz)
1_6—2aA
T 0+1
and
9 —4aA
va(x, ) = —E@(w [(pg(XA,ﬁ) —e (pg(x,ﬁ)} ’Xo = :1:)
BN L PR 1 4
= Eﬁ(aﬁ[l IS R A Y sy
P Te AN o 20 2 Oé2 4 —
¢ (1 91" +(19+1)(z9+2)x>HX0_m>
2
=TT T (Be (KR Xo =) —emtoda?)
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2 Martingale estimation functions for the Bessel process

(29 + 3)a?
(0+1)2(0 4+ 2)?
20 “2aA 2 —dan 2 VH1 o oA

( e x + > (1—e ))

E (X4 | Xy = z) — e o2 g*
(Eo(X4| X0 =) )

g+

W+ 12\

L (@43 (1-emd
(9 + 1)2(0 + 2)2

— 20 (67204A o 674O¢A)x2< — 1+ 29 + 3)

X

) (2(19_1_ 2)e208,2 | (0 +1)(¥+2)

(1 — e_ZQA))

200

(9 +1)2 v +2
_1—6—206&( 2043 (1—6*20@))
9+ 1 2(0 + 2)
—2aA _ _—4aA 29 1— —2aA
= L(QOHZQ— +3) — c (219+5).
0+ 1)(0 +2) 2 200+ 1)(0 + 2)

From these formulas, we can determine the optimal weights, which we omit for the sake

of simplicity.

Finally, we examine the martingale estimation function that incorporates m eigenfunctions

¢; and weights w; depending on the parameter of interest:
Crm(9) =Y Y w;(0) <<Pj(Xm,’l9) - eikjw)A‘Pj(X(ifl)Aaﬂ)) :
i=1 j=1

With the consideration of up to two eigenfunctions, we could simply determine the values
of the asymptotic variance when the weights w; are independent of the trajectories. In
the following, we notice that we can still calculate the associated asymptotic variance for

all m, but this requires computing E (XZT7 | Xo = :1:) forallp=1,...,m.

Theorem 2.12: Assuming that the weights w; are bounded and continuously differen-

tiable with bounded derivative for every j = 1,...,m such that
o 9 =3 (S p@1 - ) ) B D
m\W1, ..., Wm, T s j:1w.7 € T l'('ﬁ‘i‘l)l

does not vanish at ¢, there exists a solution of

o~

Gn,m(ﬁn,m) =0
with a probability tending to one as n — oo under Py, such that

(i) lim 7/5717771 = 1 in probability,

n—oo
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2.4 Estimator based on two and more eigenfunctions

(i) lim /A — o) =N (o M) in distribution

n—oo ’ fr%z(wl"")wm)ﬂo)

under Py, with

J — iVl o
l/ij(?g) = — (G*Aiﬁ + efij) Z %/¢Z(x,ﬂ)Eg(Xil | Xo = 56)#19(58) dx
0

for 1 <iz#j<m.

Remark: Due to the symmetry v;; = vj; it is enough to calculate v;; for i < j.

Proof: We again verify (i) to (iv) of Condition For the notation we recall Section

WE

g(l’,y,ﬁ) = g](l‘7y719)

1

<.
Il

i
NE

w;(9)(p5(y,9) — e M Bp5(,9)).

<.
I
—

First, g;j(z,vy,-) is obviously continuously differentiable on © for every =,y > 0 as the
sum of products of a polynomial and a continuously differentiable function which ensures
Condition (i). Next, we need the boundedness with respect to ¥ of %g(x, y,v). For

this purpose, we take a closer look at the eigenfunctions
J

iz, 9) = Z mm#y.

=0
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2 Martingale estimation functions for the Bessel process

The parameter ¥ appears here only in the term ﬁ. Owing to the condition on the
weights, we confine the boundedness of % g(z,y,7) to showing that %ﬁ is bounded,
which we prove by induction.

The initial case [ =1

9 1 1 _ oy
099 +1  (9+1)2 (%)2_

is trivial and thus we can assume there exists an [ € N such that
0 1
09 (9+1)| —

holds. The induction step follows immediately:

‘81
90 (0 + 1)141

B 1
80+1)(19+l+1)'

1 n 1 2 1
9 (19 1l ’19—|—l—|—1 (19—}—1)5 099 +1+1

1

+

1 1 1
19+1z> D4+1+1 (O+1)(0+1+1)2

(5
(5

IN

C
+

=: Cly1.
2
RN (l+)

For the above inequality, note that (¢ + 1); is a polynomial in ¢ + 1 > % with positive

coefficients and thus monotonically increasing which means

1

1
ECERVINC))

for every ¢ > —% and [ € N.

For the verification of Condition (iii) we check

fuorseesom ) LY [ [0 (03(0,0) = 2 (0.9) @4 (A, ap).
0 0
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2.4 Estimator based on two and more eigenfunctions

By using the symmetry of Qi and straight forward calculations we derive

> 0/ 0/ y0)- 2 (0 0.9) — %, (,0) QR (. )

j=1
— gwj(ﬁ) (1—e M%) 0707 <£9soj(% ﬁ))QZ(dw, dy)
= gwj(ﬁ)(l —eNiA) ZZm(m, ) d 0. ) uole) do

25 ]z;wj(ﬁ)@ — e NA) ;<£9(ﬁ(ljf)lll!>(ax2)’uﬁ(x) dz

- éijm e ; (370 0/ (aa?) o) da

= gwj(ﬁ)(l —e %) ; <a(29 (19(;]1))[lu> (@41

- S-S B

- lf; (jzl;%(ﬂ)(l — e’\jA)(—j)l>m = fn(Wi, .. wm, D).

Finally, Condition (iv) is obviously true, that is, the finiteness of vy, (w1, ..., wm, Jp).
We are left with the task of verifying the formula

! )\ N\
vij(¥) = // (cpi(y,’t?) — e R, v“)) (soj(y,@?) —e AJAsoj(rc,ﬁ‘)> QA(dz, dy).
0 0
Using the symmetry of QZ and that py(A, z,-) is a probability measure leads to

[ [ (0.0 = 20iw0) (o0.9) - 2 50.9)) QA ay)
0 0
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2 Martingale estimation functions for the Bessel process

= (1 e N8 /301 z, 0)pj(,9)pg(x) dz
0

— (7N 4 e //% z,9)p;(y,9) QA (dz, dy).
00
The integral
/soz z,9)pj(z, V) py () dz
0

vanishes for ¢ # j, cf. [55, 15.13 The Spectral Representation of the Transition Density
for a Diffusion. Eq. (13.9)]. Next, we derive

rr _ I , d (—J)i NP
iz, 9) 0 (y, ) QA(dz, dy) %(w,ﬁ)zrr Dy (@) @Al dw, dy)
0 0 0 0

B, (X3 | Xo=)
_ zj:(_j)lo‘l /oo A 9) E o (X3 | Xo = @) () da,
0

which completes the proof. ]

Considering a Dunkl process (E;):>0, we can transfer this result as well to estimate the sum

of multiplicities k. For this purpose we set (X;) >0 1= (e*atHEexp@m H)t>0 to receive a
2a -

modified Bessel process with index ¥ = k + % — 1. Under the conditions of Theorem

and for the corresponding observations of the Dunkl process there exists the estimator

1/9\n,m with a probability tending to one as n — oo under Py,. We can define

~

~ N
/ﬁ;n’m = 1971,771 - ? + 1

for which we have

(i) lim R, = Ko in probability,
n—0o0
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2.4 Estimator based on two and more eigenfunctions

U (W1, wm o+ — . L. .
(ii) lim /n(Rnm — ko) =N <O (e oy 1)> in distribution

? N
n—oo f72n (W17-~-»Wm750+7—1)

under Py, g, with the functions and conditions specified as in Theorem Analogous
to Section similar results hold for

]/\\fmm = 21/9\n,m — 2K + 2.

In each of these results concerning the Dunkl process, the process can be replaced by the
corresponding multivariate Bessel process since these processes have the same Euclidean

norm.
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3 Estimation of the Cox-Ingersoll-Ross
process under high-frequency sampling

In Chapter [2| we investigated martingale estimation functions for a stationary version of
the classical Bessel process. These estimators depend only on the square of this process,
a Cox-Ingersoll-Ross process with parameter § = (29 + 2,2«,4), see Example We
already estimated the first parameter at low frequency data. Furthermore, we presented
a martingale estimator for a modified polynomial process as well, whose (1 — p)th power
is a Cox-Ingersoll-Ross process. Accordingly, in the specific case p = 0, the modified
polynomial process is itself a Cox-Ingersoll-Ross process. We now focus immediately on

the Cox-Ingersoll-Ross process and estimate all three parameters at high-frequency data.
The content of this chapter is partially incorporated in the paper

Estimation of ergodic square-root diffusion under high-frequency sampling
Econometrics and Statistics Article Number: 346 (2022)
Yuzhong Cheng, Nicole Hufnagel, Hiroki Masuda.
Yuzhong Cheng wrote his master’s thesis based on this cooperation, [20]. The simulations

are available through the yuima package in R, cf. [45] [46].

3.1 Gaussian quasi-likelihood function and existing results for

the Cox-Ingersoll-Ross process

In this section we present a classical method from statistics applied to stochastic processes:
the Gaussian quasi-likelihood method. This method is another alternative to the maximum
likelihood estimator, such as in the previous chapter, when the density is unknown or too

complicated.
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

We consider observations Zy, ..., Z;, of a stochastic process (Z;):>o depending on a pa-
rameter of interest § € © C R? For a Gaussian approximation, we assume that the

conditional mean as well as the conditional variance are known, that is,

:ujfl(e) =K (th |th71)a

/ 2 (3.1)
Uj—l(e) := Var (th |th71) =E ((th - lujfl(e)) |th,1>'

The Gaussian quasi-likelihood function (GQLF) is then defined by
H,(8) = Y log (& (21, 115-1(0),031(0)) ).
j=1

This estimation function looks similar to the log likelihood function. The only difference
is that we approximate the density function by the Gaussian density ¢(-, 1, 3) with mean
vector p and covariance matrix . The Gaussian quasi-maximum likelihood estimator
(GQMLE) is any
§n € argmax H,,.
o

The existence and properties will be discussed later in our specific setting. It is well-known
that the GQLF works effectively for uniformly elliptic diffusions with coefficients smooth
enough, see [58, [88]. Even when the diffusion coefficients are not uniformly elliptic, it is
quite often assumed that the inverse of the diffusion coefficients can be bounded above
by a constant multiple of the function 1 + |x|® for some C' > 0. In the following, we will
deal with a process that does not satisfy any of these properties but nevertheless receive

asymptotic efficiency using the GQMLE.

We now recall the diffusion introduced in Section that is, the Cox-Ingersoll-Ross

process satisfying the stochastic differential equation

{ A2, = (a—pBZ,)dt+/~Z dB,, 52)

2o zo > 0,

where (B¢)¢>0 is a Brownian motion. The parameter of interest is
0:=(a,,7) €O C (0,00)3.
Through this chapter, we assume the process to be stationary, in formulas Zy ~ my,

where my is the invariant measure specified in Section [1.5] For simplicity, we regard only
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3.1 Gaussian quasi-likelihood function and existing results for the Cox-Ingersoll-Ross process

equidistant times ¢; = jh and consider high frequency data, in formulas h = h,, — 0 and
T,, := nh — oo when n — co. As mentioned in Section the origin is non-attracting
for 2a0 > «y. Here, we assume an even stronger property that the parameter space © is a

bounded convex domain satisfying

O C {(a,B,7) € (0,00)% : 2a > 57} . (3.3)

proofs later. We then have 2 < %(2—0‘ — ), hence in particular Lemma iii) holds for

v

This choice of the parameters is important for the application of Lemma [1.8| within our
<
p = 1,2, respectively Lemma (iv) works for every p < 5.

Recalling the parameters of the modified polynomial process in Chapter [2, we recognize

that its (1 — p)th power is a Cox-Ingersoll-Ross process with parameter

9 = <1;p(219+ 1-p),a(l—p),(1 —p)2> )

where the condition on the right-hand side of (3.3) is fulfilled if additionally ¥ > 2(1 — p)
holds. Especially, we can apply the following results in this chapter on the modified

polynomial process and in particular on the modified Bessel process, case p = —1.

Next, we specify the GQLF for the Cox-Ingersoll-Ross model. Therefore, we recall the

conditional mean and the conditional variance from Lemma [T

pi—1(a, B) = e_ﬂhztj,l + %(1 — e_ﬂh), (3.4)
a0 =3 (1= ) |z g (1) (35

In particular, the conditional mean is independent of the diffusion parameter v. Using

these expressions we receive as GQLF:

H,(0) = Z log ((Z) (th,,u,j_l(a, B), 0]2-_1(«9)) )
j=1

o5 (et )

i=1 i

= —nlog (\/ﬂ) —5 znjlog ( (1 _ 6—5h> [6_6thJ1 + % (1 _ e‘ﬁh)} >
j=1
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

n Zy —ePhz  —2(1—e PP
_ 1 Z < t ti—1 ﬁ( )) (36)
2+ (1 — ebh) [e—ﬁhzt (1 e*ﬂh)}
Then, the GQMLE
5n = (&n,ﬁnﬁn) € argmax H, (3.7)

)

exists obviously since © is compact and H,, is continuous. As we lack the uniform ellipticity
condition for the present model , we need to take care of the irregularity of the diffusion
coefficient when proving moment bounds and basic limit theorems. The GQMLE 6A?n cannot
be given in a closed form because of its nonlinearity in the parameters. It is well-known,
see Section [I.5] that the Cox-Ingersoll-Ross process has a noncentral chi-squared transition
density and hence is far from being Gaussian. Nevertheless, this local approximation seems

natural since the driving noise is Gaussian.

However, as in [72], Section 3], we will first introduce the explicit initial estimator 507,1 =
(a[)’n, go,nﬁo,n)7 defined below, since it is easily derivable. Its asymptotics are rather
similar [72], even though we need to take care of some moment bounds in the present

high-frequency setup.

First, we look at the drift parameter (o, 3). We introduce the conditional least-squares

estimator (Q,p, Bo,n) defined to be a maximizer of
2
Hl,n(aa ﬁ) == Z (th - )U“jfl(O@ ﬂ))

_ Z (th B e‘Bthj,l _ %(1 — e—ﬁh)>2,

which uses only the conditional mean pj;_; so that we receive an estimation function

independent of ~.

Lemma 3.1: The least-squares estimator is given by

~ Zn — e PonhZ!
Qg n - — = 0,n»
’ 1 —_ e_ﬁo,nh ’
n /
1 ) (th—l - Zn) (Zt Z”)
Bon i=—7log | =
h
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3.1 Gaussian quasi-likelihood function and existing results for the Cox-Ingersoll-Ross process

7

j—1°

_ n o
with Z,, = % Z th and Z;L — %
=1

-

J=1

Proof: Initially, we identify all critical points by calculating

) 2(1—ePh) & _ a B
%Hl’”(a’m _ ([3) JZ::l (th e Bthj_l - E(l e ﬁh))

which is zero only for

Z (2t _Z:z) =0,

j=1

which we will often use in the following to

specify the value of [ such that
VH, , (ao(ﬁ), B) =0 holdsﬁ Therefore, we derive

;HI,R(OQ 5)

y - () _
sy = 2By - T ()

=1

—Bh _ e Bh
. <h€’Bthj1 - OZO(/B)S (ﬂh —;21 ‘ ) >

n

(13.8) _ — _Bh
23 (2, -2y, (Zu—e™7Z,))

j=1

=0 (Bh + 1 — =5
& (&
: <heBth]'—1 - QO(ﬁ) ( BQ ))
n

13.9) _ - _ —
~2he N (% = Z = M2y~ 7)) 2y

=1

4In this chapter we use the notation 0 for the multidimensional origin.
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

Since the factor 2he™P" is positive, the term is zero only if

M=

th—l (th - 7n)

e Bh _ Jj=1
n —
'21 Zt],1 (th71 - Zn)
]:
n
Zi =22 -7
" ];1( tj—1 n)( tj ”)
= — —
= (th,l - Zn)

leading to the closed forms of &y, and BO,n specified in the statement. Now, we verify
that the Hessian matrix is negative-definite:
82

@Hl,n (ao,n, B\O,n) = -2n

1 _ 7BO,nh 2
/BO,n

Furthermore, we require

0? o~ o (0 o~
mﬂl,n (ao,m/@O,n) = % (wHL” (Oéo,n,ﬁo,n))

O N )

j=1 (@,8)=(80,n,B0,1)
d1—ePh BO n 0 ~ -~
(=== L U
(75 )| . T gaBn(aon o
B:BO,TL 0
2 1 _ e_BO,nh n ~ . e_Bo,nh e h + 1 _ e_go,nh
+ Q Z (he_ﬁo’nhztj_l — Qo (60,71 - ))
/Bo’n _]:1 BO,'I’L
_ 21— et o—Bonh (hZ' Qo (Bouh +1 - 6_507"’1))
= n =
BO,n BO,n
and
02 -~
TBQHl,n (Oéo,n, Bo,n)
0 < —Bh aO,n —Bh
= —2% Z (th — € th71 — 7(1 — e ))
j=1
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3.1 Gaussian quasi-likelihood function and existing results for the Cox-Ingersoll-Ross process

. <he—/3th PG 6‘“)))
j—1 n

2 —~
p (0,8)=(@0.n,B0,n)
n ~ _B\O nh 2 _ —B\O nh 2
Aok e P (60,nh—|—1 e~ o, )
= —QZ (he Po, th_l — 0o,n 3\2
j=1 0,n
n A a —~ 2
B SO T Y
j=1 0,n
—~ _BO nh . 2 2 — 2 B\O nh
e P h* —2 h 4+ 2ePont — 2
. ( . th_BO’”thv | —Qon ( BO,n AB/BO,n ) )
ﬁO,n
n ~ “ By kN 2
—28y mh ~ 60, h+1—e Fon
— gk Y (thj_l o
7=1 0,n
n R ~
A h 1— _ﬂO,nh .
— _90—2Pon (Z hQZt om Bon +A2 e hZ;L
/BO,n
N h+41— e Ponh
+ nag,n (607” A ) )
0,n

The second-last equality is valid since VHj ,, (620,”, B\O,n) = 0. To obtain the determinant

of the Hessian matrix we calculate

0* ?
<8 8IBH1 n(a()anO n))

_ (1 6_30’",1)26—250,”;1 (hZ/ _ Qop (Bonh +1 — e‘go’nh) >2

22 n 22
60,n 0,n

An2(1 — e Ponl)? _ Bo.h 41— e Ponh
_ ( ~ ) 6—250,nh <h2 (an)2 _ 25[0@ BO,n +A2 e ;l
BO,n ﬁo,n
~9 (B\O,nh +1-— 67[30’”}1)2
+a On 4
60,71

and conclude with the Cauchy-Schwarz inequality:

92 92 o2 2
<a 2H1 n(a0n7180n)> <8B2H1 n(a0naﬁ0n)) - <a 65H1 n(a0n7180n)>
(1—ePonhy? - n

—2Bo,nh 2 7/ 2
R (02, - )
BO,n

— 4}?
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

2 (1 —e nh —250 nh Y i
=4h 72 Z Zi ~ (2%
0,n j=1
1— e*’ﬁ\o,nh —~
> 4h2(/\2)6_260’"h(n —1) Z Z; >0
0,n =

Hence, the Hessian matrix is negative definite and we indeed have a local maximum. Since
the function H, is continuously differentiable on R? and we have just this critical point, it
is indeed a global maximum. Otherwise, if there exists another point where the function
has a greater value we would get a saddle point using mountain pass theorem, see [7] and

[9, Theorem 5]. This would be a contradiction since we do not have a saddle point. [

For the estimation of the diffusion parameter v, we substitute (o, Bg,n) into (a, ) in
the GQLF (3.6) and denote the resulting function by Hs ,,(7):

Ha. 1 (v) := Hi (@0, Boms )

n
= log¢ <th,,uj,1(a0,n, Bon)s 031 (@0, ﬁo,nﬁ))
=1
1 ¢ ~
= —nlog (V2r) = = ) <10g032'1(a0,n,50,n,7)

2 <
7=1

1 R ~
4 — — (th — uj—1(040,n750,n))2>-

‘732'_1 (ao,m /BO,na 7)

We are looking for a maximizer here as well. Via the representation of 0']2-71, see (]3.5]), we
immediately recognize

%2(6,) 1

o? (e, B,7) 7

and deduce

) no1l e 1 ~ 2
7H2,n('7) =—s-+ 5~ = (th - ,Ujfl(ao,mﬁo,n)) )
Y i=1 0j-1 (aO,na BO,na 'Y)

which is zero only for

;Y\O 4 Z (Zt~ - Njfl(ao,mgo,n))Q (3 10)
no= = — — . .
- 1 _ e—Bonh ) (6—60,71th]_71 + ;BOOZ (1 — e—ﬁo,nh))
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3.1 Gaussian quasi-likelihood function and existing results for the Cox-Ingersoll-Ross process

Moreover, we derive

H? = n 1 < 1
WHZn(mn) = -

~ = 2
= Zy; — pj—1(Qon, Bon))
2 =5 — — ( t Hi—1\&0,n, Po,n
2707" ryO,n j=1 032'_1(040,%7507717’70,71) ! 7

n 2 0 n
=—— — | =Hon(Gon) + == )
2, Jom (87 nOon) + 2

)

n n n <0
=52 T =2 T T5=2 ;
2 0,n ’YO,n 270,71

so that (3.10) is a local maximum of Hy,. Additionally, lim Hs,(y) = —oo due to
y—00

lim 0]2-_1(04, B,7) = oo and similarly lim Hy ,(y) = —oo leads to a global maximum of
Ely-]?oo ¥—0
2,n-.

Raymond J. Carroll and David Ruppert call this a pseudo-likelihood method, see [18|
3.2 Pseudo-likelihood estimation of variance functions]. Next, we examine the asymptotic
behaviour of the estimator 50,11 = (&07n,§07n,7y\0,n). In [72], although this estimator is
introduced, asymptotic normality is shown only for the preliminary estimator (&g, //B\O,n)-
We do not show asymptotic normality below since we do not need this for our results,
which overall leads to a different proof than one finds therein. For the asymptotic proof
we will apply the delta method, [86, p. 73].

Theorem 3.2: Given random variables (X, )npen and X with values in R?, a function
g : R? — R? differentiable in @ and a real sequence (¢, )nen satisfying nh_}n(a)o ¢, = 00, then
from

lim ¢, (X, —a) =X

n—oo
in distribution follows

lim ¢, (9(Xn) —g(a)) = (Dg(a))TX

n—o0

in distribution, where D denotes the total differential.

For the following proof, we introduce some Landau symbols for a random variable ¢,,. We

write ¢, = Op(ry,) for some positive sequence r,, > 0 if limsup |r, 1¢,| < oo in distribution
n—oo

and ¢, = op(ry) if li_>m 7 1¢,(0) = 0 in distribution, respectively. In case of a vector or
n [e.9]

matrix the notation should be understood component-wise. Furthermore, we define the
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

rate of convergence

Dy : = diag(\/ﬁa \/zTna \/ﬁ)

 diag(Vh, Viah, V). (310

=

Lemma 3.3: For every true parameter 6y € © the asymptotic
Dy, (00,71 - 00) = Op(l)

holds.

Proof: Step 1: We initially verify \/nh(gom — Bo, Qo — ao) = Op(1). We specify p :=
(o, B) € ©, C (0,00)% with ©, denoting the parameter space of p and py,, := (aoyn,ﬁo,n).

First, we want to rewrite the function H , in a compact way. Therefore, we define a few

objects:
e Ph
V(p) = V(a,ﬁ) = %(1 . efﬁh) » Rj=1 = (th—la 1)
such that
zj-1V(p) = pj-1(p)
holds and by setting z, := (20,...,2n_1) " and y, := (Zy,,...,Z;,) " we receive

Hin(p) = ~llyn — 2V (0)II.

The corresponding estimating equation VH; , = 0 is equivalent to

0 = VHy, = Vi (= llynl® + 2(yn 2aV) — 12V |?)
- VV( — ||yn||2 + 2<z,1—yn, V> — VTzZznV>
= Q(z;—yn)—r — 2VTzIzn

= 2(zgyn)—r — 2(zgzn‘/)—r

The known solution f/\}l =V (pon), see Lemma is due to this new expression also given
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3.1 Gaussian quasi-likelihood function and existing results for the Cox-Ingersoll-Ross process

by V(pon) = (2, 20) "' 2, yn. Using Lemma (iii) we notice

gz%'go(z) dz szﬂ'@()(z) dz

n n
1 2 1
w2 D w2 Ly
=1 =1
n

1
. T .
lim —z, z, = lim

- [o@)
n=soo n e |1 > Z, 1 [ zmg,(2) dz 1
Jj=1 0
ao(2a0+70)  ao
= 265 Bo (3.12)
) Ik )
Bo

In particular, the determinant of this matrix is

a0(2a0+70) g _ a0 _

268 B 2B
By (1.10)), we have

Yn = 2,V (po) + Mp, (3.13)

where M,, = (Mml, ... ,Mn,n)T is defined by

tj
My, =0 / e~ (=) /Z,dB,

tj—l

and fulfills

q q
sup sup E (‘h*%Mn’j )Ssup sup E <’h1[Mn,j] 2)
neN1<5<n neN1<j5<n
t]‘ q
2
= sup sup E((hlfyg / ez(tds)/BOsts) )
neN1<j<n
tji—1
) L g
= sup sup /(h 12 / e~ 2 S)ﬁozds> T, (2) dz
neN1<5<n
0 tj—1
4 oo
sup sup ’)/21_67%50 2/zg7r (z)dz
= T o1.a [%
neNi<j<n \ © 2hBo 0

= sup sup
neN1<j<n

) 0
q
<21_62h,6’0>2f(é+2) Y
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

r(3+%)
g \2 "~ e
<% 1“(27") 2B<oo

for every ¢ > 0 due to Burkholder inequality in the first line and mean value theo-

e T—e Y

rem in the last line, which implies < 1 for every 0 < z < y. By an analo-

gous calculation, we again receive the finiteness by replacing M, ; with M, ;jZ;, ,. Since

{ (h— 3 My, 251, .7-"25].) forms a martingale-difference array satisfying

}1§j§n
la)

q
sup sup E (‘h*%Mngj_l) ) < sup sup Z <q> E (’h*%Mw
neN1<j<n neN1<j<n =5 \F

q 1
+ |h M2

)
< 00

for every g > 0 due to the triangle inequality and the binomial theorem, we conclude

2(V(P0a) = Vi) = /7 (2 2y = Vo))

O [ (T T GV o)+ 00,) = Vi)

Lr V7,
= (nznzn) ﬁZh 2Mn’j2j_1 = Op(l).

We apply the delta method, Theorem on the function (z,y) — (logz,y), reminding
T
Vip) = (e‘ﬁh, %(1 - e‘ﬁh)) , to obtain

nl_a _(— aov”h _ —Bonh _aLh _ »—Boh _
Jr (( Faal) = (<o), SO (1 Pont) = G o )) = 0,(1)

Another application of the delta method with the function (z,y) — (=%, —z) yields

er—17
_n ~ Qon 1-— e—Ponh ag 1 —ePoh
= % (ao,nh — aph, Bonh — Boh)

= Vnh <a0,n — a, Bo,n - 50) .

Step 2: Next, we verify v/n(30., —70) = Op(1). Before proceeding to the proof, we make
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3.1 Gaussian quasi-likelihood function and existing results for the Cox-Ingersoll-Ross process

a few remarks on the notation. To emphasize the independence of ~y, we introduce

c(z,p) = v to?(2,0), (3.14)

where 02(z,0) is defined by (3.5)), replacing Zy;_, by z and u(z,p) by (3.4) accordingly.
In what follows, we use pj_1(p) = (Zi;_y,p), a?_l(p) = 02(Zy,_,,0) and c;_1(p) :=
c(Z,_,, p) for a shorter notation. We recall

~ )2
Vn(Fon — ! \}Z( L Mj_j(pom)) —70>

cj—1(Po,n)

and split this expression in four summands which we will analyze separately:

NG 1(po) — j—1(p)
)= G A 2 o)

9

) — pi—1(po ) —v¢j—1(po)
Canle) fz ¢1(0)

2
. Z :Uj 1(po) — Hj— 1(p0 n))
s Cj— 1(Po,n) ’

Z C] 1 pO —Cj— 1(p0n))

Cj— 1(00 n)

(5 1),

—t Cj 1p0n

We can easily see

Gon(Pon) + Gan = \FZ ( — nj—1(p))” _%>

cj—1(Po,n)

and for the sum over the numerators with common denominator ¢;_(po ) we observe

2 ~ —~ 2
(Zt; = 1j—1(p0))” +2(Zt; — pj—1(po)) - (1j—1(p0) = tj—1(Pon)) + (1—1(p0) — tj—1(Po.n))
from GZ,n(ﬁO,n)‘i’G&n from Gl,n(ﬁo,n) frovaB,n

= (20 _, — 21j—+lp) Zt; + 15=1tp0)) + (224 15=1(P0) — 224, 15-1(Po,n) — 2u3=1{Po)
+ 2051 (P 1(00)) + (15=1(P0) — 2151 Lpe}T=T(Pon) + 13-1(Po.n))

= (Z, — pj—1(Pon)),
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

which implies

n o ~ 2
VitGion = 0) = =3 <(th taPon)) %>

Cj—l(pO,n)

In the following, we use the notation a, < b, if sup { = lneN } is almost surely bounded

~

by some universal constant. We start to bound G3, and G4,. For both we notice that

0< B3 _ _ Bonh _ _
= ¢j-1(Pon) (L—ePonh)[e=fonhzy, | 4 2 (1 — e~fonh)]
< _ BO”hA
= (efﬁo’”h _ 87250’"h)th,1
1

for some &, p, € (B\O,nh, 2/§0,nh> C (0,00) due to the mean value theorem. In particular,

&n,h — 0 almost surely for nh — oo while h — 0 and hence

sup | ——| <zt 3.15
neII\)I ci—1(pon)| ™~ fi-1 ( )
Therefore, we conclude
~ 2
G| < (1j-1(po) — 1j-1(Po,n))
" pOn h

Z ( —Boh _ e—Bo,nh)Z
— h
1 ( _ h O[O n _A h 2
- (1_6/30) v(l_eﬁo,n)) )
h 60 BO,n
The last inequality is valid since (a — b)? < 2a? + 2b? for every a,b € R and by virtue of

(3.4). Now, we analyze the two summands separately. By the mean value theorem and

the first step, we can easily see

(eBoh — e—,@o,nh)Q
< sup e

2 (Bonh — oh)”
) (s )? Bunh ~ B

h
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3.1 Gaussian quasi-likelihood function and existing results for the Cox-Ingersoll-Ross process

< h(B\O,n — Bo)2
= n‘l(\/%(ﬁo’n - 50))2
= n_lOp(l)

and analogously

1 (0‘0 (1 _ 6—50h) _ %(1 _ e_EO,nh))Q

E % /BO,n
< 2(@(1 — Py %(1 _ e*ﬁoh)>2 + 2 <aov" (1— e Foh) — %(1 _ eao,nh)>2
~ h\f Bo h \ Bo B\O,n
_ ~ o1 — e Poh\? o [(1—ePoh 1 e Ponh 2
= 2h(0¢07n - Oé()) (/Boh> + 2hC¥07n( ﬁoh — Bo’n )

—z\ 2 N
S 2h(&0,n — 040)2 + Qh&% n Sup <d 1-¢ ) (,Boh - ﬁo}nh)Z
" 2e(0,00) dx T

= 2h (3o, — 040)2 + 2hag , (Boh — B\O,nh)Q

2 N 2
=on~t (\/%(@o,n - ozo)) + 2h2n*1&87n (\/%(Bo,n - 50))
=n"10,(1) +n o, (1) = n 10, (1).

In particular, the last line in the calculations follows directly by the first step whereas
the third and fourth line are again valid due to the mean value theorem. Combining the

calculations implies

< 1

}G?),n ~ %

Op(1)

1 — 1 —
-1
n Z Ziy n Z th,l
7=1 7=1

and the terms in the brackets are Op(1) by the law of large numbers, Lemma (iii).
Likewise, by (3.5) and the mean value theorem we derive

1 & —Boh _ ,—2Boh *Bo,nh _ .—2Bonh
|G4,n| S ZZt-iﬂo< ‘ ‘ - = ‘ thfl
Vi Boh Bomh
e )
2 B2h 2 5§,nh

= \}ﬁ Z Zt;}f}/o <‘f/(Xn,h)| : }Bo,nh - 50h|th*1
j=1
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

(Vg (Ens Con) o (o — po)>\)

e —on N2
for the functions f(z) := % and g(z,y) := § - @ ;2 7 and some interior points Xp n

and &, 5. Since (&o,n, Bom) — (ao, Bo) we immediately observe x,, , — 0 and (fmh, Cn,h) —
(0, 0) for n — o0o. Therefore, the calculations

—2Xn,h (2 _ pXn,h
e Xnh — € (X +1) +1 3
f/(Xn,h> = ( = 2 = ) — =
Xnﬁ 2
(1—e Snih)
282, 1
Vg(gnvh Cnvh) = 672<7L,h(eén,}Lfl)(,Cn’h+e§n,}L,1) - 0
n,h CJ
n,h
result in
1 o ~
Ganl <= 3 (W1+ 251 o = o] + 12,1 o — o

1 _ - I~ - ~

- \/E<1 -2 th;> Vnh|Bon — Bo| + \/E<n > Zt],L) Vnh|agn — aol,
j=1

which is in O,(vh) due to the first step and the law of large numbers, Lemma (iii).

It remains to deduce that both G, (pon) = Op(1) for i = 1,2. We regard G, ,(p) as

stochastic processes in C(6,). Since Burkholder’s inequality ensures that G;,(p) = Op(1)

for each p € ©,, it suffices to verify the tightness of G;, in C(6,). In view of the

Kolmogorov tightness criterion [47], it is in turn sufficient to show the moment bound

36,¢,C > 0Vp,p' €0, sulp\)] E (‘Gm(p) - Gi,n(p')‘q) <Clp- p’|2+5. (3.16)
ne

We perform this calculation only for ¢ = 1, since it is similar in the other case. We can

easily derive

sup |Vg;-1(0)| S 1+ 25, + 72, (3.17)
pPEO,
for the function
Hji—1{po) — Hj—1{p
g]_l(p):2 J ( ) ] ()

Cj—1(P)
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3.1 Gaussian quasi-likelihood function and existing results for the Cox-Ingersoll-Ross process

Therefore, we simplify

—Bh

pi—1(p) B N s5(1—e )

cj-1lp)  1—e P doePe—fhy, | 4 2 (1— )]
15} Q

=1 _h " 2e PN Z;,_, + G(1— e o)

and then calculate

0 wia(p)| |1 12677 Zy  + §(1—e )] —a- (1 —e )
da cj—1(p) ‘ B ‘ (262, + 3(1 - e-oh))°
207,
B (2e7P1Zy,_, + 3(1— efﬁh))Q
Qefﬂthj_l
<2zt
and
0 Mj—l(P)’ _ ’ e Bh(Bh+1) -1 al —2he 7, +a- %]
08 ¢j-1(p)| p? (2e8MZy;  + 5(1— e=hh))?
oy 20he M2y Jae (B4 1)~ 1

~

+
(QG_Bth. )2 52(26_thtj—1)2
<1+Z_ -i-Z_

which completes the proof of (3.17). We remark here that the boundedness of ©, is

essential. Furthermore, we derive

E (1Z; = pj—1(p0)|?| Ze;-1) S B (124,17 + lj—1(po)|? | Ze,,)
E (12|71 Zt; 1) + |1j-1(po)|?
(+28 )+ (+2,.)")

S (1 + th—l)q

A

for every ¢ > 1. In particular, the inequality of the conditional expectation in the second-
last line was proved in [6, Lemma 4.2] whereas 1 4 27 < (1 + )9 is valid for every z > 0

due to the binomial theorem. By means of Burkholder’s and Jensen’s inequalities, we see
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

that

sup E (|G1n(p) — Gra(p)]?)

neN
_ Z‘QE E (‘ \}ﬁ Z": (95-1(p) — gi-1(0")) (Zt, — 1j—1(p0)) q)

S E (‘rll > (95-100) = 951(0)* (21, = 15-1(p0))”

q
2>
neN j=1

<sup*ZE(\gj 1) = 51 ()" E (17— i1 (o0 Zi,,) )

neN 12

q
< supfz E (SUp ‘ng_l(p)‘ (1+th_l)q> p—pJ

neN 1.2 j=1 pPEO,
1 & _ _
Ssup— S E (14251, + 252 ) (14 Z,2,)") Ip = 41
neN 1 2 j=1

o

1
= q_l/(1+x_1+$_2)(1+x)qw90(l~)d$.|p_p/|q
2

n
0

Sle—p'le

Similarly, we can deduce (3.16) for G, by using

L ~1 —2
sup v‘gz. v 72
pe6, | | cj1(p)| Tl T T
which completes the proof of \/n(5o, —70) = Op(1). O

We use the preliminary estimator (/9\0,17, in our following section. There, we show the asymp-
totic behavior of the GQMLE and consider one step improvements of our preliminary
estimator, which are asymptotically equivalent to the GQMLE.

96



3.2 Gaussian quasi-likelihood for the Cox-Ingersoll-Ross process

3.2 Gaussian quasi-likelihood for the Cox-Ingersoll-Ross

process

3.2.1 Asymptotics for joint Gaussian quasi-maximum likelihood estimator

The objective now is to deduce the asymptotic normality of the GQMLE 6,,, 3.7). In

this section we use the notation (, = Op(ry) if sup|Cu(0)] = Op(ry) and ¢, = oy(rn),
0cO

respectively, for some positive sequence r, > 0 and a random function ¢, on ©. We omit

p if ¢, is non-random.

For the proof of the asymptotic normality, we first turn to the consistency, which can be
derived similarly to [58], through applying the argmax theorem twice, see [65, Lemma 6.6].

In particular, we will often use the following argument, [34, Lemma 9).

Lemma 3.4: For a series of G; ,, 1= O’(ZS s < tj)—measurable random variables x;,, for

n € Nand j =1,...,n with a random variable x satisfying

n

nlgrolo E (Xj,n ’ gj—l,n) =X,
j=1

n

. 2
Jm ST E () 1G5-10) =0
j=1

in probability we have
n
dm > Xin=x
j=1
in probability.

Lemma 3.5: For every true value 6y € ©

lim 6, = 6,
n—oo

holds in probability.
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

Proof: At first stage we define

(Hn(ﬁna 7) - Hn(ﬁna ’70))7

(Hn(pv '/y\n) - Hn(pOa :Y\n))

Yl,n('V) =

Y2,n(fo) =

S|

|-

to rewrite
Hn(g) - Hn(QO) = nYl,n(ﬁy) + TnYQ,n(p)

Using the argmax theorem [65, Lemma 6.6], the consistency follows immediately if we can

find a suitable non-random function Y; g such that
lim sup ‘Yl n(y) — Ylyo('y)‘ =0 in probability,
n—oo 7697

argmax Y1, = Yo
and respectively some Yo with
lim sup |Y2n p) — ngo(p)’ =0 in probability,

n—o0 pE@

argmax Yoo = po.

Again ©, and O, denote the parameter spaces of p and +, respectively, so that © =
©, x ©,. In the following, we keep the notation of the proof ofLemma for p1;-1(p) and
032_1(0).

Case Y1 ,: We start by rewriting:

Bo) 1 ¢ o a3 1(po,7) (Zt; — pj—1(po))
Hinl7) = 2@%(1 g( o, (00) )*ai»_l(po,fy) 2 1<90>)

BY) 1 ¢ o (7 11 (Zt]-_ﬂj 1(po))”

B 2n;<lg<%>+(7 70) Yo 'o?_1(60) >

- g (2) - 3213 Bl

Jj=1
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3.2 Gaussian quasi-likelihood for the Cox-Ingersoll-Ross process

We can easily compute:

j=1 J
1 — <(Zt- — pj-1(po))" >
0<—-S E(24 ) Z
n? Jz; o5 _1(00) b
1 z": E ((th - Mj—1(ﬂo))4 \ Zt]’—l)
n? g% (1 efoh)?[e—fohZ, | + 29 (1 — e=Foh)]”

4
1 — [ ((th Hj—1 PO)) |th71)
3 .

n2 7 .
"iE 5—8(1—6 50h) e~ 2ohz2

Since E (( — i 1(p0)) | th71> is a polynomia in Zy,_,, we conclude

lim - E<(Z ~ #i-1(p0)) )Zt ):0
_1(60)

in probability according to Lemma (iv). Therefore, using Lemma results in

1 Z": (2, _‘le(PO))Q _

lim —
2—1 (90)

n—oo N

j=1

in probability. By defining

1
Yi0(7) := ) (log % + ? - 1>

we achieve

lim |Y1,,(7) — Y1,0(7)| =0

n—oo

in probability while the function Y; o is maximized locally at vy due to

8 - 1/1 Yo L -
5 Yol ——7(———2)—0 & 7=

2\y ~
0? 1 1 Yo 1
¥t (——+2—)‘ = <0,

5This can be derived by solving a feasible differential equation.
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

whereas the global maximum is justified by

hg}) Yi0(7y) = —o0,
7ll)n(;loﬁf'l o(7) = —o0.

Now, we focus on the uniform convergence of Y ,, and like in (3.16)) we verify the tightness

of Y1,,. Therefore, we calculate the derivative

n 2
0 1 Y0 (Zt' - ,Ujfl(p()))
Yin =| - — - /
‘3'7 ' (7)‘ ’ 2y 29%n ; 3 1(0)

B _ 2
1,1 (2, — "2, + G (1 — ™M)

B % + 2v2n Z 1—e—Foh [e—/ﬂ’ohz + o2 (1— e_ﬁoh)]
j Bo ti-1 " 2Bo

7=1
_ _ 2
_1, 1 DZE A (e Zy =GR (1 — emPoh))
2y 4%n o 2%’2(1 — e—foh)2
1

- Z ZZJ+ C Ty, ).
’Y =1

The last term has a common bound independent of v and n € N due to the parameter
assumptions (3.3) and the law of large numbers, Lemma (iii). Thus, we obtain the
analogous formula from ([3.16)) using the mean value theoremﬁ

Case Y, For the consistency of p, = (aQy, Bn), we introduce

1 A —~
YQ,n(p) = ?(Hn(p77n) - Hn(pOa'Yn))v
1 27t —1
V20(0) ==~ (0 — o) / (_1 Z>7r90<z>dz<p—po>
R
2f0
m 1 AT
= 20 (p— Po) (1 % (p — po)-

First, we validate argmax Yo g = pg. We compute its gradient

1 (522 -1
VYa0(p) = ——| > ) (p—po)
Y0 -1 B

In the formula of (3.16) we need to replace p by v and the exponent 2 + § by 1 + & due to a one
dimensional parameter .
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3.2 Gaussian quasi-likelihood for the Cox-Ingersoll-Ross process

and its Hessian matrix

1 (522 1
H - _ a0—"70 ,
Y20 (p) 7 _1 %

which is negative definite at po:

1 2080
Hy,o(p0));; = —— - =—2— <0,
( 2,0(p ))11 70 2060 _ ,.}/0
1 20(0 1 20(0
det (Hy, . (po :f(7—1)>—(——1):0.
(i (o0) 2 \2a0 — Y0 13 \ 200

Hence, we get argmax Y g = pg since additionally Y ,(p) < 0 and Y3 ,,(po) = 0 hold.

For a shorter notation we write 11,1 := pj—1(po) in the following to decompose:

n R 9 )
Voulp) & - 3" [log < 7j-1(07n) > GO Q)R O ), ]

2Tn j=1 032'—1(/)0’&71) 0]2_1(9,%) 0-]2'—1(/007/777)
1 — 2
1 -9 ~ -2 ~
= 00 = 1= 3 (1072 030) = 072 (0 30)) (2, — )

+

(Z, — wi-1(p))* — (Z, — Mj—1)2>
U?q(ﬂﬁn)

12 = 2m-1(0) 2y + 431 (p) = 2+ 251 Ze, — 15y

) )
= Y5 ,(p) + Y5, (p) — -
2, 2, 27, jz::l U?-fl(p,*yn)
n n 2 2
(1) @) 1 Hi—1(p) — pj—1 1 1i-1(p) = 1i4
= Yo (p)+ Y5 (p)+ =y L g NI s I
2, 2, T, ~ o (pAa) V2T, e a2 (0 n)
(1) @) 1 = pio1(p) = pj1
= Yy,(p) + Y5, (p) + = 1 Zy; — i1
2, 2, Tnz:: 0']2'_1(p37n ( J J )
L & iia(p) = 2 (p)ii—1 + pF
2T j=1 sz—l(p, :Y\n)
4
= Y5 (p) + Y5 (0) + Y (p) + Y5 ()
with
n 2
(1) 1 o5 _1(psn)
Y (p) 1= — o g( I
% 2T, j=1 0-32—1(p0a’7n)
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

2 1 - ~ ~ 2
Y5 (0) 1= =57 (072100 ) = 0721 (p0, ) (Ze, — 1)
v (p) = L i pi-1(p) = prj—1 (Z0 - 1y1),

2T, = ‘732'_1(pa§n) ’ "

Now, we examine these terms separately. Using Taylor expansion in h around zero leads

to useful formulas:

_ o BR
o = U e 2 (]

, (3.18)
=hZ, , + %(a —3BZ,_,) + h*Ri(p, Zy,_,),
<71051(9)>‘1 B 1
" U [B_thtf'f + 55 (1= o] (3.19)

_ 35 o,
=71+ h< Zt - Qthl) + W’ Ra(p, Z4,_,).
In particular, the remainder R, is a polynomial in Z;, , of degree one and the remainder
Rs a polynomial in Zt; }1, which are important for the application of Lemma (iii). For
vy

5, We combine taylor expansion of the logarithm and Lemma (iii) to achieve

—QY;n _ T Zl ( j—1 pa'Yn))

J 1(p07'7n)

(8.18) 1 i log thjfl + 7(0& _ 3/8th71) + h3R1(p, thfl)
a1t %Q(ag - 350th,1) + h3R1(p07 thfl)

o 33 _
7th11 _ 7> 4 hQthilRl(p, th_1)>

= l[ilog <1+h(2
i oy 35 _
— log <1 + h(goztjfl - 70> +h*Z L Ri(po, th1)>]
j=1
1 r [0 —1 3B 2’V
- [Z (h(2thl - 7) +R2R (p, thl))
j=1
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3.2 Gaussian quasi-likelihood for the Cox-Ingersoll-Ross process

(7 2,0 )|
- (Gan -3 - (350 -) o

oo [ (0 4 3 L3
— /(Zz 1—5) - (O;Oz 1—/280>7r90(z)dz
0

1 ~— — =~ ~— — ~
T Z D ((’Yn 1Uj31 (P An) — Tn 1Uj31(90y 'Yn)) (th - ,Ujfl)z ‘ th71>

j=1
1 1 ~ 1 ~
= 7 Z (Vn lo-j—Ql(Pa’Yn) — Tn lo'j_Ql(POa’Yn)) E ((th — ,uj71)2 ‘ thﬂ)
j=1

1 1 ~ ~1 — ~
= 7 Z ('Yn 10']'_21(07 Yn) = Vn lo'j_Ql(pOa %))%2;1(00)

(13-18) Yo ~1 — P ~1 — ~ =~
- 7 Z (hf)/n 10_j_21(p’ f)/n) - h7n 1O-j_21(p07'7n)) (Zt]-_l + th (p07 th—l))

BI9) 10 — 38,4 a, o 380 . .
B T, Z [h<2th‘1 B §Ztﬂ'—1> h(7Zt1 1 ?th o) |2t T Op(h)

in probability, where the last line is valid by virtue of Lemma (iii) and by a similar

argument we conclude

1 (A ~1 - ~ \\2 4
Jim 2E< L2 (0 An) = A 02 00, An)) (2, — 1y-1)* | 2y, ) = 0
]:

in probability. Combining lim 7%, = 79 with Lemma [3.4] we conclude
n—o0

lim (Yg)( )+ Y2 (p )) ~0

n—oo o
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

n-yoo  2M

in probability. By using again Lemma [3.4 we can easily derive lim Y( )( ) = 0 in proba-
bility. For this purpose, we specify

and

T2Z < Hj— 1 ( — Hj— I)Q(th_,ujl)Q‘th1>

£ n)

2 2
M 1 — Hj— 1) o5_1(6o)
- 22 — : =

j 1 p,’)/n) U?_1(P,ﬁn)

n

& BRI A (R
3:9 le (lu’] 1(p) :U’]—l) h:y\n th—l :Y\n —+ Op(h)
1 « 21
— ﬁ Z ((a - Bth_1)h — (Oé() — ﬁoth_l)h) ﬁztjll:yyo + O* (h)
n i1 A
. 3 n—00
o 20T, (0= 62,) — (00— o,..)) 251, + 03(0) "0

7=1

in probability. The last line is justified by Lemma (iv) with &, := T,;1, whereas in the
4)

second-last line we applied Taylor expansion on p;_; in h around zero. Similarly, for Yg’n

we calculate

(4 IS 1 — - 1)2
fanlr) = 2”21 (p,%)
1 n *
T 2, = <(a_ﬁZta 1) — (@0 — BoZi, 1)) Z7L 1 0x(h)
n—00 1 7
2%0/((&0(0) — (5*5@)2‘) z 71-90( )dx
21—
= —;(P—po)T/<_1 1) 70y (2) dz(p — po)
R
=: Ya,0(p)

in probability. The uniform convergence is verified through the tightness argument as for
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3.2 Gaussian quasi-likelihood for the Cox-Ingersoll-Ross process

Y1, and in (3.16). Finally, we have proved Y2,(p) = Y2,0(p) + 0j(1), which completes

the consistency. 0

To now prove the asymptotic normality we additionally specify the Fisher information

matrix in case of uniformly elliptic diffusions [36]

o
%sz_lﬂ'g(z) dz —% 0 1. 226 I
v 20—y v
— o0 L6 1 1
Z(6) = —% %fzwe(z) dz. 0 | — Ty 55 0] (3.20)

0 1

0 0 Ly ’ v

22

We notice that Z(6) is invertible for # € ©, in formulas,

7‘1(2‘;_7) 20—~ 0
IO ' =2a-~v 28 0
0 0 272

Lemma 3.6: For every true value 6y € © we have

lim Dy, (6, — 6o) = N (0, Z(6p) ")

n—oo
in distribution and

lim Z(0,,) 7Dy (0, — 6p) = N (0, T3)

n—oo

in distribution, where I3 denotes the 3-dimensional identity matrix.

Proof: The proof proceeds similar to the proof for the classical uniformly-elliptic diffusion
model as in [58] though we have to take care of tightness and integrability issues caused

by the diffusion-coefficient form.

We look at the third-order Taylor expansion of VH,, (én) around 0y € ©. That is, we focus
on the event {V]Hln(@\n) =0}, on which
1
0 = D' VH, (6p) + < - /DanHn (00 + (6, — 90)) ]D)nlds) (D (6, — 60)]
0

holds. Hence, having proved the consistency it suffices to verify the following statements:
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

(AN1) For A,(6p) := D, 'VH,, (6) we have

lim A, (6y) = N3 (0,Z(6))

n—oo

in distribution.

(AN2) For Z,,(6p) := —Dgl(HHn(eo))]D);l we have

lim Z,,(6o) = Z(fo)

n—oo

in probability.

(AN3) For any (non-random) positive sequence li_>m 0n, = 0 we have
n—oo

lim  sup |Z,(0) —Z(6y)| =0

=00 9. |0—00|<6n,

in probability.

Proof of (AN1): The main tool here is a Lemma, [51, Lemmas 3.5 and 3.6], which we

simplify in the following to fit our case:

For some d-dimensional Markov process (C]”) ,, satistying for n € N

j=1,..,
E(¢7¢fq) =0,

Tim ST E (RGN ¢G) = S,
j=1

n
Tim Y E (G ¢y) =0
j=1

n
is deterministic, »_ (7'
i=1

in probability for every k,l = 1,...,d, where ¥ := (Ekl)1<k 1<d

converges in distribution to N'(0, ).

Certainly, the aim is the application to A,, and hence we first determine the derivatives
of H,,. We recall (3.6) and compute

9 I (Zymma0)

gl voi (0
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3.2 Gaussian quasi-likelihood for the Cox-Ingersoll-Ross process

with

1 (Z — K- 1(00 _
(CW](QO)’ZM 1) =E (% — j_1(90 )Zt7 1) =0.

Next, we calculate

j=1
for which obviously
(CQ,J (90) | Zt] 1) =0

is valid and respectively

0 H,,(0) _lzn: %%2_1(9) _ (th - Mj—l(ﬂ)) 350]2—1(‘9)

o " 2 st 0]271 0) 03-171(9)

22, = 1i1(0) g5H1
o3 1(0)

with

E (¢5,(60) | Zi, ) = 0.

With these considerations, the first property immediately follows

E (Dﬁlé}‘(@o) | Zi,_,) =0
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

by defining

Ca,j(0)
G(0) =1 ¢s,5(0)
C%j(e)

In particular, we note that the condition in the expectation naturally carries over

Furthermore, by the asymptotics in [58, Lemma 7] we conclude

fz (&5(00) 1 Zt,_,) = 412 {12 K <(Z WM (19(50))4 ‘th*)]

70

1
 4n

j=1
; [ 1+0 (h))]
n—ooo 1

=
49¢ 4 293

to th—l .

in probability. Analogously, as in the proof of the consistency, we can show by a feasible

calculation
L I 5 1 r 1
Jim STE (00| 2 ) = - [ () s
Jj=1 0
(1, r
nh_)rgoz_: E (mgﬁd(@g) ’ th_1) = /zweo(z) dz,
Jj=1 0
i 3 E (o (0G0 2, ) = —
n—)oojzl nh J J i1 Yo
Tim Z} E (nga,j(eo)gw (o) ‘Zt ) —0,
]:
R 1
i 3B (s 006 0| 7, ) =
=

Jim 7B (000" 1 2, ,) = 0
j=1

in probability.

Proof of (AN2): In this proof we always use Lemma without mentioning it.

108

First, we



3.2 Gaussian quasi-likelihood for the Cox-Ingersoll-Ross process

compute the second derivatives. We start with the simplest derivatives where at least one

is with respect to ~:

85;7}1&1”(9) — _;JZ: ((Zt] u;-;;pl)z ;‘}ug—l(p) (Zi, — u;;](pl)();)iafl(e)>
e
ag; 2(0) = J;]Z”; ( (Z, u;;(pl)) ;;?Bugl(p) (2, — M;%(_pl)();jﬁ 0]21(9)>
= ZH:CB’YJ (0),
P
=% (o)

For the convergence we rewrite the last term to

1 92 1 — (_ 1 Q(th—,ujl(ﬁ’))2>

— L H,(0) = —— —
oy ) =5, 72 v2oi_1(0)

j=1
11 EZ": (2, — mi1(0)"

2" P 0i,(0)

Recalling

n 2
L. — Jhj—
Iy (2, 1 el(pO)) ‘th_l 1
it 7j-1(0h)

n 4
.1 3 (Z; — 1j—1(po))
nlgrolo n2 4 . ( : ot 1 (60) Pt
7=1 J

0,

we receive

in probability. For the next terms, we immediately notice

E (Can(0)1 Z¢,-,) =0
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

and observe by the mean value theorem

_ o—Bh _ o—Bh
0< Ly =t e oy
Ba 3 Bh
) (3.21)
0< 942 (0)—17(1_6_%) < ~h?
=097\ T g =T

Therefore, we conclude

3

—_

2
)

7M‘_1(p0) o

E (2, ;(00)|Ze; ) = —5+ <3a2 32 ) Qaaﬂy 1(Po)aa 5-1(60)

n2h 74 h Y507-1(00) V2ot (6o)

2
. (%%’4(90))
730?71(90)

L& 3 e
S > | mr o T o g

n Y5075-1(0o) 70‘7]—1( 0) ‘7]—1( 0)
h

> 1 -1 -1
S nT — Fyg)(th_l + hR(e()?th_l))
j:
1 &1/, .
- $(th_1+hR(00,th_l)>
j=1 10

1

in probability. We note that the remainder R is a polynomial of Z;_ 1 and Z; 21 such that
Lemma (iv) is applicable. Consequently, we achieve

L nf Z Cary.j(0) = 0

in probability and by similar arguments

A n\f Z $ov.j(0o) =0
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3.2 Gaussian quasi-likelihood for the Cox-Ingersoll-Ross process

in probability as well. With analogous, feasible calculations we can show

li 82H 0y) = i -1 d
nl_{IoloW n( 0) ——% z WGO(Z) Zs
.02 17
nh_g.lo T@Hn(eo) = *% zmp(z) dz,

o2 1

lim

n—00 aaaﬂHn(eo) - Y0

in probability which completes the proof of (AN2). In particular, we use the asymptotics

found in [58, Lemma 7).

Proof of (AN3): If we take a closer look at the second order derivatives of H,(6) and
remind us again that all moments with order p > —2 are finite due to our parameter
assumptions (3.3)) and Lemma (iii), we directly observe

sup
fcO

8%(9)‘ = 0,(1)

for v € {a, B,7}. We note here that our parameter space © is bounded. Then, using the

triangle inequality and mean value theorem leads to

sup |Zn(0) = Z(6o)| < [Zn(8) = Zn(6o)| + [Z0(60) — Z(0)]

0:10—60| <5y,
0
< 0p, max  sup|=—2Z,(0)| + |Z,(00) — Z(6
o s | 2,(0) -+ L.(0h) ~ Z00)
(AN2)
= 0p(0n) + 0p(1) = 0,(1)
for any positive (non-random) sequence (d,,)nen satisfying ILm on = 0. O

3.2.2 One-step improvement

In Section we first introduced a ID,,-consistent initial estimator §O,n = (o p, Eo’n,%m)
given in a closed form as in [72]. Using these results we now construct the Newton-Raphson

one-step improvement

~ ~ ~ 1 ~
0 = o — (M, (Bo.0)) V(B0 0) (3.22)
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

and the Fisher scoring one-step improvement
~ ~ ~ -1 —~
02 = 8o+ D7 (Z(B0,0)) Dy VH (Bo,n) (3.23)

towards the Gaussian quasi-maximum likelihood estimator. We occasionally refer to them
as one-step estimators. It is well-known that the Newton-Raphson method is used to
successively obtain a better approximation of the zeros of a real-valued function. Our
corresponding function here is VH,,. This method works better if we start close to a zero,
cf. [8, 2.3 Newton’s method]. Therefore, it makes sense to use as the so-called initial
guess an estimator of the true parameter. Replacing the Hessian matrix —Hy, by the
Fisher information matrix leads to the Fisher scoring method, see [52], 62]. We now prove
that the GQMLE §n and the one-step estimators 55}’1) and /9\,(11’2) are all asymptotically

equivalent at rate ID,,.

Theorem 3.7: We have
Dy, (659 — 6,,) = 0,(1)
for ¢ = 1,2 or equivalently

lim D, (8 — 6y) = N (0,Z(6) ")

n—oo

in distribution for ¢ = 1, 2.

Proof: First of all, to achieve asymptotic efficiency as well the asymptotic normality of
the one-step estimators, we need to show the asymptotic equivalence between the one-

step estimators 5,2“) and the joint GQMLE é\n The arguments for both estimators are

similar, so here we give the proof for /0\,(11’1). We recall the setting and definitions from

the asymptotic normality proof of é\n We again focus on the event, where VH, (§n) =0
holds, and use the object Z,,(6) = —D,;* (Hg, (¢))D,,*. Then, we derive

Dy (O — 8,) = Dy, (055Y — 8o.) + D (0,0 — )
and in particular

Dn (57(11’1) - é\O,n) = _Dn (H]HIn (@),n))il VGHn(é\O,n)

- (In(%,n))_lDElVHn(@\o,n)
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3.3 Numerical experiments

N

= (260 (02 V() -, VI B))
— (£0) DM (0) (B - 00)

i C1C00) REACAENOYE AL

N

We applied VH,, (gn) = 0 in the third line and the mean value theorem in the fourth line,
where we have 0,, = (/9\0,71 + u(@\n — (9\0,”) for some u € [0, 1] with lim 6,, = 6 in probability
n—oo

due to the consistency of é\O,n and §n Combining these thoughts, we receive
Do (B = 8) = —(Za(Bon) ) Za (00D o — 52) + Bl — )

:(]13_<In(§0n) en) (o0 — 0)
( )

The last line holds due to the asymptotic normality of 50,,1 and 0, as well as (AN3) in the
proof of Lemma ]

We can also conclude the asymptotic normality for the so-called standardized estimators,
that is,
lim Z(6,)2D, (6 — 65) = A(0, Ts)

n—0o0

in distribution for i = 1, 2.

3.3 Numerical experiments

In this section, we compare simulation results of the preliminary estimator Lemma
with the one step estimators based on the Newton-Raphson and the Fisher
scoring method . We use an exact Cox-Ingersoll-Ross simulator for (Xt].)jzl,,,,,n
through non-central chi-squares [63]. The 1000 simulated estimators are performed for
n = 5000, 10000, 20000 and T = T,, = 500, 1000,2000. So that the condition 27"‘ > 5 is
fulfilled, we choose as true value 6y = (ao, 50,7) = (3,1,1). Table summarizes the
mean and standard deviation (sd) of these estimators. As a comparison for the behaviour
at smaller T" and n, we contrast boxplots for 7" = 500,n = 5000 and T = 50,n = 200
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3 Estimation of the Cox-Ingersoll-Ross process under high-frequency sampling

(Figures to . Additionally, the corresponding histograms are given in Figure
and [3.2

Table shows that the performance of the three estimators behaves quite similarly.
Upon closer inspection, we recognize the smallest improvement in the estimates of .
The two estimators 7 , and 7z, have even the same values on four decimal points except
for two deviations of 107%. Comparing the estimators for ag and Sy, we detect, with one
exception (Newton-Raphson method for 7" = 1000 and n = 20000), a small improvement
in the one-step estimators compared to the preliminary estimator. Besides, the Fisher

scoring method performs slightly better than the Newton-Raphson method.

Overall, the performances of the three estimators seem to be quite similar. This leads
to the assumption that the preliminary estimator is already asymptotically optimal. The

almost undetectable difference of the estimates of g is due to the faster convergence rate

v/n instead of /T, = VT.

Since we choose especially large values for n and T in Table we can assume that the
differences become more pronounced for smaller values. Therefore, comparing the boxplots
for T' = 50,n = 200 in Figures to the differences between the estimators are
vanishingly small. This suggests that the preliminary estimator is already effective. The
performance improvements become visually apparent when compared with the boxplots
for T = 500, n = 5000.

If we take a closer look at the proofs, one essential aspect is that the moments with order
at least —2 converge. To guarantee this, we choose 2a > 57y as our parameter assumption,
see Lemma [I.8] However, we would expect a similar behaviour of the estimators for
all positive true values when the origin is non attracting, that is, when 2a > . For this
purpose, we consider the boundary case when 2a = 7 holds and hence choose 6y = (1,1, 2)
as the true value when using the same combinations of 7" and n as before. The boxplots
presented in Figures to suggest that the presented estimators can converge in this

case as well even if our proofs do not work here.
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3.3 Numerical experiments

Table 3.1: The mean and the standard deviation (sd) of the estimators with true value
(a07 BO?VO) = (3? 17 1)

n = 5000 T = 500 T = 1000 T = 2000
preliminary Qo Bo,n Yo,n Qo,n Bo,n Yo,n Qo,n Bo,n Yo,n
mean 3.0188  1.0079  0.9998 3.0200 1.0072 1.0023 3.0037 1.0015 1.0006
sd 0.2111  0.0752  0.0211 0.1570 0.0552 0.0235 0.1216 0.0421 0.0254
Newton A1,n BLn F1,n Q1,n Bl,n Y1, ai1,n Bl,n A1,n
mean 3.0141  1.0064 1.0001 3.0197 1.0071 1.0025 3.0027 1.0012 1.0010
sd 0.1872  0.0681 0.0220 0.1435 0.0515 0.0248 0.1156 0.0403 0.0270
scoring Q2 Bam F2,n Qi2,n Ban Y2,n Qi2,n Bon 2,n
mean 3.0105  1.0052 0.9998 3.0182 1.0066 1.0023 3.0017 1.0008 1.0006
sd 0.1877 0.0682 0.0211 0.1434 0.0514 0.0235 0.1152 0.0400 0.0255
n = 10000
preliminary o, Bo,n Yo,n Qo,n Bo,n Ao, n 0o, n Bo,n Ao,
mean 3.0351 1.0129 1.0001 3.0152 1.0060 1.0003 3.0097 1.0026 1.0012
sd 0.2143 0.0741 0.0145 0.1519 0.0541 0.0150 0.1135 0.0404 0.0167
Newton 6l\l,n B\l,n '/Y\l,n 62l,n B\l,n /’?l,n a\1,n B\l,n al,n
mean 3.0257  1.0099 1.0004 3.0121 1.0050 1.0005 3.0097 1.0026 1.0013
sd 0.1849 0.0654 0.0150 0.1319 0.0476 0.0156 0.1030 0.0372 0.0175
SCOI‘ng aQ,n B\Q,n :?2,71 &Q,n 32,77, :?2,71, aQ,n //B\Q,n WQ,n
mean 3.0219  1.0085  1.0001 3.0101 1.0043 1.0003 3.0089 1.0023 1.0012
sd 0.1849 0.0654 0.0145 0.1320 0.0475 0.0150 0.1028 0.0371 0.0167
n = 20000
preliminary  @o,n Bo,n o,n Qo,n Bo,n o,n 0o,n Bo,n ~o,n
mean 3.0394 1.0140 1.0008 3.0102 1.0039 0.9996 3.0060 1.0023 1.0001
sd 0.2010 0.0717  0.0105 0.1464 0.0518 0.0104 0.1071 0.0374 0.0109
Newton a1,77. B\l,n ﬁl,n al,n B\l,n ;yl,n a1,77‘ B\l,n al,n
mean 3.0263  1.0097 1.0010 3.0120 1.0045 0.9996 3.0043 1.0018 1.0002
sd 0.1756  0.0635 0.0106 0.1269 0.0460 0.0106 0.0946 0.0334 0.0112
scoring Q2,n Bgm Y2,n Q2,n BZ,n A2,n Q2,n an A2,n
mean 3.0223  1.0083  1.0008 3.0101 1.0038 0.9996 3.0034 1.0015 1.0002
sd 0.1759 0.0636  0.0105 0.1270 0.0460 0.0104 0.0946 0.0333 0.0109
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Figure 3.1: Histograms of the standardized estimators for T' = 50, n = 200 with true value
0o = (3,1,1): (i) preliminary estimator, (ii) Newton-Raphson method, (iii)
Fisher scoring method. The red curve indicates the density of the standard
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3.4 Concluding remarks

3.4 Concluding remarks

We now return to our original problem of estimating the index parameter 9 > —% of a
classical Bessel process. For this we considered a space-time transformation in Chapter
so that the process becomes stationary. There, we noticed that our estimators depend
only on the square of this modified process, which in turn is a Cox-Ingersoll-Ross process
with parameter 6 = (219 + 2, 2a, 4). That is, we can now apply our estimators presented
in this chapter to the problem as well. Analogous to Chapter [2| we can also apply all

estimators to the Dunkl process and multidimensional Bessel process.

Comparing the estimators we should first consider the essential aspects. Primarily, we
focus on low-frequency observations for the martingale estimators, whereas high-frequency
observations are relevant here. This point on its own can affect the performance of the
estimators significantly. Depending on the given situation, this may influence the choice
of the estimator. The martingale estimators converge for each ¢ > —%, although we
additionally demand ¥ > 4 and the boundedness of the parameter space for the estimators
here in this situation. The most critical case arises when the origin is attracting for the
Cox-Ingersoll-Ross process, that is, the origin is almost surely reached in finite time. In

this case, our estimators presented in this chapter do not converge.

For further comparison, we now choose a value for ¥ such that all considered estimators
converge. In Figure [3.9] we compare the Fisher information to the explicitly calculated
asymptotic information, that is, the reciprocal of the asymptotic variance, of the previous
chapter for ¥ = 5. Here, the colored lines represent the asymptotic information for various
A when considering one eigenfunction (solid line) respectively two eigenfunctions (dashed
line) given the weights (w1, ws) = (2,1). The black solid line corresponds to the Fisher
information where no A appears due to high frequency observations, that is, A — 0. The
dashdotted lines represents the Fisher Information when including A. Here, the black solid
line also represents the case A = 1. We recall that the asymptotic information from the
martingale estimators converge monotonically increasing for aA — oo, which can readily
be seen in the figure. Depending on the value of A, we rapidly get infinitesimally close
to the limit. In formulas, for one eigenfunction the limit is %H and in this specific case
for two eigenfunctions the limit is %, which in turn is greater than 19%&' Looking
at the shape of the Fisher information matrix , the asymptotic information when
estimating ¥ is m. In particular the qualitative behaviour in terms of ¢ is the same
for all three estimators, in that the asymptotic information increases as 9 becomes smaller

and vice versa. Moreover, the estimators improve in terms of asymptotic information with
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Figure 3.9: Comparison of the asymptotic information from Theorem (colored solid

line), the one from Theorem (colored dashed line) for w; = 2 and wy =1
to the Fisher information (black solid line and colored dashdotted line) for

¥ =5.

increasing «.. This improvement is faster noticeable but limited for the martingale estima-

tors, whereas it continues to grow linearly for the Fisher information. As the asymptotic

information are symmetric in o and A, we observe a slower convergence in Figure for
small values of A. For this reason, the preliminary and one-step estimators perform better
for small A values, that is, small distances between observations, whereas the martingale
estimators perform better for large values of A e.g., greater than 1. We can recognize this
behaviour significantly in comparison to the dashdotted lines. For the latter, the value of
alpha seems to be decisive. Above a value of o = 5, the Fisher information has the largest
value even in the case A = 1. Note that the corresponding estimators do not behave well

for large values of A since they are based on high-frequency observations.

As mentioned above, it is particularly interesting that the martingale estimators converge

for all values 9 > —%, which is not the case for the estimators discussed in this chapter.
Here, the distinction whether the origin is attractive was essential. In the next chapter,

we will study this phenomenon for the classical and multivariate Bessel process.
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4 Return times for the multivariate Bessel

process

The content of this chapter is partially incorporated in the preprint

Hausdorff dimension of collision times in one-dimensional log-gases
arXiv:2109.08707 (2021)
Nicole Hufnagel, Sergio Andraus

and contains some additional thoughts which arose during this collaboration.

4.1 Setting and stopping times related to the Bessel process

In this chapter we deal with the multivariate Bessel process and both its hitting and
return times. We can perform our initial considerations for the classical Bessel process
which turns out to coincide with the case A;. Since this process is already well studied,
we gather known results from the literature on hitting times and infer new formulas. In
this section we first refresh the most important aspects of the multivariate Bessel process

(Y2)e>0 of type Ay_1 given via

N
dY;; = dBi;+k Zl ﬁyt] dt,
J:
J#i
YU = yE WAN,1
for i = 1,..., N, where (Bt)¢>0 is a standard multivariate Brownian motion, for more

details see Section[1.2] From a physical point of view, the dimension represents N particles,
while k£ > 0, the inverse of the temperature, regulates the interaction. The process lives
on the closure of the Weyl chamber W4, , = {v € RV |27 < --- < xn}, which means
the particles are ordered. Due to [19, Proposition 4.1}, if k& > % no collisions with the

boundary OWa, _, := {3: €Wy, ,|Fie{l,...,.N—1}:2; = mi+1} almost surely will
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4 Return times for the multivariate Bessel process

occur, despite when k < % the first collision time of two particles is almost surely finite
3
where we still have a unique strong solution, [26, Theorem 1]. As a starting point, we take

[26, Proposition 1]. From now on, we will consider the case k < 3, high temperature,

a closer look at the case N = 2
dY;1 = dBi1 +k

dYio = dBio + k

The closure of the Weyl chamber simplifies to Wa, = {(x1,22) € R? |21 < z2}. Here, we

can decompose the process into a classical Bessel process
1 1 dt dt
d <(Yt2 — Kfl)) = — <dBt,2 —dBi1 +k k )

V2 V2 Yio—Yi1  Yii—Yio
5og V2

=: dB k d¢
w1t Yio— Y1
and a Brownian motion
1 1 dt dt
d|l —=(Y; Y =—|(dB dB k k
<ﬂ( w1t t72)> 2 < w1t A5+ Yii —Yio * Yio — Yt,l)

dBy1 + dBys) = dét,2

. 1 (
by looking at the sum and difference of the two particles. Hitting the boundary of the
Weyl chamber implies the two particles have the same value. Consequently, we analyze
when the Bessel process (Xt = % (Yio —Yi1) )tzo with index k — % hits the origin. For
a significantly shorter notation, we use ¥ := k — % in the following. As we are interested
in the times when the classical Bessel process hits the origin, one intuition is to look at
the first hitting time while starting in z > 0. We denote the corresponding probability

measure by P?. Therefore, we define
Tr ::inf{t>0:Xt:x}

for every z > 0, which is obviously a stopping time. As mentioned, it is well-known
that, given enough time, Bessel processes hit the origin with probability one, in formulas
P*(19 < 00) = 1, whenever —3 < ¢ < 0, [56, Theorem 1.1 (iv)]. This situation points
to the intuition that for small parameter ¥ the repulsion from the origin, indicated by

the drift, is not large enough to keep the process from returning to it, which makes this
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4.1 Setting and stopping times related to the Bessel process

parameter region interesting. Whenever the starting point z is positive, the density with

respect to the Lebesgue measure of 7y under P? is known to be

1 2\ 7? 22
Jro(t) = T (—0) <2t> e 20 1,00)-

This expression was derived in [38, 2.1. First hitting times of Bessel processes, Eq. (15)].
For the sake of completeness, we can calculate the density of the elapsed time for the

process to go from the state 0 < y < x up to state z,
Ty,e = inf {t >Ty Xy = x} — Ty.

Owing to the Markov property, 7, , has the same density under every P* for z > 0. Based
on [57] we are going to first determine the density of 7, , for y > 0 and then derive the
density of 79 ;. Due to [57, Theorem 3.1] the Laplace transform of 7, , is

¢Ty,z (S) =

y Iy (V2sz)

for s > 0, where Iy is the modified Bessel function of the first kind defined as

Iy(z) = (E)” f: ()™
v 2 nC(n+9+1)

n=0
We denote the corresponding density by fr, . and consequently for s > 0 the relation

[ee]

br, (5) = / cUp () dt

0

applies, see [I5, Eq. (15.5)]. We recognize that the domain of f; _ is (0,00), whereas the
Laplace transform ¢, . is always a function with complex argument s. In order to get the

distribution of 7, , we use the inverse Laplace transform [15, Eq. (15.8)]

(+ioco (+ioco

_ L st i st { v Iﬁ(\/%y)

¢—ioco ¢—i0o

where ( is a positive real number. The condition ¢ > 0 guarantees the applicability of the

inverse Laplace transform, since the singularities i.e. zeros of I, are purely complex. In
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4 Return times for the multivariate Bessel process

particular, this means that the real part of all singularities is zero, which is smaller than
¢. The zeros of I, are considered in more detail below. We deal with this integral by using
the Residue theorem [3, 5.1. The Residue Theorem|, hence we first determine the poles
of the integrand. Several properties are known for the zeros of the Bessel function of the

first kind Jy. For this purpose, we need the relation formula
Iy(z) = T3 T, (zeim) , (4.3)

cf. [69, Eq. 10.27.6]. In [83] 15.21 The non-repetition of zeros of cylinder functions| it was
shown that all zeros of Jy are simple with the origin as a possible exception. Additionally,
in the case ¥ > —1 all zeros are real, [82] 19. Der Fourier’sche Lehrsatz], and positive. We

suppose jy, to be the ordered zeros
0<jyi1<jyo<--

Accordingly, if we substitute

Jﬂ(z):(:;)ﬁﬁ 1_L2 (4.4)
['(Y9+1) i2 )7 '
cf. 40, p. 130 Eq. (8.)], into (4.3), we derive

Iy(z) = T2, (zeim>
Fo £\ Y oo (zei%)z
G
2

ol ()

and hence receive %ijy , as zeros of Iy, which have no real part. As the zeros are pairwise

disjoint, we just get simple poles in (4.2)). By plugging in the calculated formula of Iy we
conclude
(+ioco
1 o (2\" Iy(V/2sy)
Fro) @& L f e (2) Vg

—100
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4.1 Setting and stopping times related to the Bessel process

(+ico o 1+ 25y

= i \% €StH ']12977] dS
2mi 1 4 2522

s
—100 77_1 j129,n
¢+ico .
= 1 (5, +2sy?
_ st - Jvom - Y d
 2mi c 222 i3 5
- 9,n
—ioc0 n=1 222 t+s

=:9(s)

By the Residue theorem and because g has only simple poles, we can calculate the integral

as the following sum of residues

00 2
fro(®) =) lim (2 + giﬁ)g(?«“)

—3

(J'?y,n + 2y22)

—_

I
[~

5
gs ®
[N}

3

R o7 (2 2
I=1 20 II (]19’77 + 2z z)
n=1
n#l
IO—OI 2 y2 2
_Jol (J —3J )
ie [ =1 9n  x2J9l
o 2%'2 . &0 ) .9
=1 I1 (]19,77 _]19,l>
n=1
n#l

Now, we reformulate the last line by using some basic calculations and simplify the formula

of the density:

2 at) 2 2,
~ . 24 H1 (]19,7; - %M,z)
T n=
f’?’y,q; (t) = Z 21,2 ’ o0 9 9
=1 IT (45, — 919,1)

—

8 I

3

Il

—_

N ~
J%M‘?M

3 IS

|

t‘am;

3 =

\/

00 1201
>

n 222
=1

<
fam‘)_.
3

T 18
7 N
o .
SN B
5 |5
S s
AV N
3 =
v
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4 Return times for the multivariate Bessel process

o0 1 y2j§7l
.9 .2 H T x242
Jo1 2L =1 o
7’6 222

oo

We can rewrite the product in the numerator as

b vis.\ @) TW+1) . /y.
H <1 - ’ > = ——Jy <;.719,l)-

n=1 $2j129,n (%jﬂ,l)ﬂ

The next step is to find a method of expressing the denominator in a similar way. For this

purpose, we derive

to obtain the denominator. Secondly, we are looking for a way to display the product on
the left-hand side differently and also differentiate this new representation. In this case,

we also use the relation

oo (1_3> F(LJF?JM\/;)
(%)

via the Bessel function Jy. For the differentiation of this Bessel function there exists a

simple formula,

0
&zfﬁ,fﬁ (2) = =2 % Jy41(2),

see [69, Eq. 10.29.4], which we can apply
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_ s Dw&)—“;%l(ﬁ) |

= =27 + 1)) o1 (o)

Finally, by comparing both approaches we accomplish

1 1 jq%,l _ 99-1p(y —9—1 .
5 H - | = W0+ 1)y, Jo+1(jo)
Jo1 =1 Jo.n

n#l

and infer

9
3, b DO+ 1)(2) Jo(Liad)

— 2 22
; 222 2917 (9 + 1)j19_j9+1<]19+1(jz9,l)
ij 292 Jﬁ(%jﬂ,l) eft;i’?l

= .l : N o
=yt Jon(e)

This expression is well-defined as for different parameters the zeros are disjoint and hence

Jo+1(jo,n) # 0 for all n € N, see [69, Section 10.21 Zeros|. Therefore, we proved the
following statement.

Corollary 4.1: The density with respect to the Lebesgue measure of
Ty, = inf {t > 71y Xy = a:} — Ty

with 7, := inf {t >0: X, = y}, that is, the time that passes while a classical Bessel
process with index —% < 1 < 0 proceeds from state y to state z with 0 < y < x, is given
via

9-2  Jy (%jﬁ,z) 954
) ce 2? ]]'(0,00) (t)

o0
. X
Fron ) =" joy
=1

vy Jor1(jey

Corollary 4.2: The density with respect to the Lebesgue measure of 79, for z > 0 and
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4 Return times for the multivariate Bessel process

—3 < ¥ <0 is determined by

SN nglrl
fﬂ'o,:c(t):z:eimi2 : 1(0,00) ()-

P ' 20220 (9 + 1) Jy11(Jua) (0,00)

Proof: We separate the proof in two steps.
Step 1: First of all, we show the validity of

o 3, Joit
lim fr (t) = e 7 7 j
S50 Fryo (1) ZZ; 29227 (9 4+ 1) J911(Jo1)

for t > 0. For this, we use the explicit formula [69, Eq. 10.2.2] of the Bessel function

2n
Y 9 oo Y 5
[z Y. . [z y . \Y (29”]1”)
i (2) (500 - 2) () S
limg <y) o (Gdoa) = lim <y) 5p )0 nzzo( ) W10 £ 1)

Yy - 2n
¥ X (ﬂ]ﬁ,l)

i (224 _qyn
fifé( 2> Z;( Y N0+ 1)

n—=

02n

Jv, n
- ( gl> 2](_1) n!T(n+ 9 + 1)

n=

The third line is valid due to the dominated convergence theorem which is applicable since

the ratio test

(n+ 1IT(n+9+2) n+1)n+I9+1)I'(n+9+1)

I = i
nooo  nll(n+ 9+ 1) 360 T(n+d+1)
= ILm (n+1(n+9+1)=o00

ensures that the power series

o) . 2n
Z Jo,l 1
2 ) nl(n+d+1)

n=0

has convergence radius infinity. This indeed justifies the calculation above as 0 < £ < 1.
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If we can now interchange the following limit and the series, we complete the first step

o 92 Jﬂ(%iﬁ,z)
9

B
kﬁ
<
=
~—
Il
j»’:—‘
B
S
>
8

CJor1Givg)
941

(o]
_ —t20l J9i
= 2:6 50 2 Ty
2V F(ﬁ—f— 1)J79+1(j19,l)

Thus, we are left with the task of finding an upper bound for

9
<z> Jy (%]ﬁ,z) =a""Jy (ajos)

independent of a := £ € (0,1) which justifies the exchange of limits by means of the
dominated convergence theorem. By using the integral representation of Jy, see [69, Eq.
10.9.4], we calculate

1
N
-0 . —9 [ AJv,l 2 ] 2y0—3
a Jﬁ(CL]ﬂ,l)’ =a ( ) /Cos(aﬂﬂ,lt)(l — 1) T dt
2 ) TW+3)T() |/
. ¢ 9 :
]19,1) / 2y0—3
< (224 (1—t5)""2dt
(2 F+3)rG)
. ¢ 1 ;
_ ]19,l> /(1 — s)P"2s2 ds
(2 F(0+3)T(3) )
_ (]29,1)19 1 L(W+3)T(3)
2) TR T
N
_ (dva 1
( 2 ) rW+1)
and conclude
2 .
e 92 Jy (g]ﬁ l)
Frya ] =D e 2% g, BTN
‘ e () lZ; v Jor1(Gua)
< 3 e‘tﬁ%ﬁjﬁ’l <‘W)ﬁ !
< 2 \ 9 L9+ 1)|Jy41(Joy)]

The right-hand side is now independent of y, leaving us merely to argue the convergence

of the series. Therefore, we take a closer look at the asymptotic behaviour of the zeros
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4 Return times for the multivariate Bessel process

jo, and the Bessel function Jy. In [50, p. 174] the asymptotic

2 drow 1
Jy(z) = — |:COS <z -5 4> +0(z )] (4.5)
for z — oo is shown, from which Mc Mahon’s formula [I, Eq. 9.5.12]
v o1
j'ﬂ,l = (l + 5 - 4> ™+ O(l71> (46)

arises for [ — oo. In particular, we observe from (4.6)) that the zeros converge to infinity.
This justifies the use of formula (4.5) when considering

=\/TJ9 "

1
| J9+1(Jo,0)]

1
’\/Qcos (jg,l — (1”21)” ) + O(jm)"

The behaviour of the fraction depends on the values of the cosine
. Ir o7 (2K6) 9 1 J9+1 1 _1
cos(g,y,l— 5 4) = cos<<l+ 51" 3 —4>7T+O(l )
= cos(n(l—1)+0(")) = fi.

Due to |fi] — 1 and O(I"!) — 0 when | — oo, there exists an N € N such that 1 <
‘\@ i+ O(lil)‘ for all [ > N. If we now combine all these calculations we achieve

. )
— ﬂ]ﬁl J,l 1
1y 2 (E)] < € e ]
[ fry.2 ()] Z ( 2 ) T + 1) Jy21 (o)

N-1 2 9+1
1 ( J9.1 ]19’1
xT —_—

222979 + 1)

o0 ]-1291 j::JlrQ
+r Z e o )
. 9
I=N ’\/5(305(]191—( 21) )JFO(LH)‘
N-1 2 941
1 —t2L Ty Jﬁl 0+3 | @)
< R 2z 202 <
= x2219f(19—|—1)<lz;€ Jos1Goa)l +fZ Jo, ) %0
and ultimately proved the first step
941

_ m Jvl
lim f - i9,1)
ygr%)f ot (t Ze : 20227 (9 + 1) Jy11(Jwa)
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4.2 Existing results on return times of a classical Bessel process

Step 2: Obviously, {TL s < t} - {71 S t} for all ¢,z > 0 follows from the definition
— n+17 n’
of the stopping time and the Markov property, so with the continuity from above of

probability measures we receive

P(ro. <t) = ]P’( ﬂ {r1, < t}) = lim P(r%@ < t)

n’ n—oo
neN
t t
= lm [ fr, (s)ds = / Jim fr, (s)ds
0 0
t
- / Fro (5) ds

that fr, , is the density of 79, since the right-hand side is everywhere continuous. We can

exchange the limit and integral by using the same bound for ‘ fr1 ‘ as in the first step. O

In this section we dealt with hitting times and their densities. In the following section, we

want to analyze the times when we hit the origin in more detail.

4.2 Existing results on return times of a classical Bessel

process

disordered phase, ordered phase

|
D=
o
<

Figure 4.1: Phase transition

In physics, it is of interest to consider phase transitions, which occur when a system
changes its behaviour noticeably at particular parameter values. The change in behaviour

is usually represented by a so-called ”order parameter”, a quantity that changes from zero
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4 Return times for the multivariate Bessel process

to non-zero at the point of transition. Here, 9 + % represents the inverse temperature and
we have seen that as long as 1 > 0 the Bessel process almost surely never hits the origin,
while such collisions occur when ¢ < 0. This observation suggests that the order parameter
could be related to the occurence of collisions and that the transition distinguishes between
a non-colliding (or ordered) phase at low temperature and a colliding (or disordered) phase
at high temperature. This leads to the decision to consider ¥ as an order parameter. There
are several types of phase transitions depending on the behaviour of the order parameter at
the critical point. In Figure we present three plausible classifications for this transition:

discontinuous (red), continuous but not differentiable (black) and differentiable (blue).

Here, we still focus on a classical Bessel process and its return times to the origin. On
the one hand, this set of return times has Lebesgue measure zero almost surely, but on
the other hand, its cardinality is infinite almost surely. Of course, there are famous sets
fulfilling both these properties, for example the Cantor set, but we want to measure this.
This is why Lugin Liu and Yimin Xiao [61] considered the fractal Hausdorff dimension,
defined below, for the times when self similar processes reach the origin. In particular, they
cover a classical Bessel process hitting the origin. We will now present these calculations
and proofs pertaining to the classical Bessel process. We reproduce the proof from Lugin

Liu and Yimin Xiao but elaborate it in significantly more detail.

We will begin with a short introduction to the Hausdorff dimension and its properties,
which we later apply to the Bessel process. We denote by B(z,R) := {y € R?: |ly — z| <

R} the closed d-dimensional ball centered at x with radius R.

Definition 4.3: For the monotonically increasing (on [0,00)) monomial of power oo > 0
the Hausdorff measure of £ C R? is defined as

oo o
Mo (F) = lim inf { Z(Qm)o‘ EC U B(x;,r;) for some x; € R and 0 < r; < 5}

e—0 - )
=1 =1

for E ¢ R% The radius 7; may be equal to zero and hence the covering can be a finite

union.

The Hausdorff dimension is specified by the following lemma, [2, 8.1 Hausdorff dimen-

sion].
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4.2 Existing results on return times of a classical Bessel process

Lemma 4.4: For any set £ C R? there exists a unique number o*, called the Hausdorff

dimension of E, for which
a<a*=>me(E) =00, a>a"=my(FE)=0.
This number is denoted by dim(F) and satisfies
o = dim(E) = sup{a > 0: my(F) = oo} = inf{a > 0: my(E) = 0}.
In particular, if mq(F) is finite we can conclude dim(F) < a. The Hausdorff dimension
generalizes the well-known dimension concept. This means that familiar geometric objects
such as straight lines and hyperplanes keep the same dimension. The Hausdorff dimen-

sion offers a finer distinction, since it admits not only natural numbers. The two main

properties we are frequently using can be found in [33], 2.2 Hausdorff dimension].

Lemma 4.5: Countable stability: If we consider a sequence of sets (F});eny C R? then the

Hausdorff dimension of the union is

dim (QE) = fg}\? dim(F;).

Monotonicity: If E C F C R? holds then dim(E) < dim(F) ensues.

Especially, we conclude dim(E) € [0, d] for any set F C R? from the monotonicity property.
An often used tool to find a lower bound is the following capacity argument, [53), p. 133].

Lemma 4.6: For a compact set F C ]Rd, we suppose there exists a positive measure p

concentrated on £ , in formulas M(Rd) = u(F), and some 0 < a < d such that the energy

5 p(dr)u(dy)
B _// |z —yll#
E FE

are finite for all 0 < f < «, then dim(A) > « is valid.

integrals

g

In the following, we give an extension of a lemma proved in [79]. This is a tool to find a

measure with finite 8-energy such that we can easily apply the capacity argument. The
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4 Return times for the multivariate Bessel process

extension given here covers the case ¢t; > 0 where the Lemma proven in [79] demands
t1 = 0. Therefore, we define ./\/lér as the space of all non-negative measures on [0, c0) with
finite B-energy. Due to [2 p. 207], (Mgv -1l ,B,[O,OO)) is a complete metric space for every

B> 0. Here, [ - |[5,0,00) defines a norm and we use the induced metric.

Lemma 4.7: We consider (u,)nen to be a sequence of random measures on [0, 00) con-
centrated on the compact set [¢1,t2] C [0, oo)m If there exist finite constants K, Ko > 0
such that

E*(luall) = K1y E*(linl?) < Koo E* (a3 ,.0) < o0

hold for 8 > 0 and [|s|| := pn ([t1,t2], ), then there exists a subsequence ('U”Lk)keN such
that

lim o, = p
k—o00
2
weakly in ME and p is strictly positive with P*—probability at least ;(712

Proof: We use the Paley-Zygmund inequality [89, p. 216 Lemma 8.26]: If X is a non-

negative random variable with finite second moment then

(E(x))*

P*(X > 0E(X)) > (1-6?) E(X?)

holds for every 6 € [0,1]. Setting # = 0 we observe
K2
P* >0)>—1>0.
(”MnH ) - K,
By choosing a constant M large enough and a small € > 0, we immediately receive
K2
P*(e < <M)>—L >0

which implies

P*(e < ||n|| < M infinitely often) = ]P’"”( ﬂ U{e < |lpnll < M})

i=1li=n

= nli_}n;OIP):”( ULe < il < M}>

=n

"This means (-, w) is a measure on [0, c0) for every w € Q with i, ([0, 00),w) = n ([t1, t2],w).
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4.2 Existing results on return times of a classical Bessel process

K}

> P ({e < luall < M}) > ok

On the event Qy = {w : £ < [|up]| < M infinitely often} there exists a sequence of
measures (i, )keny which is bounded and hence tight due to the compact set [t1,12].
Therefore, by Prohorov’s theorem [12], Chapter 1.5. Prohorov’s theorem]|, there is a further

subsequence (Mnkl) that converges weakly to a measure p with

leN

2

Kl
P(lal > 0) = 5oL

The € > 0 ensures the positivity of p. Next, we show that u has finite S-energy. For any

fixed m > 0 we have

to to

[ [ i b (2 %/ / min e s o D)

t1 t1
P*-almost surely as | — oo due to the weak convergence. So for all w € €y we have

ta 2

/ / min {m, s (Ao dy.) < Ow) < o0

since ]Ex(||,un\|% it tg]) < 00. We let m 7 oo and conclude

to to

//|x_1y|ﬂﬂ(d$)u(dy) < o0

t1 t1
by the monotone convergence theorem which implies u(-,w) € ./\/lzgr for every w € Qy. O
In the main proof for the classical Bessel process this lemma would be enough for any

finite, closed interval starting in zero. However, this extension will be important in the

multivariate case. The proof in [79] covers only ¢; = 0.

Returning to the classical Bessel process (X¢):>0 with index —% < 9 < 0, we require some

properties for its distribution

2 iy 22 g9
Qﬁ(twraA) (2t)191“(19 n 1) /.719 < ; > e ty (0,00) dy
A
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4 Return times for the multivariate Bessel process

In this case the Bessel process will almost surely hit the origin in finite time, cf. [56]
Theorem 1.1 (iv)]. First of all, we need the 3-self similarity of (X;)¢>0, which means for

every a > 0,
Qo(t,x, A) = Qy (at,a%x, a%A) (4.7)

is true with ¢ > 0,2 > 0 and A € B([0,00)). This can easily be derived from the form of
the density.

For a closer examination of the Hausdorff dimension we derive several inequalities. The
following one is a requirement in Luqin Liu and Yimin Xiao [61]. They derive the Hausdorff
dimension of S71(0) = {t > 0| S; = 0} for self-similar Markov processes (S;);>0 satisfying
Lemma with a corresponding power of r. In particular, they mention strictly stable
Lévy processes and the classical Bessel process obey this property. We additionally verify

this condition pertaining to the classical Bessel process.

Lemma 4.8: There exist some C1 = C1(9) > 0 and Cy = C2(¥) > 0 such that for every
r > 0 and 0 < z < r the inequality

C1 min {1,r2’9+2} < Qﬁ(l,x,B(O,r)) < Cymin {1,7"21”2}

is satisfied.

Proof: In order to evaluate

Qo (1,2, B(0,1)) = /319 iry)e” 3 ~2 gy

0

2UT(0 + 1) 19—1—

we have a closer look at the spherical Bessel function

. . T@W+1) Csx 91
Joliry) = F(ﬂ‘i‘—%)l—‘(%) /6 y(l - 82) ds.

The inequalities,
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4.2 Existing results on return times of a classical Bessel process

for z,y € [0, 00) imply

(e™™ +1) < jy(izy) < %(emy +1). (4.8)

N

Upper bound: By (4.8]) we simplify the probability and derive

1 f 1 T 7w2+ 2
Qﬂ(l,l‘,B(O,T)) S MM/2(€ y+1)€ 2y y219+1 dy
0

1 1 _(m—y)2 _ a4y 2941
[ — — 2 2 d
2917 (9 + 1) / 2 (e e )y 4

0
r

1 29+1
< d
= 90-1T(9 1 1) /y Y

0

_ 1 2042
20-10(9 4+ 1)(20 + 2)

We define Cq(¥) := max{ﬂ—lr(ﬁil)(ww)’ 1}
upper bound. If r > 1, we deduce

. If r < 1, our calculations above show the

Qo (L2, B(0,r)) <1< Ca(9) = Co(¥) min {1,7*72}.

Lower bound: We first consider r < 1 and deduce

r

1) 1 - Tl
Qo (1,2, B(0,r)) = 2W(er)/(e Wyl)e 2 oyt dy
0

T

1 —=2? o941
> d
= 2191“(19+1)/e S
0

2 T

e" 2041 4
20T (9 + 1) /y Y
0

Y

et i 20+1
S d
29T (9 + 1) / v
0
—1 T219+2

v

e
2900 + 1) 20 + 2

-1
€ 2042

29+ (9 + 2)
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4 Return times for the multivariate Bessel process

The third line holds as x and y are bounded by 7, which itself is less than one justifying
the fourth line. In the case r > 1, we assume = > 1. Otherwise, the inequality is trivial

and works similar as in the case r < 1,

1 B > 279+1d
Qu(L.x. <o,r>)_2ﬁw+1/ y
0

1

>
_219F19+1 /

0
1

> 2’19+1d
_219F19+1 /y 4
0

219+1 dy

671

C20HID (9 + 2)

For x > 1 we attempt to get rid of the dependence on = and r by other means. For this

purpose, we reduce the event whose probability we determine

Qﬁ(l,x,B(O,r)) > Qg(l x, B(0, )

_ 20+1 g
Qﬂlrwrl/wwy y Y

Z 201 (9 + 1) ?9_’_ 1) / Jo(izy)e 9219—1—1 dy.

z—1

In the first line, we use x < r and hence B(0,r) D B(0,x), whereas x > 1 justifies the last
line. We next attempt to find a suitable lower bound for the spherical Bessel function and

rewrite it accordingly,

e _ F(ﬂ_‘_ 1) —STY(1 _ g -1 s
]ﬂ(zxy)_I‘(ﬁ—i—%)F(%)_/e (1 2)19 d
1
_ oz F(Q9+1) —(s+1)x $2)3 ds
Ty

140



4.2 Existing results on return times of a classical Bessel process

The substitution ¢ = (s + 1)zy simplifies the integral

ro+1 £ 2\
jo(ixy) = e™ e_t<1 — -1 > dt
een =g ge | 0 G

2xy

 T@+1) e o[, 2 2 U=
TTEHTE) w ) (1—(W—my+1)) &

NI

T+ 1 rugi—% f t "2
5 2
_ (¥+1) e /e_ttﬁ—; <1_ ) e,

TTEANT() ()t S 2y

2zy

Using the binomial theorem and that the coefficient

(03 (=)= (- 0) oo o) = (5-0),

is positive for every m € N since 9 < 0, we obtain

- I +1 2’3 (5 £\
jutiay) = OIS [t B D (LY
F@+2)T () (o) 1% " Y
91 2xy
I'w+1) et¥2v "2 91
> T A oo e "t 2 dt.
F@+3)T () (wy)+2 )
Combining these calculations, we derive
€T
Qo (1,2, B(0,7)) > ! / Joliay)e =y dy
Y ’ — 29710 (9 + 1)
z—1
T 2zy
1 / _a? 994y € / t0—1
> 2y e "t""2dtdy
T+ DI () ()
z—1 0
T L 2z(x—1)
1 z—y)? 945
e @ e
L@W+3)T(3) z
z—1 0
2z(z—1)
1 i fz—1\""2 o
T e 2 e "t'"z2dt
P@+3)T(3) x
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4 Return times for the multivariate Bessel process

1

3 <1 1>ﬁ+2 / —t9=3 gy
= & —_ — e .
L(0+3)T(3) z /

The third line is valid due to y > z—1. In the fourth line we used additionally x—y € [0, 1]

and 9 + % > 0. Now, we argue the function on the right-hand side has a positive lower

bound that depends only on the parameter 9. Therefore, we regard

1 2z(z—1)

1 1 1\""2 1
lim g(z) := lim T e 2 (1 - ) / e "2 dt
T—00 z—oo \ T (ﬁ + 5) T (5) X J

Thus, we achieve

lim g(z) =C >0,

T—00

which means equivalently for every € > 0 there exists an & > 0 such that for every x > &

lg(z) —Cl <e
is valid. We choose ¢ = % to receive
C
_ —C < =
5 < g(x) <3
and especially infer
C

for all € [Z,00). Furthermore, g is continuous and hence takes its positive minimum on
the compact interval [0, Z], where the function is positive. This means in particular we
established

Qu(1,2,B(0,71)) = g(x)

> min {C min (:U)}
- 27 z€[0,1] g ’
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4.2 Existing results on return times of a classical Bessel process

The assertion ensues by setting

el C
2

Cl (19) = min {m,

mgl[(l)g : g9(z) }
= min { ¢

e .
NG T 2y i, )

N|=

Next, we provide a bound for the probability that, if we start in the origin, we will be back
near the origin at some point within the time interval [t1,t2]. Using the strong Markov
property of the Bessel process, we proceed to first obtain the following result, cf. [87,

Proposition 2.1].

Lemma 4.9: For every to >t; > 0,2 > 0 and r > 0 we have

2to—t1

[ Qu(s,z,B(0,r))ds
t1

to—11

inf [ ng(s Y, (O,T))ds

lyl<r 0

PZ(HS S [tl,tg] : ‘Xs| < ’r') <

Proof: According to [87, Proposition 2.1] we define the stopping time
=inf{s >t :|X | <r}
to reformulate the probability on the left-hand side
PH(T < ty) =P*(3s € [t1,t0] : | Xs| < 7).
We can also rewrite the term by using Fubini’s theorem, which always holds for integrals

over positive functions,

2to—tq 2to—t1
Qy(s,z, B(0,7))d /IP"’”XGBOT))d

t1 t1
2to—t1

E®(1qx, 1<) ds

—

t1
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4 Return times for the multivariate Bessel process

2to—1tq
—Ex< / Il{|xs|<r}<fl$)
t1

to consequently reduce the proof to verifying

ly|<r

2to—1t1 to—t1
E:”( / Lgix,|<r}) ds) > P*(T < t3) inf / Qg(s,y,B(O,r)) ds.

t1

Based on the definition of the stopping time we recognize T > t;. From this, we derive

2to—t1 2to—t1
Em( / 1{|Xs|9}d8>2“‘31’< / 1{|X39}d5>
T

t1

2to—1t1
2 E“T(ﬂ{mz} Lypx,|<r) d3>
T
2to—t1
= E“T(IL{T«:Q}EXT Lyix, ri<r} dSD
T
2to—t1—T
e Ex<:ﬂ_{T§t2}}EXT :H'{‘X5|S7"} d8:|>
0

_ 2to—t1-T

The second-last equation is valid because of the strong Markov property. Finally, we use
2to—t1
E® ( / L{ix.|<r} d5> > E° (ﬂ{Tgtz} T
t1 a 0

the bound T < t9 and Fubini’s theorem:
L{jx.|<r) dSD
2to—t1—1to

/ Lyx,|<ry dSD

0
to—t1

nfTEy< / ]l{|X5|<r}d8>
0

> E* (ﬂ{mQ} DRSS

2 E* (Lir<ey) Iz,if\g

to—t1

=PI <ty) inf / EY (Lyx,1<r}) ds
YyIsr
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4.2 Existing results on return times of a classical Bessel process

to—11

=P*(T < ty) \;?Sfr / Qy (s, y,B(O,T)) ds.

Now, we combine Lemma [£.§ and Lemma [£.9] to receive the following bound, which will
later give us the maximal possible Hausdorff dimension. This is only one part from [61,
Lemma 4.2], but we specify further what values r can take instead of saying r has to be

small.

Lemma 4.10: For every £ > 0 there exists a constant C5 = C3(,¢) > 0 such that
PO(3s € [t1,t2] : | Xs| < 7) < Cs(t2 — t1)"”

is valid for every to > t; > e and 0 < r < /t3 — 1.

Proof: We use the inequality of Lemma [£.9] to search for an upper bound:

2to—tq
[ Qu(s,0,B(0,7)) ds
t1
to—1t1

inf [ Qﬁ(s,y,B(O,r))ds
lyl<r

IP’O(EIS € [t1,ta) 1 | Xs| <) <

The denominator easily simplifies to

to—t1 to—t1

(1% v
z/ Qo (s,y, B(0,7)) ds = ;/ Qﬁ<1 B(Q

Sl

) \/57

))ds

to—1t1
%)
> C1(v) / min{l,

[ e
t2—h 2 9+1
> C1(0) / min{l,( ) }ds
lo —t1
0
F20+2
= Cl(ﬁ)m@z — 1)

= 01(19)1"219_'_2@2 — tl)_ﬂ,
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4 Return times for the multivariate Bessel process

which indeed is independent of y. The second-last line holds since r2 < ty — t1. For the

numerator we start with the same calculations

2to—t1 2ta—t1
Qo(s.0.50.)as D Qﬂ(l,O,B(O, jg)) s
t1 t1
3 22 i F20+2
S 02(19) / mln{l,sﬂ_i_l} ds
t1
2to—t1
< Cy(9)r¥+? / s~ 14s
t1
Cy (9 _ _
_ i(ﬁ)rzmz {(th ot 19} '

By using Bernoulli’s inequality [67, 2.4 Bernoulli’s Inequality and its Generalizations|, we

conclude

-
_ _ —9 _ _ 2(to — t _
(2t — t1) ™" =177 = (2(ta — t1) + 1) —tlﬁ:t1§<(2tll)~|—1> —t7?

ty—t
<t;? <1 + (—20) 2t 1> — 177 = —20(ty — 1))t
1

—29
< gﬁﬁ(@ —11).

Combining all calculations results in the desired bound

2to—t1
[ Qu(s,0,B(0,7))ds
PO(3s € [t1,ta] 1 [ X < 1) < tltg—t1
inf f Qﬁ(&%B(Ovr)) ds
lyl<r o
C2(9), 29+2
=g —9 -9
_ _ _
= C1L(0)r2+2(ty — t1) 0 [(Qtz t1) ty }
B Ca(9) 0 g0
= e, e (2 ]
C2(9) —29
< . to — 1t
S 900t — )0 ez )
_203(9) ¥+1
= 0 10,(0) (ta —t1)" "
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4.2 Existing results on return times of a classical Bessel process

Finally, we analyze the set of times X ~1(0) := {t > 0: X; = 0} C [0, 00) when the process
hits the origin. Obviously, we observe dim (X ~1(0)) € [0,1]. Using Lemmas and
we proceed to calculate the Hausdorff dimension of this set, cf. [61, Theorem 4.1 and
4.2].

Theorem 4.11: For every —% < 9 < 0 the equality
dim (X ~1(0)) = -9

is PO- almost surely valid.

Proof: Upper bound: To begin with, we intend to prove the upper bound. Therefore, we

prove
dim (X_l(O) N [tl,tg]) < -9

for every interval [t1,t2] C (0,00) PY-almost surely. If we recall the definition of the
Hausdorff dimension, we observe that the balls B(x,r) in the covering are intervals in the
one-dimensional case whose length converges to zero. Thus, for n € N we divide [¢1, t2]
into n subintervals I, ; := [tl + (i — 1)%, t + z%} Thereby, it is essential that the
length of I,, ; converges to zero for n — oo and I, U. ..U, , = [t1, t2] provides a covering
for X~1(0) N [t1,ts]. We conclude

n -9
to — 1
E° (m_s(X7L(0) N [t1,22])) < lim (“) PO(3t € I,,; : Xy =0)
n
i=1

—
. to —t
< HILH;OZ ( 2 1> PO(3t € L« | Xe| <7)
1

n

m _ —19 _ 19+1
S Cg(ﬂ,tl) lim <t2 tl) <t2 tl) n

— 00 n n

= Cg(’ﬂ,tl)(tg — tl) < 00

for some 0 < r, < % The first inequality holds since we are considering one

particular covering instead of the optimal cover. Consequently, we deduce

dim (X_I(O) N [tl,tg]) < —¢
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4 Return times for the multivariate Bessel process

as m_y(E) < oo implies dim(E) < —9 for E C R%. Hence, with dim ({0}) = 0 and the

countable stability the upper bound immediately succeeds

dim (X~1(0)) = dim ({O}U(X‘l(O) N (0,00)))

= dim <{0}U G (X‘I(O) n [i”D)

n=1

sup dim <X_1(O) N [1,n}> < —7.
neN n

Lower bound: For the lower bound we initially verify dim (X~'(0) n[0,¢]) > —¢ for

every t > 0 with a positive P'—probability since we need a compact set for the capacity

argument, Lemma Therefore, we construct for every possible smaller dimension 0 <

B < —9 a positive measure p concentrated on X~1(0) N [0,] such that [|ullg 0 < oo,

which implies dim (X~'(0) N [0,¢]) > 8 on { > 0} due to the capacity argument. We

define a sequence of random positive measures on B([0, c0)) by

e 2042
NTL(B7W) =n / ]l{ng(w)|<

_1} ds.
[0,£jnB

To apply Lemma we search for constants K1 = Ki(¢,t) > 0 and Ky = Ka(9,t) > 0
satisfying

E%(lunll) 2 K1, E%(liall?) < K2, E%(|pnllf o) < oo (4.9)

According to Lemma [4.7, we then receive a suitable p as a limit of a subsequence. Since
the Bessel process (X;)¢>0 has continuous sample paths, such limit x4 would be supported
on X~1(0)N 0,1, see [64, p. 282]. Thus, our task is to prove (4.9). By using the %—self
similarity of the Bessel process and Lemma we obtain

t t
1
0 _ mof, 2942 2042 0 1
Bl = B0(2%% [10, qas) = a7 [0 < 2 as
0

0
t

t
1 } 1
:n2’9+2/Q19 5,0,B(0,— ds n219+2/Q79 1,0,B|10,—— | | ds
n Vsn
0

0
t

t
1 E£3
>n2*2 [ Qy(1,0,B(0,—— ) )ds > C1(9)n?"2n=2-2 [ s7V-1(s
Vsn
—2

n—2 n
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4.2 Existing results on return times of a classical Bessel process

C1(9) {t_ﬁ B } > C_(g) {t—ﬁ B (no(t))w} = K{(0,t) >0

for every n > ng(t) := [t!| + 1. By means of analogous calculations, we receive

t t
1 1
) = o+ [ [P < 5 < ) aon
0 0

t
= 2n419+4// / Qy (32 — 81, u,B(O,n_1)>Q19 (81,0, du) dsq dsg
0 0

B(0,n—1)

tot

.7

&2 203 (9)n*+4 //min {1, (s2 — 51)_19_171_279_2}
0

S1

min {1, slfﬁfln_wq} dss dsy

t t
S 2022(19)71419-&-4 / /(82 _ 51)_19_171;_219_2317197177}_219_2 dSQ dSl
0

S1

t

_ A
/ (t 81 _19—1d81 < 2022(19)%. —
0

=29

= 2022(19)W =: Ky(9,1) < 00

In the second-last line we applied (t — s1)™Y < ¢t~ since — > 0. Similarly, we calculate

t t
Hn dslv Hn d527 )
Bl 00) = E°( [ [
0 0

|59 — s1]°

— 2 4944 S2 = n) d d
n (82—81)6 S92 dS1

t
/PO(XSI <o Xe <5
S1

/t Qu(s2 — s1,u, B(0,1))Qy(s1,0, du)

- 9 4944 dso d
n (82 _31),6’ S9 AS1

S O —_

51 B(0,5)

3=

4.7}

t t
2022(19)//(82—81)19B lg-9- 1d82d81
0

S1

A
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4 Return times for the multivariate Bessel process

t

203 (9 o
= _;E;/(tsl)_ﬁ_ﬁslﬂ Lds;

0
t

2030 [ 2030) ",
< /2 bt A AR
hS 00— 3 /sl S1 99 + B) t < oo

0

for 0 < 8 < —¢. The inequality in the last line is valid since —% — 8 > 0. Hence, we have

proved

]P’0<dim (X~10)n1o,4]) > _19> S K2(9,t)

> SRl (4.10)

for every t > 0. Next, we define a subset for the hitting times of the origin as a sequence

of well defined stopping times 7, as 79 := 0 and
Tni=inf {t > 71+ 1: Xy = 0}. (4.11)
By the strong Markov property, X,, = 0 and (4.10|) we deduce
]P’O(dim (X1(0) N[0, 7ga]) > —¥ ‘ an) > Po(dim (X7Y(0) M [Ty Tnsa]) = —0 ) an)
— PX (dim (X710) N[0, 71 — 7a]) > —19)
> Po(dim (x~Y0)n[0,1)) > —19)

~ 2K5(0,t) '

The sequence A, := { dim (X~1(0) N [0,7,]) > -9} € F, fulfills

K} (¥,1)

. S M\
Z]P (An | Fr, 1) = Z 2K5(0,1) =
= neN

almost surely and hence by the conditional Borel-Cantelli lemma [I4, Corollary 13.3.38]

{ZPO(An | Fra) = oo} = {Z 14, = oo},

neN

we conclude that

Po(dim (X_l(O) N[0,7,]) = =¥ for infinitely many n) =1.
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4.2 Existing results on return times of a classical Bessel process

The property sup{t : X; = 0} = co P*—almost surely, Lemma completes the proof
due to [0, 7,] C [0, Tp41]. O

We are left with the task of proving the following statement for the classical Bessel pro-

cess.

Lemma 4.12: For every classical Bessel process with index —% <9<0
P*(sup{t: X; =0} =00) =1

is valid.

Proof: We use the stopping time 7,, defined in the proof of Theorem see (4.11)), and

deduce

P? (Tn41 < 00) = E¥ (L, <o0})
*(E(Lrr <ot | Frin))

(
' (E(ﬂ{inf{tzo | Xerr1=0}<oc} | T"“))
(

T(EXm (Lgint{e0) Xt:0}<oo}))

(L{int{t>0| X,=0}<o0})
=P*(inf{t > 0| X; =0} < o0) = 1.
The fourth line is valid due to the strong Markov property and the last line was proved

in [56, Theorem 1.1 (iv)]. Consequently, using the continuity from above we derive

P*(Vn e N: 1, < o) :P$<ﬂ{7n<oo}>

neN
= lim P*(7, < o0) = 1.

n—oo

We consider w € {sup{t : X; = 0} < oo} and define ¢y := sup{t : X¢(w) = 0}. Hence,
Tito]+1(w) = oo yields

{sup{t : X; =0} =00}  C {VneN:7, < oo}
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4 Return times for the multivariate Bessel process

and thus

P*(supf{t: X; =0} =o00) >P*(VneN: 7, <o0) = 1.

disordered phase

ordered phase

DO

!
0 v

D=

Figure 4.2: Behaviour of dim (X ~1{0}).

Since the first hitting time of the origin is almost surely finite, Theorem can be ex-
tended to arbitrary starting points > 0 by using the countable stability of the Hausdorff

dimension.

We give a schematic representation of the phase transition of the Hausdorff dimension
in Figure As every countable set has a Hausdorff dimension of zero, there exists a
time interval in which the process hits the origin almost surely uncountably often when
—1 <9 <0.

4.3 Hausdorff dimension for the multivariate Bessel process

In this section we deal with the Hausdorff dimension of the times a multivariate Bessel
process hits the Weyl chamber’s boundary. The formulas here are slightly different than
those presented in Section as it was not successful proving the conditions in the multi-
variate case. Nevertheless, the proofs still work with a few modifications in the conditions.
First of all, we state the basic facts: A multivariate Bessel process with positive multi-
plicity function k£ on the root system R hits O0Wpg almost surely if there exists an o € R
such that k() < 1 holds, [26, Proposition 1], whereas it never hits 0Wg if k(a) > 1 for

every a € R. We will focus on the Ay_1 and By case, but nevertheless we hypothesize
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4.3 Hausdorff dimension for the multivariate Bessel process

the following analogous result to the classical Bessel process for any multivariate Bessel

process.

Conjecture 4.13: For every multivariate Bessel process (Y;)¢>o starting in x € Wg with
multiplicity function k : R — (0,00) the equality

2 aER

1 1
dim (Yﬁl (8WR)) = — —min {2, min k(a)}
is P*-almost surely valid.

We have already pointed out that we cover the case A; with the help of Section For
arbitrary dimensions we want to investigate this for the case Ay_1 as well as By, which
are quite similar models. In what follows, we cover the proofs for the Ay_1 case. As
things stand, we have not (yet) been able to give the complete proof for the By case. In
Appendix [A] we address the problems that arose by listing and proving the lemmas and
the theorem which still work in this case, and explain the missing desired bound to finish
the proof of Conjecture [£.13]

In the one-dimensional case, a key point for determining the Hausdorff dimension was
finding bounds of the probability that the process is close to the origin. Therefore, we
used the ball B(0,r). Analogously, we define the edge set

By, | = {xEWAN,IHiE{l,...,N—l}:ngiﬂ_xigr}

of thickness > 0 which helps in later calculations of the hitting times with OWj4, |, =
E%Nfl‘ Even if we focus on the An_; case we always suppress the Weyl chamber in
the notation whenever the calculations work for every multivariate Bessel process. The
following lemma is a basic property of our set E7) =, which we regularly apply on the

integration domain after a variable substitution without mentioning it.
Lemma 4.14: For any r,c¢ > 0 the equality cE ~ = EY ~ holds.
Proof: For the case Ay_1 we derive immediately

cEy, | = {cxecWAN_l !32’6 {1,...,N=1}:0 < mj41 — Sr}

:{chWAN1‘Elz'6{1,...,N—1}:O§c(a:i+1—xi)§cr}
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4 Return times for the multivariate Bessel process

:{yGWANl‘EIiG{l,...,N1}:O§yi+1yi§cr}

_ rer
- EAN—I

by using the invariance under multiplication of the closed Weyl chamber in the second
line. O

If we define the corresponding edge set
ER = {xEWR‘ElaeR:()g (o, ) Sr}
of thickness r > 0, we preserve also the property of the previous lemma while
OWr = EY% C E}, C Wg
holds. The main result of this section is the proof of Conjecture for R=An_1.

Theorem 4.15 (Case An—_1): The Hausdorff dimension of collision times for the mul-
tivariate Bessel process of type Ax_1 starting in z € Wu,,_, is given by

1 1
dim (Y™ (0Wa,_,)) = 5 —min {2, k}

P*-almost surely.

We perform the proof for x € OWjy, _,. Having a finite hitting time of OWj4, _, in case
k< % and the countable stability of the Hausdorff dimension, we can easily transfer this
to starting points x € Wy,,_,. Furthermore, we ignore the case k > % since the dimension
is obviously almost surely zero when no particles collide. As the proof is more involved,
we split it into two parts, first proving the upper bound and then the lower bound for
x€Way .

4.3.1 Upper bound

The main work for the upper bound of the Hausdorff dimension lies in the proof of the
following lemma, dealing with the probability of the process being in the edge set at time
t = 1. The key point will be a useful inequality of Piotr Graczyk and Patrice Sawyer,
[39].
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4.3 Hausdorff dimension for the multivariate Bessel process

Lemma 4.16 (Case An_1): For every £k > 0, 7 > 0 and ¢ > 0 there exist constants
Cy =Ci(k,N) >0 and Cy = Cy(k, N, 0) > 0 such that

Cymin {1,171} < Qg (1,2, Ely, ) < Cymin {1,771}

holds for all z € EY N B(0, o).

Remark: The main difference to the classical Bessel process, apart from the more com-
plicated set EQNA, is that Cy depends on the bound of the starting point x. This will
not change the proof of the upper bound of the Hausdorff dimension but it does for the

lower bound of the Hausdorff dimension considerably.

Proof: Lower bound: In this proof we use the behaviour of the density from [39, Theorem
3.1], which means there exists a constant C = C'(N, k) > 0 with

_lz—yl®
w
P*(Y1 € El, ,) > C(N,k) / 1 Av1(Y) _ay.
BT (§ + (Tm — 1) (Ym — yl))
An—1 1<I<m<N
First, we consider the case 0 < r < 1. We can bound this further by choosing
i€ argmin (zj41 — ;)
j=1,...,.N—1
and defining the set
EZ’JLV—I ={y€Way , :0<yip1 —y; <7}
in order to write
o Hw—QyHQw W)
PV € By, )2 C0NE) [ Wy _ay.
(3 + @m —2)(ym — 01))

%
Eyy_, 1<i<m<N
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4 Return times for the multivariate Bessel process

Next, we consider a variable substitution centered around z:

yj =zj +xj, j&{ii+1},
o F T Rl | T Tig
Yi NG 5 (4.12)
_ Zi+ 241l | Tit Tigl
Yi+1 \/5 + 9

or equivalently

zj =yj —xj, JE{i,i+1},

P tTYit1 Tt Tip

3 \/i \/5 )
Yi+1 — Yi >0.

Zi41 = e

Subsequently, we examine the new integration domain and make it independent of = by

decreasing its size. In particular, for the following inequalities, we always begin by using
the fact that y is ordered. Hereafter, we consider the upper bounds of the components
of z separately. Owing to the ordering of y we automatically obtain the lower bounds as
well. For j & {i —1,4,i + 1} we get

Zj+xj < Zjp1 + T4
and hence
zj < Zj1 + (T — ;). (4.13)
Since x is ordered as well, less combinations of (z;, zj+1) satisfy the inequality
Zj S Zj+1

than (4.13]). For j =14 — 1, we similarly obtain

i~ Zi+l T+ X1

V2 2

z
Zi1+ i1 <

and reformulate

L < AT AL (zi — 2i-1) + (Tit1 — 2i-1)
1— — .

NG 2
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4.3 Hausdorff dimension for the multivariate Bessel process

Coming from this upper bound we can make the integration domain smaller due to

—_

A (@i —@i) + (@ip1 —@i1)  Zi—Zipn oz L

V2 2 R

where we additionally use 0 < z; 11 = y”\;i Yi < LQ < % In the end, the more restrictive
integration upper bound for z;_; is specified by
< Z3 1
Zi —_—— .
i—1 > \/i 2

For j =1, y;+1 < yi+2 provides

2 Zi+1 T+ Ti+1
— < zito+ Tt — ( - )
\/§ o " \/i 2
i Zi+1 ($i+2 — x,) + ($i+2 — a:i+1),

NG 2

so we get as new upper bound for the integration limit

Z; Tito — X;) + (T T
i+1 _|_( i+2 z) ( 42 H—l) Z Ziva — =

Zi42 — \/5 B

For j = ¢+ 1, we have already observed

-
0< 241 < —.

V2

Finally, we get as new integration limits

ZjSZjJrla j¢{2_172’2+1}7
; 1
Gy < — 5 <zit2— 1,
N (4.14)

,
0<2zi41 < —.

V2

We now want to define a new integration domain imposing additionally a bound on
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4 Return times for the multivariate Bessel process

for later calculations. For this, every vector z within

o4 (2 5 < g <l 52+

3(21,.%i—1)

x {i+2,i+3} X e X [N—I,N}

~~

3(2i435-2N)

fulfills (4.14) and in addition

[y

N

N i—1 .o . 2
2 ] (Z + 1) .2
R
j=1 7j=1 Jj=i+2
J#i+1
N
) N(N +1)(2N +1)
< 2 _
<2 6
7=1
< (N 41)3
We use these considerations to define
N
Aiy = {z eRY: Y < (N+1)2 5 <zjpa j g {i—1,00+1},
i=1
jim
z 1
2i—1 < *12 -3 < Zit2 1}

(4.15)

so that the new integration domain is A; xy N {O < zip1 < %} since we observed in the

calculations above that Az+b € E;{fv_l for every z € A; N {0 < zip1 < %}, where A and
b defines the transformation given by the equations (4.12)). Since A maps all except of two

components onto itself while the remaining ones are rotated, we note that |det(A)| = 1.

In particular, we conclude

11 42y 1
51 5 g Z Z 9N

M (pi(Ain)) >

>

with the projection

Pi+1: (517"'751\[) = (517"'7§i7§i+27"'7£N)

which is important for the later calculations. Additionally, [— (N + 1)%7 (N + 1)%] D
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4.3 Hausdorff dimension for the multivariate Bessel process

Pir1(Ain) implies AN (pi1(Ay ) < 2VTH(N + 1)3(N271>- The bound on the sum in

(4.15]) may be chosen smaller so that 0 < \V—1 (pi+1(Ai7N)) < oo but we are not interested

in the sharpest bound. We now examine each term of the integral separately to find an

z-independent lower bound:

N
lz = yl> = > (5 — )% + (Wi — 2:)* + Wi — vig1)”
=1
jiit
N
_ Z 24 (Zi —Zitl Ti + Tit1 _$i>2 L (Zi‘i‘ZfH_l L + i1 —$i+1)2
= V2 2 V2 2
Gisi+1
i 2 2i — Zitl | Titl — Ti\2 2i t 2i41  Tit1 — Ti\2
S5 (e e (e
o~ V2 2 V2 2
J#i+1
2
Tig1 — T Zi — Zi41 Zi + Zit1
2
Tiy1 — T
= e+ SIS - )z
2
Tiy1 — T
< o2 4+ im0
2
)2
< (N—|— 1)3 +Zi2+1 + ($z+12 1’1)
g 17 3
<(N+1) +5+5§(N+1) + 1.

The first and third inequality are valid since 0 < x;41 —x; < r and 0 < z;41 < % for
r < 1, respectively, whereas we used the imposed bound on the sum in the second-last

line. The remaining terms of the integral are given by the product

H . (Ym _yl>2

1<l<m<N 2 + (@ — 1) (Ym — Y1)

to the power k. To express this product in terms of z, we must consider six separate cases.

The simplest case is that where | =4, m =1+ 1:

(Yit1 — yi)2 _ (ﬂzi+1)2

2
3+ (@ig1 — %) (Yir1 — i) 5+ V221 (Tig1 — x)

4
gzz—&-l'

>

Here, we have used the fact that both \/521‘4_1 and x;11 — x; are less than or equal to r,
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4 Return times for the multivariate Bessel process

which in turn is bounded above by 1. Next, we look at the case I,m ¢ {i,i + 1}, where

we get

(ym - yl)2 _ (Zm — 2+ Ty — xl)2
%—F(ym—yl)(@’m—fcl) %‘i‘(zm_zl"‘xm_xl)(xm_xl)
(2m — 21+ T — 17)?

3+ (zm — 20+ Ty — 27)?

>

since z € A; y implies z,, — 2 > 0. Observing that the function

& (4.16)
& 4.16
3 +&
is increasing in £ > 0, we conclude that
(ym — w1)? S (2m — 21)°

S Wm =) (@m — ) T A+ (2 — 2)?

as ¥ € Wa,_, means x,, — z; > 0. In the other cases we proceed in the same way. First,
we add a positive term in the numerator and then use the increasing behaviour of (4.16]).
For the second step we will use x;41 —2; < 1,0 < 2541 < % and the ordering of x without

further mentioning. The following case is | =4, m > i + 1, where we have

2
_ Zi—Zi4l it %iq1
(ym — ¥i)? _ (Zm + m V2 2 )
1 . ) )
3+ (Ym — Yi) (T — ;) % + (Zm Yz, — 2 \;%—&-1 - :Ez+52171+1) (T — ;)

2
Zi—Zi4+1 Ti41—Tq .
(zm_l\/% - 12 1+$m—xz>

§+(Zm— l\/%_H_ H—l2 l+$m_$l)(l‘m_$l)

2
Zi—Zi+1 Tj41—Tq
(Zm_ R l+xm_x")

2 7
o o
b (= 2 - e, )
m
2 2
> v2

2°
1 Z; 1
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4.3 Hausdorff dimension for the multivariate Bessel process

In particular, we used for the first inequality

2 T Zi41 Li+1 — X4 Zi 7 Ri+1 Li+1 — X4
Zm — - 2 Zit1 — -
V2 2 V2 2
N’
<1
—2

while reminding the form of A; 5. Similarly, when [ =441 and m > ¢+ 1 we have

L L 2
(Zm + — Zz't/z%+l _ Iz+§z+l>

ZitZit1 Tit+Tit1
+<zm+a:m— 2\/5’ — = )(xm—xiﬂ)

2
Z'+Z'+1 Tip1—T;
(zm— Z\/é T Z+mm_xi+1>

(ym - yi+1)2 _
2+ (Ym — Yir1)(Tm — Tig1)

N[

1 ZitZzit1 Titl—T;
5+ (Zm - = \/; + 75—ty —$i+1) (Tm — Tig1)

2
Zi+Zit1 Tit1—T;
(Zm l\/g— H—Q * Tm xi—f—l)

>
3+ (zm - Zﬁj%“ + BT g, — $i+1>
2
i1
(-1
>
T 2 1)?
-1
since
2, — 2 7:;@'+1 i $i+12— Ti o g — Zi J\r;iﬂ n wz‘+12— z
2 2
>0
S % 1  Zitzia
V22 V2
_ 1z
2 2
1 r
>—-—=>0.
-2 2
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The last two cases are those for which [ < 7 and m =7 or 1+ 1. For the first one we derive

2
Zi—Zi+1 TitTit1 o
(i — )’ _ (3 + = s - )

% + (yz — yl)(l'l — :L‘l) % + (Zi—ZiJrl + TitTit1 2 — xl) (l'z o xl)

V2 2

2
ZiTRi4l Lit1 =4 .
( 73 z] + 5 +z; a:l>

1 ZiTZi41 ZTitl =T . .
2 ( AT T3 ”rwz—wl) (i — 1)

2
Zi—Zi4l 2+ $i+12—$i 4+ x; — xl)

v

Zi—Zi+1 —z+ %—'—xz _$Z)2
2

Z_1_ 4

R

1o (=1 L)
2 V2 2 l

AV

N[ =

e e
/N
>

since

Zi — Ri41 5 Tit+l — Ti i — Zi+l A Litl — T4

v

In the same way, we get

9 (Zi+zi+1 + TitTit1 o — )2
(Yir1 —u1) _ V2 2 ! l

1 4 L
5 + (yi+1 — yl)($i+1 — xl) % + (zzJ:/Z;rl + szr;Uerl — - l’l) (Hfi—f—l _ l’l)

2
Zitzi41 . Ti41—%4 . _
(7\@ 2] — —5— t Tit1 :L‘l>

Tij41—T

o T AT Ty i - wz) (Tiy1 —x7)

v

+
ZitZidl o, Tidl=Ti 4 oo ?
72 ! 3 i+l — Ty
_|_

Z'+Z'+] Ti41—T4
7 7 7 7
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4.3 Hausdorff dimension for the multivariate Bessel process

1
ameci)
1
R E—
for m=14+1 and [ < 1 since
zZi + Ziv1 oy Tit1 — T4 > Zi + Ziy1 - Tit1 — T4
- 11—
V2 2 V2 2
<
stmn m 11
T2 V2 2 2
Zi4+1
= > (0
\/§ -
For a more concise notation we define
Zi 1 = pit1(2) = (zl, ey iy 2Dy e - ,ZN) (4.17)
to finally obtain with all of these relations:
P (X1 S E;‘N 1)
) -
(N+1) +1 2 3
> O(N, / [ G G I () i 4
p1+1 1, N 0
e_(N+1) +1 ok
1 2 3
=0 g™ IR ) et

pit1(Ai,n)
where the products are given by

. 2 — 27)2k
H§\17,)k,i(zi+1) = H ( d

k’
1<i<men (3 + (zm — 21)?)

Im#i,i+1
(Zi - l>4k
00G) = [
i (=)
<z L l)4k
HS\?;)ki(Z;:Ll) = H A
2z
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We notice that the cases [ =7+ 1 and [ = i respectively m = ¢+ 1 and m =i lead to the

same bound. Setting

(N+1)3+1
e~z 2k
C1(N, k) := C(N, k)4\/§(2k =
o / Hgv,)k,i(ziﬂ)ﬂl(c,g (ziJrl)HgV,)k,i(ziJrl) dziiy
pi+1(Ai,N,R)

and noting that all factors in the integrand are positive in the interior of A; y, which has

a non-zero finite Lebesgue measure, we conclude that C1(N, k) > 0 with
P*(Y; € ET) > Cy(N, k)r?k+L,

In the case r > 1 we again start from the same point:

2
_llz=yll

e 2 way_,(y)

(3 + (@m — 20) (ym — w))

P* (Y1 € B}, ,) > C(N, k)
E

- dy.

An_1 1<I<m<N
Ifxe E}lN—l’ then we use the same arguments as in the the case r < 1 by making use of
1
P*(Yy € B}, ) =P*(Y1 € Ey,,_,)-

By this observation, we can apply the calculations for the case r < 1 specialized to r = 1.

Otherwise, x € EQNA\E}‘\NA which means that after choosing

i= argmin (zj11 — )
j=1,.,N—1

we have
Tit1 — Ty > 1.

We consider the simple transformation y = z+x with integration domain z € B(0, %) N{z:
zi+1 — z; < 0}. To ensure this leads to a smaller integration domain we need to verify

that z+xz € £} for any such z. Therefore, we examine bounds for z, — z; for any two
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4.3 Hausdorff dimension for the multivariate Bessel process

distinet m,l € {1,..., N} under the restriction
N

2
Z Zj <

J=1

| =

In particular, for all [ # m the simple condition

holds, which implies

or equivalently

1 2 1 2
—\1 4 — 21 < zm— 2 < 14 A

for z; € [— %, %] When maximizing the right-hand side, we calculate

0 /1 9 2]
I 2 e S
02 < TR Zl) /1 2
1~
which is zero for

/1
2] = — E_Z?

By squaring we receive as the only possible solution

I 1 11
Zl——%——mé[—ff}

Comparing with the value at :l:%, that is,
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4 Return times for the multivariate Bessel process

we obtain ﬁ as the global maximum value. By an analogous calculation we get

<-4 <

1
V2 V2

Having these observations in mind, we receive

(4.18)

1 1
O0<—-——F2+1<——+Tit1 —

V2 V2
< Zip1l — 2+ Tip1 — T
=Yi+1 — Yi
<0+r=r.

due to 1 < x;41 —x; <7 and z4+1 — 2z > 0. For the rest of the pairs j # i, we get

Yit1 — Y5 = zj+1 — 2+ Tj41 — T

1
Z—E‘in—&-l_l’i

1
>——4+1>0.

V2

Therefore, the components of y are still ordered and in £ =~ . Consequently, by choosing

a smaller integration domain we conclude

P*(Y1 € By, )

ll=]1

- e 2 wk(Z-i-x) dz
> C( ) / (%+($m_m1)(zm—zl+$m—l’1))kz

B(0,3)N{zi41-2<0} 1<I<m<N

e N’k e—éwk(z+$) dz.
> C( ) / (%_’_(xm—xl)(zm—Zl‘i‘xm—ﬂ?l))

B(0,3)N{zis1-2<0} 1<I<m<N

We take a look at each term in the product separately:

2
(2m — 21 + Ty — 17)? (#m — 1 — \/5)
+ (zm — 2+ T — ) (T — 1) A+ mm—xl+%)(xm—xl)

N[ —=
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4.3 Hausdorff dimension for the multivariate Bessel process

First, we used the known bounds from (4.18)) of z,, — 2; and then applied that the function

is increasing for & > 1 while z,,, — z; > mirj{[ 1(xj+1 — xj) = x;11 — x; > 1. Therefore,
we can write

EN(N—1)
2
P*(Y; € E") > C(N, k)
EN(N—1)

EN(N—1)
2

= C(N, k)

— O(N, k)

Since the Lebesgue measure is independent of i, we obtain the desired lower bound.
Upper bound: The proof for the upper bound is significantly shorter, allowing the con-
stant to depend on g, the bound of the starting point x. This additional condition ensures

that we have the necessary property
0< @y —a; < V20 (4.19)

for every 1 <1 <m < N since x € £, .~ N B(0, o). This follows by making an analogous
calculation as for the ball B(O, %), see (4.18)). First, if we choose the constant Cy > 1 the

inequality is trivial in the case 7 > 1 due to
P*(Yy € B, ) £ 1< Co=Comin {1,711},

Hence, we assume 7 < 1 and using again [39, Theorem 3.1] we obtain

_le=yl?
P*(Y1 € B}, ) < C(N.K) / I (f+ (@ T;(;;)(y — )" v
2 m m

r
An_1 1<I<m<N

E
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4 Return times for the multivariate Bessel process

N-1 o ux;yuzw )
<Ok Y / : kY ~ dy.
=15 [T G+ @ —2)(ym—w)
Eyy_, 1<i<m<N
Here, it is evident that
N-1 N-1
By, = U E:{jvfl = U {yeWay_, :0<yiy1 —yi <r}
i=1 i=1

and we use the variable transformation (4.12). In particular, the constant C'(N,k) > 0
differs from the one in the lower bound case but for simplicity we use the same term.

Therefore, we again receive

($i+1 - fb“z')z
2
> 2]” = (zig1 — zi)r

lz =yl = ll=1* + — V2(@ip1 — i)z

2> ||2]* = (zis1 — )
N
> > Vi
=1
jFi+1

since \/§Zi+1 < r < 1. The rest of the terms come from the product

k
11 <1 (g = 91)7 )) <9t IT wm—w™

1<i<m<n \2 T (@m —21) (Ym =y 1<l<m<N

We have taken away the term (2, — 2;)(ym — y1) > 0 in the denominator. The simplest
term is (I,m) = (¢,7 + 1):

0<yir1 —yi=V2zy4 <r

2k+1 of the probability. Now, we bound the other terms in which

which ensures the order r
zi+1 occurs. In the following cases, we always use 0 < % <5< % and (4.19). We bound

the terms with I,m & {i,i 4+ 1} by

0< Ym =Y = 2m — 21+ Tm — 1 < 2 — 21+ V20.
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4.3 Hausdorff dimension for the multivariate Bessel process

For [ =i and m > i + 1, we obtain

Zi —Zitl  Titl T

NG 2

0<yYym—Yi=2m+Tm—

Zi Zi+1 Tm — Ti4+1 Tm — Tj
=2Zm— —=+ + +
V2 V2 2 2
Zi 1
< - 4= 2
< zm ﬂ+2+xfg

and similarly, if I =7+ 1 and m > 7 + 1,

Zi + % Tit+1 + T4
Oﬁym—yi+1zzm+$m— 7 \/Qerl_ 1+12 )

— _ﬁ_zi+1+xm_$i+1 Tm — Tj
V2 V2 2 2

v
gzm—7’§+x/§g.

When m =i+ 1 and I < ¢, we derive

Zi + % Tit1 + T
0<¥yir1—uy < Z\/;rl%- l+12 e

Zi Zi41 LTi+1 — X T; — X
= — —2z+ + +

V2 V2 2 2

Zi 1
< — — — 20.
<75 Z1+2+\[Q

The last case we must examine is that where m =17 and [ < i:

Zi — Zi+l  Titl + T
O0<y—uy= NG + 5 — 2z — Xy
% Zigl  Xipl — X Xy — @

= — — 2] —
NN 2 2
S%—Z[+\/§Q.

Next, we recall the integration domain. Since y € Wa,_, the components of z must satisfy

Zj+$j§2j+1+l'j+1, j¢{1715171+1}7

Zi — Zi+1 Tyl T X
+ )

V2 2
Zi + zZig1  Tip1 + T
7 \/EH- 1+ 5 7 < Zito +xi+27

IA

Zi—1+ X1

N

0< V2241 <7
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4 Return times for the multivariate Bessel process

In particular, these should now become independent of z;;1 and r except for the component
zi+1 itself. Because of z;11 > 0, there exist more possible z that satisfy the following

conditions:

2j + 5 < Zjp1 + Tj, jé&{i—14i+1},
2 Tit1 + X4
Zic1+ w1 < 7% %,
Z; Tit1 + &

= —— < Zi+2 + Tiy2,

/2 2
OS\@ZE-H <r.

Furthermore, to get rid of the dependence of x we reformulate

2j < zjp1 + (i1 — 25), jE{i—1d,i+1},
Zi—1 S % + Titl ; Tizl Ti _2xi_1
Zi Tit2 — Tit1 | Tit2 — T (420)
2y <
\/§+ < Zito + 5 + 5

0< V2241 <7

and then enlarge the integration domain given by (4.20) due to (4.19). In summary, we
define the set

Mian = {Z e RV : 2 < zye1 + V20 for j ¢ i — 1,ii+ 1},

2’11—\f9< <Zz+2+\fg}

\f

in order to obtain the new, greater integration domain

r
7Q»N +1 \/é

With these definitions and inequalities, we obtain

2

N-—1 _ ==yl
€ 2 wi(y)
PV € BY, ) <C(NE) S / dy
o = T (4 @m—2)m— )"
Eyy_, 1<l<m<N
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4.3 Hausdorff dimension for the multivariate Bessel process

=z

- EN(N=1) _ [e—y||?
< C(N,k) 272 e 2 w(y)dy
1

)

%

E,;
AN—1

T

o)

Cllzfal?
< C(N, k) / / TR A
0

=1
pz+1( ’LQN

2

1 * (3 * *
2* leﬂgv)k 1,9( z+1)H§V)kzg( i+1)H/(f,2,Q(Zz‘+1)dZ¢+1

EN(N—1) N—1 -
s — +k‘,,,.2k+1 _ ||ZZ‘+1H o

Zzlpz‘ﬂ(/\/‘i,g,N)

(1 * (2 * *
Hgv?k,l-,g(zm)ﬂgv,)k,i,g( z—l—l)H](g Z) Q( ziy1) dzip
=: Cy(N, k, g)r%+1

with
1 *
Hg\f)kz olZiy1) = H (2m — 2 + V20)%
1<i<m<N
l,m#ii+1
7® H zi 1 2 2k
HNkig(Z:Jrl) = [(zm—l—i-—i-\/ig) <Zm_l+ﬂg):| :
i+l<m<N V2 2 V2
2k
ﬁff’z) (2i1) = H [(—Zz-i- +\[Q><—zl+\fg>:|
s\ it ,
1<i<i ﬂ \/5
which are all quantities independent of r and z;41. O

The previous lemma allows us to find the following bound.

Lemma 4.17 (Case An_1): For every ¢ > 0 and x € OWj4,,_, there exists a constant
C3 = C3(N,z,k,e) > 0 such that

]P’m(ﬂs S [tl,tﬂ 1Y, € E;‘Nil) < Cg(tg — tl)k+

for every to > t1 > e with 0 < r < /ty — t3.

Proof: Since we have already carried out the proof in detail for the classical Bessel process

in the previous section, see Lemmas and we now abbreviate it significantly. The
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4 Return times for the multivariate Bessel process

main difference is the more complicated set E", therefore we define the stopping time

alternatively as follows
T::inf{SZtlzi/}EET}
so that
P*(T < t3) =P*(3s € [t1,t2] : Ys € E").

The further calculations are analogous. We can easily derive

2to—1tq
[ Pe(Ys € ET)ds
t1
to—1t1
. Y s
ylenbgT of P (Yu eFE )du

P*(3s € [t1,t2] : Ys € E") < (4.21)

and then use the %—semi stability to apply Lemma 4.16[ with ¢ := HL\EH > ll%ll > % The
1

additional dependence on g or, in particular on z, in the upper bound of Lemma

does not cause any problems since we only take an infimum in the denominator. In case

X
Vs
we cannot take it out of the integral. Here, we immediately see the importance of the

of a dependence only on the starting point z, the constant becomes dependent on and
additional constant p and that it enables more applications, seeing that we can always set
o= llz|. O

Remark: In particular, is true for every multivariate Bessel process for any set
E" C Wg, e.g. E},, since we just need the strong Markov property. The main work
lies in Lemma Thus, to prove this upper bound of the Hausdorff dimension for a
different root system, we need an analogous lemma with a suitable edge set E}, C Wr
such that OWpg C ET%, holds while the power of r in the lemma determines the upper
bound. The easiest solution for later calculations, especially for the lower bound of the
Hausdorff dimension, is if the constants are independent of the starting point x, however

it is sufficient if only C; is independent of x and Cy depends on g additionally.

By means of Lemma the proof of the upper bound is analogous to the one for the
classical Bessel process, see Theorem
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4.3 Hausdorff dimension for the multivariate Bessel process

Theorem 4.18 (Case Ay_1): For every 0 < k < % and x € 0W 4, _, the inequality
A 1
dim (Y (6WAN—1)) < 3~ k

is P*-almost surely valid.

4.3.2 Lower bound

In this subsection, we focus on proving the following statement, which completes the proof
of Theorem .15l

Theorem 4.19 (Case An_1): For every 0 < k < % and x € 0Wy4, _, the inequality
. . 1
dim (Y (0Way_,)) = 5 —k

is P*-almost surely valid.

If we could manage the proof of Lemma so that (5 is independent of x and its norm’s
bound p, we would not have to do any further work. In that case, the proof would proceed
in the same way as for the classical Bessel process. This small detail causes that we have

to determine one more bound. We first derive the following auxiliary bound.

Lemma 4.20: For 0 < ¢ < 51 < s9 and n € N we have

N
82—81> 2t

52

1 0 Il
e e R e
/ / e 2 2 ”u”(\@ Hv")w(v)w(u) dv du,
EP) 1
EV n2sqy(sg—s1) E‘"\/SZ_Sl

where in particular k is the sum of multiplicities as defined in Section [1.1

1 1 —
P*(Ys, € En,Y,, € En) < ck2<

Proof: We start from

1 1 1
p* (szl € Eg’Y'SQ € E;) = /Qk(SQ _SlayaEﬁ)Qk(Sla'rv dy)

1
En
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4 Return times for the multivariate Bessel process

and first rewrite this term

P*(Yy, € Ew,Ys, € Ew)

,ng(\\%nzuf
72 ; — y - ) ( - >
=c Ji w dz
k N )
/ / (s2—s81)2 V82 — 51 /52 — s1 Vs2 — 81
E% EW
[

e 2sq

(G ) e ()
7 Ve Ve )\ Vs

5 / _2<Hy||2 )_Hu2H2J ( y ) (v) d
=c e 22791 k| ———,v | w(v) dv
k 9
\VS2 — 81
1 1
En pn/fsa—s1
_ el ®+llwl®
e 251

Ji x y)w(y>dy.
3 e va) U\ e

In the last step, we performed the substitution z = y/s9 — syv. Using Ji(z,y) < ellzlliyll
yields

P*(Y,, € En,Y,, € En)

C i Mel? el e e)® | el
< 1N / e 2s2—s1) 2 +\/52—51€_ 351 T sy
2.2
Ck’sl 1 1
En EnVs2-51

IA
—_
H\
a
|
M‘E
o
W
K
0
N | ®
ll\)
2
K
|
‘E
+
=
7 N\
28
+
M=
=
1=
K
N—
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4.3 Hausdorff dimension for the multivariate Bessel process

s1(s2—s1)

p u to obtain
2

Next, we substitute y =
1 1
P*(Ys, € En,Y,, € En)
N
_ SS9 — 81\ 2
52
Clwl®pel® | feaGa=sn) (el el
/ / e 2 2 59 s1 \/ﬁ
EP) 1
EV n231(32—51) E”\/SQ_Sl

N

_o [ S2— 81 PRl
:Ck
82
flul2 _ o) s2—51 51
/ / ol (RS S
59 1
EV nzsl(sg—sl) E"\/52_Sl

N

T+
< c;Q <82_$1> 27"
< 59

O 3l JIEA]
/ / e 2 2 +Hu”< Ve +HvH)w(v)w(u) dv du.
So 1
EV n%s1(s2—s1) prnvs2—s1

The equality holds due to w(cy) = c**w(y) for any constant ¢ > 0. In the last line we

~w(v)w(u) dv du

used € < 51 < 89. O

Besides, Lemma holds for every multivariate Bessel processes meaning that this can
be helpful when dealing with Conjecture for arbitary root systems R in more detail.
Now, we specify this bound further for the Ayx_; case. For the By case, we elaborate on
this in Appendix [A]

Lemma 4.21 (Case An_1): For 0 < ¢ < s1 < so and n € N there exists a constant
C(z,e,N, k) > 0 such that

C(z,e,N, k)

) - 1 k+i
n4k+2(82 _ 81)k+281 2

1 1
W(Ysl € E;. .Y, cEj

AN_1
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4 Return times for the multivariate Bessel process

is valid.

Proof: We start the proof with the bound for this probability given in Lemma For

r > 0 we recall

N-1 ' N-1 o
EQNfl = U Egjv,l = U {y € WAN—1 0<yiy1 —ui < 7'}
i=1 =1

so the inner integral over v from Lemma is bounded above by the sum over i €
{1,...,N —1} of

el el (Ll gy
/ U (0 ) (4.22)

1
E"‘/32751 !

AN-1

i

For the moment, we disregard the term wy, _, (u) since it is not important for bounding

the integral over v. For each ¢ we perform the substitution

Zj = v for j & {i,i+ 1},
o Vig1tv
2 = N
. Vi1
Z’L+1 \/i )

a simple rotation to preserve norms and receive the distance between the corresponding

particles that are about to collide. In particular, observing

zi—zip1 = V2u;,
Zitzign = V2vig1,
V221 = v — v,

we rewrite and bound the weight function in terms of z:

way, )= ] (om—w)*

1<l<m<N

k_2k 2%k (- Zi+1 it Zi1 2k
= 9k ;- || P || H_z> <H—Z>
141 ( m l) L ( \/§ l \/i l

1<l<m<N
k k
H <z _Zi_zi+1>2 <z _Zi+zi+1>2
m m
=y V2 V2

m,l#i,i+1
m=i+
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4.3 Hausdorff dimension for the multivariate Bessel process

k 2k H 2k Zﬁ Zi > 22 1 o
1
=2 Zit1 (Zm — Zl) 1 ((\/§ — Zl> _ Z;‘ )

1<l<m<N
m,l#i,i+1
N 2 2 2k
H <<z B Zi> Rt
m
2
m=1+2 \/i
i1, ak N L\ 4
k 2k 2k i i
<t I G- (=) 1 (=~ 75)
1<l<m<N =1 m=i+2
m,l#i,i+1

= 2° 220 Ty i (2 0)-

Next, we focus on the integration domain. Especially, we observe how the ordering of v

transfers to z:

2 < Zjti, for j & {i —1,i,i+ 1},
Zi — Zi+1

7\/5 )

Zi + Zit1

T = Vip1 < Vig2 = Ziy2,

Zi—1 = Vj—1 S U =

which imposes the definition

Zi Zi .
Biari= {Z ERY 2 <z jE{i-Lii+1h s+ 0 < < Zm}.

V2 SR T

i
The additional condition v € EZNV 2751 indicates

1
n\/2(sy — s1)

Now, we want to have the terms in the exponential function in (4.22)) be independent of
ziy1. For this purpose, we recall 27, ;, (4.17), and introduce the vector +(z;, ), which
differs just in the (i+1)th component of z, by (@/)(zfﬂ)) 2 —/22_1. The inequality

0< 241 <

i+l
2l < Nzl < [l (i)l

holds for every z within the new integration domain

AN {0 < < v }
iN S Zidl S /2055 = 51)
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4 Return times for the multivariate Bessel process

Since the variable substitution v — z is a rotation, norms are preserved and thus we can

proceed to bound the integral as follows:

nun2 2yl o|
. el (B ez 01 o 2

IN
—

* k
2 —l—lHNk”L( i+1)d(zi+lazi+1)'
Ay NORO<zi 1 <——L
oy {-‘*ﬂ—nwﬂgfai}

In a next step, we make the constraints in A; y independent of z; ;. Due to the positivity

of z;+1 we receive

Zi+1

T < Ziy2

Zi+1

e

Zim1 < zi—1 +

< Ziyo —
and hence the set

Ki,N = {Z e RN : zj <zjp1 jE{i—1,0,i4+1}, 21 < \f < Zz+2}
fulfills

Ki,N M {0 < Zi+1} D) Ai,N N {0 < Zi+1}.

Moreover, we can immediately derive as upper bound of (4.22]):

2 |lzX, 12
1 S A UG LIS D e
pit1(Ain)
We note that this expression depends on the index i = 1,..., N — 1. Having successfully

dealt with the inner integral over v, we can now analogously derive a bound and decom-
position of the integral over w, this time using the index j = 1,..., N —1. We denote this
resulting integral, depending on i and j, by C;;. Hence, we receive

k+3

Cij(l',E,N,k‘) 82

1 1
V2n2kH (59 — 1) 2 ﬁn2k+1s’f+§(32 — 31)’”%
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4.3 Hausdorff dimension for the multivariate Bessel process

1
CU(-T,&‘,N, k)S’;+2

k+3 ’
k25112 (g — g1) 21

To obtain a bound on the whole integral, it suffices to sum over both ¢ and j and finally
adding the prefactor from Lemma we yield

1 1
= =
< S1 17{1\]717 2 *fol)
EN+1)(N—1

= 1 [s9— 51 1
<Y Cijl,e,Nk)— 7

2 1 k+3
i 2¢y 82 nAk+2 (g — 51)k+251 2
<1
N-1 1 1
< Zcij(xang’k)2cg ’ 1 k+l
ij=1 ko pAkt2(sy — 51 )ktas) " 2
1
=:C(wx,e,N,k)

1 k+i
n4k+2(32 _ 31)k+2sl 2

with € < s1 < s9. The dominant negative term in the exponential function of the integrand

ensures that the constants Cj; are finite and thus the same applies to C'. O

Finally, we can give the proof for the Hausdorff dimension’s lower bound, Theorem 4.19
which completes Theorem

Proof of Theorem [[.19: The idea of the proof remains precisely as for the classical Bessel
process. The main differences are the additional calculations in the previous Lemmas [1.20]
and [£.21], we found necessary for the following. This is a substitute for the upper bound
from Lemma [4.16] since the constant depends on the starting point. Before starting with
the calculations, we repeat the setting within the proof of Theorem Therefore, we

consider an interval [t1,t2] C (0,00) for verifying

dim (Y1 (0Way_,) N[t t]) = 5 — k.

N =

The proof relies on Lemma As Lemma [4.21] can not be applied in the case t; = 0,
we required Lemma [£.7] to extend to ¢; > 0, which is a key difference to the proof for
the classical Bessel process, Theorem [4.11] Similarly, we construct for every possible
smaller dimension 0 < 3 < % — k a positive measure y on Y_1(8WAN71) N [t1,t2] such
that ||| gty 1, 18 finite, which implies dim (Y ~H(OW) N [t1,t2]) > B on {u > 0} due to
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4 Return times for the multivariate Bessel process

the capacity argument, Lemma |4.6 We define an analogous sequence of random positive

measures on B([0,00)) by

2kt
tn(B,w) :=n / {Ys(w)eEn} ds
[t1,t2]NB

and are again searching for constants K; > 0 and K5 > 0 such that Lemma is appli-
cable. By using the %—semi stability of the multivariate Bessel process and Lemma

we obtain

t2

B (lal) = v+ [ (V€ %) s

t1

to
= n2k+1/Q;€(s,x,E}1)ds
t

to
_ 2k+1/Q (1 = Enlf> d
n k ’ 3 S
S
t1 \[

to
ATo 1
> Cl(k, N)n2k+1n2k1/8k2 ds

t1

1k —k
= —q <t22 _tl > =: Kl(tl,tQ,N, k) > 0.

Furthermore, we calculate the following expressions from Lemma [4.21

ta 12

B (o) =42 [ [ (Vi € BV, € BY) dsad

t1 t1
to to

t1, N,k
4k+2// x 1, ) ds2 dSl
nAk+2 (g )k+1 k3

t1 s1
to to
bl —k—12
=2C(x,t1, N, k) //82—81 25, *dsadsy
t1 s1
2C (z,t1, N, k 1
:—(x hk )/(t—81)§ F 1k 2 dsy
5_

t1
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4.3 Hausdorff dimension for the multivariate Bessel process

This object is clearly positive and finite for t; > 0 and 0 < k < % Now, we turn to the
[-capacity for 0 < 8 < % — k and we again make use of Lemma m

wu(dsy)p(dsg)
E ([linllg 1 t21) 53 — Sl,ﬁ

IP’IY GEnY € En
4k+2// )d82d51

59 — 51)/3
t1 s1
to to
_k—1
< QC(xatlan k)//(32 — 81)_k_5_%81 2 d82 d81
t1 s1

to
_ 20,0, N, k) /(t )RR g

TR
1 B to )
< 20(1’ t1, N, k)t2 /Sl—k—2 ds;
L
14
_ 2C(x,t1, N, k)t3 F ﬁ(t% k_t%—k)
G-k=B)(z-k \*
2C(x, 11, N, k)ti 27 e
T k=B —k)

Hence, we have proved for every 0 < t; < to < oo that

K? N
k) > 1(t17t27 7k) (423)

1
Px(d‘ Y-l ow. t1,ta]) > 5 :
im (Y OWay-a) Nt ta]) 2 5 —k) 2 2K3(x,t1,t2, N, k)
We define the stopping time 7,
Tpo=inf {t > 71 +1:Y; € 0Wa, ,}

with 79 := 0. By the strong Markov property, Y, € 0W4,_, almost surely and by (4.23)
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4 Return times for the multivariate Bessel process

we determine

‘ B 1 K2(t1,t2,N,k)
> P (dim (Y HOW) e 1) 2 5 — k) 2 g

for some 0 < € < 1, which we need to add in the multivariate case, due to the positivity of
t1 in the calculations above. From here, we omit the rest of the proof since it works exactly
as in the classical case with small modifications as well as the proof of the analogous result
to Lemma O

Looking at the results of the first hitting time, we observe that for any o € R with k(a) < 3
the time such that (o, Y) = 0 holds is almost surely finite, [26, Proposition 1]. This result

transfers in the An_1 case to the sets
8WAN_1 = {:1: € MWay_ | @iz1 = xz}

On closer inspection, we find that we have performed all the proofs on the sets Ej:l’qu C
8W}'1N71. In particular, we have already proved all the corresponding lemmas to derive

the following corollary.

Corollary 4.22: The Hausdorff dimension of collision times for the multivariate Bessel

process of type Ax_1 starting in z € Wy,,_, is given by
dim (Y~ (oW} ~ i {ik
im (Y~ (oW}, ) = 5 ~minqg,
P*-almost surely.

If we would have proved Conjecture we suppose that likewise the following ensues.

Conjecture 4.23: For every multivariate Bessel process (Y;);>0 starting in z € Wx with

multiplicity function k : R — (0, 00) the equality

dim (Y (0W5) ) = % — min {; k(a)}

182



4.3 Hausdorff dimension for the multivariate Bessel process

with
oWg = {y € OWg|(a,Y) = O}

is P*-almost surely valid for every o € R.
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4 Return times for the multivariate Bessel process
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A Hausdorff dimension of the multivariate
Bessel process of type By

We could not fully prove Conjecture[4.13]for case By by now. Therefore, we now elaborate
on the results so far and the problems that have arisen. In Section we have proven
this result for the Ay_1 case, which is a quite similar model. The main differences are
that the process of type By lives in the positive half-line and there exists an additional
repulsion from the origin with a different strength, hence this process is indexed by a two

dimensional parameter k = (ky, k) € (0,00)? given by

N

A7 = dBu+kigy ik Y (YtBthB + YtBthB) dt,
Ji j=1 Ji 2 )i 2
o J#i
YOB = yc WBN
for i = 1,..., N with a standard multivariate Brownian motion (B;):>o living on the

closure of the Weyl chamber Wg, = {z € RV|0 <z < - <zy}. We assume N > 2
for the calculations, seeing that NV = 1 is a classical Bessel process. As an auxiliary tool

we define here, analogously to the Ay _1 case, the edge set
Ep, = {xEWBN]EIiE {1,...,N—=1}:0<wjp1 — ST}U{:UGWBNWle Sr}

of thickness » > 0 such that OWpg, = E%N C b, - After a simple calculation it is easily
seen that EJ"BCN = cEgN still works for each r,c > 0.

Lemma A.1 (Case By): For every k = (ki,k2) € (0,00)% and ¢ > 7 > 0 there exist
constants C; = C1(k, N, 0) and Cy = Cy(k, N, 0) > 0 such that

Clr2min{k1,k2}+1 < Qk(l T Eg ) < 02 mln{l 7421r1i11{]€1,]€2}4r1}
> y Ly N = )

holds for all z € E; N B(0, ).
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A Hausdorff dimension of the multivariate Bessel process of type By

Proof: Upper bound: First of all, the case r > 1 is trivial when choosing Cy > 1. There-

fore, we focus on the case r < 1. For this case we consider the variable transformation

20 = Y1y, % = Yi+1 — Yi

or equivalently

i
Y1 = 20, Yi = E Zj
j=0

fori =1,..., N—1. Therefore, this simple transformation leads to a classification: z € Ef; |
implies there exists an i € {1,..., N} such that 0 < z; < r. The corresponding Jacobian

is 1 and the weight function becomes

wey@) = [[ o2 I @n-w)™ ] (o0t ym)™

1<m<n<N 1<m<n<N

S (S

m=0 =0 0<m<n<N—1 “l=m+1
m n
I (Xa+Xa)
1<m<n<N =1 I=1
N-1 , m % N n 2k
2%k
= I (Xw) I T (Xa)
m=1 *1[=0 m=1 1<m<n<N-1 “l=m
m n
I (2Xa+ 3 )
1<m<n<N =1 l=m+1
N
2k 2
=: Iy r(2)z5 " H 22k
m=1
We later will use the inequalities
nw(z)| < Tngp(z) <Tye(2)
z;=0 2i=p
forallt=0,...,N —1 to bound the weight function. The norm of y is rewritten as
N—-1 m 2
2
=3 ()
m=0 “n=0
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Now, we proceed to derive

2 2
[l +1lwll

Qull.z, B}y, ) = ¢! / e 5 (@ )y () dy

2
<at [ e o)

since the relation Jy(z,y) < ellll¥l holds while 2 € B(0, o). Making use of the transfor-
mation and noting
N-1
EEN U{yGWBN O<yz+1_yz§T}U{yEWBN O<y1<r}

Z;l (A.1)

UE

we find that the integral on the right-hand side is bounded above by the sum over ¢ €
{0,...,N —1} of

roo0 ©0 1N 1 m 2 N-1 m 2
///xp( 32 (X)) | e X (Xa) )
00 0 m=0 “n=0 2;=0 m=0 “n=0 zi=p
N-1 N-1

<HN,k(z)> (z%kl szQ) H dz; dz;
zi=0 , .
j=1 Z=T =0
J#i
2k1+1

In the case i = 0, this integral is equal to Ky(N, o, k)r , while for i > 0 we get
K;(N, o, k)r%QH. Obviously, the constants K; are finite since the second order terms in

the exponential have negative coefficients. We now write

N—1
Qr(l,z,Ep,) < ;! (KOT%1+1 + Z Kﬂ’%ﬁl)
=1

N-—1
S Clzl (Kor2min{k1,k:2}+1 + Z KiTQmin{kl,krz}—Fl)
=1
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A Hausdorff dimension of the multivariate Bessel process of type By

N-1
— C];l <K0+ Z Ki>7‘2min{kl7k2}+1.
=1

Lower bound: The lower bound is derived similarly. Using the lower bound Ji(z,y) >

e~ =iyl as well as 2 € B(0, ), we rewrite

_ _ Ll +livii?
Qull iz B} ) = ;! / B g (@ sy (v) dy
By
_ _ Uyll+e)?
chl/ e 2 wpy(y)dy.
By

Using the same transformation, the integral is bounded below by the sum over i €
{0,..., N — 1} of

m=0
N N-1
(mr(2))[_ (5% TL ) TT s
i m=1 §=0
JFi

Since ¢ > r > 0 we ensure by starting the integrals at g that either only two particles are
2k1+1
2k1+1

for i = 0 and gk 2+1 for 4 > 0, while the rest of the integrals give constants that depend
only on N, o and k. In other words, the multiple integral is equal to K0T2k1+1 fori =0
and K;r?k2+1 for i € {1,..., N — 1}. Again, all the K,’s are positive and finite, hence we

receive

close to each other or y; is close to the origin. The integral over z; gives a factor of %

Qk(Lma E%N) > CI;I

/\

2k1+1 Z K,,,Qk‘g—‘y—l)

N-1
2 C];l E Kir2k2+1
=1

for k1 > kg > 0 and

Lo 2kl
Q(leB)>CkKT !

for 0 < k1 < ko. Finally, we can write C;r? min(k1,k2)+1 < Qr(1, z, E%N) with Cy depending
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on N, p and k as claimed. ]

Even this more restrictive condition on the upper bound would not produce additional
problems within the proofs for the Hausdorff dimension even though C needs to be inde-
pendent of o and x. In the By case, it was not possible to make the constant dependent
on x but independent of r without introducing ¢. Here, the cornerstone is o > r. To
preserve all the essential statements for the proof of the upper bound in Conjecture

for R = By, we are only missing either the inequality
Qr(1, 2, B ) < Cyr?min{kukz}+1
) b N _—
or
Qr (1,2, B ) < Cymin {1,p2min{knk2}+11

for every k = (ky, k2) € (0,00)% and z € Eg,, with C1 = C1(k, N) > 0. In the proof of the
lower bound in Conjecture the proved statement, Lemma is enough even if we

are (just) using the lower bound of the previous lemma.

Lemma A.2 (Case By): For 0 < ¢ < s; < sy and n € N, there exists a constant
C(x,e, N, k) > 0 such that

) 1 1 C(J;,&,N,k)
P*(X,, € Bn, Xy, € B) < s

. ((52 — 31)2k2 + 2(82 — 81)k1+k2 + (82 — 81)2k1)

is valid.

Proof: We proceed as before, starting from the integral

/ / e_w‘%ﬂ““(%ﬂw)w&v (0)wp, (v) dv du. (A-2)

EP) 1
gV n?s1(sp—s1) EmV/s2-s1
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A Hausdorff dimension of the multivariate Bessel process of type By

Here, recalling the relationship (A.1)) we can see that ((A.2) is bounded above by

N-1 2

/ / % 2
e 2 2

59 1 i
E\/ n2sy(sg—s1) E"\/52*51 '
By

(L2 +1e11) wg, (V)wg, (u) dvdu.
=0

We first focus on the integrals for ¢ € {1,..., N — 1}. After performing the same rotation

as in the proof of Lemma [4.21

zj = vj, for j #£1d,i+ 1,
_ Vig1tv;
Zp = N
_ Vi4+1—Y;
zi—|—1 — \/5 )
we recall the relation
zi—zip1 = V2u;,
Zi+ziy1 = \/51)14_1, (A.3)
V2zip1 = v — v
and derive from it
2 2
R T A
ViVi41 = 5
2 2
2 oo (Eitzia)® (5 2i4)
Vig1 — Uy = 9 9

2 2 2 2
zi +2ziziv1 + 2 — 27+ 2zizip — 2
2

= 22241

Hence, we conclude

N
wpy(v) = [0 I (0n - o)
=1

1<il<m<N

2
2%k, (%
e S | R

— 1<l<m<N:
l;éz,z-‘rl Im#ii4-1

i1 2% 2k
- Zz+1 o\ (it i) o\
A ) (T A
=1
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N
o (i zi)?\ s (s an)?\ P
H Iy Iy .

m=t+2
Obviously, v € WBN c [0, 00)V guarantees that all terms in the products are positive and
thus we can bound every term separately. We further summarize parts of this via

oky (27 le al 2%
wpy (v) = (2zizi11)" & 22;:;1 H 7 H (e —2) "

1<l<m<N:
l;éz 2+1 I,m#i,i+1

i—1 2 2 2 2ko

24—
| | 7 i+1 2(.2 2 4

<(2 > 72[ (Zi+zi+1)+zl)
=1
N 2 2 2 2ko
zr — Z

4 2 2 2 7 i+1

[T (4 i+ ()
m=1+2

and combining (A.3) with the ordering of the vector v € W,

Zi — Zi+1
nglzvlf%:%-ﬁlgvmzzmy
zi + 2

V2

fori=1,...,i—1landm=1+4+2,...,N as well as

=v; < Up=2Znm

0 <wivip1 =

we bound the weight function

2(ka—k (2k1+k2) 2k 2k 2 2\ 2k2
wBN(”) <2 (k2 1)Z1 Zit1 H ] H (zm - zl)

—] 1<l<m<N:
l#z,z—i—l I,m#i,i+1
i1 4 2%ks N 24 ks
j 2_2 4 4 2 .2
<i—zlzi—|—zl> H <zm—zmzl+4>
=1 m=i+2
_ o2(ka—ky) 2(2k1+k2) 5 2k2 2k 2 2\ 2k
=2 Z Zit1 ] (Zn - Zm)
1<m<n<N:
l#l i mn#ii+1
i—1 N
: % 2 1k s 2 1k
7)) 1 (=3
=1 m=i+2
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A Hausdorff dimension of the multivariate Bessel process of type By

=t 223N i (2] 11)-

Once more, we obtain an integral of greater value by changing the integration domain
similar as in the Ay_ case in Lemma Therefore, we define

Zi41 Zi Zi+1 }

AN = 0, 0 i<z i—1,0,0+ 1}, 21 + < z
v={2e0.00Y 5 <50 ¢ 4 bt g g, B

and the larger set

Ai7N::{zE[O,oo)N:zjgzj+1j¢{i 1,i,i+ 1}, z11<\/§<zz+2}

to achieve as new integration domains

1 ~ 1
A0 {0 < Ziy1 < } CANN {O <z < }
ny/2(s2 — s1 ny/2(s2 — s1)

We define (2], ;) in the same manner as in the Ay_; case to find that the inner integral
is bounded by

Clll®

ll= 1+1H Lzl ]
+ *+
s f[u ||( +ly(z z+1)“> 3k21HNkz( 1) dz

. . 1
AZYNQ{OSZH—lSn\/m}
llull?

Iz 1+1H l=ll
_ + + ;
S e ll (42 + o201 2T ki (2541) 2

A . 1
Az,Nn{OSZZ-‘rlS T }

1

. ny/2(s3-s1)

llull Zit1 ll

-5 Fllull (2 Iz )l

N / ¢ ) (f - )HN,k,i(ZfH)dZ;H z+1dzi+1
pit1(Ain) 0

1 i HZZHH n el |

_ . - 1 el (L5 1= ’*1)“>HN,k,i(z;‘+1)dz;*+1

n2k2+12 2+§(S2 _ Sl) 2+§

pi+1(Ki,N)

The case when vy is close to zero is treated more simply. The weight function can be

bounded above by noting that

w0 Hv% [T -

1<l<m<N
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2k1 2(k142k2) 2 2\ 2ko
H Y H (U — V1)

2<l<m<N

2k
=0 lHIN,k(UT)7

accordingly we recognize that the inner integral for ¢ = 0 is bounded above by

1

7 by 1 ||
/ / / o2 () 2y (07 du - dug doy
0 V1 UN -1

< o~ g (L oo ) ! (v7) doy
- Ty >k1+2 Nk 1 1

Wey_4

by using the integration limit of v; and starting the integration over vy in zero instead of
v1, which guarantees Wp, , as new integration domain. Additionally, we define ¢(v}) :=
(vg,v2,v3,...,vN). Now, we employ a similar strategy to bound the integral over u with a
sum of integrals over sets of the form given in (A.1)). The summation index is here denoted
by j. Then, we must distinguish four different cases depending on the type of integral for

u and v: whether ¢ = j = 0, both ¢ and j are positive or if they are mixed. The result is

Ltk N+ka N(N-1) Nk Fatd
— 2
I[Dx(Xsl € E%,X52 = E%) < CI;Q <32 s1> ( Coo(z, €, )So

52

+1
n4k:1+281 2(82_ )2k1+1

N-1

=

) k2+2 -1 /€1+2

C N,k
ijL'&‘ +

ko+3
1 7'1,2 k1+k2)+25 ( S9 — 51)k1+k2+1 i

iy Cij(z,e,N,k)sy kats >

kot 2t 2ko+1
ij=1 nAR2t257 02 (59 — 51)2k2

Cio(z,e,N, k)s,

+ " +1
1 2(7€1+k’2)+25 ( 59 — 81)k1+k2+1

]:

—+

If ¢ = j = 0, repeating the calculation that led to the previous expression yields an upper
bound given by the first term on the right hand side here. The single sums over ¢ and
j come from the cases j > 0, ¢ = 0 and vice versa. The last term occurs from the case

i,7 > 0. Since Cj; > 0 we can write
N-1

C(z,e,N,k) = (:I;Q (Coo(x,a,N, k) + Z Cij(x,e,N, k)

ij=1
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A Hausdorff dimension of the multivariate Bessel process of type By

N-1
+ (Cio(l‘,&N,k‘)—|—00i({L‘,€,N,k‘)>)
=1

and finally simplify to
Sy — S1> F+kiN+ka N(N-1)

P*(X,, € En, X, € Ev) < C(z,¢, N, k) <
52

ki+3 ka+3
) 59
_.I_
dky+2 F1t3 k1 +1 k1 +2kpt2 F2t3 k1+kot1
n s; *(s2—s1) n 51 *(s2—s1)

ki+% k2+%
So 59
+ + :
ey 2k 42 K13 ki4kot1 Akot2 F2t3 kot 1
n2kit2ke 2500 2 (g9 — gp)F1th2 nAk2t257 " 2 (59 — 51)%k2

C(z,e,N, k) <32 _ 31> N 4 ki N+kaN(N—1)

- n4 Inin{k‘l ko }+2

52
ki+3 ka+3
) S9
+
kit 2Ky +1 ko+3 ki+ko+1
sp *(s2—s1) sp *(s2—s1)
ki+3 ka+5
- % - %2
ki+g k1+ko+1 ka3 2ko+1
sp *(s2—s1) sp *(s2—s1)
C(z,e,N, k)
- n4min{k1,k2}+2
Sy — 51 Nod bk (N=1)+ke N(N—1) 1 1
= +
< S9 > k1+% ki+1 kl-‘r% kotl
—_—— sy (sp—s1)"T2 sy Z(sp—s1)™T2
<1
N b ki Ntka N(N—1)—k2
n So — 81 2 1 n 1
59 kat3 kil ety kot L
— sy f(s2—s1)"T2 s P(s2—s1)"TE
<1

Since n > 1 we can bound k1 and ko by min {k‘l, kg} in the exponents of n whereas % is
less then 1 so we can choose the smallest possible exponent, which is obtained for N = 2,

to complete the proof

- 1 1 C(x)€7 N7 k)
P*(Xy € B, Xy, € Bn) < s
2—1
sy s\ T HRI 2D HRe2(2-1) 1 N 1
39 k1+% k141 k1+% kat3
sp Z(s2—s)"T2 sy (s2— 1)
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2—-1
+ <82 _ 51 > T+k12+k22(2—1)—k2 1 1

s ka+3 1 ka+3 1
? 51 2(sa—s1)M T2 7 2 (52— s1) 22
~ C(wz,e,N,k)
- n4min{k1,k2}+2
2k ki+k ki+k 2k
(82 — 81)™™ " (2 — s1)"HH2 + (52— s1)M "2 (82 —s1)™
ki+s ki+2ka+3 ki+y ki+2ka+3 ka+3 2ki+ka+s ka+3 2kitka+s
1 7952 S1 92 S1 7952 S1 92
< C(z,e,N, k)
— n4min{k1,k2}+2
2k ki+k K14k 2k
(82— 81)"™ n (52 — 81)"1 2 n (52 — s1)"HH2 (82 —81)™
1 1 1 1 1 1 1 1
ck1t5 cki+2ke+35 ckits cki+2ka+35 chatg g2kitket3 chets c2k1tkats3

_ C(z,e,N,k) (52— s1)%2 +2(sg — 51)" T2 4 (55 — 51)?M
T pAmin{k k)42 o2k +2ky+1 :

O]

Owing to this lemma and the lower bound from Lemma the lower bound is valid in
Conjecture [L.13]for R = By by an analogous calculation as in the Ay_; case, see the proof
of Theorem We have already discussed which kind of bound is lacking to achieve the
upper bound of Conjecture
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List of symbols

General
N natural numbers: {1,2,...}
Ny Nu {0}
Q rational numbers
R real numbers
C complex numbers
() standard Euclidean inner product
- 2]l == (z,2) = /o] + - + 2]
() hyperplane (z)* := {y € R?| (z,y) = 0}
SN symmetric group
M(A) d-dimensional Lebesgue measure of A C R?
0A boundary of the set A ¢ R?
A closure of the set A c R?
Stochastic

(Q, F, (Ft)e>0. ]P’) underlying filtered probability space with F; := U(XS |s < t)
E (X¢| Xs) conditional mean

Var (X | Xs) conditional variance

[X]: quadratic variation of the process X

(X, Y] covariation process of X and Y

N(p,X) normal distribution with mean vector ;1 and covariance matrix X
o+, 1, ) corresponding Gaussian density of N (u, X))

X ~pu X has distribution u

0. Dirac measure

an < by sup {‘;—: |n €N } < c¢ almost surely

Spaces of functions

Cl(A) set of continuous differentiable functions on A ¢ R?

C%(A) set of two times continuous differentiable functions on A C R¢
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List of symbols

Special functions

r Gamma function
I, modified Bessel function of the first kind
Jy Bessel function of the first kind
Jv spherical Bessel function of the first kind
|- floor function |C] :=inf{n € N|n < C < n+ 1} for some C' € R
1 indicator function
I, n dimensional identity matrix
diag(---) diagonal matrix
Derivatives
A Laplacian
\v4 gradient
Ve gradient with respect to z
% derivative with respect to x
D total differential

Hy Hessian matrix of the function f
Symbols belonging to the Dunkl theory
The page belongs to the definition of the symbol.

An_1,Bn Weyl chambers, pages 9 and 10

WAy weight function belonging to Ay_1, page 10

WRBy weight function belonging to By, page 10

k(k, R) sum of multiplicities, pages 8 and 11

Ji.Rr Dunkl Bessel function, page 14

qk,rs QR density and distribution of the multivariate Bessel process, page 14

Landau symbols

We consider a positive function r, > 0 and a random function ¢, on © C R?,

Cn = Op(ry) If limsup |r;, 1¢,| < 0o in distribution.
n—o0
Cn = Op(rn) If sup |¢,(8)] = Op(rn).
e
= O0*(rp) If ¢, (0) = Oy (ry) and ¢, is non-random.
Cn = op(rp) If Ii_)m 7 1¢, = 0 in distribution.
Cn = 0p(Tn) If sup |¢,(0)] = op(rn)-
0cO
Cn = 0"(1p) If ¢ = op(rn) and ¢, is non-random.
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R Source Code

Martingale estimator based on one eigenfunction
This code uses the Euler Maruyama method to simulate the modified Bessel process.
These simulations belongs to the estimator (2.8 and the corresponding optimal estimator
on page 5H1.

# approximation of a Brownian motion on [lower,upper]=[0,1] with
length.out=100 equidistant observations
get_Wiener <- function(mu=0, sigma=1, lower=0, upper=1, length.out=100){
1 <- length.out-1
c(0, cumsum(rnorm(l, mean=mux(upper-lower)/length.out,
sd=sqrt (sigma* (upper-lower) /length.out))))
}

# alpha, theta specified by the stochastic differential equation defining the
modified Bessel process.
# generates data on the interval [lower,upper] with n observations and
starting point x_0
get_modified_Bessel <- function(alpha,theta,x_0,lower,upper,n){
Z <- x_0 # starting point
is_viable <- FALSE
broken_process <- FALSE
length.out <- n*upper/10
length.out_temp <- n*upper/10 # Using more time points to generate the
process than we actually use for the estimator
while( !is_viable ) {
B <- get_Wiener(lower=lower,upper=upper,length.out=length.out_temp+1)
for(i in 1 : length.out_temp){
Z[i+1] <- Z[i]+B[i+1]-B[i]+((theta+0.5)/Z[i]-alpha*Z[i])*resolution
if (Z[i+1] <= 0 ) break
}
if (tail(Z,1)>0&&length(Z)==1length.out_temp+1){
is_viable = TRUE
¥
else {
length.out_temp <- 2*length.out_temp # if the distance between the
observations is too small, we enlarge the number of observations
for the simulation of the Brownian motion
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R Source Code

resolution <- resolution / 2
Z <-x_0
if (log2(length.out_temp/length.out)>10){
is_viable = TRUE
broken_process = TRUE
}
}
}
if (broken_process) {
return(NA)
} else {
Y <- numeric(n+1)
Y[1] <- x_0
for (i in 1:n){
# save the desired observations
Y[i+1] <- Z[upper/10%2"1log2(l.out_temp/length.out)*i+1]
return(Y)
i3
}

estimator_one_eigenfunction <- function(alpha,theta,x_0=0.1,delta,n){
Y <- get_modified_Bessel(alpha=alpha, theta=theta, x_0=x_0, lower=0,
upper=delta*n, n=n)
return((alpha*(sum(Y[-1]"2)-exp(-2*alpha*delta)*sum(Y[-n-1]1"2)))/
(n* (1-exp(-2*alphaxdelta)))-1)
}

optimal_estimator_one_eigenfunction <- function(alpha,theta,x_0=0.1,delta,n){
Y <- get_modified_Bessel(alpha=alpha, theta=theta, x_0=x_0, lower=0,
upper=delta*n, n=n)
estimator <- function(vartheta)q{
sum(1/ ((vartheta+1) /alphax (1-exp(-2*alphaxdelta))+2*exp(-2*alpha*delta)*
Y[-n-1]"2)*(Y[-1]"2-Y[-n-1] "2*exp(-2*alpha*delta) - (vartheta+1) /alpha*
(1-exp(-2*alpha*delta)))) "2
}

# this function searches for the value theta such that estimator(theta)=0
return(optim(par=theta, fn=estimator, method="L-BFGS-B", lower=theta-5,
upper=theta+5) $par)

Simulating a Cox-Ingersoll-Ross process
This code is available as simCIR through the yuima package in R, cf. [45, 46], and
generates a Cox-Ingersoll-Ross process.

## Simulate Cox-Ingersoll-Ross process with parameters alpha, beta and gamma
at times specified via time.points
simCIR <- function(time.points,n,h,alpha,beta,gamma,equi.dist=FALSE){
# generate an equidistant time vector of length n+l1 and distant h between
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observations

if (equi.dist==TRUE){time.points <- O:n¥h}
# must start in t=0, otherwise t_vec is adjusted
if (time.points[1]!=0){time.points <- c(0,time.points)}
# define auxiliary variables, following notation of (1.9)
nu <- 4*betaxalpha/(beta*gamma) # degrees of freedom
# auxiliary vector for the computation of the non-centrality parameter in

each step
eta_vec <- 4xbetaxexp(-betaxdiff (time.points))/

(gammax (1-exp(-betaxdiff (time.points))))
# sample X_0 from stationary distribution
X <- rgamma(1l,scale=gamma/(2*beta) ,shape=2+*alpha/gamma)
# compute X_t iteratively, using Proposition 1 of Malham and Wiese
for(i in seq_along(eta_vec)){

# non-centrality parameter of the conditional distribution

lambda <- tail(X,1)*eta_vec[i]

# calculate next step of the CIR

X <- c(X,rchisq(1,df=nu,ncp=lambda)*exp(-beta*diff (time.points) [i])/

eta_vec[i])

3
# return data; first row: time points, second row: CIR at time point
return(rbind (t=time.points,X=X))

Simulations for the preliminary estimator and one-step
improvements
This code is available through the yuima package as fitCIR in R, cf. [45] 46], and is the
code to simulate the preliminary estimator, cf. Lemma and (3.10]), and the one-step
improvements based on the Newton-Raphson and the Fisher scoring method
using the function simCIR, above.

## function to provide the preliminary explicit estimator
get_preliminaryEstimators <- function(data){
# use data returned from calling simCIR()
n <- dim(data) [2]-1 # we have observations at t_j for j=0,...,n, this
equals n+l1 observations in total
# -> therefore, n is the number of observations minus 1
h <- as.numeric(data[1,2]) # as the vector containing the t always starts
with O, this equals diff(datal[1,]) [1]
# and thus gives h if the t_j are chosen to be equidistant
X_major <- datal[2,-1] # the observations of the CIR process starting at
t_1=h.
X_minor <- head(data[2,],-1) # the observations of the CIR process
discarding j=n.
X_mean_major <- mean(X_major) # mean of all observations without j=0.
X_mean_minor <- mean(X_minor) # mean of all observations without j=n.
# calculate estimate for beta from Lemma 3.1
beta_On <- -1/h*log(sum((X_minor-X_mean_minor)*(X_major - X_mean_major))/
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sum( (X_minor-X_mean_minor) "2))

# calculate estimate for alpha from Lemma 3.1

alpha_On <- (X_mean_major-exp(-beta_On*h)* X_mean_minor)x*beta_On/
(1-exp(-beta_On*h))

# calculate estimate for gamma from Eq. (3.10), where first the numerator
and denominator are computed separately.

to_gamma_numerator <- (X_major-exp(-beta_Onxh)*X_minor-alpha_On/beta_On*
(1-exp(-beta_On*h))) "2

to_gamma_denominator <-
(1-exp(-beta_Onx*h)) /beta_On*(exp(-beta_Onx*h)*X_minor+
alpha_On*(l-exp(-beta_Onx*h))/(2*beta_On))

gamma_On <- 1/n*sum(to_gamma_numerator/to_gamma_denominator)

# return the estimated parameter vector

return(as.matrix(c(alpha_On,beta_On,gamma_On)))

### ONE STEP IMPROVEMENT
# first we need a few auxiliary functions

# the mean of the CIR with parameter (alpha,beta,gamma) conditioned on X_h=x,
Eq. (3.1)
mu<- function(alpha,beta,gamma,x,h)q{
return(exp (-beta*h) *x+alpha/beta* (1-exp(-betaxh)))
}

# derivatives of the mean of CIR with parameter (alpha,beta,gamma)
conditioned on X_h=x
mu_alpha <-function(alpha,beta,gamma,x,h)

{

return((l-exp(-betaxh))/beta)
}
mu_alpha_alpha<-function(alpha,beta,gamma,x,h)
{

return(0)
}
mu_alpha_beta <- function(alpha,beta,gamma,x,h)
{

return((exp(-betaxh) * (beta*h+1)-1) /beta”2)
}
mu_alpha_gamma <- function(alpha,beta,gamma,x,h)
{

return(0)
}

mu_beta <- function(alpha,beta,gamma,x,h)
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{
return(-h*exp(-beta*h)*x+alpha* (exp(-beta*h)*(betaxh+1)-1) /beta”2)

}
mu_beta_beta <- function(alpha,beta,gamma,x,h)
{
return(h~2*exp (-betaxh) *x+alpha* (exp (-beta*h) * (-beta~2*h~2-2*beta*xh-2)+2) /beta3)
3
mu_beta_gamma <- function(alpha,beta,gamma,x,h)
{
return(0)
}
mu_gamma <- function(alpha,beta,gamma,x,h)
{
return(0)
}
mu_gamma_gamma <- function(alpha,beta,gamma,x,h)
{
return(0)
}

# the variance of CIR with parameter (alpha,beta,gamma) conditioned on X_h=x,
Eq. (3.1)

sigma_mod <- function(alpha,beta,gamma,x,h)q{
return(gamma/betax* (1-exp(-betaxh))* (exp (-beta*h)*x+alpha/(2xbeta)*
(1-exp(-betaxh))))
}

# derivatives of the variance of CIR with parameter (alpha,beta,gamma)
conditioned on X_h=x

sigma_alpha <- function(alpha,beta,gamma,x,h)

{
return(gamma* (1-exp(-betaxh)) "2/ (2*beta~2))
}
sigma_alpha_alpha <- function(alpha,beta,gamma,x,h)
{
return(0)
}

sigma_alpha_beta <- function(alpha,beta,gamma,x,h)
{
return(-gamma*exp (-2*betaxh) * (exp (beta*h)-1) * (-beta*h+exp (betaxh)-1)/
beta”~3)
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sigma_alpha_gamma <- function(alpha,beta,gamma,x,h)
{

return((l-exp(-beta*h)) "2/ (2*beta~2))
X

sigma_beta <- function(alpha,beta,gamma,x,h)
{
exp (-2*h*beta) /beta”3* (x*xbetax (2¥h*beta-exp (h*beta) * (h*beta+1)+1) -
alphax* (exp(beta*h)-1)*(-h*betat+exp (h*beta)-1))
}

sigma_beta_beta <- function(alpha,beta,gamma,x,h)
{
exp (-2*betaxh) / (beta~4) * (alpha* (2xh*beta* (h*xbeta+2) +3*exp (2*betaxh) -
exp (h*xbeta) * (hxbeta* (h¥beta+4)+6)+3) +x*beta* (exp (beta*h) *
(h~2%beta”2+2*h*beta+2) -2* (2*xh"2xbeta~2+2*h*beta+1)))
}

sigma_beta_gamma <- function(alpha,beta,gamma,x,h)
{
return(h*exp(-betaxh)* (exp(-beta*h) *x/betatalpha*(1-exp(-betaxh))/(2xbeta”2))+
(1-exp(-betax*h))*(-exp(-betaxh) * (beta*h+1) /beta”2*x+
alphaxexp(-betaxh)* (beta*h-2*exp(betaxh)+2)/(2xbeta3)))
}

sigma_gamma <- function(alpha,beta,gamma,x,h)
{

return((l-exp(-beta*h)) * (exp(-betaxh)*x+alpha/(2*beta)* (1-exp(-betaxh))) /beta)
}

sigma_gamma_gamma <- function(alpha,beta,gamma,x,h)
{
return(0)

3

# the inverse of the Hessian matrix of H_n
H_n_Hessian <- function(alpha,beta,gamma,x,h)
{

mu <- mu(alpha,beta,gamma,x,h)

mu_1 <- mu_alpha(alpha,beta,gamma,x,h)
mu_2 <- mu_beta(alpha,beta,gamma,x,h)
mu_3 <- mu_gamma(alpha,beta,gamma,x,h)

mu_11 <- mu_alpha_alpha(alpha,beta,gamma,x,h)

mu_12 <- mu_alpha_beta(alpha,beta,gamma,x,h)
mu_13 <- mu_alpha_gamma(alpha,beta,gamma,x,h)
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mu_22
mu_23
mu_33

sigma

sigma_
sigma_
sigma_

sigma_
sigma_
sigma_
sigma_
sigma_
sigma_

H_11 <- -0.5*sum((sigma_l1*sigma-sigma_l*sigma_1)/sigma”2-
(sigma_11*sigma-2*sigma_1l1*sigma_1)/sigma”3*(x-mu) "2+

<- mu_beta_beta(alpha,beta,gamma,x,h)
<- mu_beta_gamma(alpha,beta,gamma,x,h)
<- mu_gamma_gamma (alpha,beta,gamma,x,h)

<- sigma_mod(alpha,beta,gamma,x,h)

1 <- sigma_alpha(alpha,beta,gamma,x,h)
2 <- sigma_beta(alpha,beta,gamma,x,h)
3 <- sigma_gamma(alpha,beta,gamma,x,h)

11 <- sigma_alpha_alpha(alpha,beta,gamma,x,h)
12 <- sigma_alpha_beta(alpha,beta,gamma,x,h)
13 <- sigma_alpha_gamma(alpha,beta,gamma,x,h)
22 <- sigma_beta_beta(alpha,beta,gamma,x,h)

23 <- sigma_beta_gamma(alpha,beta,gamma,x,h)
33 <- sigma_gamma_gamma(alpha,beta,gamma,x,h)

2xsigma_1/sigma”2* (x-mu)*mu_1-

2x (mu_1l1l*sigma-mu_1l*sigma_1)*(x-mu)/sigma”2+2*mu_1*mu_1/sigma)

H_22 <- -0.5*sum((sigma_22*sigma-sigma_2*sigma_2)/sigma”2-
(sigma_22*sigma-2*sigma_2+*sigma_2)/sigma”3* (x-mu) "2+

2xsigma_2/sigma”2* (x-mu)*mu_2-

2x (mu_22*sigma-mu_2+*sigma_2)* (x-mu)/sigma”2+ 2*mu_2+*mu_2/sigma)

H_33 <- -0.5*sum((sigma_33*sigma-sigma_3*sigma_3)/sigma”2-
(sigma_33*sigma-2*sigma_3+*sigma_3)/sigma”3* (x-mu) "2+

2*xsigma_3/sigma”2* (x—mu) *mu_3-

2x (mu_33*sigma-mu_3*sigma_3)* (x-mu) /sigma”2+2*mu_3*mu_3/sigma)

H_12 <- -0.5*sum((sigma_12*sigma-sigma_lx*sigma_2)/sigma”2-
(sigma_12xsigma-2*sigma_1lx*sigma_2)/sigma”2* (x-mu) "2+

2xsigma_1/sigma”2* (x-mu)*mu_2-

2x (mu_12*sigma-mu_1l*sigma_2)*(x-mu)/sigma”2+2*mu_1*mu_2/sigma)

H_13 <- -0.5*sum((sigma_13*sigma-sigma_l*sigma_3)/sigma”2-
(sigma_13*sigma-2*sigma_l*sigma_3)/sigma”3* (x-mu) "2+

2xsigma_1/sigma”2* (x-mu)*mu_3-

2x (mu_13*sigma-mu_1l*sigma_3)*(x-mu) /sigma”2+2*mu_1*mu_3/sigma)

H_23 <- -0.5*sum((sigma_23*sigma-sigma_2*sigma_3)/sigma”2-
(sigma_23*sigma-2*sigma_2+*sigma_3)/sigma”3* (x-mu) "2+

2*xsigma_2/sigma”2* (x—mu) *mu_3-

2x (mu_23*sigma-mu_2+*sigma_3)* (x-mu) /sigma”2+ 2*mu_2+*mu_3/sigma)
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H_det <- H_11xH_22xH_33+H_12*H_23*H_13+H_13*H_12xH_23-
H_13*H_22*H_13-H_11*H_23*H_23-H_12*H_12*H_33

return(matrix(1/H_det*c(H_22%¥H_33-H_23"2,H_13*H_23-H_12%H_33,
H_12*H_23-H_13*H_22,H_13*H_23-H_12*H_33,H_11*xH_33-H_13"2,
H_13*H_12-H_11*H_23,H_12*H_23-H_13*H_22,H_13*H_12-H_11%H_23,
H_11%H_22-H_12"2) ,nrow=3))

}
# derivatives of the function H_n(theta)

H_n_alpha <- function(alpha,beta,gamma,x,h){

x_minor <- head(x,-1)

x_major <- x[-1]

sigma_deriv <- sigma_alpha(alpha,beta,gamma,x_minor,h)

sigma <- sigma_mod(alpha,beta,gamma,x_minor,h)

mu <- mu(alpha,beta,gamma,x_minor,h)

mu_deriv <- mu_alpha(alpha,beta,gamma,x_minor,h)

return(sum(-0.5*(sigma_deriv/sigma-sigma_deriv/sigma”2* (x_major-mu) ~2-
2/sigma* (x_major-mu)*mu_deriv)))

}

H_n_beta <- function(alpha,beta,gamma,x,h){

x_minor <- head(x, -1)

x_major <- x[-1]

sigma_deriv <- sigma_beta(alpha,beta,gamma,x_minor,h)

sigma <- sigma_mod(alpha,beta,gamma,x_minor,h)

mu <- mu(alpha,beta,gamma,x_minor,h)

mu_deriv <- mu_beta(alpha,beta,gamma,x_minor,h)

return(sum(-0.5*(sigma_deriv/sigma-sigma_deriv/sigma”2*(x_major-mu) ~2-
2/sigma* (x_major-mu)*mu_deriv)))

3

H_n_gamma <- function(alpha,beta,gamma,x,h){
x_minor <- head(x,-1)
x_major <- x[-1]
sigma_deriv <- sigma_gamma(alpha,beta,gamma,x_minor,h)
sigma <- sigma_mod(alpha,beta,gamma,x_minor,h)
mu <- mu(alpha,beta,gamma,x_minor,h)
return (sum(-0.5%(sigma_deriv/sigma-sigma_deriv/sigma”2*(x_major-mu)~2)))

# The level-a confidence intervals for the one-step improvements calculated
from the estimated asymptotic covariance:
get_confidencelntervals <- function(alpha,beta,gamma,a,n,T){
z<- gnorm(1-a/2)
alpha_lower <- alpha-z*sqrt(alpha*(2*xalpha-gamma)/(T*beta))
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alpha_upper <- alphat+z*sqrt( alpha*(2*alpha-gamma)/(T*beta))

beta_lower <- beta-z*sqrt(2xbeta/T)

beta_upper <- beta+z*sqrt(2*beta/T)

gamma_lower <- gamma-z*sqrt(2*gamma~2/n)

gamma_upper <- gamma+z*sqrt(2*gamma”2/n)

return(matrix(c(alpha_lower,beta_lower,gamma_lower,
alpha_upper,beta_upper,gamma_upper),3,2,
dimnames=list(c("alpha","beta","gamma"),c("lower", "upper"))))

3

get_finalEstimators_scoring <- function(data,a) {
# We need the preliminary estimator for the one step improvement, Eq.
(3.23)
prelim_estim <- get_preliminaryEstimators(data)
alpha <- prelim_estim[1]
beta <- prelim_estim[2]
gamma <- prelim_estim[3]
T <- tail(datal[1,],1) # T is the time of the last observation nx*h
n<- length(data[1,])-1 # number of observations minus 1
x<-data[2,-1]
h<-datal[1,2]

H_n<-c(H_n_alpha(alpha,beta,gamma,x,h) ,H_n_beta(alpha,beta,gamma,x,h),
H_n_gamma(alpha,beta,gamma,x,h)) #calculate estimate from Eq.

finalEstimators_scoring <- c(alpha,beta,gamma)+diag(c(1/T,1/T,1/n))%*%
matrix(c(alpha*(2*alpha-gamma) /beta,2*alpha-gamma,0,
2xalpha-gamma,2*beta,0,0,0,2*gamma"2) ,nrow=3,byrow=TRUE) /*/,H_n

confidenceIntervals <- get_confidenceIntervals(finalEstimators_scoring[1],
finalEstimators_scoring[2],finalEstimators_scoring[3],a,n,T)

return(list(estimation=finalEstimators_scoring,
confidence=confidencelIntervals))

# Newton-Raphson Eq. (3.22)
get_finalEstimators_newton <- function(data,a) {
prelim_estim <- get_preliminaryEstimators(data)
alpha <- prelim_estim[1]
beta <- prelim_estim[2]
gamma <- prelim_estim[3]
T <- tail(data[1,],1)
n<- length(datal1,])-1
x<-datal[2,-1]
h<-datal[1,2]

H_n<-c(H_n_alpha(alpha,beta,gamma,x,h) ,H_n_beta(alpha,beta,gamma,x,h),
H_n_gamma(alpha,beta,gamma,x,h))

finalEstimators_newton <- c(alpha,beta,gamma)-
H_n_Hessian(alpha,beta,gamma,x,h)%*%H_n

confidencelIntervals <- get_confidenceIntervals(finalEstimators_newton[1],
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finalEstimators_newton[2] ,finalEstimators_newton[3],a,n,T)
return(list(estimation=finalEstimators_newton,
confidence=confidencelIntervals))

fitCIR<- function(data,a=0.05){

if ((max(diff(datal1l,]))/min(diff (datal1,]))-1)>1e-10) stop(’Please use
equidistant sampling points’)

if(a>1) stop(’Please set the number a less than 1°)

newtonEstimators <- get_finalEstimators_newton(data,a)

return(list(preliminary=get_preliminaryEstimators(data),
NewtonRaphson=get_finalEstimators_newton(data,a),
scoring=get_finalEstimators_scoring(data,a)))

# ### Examples of usage
## If the sampling points are not equidistant, there will be an
corresponding output.

E=3

# data <- simCIR(alpha=3,beta=1,gamma=1,time.points = ¢(0,0.1,0.2,0.25,0.3))
# fitCIR(data)

# ## Otherwise it calculates the three estimators

# data <- simCIR(alpha=3,beta=1,gamma=1,n=1000,h=0.1,equi.dist=TRUE)

# fitCIR(data)
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