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Zusammenfassung

In der vorliegenden Arbeit wird eine neuartige Modellierungsumgebung für Kontinu-
umsschädigung entwickelt, durch die es möglich wird, phänomenologische Effekte duk-
tiler Schädigung auf mechanische Eigenschaften von Metallen akkurat vorherzusagen.
Dabei stellt die vorgeschlagene Modellierungsumgebung, im Rahmen einer Implementie-
rung mittels der mit dem mikromorphen Ansatz regularisierten Finite Elemente Metho-
de, eine Beziehung zwischen dem makroskopischen Dehnungs- und Spannungszustand
her. Dadurch wird die Simulation von (Kalt-)Umformprozessen möglich, die die sich er-
gebenden mechanischen Eigenschaften und insbesondere die Sicherheitsreserve des her-
gestellten Bauteils akkurat vorhersagt.

Die Modellierungsumgebung wird im Rahmen von drei separaten, aufeinander auf-
bauenden Modellen mit steigender Komplexität entwickelt. Als erstes wird ein regula-
risiertes, isotropes, dreidimensionales, duktiles Schädigungsmodell für finite Verzerrun-
gen etabliert. Im Fokus stehen die Kopplung von Schädigung und Plastizität mittels
eines Mehrflächenansatzes sowie die Fähigkeit des Materialmodells das Verhalten des
Dualphasenstahls DP800 widerzuspiegeln, d.h. es werden Versuche durchgeführt und
Parameter anhand von ortsaufgelösten Verschiebungsfeldern identifiziert.

Als nächstes wird ein regularisiertes anisotropes Schädigungsmodell implementiert,
bei der die Schädigung durch eine Abbildung mit Verbindung zur fiktiven ungeschädigten
Konfiguration beschrieben wird. Die Kopplung zwischen Schädigung und Plastizität wird
weiterentwickelt indem effektive Triebkräfte eingeführt werden, die verantwortlich für
das Einsetzen von Schädigungs- beziehungsweise Plastizitätsentwicklung sind. Verschie-
dene Möglichkeiten der Regularisierung werden untersucht und die Ergebnisse durch
anschauliche Beispiele dargestellt.

Die finale Entwicklungsstufe der Modellierungsumgebung fügt den Mikroriss Schließ-
und Öffnungseffekt hinzu. Motiviert durch mikromechanische Zusammenhänge, bei de-
nen sich die mechanische Steifigkeit unter Zug- und unter Druckbelastung unterschied-
lich entwickelt, werden zwei separate Schädigungsvariablen eingeführt. In vorherigen
Stufen des Materialmodells wurden thermodynamisch konsistente assoziierte Evoluti-
onsgleichungen verwendet. Im Gegensatz dazu wird die Rückgewinnung von Steifigkeit
bei Verschliessen eines Mikrorisses mit einem nicht-assoziierten Ansatz modelliert und
der Erfüllung der Dissipationsungleichung besondere Beachtung geschenkt.

Bei allen betrachteten Modellen werden die dazugehörigen Gleichungen in der algo-
rithmischen Implementierung implizit und monolithisch gelöst. Des Weiteren wird das
charakteristische Verhalten der entwickelten Modelle anhand von anschaulichen Beispie-
len dargelegt.
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Abstract

This thesis deals with the development of a novel continuum damage modelling frame-
work which enables the accurate prediction of the phenomenological effects of ductile
damage on the mechanical properties of metals. The proposed modelling framework
establishes a relation between the macroscopic strain and stress states and is embed-
ded into a finite element method regularised by adopting the micromorphic approach.
Thereby, the simulation of (cold) forming processes with more accurate predictions of
the resulting mechanical properties and, especially, of the safety margin of the produced
part becomes possible.

The process of developing the modelling framework is set forth by means of three
separate models which increase in complexity. At first, a regularised, isotropic, three-
dimensional, ductile damage model is established at finite strains. The analysis focuses
on the coupling of damage and plasticity by means of a multisurface approach as well as
on the applicability of the material model to resemble the behaviour of the dual-phase
steel DP800, i.e. experiments are performed and parameters are identified by using full-
field displacement data.

Secondly, a regularised anisotropic ductile damage model is implemented by adopting
the fictitious configuration concept, where damage is described by a mapping related to
a fictitiously undamaged configuration. The coupling of damage and plasticity is further
enriched by introducing effective driving forces controlling onset and evolution of damage
and plasticity, respectively. Different possibilities of regularisation are analysed and the
results are underlined by illustrative examples.

The final stage of material model development incorporates the micro-crack closure
and reopening effect. Motivated from micro-mechanical considerations where mechanical
stiffness in tension and in compression may evolve differently, two separate damage
variables are introduced. Previous stages of the material model are formulated with
thermodynamically consistent associated evolution equations. In contrast, the recovery
of stiffness on crack closure is modelled in terms of a non-associated approach where
special attention is paid towards fulfilling the dissipation inequality.

For all discussed models, the algorithmic implementation encompasses an implicit and
monolithic solution of the model equations. Furthermore, the characteristic behaviour
of the developed models is demonstrated in terms of illustrative examples.
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Notation

Although the notation used in this thesis should be self-explanatory, a brief overview
of the most important relations used throughout the whole work is provided in the
following.

Tensors Let the three-dimensional Euclidean space be spanned by the (orthonormal)
Cartesian basis vectors ei, with i = 1, 2, 3. Tensors of first, second and fourth order
can then be expressed in terms of their coefficients with respect to these basis vectors
following Einstein’s summation convention, i.e.

a = ai ei ,

A = Aij ei ⊗ ej ,

A = Aijkl ei ⊗ ej ⊗ ek ⊗ el .

In this work, non-bold (italic) letters indicate scalars while bold-face (italic) letters
are used for tensors. In general, bold-face lower-case letters are primarily used for
tensors of first order and bold-face upper-case letters for tensors of second order. Within
this work, however, bold-face lower-case letters often represent tensors of second order
referred to the current configuration and bold-face upper-case letters represent tensors
of second order referred to the reference configuration. Furthermore, tensors referred to
the intermediate configuration are marked with a hat, i.e. ˆ︁A, and tensors referred to the
fictitious configuration are marked with an overline, i.e. A. Tensors of fourth order are
represented by bold-face sans-serif letters.
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Notation

Inner tensor products Each contraction of an inner tensor product is characterised by
a dot, i.e. single and double contractions are defined as

c = a · b = ai bi ,

c = A · b = Aij bj ei ,

C = A ·B = Aij Bjk ei ⊗ ek ,

c = A : B = Aij Bij ,

C = A : B = AijklBkl ei ⊗ ej ,

C = A : B = Aijkl Bklmn ei ⊗ ej ⊗ em ⊗ en ,

Double contractions are defined as a contraction of two indices at once rather than as a
sequence of two single contractions, i.e. C = A : B ̸= AijklBlk (unless B is symmetric).

Outer tensor products In addition to the standard outer tensor product (or dyadic
product) represented by the classical symbol ⊗, the non-standard symbols ⊗ , ⊗ and ⊗
are introduced as they represent standard results of derivatives. One has the definitions

C = a⊗ b = ai bi ei ⊗ ej ,

C = A⊗B = Aij Bkl ei ⊗ ej ⊗ ek ⊗ el ,

C = A⊗B = Aik Bjl ei ⊗ ej ⊗ ek ⊗ el ,

C = A⊗B = AilBjk ei ⊗ ej ⊗ ek ⊗ el ,

C = A⊗B = 1
2

[︁
A⊗B + A⊗B

]︁
.

Identity tensors The second-order identity tensor I as well as the fourth-order identity
tensor I and the fourth-order symmetric identity tensor I sym are defined as

I = δij ei ⊗ ej ,

I = I ⊗ I ,

I sym = I ⊗ I ,

where the Kronecker delta symbol is given as δij = ei · ej.
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1 Introduction

In today’s world, resources are becoming more and more precious and the effort spent
on efficiently utilising these resources rises more and more. One possibility of increasing
the efficiency of resource utilisation is to improve the production process of a product.
In this regard, (cold) forming processes are of special interest with respect to this thesis.

The idea is, that by recognising damage (as a precursor to failure) as an important
influence during the forming process and by setting up an accurate model for the predic-
tion of damage and plasticity during the forming process, the production process can be
optimised. On the one hand, the forming capability of the material may be utilised more
efficiently and on the other hand the safety margin may be determined more accurately
as the prediction by means of simulations with an improved material model becomes
more precise, ultimately saving costs and energy.

To this end, the goal of this thesis is to develop an accurate material model for
the prediction of ductile damage and plasticity in metals. The introduction starts by
discussing the term ’damage’ and its various subcategories. Thereafter, focus is placed
on ductile damage — a summary of experimental findings and of continuum damage
modelling in the literature is provided. A literature overview of advanced modelling
techniques, e.g. regularisation, is given. At the end of the introduction, the objective
and scope of this thesis are laid out.

1.1 Interpretation of the term ’damage’

The term ’damage’ is widely used in different scientific communities, in the industry
and even in everyday language. Coincidentally, the exact meaning of the term ’damage’
differs significantly between the communities. A common ground for the delineation
of ’damage’ is that it describes the degradation or even the complete loss of functional
properties or other desired properties like e.g. appearance. In everyday language, damage
may be used for e.g. a scratch in a floor tile (degradation of appearance), a damaged
car after an accident (potentially loss of functional properties) or a hole in the roof of
a building (degradation of functional property). In the producing industry, damage is
used for e.g. a shattered bearing in a machine, a fire in a production facility, the loss of
reputation or the loss of data from a damaged file. Damage is also used in the context of
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1 Introduction

finances. In materials science, damage is used to describe the state on the micro-scale —
e.g. pores, cracks and other defects on the micro-scale. On the macro-scale, damage may,
amongst other effects, induce degradation of stiffness or reduction of the yield stress.
Clearly, damage is a term which is omnipresent, but with different meanings.

An important aspect in the following work is the delimitation of damage and failure.
While in many communities the terms ’damage’ and ’failure’ can be used synonymously,
damage precedes failure in material modelling and in materials science. In these com-
munities, the term damage describes mechanisms which occur locally on the microscale
— mostly by means of the creation of new surfaces — and, in addition, it describes
their effects on the macro-scale. One may further divide damage into the following
subcategories:

• Ductile damage is concerned with damage in connection with large plastic de-
formation. On the micro-mechanical level, ductile damage can be observed in the
form of micro-cracks and micro-voids. Ductile damage is the primary damage type
discussed as this work proceeds and an extensive list of references is provided in
Section 1.3.1.

• Brittle damage commonly develops without plastic deformations and is exhib-
ited in e.g. rocks, concrete, ceramics and glass. Continuum damage models of
Lemaitre-type, without the incorporation of plasticity related effects, are capable
of modelling effects related to brittle damage. For damage models specifically de-
signed to capture brittle damage effects, see e.g. [132] or the monographs [51, 95].
An extension to finite deformations can be found in e.g. [44].

• Polycrystalline materials may experience creep damage effects, which originate
from the nucleation of microcracks on grain boundaries under elevated temper-
atures and constant stress levels. The damage models of Kachanov, [89], and
Rabotnov [146], already included the description of such creep damage phenom-
ena. Since the publication of these pioneering works, the theory of creep damage
has been further extended, see e.g. [27, 45], the review contribution [80] or for
creep damage combined with finite strains see [181].

• In the case where a material degrades under cyclic loading conditions, related
damage effects are classified as fatigue damage. One may further classify fatigue
damage based on the number of cycles before final failure occurs. Fatigue damage
constitutes a wide field of research; for more detailed information the reader is
referred to, e.g., [107]. Further damage classifications have been established, such
as creep fatigue damage and spall damage, which are discussed in the monographs
cited above.

• Moreover, damage in composite materials has intensively been studied since the
early nineties, see e.g. [99, 176]. In this context, Ladevèze, [100], focused on the
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1.2 Experimental analysis of (ductile) damage

modelling of debonding effects of the fibre matrix interface and microcracking of
the matrix itself, while Voyiadjis and Kattan proposed a generalised model incor-
porating damage and plasticity in composites, [176]. For more detailed information
on damage modelling of composites, the reader is referred to e.g. [177].

• Another active field of research in continuum damage is the modelling of dam-
age effects in biological materials. Biological materials typically possess complex
(micro-) structures, such as layered vessel walls which can be considered as a com-
posite with layers of different fibre reinforcements, see e.g. [15, 35, 142, 143].

1.2 Experimental analysis of (ductile) damage

Damage can be analysed experimentally either geometrically, e.g. by imaging the mi-
crostructure by means of (electron) microscopy, or mechanically by measuring properties
which are influenced by damage, e.g. mechanical stiffness, cf. [170] wherein geometric
approaches are reported to be more precise but contain large systemic errors. Both
approaches provide very different results, and it is not straight-forward to deduce the
influence of the (geometrically) observed damage on the overall properties or, vice versa,
to deduce which microstructural changes are present due to a change in the mechanical
properties.

Ductile damage in dual-phase steel sheets (ferrite-martensite) is analysed geometri-
cally in [82]. They identify the primary damage mechanism to be martensite-cracking
triggered by high plastic strains in the surrounding ferrite matrix. Subsequently, further
damage sites in the ferrite nucleate at the crack in the martensite. Furthermore, they
observe a microstructure with finer grains resulting in a more dispersed damage state as
well as necking occurring later, at higher strains.

The work [73] analyses damage in DP1000 dual-phase steel by means of in-situ micro-
tensile tests. With the help of DIC the authors are able to quantify the local strain
state and report a heterogeneous strain distribution with strains accumulating in bands
orientated at 45 degrees loading direction. The damage mechanisms they observe are
void nucleation and growth in the ferrite and crack initiation on the interface between
ferrite and martensite.

Another dual-phase steel is DP800, which is also used in this work, see Section 3.4.1.
Damage mechanisms in DP800 were recently identified in [96] by means of algorithmic
detection and categorisation of voids in large panorama images obtained by electron
microscopy — a novel methodology validated against established methods in [97]. The
authors primarily observed (brittle) martensite cracking at small plastic strains and a
shift towards ductile mechanisms as the plastic strains increase. The dominating ductile
mechanisms are void nucleation, e.g. in form of phase boundary decohesion, and void
plasticity. Analysis of the martensite crack orientation in DP800 sheets, as carried out in
[120], revealed cracks to be primarily oriented perpendicular to the loading direction for
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1 Introduction

uniaxial tension loading and an isotropic distribution of crack-angles for biaxial tension
loading.

A combination of geometrical and mechanical damage measurement of DP800 sheets
is approached in [98]. Their analysis concludes that the local stress state influences void
nucleation and that the global stress state influences void growth. Furthermore, they
found a correlation between plastic strains and the number of voids, i.e. plastic strains
influence void nucleation. Stress triaxiality correlates with median void size and thus
influences void growth. Lastly, they observed void coalescence to occur mainly along
shear bands.

Similarly, in [33], the influence of the stress-state on damage (and fracture) mecha-
nisms is analysed for a biaxially loaded aluminium alloy. They use a fitted anistropic
continuum damage model to obtain the stress state for each material point based on
strain measurement by means of DIC.

1.3 Damage in continuum mechanics

The description of damage from the perspective of continuum mechanics — often called
continuum damage mechanics (CDM) — focuses on the change of mechanical properties
of a sample material by means of degradation processes — starting with the initiation
of micro-cracks and ending with the beginning formation of a macro-crack. The field of
damage mechanics dates back to the original findings from Kachanov [89] and further
development by Rabotnov [146], who proposed a single scalar damage variable to model
the effects of creep damage. A review of the early research can be found in [40]. It
took until the late seventies for continuum damage mechanics to become a highly active
research topic, [85], and several monographs on continuum damage mechanics have been
published since, see e.g. [90, 106, 131]. While initially only creep damage was considered,
the term damage has since been extended to many different physical mechanisms and
phenomenological effects. Similar to the distinction of damage types described in the
previous section, continuum damage can be divided into several subcategories dependent
on the material studied, on the acting physical mechanisms and on the applied loading
conditions. In the following, this work focuses on ductile damage in metallic materials.

1.3.1 Ductile damage in continuum mechanics

Modelling of ductile damage in the sense of continuum damage mechanics can be divided
into micromechanically motivated models and phenomenological damage models. On
the one hand, micro-mechanically motivated Gurson-type approaches model damage
as the evolution of void-volume fraction influencing the evolution of plasticity without
affecting the elastic properties, see [77, 133, 173]. On the other hand, Lemaitre-type
models introduce a phenomenologically motivated damage variable which deteriorates
the elastic properties of the material, see [95, 105, 106]. The probably most prominent
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candidate from the first category is the model based on void volume fractions proposed
by Gurson [77] and their extensions by Tvergaard and Needleman [173] as well as by
Rousselier [152]. Many researchers have worked on and with these models, see e.g. the
recent contributions [36, 190] and references cited therein. Phenomenological models
are typically referred back to the 1− d approach established by Lemaitre [105, 106] and
Krajcinovic [95] and are continuously further developed, see e.g. [14, 31, 32, 94, 179]. A
detailed literature review on ductile damage and fracture can be found in [10, 25].

Damage is intrinsically of anisotropic nature. Early contributions, however, consid-
ered damage isotropically by means of a scalar damage variable. Anisotropic damage
is typically represented by a tensor of at least second order [104] and many different
approaches have been proposed with tensors of either second or fourth order, see e.g.
[26, 42, 93]. The preferred directions of anisotropy may either be fixed or, as is typical
for ductile damage in metals, they evolve dependent on the applied load. One of the ap-
proaches dealing with evolving anisotropy is the introduction of a fictitious configuration,
see [28, 34, 61, 123, 125, 130, 157] amongst others.

Many recent contributions focus on anisotropic ductile damage. Most contributions
use a second order tensor as damage variable. A fourth order damage tensor evolving
dependent on the applied load is proposed in [16] for application in ceramic matrix-
composites. Multiple scalar damage variables, each attached to a different mode of a
decomposed stress tensor and its evolution governed by its own surface, are proposed in
e.g. [1] to model ductile damage in concrete. Examples for material models using the
fictitious configuration are the model proposed in [14] where the evolution of damage
and plasticity is governed by separate potentials in a two-surface setting or, the model
proposed in [102] where a single-surface setting for small strains is used. A ductile dam-
age model based on visco-plasticity with its principal damage directions being aligned
with its principal stress directions is applied to semi-crystalline polymers in [9]. In the
contribution [83] a two-surface approach governs evolution of damage and plasticity for
a model using logarithmic strains with an additive split. An approach where structural
tensors are used for damage is proposed in [148].

1.3.2 Influence of stress triaxiality and Lode-angle

Although most of the following references are concerned with ductile failure — as op-
posed to ductile damage which lies in the focus of this work — it may be inferred that
stress-triaxiality and Lode-angle also influence ductile damage as ductile damage finally
results in ductile failure. The importance of stress triaxiality on ductile failure was first
observed experimentally by Hancock and Mackenzie, cf. [79]. It took until many years
later for the Lode-angle to be recognised as another important factor influencing ductile
failure, see [183]. Thereafter, it has been shown that stress-triaxiality is an important
factor for driving pore growth, whereas the Lode-angle is connected to micro-crack elon-
gation, see e.g. [119, 191].
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As ductile failure is often determined in terms of quantities stemming from plasticity,
the dependency on the Lode-angle was incorporated into the formulation of the yield
surface as a kind of interpolation between the Tresca yield surface and the von Mises yield
surface, see [11, 12]. In [129], initiation of ductile failure is analysed and experiments with
different levels of stress-triaxiality and Lode-angle are compared with each other. The
authors conclude that the direct influence of the Lode-angle on failure is less pronounced,
but that the Lode-angle has a significant influence on the evolution of the yield surface
instead. Consequently, they propose a new yield surface dependent on the Lode angle
which was geometrically constructed and which lies in between the yield surfaces of
Tresca and von Mises. However, the resulting yield surface is non-convex and the impact
on thermodynamics is not discussed in their contribution. A generalised yield surface
in the form of f(p) + f(θ) q2 − 1 = 0, with pressure p, Lode-angle θ and deviatoric
stress q is proposed in [137] and the conditions for convexity of the proposed surface are
determined by the methodology based on differential geometry proposed in [169].

A micro-mechanical investigation using periodic boundary conditions on a representa-
tive volume element containing a spherical void is reported in [19]. Therein, the authors
have found out that the influence of the Lode-angle on void shape and on void coales-
cence decreases as stress-triaxiality rises. Similarly, in [58] a unit-cell analysis of a single
pore is performed and the computed failure strain is plotted over stress-triaxiality and
Lode-angle.

Experimentally, the influence of triaxiality and Lode-angle on ductile failure is anal-
ysed, e.g., by means of butterfly tests in [4]. On the contrary, the theoretical and
numerical study by Mattiello and Desmorat, cf. [118], analyses the dependence of var-
ious previously proposed failure loci on triaxiality and Lode-angle and compares them
to existing non-associated damage evolution equations in the literature.

Stress-triaxiality and Lode-angle have been explicitly taken into account for damage
evolution in the modelling of ductile fracture in [191]. An empiric continuum damage
model for aluminium — explicitly taking stress-triaxiality and Lode-angle in the damage
surface into account — is proposed in [72]. The proposed model is calibrated with
biaxial experiments by using proportional and non-proportional load paths by means
of full-field displacement measurements obtained from DIC (digital image correlation).
Similarly, a non-associated single-surface model is developed in [189]. They propose
effective quantities wherein the influence of damage is more pronounced for positive
stress-triaxiality. Furthermore, damage evolution is influenced by a function of the
Lode-angle.

1.3.3 Microcrack-closure reopening effect

The microcrack-closure reopening (MCR) effect — often synonymously denoted unilat-
eral damage effect — describes a different material response whether the local material
state is tension or compression. To this end, a model where (scalar) damage affected neg-
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atively signed stresses differently than positively signed stresses was proposed in [109],
see also [131].

A more general format for discerning tensile and compressive contributions was pub-
lished shortly afterwards, see [138]. Therein, the author has proposed the use of projec-
tion tensors to extract positive and negative strains or stresses. In the following years,
several other projection operators were proposed — each with different characteristics,
but also with different deficiencies, especially problems with spurious energy dissipation
as pointed out in the review [185]. Consequently, they propose a projection operator
without spurious energy dissipation.

Damage models with a single damage variable differently affecting tensile and com-
pressive contributions were soon extended by multiple damage variables. The (brittle-
elastic) damage model for concrete proposed in [24] introduced a tensile and a com-
pressive damage variable. Each variable is represented by a tensor of second order
and describes microcracks. They affect the positive, respectively negative, strain in the
Helmholtz energy. In addition, a scalar damage variable — describing the effect of pores
— is introduced which affects the volumetric strain contribution. In the same work, the
authors propose a very similar second model, but which is formulated in terms of the
Gibbs enthalpy. The damage variables are all reduced to scalar quantities and instead
of splitting strains, the stresses are split into positive and negative contributions.

Many of the damage models proposed in the earlier stages, which take the unilateral
damage effect into account, suffer from a discontinuous stress/strain response and lack
major symmetry of the stiffness tensor under certain loading conditions, as explained in
the review contribution [41]. The same author then proposes a damage model free of
these deficiencies, cf. [42].

Another model is the so-called ’d+/d- damage model’, originally proposed in [38] as
a formulation directly in state laws. Therein, two damage variables — ’d+’ referred to
as tensile damage and ’d-’ referred to as compressive damage — are introduced. Many
years later the model was reformulated by using projection operators and a formulation
in the Helmholtz energy with internal variables, see [37]. The two damage variables
d+/d- may each evolve independently, but conceptually follow identical evolution equa-
tions. All described models up until now, were concerned with brittle-elastic material
behaviour, typical for rocks or concrete. However, the contribution [39] incorporated
permanent strains (e.g. plastic strains) into the model formulation. Lastly, the work
[184] contains another reformulation of the d+/d- damage model. The model is formu-
lated with variationally interpreted positive/negative projection tensors which results in
a formulation with a stiffness tensor possessing major symmetry.

In [61], the scalar damage model including the MCR effect, proposed in [62], is ex-
tended to anisotropic damage formulated in terms of the fictitious configuration concept,
cf. [126]. Damage is described by a single integrity tensor of second order and affects
the stiffness only under tensile loading.

Further models including the MCR effect are e.g. the model from [74] wherein the
MCR effect is incorporated but without making use of projection operators and instead
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the elastic stiffness is specified dependent on different crack directions for an orthotropic
material; the model described in [55] where damage evolves only with the positive part
of effective strains; or the model proposed in [2] which introduced two separate damage
variables for tension and for compression — each governed by their own damage growth
function.

Lastly, in [64] an efficient approach to incorporate the MCR effect into an already
existing damage model with only minor modifications has been proposed. The authors
demonstrate their approach by means of a brittle-elastic, small strain, gradient-extended
damage model where the strains in the Helmholtz energy are split into positive and
negative contributions and where the negative contribution is only partially affected by
damage.

1.4 Regularisation

A well-known deficiency of damage models, respectively all continuum models including
softening or degradation effects, is the possible loss of ellipticity of the governing equa-
tions, see e.g. [110], and references cited therein, where the underlying acoustic tensor is
investigated. In the context of Finite Element formulations, the loss of ellipticity may
lead to mesh dependent results. To remedy mesh dependency, multiple non-local dam-
age theories have been proposed. The contributions by Bažant et al. [22, 23] introduce
a non-local damage variable which is defined as the integral value of an only pointwise
defined, local damage variable. However, non-local formulations based on gradients are
more commonly used. Theories incorporating strain gradients were established at an
earlier stage, see e.g. [48, 141, 172], but theories based on gradients of other variables,
such as damage, were thereafter proposed [165, 166]. If gradients are explicitly taken
into account, the underlying Karush-Kuhn-Tucker conditions may need to be dealt with
on a global (Finite Element) level. Thereto, an active-set algorithm may be used, see
e.g. [110, 111], or non-linear complementarity functions my be used, see e.g. [76]. An ap-
proach using a direct damage gradient in combination with an operator split is proposed
in [175]. Implicitly taking gradients into account by means of gradient-enhancement [56]
or the micromorphic approach [67] allows the treatment of the Karush-Kuhn-Tucker con-
ditions on the local (integration point) level. This approach has been adopted throughout
many contributions in the literature, see [31, 136, 142, 178, 188] amongst others. Ef-
fort has been made to explore efficient implementations of gradient-enhancement into
commercial Finite Element tools [139, 155]. A different approach to efficiently include
gradients has been published, see [88]. The gradient-enhanced theory has been extended
to incorporate non-constant regularisation parameters in e.g. [135, 174, 188], i.e. the
gradient contribution in the free Helmholtz energy is weighted by a term dependent on
history variables, e.g. the damage state itself.

Regularisation of anisotropic damage was first achieved by the incorporation of non-
local strain measures, cf. e.g. [52, 53] which used a second order tensor as damage
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variable. The contribution [145] used a viscous regularisation to regularise a model
formulated in terms of an orthotropic damage variable, which was later expanded in [87]
to the regularisation by means of four non-local equivalent strains. Similarly, integral
averaging of strain measures was used to regularise an orthotropic intra-laminar damage
model for fibre-reinforced composites in [69].

Anisotropic brittle damage was successfully regularised with the help of the gradient-
extension of the scalar damage hardening variable, even though the actual damage
variable was a tensor of second order, cf. [63]. Regularisation of anisotropic dam-
age specified in terms of multiple scalar damage variables was efficiently achieved by
gradient-extension of a scalar averaged damage variable in [156] by using a (fast Fourier
transform) FFT-solver. The contribution [43] proposed a non-local Gurson-type model
for fibre-reinforced composites where regularisation was achieved by gradient-extension
of the isotropic hardening variable. Anisotropic damage in a single crystal, in analogy to
crystal plasticity, was regularised by gradient-extension of a scalar accumulated damage
variable in [7]. A crystal plasticity formulation including a scalar micromorphic variable
for strain-like micro-damage is proposed in [113]. In [102] the full second order tensor
is gradient-enhanced, resulting in six (due to symmetry) additional degrees of freedom.
The contribution [83] achieved regularisation by gradient-extension of the three invari-
ants of the second order damage tensor. A gradient-extended damage formulation for
solid-shells was proposed and analysed in [17, 18].

Another mathematically involved regularisation approach is the Eikonal non-local
damage model [54]. This approach uses an integral averaging of the damage variable
where the integrated length depends on propagation time which is influenced by damage
itself. The Eikonal non-local damage approach has since been developed further in [147]
and [171].

In the modelling of ductile damage, localisation is not necessarily solely caused by
damage itself but may also occur due to necking induced by plastic flow. Gradient-
enhancement of damage as well as plasticity has been shown to regularise the overall
response in [57]. In [83] the necessity of regularisation of plasticity to counteract lo-
calising shear bands is mentioned, and Friedlein et al. [70] analysed the regularisation
of plasticity by using logarithmic strains in additive form. In a single-surface damage
formulation where damage evolution is dependent on the (plastic) Lagrange multiplier,
the contribution [71] demonstrated gradient-enhancement of plasticity to be sufficient
for the regularisation of damage. For further literature and modelling approaches on
gradient-enhanced plasticity see, e.g., [92], where a gradient-enhanced plasticity frame-
work with additional degrees of freedom related to plastic deformation contributions and
non-local (Mandel-type) stresses is proposed, and [91, 187] as well as references cited in
these works.

A different approach of regularisation was proposed in [59]. Instead of regularisation
contributions in space, a regularisation in time is proposed by introducing rate dependent
damage evolution. This type of regularisation is often denoted as viscous regularisation
and intrinsically introduces dependency of the underlying parameters related to, say,
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relaxation time. The modelling approach has been further developed and used for several
applications, see e.g. [3, 68, 103, 133].

1.5 Parameter identification

A major challenge for the simulation of production processes is the identification of suit-
able material parameters. A detailed description of the parameter identification process
in combination with the Finite Element method is given in [116]. Parameter identifi-
cation in combination with gradient damage models is first reported in [115], though
without taking full-field measurements into account. Further information regarding pa-
rameter identification is summarised in the review contributions [8, 117]. In recent
years, Roux and Bouchard [153] have been working on parameter identification for a
local Lemaitre model including full-field data, but have tested the framework only with
numerically perturbed simulation data. In [4] a GISSMO failure surface identification
is performed by using full-field measurements obtained via DIC (digital image correla-
tion). Direct determination of the change in the elastic modulus — already identified as
a suitable measure to quantify damage in [108] — during loading/unloading of DP800
is reported in [5]. An approach for optimisation based parameter identification using
full field measurement of displacements is proposed in [149] and extended to thermal
full field data in [150]. Parameters of an anisotropic local continuum damage model
are identified in [72] by means of biaxial loading tests using full field measurement of
displacements.

1.6 Objective and outline of this work

The primary objective of this thesis is to develop a ductile damage model capable of
accurately predicting the evolution of plasticity and of damage in a production pro-
cess. Thereby, the many possibilities of modelling are reduced by adhering to several
principles:

• The developed material models shall yield a response on the macro-scale, focusing
on capturing the phenomena of the physical material. But, wherever possible,
modelling choices should be micro-mechanically motivated, i.e. the physics of the
micro-scale should be incorporated or, at least, taken into consideration.

• The proposed models shall be embedded in a computationally robust setting, i.e.
they shall yield identical responses independent of the chosen discretisation.

• The material models shall be adaptable to many materials (in the group of ductile
metals). Hence, focus is placed on developing a framework rather than on devel-
oping one (or multiple) specific material model(s). Consequently, a non-empiric
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modelling approach is pursued which is guaranteed to fulfil the dissipation inequal-
ity for a large domain of parameters.

The thesis starts by introducing the implementation of the regularisation framework in
Chapter 2. Due to the inherent softening of (ductile) damage, an implicit gradient-
enhancement — the micromorphic approach — is used as numerically efficient regular-
isation framework. In addition, a summary of a direct gradient-enhanced approach is
provided, highlighting key differences between the direct and implicit approaches.

An isotropic ductile damage model is proposed in Chapter 3. The main purpose
of the isotropic model is to focus on and to analyse regularisation of ductile damage,
coupling of damage and plasticity, and identification of parameters. Coupling of damage
and plasticity is achieved by using effective driving forces in a multisurface approach, i.e.
individual criteria for the onset of damage and plasticity are proposed. The proposed
isotropic ductile damage model is regularised by means of the micromorphic approach
described in Chapter 2. The parameters of the model are identified for the dual phase
steel DP800 and an air-bending process is simulated.

Chapter 4 deals with the extension of isotropic damage to anisotropic damage.
To this end, a fictitious (undamaged) configuration is utilised. Implications for the
effective driving forces are discussed in detail, where the introduction of an effective
damage driving force removes the sole dependence of damage evolution on elastic strains
and thereby enables the possibility to predict the onset of failure. Furthermore, the
anisotropic ductile damage model is extensively analysed in view of which fields require
regularisation.

The last chapter, Chapter 5, integrates the micro-crack closure and reopening ef-
fect into the models established in the previous chapters. The already existing research,
which mostly is concerned with brittle damage in the absence of plastic strains, is further
developed in order to include plastic strains. Ultimately, two separate damage variables
— one degrading elastic stiffness under tension and one under compression — are intro-
duced. They represent the expected jump in stiffness from the reopening of previously
compressed micro-cracks.
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2 A Finite Element framework for
regularised damage

This chapter summarises details regarding the Finite Element implementation. The
basis of the described topics can be found in relevant textbooks regarding continuum
mechanics and Finite Element analysis, see e.g. [21, 30, 84] amongst many contributions.

The first topic, after a brief introduction of the essential kinematics in Section 2.1,
is concerned with the micromorphic approach [67] — or the implicit gradient-enhanced
framework [56, 166] — see Section 2.2. In a generalised format, the governing equations
are derived and discretised by means of finite elements. The resulting non-linear equa-
tions are solved with an iterative Newton-Raphson scheme. To this end, the system of
linear equations which needs to be solved in each iteration is obtained from linearisation.

Contrary to the (implicit) micromorphic approach, Section 2.3 summarises the regu-
larisation approach using gradients directly which was published in the joint work [76].
A brief description of the material model — including the nonlocality residual [144] —
is given, since formulation of the material model and implementation of the Finite El-
ement method are strongly interconnected in the direct regularisation approach. The
inequalities from the local Karush-Kuhn-Tucker problem need to be solved globally, e.g.
by means of complementarity functions, resulting in a different structure compared to
standard Finite Element implementations.

Lastly, Section 2.4 is concerned with implementation details regarding application
and control of loading and of boundary conditions. It includes a brief summary of
linear constraints [180] and of arc-length methods [46] as well as a combination of both
methods.

2.1 Essential kinematics

In order to describe the Finite Element formulation, some essential kinematic relations
need to be introduced. Let the reference (or material) configuration be denoted by
B0 and let X be the related placement vector, see Figure 2.1. Furthermore, let Bt

denote the current (or spatial) configuration with placement vector x. A deformation
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map φ(X, t) is introduced mapping placements from the reference configuration to the
spatial configuration, i.e. x = φ(X, t) with t denoting time. The mapping between the
tangent spaces of both configurations is introduced as the deformation gradient

F := ∇Xφ =
dφ

dX
=

dx

dX
. (2.1)

Line elements in the reference configuration dX are transformed to the current con-
figuration as dx = F · dX. Referential volume elements dV transform according to
dv = J dV , with J := det(F ). Surface elements in reference configuration dA can be
transformed to the current configuration via da = cof(F ) · dA = J F−t · dA.

X x

B0 Bt

F−1

F

ϕ(X, t)

Figure 2.1: Sketch of the reference and current configuration.

2.2 Micromorphic approach

The idea of the gradient-enhanced framework, cf. [56, 67, 166], is to introduce additional
(global) field variables which are coupled to (local) material point variables in the context
of a micromorphic formulation. By only incorporating the gradients of the introduced
non-local (global) field variables — and not the gradients of the (local) material point
variables — the ensuing Karush-Kuhn-Tucker problem can still be solved on a (local)
material point level. Let the vector of aggregated non-local (global) field variables be
denoted by ϕ(X, t). The Helmholtz energy Ψ can be additively split into a local part
Ψ loc, containing e.g. the elastic part of the energy, a gradient part Ψ grd and a coupling
part Ψ cpl, i.e.

Ψ = Ψ loc(F , I) + Ψ grd(∇Xϕ) + Ψ cpl(F , ϕ, I) . (2.2)

The gradient contribution to the Helmholtz energy Ψ grd may additionally depend on
other local variables, compare e.g. the approach in [174, 188]. In this framework it is
assumed to remain independent of further local variables and, notably, it is independent
of the non-local field variables ϕ. Contrary, the coupling contribution Ψ cpl is assumed
to remain independent of the gradient of the non-local field variables ∇Xϕ. Since locali-
sation is more pronounced under tensile loading, the referential gradient ∇Xϕ is chosen
as it should provide stronger regularisation (under tensile loading).
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2.2.1 Formulation of the governing equations

The governing system of equations is derived by following the postulate of minimum
potential energy. Let the total potential energy of the quasi-static system be given by

Π =

∫︂

B0

Ψ dV −
∫︂

B0

B ·φ dV −
∫︂

∂B0

T ·φ dA , (2.3)

where deformation independent (dead) loads in the form of the (dead) body forces B
act in the body B0 and the (dead) traction forces T act on the surface ∂B0. Tractions
and additional body forces for the non-local field variables ϕ are assumed to vanish, i.e.
homogeneous Neumann boundary conditions are assumed. From the extremal conditions
for the minimum of the total potential energy one obtains the governing system of
equations in weak form as

∫︂

B0

∂Ψ

∂F
: ∇Xδφ dV −

∫︂

B0

B · δφ dV −
∫︂

∂B0

T · δφ dA
!

= 0 , (2.4)

∫︂

B0

∂Ψ

∂∇Xϕ
• ∇Xδϕ +

∂Ψ

∂ϕ
• δϕ dV

!
= 0 , (2.5)

with • denoting the appropriate scalar product and where δφ as well as δϕ are ap-
propriate test-functions. The occurring derivatives can be identified as the Piola stress
tensor P and the non-local driving forces related to the non-local field variables and its
gradients, i.e.

P :=
∂Ψ

∂F
, Y grd :=

∂Ψ

∂∇Xϕ
, Y :=

∂Ψ

∂ϕ
. (2.6)

The set of equations (2.4) and (2.5) shall be solved with the Finite Element method. To
this end, relevant quantities are discretised in the following section.

In addition, by using Gauss’s divergence theorem as well as some algebra on (2.4)
and (2.5) the Euler-Lagrange equations in local form are obtained, i.e.

∇X · P −B = 0 in B0 ,

P ·N = T on ∂B0 ,
(2.7)

∇X · Y grd − Y = 0 in B0 ,

Y grd ·N = 0 on ∂B0 .
(2.8)

2.2.2 Discretisation

The boundary value problem is discretised in time and space. Since the quasi-static
problem shall not explicitly depend on time, the simulated time is only used to incre-
mentally apply external loads. The actual time step is obtained as tn+1 = tn + ∆tn,
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where the time increment ∆tn is not necessarily constant. In view of the discretisation
in space, configuration B0 is subdivided into nel finite elements so that

B0 ≈ Bh
0 =

nel⋃︂

e=1

Be
0 . (2.9)

To each element e there are nu
en nodes attached which are referred to the deformation φ

and, respectively, nϕ
en nodes which are referred to the non-local field variables ϕ. The

referential placements X are interpolated with shape functions NX
A resulting in

X ≈ Xh =

nu
en∑︂

A=1

NX
A XA , (2.10)

where XA is the referential placement at node A. Following a (partial) isoparametric
concept (NX = Nφ ̸= Nϕ) together with the Bubnov-Galerkin method, one obtains

φ ≈ φh =

nu
en∑︂

C=1

Nφ
C φC , δφ ≈ δφh =

nu
en∑︂

A=1

Nφ
A δφA ,

F ≈ F h =

nu
en∑︂

C=1

φC ⊗∇XN
φ
C , ∇Xδφ ≈ ∇Xδφ

h =

nu
en∑︂

A=1

δφA ⊗∇XN
φ
A ,

ϕ ≈ ϕh =

nϕ
en∑︂

D=1

Nϕ
D ϕD , δϕ ≈ δϕh =

nϕ
en∑︂

B=1

Nϕ
B δϕB ,

∇Xϕ ≈ ∇Xϕh =

nϕ
en∑︂

D=1

ϕD ⊗∇XN
ϕ
D , ∇Xδϕ ≈ ∇Xδϕ

h =

nϕ
en∑︂

B=1

δϕB ⊗∇XN
ϕ
B .

(2.11)

Inserting the discretisation (2.11) into the weak forms (2.4) and (2.5) allows us to sep-
arate the nodal values from the test-functions and, together with the definitions of the
internal and external forces

f int,φ
eA =

∫︂

Be
0

P · ∇XN
φ
A dV , (2.12)

f ext,φ
eA =

∫︂

Be
0

BNφ
A dV +

∫︂

∂Be
0

T Nφ
A dA , (2.13)

f int,ϕ
eB =

∫︂

Be
0

Y grd · ∇XN
ϕ
B + Y Nϕ

B dV , (2.14)

the discretised weak forms are obtained by multiplication of the internal and external
forces with the (element independent) test-functions δφA and δϕB, i.e.

δφA · f int,φ
eA − f ext,φ

eA = 0 ,

δϕB · f int,ϕ
eB = 0 .

(2.15)
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2.2 Micromorphic approach

Since the equations (2.15) need to hold for arbitrary values of the test-functions δφA

and δϕB, the sum of the forces needs to vanish. Hence, the residuals concerned with
element e and node A, respectively node B, are introduced as

rφ
eA = f int,φ

eA − f ext,φ
eA = 0 ,

rϕ
eB = f int,ϕ

eB = 0 .
(2.16)

2.2.3 Linearisation

The non-linear residuals (2.16) are, after assembly, solved with an iterative Newton-
Raphson scheme. A Taylor series expansion of these residuals at iteration step i + 1,
neglecting further higher-order terms, yields

rφ
eA i+1 = rφ

eA i +

nu
en∑︂

C=1

drφ
eA i

dφC

· ∆φC +

nϕ
en∑︂

D=1

drφ
eA i

dϕD

• ∆ϕD , (2.17)

rϕ
eB i+1 = rϕ

eB i +

nu
en∑︂

C=1

drϕ
eB i

dφC

· ∆φC +

nϕ
en∑︂

D=1

drϕ
eB i

dϕD

• ∆ϕD , (2.18)

where ∆φC and ∆ϕD are the increments of the respective field. The total derivatives of
the residuals are computed element-wise and the stiffness contributions are introduced
as

Kφφ
eAC :=

drφ
eA i

dφC

=

∫︂

Be
0

[I ⊗∇XN
φ
A ] :

dP

dF
· ∇XN

φ
C dV , (2.19)

Kφϕ
eAD :=

drφ
eA i

dϕD

=

∫︂

Be
0

[I ⊗∇XN
φ
A ] :

dP

dϕ
Nϕ

D dV , (2.20)

Kϕφ
eBC :=

drϕ
eB i

dφC

=

∫︂

Be
0

Nϕ
B

dY

dF
· ∇XN

φ
C dV , (2.21)

Kϕϕ
eBD :=

drϕ
eB i

dϕD

=

∫︂

Be
0

Nϕ
B

dY

dϕ
Nϕ

D + [I ⊗∇XN
ϕ
B ] :

dY grd

d∇Xϕ
· ∇XN

ϕ
D dV , (2.22)

where the notation assumes the field ϕ to be a tensor of second order. All nodal quan-
tities can now be aggregated in the element quantities

re =

[︃
rφ
eA

rϕ
eB

]︃
, Ke =

[︃
Kφφ

eAC Kφϕ
eAD

Kϕφ
eBC Kϕϕ

eBD

]︃
, ∆ze =

[︃
∆φC

∆ϕD

]︃
, (2.23)

which allows the assembly of the global residual, stiffness matrix and increments as

r :=

nel

A
e=1

re , K :=

nel

A
e=1

Ke , ∆z :=

nel

A
e=1

∆ze . (2.24)
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2 A Finite Element framework for regularised damage

Aggregating all test-function values in the global test-function vector η, one obtains

η ·K · ∆z = −η · r . (2.25)

Obviously, (2.25) needs to hold for admissible but otherwise arbitrary values of the
test-function vector η and one may equivalently solve the system of linear equations

K · ∆z = −r . (2.26)

2.3 Direct approach using complementarity functions —
a short summary

The direct approach summarised in the following was published in the joint work [76]
where the author of this thesis contributed the idea and theoretical outline of the Finite
Element approach and the material model. Due to the strong interconnection of the
direct approach with the material model a brief description of the material model is
necessary even though this chapter is concerned with the finite element method.

2.3.1 Nonlocality residual and non-local driving force

For the sake of simplicity, assume an (unspecified) damage model with isotropic damage
variable d. Let the Helmholtz energy be given by

Ψ = Ψ loc(F , d) + Ψ grd(∇Xd) , (2.27)

where the gradient of the damage variable ∇Xd is taken into account directly. Following
[60, 110, 144] the (pointwise) dissipation,

D = P : Ḟ − Ψ̇ + P ≥ 0 , (2.28)

includes the nonlocality residual P which takes into account dissipation from the sur-
rounding area. With the definition of the stresses and driving forces

P =
∂Ψ

∂F
, q = −∂Ψ

∂d
, q = − ∂Ψ

∂∇Xd
, (2.29)

one obtains the reduced dissipation inequality

Dred = q ḋ+ q · ∇Xd
̇ + P ≥ 0 . (2.30)

The reduced dissipation inequality shall take the form

Dred .
= q ḋ ≥ 0 , (2.31)
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2.3 Direct approach using complementarity functions — a short summary

where q takes the function of a non-local effective driving force. Combining (2.30) with
(2.31) yields an expression for the nonlocality residual, i.e.

P = q ḋ− q ḋ− q · ∇Xd
̇ . (2.32)

Since the nonlocality residual does not add any dissipation to the body in total, the
condition

∫︂

B0

P dV = 0 (2.33)

holds. Applying some algebra to (2.33) yields

∫︂

B0

[q + ∇X · q − q] ḋ dV −
∫︂

∂B0

[q ·N ] ḋ dA = 0 , (2.34)

which needs to hold for any damage rate ḋ ≥ 0 and one obtains

q ·N = 0 on ∂B0 ,

q = q −∇X · q in B0 ,
(2.35)

i.e. an expression for the non-local effective driving force q. Homogeneous Neumann
boundary conditions are assumed over the whole boundary ∂B0 for the damage field.
This driving force shall be the determining quantity for onset and evolution of damage,
since it incorporates local and non-local effects. Let the onset of damage evolution be
governed by the potential

Φ = q − qmax , (2.36)

with damage initiation threshold qmax. The evolution equation for damage is then (in
quasi-associated form) obtained as

ḋ = λ , (2.37)

together with typical loading and unloading conditions

Φ ≤ 0 , λ ≥ 0 , λ Φ = 0 . (2.38)

In view of a Finite Element implementation, cf. Section 2.3.2, the damage variable d is
a field variable meaning it cannot be solved for at material point level and the loading
and unloading conditions need to be taken into account on (global) finite element level.
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2 A Finite Element framework for regularised damage

2.3.2 Finite Element formulation and discretisation

The Finite Element formulation for the mechanical part of the problem at hand stays
identical to the one described previously, cf. Section 2.2. The governing equation for
the damage variable d, which in this direct approach is a field variable, is obtained from
the loading and unloading conditions (2.38). To this end, the damage potential Φ, see
(2.36), and the Lagrange multiplier λ are integrated over the body B0 and multiplied
with test functions δΦ and δλ, respectively, i.e.

Φ =

∫︂

B0

q · ∇XδΦ+ δΦ [q − qmax] dV −
∫︂

∂B0

δΦ q ·N dA ,

λ =

∫︂

B0

δλ λ dV ,

(2.39)

where integration by parts and the Gauss-theorem have been applied already. Classically,
evolution of inelasticity governed by some initiation criterion is often solved by means
of a predictor-corrector-type scheme. In [110], the loading and unloading conditions
are solved on (global) finite element level by means of an active set formulation. The
drawback of this formulation, however, is that the size of the system to be solved changes
depending on the number of elements where damage evolution is active.

Alternatively, one might solve the loading and unloading conditions — a set of in-
equalities and equations — by means of a complementarity function, which yields a
single equation to be solved, regardless of damage evolution being active or not. One
of the complementarity functions is the Fischer-Burmeister function, cf. [66] — more
details and a comparison of different implementations can be found in e.g. [20]. Hence,
the loading and unloading conditions (2.38) are equivalently fulfilled by

rd =

√︂
[Φ]2 + [λ]2 + Φ− λ

.
= 0 . (2.40)

Discretisation follows in standard fashion, where all quantities referred to this damage
problem use the shape functions Nd, and one obtains

d ≈ dh =

nd
en∑︂

D=1

Nd
D dD , ∇Xd ≈ ∇Xd

h =

nd
en∑︂

D=1

dD ∇XN
d
D ,

δΦ ≈ δΦh =

nd
en∑︂

B=1

Nd
B δΦB , ∇XδΦ ≈ ∇XδΦ

h =

nd
en∑︂

B=1

δΦB ∇XN
d
B ,

δλ ≈ δλh =

nd
en∑︂

B=1

Nd
B δλB , ∇Xδλ ≈ ∇Xδλ

h =

nd
en∑︂

B=1

δλB ∇XN
d
B .

(2.41)
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2.4 Linear constraints and arc-length methods

Inserting these discretisations into (2.42) yields the discretised elementwise quantities
referred to node B

ΦeB =

∫︂

Be
0

q Nd
B + q · ∇XN

d
B − qmaxN

d
B dV ,

λeB =

∫︂

Be
0

λNd
B dV ,

(2.42)

which can be assembled into the global nodal quantities

Φ :=

nel

A
e=1

ΦeB , λ :=

nel

A
e=1

λeB . (2.43)

Finally, the Fischer-Burmeister function is applied to each damage degree of freedom A,

rd,A =

√︂[︁
ΦA

]︁2
+
[︁
λA
]︁2

+ ΦA − λA
.
= 0 , (2.44)

which yields the final residual referred to the damage field variable rd. Atypically, addi-
tional computations are necessary to complete the residual after the assembly process.
Hence, the implementation of this direct approach cannot be achieved by only modi-
fying or implementing an element formulation. This leads to a very challenging if not
impossible implementation in view of commercial Finite Element tools.

2.4 Linear constraints and arc-length methods

This section is concerned with the combination of arc-length methods and linear con-
straints, which is provided after short summaries of the individual methods in the first
two subsections. All finite element examples in this work are computed using the (cus-
tom) Finite Element framework abraxas++. Therein, Dirichlet boundary conditions are
applied by means of linear constraints as described in Section 2.4.1, since the resulting
structure of the system matrix is beneficial for the iterative parallelised solver package
PETSc [13], which is used within abraxas++. A description of further implementa-
tion details of abraxas++, i.e. load curves and time stepping control, can be found in
Appendix B.

2.4.1 Linear constraints

Following the description in [180], assume a boundary value problem solved with the
Finite Element method additionally has to fulfil the linear constraints

z = ˜︁c + P · z , (2.45)
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2 A Finite Element framework for regularised damage

where z is the vector of degrees of freedom of the discretised boundary value problem
and the vector ˜︁c as well as the (unsymmetric) matrix P may depend on time t. In
each iteration step of the Finite Element method a system of equations is solved for the
increments of the degrees of freedom ∆z. Writing equation (2.45) in incremental form
yields

∆z = c + P · ∆z , (2.46)

where the vector c has to be computed from

c = ˜︁c− ˜︁cn = ˜︁c− zn + P n · zn , (2.47)

with zn being the degrees of freedom of the previous time step. Direct insertion into the
linearised system of equations of the FE-method (2.25) yields

ηt · P t ·
[︂
K · [c + P · ∆z] − b

]︂
= 0 , (2.48)

which already considers that the test functions η have to fulfil η = P · η. This system
of equations can be rewritten as a system of linear equations in the form

ηt ·
[︂
K ′ · ∆z − b′

]︂
= 0 , (2.49)

with K ′ = P t ·K ·P and b′ = P t · [b−K · c]. However, the matrix of this system, K ′,
is rank-deficient, i.e. the rows corresponding to the degrees of freedom with Dirichlet
boundary conditions are zero (zi = ci(t), i.e. Pij = 0). These rows can be used to update
the degrees of freedom according to the linear constraint equations. Symmetrising and
scaling the linear constraints by multiplying with α [I − P ]t allows rewriting equation
(2.46) as

α [I − P ]t · [I − P ] · ∆z − α [I − P ]t · c = 0 , (2.50)

where I is the identity matrix and α ∈ R+. Adding the symmetrised linear constraint
equations to the system of equations (2.49) yields a system of equations of, in general,
full rank

ηt · [ˆ︂K · ∆z − ˆ︁b] = 0 , (2.51)

with the modified system matrix ˆ︂K and right-hand-side vector ˆ︁b given by

ˆ︂K = P t ·K ·P +α [I−P ]t · [I−P ] and ˆ︁b = P t · [b−K ·c]+α [I−P ]t ·c . (2.52)

Using this method, Dirichlet boundary conditions can be handled by means of linear con-
straints (with the corresponding line in P being zero) and additional effort to discern
degrees of freedom with associated Dirichlet boundary conditions from degrees of free-
dom without Dirichlet boundary conditions is no longer necessary. Due to the structure
of system matrix ˆ︂K solvers are able to solve the larger system similarly fast.
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2.4 Linear constraints and arc-length methods

2.4.2 Arc-length methods

The idea of arc-length methods is to flexibly vary the load level so as to capture non-
monotonous load paths, i.e. snap-back or snap-through behaviour. To this end, a loading
parameter λ is introduced, which controls the level of external loading. In the context
of the Finite Element method the residual form is obtained as

r(z) = f int(z) − λf ext = 0 . (2.53)

The loading parameter λ is determined implicitly by a constraint f arc(z, λ) = 0. Various
constraint functions have been proposed, from which we will focus on the so called
spherical arc-length method proposed in [46], i.e.

f arc(z, λ) = ∥z − zn∥2 + [λ− λn]2 ψ2 ∥f ext∥2 − ∆s2 = 0 , (2.54)

wherein typically ψ = 1/∥f ext∥ is chosen and ∆s is the chosen radius of the sphere —
proportional to the level of loading per step. Linearisation of this system of equations
leads to

[︃
K −f ext

∂zf
arc ∂λf

arc

]︃
·
[︃

∆z
∆λ

]︃
= −

[︃
r
f arc

]︃
. (2.55)

One may explicitly write the solution for the increment of the degrees of freedom ∆z as

∆z = −K−1 · r + ∆λK−1 · f ext = ∆zz + ∆λ∆zλ , (2.56)

which enables an explicit solution for the loading parameter. The total current degrees
of freedom z as well as the loading parameter can be split into three parts, i.e.

z = zn + zk + ∆z and λ = λn + λk + ∆λ , (2.57)

where •k represents the sum of increments of the respective quantity for the first k
iterations of the global Newton-Raphson scheme of the current time step. Insertion into
the constraint function (2.54) results in

∥zk + ∆zz + ∆λ∆zλ∥2 + [λk + ∆λ]2 − ∆s2 = 0 , (2.58)

which is a quadratic equation in ∆λ with the two solutions

∆λ1,2 = −a2
a1

±
√︄
a22
a21

+
a3
a1
. (2.59)

The constants ai are given by

a1 = 1 + ∥∆zλ∥2 , (2.60)

a2 = ∆zλ · [zk + ∆zz] + λk , (2.61)

a3 = ∥zk + ∆zz∥2 +
[︁
λk
]︁2 − ∆s2 . (2.62)
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2 A Finite Element framework for regularised damage

From the two possible solutions ∆λ1,2 a suitable one has to be chosen. An elegant way
is to employ a minimum angle criterion — the increment which results in the smallest
angle θ1,2 between the previous solution and the solution with the current increment,
i.e.

∆s2 cos (θi) = zk · [zk + ∆zz + ∆λi ∆zλ] + λk [λk + ∆λi], i = 1, 2 . (2.63)

This requires a predictor in the first iteration step, since zk = 0 and λk = 0 in the first
iteration. One may choose

λk=1 =

{︃
+∆s ∥∆zλ∥−1 if ∆zλ · f ext > 0
−∆s ∥∆zλ∥−1 if ∆zλ · f ext < 0

. (2.64)

2.4.3 Combining linear constraints with arc-length methods

The previously described methods are now combined. Thus, arc-length methods are able
to be applied to inhomogeneous Dirichlet boundary conditions. The linear constraints
(2.45) are extended by a term dependent on the load parameter λ,

z = ˜︁c + λ cλ + P · z , (2.65)

where cλ is a constant aggregating the inhomogeneous Dirichlet boundary conditions
(which shall be applied by means of an arc-length method). Transforming (2.65) into
incremental form yields

∆z = c + ∆λ cλ + P · ∆z . (2.66)

Repeating the same steps as for the standard linear constraints problem, one first obtains

ηt · P t ·
[︂
K · [c + ∆λ cλ + P · ∆z] − b⋆

]︂
= 0 , (2.67)

with b⋆ = f int + λf ext and with the constraint for the arc-length method f arc(z, λ).
After symmetrisation and scaling, the equation may be written as

ηt ·
[︂
ˆ︂K · ∆z − ˆ︁b− λˆ︁bλ

]︂
= 0 , (2.68)

where the quantities •̂ are given by

ˆ︂K = P t · [K + α I] · P + α [I − P − P t] , (2.69)

ˆ︁b = P t · [f int − [K + α I] · c] + α c , (2.70)

ˆ︁bλ = P t · [f ext − [K + α I] · cλ] + α cλ . (2.71)

The solution of the increment of the load parameter λ is nearly identical to before —
instead of f ext the vector ˆ︁bλ is used, i.e. (2.53) can now be stated as

r(z) = f int(z) − λˆ︁bλ = 0 . (2.72)
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3 A regularised framework for
isotropic damage coupled to finite
plasticity

In the following chapter, a finite strain formulation of gradient-enhanced ductile dam-
age, conceptually following the small-strain contribution [94], is adopted. Much of the
model formulation and some of the results have already been published in [161] as well as
[163]. However, relevant sections have received updates with recognitions from further
research. Two aspects are in the focus of the following chapter.

First, the multi-surface approach is established at finite strains. Therefore, the ap-
proach pursued herein couples damage to plasticity in a typical manner by using an
effective stress in the yield function, see e.g. [101]. Thereby, plasticity can evolve even
in highly damaged material states. Analogous to the effective stress, a novel effective
damage driving force is proposed. In order to facilitate damage evolution under high
plastic strains — especially for low levels of hardening or already saturated hardening
— the effective damage driving force increases with increasing plastic strains.

Second, the applicability of the proposed material model to DP800 is shown by means
of microtensile experiments on two geometrically different specimens from DP800 steel
sheets. In order to be able to capture the degradation affecting the elastic stiffness,
the monotonous tensile loading of the specimens is interrupted multiple times for a full
unloading. The experiment is observed by a camera, so that the full displacement field
can be obtained from DIC. Experiments on one specimen geometry are used for pa-
rameter identification. The parameter identification approach incorporating full-field
measurements chosen in this work is directly based on [149] and uses an objective func-
tion formulated in terms of the force and the displacement field. The experiments on
the other specimen geometry are used to validate the identified parameter set.

The chapter is organised as follows. Section 3.1 describes the continuous formulation
of the constitutive material model and an algorithmic implementation is given thereafter.
The basic properties of the material model are discussed in Section 3.3. The next
section deals with parameter identification. It is split into the description of experiments,
the corresponding set up of the simulation, the choice of the objective function and
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the presentation of the identified material parameters as well as their validation. The
application of the model to an industrial process is exemplified by means of the air
bending process in Section 3.5. Lastly, in Section 3.6, an updated parametrisation of
the proposed model is discussed.

3.1 Continuous formulation of the constitutive model

This section deals with the formulation of the material model. Adopting an additive split
of the elasticity related parts of the Helmholtz energy into volumetric and isochoric con-
tributions entails, in combination with different damage functions, an implicit influence
of stress triaxiality and Lode parameter on damage evolution. A multi-surface formula-
tion shall be established including plastic and damage dissipation potentials which are
based on effective driving forces. The damage driving force is thereby influenced by
the plasticity related state and vice versa. Moreover, associated evolution equations are
derived and thereafter discretised in time. The algorithmic formulation of the material
model is then presented. The Lagrange multiplier associated to plasticity can be ob-
tained from a radial return scheme in principal stress space. Together with the Lagrange
multiplier connected to damage, a two-surface problem arises which may be solved with
an active-set algorithm.

3.1.1 Helmholtz energy and dissipation

Assuming a multiplicative split of the deformation gradient F = F e · F p, the elastic
Finger tensor and its spectral decomposition are given by

be = F e · [F e]t =
3∑︂

i=1

[λei ]
2 ni ⊗ ni , (3.1)

Logarithmic strains εe are defined as

εe =
3∑︂

i=1

εei ni ⊗ ni with εei := ln(λei ) , (3.2)

and the volumetric and isochoric logarithmic strains are obtained as

εe,vol :=
3∑︂

i=1

εei , εe,iso =
3∑︂

i=1

[︁
εei − 1

3
εe,vol

]︁
ni ⊗ ni . (3.3)

The local part of the Helmholtz energy is split into a volumetric, an isochoric and a
plastic contribution, to be specific

Ψ loc(εe, d, αp) = Ψvol(εe, d) + Ψ iso(εe, d) + Ψp(α)

=
K

2
fvol(d) [tr(εe)]2 +Gf iso(d) εe,iso : εe,iso +

hp
np + 1

αp
np+1 ,

(3.4)
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with compression and shear moduli K and G. The hardening parameters are hp and
np ≤ 1, see also Remark 1, and an additional internal variable αp represents the effects of
proportional hardening. The so-called damage functions f • degrade the effective elastic
properties of the material for increasing values of the local damage variable d, i.e.

f • : R+
0 → ]0, 1] with f •(d) = exp(−η ξ• d) , (3.5)

where the parameter η influences the rate of degradation and where ξ• weights the
influence on the different terms. Local damage variable d is only constrained to be non-
negative, but not constrained from above which is in contrast to classic [1−d] approaches
and also advantageous for the algorithmic treatment as this work proceeds.

Remark 1 The specific form of the plastic contribution in the Helmholtz energy
(3.4) is a generalisation of linear isotropic hardening through the parameter np, with
np = 1 corresponding to linear hardening. For np < 1 the transition between the elastic
and plastic stages (in the load-displacement diagram) becomes smooth, as is observed
in dual-phase steels such as DP800 for which a parameter identification is carried out
later on in Section 3.4. Other forms of non-linear hardening, such as saturation type
hardening, can lead to quasi perfect plasticity in the saturated region of hardening. This
also means that no further damage evolves, since damage evolves only with increasing
elastic strains in this model.

Regularisation of this isotropic damage model is achieved by coupling the local damage
variable d to a non-local field variable, see Section 2.2, i.e. ϕ solely contains the non-local
damage variable ϕd. Hence, the gradient and coupling contributions to the Helmholtz
energy, cf. (2.2), are specified by

Ψ grd(∇Xϕd) =
cd
2
∥∇Xϕd∥2 , (3.6)

Ψ cpl(ϕd, d) =
bd
2

[ϕd − d]2 , (3.7)

where bd is denoted as penalty parameter and where cd is herein denoted as regularisation
parameter. As this work proceeds, cd shall be considered to be constant.

The dissipation inequality in local form — contributions from the gradient-enhancement
vanish, cf. [67] — is given by

D = mt : l− Ψ̇ ≥ 0 , (3.8)

with the material time derivative •̇ := d•
dt

and the spatial velocity gradient l := ∇xφ̇. Fol-
lowing the framework of standard dissipative materials, the driving forces F = {mt, βp, q}
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include the (spatial) Mandel stresses, an isotropic hardening stress and a damage driving
force, to be specific

mt := 2
∂Ψ

∂be
· be , (3.9)

βp := − ∂Ψ

∂αp

, (3.10)

q := −∂Ψ
∂d

. (3.11)

The representation (3.9) requires isotropic elastic properties so that m turns out to be
symmetric. By inserting the driving forces into the dissipation inequality (3.8) and with
the split of the spatial velocity gradient into an elastic and plastic part, l = le + lp with
lp = F e · Ḟ p · F−1, one obtains the reduced dissipation inequality

Dred = mt : lp + βp αṗ + q ḋ ≥ 0 . (3.12)

3.1.2 Multi-surface formulation

A multi-surface formulation is proposed in order to determine the evolution of dam-
age and plasticity. Thereby, damage can evolve independently from plasticity which is
important for the regularisation framework, see [94]. Furthermore, it offers excellent
flexibility in terms of obtaining a ductile or brittle response. The admissible domain
for the driving forces F is the union of the admissible plastic and admissible damage
domain, i.e.

E := {F ∈ R6+1+1 |Ep ∪ Ed} . (3.13)

The admissible damage and plasticity domains are each governed by dissipation poten-
tials Φd and Φp respectively, such that

Ed = {q ∈ R |Φd ≤ 0} , (3.14)

Ep = {{mt, βp} ∈ R6+1 |Φp ≤ 0} . (3.15)

The dissipation potentials are formulated in terms of effective driving forces mt
eff and

qeff in the form of

mt
eff :=

mt

fm(d)
, and qeff :=

q

fαp(αp)
. (3.16)

The effective Mandel stresses mt
eff can be motivated by the postulate of strain equiva-

lence, where the load-bearing cross section is reduced by the factor fm in the damaged
state. In analogy to the effective Mandel stresses, the damage driving force q is divided
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by a function dependent on the proportional hardening variable αp. For the plastic dis-
sipation potential Φp a von Mises yield surface with isotropic hardening is assumed, i.e.

Φp(mt
eff , βp) = ∥ dev(mt

eff)∥ −
√︂

2
3

[σy0 − βp] , (3.17)

with the initial yield stress σy0. The damage dissipation potential, given by

Φd(q, d) = qeff − qmax [1 − f q(d)]nd , (3.18)

compares the effective damage driving force qeff to a threshold value qmax multiplied by
a term that increases from zero to one with increasing local damage variable d and that
additionally depends on the parameter nd < 1. The effects of this additional term are
elaborated on in Remark 2. Straight forward calculation of damage driving force q result
in an expression dependent on the elastic logarithmic strains. However, it is possible to
transform q into an expression dependent on stress-triaxiality and equivalent stress, see
Remark 4. Stress-triaxiality (and Lode parameter) have been identified as important
factors driving damage evolution, see e.g. [191] amongst others.

Associative evolution equations are obtained as

lp = λp
∂Φp

∂mt
= λp

ν

fm(d)
, (3.19)

αṗ = λp
∂Φp

∂βp
= λp

√︂
2
3
, (3.20)

ḋ = λd
∂Φd

∂q
=

λd
fαp(αp)

, (3.21)

with two Lagrange multipliers λp and λd. The underlying Karush-Kuhn-Tucker (KKT)
conditions result in two sets of loading and unloading conditions,

Φp ≤ 0 λp ≥ 0 Φp λp = 0 ,

Φd ≤ 0 λd ≥ 0 Φd λd = 0 .
(3.22)

Based on (3.17), the flow direction of plastic deformation in (3.19) specifies to ν =
dev(mt)/∥ dev(mt∥.

Remark 2 In the damage dissipation potential (3.18) the threshold value is
weighted by the term [1 − f q(d)]nd, which results in an initial (d = 0) threshold value
of zero. However, due to the exponential type of the term, the threshold value quickly
increases. In the overall response, this results in a smooth transition into the damage
region. Thereby, the numerical robustness is improved and a more controlled interplay
of damage and plasticity is possible. Consequently, a response with higher ductility can
be obtained. The effect of this term is similar to so-called damage hardening, cf. [31].
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3 A regularised framework for isotropic damage coupled to finite plasticity

Remark 3 An alternative formulation can be obtained by multiplying plastic poten-
tial Φp with damage function fm(d). Instead of an effective stress measure entering the
plastic potential, the current yield surface is shrunk with evolving damage. In a similar
way, damage potential Φd can be multiplied with hardening dependent function fαp(αp),
such that the current damage threshold is decreased by plastic hardening.

Remark 4 The damage driving force, introduced in (3.11), together with the
particular choice of the free Helmholtz energy (3.4), results in

q(ε, ϕd, d) = 1
2
K fvol ′(d)[εe,vol]2 +Gf iso ′(d) ∥εe,iso∥2 + bd [ϕd − d] . (3.23)

With the expressions for the volumetric and isochoric parts of the stresses

mvol = K fvol(d) εe,vol , mt,iso = 2Gf iso(d) εe,iso , (3.24)

and with the definition of the stress-triaxiality

ηtriax =
tr(mt)

3
√︁

3 Jm
2

=

√
2mvol

√
27 ∥mt,iso∥

with Jm
2 = 1

2
∥mt,iso∥2 , (3.25)

the damage driving force q can be expressed in terms of stress triaxiality ηtriax and Jm
2 .

Making use of f •′ = −η ξ• f • — only valid for the specific choice of the damage func-
tion (3.5) — one obtains

q(ηtriax, J
m
2 , ϕd, d) =

[︃
η2triax + ξiso exp(−η d [1 − ξiso])

K

27G

]︃
27 η Jm

2

2K fvol(d)
+bd [ϕd−d] ,

(3.26)

where ξvol = 1 is assumed, see Section 3.4. This reformulation of damage driving force
q reveals the importance of the influence factor ξiso. It controls how much influence
stress-triaxiality has on damage evolution.

3.2 Algorithmic treatment

3.2.1 Time discretisation and radial return scheme

The algorithmic treatment of the evolution equations requires a discretisation in time.
The evolution equations for isotropic hardening (3.20) and isotropic damage (3.21) are
discretised with an implicit backward-Euler scheme. In order to fulfil the plastic incom-
pressibility condition, det(F p) = 1, an implicit exponential integration scheme is applied
for the integration related to the evolution of plastic deformation contributions. For the
particular model chosen this results in a radial return scheme. For better readability
the index n + 1, referring to the current time step tn+1 = tn + ∆t, is omitted as this
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3.2 Algorithmic treatment

work proceeds and only quantities from the previous time step are indexed with n. With
the incremental Lagrange multipliers ∆λp := ∆t λp and ∆λd := ∆t λd, the discretised
evolution equations result in

F p = exp

(︃
∆λp

ˆ︁ν
fm(d)

)︃
· F p

n , (3.27)

αp = αpn +

√︃
2

3
∆λp , (3.28)

d = dn +
∆λd

fαp(αp)
. (3.29)

The algorithmic update for the plastic deformation gradient F p requires the return
direction in the intermediate configuration ˆ︁ν, defined with the Mandel stresses in the

intermediate configuration ˆ︂M t
= [F e]t ·mt · [F e]−t. Computing the deviatoric spatial

Mandel stresses dev(mt) = 2 ∂beΨ
iso · be = mt,iso in spectral decomposition, i.e.

mt,iso =
3∑︂

i=1

miso
i ni ⊗ ni , miso

i = 2Gf iso(d) εe,isoi , (3.30)

the spatial return direction can be identified as

ν =
3∑︂

i=1

νi ni ⊗ ni , νi =
εe,isoi√︃

∑︁3
k=1

[︂
εe,isok

]︂2 , (3.31)

where the principal directions ni of the spatial stresses coincide with the principal di-
rections of the elastic finger tensor due to isotropic elasticity. The return direction ν
transforms in the same manner as the plastic velocity gradient lp, i.e. ν = F e · ˆ︁ν ·F e−1.

Let be,tr denote the trial elastic Finger tensor, computed with the current deformation
gradient F and the plastic deformation gradient of the previous time step F p

n as

be,tr = F · F p−1
n · F p−t

n · F t . (3.32)

For the particular model considered, the principal directions ni coincide with the prin-
cipal directions of the trial state ntr

i . Consequently, the relation ν = νtr holds, such
that the computation of the updated Lagrange multipliers can be performed in principal
stress space, i.e. only two scalar equations need to be solved. The update of the elastic
Finger tensor can be written as

be = F e,tr · exp

(︃
−2 ∆λp

ˆ︁ν
fm(d)

)︃
·
[︁
F e,tr

]︁t
. (3.33)
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3 A regularised framework for isotropic damage coupled to finite plasticity

In order to improve the numerical stability of the strongly coupled problem, i.e. damage
evolution depends on plasticity evolution and vice versa, a modified representation of
the functions fm(d) and fαp(αp) in the form of

ˆ︁fm(d) =
1 + ϵ

fm(d) + ϵ
, (3.34)

ˆ︁fαp(αp) =
1 + ϵ

fαp(αp) + ϵ
, (3.35)

is employed, where the stability parameter ϵ is in the order of 10−3 to 10−5. The functions
f • and ˆ︁f • relate inversely to each other.

3.2.2 Update of Lagrange multipliers in principal stress space

Several solution procedures exist in order to solve this multi-surface problem, cf. [94],
the active-set strategy of which will be adopted here. To shorten the notation, •̄ is
introduced as the n-tuple of eigenvalues of the tensor • and the derivative of the damage
functions with respect to the damage variable is abbreviated as

f •′ :=
∂f •

∂d
. (3.36)

Considering an elastic trial step, ∆λp = ∆λd = 0, both dissipation potentials are eval-
uated; see Table 3.2, step 4. If the KKT conditions (3.22) are fulfilled, the current step
remains elastic and the update of internal variables as well as the computation of stresses
and driving forces are straightforward. If any KKT condition is violated, the active-set
algorithm starts. In fact, a simplistic algorithmic form of the active-set can be employed
here since only two conditions need to be fulfilled. This reduces the maximum number of
remaining cases to three: a) only plasticity evolves; b) only damage evolves; c) damage
and plasticity evolve.

Let the active set A be a subset of the total set T composed of the plastic and damage
part, T = {p, d}. The initial active set in iteration k = 1 is determined by the values
of the inelastic potentials, i.e. A1 = {p} if Φp,tr > Φd,tr and A1 = {d} otherwise. For
the current active set Ak the corresponding Lagrange multipliers are solved subject to
Φp = 0 and/or Φd = 0 using a Newton-Raphson scheme. Since the Newton-Raphson
scheme for the cases where only damage or only plasticity is active requires the same
quantities as in the case where both damage and plasticity evolve, only the latter case is
detailed here. The Newton-Raphson scheme is set up with the unknowns ξ, the residuum
r and the Jacobian J given by

ξ =

[︃
∆λp
∆λd

]︃
, r =

[︃
Φp

Φd

]︃
, J =

⎡
⎢⎢⎣

dΦp

d∆λp

dΦp

d∆λd
dΦd

d∆λp

dΦd

d∆λd

⎤
⎥⎥⎦ . (3.37)
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3.2 Algorithmic treatment

In each iteration the update of variables depending on Lagrange multipliers ξ is com-
puted and the entries of the new residuum are determined; see Table 3.1, step 3. The
entries of Jacobian J are described in Section 3.2.3. Each iteration is completed by
updating the unknown Lagrange multipliers as

ξ = ξ + ∆ξ with ∆ξ = −J−1 · r . (3.38)

The Newton-Raphson scheme is deemed converged once ∥∆ξ∥ is smaller than a chosen
tolerance. The active set algorithm continues in the next iteration by updating the
active set Ak+1 = Ak. First, the set with the smallest (negative) incremental Lagrange
multiplier is removed and the multiplier reset to zero, i.e.

Ak = Ak\{j} , ∆λj = 0 , with ∆λj = min{∆λj ∈ Ak−1 |∆λj < 0} . (3.39)

Secondly, the largest inactive constraint is added to the active set, i.e.

Ak = Ak ∪ {j} , with Φj = max{Φj ∈ T \Ak−1 |Φj > 0} . (3.40)

If the active set did not change, i.e. Ak+1 is identical to Ak, the active set algorithm is
finished, otherwise an update for the Lagrange multipliers of the new active set Ak+1

has to be determined.

With the updated Lagrange multipliers at hand, the update for the internal variables
as well as the stresses and driving forces can now be computed; see Table 3.2, steps 6 and 7.

3.2.3 Jacobian for local Newton scheme

The Newton-Raphson scheme to determine the update for the Lagrange multipliers
within the active set algorithm, see Table 3.1, requires the entries

Jpp :=
∂Φp

∂∆λp
=
∂Φp

∂d

∂d

∂∆λp
− 2Gf iso[ ˆ︁fm]2 − 2

3

∂βp
∂αp

, (3.41)

Jpd :=
∂Φp

∂∆λd
=
∂Φp

∂d

∂d

∂∆λd
, (3.42)

Jdp :=
∂Φd

∂∆λp
=

[︃
2Gf iso ′ ∥ε̄e,iso∥ ˆ︁fm +

∂q

∂d

∂d

∂∆λp

]︃
ˆ︁fαp + q ˆ︁fαp ′ , (3.43)

+ qmax nd [1 − f q]nd−1 f q ′ ∂d

∂∆λp
, (3.44)

Jdd :=
∂Φd

∂∆λd
=
∂q

∂d

∂d

∂∆λd
ˆ︁fαp + qmax nd [1 − f q]nd−1 f q ′ ∂d

∂∆λd
(3.45)
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3 A regularised framework for isotropic damage coupled to finite plasticity

Table 3.1: Algorithmic update of the Lagrange multipliers.

1. initialise active-set algorithm k = 0, A0 = {∅}, Φp = Φp,tr, Φd = Φd,tr

2. update active set Ak+1 = Ak

a) remove smallest active multiplier for which Φ• ≤ 0

b) add largest inactive constraint with Φ• ≥ 0

c) if Ak+1 = Ak −→ exit Box

d) set k = k + 1

3. update active Lagrange multiplier by Newton-Raphson scheme

a) compute Jacobian J , see Section 3.2.3

b) update multipliers ∆ξ = −J−1 · r,
∆λp = ∆λp +∆ξ1, ∆λd = ∆λd +∆ξ2

c) compute update for variables

αp = αpn +
√︂

2
3 ∆λp

d = dn +∆λd
ˆ︁fαp(αp)

ε̄e,iso = ε̄e,iso,tr −∆λp ν̄
tr ˆ︁fm(d)

q = −K

2
fvol ′(d) [εe,vol]2 −Gf iso ′(d)∥ε̄e,iso∥2 + bd [ϕd − d]

d) compute residuum

if p ∈ Ak : r1 = Φp = 2Gf iso(d) ˆ︁fm(d) ∥ε̄e,iso∥ −
√︂

2
3 [σy0 + hp αp

np ]

if d ∈ Ak : r1 = Φd = q ˆ︁fαp(αp)− qmax [1− f q(d)]nd

e) if ∥∆ξ∥ ≥ tol −→ goto 3. (a)
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3.2 Algorithmic treatment

of Jacobian J , cf. (3.37). The partial derivatives can be computed as

∂d

∂∆λp
= ∆λd ˆ︁fαp ′ , (3.46)

∂d

∂∆λd
= ˆ︁fαp , (3.47)

∂βp
∂αp

= hp np αp
np−1 , (3.48)

∂Φp

∂d
= 2G ∥ε̄e,iso∥

[︂
f iso ′ ˆ︁fm + f iso ˆ︁fm ′

]︂
− 2G∆λp f

iso ˆ︁fm ˆ︁fm ′ , (3.49)

∂q

∂d
= −K

2
fvol ′′ [εvol]2 −Gf iso ′′ ∥ε̄e,iso∥2 + bd + 2Gf iso ′ ∥ε̄e,iso∥∆λp ˆ︁fm ′ .

(3.50)

3.2.4 Determination of stresses and stiffness contributions

The Piola stress tensor P (2.6) is required for the Finite Element implementation chosen
here and can be obtained from a transformation of the Mandel stresses as

P = mt · F−t . (3.51)

The aggregated non-local driving forces (2.6) used in the Finite Element implementation
solely contain the non-local driving force Yd and Y d, i.e.

Y = [Yd] , Y grd = [Y d] . (3.52)

In the context of a Finite Element implementation the total derivatives of the driving
forces with respect to the field variables are required to be computed, see (2.19)-(2.22).
The aggregated stiffness contributions related to the aggregated non-local field variable
ϕ are given by

dP

dϕ
=

[︃
dP

dϕd

]︃
,

dY

dF
=

[︃
dYd
dF

]︃
. (3.53)

Since a significant portion of the algorithm is computed in principal space, it is con-
venient to also split the derivatives into contributions computed in principal space and
contributions computed in the Cartesian basis system. Following the algorithmic struc-
ture in [159], the spatial elasticity tensor e can be split into derivatives of the stress
eigenvalues and derivatives of the eigenvectors; see Table 3.3, step 1. The derivatives of
the stress eigenvalues with respect to the logarithmic strain eigenvalues are supplied in
Section 3.2.5. A transformation of the tangent operator contribution e yields the deriva-
tive of the Piola stresses with respect to the deformation gradient; see Table 3.3, step 2.
All derivatives of the stresses and driving forces which are required for the Finite Element
implementation are summarised in Table 3.3.
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3 A regularised framework for isotropic damage coupled to finite plasticity

Table 3.2: Algorithmic outline for the ductile damage model.

0. given: F , ϕd, ∇Xϕd and internal variables of the previous time step Cp−1
n , αpn, dn

1. compute trial elastic finger tensor and spectral decomposition

be,tr = F ·Cp−1
n · F t =

3∑︂

i=1

[λe,tr
i ]2ni ⊗ ni , εe,tri = log(λe,tr

i )

2. compute return direction ν̄ = ∥ε̄e,iso,tr∥−1 ε̄e,iso,tr

3. initialise ∆λp = ∆λd = 0

4. evaluate trial potentials

m̄tr,iso = 2Gf iso(d) ε̄e,iso,tr

Φp,tr = ∥m̄tr,iso∥ ˆ︁fm(dn)−
√︂

2
3 [σy0 + hp αp

np
n ]

qtr = −1
2 K fvol ′(dn)[εe,vol]2 −Gf iso ′(dn) ∥ε̄e,iso,tr∥2 + bd [ϕd − dn]

Φd,tr = qtr ˆ︁fαp(αpn)− qmax [1− f q(dn)]
nd

5. if Φp,tr > 0 or Φd,tr > 0: update Lagrange multipliers −→ Table 3.1

6. update internal variables

αp = αpn +
√︂

2
3 ∆λp

d = dn +∆λd
ˆ︁fαp(αp)

Cp−1 = F−1 · be · F−t , with be =

3∑︂

i=1

exp(2 εe,tri − 2∆λp
ˆ︁fm(d) νi)ni ⊗ ni

7. compute stresses and driving forces

mt =
3∑︂

i=1

mini ⊗ ni , mi = K fvol(d) εe,vol + 2Gf iso(d) εe,isoi

Yd = bd [ϕd − d]

Y d = cd∇Xϕd

8. compute tangent moduli −→ Table 3.3
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3.2 Algorithmic treatment

Table 3.3: Algorithmic computation of tangent contributions.

1. computation of tangent operator contribution e

gij =

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−mi i = j

mi [λ
e
j ]
2 −mj [λ

e
i ]
2

[λe
i ]
2 − [λe

j ]
2

i ̸= j and λi ̸= λj

[λe
j ]
2

[λe
i ]
2

[︃
1

2

dmi

dεi
−mi

]︃
− 1

2

dmj

dεi
i ̸= j and λi = λj

e =
3∑︂

i=1

3∑︂

j=1

[︃
dmi

dεj
ni ⊗ ni ⊗ nj ⊗ nj +

gij
[︁
ni ⊗ nj ⊗ ni ⊗ nj + ni ⊗ nj ⊗ nj ⊗ ni

]︁]︃

2. compute derivatives of P with respect to F and ϕd

dP

dF
=
[︁
I ⊗F−1

]︁
: e · F−t + I ⊗

[︁
F−1 · P

]︁

dP

dϕd
=

dmt

dϕd
· F−t =

[︄
3∑︂

i=1

dmi

dϕd
ni ⊗ ni

]︄
· F−t

3. compute derivatives of Yd with respect to F and ϕd

dYd
dF

=

[︄
3∑︂

i=1

dYd
dεi

1

2 [λe
i ]
2
ni ⊗ ni

]︄
:
[︁
I ⊗F ·Cp−1 + F ·Cp−1⊗ I

]︁

dYd
dϕd

= bd

[︃
1− dd

dϕd

]︃

4. compute derivative of Y d with respect to ∇Xϕd

dY d

d∇Xϕd
= cd I
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3 A regularised framework for isotropic damage coupled to finite plasticity

3.2.5 Derivatives in principal space

In this section all derivatives which are required for the computation of the consistent al-
gorithmic tangent operator, see Table 3.3, are given. The specific structure only requires
the derivatives of the eigenvalues. The corresponding identity tensors are represented by
Ī, an n-tuple with the value of all entries being identically 1, and by diag(1), a diagonal
n× n-matrix with all diagonal entries being identically 1.

The increments of the Mandel stress tensor and the non-local damage driving force,
i.e.

dm̄ = [ēe + ēpp] · dε̄ + ēpd dϕd , (3.54)

dYd = ēdp · dε̄ +
[︁
bd + edd

]︁
dϕd , (3.55)

requires the tangent contributions

ēe = K fvol(d) Ī ⊗ Ī + 2Gf iso(d) diag(1) , (3.56)

ēpp =
∂m̄

∂ε̄p
· dε̄p

dε̄
+
∂m̄

∂d
⊗ dd

dε̄
, (3.57)

ēpd =
∂m̄

∂ε̄p
· dε̄p

dϕd

+
∂m̄

∂d

dd

dϕd

, (3.58)

ēdp =
∂Yd
∂d

dd

dε̄
, (3.59)

edd =
∂Yd
∂d

dd

dϕd

. (3.60)

where the partial derivatives of the driving forces result in

∂m̄

∂ε̄p
= − ēe , (3.61)

∂m̄

∂d
= K fvol ′ εvol Ī + 2Gf iso ′ ε̃ ν̄tr , (3.62)

∂Yd
∂d

= − bd . (3.63)

Furthermore, the total derivatives of the internal variables — plastic strains ε̄p and
isotropic damage d — are specified by

dd

dε̄
= ˆ︁fαp

d∆λd
dε̄

+ ∆λd ˆ︁fαp ′
√︃

2

3

d∆λp
dε̄

, (3.64)

dd

dϕd

= ˆ︁fαp
d∆λd
dϕd

+ ∆λd ˆ︁fαp ′
√︃

2

3

d∆λp
dϕd

, (3.65)

dε̄p

dε̄
= ν̄tr ˆ︁fm ⊗ d∆λp

dε̄
+ ∆λp ˆ︁fm dν̄tr

dε̄
+ ∆λp ˆ︁fm ′ ν̄tr ⊗ dd

dε̄
, (3.66)

dε̄p

dϕd

= ν̄tr ˆ︁fm d∆λp
dϕd

+ ∆λp ˆ︁fm ′ ν̄tr dd

dϕd

. (3.67)
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3.3 Parameter study

The occurring total derivatives of the Lagrange multipliers are not straight-forward
to determine. Utilisation of the implicit function theorem in the converged Newton-
Raphson step leads to

d∆λp
dε̄

= − det(J−1)

[︃
Jpd ˆ︁fαp

∂m̄

∂d
+ 2 JddGf

iso ˆ︁fm ν̄tr

]︃
, (3.68)

d∆λd
dε̄

= det(J−1)

[︃
Jpp ˆ︁fαp

∂m̄

∂d
+ 2 JdpGf

iso ˆ︁fm ν̄tr

]︃
, (3.69)

d∆λp
dϕd

= det(J−1) Jpd bd ˆ︁fαp , (3.70)

d∆λd
dϕd

= − det(J−1) Jpp bd ˆ︁fαp . (3.71)

3.3 Parameter study

This section illustrates the constitutive behaviour of the local ductile damage model by
means of a homogeneous uniaxial deformation test. The influence of the material and
model parameters is analysed in order to demonstrate basic model properties represent-
ing different material responses. An analysis of the implemented ductile damage model
under homogeneous uniaxial tension loading is performed by prescribing a deformation
in the form of

F = λ∥ e⊗ e + λ⊥ [I − e⊗ e] , (3.72)

with ∥e∥ = 1 and where the stretch λ⊥ develops such that the stress is uniaxial in the
direction of e, i.e. P = P∥ e⊗e. The applied deformation is not increasing monotonously
but rather it is interrupted at stretch values of 1.1, 1.15 and 1.2 to simulate unloading
behaviour. The exact load curve λ∥(t) is depicted in Figure 3.1. The gradient terms, and
thus also the gradient related parameters cd and bd are not active, since a homogeneous
deformation is applied.

The influence of individual parameters is demonstrated by comparing the simulation
responses of a reference parameter set with responses where the studied parameter is
increased and decreased. For the reference parameter set, the material parameters are
adopted from an early stage of parameter identification, see Section 3.4, and resemble
the typical response of a ductile steel, see Table 3.4.

The variations of two parameters each are grouped together and the response is
illustrated in three figures (Figure 3.2-3.4), each depicting the stress-stretch response, the
evolution of proportional hardening αp and the evolution of the isotropic damage variable
d. The stress-stretch response can be divided into three stages — the (very small) first
stage shows an elastic response, the second stage is dominated by plastic behaviour and
in the last stage deterioration of the material takes place. For all (apart from one)
parameter combinations, plasticity and damage both continue to evolve throughout the
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Figure 3.1: Evolution of the prescribed stretch λ∥ over time t. The reduction of the stretch λ∥ at values
1.1, 1.15 and 1.2 results in a deformation controlled unloading.

Table 3.4: List of material parameters for the homogeneous tension test. The third column contains
the reference set, subsequent columns list the decreased and increased values of each parameter.

Value
Symbol Description reference lower higher Unit

E Young’s modulus 208.0 — — GPa
ν Poisson’s ratio 0.3 — — −

σy0 yield stress 250.0 100.0 400.0 MPa
hp hardening modulus 1300.0 1000.0 2000.0 MPa
np hardening exponent 0.25 0.15 0.35 −

qmax damage threshold 0.2 0.15 0.25 MPa
nd damage exponent 2/3 — — −
η damage rate factor 0.1 0.05 0.15 −

ξvol volumetric damage factor 1.0 — — −
ξiso isochoric damage factor 1.0 0.5 1.5 −
ξq threshold factor 10.0 5.0 20.0 −
ξm effective stress factor 1.0 0.5 1.5 −
ηαp coupling factor 2.5 0.0 5.0 −
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3.4 Parameter identification and validation

subsequent loading. Although the plastic parameters — yield stress σy0, hardening
modulus hp and hardening exponent np — are common in literature and have been
extensively studied, the variation thereof is included here in order to demonstrate the
non-intuitive influence upon the damage evolution. Increasing yield stress (Figure 3.2a,
green line), hardening modulus (Figure 3.2b, green line) or decreasing the hardening
exponent (Figure 3.3b, red line) all lead to slower evolution of plasticity and to a larger
maximum of the elastic strains. Consequently, the stress is higher in the plasticity
dominated stage. However, this also leads to an increased damage driving force and
accelerates the evolution of damage — a smaller plasticity dominated stage is observed
compared to the reference and a more pronounced decline in stress is observed in the
last stage. The opposite effect, i.e. plasticity evolves more strongly and the decline in
stress is less pronounced, is observed if these parameters are varied such that plasticity
evolves more.

Variation of the damage threshold qmax (Figure 3.2a) and the damage rate factor η
(Figure 3.2b) leads to expected results. A higher threshold value and/or lower damage
rate factor yield stiffer responses with less evolution of damage and more evolution of
plasticity. Vice versa, stresses are lower and less plasticity evolution is observed. The
damage variable actually does not evolve more, compared to the reference set for a
higher damage rate factor, but since the stiffness is influenced by a product of damage
rate factor η and damage variable d, the overall deterioration of the elastic properties
is higher. A much more diverse response is obtained by varying the damage influence
factors ξ• (Figure 3.3). While the influence factor on the isochoric elastic energy ξiso
(Figure 3.3a) exhibits a similar behaviour to the damage rate factor η (Figure 3.2b), the
influence factor for the effective stress ξm (Figure 3.3a) has a significant impact on the
overall response. Increasing the factor leads to a slightly stiffer response (cyan line), a
decrease however (orange line), leads to an abrupt loss of stress. At some point the yield
limit is higher than the effective stress, and evolution of plasticity stops. Instead, damage
evolution strongly increases reaching a value ten times above the reference parameter
set. The reason lies in the lower influence factor ξm which results in an insufficient
compensation of damage in the effective stress. The influence factor in the damage
potential ξq (Figure 3.3b) mainly effects the transition from the plasticity dominated
stage into the final stage. At some point the stress response as well as the accumulated
damage coincide and the equivalent plastic strains only differ by a small amount.

3.4 Parameter identification and validation

The previously described ductile damage model shall now be employed to predict the
behaviour of DP800 steel. To this end, a parameter identification is necessary, i.e. a
numerical optimisation scheme. At this stage a simplex algorithm is carried out to de-
termine (optimal) parameters in terms of an objective function which evaluates how well
simulation results and experimental data match based on a least squares criterion. This
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Figure 3.2: Stress-stretch-diagrams a) and b), proportional hardening-stretch-diagrams c) and d) and
damage-stretch-diagrams e) and f). Influence of the initial yield limit σy0 and the damage threshold
qmax a), c) and e) as well as the hardening modulus hp and the damage rate factor η b), d) and f) on
the material response under homogeneous tension.
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Figure 3.3: Stress-stretch-diagrams a) and b), proportional hardening-stretch-diagrams c) and d) and
damage-stretch-diagrams e) and f). Influence of the isochoric damage factor ξiso and the effective stress
factor ξm a), c) and e) as well as the hardening exponent np and the damage threshold factor ξq b), d)
and f) on the material response under homogeneous tension.
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Figure 3.4: Stress-stretch-diagram a), proportional hardening-stretch-diagram b) and damage-stretch-
diagram c). Influence of the coupling factor ηαp

on the material response under homogeneous tension.
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section describes how the required experimental data is obtained, how simulation and
objective function are set up and gives details on the parameter identification approach.

3.4.1 Experimental data

For the parameter identification process a tensile specimen of type A, see Figure 3.5a, is
chosen and subjected to tensile loading with three unloading stages. The specimens are
cut with a water jet from DP800 sheets with a thickness of 1.5 mm. In the tensile exper-
iment, loading is applied by controlling the traverse displacement, see Figure 3.6a. The
experiment is captured by a camera, see Figure 3.7a, which enables a determination of
the inhomogeneous displacement field in a post-processing step. In addition, the camera
is simultaneously used as an optical extensometer during the experiment which allows a
real-time measurement of the displacements u∥ in tensile direction and u⊥ perpendicular
to the tensile direction in the centre of the specimen. The optical extensometer measures
the average displacement on the edges of a 10 mm by 2.6 mm rectangle which is centred
at the centre of the specimen and which has its longer side aligned with the tensile
direction. The force is measured by a 10 kN load cell. All experiments were carried out
with a micro-tensile machine from Kammrath & Weiß supporting a maximum load of
10 kN. DIC (digital image correlation) is performed by means of the software Veddac 7.

Figure 3.6b exhibits the load displacement response of the tested specimens of type
A. Overall, a response typical for dual phase steels can be observed. The initially elastic
behaviour smoothly transitions into a regime dominated by plasticity, before damage
effects lead to softening and finally to failure. For seven different tests the responses
mostly coincide except that failure occurs at slightly different displacement load levels.
The point of unloading occurs at different optically measured displacements u∥ between
the different specimens. The reason is that unloading is controlled by the traverse
displacement uT and that the optically measured displacements depend more strongly
on the evolution of inelastic effects. The unloading response is important in order to be
able to quantify the degradation of the elastic properties.

A degradation of elastic stiffness is measurable by using DIC. Consider only a narrow
region in the center of the specimen with initial length l0 = 800µm, see Figure 3.7b. Let
l denote the current length, li the length of the region in fully unloaded state after i-th
reloading, A the current cross-section and F the current force, then

˜︁Ei :=
F

A

l

l − li
, (3.73)

is a measure of the elastic stiffness during the i-th reloading step. Since elastic strains are
small compared to the plastic strains at the points considered for stiffness determination,
the current cross-section A is assumed to only depend on plastic strains. Thus, it is also
reasonable to assume volume constancy which renders the current cross-section at the
i-th unloading point to be Ai = A0 l0/li. The result of the elastic stiffness analysis is
depicted in Figure 3.8. Both, the average over all specimens and the values for specimen
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3 A regularised framework for isotropic damage coupled to finite plasticity

a) b)

Figure 3.5: Geometries of specimens A and B with theoretical dimensions. The actual specimens are
measured optically revealing an average minimum width of 3.85mm instead of 4mm and an average
radius of 39.4mm instead of 40mm for specimens of type A. The optical measurement of specimens of
type B yields 4.32mm instead of 4mm for the radius of the hole and 7.8mm instead of 8mm for the
width.

A04, show a monotonous decline in elastic stiffness. However, the measurement is not
very reliable, as the large error bars indicate, and may only be used for qualitative
conclusions. The large deviations of the stiffness measurements between the different
specimens may be explained by:

a) The initial state of damage may be different in each specimen, as it is manufactured
from different regions of the same sheet.

b) Measurement of the displacement in the elastic regime is at the limit of the measur-
ing capability. These displacements are in the order of 2µm, while the resolution
of the camera correlates 1 px to approximately 12µm. Displacements smaller than
1 px rely on the sub-pixel recognition algorithm of the DIC system.

c) Loading and unloading of the specimens is displacement controlled. The points of
reloading do not necessarily occur at similar states of internal damage.

d) Different errors may be multiplied and increase the overall error as, e.g., damage
is computed based on the (measured) initial stiffness E0.

3.4.2 Simulation setup

In order to successfully identify material parameters, it is vital to simulate the experi-
ment as accurately as possible, whereby the specimen geometry and boundary conditions
are of key importance. Boundary conditions can be applied most accurately by directly
prescribing measured quantities, i.e. either the measured total reaction force or the dis-
placement measured by the optical extensometer. Due to the underlying softening in the
model, displacement controlled loading is advantageous in order to be able to compute
a response for parameter combinations resulting in a too soft response. Since the optical
extensometer measures over a length of 10 mm in the centre of specimen, it is most con-
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Figure 3.6: a) Loading path for testing of specimen A in terms of traverse displacement uT . b) Load
displacement diagram of the tensile tests of specimen A. Measured force F in N over optically measured
displacement u∥ in tensile direction in mm.

venient to restrict the simulation to this domain. Furthermore, to keep the numerical
effort at a minimum, symmetry is used so that only a section measuring 5 mm needs
to be discretised, see Figure 3.9a. This domain is discretised with 4000 8-noded brick
elements, enhanced by the so-called F-bar method [49], with three displacement degrees
of freedom and one non-local damage degree of freedom at each node. Displacement
field and non-local damage field are linearly interpolated.

The specimens are measured optically revealing an average minimum width of 3.85 mm
and an average radius of 39.4 mm resulting in an initial cross section of A0 = 5.755 mm2

instead of the theoretical dimensions given in Figure 3.5a. The deviations from these av-
erage dimensions between different specimens are small (< 20µm for the width). These
measured dimensions are the basis for the discretised geometry.

3.4.3 Objective function

The implementation of the parameter identification closely follows the work in [149].
The goal of the objective function g is to quantify the difference between the response
of the simulation and the physical specimen during the experiment. To this end, an
objective function incorporating the reaction force and the displacement field is set up
as

g = wF gF
(︁
F exp(t), F sim(t)

)︁
+ w∆u g∆u

(︁
∆uexp(X, t), ∆usim(X, t)

)︁
, (3.74)

with

gF =
∑︂

t

wt

[︁
F exp − F sim

]︁2
t
, g∆u =

∑︂

t

wt

nnp

nnp∑︂

i

⃦⃦
∆uexp

i − ∆usim
i

⃦⃦2
t
, (3.75)
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a) b)

Figure 3.7: a) Image of the microtensile machine from Kammrath & Weiß placed beneath the DIC
camera. b) Image of specimen A04 before testing taken from the DIC camera. Red lines indicate the
800 µm wide region for which the degradation of elastic stiffness is determined.
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Figure 3.8: a) Load displacement diagram for specimen A04. Displacement u800 is determined from
the 800 µm wide region marked in Figure 3.7b. The red lines indicate the determined stiffness. b)
Degradation of stiffness over (re-)loading steps in terms of normalised stiffness. The blue line corresponds
to the stiffness determined for specimen A04, while the red line (with error bars) is the average of
specimens A01–A07.
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Figure 3.9: Discretised regions of specimens A and B.
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3 A regularised framework for isotropic damage coupled to finite plasticity

where w• are weighting factors and where wt = 1 is chosen. The reaction force is
taken into account by the difference between the total measured reaction force of the
experiment F exp and the total reaction force of the simulation F sim in every time step.
Directly comparing the displacement fields has the drawback of inherent rigid body
motions in the measured displacement field. Thus, instead of using the displacement field
directly, a strain-like quantity is employed for the evaluation of the objective function.
By dividing the difference of the displacement of two neighbouring measurement points
by their distance a simple strain-like quantity ∆u is obtained which is free of rigid
body motions, cf. [149]. The relative displacements ∆ui of measurement point i with
coordinates (xi, yi) and measured displacement (uix, u

i
y) can be computed by

∆u =

[︃
∆ux
∆uy

]︃
, with ∆ux =

ujx − uix
xj − xi

, ∆uy =
uky − uiy
yk − yi

, (3.76)

with measurement point j being the next neighbour in x-direction (with xj > xi) and
measurement point k being the next neighbour in y-direction (with yk > yi). Since the
displacement field in the experiment is evaluated on different measurement points than
the finite element nodes of the simulation, it is necessary to interpolate the measured
displacement field to the finite element nodes — a linear interpolation in time and space
is performed.

3.4.4 Identified parameters

Immediately starting with the identification of all 15 parameters in the model at once
requires a high numerical effort, since even an educated guess for the starting parame-
ters may be significantly far from a numerical optimum. In addition, with this amount
of parameters the chosen experiment could possibly not yield enough information to
uniquely identify all parameters. Before even beginning the identification process, some
parameters can be excluded and can instead be arbitrarily set or determined manually.
The penalty parameter bd is kept constant as it just needs to be large enough in order to
guarantee that the non-local damage variable ϕd matches the local damage variable d.
If the penalty parameter bd is chosen to be too large numerical instabilities may arise.
Previous studies have shown bd = 500 MPa to be sufficient, see also Figure 3.10b. The
influence factor ξvol is chosen as ξvol = 1 to prevent ambiguity between η and ξ•. The
damage exponent nd has a similar influence as does ξq, so that nd = 0.6667 is cho-
sen. Further analysis of the model as well as the results of the following parameter
identification motivated an update of the parametrisation of the model, see Section 3.6.

For the identification of the remaining 12 parameters the numerical effort can be
considerably reduced by splitting the problem into smaller subproblems. In this case the
elastic, plastic and damage stages can be distinguished in the response of the experiment
in order to identify only the elastic, plastic or damage parameters, respectively. Since
both plastic and damage stages are influenced by damage and plastic parameters, a final
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Table 3.5: Determined elastic parameters for specimens A01–A07.

Specimen ˜︁E0 in GPa ν K in GPa G in GPa

A01 221.41 0.194 120.59 92.72
A02 169.24 0.215 98.97 69.65
A03 234.02 0.255 159.20 93.24
A04 206.74 0.263 145.39 81.84
A05 199.40 0.258 137.33 79.25
A06 262.66 0.193 142.60 110.08
A07 244.05 0.304 207.53 93.58

average 219.65 0.240 140.95 88.55

literature 207.00 0.300 172.50 79.62

used for PI 207.00 0.210 118.97 85.54

optimisation identifying plastic and damage parameters at once is carried out, where
the parameters identified in the subproblems are chosen as starting values.

The elastic properties E and ν can be determined directly from measurements. The
Young’s modulus E is calculated with the help of measured forces and optically mea-
sured displacements in tension direction as well as with geometry information, cf. (3.73),
whereas the Poisson ratio ν is calculated with the (negative) ratio of the strains in the
plane, i.e. ν = −εe⊥/εe∥. The elastic parameters have been computed for each speci-

men from the gathered DIC-data in the 800µm wide region (see Figure 3.7b) of the
initial elastic loading — the elastic domain (of the first loading) is assumed to end after
loading exceeds 1.5 kN, see Table 3.5. Additionally, relations K = E/[3 [1 − 2 ν]] and
G = E/[2 [1 + ν]] have been used to add the parameters used in the model formulation.
The last row shows the values actually used in the parameter identification process.

The plastic stage is assumed to end at t = 900 s before the first unloading starts.
At this early stage of loading the damage portion barely influences the response and
it is possible to identify a very good estimate, as exhibited by Figure 3.10a, of the
initial yield stress σy0, the hardening modulus hp and the hardening exponent np, see
Table 3.6. Since the plastic parameter identification includes a response free of softening,
the loading in the underlying simulation can be controlled by force. By prescribing the
experimentally measured force as boundary condition, only relative displacements in the
objective function need to be taken into account, i.e. wF = 0 and w∆u = 1. In other
words, the force contribution in the goal function gF is exactly satisfied.

On the basis of the identified plastic parameters, a parameter identification of only
the most influential damage parameters (damage threshold qmax, damage rate factor η,
effective stress factor ξm and regularisation parameter cd) is carried out, see Figure 3.10a
for the corresponding load displacement responses. Simulating the damage regime entails
the inclusion of softening effects, and it is therefore beneficial to run the simulation
controlled by displacement. Consequently, the objective function needs to take the
force into account. In order to similarly weight the influence of displacement and force,
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3 A regularised framework for isotropic damage coupled to finite plasticity

both weights wF and w∆u are chosen such that the error in the objective function is
scaled to have the unit of stress squared. To this end, the force is divided by cross-
section squared, and the relative displacements (strain-like quantities) are multiplied by
Young’s modulus squared, i.e. wF = [4/A0]

2 and w∆u = 0.7E2. The factor 4 in wF is
present due to symmetry and the factor 0.7 in w∆u has been determined empirically as
yielding a subjectively good balance between matching force and displacement response
simultaneously. These weighting factors are used in all following identifications.

Using the preliminary parameters as starting values, an identification (PI1) where all
12 parameters are to be determined by the simplex algorithm yields, after some restarts
of the simplex, a good match with the experimental response, see Figure 3.11. Based on
this identification other identifications with perturbed starting values are set up (PI2,
PI3, PI4). Since PI4 identified η = 5.0 and η ≤ 5.0 was (arbitrarily) set as bound,
restarts with a relaxed bound η ≤ 20.0 are carried out with the same starting values
(PI4a) and the parameters identified in PI4 as starting values (PI4b).

Out of these identifications, the PI4, PI4a and PI4b identifications stand out from
the others; the total objective function value is slightly lower when compared to PI1
but the identified parameters differ considerably, see Tables 3.7 and 3.8. Especially
the regularisation parameter cd is magnitudes higher in PI4b than in PI1, and damage
threshold qmax as well as damage rate factor η also have much higher values. However,
the effective stiffness degradation of both parameter sets is in fact very similar since the
maximum value of the damage variable in the last load increment is much higher for PI1
(dPI1 = 2.8, exp(−ηPI1 dPI1) = 0.646) than for PI4b (dPI4b = 0.092, exp(−ηPI4b dPI4b) =
0.634). In the load-displacement diagram, Figure 3.11, as well as in the contour plot of
the damage function fvol(d), Figure 3.14, the responses of parameter sets PI1 and PI4b
are very similar, albeit distinguishable. A closer look at the error in relative displace-
ment, as depicted in Figures 3.12 and 3.13, reveals no visible differences between both
parameter sets. The relative displacements of the simulation matches the experimen-
tally determined relative displacement quite well for roughly the first 2500 s of loading.
Thereafter, relative displacements are higher in the simulation.

The other remarkable parameter set is PI3, which is the only set where the coupling
factor ηαp attains a significant value. Thereby, the response is able to capture the drop
in force at the end of the loading stage much better compared to the other parameter
sets, cf. Figure 3.11. However, the force response prior of the drop is captured worse,
resulting in a higher objective function value.

From the identification point of view, i.e. by means of the objective function, the
parameter sets of PI1 and PI4b seem to match the experimental response equally well.
However, several problems arise. Even if both parameter sets resulted in identical re-
sponses for the current boundary value problem, they would not (necessarily) result in
identical responses of the material model for arbitrary boundary value problems, i.e. fur-
ther experimental data, ideally experiments which activate different deformations modes,
need to be taken into account in the future. Another problem stems from the correlation
between parameters, e.g. between the parameters η and cd. Damage variable d always
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Table 3.6: List of identified material parameters for DP800 steel sheets. Preliminary identification of a
subset of parameters (plastic PI, damage PI) and first combined parameter identification results.

plastic PI damage PI combined PI
start identified start identified start identified

E GPa 207.00 207.00 207.00
ν − 0.21 0.21 0.21

σy0 MPa 243.00 50.00 50.00 50.00 50.48
hp MPa 1300.00 1306.94 1306.94 1306.94 1332.28
np − 0.2500 0.1650 0.1650 0.1650 0.1564

qmax MPa 15.5500 1.0000 2.6929 2.6929 3.2526
nd − 0.0000 0.6667 0.6667
η − 0.5000 0.2000 0.6353 0.6353 0.7388
ξvol − 1.0000 1.0000 1.0000
ξiso − 1.0000 1.0000 1.0000 0.7475
ξq − 10.0000 10.0000 10.0000 2.2926
ξm − 1.0000 1.0000 0.2162 0.2162 0.2606
ηαp − 0.0000 0.0000 5.2768 5.2768 4.8702

cd N 11.0000 11.0000 24.4620 24.4620 69.0944
bd MPa 500.00 500.00 500.00

appears in combination with the parameter η with the exception of the contribution of
the gradient of non-local damage variable ϕd. In fact, the quotient cd/η

2 yields approx-
imately 22 for PI1 and 15 for PI4b — in contrast to the regularisation parameter cd
having the values 0.54 and 379, suggesting a high correlation between both parameters.
This motivated an update of the parametrisation, see Section 3.6. Further problems lie
in the consideration of damage during parameter identification. Damage can only be
distinguished from plasticity by means of elastic stiffness degradation in this framework,
e.g. by elastic unloading. In the herein considered experiment, damage is only implicitly
taken into account via force and displacement measurements during unloading. It might
be possible that different weighting of unloading and loading in the objective function —
by choosing wt accordingly — yields a parameter set which is able to predict the response
of DP800 (or any other material) more precisely. An even more complex problem is the
identifiability of the regularisation parameter cd, since further experiments, especially
with specimens of much larger or smaller dimensions, are required. In spite of these
open problems, the next section is a first approach to the validation of the parameter
sets identified in this section.

3.4.5 Validation

With two — apparently equally well fitting — parameter sets having been identified, cf.
Tables 3.7 and 3.8, the validation reveals the prediction capability of the material model
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Table 3.7: List of identified material parameters for DP800 steel sheets. Main parameter identification
with different starting values — PI1: starting values from intermediate identification results, PI2 and
PI3: arbitrarily, but moderately perturbed starting values.

PI1 PI2 PI3
start optimised start optimised start optimised

rel. tot. obj 100.00% 100.55% 110.38%
% force obj. 31.29% 31.25% 43.13%

E GPa 207.00 207.00 207.00
ν − 0.21 0.21 0.21

σy0 MPa 250.00 248.59 50.00 140.69 500.00 595.27
hp MPa 1700.00 1705.64 1300 1536.80 2500.00 1889.15
np − 0.2500 0.2654 0.1500 0.2022 0.3500 0.5947

qmax MPa 0.7500 0.6953 1.0000 1.9422 1.7500 2.3508
nd − 0.6667 0.6667 0.6667
η − 0.2000 0.1559 1.0000 0.2090 0.1000 0.1706
ξvol − 1.0000 1.0000 1.0000
ξiso − 0.5000 0.5861 1.0000 2.5024 1.0000 1.9637
ξq − 1.0000 0.8100 10.0000 6.3249 10.0000 7.0459
ξm − 0.6000 0.6163 1.0000 1.6287 0.4000 0.9290
ηαp − 0.0000 0.0000 0.0000 0.0000 0.0000 7.4849

cd N 0.4000 0.5400 11.0000 33.2246 2.0000 2.7670
bd MPa 500.00 500.00 500.00
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Figure 3.10: Load displacement diagram of the simulation response of selected parameter sets and
experimental data. Force in N over optically measured displacement in tensile direction in mm. a)
Responses of the preliminary identifications compared to experiment A03. The experimental response
is displayed as a blue continuous line and the identifications by means of square, X and circle. b) The
right load displacement diagram shows the mesh independence for parameter set PI1 by means of three
different discretisations with 920, 3680 and 14720 elements for simulations with specimen geometry
B01.
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3.4 Parameter identification and validation

Table 3.8: List of identified material parameters for DP800 steel sheets. Main parameter identification
with different starting values (continuation) — PI4: heavily perturbed starting parameters, PI4a and
PI4b: restart with relaxed parameter bounds.

PI4 PI4a PI4b
start optimised start optimised start optimised

rel. tot. obj 99.85% 104.07% 99.68%
% force obj. 29.75% 37.88% 29.94%

E GPa 207.00 207.00 207.00
ν − 0.21 0.21 0.21

σy0 MPa 450.00 424.76 450.00 731.64 425.00 478.71
hp MPa 8700.00 39896.53 8700.00 14432.08 39900.00 40771.87
np − 1.0000 0.8814 1.0000 0.9983 0.8800 0.8920

qmax MPa 6.7500 20.4152 6.7500 17.6545 20.4000 18.7378
nd − 0.6667 0.6667 0.6667
η − 2.0000 4.9991 2.0000 2.3509 5.0000 4.9551
ξvol − 1.0000 1.0000 1.0000
ξiso − 1.5000 0.6023 1.5000 0.7806 0.6000 0.5545
ξq − 100.0000 1.0431 100.0000 0.6443 1.0400 1.0031
ξm − 1.6000 3.8737 1.6000 2.3145 3.8700 3.6116
ηαp − 3.0000 0.0442 3.0000 0.0188 0.0400 0.0026

cd N 50.0000 442.9782 50.0000 37.4659 443.0000 379.1240
bd MPa 500.00 500.00 500.00
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Figure 3.11: Load displacement diagram of the tensile test of specimen A07 and the simulation response
with parameter sets PI1–PI4b. Force in N over optically measured displacement in tensile direction in
mm. The experimental response is displayed as a blue continuous line and the identifications by means
of square, x and circle.
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Figure 3.12: Depiction of the relative displacement ∆u of the first identified parameter set PI1. Contour
plot of the squared absolute error of the relative displacement, i.e. objective function g∆u, see (3.75),
at each node at t = 3520 s (left) and comparison of the evolution of the experimental and simulated
relative displacements in x and y-direction over time (right) for nodes P1, P2 and P3.
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Figure 3.13: Depiction of the relative displacement ∆u of the last identified parameter set PI4b.
Contour plot of the squared absolute error of the relative displacement, i.e. objective function g∆u,
see (3.75), at each node at t = 3520 s (left) and comparison of the evolution of the experimental and
simulated relative displacements in x and y-direction over time (right) for nodes P1, P2 and P3.
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0.6 0.65 0.7 0.75 0.8

a) b)

Figure 3.14: Contour plot of the damage function value fvol(d) on the deformed configuration after
the last load increment (t = 3730 s). Comparison between the two identified parameter sets: a) PI1, b)
PI4b.

together with the identified parameters. To this end, a second experiment is considered,
featuring a tensile specimen with a hole (specimen B, see Figure 3.5), see also Remark 5.

The tensile test is performed in the same way and with the same set up as the tensile
test of the notched tensile specimen (type A), as described in Section 3.4.1. The com-
parison of the experimental response with the simulation response reveals clearly visible
differences between the responses of the identified parameter sets in the load displace-
ment diagram, see Figure 3.15. Parameter set PI1 (red squares, left side) shows overall
good agreement with the experimental response, as the force is slightly underestimated
in the beginning of the plastic stage. The parameter set PI4b (orange circles, right
side), overestimates the force response in the inelastic stage but is able to predict the
unloading behaviour as well as parameter set PI1. Despite the response with parameter
set PI3 being able to predict a drop in force in the final stage of loading in the identifica-
tion experiment, for the validation experiment no drop in force can be observed (orange
circles, left side).

The comparison of the relative displacements confirms a better match between ex-
perimental and simulation response for parameter set PI1, see Figure 3.16, than for
parameter set PI4b, see Figure 3.17. The contour plots showing the squared error of
relative displacement indicate only very few spots with relevant error levels for PI1. The
red region on the boundary of the hole can be ignored as relative displacements are not
computed correctly at that edge. The two red patches on the upper edge can probably
be attributed to measurement errors from DIC. In the necking region three points are
marked and the evolution of relative displacements over time is plotted for these points
in the right diagram of Figure 3.16. For point P1 a nearly perfectly matching simu-
lation and experimental response can be observed, while points P2 and P3 show small
offsets between experimental and simulation response. The offset for displacements in x-
direction seems to slightly increase after each inelastic loading stage for both points. The
displacements in y-direction match quite well in point P2, but for point P3 a constant
offset is observed.

Qualitatively similar results are obtained for the second parameter set PI4b, see Fig-
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Figure 3.15: Load displacement diagrams with force in N over displacement in tensile direction in
µm of the tensile test of specimen B01 and the validation simulation response with parameters of the
parameter identifications PI1 through PI4b. The experimental response is displayed as a blue continuous
line and the identifications by means of square, x and circle.

ure 3.17, but overall the error is higher. In the contour plot the red patches are larger and
darker, especially around points P2 and P3 and to their right, indicating that probably
the width of the localisation zone is predicted incorrectly in the simulation. This can
be confirmed by looking at the evolution of relative displacements over time. Displace-
ments at point P1 are underestimated in the first 1000 seconds, but in the end, after
2000 seconds, they are overestimated, whereas at points P2 and P3 the underestimation
of displacements constantly increases. The comparison of the damage evolution, see
Figure 3.18, reveals a higher localisation of damage evolution for the second parameter
set.

Overall, the parameter set PI1 performs best and allows accurate predictions of the
behaviour of DP800 steel. The mesh independence of this parameter set is proven in
the left diagram of Figure 3.10. An identical response is obtained for three different
discretisations.

Remark 5 A proper validation requires a (sufficiently) distinct and more complex
experiment in order to test a different deformation pattern than the one used for the
identification. At the same time the experiment must lie within the region which the
model is able to predict, e.g. a pressure dominated experiment can presumably not be
correctly predicted with this model. The here chosen tensile tests with a notched specimen
and a specimen with a hole both are tension dominated but exhibit different localisation
patterns.
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Figure 3.16: Illustration of the relative displacement ∆u of the first identified parameter set PI1.
Contour plot of the squared absolute error of the relative displacement, i.e. objective function g∆u,
see (3.74), at each node at t = 2160 s (left) and comparison of the evolution of the experimental and
simulated relative displacements in x and y-direction over time (right) for nodes P1, P2 and P3.
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Figure 3.17: Illustration of the relative displacement ∆u of the last identified parameter set PI4b.
Contour plot of the squared absolute error of the relative displacement, i.e. objective function g∆u,
see (3.74), at each node at t = 2160 s (left) and comparison of the evolution of the experimental and
simulated relative displacements in x and y-direction over time (right) for nodes P1, P2 and P3.
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Figure 3.18: Contour plot of the damage function value fvol(d) on the deformed configuration after
the last load increment (t = 2160 s). Comparison between the two identified parameter sets: a) PI1, b)
PI4b.

3.5 Application to air bending

In this section, the previously proposed regularised isotropic ductile damage model is
used (in slightly modified form) to simulate an air bending process. The comparison of
the regularised air bending simulation with a non-regularised air bending simulation can
be found in [163].

An important aspect for the simulation of forming processes which is missing in the
previously proposed model is, that damage does not evolve under fully compressive load
states. A very simple and low-impact approach is to deactivate damage evolution if
the volumetric elastic strain is negative. To this end, the damage initiation criterion is
formulated in terms of the modified damage driving force ˜︁q defined as

˜︁q := ⟨tr(εe)⟩0 q . (3.77)

One of the biggest flaws of this approach is that for mixed strain states (i.e. one strain
eigenvalue is positive and the other two are negative) with negative volumetric elastic
strain damage evolution is disabled although in reality damage may evolve in the di-
rection related to the positive strain eigenvalue. These strain states are typical for e.g.
forward rod-extrusion, which limits the applicability of this approach. During the pro-
cess of air bending, however, damage evolution mostly takes place where the volumetric
elastic strain is positive.

The algorithmic impact of the modified driving force (3.77) is minimal, since the
derivative of the modification with respect to the volumetric strain is (apart from the
point of singularity) zero. Furthermore, the volumetric elastic strain is unaffected by
damage evolution or plasticity evolution.
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The regularised isotropic ductile damage model is implemented in Abaqus by means
of user subroutines. Following the approach in [139], the implementation is achieved
by supplying the subroutines ”UMAT” and ”UMATHT”. The idea of the approach
proposed in [139] (and of the similar approach in [155]) is to abuse the analogy of the
non-local damage equation, cf. (2.8), with the steady state heat equation.

The Abaqus ”UMAT” subroutine requires stresses and tangents to be given in a
specific form. Abaqus expects to be given Cauchy stresses σ, obtainable as

σ = J−1mt , (3.78)

and a tangent with correction for the Jaumann rate, herein denoted as T, i.e.

T = J−1
[︁
e + I ⊗mt + mt ⊗ I

]︁
. (3.79)

The correction term is herein given in symmetrised form, see the discussion in [139] and
references cited therein, although a non-symmetrised version is theoretically sufficient,
see [160]. Similarly, the derivative of the stresses with respect to the non-local field
variable ϕd is transformed by

dσ

dϕd

= J−1 dmt

dϕd

. (3.80)

A schematic representation of the air bending process is given in Figure 3.19. The
(metal) sheet is pushed into a die by means of a punch. The radii of the punch and the
die are 1 mm each, i.e. rpunch = 1 mm and rdie = 1 mm. Simulations are run with die
widths w = 24.5 mm and w = 16 mm. The tighter die width is used in order to amplify
damage evolution and test the regularisation properties.

The set up of the air bending simulation in Abaqus uses rigid elements for the dis-
cretisation of punch and die. The die is fixed in space, whereas the punch displacement
is completely prescribed. The sheet is discretised with linear quadrilateral plane strain
elements. The numerical effort is reduced by considering symmetry conditions. The
sheet is in contact with the punch and the die by means of a contact formulation using
Lagrange multipliers. The element edge lengths of the two discretisations of the sheet
are le = 0.05 mm and le = 0.025 mm.

The successful regularisation of the air bending simulations is demonstrated by means
of contour plots of damage evolution and plasticity evolution for a coarse and fine dis-
cretisation. Material parameters used in the simulation are given in Table 3.9. Damage
evolution is portrayed by means of the stiffness degradation of the isochoric part of the
energy, i.e. diso := 1 − fiso(d), see Figure 3.20. Plasticity evolution is plotted in terms of
the isotropic hardening variable αp, see Figure 3.21.
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Figure 3.19: Schematic representation of the air bending process.
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Figure 3.20: Contour plots of the damage variable diso for simulations with die width w = 24.5mm in
a) and b) and die width w = 16mm in c) and d). On the left side, a) and c), the element edge length is
le = 0.05mm and on the right side, b) and d), it is le = 0.025mm. Reprinted from [163], Fig. 8 b)+d)
and Fig. 10 b)+d).
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Figure 3.21: Contour plots of the isotropic hardening variable αp for simulations with die width w =
24.5mm in a) and b) and with die width w = 16mm in c) and d). On the left side, a) and c), the
element edge length is le = 0.05mm and on the right side, b) and d), it is le = 0.025mm. Reprinted
from [163], Fig. 9 b)+d) and Fig. 11 b)+d).

Table 3.9: List of material parameters for the air bending simulation. The third column contains the
reference set, subsequent columns list the decreased and increased values of each parameter.

Symbol Description Value Unit

E Young’s modulus 208.0 GPa
ν Poisson’s ratio 0.3 −

σy0 yield stress 165.66 MPa
hp hardening modulus 1611.24 MPa
np hardening exponent 0.2436 −

qmax damage threshold 1.5162 MPa
nd damage exponent 2/3 −
η damage rate factor 0.5092 −

ξvol volumetric damage factor 1.0 −
ξiso isochoric damage factor 0.5 −
ξq threshold factor 1.0 −
ξm effective stress factor 0.3128 −
ηαp coupling factor 0.0 −
cd regularisation parameter 0.5 N
bd penalty parameter 100.0 MPa
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3.6 Update of the parametrisation

Motivated by the identification of parameter sets PI1 and PI4b, see Section 3.4, with
very different parameter values but very similar responses, a different parametrisation
of the proposed isotropic ductile damage model is discussed. As already hinted at in
Section 3.4, the damage variable d always appears in conjunction with damage rate
factor η except for the coupling contribution Ψ cpl. The idea is to remove η from the
formulation completely.

To this end, a new damage variable ˜︁d is introduced which is formally related to the
previous damage variable d by

˜︁d = η d . (3.81)

The Helmholtz energy is now formulated in terms of ˜︁d instead of d, i.e. ˜︁Ψ(..., ˜︁d). This
influences the formulation threefold. The damage function f • was previously formulated
in terms of d and η, cf. (3.5). Now, it is given in terms of the new damage variable ˜︁d,
i.e.

f • : R+
0 → ]0, 1] with f •(˜︁d) = exp(− ξ• ˜︁d) , (3.82)

whereby no parameters need to be changed. The driving force related to the damage
variable q, is given as the negative derivative of the Helmholtz energy with respect to the
damage variable d. With the new damage variable ˜︁d the related driving force is denoted
by ˜︁q. It is given by

˜︁q = −∂
˜︁Ψ
∂ ˜︁d

= −∂Ψ
∂d

∂d

∂ ˜︁d
=
q

η
, (3.83)

and entering the damage initiation potential, cf. (3.18),

˜︁Φd(˜︁q, ˜︁d) = ˜︁qeff − qmin − qvar

[︂
1 − f q(˜︁d)

]︂nd

, (3.84)

where the damage threshold is modified. On the one hand, the constant threshold qmin

is added (without affecting the algorithmic formulation or the derivatives; qmin = 0 MPa
conforms to the previous formulation) and on the other hand the damage threshold
value needs to be updated according to qvar = qmax/η in order to match the response

of the previous parametrisation. The function ˆ︁fαp was originally defined with stability
parameter ϵ (ϵ ≈ 10−3 to 10−5), compare (3.35), but, in view of the damage deterioration
function defined in the anisotropic damage model, see (4.46), the stability parameter can
be reinterpreted as a material parameter controlling at which point the plastic hardening
begins to influence the damage driving force, i.e. the functions

f−1
dp (αp) =

e2hdp αp + e2hdp αp,max

e2hdp αp,max + 1
and ˆ︁fαp(αp) =

eηαp αp + ϵ eηαp αp

1 + ϵ eηαp αp
, (3.85)
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are very similar if the related parameters are chosen appropriately. Hence, f−1
dp (αp) is

used instead of ˆ︁fαp(αp).
Lastly, the damage variable d enters the coupling contribution Ψ cpl, but not in con-

junction with η. Setting up the coupling contribution in analogy to (3.7) as

˜︁Ψ cpl =
˜︁bd
2

[︂
˜︂ϕd − ˜︁d

]︂2
, (3.86)

where a comparison with the previous parametrisation yields the relations

˜︂ϕd = η ϕd , ˜︁bd =
bd
η2
. (3.87)

Switching from ϕd to ˜︂ϕd technically does not influence the gradient contribution to the
Helmholtz energy Ψ grd, cf. (3.7). The contribution is now given by

˜︁Ψ grd =
˜︁cd
2
˜︁bd∇X

˜︂ϕd · ∇X
˜︂ϕd , (3.88)

where the penalty parameter ˜︁bd now appears in the gradient contribution. The idea
behind this format derives from the governing equation, cf. (2.8), where the penalty
parameter can be factored out of the equation such that solely the gradient parameter
˜︁cd controls the width of the damage zone and solely the penalty parameter ˜︁bd controls the
coupling of local and non-local damage variable. The gradient parameter ˜︁cd is correlated
to the previous formulation by

˜︁cd =
cd
bd
, (3.89)

which means the unit of the gradient parameter is now mm2.

3.6.1 Updated parameter identification

Based on this updated parametrisation, the parameters identified in the identifications
PI1 and PI4b are converted to the new parametrisation, see Table 3.10. In the updated
parameter sets, the damage factor ξiso is now fixed to 1.0 instead of ξvol. Thereby, solely
the damage factor ξm influences the effective stress which was influenced previously by
the difference of ξm and ξiso, cf. (3.16).

Using the updated parametrisation, parameter identifications PI1u and PI4u are set
up with identical (converted) starting values as PI1 and PI4b, respectively. Additionally,
PI5u is set up with arbitrarily perturbed starting values. The identified parameter sets as
well as the values of the objective function relative to the objective value of PI1 are listed
in Table 3.11. Redoing the parameter identification PI1 with the updated parameter
set results in a better match (approximately 5% more accurate), but the identifications
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Table 3.10: List of the conversion of the material parameters for identifications PI1 and PI4b, see
Tables 3.7 and 3.8.

PI1 PI4b
base updated base updated

E GPa 207.00 207.00
ν − 0.21 0.21

σy0 MPa 248.59 478.71
hp MPa 1705.64 40771.87
np − 0.2654 0.8920

qmin MPa − 0.0 − 0.0
qvar MPa 0.6953 7.609 18.7378 6.8197
nd − 0.6667 0.6667
η − 0.1559 − 4.9551 −
ξvol − 1.0000 1.7062 1.0000 1.8034
ξiso − 0.5861 1.0000 0.5545 1.0000
ξq − 0.8100 1.3820 1.0031 1.8090
ξm − 0.6163 1.0515 3.6116 6.5132

ϵ / αp,max − 10−4 −4.48 10−4 −4.48
ηαp − 0.0000 0.0026

cd N | mm2 0.5400 0.0011 379.1240 0.7582
bd GPa 0.5000 59.8814 0.5000 0.0662

PI4u and PI5u yield worse matches compared to before. Most of the error for these two
identifications stems from a mismatch in the force response (≈ 65%).

The comparison of the load displacement response of the simulations with the updated
identified parameter sets with the response of the experiment is shown in Figure 3.25.
The response with parameter set PI1u matches the experimental response well and it
is very similar to the response with parameter set PI1. The response with parameter
set PI4u deviates from the experimental response in two areas. At the beginning of the
plastic stage, the force response is overestimated because the plastic hardening exponent
is identified to resemble linear behaviour. Towards the end of the prescribed loading, the
response is too stiff. Remarkably, the response with parameter set PI4u is able to capture
the characteristic drop in force leading up to failure of the specimen. The response with
parameter set PI5u matches the experimental response well in the beginning, but starts
to deviate more and more towards the end of the prescribed loading. The identified
damage thresholds qmin and qvar are too large, such that no damage evolves during the
simulation with this parameter set.

The depiction of the error in relative displacements, see Figures 3.22–3.24, is very
similar to the version using the non-updated parametrisation. Notably, the relative
displacements at the selected points P1–P3 increases much less after 3500 s for PI4u.
Since the force drops and the deformation increases in this time frame the deformation
is (likely) concentrated to the left of these points.
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Table 3.11: List of identified material parameters for DP800 steel sheets. Rerun of the parameter
identification using the updated parametrisation — PI1u: rerun of PI1, PI4u: rerun of PI4b and PI5u:
perturbed starting parameters. The relative total objective is given in relation to the total objective
value of PI1, cf. Table 3.7.

PI1u PI4u PI5u
start optimised start optimised start optimised

rel. tot. obj 94.47% 115.54% 113.10%
% force obj. 33.53% 65.82% 64.86%

E GPa 207.0 207.0 207.0
ν − 0.21 0.21 0.21

σy0 MPa 250.00 254.65 450.00 724.16 50.00 90.24
hp MPa 1700.00 1880.84 8700.00 4410.65 700.00 1369.85
np − 0.2500 0.2976 1.0000 0.9934 0.1500 0.1763

qmin MPa 0.5000 0.6806 0.5000 0.3943 3.5000 6.2561
qvar MPa 3.7500 4.9146 2.2500 3.0710 13.7500 19.5411
nd − 0.6667 0.6667 0.6667

ξvol − 2.0000 2.2175 0.6700 0.6908 0.1000 0.1199
ξiso − 1.0000 1.0000 1.0000
ξq − 2.0000 2.7311 66.0000 17.2168 5.0000 3.4211
ξm − 1.0000 1.2958 1.1000 3.3473 1.0000 1.4082

ηαp − 0.0000 1.2175 0.0000 0.0703 0.5000 0.5839
αp,max − 0.4000 0.5601 0.4000 0.4172 0.2000 0.1143

cd mm2 0.0010 73.7023 0.1000 0.0176 1.0000 1.0685
bd MPa 10000.00 10000.00 10000.00
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Figure 3.22: Depiction of the relative displacement ∆u of the identified parameter set PI1u. Contour
plot of the squared absolute error of the relative displacement, i.e. objective function g∆u, see (3.75),
at each node at t = 3520 s (left) and comparison of the evolution of the experimental and simulated
relative displacements in x and y-direction over time (right) for nodes P1, P2 and P3.
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Figure 3.23: Depiction of the relative displacement ∆u of the identified parameter set PI4u. Contour
plot of the squared absolute error of the relative displacement, i.e. objective function g∆u, see (3.75),
at each node at t = 3520 s (left) and comparison of the evolution of the experimental and simulated
relative displacements in x and y-direction over time (right) for nodes P1, P2 and P3.
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Figure 3.24: Depiction of the relative displacement ∆u of the identified parameter set PI5u. Contour
plot of the squared absolute error of the relative displacement, i.e. objective function g∆u, see (3.75),
at each node at t = 3520 s (left) and comparison of the evolution of the experimental and simulated
relative displacements in x and y-direction over time (right) for nodes P1, P2 and P3.
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3.6 Update of the parametrisation
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Figure 3.25: Load displacement diagram of the tensile test of specimen A07 and the simulation response
with parameter sets PI1u, PI4u and PI5u. Force in N over optically measured displacement in tensile
direction in mm. The experimental response is displayed as a blue continuous line and the identifications
by means of square, x and circle.
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4 A regularised framework for
anisotropic damage coupled to finite
plasticity

This chapter deals with a finite strain anisotropic ductile damage model based on
the fictitious configuration concept. Large parts of this chapter are adopted from the
publication [162].

Focus is placed on two key aspects: First, the introduction of effective driving forces
is discussed in detail and different approaches are proposed. The definition of effective
stresses is extended from isotropic damage to anisotropic damage in straightforward
manner. More importantly, the introduction of an effective damage driving force aims
to remove the sole dependence of damage evolution on elastic strains, thereby allowing
the material model to predict the onset of failure. If the onset of failure can be predicted
accurately, the safety margin of a produced part will be known, ultimately saving costs
and resources. The second focus is the regularisation of the response of the proposed
model. Whereas most contributions in the past considered only the regularisation of
damage itself, the necessity of additionally regularising evolution of plasticity is analysed.

This chapter starts by introducing the fictitious configuration and the required strain
and damage measures to formulate the model. Co- and contra-variant metric tensors are
introduced but no distinction is made in the notation of co- and contra-variant tensorial
quantities to improve readability. The modelling framework, detailing the two-surface
setup and the associated evolution equations follows in Section 4.2. Section 4.3 deals
with effective stresses and effective damage driving forces. Thereafter, the constitutive
relations are specified in Section 4.4 and their algorithmic implementation is described in
Section 4.5. Details of the implemented regularisation approaches of the proposed model
are discussed in Section 4.6, followed by the stresses, driving forces and global tangent
contributions for the FE-formulation. The response of the local model, cf. Section 4.9,
and the discussion of the regularisation properties, cf. Section 4.10, highlight the features
of the proposed model. The chapter closes with a formulation of the model in terms
of Haigh-Westergaard coordinates, related to triaxiality and Lode parameter, whereby
convexity of the damage initiation surface can be evaluated.
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4 A regularised framework for anisotropic damage coupled to finite plasticity

4.1 Fictitious configuration framework

X x

gG

ĜG
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Bd Bp
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F p

F d

F q

F−1

F

F−1
e

F−1
p

F−1
d

F−1
q

ϕ(X, t)

Figure 4.1: Kinematics of the proposed modelling framework including the plastic intermediate config-
uration Bp with (covariant) metric tensor ˆ︁G as well as the fictitious configuration Bd with (covariant)
metric tensor G.

Repeating the kinematics introduced in Section 2.1, let the reference (or material)
configuration be denoted by B0 and let X be the related placement vector, see Figure 4.1
as an extension of Figure 2.1. Furthermore, let Bt denote the current (or spatial) config-
uration with placement vector x. A deformation map φ(X, t) is introduced, mapping
placements from the reference configuration to the spatial configuration, i.e. x = φ(X, t)
with t denoting time. The mapping between the tangent spaces of both configurations
is introduced as the deformation gradient F . The co-variant metric tensors are denoted
by G in the reference configuration and by g in the current configuration.

In addition, an intermediate stress-free configuration Bp is considered, cf. e.g. [114].

The co-variant metric tensor in the intermediate configuration is denoted by ˆ︁G. Tangent
vectors in the reference configuration are mapped to the intermediate configuration via
the plastic part of the deformation gradient F p and tangent vectors in the intermediate
configuration are mapped to the current configuration by means of the elastic part of the
deformation gradient F e. The intermediate configuration is (in general) incompatible,
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4.1 Fictitious configuration framework

i.e. no deformation maps exist, the gradients of which correspond to F p, respectively
F e. Consequently, the deformation gradient is split multiplicatively into

F = F e · F p . (4.1)

Attached to the intermediate configuration is the (incompatible) fictitious configuration
Bd, where the material is assumed to be undamaged, cf. [28, 34, 61, 123, 125, 130, 157].
The co-variant metric tensor of the fictitious configuration is denoted by G. Tangent
vectors in the fictitious configuration are mapped to the intermediate configuration via
the damage related tensor F d. It is straightforward to find the mapping between the
fictitious and the reference configuration, in the following denoted by F q, as

F q = F−1
d · F p . (4.2)

All four introduced mappings can be expressed in terms of the respective co- and contra-
variant natural base vectors (whereby no explicit distinction between the dual and the
transposed of a tensor is made), i.e.

F = gi ⊗Gi , F t = Gi ⊗ gi , F−1 = Gi ⊗ gi , F−t = gi ⊗Gi ,

F p = ˆ︁Gi ⊗Gi , F t
p = Gi ⊗ ˆ︁Gi , F−1

p = Gi ⊗ ˆ︁Gi , F−t
p = ˆ︁Gi ⊗Gi ,

F e = gi ⊗ ˆ︁Gi , F t
e = ˆ︁Gi ⊗ gi , F−1

e = ˆ︁Gi ⊗ gi , F−t
e = gi ⊗ ˆ︁Gi ,

F d = ˆ︁Gi ⊗Gi , F t
d = Gi ⊗ ˆ︁Gi , F−1

d = Gi ⊗ ˆ︁Gi , F−t
d = ˆ︁Gi ⊗Gi .

(4.3)

With these different configurations and tensorial quantities at hand, various deformation
measures can be introduced. The right Cauchy-Green tensor C is defined as the pull-
back of the co-variant spatial metric g to the reference configuration. Transformation of
the right Cauchy-Green tensor to the intermediate or the fictitious configuration yield
ˆ︁Ce and Ced, respectively. The mappings are given by

C = F t · g · F , ˆ︁Ce = F t
e · g · F e , Ced = F t

d · F t
e · g · F e · F d . (4.4)

The Finger tensor b is defined as the push-forward of the contra-variant referential
metric G−1 to the spatial configuration. Related representations in the intermediate
and fictitious configuration, ˆ︁bp and bq, can be obtained as

b = F ·G−1 · F t , ˆ︁bp = F p ·G−1 · F t
p , bq = F q ·G−1 · F t

q . (4.5)

Additional deformation measures arise from the introduction of the intermediate con-
figuration. The elastic Finger tensor be, a measure of elastic deformation, is defined as
the push-forward of the contra-variant intermediate metric ˆ︁G−1 and the plastic right
Cauchy-Green tensor Cp, measuring plastic deformation, is defined as the pull-back of

the co-variant intermediate metric ˆ︁G, i.e.

be = F e · ˆ︁G−1 · F t
e , Cp = F t

p · ˆ︁G · F p . (4.6)
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4 A regularised framework for anisotropic damage coupled to finite plasticity

In the same way that deformation measures are introduced, it is possible to introduce
damage measures. Sticking to the naming convention of small ’b’ for contra-variant
measures and capital ’C’ for co-variant measures, the contra-variant damage measure ˆ︁bd
and the co-variant damage measure Cd are introduced as

ˆ︁bd = F d ·G−1 · F t
d , Cd = F t

d · ˆ︁G · F d . (4.7)

In order to only measure how the material under consideration changed from one con-
figuration to another, strain measures are introduced as comparison of two metrics. A
multitude of different strain measures has been introduced and analysed in the literature
— the interested reader is referred to the original contributions [154] and [81], mono-
graphs such as [158], or the works [47, 121, 128] and literature cited therein. The model
described in the following is formulated based on Green-Lagrange strains, i.e.

E =
1

2
[C −G] , ˆ︁E =

1

2
[ˆ︁Ce − ˆ︁b

−1

p ] , E =
1

2
[Ced − b

−1

q ] , (4.8)

where the referential co-variant metric is compared to the pull-back of the spatial co-
variant metric. Typically, in elasto-plastic model formulations, only the reversible elas-
tic part of the deformation enters the strain-energy. Consequently, the elastic Green-
Lagrange strains are defined by comparing the co-variant intermediate metric to the
pull-back of the spatial co-variant metric into the intermediate configuration, i.e.

Ee =
1

2
[C −Cp] , ˆ︁Ee =

1

2
[ˆ︁Ce − ˆ︁G] , Ee =

1

2
[Ced −Cd] . (4.9)

Analogously, the plastic Green-Lagrange strains are defined by comparing the co-variant
referential metric to the pull-back of the intermediate co-variant metric into the reference
configuration and one obtains

Ep =
1

2
[Cp −G] , ˆ︁Ep =

1

2
[ ˆ︁G− ˆ︁b−1

p ] , Ep =
1

2
[Cd − b

−1

q ] . (4.10)

Remarkably, one observes an additive split of the strains, i.e. E = Ee +Ep, even though
the deformation gradient is split multiplicatively. The following section describes the
setup of the modelling framework in terms of the strain and damage measures derived
here.

4.2 Modelling framework

Let the local free Helmholtz energy Ψ be additively composed of an elastic strain en-
ergy contribution Ψ e, a contribution from plastic hardening Ψp and a contribution from
damage hardening Ψd. The functional dependence of the free Helmholtz energy is then
given by

Ψ(F , F p, F d, Ip, Id) = ˜︁Ψ e(F , F p, F d) + Ψp(Ip) + Ψd(Id) , (4.11)
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4.2 Modelling framework

where I• is the set of internal variables related to plastic and, respectively, damage
hardening.

With the aforementioned deformation, strain and damage measures at hand, quan-
tities which are suitable to enter the strain energy can be set up. A well established
approach is to formulate the elastic strain energy in terms of invariants [29]. Assuming
the fictitious configuration to be initially isotropic allows the formulation of the elas-

tic strain energy Ψ e in terms of the first three invariants IEe
i of the fictitious elastic

Green-Lagrange strain tensor Ee, namely

Ψ e(IEe
1,2,3) with IEe

i = I :
[︁
G−1 ·Ee

]︁i
= ˆ︁I :

[︂
ˆ︁bd · ˆ︁Ee

]︂i
and i = 1, 2, 3 , (4.12)

wherein I = G ·G−1 and ˆ︁I = ˆ︁G · ˆ︁G−1 denote the related second order identity tensors.
The proposed form of the invariants introduces (deformation induced) anisotropy to
the elastic material response, see Remark 6. The thermodynamically conjugated driving
forces of the (co-variant) elastic Green-Lagrange strain tensor Ee — the (contra-variant)
elastic Piola-Kirchhoff stress tensor Se — and of the (contra-variant) damage measure
G−1 — the (co-variant) damage driving force Q — can then be expressed as

Se =
∂Ψ

∂Ee

=
3∑︂

i=1

∂Ψ

∂IEe
i

i
[︁
G−1 ·Ee

]︁i−1 ·G−1 , (4.13)

Q = − ∂Ψ

∂G−1
= −

3∑︂

i=1

∂Ψ

∂IEe
i

iEe ·
[︁
G−1 ·Ee

]︁i−1
. (4.14)

Remark 6 The representation of the stresses in the fictitious configuration, see
(4.13), suggests an isotropic relation between stresses and strains. This holds true in
the fictitious configuration only, since the invariants introduced in (4.12) do not include
standard trace operations when referred to, e.g., the intermediate configuration, but trace
operations (modified) with respect to (positive definite) damage related tensors. This
approach can be shown to represent a special (reduced) case of elastically orthotropic
response as modelled based on structural tensors, see [124]. In this context, the related
representation of the (Piola-Kirchhoff type) stresses in the intermediate configuration,
i.e.

ˆ︁Se =
∂Ψ

∂ ˆ︁Ee

=
3∑︂

i=1

∂Ψ

∂IEe
i

i
[︂
ˆ︁bd · ˆ︁Ee

]︂i−1

· ˆ︁bd , (4.15)

shows the anisotropic nature of the relation once damage has evolved so that ˆ︁bd is no
longer proportional to ˆ︁G−1 which, in general, yields ˆ︁Se and ˆ︁Ee non-coaxial. In order
to link the present approach to a St. Venant-Kirchhoff type model, let the elastic energy
contribution depend on the first and second invariant only, which results in

ˆ︁Se =
∂Ψ

∂IEe
1

ˆ︁bd + 2
∂Ψ

∂IEe
2

ˆ︁bd · ˆ︁Ee · ˆ︁bd . (4.16)
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4 A regularised framework for anisotropic damage coupled to finite plasticity

Moreover, assuming ∂Ψ/∂IEe
1 = c1 I

Ee
1 and ∂Ψ/∂IEe

2 = c2, with c1 and c2 positive con-
stants, further reduces this constitutive relation to

ˆ︁Se =
[︂
c1 ˆ︁bd ⊗ ˆ︁bd + 2 c2 ˆ︁bd⊗ˆ︁bd

]︂
: ˆ︁Ee . (4.17)

The fourth order tensor in (4.17) takes the form of the elasticity tensor for an isotropic
St. Venant-Kirchhoff model with the classic second order identity tensor replaced by
ˆ︁bd. This yields the elastic properties captured by the model to reflect (a reduced form

of) orthotropic elastic response. Conceptually speaking, the damage measure ˆ︁bd can
be compared to structural tensors which evolve (and degrade) induced by deformation;
see also [125]. The isotropic representation in the fictitious configuration is one of the
main advantages of the present formulation and is used to simplify e.g. the algorithmic
formulation.

Due to the structure of the invariants and Ψ e(IEe
1,2,3), one obtains the relation

Q ·G−1 = −Ee · Se . (4.18)

Based on the proposed format of the free Helmholtz energy Ψ , dissipation D (in the
case of isothermal conditions) using the stress power formulated in terms of the Piola
stresses P can be expressed as

D = P : Ḟ − Ψ̇ ≥ 0 with

Ψ̇ =
∂Ψ

∂F
: Ḟ +

∂Ψ

∂F p

: Ḟ p +
∂Ψ

∂F d

: Ḟ d +
∂Ψ

∂Ip

• İp +
∂Ψ

∂Id

• İd ,
(4.19)

where •̇ represents the material time derivative and • represents the appropriate scalar
product for the chosen set of internal variables Ip and Id, respectively. The derivatives
of the Helmholtz energy with respect to the deformation gradients can be calculated as

∂Ψ

∂F
=

∂Ψ

∂Ee

:
∂Ee

∂F
= g · F · F−1

p · F d · Se · F t
d · F−t

p ,

∂Ψ

∂F p

=
∂Ψ

∂Ee

:
∂Ee

∂F p

= −F−t
d ·Ced · Se · F t

d · F−t
p ,

∂Ψ

∂F d

=
∂Ψ

∂Ee

:
∂Ee

∂F d

= 2F−t
d ·Ee · Se .

(4.20)

First, one obtains the established definition of the Piola stresses P = ∂FΨ . Secondly,
combining the derivatives (4.20) with the corresponding rates and rewriting terms yields
representations for Mandel stresses and velocity gradients in the fictitious configuration,
i.e.

− ∂Ψ

∂F p

: Ḟ p =
[︁
Ced · Se

]︁
:
[︂
F−1

d · Ḟ p · F−1
p · F d

]︂
= M e : Lp ,

− ∂Ψ

∂F d

: Ḟ d =
[︁
−2Ee · Se

]︁
:
[︂
F−1

d · Ḟ d

]︂
= Md : Ld .

(4.21)
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4.3 Coupling of damage and plasticity — effective driving forces

Introducing the definitions Fp := −∂IpΨ and Fd := −∂Id
Ψ and inserting these, together

with the definition of the Mandel stresses (4.21) and of the Piola stresses P = ∂FΨ , into
the dissipation inequality results in the reduced dissipation inequality, namely

Dred = M e : Lp + Md : Ld + Fp • İp + Fd • İd ≥ 0 . (4.22)

The evolution of damage and plasticity related variables is governed by the elastic domain

E := {F ∈ R9+9+m+n |Ep ∪ Ed} , (4.23)

where F are the driving forces M e, Md, Fp and Fd. The plastic and damage domains
Ep and, respectively, Ed are defined as

Ep := {{M e, Ip} ∈ R9+m |Φp ≤ 0} , (4.24)

Ed := {{Md, Id} ∈ R9+n |Φd ≤ 0} , (4.25)

with Φp and Φd being the potentials governing the onset of damage and plasticity, re-
spectively. Evolution equations are formulated in an associative manner, such that the
terms in (4.22) take a quadratic form and non-negative dissipation can be guaranteed.
Maximising the dissipation under the constraints of staying in the elastic domain E
results in the evolution equations

Lp = λp
∂Φp

∂M e

, İp = λp
∂Φp

∂Fp

,

Ld = λd
∂Φd

∂Md

, İd = λd
∂Φd

∂Fd

,

(4.26)

where λp and λd are the Lagrange multipliers subject to loading and unloading condi-
tions, i.e.

Φp ≤ 0 λp ≥ 0 λp Φp = 0 ,

Φd ≤ 0 λd ≥ 0 λd Φd = 0 .
(4.27)

4.3 Coupling of damage and plasticity — effective
driving forces

The modelling framework described in the previous section clearly exhibits a coupling of
damage and plasticity, i.e. both driving forces, Se and Q, directly depend on the plastic
part of the deformation gradient F p as well as on the damage mapping F d. However,
the coupling is intrinsic to the modelling framework and cannot be influenced by e.g. the
choice of the strain energy or of the inelastic potentials. More specifically speaking, one
observes the following features (under monotonous tensile loading) which do not align
with the experimentally expected material behaviour
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4 A regularised framework for anisotropic damage coupled to finite plasticity

a) no (further) plasticity evolves after damage initiation (assuming no damage hard-
ening) since stresses only decrease,

b) no (further) damage evolves after initiation of plasticity (assuming perfect plas-
ticity) since the damage driving force Q only depends on the elastic part of the
strains Ee.

Even if taking hardening into consideration, evolution of, say, plasticity will be directly
proportional to damage hardening and vice versa. Several approaches exist in order to
improve control over the coupling behaviour (aside from choosing a different strain energy
formulation as in e.g. [65, 83]. Certainly, one could introduce suitable non-associative
evolution equations — however, this approach will not be pursued in this work. Instead,
the focus lies on modifications of the governing inelastic potentials which are assumed
of the form

Φp(M e, Fp) = M eq
e (M e) −Mmax

e (Fp) ,

Φd(Md, Fd) = M eq
d (Md) −Mmax

d (Fd) .
(4.28)

Focussing on the structure of the potentials in (4.28), one can either modify how the
equivalent value of the driving force is computed, M eq

• (M •), or modify the threshold
value, Mmax

• (F•). Focussing on modifications of the equivalent values first, the effective
driving forces

ˆ︂M eff

e = ˆ︁Ce · ˆ︁G−1 · ˆ︁bd−1 · ˆ︁Se · ˆ︁bd−1 · ˆ︁G−1 ,

M
eff

e = Ced ·C−1

d ·G · Se ·G ·C−1

d ,

ˆ︂M eff

d = 2ˆ︁bd−1 · ˆ︁bp · ˆ︁Q · ˆ︁bp ,
M

eff

d = 2G · bq ·Q · bq ,

(4.29)

are introduced. The idea behind the format of (4.29) derives from the uncoupled material
model, i.e. where either damage or plasticity evolves: These cases are approximately
equivalent to evaluating the Mandel stresses ˆ︂M e = ˆ︁Ce · ˆ︁Se for no evolution of damage,
i.e. ˆ︁bd = ˆ︁G−1, and evaluating Md = 2G ·Q for no evolution of plasticity, i.e. ˆ︁bp = ˆ︁G−1.
The associative format requires a (mathematically) functional dependence of the inelastic
potentials upon the Mandel stresses themselves. However, since an expression in the form
of, e.g., the modified Mandel stresses ˆ︂M e|ˆ︁bd= ˆ︁G−1 as a function of the unmodified Mandel

stresses ˆ︂M e and of the deformation gradients and metric tensors (F , F p, F d, G, ˆ︁G, G)
seems impossible or at least very complex to find, an alternative, but simpler, approach
is pursued.

The effective elastic Mandel stresses ˆ︂M eff

e are modified such that evolving damage
does not affect the effective elastic Mandel stresses (assuming a fixed elastic strain state).
The metric tensors referred to the intermediate configuration — the configuration where
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4.3 Coupling of damage and plasticity — effective driving forces

plastic flow naturally is described — are included in order to guarantee proper contrac-

tions. Modifying the effective damage Mandel stresses M
eff

d is conceptually not that
straightforward. In principle, the damage Mandel stresses should depend on the total
strains E instead of on the elastic strains Ee. However, no multiplication of any metric
or deformation measure with the elastic strains exists such that one obtains the total
strains. Instead, the effective damage Mandel stresses are set up analogously to the elas-
tic Mandel stresses — these stresses are multiplied with the transformed Finger tensor
bq and metric tensors referred to the fictitious configuration are included in order to
guarantee proper contractions.

The alternative approach focusses on modifying the threshold contributions of the
inelastic potentials. This approach is conceptually more straightforward and offers the
opportunity to directly influence the evolution of damage and plasticity. To this end, the
threshold values in the potentials (4.28) are each multiplied with an influence function
taking values between zero and one, i.e.

fpd : R+
0 → (0, 1] , (4.30)

fdp : R+
0 → (0, 1] , (4.31)

where fpd describes the influence of damage on the plastic yield limit and fdp describes
the influence of plasticity on the damage threshold. The arguments of the influence
functions need to be scalar quantities (or tensors reduced to scalars by means of suitable
operators) representing damage or, respectively, plasticity, i.e. fpd(•d) and fdp(•p). One
may choose an isotropic hardening variable, or, alternatively, one may consider scalar
reductions of tensorial quantities representing evolution of damage and plasticity, e.g.
∥Cd∥ and ∥ˆ︁bp∥. Non-accumulated quantities, such as ∥ˆ︁bp∥, however, do in general
not increase monotonically. Consider, for example, a cyclic loading case under tension
and subsequent compression. Plastic deformation contributions, measured by e.g. ∥ˆ︁bp|,
may increase under tensile loading but may decrease under subsequent compressive
loading. In such case, the influence function fdp can be smaller during tension than
during subsequent compression. The structure of the inelastic potentials considered
reads

Φp(M e, Fp; •d) = M eq
e (M e) − fpd(•d)Mmax

e (Fp) , (4.32)

Φd(Md, Fd; •p) = M eq
d (Md) − fdp(•p)Mmax

d (Fd) , (4.33)

where the argument of functions fpd and fdp shall be a suitable quantity to describe
evolution of plasticity or damage, respectively. These influence functions should be
chosen with great care, since otherwise a scenario without any valid solution becomes
possible — e.g. the influence functions decrease the threshold values faster than damage
and plasticity can evolve. Further details regarding the chosen influence functions and
arguments thereof are discussed in Section 4.4.
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4 A regularised framework for anisotropic damage coupled to finite plasticity

4.4 Choice of constitutive relations

The previously derived framework is now particularised by choosing specific formats for
the energies and potentials. For the sake of simplicity the strain energy Ψ e is chosen to
be of St. Venant-Kirchhoff type, see Remark 7, resulting in

Ψ e(IEe
1,2,3) =

1

2
λ
[︁
IEe
1

]︁2
+ µ IEe

2 , (4.34)

with Lamé parameters λ and µ.

Remark 7 The St. Venant-Kirchhoff type energy is chosen here for the sake of
simplicity despite its problems to accurately represent compressive states. Compressive
loading is neither accounted for correctly in the damage initiation potential nor in the
damage evolution equation, such that an update of the formulation is necessary if com-
pressive load states are to be analysed, see e.g. the formulation in Chapter 5. Moreover,
the St. Venant-Kirchhoff type form of the Helmholtz energy can also be extended in line
with established related energy functions.

The set of additional internal variables related to plasticity Ip is given by the scalar
proportional plastic hardening variable αp and, similarly, Id is given by the scalar pro-
portional damage hardening variable αd. A Swift-type ansatz, see e.g. [151, 164, 167],
is chosen for the inelastic plastic energy contribution as well as the inelastic damage
energy contributions, i.e.

Ψp(αp) =
hp

np + 1

[︁
αp0 + αp

]︁np+1
, with αp0 =

[︃
Mmax0

e

hp

]︃ 1
np

(4.35)

Ψd(αd) =
hd

nd + 1
[αd0 + αd]nd+1 , with αd0 =

[︃
Mmax0

d

hd

]︃ 1
nd

(4.36)

including hardening moduli hp and hd, exponents np and nd subject to 0 < np ≤ 1 and
0 < nd ≤ 1 as well as the initial yield limit Mmax0

e and the damage initiation threshold
Mmax0

d . In the limit cases of np = 1, respectively nd = 1, typical linear hardening formats
are obtained.

With the given energies, related conjugated quantities can be calculated as

Se =
∂Ψ

∂Ee

= λ IEe
1 G−1 + 2µG−1 ·Ee ·G−1 , (4.37)

βp := − ∂Ψ

∂αp

= −hp
[︁
αp0 + αp

]︁np
, (4.38)

βd := − ∂Ψ

∂αd

= −hd [αd0 + αd]nd , (4.39)

82



4.4 Choice of constitutive relations

where the isotropic plastic and damage hardening stresses βp and βd have been intro-
duced. Adhering to the format of the inelastic potentials postulated in (4.28), the plastic
yield surface Φp and the damage initiation surface Φd are chosen as

Φp = M eq
e (M

eff

e ) −Mmax
e (βp) , (4.40)

Φd = M eq
d (Md) − fdp(αp)Mmax

d (βd) . (4.41)

Following the discussion of effective driving forces, see Section 4.3, the plastic yield sur-

face shall depend on the effective stresses M
eff

e , because these stresses can be motivated
from micro-mechanics [130] and, in contrast to (isotropically) influencing the threshold
value, the effective stresses properly account for the inherent anisotropy of the damage
formulation. The damage initiation surface, on the other hand, shall be modified by
means of the influence function fdp(αp), since the effective damage driving force leads
to a problematic evolution of the damage deformation gradient F d in this associative
framework, see Remark 8.

Remark 8 While the dissipation inequality can be shown to be fulfilled even with

the effective damage stresses M
eff

d (4.29) — the proof is analogous to Remark 10 — the
requirement of a negative semi-definite evolution direction Ld, in order to guarantee a
monotonous growth of damage, is (in this associative setting) not always fulfilled. In
analogy to the effective plastic return direction, cf. (4.49), one obtains for the effective
damage return direction

νeff
d =

∂M eq
d

∂M
eff

d

=
2

3M eq
d (M

eff

d )

[︂
ζd I

M
eff
d

1 I + [1 − ζd]M
t,eff

d

]︂
, (4.42)

cf. (4.45), and the corresponding total damage return direction is given by

νd =
∂M eq

d

∂M
eff

d

:
∂M

eff

d

∂Md

= bq ·G · νeff
d · bq ·G . (4.43)

The damage Mandel stresses Md are negative semi-definite except for certain cases with
combined tension-compression loading, specifically (in terms of eigenvalues of Ee and

Poisson-ratio ν = λ/[2λ+ 2µ] if 0 > λEe
1 /[λEe

2 + λEe
3 ] > −ν/[1 − ν], see also [186].

While neither Md nor M
eff

d are (always) negative semi-definite, the trace of the
non-effective Mandel stresses I : Md is always negative due to a quadratic form in
the fictitious elastic strains Ee. Consequently, the term including the trace operation in
(4.50) is able to compensate a positive contribution from the other term. In the examples
shown in this work, no cases of non-negative semi-definite damage return directions νd

have been observed. Since damage evolution under compression is not accounted for
correctly in the model, the model behaviour under compression has not been studied.
An extension of the model to more accurately describe behaviour under compression
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4 A regularised framework for anisotropic damage coupled to finite plasticity

is addressed in Chapter 5. A straightforward correction, respectively extension, may
be achieved by using only the negative contributions — i.e. those related to negative
eigenvalues — of the return direction νd for evolution of damage.

In the case of the effective Mandel stresses, the trace of the effective Mandel stresses
is not always negative due to the additional multiplication with bq. This even results
in non-negative semi-definite damage return directions in specific cases of, e.g., simple
shear loading. Consequently, the approach using effective (damage) Mandel stresses is
not pursued further.

The structure of the equivalent stress and threshold functions is identical for plastic
yield and damage initiation, namely

M eq
e (M

eff

e ) =

√︄
ζp

[︃
I
M

eff
e

1

]︃2
+ [1 − ζp] I

M
eff
e

2 , Mmax
e (βp) = −

√︂
2
3
βp , (4.44)

M eq
d (Md) =

√︃
ζd

[︂
I
Md

1

]︂2
+ [1 − ζd] I

Md

2 , Mmax
d (βd) = −

√︂
2
3
βd , (4.45)

where ζp = −1
2

corresponds to a von Mises type yield surface and ζd controls the degree
of anisotropy induced by damage evolution, with ζd = 1 resulting in isotropic damage
evolution. The coupling function

fdp(αp) =
tanh(hdp [αp,max − αp]) + 1

tanh(hdp αp,max) + 1
(4.46)

is chosen as a hyperbolic tangens function, which strongly — depending on material
parameter hdp — reduces the damage threshold as soon as plastic hardening surpasses
the value of αp,max; see Figure 4.2 for a graphical illustration of the influence of the
parameters. Alternative types of functions are briefly discussed in Remark 9.

Remark 9 Other possibilities for the formulation of fdp(αp) exist. Whereas a
dependence on the scalar proportional hardening variable αp is rather simple, other de-
pendencies may offer more information. Formulating fdp in terms of suitable functions,

respectively quantities, of the plastic deformation gradient F p, such as ˆ︁Ep, allows a
reversal of the effect of degradation if the plastic deformation is reduced due to load
reversal. However, this also requires the choice of an appropriate measure and an ap-
propriate norm. In addition, a more intricate coupling between plasticity and damage
evolution ensues.

Moreover, let the plastic and damage velocity gradients be determined by means of
the plastic and damage flow directions, respectively, as

Lp = λp νp , (4.47)

Ld = λd νd . (4.48)

84



4.4 Choice of constitutive relations
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Figure 4.2: Plot of the coupling function fdp over the isotropic hardening variable αp. The blue
(reference) curve shows the function values for αp,max = 0.5 and hdp = 10.0. The other curves have one
of the parameters varied as indicated by the legend.

Furthermore, the derivatives of the equivalent stress functions (4.44) and (4.45) are
introduced as

νeff
p (M

eff

e ) :=
∂M eq

e

∂M
eff

e

=
2

3M eq
e (M

eff

e )

[︂
ζp I

M
eff
e

1 I + [1 − ζp]M
t,eff

e

]︂
, (4.49)

νd(Md) :=
∂M eq

d

∂Md

=
2

3M eq
d (Md)

[︂
ζdI

Md

1 I + [1 − ζd]M
t

d

]︂
, (4.50)

where the damage flow direction could already be identified. In order to formulate the
plastic flow direction νp, the derivative of the Mandel stresses M e with respect to their

effective counterpart M
eff

e is required. Inserting Se = C
−1

ed · M e into the definition
of the effective Mandel stresses (4.29) yields the desired derivative to be determined
straight-forwardly. The resulting plastic flow direction then reads

νp =
∂Φp

∂M e

= νeff
p (M

eff

e ) :
∂M

eff

e

∂M e

= C
−1

ed ·G ·C−1

d ·Ced ·νeff
p (M

eff

e ) ·C−1

d ·G . (4.51)

Inserting the obtained return directions into the dissipation inequality results in expres-
sions which are guaranteed to be positive even with the modification of using effective
stresses, see Remark 10. Moreover, the evolution equations for plastic hardening and
damage hardening are obtained as

αṗ = λp
∂Φp

∂βp
=
√︂

2
3
λp , (4.52)

αḋ = λd
∂Φd

∂βd
=
√︂

2
3
λd fdp(αp) . (4.53)
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4 A regularised framework for anisotropic damage coupled to finite plasticity

Remark 10 Non-negative dissipation can be guaranteed by generating a (positive
semi-definite) quadratic form. To this end, the Mandel stresses M e are expressed in

terms of the effective Mandel stresses M
eff

e by inversion of (4.29) and based on the
definition of the Mandel stresses in (4.21), i.e.

M e = Ced ·G−1 ·Cd ·C−1

ed ·M eff

e ·Cd ·G−1 . (4.54)

The relevant part of the dissipation inequality is represented by M e : Lp and after
inserting the respective quantities one obtains

M e : Lp =
[︂
Ced ·G−1 ·Cd ·C−1

ed ·M eff

e ·Cd ·G−1
]︂

:
[︂
C

−1

ed ·G ·C−1

d ·Ced · νeff
p (M

eff

e ) ·C−1

d ·G
]︂
λp = M

eff

e : νeff
p λp ,

(4.55)

which is guaranteed to be non-negative due to T : T t = I : [T · T ] ≥ 0, for T being the
product of two symmetric second order tensors with one of these being positive definite
(so that T possesses real eigenvalues), cf. (4.49).

Next, explicit expressions for the rates of the deformation gradients Ḟ d and Ḟ p are
required. Typically, the rate of the plastic deformation gradient is determined from the
intermediate plastic velocity gradient, i.e.

ˆ︁Lp = Ḟ p · F−1
p = λp ˆ︁νp , (4.56)

such that the time derivative of the plastic part of the deformation gradient can be
expressed as

Ḟ p = ˆ︁Lp · F p . (4.57)

In this formulation, however, an expression fully referred to the fictitious configuration is
desired, because it reduces the numerical effort, see Section 4.5. The pull-back operation
of the intermediate plastic velocity gradient ˆ︁Lp to the fictitious configuration is analogous

(dual) to the pull-back of the intermediate Mandel stresses ˆ︂M e, i.e.

M e = Ced · Se = F t
d · ˆ︁Ce · F d · F−1

d · ˆ︁Se · F−t
d = F t

d · ˆ︂M
t

e · F−t
d , (4.58)

so that the pull-back operation of the plastic velocity gradient ˆ︁Lp is given by

Lp = F−1
d · ˆ︁Lp · F d . (4.59)

The time derivative of the plastic part of the deformation gradient can now also be
expressed as

Ḟ p = F d ·Lp · F−1
d · F p . (4.60)
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4.5 Algorithmic treatment

Considering the time derivative of the mapping F q = F−1
d · F p results in

Ḟ q = F−1
d · Ḟ p − F−1

d · Ḟ d · F−1
d · F p with F−1

d

̇
= −F−1

d · Ḟ d · F−1
d . (4.61)

One can correlate the first term of the righthand side in (4.61)1 to the plastic velocity
gradient referred to the fictitious configuration by making use of (4.60), i.e.

F−1
d · Ḟ p = Lp · F q , (4.62)

and the second term can be correlated to the damage velocity gradient referred to the
fictitious configuration given by

Ld = F−1
d · Ḟ d . (4.63)

Summarising, one obtains

Ḟ q =
[︁
Lp −Ld

]︁
· F q , (4.64)

i.e. an evolution equation referred to the fictitious configuration including plasticity
contributions.

4.5 Algorithmic treatment

To simplify the notation as well as to improve readability, metric tensors are replaced
with the identity tensor as this work proceeds.

4.5.1 Discretisation of the evolution equations

Implementing the proposed constitutive model requires a discretisation in time. Let tn
be the time at the previous time step n and let tn+1 = tn + ∆t denote the current time
step with step size ∆t. For the sake of readability, the index n + 1 is omitted except
when emphasising an updated quantity. The rates of the deformation gradients F q and
F d are discretised by means of the exponential map so that

F q,n+1 = exp(∆tLp − ∆tLd) · F q,n , (4.65)

F d,n+1 = F d,n · exp(∆tLd) . (4.66)

Splitting F q,n+1 into F p,n+1 and F d,n+1 and inverting (4.65) results in

F−1
p,n+1 · F d,n+1 = F−1

p,n · F d,n · exp(∆tLd − ∆tLp) , (4.67)

and together with (4.66) allows the update for the plastic deformation gradient to be
written as

F−1
p,n+1 = F−1

p,n · F d,n · exp(∆tLd − ∆tLp) · exp(−∆tLd) · F−1
d,n . (4.68)
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4 A regularised framework for anisotropic damage coupled to finite plasticity

Applying the exponential map to F q and F d fulfils plastic incompressibility det(F p) = 1,
see Remark 11. The scalar evolution equations for proportional plastic and damage
hardening, αp and αd, are discretised by using a backward Euler scheme, i.e.

αp,n+1 = αp,n + ∆t
√︂

2
3
λp , (4.69)

αd,n+1 = αd,n + ∆t
√︂

2
3
λd fdp(αp,n+1) . (4.70)

Remark 11 Proper algorithmic treatment of deviatoric plastic flow needs to fulfil
plastic incompressibility, i.e. det(F p) = 1. Starting by computing the determinant of
the update of F q from (4.65) and making use of det(A ·B) = det(A) det(B) as well as
det(exp(A)) = exp(tr(A)) one obtains

det(F q,n+1) = det(exp(∆tLd − ∆tLp))
det(F p,n)

det(F d,n)
(4.71)

= exp(tr(∆tLd − ∆tLp))
det(F p,n)

det(F d,n)
(4.72)

=
exp(∆t tr(Lp))

exp(∆t tr(Ld))

det(F p,n)

det(F d,n)
=

det(F p,n+1)

det(F d,n+1)
. (4.73)

Computing the determinant of the update of F d from (4.66) yields

det(F d,n+1) = det(F d,n) exp(∆t tr(Ld)) , (4.74)

which, after insertion into (4.73), results in

det(F p,n+1) = exp(∆t tr(Lp)) det(F p,n) . (4.75)

Thus, in order to fulfil plastic incompressibility, tr(Lp) = 0 needs to hold. This can
straight-forwardly be shown, i.e.

tr(Lp) = tr(F−1
d · ˆ︁Lp · F d) = tr(F d · F−1

d · ˆ︁Lp) = tr(ˆ︁Lp) = 0 . (4.76)

The update of the damage deformation gradient F d depends, besides quantities from
the previous time step as well as Lagrange multipliers λp and λd, solely on the fictitious
elastic Green-Lagrange strains Ee through Ld(Md(Ee)). The update of the plastic de-
formation gradient ultimately also only depends on the fictitious elastic Green-Lagrange
strains Ee and quantities from previous time steps as well as Lagrange multipliers λp and

λd, since the effective Mandel stresses M
eff

e depend on Ced = 2Ee + Cd, Cd(F d) and
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4.5 Algorithmic treatment

Se(Ee) only through F d(Ee) and Ee. Hence, in order to solve these non-linear equa-
tions, the Lagrange multipliers λp and λd as well as the fictitious elastic Green-Lagrange
strains Ee are considered as unknowns. The corresponding residuals

rp =
√︂
Φ2
p + λp

2 + ϵ+ Φp − λp , (4.77)

rd =
√︂
Φ2
d + λd

2 + ϵ+ Φd − λd , (4.78)

Re = Ee −
1

2
F t

d ·
[︂
F−t

p ·C · F−1
p − ˆ︁I

]︂
· F d , (4.79)

are solved by means of a Newton-Raphson method for which the Armijo-Goldstein con-
dition [6, 50] determines the step-length — with reduction rate τ = 0.8, maximum search
attempts jmax = 10 and sufficient residuum decrease c = 0.1. The algorithm is sum-
marised in Table 4.1 together with Table 4.2. These tables already contain quantities
necessary for regularisation, which are introduced in Section 2.2 and which are further
specified in Section 4.6. In particular, the tables include the non-local fields ϕp and ϕd

related to plasticity and damage, respectively, as well as their gradients ∇Xϕp and ∇Xϕd

and the corresponding driving forces Yp, Yd and Yp, Yd, cf. (4.123).

Remark 12 Setting the anisotropy parameter ζd = 1 results in an isotropic evolu-
tion of damage. In this case, one obtains a constant damage return direction, see (4.50),
i.e.

νd =
2

3M eq
d

tr(Md) I = −2

3
I , with M eq

d = − tr(Md) , (4.80)

see also Remark 8. Insertion into the evolution equation of the damage deformation
gradient F d, see (4.66), yields

F d,n+1 = F d,n exp

(︃
−2

3
∆t λd

)︃
(4.81)

= F d,n−1 exp

(︃
−2

3
∆tn λdn −

2

3
∆t λd

)︃
. (4.82)

Introducing a new damage variable ˜︁d with evolution equation

˜︁dn+1 = ˜︁dn + ∆t λd , with ˜︁d|t=0 = 0 , (4.83)

and assuming the damage deformation gradient is initially given by the unit tensor, i.e.
F d|t=0 = I, allows to write the update of the damage deformation gradient as

F d,n+1 = exp

(︃
−2

3
˜︁dn+1

)︃
I . (4.84)
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4 A regularised framework for anisotropic damage coupled to finite plasticity

Thereby, the elastic Helmholtz energy can be formulated as

Ψ e
aniso =

1

2
λ exp

(︃
−8

3
˜︁d
)︃ [︂

I : ˆ︁Ee

]︂2
+ µ exp

(︃
−8

3
˜︁d
)︃
ˆ︁Ee : ˆ︁Ee . (4.85)

This representation of the elastic Helmholtz energy is nearly identical to the elastic energy
of the isotropic model, compare (3.4), given as

Ψ e
iso =

1

2
K exp(−ξvol d) [I : εe]

2 +G exp(−d) εdeve : εdeve , (4.86)

where the corresponding evolution equation of the local damage variable is obtained in
(3.29) as

dn+1 = dn + λd , (4.87)

assuming the function fαp(αp) to be identically one (by choosing ηp = 0).
The comparison revealed that the proposed anisotropic damage model is a generalisa-

tion of the previously proposed isotropic damage model — ignoring the fact that different
strain measures are chosen and that it holds only for specific parameter combinations.

4.5.2 Local tangent contributions

The local analytical tangent J of the residuum for the system of equations to be solved
in every integration point, cf. (4.79), is given as

J =

⎡
⎣
Jpp Jpd Jpe

Jdp Jdd Jde

J ep J ed Jee

⎤
⎦ . (4.88)

The individual tangent contributions are, with I = I ⊗ I, obtained as

Jpp =
∂rp
∂λp

=

[︄
Φp√︁

Φ2
p + λ2p + ϵ

+ 1

]︄
∂Φp

∂λp
+

λp√︁
Φ2
p + λ2p + ϵ

− 1 , (4.89)

Jpd =
∂rp
∂λd

=

[︄
Φp√︁

Φ2
p + λ2p + ϵ

+ 1

]︄
∂Φp

∂λd
, (4.90)

Jpe =
∂rp

∂Ee

=

[︄
Φp√︁

Φ2
p + λ2p + ϵ

+ 1

]︄
νeff
p :

∂M
eff

e

∂Ee

, (4.91)

Jdp =
∂rd
∂λp

=

[︄
Φd√︁

Φ2
d + λ2d + ϵ

+ 1

]︄
∂Φd

∂λp
, (4.92)

Jdd =
∂rd
∂λd

=

[︄
Φd√︁

Φ2
d + λ2d + ϵ

+ 1

]︄
∂Φd

∂λd
+

λd√︁
Φ2
d + λ2d + ϵ

− 1 , (4.93)
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Table 4.1: Algorithmic outline for the anisotropic ductile damage model.

0. given: F , ϕp, ∇Xϕp, ϕd, ∇Xϕd and F−1
p,n, F d,n, αpn, αdn

1. initialise: i = 0, λp = 0, λd = 0, Ee = 1
2 F

t
d,n · [F−t

p,n · C · F−1
p,n − ˆ︁I] · F d,n, x

t =

[λp, λd, Ee]

2. evaluate residuum r and update state variables for given x −→ see Table 4.2

3. if Newton-Raphson algorithm has converged, i.e. ∥r∥ < tol, goto 8

4. compute tangent J , see Section 4.5.2

5. compute Newton-Raphson increment ∆x = −J−1 · r

6. determine step-length a via Armijo-Goldstein

a) initialise j = 0, aj = ∥∆x∥, search direction s = ∆x/a0 and m = c ∥J t ·∆x∥
b) evaluate residuum r̃ for x̃ = xi + aj s

c) if ∥r∥ − ∥r̃∥ ≥ aj m set a = aj and goto 7

d) update aj+1 = τ aj , j = j + 1

e) if j > jmax set a = a0 and goto 7 else goto 6b

7. update unknowns xi+1 = xi + a s, update i = i+ 1, goto 2

8. compute stresses and driving forces, cf. Section 4.7

P = F e · F d · Se · F t
d · F−t

p

Yp = hp bp [ϕp − αp] , Yp = hp bp cp∇Xϕp

Yd = hd bd [ϕd − αd] , Yd = hd bd cd∇Xϕd

9. compute tangent moduli −→ Section 4.8
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4 A regularised framework for anisotropic damage coupled to finite plasticity

Table 4.2: Algorithmic outline for the computation of the local residual.

1. compute driving forces

Se = λ [I : Ee] I + 2µEe

Md = −2Ee · Se

βp = hp
[︁
αp0 + αp

]︁np , αp = αp,n +∆t λp

√︂
2
3

βd = hd [αd0 + αd]
nd , αd = αd,n +∆t λd

√︂
2
3 fdp(αp)

2. compute damage potential Φd, flow direction νd and update of damage deformation
gradient F d

Φd = M eq
d −

√︂
2
3 βd fdp(αp) , M eq

d =
√︂

2
3

√︂
ζd
[︁
I : Md

]︁2
+ [1− ζd]Md : Md

νd =
2

3M eq
d

[︂
ζd
[︁
I : Md

]︁
I + [1− ζd]M

t
d

]︂

F d,n+1 = F d,n · exp (∆t λd νd)

3. compute plastic potential Φp, flow direction νp and update of plastic deformation
gradient F p

M
eff
e = Ced ·C−1

d · Se ·C−1
d

Φp = M eq
e −

√︂
2
3 βp , M eq

e =
√︂

2
3

√︃
ζp

[︂
I : M

eff
e

]︂2
+ [1− ζp]M

eff
e : M

eff
e

νeff
p =

2

3M eq
e

[︂
ζp

[︂
I : M

eff
e

]︂
I + [1− ζp]M

t,eff
e

]︂

νp = C
−1
ed ·C−1

d ·Ced · νeff
p ·C−1

d

F−1
p,n+1 = F−1

p,n · F d,n · exp (∆t λd νd −∆t λp νp) · exp (−∆t λd νd) · F−1
d,n

4. compute residual r = [rp, rd, Re] with

rp =
√︂

Φ2
p + λp

2 + ϵ+ Φp − λp

rd =
√︂

Φ2
d + λd

2 + ϵ+ Φd − λd

Re = Ee −
1

2
F t

d ·
[︂
F−t

p ·C · F−1
p − ˆ︁I

]︂
· F d
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Jde =
∂rd

∂Ee

=

[︄
Φd√︁

Φ2
d + λ2d + ϵ

+ 1

]︄
νd :

∂Md

∂Ee

, (4.94)

J ep =
∂Re

∂λp
=

∂Re

∂F−1
p

:
∂F−1

p

∂λp
, (4.95)

J ed =
∂Re

∂λd
=

∂Re

∂F−1
p

:
∂F−1

p

∂λd
+
∂Re

∂F d

:
∂F d

∂λd
, (4.96)

Jee =
∂Re

∂Ee

= I +
∂Re

∂F−1
p

:
∂F−1

p

∂Ee

+
∂Re

∂F d

:
∂F d

∂Ee

. (4.97)

The occurring partial derivatives are given by

∂Φp

∂λp
= − 2

3
∆t hp

[︂
np

[︁
αp0 + αp

]︁np−1
+ bp

]︂
, (4.98)

∂Φp

∂λd
= νeff

p :
∂M

eff

e

∂F d

:
∂F d

∂λd
, (4.99)

∂Φd

∂λp
= − 2

3
∆t λd fdp(αp)hd

[︁
nd [αd0 + αd]nd−1 + bd

]︁
− 2

3
∆t βd f

′
dp(αp) , (4.100)

∂Φd

∂λd
= − 2

3
∆t f 2

dp(αp)hd
[︁
nd [αd0 + αd]nd−1 + bd

]︁
, (4.101)

∂Re

∂F−1
p

= − 1

2

[︁
F t

d ⊗F t
d · F−t

p ·C + F t
d · F−t

p ·C ⊗F t
d

]︁
, (4.102)

∂Re

∂F d

= − 1

2

[︂
F t

d · ˆ︁Ee⊗ I + I ⊗F t
d · ˆ︁Ee

]︂
, with ˆ︁Ee = F−t

p ·C · F−1
p − I ,

(4.103)

∂F−1
p

∂λp
= − ∆tF−1

pn
·
[︁
F dn ⊗F−t

d

]︁
:
∂ exp(Ld −Lp)

∂Ld −Lp

: νp , (4.104)

∂F−1
p

∂λd
= − ∆tF−1

pn
·
[︁
F dn ⊗F−t

d

]︁
:
∂ exp(Ld −Lp)

∂Ld −Lp

:

[︃
λp

∂νp

∂λd
− νd

]︃

+ F−1
pn

· F dn · exp(Ld −Lp) · F−1
d ⊗F−t

d :
∂F d

∂λd
, (4.105)

∂F−1
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= − ∆tF−1
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·
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F dn ⊗F−t

d

]︁
:
∂ exp(Ld −Lp)

∂Ld −Lp

:

[︃
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∂νp

∂Ee

− λd
∂νd

∂Md

:
∂Md

∂Ee

]︃

+ F−1
pn

· F dn · exp(Ld −Lp) · F−1
d ⊗F−t

d :
∂F d

∂Ee

, (4.106)

∂F d

∂λd
= ∆tF dn ·

∂ exp(Ld)

∂Ld

: νd , (4.107)

∂F d

∂Ee

= ∆t λd F dn ·
∂ exp(Ld)

∂Ld

:
∂νd

∂Md

:
∂Md

∂Ee

. (4.108)
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The derivative of the exponent of a tensor is described in Appendix A and the derivatives
of the stresses and return directions are obtained as

∂M
eff

e

∂F d

=
[︂
I ⊗C

−1

d · St

e ·C
−1

d

]︂
:
[︁
F t

d⊗ I + I ⊗F t
d

]︁
(4.109)

− Ced ·
[︂
C

−1

d · Se⊗ I + I ⊗C
−1

d · St

e

]︂
: C

−1

d ⊗C
−1

d :
[︁
F t

d⊗ I + I ⊗F t
d

]︁
,

(4.110)
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∂Ee
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−1

d · St

e ·C
−1
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[︂
Ced ·C−1
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−1

d

]︂
:
∂Se

∂Ee

+
∂M

eff

e

∂F d

:
∂F d

∂Ee

,

(4.111)

∂Se

∂Ee

= [K − 2

3
G] I ⊗ I + 2G I , (4.112)

∂Md

∂Ee

= −[I ⊗Ee] :
∂Se

∂Ee

+ Se⊗ I , (4.113)

∂νeff
p

∂M
eff

e
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M eq
e

[︃
2

3
ζp I ⊗ I +

2

3
[1 − ζp] I ⊗ I − νeff

p ⊗ νeff
p

]︃
, (4.114)

∂νd

∂Md
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M eq
d
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3
ζd I ⊗ I +

2

3
[1 − ζd] I ⊗ I − νd ⊗ νd
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, (4.115)
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4.6 Specific choice of non-local energy

From the multitude of proposed formulations to regularise anisotropic damage, this
contribution follows the approach in [63], i.e. anisotropic damage is regularised in a nu-
merically efficient way by coupling the non-local damage variable to the (scalar) damage
hardening variable αd. Analogously, the non-local plasticity variable ϕp is coupled to
plastic proportional hardening αp, as the non-linear hardening approach itself may lead
to localisation, see Section 4.10.3. Alternative choices for the non-local variables are
briefly discussed in Remark 13.

Remark 13 The regularisation approach pursued in this work uses two non-
local fields to regularise damage and plasticity. Solely regularising damage does not
seem to be sufficient for this model, see Section 4.10.4. Alternatively, regularisation
approaches with only one non-local field variable could be analysed, where the non-local
field is coupled to some aggregated inelastic quantity, e.g. to a combination of damage
and plastic hardening, αp +αd, or where the non-local field is coupled to some equivalent
strain εeq, e.g. εeq = ∥Ep∥. It is important that this single non-local field variable is
coupled to a quantity which is affected by damage as well as by plasticity.

The coupling energy contribution Ψ cpl is set up analogously for both damage and
plasticity, as

Ψ cpl(αp, ϕp, αd, ϕd) =
1

2
hp bp [ϕp − αp]2 +

1

2
hd bd [ϕd − αd]2 , (4.119)

where bp and bd are penalty-type parameters controlling the ’stiffness’ of the coupling.
The hardening moduli hp and hd have been added to scale the contributions to their local
counter parts in the hardening stresses, cf. (4.121) and (4.122). The gradients of the
non-local variables enter the formulation by means of the gradient energy contribution

Ψ grd(∇Xϕp, ∇Xϕd) =
1

2
hp bp cp∇Xϕp · ∇Xϕp +

1

2
hd bd cd∇Xϕd · ∇Xϕd , (4.120)

where each contribution is scaled according to its coupling counterpart, and where cp
and cd are then added to weight the influence of the gradients compared to the coupling
term in order to control the width of the localisation zone. As a result of these energies,
non-local contributions to the hardening stresses (4.38) and (4.39) occur, namely

βp = βp
loc + hp bp [αp − ϕp] , (4.121)

βd = βd
loc + hd bd [αd − ϕd] . (4.122)
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Furthermore, the additional volume and flux contributions can be straightforwardly
computed to

Yp = hp bp [ϕp − αp] ,

Yd = hd bd [ϕd − αd] ,

Yp = hp bp cp ∇Xϕp ,

Yd = hd bd cd ∇Xϕd .

(4.123)

4.7 Stresses and driving forces for the Finite Element
formulation

The local problem is formulated in terms of the Piola-Kirchhoff-stresses S and the right
Cauchy-Green tensor C, while the derived FE-formulation uses Piola-stresses P and
the deformation gradient F . Conversion between both formulations is straightforwardly
obtained as

P = F · S , (4.124)

S = F−1
p · ˆ︁Se · F−t

p , (4.125)

ˆ︁Se = F d · Se · F t
d . (4.126)

The aggregated non-local field variable ϕ, cf. Section 2.2, aggregates the non-local plastic
variable ϕp and the non-local damage variable ϕd and, analogously, the aggregated driv-
ing forces, Y and Y grd, aggregate the corresponding plastic and damage contributions,
i.e.

ϕ =

[︃
ϕp

ϕd

]︃
, Y =

[︃
Yp
Yd

]︃
, Y grd =

[︃
Yp

Yd

]︃
. (4.127)

The residuals (2.16) of the Finite Element method can now be computed and the con-
tributions to the global tangent will be given next.

4.8 Global tangent contributions for the Finite Element
formulation

The aggregated stiffness contributions related to the aggregated non-local field variable
ϕ, see (2.19)-(2.22), are given by

dP

dϕ
=

[︄
dP
dϕp
dP
dϕd

]︄
,

dY

dF
=

[︃
dYp

dF
dYd

dF

]︃
, (4.128)
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and

dY

dϕ
=

[︄
dYp

dϕp

dYp

dϕd
dYd

dϕp

dYd

dϕd

]︄
,

dY grd

d∇Xϕ
=

[︄
dYp

d∇Xϕp

dYp

d∇Xϕd
dYd

d∇Xϕp

dYd

d∇Xϕd

]︄
. (4.129)

Since at material point level the model is formulated in terms of the right Cauchy-Green
tensor C, derivatives need to be transformed, i.e.

dP

dF
= F · dS

dC
:
[︁
I ⊗F t + F t ⊗ I

]︁
+ I ⊗S , (4.130)

dP

dϕp

= F · dS

dϕp

, (4.131)

dP

dϕd

= F · dS

dϕd

, (4.132)

dYp
dF

=
dYp
dC

:
[︁
I ⊗F t + F t ⊗ I

]︁
, (4.133)

dYd
dF

=
dYd
dC

:
[︁
I ⊗F t + F t ⊗ I

]︁
. (4.134)

The global tangent contributions can be obtained by making use of the implicit function
theorem. The derivative of the iteratively determined quantities x =

[︁
λp, λd, Ee

]︁
with

respect to the right Cauchy-Green tensor C as well as to the non-local field variables
ϕp and ϕd is obtained from the last converged local Newton-Raphson iteration iconv (in
incremental form) as

dx = −J−1
iconv • dr|x=const , (4.135)

where the incremental residuum is given as

dr =

[︃
drp
dϕp

dϕp,
drd
dϕd

dϕd,
dRe

dC
: dC

]︃
, (4.136)

where the derivatives are obtained as

drp
dϕp

= −
√︃

2

3

[︄
Φp√︁

Φ2
p + λ2p + ϵ

+ 1

]︄
hp bp , (4.137)

drd
dϕd

= −
√︃

2

3

[︄
Φd√︁

Φ2
d + λ2d + ϵ

+ 1

]︄
fdp(αp)hd bd , (4.138)

dRe

dC
= −1

2
F t

d · F−t
p ⊗F t

d · F−t
p . (4.139)

This enables to determine the global tangent contributions to

dS

dC
=

dS

dF−1
p

:
dF−1

p

dC
+

dS

dF d

:
dF d

dC
+

dS

dSe

:
∂Se

∂Ee

:
dEe

dC
, (4.140)

97



4 A regularised framework for anisotropic damage coupled to finite plasticity
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, (4.142)
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, (4.143)
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, (4.145)

dYp
dϕd

= −
√︃

2

3
hp bp ∆t

dλp
dϕd
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dYp

d∇Xϕp

= hp bp cp I , (4.149)

dYd

d∇Xϕd

= hd bd cd I , (4.150)

with the remaining derivatives being given as

dS

dF−1
p

= I ⊗
[︂
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]︂
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dF d
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∂F d
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⊗ dλd
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+
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dEe
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98



4.9 Response under homogeneous deformation

dF d

dϕp

=
∂F d

∂λd

dλd
dϕp

+
∂F d

∂Ee

:
dEe

dϕp

, (4.158)

dF d
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=
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∂λd

dλd
dϕd

+
∂F d

∂Ee

:
dEe

dϕd

. (4.159)

4.9 Response under homogeneous deformation

This section deals with an analysis of the basic model properties. In order to study the
model behaviour in a state where it resembles a real material, a local parameter identi-
fication is performed first and the influence of each of the parameters in this identified
parameter set is analysed thereafter, see Section 4.9.2. The behaviour of the model
under simple shear is analysed in Section 4.9.3 and the combination of simple shear and
uniaxial tension, by applying simple shear first followed by uniaxial tension and vice
versa, is studied in Section 4.9.4.

4.9.1 Homogeneous uniaxial tension — local parameter
identification

The experimental data used for this parameter identification is taken from Figure 3.8.
The stress vs. stretch response is referred to the short middle section (of length 800µm)
of the specimen, see Figure 4.3a), and assumed to undergo uniaxial tension, i.e. the
deformation gradient F is expressed as

F = λ∥ e⊗ e + λ⊥ [I − e⊗ e] with ∥e∥ = 1 , (4.160)

where e is the direction of tension and, consequently, stresses are given by P = P∥ e⊗e.
The simulations utilising the model proposed in the present work are performed by us-
ing a single finite element and boundary conditions resembling uniaxial tension. The
additional non-local fields, ϕd and ϕp, are fixed to zero by means of Dirichlet boundary
conditions and the coupling parameters, bd and bp, are set to zero to disable any influence
on the local model. The uniaxial tension load is prescribed by means of Dirichlet bound-
ary conditions and the load path includes three load reversing steps — approximately
representing unloading of the specimen, see Figure 4.3b). The parameter identification is
based on a minimisation of an objective function based on the difference of the reaction
forces of the simulation, F sim, and the experiment, F exp, i.e.

g =
∑︂

k

[︁
F exp(tk) − F sim(tk)

]︁2
, (4.161)

where tk represent discrete points in time. The numerical minimisation uses a Nelder-
Mead simplex algorithm [134]. The parameters to be identified as well as their starting
and finally obtained values are listed in Table 4.3, where the starting parameters are
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Table 4.3: List of material parameters for the basic parameter identification. The third column contains
the start values of the parameters and the fourth column lists the identified parameters.

Value
Symbol Description start identified Unit

E Young’s modulus 208.0 — GPa
ν Poisson’s ratio 0.3 — −

Mmax0
e yield stress 250.0 — MPa
hp plastic hardening modulus 1700.0 2344.3 MPa
np plastic hardening exponent 0.25 0.23146 −
ζd damage anisotropy 0.5 — −

Mmax0
d damage initiation 50.0 0.0 MPa
hd damage hardening modulus 5.0 163.29 MPa
nd damage hardening exponent 1.0 — −
hdp damage deterioration 10.0 40.828 −

αp,max deterioration offset 0.15 0.50118 −

chosen similar to the identified parameters in [161]. Not all parameters are included in
the identification process. The elastic parameters are set to common values for steel,
since only very few experimental data points are in the initial elastic domain. Using the
same reasoning, the initial yield stress is set to the yield stress identified in [161]. The
damage anisotropy parameter ζd cannot be identified from one-dimensional data and as
such is also not part of the parameters to be identified here. Damage hardening will be
kept linear (nd = 1) in the examples presented here.

The stress vs. stretch diagram of the experimental response together with the response
of the simulation using the identified parameters is shown in Figure 4.3b). The model is
able to match the experimental response quite well. However, the point of failure which
occurs in the experimental response at a stretch of approximately λ∥ = 1.4 could not be
identified by means of this local parameter identification, i.e. the damage deterioration
offset was identified as αp,max ≈ 0.5, which is much higher than the maximum of the
plastic hardening variable at the end of the simulation (αpmax ≈ 0.18). Improvements
in this regard might be possible by including experimental data points in the parameter
identification process which lie beyond the point of failure. Since necking is very dom-
inant at this stage of the experiment, the assumption of a homogeneous deformation is
inaccurate. However, setting up a parameter identification utilising full-field data and a
corresponding inhomogeneous boundary value problem is beyond the scope of this work.

4.9.2 Homogeneous uniaxial tension — parameter variation

Based on the identified parameters from the previous section, a parameter variation
study is set up to highlight the influence of each parameter in the model. The loading
history is kept identical to the parameter identification process, i.e. Figure 4.3b). The
values of the reference parameters as well as the modified parameters — each parameter
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Figure 4.3: Results of the basic parameter identification. a) Image of the specimen used for the
generation of the experimental data; taken from [161, Figure 7b]. The red lines mark the centre section
of the specimen and possess a width of 800µm. b) Loading history in form of tensile stretch λ∥ measured
and averaged over the centre section, c) stress vs. stretch diagram with the (homogenised) response of
the experiment (blue coloured) taken from [161, Figure 8a] and the response of the simulation (orange
coloured) based on the model proposed in the present work. Source (a+c): Reproduced from [161]
under the terms of the Creative Commons Attribution License (CC BY).
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4 A regularised framework for anisotropic damage coupled to finite plasticity

is varied to a higher and to a lower value — are listed in Table 4.4. The responses of the
simulations with varied parameters are shown in Figure 4.4 and Figure 4.5. Each column
of diagrams, e.g. a), c), e), contains the response of two modified parameters. Displayed
are the stress vs. stretch diagrams, the evolution of the hardening variables and the

evolution of the eigenvalues of the damage tensor ˆ︁bd — or rather 1 − λ
ˆ︁bd
i in order to

visualise a monotonically increasing damage measure starting at zero by analogy with
a classic [ 1 − d ] approach. The stress measure in the figures is the Kirchhoff stress
τ = det(F )σ, with the Cauchy stresses σ relating (spatial) force to current cross-
section, to be specific

τ = P · F t = λ∥ P∥ e⊗ e . (4.162)

The influence of most parameters is as expected. A non-obvious interaction between
plastic hardening and damage evolution is observed, see Figure 4.4a), c) and e). A
decrease in plastic hardening also decreases evolution of damage since elastic strains
evolve less with less hardening. Thus, the damage driving force rises more slowly due to
depending mainly on elastic strains, cf. (4.14).

Varying the damage initiation Mmax0
d or the damage hardening modulus hd leads to

expected changes of the response before deterioration sets in, see Figure 4.4b), d) and
f). Thereafter a counter-intuitive behaviour is observed, i.e. a stiffer response before
deterioration leads to a quicker deterioration afterwards. A higher hardening modulus
leads to a higher value of the corresponding driving force — in this case to higher
values of the elastic strains. Consequently, after the threshold value is decreased by the
influence function fdp, the higher driving force leads to more damage evolution.

If more of the energy in the damage potential is ”stored” in the threshold value, e.g.
by increased hardening, more energy is available to evolve damage after the threshold
value has been deteriorated.

The parameters controlling the deterioration function also show expected behaviour,
see the left column in Figure 4.5. The damage deterioration hdp controls the speed of
the deterioration, respectively the steepness of the drop in force, and the deterioration
offset αp,max determines the amount of plastic deformation after which the deterioration
starts.

Variation of the initial yield stress Mmax0
e , depicted in Figure 4.5b), d) and f), shows

that, for the current parameter combination and especially for hardening exponent np =
0.23, the initial yield stress has a very low impact on the overall response. Only a
significant increase of the initial yield stress leads to a visible influence in the response.
Variation of the damage anisotropy ζd also does not influence the stress response or the
evolution of hardening, but it plays a major role with respect to the non-dominating
eigenvalue of the damage tensor, see Figure 4.5.
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Figure 4.4: Stress vs. stretch diagrams a) and b), proportional hardening vs. stretch diagrams c) and
d) and damage vs. stretch diagrams e) and f). Displayed are the influence of the hardening modulus
hp and of the hardening exponent np in a), c) and e) as well as the influence of the initial damage
threshold Mmax0

d and of the damage hardening modulus hd in b), d) and f) on the material response
under homogeneous tension.
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Figure 4.5: Stress vs. stretch diagrams a) and b), proportional hardening vs. stretch diagrams c) and
d) and damage vs. stretch diagrams e) and f). Displayed are the influence of the damage deterioration
hdp and of the deterioration offset αp,max in a), c) and e) as well as the influence of the initial yield
stress Mmax0

e and of the damage anisotropy factor ζd in b), d) and f) on the material response under
homogeneous tension.
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4.9 Response under homogeneous deformation

Table 4.4: List of material parameters for the homogeneous tension test. The third column contains
the reference set, subsequent columns list the decreased and increased values of each parameter.

Value
Symbol Description reference lower higher Unit

E Young’s modulus 208.0 — — GPa
ν Poisson’s ratio 0.3 — — −

Mmax0
e yield stress 250.0 50.0 1000.0 MPa
hp plastic hardening modulus 2340.0 1500.0 3000.0 MPa
np plastic hardening exponent 0.23 0.1 0.35 −
ζd damage anisotropy 0.5 0.05 0.95 −

Mmax0
d damage initiation 5.0 0.0 10.0 MPa
hd damage hardening modulus 160.0 80.0 240.0 MPa
nd damage hardening exponent 1.0 — — −
hdp damage deterioration 40.0 10.0 160.0 −

αp,max deterioration offset 0.15 0.1 0.2 −

4.9.3 Homogeneous simple shear

The behaviour of the model is studied for simple shear loading where the deformation
gradient is given by

F = I + γ e1 ⊗ e2 , (4.163)

with {e1,2,3} as orthonormal basis. The simulation is performed by using the reference
parameter set, see Table 4.4. The stress response, depicted in Figure 4.6a), as well as
the evolution of the hardening variables αp and αd, depicted in Figure 4.6b), yield ex-
pected results. Unexpectedly, the damage driving force Md, depicted in Figure 4.6c),
has no (or very small) off-diagonal coefficients, i.e. its eigen-directions remain constant,
respectively aligned with {e1,2,3}. This results from the fact that the off-diagonal coef-
ficients of the driving force scale (in this quasi two-dimensional setting) with the trace
of the fictitious elastic strains and since the volumetric elastic strains are small, the
off-diagonal coefficients are also small. The overall evolution of damage is comparable
to the example under uniaxial tension discussed previously, but with the two damage
eigenvalue contributions related to the plane of shearing taking higher degradation levels
than the damage contribution in transverse direction; see Figure 4.6d).

4.9.4 Homogeneous simple shear combined with uniaxial tension

After analysing the behaviour under simple shear loading, a combination of simple shear
and uniaxial tension loading is analysed next. Figure 4.7 shows the response of the model
for uniaxial tension loading followed by simple shear loading by means of solid lines and
for simple shear loading followed by uniaxial tension loading by means of dashed lines.
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4 A regularised framework for anisotropic damage coupled to finite plasticity
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Figure 4.6: Response of the material model under homogeneous simple shear. Displayed are the stress
vs. shear diagram in a), the evolution of proportional hardening in b), the damage driving force Md

vs. shear diagram in c) and the evolution of the damage eigenvalues in d).

Every loading is followed by an unloading stage. The loading can be expressed by F for
the case where uniaxial tension is followed by shearing and by ˆ︁F in the other case, with

F = λ∥ e2 ⊗ e2 + λ⊥ [I − e2 ⊗ e2] + γ e1 ⊗ e2 , (4.164)

ˆ︁F = ˆ︁λ∥ e2 ⊗ e2 + ˆ︁λ⊥ [I − e2 ⊗ e2] + ˆ︁γ e1 ⊗ e2 , (4.165)

where λ∥ = 1.0 and ˆ︁γ = 1.0 are prescribed to be reached at t = 90 and γ = 0.75 and
ˆ︁λ∥ = 1.0 are prescribed to be reached at t = 190.

While the final unloaded deformation is nearly identical for both load cases, see
Figure 4.7a), the evolution of the inelastic variables differs significantly, see Figure 4.7b)
as well as e) and f). The resulting plastic deformation gradients are, apart from the
flipped sign of the shear component, nearly identical. Applying shear loading first leads
to a higher damaged state. The explanation can be found in the load case where uniaxial
tension is applied first (solid line). The coefficients Md 11 and Md 22 of the damage
driving force take similar values during shear loading subsequent to tensile loading, see
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4.10 Analysis of regularisation behaviour

Figure 4.7d) (solid lines). For the other loading case considered (dashed lines) however,
the magnitude of Md 22 is significantly larger than the magnitude of Md 11 during tensile
loading subsequent to shear loading. Hence, the load case with subsequent shear loading
does not lead to further evolution of damage and thereby to less evolution of plasticity
compared to the load case with subsequent uniaxial tension loading. The differences in
material response depending on the particular loading path chosen become most obvious
in the graphs of the respective stress responses highlighted in Figure 4.7c).

4.10 Analysis of regularisation behaviour

At first, the setup of the inhomogeneous examples is described. The analysis starts with
a discussion of the regularisation of a response with damage evolution only, i.e. with
Mmax0

e = 9.0 × 109 MPa in Section 4.10.2. Thereafter, the opposite case of a response
with only plasticity, i.e. with Mmax0

d = 9.0 × 109 MPa, is analysed, see Section 4.10.3
followed by a study of the regularisation behaviour of the fully coupled model in Sec-
tion 4.10.4. Finally, Section 4.10.5 demonstrates the influence of the deterioration func-
tion fdp on the response of the inhomogeneous problem.

4.10.1 Setup of the numerical examples

In order to study the regularisation behaviour of the proposed model, the response of
a plate (200 mm × 200 mm × 20 mm) with a central hole (diameter 100 mm) subjected
to tensile loading — applied by means of a linear increasing prescribed displacement u
— is analysed for different discretisations. A suitable approximation for the gradient-
enhanced model is the choice of a quadratic approximation for the displacement field in
combination with a linear approximation of the additional gradient-related field; see, e.g.,
[112, 178] and references cited therein. Consequently, the plate with a hole is discretised
by using mixed Serendipiti elements — displacements u are approximated quadratically
with 20 nodes and the non-local field variables, ϕd and ϕp, are approximated linearly
with 8 nodes per element. Integration is carried out by using 8 integration points. An
eighth of the plate with a hole is discretised with nel = {384, 1350, 5400} elements. The
results obtained from the different discretisations are depicted in the force-displacement
diagrams by means of different line styles, i.e. the solid line represents the coarse dis-
cretisation, the dashed line represents the medium discretisation and the dash-dotted
line represents the fine discretisation.

The material parameters are chosen close to the identified set of the uniaxial param-
eter identification in Figure 4.3 and are listed in Table 4.5. The damage anisotropy
parameter is (arbitrarily) chosen as ζd = 0.5. The parameters related to regularisation
are chosen such that sufficient regularisation is achieved for the examples elaborated in
this work. All following examples use the values listed in the ’reference’ column, unless
they are explicitly given. The columns ’var. 1’ and ’var. 2’ list some of the variations
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Figure 4.7: Response of the material model under sequential loading of homogeneous uniaxial tension
followed by simple shear (solid line) as well as homogeneous simple shear followed by uniaxial tension
(dashed line). Displayed are the relevant components of the deformation gradient F a) and the plastic
deformation gradient F p b), the stress vs. time diagram c), the damage driving force Md vs. time
diagram d), the evolution of proportional hardening e) and the evolution of the damage eigenvalues f).
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4.10 Analysis of regularisation behaviour

Table 4.5: List of material parameters for the regularisation examples. The third column contains the
reference set, subsequent columns list variations for specific examples.

Value
Symbol Description reference var. 1 var. 2 Unit

E Young’s modulus 210.0 — — GPa
ν Poisson’s ratio 0.3 — — −

Mmax0
e yield stress 250.0 9.0× 109 — MPa
hp plastic hardening modulus 2000.0 — — MPa
np plastic hardening exponent 0.25 1.0 — −
ζd damage anisotropy 0.5 — — −

Mmax0
d damage initiation 5.0 9.0× 109 2.0 MPa
hd damage hardening modulus 100.0 — 20.0 MPa
nd damage hardening exponent 1.0 — — −
hdp damage deterioration 0.0 10.0 — −

αp,max deterioration offset 0.0 0.6 — −
bd damage coupling parameter 100.0 10.0 1000.0 −
cd damage regularisation parameter 10.0 1.0 100.0 mm2

bp plastic coupling parameter 10.0 1.0 100.0 −
cp plastic regularisation parameter 10.0 1.0 100.0 mm2

used in specific examples in the following sections. Whenever a coupling parameter (bp
or bd) is set to zero, the corresponding field (ϕp or ϕd) is prescribed to zero throughout
the body, i.e. the influence of the respective field variable in the model is disabled.

4.10.2 Elasticity with damage

First, the regularisation of the model exhibiting only damage evolution is studied, i.e.
the yield limit is raised to Mmax0

e = 9.0 × 109 MPa. Damage initiation threshold and
damage hardening modulus are lowered, i.e. Mmax0

d = 2.0 MPa and hd = 20.0 MPa and
maximum loading is reduced to u = 10 mm. The gradient contribution of the plastic
non-local variable ϕp is not necessary and consequently ϕp = 0 is enforced by boundary
conditions together with setting bp = 0.

The force-displacement responses of the simulations with three discretisations (nel =
{384, 1350, 5400}) are depicted in Figure 4.8, where the influence of the damage regular-
isation parameter cd is studied for damage coupling parameters bd = 10.0 and bd = 100.0.
One clearly observes different force-displacement responses of the different discretisations
for the lower damage coupling parameter bd, see Figure 4.8a). The point at which lo-
calisation starts is especially visible for the response with cd = 100.0 mm2 (green line)
where, shortly after the force reaches its peak, the force responses diverge. Increasing
the damage coupling parameter to bd = 100.0 regularises the response for all discretisa-
tions and for all tested regularisation parameters cd, as exhibited by Figure 4.8b). The

contour plots of the minimum eigenvalue in the form of 1− λ
ˆ︁bd
min of the damage measure

109
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Figure 4.8: Load displacement diagrams of the plate with a hole without plasticity evolution discretised
with nel = 384 (solid line), nel = 1350 (dashed line) or nel = 5400 (dash-dotted line) elements for three
different values of the regularisation parameter cd in mm2. a) Partial regularisation with a low coupling
parameter (bd = 10.0). b) Regularisation with a higher coupling parameter (bd = 100.0).

ˆ︁bd on the deformed contours of the simulations discretised with nel = 1350 on the left
and nel = 5400 on the right are depicted in Figure 4.9. In the contour plots with the
simulations using the low coupling parameter bd = 10.0, Figure 4.9a), the deformation
evidently localises in the first element row. Although damage mostly evolves in the first
element row, the second row is also damaged. Localisation starts only after some dam-
age already evolved. The response is partially regularised, i.e. localisation only starts
after a certain amount of loading is surpassed. The contour plot of the simulations with
bd = 100.0, Figure 4.9b), show no localisation, i.e. damage evolved gradually decreasing
from bottom to top with matching responses for both depicted discretisations.

As shown by these examples, regularisation of the anisotropic (brittle) damage model
can be achieved by a micromorphic extension based on the scalar damage hardening
variable αd.

4.10.3 Elastoplasticity

After demonstrating a successful regularisation of the model without plasticity evolution,
the response of the model without damage evolution is studied next, i.e. the damage
initiation threshold is raised to Mmax0

d = 9.0 × 109 MPa. In contrast to the previous
examples, it is first analysed whether the response of the elastoplastic model without
evolution of damage actually localises and whether a regularisation is required. To this
end, the non-local field variables ϕd and ϕp are constrained to zero and the coupling
parameters bp and bd are set to zero as well.

The response of the boundary value problem using linear hardening (np = 1.0), see
Figure 4.10a), only exhibits localisation for comparatively low values of the hardening
modulus hp and especially for hp = 2000 MPa no localisation is observed. In contrast,
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Figure 4.9: Contour plots of the minimum eigenvalue in the form of 1 − λ
ˆ︁bd

min of the damage measure
ˆ︁bd with cd = 10.0 for the medium (nel = 1350) and fine (nel = 5400) discretisations of the plate with a
hole simulation without plasticity evolution at a prescribed displacement of u = 10mm. a) Plot of the
simulation with damage coupling parameter bd = 10.0 resulting in localisation. b) Plot of the simulation
with coupling parameter bd = 100.0 resulting in a regularised response.

the response of the boundary value problem using non-linear hardening (np = 0.25), see
Figure 4.10b), typically localises as the rate of hardening decreases. The localisation can
be prevented by choosing a sufficiently large coupling parameter, as evident from Fig-
ure 4.10c), where a partially regularised response is obtained with a coupling parameter
bp = 1.0, and Figure 4.10d), where regularisation is achieved by increasing the coupling
parameter to bp = 10.0. The contour plots of the plastic hardening variable αp for the
simulations without gradient contributions, depicted in Figure 4.11a), lead to localisa-
tion as most of the deformation as well as most of the evolution of plasticity are localised
in the first element row. Activating the plastic gradient contribution, see Figure 4.11b),
results in a regularised response where deformation and evolution of plasticity is spread
over multiple element rows.

4.10.4 Elastoplasticity with damage

The analysis of the regularisation behaviour of the coupled model is, with the find-
ings from the previous section in mind, performed separately for linear and non-linear
hardening. Considering non-linear hardening first, one observes an unsuccessful regu-
larisation if only one of the non-local fields is active, i.e. neither by solely incorporating
non-local damage ϕd, Figure 4.13a), nor by solely incorporating non-local plasticity ϕp,
Figure 4.13b), regularisation can be achieved. Figure 4.14 depicts a) evolution of damage

in form of the minimum eigenvalue of the damage metric ˆ︁bd and b) evolution of plastic-
ity by means of the plastic hardening variable for the simulation where only non-local
damage is incorporated. One observes a distributed evolution of damage, but on the
contrary a strongly localised evolution of plasticity. Increasing the coupling parameters
bp or, respectively, bd further — bp = 100 and bd = 1000 were tested — leads to less
stable numerical solutions and still does not regularise the response.
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Figure 4.10: Load displacement diagrams of the plate with a hole without damage evolution discretised
with nel = {384, 1350, 5400} elements. a) Partial localisation for linear hardening (np = 1.0) with
three different hardening moduli hp in MPa. b) Localisation for non-linear hardening (np = 0.25). c)
Incomplete regularisation with bp = 1.0 for three different values of the plastic regularisation parameter
cp in mm2. d) Successful regularisation with bp = 10.0.
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Figure 4.11: Contour plots of plastic hardening variable αp for the medium (nel = 1350) and fine
(nel = 5400) discretisations of the plate with a hole simulation without damage evolution and with
non-linear hardening (hp = 2000MPa, np = 0.25) at a prescribed displacement of u = 30mm. a) Plot
of the simulation without any gradient contributions (bp = 0.0) resulting in localisation. b) Plot of the
simulation with coupling parameter bp = 10.0 and cp = 10.0mm2 resulting in a regularised response.
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4.10 Analysis of regularisation behaviour

Knowing that plasticity and damage evolution each lead to localisation on their own,
it is not surprising that the coupled response cannot be regularised by considering only
one of the non-local field variables. Consequently, the response is regularised once both
non-local variables are active and once the coupling parameter bd (and bp) is chosen to
be sufficiently large, see Figure 4.13c) and d). In this case, evolution of damage as well
as plasticity is independent of discretisation, see Figure 4.15.

Figure 4.16 shows contour plots of the scalar anisotropy measure

χd :=
[1 − λ

ˆ︁bd
min] − [1 − λ

ˆ︁bd
max]

max(1 − λ
ˆ︁bd
min, ϵ)

, (4.166)

with ϵ = 10−12, for simulations with damage anisotropies of ζd = 0.25 and ζd = 0.75.
One observes, the anisotropy measure χd to be constant where damage evolved (and
zero where no damage evolved). Apparently, the parameter ζd directly influences the

difference between the eigenvalues of the damage metric ˆ︁bd and the relation χd = 1− ζd
(at least in case of monotonous loading) seems to hold.

Remark 14 The damage anisotropy parameter ζd may be correlated to exper-
imental data of crack angle distributions. Consider a patch of material with several
micro-cracks as depicted in Figure 4.12, which schematically represents an image ob-
tained from electron microscopy. While it is not possible to determine absolute values
of damage variables solely from these images, relative measures may be deducted. Let
d0◦ and d90◦ be the two-dimensional damage variable horizontally (along the tensile axis)
and vertically (perpendicular to the tensile axis), respectively. Furthermore, let l0◦ and
l90◦ be the projected crack lengths onto the horizontal or vertical axis, respectively, i.e.

l0◦ =
∑︂

i

li| cos(αi)| , and l90◦ =
∑︂

i

li| sin(αi)| , (4.167)

then, two-dimensional damage variables may be given by

d0◦ =
l0◦

l0
, and d90◦ =

l90◦

l0
, (4.168)

with l0 being the length of the considered patch of microstructure.
The definition of the damage variables based on the projected crack-lengths equally

assigns a damage value to a microstructure with a single long crack and two cracks with
half the length stacked on top of each other. In reality, two shorter cracks result in
a less degraded stiffness (and lower damage values). A more accurate approach might
be a FE-simulation of a specific (observed) patch of microstructure where cracks are
resolved explicitly in order to determine differences of the effective stiffness compared to
a reference stiffness of an undamaged patch of material. For the purpose of evaluating
the anisotropy parameter and the given data from [120] the herein described (simpler)
methodology seems to be sufficient.
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l1

l2

α1

α2

Figure 4.12: Schematic illustration of micro-cracks of various lengths and orientations. Two cracks
with lengths l1 and l2 are highlighted which are oriented with respect to the horizontal axis by angles
α1 and α2.

Formulating the scalar anisotropy measure χd, cf. (4.166), with these two-dimensional
damage variables yields

χd =
d90◦ − d0◦

d90◦
=
l90◦ − l0◦

l90◦
. (4.169)

In [120] Figure 7a provides the crack angle distribution of martensite cracks in DP800
under uniaxial tension by means of a neural network working on images obtained from
electron microscopy. The data is summarised in Table 4.61 and extended by the projected
lengths. The given data results in χd = 0.6814, which indicates ζd = 1 − χd = 0.3186.

In order to study the regularisation behaviour in the case of linear hardening, the
localisation due to damage initiation and evolution needs to occur earlier. To this
end, the damage initiation threshold is reduced to Mmax0

d = 2.0 MPa and the damage
hardening modulus is reduced to hd = 20.0 MPa. In addition, the maximum loading is
increased to u = 60 mm.

As evident in Figure 4.17a), solely using the non-local damage variable ϕd for regu-
larisation does not lead to a (completely) regularised response. The contour plots of the
evolution of damage, left column of Figure 4.18, and of plasticity, left column of Fig-
ure 4.19, depict a localising evolution of plasticity, but no localisation of the evolution
of damage — surprisingly, since the model without damage evolution in case of linear
hardening (hp = 2000 MPa) does not localise.

1All fractions in Figure 7a of [120] only accumulate to approximately 85% (bar heights were measured
in pixels and converted with given axis). Normalisation by dividing all fractions with 85% yields
the values listed in the column ”corrected fraction”.
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4.10 Analysis of regularisation behaviour

Table 4.6: Accumulated probabilities of martensite crack angle distribution for uniaxial tension, taken
from [120], and the projected crack lengths assuming uniform crack lengths.

αi fraction corrected fraction li,0◦ li,90◦

5◦ 2.98% 3.5% 0.0349 0.0031
15◦ 0.85% 1.0% 0.0097 0.0026
25◦ 0.00% 0.0% 0.0000 0.0000
35◦ 0.85% 1.0% 0.0082 0.0057
45◦ 2.98% 3.5% 0.0247 0.0247
55◦ 3.83% 4.5% 0.0258 0.0369
65◦ 17.87% 21.0% 0.0887 0.1903
75◦ 20.00% 23.5% 0.0608 0.2270
85◦ 35.74% 42.0% 0.0366 0.4184

summation 85.11% 100.0% 0.2895 0.9087

Activating the non-local plastic variable ϕp yields a (mostly) regularised response,
see Figure 4.17b). In the right columns in Figure 4.18 and Figure 4.19 one observes a
successful regularisation of the evolution of damage and plasticity at a prescribed dis-
placement of u = 45 mm. However, at u = 60 mm, localisation (especially of plasticity)
seems to have occurred.

4.10.5 Elastoplasticity with damage and activated deterioration
function

Finally, the influence of an activated damage deterioration function fdp (with αp,max =
0.6 and hdp = 10.0) is analysed for an inhomogeneous problem, i.e. the same plate with
a hole which was considered previously. Figure 4.20 depicts the response of the plate
with a hole simulation for different values of the damage deterioration hdp and damage
deterioration offset αp,max for three different discretisations. The principal behaviour is
as expected (identical to the findings for the homogeneous case). A higher offset leads to
a later drop in force and a higher damage deterioration leads to a sharper, more abrupt
drop.

Comparing the response of the different discretisations, one notices successful regu-
larisation only up until the point of the sudden drop in force. The parameters concerned
with regularisation are varied and the results are depicted in Figure 4.21. One observes
that neither a variation of the damage gradient parameter cd nor a variation of the plas-
tic gradient parameter cp leads to a completely regularised response. The contour plots
in Figure 4.22 of the evolution of damage and plasticity at a prescribed displacement of
u = 18 mm (before the drop in force) depict a regularised response. Increasing the load-
ing further to u = 21 mm (beyond the drop in force) leads to clearly visible localisation
in the first (bottom) row of elements, see Figure 4.23.
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Figure 4.13: Load displacement diagrams of the plate with a hole using the coupled model with non-
linear hardening (np = 0.25) discretised with nel = {384, 1350, 5400} elements. Variation of the damage
regularisation parameter cd or, respectively, plastic regularisation parameter cp in mm2 is represented
by different line colours. a) Incomplete regularisation with bd = 100.0 and bp = 0.0, b) incomplete
regularisation with bd = 0.0 and bp = 10.0, c) incomplete regularisation with bd = 10.0 and bp = 10.0,
d) regularisation with bd = 100.0 and bp = 10.0.
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Figure 4.14: Contour plots of the plate with a hole (discretised with 1350 elements) simulation results
at a prescribed displacement of u = 30mm. Localising response where only damage is regularised with
bd = 100.0 and cd = 10.0mm2 and plasticity is allowed to localise, i.e. bp = 0.0 together with ϕp = 0 as

boundary condition. a) Plot of the minimum eigenvalue in the form of 1−λ
ˆ︁bd

min of the damage measure
ˆ︁bd. b) Plot of the plastic hardening variable αp.

a) 0.00

0.05

0.10

0.15

0.20

0.25

1− λb̂d
min

b) 0.0

0.2

0.4

0.6

0.8

1.0

αp

Figure 4.15: Contour plots of the simulations of the plate with a hole with medium (nel = 1350) and
fine (nel = 5400) discretisations at a prescribed displacement of u = 30mm. Regularised response with
bd = 100.0, bp = 10.0, cd = 10.0mm2 and cp = 10.0mm2. a) Plot of the minimum eigenvalue in the

form of 1− λ
ˆ︁bd

min of the damage measure ˆ︁bd. b) Plot of the plastic hardening variable αp.
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Figure 4.16: Contour plot of the anisotropy measure χd for the regularised (bd = 100.0, cd = 10.0mm2,
bp = 10.0, cp = 10.0mm2) simulation of the plate with a hole with coarse (nel = 384) discretisation at
a prescribed displacement of u = 30mm. The left side shows the simulation with ζd = 0.25 and the
right side the simulation with ζd = 0.75.
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Figure 4.17: Load displacement diagrams of the plate with a hole using the coupled model with lin-
ear hardening (np = 1.0) discretised with nel = 384, 1350, 5400 elements. The loading amplitude is
doubled to u = 60mm because localisation did not occur until u = 30mm. Variation of the damage
regularisation parameter cd in mm2. a) incomplete regularisation with bd = 100.0 and bp = 0.0, b)
partial regularisation with bd = 100.0 and bp = 10.0.
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Figure 4.18: Contour plots of the minimum eigenvalue in the form of 1− λ
ˆ︁bd

min of the damage measure
ˆ︁bd of the simulations of the plate with a hole with coarse (nel = 384) and medium (nel = 1350)
discretisations using linear hardening (hp = 2000MPa). Localising response with bd = 100.0 and
cd = 10.0mm2 while bp = 0.0 together with ϕp = 0 as boundary condition on the left side a), c),
e) and partially regularising response with bd = 100.0 and cd = 10.0mm2 as well as bp = 10.0 and
cp = 10.0mm2 on the right side b), d), f). Plot at a prescribed displacement of u = 30mm in a) and
b), of u = 45mm in c) and d), and of u = 60mm in e) and f).
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Figure 4.19: Contour plots of the plastic hardening variable αp of the simulations of the plate with
a hole with coarse (nel = 384) and medium (nel = 1350) discretisations using linear hardening (hp =
2000MPa). Localising response with bd = 100.0 and cd = 10.0mm2 while bp = 0.0 together with ϕp = 0
as boundary condition on the left side a), c), e) and partially regularising response with bd = 100.0 and
cd = 10.0mm2 as well as bp = 10.0 and cp = 10.0mm2 on the right side b), d), f). Plot at a prescribed
displacement of u = 30mm in a) and b), of u = 45mm in c) and d), and of u = 60mm in e) and f).
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Figure 4.20: Load displacement diagrams of the plate with a hole using the coupled model with ac-
tivated deterioration function fdp discretised with nel = 384, 1350, 5400 elements. a) Influence of
the deterioration offset αp,max using hdp = 10.0. b) Influence of the damage deterioration hdp using
αp,max = 0.6 (zoomed in).

The lack of regularisation beyond the point of drop in force is not surprising, since
the deterioration function fdp also affects the non-local part of the damage hardening
stress βd

nl. However, the localised response after the point of drop in force is not in
the focus of the present work, which mainly focusses on the prediction of states before,
respectively up to failure. This point of failure is predicted nearly identical regardless
of which discretisation is chosen, but the parameters influencing the regularisation do
have a significant impact on the point of failure, which poses challenges for an eventual
parameter identification.

4.11 Formulation in terms of Haigh-Westergaard
coordinates

Often, initiation of damage or plasticity during experiments is described in terms of
stress triaxiality and Lode angle, see also Section 1.3.2. From the modelling perspective,
however, formulating the damage initiation criterion in terms of the damage driving
force has the advantage of guaranteed positive dissipation if the governing potential is
convex in the driving force (and if evolution equations are of associative nature). The
goal of this section is to derive the conditions for convexity of the damage initiation
potential with respect to the driving force if formulated in terms of stress triaxiality
ηe and Lode angle θe. To this end, the damage initiation surface S is interpreted as
a geometric surface in the space of the eigenvalues of the damage driving force, i.e.
Md,i with i = 1, 2, 3. Thereafter, the convexity conditions can be obtained by making
use of a differential geometry based approach, cf. [75, 169], requiring the surface to be
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Figure 4.21: Load displacement diagrams of the plate with a hole using the coupled model with activated
deterioration function fdp (hdp = 10.0, αp,max = 0.6) discretised with nel = 384, 1350, 5400 elements.
a) influence of the regularisation parameter cd (in mm2) with bd = 100.0, cp = 10.0mm2 and bp = 10.0.
b) influence of the regularisation parameter cp (in mm2) with bp = 10.0, cd = 10.0mm2 and bd = 100.0.
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Figure 4.22: Contour plots of the simulations of the plate with a hole with medium (nel = 1350) and
fine (nel = 5400) discretisations with activated deterioration function (hdp = 10.0, αp,max = 0.6) at
a prescribed displacement of u = 18mm. Response with bd = 100.0 and cd = 10.0mm2 as well as

bp = 10.0 and cp = 10.0mm2. a) Plot of the minimum eigenvalue in the form of 1−λ
ˆ︁bd

min of the damage

measure ˆ︁bd and b) plot of the plastic hardening variable αp.
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Figure 4.23: Contour plots of the simulations of the plate with a hole with medium (nel = 1350) and
fine (nel = 5400) discretisations with activated deterioration function (hdp = 10.0, αp,max = 0.6) at
a prescribed displacement of u = 21mm. Response with bd = 100.0 and cd = 10.0mm2 as well as

bp = 10.0 and cp = 10.0mm2. a) Plot of the minimum eigenvalue in the form of 1−λ
ˆ︁bd

min of the damage

measure ˆ︁bd and b) plot of the plastic hardening variable αp.

parametrised in the form of
[︁
MS

d,1, M
S
d,2, M

S
d,3

]︁
∈ S ⊂ R3 , with

[︁
MS

d,1, M
S
d,2, M

S
d,3

]︁
= S(ηe, θe) . (4.170)

4.11.1 Parametrisation of the damage initiation surface

Let s be some symmetric stress measure with the eigenvalues s1, s2, s3. Haigh-Westergaard
coordinates, cf. [78, 140, 182], are given in terms of pressure p, deviatoric stress q and
Lode angle θ and may be formulated in terms of the eigenvalues si as

p :=
1

3
[s1 + s2 + s3] , p ∈ (−∞; ∞) ,

q :=

√︃
1

3

[︂
[s3 − s2]2 + [s1 − s3]2 + [s2 − s1]2

]︂
=
√︁

2 Js
2 , q ∈ [0; ∞) ,

θ :=
1

3
arccos

(︄√
54

q3

[︂
[s1 − p] [s2 − p] [s3 − p]

]︂)︄
, θ ∈ (−π

3
;
π

3
)

(4.171)

and, inversely, the eigenvalues in terms of Haigh-Westergaard coordinates are given by

si = p+

√︃
2

3
q cos(θ + αi) , with αi = [i− 1]

2 π

3
, i = 1, 2, 3 . (4.172)

Triaxiality can be expressed in terms of pressure and deviatoric stress as

η =

√︃
2

3

p

q
, and equivalently p =

√︃
3

2
η q , (4.173)

which, if inserted into (4.172), yields the eigenvalues in the form of

si =

√︃
3

2
q

[︃
η +

2

3
cos(θ + αi)

]︃
. (4.174)
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4 A regularised framework for anisotropic damage coupled to finite plasticity

The triaxiality measure η is not defined for zero deviatoric stress (q = 0). However, the
damage surface for purely volumetric states of damage driving force is trivially solved
such that q > 0 is assumed in the following.

The damage initiation potential Φd, cf. (4.41), is determined by the equivalent stress
function M eq

d (Md), cf. (4.45), in terms of the first and second invariant

IMd
1 = I : Md =

√︃
27

2
ηd qd ,

IMd
2 = JMd

2 +
1

3

[︂
IMd
1

]︂2
=

1

2
q2d
[︁
1 + 9 η2d

]︁
.

(4.175)

The equivalent stress function can now be reformulated in terms of Haigh-Westergaard
coordinates as

M eq
d (ηd, qd) =

1√
2
qd

√︂
9 [1 + 2 ζd] η2d + 1 − ζd . (4.176)

In order to obtain the damage initiation surface in terms of stress triaxiality ηe and
Lode-angle θe, the equivalent damage Mandel stresses (4.176) need to be restated in
terms of ηe, qe and θe. To this end, a relation between the damage Mandel stresses in
terms of (ηd, qd, θd) and the fictitious elastic Piola-Kirchhoff stresses in terms of (ηe, qe,
θe) is required. The damage Mandel stresses are related to the elastic stresses via the
relation Md = −2Se ·Ee, cf. (4.21). Since the fictitious elastic Piola-Kirchhoff stresses
Se are linear in the fictitious elastic strains Ee, the coordinates ηE, qE and θE related
to the fictitious elastic strains Ee can be expressed in terms of the stresses by inversion
of relation (4.37) as

ηE =
1 − 2 ν

1 + ν
ηe , qE =

[1 + ν] qe
E

, θE = θe . (4.177)

Combining relations (4.174) with (4.21) and (4.177) allows to write

qd =
q2e
E
χ(ηe, θe) , ηd = −9 [1 − 2 ν] η2e + 2 [1 + ν]

3χ(ηe, θe)
, (4.178)

with χ(ηe, θe) := [2 − ν]

√︄
1

6

[︃
1 + ν

2 − ν

]︃2
+

1 + ν

2 − ν
ηe cos(3 θe) +

3

2
η2e . (4.179)

Insertion into (4.176) yields

M eq
d (ηe, qe, θe) =

1√
2E

q2e

√︃
1

6
[1 + 2 ζd] [9 [1 − 2 ν] η2e + 2 [1 + ν]]2 + [1 − ζd]χ2 .

(4.180)

The damage initiation surface S is set by

Φd = M eq
d −Mmax

d = 0 , (4.181)
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a) b)

Figure 4.24: Graphical representation of the damage initiation surface. a) In the space of (the eigen-

values of) the damage driving force ˆ︂Md and b) in the space of (the eigenvalues of) the elastic Mandel

stresses ˆ︂M e.

which, in combination with (4.180), results in a relation for all ˜︁qe on the surface S in
terms of ηe and θe, i.e.

˜︁q2e (ηe, θe) =

√
12EMmax

d√︂
[1 + 2 ζd] [9 [1 − 2 ν] η2e + 2 [1 + ν]]2 + 6 [1 − ζd]χ2

. (4.182)

Consequently, all states of damage Mandel stresses Md on the limit surface S repre-
senting initiation of damage, expressed in terms of eigenvalues by making use of (4.174)
for Ee and Se, are given by

MS
d,i(ηe, θe) = −˜︁q

2
e

E
[3 ηe + 2 cos(θe + αi)] [[3 − 6 ν] ηe + [2 + 2 ν] cos(θe + αi)] . (4.183)

For the damage initiation surface, cf. (4.45), one obtains — with ζd = 1
2

— the graphical
representation shown in Figure 4.24. The elastic material parameters are assumed to
E = 210 GPa and ν = 0.33. Seemingly, the surface is convex in the space of the damage
driving force but definitely not convex in the space of the elastic Mandel stresses.

4.11.2 Convexity condition of the parametrised damage initiation
surface

The derivation of the convexity conditions closely follows the procedure outlined in [169]:
A surface S is convex, if the Gaussian curvature κG is positive and the mean curvature
κM is negative, i.e.

κG > 0 , and κM < 0 . (4.184)
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Let all position vectors ˆ︁x of a surface S ⊂ R3 be given by ˆ︁x = x(a, b) with a, b ∈ R.
The Gaussian and the mean curvature can be expressed in terms of the coefficients of
the first and second fundamental form as

κG =
f h− g2

F H −G2
, and κM =

f H − 2 g G+ hF

2F H − 2G2
, (4.185)

where the coefficients of the first fundamental form are given by

F = ∂ax · ∂ax ,
G = ∂ax · ∂bx ,
H = ∂bx · ∂bx ,

(4.186)

and the coefficients of the second fundamental form by

f = ν · ∂aax ,
g = ν · ∂abx ,
h = ν · ∂bbx .

(4.187)

The coefficients of the second fundamental form (4.187) are defined with the outward
unit normal vector

ν = sign(s)
∂ax× ∂bx

∥∂ax× ∂bx∥
, with s = x · [∂ax× ∂bx] , (4.188)

where the definition of s uses that the point (0, 0, 0) always needs to be inside the surface.
Using the Cauchy-Schwarz inequality yields F H > G2 and the convexity conditions
(4.184) can be simplified to

f h > g2 , and f H + hF < 2 g G . (4.189)

Applying this procedure to the parametrised damage surface (4.183) requires the first
and second derivatives of S(ηe, θe). In order to keep the terms short, the deviatoric
stress ˜︁qe(ηe, θe) and its derivatives are left as is, such that one obtains

E
∂MS

d,i

∂ηe
= −

[︁
18 [1 − 2 ν] ηe + 6 [2 − ν] cos(θi)

]︁
˜︁q2e

−
[︁
6 ηe + 4 cos(θi)

]︁[︁
3 [1 − 2 ν] η + 2 [1 + ν] cos(θi)

]︁
˜︁qe
∂˜︁qe
∂ηe

,

(4.190)

E
∂MS

d,i

∂θe
= − ˜︁qe

[︁
6 ηe + 4 cos(θi)

]︁[︁
3 [1 − 2 ν] η + 2 [1 + ν] cos(θi)

]︁ ∂˜︁qe
∂θe

+
[︁
6 [2 − ν] ηe + 8 [1 + ν] cos(θi)

]︁
˜︁q2e sin(θi) ,

(4.191)
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E
∂2MS

d,i

∂η2e
= − 18 ˜︁qe

[︂
˜︁qe [1 − 2 ν] +

∂˜︁qe
∂ηe

[︁
3 [1 − 2 ν] ηe + [2 − ν] cos(θi)

]︁]︂

−
[︃
˜︁qe
∂2˜︁qe
∂η2e

+
[︂∂˜︁qe
∂ηe

]︂2]︃ [︁
6 ηe + 4 cos(θi)

]︁[︁
3 [1 − 2 ν] η + 2 [1 + ν] cos(θi)

]︁
,

(4.192)

E
∂2MS

d,i

∂ηe ∂θe
= − ˜︁q2e

[︁
6 [2 − ν] sin(θi)

]︁
− ˜︁qe

∂˜︁qe
∂θe

[︁
36 [1 − 2 ν] ηe + 12 [2 − ν] cos(θi)

]︁]︂

−
[︃
∂˜︁qe
∂ηe

∂˜︁qe
∂θe

+ ˜︁qe
∂2˜︁qe
∂ηe ∂θe

]︃ [︁
6 ηe + 4 cos(θi)

]︁[︁
3 [1 − 2 ν] ηe + 2 [1 + ν] cos(θi)

]︁

+ ˜︁qe
∂˜︁qe
∂ηe

[︁
6 [2 − ν] ηe + 8 [1 + ν] cos(θi)

]︁
sin(θi) ,

(4.193)

E
∂2MS

d,i

∂θ2e
= −

[︁
3 ˜︁qe

∂˜︁qe
∂θe

sin(θi) − ˜︁q2e cos(θi)
]︁ [︁

6 [2 − ν] ηe + 8 [1 + ν] cos(θi)
]︁

−
[︄[︃
∂˜︁qe
∂θe

]︃2
+ ˜︁qe

∂2˜︁qe
∂θ2e

]︄
[︁
6 ηe + 4 cos(θi)

]︁[︁
3 [1 − 2 ν] η + 2 [1 + ν] cos(θi)

]︁

− 8 ˜︁q2e sin2(θi) [1 + ν] ,

(4.194)

where θi = θe + [i− 1] 2
3
π.

The director for the inward, respectively outward, unit normal vector can be simplified
to

s = 18 (ν2 (3+ν)−2) ηe +27 (2−ν)2 (1−2 ν) η3e +4 (2−ν) (1+ν)2 cos(3 θe) . (4.195)

Insertion of the deviatoric elastic stress expression into coefficients f, g, h, cf. (4.182),
and a lot of algebra (with the help of Mathematica) yields, that the first of the convexity
conditions (4.189) is always fulfilled (assuming 0 < ζd < 1 and 0 < ν < 1

2
), as one obtains

f h− g2 = 9 ζd [1 − ζd]2A(ηe, θe)
4
[︁
1 − ν − 2 ν2

]︁−6
B(ηe, θe)

−4 > 0 , (4.196)

A(ηe, θe) = 9 ηe

[︂
4 − 12 η2e + 36 ν η2e − ν3

[︁
2 − 6 η2e

]︁
− 3 ν2

[︁
2 + 9 η2e

]︁]︂

− 4
[︁
2 − ν

]︁ [︁
1 + ν

]︁2
cos
(︁
3 θe
)︁
,

(4.197)

B(ηe, θe) = 6 − 2 ζd + 216 η2e − 180 ζd η
2
e + 81 ζd η

4
e

+ 4 ν [3 − ζd − 54 η2e + 45 ζd η
2
e − 81 ζd η

4
e ]

+ 2 ν2 [3 + 27 η2e − ζd [1 + 63 η2e − 162 η4e ]]

+ 36 [2 + ν − ν2] [1 − ζd] ηe cos
(︁
3 θe
)︁
.

(4.198)

However, evaluation of the other condition from (4.189) reveals it to be not guaranteed
to be fulfilled (the very long expression is not depicted here). Since no general statement
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4 A regularised framework for anisotropic damage coupled to finite plasticity

can be made, this condition needs to be evaluated on a case by case basis in order to
determine convexity of the damage initiation surface for the parameters at hand.

The idea to develop a more general formulation of the initiation surface in terms
of triaxiality and Lode angle of the elastic stresses poses to be very challenging. One
approach could be to generalise ˜︁qe, cf. (4.182), e.g.

ˆ︁q2e (ηe, θe) =

√
12EMmax

d√︁
fη(ηe) + fθ(θe)χ2

. (4.199)

The standard formulation is obtained by setting

fη(ηe) = [1 + 2 ζd]
[︁
9 [1 − 2 ν] η2e + 2 [1 + ν]

]︁2
, (4.200)

fθ(θe) = 6 [1 − ζd] . (4.201)

The difficulty arises from fulfilling the condition

fη(ηe) + fθ(θe)χ
2 > 0 (4.202)

which is necessary to guarantee only real values result from the root. Finding suitable
functions fη and fθ which on the one hand fulfil above condition and on the other hand
yield an initiation surface with the desired properties is left for future work.
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5 Microcrack closure and reopening
for ductile damage

The following chapter discusses the integration of the microcrack closure and re-
opening effect into the previously established anisotropic ductile damage model. The
chapter further develops the ideas proposed in [64] and [61] and applies the concepts
to ductile damage where plastic strains need to be considered and significantly alter
the characteristic behaviour of the model. The characteristic behaviour is derived from
micro-mechanical considerations — reversing the loading from compression to tension
may result in a jump in stiffness as cracks may carry a load under compression but fail
to do so under tension loading. Consequently, two separate damage variables are intro-
duced describing the degradation of stiffness under tension and compression separately.
This idea is similar to the approach pursued in [39].

The modelling framework from the previous chapter is adapted to include two damage
variables for tension and for compression — facilitating a split of the strains. A novel
split into tensile/compressive and volumetric/deviatoric contributions is proposed.

A prototype model, which is very similar to the model from Chapter 4 is discussed in
Section 5.3. While evolution of tensile damage is still governed by an initiation potential,
evolution of compressive damage is governed by a non-associated evolution equation.

The last section describes the implementation of the prototype model — reduced to
scalar damage — into the framework established in Chapter 3. Two variants of the
evolution equation for compressive damage are compared regarding their influence on
the dissipation inequality and on the response of the model.

5.1 Micromechanical motivation

Consider a segment of microstructure with cross section A0, as depicted in Figure 5.1a),
which is already damaged such that the initial load-bearing cross section is reduced, i.e.
the projection of the load-bearing cross section perpendicular to the loading direction
is Ad < A0. Applying sufficiently large tension loading on the microstructure leads to
plastic deformation as well as growth (and initiation) of microcracks and microvoids, see
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5 Microcrack closure and reopening for ductile damage

Figure 5.1b). Consequently, the projected load-bearing cross section is reduced further
to A+

d < Ad. Subsequent application of a compressive load may lead (after sufficient
plastic deformation) to a state as depicted in Figure 5.1c), where some microcracks are
completely closed and others are closed only partially. The projected load-bearing cross
section may increase during compressive loading as more and more microcracks close,
i.e. A−

d > A+
d . Reversing the load to tension loading again, see d), immediately switches

the projected load-bearing cross section back to A+
d , i.e. a jump in stiffness may be

observed if the loading direction is switched — assuming that micro-cracks do not heal.
It is important to observe that the load-bearing cross section for compression A−

d is
reduced during tension loading as plastic deformation reopens the microcracks which
were previously closed under compressive loading.

The idea for the modelling approach is to correlate the load-bearing cross section with
a damage variable. Since the load-bearing cross sections for tension and for compression
develop differently, two separate damage variables need to be introduced in order to
capture the differently evolving stiffness under tension and compression. In analogy to
the fictitious configuration framework, cf. Section 4.1, the damage deformation gradients
F d+ and F d− are introduced. However, interpretation of F d+ and F d− as tangent
mappings between specific (yet to be introduced) configurations is not straightforward
and beyond the scope of the current work. Based on these damage deformation gradients,
damage measures analogous to (4.7) are defined, i.e.

ˆ︁bd+ := F d+ ·G−1 · F t
d+ , Cd+ := F t

d+ · ˆ︁G · F d+ ,

ˆ︁bd− := F d− ·G−1 · F t
d− , Cd− := F t

d− · ˆ︁G · F t
d− .

(5.1)

The eigenvalues of the damage measures ˆ︁bd+/− are correlated to the (relative) load-
bearing cross section (perpendicular to the related eigendirection) for tension A+

d /A0

and for compression A−
d /A0, respectively.

5.2 Modelling framework

Similarly to Section 4.2, the free Helmholtz energy Ψ is additively composed of an elas-
tic strain energy contribution Ψ e and contributions from plastic and damage hardening.
The hardening contributions are (in most parts) unaffected by the introduction of sep-
arate damage variables for tension and compression. The elastic strain energy is again
formulated in terms of invariants. However, since the tensile damage variable F d+ shall
only affect the response under tension and, vice versa, the compressive damage variable
F d− shall only affect the response under compression, the elastic strains are split into
tensile and compressive parts.

This framework shall be formulated in terms of logarithmic elastic strains ˆ︁εe as they
are capable of capturing the elastic response under compression well — similar to the
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a) b) c) d)

A0

Ad A+
dA+

d A−
d

Figure 5.1: Idealised sketch of the microcrack closure-reopening effect by means of a segment (green
cross section A0) of microstructure. a) initial (pre-damaged) state with (blue) load-bearing cross section
and its projection perpendicular to the applied loading Ad, b) tension loading with grown cracks and
pores, c) subsequent compressive loading where cracks are (partially) closed after plastic deformation,
d) load-reversal with tension loading.

isotropic ductile damage model proposed earlier but in the intermediate configuration
instead, compare Section 3.1, i.e.

ˆ︁εe =
3∑︂

i=1

εe,i ˆ︁P i with εe,i := ln(λe,i) , (5.2)

where the stretch eigenvalues λe,i and the basis ˆ︁P i are obtained from the elastic right
Cauchy-Green tensor as

ˆ︁Ce =
3∑︂

i=1

λ2e,i
ˆ︁P i with ˆ︁P i := ˆ︂N i ⊗ˆ︂N i . (5.3)

The logarithmic elastic strains are split into volumetric and deviatoric contributions,
ˆ︁εvole and ˆ︁εdeve , which are each split into tensile and compressive contributions, ˆ︁εvole+, ˆ︁εvole−,

ˆ︁εdeve+ and ˆ︁εdeve− , i.e.

ˆ︁εe = ˆ︁εvole + ˆ︁εdeve = ˆ︁εvole+ − ˆ︁εvole− + ˆ︁εdeve+ − ˆ︁εdeve− = ˆ︁εe+ − ˆ︁εe− . (5.4)

The main advantages of a split into these contributions are positive-semidefinite damage
driving forces and a tensile damage driving force devoid of compressive contributions. A
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5 Microcrack closure and reopening for ductile damage

more detailed discussion of the advantages can be found in Remark 15. The contributions
are defined by means of the eigenvalues εe,i and by means of the function

h : R → R+
0 with h(x) + h(−x) = |x| and h(x) − h(−x) = x , (5.5)

which, for now, is assumed to be the Macauly bracket (h(x > 0) = x and h(x ≤ 0) = 0),
but from a computational point of view it is beneficial to choose a regularised function,
similar to the one in e.g. [61]. Additional properties of the splitting function are discussed
in Remark 16. The individual strain contributions of the split (5.4) can be represented
as

ˆ︁εvole+ =
1

3
h(εvole ) ˆ︁G with εvole :=

3∑︂

i=1

εe,i , (5.6)

ˆ︁εvole− =
1

3
h(−εvole ) ˆ︁G , (5.7)

ˆ︁εdeve+ =
3∑︂

i=1

h(εdeve,i ) ˆ︁P i with εdeve,i := εe,i −
1

3
εvole , (5.8)

ˆ︁εdeve− =
3∑︂

i=1

h(−εdeve,i ) ˆ︁P i , (5.9)

such that the tensile contribution is given by ˆ︁εe+ = ˆ︁εvole+ + ˆ︁εdeve+ and the compressive

contribution by ˆ︁εe− = ˆ︁εvole− + ˆ︁εdeve− .

In analogy to the definition of the strain invariants IEe
i in (4.12), the strain invariants

I
ε
e+/−

i based on the individual contributions of the logarithmic strain measure (5.4) are
defined as

I
εe+
1 = ˆ︁bd+ : ˆ︁εe+ = G−1 : εe+ ,

I
εe−
1 = ˆ︁bd− : ˆ︁εe− = G−1 : εe− ,

I
εdeve+

i = ˆ︁I :
[︁ˆ︁bd+ · ˆ︁εdeve+

]︁i
= I :

[︁
G−1 · εdeve+

]︁i
, i = 2, 3 ,

I
εdeve−
i = ˆ︁I :

[︁ˆ︁bd− · ˆ︁εdeve−
]︁i

= I :
[︁
G−1 · εdeve−

]︁i
, i = 2, 3 ,

(5.10)

where the strain contributions of εe = εe+ − εe− transform according to

εe+ = F t
d+ · ˆ︁εe+ · F d+ , εdeve+ = F t

d+ · ˆ︁εdeve+ · F d+ ,

εe− = F t
d− · ˆ︁εe− · F d− , εdeve− = F t

d− · ˆ︁εdeve− · F d− .
(5.11)

Since the tensile and compressive contributions transform differently (F d+ vs. F d−), it
is not possible to transform the intermediate logarithmic strains directly, i.e. there exists
(in general) no quantity F x for which

εe = F t
x · ˆ︁εe · F x , (5.12)

134



5.2 Modelling framework

holds. Consequently, a formulation of the whole model in the fictitious configuration is
impractical.

The elastic part of the free Helmholtz energy is formulated in terms of the invariants

I
ε
e+/−

i from (5.10), i.e.

Ψ e(I
εe+
1 , I

εe−
1 , I

εdeve+

2,3 , I
εdeve−
2,3 ) . (5.13)

The thermodynamically conjugated driving forces of the elastic strains are split into four
terms, analogous to the split of strains in (5.4), i.e. one obtains

ˆ︁T vol

e+ :=
∂Ψ

∂I
εe+
1

∂I
εe+
1

∂ˆ︁εe+
=

∂Ψ

∂I
εe+
1

ˆ︁bd+ , (5.14)

ˆ︁T dev

e+ :=
3∑︂

i=2

∂Ψ

∂I
εdeve+

i

∂I
εdeve+

i

∂ˆ︁εe+
=

3∑︂

i=2

∂Ψ

∂I
εdeve+

i

i
[︁ˆ︁bd+ · ˆ︁εdeve+

]︁i−1 · ˆ︁bd+ , (5.15)

ˆ︁T vol

e− :=
∂Ψ

∂I
εe−
1

∂I
εe−
1

∂ˆ︁εe−
=

∂Ψ

∂I
εe−
1

ˆ︁bd− , (5.16)

ˆ︁T dev

e− :=
3∑︂

i=2

∂Ψ

∂I
εdeve−
i

∂I
εdeve−
i

∂ˆ︁εe−
=

3∑︂

i=2

∂Ψ

∂I
εdeve−
i

i
[︁ˆ︁bd− · ˆ︁εdeve−

]︁i−1 · ˆ︁bd− . (5.17)

Based on these quantities, the total elastic Piola-Kirchhoff stresses in the intermediate
configuration can be expressed by

ˆ︁Se = 2
∂Ψ

∂ ˆ︁Ce

= ˆ︁Se+− ˆ︁Se− , with ˆ︁Se+/− = ˆ︁T vol

e+/− : Pvol
ε+/− + ˆ︁T dev

e+/− : Pdev
ε+/− . (5.18)

Therein, the quantities Pvol/dev
ε+/− contain the derivatives of the respective portion of the

logarithmic strains with respect to ˆ︁Ce and are defined as

Pvol
ε+ = 2

∂ˆ︁εvole+

∂ ˆ︁Ce

= h′(εvole ) ˆ︁G⊗ ˆ︁C−1

e , (5.19)

Pdev
ε+ = 2

∂ˆ︁εdeve+

∂ ˆ︁Ce

=
3∑︂

i=1

[︂
h′(εdeve,i ) ˆ︁P i ⊗

[︁
λ−2
e,i
ˆ︁P i −

1

3
ˆ︁C−1

e

]︁
(5.20)

+ 2h(εdeve,i )
∂ ˆ︁P i

∂ ˆ︁Ce

]︂
,
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5 Microcrack closure and reopening for ductile damage

Pvol
ε− = −2

∂ˆ︁εvole−

∂ ˆ︁Ce

= h′(−εvole ) ˆ︁G⊗ ˆ︁C−1

e , (5.21)

Pdev
ε− = −2

∂ˆ︁εdeve−

∂ ˆ︁Ce

=
3∑︂

i=1

[︂
h′(−εdeve,i ) ˆ︁P i ⊗

[︁
λ−2
e,i
ˆ︁P i −

1

3
ˆ︁C−1

e

]︁
(5.22)

− 2h(−εdeve,i )
∂ ˆ︁P i

∂ ˆ︁Ce

]︂
,

with h′(x) := ∂xh(x) and where the derivative of the eigenbasis ˆ︁P i with respect to ˆ︁Ce

can be computed by means of, e.g., Sylvester’s formula [168] or of the Dunford-Taylor
integral, see e.g. [86].

The damage related driving forces ˆ︁Q+ and ˆ︁Q−, split into volumetric and devia-
toric contributions, are given by the derivative of the (respective contribution to the)

Helmholtz energy with respect to the damage metrics ˆ︁bd+/−, i.e.

ˆ︁Q+ = ˆ︁Qvol

+ + ˆ︁Qdev

+ =
∂Ψ

∂I
εe+
1

ˆ︁εe+ +
3∑︂

i=2

∂Ψ

∂I
εdeve+

i

iˆ︁εdeve+ ·
[︁ˆ︁bd+ · ˆ︁εdeve+

]︁i−1
, (5.23)

ˆ︁Q− = ˆ︁Qvol

− + ˆ︁Qdev

− =
∂Ψ

∂I
εe−
1

ˆ︁εe− +
3∑︂

i=2

∂Ψ

∂I
εdeve−
i

iˆ︁εdeve− ·
[︁ˆ︁bd− · ˆ︁εdeve−

]︁i−1
. (5.24)

Notably, the (total) damage driving forces can no longer be expressed in terms of the
stresses as was possible before, cf. (4.18), due to the split into volumetric and devia-
toric contributions in the Helmholtz energy. However, a relation between the individual
contributions still holds, i.e.

ˆ︁εvol/dev+/− · ˆ︁T vol/dev

+/− = ˆ︁Qvol/dev

+/− · ˆ︁bd+/− . (5.25)

Based on the format of the free Helmholtz energy (5.13), the dissipation (in the case
of isothermal conditions) can, analogous to (4.19), be expressed as

D = P : Ḟ − Ψ̇ ≥ 0 with

Ψ̇ =
∂Ψ

∂F
: Ḟ +

∂Ψ

∂F p

: Ḟ p +
∂Ψ

∂F d+

: Ḟ d+

+
∂Ψ

∂F d−
: Ḟ d− +

∂Ψ

∂Ip

• İp +
∂Ψ

∂Id

• İd ,

(5.26)

where the derivatives of the Helmholtz energy with respect to the deformation gradients
can be calculated as

∂Ψ

∂F
=

∂Ψ

∂ ˆ︁Ce

:
∂ ˆ︁Ce

∂F
= g · F · F−1

p · ˆ︁Se · F−t
p , (5.27)

∂Ψ

∂F p

=
∂Ψ

∂ ˆ︁Ce

:
∂ ˆ︁Ce

∂F p

= −ˆ︁Ce · ˆ︁Se · F−t
p , (5.28)
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∂Ψ

∂F d+

=
∂Ψ

∂ˆ︁bd+
:
∂ˆ︁bd+
∂F d+

= 2 ˆ︁Q+ · ˆ︁bd+ · F−t
d+ , (5.29)

∂Ψ

∂F d−
=

∂Ψ

∂ˆ︁bd−
:
∂ˆ︁bd−
∂F d−

= 2 ˆ︁Q− · ˆ︁bd− · F−t
d− . (5.30)

Evolution equations will be formulated in the intermediate configuration. To this end,
Mandel stresses and the corresponding velocity gradients are derived in the intermediate
configuration analogous to the previously discussed derivation in the fictitious configu-
ration, cf. (4.21), i.e.

− ∂Ψ

∂F p

: Ḟ p =
[︁ ˆ︁Ce · ˆ︁Se

]︁
:
[︁
Ḟ p · F−1

p

]︁
= ˆ︂M e : ˆ︁Lp , (5.31)

− ∂Ψ

∂F d+

: Ḟ d+ =
[︁
− 2 ˆ︁Q+ · ˆ︁bd+

]︁
:
[︁
Ḟ d+ · F−1

d+

]︁
= ˆ︂Md+ : ˆ︁Ld+ , (5.32)

− ∂Ψ

∂F d−
: Ḟ d− =

[︁
− 2 ˆ︁Q− · ˆ︁bd−

]︁
:
[︁
Ḟ d− · F−1

d−
]︁

= ˆ︂Md− : ˆ︁Ld− , (5.33)

which defines the damage Mandel stresses ˆ︂Md+/−. Using the Mandel stresses and the
velocity gradients together with the definition of the Piola stresses P = ∂FΨ yields the
reduced dissipation inequality

Dred = ˆ︂M e : ˆ︁Lp + ˆ︂Md+ : ˆ︁Ld+ + ˆ︂Md− : ˆ︁Ld− + Fp • İp + Fd • İd ≥ 0 , (5.34)

where the driving forces related to the plastic internal variables Ip ∈ Rm and to the
damage internal variables Id ∈ Rn are introduced as

Fp := − ∂Ψ

∂Ip

, Fd := − ∂Ψ

∂Id

. (5.35)

Similar to the anisotropic model proposed earlier, the evolution of (tensile) damage
and plasticity related variables is governed by an admissible domain

E := {F ∈ R9+9+m+n |Ep ∪ Ed+} , (5.36)

with F representing the set of driving forces ˆ︂M e, ˆ︂Md+, Fp and Fd, i.e. without the

compressive damage Mandel stresses ˆ︂Md−. The plastic and tensile damage domains Ep

and, respectively, Ed+ are defined by means of the potentials Φp and Φd, i.e.

Ep := {{ˆ︂M e, Fp} ∈ R9+m |Φp ≤ 0} , (5.37)

Ed+ := {{ˆ︂Md+, Fd} ∈ R9+n |Φd ≤ 0} . (5.38)
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The evolution equations for the variables related to plasticity and tensile damage are
derived in an associative manner. Maximising dissipation, while staying within the
admissible domain E, results in

ˆ︁Lp = λp
∂Φp

∂ˆ︂M e

, İp = λp
∂Φp

∂Fp

, (5.39)

ˆ︁Ld+ = λd
∂Φd

∂ˆ︂Md+

, İd = λd
∂Φd

∂Fd

, (5.40)

with λp and λd being the Lagrange multipliers subject to loading and unloading condi-
tions

Φp ≤ 0 λp ≥ 0 λp Φp = 0 ,

Φd ≤ 0 λd ≥ 0 λd Φd = 0 .
(5.41)

The evolution of compressive damage is separated into growth — proportional to the
evolution of tensile damage — and into reduction — proportional to the evolution of
(compressive) plasticity. Hence, the evolution equation is formulated in a non-associated
manner and may formally be written as

ˆ︁Ld− =

{︄
κ+(ˆ︁Ld+, ...) ifλd > 0

κ−(ˆ︁Lp−, ...) ifλd = 0 ∧ λp > 0 ∧ ∃ εe,i < 0
, (5.42)

where the function κ+/− and the compressive contribution to the plastic velocity gradient
ˆ︁Lp− need to be further specified. Furthermore, the specified function needs to be chosen
such that dissipation is guaranteed to be positive. Instead of defining the evolution
of the compressive damage variable as exclusively deteriorating or exclusively healing,
another possibility could be to additively combine both, i.e.

ˆ︁Ld− = κ+(ˆ︁Ld+, ...) + κ−(ˆ︁Lp−, ...) . (5.43)

Thereby, tension in one direction could lead to growth of damage while compression in
a different direction may shrink the corresponding compressive damage contribution.

Remark 15 The proposed decomposition of the logarithmic strains, see (5.4),
has several advantages compared to a decomposition into tensile and compressive con-
tributions. Typically, splitting the strains into tensile and compressive parts requires the
careful choice of the volumetric contribution in the strain energy, since

[︁ 3∑︂

i=1

h(εe,i)
]︁2

+
[︁ 3∑︂

i=1

h(−εe,i)
]︁2 ̸=

[︁ 3∑︂

i=1

εe,i
]︁2
. (5.44)

Following the proposed split, however, volumetric strains are calculated prior to the split
into tensile and compressive contributions, such that (in the case of ˆ︁bd+/− = ˆ︁G−1)

I
εe+
1

2
+ I

εe−
1

2
=
[︁ 3∑︂

i=1

εe,i
]︁2

(5.45)
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holds (assuming h(x) is the Macauly bracket). Even with an appropriate regularised form
of h(x) the deviations are expected to be small and can be neglected. Furthermore, the
strain energy can be formulated such that the tensile and the compressive damage driv-
ing forces are positive semi-definite, see e.g. (5.54). Consequently, it is straightforward
to formulate (associated) evolution equations for the damage variables which guarantee
monotonous evolution of damage. In addition, the damage growth criterion is fulfilled,
cf. [186]. Lastly, since tensile damage only affects tensile strain contributions, the dam-
age initiation potential can be formulated in terms of the tensile damage driving force
and, thereby, remains independent of compressive strain contributions.

Remark 16 Let the splitting function h be given by the Macauly brackets, i.e.

h(x) =
1

2
[x+ |x|] , and h′(x) =

1

2 |x| [x+ |x|] . (5.46)

Additional properties — besides the defining properties h(x) + h(−x) = |x| and h(x) −
h(−x) = x — are then obtained. For reasons of consistency the derivative at x = 0 is
defined as h′(0) = 0. The following properties, with constant a ∈ R+, are observed

h(a x) =
1

2
[a x+ |a x|] = a

1

2
[x+ |x|] = a h(x) , (5.47)

h′(a x) =
1

2 |a x| [a x+ |a x|] =
a

2 a |x| [x+ |x|] = h′(x) , (5.48)

h(x)h′(x) =
1

4 |x| [|x|2 + 2x |x| + |x|2] = h(x) , (5.49)

h(h(x)) =
1

2

[︂1

2
[x+ |x|] +

1

2

⃓⃓
x+ |x|⏞ ⏟⏟ ⏞

≥0

⃓⃓]︂
= h(x) , (5.50)

h(x)h(−x) =
1

4
[−x2 − x |x| + x | − x| + |x|2] = 0 , (5.51)

h(x)h′(−x) =
1

4 | − x| [−x2 − x |x| + x | − x| + |x|2] = 0 , (5.52)

h′(h(x)) = h′(x) , (5.53)

where the last property utilises h(x) = x if x > 0 and h(x) = 0 if x ≤ 0 as well as the
introduced definition h′(0) = 0.

5.3 A prototype model

The local strain energy is formulated in terms of the introduced invariants such, that the
respective strain measures occur quadratically, as typical deficiencies under compression
are reduced by the logarithmic strains, i.e.

Ψ e(I
εe+
1 , I

εe−
1 , I

εdeve+

2,3 , I
εdeve−
2,3 ) =

1

2
K
[︁
I
εe+
1

]︁2
+

1

2
K
[︁
I
εe−
1

]︁2
+GI

εdeve+

2 +GI
εdeve−
2 , (5.54)
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5 Microcrack closure and reopening for ductile damage

where quadratic forms of all strain contributions can be taken into account, since the
strains are split into volumetric and deviatoric contributions prior to the split into tensile
and compressive parts, see Remark 15. Following the formulation of the anisotropic
model, see Section 4.4, the inelastic contributions to the Helmholtz energy, Ψp and Ψd

are chosen identical to (4.35) and (4.36).
The plastic initiation potential Φp is formulated in terms of effective Mandel stresses

ˆ︂M eff

e , which are defined in analogy to (4.29) as

ˆ︂M eff

e = ˆ︁Ce · ˆ︁G−1 ·
[︂
ˆ︁b−1

d+ · ˆ︁Se+ · ˆ︁b−1

d+ − ˆ︁b−1

d− · ˆ︁Se− · ˆ︁b−1

d−

]︂
· ˆ︁G−1 . (5.55)

With the updated effective stresses, the initiation potential is chosen identical to the
previously proposed model, cf. (4.40) and (4.44), i.e.

Φp = M eq
e (ˆ︂M eff

e ) −Mmax
e (βp) =

√︄
ζp

[︃
I
ˆ︂Meff

e
1

]︃2
+ [1 − ζp] I

ˆ︂Meff

e
2 +

√︂
2
3
βp . (5.56)

Due to the modification of the effective stresses, the plastic return direction (in the
intermediate configuration) needs to be recalculated. To this end, the derivative of the

effective elastic Mandel stresses ˆ︂M eff

e with respect to the (normal) elastic Mandel stresses
ˆ︂M e is required and can be calculated via chain derivatives with respect to the tensile and
compressive Piola-Kirchhoff stresses ˆ︁Se+ and ˆ︁Se−, respectively. Combining (5.18) with
(5.31) yields expressions for these stress contributions in terms of the Mandel stresses,
i.e.

ˆ︁Se+ = ˆ︁C−1

e · ˆ︂M e + ˆ︁Se− , ˆ︁Se− = −ˆ︁C−1

e · ˆ︂M e + ˆ︁Se+ , (5.57)

and the plastic return direction can be determined straightforwardly — neglecting the
contributions of ˆ︁Se− to the derivative of ˆ︁Se+ with respect to ˆ︂M e and, vice versa, ne-

glecting the contributions of ˆ︁Se+ to the derivative of ˆ︁Se− with respect to ˆ︂M e — as

ˆ︁νp =
[︁ ˆ︁C−1

e · ˆ︁b−1

d+ ⊗ˆ︁b−1

d+ + ˆ︁C−1

e · ˆ︁b−1

d−⊗ˆ︁b−1

d−
]︁

:
[︁ ˆ︁G−1 · ˆ︁Ce · ˆ︁νeff

p · ˆ︁G−1
]︁
, (5.58)

where ˆ︁νeff
p is identical to (4.49) but substituting the fictitious effective Mandel stresses

M
eff

e with the effective Mandel stresses in the intermediate configuration ˆ︂M eff

e , i.e.

ˆ︁νeff
p =

2

3M eq
e (ˆ︂M eff

e )

[︂
ζp I

ˆ︂Meff

e

1 I + [1 − ζp] ˆ︂M t,eff

e

]︂
. (5.59)

Assuming ζp = −1
2
, this relation for the effective return direction ˆ︁νeff

p yields

ˆ︁νeff
p =

ˆ︂Mdev,eff

e

M eq
e (ˆ︂M eff

e )
. (5.60)
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The resulting expression for ˆ︁νp, cf. (5.58), contains multiplications of tensile and com-
pressive contributions. Conceptually speaking, however, an expression where the return
direction is separated into tensile and compressive parts may provide a ’cleaner’ formu-
lation, see Remark 17.

The evolution equations for the plastic variables are given by

ˆ︁Lp = λp ˆ︁νp , and α̇p =
√︂

2
3
λp . (5.61)

Also the (tensile) damage initiation potential Φd+ is chosen identical to the previously
proposed model, cf. (4.41) and (4.45), but it is now dependent on the tensile damage

Mandel stresses ˆ︂Md+, defined in (5.32), i.e.

Φd = M eq
d (ˆ︂Md+) − fdp(αp)Mmax

d (βd)

=

√︃
ζd

[︂
I
ˆ︂Md+

1

]︂2
+ [1 − ζd] I

ˆ︂Md+

2 +
√︂

2
3
fdp(αp) βd .

(5.62)

The damage return direction ˆ︁νd+ is given analogously to the previous model, cf. (4.50),
with the fictitious damage Mandel stresses Md substituted by the intermediate tensile
damage Mandel stresses ˆ︂Md+. The evolution equations related to the (tensile) damage
variables are thus formulated as

ˆ︁Ld+ = λd ˆ︁νd+ , and α̇d =
√︂

2
3
fdp(αp)λd . (5.63)

The idea for the evolution of the compressive damage variable F d− is, on the one hand, to
evolve alongside the tensile damage variable, i.e. with ˆ︁Ld+. This evolution shall be faster
if the tensile damage variable has evolved further than the compressive damage variable
— long closed micro-cracks can be opened faster than short closed micro-cracks. On
the other hand, compressive damage is reduced if plasticity evolves under compression
— i.e. alongside the compressive contribution of the plastic velocity gradient ˆ︁Lp−. This
effect will be stronger the more compressive damage evolves — long micro-cracks can be
closed faster than short micro-cracks. Following these ideas, the tensorial functions κ+

and κ− defining the evolution of the compressive damage variable are proposed as

κ+ =
[︁ ˆ︁G−1 + ˆ︁bd− − ˆ︁bd+

]︁
· ˆ︁Ld+ ·

[︁ ˆ︁G + ˆ︁b−1

d+ − ˆ︁b−1

d−
]︁
, (5.64)

κ− = −
[︁ ˆ︁G−1 − ˆ︁bd−

]︁
· ˆ︁Lp− ·

[︁ ˆ︁G + ˆ︁b−1

d−
]︁
, (5.65)

where the compressive contribution of the plastic velocity gradient is defined as

ˆ︁Lp− = λp
ˆ︂M eff,dev

e−

M eq
e (ˆ︂M eff

e )
, (5.66)
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5 Microcrack closure and reopening for ductile damage

see also Remark 17 in this context. The compressive contribution of the effective elastic
Mandel stresses required in (5.66) is given by

ˆ︂M eff,dev

e− = ˆ︁Ce · ˆ︁G−1 · ˆ︁b−1

d− ·
[︁ˆ︁T dev

e− : Pdev
ε−
]︁
· ˆ︁b−1

d− · ˆ︁G−1 . (5.67)

Remark 17 The expression for the plastic return direction ˆ︁νp, cf. (5.58), (surpris-
ingly) contains multiplications of tensile and compressive contributions. An alternative
expression for ˆ︁νp is given by

ˆ︁νp = ˆ︁νp+ − ˆ︁νp− = ˆ︁C−1

e · ˆ︁b−1

d+ · ˆ︁G−1 · ˆ︁Ce · ˆ︁νeff
p+ · ˆ︁G−1 · ˆ︁b−1

d+

−ˆ︁C−1

e · ˆ︁b−1

d− · ˆ︁G−1 · ˆ︁Ce · ˆ︁νeff
p− · ˆ︁G−1 · ˆ︁b−1

d− ,
(5.68)

where only the tensile contributions are multiplied with the inverse of the tensile dam-
age variable and, analogously, only the compressive contributions are multiplied with the
inverse of the compressive damage variable. In (5.68), the tensile and compressive con-
tributions to the effective plastic return direction ˆ︁νeff

p are defined as (assuming ζp = −1
2
)

ˆ︁νeff
p+ =

ˆ︂M eff,dev

e+

M eq
e (ˆ︂M eff

e )
, ˆ︁νeff

p− =
ˆ︂M eff,dev

e−

M eq
e (ˆ︂M eff

e )
, (5.69)

where the tensile and compressive contributions of the effective Mandel stresses are —
identical to (5.67) — given by

ˆ︂M eff,dev

e+ = ˆ︁Ce · ˆ︁G−1 · ˆ︁b−1

d+ ·
[︁ˆ︁T dev

e+ : Pdev
ε+

]︁
· ˆ︁b−1

d+ · ˆ︁G−1 , (5.70)

ˆ︂M eff,dev

e− = ˆ︁Ce · ˆ︁G−1 · ˆ︁b−1

d− ·
[︁ˆ︁T dev

e− : Pdev
ε−
]︁
· ˆ︁b−1

d− · ˆ︁G−1 . (5.71)

Consequently, the plastic velocity gradient can be split into tensile and compressive con-
tributions, i.e.

ˆ︁Lp = ˆ︁Lp+ − ˆ︁Lp− = λp ˆ︁νp+ − λp ˆ︁νp− , (5.72)

from which ˆ︁Lp− can be directly used for the formulation of κ−. A comparison with the
prior definition of the compressive contribution of the plastic velocity gradient in (5.66)
reveals that it has to be formulated directly by means of the effective return direction ˆ︁νeff

p−
rather than ˆ︁νp−.
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5.4 Reduction to scalar-valued damage variables

5.4 Reduction to scalar-valued damage variables

As a primary (simplified) step, the prototype model is reduced to isotropic damage
evolution. Following Remark 12, the damage deformation gradients, in the case of
isotropic damage, can be equally represented by exponential functions in the form of

F d+ = exp(−1
2
d+) I , and F d− = exp(−1

2
d−) I . (5.73)

In this isotropic setting, the model can be formulated in the framework proposed in
Chapter 3. Therein, the logarithmic strains εe are formulated based on the elastic
Finger tensor be and the formulation uses the Mandel stresses m. The evolution of the
inelastic quantities of that model is formulated in principal (strain) space, cf. Table 3.2.
Analogously, the model proposed in the previous section is now reduced to a formulation
in eigenvalues only.

The strain energy, expressed in terms of strain-eigenvalues, is given by

Ψ e = Ψ e
+ + Ψ e

− =
1

2
K f 2(d+)h2(εvole ) +Gf 2(d+)

3∑︂

i=1

h2(εdeve,i )

+
1

2
K f 2(d−)h2(−εvole ) +Gf 2(d−)

3∑︂

i=1

h2(−εdeve,i ) ,

(5.74)

where the damage function f is introduced as

f : R+
0 → [1, 0) , with f(x) = exp(−x) . (5.75)

Unlike to the model proposed in Chapter 3, no additional material parameters are in-
troduced in the damage function f in order to keep the model simple as well as to
keep the analogy to (5.73). Especially in view of proving dissipation to be non-negative,
see Section 5.4.2, the addition of these material parameters would result in additional
constraints. The eigenvalues of the Mandel stresses are split into tensile and compressive
contributions by means of the function h as

mi = h(mi) − h(−mi) = mi+ −mi− , (5.76)

where the individual contributions — after making use of (5.49) — are obtained as

mi+ = K f 2(d+)h(εvole ) +
2

3
Gf 2(d−)

3∑︂

j=1

h(−εdeve,j ) + 2Gf 2(d+)h(εdeve,i ) ,

mi− = K f 2(d−)h(−εvole ) +
2

3
Gf 2(d+)

3∑︂

j=1

h(εdeve,j ) + 2Gf 2(d−)h(−εdeve,i ) .

(5.77)

The effective deviatoric Mandel stresses meff,dev
i are defined as

meff,dev
i = f−2(d+)mdev

i+ − f−2(d−)mdev
i− = 2Gεdeve,i , (5.78)
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5 Microcrack closure and reopening for ductile damage

where the deviatoric parts of the stresses are assumed to be

mdev
i+ = 2Gf 2(d+)h(εdeve,i )h′(εdeve,i ) , (5.79)

mdev
i− = 2Gf 2(d−)h(−εdeve,i )h′(−εdeve,i ) . (5.80)

Importantly, these are not the true deviatoric stresses, as

3∑︂

i=1

mdev
i ̸= 0 if d+ < d− , with mdev

i = mdev
i+ −mdev

i− . (5.81)

However, this definition yields a (true) deviatoric stress measure not influenced by dam-
age, cf. (5.78). Unlike in the previous section, compare (5.18), the stresses are not split
according to the split of the strains, but rather independently by means of the (same)
splitting function h. Thereby, the derivative of the (deviatoric) effective Mandel stresses
meff,dev with respect to the (normal, deviatoric) Mandel stresses mdev — required for
the plastic return direction νp — is determined straight-forwardly, i.e.

µij =
∂meff,dev

i

∂mdev
j

= f−2(d+)h′(mdev
i ) δij + f−2(d−)h′(−mdev

i ) δij . (5.82)

Thus, the plastic potential Φp is obtained as

Φp = 2G ˜︁εe +
√︂

2
3
βp , with ˜︁εe =

[︂∑︁3
k=1

[︁
εdeve,k

]︁2]︂ 1
2

(5.83)

which, in the associated format, yields the plastic return contributions

νp,i =
∂Φp

∂mi

=
3∑︂

j=1

νeffp,j µjk δ
dev
ki , with νeffp,j = ˜︁ε−1

e εdeve,j . (5.84)

5.4.1 Algorithmic implementation

The update of the (deviatoric part of the) logarithmic strains can now be stated as

εe,i =
1

3
εvole + εtr,deve,i − ∆λp

3∑︂

j=1

νeffp,j µji . (5.85)

The update of the proportional plastic hardening variable αp remains unchanged, cf. (3.28),
i.e.

αpn+1 = αpn + 2
3

∆λp . (5.86)
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With the format of the strain energy given in (5.74) the damage driving forces are
obtained as

q+ = −f(d+) f ′(d+)
[︁
K h2(εvole ) + 2G ˜︁ε2e+

]︁
, with ˜︁ε2e+ =

3∑︂

i=1

h2(εdeve,i ) , (5.87)

q− = −f(d−) f ′(d−)
[︁
K h2(−εvole ) + 2G ˜︁ε2e−

]︁
, with ˜︁ε2e− =

3∑︂

i=1

h2(−εdeve,i ) . (5.88)

The (tensile) damage initiation potential — in the isotropic case the anisotropy param-
eter is ζd = 1, cf. (4.45) — can be calculated by

Φd = q+ +

√︃
2

3
fdp(αp) βd , since q+ ≥ 0 holds. (5.89)

Consequently, the updates of the tensile damage variable d+ and the proportional dam-
age hardening variable αd are obtained as

d+ = d+,n + ∆λd , and αdn+1 = αdn +

√︃
2

3
∆λd fdp(αp) . (5.90)

The evolution of the compressive damage variable d−, i.e.

d− = d−,n + ∆t κ+ + ∆t κ− , (5.91)

is controlled by κ+ (5.64) and κ− (5.65). For the sake of algorithmic simplicity, damage
no longer exclusively evolves along κ+ or κ−. In the isotropic setting κ+/− are given by

κ+ = [1 + f(d−) − f(d+)] [1 + f−1(d+) − f−1(d−)]λd , (5.92)

κ
(1)
− = −ϑ− [f−1(d−) − f(d−)]λp ˜︁εe− ˆ︁ε−2

e , with ˆ︁ε2e = ˜︁ε2e +
K

2G

⃓⃓
εvole

⃓⃓2
, (5.93)

κ
(2)
− = −ϑ− [f−1(d−) − f(d−)]λp ˜︁εe− ˆ︁ε−1

e , (5.94)

with ϑ− ∈ [0, 1] being a parameter controlling the rate of stiffness recovery under com-
pression. Quantity ˜︁εe is defined as

˜︁ε2e =
3∑︂

i=1

[︁
εdeve,i

]︁2
= ˜︁ε2e+ + ˜︁ε2e− . (5.95)

Variant 1 of the evolution equation for compressive damage κ
(1)
− is a modified version of

the evolution equation of the prototype model. It incorporates the volumetric strain and,
additionally, it is divided with a measure of total strain. Thereby, κ

(1)
− unconditionally

yields non-negative dissipation, see Section 5.4.2. However, compressive damage under
uniaxial tension loading barely evolves, which is not what one would expect to happen
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5 Microcrack closure and reopening for ductile damage

in reality, see Section 5.5. To this end, κ
(2)
− is introduced and both variants are discussed

in the following sections.
Resulting from the highly non-linear evolution of the compressive damage variable d−

in terms of κ+/−, the updates of the Lagrange multipliers and of the internal variables
need to be determined implicitly, e.g. by means of a Newton-Raphson scheme. To this
end, the vector of unknowns x and the corresponding residua r are set up as

x =

⎡
⎢⎢⎢⎢⎢⎢⎣

∆λp
∆λd
εe,1
εe,2
εe,3
d−

⎤
⎥⎥⎥⎥⎥⎥⎦
, r =

⎡
⎢⎢⎢⎢⎢⎢⎣

rp
rd
rε,1
rε,2
rε,3
rd−

⎤
⎥⎥⎥⎥⎥⎥⎦
, (5.96)

where the individual residuum contributions are given by

rp =
√︂
Φ2
p + ∆λp

2 + ϵFB + Φp − ∆λp , (5.97)

rd =
√︂
Φ2
d + ∆λd

2 + ϵFB + Φd − ∆λd , with ϵFB
e.g.
= 10−20 , (5.98)

rε,i = εe,i − εe,i,n + ∆λp νp,i , with i = 1, 2, 3 , (5.99)

rd− = d− − d−n − κ+ − κ− . (5.100)

The entries of the related Jacobian are determined by means of numerical perturbation
by using the forward-difference method (perturbation factor ϵpert

e.g.
= 10−6). The Newton-

Raphson method follows the scheme provided previously for the anisotropic model, cf.
Table 4.1 steps 2 to 7, whereby in this case the evaluation of the residuum and the
update of the internal variables are given in Table 5.2. The general algorithmic structure
is summarised in Table 5.1. Therein, stresses and driving forces, see Table 5.1 step 9,
analogous to the model proposed in Chapter 3 are specified, although inhomogeneous
boundary value problems and regularisation are not discussed further within this work.
It is assumed that only the tensile damage variable needs to be regularised, as the
degradation from the evolution of compressive damage is proportional to the evolution
of tensile damage.

5.4.2 Proof of non-negative dissipation

Since the evolution of the compressive damage variable is formulated in a non-associated
sense, special attention is paid towards guaranteeing non-negative dissipation. The
reduced dissipation Dred of this model (neglecting hardening contributions) for the case
of tensile damage evolution (λd > 0) can be expressed as

Dred = λp

3∑︂

i=1

mi νp,i + q+ λd + q− κ+ ≥ 0 . (5.101)
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5.4 Reduction to scalar-valued damage variables

In this case, it is straight forward to show that dissipation is non-negative, as the damage
driving forces q+ (5.87) and q− (5.88) as well as the function κ+ are always positive
(f(d) > 0, f ′(d) < 0, h(x) > 0). In the other case (λd = 0 and λp > 0) positive
dissipation needs to be shown; starting from the expression of the reduced dissipation

Dred = λp

3∑︂

i=1

mi νp,i + q− κ− ≥ 0 , (5.102)

focus is first placed on the plasticity related term. Combining (5.77) and (5.84) together
with Remark 16 allows the plasticity related term to be rewritten as

3∑︂

i=1

mi νp,i =
K

˜︁εe

3∑︂

i=1

h(−εdeve,i )
[︂⃓⃓
εvole | − h(εvole )

f 2(d+)

f 2(d−)
− h(−εvole )

f 2(d−)

f 2(d+)

]︂

+ 2G ˜︁εe +
2G

3 ˜︁εe

[︁
f 2(d−) − f 2(d+)

]︁2

f 2(d−) f 2(d+)

3∑︂

i=1

3∑︂

j=1

h(εdeve,i )h(−εdeve,j ) ,

(5.103)

where, for the derivation of the first (volumetric) term, the alternate representation of
the plastic return contribution

νp,i = ˜︁ε−1
e

[︂
f−2(d+)εdeve,i +

[︁
f−2(d+) − f−2(d−)

]︁
h(−εdeve,i )

]︂
, (5.104)

is used together with
∑︁3

i=1 ε
dev
e,i = 0. The last term in (5.103) is obtained from the terms

in the stress contributions (5.77) which are multiplied with 2
3
G, i.e. the mentioned terms

multiplied with νp,i — introducing the abbreviating notation h±i = h(±εdeve,i ) — yield

2G

3 ˜︁εe

3∑︂

i=1

3∑︂

j=1

[︂f 2(d+)

f 2(d−)
h−j h+i +

f 2(d−)

f 2(d+)
h+j h−i − h−j h−i − h+j h+i

]︂
. (5.105)

After making use of the relation

3∑︂

i=1

3∑︂

j=1

h+j h−i =
3∑︂

i=1

3∑︂

j=1

h+i h−j , (5.106)

and considering that the basic algebraic relation a b−1 + b a−1 can be equivalently repre-
sented as 2 + [a− b]2 a−1 b−1 one has

2G

3 ˜︁εe

3∑︂

i=1

3∑︂

j=1

[︂[︁f 2(d+) − f 2(d−)
]︁2

f 2(d+) f 2(d−)
h+j h−i + 2h+j h−i − h−j h−i − h+j h+i

]︂
. (5.107)

Therein, the last three terms turn out to be equally zero, i.e.

−h+j h+i−h−i h−j +h+i h−j +h−i h+j = −[h+j−h−j] [h+i−h−i] = −εdeve,i ε
dev
e,j . (5.108)
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5 Microcrack closure and reopening for ductile damage

The dissipation related to the compressive damage driving force — assuming κ
(1)
− is used

in the evolution equation — can be represented as

q− κ
(1)
− = λp ϑ−

˜︁εe−
ˆ︁ε2e

[1 − f 2(d−)] f ′(d−)
[︂
K h2(−εvole ) + 2G ˜︁ε2e−

]︂
, (5.109)

which is negative due to f ′(d−) < 0. Since the recovery of compressive damage is
related to the plastic Lagrange multiplier, the negative dissipation is compensated by
the positive dissipation generated from plasticity, i.e. 2G ˜︁εe + q− κ− ≥ 0 shall hold.
Division of (5.109) by 2G ˜︁εe and rewriting terms yields the representation

[1 − f 2(d−)] |f ′(d−)|˜︁εe−˜︁εe

[︂ K
2G

h2(−εvole )

ˆ︁ε2e
+
˜︁ε2e−
ˆ︁ε2e

]︂
ϑ−

!

≤ 1 . (5.110)

This relation holds, as terms can be separately shown to be smaller than (or equal to)
one, i.e. the damage function f(d−) related terms are smaller per definitionem while the
strain related fractions all have only the compressive contribution in the numerator and
both, the tensile and compressive, contributions in the denominator. The compressive
evolution parameter ϑ− has to be chosen in the bounds [0, 1]. The dissipation for
variant 2 of the evolution equation is non-negative under the assumption of ˆ︁εe ≤ 1, as
the analogous form of (5.110) for variant 2 reads

[1 − f 2(d−)] |f ′(d−)|˜︁εe−˜︁εe

[︂ K
2G

h2(−εvole )

ˆ︁ε2e
+
˜︁ε2e−
ˆ︁ε2e

]︂
ϑ−

!

≤ ˆ︁ε−1
e . (5.111)

5.5 Response under homogeneous deformation

First, the response of the model — specifically the evolution of the damage variables —
is analysed for uniaxial tension loading with subsequent unloading. The deformation is
prescribed in the form of

F = λ∥ e⊗ e + λ⊥ [I − e⊗ e] , (5.112)

with ∥e∥ = 1 and where the lateral stretch λ⊥ can develop such that the stress is uniaxial
in primary loading direction e, i.e. P = P∥ e ⊗ e. The chosen material parameters are
listed in Table 5.3.

In Figure 5.2a) a stress-stretch response typical for dual-phase steels with high ductil-

ity is observed. The damage evolution for model variant 1 using κ
(1)
− (blue), Figure 5.2b),

exhibits a significantly reduced evolution of the compressive damage variable d− com-
pared to the tensile damage variable d+. Compressive damage evolves less, as the split
into tensile and compressive contributions is related to the strain state rather than to
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5.5 Response under homogeneous deformation

Table 5.1: Algorithmic outline for the ductile damage model including the microcrack-closure-reopening
effect.

0. given: F , ϕd, ∇Xϕd and Cp−1
n , αpn, αdn, d+n, d−n

1. compute trial elastic finger tensor and spectral decomposition

be,tr = F ·Cp−1
n · F t =

3∑︂

i=1

[λe,tr
i ]2ni ⊗ ni , εe,tri = log(λe,tr

i )

2. initialise ∆λp = ∆λd = 0 and plastic return contribution νeffp,i = ∥εtr,deve ∥−1 εtr,deve,i

3. evaluate residuum r and update state variables for given x → see Table 5.2

4. if Newton-Raphson algorithm has converged, i.e. ∥r∥ < tol, goto 9

5. compute tangent J by means of numerical perturbation

6. compute Newton-Raphson increment ∆x = −J−1 · r

7. determine step-length a via Armijo-Goldstein algorithm

a) initialise j = 0, aj = ∥∆x∥, search direction s = ∆x/a0 and m = c ∥J t ·∆x∥
b) evaluate residuum r̃ for x̃ = xi + aj s

c) if ∥r∥ − ∥r̃∥ ≥ aj m set a = aj and goto 8

d) update aj+1 = τ aj , j = j + 1

e) if j > jmax set a = a0 and goto 8 else goto 7b

8. update unknowns xi+1 = xi + a s, update i = i+ 1, goto 3

9. compute stresses and driving forces

mt =
3∑︂

i=1

mini ⊗ ni , with mi from (5.76) and (5.77)

Yd = bd [ϕd − d+]

Y d = cd∇Xϕd

10. compute tangent moduli −→ Table 3.3, required derivatives are determined by means

of numerical perturbation
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5 Microcrack closure and reopening for ductile damage

Table 5.2: Algorithmic outline to evaluate the residuum and update the state variables for the ductile
damage model including the microcrack closure-reopening effect.

0. given: εtre,i, ϕd, αpn, αdn, d+n, d−n and xt = [∆λp, ∆λd, εe,i, d−]

1. update internal variables

αp = αpn +
√︂

2
3 ∆λp

αd = αdn +
√︂

2
3 fdp(αp)∆λd

d+ = d+n +∆λd

2. compute plastic initiation potential and return contribution

Φp = 2G ˜︁εe +
√︂

2
3 βp , with ˜︁ε2e =

3∑︂

i=1

[︁
εdeve,i

]︁2

νp,i =
3∑︂

j=1

[︁
h(εe,j) f

−2(d+)− h(−εe,j) f
−2(d−)

]︁
[δji − 1

3 ] ˜︁ε−1
e

3. compute damage initiation potential and influence functions

Φd = −f(d+) f
′(d+)

[︁
K h2(εvole ) + 2G ˜︁ε2e+

]︁
−
√︂

2
3 fdp(αp)βd

κ+ = [1 + f(d−)− f(d+)] [1 + f−1(d+)− f−1(d−)]λd

κ
(1)
− = −ϑ− [f−1(d−)− f(d−)] ˜︁εe− ˆ︁ε−2

e , with ˆ︁ε2e = ˜︁ε2e + K
2G |εvole |2

κ
(2)
− = −ϑ− [f−1(d−)− f(d−)] ˜︁εe− ˆ︁ε−1

e

4. evaluate residuum rt = [rp, rd, rε,1, rε,2, rε,3, rd− ]

rp =
√︂
Φ2
p +∆λp

2 + ϵFB + Φp −∆λp

rd =
√︂
Φ2
d +∆λd

2 + ϵFB + Φd −∆λd

rε,i = εe,i − εtre,i +∆λp νp,i , with i = 1, 2, 3

rd− = d− − d−n − κ+ − κ−

150



5.5 Response under homogeneous deformation

Table 5.3: List of material parameters for the homogeneous tension test.

Symbol Description Value Unit

E Young’s modulus 210.0 GPa
ν Poisson’s ratio 0.3 −

Mmax0
e yield stress 250.0 MPa
hp plastic hardening modulus 2500.0 MPa
np plastic hardening exponent 0.25 −

Mmax0
d damage initiation 2.0 MPa
hd damage hardening modulus 5.0 MPa
nd damage hardening exponent 1.0 −
hdp damage deterioration 0.0 −

αp,max deterioration offset 3.0 −
ϑ− compressive damage recovery 1.0 −
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Figure 5.2: Comparison of the model response of variant 1 (blue) with the model response of variant 2
(orange) for uniaxial tension loading. a) depicts the Piola stress P∥ in loading direction over the stretch
λ∥ in loading direction. b) shows the evolution of tensile damage d+ (solid lines) and compressive
damage d− (dashed lines).

the stress state, such that negative strains from the contraction in transverse direction
of uniaxial tensile loading are attributed to compression. Furthermore, since κ

(1)
− is pro-

portional to ˆ︁ε−1
e , very small strains result in a strongly inhibited evolution of d− — in

this case even for a state of uniaxial tension.
For model variant 2 using κ

(2)
− (orange) evolution of the compressive damage variable

d− is reduced only by about ten percent compared to the tensile damage variable d+,
which is more in line with the expected response — a lower compressive damage variable
under pure tension could be caused by zero-volume defects, which are able to contribute
to the stiffness immediately upon load reversal. The assumption ˆ︁εe ≤ 1 — required to
fulfil the dissipation inequality for this variant — holds for many typical engineering
applications, see Remark 18. Consequently, only model variant 2 is analysed further in
the following.
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5 Microcrack closure and reopening for ductile damage

In order to demonstrate the basic properties of the model, the response of the model
under triaxial loading is analysed. The deformation is still prescribed according to
(5.112), but in primary loading direction the stretch λ∥ is prescribed such that tension
loading is followed by compression loading, see Figure 5.3a). The stretch in lateral
direction λ⊥ develops so that different levels of Piola stresses in lateral direction are
obtained, i.e. P⊥ = 0 MPa, −300 MPa, +100 MPa. These differences are so small, that
to the human eye the lines are non-distinguishable in the given figure. Hence, the overall
stress state is now given by

P = P∥ e⊗ e + P⊥ [I − e⊗ e] . (5.113)

The stress response of the material in terms of the Kirchhoff stresses τ∥ and τ⊥ is dis-
played in Figure 5.3b). During tension loading in direction of e a response typical for
ductile material is observed. Under compression, the stress response resembles a re-
sponse of a purely plastic material. The selected measure of stress increases linearly
even though the hardening formulation is non-linear, since the cross-section under com-
pression increases, and both effects together lead to the (seemingly) linear response. The
applied lateral stress shifts the level of stress in primary loading direction (slightly) up
or down. In contrast to the constantly prescribed lateral Piola stress P⊥, the lateral
Kirchhoff stress τ⊥ is not constant due to the changing cross-section.

Damage evolution, see Figure 5.3c), demonstrates exactly the idea of the proposed
formulation: During tensile loading, tensile damage evolves as usual (i.e. as in the model
described in Chapter 3) and compressive damage evolves slightly less; identical to before
cf. Figure 5.2b). As expected, more damage evolves if a positive (tensile) lateral stress
is applied and less damage evolves if a negative (compressive) lateral stress is applied.
During compressive loading, tensile damage remains constant while the compressive
damage variable is reduced with ongoing plastic deformation.

Evolution of the hardening variables αp and αd is shown in Figure 5.3d). One observes
damage hardening evolving only during tensile loading and plastic hardening evolution
being increased during compressive loading compared to tensile loading.

Remark 18 The dissipation inequality for variant 2 of the proposed model is
fulfilled (especially) if ˆ︁ε2e ≤ 1. While the deviatoric contribution ˜︁ε2e can safely be assumed
to be small if plasticity is active, the volumetric contribution K

2G
|εvol|2 may become large.

Assuming a purely volumetric stress/strain state without damage evolution, stress is
given by τ = K εvol. In the limit case of ˆ︁ε2e = 1 one obtains (with ˜︁ε2e = 0)

εvolmax =

√︃
2G

K
, (5.114)

which renders the stress to be

τmax =
√

2GK or in terms of (E, ν) : τmax = E
√︁

3 [1 − 2 ν] [1 + ν]
−1
. (5.115)

For typical metals with ν = 1
3
the maximum stress is τmax =

√
3
2
E. For rather incom-

pressible materials with ν = 0.495 one obtains τmax ≈ 4.72E.
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5.5 Response under homogeneous deformation
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Figure 5.3: Response of the model (variant 2) under tension loading followed by compression loading.
Laterally, the constant stresses P⊥ = 0MPa (blue), P⊥ = −300MPa (orange) and P⊥ = 100MPa
(green) are applied. a) shows the prescribed stretch λ∥ and the responses of the lateral stretch λ⊥ with
barely visible differences. b) shows the stress-stretch response in terms of Kirchhoff stresses with τ∥ in
primary loading direction (solid line) and τ⊥ in lateral direction (dashed line). c) shows the evolution
of the damage variables for tension d+ (solid line) and for compression d− (dashed line). d) shows the
evolution of plastic hardening (solid line) and of damage hardening (dashed line).
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6 Summary and outlook

In this thesis, a framework describing regularised ductile damage in metals has been
successfully developed. Starting with an isotropic ductile damage model (Chapter 3)
which is regularised by means of the micromorphic approach (Chapter 2), the com-
plexity of the developed framework increases in the following chapters by considering
anisotropic damage (Chapter 4) and by additionally considering the micro-crack closure
and reopening effect (Chapter 5).

Chapter 2 introduces a Finite Element method for regularised damage. After sum-
marising the essential kinematics, the micromorphic approach is formulated. It belongs
to the gradient-based regularisation approaches and can be implemented to run numer-
ically efficient simulations. The idea of the micromorphic approach is to introduce an
additional global field variable which is coupled to the variable in need of regularisation.
Both variables are coupled by penalising their difference in the Helmholtz energy. Regu-
larisation is achieved by considering the gradient of the newly introduced global variable
in the Helmholtz energy. The main advantage of this implicit gradient-enhancement —
in the context of the Finite Element method — is that one may evaluate the material
model on each integration point without taking into account any influence of neighbour-
ing integration points. Thereby, an implementation into standard Finite Element tools
is possible by just using a custom element procedure. To this end, the corresponding
governing equations are formulated, discretised and linearised.

In contrast to the (implicit) micromorphic approach, a short summary of a direct
approach follows thereafter. By considering the gradient of the damage variable directly
in the Helmholtz energy, the equations relating to the material model can no longer be
solved on each integration point individually and, instead, need to be solved on a global
Finite Element level. This makes the implementation into standard Finite Element
tools rather difficult, as expansive modifications of the assembly and the global iteration
process are necessary. For the described model, partially assembled quantities, i.e. the
Lagrange multiplier and the damage initiation criterion, enter the final global system of
equations by means of nonlinear complementarity functions of Fischer-Burmeister-type.

The chapter finishes with a formulation of an arc-length method in combination with
linear constraints. Simulating boundary value problems with material models which
exhibit softening may result in snap-back or snap-through behaviour. In order to ac-
curately follow the load path, employing an arc-length method may become necessary.
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6 Summary and outlook

Additional consideration of linear constraints helps to accurately simulate loading con-
ditions as present in, e.g., tensile tests for characterisation of the mechanical properties.

Chapter 3 is concerned with the formulation of a gradient-enhanced isotropic duc-
tile damage model. Focus is first set on deriving the fundamental equations of the
continuous material model as well as on formulating its algorithmic implementation. In
the Helmholtz energy, a typical elasto-plastic ansatz formulated in terms of logarithmic
strains is enhanced by the incorporation of damage functions, f• : [0,∞) → [1, 0), which
reduce the elastic stiffness as damage evolves. A multi-surface formulation is pursued,
enabling the individual control of evolution of damage and of plasticity. An important
concept in this regard is the introduction of effective driving forces for plasticity as well
as for damage. The idea of the effective driving forces is to obtain quantities which are
independent from other inelastic mechanisms, e.g. the effective driving force for plastic-
ity attains similar values regardless of the state of damage. Evolution equations of the
inelastic variables are obtained in associative manner from the postulate of maximum
dissipation.

The algorithmic implementation of the defining equations of the material model re-
quire a discretisation in time. The evolution equation of the plastic strain is discretised
with the exponential map, and the evolution equations for plastic hardening and for
isotropic damage are discretised with the backward Euler scheme. In combination with
the particular choice of the Helmholtz energy and the yield surface, one obtains a radial
return scheme for the update of the plasticity related quantities. Hence, the response of
the ductile damage model is obtained by solving two non-linear, strongly coupled equa-
tions by means of an active-set algorithm. Further quantities required for the FE-method
are determined analytically.

A parameter study is performed to exemplify the behaviour of the ductile damage
model. The responses of the model with systematically varied material parameters are
analysed with the help of stress over strain diagrams as well as with diagrams depicting
the evolution of the Lagrange multipliers over strain. The analysis reveals that stronger
plastic hardening leads to faster deterioration and to an overall softer response. Fur-
thermore, the parameters influencing the effective driving forces play a critical role in
controlling the character of the response — from rather brittle to very ductile behaviour.
It becomes apparent that the model can be flexibly adapted to represent different kinds
of material behaviour.

The capability of the ductile damage model to reflect the response of the dual-phase
steel DP800 is demonstrated by performing a parameter identification. Tensile tests
on two different geometries are performed by using a loading path including multiple
unloading points in order to capture changes of the elastic stiffness. During the tests
the displacement field is measured by means of DIC. External loading in the simulation
is applied by prescribing the displacement in order to be able to capture the softening
of the overall response. The accuracy of the response related to a specific parameter
set is measured by an objective function which compares relative displacements at each
Finite Element node to the measured relative displacements from the tensile tests and
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which compares the overall reaction forces of simulation and experiment. The optimal
set of parameters is determined by performing a numerical minimisation of the set up
objective function by using a simplex algorithm.

Due to the large number of parameters to be determined, parameters are identified
sequentially. Firstly, the elastic parameters are determined analytically by using only
the first few (elastic) data points. Next, rough estimates of the plastic parameters are
identified, followed by identifying estimates of the (most important) damage parameters.
Finally, by using a parameter set being in the vicinity of the optimal solution as starting
point, two sets of optimal values of all plastic and damage parameters are identified.
From the two parameter sets only one set is able to also predict the response of the
tensile test using the second geometry.

The applicability of the ductile damage model to production processes is demon-
strated by simulating an air bending process. So far, the model is not suitable for use
under compression. Hence, a small modification of the model is made to disable damage
evolution if the volumetric strain is negative. The developed gradient-enhanced duc-
tile damage model is implemented in a custom user material in the commercial Finite
Element tool Abaqus. The simulation of the air bending processes with the gradient-
enhanced ductile damage model in Abaqus results in a mesh-independent prediction of
damage evolution.

The chapter closes with an update of the model parametrisation. During the param-
eter identification process it became apparent that the response of the original model
cannot be uniquely connected to one parameter set. Consequently, one of the parame-
ters in the damage functions is removed in the updated formulation and the parameter
identification process is repeated. With the updated model formulation a single optimal
set of parameters is obtained.

The previously proposed isotropic ductile damage model is extended to anisotropic
damage in Chapter 4. Anisotropic damage is described by means of the fictitious con-
figuration — i.e. damage is described by the mapping between the intermediate (plas-
ticity related) configuration and the fictitious undamaged configuration. The equations
of the material model are formulated in the fictitious configuration, where the relation
between fictitious strains and fictitious stresses is isotropic — due to the chosen format
of the Helmholtz energy dependent on invariants — even though a deformation induced
anisotropy of the response in the current configuration develops.

After specification of the modelling framework, the coupling of damage and plasticity
is discussed. Similar to the previous chapter, a two-surface approach governs the evo-
lution of damage and plasticity. The coupling of both phenomena is expressed in terms
of effective driving forces. The idea behind the concept is that plasticity can continue
to develop even though stresses are reduced due to damage and, vice versa, damage can
continue to develop even though elastic strains are (nearly) frozen due to evolution of
plasticity.

The proposed material model uses an effective stress as driving force for the evolu-
tion of plasticity, but instead of an effective damage driving force, the threshold value
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6 Summary and outlook

determining evolution of damage is reduced dependent on the state of plasticity. This
alternate approach is conceptually similar to an effective driving force but numerically
and algorithmically much simpler. The algorithmic implementation of the anisotropic
ductile damage model results in a system of non-linear equations which need to be
solved. Compared to the isotropic model, an additional tensor-valued equation related
to the fictitious elastic strains needs to be solved. The system is solved monolithically
by making use of non-linear complementarity functions of Fischer-Burmeister type.

Integration of the proposed anisotropic ductile damage model into the micromorphic
regularisation framework is achieved by adding two scalar non-local variables coupled to
proportional plastic and proportional damage hardening, respectively. The rationale is
that the evolution of the inelastic processes is proportional to the Lagrange multipliers
and that hence regularisation of the overall response can be achieved by regularisation
of quantities directly related to the Lagrange multipliers, i.e. the proportional hardening
variables.

The basic (local) model response and the influence of each material parameter is
demonstrated for uniaxial tension and for simple shear. A non-proportional loading
with uniaxial tension and simple shear in succession — once with tension first and once
with shear first — confirms the load-path dependence of the response. Even though
the final (deformed) geometry is identical, the damage state is different between both
loading scenarios.

Regularisation properties are analysed extensively. Simulations with deactivated and
with partially deactivated regularisation (or rather fields which are regularised) show
the necessity to regularise damage as well as plasticity. Activating the deterioration
function which controls the transition from damage to failure can only partially be reg-
ularised — the point of accelerated loss of stiffness can be captured well in the proposed
regularisation framework, but the path thereafter shows localising effects.

The final chapter, Chapter 5, starts with a micro-mechanical motivation of the in-
troduction of separate damage variables for tension and for compression. By considering
a sample of micro-structure first loaded by tensile loading and subsequently by compres-
sive loading, the evolution of micro-cracks and the resulting changes to stiffness, and
thus damage, are discussed.

Based on these ideas, a modelling framework in the spirit of the fictitious configu-
ration concept as discussed in Chapter 4 is proposed. Motivated by the introduction
of separate damage variables for tension and for compression, a split of the logarithmic
strains is employed. Unlike splits of strains discussed in the literature, a four-way split
into tensile/compressive contributions and into volumetric/deviatoric contributions is
considered. Thereby, the damage driving force is guaranteed to be positive-semi-definite
and devoid of compressive contributions. Different to the model in Chapter 4, this ma-
terial model is formulated in the intermediate configuration, since a mapping between
the fictitious and the intermediate configuration cannot (straightforwardly) be given.
However, the Helmholtz energy is formulated with the help of invariants with identical
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structure as in the previous model and evolution of (tensile) damage and plasticity are,
again, governed by a two-surface formulation.

In the prototype model formulation, initiation potentials and hardening contributions
are chosen identical to the previous model. The evolution equation for compressive
damage is formulated in non-associated manner. It is coupled to the evolution of tensile
damage if damage evolves and compressive damage ’heals’ as plasticity evolves under
compression.

The proposed prototype model is reduced to scalar damage variables and implemented
into the framework developed in Chapter 3. Two variants of the non-associated evolution
equation for compressive damage are discussed in view of generated dissipation and in
view of the response of the model. One variant results in unconditional non-negative dis-
sipation but produces an undesired response of the model. The other variant yields the
desired model response, but its dissipation contribution is only non-negative if strains do
not exceed a (moderately high) threshold value. The response of the local material model
is showcased for uniaxial tension loading combined with transversal compressive loading.

The modelling framework and the corresponding prototype models proposed within
this thesis are a mere first step towards the goal of precisely predicting material behaviour
during (cold) forming in order to optimise the production process. Many details of the
proposed models need to be analysed further, fleshed out or improved upon. Potential
future work may be categorised either into an update of the model formulation or into
further experimental work in order to verify the features of the model and to identify
parameters for a specific material.

Until now, the elasto-plastic description in the proposed models has been kept as
simple as possible. Consequently, the von Mises yield criterion may be generalised to
an anisotropic yield criterion, e.g. a Hill-type yield criterion [81]. On the downside, this
requires a different, more complex, algorithmic structure — similar to additionally con-
sidering kinematic hardening, e.g. one of the kinematic hardening formulations discussed
in [127]. Increasing the complexity of the plasticity formulation, typically also increas-
ing the number of material parameters, exacerbates the problem of uniquely identifiable
parameter sets. Especially in the softening regime of the response, the distinction be-
tween decreasing hardening modulus and evolution of damage may only be identified
with suitable experimental data, e.g. continuous stiffness measurements.

The material model including the micro-crack closure and reopening effect, proposed
in Chapter 5, requires more work to be effectively usable. First of all, it needs to be
embedded in the regularisation framework from Chapter 2. Next, the response of the
proposed model should be improved in (at least) two aspects:

• Small (but sufficiently large) positive deviatoric strains always lead to the evolution
of tensile damage independent of the overall stress state, e.g. even for very high
negative stress triaxialities.
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6 Summary and outlook

• The compressive damage variable evolves less than the tensile damage variable even
under uniaxial tension loading. This behaviour of the model cannot be directly
controlled via a material parameter but only by reducing recovery of stiffness
under compression altogether. A potential remedy may be to formulate the non-
associated evolution equation solely in stress-based quantities rather than in strain-
based quantities.

Furthermore, the formulation with isotropic damage should be extended by considering
tensile and compressive damage as anisotropic (tensorial) quantities — similar to Chap-
ter 4. In this context, special attention should be payed towards ’cross-over’ effects, e.g.
how evolution of tensile damage in 1-direction is influenced by a compressive load in
2-direction.

Many more extensions of the proposed models are possible. Most prominently, the
model formulation may be extended to react to changes in temperature, possibly even
by considering healing of damage at higher temperatures.

Regarding future experimental work, an important issue is the analysis of regularisa-
tion. To be specific, the identifiability of the gradient parameter — which in reality may
not be constant, see e.g. [174, 188] — needs to be analysed, e.g. by considering specimens
with an identical shape but different scale (l = 10 mm, 50 mm, 200 mm). Some research
in this regard can be found in, e.g., [115].

The anisotropy related features of the proposed model(s) need to be verified and
the corresponding parameters may be identified by means of multiaxial loading and
unloading, see e.g. the biaxial experiments reported in [33, 72].

Another open issue, concerned with experimental methodology, is the in-situ determi-
nation of elastic stiffness. Several possibilities of measuring elastic stiffness exist, see e.g.
[170]. A full field resolution of elastic stiffness, in time and in space, may be obtained
by means of DIC. However, this requires modifications to the load path (in the form of
additional elastic unloading and reloading) and a high resolution camera in order to be
able to accurately capture the small changes in the (small) elastic strains.

Once a suitable method for experimental measurement of the elastic stiffness is deter-
mined, the micro-crack closure and reopening effect can be verified experimentally. Of
special interest is, on the one hand, to identify the degradation of compressive stiffness
under tension loading, and, on the other hand, to identify the recovery of compressive
stiffness under compression loading.

At the very end, the developed material model needs to be integrated into some
advanced (potentially commercial) simulation tool which is capable of simulating pro-
duction processes and, finally, enable their optimisation.
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A Exponent of a second order tensor

The exponent of a tensor of second order and the derivative thereof may be computed
by means of a series representation. Let T be a tensor of second order then exp(T ) can
be calculated by

exp(T ) =
∞∑︂

k=0

T k

k!
, (A.1)

which is valid for both symmetric and unsymmetric tensors T . The derivative with
respect to the tensor T itself is straightforwardly obtained as

∂ exp(T )

∂T
=

∞∑︂

k=1

1

k!

∂T k

∂T
. (A.2)

The derivatives of the powers of the tensor T k are obtained in the recursively defined
representation dependent on the symmetry of T as

∂T k

∂T
=

⎧
⎪⎪⎨
⎪⎪⎩

[I ⊗T ] :
∂T k−1

∂T
+ T k−1⊗ I if T = T t

[I ⊗T t] :
∂T k−1

∂T
+ T k−1⊗ I if T ̸= T t

, (A.3)

which can be implemented efficiently.
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B Some implementation details of
abraxas++

B.1 Load curve functionality

Boundary conditions in abraxas++ are applied by means of load-curves. A load-curve
conveys information about time of application, type and amplitude of the attached
boundary conditions. There are (at the present state) five types of load-curves imple-
mented: a constant load-curve, a (piecewise) linear load-curve, a continue load-curve,
an add load-curve and a load-curve for the arc-length method (arccris). All but the
load-curve of type arccris are specified identically in the .lod-file, see Table B.1, and
can be combined freely. The format for the load-curve of type arccris is given in Ta-
ble B.2. Common to all load-curves is the specification of a unique numeric ID (starting
at 1 counting up continuously without gaps), a scale factor αlod and the type (printed
in keyword within this section).

In order to exemplify how boundary conditions are handled, assume a Dirichlet bound-
ary condition of value vdrlt is applied to degree of freedom ddrlt and a Neumann boundary
condition of value vneum is applied to degree of freedom dneum. Boundary conditions enter
the solution procedure through the quantities introduced in Section 2.4.3, namely c, cλ,
f int and f ext.

The constant-load-curve applies the attached boundary conditions in constant man-
ner, starting at time t0 and ending at time t1, i.e.

c[ddrlt] = z[ddrlt] − vdrlt αlod , f int[dneum] = f int[dneum] − vneum αlod , (B.1)

where the notation •[i] extracts the i-th component of vector •. The constant-load-
curve is the only one which may be combined with the arccris-load-curve. Typically,
the constant-load-curve is used for points which shall remain fixed in space.

165



B Some implementation details of abraxas++

The linear-load-curve linearly interpolates (by means of function fitp) the values of
the attached boundary conditions based on the data points given, i.e.

cλ[ddrlt] = z[ddrlt] − vdrlt αlod fitp(t, [ti], [vi]) , (B.2)

f ext[dneum] = fext[dneum] − vneum αlod fitp(t, [ti], [vi]) . (B.3)

The linear-load-curve is the most common load-curve — it can e.g. be used to ramp
up a load in a quasi-static setting.

The continue-load-curve continues an applied loading, e.g. in a different direction or
at a different location. To this end, the internal reaction forces f cont and the values of
the respective degrees of freedom zcont at the beginning of the continue-load-curve are
used to determine the load amplitude. The values of the load amplitudes are computed
by

cλ[ddrlt] = z[ddrlt] − vdrlt αlod fitp(t, [ti], [vi])

− zcont[ddrlt]
[︁
1 − fitp(t, [ti], [vi])

]︁
,

(B.4)

f ext[dneum] = f ext[dneum] − vneum αlod fitp(t, [ti], [vi])

− f cont[dneum]
[︁
1 − fitp(t, [ti], [vi])

]︁
,

(B.5)

The values of the continue-load-curve should be between zero and one, i.e. vi ∈ [0, 1],
since 1− vi is the fraction of the value from which continuation started. The continue-
load-curve may be used to control unloading — force controlled unloading can e.g. be
obtained by setting vneum = 0, v0 = 1 and v1 = 0.

The add-load-curve is very similar to the continue-load-curve with the difference
being that the reaction forces f cont and/or the degrees of freedom zcont are applied
constantly throughout the load-curve, i.e.

cλ[ddrlt] = z[ddrlt] − vdrlt αlod fitp(t, [ti], [vi]) − zcont[ddrlt] , (B.6)

f ext[dneum] = f ext[dneum] − vneum αlod fitp(t, [ti], [vi]) − f cont[dneum] . (B.7)

An example for the application of the add-load-curve is switching from force-controlled
loading to displacement-controlled loading. Another important difference compared to
the continue-load-curve is, that values are specified differently. With the add-load-
curve e.g. the displacement is increased by 2 mm, while with the continue-load-curve
the displacement is set to change to a value of 10 mm.

The arccris-load-curve enables the arc-length method starting at time t0 and sets
the initial loading parameter λ = λ0. This load-curve continues to be applied until the
target value varc of the specified degree of freedom is reached — given in terms of node
number narc and (node local) degree of freedom number darc. The radius of the arc ∆s
is controlled by automatic time-stepping and the load-rate τarc, i.e.

∆s =
∆t

τarc
. (B.8)
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B.2 Automatic time stepping and convergence control

Table B.1: Specification of the load-curve in the abraxas++ .lod-file for types constant, linear,
continue and add. One needs to specify a unique numeric ID lID, a scale factor αlod, the type in form
of keyword and m+ 1 pairs of time and value (ti, vi).

1 *LODC lID αlod type

2 start time t0 start value v0
i (end) time ti (end) value vi

Table B.2: Specification of the arccris-load-curve in the abraxas++ .lod-file. One needs to specify
a unique numeric ID lID, a scale factor αlod, the observing node narc and degree of freedom darc, the
target value varc a load-rate τarc, the initial loading parameter λ0 and start and end times t0, t1.

1 *LODC lID αlod arccris

2 narc darc varc τarc λ0

3 start time t0 end time t1

The values of the displacement controlled loading and the force controlled loading are
set as

cλ[ddrlt] = −vdrlt αlod , f ext[dneum] = vneum αlod , (B.9)

i.e. the total amplitudes are set, as the amount of loading is controlled by the load
parameter λ.

B.2 Automatic time stepping and convergence control

In abraxas++, the time step size ∆t (and thereby the load amplitude) of the current
time step is controlled algorithmically in order to be able to efficiently simulate problems
which require very small time steps only temporarily, e.g. at the start of necking. To this
end, the algorithm may do multiple attempts to find a solution for the current time step,
but with different (smaller) time step sizes. If the current attempt a at solving the time

step fails, either due to reaching the maximum number of global iterations Rmax
e.g.
= 20 in

the Newton-Raphson scheme or due to (convergence) problems at local material point
level, a new attempt at solving the current time step is made. The time step size is
reduced, the new current time t is computed and all other quantities are reset to their
values at the end of the previous time step n, i.e.

a = a+ 1 , ∆t = cred ∆t , t = tn + ∆t , {•} = {•}n , (B.10)

with cutback factor cred
e.g.
= 0.5. If the time step size ∆t falls below the lower bound ∆tmin

a final attempt with ∆t = ∆tmin is made. In the case of convergence, the time step size
∆t is kept identical. In addition, an algorithmically controlled time step size increase
is implemented. If the current time step converged in less than Rlow Newton-Raphson
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iterations and the time step size did not need to be reduced twice in the previous nlb
e.g.
= 7

time steps (lb = lookback), the time step size may be increased, i.e.

∆t = cinc ∆t , (B.11)

with increase factor cinc
e.g.
= 1.25. If the time step size reaches the upper bound ∆tmax,

∆t = ∆tmax is set instead.
A Newton-Raphson iteration j, as presented in Section 2.2.3, is deemed converged if

either a norm of the residuum is smaller than some chosen tolerance rtol
e.g.
= 10−8 or if a

norm of the increments of the degrees of freedom is smaller than some chosen tolerance
wtol

e.g.
= 10−8. In particular, let the norm of the residuum r and the increments of the

degrees of freedom ∆w be given by

rnorm = max
i

|ri| and wnorm = max
i

|∆wi| . (B.12)

Convergence of the Newton-Raphson iteration is determined by

rnorm < rtol or if a > 1 and salt by wnorm < wtol , (B.13)

with salt being a flag which (alternatively) allows convergence to be determined in terms
of the increments of the degrees of freedom. Additionally, starting with the second
attempt of solving each time step, the tolerance rtol is increased by factor 10 if the
Newton-Raphson iteration j surpasses the threshold value for relaxed convergence Rrelax

(but only once and only for the current time step), i.e.

rtol = 10 rtol if j ≥ Rrelax . (B.14)

All parameters which are mentioned in this section can be set in the input file of
abraxas++ (the .lod file).
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[22] Z. P. Bažant and G. Pijaudier-Cabot. Nonlocal continuum damage, localization
instability and convergence. Journal of Applied Mechanics, 55(2):287–293, 1988.
doi:10.1115/1.3173674.
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[97] C. F. Kusche, A. Dunlap, F. Pütz, C. Tian, C. Kirchlechner, A. Aretz, A. Schwedt,
T. Al-Samman, S. Münstermann, and S. Korte-Kerzel. Efficient characterization
tools for deformation-induced damage at different scales. Production Engineering,
14(1):95–104, 2019. doi:10.1007/s11740-019-00936-w.
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