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Abstract. In this note, we consider the homogenization of the compressible Navier-Stokes equations in a periodically per-
forated domain in R3. Assuming that the particle size scales like €3, where € > 0 is their mutual distance, and that the
Mach number decreases fast enough, we show that in the limit ¢ — 0, the velocity and density converge to a solution of
the incompressible Navier-Stokes equations with Brinkman term. We strongly follow the methods of Hofer, Kowalczyk and
Schwarzacher [https://doi.org/10.1142/S0218202521500391], where they proved convergence to Darcy’s law for the particle
size scaling like e with o € (1, 3).

1. Introduction

We consider a bounded smooth domain D C R*® which for € > 0 is perforated by tiny obstacles of
size €3, and show that solutions to the compressible Navier-Stokes equations in this domain converge
as € — 0 to a solution of the incompressible Navier-Stokes equations with Brinkman term. To the best
of our knowledge, this is the first result of homogenization of compressible fluids for a critically sized
perforation.

There is a vast of literature concerning the homogenization of fluid flows in perforated domains. We
will just cite a few. For incompressible fluids, Allaire found in [2] and [3] that, concerning the ratios of
particle size and distance, there are mainly three regimes of particle sizes ¢, where o > 1. Heuristically,
if the particles are large, the velocity will slow down and finally stop. This phenomenon occurs if (in
three dimensions) « € [1,3) and gives rise to Darcy’s law. When the particles are very small, i.e., a > 3,
they should not affect the fluid, yielding that in the limit, the fluid motion is still governed by the Stokes
or Navier-Stokes equations. The third regime is the so-called critical case o = 3, where the particles are
large enough to put some friction on the fluid, but not too large to stop the flow. For incompressible
fluids, the non-critical cases « € (1,3) and a > 3 were considered in [3], while [2] dealt with the critical
case & = 3. The case a = 1 was treated in [1]. In all the aforementioned literature, the proofs were given
by means of suitable oscillating test functions, first introduced by Tartar in [17] and later adopted by
Cioranescu and Murat in [5] for the Poisson equation.

In the critical case, the additional friction term is the main part of Brinkman’s law. Cioranescu and
Murat considered in [5] the Poisson equation in a perforated domain, where they found in the limit “a
strange term coming from nowhere”. This Brinkman term purely comes from the presence of holes in the
domain D.. It physically represents the energy of boundary layers around each obstacle, as its columns
are proportional to the drag force around a single particle [2, Proposition 2.1.4 and Remark 2.1.5].

The assumptions on the distribution of the holes can also be generalized. For the critical case, Giunti,
Hofer, and Veldzquez considered in [11] homogenization of the Poisson equation in a randomly perforated
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domain. They showed that the “strange term” also occurs in their setting. Hillairet considered in [12]
the Stokes equations and random obstacles with a hard sphere condition. This condition was removed by
Giunti and Héfer [10], where they showed that for incompressible fluids and randomly distributed holes
with random radii, the randomness does not affect the convergence to Brinkman’s law. More recently, for
large particles, Giunti showed in [9] a similar convergence result to Darcy’s law.

Unlike as for incompressible fluids, the homogenization theory for compressible fluids is rather sparse.
Masmoudi considered in [15] the case a = 1 of large particles, giving rise to Darcy’s law. For large
particles with a € (1, 3), Darcy’s law was just recently treated in [13] for a low Mach number limit. The
case of small particles (o« > 3) was treated in [6,7,14] for different growing conditions on the pressure.
Random perforations in the spirit of [10] for small particles were considered by the authors in [4], where
in the limit, the equations remain unchanged as in the periodic case.

We want to emphasize that the methods presented here are strongly related to those of [13]. As a
matter of fact, their techniques used in the case of large holes also apply in our case for holes having
critical size.

Notation: Throughout the whole paper, we denote the Frobenius scalar product of two matrices A, B €
R¥>? by A: B := > 1<ij<3AijBij. Further, we use the standard notation for Lebesgue and Sobolev
spaces, where we denote this spaces even for vector valued functions as in scalar case, e.g., L?(D) instead
of LP(D; RS). Moreover, C' > 0 denotes a constant which is independent of € and might change its value
whenever it occurs.

Organization of the paper: The paper is organized as follows:

In Sect. 2, we give a precise definition of the perforated domain D, and state our main results for the
steady Navier-Stokes equations. In Sect. 3, we introduce oscillating test functions, which will be crucial
to show convergence of the velocity, density, and pressure. Sect. 4 is devoted to invoke the concept of
Bogovskii’s operator as an inverse of the divergence, which is used to give uniform bounds independent
of €. In Sect. 5, we show how to pass to the limit ¢ — 0 and obtain the limiting equations.

2. Setting and Main Results

Consider a bounded domain D ¢ R* with smooth boundary. Let ¢ > 0 and cover D with a regular mesh
of size 2¢. Set 25 € (2¢Z)? as the center of the cell with index i and Pf := 2 + (—¢,¢)3. Further, let
T € B1(0) be a compact and simply connected set with smooth boundary and set T¢ := x5 + £3T. We
now define the perforated domain as

D.:=D\ | J Tf, K.:={i:PfcD} (1)
€K,
By the periodic distribution of the holes, the number of holes inside D, satisfy

D
K| <C % for some C' > 0independent ofe.
5

In D., we consider the steady compressible Navier-Stokes equations

div(geue ® u.) — divS(Vu,) + E%Vgg =o.f+g in D,
div(geu:) =0 in D, (2)
u. =0 on 0D,

where g., u. are the fluids density and velocity, respectively, and S(Vu.) is the Newtonian viscous stress
tensor of the form

S(Vu) = u <Vu +V7Tu - % div(u)]I) + ndiv(u)l (3)
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with viscosity coefficients p > 0, n > 0. Further, we assume that v > 3, 3> 3(y+ 1), and f,g € L>°(D)
are given. Since the equations (2) are invariant under adding a constant to the pressure term =77, we
define

pe = P07 — (02)e), (4)

where (). denotes the mean value over D., given by

1
<f>e—DE|/DEfd95~

We will show convergence of the velocity u. and the pressure p. to limiting functions u and p, respec-
tively, such that the couple (u,p) solves the incompressible steady Navier-Stokes-Brinkman equations

div(gou ®@ u) — pAu+ Vp + uMu = gof +g in D,
div(u) =0 in D,
u=20 on 0D,

where the resistance matrix M is introduced in the next section, and the constant gq is the strong limit
of g. in L?7(D), which is determined by the mass constraint on . as formulated in Definition 2.1 below.

Before stating our main result, we introduce the standard concept of finite energy weak solutions
to (2).

Definition 2.1. Let D, be as in (1) and v > 3, m > 0 be fixed. We say a couple (o.,u.) is a finite energy
weak solution to system (2) if

0- € L(D.), u. € W;*(D.),

0 > 0ae. inD,, / 0 dx =m,
| e vodz=o,
D.

/ pedivp+ (eeue ®u.) : Voo — S(Vu.) : Voo + (0. +g) - odz =0
D.

for all test functions ¢ € C2°(D,) and all test functions ¢ € C°(D.;R?), where p. is given in (4), and
the energy inequality

S(Vus):Vugdxg/ (0:f+g) u.de (5)
D, e

holds.

Remark 2.2. Existence of finite energy weak solutions to system (2) is known for all values v > 3/2; see,
for instance, [16, Theorem 4.3]. However, we need the assumption v > 3 to bound the convective term
div(g:u: ® u.) in a proper way, see Sect. 4.

Let us denote the zero extension of a function f with D, as its domain of definition by f, that is,
f=finD., f=0in R*\D..
Our main result for the stationary Navier-Stokes equations now reads as follows:

Theorem 2.3. Let D C R? be a bounded domain with smooth boundary, 0 < ¢ < 1, D. be as in (1),v>3,
m >0 and f,g € L*°(D). Let § > 3(v+ 1) and (o-,u.) be a sequence of finite energy weak solutions to
problem (2). Then, with p. defined in (4), we can extract subsequences (not relabeled) such that

0. — 00 strongly in L*(D),
Pe —p  weakly in L*(D),
. —u  weakly in Wy* (D),
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I~ L
I
53

Fic. 1. Splitting of the cell P§

where oy = m/|D| is constant and (p,u) € L*(D) x Wy *(D) with Jpp =0 is a weak solution to the
steady incompressible Navier-Stokes-Brinkman equations
div(gpu®@ u) + Vp — pAu+ pMu = gof + g in D,
div(u) =0 in D, (6)
u=20 on 0D,
where M will be defined in (11).

Remark 2.4. Tt it well known that the solution to system (6) is unique if f and g are “sufficiently small”,
see, e.g., [18, Chapter II, Theorem 1.3]. This smallness assumption can be dropped in the case of Stokes
equations, i.e., without the convective term div(gou ® u).

3. The Cell Problem and Oscillating Test Functions

In this section, we introduce oscillating test functions and define the resistance matrix M, following the
original work of Allaire [2]. We repeat here the definition of these functions as well as the estimates given
in [13].
Consider for a single particle T' the solution (g, wy) to the cell problem
Var — Awy, =0 in R3\T,
div(wg) =0 in R*\T,
w, =0 on 0T,
Wi = e at infinity,

(7)

where ey, is the k-th unit basis vector of the canonical basis of R®. Note that the solution exists and is
unique, see, e.g., [8, Chapter V]. Let us further recall the definition of oscillating test functions as made
in [2] (see also [13]):
We set
wi=e; ¢ =0inP ' ND
for each Pf with Pf N OD # (). Now, we denote B} := B,(xf) and split each cell Pf entirely included in
D into the following four parts:
PF=T:UCFUDEURE,

where C7 is the open ball centered at «§ with radius ¢/2 and perforated by the hole T, D = B; \Bf/ 2
is the ball with radius e perforated by the ball with radius £/2, and Kf = Pf \ Bf are the remaining
corners, see Fig. 1.
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In these parts, we define

Wik g ke Ve =AW =0y pe
% =0 i div(w§) =0 v
Wi(x) - Wk(e%) in C¢ Wi =0 in TF
ai () = Far (%) ' g; =0 '

where we impose matching Dirichlet boundary conditions and (gx, wy) is the solution to the cell problem
(7). As shown in [13, Lemma 3.5], we have for the functions (¢, w$) and all p > 3 the estimates

2 _
1YW oo + laE ]l ooy < C*GY), (8)
1_
IV G o icry < 090G, )
”VW2”L2(U1.B§\B§/4) + ||quL2(U7¢B§\Bf/4) < CE, (10)

where the constant C' > 0 does not depend on . Moreover, we have the following Theorem due to Allaire:

Theorem 3.1 ([2, page 214, Proposition 1.1.2 and Lemma 2.3.6]). The functions (¢f, w},) fulfill:

(H1) ¢5 € L*(D), w5 e Wh2(D);

(H2) divw§ =0 in D and w§ =0 on the holes T¢;

(H3) w5 — ey, in WE2(D), qf — 0 in L2(D)/R;

(H4) For any ve,v € WY2(D) with v. = 0 on the holes Tf and ve — v, and any ¢ € D(D), we have
(Vap — Awg, <PV5>W71,2(D),WOL2(D) — (Mey, SDV>W71,2(D)7W01,2(D)7

where the resistance matriz M € W=5°°(D) is defined by its entries My via
(Mir, ©)pr (D), p(D) = ;ir%/ eVw; 1 Vw dz (11)
—0Jp

for any test function ¢ € D(D).
Further, for any p > 1,
Wi, — ekllr(py — 0.
Remark 3.2. This definition of M yields that the matrix is symmetric and positive definite in the sense
that for all test functions ¢; € D(D) and ® = (¢;)1<i<3,

2
dz >0,

3
Yo eiVw;
i=1

thus implying that there exists at least one solution to system (6).

(M®,®)pr(py,p(D) = ;i_l)%/D

4. Bogovskii’s Operator and Uniform Bounds for the Navier-Stokes Equations

As in [6], we have the following result for the inverse of the divergence operator:

Theorem 4.1 ([6, Theorem 2.3]). Let 1 < ¢ < oo and D, be defined as in (1). There exists a bounded
linear operator

B. : {f e LY(D,) : / fda = o} — W, (D,)
D.
such that for any f € LI(D.) with fDE fdx =0,
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where the constant C' > 0 does not depend on .

We will use this result to bound the pressure p. by the density p.. Since the main ideas how to get
uniform bounds on u., ., and p. are given in [13], we just sketch the proof in our case. First, by Korn’s
inequality and (5), we find

plVcliz o,y < lleell g uellzoallf o) + gl L) lluell o o.)-
Together with Sobolev embedding, we obtain
[ucllze(p.) < ClVue|L2(p.),
which yields
+1). (12)

oo, + 190l 20,y < Cllecl g

To get uniform bounds on the velocity, we first have to estimate the density. To this end, let B. be as
in Theorem 4.1. Testing the first equation in (2) with B.(p.) € Wy *(D.) yields

|wmm=éﬁm&wm

= /D S(vus) : VBE(pE) - (que ® uE) : VBE(pE) - (fo + g) . B€<p€) d(E

Recalling 0. € L*'(D.) and 7 > 3, this leads to
IPellizp.) < CUVellz2(p.) + llocllep) el 2o o)) IVBe (o)l 2.
+ C([Ifll 2o (o) el 2 (. + gl oo (0)) 1Be (Pl L2 ()

12)
< Clleell g, +1+ ”«Qs“Lﬁ(DE)(”Qs”ig( + O)IVB:(pe)llL2(p.)
+ C(llocllr2v(p.y + DIIBe(pe)l 2(p.)

< Clllo-llzm o,y + lleclzeonllecl?s o,

D.)

+ 1)”66(178)”1/[/3*2([)5)

< C(llecllavp.y + HQEH%%(DE) + DIBe(pe)llwr 2.
< C(lloellz2v(p.) + HQEHi?W(DE) + Dlpellz2(p.);
that is,
Ipellz2(p.y < Cllocllz2(poy + HQ&”%QV(DE) +1). (13)

Further, we have

1 m
= — d =
<QE>E |D5| /;s QE X |D€|

and

1 C 4

67”92 —(0e)2llz2(p.y < ;BHQZ —(0D)ell2(p.y = Cllpellzz(p.),
see [13, Section 3.3 and inequality (4.7)]. This yields

1
el = {e)2lleao.) < Cllpellzzep.) < Clllellz . + lle=llzerp,) +1)

" m oy '
< (a2 ~ 12 o0y + Ty + 16 e facony + sy +1)

Together with

/

, 11
abv <b+a” VYa,b>0, -+ — =1,
p
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which is a consequence of Young’s inequality, we obtain, using v > 3 and the fact that we may assume
¢ < 1 small enough,

1 1 1
;5||Qz —(0:)2ll2(p.y < @”92 —(0:)2l2(py +C + @HQ? — ()22 (poy + C'

1
= soglled — (0o + C.
Using that |o. — (0:)e|” < o2 — (0:)2 ], which is a consequence of the triangle inequality for the metric
d(a,b) = |a — b|% for v > 1, we conclude
1 8! L 5 v
573“96 - <Qs>sHL2w(DE) < 8?”95 - <9€>e HL2(DE) <C,
which further gives rise to
||Q€||L27(DE) S HQS - <QE>EHL27(DE) + C<Q£>5 S C.
In view of (12) and (13), we finally establish
”uE”WOlvz(DE) <C,
lellz2 .y = C,
[pellzz(p.y < C,

B
l|os — <Qe>e||L2"r(D5) < Ce~

for some constant C' > 0 independent of e.

5. Convergence Proof

The proof of convergence we give here is essentially the same as in [13]. We thus just sketch the steps
done there while highlighting the differences.

Proof of Theorem 2.3. Step 1: Recall that, for a function f defined on D,, we denote by f its zero
prolongation to R?. By the uniform estimates (14), we can extract subsequences (not relabeled) such that

@i, — u weakly in Wy*(D),
pe — p weakly in L*(D),
8. — 0o strongly in L*7(D),
where g9 = m/|D| > 0 is constant. The strong convergence of the density is obtained by

16 — ollz27(py < lloollz2v(p\p.y + |0 = (0e)ellL2v(p.y + [[{0e)e — 0ollL2v(D.)

1 B 1 1 1
< 00|D\ D¢|?7 + Cev +m|D M(—)_)O’
oA D 1Dl |De| D]

since |D.| — |D|. Due to Rellich’s theorem, we further have
. — u strongly in LY(D) for all 1 < ¢ < 6.

Step 2: We begin by proving that the limiting velocity u is solenoidal. To this end, let ¢ € D(R?). By
the second equation of (2), we have

0:/ ocu. - Vodr — Qo/ u-Vedz.
R3 D
This together with the compactness of the trace operator yields

{divu =0 in D,

15
u=20 on 0D. (15)
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Step 3: To prove convergence of the momentum equation, let ¢ € D(D) and use pwy, as test function
in the first equation of (2). This yields

/D S(Vii.) : V(pwi)dz = /D (Betie ® i) : V(pwE)dz + /D e div(pwE)dz + /D (85 + ) - (pwi)d.

Using the definition of S in (3) and the fact that div(w§) = 0 by (H2) of Theorem 3.1, we rewrite the
left hand side as

/ S(Vie) : V(ew) de = ,u/ Va. : V(pwy)dz + (/; + n) / div(n.) div(pwy) dz
D D D
= u/ Vwi : V(ete) + Ve : (Wi @ Vo) — Vwy, @ (G ® V) dz + (g + 77) / div(a.)wy, - Vedz
D D
and add the term — [, ¢ div(¢u.) dz to both sides to obtain

u/ Vwj : V(pue) — g div(pu,) da
D

I

+ ,u/ Va, : (W, @ V) — Vwj, : (1. ® V) dz + (/; + 77) / div(a.)wy, - Vo dz
D D

12 13

- / (Betie ® 6e) : V(ow]) da+ / oS -V + (6.6 + ) - (pws) da — / ¢ div(pi.) dz.
D D D

Iy I5 I¢

Since v, := U, and v := u fulfill hypothesis (H4) of Theorem 3.1, we have
Il — M <M9k, (,011),
where (-,-) denotes the dual product of W~12(D) and W,"?(D). Further, by 1. — u strongly in L?(D)
and Vw§, — 0 by hypothesis (H3),
P —>,u/ Vu: (e ® Vo) dax.
D

Because of w§ — ey, strongly in L?(D) and (15), we deduce

I3 —0, I5—>/pek'VSO‘F(QOf‘i‘g)'(SDek)dx'
D

Step 4: To show convergence of I4, we proceed as follows. First, since u. = 0 on 9D, and u, — u in
W12(D), we have Vu. = Vi, — Vu in L?(D). Second, as shown above for v > 3, 5. — g strongly
in L?7(D) and 6. — u strongly in L(D) for any 1 < ¢ < 6, in particular in L*(D). Together with the
strong convergence of w¢ in any LP(D) (see Theorem 3.1), in particular in L'?(D), we get

0.1 @ W5 — gou ® ey, strongly in L*(D).
This together with div(p-.u.) = 0 yields

Iy = / (0eu: ®@u.) : V(pwy)de = —/ o:u. - Vue - pwi dz = —/ oVue : (ocu. @ wi) dx

= 7/ eV, : (g0 ® wi)de — 7/ pVu: (pou®e)dr = / (oou®u) : V(pey)dz.
D D D
In the case v > 3, one can also proceed by seeing that
0:1. ® 01, — gou ® u strongly in L*(D),
where we used that . — u strongly in L9(D) for ¢ = 4v/(y — 1) < 6.

) Birkhauser



JMFM Homogenization and Low Mach Limit in Critical Perforation Page 9 of 11 79

Step 5: It remains to show convergence of Is. First, recall B] = B,.(z5). We follow the idea of [13] and
introduce a further splitting of the integral:
Let ¢ € C°(B1/2(0)) be a cut-off function with 1) = 1 on By ,4(0), define for x € Bf/2 the function

Yi(z) :==Y((z—1f)/e), and extend ¥’ by zero to the whole of D. Set finally ¢.(z) :== >  ¢i(z), where
i:PfCD

P¥ is the cell of size 2¢ with center z£ € (2 Z)3. Then we have 1. € C°(|J, Bf/2) and
ve=1in | JB", Vo] <Cel. (16)

With this at hand, we write

(0)e T = (0:)e / gt div(pu.) dz + {0c).e / g5 (1 — e)pdiv(u,) dz

€ D.

T (02)e / (1 - do)u. - Vo da

= I'"+1*+I°.
Observe that since supp 1. C UZ-Bi6 / 2, the term I' covers the behavior of g, “near” the holes, whereas
I? and I® cover the behavior “far away”. Since g5, and 1. are (2¢)-periodic functions and gj1. € L?(D),
we have ¢§1. — 0 in L?(D)/R. This together with .. — u strongly in L?(D) yields

|13 — 0.

For I?, we use the definition of ¢§ and (10) to find

) (14)
|12| < C‘/D\ Be/t |QIi| |d1V(u€)‘ dz < CHQian(D\UiB?/“) = CHQian(UiB?\B?/“) < Ce—0.
UZ k2 k2 k3

To prove I' — 0, we write, using div(g.u.) = 0,

= /D V(g ep) - (ous) da - / V(@) - (o)) dz + (o2) / v, - Ve ds

D, D,
— /D V(@ be0)(0- — (02)2) - ue da + o(L).

Here, we used again the periodicity of ¢f and . to conclude ¢5¢. — 0 in L?*(D)/R. This and the
strong convergence of G, to u in L?(D) shows that the last term vanishes in the limit ¢ — 0. For the

remaining integral, we find, recalling supp ¥, C UiBf/z and C§ = Bf/Z \T¢,
1
< IV(giveoll, 2 o llee = eedellzen o [uellzz o) + o(1)

2y +0(1).

<2
< ColIVgvedl 2

Since |Vt.| < Ce™!, we have
€ € 1 €
Viazvee)l < C (19681 + 2lakl ).
thus

1
# 2Rl 2, ) ) oD

B
I'| < Cen E
' < sv(IIquIIL%Ll( c LA=T(Ui0F)

UiCF)
Together with (8) and (9) for p = 2v/(y — 1) > 3/2, we establish

B—3

1Y < Cev (5—3—3 + 5—1—3) +0(1) < Ce5 +0(1) — 0,

T Birkhauser
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provided
B>3(y+1).

To summarize, we have in the limit e — 0 for all functions ¢ € D(D)
p{Mey, pu) — pi(Au, pey) = —(div(gou @ u), pex) + (of + g — Vp, pey).
Since M is symmetric, this is
Vp + gou - Vu — pAu + pMu = gof + g in D'(D),

which is the first equation of (6). This finishes the proof.
O
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